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Many modern problems in data science involve data that is fundamentally measure-

valued. In these situations, natural questions arise about how one should perform standard

tasks from machine learning and numerical analysis. The tools of optimal transport point

to intuitive analogs of these tasks by viewing the measures themselves as single points

on the Wasserstein manifold. Then, by computing optimal transport maps from a fixed

reference, we can embed each measure into a common linear space (the tangent space of

the Wasserstein manifold at the fixed reference), which allows us to apply out-of-the-box

methods on the embeddings. When the data is static, these methods can be used to build

classifiers, generate new measures from particular classes, efficiently compute clusters,

and produce visualizations via dimension reduction. In this dissertation, we extend this

technique of “linearized optimal transport” to the case where our measure-valued data is

xix



evolving in time. In this case, we interpret our data as a curve on the Wasserstein manifold,

and we use optimal transport to compute tangent vectors to this curve. These tangent

vectors allow us to produce geodesics in specified directions, which can be used both for

interpolation between measures and for extrapolation to predict future evolution. We

rigorously develop this extrapolation as an analog of Euler’s method in Euclidean space,

and we use example particle simulators to demonstrate how this approach can accurately

approximate (sufficiently nice) curves of evolving measures. We further develop the analog

of Newton’s method for finding steady states of particle models, connect it to our Euler

timestepper, and demonstrate how steady-state distributions can be efficiently computed

using Newton–Krylov methods. As a final application, we observe that textual prompt

embeddings in the Stable Diffusion pipeline can be treated as discrete uniform measures,

and we show that using Wasserstein geodesics to interpolate between two prompts gives a

more “natural” way to interpolate between output images.
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Chapter 1

Introduction

There are many situations in which one would like to apply standard machine

learning or numerical analysis techniques, except the available data are measures, not

points in Euclidean space. One motivating example is a collection of particles evolving over

time according to some micro-scale simulator (e.g., as in a simulation of some biological

process). Many standard approaches to understanding such systems attempt to learn the

simulator as an operator, for example by tracking individual particles and interpolating

the results [LJP+21, GBYK23, GKSK22, Mha23, KLM24]. These approaches inherently

treat the collection as an ordered vector of particle locations. However, if the simulator

is random, then this way of vectorizing the particles leads to substantial statistical noise

because individual particles are evolving stochastically. To avoid this issue, we can instead

interpret the collection of particle locations as an unordered distribution and ask a more

general question about how the distribution as a whole is evolving [SGOK05, LPSK23]. In

this way, we treat the collection of particles as a (discrete, finite) measure rather than a

vector in Euclidean space.

In recent years, “linearized optimal transport” has emerged as an important tool for

performing standard data science tasks on static measure-valued data [WSB+13, PKKR18,

MC23, Gig11, MDC20, LKKC25]. By computing optimal transport maps from a fixed
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reference, we can embed each individual measure into a common linear space, which

allows us to apply out-of-the-box machine learning methods like clustering, classification,

and dimension reduction. In the setting where our measures are evolving in time, we can

use the same LOT approach to unlock standard numerical analysis tools for estimating

derivatives, approximating curves with geodesics, and finding steady states. Optimal

transport thus gives us a way to make sense of the evolution of a distribution of particles as

a collective whole, rather than as a list of particles each evolving individually.

To motivate and understand our methods, we turn to the geometry of the Wasserstein

manifold. Formally, we can view 𝒫2(R𝑑) (the space of probability measures on R𝑑 with

finite second moment) as a Riemannian manifold with metric given by the Wasserstein

distance 𝑊2 [Ott01, AGS08]. The existence of a tangent space, and more importantly

the ability to access the logarithm map via optimal transport, is what motivates many

of the ideas underlying LOT. In particular, one can now view a time-evolving measure

as a curve on the Wasserstein manifold, and the correct derivative object is the tangent

vector to that curve, which we can compute by lifting the curve to the tangent space

and computing a derivative, just as we would on any manifold. With this formalism,

many standard methods from numerical analysis now have natural analogs, like Euler’s

method for building timesteppers [KNK+25] or Newton’s method for finding steady states

[VKCK25]. Similarly, we can use the optimal transport map between two measures to

construct a geodesic between them by linearly interpolating in the tangent space and then

projecting back to the Wasserstein manifold using the exponential map.

1.1 Preliminaries

1.1.1 Optimal Transport Background

Let 𝒫(R𝑑) be the set of Borel probability measures on R𝑑, and let 𝒫2(R𝑑) be the set of

measures 𝜇 ∈ 𝒫(R𝑑) such that
∫
R𝑑

∥𝑥∥2
2 𝑑𝜇(𝑥) < ∞. For a measurable function 𝑇 : R𝑑 → R𝑑
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and a measure 𝜎 ∈ 𝒫(R𝑑), the pushforward of 𝜎 by 𝑇 is the measure 𝑇#𝜎 defined by

(𝑇#𝜎)(𝐴) := 𝜎(𝑇−1(𝐴))

where 𝐴 ⊂ R𝑑 is measurable and 𝑇−1(𝐴) is the preimage of 𝐴 under 𝑇.

Given 𝜎, 𝜇 ∈ 𝒫2(R𝑑), a classical problem (the “Monge Problem”) is to seek an

“optimal” map 𝑇 transporting 𝜎 to 𝜇 in the sense that 𝑇#𝜎 = 𝜇. However, there does not

always exist such a map, which leads to the more general “Kantorovich formulation”:

Definition 1.1.1.1. For 𝜎, 𝜇 ∈ 𝒫2(R𝑑), the (2-) Wasserstein distance between 𝜎 and 𝜇 is

𝑊2(𝜎, 𝜇) := min
𝛾∈Γ𝜎,𝜇

(∫
R𝑑×R𝑑

∥𝑥 − 𝑦∥2 𝑑𝛾(𝑥, 𝑦)
) 1

2

, (1.1.1.2)

where Γ𝜎,𝜈 is the set of all couplings between 𝜎 and 𝜇, i.e., the set of all 𝛾 ∈ 𝒫2(R𝑑 × R𝑑) such that

𝛾(𝐴 × R𝑑) = 𝜎(𝐴), 𝛾(R𝑑 × 𝐴) = 𝜇(𝐴)

for all measurable 𝐴 ⊆ R𝑑.

The coupling 𝛾 that satisfies (1.1.1.2) is called the “optimal coupling” or the “optimal plan.”

It is well known that𝑊2 defines a metric on 𝒫2(R𝑑) (see, e.g., [PC19]).

We will only refer to “optimal couplings” a handful of times in this dissertation

(and only to handle technical details). Instead, we usually deal with optimal “maps” as

in the Monge problem, and Brenier’s Theorem is the standard result that guarantees the

existence of such maps under more hypotheses:

Theorem 1.1.1.3 (Brenier [Bre91]). Let 𝜎, 𝜇 ∈ 𝒫2(R𝑑), and suppose 𝜎 has a density with respect

to the Lebesgue measure ℒ𝑑. The optimal coupling 𝛾 that satisfies (1.1.1.2) is unique, and there
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exists a 𝜎-a.e. unique map 𝑇 : R𝑑 → R𝑑 such that 𝛾 = (id, 𝑇)#𝜎. That is,

𝑊2(𝜎, 𝜇) =
(∫
R𝑑

∥𝑥 − 𝑇(𝑥)∥2 𝑑𝜇(𝑥)
) 1

2

.

Moreover, there exists a convex function 𝜙 : R𝑑 → R, 𝜎-a.e. unique up to an additive constant,

such that 𝑇 = ∇𝜙.

Definition 1.1.1.4. The map 𝑇 given in Theorem 1.1.1.3 is the optimal transport map from 𝜎 to 𝜇,

and we denote it 𝑇𝜇
𝜎 .

Optimal transport is also possible between discrete measures. In general, there is not

an optimal transport map between discrete measures, but the following result guarantees

that one exists in the case of uniform measures on the same finite number of points.

Proposition 1.1.1.5 (Proposition 2.1 in [PC19]). If 𝜎 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 and 𝜇 = 1

𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 are

uniform measures on the same number of distinct points, then there exists an optimal transport map

𝑇
𝜇
𝜎 in the sense that

𝑊2(𝜎, 𝜇) =
(

1
𝑁

𝑁∑
𝑖=1

∥𝑥𝑖 − 𝑇𝜇
𝜎 (𝑥𝑖)∥2

) 1
2

Moreover, if 𝑇𝜇
𝜎 is such a map, then there exists a permutation 𝜏 ∈ 𝑆𝑁 (the symmetric group on 𝑁

elements) such that 𝑇𝜇
𝜎 (𝑥𝑖) = 𝑦𝜏(𝑖) for all 𝑖 = 1, . . . , 𝑁 .

Unlike in Theorem 1.1.1.3, optimal transport maps as in Proposition 1.1.1.5 are not

necessarily unique, even 𝜎-a.e. In this discrete case, the notation 𝑇𝜇
𝜎 will denote a particular

choice of an optimal map.

1.1.2 Tangent Fields and Linearized Optimal Transport

As Otto first observed in [Ott01], 𝒫2(R𝑑) has a formal infinite-dimensional Rieman-

nian manifold structure. Because of this, the language and philosophy of differential

geometry are often used in optimal transport theory and its applications. The key examples
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of interest to us and, more generally, the subject of linearized optimal transport (LOT)

are the descriptions of the “tangent space(s)” and “exponential map” of the “Wasserstein

manifold.” Below, we present the precise definition of the tangent space and a result that

justifies its definition and underlies the philosophy and results of the dissertation.

Definition 1.1.2.1 ((8.0.2) in [AGS08]). For 𝜎 ∈ 𝒫2(R𝑑), define the tangent space 𝑇𝜎W2 of

the “Wasserstein manifold” W2 := (𝒫2(R𝑑),𝑊2) at 𝜎 to be the closure in 𝐿2(R𝑑 , 𝜎;R𝑑) of

{∇𝜙 : 𝜙 ∈ 𝐶∞
𝑐 (R𝑑)}.

Theorem 1.1.2.2 (Theorem 8.3.1, Proposition 8.4.5, and Proposition 8.4.6 in [AGS08]). Let

𝐼 ⊆ R be an open interval, let 𝜇 : 𝐼 → 𝒫2(R𝑑) be an absolutely continuous curve inW2 (written

𝑡 ↦→ 𝜇𝑡), and let |𝜇′| be the metric derivative of 𝜇.

(i) There exists a Borel vector field 𝐼 × R𝑑 ∋ (𝑡 , 𝑥) ↦→ v(𝑡 , 𝑥) = v𝑡(𝑥) ∈ R𝑑 such that

∥v𝑡 ∥𝐿2(𝜇𝑡) :=
(∫
R𝑑

∥v𝑡(𝑥)∥2
2 𝑑𝜇𝑡(𝑥)

) 1
2

≤ |𝜇′|(𝑡) for ℒ1-a.e. 𝑡 ∈ 𝐼 (1.1.2.3)

and the continuity equation

𝜕𝑡𝜇𝑡 + ∇ · (v𝑡𝜇𝑡) = 0 (1.1.2.4)

holds in the sense of distributions, i.e.,∫
𝐼

∫
R𝑑

[
𝜕𝑡𝜙(𝑥, 𝑡) + ⟨v𝑡(𝑥),∇𝑥𝜙(𝑥, 𝑡)⟩

]
𝑑𝜇𝑡(𝑥)𝑑𝑡 = 0 for all 𝜙 ∈ 𝐶∞

𝑐 (R𝑑 × 𝐼). (1.1.2.5)

The map 𝑡 ↦→ v𝑡 is ℒ1-a.e. uniquely determined by (1.1.2.3) and (1.1.2.4) and is called the

tangent field of 𝜇.

