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I. ·INTRODUCTION 
\ . 

0 • I •, t' 

1 . 
'?. 

One of the major objectives of physical metallurgy is the ration-

alization of the plastic behavior of.metals in te!'ms of the·atomistic mech-
. . . . 

anisms of single crystal deformation. As a result o~ the basic scientific 

importanc~· a~ well' a~ ti:ie' technical significance of this subject •. an extensive 

'ute'rature h~s dev~loped ~~d n~merous surveys<1- 2• 3)have ali .. eady ~een .. 
. made pn various aspects of metal ph1~ticity. It is· ~ow ·recog.nizeam~t~.~- ... -

. . . . 

four major processes are responsible _for .deformation in crystaHine · .· 
. . . . . . ·. 

-aggregates: {1) _ cry.st~ilographic glide~ (2) twin formation,. (3) grain 

boundary shearing, a~d (4) stress-directed diffusion ·of vacancies. - ·stress-

directed diffusion of vacancies contributes significantly to creep straining 

of polycrystalline materials only at 1~w stresses and at temperatures 

approaching th.e melting points{4)for poly crystalline materials. that exhibi.t 

nm1.1.erous glide systems. (e. g. , F. C. C .. metals) .grain boundary shearing is 
. . •, 

usually restriCted to temperatures above about .one --half of the melting 

. temperatui-e where cr~ep is co~trolled by the clinib of dislocations. ox: 

the other hand in systems (e. g. I a ex. c. P. 'such as Mg) which have ~:mly_ 

relatively few operative glide systems grain bo-undary sheartng has been . 

observed at temperatu~es as low as. 78°K .. <5_) .. Although twinning may be 
' r ~ . . 

induced in me.t-r:Y~a-metals, the deformations that c·at).'be achieved by this me~h_. 

ani:m are limi~ed geometrically. {o) Crys~allog~aphic glide qualifie~ aa . 

the principal process of deformation_in F. C. C.· metals at low and inter-
. . 

mediate temperatures. Twinning indeed affects. in a: major way the strain. 

he.rdening that is observed as a result of interferences to slip but precise 

' lr...nowledge on this aspect is meagre. From. this point of view. it is reasonable 

to attempt to limit this discussion );JTincipally to examp~~~a of plastic de_f~ 

' 
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ormation by slip in F. C. c: .i:r.1etals. Sucha limitation is further justified 

by the fact that most of the currently available researc·h results ·on mechanisms 
,'. ,· 

of deformation and analyses of strain hardening have been made on F. C. C . 

metals at low temperatures . 

. Although the mechanical behavior of aggregates of seve:t·al phases 

n-.Jght be included in a general discussion of the behavior of polycrystalline. 

materials# .. this subject is indeed a separate chapter,· involving the_ intro­

duction of' ~dditional concepts and it will therefore b .. e exclude? from the 

present review. 
4 

The plastic behavior of polycrystaUine metals appears to be some-

what different' from that exhibited by individual single crystals. Frequently. 

polycrystalline metals have about the same rates of strain hardening as· . . . -
~· . 

single crystals undergoing 1nultiple slim but their flow stresses _are in-

variably somewhat. higher than those for single crystals; the flow stress 

increases linearly V'Jith the reciprocal of the square root of the grain di:t~lneter. 

lri the past it has generally been assumed that# at least in the absence of 

g~ain boundar~ shearing» the basic mechanisms of deformation in single and 

polycrystalline metals are the same. If this were so, the behavior o_f poly­

crystalline aggregates could be deduced from a complete knowiedge of single 

crystal behavior. We will. therefore~· consider in the next sections UI. III .. 
and IV) the sta~us of our knowledge on single crystal behavior and in the 

section V the behavior of bicrystals,- which begin to approach more closely 

the behavior of poly crystals. In section· VI we will demonstrate that the 

e:t;:isting attempts to deduce the behavior of polycrystalline aggregates in terms 
' ' 

of the behavior of single crystals suggests that the flow stresses are only .. 

a few times greater than those for single crystals and are independent of 

grain size. Undoubtedly_ new factors not inherent in single crystal def· 

ormation enter the picture. 'These will be discussed in ·section VII. We 
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will show that, in contrast to the usual assumptions of horhogeneous def­

ormation by m.uitiple sUp, deformation is highly localized. Consequently, 

dislocations pile \:up against the boundaries of unfavorably' oriented grains 

and depending on their relative orientations either prod~ce slip on the usual 
/,; 

slip planes or on tmcommon planes only opera.tive in polycrystals. · The 

·stresses at the head of piled-up arrays depend in such a way on grain size 

that the now stress becomes proportional to the 'reciprocal of the square 

j ·~ 

·.;f 

root bf the grain diameter. The plastic behavior of polycrystals therefo·r~~ 
. . . - ~~ 

cannot be deduced exclusively from single crystal data bec~use new factor%. 
. ·~ ~ 

such as heterogeneous behavior, new slip mechanisms and piled-up arrays 

of dislocations, ,enter H~e picture. More effort must therefore be devoted . 

directly toward understanding these auxiliary features of 'the deformation 

.. in polycrystalline metals. 

1I. THEORI.ES OF SINGLE CR.YST AL BEHAVIOR 

. Although some aspects of the theory of. the plastic be.hayior of 

single metal crystals are yet under discussion, U~re is general agreement 

relative to the shape of experimentally determined stress-strain curveJ~· 2• 3) 

In Fig. 1 ere shown the resolved shear stress versus resolved shear strain 

cu;.~ves for Cd (000.1) (11'2i1 rn, Al Of'h (10~ ·{s), and Cu (lli) [.J-Oi) (9) 

for the temp<::ratures and orientations indicated .. 

·whereas the Cd (Hex. C. P.) crystals exhibit only a modest ~:mount ... 

of strain hardening over the entire range of deforr.nation, the Cu and Al 

crystals have ~n initial range, Stage I, of mild linear hardening (also known 

as easy glide), a Stage II of r~pid line~r strain hardening; and a Stage IU 

ove:z.~ which the rate of strain hardening decrease.s. The low rate of strain 

hardening over Stage I in the F. C. C. metals approximates that for ~Jex. 

C. P. metals insofar as it sugg~sts substantially unperturbed slip on the 

principal slip system. Over this region the slip bands are usually continuous 
,, 

..... ~ .. -~ 
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over the entire ~rysta.l surface.· Over Stage H, however, ~he principal 

~ b d . \ . i 1 . t (9, 10. 11, 12). / . "h t sld:J an s oecorne progress ve y snor er l.mp.a;,ytng " a some ... \ ' ~ . 

interference to e~sy glide takes place. The absence of Stage I! in Hex. C. 
' • J 

P. metals .z·eveals that the mechanism of hardening in Stage n: is uniquely 

'•, associated with the multiplicity of possible operative slip systems in 

.. 
/•. 

' 

F. C. C. metals leading to blockage of slip on. the principal slip plane. 

The lower .strain-hardening ·rate that is observed over Stage III Inust be 

ascribed to some proceserthat allows a moderation of the higher rate of . . ~ . 

st:rain-hardeniqg operative earlier over Stage II. It has been shown 

that the reduced rate of strain hardening in Stage III arises from the 

stress assisted thermal activation of cross-slip. (2) · 

Stages I and II of the low temperature plastic behavior of F. C. C. · 

metals b.as been ascribed to.an intersection model which was introduced 

,, 
i. ,, 

it~ 
:~:; 
~~,..;~ 

~~:-
~{'...~. 
f;~~: 

~-~-
.... ~ 

t.~ 
~'); 

• 

by Mott(1 3)and Cottrell(l4)and extended in detail by 'F'x:iedel(l 5)and Seege~HH. 

According to the general assumptions of this model the interruptions of. 

easy glide at the terminus of Stage I \vas ascribed to the formation of 

Lomer-Cottrell sessile dislocation ·blocks produced by reactions of the 

forrn 

a.J2 [ltll] _ + tl.J2 [a I Tj( . ) ~ 
'/

6
. [111) Ill 

' . 

o/0 {lll>j£ot>l) + a;~ [id)(n7) + o/.6 {1121r111) 

··' 

(1) 

Since the ene1:-gy decreases a stable sessile arrangement i.s obia.ined of. 

dtslocations lying on the three designated planes. Thus~ two siacking faults 
- . 

are formed on the (111) ar.~.d the (111) planes. respectively. which issue .from 
. 6 . ' 

the a/6 [110] dislocation and terminate at the two partial dislocations. 

On the basis of electron microscopical e'vidence, (lO}which reveals that 

l 
I 
i 
l 
I 

I 
I 
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I 

.. continuously detreasing lengths of slip bands are produceq during the 
\: 

sam't' ~nterval of1 '.deforrr~ation as the shear strain t"ncreas~s,. Seeger 

concludes tb.a.t the formation of Lomer-::Cottrell dislocatiJns continues thr()u_gh-:-

out Stage l!. The theory further postuiates that dislocations on the primary : 
./ ,, 

slip system. pile up against the Lomer-Cottrell sessile dislocations produ- . 

cing in this way long-range back stresses. The energythat is required to ,r 
f.· 

move dislocations against s~ch long ra~ge stress "fields is very large and -~~ 
{_:~: 

cons~quently .this process is not thermally activatable, ·Therefor~, the· i. 
component of the. flow stress ne?essar-y to overcome· the long range stress~, , 

,<. 
~ 

fields is substantially independent of the temperature. · As the dislocations·.:: 

move away from their Fr.ank-Read sources, however~. they must intersect 

dislocations of the "!<~rank network that thread through the slip phlhe; thus~ 

they form jogs. The energy for intersection depe.nds on .the geometric de­

tails of the process as well as the stacking fault energy; .But estimates of 
these energies for intersection usually range from a fraction to several 

electron volts and therefore the intersectionprocess is thermally activatq.ble • 

. 1-Consequently •. the ·now stress, t, • must equalthe· temperat 1.lre insen:-

sitive long-range back stress, ·· t:. , plus· the temperature dependent 

activation stress. !;_· . , necessary f?r i-qtersection. The initiation of 

Stage HI is attributed to the nuclea~ion of cross-slip among the highly 

stressed le?.ding dislocations in the piled-up arrays. Si.rice cross-slip is 

thermally activatable, the stress . tii. III ~ust decrease with increasing 

t 
~ . h. ·. '!:.'' .'1(12) 

empera~ures as s own m ~ 1g. ·w. 
I . 

' 
Although this theory has been reasonably successful i.n accounting 

for the observed plastic behavior of single F. C. C. metal crystals.· recently 

documented evidence, primarily that which ha~ been obtained by transmission 

electron microscopy has cast doubts em the. validity of several major ass,u.mp­

tions that were made. Much of this evidence was discussed at the Fifth 

General Assembly of the It;1ternational Union of Crystallography (University 
f. 
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of Cambridge. ~ugust. 1969). And a preliminary analysis of the new.er 

concepts was ref)crted by Mott in the ·1960 Institute of Metals Lecture. (l 7). 

The critical observations. primarily due to Hirsch, are as follows: 

l. · Although detaUed aearcbes have been ·made there is not direct 

transmission electror: n':\icroscopical evidence for ~he ~ormation of Lamer­

Cottrell c!i.slocations. · Stroh(lS)has shown that. ·under su.fficiently high 

stresses •. the l:.omer.;.Cottrell dislocations •. particularly in high-~tacking-
/ . 

fault energy metals. can be made to dissociate imder· the stress fields of' 

piled-up dislocation ar·r~ys. :F'urthermore. Koclts(l~)has sho~n that the 
'«I~ . . ·.·· . . .• 

incidence of for~ation of Lot.ner-Cottrell dislocations should indeed be· 

small. 

2. Piled-up arrays of dislocations are seen in low sta.cking fault 

enex·gy metals and also at the grain boundaries in various polycrystalline · 

r.!letals. On the other hand no well defined numerous pile~ups have been 

seen in the grain centers of Al and Cu crystals. 

· 3. In lieu of pile-ups, straining into Stage II causes the forma-: · 

iion of networks of .severely entl:mgled dislocations within which there are 

practically no free dislocations. 

4. Generally much 1idebris 11 including vacancies •. is left along the 

trail of a movipg dislocation. 'The motion of dislocations is arrE;sted at 

., 

jogs~ and dislocation loops are frequently left behind the trails of superjogs. 

As mentioned by Mott, Hirsch has shown that \•1hereas interstitial 

jogs m.ove ~on~ervatively along the. length of screw dislocations, it is easier 

for vacancy jogs to leave a trail of vacancies in their wake. On this basis 

Hirsch postulates thatthe m~jor cause for strain hardening arises from this 
. . 

mechanism. If the temperature is sufficiently !:!igh that vacancies can diffuse 

aw~y the activation energy for slip becomes u5D- L;, ·t b2 where Usn is 

the activation energy. for self-diffusion. t is the applied stress .. Lv is 

the distance between vacancy jogs 1:1;nd b is the Burger's vector. But at 
~ 

.; ,, 
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lower te_n;lperatures, where.diffusion is too slow. tt}e vacancy trail produces 
.·l. 

a back force on 'the ~islocations which must be overcome exclusively by 
. . 

the applied stress and the behavior is athermal. . 'I'herefore.. the stress 
. ' 

necessary to cause deforma.tiot1 at low temperatures is given by 
. ' 

(2) 

where G is. the. shear m~dulus of ~lasticity and· d G b 3 .· ·is approx­

imately the energy to produce a vacancy. The estimated value of . 'C is 

.slightly below that given by t .=: G~L!y which is require-d to cause 

" .·, 

the dislocation segment between two jogs to behave like a Frank-Read source. 