(ii) If v : 𝐼 × R𝑑 → R𝑑 is any Borel vector field satisfying (1.1.2.4), then (1.1.2.3) is satisfied if

and only if v𝑡 ∈ 𝑇𝜇𝑡W2 for ℒ1-a.e. 𝑡 ∈ 𝐼.
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(iii) If v is the tangent field of 𝜇, then

lim
ℎ→0

𝑊2(𝜇𝑡+ℎ , (id+ℎv𝑡)#𝜇𝑡)
|ℎ | = 0 for ℒ1-a.e. 𝑡 ∈ 𝐼. (1.1.2.6)

In particular, if 𝜇𝑡 ≪ ℒ𝑑 for all 𝑡 ∈ 𝐼, then for ℒ1-a.e. 𝑡 ∈ 𝐼,

lim
ℎ→0

1
ℎ
(𝑇𝜇𝑡+ℎ

𝜇𝑡 − id) = v𝑡 in 𝐿2(R𝑑 , 𝜇𝑡 ;R𝑑), (1.1.2.7)

where 𝑇𝜇𝑡+ℎ
𝜇𝑡 is the optimal transport map from 𝜇𝑡 to 𝜇𝑡+ℎ .

Remark 1.1.2.8. For a general choice of 𝜎 ∈ 𝒫2(R𝑑), the best one can hope for is that the

map 𝑡 ↦→ 𝑇
𝜇𝑡
𝜎 ∈ 𝐿2(R𝑑 , 𝜎;R𝑑) is at most 1

2-Hölder continuous, even if the curve 𝜇 is Lipschitz

[Gig11, MDC20]. However, (1.1.2.7) says that by fixing 𝑡 and choosing 𝜎 = 𝜇𝑡 , the curve

ℎ ↦→ 𝑇
𝜇𝑡+ℎ
𝜇𝑡 becomes “differentiable” at ℎ = 0.

The exponential map can now be computed by finding the tangent field of a geodesic

between two points 𝜇0, 𝜇1 ∈ 𝒫2(R𝑑). One can show (Section 7.2 of [AGS08]) that if 𝑇𝜇1
𝜇0 is

an optimal transport map from 𝜇0 to 𝜇1, then the curve

𝑡 ↦→ 𝜇𝑡 := ((1 − 𝑡) id+𝑡𝑇𝜇1
𝜇0 )#𝜇0

is a (constant-speed) geodesic in𝑊2 from 𝜇0 to 𝜇1. Furthermore, the vector field

v𝑡(𝑥) := (𝑇𝜇1
𝜇0 − id)

(
((1 − 𝑡) id+𝑡𝑇𝜇1

𝜇0 )−1(𝑥)
)

is the tangent field of the geodesic 𝜇 (Section 5.4 of [San15]). Therefore, v0 = 𝑇
𝜇1
𝜇0 − id is the

“tangent vector” to 𝜇 at 𝑡 = 0. We conclude that the logarithm map, i.e., the inverse of the

exponential map, at 𝜇0 is the map

logW2
𝜇0

:W2 → 𝑇𝜇0W2, logW2
𝜇0

(𝜇1) = v0 = 𝑇
𝜇1
𝜇0 − id .
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Since (v0 + id)#𝜇0 = (𝑇𝜇1
𝜇0 )#𝜇0 = 𝜇1, it follows that the exponential map at 𝜇0 is the map

expW2
𝜇0

: 𝑇𝜇0W2 →W2, expW2
𝜇0

(v) = (v + id)#𝜇0.

(Please see [AG13, Lot08] for additional discussion.) In particular, if 𝜇 is a general absolutely

continuous curve with velocity field v, then Theorem 1.1.2.2(iii) says

𝜇𝑡+ℎ ≈ (id+ℎv𝑡)#𝜇𝑡 = expW2
𝜇𝑡

(ℎv𝑡)

for small ℎ, which makes sense from a differential geometric point of view.

An important consequence of the previous paragraph’s description of the Wasserstein

manifold’s logarithm map is that 𝜇1 ↦→ 𝑇
𝜇1
𝜇0 − id “linearizes” 𝒫2(R𝑑); hence the L in LOT.

Specifically, for a fixed reference measure 𝜎 ∈ 𝒫2(R𝑑), we can use the map 𝜇 ↦→ 𝑇
𝜇
𝜎 − id to

“embed” the space 𝒫2(R𝑑) into the linear space 𝐿2(R𝑑 , 𝜎;R𝑑). There are many advantages

to this linear embedding; see, for example, [WSB+13, MC23] for computational speed-up

and supervised learning and [CHKM25] for performing PCA.

1.2 Overview

1.2.1 Euler’s Method for Predicting Measure Evolution

Chapter 2 is based on [KNK+25], in which we formally develop the measure-valued

analog of Euler’s method, i.e., Euler’s method on the Wasserstein manifold. We prove

(under hypotheses about the regularity of the curve) that the method gives a first-order

accurate approximation of the true curve with error bounds similar to those of ordinary

Euler’s method. We also use this intuition to build a macro-scale “timestepper” from

a micro-scale one [AK21, FVG+25, GGK09, GKT02, KGH+03, LPSK23, LKGK03]. If we

have a model that simulates a collection of particles forward in time for a small time step,
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then we can use the optimal transport map from the original to the updated distribution

to compute a finite-difference approximation vℎ𝑡 of the true tangent field v𝑡 . We use vℎ𝑡
as a surrogate for v𝑡 in Euler’s method, which gives an Euler-type method that takes

a much larger time step than one step of the micro-scale model. This “macro-scale”

timestepper gives an accurate way to predict the evolution of the system a long time

in the future without needing to run the micro-scale model for the equivalent duration.

The power of our approach is that it requires only local data to take a large time step,

whereas other similar approaches focus on learning the action of the micro-scale model

globally [LJP+21, GBYK23, GKSK22, Mha23, KLM24, TLGD24, BR25]. We experimentally

demonstrate that our method outperforms other approaches for predicting the evolution

of example particle systems (a bacterial chemotaxis model, a fluid flow model, and

Langevin dynamics) when we have limited data from the micro-scale model. Thus, we

have built a macro-scale timestepper which can now be used to do a number of system-level

tasks like control and identification, analyzing stability, and approximating steady states

[SPK03, FVG+25, GKT02].

Chapter 2, in full, is a reprint of material in [KNK+25]: Nicholas Karris, Evangelos

A. Nikitopoulos, Ioannis G. Kevrekidis, Seungjoon Lee, and Alexander Cloninger. Using

linearized optimal transport to predict the evolution of stochastic particle systems. Preprint,

arXiv:2408.01857, 2025. The dissertation author is the primary author and investigator

of this paper, which is under revision for publication in the SIAM Journal on Applied

Dynamical Systems.

1.2.2 Choosing an Appropriate Time Step

In Chapter 3, we explore in detail the subtleties of choosing an appropriate time

step for our Euler-type method developed in Chapter 2. We detail heuristic arguments

for why the error intrinsic to the finite difference approximation and the error intrinsic

to the statistical estimate of the true optimal transport map are “orthogonal” and so each
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contribute independently to the overall estimation error. We then give detailed analysis

for each source of error. We demonstrate that the “model error” coming from the finite

difference estimate decreases with the time step ℎ while the “statistical error” coming

from the empirical optimal transport map increases with ℎ. This tension results in an

optimal choice of ℎ that occurs near where these two quantities are of the same order. We

then investigate each of the model error and statistical error in depth for the standard

example of Gaussian diffusion, which is represented by the curve of measures 𝜇𝑡 = 𝒩(0, 𝑡).

This example is nice because we can explicitly calculate the underlying velocity field

v𝑡 , which allows us to directly compute the velocity field approximation error. We give

theoretical justification for some of the empirically observed phenomena and discuss how

these phenomena impact the optimal choice of step size. Finally, we introduce a heuristic

estimate that can be used to choose an optimal step size even when the true underlying

dynamics (e.g., the true velocity field v𝑡) are unknown, as is often the case in our setting

with timesteppers.

1.2.3 Newton’s Method for Approximating Steady States

Chapter 4 is based on [VKCK25] and extends the measure-valued analogs further

than first-order methods. By taking more than one step with a micro-scale model, we

can approximate the tangent vector at multiple initial measures, which then allows us to

estimate a “second derivative.” This opens up the possibility of developing analogous

second-order methods for the equivalent of ODEs on the Wasserstein manifold. In Chapter

4, we present a Newton-type method that uses our optimal transport–based timestepper

from Chapter 2 to approximate distributions which are relative steady states of the micro-

scale model. However, since we only have access to a micro-scale timestepper, we are not

able to approximate the Jacobian of the system itself, so we combine our method with a

Krylov-subspace approach for solving a linear system [FEC+24, KKQ04, QEKK06]. With

this approach, we only need to know the action of the Jacobian on particular perturbations,
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which we can approximate by perturbing the initial measure, applying the micro-scale

timestepper, and computing a velocity field via optimal transport. In Chapter 4, we detail

this approach, and we show how it can be used to construct new, smoother timesteppers

using inverse CDFs, which we then use to quickly find steady-state distributions. We

show that our method drastically reduces the number of micro-scale simulations steps

required to find steady-state distributions of many example particle system models, such

as bacterial chemotaxis, economic agents, and Langevin dynamics in both one and two

dimensions. This shows that our timestepper is not just good for more efficiently and

accurately simulating trajectories of curves of measures — it can be used to do many

system-level tasks, and efficiently computing steady states is just one such application.

Chapter 4, in full, is a reprint of material in [VKCK25]: Hannes Vandecasteele,

Nicholas Karris, Alexander Cloninger, and Ioannis G. Kevrekidis. Optimal transport,

timesteppers, Newton-Krylov methods and steady states of collective particle dynamics.

Preprint, arXiv:2512.24567, 2025. The dissertation author is a primary author and inves-

tigator of this paper, which is currently under revision for publication in the Journal of

Computational Physics.

1.2.4 Image Interpolation Using Wasserstein Geodesics

Finally, in Chapter 5, we demonstrate another application of this theory to diffusion

models. One can understand the “forward process” in diffusion models as learning a

nice way to push forward the unknown distribution to a known distribution (usually a

Gaussian), and similarly the “reverse process” attempts to generate new samples from the

known distribution and push them forward [HJA20, RBL+22]. These processes inherently

involve distributions “evolving in time” (where time here is the process of (de-)noising),

which means one can understand them in terms of the geometry of the Wasserstein

manifold. This understanding also extends to the underlying embedding spaces, which

can also be understood as spaces of distributions (i.e., point clouds). In Chapter 5, we
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explore the geometry of embedding spaces by constructing different interpolating paths

between embeddings and investigating how they affect the resulting image interpolations.