Furthermore~ the attraction between the dislocation dipoles als~ prevents 

·the segment from underta~ng the Frank-Readmechanism. 

By taking into consideration the mutual annihilation of vacancy and · 

interstitial jogs Mott deduces that LV ~ ~ L where Lis ~he dislo-. 

cation spacing in the dense region of the forest. 'rhe resulting relationship 

that 
·' 

(3) 

is in good agre~ement ·with the experimentally determined oor:.celationa of 

Bailey and Hi.r~ch. (20) . This agree1nent w.ith experime~t however is not . 

definitive since a similar relationship 'results from the postulates of an 
; 

intersection. m~chanism. 

An essential feature of Mott's theory.concerns the relief of back 

stresses on the primary sources by appropriate motion of dislocations on 

secondary systems. Mott believes that such motion is responsible for the 

observed entanglements. The strain c;/ 'f that is obtained when Jh, primary 

dislocations per unit volume n;tove an avE;!rage distance R from. the source 
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center is given 1by 

!. 

I ,, 
;: 

'8 • 
. ' .· .. 

'(4.) 

Dislocations on the secondary slip systems move a fraction g of the motion . ·,· 

on the primary system so as to relieve the stresses. But as shown by . ,~ 
' . " ' ;, 

Cottrell (2 ~). only a fraction f (equal to about 1 /20) of. the jogs produced by · 1~, 
inters.ection of the ·primary di.slocatio.ns will he .vacancy. jogs. Therefore~ lt~ 

. . . . ~· 

~ 0 

the number of vacancy jogs produced per unit len.gth of the primary dislo-

cations, d h'lv ~ by the stress-relief .moti.~nof the secondary dislocations 

is given by 

(5) 

This follows from the fact' that a sing~e dislocation ~oving ~h.rougli an area 

PA of a forest of density ;P produces ~A jogs on these dislocations 

and therefore t,he jogs produced_pcr unit ler..gth are 1nerely A. Consequently, · 

!rom Eqn. (2)". (4) and (5) 

or t::ot.; re-ct- ~) 
'/ b is \he strain for the beginning of Stage II. . Co:mparing with the where 

exper1mentally determined value of 

for gtage II. reveals that g has the acc~ptable value o~ about 1/3. 

I 
I 

I 
I 
I 
i 
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· Seeger ~t al (9) have shown tt1at the lengths of d~slo~ation segments 

visible on the surface of incrementally strained crystals decreases pro-. . 

· gressively as th~·. strain increases. . Mott suggestf3 that .these lengths are 

about equal to 2 R the diameter of t~e entanglement. To obtain an estimate 
i 

of such lengths Iv!ott rewrites Eqn. '(.))in terms or'the·density, · ·? t of ;· · 
' ' ... 

dislocations in the thick part of the forest as · 

(7) 

. \: 

··I 

where 
• j'.,- ., .. ' 

Introducing Eqn. (6} ghes 

'(9) 

Tht~ calculated values ar~ only slightly smaller than the measured values. . . . : . . . 

Obviou.sly6 Mott's analysis .for jog hardening is yet in the early 

developmental· stages: 1. . The exact details .for the formation of entangle­
:.\ 

· meuts have i1either been observed nor calculated. 2. The conser'irativ~e · 
' 

motion of inte:-stitial jogs has not beef?. confirmed -experimentally. 3. And 

the theory. as it now. stands, is at best a preliminary estin1ate .. 4 .. Many 

' . 

additional considerations are involved as follows: (a) what is the distinction 

between Stages I, II and III? (b) can quantitative analyses be provided for 
........... 

orientation e,nd size effects 'i' (c) Vifb.at process accounts for the thermally · 
., 
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·;;- I 
activated part dr the stress? . (d) how does the activation ~nergy depend on 

. \ 

stress? (e) cad\the Cottrell-Stokes ratio be obtained .. theo'retically? (f) what 

process takes phice in Stage !II~ an~ (g) what is the activation energy involved? . 

Until thase nnd other p~rtin~mt questiOl?-S t\l."e fully answered ·it will be 

necessary to withhold final judgement on this rr.~.echanism. . 

. . Although the .jog hard.~mi~g mechanism appears. to have several ad- l 

vantage's o~·er the .intersection mechanism~ See.ger~ Mader and Kroninuller;~22 ) 
. . I 

continue to asser,t.· with considerable. authority,· that the major concepts of 

the intersection mechanism are yet ~orrect: · L. The dislocation arrange­

n'lents in .cold worked metals distinctly represent no·n-equilibrium· conditions. 

As thin films are produced from bulk material, dislocations must undertake 

re-arrangements due to ~emoval of dislocations· eliminated in the preparation 
. . ~ 

·.or the thin foi.l. Remaining dislocations react to their now strong lmag.e . · ... 

fore ea. 2. Electron microscopic investigations on active.·sliplir,le .traces. 

give rather directly those. quantities which are important for quantitative 

dislocation ·models of work hardening# n~"nely slip distances of dislocation. 
~ ~ . . . . ' . 

s.izes of dislocation groups. and th~ crystallography of giide .. T.hese obser ... · 
.I 

• • • '• •• ·~· ,' f_ . : •• 

vations agree in detail with the precepts of the intersection model. . 3. · Ferro-

magnetic saturation measurements, which definitely pertain to the bulk 

material, una~biguously reveal the presence Of lo.ng range. back stresses 
0 

over distances between 50 and 500., .l\ and.,th~s give qua~tit~tive confirmation 

of the increasing presenc·e of long range ·stresses over deformations in Stage 

II. These arg~ments, i.n favor of the intersection model. are further Streng-
'. 

-thened by (a) "t~e now .established failu:re. of the constancy of the Cottrell-~ . 

Stokes r-atio (23>which demands indepen~ent long :and sho~t range stress fields, 

and (b) by the dependency o~ the activation energy on the stress and stacking 

fault width in ·a way that is consistent' with the intersection mechanism. From 
' . 

these viewpoints only t~o kinds of electron microscopical ohservations r~-

ma.in to embarrass the unqualified acceptance of-the intersection model .. 
. . · .. 
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The first pertains· to the absence of Lomer-Cottrell disloc;ations. However" 
. \ ·. 

Lomer.:.cottrell disiocations are not essential to the acceptance of the inter..: 

secti~n m~chanism. . An.y suitable origin of long. range· back· stresses will 

suffice; and such back stresses can well arise from 'entangled .dislocation 
• • • • I • • • • I' • I • ' • ' • • • ' : ;. . 

networks.· The second .issue ·concerns the presenc.e of trail.ihg jogs and loop::· 
.. li 

deb.t>is. These also .could contrlbute to the athermal back stresses •. . : ·.· 

. ~ "fll.f!ii· • 

.III~· .. ·ANALYSES OF EXPERIMENTAL DA"fA· ·. I 
0

' , : • ' ~ 0 I I • ,O 

. :;, .. ·. '· · The ultima:te acc·e~tance _of any'theor)' d~s'crtbi~g: the plastic }:)~.;;·:·~·(:>. · . . . . . ~ . 

havior of- single. crystaia· wiu.·eventually depend, on i~s ·ability to acc·~~nt 
analytically for ·all of.the expedmentalfa.cts. · ·weo therefore, propose to 

review· briefly soll:le·· of the principal observations that have b~en mEtde. 

The ~"lalyses can be couched in such general terms that they· might apply 

'to any acceptat:>le detailed model." On 'the other hat'ld it ·wnl_prove conven- .. 

ient to use the special 'terminology that has been developed for the hiter- · 

section model.· We~ th~refore, adop-t Seeger's expre~sion for the plastic 
. f) 

strain rateo . '1-. '. whe.n the deformation is controlled by a single ther;.. 

maliy activated process. namely_ 

(10) 

. . . ~ 

where N is the number· of points per em"'~ at which activation can occur, A 

is the ~rea swepi out per activation, b is the Burger1a vector., -z) · is the 

frequency (usually about the·Debye frequency). U is t~e energy that need be 

SUJ:>plied by a. thermal fluctuation for each successful activation. In general, 

U will depend on the local stress and the details of the mechanisn1. If Lis .. 

the mean cord distance between neighboring points at which the dislocation is 

arrested. the net force, F, due to the line tension of the dislocations. acting· 

at this point is 

li'· 

:. ·'· 
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F:: (t'-t*)Lb (11) 

wnero t:' is the ·e~ternall:y applied stress and t *is the back stress . ~ 
. . . 

not surmountable by a thermal fluctuation. Ttrus~ in general; as suggested. · 

by Basinski. (24:) the activation energy, for the process can be represented. 

as shewn in· Fig. 3 by 

. (12) 

The experimentally deter:mi.ned F-x curve may provide critical criterion 

~or the selection of the operative model for thermal activation of glide. · 

Two experimental observations are required to obtain the F-x 

curve. For one we define 

-- (13) 

which follows directly_from Eqns .. (10). (11) and (12). The experimentfllly 

tk:.termined values .of the activation volmj,".tek ~ Lh :;8.JPT for <::u are 

::;::.0\In i;.J. Fig. 4 as a function of the flow stress .t T (at the test temperaiure 

T). The second type of required deta for the determination of the F -x curve 

consists of the ~ottrell-Stokea rati~ "fr/ Z;7 which is ~iven for 

Cu as a functim1. of the hew stress at 77°K in Fig. 5. We. note here that 

this ratio is not a constant but depends en the work-hardened state as well · 
. . J: 11 ~7 

az the temperature; If we write the in~egral of Eqn .. (12) as '/l (t- t- ~ ~ /,J 
introduce this value into Eqn. (10). and solve explicitly for the flow stress 

t we obtai* . l . . 
t-=t fIT .t~-'(AT£.. A'~bV 

(i4) 
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(11} 

whel"'e t ill the externally applied stress and t* is the back stress 

not surmountable by a thermal fluctuation. Thus, i.n general, as suggested ' 

by Basinski, <24) the activation energy, for the process can Qe represented,( . 

as shown i.n Fig .. 3 by · 

'(12) 

The e:>cperimentally determined 1:"'-x curve may provide critical criterion 

for the seleCtit?i~Wa;Of the Operative model for therma.l activation of glide . 
. . ..,;•' 

'i""vto experimental observations are required to obtain the F-x . 

curve. For one we define 

= ( d~ '(1 \ == 
. cit )T 

(13) 

which.foHows directly from Eqns. (10)~ (ll) and (12). The experimentaUy 

detern1ined values of the activation volume~ XL b =J; T for C~ a~e 

'·' i'"'= 

ehov'.rn in Fig. ~ as a f~nction :>f the .flow stress C T (at the test temperature 

T). The second type of requh ed data for the determination of the F-:;: curve 

consists of the Cottrell.,;Stokes. ratio "Zj-- / !;7 which is given for 

Cu as a functio'n of the flow ~tr,~ss at 7'7°K ill Fig. 5. We·uote here that 

this ratio is not a constant but d~pends on the work-hardened state as well 

as the temperature. U we writ" tbe Integral of Eqn •. (12) as r;;{ci-Z:*}l. h} 
introduce this value into Eqn. (1;'1)~ and solve explicitly for the flow stress 

t we obtain 

(14) 
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. . 
where the fil1al \term represents the stress required to aid. the thermally 

\ 
activated proces,s. The failure of the Cottrell-Stokes raUo to remain con-

stant over a range of work hardened states clearly revea~s that · -?;*" does 

not vary e;.rclusively as the short range field whichis pr9portional to 1/L# 

other factors being about the same. ~onsequently, 'the thought, previously · 

expressed by Basinski, that the back stress arises exclusively from :more .. · 
;: 

localized i.nter~ctions of the stress fields of intersecting dislocations is k . . t* . ~· 
untenable. (23) . The value :of ." . . as wi 11 be shown later, arises from the~ 
sum ·of the local stre~ses and the long range back stresses.· It is also ·. · ·' ,.~. 

. " . . 

equally difficult to account for this experimental fact in terms of the jog 

mechanism for strain hardening as proposed by Mott. Necessarily. the 

wor1~ hardened state must be identified in terms of at least two quantities 

-Such as ·C *and L .. 
Since /L and c~ both depend on the temperature through 

the shear lnodulus of elasticity it is necessary to refer to the F · -x curve . . 0 

a.t the absolute zero of temperature. Thereforec Eqn. (11) will'be re-

written as 

.. (15) 

4 •• ' 

~ . 

the subscripts zero referring to the values at the absolute zero of temperature. 