We experimentally demonstrate that the interpolations given by optimal transport give

more “natural looking” image interpolations than other interpolation methods, which

suggests that the correct way to understand the geometry of embedding space is as a space

of measures. Our work hints at a deeper “distributional” perspective on diffusion models

that may be helpful for understanding their behavior, training process, and vulnerabilities.

Chapter 5, in full, is a reprint of the material in [KDFE26]: Nicholas Karris, Luke

Durell, Javier Flores, and Tegan Emerson. Which way from B to A: The role of embedding

geometry in image interpolation for Stable Diffusion. In Proceedings of the 1st Conference on

Topology, Algebra, and Geometry in Data Science (TAG-DS 2025), volume 321 of Proceedings

of Machine Learning Research, pages 114–125. PMLR, 2026. The dissertation author

is the primary author and investigator of this work, which was conducted under the

Laboratory Directed Research and Development Program at PNNL, a multi-program

national laboratory operated by Battelle for the U.S. Department of Energy under contract

DE-AC05-76RL01830.
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Chapter 2

Euler’s Method for Predicting Measure

Evolution

We develop an Euler-type method to predict the evolution of a time-dependent

probability measure without explicitly learning an operator that governs its evolution. We

use linearized optimal transport theory to prove that the measure-valued analog of Euler’s

method is first-order accurate when the measure evolves “smoothly.” In applications of

interest, however, the measure is an empirical distribution of a system of stochastic particles

whose behavior is only accessible through an agent-based micro-scale simulation. In such

cases, this empirical measure does not evolve smoothly because the individual particles

move chaotically on short time scales. However, we can still perform our Euler-type method,

and when the particles’ collective distribution approximates a measure that does evolve

smoothly, we observe that the algorithm still accurately predicts this collective behavior

over relatively large Euler steps, thus reducing the number of micro-scale steps required to

step forward in time. In this way, our algorithm provides a “macro-scale timestepper” that

requires less micro-scale data to still maintain accuracy, which we demonstrate with three

illustrative examples: a biological agent-based model, a model of a PDE, and a model of

Langevin dynamics.
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2.1 Introduction

In this chapter, we consider the problem of predicting the evolution of a time-

dependent probability measure 𝑡 ↦→ 𝜇𝑡 on R𝑑, representing the distribution of particles

in some physical system, given very limited information about the system’s underlying

dynamics. Often, the physics governing the system can be approximated by an “oracle

operator” 𝐸ℎ that takes as input the present state 𝜇𝑡 of the system and returns an approxi-

mation 𝐸ℎ(𝜇𝑡) ≈ 𝜇𝑡+ℎ after “evolving” according to the underlying dynamics for a short

time ℎ. As an example, 𝐸ℎ could be represented by an agent-based micro-scale model, in

which individual particles act autonomously but exhibit some collective behavior when

viewed as a group.

A natural way to understand such physical systems is to attempt to learn the oracle

operator 𝐸ℎ . Many approaches to learning operators focus on tracking a sample of 𝜇𝑡

through the actions of 𝐸ℎ and then interpolating the results [LJP+21, GBYK23, GKSK22,

Mha23, KLM24]. However, in many applications, it is not possible to track the action of

𝐸ℎ on individual sample particles (e.g., due to randomness or statistical unreliability).

Moreover, these approaches typically attempt to learn the global dynamics (both in time

and space) of the operator, which in general requires data about the operator’s actions

on particles at many locations and many times. Other approaches attempt to learn

the dynamics by attempting to learn an SDE that approximates the observed evolution

[TLGD24, BR25]. We consider a different perspective on tackling this problem. Instead

of learning the entire operator 𝐸ℎ , we focus on the minimal data needed to predict the

evolution of a particular initial distribution. We ask whether it is possible to predict the

measure’s evolution without needing to understand the underlying dynamics. Explicitly,

given some 𝜇𝑡 and 𝐸ℎ(𝜇𝑡) ≈ 𝜇𝑡+ℎ for only some small time step ℎ, can we predict the

measure 𝜇𝑡+𝐻 for a larger time step 𝐻? We should not need data about how 𝐸ℎ acts on

other distributions at other times to do this. If we can, then we can build an Euler-type

method for approximating the long-term evolution of the distribution by making successive
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approximations, and this approximation method would only require local knowledge of 𝐸ℎ .

There are several potential approaches that attempt to only use local data, each with its own

merits and drawbacks. One drawback common to most approaches, though, is a reliance

on computing and predicting summary statistics and then reconstructing a distribution

with the predicted statistics. We avoid this reliance on summary statistics and instead take

a linearized optimal transport (LOT)–based approach informed by the geometry of the

Wasserstein manifold that directly uses the measure-valued data to predict 𝜇𝑡+𝐻 .

To explain the philosophy of our prediction algorithm, we briefly discuss curves

on the Wasserstein manifold. Precise definitions and results are reviewed in Section 1.1.

Let 𝒫2(R𝑑) be the space of Borel probability measures on R𝑑 with finite second moment,

and let𝑊2 be the (2-)Wasserstein distance on 𝒫2(R𝑑). If 𝜇 is a sufficiently “smooth” curve,

written 𝑡 ↦→ 𝜇𝑡 , on the “Wasserstein manifold” W2 B (𝒫2(R𝑑),𝑊2), then there exists a

“tangent field” governing its evolution. Explicitly, there is a time-dependent vector field

v𝑡 : R𝑑 → R𝑑 representing the time derivative of 𝜇 through the continuity equation

𝜕𝑡𝜇𝑡 + ∇ · (v𝑡𝜇𝑡) = 0.

Intuitively speaking, the vector field v𝑡 describes the “flow of mass” of the evolving

measure. Furthermore, if 𝜇 always has a density, then its tangent field can be computed

using optimal transport maps:

v𝑡 = lim
ℎ→0

𝑇
𝜇𝑡+ℎ
𝜇𝑡 − id

ℎ
,

where 𝑇𝜇𝑡+ℎ
𝜇𝑡 is the optimal transport map from 𝜇𝑡 to 𝜇𝑡+ℎ and id = idR𝑑 . This leads

to the key insight that one can use optimal transport maps from 𝜇𝑡 to 𝜇𝑡+ℎ for small

values of ℎ to understand approximately where each infinitesimal piece of mass of 𝜇𝑡 is

moving. Moreover, the interpretation of 𝑡 ↦→ v𝑡 as the tangent field to the curve 𝜇 on the

Wasserstein manifold suggests that the “geodesic starting at 𝜇𝑡 in the direction of v𝑡 ,” given
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by 𝑠 ↦→ (𝑠v𝑡 + id)#𝜇𝑡 , is a first-order accurate approximation of the true curve. This result

is made precise in Theorem 1.1.2.2(iii). It also suggests a measure-valued analog of Euler’s

method for ODEs on the Wasserstein manifold, which we develop in Section 2.2.2.

Euler’s method requires complete knowledge of the dynamics of an ODE, and

similarly, standard numerical methods for approximating measure evolution according

to the continuity equation often require such knowledge [EGH00, BS08, NFM18]. As

discussed in the first paragraph, our setting is fundamentally different because we suppose

instead that we can only access dynamics information by querying an oracle 𝐸ℎ for a short

time ℎ. In this case, although we cannot know the true tangent field 𝑡 ↦→ v𝑡 , we can hope

to approximate it by

vℎ𝑡 B
𝑇
𝐸ℎ(𝜇𝑡)
𝜇𝑡 − id

ℎ
≈
𝑇
𝜇𝑡+ℎ
𝜇𝑡 − id

ℎ
.

We then use this approximate tangent field to approximate𝜇𝑡+𝐻 as 𝜇̃𝑡+𝐻 B (𝐻vℎ𝑡 +id)#𝜇𝑡 , the

geodesic starting at𝜇𝑡 in the direction vℎ𝑡 evaluated at time𝐻. Iterating such approximations

leads to an Euler’s method “with incomplete information,” which we discuss in Sections

2.2.1 and 2.2.3 for sufficiently “smooth” curves with densities at all times. Note well that

this Euler-type method allows us to predict the evolution of 𝜇 without attempting to learn

anything about the operator 𝐸ℎ .

A key feature of the above-described approach is that Euler’s method with incomplete

information can be formulated in fairly arbitrary situations, e.g., for chaotically evolving

discrete measures. In this chapter, we specifically consider cases arising from particle

systems. Let 𝑥1(𝑡), . . . , 𝑥𝑁 (𝑡) be a system of 𝑁 (random) particles in R𝑑 evolving in time,

and define 𝜇𝑁𝑡 B 𝑁−1 ∑𝑁
𝑖=1 𝛿𝑥𝑖(𝑡). If 𝜈 B 𝜇𝑁𝑡 and 𝜌 B 𝐸ℎ(𝜇𝑁𝑡 ) ≈ 𝜇𝑁

𝑡+ℎ , then the Euler-type

method described above becomes the following algorithm:

1. Compute a (discrete) optimal transport plan from 𝜈 to 𝜌, and compute the barycentric

projection to obtain a map 𝑇.

2. Use the map from Step 1 to form the difference quotient vℎ𝑡 B
𝑇−id
ℎ

.
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3. For each point in the support of 𝜈, take an Euler step using its current location and

the velocity given by the “optimal transport vector field” vℎ𝑡 .

4. Set 𝜇̃𝑁
𝑡+𝐻 to be the uniform distribution on the points obtained by performing the

Euler step from Step 3 on each point in the support of 𝜈.

5. Repeat Steps 1–4 using 𝜇̃𝑁
𝑡+𝐻 as the “initial measure” 𝜈.

Our actual algorithm, laid out in Section 2.3.3, is more complicated. Steps 1–5 above suffice

for the present introductory discussion.

It is important to highlight that both regularity properties demanded of 𝜇 in the

earlier discussion of tangent fields and Euler-type methods are generally false for 𝜇𝑁 ,

the curve 𝑡 ↦→ 𝜇𝑁𝑡 . Certainly, 𝜇𝑁 never has a density because it is always a discrete

measure. Moreover, 𝜇𝑁 can fail to be “smooth” because the particles may evolve chaotically.

For example, if 𝑥1, . . . , 𝑥𝑁 are Brownian motions, then the sample paths are nowhere

differentiable. Therefore, a priori, it is not clear the algorithm above actually works in

this setting. In many systems of interest, however, there is a “smooth” curve 𝑡 ↦→ 𝜇𝑡 of

measures with densities such that “𝜇𝑁 ≈ 𝜇” for large 𝑁 , e.g., if we start with the curve 𝜇

and the 𝑥𝑖’s are i.i.d. samples of 𝜇. For certain such systems (Sections 2.4, 2.5, and 2.6), we

experimentally demonstrate that the LOT-based algorithm described above can be used to

predict the evolution of the particle distribution 𝜇𝑁 without explicitly reconstructing the

underlying distribution 𝜇 or learning the underlying dynamics described by 𝐸ℎ .