Thus, we see that the value of l: L h ~lA / G for, a given work hardei1f;.d ... ~-. 
t t ( . t t l P t:o~ and. L · ) d • ff b t t s ·a e 1. e •• cons ·an va ues OJ. 1· ers y a cons an # 

t *. 
namely fJ L h from the. desired value ofF 

0
• To arrive eventually at 

t L /, {;
0 

/ G we first plot . t GD/G as:.:. function of 

J>~T=)( /., /., as shown .in Fig. 6 .. Eac.h·solid line was obtained for a given 

strain hardened state as identified by the ··floYI stress at 77°K and. strain rate. 
0 ' . . 

adjusted to '/ =· :15 x 10 -G/ sec. by means of the Cottrell-Stokes ratio 

and the values or ;B) r are obtained for the cor~esp~nding state from 
. fie • -
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Fig. 4. The broken lines connect points for various strain-hardened states . . . 
I 

~~ obtained under c,onstant conditions of . 0 and Ti. Along e~ch of 
! . ··.. t* 

the solid lines, f >--: 1 . -' • , · . and · L are constant; and along each of · 

the broken lines. neglecting in small effect of changes i~ NA in Eqn. (10). · 

U
0 

is a constant~ Consequently, as shown by Eqns. (12) and (15), F 
0 

and x 

are constant along the broken curves .. Therefore, the decreasing values of ;i 

)(. L b w.ith increasing values of C Go/ Q alo.ng the broke.n curve is . 1t~ 
exclusively due to the dec·rease of L with strain hardening. 

·As shown by Eqn. (10) the activation energy for a given ,, 
vanishes as the tempe·rature appr~achea the absolut~ zero.· Thus, at 4°K· 

. . . 

:most of the work necessary to overcome the effective barriel .. is dcne by 
. ··, ., . \ . 

' ¥ 
t_ 
• < 
·' 

the applied stress. Under these conditions the dl.stance x that thE.~ dislocation 

-is moved must approximate the shortes~ pos.sible distance, i. e •• ;about .one . 
Burger's vector for intersection or.motion of a jog. Therefore. along the 

. ~ 

b ' 1· f ·.-~o .... ro.r;:en 1ne or ·~ .!.'\.. 

In this way the value of L for each work hardened state can be obtained. And 

since L remains constant along any solid curve the value of x can be ob-:­

t:J.ined for each~point in Fig. 6 .. Thus,.· the approximate t:Go l 6/a 
. . . : 

versus); curve can be established for each work-hardened state as shown in 

Fig. 7. It is si.gnificant that, in agree:n1ent with the dictates of Eqn. (15), . 

the curves for the higher work-hardened states are merely shifted ·upward_ 
~ . . 

the difference in the ordinates between two curves being equal to the dif-. 

fer.ences of the values of·· ~*L /;. for t~e t\vo states. Consequently. 

auxiliary infot~mation must be sought to establish the absolute value of t: 
as a function of the strain-hardened state .. 

t.-Ji. For the intersection mechanism .... arises from at least·two 
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sources: (a) th~ stress. t :i necessary to overcome the interaction. 

of the intersecti~n dislocations. and the atresa. !::£ d
1
Ue to long range 

stress fields arising from dislocations lying approximately parallel to the 

moving dislocation .. At the initial yield strength the latter should indeed be 
(25) ' . . . . . . t: -:t/-

negligihle. Saada estimates that' the average value of ·is 
~i 

about 
. :.· . .) .· i· 

h 
1': 
f :"~ 

(·Hi) t:. L l= a< G. h.:< 
At the initial yielding for the highest temperature that was einployed. the 

: . 

stress necessary to -aid the thermal fluctuation is smallM and co.nsequently 

the flow stress equals about . !~· This suggests that o( ~ o. 046M 

a vB.lue of about 1/4 that originally estimated by Saada. The differences in 

the ordinates of Fig. 7 reier to differences in t; L b . which has 

a value near zero for the vield stress curve. The values of · ~ * 
. J • L.~ 

obtained in this way are given as a function of the strain at 77°K in Fig. 8. 

t }f_ . 
The variation pf I), and 1/L with strain are also represented in 

the same figure. Over Stage I. 1 /L increases only slightly with strain 

whereas over Stage II it increases more rapidly .with strain. On the other 

t * . . 
hand A A i~creases almos,t parabolically with the s:.:r;:.in over Stage II. 

'-'.,/!. . * . 4..* . .. .· ' . 
Thus~ the t::ren~s in ~,· and l().J_ :reveal a ~istinct difference between 

the short range fields and the long range stress fields;, in a sharp .contrast 
·• . ' ' . ', . . . :..~: 

with deductions based on Mott 1s 'model. 

Subtra1ting t*LJ, from t L 6 G./G gives the 

F 
0 

-x diagram sho·\vn in Fig. 9. A sin'lilar analysis for Al provides the 

broken curve ·in F'ig. 9. On the basis of the intersection :awdel the dif­

ferences between the cur~es for Cu and Al could be attributed to the greater 

energy for producing a constriction in Cu, where the partials are 1nore 

widely separated than in AJ. · It is difficult, however, to understand the origin 
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of these dtfferen,ces in terms of jog-hardening model as set down by Mott ... 

Additional evidence in favor of the intersection model hav~ recently qeen 

reviewed by Seeger~ Mader, and Kronmuller. (22) We, therefore, conclude 

that current evidence strongly supports the validity of the intersectio.n model.' 
. . . '• . . l 

·.· 

IV. ORIENTATION EFFECTS .l\ND INFLUENCE OF OTHER FACTORS 

Although extensive investigations have been ~ade on th~ effec.t o~ 
. . . 

{ 
I 

orientation on tne plastic behavior of sirigle crystals, up to the present no· · 

detailed analyses, such as those given in the preceeding discussion. are yet 

available. Nevertheless •. the phenomenological observations of·orientation 

effects have important implications relative to the be,havior of polycrystalline · .· 

aggregates. Therefore, these factors~ which have been reviewed in detail 
- . . <I) . . 

by Clarebrough and Hargreaves, will be, briG!fly summarized here,~. 

Typical resu~ts on the effect of orientation on the stress-displacement 

curves for single crystals are given i~ F'ig. 10(26·~ 27) In general, the fol­

lo-wing conclusions .are obtained: (a) The shapes of the stress-strai:u curves 

are sensitive to orientation. (b) As the orientatio!J approaches the. [oo iJ . 
to [11 i] line of the standard triang1e, the extent _of easy g~ide is reduced, 

,; 

Thus, the nea:cer the o:dentation is to that under which dupleJc slip will occur, 

the shorter is easy glide. This a·uggests that slip on the seconcfary planes 

intr·oduce bar~i.el:'s to slip that terminate easy glide. (c) The rate of strain 

hardening during easy glide also increases as the crystal axis approaches 

the {ooi] to (11ijboundary of tt1e.standard triangle suggesting that ~orne 

slip on the sec?nda:ry slip planes takes place somewhat before the idealized 

orientation for duplex slip is reached .. (d) As the orientation approaches 

tbe [ 0~~1 to · [ 11. ~ line~ the rate of strain hardening for Stage II also 

increases but. not as much as for Stage !. (e)Rossi (2 ~~ as \"'!ell as Suzuki 
{'>a} . . . . . . 

et a.l ""t~ have shown that the greatest rates of strain hardening for Stage II . 

·are obtained fo1~ orientations near the [ooij poles where ideally eight slip . 
. '. 



.. 

rn.echanisn"ls ca'n become operative. (f) The initiation of Stage III is not. 

·in general. s·ensitive to orientation. (g) But. as shown in Fig. 11 (30) . 

orientations in the imn'lediate vicinity of the · [111] pole exhi_bit hf.gher 
.. '•. 

rates of ·s·train hardening f'?r Stage III than orientations in the immediate 

vicinity or the @o 1];. p~le. ... ' ' . . . . . . 
I .· • :_ ; . > ' 

Other factors also inlluence the behavior of the stress~strain cury~s 

for single crystals! (a). The ~xt~nt of easy glide decr~ases as the.ternper'-
• ' ; ' ' • , '• ~ I , , • , I· ' 

0 
' 

0 
, ', '· I t , \' ~ • ., , ' 1' • : ' • J~ 0 

ture increases· and it in9reases with additions of impurities and alloying 
' ' . . -

elements. This is thought to arise f_rom the Cottrell and Suzuki locking 

which would restrain slip on .the secondar·y: planes ... (b)· .Larger crystals 

exhibit shorter regions of easy glide either due to.the greater chance of 

motion of dislocations on secondary systems or to the greater probabilit~::. 
. . . ~ . ~ .. '. 

of forming Lo:;r~r·Cottrell dislocations~ . (c)' Precipitates decrease the 1~f· 

tent of easy glide. {d). Plated layers· appear to r~duce the extent of easyt~~,, 
' i" • ' • l..t~· f ~ 

glid.e. (e) Torsional straining increases the flow stress and .the rate of. ~t.l:"ain 
• • • • ' • 1 • ' .•' \'. • • • • : • ~~iJ 

hardening under subsequent tension conditions. (f) The range of Stage U ~:e- · 
-.. . . . . . . " . ' <:: : ·. ·. s.:l 

creases with an [ncrease in temperature and it is. smaller for such highe~:~ 
. . . !., ' .. , 

·Stacking fault energy metals es Al when compared. with such lower stac1d~S;.·. 
. . . . . . . ..·· b'i<! 

fault energy metals as Cu. (g) The rate of strain-hardening in Stage II istt:
1 

insensitive to the pres·ence of minor amounts of alloying elements~ s-qr'face. 
. . . . . . : 

conditions and 'crystal size. (h) .Torsional straining causes an i.n:imedia.t~, 

increase in the subsequent flow. stress in tension, . but has practica~~y 'no effect 
•'. . 

on the subsequent rate of sh·ain hardening.· (i) The rate of strain hardening 

in Stage I! decreases slightly .more rapidly than linearly with the shear modulus 
. . ' . . 

of elasticity as the temperature increases. · (j) The rate of strain hardening 

in Stage III is lmver for the h,ighc~ test temperatures. 

Undoubtedly, each of these factors is significant to the behavior of 

polycrysta.lline aggregates .. Consequently. any completely satisfactory 

theory of deformaUon of polycrystalline metals ·must adequately include 
,": . . ' . . . ~ ·. . 
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numerous details pertaining to the behavior of each grain. · These obser­

vations~ in part., reveal. the magnitude of the problem ~nd suggest why ad­

. vances 0~ the important issue of strain hardening are so slow. 

V. PLASTIC BEHAVIOR OF BICRYSTALS AND IVIULTICRYSTALS 

HAVING. VERTICAL GHAIN BOUNDARIES 
<Nil!!£ . . • . . 

. ~ The plastic behavior of polycrystalline aggregates must arise from: 
. ' ' 

t<.vo factors: (a)· the slip 'processes that occur in' each individual and dis- '1 

., 

. . . . ~· 

similarly oriented grain, and (b) the effects introduced by th~ grain bou~~ : 
. . '.. ' ~i~·:. 

daries. In the preceeding section we b.ave observed that even the plastic·:;.$ 

behavior o1 single crystals depends· on their orientation. . In particular, 

those orientations which .are more favorably oriented for slip on a secon-

dary system give srnaller amounts of easy glide, higher work-hardening 

rates over Stage I and 'somewhat higher rates of work hardening over Stage II. 

This occurs even when the ·resolved shear stress on the secondary system 

is less than the expected critical value for duplex slip and even when the 

amount pf slip on secondary. systems is r•egligibly small. Undoubtedly$ 

This effect persists i.n a pronounced way in polycrystailine aggregates. 

But, additional factors such as continuity of deformation across grain · 

boundaries usually demand the shimltaneous operation of ao many as five 
• ·r 

sUp systerns in a single grain for the general case. Therefore. the stress-

stl~ain curve for a grain h1 the polycrystalline aggregate !nust differ from . . 
. . 

that obtained fer· a given single crystal. even when their orientations rel-

ative to the te~sile axis are. the same. This has led ~ha~ers(31\o con-.· 

elude that 11any attempt to account i.n detail for polycrystalline plasticity 

(exclusively) in terms of the simple slip process is unlikely to be com,; 

pletely successful". · 

Obviously. the grain boundaries, per se play a significant role in 

determining the plastic behavior of polycrystalline aggregates under con-
, . . . :tc . -~ .. 
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ditions wl!lere grain boundary shearing becomes signifiCant. It was thought~ 

that gr<?.in boundaries might also affect the plastic behavior of ·polycrysta.lline 

metals. even in the abse.nce .of grain boundary- shearing,· by providing a 

highly viscous strong iayer b~twee11 the grains. Ifj for example, the atoms · 

in the boundary were highly random and the grain boundary were wide, . 

disloca.tions might encounter. dif£icultie~ in traversing thls region. ·But ,. 
l 

estimates ·reveal. that the· grain boundary region is.· only about five atoms· · !'. 
. 6 . ' . • ~ 

. . . ' •. ' . ' . ' t· 

thick and represents a region of transition between the orientation of 'the 

two adjacent grains. Furthermore. dislocations usually originate pre:.. 

ferentially either in the immediate vicinity of or at the grain. boundary itself. 

Thus, it appears unlikely that the grain boundaries per se i..n pure metals 
. '! :::·· .. . 

can provide substantial strengthening of polycrystalline aggregates.· 

It is quite difficult tO arrlv~ at unannqiguous decisions on th:e ques-
··· . . . . . ' ·,''' 

tiona of orientation strengthening effects from direct investigations on poly­

crystalline aggregates themselves. M:uch progres~ has been made~ however# 

in an evaluation of ·the importance of these factors in polyct•ystalline metais 

from experimental studies on the plastic behavior of bi- and multi-crystalline 
. . . . . . 

specimens having grain boundaries coincident with the tensile a~ds. . .. 
_ Livingston and Chalmers (S 2)nave shown tha;t the compatibility of th~ .. 

' . . . .· 

strains at the grain boundary of a bicrystal co~stiitutes one of the most im-
. . . . 

portant factors in rationalizing the plastic behavior of bicrysta.ls .. To present 

. this viewpoint \ve consider the bicrystal of Fig .. 12 composed of grains A 

and B having a mutual boundary in the X- Z plane~ · Z tieing the axis of tensile 
t' ' • • • 

straining. 'iNhen the grains remain c~ntiguous, the compatibility conditions 

for the strains £,:,i. at the boundary, namely 

(17) 

must apply •. \Nhen the pondit~ons ofEqn.- (17) also apply to each individual 
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grain of the bic'rystal whEm tested separately, the orieq.tations are said 
. \ ' . 

"to be compatible,. But if the conditions required by Eqn. 
1
(17) do not apply . 

• , I_ . , . 

when grains A ari,d B are· tested independently the orientation of crystal B 

r~lative to A is s~id to be i~compatible. Tbe conditions, of compatibility as 
I 

defined above refer only to the macroscopic 'averag'e strains at the grain 

boundary and do not take into consideration the heterog~neity of slip .. Tbusi 
• ' ! 

'f ~ 

provided the presence' of. the grain boundary pe~ -se has no influence on the j,
1

. 
. - . . . . . . ;; 

plastic behavior of bicrystals· and the heterogeneities of slip have a riegli -B~ 
• ' ' • . 1· ... ~ 

gible· efiec.t# · the plastic behavior of comp~tible bicrystals. should _be simp it· 
related to the behavior of the· individual grains. · · 

~;.· 

'~ . 

Several investig.ators have now shown that compatible isoaxis.l bi-. ···~.: .. 

_crystals do indeed give stress-strain curves that coincide:# within experi- ; . 

·mep.tal scatter~i~o those of the individual ~ingle crYstals. · Typical resj,llts. "· . 

from the recent investigati~ns of Fleischer and B~ckofen (S3)on .. 4.1 bicrystal~ 
i 

al~e given in Fig. 13. In both Type ~~~~·and Type nbP bicrystals the normal: 
• . • t 

to the slip plarie of both crys~als A and B made an a~gle of 90 - X to the 

tensile axis. In the Type ' 1a 11 bicrystah3 the [Iolj slip directions were 

also· at <'15° to the tensile axis '-vherea.s in the Type 11b n bicrysta.l the [1oi] 
directions (but not the operative slip di:-ections) were at 90° to the ten~ile 

. . 
axis. Both bicrystals -are isoaxial since grains A and B of each bicryst~l-

ar.e similarly oriented with respect .to the z a~is of tens,ile straining. 

F:..tz·the:cmore, they are also compatible. The agreementbetween the stress-

strain curves ~f the compatible isoaxial bicr·ystals with those for similarly 

oriented single. crystals is excellent. . The minor deviations from exact 

coincidence might easily be due to the commonly obs~rved scatter in the 

behavior of single and bicrystals and also to the small deviations that must 

have been present from the ideal compatible-isoaxial orientations. 

The high angle boundary in the Type "a 11 b'icrystal might be ~isualized . 
as composed of a vertical arrange1uent of edge tlislocations. · Fo.r the 

" 
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geometry involved.- howe vel"', the sheat"' stresses arising frpm possible 

p.iled-up arrays ?f dislocations at the boundary i.n one grai~ would promote 

slip in both grairi.s. ·Consequently. piled-up arrays should. not form, and 
. i ' . . 

n~ boundary effects should be. obtained. This deduction i~ distinctly dif ... 

ferent .from. that which applies .to low angle boundaries where stresses must .·r 
> 

be .applied to !orce additional dislocations into 'the vertic;al wall of edg~. :if 

/,. 
t. .. .. 

dislocations. · 
I ~: ·~· 

In the Tjrpe 1'btr bicrystal dislocations having both edge and screw !;~~ 
6 {'·. 

. . ·• ' . . J:,_ . 

dislocations must enter the boundary upon deformation. Such dislocations!' 

will~ as a result of the assumed geometry form a low energy boundary . · ·· :\ 
. - ~ 

having both tilt and .twist components. Here· again no interference to dis- V 

locations entering the boundary will be encountered.·· 

The identity of the stress-strain curves for iso~ial compatibie 

bicrystals with those for single ~ystals having the same orientation reveals 

tha.t neither the boundary per se nor t.he heterogeneous nature of slip offers 

any resistanc~. to deforn1ation . 

. At least four slip mechanisms must operate in the near vicinity of 

the grsdh boundary of general incompatible bicrystals. Consider first that 

Grain "A 11 of F'ig. 12 slips only on one systen1 to provide strains 

In order to satisfy the continuity conditi.ons of Eqn. (1 7) ~ Grain ·11 B 11 must 

experience the~ same strains at the.boundary. When the orientations are 

·compatible, Eqns.(17) are, automatically 'satisfied when only the priricipal 
. . . ' 

slip system operarea in Grain "Bn. But when the orientations are incom-

patible other slip systems rnust operate. Since the strains are linearly 

related to the slip. at least three independent slip mechanisms must operate 

in Grain l
1B 11 for a general incompatible bicryatal to satisfy Eqns. (17). 
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Satisfaction of ~ontinuity at the grain boundary can also be achieved by the 

operation of at least two slip systems .in each grain. Thus. for the general 

case at least four slip mechaniSPlS must operate in the· vicinity of the boundary 

in order to preserve continuity. (For special non-compatible orientations oqly 
' . ~ 

three independent slip· systems may be required).·. Early results on the plas-

tic behavior of incompatible. isoaxial bicrystals suggested that both the yiel~ · 
. . ' 

strength. and the rate of strain hardening increas.ed with the degree of grain 

disorierit~tion .. · All of tb~{more recent s~udies.· conducted under experime~tal 
-- .. 

conditions involving more precise extensometry •. consistently reveal that 
. . . . ' . 

the yield strengths of 'incompatible as well as compatible isoaxial bicrystals 

coincide extremely well with the yield strength of ~i~ilarly oriented single 

crystals .. 

Aust and Chen (S4)investigated b~crys.tals of "Al in which the [01 g 
a:ds ·of each crystal coincided with .th~ tensile axis. the differences in orien-

. . ' 

tation. being given by the angle t!i between the [0011 directions in each 

grain of the bicrystal. Since the [01 iJ direction in cubfc crystals is a 

twodold axis of symmetry. the plastic properties _must vary periodically 

witr1 a period · e . = 180°. The type of stress-strain cu,rve that Yv'aS ob-. ' . 

tained .is shown in Fig. f~. Our interest will center about the rate of strain 

hardening ~ (J' / d ~ over range AB and the str2.in £;, at which 
. ' 

the higher rate of linear hardening. was obtained. These data. shown in . 

Fig. 15. reveal that the rate of strain hardening increases and the strain 

to the point of .initiation of :rapid linear hardening increases as the disorien- . 
) . . . 

tation e ~between the two grains of the incompatible isoaxial bicrystal 

increases. These effects must be ascribed to the modifications in strain 

hardening resulting from the operation of four· slip mechanisr:a.s in the vici.n.ity 

of the boundary. A ?Omewhat similar investigation was reported by Clark 

and Chalmers. (35) They studied the plastic deformation of Ai bicrystals. 

whose orientations 'are given i.n Fig. 16 that were so grown as to have common 
.. 
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1 

~coplanar) . [t ~ 1} ·planes. · .A series of different orientations were obtained 

by symmetrical.,,rotations of the [1oi] slip directions of jeacb. crystal by 

. angle:? of plus and minus cp about the . [111] axis .. Und,er these CC?nditions 

the resolved shear stress 011. 'the selected plemes .is identical in both crystals~ 

Since tt~e (111] clirection is a three-fold axis of symmetry# the plastic prop­

erties must be periodic with .rotations of B = ·. 2 lf' . = 120°. . In general,. 

the yield s'trength of the bicrysta.l did not· difft?Jr ·materially fr(:m1 that of single 
. ' . ; 

crystals having the same orientations •. A~a in the previous ex::unple.. the ;{ 
,; ~ 

rates of strain ·harde.ning remained almost linear t'l.p t? 40°/o strain; the .rat~ ; 

of strain in this region:. however, increased with the difference in orienta­

tion as shown· in Fig. 17. · 

Fl~ischer and Backofen (SS)have examined the p~a~rUc behavior of 

incornpatible·nonisoaxial Al. bicrystals. In these case~ the yield strength 
:· .. •" ,,,· .. 

remained approximately that for single crystals. Stage I was absent and the 

rate of strain ~ardening was only slightly greater than that for a single crystal 

undergoing duplex slip. In conClusion, therefore, the difference in the plastic 

b:::havio:t~ of single and bict1 ystals appear to be almost entirely due to the it1· 

crease in strain hardening rates of th~ bicrystals lceauHing from .multiP.le 
. . 

slip in the vicinity of the grain boundary as required to preserve continuity 

at the bou'a1ds.ry. 

Dett::1iled inv~stigations on a series. or' Al bicrystals have bees repor-. 

ted by Livingat~n and Chalmers. (32) .1\.s ·x:r!ight have been expected, in all 

of the syznmetz:icc compa.tible·h~oaxial crystals that were tested only traces 

of the one principal (111]. slip mechanism: per grain was obs~rtTed. Each 

grain of the sixteen incompatible~ isoaxial crystals exhibited strong sUp 

rnarkings for the p;dnciieal {111] mechanism on which the resolved applied 

. shear stress was greatest. Furthermore. each such bicrystal exhibited 

traces of.at least one auxiliary mechanism. Some of these slip traces were. 
i 

short being lh:nited to the nea~ vicinity of the boundary. Of these only three 
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casee were not~ where the' traces might have originated ~rom slip on -G1o} 
planes; ;all :rema~ning cases could be clearly ascribed to slip on {111] 

planes • 

. Livingston and ChalmerE~ also attempted to p:redtct .the au:dliary slip 

mechanisms. 
. . : ( 

Adaptation of Taylor's concept of least energy to the problem,,· 
. " 

I 

of deformation in bicrystals failed to give predictions that coincided with .. L. 

the observations. This is not too surprising since the stress fields due to_; 

arrays of dislocations piled up at the boundarie.s of incompatible bicrystals 

can exceed -many times the applied. stress. Therefore. Livingston and Chal:"' 
'··,; 

' mers applied the concept .that the auxiliary slip system operative in Grain 

11Bu for example is that _on which the resolved shear stress for slip due to 

the stresses arising from piled-up dislocations on the principal slip plane 

'of A. gives the highest value. Good predications were obtained by this pro-

cedure for the limited observations that were made. HO\v ever. the operative 

auxiliary planes predicted by this procedure also coincided with those on 

which the applied shear stre~?S was greatest and :consequently the role of 
. . 

piled""Up arrays of dislo·cations in m..1cleating sU.p cannot be deduced fl~om 

this evidence .. 

V./e have already noted that as the size of single crystals are increased~ 

the extent of eaay g~ide over Stage I is redu,ced. Undoubtedly. tr~is effect 

persists in each grain of a bicrystal. . But in incompatible bicrystals the 

auxiliary rate of strain-hardening due to m~ltiple slip also intervenes to 

ftn~ther reduce the easy glide region. Under these drctfm.stances a second 
~ .. 

size factor arises as a 'result of the region,adjac.ent to the grain boundary 

over which the auxiliary slip takes place. Fieischer and Chalmer's inves­

tigation of incompatible. isoaxial crystals is shown i~ Fig. 20. They ob­

served that duplex sUp extended away from the boundary about the distance 

equal to the width of the specimen. Thus, whereas duplex slip extended 

over the entire section of specimen No. 6, it extended. over only about 3/4 
r· 

·I 
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of specimen No~ 7, and' about 1/2 of specimen No. 8. .Corre.spondingly~ 

'the rate of strain hardening was greatest in the specimens that exhibited. 

the most extensive operation of duplex slip. 
. . . 

In bicrystal~, the p~astic behavior is affected by the orientation 

difference~ ~-t a single bo~ndary. Elbaum <36>has shown that these. effects ·' 

are magni.fied in spe~imens comp~sed of three .or four grai~s.·. He itives­

tigated the" .isoaxial orientation show.n in Fig·. /.9.~ . The c~ystals·were· so . 
'.' .. : . . ' .· : '• . . . ' . . .. . . ... '0. . 

grown that the slip plan~ and slip direction wer-e initia~ly at 45 to the ten-

sUe' axis.'· The result,ing'stress-straincu:rves are shown in Fig. 20 •.. The 

; . 

stress-strain curves of the compatible bf-, tri.;, 'and quadru~crystals.as well 

as the incompatible bicrystals fell in the cross-hatched band. Successively 

higher stress-strain curves were obtained for the incompatible tri- (T} and 
. . 