2.1.1 Practical Utility for Agent-based Models

One application for which our approximation algorithm is particularly useful is if 𝐸ℎ

is given by a computationally expensive micro-scale particle simulation, as it is in Section

2.4. Then we can think of 𝜇𝑁𝑡 as the locations of the particles at time 𝑡 and 𝐸ℎ(𝜇𝑁𝑡 ) ≈ 𝜇𝑁
𝑡+ℎ

as their locations at the “next time step” in the simulation. The benefit of accurately

predicting 𝜇𝑁
𝑡+𝐻 for a substantial time step 𝐻 ≫ ℎ is that one can then skip potentially
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many micro-scale steps in the simulation and still understand how 𝜇𝑁 evolves in time.

Indeed, after predicting 𝜇𝑁
𝑡+𝐻 , one can reinitialize the simulation with particles at those

locations, take another small step in the simulation to obtain an estimate for 𝜇𝑁
𝑡+𝐻+ℎ , and

use the prediction algorithm again to approximate 𝜇𝑁
𝑡+2𝐻 . Following strategies of some

projective integration techniques [GK03a, GK03b, SGOK05], doing this successively gives

an Euler-type method for approximating the system’s behavior for a long time without the

need to perform as many micro-scale steps.

Approximating distributional trajectories through an Euler-type method is not the

only application of our proposed approach, however. At its core, our approach gives a way

to step forward in time without needing to compute the equivalent number of steps of the

micro-scale model 𝐸ℎ . If computing 𝐸ℎ is expensive, then this means we get a comparatively

cheap “macro-scale timestepper,” which has many applications beyond merely speeding up

simulations. For example, one could use such a macro-scale timestepper to perform system-

level tasks such as fixed-point computations (including finding steady-state distributions

which are dynamically unstable), bifurcation computations, stability analysis, and even

coarse-grained feedback controller design and optimization [SPK03, FVG+25, GKT02].

Thus, while we primarily evaluate our method on its accuracy in estimating distributional

trajectories, the introduction of an accurate, cheap macro-scale timestepper has many

implications beyond those directly discussed in the present chapter. As such, when

evaluating the “computational improvement” of our method, we focus entirely on the

number of micro-scale steps needed in its computation rather than the actual speed

improvement of the simulation. Even though the micro-scale models we use in our

experiments are not extremely expensive (and in Sections 2.5 and 2.6 are actually fairly

cheap), one should have in mind applications where these micro-scale models are indeed

the computational bottleneck as they are in, e.g., other agent-based biological models,

climate models, etc.

One particular motivating class of such models are those of so-called “fast-slow”
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systems. Such systems are difficult to analyze because each particle has multiple underlying

variables impacting its behavior that update on vastly different time scales. In general, the

“fast dynamics” update on short time scales and generally manifest as chaotic short-time

particle behavior. For example, a particle may quickly change directions many times as a

result of its interactions with nearby particles. “Slow dynamics,” on the other hand, update

on much longer time scales and generally manifest as the eventual emergence of a collective

behavior of the particles, e.g., the migration of bacteria toward a higher concentration of a

food source. Nominally, this means that in order to simulate such a system, a micro-scale

simulation must be run with small time steps to capture the fast dynamics accurately, and

many such time steps are required for the slow dynamics to emerge. Of course, this can be

impractical when each step is computationally expensive. One may hope to circumvent

this by increasing the step size for the micro-scale simulation, thus requiring fewer steps to

reach the desired end time, but some models computationally break down if the time step

is too large (for example, the micro-scale model used in 2.4 has this property — see Remark

2.4.2.1) and others quickly lose accuracy [GK03a, RMGK03]. Thus, a different approach is

required to accurately simulate such systems.

Many approaches to understanding and more efficiently simulating these types

of systems have been explored. A few examples of so-called “multi-scale methods”

are presented in [KGH+03, KGH04, GKT02, VE03, ELVE05, EE03], and other “projective

integration methods” are proposed in [GK03a, GGK09] and others. More generally, there

are many techniques that can be used to understand similar problems with evolving

distributions. The techniques of Neural ODEs and Continuous Normalizing Flows can be

used, e.g., in [HMT+22, THW+20], and while these techniques avoid the computational

cost of simulating the system, they each do so by restricting attention to specific classes of

particle systems. The techniques of Schrodinger-bridge methods and Wasserstein gradient

flows also handle similar settings [Léo14, CGP16, AGS08, CNWR25], but they are built for

different objectives — Schrodinger bridge methods interpolate between measures, and
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Wasserstein gradient flows seek to minimize a known functional. These methods are not

appropriate for our goal of extrapolating an unknown trajectory that is not necessarily

energy-minimizing.

Another related approach that does work on general classes of particle systems

is learning an underlying SDE that models the observed behavior of the micro-scale

simulator [TLGD24, BR25]. One could then hope to achieve a similar effect of skipping

many expensive micro-scale steps by simulating the learned SDE (which is much cheaper)

to the desired end time. However, learning an SDE is prone to errors when only given

local data about the behavior of the particles. Moreover, these approaches assume that

there is an underlying SDE that can accurately approximate the behavior of the micro-scale

model at all. In contrast, the method we propose makes efficient use of the limited local

data, and it also assumes essentially nothing about the particular class of the underlying

micro-scale simulator, only that the bulk behavior appears “smooth.” In particular, it does

not require an assumption about the precise form of the dynamics of an agent-based model,

nor does it attempt to learn those dynamics explicitly. We avoid the computational cost

not by making an assumption about the problem but by using optimal transport to detect

the slow dynamics after only a small number of micro-scale steps. The key insight is that,

for systems that exhibit this multi-scale behavior, we can use an optimal transport map

to effectively ignore the chaotic motion of individual particles in favor of focusing on the

slower collective behavior.

This insight has been used to a similar effect before: [SGOK05] explores how a

micro-scale model of bacterial chemotaxis in 1-D could be sped up by computing Euler-type

steps after first sorting the locations of the bacteria. In one dimension, sorting a discrete

distribution is exactly the same as computing an optimal transport map, so it turns out that

their approach is similar to ours. This observation was the genesis of the present chapter.

To demonstrate the practical utility of our algorithm, we perform a similar experiment with

the same chemotaxis model (Section 2.4) as well as a model of a partial differential equation
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(Section 2.5). We show that our algorithm enables us to skip many micro-scale steps and

still approximate the long-term behavior of the bacteria distribution, indicating that our

Euler-type “macro-scale timestepper” is indeed reasonably accurate despite requiring

fewer micro-scale steps.

Framing the algorithm in terms of optimal transport as opposed to particle sorting not

only provides it theoretical motivation, as discussed earlier, but also enables its immediate

generalization to particle systems in higher dimensions. To demonstrate its efficacy on

2-D particle systems, we use the algorithm to simulate a model of overdamped Langevin

dynamics in 2D (Section 2.6). While standard micro-scale models of Langevin dynamics

are computationally cheap, the example is a good proof of concept for higher dimensions

because it exhibits the same multi-scale behavior as described above. Specifically, the

particles move chaotically on short time scales, yet the overall distribution evolves slowly

and predictably.

2.1.2 Major Contributions

• We use linearized optimal transport to describe an analog of Euler’s method for

differential equations on the Wasserstein manifold (Section 2.2.2).

• We prove that, under sufficient regularity conditions, our measure-valued Euler’s

method with step size 𝐻 has local truncation error 𝒪(𝐻2) and corresponding global

error 𝒪(𝐻) (Lemma 2.2.2.9 and Theorem 2.2.2.3).

• We detail an algorithm that uses linearized optimal transport to approximate the

evolution of discrete particle systems (Section 2.3).

• We apply our approximation algorithm to three illustrative examples — bacterial

chemotaxis as described in [SGOK05] (Section 2.4), a partial differential equation

(Section 2.5), and Langevin dynamics (Section 2.6) — and discuss its computational

benefits.
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• We demonstrate that our method outperforms equivalent methods (a particle-wise

approach and JKOnet* [TLGD24]) for approximating the distribution’s evolution

when only given access to local data.

2.2 Euler-type Methods on the Wasserstein Manifold

2.2.1 Motivation from Euclidean Space

In the sections following this one, we develop Euler-type methods for approximating

the solutions to (nice) “ODEs” in the Wasserstein manifold. To understand these methods,

it is helpful to discuss their analogs in the context of ODEs in R𝑑. These analogs in R𝑑

themselves are not useful methods for numerically solving ODEs, but they are useful to

present to build intuition for what our Euler-type method is doing geometrically. To this

end, suppose we have a particle whose location at time 𝑡 is described by some curve 𝛾(𝑡)

solving the initial value problem

𝛾(0) = 𝑥0, 𝛾′(𝑡) = 𝑓 (𝑡 , 𝛾(𝑡)).

Our goal is to estimate 𝛾(𝑇) for some large 𝑇. If we happen to have access to the underlying

“dynamics” function 𝑓 , then we can use ordinary Euler’s method: For a time step 𝐻 > 0

and discrete times 𝑡𝑛 = 𝑛𝐻, approximate 𝛾(𝑡𝑛) ≈ 𝛾(𝑛), where 𝛾(𝑛) is defined recursively by

𝛾(0) = 𝑥0, 𝛾(𝑛+1) = 𝛾(𝑛) + 𝐻 𝑓 (𝑡𝑛 , 𝛾(𝑛)) = expR𝑑𝛾(𝑛)(𝐻 𝑓 (𝑡𝑛 , 𝛾(𝑛))),

where expR𝑑𝛾(𝑛) denotes the exponential map of R𝑑 at 𝛾(𝑛). Under sufficient regularity

conditions on 𝑓 , it is well known that Euler’s method is first-order accurate. The measure-

valued analog of this method is developed in Section 2.2.2, and we prove an analogous

accuracy result.
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Suppose now that we have “imperfect information” about our system’s dynamics,

i.e., that we do not have explicit access to the underlying function 𝑓 . Then we cannot

perform Euler’s method exactly. Instead, suppose we have access to some oracle 𝐸ℎ that,

given a time 𝑡 and a particle location 𝛾, returns an approximation of where that particle

would be at time 𝑡 + ℎ for some small time step ℎ > 0. (For us, this oracle will be a

micro-scale numerical simulation that is only accurate for very small time steps ℎ and

is computationally expensive, so using it to simulate long-term behavior is impractical.)

Given this information, we attempt to approximate 𝑓 (𝑡 , 𝛾) by

𝑓 (𝑡 , 𝛾) ≈ 𝐸ℎ(𝑡 , 𝛾) − 𝛾

ℎ
=: 𝑓 (𝑡 , 𝛾).

Using this approximation, we then define the Euler-type method

𝛾(0) = 𝑥0, 𝛾(𝑛+1) = 𝛾(𝑛) + 𝐻 𝑓 (𝑡𝑛 , 𝛾(𝑛)) = expR𝑑𝛾(𝑛)
(
𝐻 𝑓 (𝑡𝑛 , 𝛾(𝑛))

)
.

Of course, this method also makes sense for other approximations 𝑓 of 𝑓 , and the error of

the method depends on how well 𝑓 approximates 𝑓 . While precise statements can be made,

we omit the details for brevity. The measure-valued analog of this Euler-type method with

a finite-difference approximation of the “dynamics” function is discussed in Section 2.2.3.

In Section 2.3, we describe the “discrete case” of this approximation algorithm (in which

𝐸ℎ is a given micro-scale simulator).