·qu~_dru-crystafs~Q) specimens. In all cas~s~ however, the yield strength . 
~ . 

agreed well with that for the single crystal. The major trend consisted of 

a reduction of the easy glide region ~s the number of boundari~s of the incon".t­

patible multi-crystals was increased.· (The deviations of the stresshstrain 

curves for the .compatible multi-crystals from that for the single crystal 
. . ' 

might have arisen from small deviations from the ideal orientations or from 

grip effects.) . · 
. . 

Elbaum also made detailed observations on the operative slip mech-

anisms. These are best described tn the terminology of Rossi and Mathew- . 

. son {3
?) :. the plane on which the resolved shear stress is greatest is desig-

. . . ~ . .. ~ . 
nated the principal plane. I! the principal plane is the (lllL the (111),. 

-- . 
(111) and the (111) are respectively designated the conjugate. cross-slip and 

cr-itical planes. (1) Compatible crystals exhibited slip lines almost exclu­

sively on the principal planes. A few slip lines were occasionally observed 

on the critical plane. After several percent elongation pronounced kink 

bands and occasional cross~slip were observed. 'These types of markings, 

however, were no more pronounced in the vicinity of the boundary than else-
. f 

where over the surface of e.ach grain. (2) Theincqmpatible bicrystals ex-
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hibited strain. markings of the principal slip plane over the entire grain and 
' . 

weaker traces of the critical plane. The critical plane traces were more 

prevalent in tb.e immediate vicinity of the boundary. (3) In the center grain 

of inco1npatible td-. and quadru-crystala strong marldngs of both the prit~­

cipal and critical slip planes were obtained. coupled with minor ma~kings 

arising from slip on the conjugate planes. Elbaum att~ib~ted ·the higher 
. ' . ~ 

·. 
rates of strain:hardening of the incompatible tid- and quadru•crystal to the 

forr.nation of Lomer -Co~trell dislocations due to slip 'an the principal .and 

conjugate planes. In contrast, the lesser rate of strain hardening of the 
... '. ·. ·, '.' •.·. 

incon1.patible bicrystale suggested that the jogs formed by intersection of dis­

locations on the principal and critical platies ~re less effective''barriers to 

dislocations than Lomer-Cottrell blocks. For strains ~rea.ter than several 

"}'Jercer.::t as many as fhre or six slip systems acted in the vicinity of the boun-
, ( . 

dary of two adjacent grains in the incompatible tri- anti quadru-crysta.ls. 

A nu.::nber cf si.gnificant deductions. pertinent to the behavior of poly­

crystalline aggreg~tes. have :resulted from experimental investigations on. 

the plastic behavior of bicrystals and multicrystals having vertical grain 

boundaries coincident with the tensile axis: 1. The grain boundary per se 

offers no :tesistance to plastic deformation. Isoaxial bicrysta.ls having com ... 

patible .orientations have the same stress-strain curves as shnHarly oriented ,, 

slngle crys1a~s~ · 2. Th€ yield .strength of incompatible as well as compatible 

iso~:da.l bicrystals is identic~! with that for si,milarly orierted single crystals. 
' ' 

rhus. the differences in orientation of' each gram of incompatible isoaxial . 

bicrystalf; does not increase the stress for initiation of plastic deformation. 
\ . ' . 

. . 
3. Incompatible iso~ial bicrystals strain harden at a much higher rate . . . 

than similarly oriented single crystals. . The increase in the rate of strain 

hardening can be ascribed principally to the operation of multiple slip (at 

least four systems) in the vic.inity of the grain boundary, a conditiot'l which is 

imposed by the necessity of satisfying the compatibility relationships in the 
. . ' . . 
/1.' 

tt.rain bounda:t;·y region. 4. Multiple slip is most prevalent in the immediate 
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vich'l.ity of the grain boundary of bicrystal~? and multicryst:als. Consequently. 

the rate_ of stFa.il"l hardening increases as the grain size of multicrystals de-
, . 

creases. 5. ;, i\.1ultiple slip occurs almost emclusively on the usual slip sys­

tems found operative in single crystals,· but occasionally new slip syc~tem.s 

become operative~ 

VI. FULLY-DEVELOPED PLASTICITY IN POLYCRYSTALLINE AGGREGATES 

All attempts to predict the plastic behav:ior of polycrystalline aggre-

·' .,_ gates from the known pehavior of single crystals are based on the assump­

tions that deformation in the polycrystalline aggregates takes place ~xclusively 

by the same slip systems and the same dislocation mechanisms as those op-
. - . . 

· era.tive in single crystals .. These assumptions, however. are not generally· 

valid. They ar~&obviously incorrect when grain-boundary shearing become,s . 
~ . 

preva!et'lt. Furthermore, Livingston and Chalmers<32)have reported ~xamples 

of Al bicrystals that exhibit minor a~ounts of slip on the [n_o}. planes 

whereas slowly deformed single crystals slip exclusively on the {11Y, planes. 

In addition • .H~.rt:mann and Macherauch(:3B)have stated that about 40% of the 

observed slip lines in polycrystalline Al .:,u.~ise from non-octahedral slip sys-

tems. · However, it is unusually difficult to identity. unambiguously. slip 

systems from surfa.ce .traces when cross-slip is prevalent." 

·The deformation rate of sing.le crystals of F. C. C. metals at low 

temperatures is controlled by the intersection mechanism ?Ver Stages I and· 

H. <23 ~ 39> Only over the higher ranges of at:i:'!ess in Stage III dot8s the stress 
i . ' 

assisted ther~a.l activation of croas->Slip take place in single crystals. On 

the other hand the applied stress is usually sufficient~y high in pol-ycrystals. 

especially in those having high stacking fault energies. to induce cross-slip 

to occur in the vicinity of the yield strength. Any serious attempt to predict 

· the plastic behavior of polycrystal!ine aggregates from. single crystal slip 

must be basedon appropriate single.crystal data referring to the same mech-

anisms as are operati11e in the polycrystalline aggregate. 
• . l' 
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The earliest attempts to predict the plastic behavior of poly~ 

crystalline aggregates from single crystal data were based on the as sump ... 

tion of elastic rigidity insofar as~ the elastic strains were neglected and 

the total strains were a~sumed to be exclusively plastic. This assumption 

is a.pproxhnat~d in real materials· only when the plastic strains are more 

than an or'der of magnitude larger than the elastic. strains. · Con~equently. 

the early theoriesD to be described in this sect~on, are not appropriate for 

estimating the conditions ~t y!elding of originally annealed metals. The 

more recent attempts to predict the stress-strain behavior of polycrystals 

considering elastic as well as plastic strains will be discussed in the next 

section. 

\Vhen a polycrystalline aggregate is deform~d the following conditions 

must be satisfied: · 

L Continuity of strains rnust be preserved across the grain boundary 

as discussed in Section V of this report. ' . 

. 2. EquiUbriur.o. of stresses must be presel .. Ved across the grain 

boundaries. ,..i'herefore6 detailed treatment of the problem beco:n."les pro­

hibitively difficult. 

. . . 3. Polyslip must take place. 
' . 

Von Ivlises(40)has shown that at least .five independent sli? systems 

must become operativ~ in each grain qf the polycrystallirie aggregate in 

order to preserve continuity of strain. The strain tensor appropriate to each 

g:;:-sln defines six ccnnponents of. the strain which are related only by the 
I > ' • 

..-.~~" --

equation of consta.ncyof volume giving five indepe11dent components of the strain. 

Since the components of the strain are related linearly to the shear displace-

ments for sllpJat least :(ive independent slip systems must operate. 

The pioneering attempts by Sachs .. (4l)Cox and Sopwi.th, (42)Kochen-

{43) d (44) d - ~ d " d' (45) I;; dorfer; Calnan an Clews · an Eatdor" an Bu ·1ansky · to estim:.ate 

the plastic stress-·stra!n curv.e of a polycrystalline aggregate onl} partly 
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' 

fulfilled the above conditions. Several years ago~ howev-e'r. Taylor<4G) 

presented a more acceptable analysis '\v.hlch attex_npted to~'satis.fy ~ at least 

nominally# all necessary conditions. ·.(~·: f"\ore recently BJsqop and I-Hll<47) · 

a~d Biahop<48>have presented additional justification 'of Taylo~'s approach. :. · 
' 

Taylor avoided the detailed analyses that are entailed in the second f 
co.ndition of equilibrium: of stress ac;oss each grai'n bound~ry by l.nvoldng ·~ 

~he energy principle. The worl<. done in t~nsile straini;ng a polycryatalline 

-aggregate an .amount d £. ~· at a stress .. cr .. :' is equal to the ·work done 

by slip. Therefore, 

(18) 

.. ,, . 

· d 1; .is the. increment where is the critical shear stress for sUp and 

of shear strain due to slip on the i th system~ . Furthermore~ Taylor assumed 

-' .,. that v:ori;; h~rdening WaS isotropic insofar as he l:lSSUDled that the average 

critical resolved shear stress was the same not only for each ~~ip .s~stem 

but also from grain to grain. Single crystal studies reveal that the critical 

r3hear stress for slip is only approximately the same for the v~.rious s~ip 

systems. \Vh~rt slip takes place on one system,. the snear stress for slip 

inc:cea.ses on all systems .. ·In fact. the critical shear stresses for slip on 

the latent systems in metals are usually slightly greate~ .. than those for the 

operative system. In some ceramic single crystalss the hardening of the 

latent systems, appears to be substantially higher than the hardening on the 

ope:..""ative systexn. This factor indeed contributes to the brittleness of some 

polycrystalline ceramic materials. The assumption of equal strain hardening 

of all slip systems in ;metals undertaking polyslip, howevet·, is quite good. 

Tberefore, t,· ~ tc , and 

2 /d ~,·J -- ·-- fVl . (19) 
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In order to pl-ovide continuity across the grain bOundaries, Taylor assumed 

that each gLnain exhibited identical strains~ the straiQS being equal to those 

for the entire tensile bar. This assumpti<:?n has been verified experimentally 

from. the macroscopic viewpoint for_ large strains inasmuch as each grain 

deforms approximately as the bar itself. · But .Boas and Hargreaves (4S). 

Urie and Wain, {SO) and also Deshpande {Sl) have demonstrated from surface 

strai.o me~surements that the strains are not necess·arily uniform over ·a grain. 
. . 

·. ·The requirement for continuity demands· that· at least five slip systems 

must become operative and contribute to the L / J. '/.,; / . : The 

operative slip systems were taken to be those for which the plastic strain 

energy was least and therefore L l J '1:.1. was a minimum. . Such 

a minimum is achieved only when no more than five systems operate. By 

detailed numerical analyses~ Taylor fo~nd that the average value of ~ · 

for random orientations
6 

of face-centered cubic metals v;as 3. 06 .. Conse-

quently ~ = 3. 06 't-e . · . The average value of over all 

grains was detern:l.ined from a single crystal stress-strain curve~ where it 

was assumed 

(20) 

This assumption will be shown to be invalid and should be replaced by an . 

appropriate strain-ha:r-dening curve for a single crystal undergoing polyslip. 
,, ' . 

t.·. 

Pre4ktions by Taylor of the stress-strain curve for polycrystalline 

.Al from single crystal da~a was fair. ·But as will be described later, this -•· 

agreement was, in part, the result of a rather fortuitous selection of an 

inZ!ccurate single crystal stress-strain curve. 

Taylor also px•edicted.the kind of preferred orientation that can be 

expected from tensile straining an originally randomly orlented F. C. C. poly-,. . 
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. . (52) 
crystalline aggregate. Barre~t and Levenson however revealed that 

the pre~ictions made by Taylor differ appreciably from. the experimental . 

facts. Thua, the question arises as to y1hether Taylor's theol~Y~ although 

mechanisticr.dly incornpetent to describe the actual deta.Us of the operative 
. 6 . . 

slip systems. may nevertheless be acceptable· for estimating the stress-

strain curve for pcilycrystala. This question was answered by B.ishop and Hill. 

' Bishop and Hill have shown that Taylor's criterion, namely that 

L JJ "/ ~ /· . is a minimum for the operative system, is justified. Let · 

d 'I~ . be any set of shear strain that ar~ geometrically equivale~t to 

the actu~l set cJ. 'f:_ insofar; as they provide the same tensile strains. 

Bence.. the virtual work for deformation is given by 

(18) 

~* . 
where {,_, , •. . is the :resolved shear stress for the equivalent set :of slips . 

.~;~·o~ ... the operative set !:;, • = lc.. but since the resolved shear stress on 

the equivalent set cannot exceed the critical resolved shear stress for. slip .. 

and 

fc 2 2;. * . . . Consequently 

,, 
" 

.. ··· 

(21) 

Eqn. (21). asserts that tpe sum of the absolute values of the operative shear 

set ox shear strains is never greater than tb.e set of geometrically equivalent 

shear strains. 
. . . 