2.2.2 Euler’s Method on the Wasserstein Manifold

According to Theorem 1.1.2.2’s characterization of tangent fields to curves onW2,

the measure-valued analog of the ODE 𝛾′(𝑡) = 𝑓 (𝑡 , 𝛾(𝑡)) is the continuity equation

𝜕𝑡𝜇𝑡 + ∇ · (𝐹(𝑡 , 𝜇𝑡)𝜇𝑡) = 0, (2.2.2.1)
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where 𝐹 is some “(time-dependent) vector field on the Wasserstein manifold.” Given such

a “vector field” 𝐹 and an initial measure 𝜇0, the measure-valued analog of Euler’s method

is the following: For discrete times 𝑡𝑛 = 𝑛𝐻, set

𝜇(0) := 𝜇0, 𝜇(𝑛+1) := expW2
𝜇(𝑛)

(𝐻𝐹(𝑡𝑛 , 𝜇(𝑛))) = (id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛)))#𝜇(𝑛). (2.2.2.2)

With this definition, one should expect that 𝜇(𝑛) ≈ 𝜇𝑡𝑛 is first-order accurate under

appropriate assumptions on 𝐹. The following result makes this precise.

Theorem 2.2.2.3. Let 𝐹 : [0, 𝑇] × 𝒫2(R𝑑) → (R𝑑)R𝑑 = {functions R𝑑 → R𝑑} be a map such

that 𝐹(𝑡 , 𝜇) ∈ 𝑇𝜇W2 for all 𝑡 ∈ [0, 𝑇] and 𝜇 ∈ 𝒫2(R𝑑). Suppose 𝐹 satisfies the following Lipschitz

conditions: There exist 𝐿1, 𝐿2 ≥ 0 such that for all 𝑡 ∈ [0, 𝑇], 𝑥1, 𝑥2 ∈ R𝑑, and 𝜇1, 𝜇2 ∈ 𝒫2(R𝑑),

∥𝐹(𝑡 , 𝜇)(𝑥1) − 𝐹(𝑡 , 𝜇)(𝑥2)∥2 ≤ 𝐿1∥𝑥1 − 𝑥2∥2 and

∥𝐹(𝑡 , 𝜇1) − 𝐹(𝑡 , 𝜇2)∥𝐿2(𝜇𝑖) ≤ 𝐿2𝑊2(𝜇1, 𝜇2) (𝑖 = 1, 2).

If 𝜇 : [0, 𝑇] → 𝒫2(R𝑑) is an absolutely continuous curve solving the continuity equation (2.2.2.1)

on (0, 𝑇) in the sense of distributions and the function (𝑡 , 𝑥) ↦→ v𝑡(𝑥) := 𝐹(𝑡 , 𝜇𝑡)(𝑥) is (jointly) 𝐶1,

then for 𝜇0-a.e. 𝑥 ∈ R𝑑, the characteristic ODE

𝛾𝑥(0) = 𝑥,
𝑑

𝑑𝑡
𝛾𝑥(𝑡) = v𝑡(𝛾𝑥(𝑡))

admits a unique 𝐶2 solution. Furthermore, if

𝑀 :=
(∫
R𝑑

max
𝑟∈[0,𝑇]

∥𝛾′′
𝑥 (𝑟)∥2

2 𝑑𝜇0(𝑥)
) 1

2

< ∞,

then for a time step 𝐻 > 0 and discrete times 𝑡𝑛 := 𝑛𝐻, the sequence of Euler approximations
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iteratively defined by

𝜇(0) := 𝜇0, 𝜇(𝑛+1) := (id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛)))#𝜇(𝑛)

satisfies

𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 ) ≤
𝐻𝑀

2(𝐿1 + 𝐿2)
(
𝑒𝑛𝐻(𝐿1+𝐿2) − 1

)
for all 𝑛 such that 𝑡𝑛 = 𝑛𝐻 ≤ 𝑇.

The rest of this section is devoted to proving this result. To begin, observe that

(1.1.2.6) says the local truncation error of Euler’s method on the Wasserstein manifold is

𝑜(𝐻). We now show that under our regularity assumptions on 𝐹, this method has local

truncation error 𝒪(𝐻2). This is the same as the local truncation error of Euler’s method for

curves in Euclidean space with bounded second (e.g., see (6.2.5) of [Atk89]).

Lemma 2.2.2.4 (Lemma 8.1.4 and Proposition 8.1.8 in [AGS08]). Suppose 𝜇 : [0, 𝑇] → 𝒫2(R𝑑)

is an absolutely continuous curve satisfying (1.1.2.4) on (0, 𝑇) with velocity field v satisfying∫ 𝑇

0

∫
R𝑑

∥v𝑡(𝑥)∥2 𝑑𝜇𝑡(𝑥)𝑑𝑡 < ∞ (2.2.2.5)

and ∫ 𝑇

0

(
sup
𝑥∈𝐵

∥v𝑡(𝑥)∥2 + Lip(v𝑡 , 𝐵)
)
𝑑𝑡 < ∞ (2.2.2.6)

for all compact set 𝐵 ⊂ R𝑑. Then for 𝜇0-a.e. 𝑥 ∈ R𝑑, the ODE

𝛾𝑥(0) = 𝑥,
𝑑

𝑑𝑡
𝛾𝑥(𝑡) = v𝑡(𝛾𝑥(𝑡)) (2.2.2.7)

admits a unique solution defined on [0, 𝑇], and

𝜇𝑡 = (𝑇𝑡)#𝜇0 for all 𝑡 ∈ [0, 𝑇], (2.2.2.8)
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where 𝑇𝑡(𝑥) := 𝛾𝑥(𝑡).

Lemma 2.2.2.9. Assume the hypotheses of Lemma 2.2.2.4. Fix 𝑡 ∈ [0, 𝑇], let 𝐻 > 0 be such that

𝑡 + 𝐻 ≤ 𝑇, and let 𝛾𝑥 : [𝑡 , 𝑡 + 𝐻] → R𝑑 be the solution to

𝛾𝑥(𝑡) = 𝑥, 𝛾′
𝑥(𝑠) =

𝑑

𝑑𝑠
𝛾𝑥(𝑠) = v𝑠(𝛾𝑥(𝑠))

If 𝛾𝑥 is 𝐶2 for 𝜇𝑡-a.e. 𝑥 ∈ R𝑑 and∫
R𝑑

max
𝑟∈[𝑡 ,𝑡+𝐻]

∥𝛾′′
𝑥 (𝑟)∥2

2 𝑑𝜇𝑡(𝑥) < ∞,

then

𝑊2(𝜇𝑡+𝐻 , (id+𝐻v𝑡)#𝜇𝑡) ≤
𝐻2

2

(∫
R𝑑

max
𝑟∈[𝑡 ,𝑡+𝐻]

∥𝛾′′
𝑥 (𝑟)∥2

2 𝑑𝜇𝑡(𝑥)
) 1

2

.

Proof. Define 𝑇𝑠 : R𝑑 → R𝑑 by 𝑇𝑠(𝑥) = 𝛾𝑥(𝑠). By Lemma 2.2.2.4, 𝜇𝑡+𝐻 = (𝑇𝑡+𝐻)#𝜇𝑡 , so

𝑊2
2 (𝜇𝑡+𝐻 , (id+𝐻v𝑡)#𝜇𝑡) ≤

∫
R𝑑

∥𝑇𝑡+𝐻(𝑥) − (id+𝐻v𝑡)(𝑥)∥2
2 𝑑𝜇𝑡(𝑥)

=

∫
R𝑑

∥𝛾𝑥(𝑡 + 𝐻) − [𝑥 + 𝐻v𝑡(𝑥)]∥2
2 𝑑𝜇𝑡(𝑥).

If 𝛾𝑥 is 𝐶2 for a particular 𝑥 ∈ R𝑑, then

𝛾𝑥(𝑡 + 𝐻) = 𝛾𝑥(𝑡) + 𝐻𝛾′
𝑥(𝑡) +

∫ 𝑡+𝐻

𝑡

∫ 𝑠

𝑡

𝛾′′(𝑟) 𝑑𝑟𝑑𝑠

= 𝑥 + 𝐻v𝑡(𝑥) +
∫ 𝑡+𝐻

𝑡

∫ 𝑠

𝑡

𝛾′′(𝑟) 𝑑𝑟𝑑𝑠.

Hence, if 𝛾𝑥 is 𝐶2 for 𝜇𝑡-a.e. 𝑥 ∈ R𝑑, then

𝑊2
2 (𝜇𝑡+𝐻 , (id+𝐻v𝑡)#𝜇𝑡) ≤

∫
R𝑑





∫ 𝑡+𝐻

𝑡

∫ 𝑠

𝑡

𝛾′′
𝑥 (𝑟) 𝑑𝑟𝑑𝑠





2

2
𝑑𝜇𝑡(𝑥)

≤
∫
R𝑑

𝐻4

4 max
𝑟∈[𝑡 ,𝑡+𝐻]

∥𝛾′′
𝑥 (𝑟)∥2

2 𝑑𝜇𝑡(𝑥). □
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As in the Euclidean case, the fact that the local truncation error of Euler’s method

on the Wasserstein manifold is 𝒪(𝐻2) implies that, under our Lipschitz conditions on 𝐹,

the global error is first order. This is exactly the content of Theorem 2.2.2.3.

Proof of Theorem 2.2.2.3. We first prove that the ODE (2.2.2.7) admits a unique solution on

[0, 𝑇] for 𝜇0-a.e. 𝑥 ∈ R𝑑. By Lemma 2.2.2.4, it suffices to show that v𝑡 := 𝐹(𝑡 , 𝜇𝑡) satisfies

(2.2.2.5) and (2.2.2.6). For the first, note that∫ 𝑇

0

∫
R𝑑

∥v𝑡(𝑥)∥2 𝑑𝜇𝑡(𝑥)𝑑𝑡 ≤
∫ 𝑇

0

∫
R𝑑

[∥v𝑡(0)∥2 + ∥v𝑡(𝑥) − v𝑡(0)∥2] 𝑑𝜇𝑡(𝑥)𝑑𝑡

≤
∫ 𝑇

0

∫
R𝑑

[∥v𝑡(0)∥2 + 𝐿1∥𝑥∥2] 𝑑𝜇𝑡(𝑥)𝑑𝑡

=

∫ 𝑇

0
∥v𝑡(0)∥2 𝑑𝑡 + 𝐿1

∫ 𝑇

0

∫
R𝑑

∥𝑥∥2 𝑑𝜇𝑡(𝑥)𝑑𝑡.

We assume (𝑡 , 𝑥) ↦→ v𝑡(𝑥) is 𝐶1, so∫ 𝑇

0
∥v𝑡(0)∥2 𝑑𝑡 < ∞,

and 𝑡 ↦→
∫
R𝑑

∥𝑥∥2 𝑑𝜇𝑡(𝑥) is continuous (because 𝑡 ↦→ 𝜇𝑡 is continuous with respect to𝑊2 by

hypothesis and 𝜇 ↦→
∫
R𝑑

∥𝑥∥2 𝑑𝜇(𝑥) is continuous with respect to 𝑊2 because ∥𝑥∥ grows

less than quadratically (see Remark 7.1.11 in [AGS08])), so∫ 𝑇

0

∫
R𝑑

∥𝑥∥2 𝑑𝜇𝑡(𝑥)𝑑𝑡 < ∞.

Hence, we have (2.2.2.5). For (2.2.2.6), if 𝐵 ⊂ R𝑑 is compact, then

∫ 𝑇

0

(
sup
𝑥∈𝐵

∥v𝑡(𝑥)∥2 + Lip(v𝑡 , 𝐵)
)
𝑑𝑡 ≤ 𝑇

(
sup

𝑡∈[0,𝑇],𝑥∈𝐵
∥v𝑡(𝑥)∥2 + 𝐿1

)
< ∞

again because (𝑡 , 𝑥) ↦→ v𝑡(𝑥) is 𝐶1. By Lemma 2.2.2.4, the ODE (2.2.2.7) has a unique

globally defined solution 𝛾𝑥 for 𝜇0-a.e. 𝑥 ∈ R𝑑, and since (𝑥, 𝑡) ↦→ v𝑡(𝑥) is 𝐶1, the map
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𝑡 ↦→ 𝛾𝑥(𝑡) is 𝐶2 for such 𝑥 (since its second derivative is 𝛾′′
𝑥 (𝑡) = 𝑑

𝑑𝑡
v𝑡(𝛾𝑥(𝑡)), which is

continuous by 𝐶1 of v𝑡(𝑥)).

Now, for

𝑀 :=
(∫
R𝑑

max
𝑟∈[0,𝑇]

∥𝛾′′
𝑥 (𝑟)∥2

2 𝑑𝜇0(𝑥)
) 1

2

< ∞,

we will show

𝑊2(𝜇(𝑛+1), 𝜇𝑡𝑛+1) ≤ (1 + 𝐻(𝐿1 + 𝐿2))𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 ) +
𝐻2

2 𝑀. (2.2.2.10)

By the triangle inequality for𝑊2, we have

𝑊2(𝜇(𝑛+1), 𝜇𝑡𝑛+1) =𝑊2((id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛)))#𝜇(𝑛), 𝜇𝑡𝑛+1)

≤ 𝑊2((id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛)))#𝜇(𝑛), (id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))#𝜇(𝑛)) (∗)

+𝑊2((id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))#𝜇(𝑛), (id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))#𝜇𝑡𝑛 ) (†)

+𝑊2((id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))#𝜇𝑡𝑛 , 𝜇𝑡𝑛+1). (‡)

We will handle each term separately. For (∗), note that for any 𝜇 ∈ 𝒫2(R𝑑) and any maps

𝑇, 𝑆 : R𝑑 → R𝑑, the measure 𝛾 = (𝑇, 𝑆)#𝜇 is a (generally suboptimal) coupling of 𝑇#𝜇 and

𝑆#𝜇, and so

𝑊2(𝑇#𝜇, 𝑆#𝜇) ≤
(∫
R𝑑

∥𝑇(𝑥) − 𝑆(𝑥)∥2 𝑑𝜇(𝑥)
) 1

2

.

Thus, we have

(∗) ≤
(∫
R𝑑



(id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛)))(𝑥) − (id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))(𝑥)


2
𝑑𝜇(𝑛)(𝑥)

) 1
2

= ∥(id+𝐻𝐹(𝑡𝑛 , 𝜇(𝑛))) − (id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 ))∥𝐿2(𝜇(𝑛))

= 𝐻∥𝐹(𝑡𝑛 , 𝜇(𝑛)) − 𝐹(𝑡𝑛 , 𝜇𝑡𝑛 )∥𝐿2(𝜇(𝑛))

≤ 𝐻𝐿2𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 ).
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For (†), note that for any Lipschitz map𝑇 : R𝑑 → R𝑑 and any measures 𝜎, 𝜇 ∈ 𝒫2(R𝑑)

with optimal coupling 𝛾, we have that (𝑇 × 𝑇)#𝛾 is a coupling of 𝑇#𝜎 and 𝑇#𝜇, and so

𝑊2(𝑇#𝜎, 𝑇#𝜇) ≤
(∫
R𝑑×R𝑑

∥𝑇(𝑥) − 𝑇(𝑦)∥2 𝑑𝛾(𝑥, 𝑦)
) 1

2

≤ ∥𝑇∥Lip

(∫
R𝑑×R𝑑

∥𝑥 − 𝑦∥ 𝑑𝛾(𝑥, 𝑦)
) 1

2

= ∥𝑇∥Lip𝑊2(𝜎, 𝜇).

Hence

(†) ≤ ∥ id+𝐻𝐹(𝑡𝑛 , 𝜇𝑡𝑛 )∥Lip𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 )

≤ (1 + 𝐻𝐿1)𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 ).

Finally, for (‡), we have

(‡) ≤ 𝐻2

2 𝑀

by Lemma 2.2.2.9.

Now, we recall the following elementary fact: If 𝛽 ≥ 0, 𝛼 > 0, and (𝑎𝑛)𝑛∈N is a

sequence of nonnegative numbers satisfying the recursive property that 𝑎𝑛+1 ≤ (1+𝛼)𝑎𝑛+𝛽,

then

𝑎𝑛 ≤ 𝑒𝑛𝛼
(
𝑎0 +

𝛽

𝛼

)
−

𝛽

𝛼
.

Applying this to (2.2.2.10) with 𝛼 = 𝐻(𝐿1 + 𝐿2) and 𝛽 = 𝐻2

2 𝑀 gives

𝑊2(𝜇(𝑛), 𝜇𝑡𝑛 ) ≤
𝐻𝑀

2(𝐿1 + 𝐿2)
(
𝑒𝑛𝐻(𝐿1+𝐿2) − 1

)
,

as desired. □
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Before moving on, it is important to discuss the practical utility of Theorem 2.2.2.3

and its similarity to the standard error bound result for ordinary Euler’s method in R𝑑

(e.g., see (6.2.13) of [Atk89]). We note that the role of the Lipschitz constant 𝐿2 is exactly

analogous to the role of the Lipschitz constant in the proof of the R𝑑 Euler result, and the

role of 𝐿1 is to ensure that the vector fields returned by 𝐹 are sufficiently regular that the

curves 𝛾𝑥 themselves can be well approximated using Euler’s method. This is also the role

of the assumption that (𝑡 , 𝑥) ↦→ v𝑡(𝑥) = 𝐹(𝑡 , 𝜇𝑡)(𝑥) is jointly 𝐶1 — this guarantees that the

curves 𝛾𝑥 have bounded second derivative, and so the definition of 𝑀 is sensible. These

hypotheses may seem rather restrictive, but there are indeed “natural” examples which

satisfy them.

For example, consider an SDE of the form 𝑑𝑋𝑡 = −∇𝜙(𝑋𝑡)𝑑𝑡 +
√

2𝐷𝑑𝑊𝑡 with

potential 𝜙 : R𝑑 → R and diffusion coefficient 𝐷 > 0. It is well known that the density

𝑝(𝑥, 𝑡) of the law 𝜇𝑡 of 𝑋𝑡 evolves according to a parabolic partial differential equation (the

Fokker-Planck equation) which we can use [Pav14] to compute the tangent field

v𝑡 = −∇(𝜙 + 𝐷 log 𝑝𝑡) ∈ 𝑇𝜇𝑡W2.

Standard regularity results (e.g., [Fri64, Fri75, LSU68]) show that 𝑝 is approximately as

smooth as 𝜙; in particular, if 𝜙 ∈ 𝐶∞ and satisfies reasonable growth conditions, then

𝑝 ∈ 𝐶∞, and hence so is v𝑡 .

As an explicit example, consider the standard SDE of Gaussian diffusion 𝑑𝑋𝑡 = 𝑑𝑊𝑡

with initial condition 𝑋0 ∼ 𝜇0 = 𝛿0, for which the law of 𝑋𝑡 is known to be 𝜇𝑡 = 𝒩(0, 𝑡𝐼𝑑).

Since optimal transport maps between Gaussian distributions has a closed form, we can use

(1.1.2.7) to compute the minimal-energy velocity flow field v𝑡 in the continuity equation:

v𝑡(𝑥) = lim
ℎ→0

𝑇
𝜇𝑡+ℎ
𝜇𝑡 (𝑥) − 𝑥

ℎ
= lim

ℎ→0

√
𝑡+ℎ
𝑡 − 1

ℎ
𝑥 =

𝑥

2𝑡 . (2.2.2.11)
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Note that for 𝑡 > 0, v𝑡 is jointly 𝐶1 and has Lipschitz constants 𝐿1 = 1
𝑡 and 𝐿2 = 0.

These regularity results are certainly not necessary for v𝑡 to be jointly 𝐶1 (see

[Fri64, Fri75, LSU68] for more detail), and there are surely broader settings in which the

hypotheses can be satisfied. However, we wish to be clear that our goal in presenting

these theoretical results is not so that we can directly apply them to “real world” examples.

Instead, we wish to provide theoretical motivation for the discrete algorithm we present

in Section 2.3, to elucidate the analogy to ordinary Euler’s method, and to demonstrate

that similar guarantees are, at least in theory, possible to obtain. In this way, the primary

takeaway is not that our algorithm can be guaranteed to work on a particular system a

priori (indeed, the point of our algorithm is that it does not require any knowledge of the

underlying dynamics governing the system), but rather that it empirically performs well

on example systems for which it is believable that the appropriate hypotheses hold, even if

one cannot check them explicitly.

2.2.3 Euler’s Method with Imperfect Information

The above discussion shows that, under sufficient regularity assumptions, Euler’s

method on the Wasserstein manifold can approximate solutions to the continuity equation

with tangent field prescribed by a “vector field” 𝐹. However, as discussed in Section 2.2.1,

we rarely have access to 𝐹 in practice, so we cannot explicitly compute the velocity field to

be used in Euler’s method. Instead, we will only have access to some oracle 𝐸ℎ that, given

a time 𝑡 and a measure 𝜇, will return an approximation of what that measure would be at

time 𝑡 + ℎ if allowed to evolve according to 𝐹 for some small time step ℎ. That is, if 𝜇 is a

solution to the continuity equation with v𝑡 = 𝐹(𝑡 , 𝜇𝑡), then the oracle is such that

𝐸ℎ(𝑡 , 𝜇𝑡) ≈ 𝜇𝑡+ℎ .
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To perform an Euler-type method, then, we must first approximate the appropriate velocity

field, and (1.1.2.7) hints that we should approximate it with

vℎ𝑡 (𝑥) :=
𝑇
𝐸ℎ(𝑡 ,𝜇𝑡)
𝜇𝑡 (𝑥) − 𝑥

ℎ
≈
𝑇
𝜇𝑡+ℎ
𝜇𝑡 (𝑥) − 𝑥

ℎ
.

Unfortunately, even if 𝐸ℎ(𝜇𝑡) = 𝜇𝑡+ℎ exactly, the 𝐿2 convergence in (1.1.2.7) is not enough

to guarantee that vℎ𝑡 (𝑥) → v𝑡(𝑥) pointwise as ℎ → 0. However, the 𝐿2 convergence is still

good enough to give a reasonable bound on the local truncation error of using this finite

difference approximation in Euler’s method.