Bishop and-Hill have also presented a more rigorous analysis of the 
• 5o' • . ' \ . ' •• . . 
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problem of predicting the plastic behavio~ o.f polycrystall~ne aggregates. 
,. 

They adequately \take into consideration the conditio.ns of /equilibrium as · 

the local stress varies f.ro:m.· point to point. They also admit that the strains~:, 

too~ are inhomogeaeous not only from graln to grain but also over a single ~: 

grai.n. Hence. th~y need not invoke Taylor's assumption that each grain 
. \•' 

,,· 
{.;e! 

deforms homogeneously witb. the same strains as the aggregate. And they· . it .. · 
I,;' . . ~ 

finally prove that th~ expected stress-strain curve agrees with that obtain4~ 
' • . • t. ' ~ 

by applying Taylor's assumptions. Their technique however is not fully l, 
,'~;,, 

developed in such a way as to ;permit a determination of the actual preferre~" 

orientation that results upon deformation. Conse~uently. the effects of re-f) 
:'(53) 

orientation of the grains on· strain hardening is neglected~ However. Bishop .. 

has shown that the theory can be extrapolated ao as to give infor1nation on i 
i 

possible deviations f:rorn the re-orientations suggested '?Y 'I'aylor in such a i 

way as to provide better ·agreement with the experimental facts. 

To arrive at their conclusions, Bishop and Hill invoked the principle 

of ma::d.m.um plastic strain energy. 1"his principle asserts that the work of 

straining resulting fron1. the actual state of streas 

tban or equal to the work done by any other state .of stress 

does not violate the yield condition. Therefore, 

·.' 

is greater 

·. * ([.. 
'J 

that 

( '1j -<rt!) J l'c;j.~ 0 (22) 

. '. 

fOl"' each smal~ volu.~ne element. 

. To prove this condition, they employed the difference in work ex-

pression 

,. . 
where the term on the right hand side ts determined from the slip in each 

. l"it.. .')... 
part of a grain. But the last ,term is always positive, ·since i. ~ l c 
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; consequently~ the condition giv?n by Eqn. (22) 
~f 

is valid for all microscopic regions of the aggregate. r 
{i 

Let . Fe.:;· be the average strain in the aggregate. where · 

+ LJ£ v· 
J.~c;~l d/Jf::(J~l 

(2.3) 

The average value of 1 ·• over a sufficiently .large · 

representation volume, v. Then 
'~ .. ' 

It is nei"missib'!~ to associate the .stres.~ t\'"',*:· . with that which would -. \J'" 
have· been obtained when the strain is £ , ' ·· since this stress cannot GJ 
exceed the yield conditions~ Then . J r:rt;· tJ IJ.£ ,~J since 

is in no way statistically related to ~ When 

th.e integration.- is conducted over a repre'sentative tmit cube 

• s,j d£,j -st dc:c:j 2 o (25) 

where is the actual average stress actinJ on a unit cube having 

the average increment of strain and s~ 
'J 

is the average stress when all grains undergo the avE7rage increment of strain; 

thus 
~· S,,. 

'J 
But when the local strain is 

',.. . 

is the stress calculated by Taylor.: .. 

d£ ··-
'J 

the operative stress 
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is Therefore, by analogy to Eqn. (22). 

' 

. ( rs-"!). -~'d·) d E •. i .? o 
(26) 

. where (SlJ· can now be associated with the aytuallocal stress which 

of course cannot exceed the 'yield condition. The.n 

.f(~·-<r,J)d~~ J~= f~·*de,j. dAr 

- j Gt,jtiE.JJ4T"f j ~- dLltE'.;i .J/IF2. o · 
(27) 

But inasmuch as (J4· and are not statistically related 

the last integral is· zero.. and 

(28) 

Comparing Eqns. (25) and (28) reveals that 

(29) 

namely that Taylor's theory indeed gives the correct stres~ in spite of the 

fact that the local stre$aea, strains and re-orientation of the grains deviate 

fro.m those su~gested by ¥s assumptions. 

Bishop and Hill calculated the yield strength of a randomly oriented 

polycrystalline aggregate. 'They define the average value of tile critical re­

solved shear stress t- . over the aggregate as 

where .. t"" is the value lr1 any individual grain tal<;ento have the same . 
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value regardle~s of sign. 1'hus, the BatlschingeX' effect is neglected. lf 

{J:~ p~od\lces a stra.ln d Ei',i · in a grain in'whicb~e critical 

resolved shear stress is ?;- , the average stress O';.j.:: {; CJ;y jt' 
would produce tbe same strfl,in in a grain of the same orientation 

having the average cdtica.l resolved shear stress. Then 

; I 

when it is observed that there is no statistical corr.elation between 

and . Therefore 

and consequently the strain energy cart. be calcul·ated 'using the av·erage critical . 

resolved shea~. stress in the aggregate. 

To determine" the yield conqition for a randomly oriented poly-. 
. . . . 

crystalline aggi .. egate of a face-cente:t•ed cubic rtletal. Bishop a11d Hill in-

· .. ·voked the prin~iple of maximum ·plastic strain energy in p1~eference to "Taylor's 

( 2: .JJ '1.: r of the absolute values of selection of the miniroun1 sum ,, 

the shear stra~ns in slipo · They demanded that the a.verage critic~l resolved 
. .. . . . " 

shear stress be reachech:m sets of flve sUp systems each,. and calCulated 
. . ' 

therefrom the correspondin .. g sets o! -*··. lf"'T'" ~ • ......,,J . V,lhen. those sets 

·for which the shear stress on other slip planes exceeded 
\ . 

discarded as violating the yield condition~ only fifty-six sets of physically 

possible stresses ~·&~ remained. · ·ro each set of stressea there 

exists a corresponding set'of shear strains. But i.t is not necessary to cm'1s!der 

d£ .. . L\,) 

. \• 
these in detail. P.ssumlng an average imposed increment of strain 

that set or stresses which provides tb.e greatest·work can,·· by the application 
·• ft 

__ :.: . .--- __ :_. 
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\ . 

of the principle. of maximum plastic strain energy 6 be identified as the op­
j 

eraUve·' set. Whk·n d W { {J) ~ I.J) is the i_ncr.ement orf ~a~imum work 

for the imposed strain x·.efe:rred to the Eulerian angles~ 1 t{J . , E) . . ~ .l 

.•. Sc:J· J t;J· = {[[d W ~:.. rJ ~~ d~£;/;J 

. . . fffii~ WdtfJ; J~ dy; 
By this technique .Bishop and Hi~l als_o find that S = a.oe· tc for simple 

tension .. Furthermore_, Bishop and Hill-demonstrated that the plastic -po:. 

tential calculated on the basis of their theory lies betweeq. the Tresea and 

vori Mises criteria fo~ yielding under combined stresses, a deduction which 

is in good ngreemE:mt with the best current experimental evidence. . . 

We have already noted in Section IV that single crystals do not 

, have a unique stress-strain curve. the rate qfstrain hardening being de-

. pendent on the initial orientation. The dHferences· in ·strain hardening arise 

from the fact that those orientations which a:r.e more favorable for the op­

eration-of secondary slip systems give the higher rates even when the total 
. . 

amount of slip.on such systems m.ay be rather negligible. Th·~s, the fiUe.stion 
. .. 

arises as to w.&?~:a-t single crystal stress-strain cur"';'e ·.might be used to predic~ 

th~ behavior of a polycrystalline aggregate. Kocl!S(f>4<)poil~ted out that inas.much 

as slip must take place <mat least five slip sy.stems. the appropriate data . . 
for predicting the polyerystalline stress ·strain curve m\l,st be obtained from 

: . . . ' " . ' 

single crystals that are so oriented that slip can take place simultaneously 
' 

on many slip ~ystems. ·There are two orientations in F C. C .. metals that .· 

provide simultaneous polyslip on more than two slip systems: crystals . . 

oriented so that the tensile axis is aligned along the [ lOQ J dire~tiori slip 

sbr.Lultaneously on eight systems and crystals oriented so that the tensile axis 

.. " 
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is aligned along the [11ij direction slip on six systems. tHowe and El-

baum (SS)have sh'own_ however, that the [10~ orientatio~ does not give 

s_table polyslip since small deviations from this orie~ta,tion lead to .the op­

eration of.only two sUp systems. Consequently, the most appropriate single 
I 

crystal poly slip data for predictions are obtainable only from orientations .' · 
, , • I 

I' 
·where the tensile axis is in the [p ~ direction.· .Although each operative ,!~ 

t:· = l: ~1 
' . 

II ( \\ system undertakes the same straini' the assumption that . ' . 

~~ ~1 
for all systems is not necessarily valid and will require detailed study in , 

terms of dislocation interactions. Ii'urthermore. it i.~ not immediately 

apparent that the same values of 't-c as a function of )'- will be 

obtained for the six operative systems as might result from the operation 

of only five systems in the polycrystalline aggregate. . 

For calculating the stress-strain curve o! a polycrystalline aggregate 

Kocks t.tsed a simple analysis that !a the substantia~ .equivalent of Taylor's 

method and is consistent with the deductions based on the work of Bishop 

and Hill. Iu each element of a grain 

where ()and'£ 
•. 

are tensors and where the strain hardening in 

this element is assumed to be isotropic. The value of . ~ J '( ,~ is 

related linearly to the strain tensor by the tensor M, where 

(33) . 
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and. therefore, '.· ,,· 
. I 

(34) 

The tenSO!'' Ivl,. is exclusively determined by the orientation of the slip . 

l,::>lanes and .directions to the ~xes of the specimen. For· a s~ngle crystal · 

undergoing single sl~p. M ~s simply given by the Schmid factor 

[c"s A CDS.· ( 1{) ~ ;t_)] -r 
The macroscopic work over a representative volume is 

(35) 

where the averaging is done over a.ll·microscopic volum.es in a represen-

tative macros~opic unit volume. . Tb.e second equality assumes ~ has 

the same value for all slip systems in each mic(oscopic volume and the third 

equality is based on the fact that the local :ces~lved shear stress is unrelated 

to the increment of shear strains. The fourth equality arises !rom Eqn . 

{33) and the fifth is valid because d£. is not statistically related to M. 
' . 

Therefore. in ·a tension test 

' . 

The critical shear stress in eacirrrii.croscopic .volume is assumed to be 

given by 

.... --· - .. --~ . . 

and therefore 

(36) 



39 . 
. • 

(37) 

where £·=_/) j · and the validity ot the second equality. arises 

from the fact that d t£ is statisU.cally unrelated to M. · As shown by 

Taylor, /11::!::- 3.06.. The agreement obtained between the cal-

culated stress-strain curve based on the single crystal data where the ten­

sile rude is in the [llf} direction and that of apolycrystalline agg1."egate · 

o.f Al is .s,hown in Fig. 2'1~·· The agreement is exceptionally good for large 
" . ' . . . ' ' .~~ ) ' . . .. . . .' 

strains. 

It is well-established that the flow stress of polycrystalline aggregates 
. . 

decreases as the grain size increases. A typical example of this effect is 

shown in Fig. 2.2 for Al, <56) and in Fig. :23 for Cu alloys <57) as presented 
. ' 

(''8) ' by Zener. 3 
; Although no exceptions to these trends have been :eported. 

' none of the theories' so far considered in this report have been so formulated 
' 6 

as to take into.account the grain size effects .. Obviously, the nominal agree-

lnent that has been noted between a prediction of the stress-strain curve of 

polycrysta.lline aggregate based on theory with that obtain~d experirrJ.entally 

for one grain ~ize must be somewhat accidental . 

... It is possible. of course~ t!~t some of the observed decrease ·in 
,:1 - ' ' ' . . 

flow strength with increasipg grain size arises not from a grain size effect 

per se but rather as a result of modification of the substructure of the grains. 

For, \V~en a metal 'is annealed for a longer tirne or at a higher temperature 

in an attempt to coarsen the grain size, the pattern of dislocations can well 

change as a result of cross-slip or climb to provide a more dislocation free 

and, therefore, softer· metal. Undoubtedly, some effects attributed to gran 

size are due to this factor and others may be associated with effects of 

small amounts of impurities.,; On the other hand, the rather consistent 
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' ~. ' 

relationship bet~een the flow stress and the reciprocal of:the square root 
\.' . 

of the grain diameter. as shown in Fig. 2,, for .a numbex; of cases would 
' • t "' 

not necessarily 'de obtained if the ~ffects \vere solely due:to difference in 

dislocation densities. Furthermore, as shown in Fig~. ~2 the major effect 

of grain size ·appears to involve a great~r rate or" strain hardening for th~ 

fin.er grain sizes, whereas the expected trend for a greater density of dislQ;:-
. . . . . ~ 

' '· 

cations is. a lo~er x·ate of strain hardening, as 'is commonly observed duri,J~ 
' . . . ~· 

d~formation in a single stres·s-atrabi curve. We are, th~refore, led to be~ . . . . . ~ 

lieve that a true grain .size effect exists although in any real' example it can 
. . 

be accompanied by other effects as well. 

Dislocation theory suggests that the true grai~ size effect arises 

from the stress fields due to dislocations that are piled .. up against barriers. 