Corollary 2.2.3.1. Suppose 𝜇𝑡 ≪ ℒ𝑑 and ℎ > 0. Set

vℎ𝑡 (𝑥) :=
𝑇
𝐸ℎ(𝑡 ,𝜇𝑡)
𝜇𝑡 (𝑥) − 𝑥

ℎ
.

Then

𝑊2(𝜇𝑡+𝐻 , (id+𝐻vℎ𝑡 )#𝜇𝑡) ≤ 𝐻∥v𝑡 − vℎ𝑡 ∥𝐿2(𝜇𝑡) + 𝑜(𝐻) (2.2.3.2)

as 𝐻 → 0, and if 𝐸ℎ(𝑡 , 𝜇𝑡) = 𝜇𝑡+ℎ , then ∥v𝑡 − vℎ𝑡 ∥𝐿2(𝜇𝑡) → 0 as ℎ → 0.

Proof. First note that, since we assume 𝜇𝑡 ≪ ℒ𝑑, we can apply (1.1.2.7) to give that

∥v𝑡 − vℎ𝑡 ∥𝐿2(𝜇𝑡) → 0 as ℎ → 0 when 𝐸ℎ(𝑡 , 𝜇𝑡) = 𝜇𝑡+ℎ .

For the inequality, by (1.1.2.6) we have

𝑊2(𝜇𝑡+𝐻 , (id+𝐻vℎ𝑡 )#𝜇𝑡) ≤ 𝑊2(𝜇𝑡+𝐻 , (id+𝐻v𝑡)#𝜇𝑡) +𝑊2((id+𝐻v𝑡)#𝜇𝑡 , (id+𝐻vℎ𝑡 )#𝜇𝑡)

≤ 𝑜(𝐻) + ∥(id+𝐻v𝑡) − (id+𝐻vℎ𝑡 )∥𝐿2(𝜇𝑡)

= 𝑜(𝐻) + 𝐻∥v𝑡 − vℎ𝑡 ∥𝐿2(𝜇𝑡)

where in the second line we once again use the fact that for any maps 𝑇, 𝑆 : R𝑑 → R𝑑, we

have𝑊2(𝑇#𝜇, 𝑆#𝜇) ≤ ∥𝑇 − 𝑆∥𝐿2(𝜇) because (𝑇, 𝑆)#𝜇 gives a (generally suboptimal) coupling

between 𝑇#𝜇 and 𝑆#𝜇. □

31



This is the local truncation error of the Euler-type method

𝜇(0) = 𝜇0, 𝜇(𝑛+1) = (id+𝐻vℎ𝑡 )#𝜇(𝑛). (2.2.3.3)

As was alluded to in Section 2.2.1, the local truncation error of this method depends on the

accuracy of the approximation of the “tangent vector” v𝑡 = 𝐹(𝑡 , 𝜇𝑡).

2.3 Euler-type Method for Empirical Measures of Particle

Systems

The results in Section 2.2 show that an Euler-type scheme can effectively predict

the evolution of a measure-valued curve (under certain conditions) even with incomplete

knowledge of the underlying “dynamics” governing the curve’s evolution. In practical

applications, one is often interested in predicting the evolution of (random) systems of

particles {𝑥𝑖(𝑡)}𝑁𝑖=1 in R𝑑. In such cases, the measure-valued curve one seeks to predict is

the empirical measure

𝑡 ↦→ 𝜇𝑁𝑡 := 1
𝑁

𝑁∑
𝑖=1

𝛿𝑥𝑖(𝑡),

and the oracle-type information one has is a particle-wise micro-scale simulation. Using

this particle-wise simulation, we can construct an “oracle operator” 𝐸ℎ on discrete measures.

If 𝜈 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 is a discrete measure, then 𝐸ℎ(𝜈) B 1

𝑁

∑𝑁
𝑖=1 𝛿𝑧𝑖 , where {𝑧𝑖}𝑁𝑖=1 is the output

of running the micro-scale simulation for time ℎ initialized with particles at the locations

{𝑦𝑖}𝑁𝑖=1. With this oracle in hand, we may hope to apply the Euler-type method described
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in Section 2.2.3 to 𝜇𝑁 . Specifically, if

vℎ,𝑁𝑡 (𝑥𝑖(𝑡)) :=
𝑇
𝐸ℎ(𝜇𝑁𝑡 )
𝜇𝑁𝑡

(𝑥𝑖(𝑡)) − 𝑥𝑖(𝑡)

ℎ
𝑖 = 1, . . . , 𝑁 , (2.3.0.1)

𝜇̃𝑁𝑡+𝐻 :=
(
id+𝐻vℎ,𝑁𝑡

)
#
𝜇𝑁𝑡 =

1
𝑁

𝑁∑
𝑖=1

𝛿
𝑥𝑖(𝑡)+𝐻vℎ,𝑁𝑡 (𝑥𝑖(𝑡)), (2.3.0.2)

then we may hope that 𝜇̃𝑁
𝑡+𝐻 ≈ 𝜇𝑁

𝑡+𝐻 . Unfortunately, none of the theory from Section 2.2

applies in this setting: 𝜇𝑁𝑡 clearly does not have a density, and in many systems of interest,

the particles’ evolution is too rough in time for the curve 𝜇𝑁 to be absolutely continuous.

(Suppose 𝑥𝑖 is, e.g., a Brownian motion.) In particular, 𝜇𝑁 has no tangent field, so there

is no reason to believe that vℎ,𝑁 can tell us anything about the true value 𝜇𝑁
𝑡+𝐻 . The key

idea of our examples is to sidestep this major issue by assuming that 𝜇𝑁 is an empirical

estimate of a “nice” curve 𝜇 with velocity field v. In this case, 𝜇𝑁 ≈ 𝜇 for large 𝑁 , and

the hope is that vℎ,𝑁 ≈ v in such a way that ensures 𝜇̃𝑁
𝑡+𝐻 ≈ 𝜇𝑁

𝑡+𝐻 . While work on proving

precise results of this form is ongoing, we give empirical evidence that the approach works

in Sections 2.4, 2.5, and 2.6. At a heuristic level, even though no tangent field describes the

evolution of 𝜇𝑁𝑡 on short time scales, there is still a notion of a “direction” — determined

by 𝜇 — in which the group of particles is traveling over longer time scales. The idea is that

optimal transport maps allow us to access that direction.

As an illustrative example, suppose the 𝑥𝑖 are independent, standard 𝑑-dimensional

Brownian motions, the smooth curve “in the background” is 𝑡 ↦→ 𝜇𝑡 B 𝑁(0, 𝑡𝐼𝑑), and the

oracle is given by an Euler–Maruyama simulation of Gaussian diffusion:

𝐸ℎ(𝜈) =
1
𝑁

𝑁∑
𝑖=1

𝛿
𝑦𝑖+

√
ℎ𝑍𝑖
, (2.3.0.3)

where 𝜈 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 and 𝑍1, . . . , 𝑍𝑁 ∼ 𝒩(0, 𝐼𝑑) are i.i.d. By 2.2.2.11, the tangent field v of

𝜇 is v𝑡(𝑥) = 𝑥
2𝑡 . Now, see Figure 2.1, in which 𝑑 = 2. In the first image, an arrow is drawn
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Figure 2.1: Example of the difference between the optimal transport map and the particle-
wise map. In the particle-wise image (left), an arrow is drawn to connect each particle’s
starting position to its ending position. In the optimal transport image (right), we compute
the OT map between the starting and ending distributions and draw an arrow connecting
each particle’s starting location to its corresponding output under the OT map.

from 𝑥𝑖(1) to 𝑥𝑖(1) + 𝑍𝑖 , and the arrows are expectedly chaotic. In contrast, the arrows

in the second image are drawn from 𝑥𝑖(1) to 𝑥𝑖(1) + v1,𝑁
1 (𝑥𝑖(1)) in accordance with our

measure-valued Euler-type method, which reveals the obvious structure of the evolution:

The bulk is drifting away from the center in all directions, which agrees with what (2.2.2.11)

suggests.

2.3.1 Choosing an Appropriate Step Size

In the “smooth” case, the error of the approximation𝜇𝑡+𝐻 ≈ (id+𝐻vℎ𝑡 )#𝜇𝑡 generically

decreases as ℎ decreases. In the discrete case, however, the roughness of our particles’

evolutions introduces a competing need to keep ℎ sufficiently large. To explain why, recall

from Proposition 1.1.1.5 that optimal transport maps in the discrete case are given by

permutations. Assuming (as we always will) that the particles {𝑥𝑖}𝑁𝑖=1 evolve continuously

in time, if ℎ is small enough, then the relevant permutation becomes the identity. More

specifically, if ℎ is very small, then running our micro-scale simulation for time ℎ initialized

at 𝑥𝑖(𝑡) will result in a particle 𝑦ℎ
𝑖
≈ 𝑥𝑖(𝑡 + ℎ) that is very close to 𝑥𝑖(𝑡). In this case, the map
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Figure 2.2: Vector field approximation error ∥v𝑡 − vℎ,𝑁𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )

versus Euler step approxima-

tion error𝑊2(𝜇𝑁𝑡+𝐻 , 𝜇̃
𝑁
𝑡+𝐻)2 for Brownian motion with 𝑡 = 1 and 𝐻 = 99 (ℎ and 𝑁 vary).

𝑥𝑖(𝑡) ↦→ 𝑦ℎ
𝑖

will optimally transport 𝜇𝑁𝑡 to 𝐸ℎ(𝜇𝑁𝑡 ). Therefore,

vℎ,𝑁𝑡 (𝑥𝑖(𝑡)) =
𝑇
𝐸ℎ(𝜇𝑁𝑡 )
𝜇𝑁𝑡

(𝑥𝑖(𝑡)) − 𝑥𝑖(𝑡)

ℎ
=
𝑦ℎ
𝑖
− 𝑥𝑖(𝑡)
ℎ

≈ 𝑥𝑖(𝑡 + ℎ) − 𝑥𝑖(𝑡)
ℎ

,

𝜇̃𝑁𝑡+𝐻 =
1
𝑁

𝑁∑
𝑖=1

𝛿
𝑥𝑖(𝑡)+𝐻vℎ,𝑁𝑡 (𝑥𝑖(𝑡)) ≈

1
𝑁

𝑁∑
𝑖=1

𝛿
𝑥𝑖(𝑡)+𝐻

𝑥𝑖 (𝑡+ℎ)−𝑥𝑖 (𝑡)
ℎ

.

Since 𝑥𝑖 is not necessarily differentiable at 𝑡, 𝑥𝑖(𝑡) + 𝐻 𝑥𝑖(𝑡+ℎ)−𝑥𝑖(𝑡)
ℎ

is not necessarily a good

approximation of 𝑥𝑖(𝑡 + 𝐻), so 𝜇̃𝑁
𝑡+𝐻 is not necessarily a good approximation of 𝜇𝑁

𝑡+𝐻 if ℎ is

too small.