Local stresses due to such arrays can be several orders of mag.nitu~e 

greater than the applied stress and consequently these stress fields fre-. . 
quently assume significant importance.· Koehler(SS)first studied this phen-

'l'if~"'li . 

omenon which was subsequently treated in a more' general way by Eshelby. 

Frank and Nabarro. (SO) The number of dislocations that can be packed .into 

an arrested array is given by 

where 

(?--~)L· 
.Gh··, ... \ .. , 

'{- is the applied shear stress on the slip plan.e, 

(38) 

. tG-. is the stress 

repr,z:senting the resi'stance to the motion of a dislocation. L is the piled up 

distance whic'h is approximately equal to .D/2. when the grain boundary of 

a grain having a diameter P is the barrier, G is the shear n1odulus of 
. (61) 

elasticity and b is the Burger•s vector. Stroh has shown that the local 

shear stress at a distance 1 from the barrier is approxf.u.~.ately 
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If slip is. to be propagat~d to the adjacent grain, a sufficient number of 

mechanis~1.s of ~~ip must be stimulated so that the defor1~ation on a micro­

scopic scale satisfies the detailed boundary cond~tions for slip ... This re· 

qu'irement 1s much more severe than the macroscopic requ~rement of con­

tinuity. Consequently# thEi' local stress that must be achieved to satisfy 

this condition is greater t~an the value of . ~· for polyslip so adj~sted jc' 

only to satisfy the macroscopic conditions of continuity. Therefore, the· ;), 

applied shear stress for slip is given by 

t-t; = t; fl- I r;. r:.t D . ' 

~f.: 

.... ~~·: 

(39) 

where ~ is now the local value of the allear stress required to initiate 

sufficient number of slip mechanisms to satisfy the stringent conditions of 

microscopic continuity. Thus. the applied shear stress increases as the 

reciprocal of the square root of the grain diameter. Unfortunately the 

necessary detailed statistical analyses. that are suggested by this approach 

have not yet be.en made. 

VIIo INITIAL STAGES OF PLASTIC DEFORMATION 

In their approach .to the problem of the plastic behavior of poly­

crystalline aggregates Taylor and also Bishop and Hill,· as presented in 

Section Vi. assumed that U1e strains were exclusively plastic.· Whereas 

this assumption is z·easonably ·valid ior large strains, particularly where 

the stress-strain curve is not too steep, the assumption is invalid in real 

polycrystalline aggregates in the small strain region. Here it is nece::;sary 

to consider the elasto-plastic straining since the plastic strains c.'tre the sa.me 

order of magnitude as the elastic strains. Because of the theoretical signif-· 

icance as well as the practical importance or plastic yielding, the problem . . 
of the initial stages of plastic :defor.rr.a.ation is one of paramount interest in 

0 
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I 

solid state med~anics. 

Dam .. ping 'capacity investigations clearly reveal that plastic deformation': . 
. ' 

begh1s to take place at very low stress levels, nmch below the so-called cc;m-
. ' 

ventional proportional limit. ·Due to the effects of the heterogeneity of dis .. 

location pattex·ns. and the effects of orientation of gra.i.ns' on their flow. stren&th. 

Slip first OCCUl~S StatiStically in ~elatively feW SO-CS!.lled trSO.ft grainS 11 Of .the . 
. ' 

~ '< I~ 

aggregate.· The .extent of thls slip in any one grain is ltm.ited by the surrou;~.d-
' 

ing elastic ms:trb:~ · When the stress is removed., back stressesJ~l"ising 

from the elastic strains in the. mat:rix.;force the dislocations to return to 

their origin. the aggregate having the properties of nn anelastic solid. 

the stress ia h1creased t11e usoftest grains li under.·take larger att·ains., and 
I 

.·under usual circumstances unde.rgo polyalipg and other grains also begin to ;, 

slip .. Under polysU.pp barriers may be formed that prev,ent the· complete back 

motion of the dislocations upon re.n1.oval of the stress and small permanent 

strains are obtained. At sufficiently high stresses, . of courseo an of the 

grains Sl!'e subjected to plastic deformations and only a small part of the total 

stra:i.Li. is recoverable • 

.l1. zeroth order analysis of the :mic:rostra.in behavior of polyc:rystalline 

aggregates was suggested by Tho~1~as and }\verhach<62)and subsequently 

eiabora.ted by Bro~n and Lukens. (o3) Their statistical. analysis c>bviously. 
. ( ' . 

requires majot· improvement but their concepts are presented here primarily 
·; 

to illustrate the P.ossible :role of grah1 ~ize on the plastic behaviqr of poly-

crystals in the: sr.a.a.ll strain t"egion~ 
.\ .. ·. 

. The assumption was made that when a stress that is sufficiently 

h).gh to stim.ulate a F:rank .. Read source is applied to a. polycx·ystal a .number 

of dislocations sweep across the entire gra.in area. and becon1.e arrested at 
. . 

by 
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where ~· i~ the number of dislocations in the piled up array, D2 (the 

square of the gr~in diameter) is approximately tb.e area swept out per dis~ 
: . \ . ' . . 

location~ b is tne' Burgerts vector8 and f' is the d:~n~ity of sources~ 
' ! 

whicl'l is assume<!' to be \riU'orm throughout tl:le polycrysta.lline aggregate. 

The gross assui:nption is \'lOW made tlut the coniribui:ion of this local plastic i 

. strain to the total straln over the entire spedn1en is proporti011al to the 
. . . ' ' . ·. ' . . . • . . ' ' . 3 . 'i 

fraction of· the volume occupied by the grain, namely about D I Al where 

A is the cross-sectional area· and l is the specb:nen length. Consequently. 

the contribution ,of slip in the ! tn grain to the obse:rved total plastic strain 

is tnken to be about 

(41) 

The number ofdislocation loops per source at the eoundary is given by 
. . 

the well-known e::<tpress!on of' Eqn. (38) 

whe7."e (J" is the applied shear stress) is the local stress 

necessary to activate a<,Frank-Read source in the i th gre.in, and G i.a the 

shear modulus ·of elasticity. Eac·h grain is assumed to exhibit differe11t 

values of · ~i the fraction of the grains that have values in_ the range 

d <loi being .;.;. cl cr;i' ' 
.in the specimen that have, values of 

'I ·:.. 

are 

Then 

Consequently, the nurr.1.ber of grains 

II' . in tbe range o/ CJ;~ · Vq<, . . 

>, ' 

AJ2 
.1)3 (43)._ 
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The dist:dbuticm funcUon · ~· J <S;~ wa·s aasumed to be appx·oJdm.ately 

that suggested by the Scl".i.mid factol\' for x·andomly orientec~ graim:;. Titus~ 

the effects of statf.s:tical distribution o£ sizes of Frank·-.Rea.d sources was 

neglected. Br~wn an.d t~ukens estimate trlllt the plastic strain is,. tberefore3 

given by 

(44) 

In spite of the rather crude E,;,tatistica! approach that V<'&S adopted, 

Eq1.1. {44) nevertheless represents the experimental trends quite well. It 

-~ 

predicts the following: 1) The ::rtr-~ss at which plastic straining .first bE:gins 

is· independent of the gr~.in size~ 2) The stress increases as the squa:."e root 

of th~ pla1;3Hc strain~ and 3) The plastic strain increases with thrr:o cmbe of 

the grain diameter .. 

A typical result is shown tn Fig. 2H/- ccmfirmin.g the nomJ.nal ~ralidity 

of Bqn. (44). The value of the calculat~Jd density of sources# however. a.p~ 

pears to be sli.ghtly too high. 

l'·, mo1f'e sophisticated &pp_roach to th~J -e;arly plastic beb:avio:r:· .of poly-

::.::r..d.naUon of the stre9s field produced wh;;;n a grain· in an ~!:asHe m.abdx . . 
' -

unde::'takes hoxuogeneous strains. . ~ . Eshe!by has .t1hown that when an ·~Hip-

solda.l inclusion ot1.~ains homogeneously an arn.ount c . cl· ...... 
~··'-I·~ • t 

straint in an elastic mat:dx. ar~ .also homogeneous~ 

7 

S(jJ.L ~~ 

Tc' -:J..J. 
in. the a.b·· 

being given by 

are·constants that can be evalu.ated .i.n tern'la of tntegrsJ. 
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elliptic function$. 

·'l'he assumption is m.ade that sUp can be treated as a homogenec"JUS 

T 
deformation. 'l'he value of £.,e J.. for slip, howevero is not prescribed 

geometrically as it is in the simr>ler cases of twinning and phase transfor· 

mations. Rather, it is lir.o.ited by the constraints imposed by the surround-. 

~ng ela.stic matrix. Under ·.any condition, however. ~' .. •' ~.. . . 

(46) -

where ~.1.. and C4c?A. 
inclusion and where 

. ~...£ .. a.re the total strains and stress "is in the .. 

L(~J!) represents the ~lastic strains as' given by 

the stresses in term.s of 'Hookes Law. Slip occurs wh.en the entir·e aggregate 
4:> . ' 

is subjected to a critical stress fJ";~· 'at infinity.· .The strains in the 

inclusion are, therefore~ due to the superposition of the ~train$ due to elastic 

deforrm tion as a result of the loading and· UlO$e ariaing from slip. Cons e ... 

quently 

T 
~_t The unknown values ·Of ·.and . cr:J. . ' 

must be 

then fcund in terms of ~ 0 
~CJ'. 

by simultaneous solution of Eqns. (2)and 

(3) together with the stress-strain :r-elationship for slip in the elasto-plastic 

inclusion. '• 

V/hen the grain 'undergoing homogeneous straining as a result of 

slip is f.>pherical, . Sf.:,· ~L 
values suer~ that 

fl 

.. 
as shown by Eshelby, assumes the sitnple 
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(48) 

(49) 

where·z.h.s Poisson's rati~ (isotropic elastic.ity being ass~med. the elastic 

constants being the same in the inclusio.n as in the matrix) e = t:"J· 
(where the usual tensor summation :rule applies and therefore e is the 

volumetric strain)~ 

e ... =: E:·. 
"J "J. 

- ..!. £,. e 
3 '-J 

dc.j' is the Kronecker delta. 
IJ 

([' .. 
'J 

are 

(the deviatoric: strains) and 

The ratios of the components of the stresses 

assumed to be. held constant during m~:motonic loading. For small stresc:1e~;; 

every grain ofthe polycrystalline aggregate strains elastically and homo-
,.....o . 

geneously. When some critical value of \..1 i.d' is reached some grains 

begin to yield plastically by slip. At yet higher stresses theBe grains ex-

hibit more extensive slip and othe-abegin to slip. One or• several slip systems 

may operate iri each slipping grain. 

Let the operative slip system in a single grain be designated by the 
• . i ... (g) . . (~ J . 

umt vectors \ mt,. nomal to the slip plane and J1,.· . m the 

slip direction, where q denotes a given slip system. When on~y the first 

slip systf;!m is operativ~ the plastic strain is given by 

where 'I· I. 

I 
\l ~ ~. 
(J 1: . 'J 

I> . 

- {50) 

ia the engineering shear strain. referred to the first slip . . 
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system and · \ 

I .J' · 1 1 I ./) 
a~·= T (~H,; 'j· -f-;11.; ~· (51) 

The plastic strain given ·by Eqn •. (7) is Eshelbyis unconstrained strain,· and 
. · . 

· therefore .. 

--
r«t.r:ii 

the" mean volumetric strain being zero for ·slip~ <?onsequently. inti'oduci.ng 

Eqns. (50) and (49) into Eqn. (47), the total strain .in the grain is· .. 

(53) 

The elastic st;-ain in the grain is given by 

(54) 

as shown by subtracting the ·plastic strain Eqn. (50) from the total stre.in 

-.:~ (e.~,\ A d th f 1 ' 'C:r k ' 1 t ..-. (54) th t ...:.qn. v-.,,. n. e ere ore, app y1ng ooo e s a.w. o ,e.qn. e s r.ess 
; 

in the grain is ~ 

where G is the shear modulus of elasticity. 

. ·' 
···. 

(55) 

,. 

Although the concept of strain hardening could have been incorporated 

into the analysis, Budiansky et al~ aasumed zero strain hardening in order 

to simplify the analysis. On ~his basis. where . -t: is the constant 
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resolved shear stress for slip 'i 

-- . (56) 

Multiplying Eqn. (55) by' d. ,;,i ·reveals that 

ca· = t;,.- G {1-b) ~ 
~ 

where 
;·\1-::~t 

4- 0 is the applied shear stress on the slip plane dl\e to the ex- . ~ G, , I . . 

ternalloading and where tt,.i • d,:J· is· given its value of 1/2. Eqn. (57) 

then identifies the :magnitude of 

shear st~·ess on the slip plane, 

Introducing· this value o£ 

'1, 
z,o· 

in terms of the externally appliec}. 

and the yield strengt~. tfl .. 
into Eqn. (55) gives th.e useful result 

(58) 

and •. by Eqn. (50), the complementary expression 

p 
C' ::' c: ,t . 

J 

is also obtained. . 

-- . (59) . 

The str~ss•.strain relationship for a. heterogeneous polycrystalline 

aggrega.te can 'be related to the strain energy of the syster.n. For a mono-
' . 

tonically increasing str~ss, ·the increase in strain e~ergy per unit volurne 

under simple tension is always 

regardless of the constitutive relations •. Consequently, the tensile atra.in 
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is 

. . .·- -.- ;.. 
,(60) 

A strain energy function also exists, for monotonically incr~as_ing propor­

tionalloa:iing under combined stresses. Here· 

. . 
Where l./.J' is given as a functiOll o£ ;\ 

. 0 
(f;· . 

l.IJ 
strain of the entire eggregate is therefore given by · · . . . 

.= 1' . /) 

J.A 
A 

:• . ... 

(61) 

The plastic 

(62) 

,p 
YJhere W io the extra energy _per unit total volume expressed in terms 

\ 0' 

/1. <J;.J·.·: of arising from slip in some of the gre.ina. 

The plastic strain energy must be evaluated in terms of the external 

loading. Consequently. the work done per unit volume of a slipping grain is 
' ·. 

D 
given by 

' 

p 
E; .. · 

't} . 0 a;. 
.. J'. 

As indicated by Eqn. (57) 

... 
. p :. 
dt£ .. 

'J 
(63) 

(64) 
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Therefore 
~ .. '.§ __ · .. · 

·P . 
. ttJ~ . . ·i . . ,.·, 

.,· 

,., ~·· . 

-The plastic stra..in energy. per unit vdlume of th~ aggregate'.is then 
• ' .. l . ' . ';, ·• . •• • ·. -. ~ -> . . • .._ . . . . . i \ :.- . :. : . ,' ,' . • -· .. '?. : 

-·.-. : 

·-where 

·,' 

"w := } 2J ~.~.t., >- . . , ..... , .· <sa) 

.lk)V i~ the rrac~ion ono~alvolu~:~ccu~led ~>: g~alns of 
-· . .. . ' 

the r th kind and thEt summation is. taken over the entire 'volume 'of slipping ·-_ ·_ 
. .' ·. . -. . . . ,._'. . : ·- .: · ... ''. :~-~-.. ~ .... '' .. '·,: .. >,-,,':;·.- ·., ' : . -~_._..... ·, .; . ·. : . ' 

• 1~. 

grains. 

· . As seen by introducing Eqn. (66) into Eqn~ . 

p_ 1' l l. \ 
. £,:.i = ' '_:,y L. ~ 

@ •. ' ' 

But 

and . '. :~. . 

J PwA.. d.A· . 
A 

·· .... : 

(67) 

. . . . 
·'.:. .·:. 

·'. 0 

; ·. -.. 

.· . ' 
_.,. 

(58) 
. \. :-.,-.. 

•.;• .:' 
',• . ·_.: '- . ' . \ . 

. . ·, 
.. ,' • -· l 

•.' 
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-- i 

' 

Therefore. 

~· ( t."- 2'#) a.~J' 
// ' r;. (/-h) (70) 

I' 

IZ,-. = 0 ~hen 't." ~ t.._ 
~J - r Z.A 6 >·t "'7c.. ··and for 

.)1..- ~ 
In order to evaluate Eqn.' (70). the summation over all orientations' was 

represented in. terms of the integral over· the Eulerian. angles so that-

{t; -C"')a.~· t:lt~t/ tPJf/l 
ffjs--~ f,O G l 1-6) . . · 

' (71) 
P_ 

Iff 5/Jt II d II d~ d ljJ 

2;. 0 
was expressed i~ terms of the appHed stress and the appropriate · 

,' /l 
direction cosines for slip on the first active system. "fhe term d.c•J 

was also expressed in terms of direction cosines referred to the stereo_~ ... 
' 

graphic projection. 
'f{IIJ/E . . • . . • 

·:: The final results are given in Fig._ 2' i in terms of the dimensionless 

ratios . oj 0"~ and c; £ . where cf~ ~nd E' tf . . . refer 

to the stress and the strain at~hich.the grains first begin to ~lip. The data 

for slip on one system represents anupper bound to the expected results 

because several slip systems..:,xnust operate at the higher. stresses and be­

cause work hardening was neglected. Multiple slip was also considered by 

l3udiansky. et al. 

·-
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Un(loubtedly. the most serious criticism. of this approach results 

from the fact t~t the interactions between adjacent slipp~d grains was 
' ' 

neglected. Consequently .. , the predicted stress-strain cu.rve does not reveal 

the rather well-established dependency on grain size •. Furthermore. the 

stress concentrations due to piled .. up arrays of dislocations will cause ad- . · 
. • ,r. 

'! 

jacent grains to undergo slip earlier than the theory estimates they will. .': 
·~ 

To a !!rat .appr~xlmaUon: <r/<11 should become asymptotic to Taylor's ~ 
. approximation at high strains. But Taylor's approximation is exceeded by\~~;. 

. . ~ 

the theory. A better asymptotic value ts obtained assuming polyslip but 

the major. diffic·ulty appears to center around the n~glect of interaction . 

effects between slipped grains as the concentx·ation of slipped grains becomes 

large. 

VIII. KRONER'S THEORY 
( ~6) . 

· Recently.., Kroner b dev~loped a new analytical procedure for pre .. 

dieting t:--:.e stress-strain behavior of polycrystalline aggregates when an 
ll 

11effectiven aingle crystal stress-~train curve is known .. It conveniently 

includes consideration of the elastic and plastic strains over all ranges. of 

plastic strains. Furthern'lore. it is so form.ulated that the essential fea.tm-es 

of the Bauschinger effect, which was neglected in Bishop and Hillis as well· 

, . as Taylor's methods. is automatically incorporated into the theoretical 

structure. VV'hereas Bishop and Hill and also Taylor adopted the average 

macroscopic strain as the appropriate independent variable~ Kroner uses 

the new concept of employing the local tleffective 11 stress for this purpose. 

Since the plastic behavior of a grain depencls directly on this stress, Kroner's 

method ·obviates the need {or applying such special sele~tion principles for 

identifying the operative slip mechanism as Taylor's criterion o£ ~ i J ~6·1 
is a n:.tinimum or Bishop and I-lill's criterion of greatest plastic strai.n energy .. 
Inasmuch as the local lfeffectiveu stress determines the operative slip systems~ 
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we believe that predictions of changes in preferred orientations with strain-, 

ing based on appropriate extensions of Kroner's method of analysis to this . 
' . 

problem should be· .in better agreement with the experimental facts than those 

based on Taylor's or :Sishop1a methods. But J.naemuoh··~s ~roner ~mploys 

' only the averag~ st~ess on, all grains having tt;te same orientation,. his appro~eh 

·neglects the effects of heterogeneous deforrp.ation ~vera single grain. .Conr,; 
' . ' ' ' ' . ~ 

sequently, .histechntquecannot be expected ~o: g~ve the correct prefe~~~~, .. : ~,. 

orientations due to deformation. ' . , .. 
' ' '.:.' 

Kroner ~dentifies the orientation of each grain with respect to the 

axes of the a~gregate in ter.ms of the Euler!,~ angles :.: .~ .l{J ~ . (i} 

"! 
. ~ 

and 'ip • Consequently; the frequency of any orientation in a ran.., 
j . ~ • : • 

domly oriented polycrrstalline aggr,egate is given by ' 

(72) 

Th.e average stress and plastic strain in· any grain of the group having orien"': 

ta.tions between J:'L and ..ft. +of...D_ are designated ~Y Gr...a_ 
and £.,n.. · . respectively, where 

(73) 

is the effective stress-plastic strain .relationship for a· single crystal of 

orientation _()_ · , .. The ave1·age stress of the group of grains Jl.. can 
• ' . ' I 

be related to the average macroscopic stress, \f .. · , applied to the entire 
' ' . ~ ' ' . . . ' . ' ' 

aggregate by 

where. 
E <SA· 

. strate later that 

(74) 

is a characterir,;tic ave,rage stress of the group.. We demon-

'' '·' 

: :.· 

·l.' 

(75) 
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Then, the average macroscopic plastic strain £~ in the aggregate 

can be represented by 

£= Jn..r.ka. t:IJL £: B~J!j&f~]rJj}_ 
= e~z j};_[e&[iiJ} J.fL:= F[?i} (76) 

The essendal·features or Kroner's theory are given by Eqn. (76) . 
.' . .. . .. 

\Vhen the effective stress. GA is established _as a !unction of the 

and when the effective stress C[{,_ ·-<r average applied stress · 

known as a function of the plastic strain , as deduced from 

appropriate single crystal tests. the macroscopic strain. 

is calculable in t.erms of .the macroscopic stress, cr ' 
To deduce the required relationship between th~ effective stress -

.and the macroscopic stress <r , it is necessary to analyze th~ 

is 

sources of the· characteristic stress 
·,-.-e. . 
'!.n. . defined by Eqn. (74). The 

total characteristic stress can be visualized as arising from two effects so 

that 

(77) 

(f is increased those grains 'most favorably oriented 
' for slip will be the first to undertake plastic deformation. The stres~ on 

this group will correspondingly deviate from the average stress 
. 

by an. amount dictated by the back stress, cr:E' 
~ 

<F 
, due to 

constraint offef~ by the surrounding elastic matriX. As each. grain of 

the group slips, however~ a higher stress is imposed on the remaining 

grains of the group. Tbis stress will. have the average value ~f U..s:t.E 
. ' 

,, 

for the group taken as a unit.. But the two characteristic stresses are not 

II 
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independent si11-ce their average over a representative cr':>ss-section must 

equal zero. Therefore. 

_,, 
t: 

+§..=-o (78) 

a .As the macroscopic stress ls furtber increased other groups will 
. H -

begin to deform and thus contribute to 'J.:i:L~ so that 
.· ... 

. . . 
,' ·· I ·'· II ' E · 'E 

=· q;_· + L c:JA . 
..A . ' 

On introducing .E:qn. (78) into Eqn. (79) 

' ' ' 

I j £
1 

Bl7'2- ~ . ,_/...{)_ 
(80) 

.In passing we· wish to point out. that the major criticism that can be leveleq 

a,£;ainst the Budianslty, Hashin and Sanders method centers about their 

neglect of this interaction effect. 

Although in principle an exact solution is obtainable#· it was desir­

able in order to facilitate the calculation to make the following assumptions: 

1. The volume remains constant during plastic deformation. 

2. The elastic anisotropy of the grains is neglected. 
' . 

3. The linear theory of elasticity is assumed valid. 

Accordingly, the plastic strain £..J:L is a deviator and con-

sequently the stresses arising from it are deviatoric. Applying Eshelbyts 

relationship for constrained deformation 1 ,. ' 

~ . e . 
OJL = - ~G £_n. (81) 

where G is the shear modulus of elasticity and. 
t· . . 

o(_ = 16/15 fc)' a spherical 
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grain. Therefore, from Eqna. · (74), (80), and (81) 

o: = oi. + o( c;.[&r C!A] - /uz. kr CJA.J d.iJ (82) 

Therefore, given the appropriate single crystal stress~strain curve·s. , 

fa_{%_} itis posalblil to calcu~ate cr..n.. [(f] which can ,, 

then be introduced into Eqn. (76) to obtaln .. ·the I?lastic strain ~ as a.<~ 
- ··' t:~ 

function of the applied stress <f for tile aggregate. 

The major difficulty in applying Kroner's tl:leory conce;rns the poa- .. 
I 

sibility of obtaining appropriate single cz;•ystal stress ... stra.in curves. Ob-. . 
viously. the plastic behavior of a grain in a polycrystalline aggregate differs 

in several significant ways from .the behavior of a ~ingle crystal: 

l. During Stage I of a single crystal test the dislocation10 can lee.ve · 

the crystal whereas in a grain .of a polycrystal~e aggregate sucb disloca­

tions :rnay pile up at the grain boundary. Such pile-ups will be r~laxed by 

cross-dip and slip on secondary systems, thereby introaucing barriers and 

increased dens.ity of the forest dislocatio.ns. 

2. Whereas Kx·oner has introduced nn orientation £actor, we recog-
. ~~ . . 

nize that this is not the/appropriate independent variable) ~· .;--th,~:·,·· the effect 

of orientation depends on the nature of the dislocation reactiofls tt:at result. 

Suci:l dislocatio'n reactions are decidedly different under the conditions of 

polyslip that actually occurs in the polycrystalline aggregate. 

3. As in the case o! other theories io1• tbe plastic deformation of 
polycrystalline aggregates,. Kroner's tbeory does not contain any reference 

to the well-documented . effect o£ grain size increasing the rate of strain 

hardening. This factor must also be .introduced in tile & ( (J.::n_) curves. 

It appears to tb,e present aut bora that it will be very· difficult to ob-

tain desired iJppropriate individual grain f...n. ( <r....a.) curves from single 

crystal data. It may be possible. in terms of ~ deeper knowledge of the dis·-
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1ocatim1 theory for strain hardening;. howevers t.o calcub\te from theoretical 
. . 

considerations th~ appropriate curve~ 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
m1ss1on, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 

or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, m~thod, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process di~closed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contrac~ 
with the Commission, or his employment with such contractor. 