To empirically verify the intuition that small choices of ℎ result in poor approxima-

tions, we return to the case of Brownian motion. Specifically, suppose again that the 𝑥𝑖 are

independent Brownian motions in R𝑑, 𝜇𝑡 = 𝒩(0, 𝑡𝐼𝑑), v𝑡(𝑥) = 𝑥
2𝑡 , and the oracle is given

in terms of an Euler–Maruyama simulation. We have observed experimentally that the

approximation error𝑊2(𝜇𝑁𝑡+𝐻 , 𝜇̃
𝑁
𝑡+𝐻)2 is strongly correlated with the error ∥v𝑡 − vℎ,𝑁𝑡 ∥2

𝐿2(𝜇𝑁𝑡 )

in the approximation of the underlying tangent field (Figure 2.2), so we focus the remaining

discussion on the latter quantity for computational convenience.

There are two distinct sources of error in the tangent field approximation. The

first is the error in the approximation of a derivative by a finite difference with step
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(a) True approximation error: The black curve is
the theoretical finite difference error ∥v𝑡 − vℎ𝑡 ∥2

versus the step size ℎ. The colored curves are
the discrete approximation errors ∥v𝑡 − vℎ,𝑁𝑡 ∥2

for various values of 𝑁 .

(b) Estimated approximation error: The black
curve is the theoretical finite difference error
∥vℎ𝑡 − v2ℎ

𝑡 ∥2 versus the step size ℎ. The col-
ored curves are the discrete approximation errors
∥vℎ,𝑁𝑡 − v2ℎ,𝑁

𝑡 ∥2 for various values of 𝑁 .

Figure 2.3: Results of vector field error computations for Brownian motion and comparison
with an estimated error using the difference between consecutive approximations.

ℎ > 0; the second is the error in using a discrete optimal transport map to approximate a

continuous one. As suggested above, the first should dominate for large values of ℎ, and

the second should dominate for small values of ℎ. To isolate their effects, we also consider

the finite-difference approximation of the tangent field v,

vℎ𝑡 (𝑥) =
𝑇
𝜇𝑡+ℎ
𝜇𝑡 (𝑥) − 𝑥

ℎ
=

√
𝑡+ℎ
𝑡 − 1

ℎ
𝑥,

and compute ∥v𝑡 − vℎ𝑡 ∥𝐿2(𝜇𝑁𝑡 )
as a proxy for the error caused by the finite-difference

approximation. In Figure 2.3a, we plot ∥v1 − vℎ1 ∥𝐿2(𝜇𝑁1 ) in black and ∥v1 − vℎ,𝑁1 ∥𝐿2(𝜇𝑁1 ) for

different values of ℎ, 𝑁 in various other colors. We note that for each value of 𝑁 , there is

an approximately optimal value of ℎ that minimizes the error and that this optimal value

of ℎ decreases as 𝑁 increases. We also see that for very small values of ℎ, the error is very

large (as predicted above) and that for larger values of ℎ, the discrete approximation is

about as good as the true finite difference approximation. This indicates that, indeed, as
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the step size increases, the optimal transport map better captures the distribution’s bulk

behavior, and the limiting factor on choosing ℎ too big is the fact that we are approximating

a derivative using a finite difference. While these experiments do not precisely formalize

this behavior, they corroborate the assertion that there should be a “happy-medium” value

of ℎ that decreases as the number of samples increases.

We expect this phenomenon to appear in most random particle systems one would

be interested in studying using optimal transport. Indeed, there is evidence that this

phenomenon is due to a gap in the eigenvalue spectrum of the macroscopic, coarse

equation that governs the dynamics “in the background” [GK03a, RMGK03]. However,

as always, we are considering the setting in which we do not know these “underlying”

dynamics, and so we cannot analytically determine an appropriate value for ℎ. As such,

one might hope to empirically determine the optimal choice for ℎ to use in the prediction

algorithm. Unfortunately, the previous paragraph’s analysis was only possible because

we had explicit a priori knowledge of v, which defeats the purpose of approximating it.

A different approach is therefore needed to determine the optimal step size ℎ. To this

end, we perform another experiment to assess the viability of a simple intrinsic criterion:

how much the approximation of the vector field changes after another step of size ℎ, i.e.,

∥vℎ,𝑁1 − v2ℎ,𝑁
1 ∥𝐿2(𝜇𝑁1 ). In Figure 2.3b, we compare ∥vℎ,𝑁1 − v2ℎ,𝑁

1 ∥𝐿2(𝜇𝑁1 ) with ∥vℎ1 − v2ℎ
1 ∥𝐿2(𝜇𝑁1 ),

the “normal” difference between two consecutive finite-difference approximations. While

the correspondence is not perfect, the plots are remarkably similar, which suggests the

method’s potential use.

Remark 2.3.1.1. On a practical note, if the step size of the micro-scale simulator is fixed (e.g., as it

is in the model used in Section 2.4, see Remark 2.4.2.1), then one can effectively increase ℎ by taking

𝐸ℎ to be the result of applying multiple micro-scale steps in succession. In that case, we think of

ℎ as a “burst period” because we do a short burst of successive micro-scale steps. This means we

always have the flexibility to increase the effective value of ℎ. Thus, it still makes sense to discuss

how to tune ℎ appropriately, even if the micro-scale simulator itself has a fixed time step.
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In our experiments in Sections 2.4, 2.5, and 2.6, we fix this “burst period” as a

parameter based on data from previous experiments; however, one could easily imagine

adaptations to the algorithm in Section 2.3.3 that dynamically adjust ℎ using this heuristic.

2.3.2 Additional Considerations

Statistical Averaging When working with random particle systems, it is often advanta-

geous to replace the single finite difference vℎ𝑡 with an average of many finite differences.

There are many ways to do this, but perhaps the simplest is to average finite differences

computed with a range of different time steps over some interval. Also, if we take the

middle of this interval to be the time of interest, then taking an average of both forward

and backward differences becomes equivalent to taking an average of centered differences,

which are typically more accurate numerically. Explicitly, for a fixed time step ℎ and

discrete times 𝑡0 − 𝑘ℎ =: 𝑡−𝑘 , . . . , 𝑡0, . . . , 𝑡𝑘 := 𝑡0 + 𝑘ℎ, we set

vℎ,𝑁,𝑘𝑡0
(𝑥𝑖(𝑡0)) := 1

2𝑘

𝑘∑
𝑗=−𝑘
𝑗≠0

v𝑗ℎ𝑡 (𝑥𝑖(𝑡0)) =
1
𝑘

𝑘∑
𝑗=1

𝑇
𝜇𝑁𝑡𝑗

𝜇𝑁𝑡0
(𝑥𝑖(𝑡0)) − 𝑇

𝜇𝑁𝑡−𝑗

𝜇𝑁𝑡0
(𝑥𝑖(𝑡0))

2𝑗ℎ .

This vector field is the one we use in practice in the experiments in Sections 2.4, 2.5, and 2.6.

Burn-in Period To approximate the particle distribution 𝜇𝑁𝑡 over a long time, we need

to perform many steps of our Euler-type method. Of course, this involves re-initializing

the micro-scale simulation many times, once after each step. One potential obstacle of

this approach is that the approximate distribution after an Euler step will inevitably be

slightly different from the true distribution, and running the micro-scale simulation on

the approximate distribution might result in behavior that is initially dominated by the

approximate distribution’s return to a relative equilibrium. To account for this and ensure

the approximated velocity fields capture mostly the long-term dynamics, we allow the
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approximate distribution to evolve according to the micro-scale simulation for a prescribed

“burn-in” time 𝐻𝑅 before starting to take samples to approximate the velocity field at time

𝑡 +𝐻 +𝐻𝑅. This ensures that any fringe effects from the Euler step are washed away before

the next Euler step. For a more theoretical discussion of this intuitive motivation for the

burn-in period, we defer to [GK03a, GKKZ05, ZVG+12].

We also note that the burn-in period also helps to avoid the pathologies that can

arise from using Euler’s method on, e.g., Wasserstein gradient flows [XL24]. For example,

there may be locations with a high density of approximated particles (or even particles

with exactly the same approximated location), which can result in irregularities in the

subsequent vector field approximation. By allowing the particle system to “burn in”

after each approximating step, we ensure that the particles’ density is, loosely speaking,

smoothed out. For an illustration of how the burn-in time allows the density to smooth, see

Figures 2.9 and 2.10. Empirical tests indicate that this burn-in is essential for our method

to work well. Understanding these benefits theoretically is a subject of ongoing work.

2.3.3 Detailed Description of Our Algorithm

Table 2.1: Parameter definitions.

Parameter Description
ℎ the time of one step of the micro-scale simulation
𝑘 the number of centered differences to average
𝐻𝑆 B 𝑘ℎ half the length of the derivative-sample time window
𝑁𝑇 the number of Euler-type prediction steps
𝐻 the length of each Euler step
𝐻𝑅 the burn-in time after each Euler step
Δ B 𝐻𝑆 + 𝐻 + 𝐻𝑅 the time difference between Euler steps
𝑆 the length of start-up time
𝑅 the length of final recovery time after all Euler steps

We now present our complete algorithm for approximating the evolution of a particle
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system given by a particular micro-scale simulation 𝐸ℎ (e.g., the micro-scale simulation

could be an Euler-Maruyama numerical simulation of an SDE as in (2.3.0.3), a biological

system as in Section 2.4, or any other method for evolving particles for a short time). For a

particular initial distribution of particles 𝜇0, our algorithm approximates the distribution

𝜇𝑁
𝑇

for large 𝑇 with all the additional considerations discussed in this section. We fix values

for the parameters as defined in Table 2.1 and then:

1. Run the micro-scale simulation for the start-up time 𝑆 (by taking 𝑆/ℎ micro-scale

steps) to allow the initial distribution 𝜇0 to reach a relative equilibrium (if necessary).

Call the resulting distribution 𝜇(−1)+𝐻𝑅
.

2. For each approximating step 𝑛 = 0, . . . , 𝑁𝑇 :

(a) Set 𝜇(𝑛)−𝑘ℎ := 𝜇(𝑛−1)+𝐻𝑅
, and take 2𝑘 micro-scale steps to get distributions

𝜇𝑁(𝑛)−𝑘ℎ , . . . , 𝜇
𝑁
(𝑛), . . . , 𝜇

𝑁
(𝑛)+𝑘ℎ .

(b) For each 𝑥𝑖 in the support of 𝜇𝑁(𝑛), compute

vℎ,𝑁,𝑘(𝑛) (𝑥𝑖) := 1
𝑘

𝑘∑
𝑗=1

𝑇
𝜇𝑁(𝑛)+𝑗ℎ

𝜇𝑁(𝑛)
(𝑥𝑖) − 𝑇

𝜇𝑁(𝑛)−𝑗ℎ

𝜇𝑁(𝑛)
(𝑥𝑖)

2𝑗ℎ .

(c) Set

𝜇𝑁(𝑛)+𝐻 :=
(
id+vℎ,𝑁,𝑘(𝑛)

)
#
𝜇𝑁(𝑛).

(d) Take 𝐻𝑅/ℎ micro-scale steps to allow the distribution to burn in. Call the

resulting distribution 𝜇𝑁(𝑛)+𝐻𝑅
.

3. Run the micro-scale simulation for some final recover time 𝑅 (by taking 𝑅/ℎ micro-

scale steps) to ensure any fringe errors in the approximations are minimized (e.g.,

that the distribution has indeed reached a true steady state).

40



While the notation used above is convenient for highlighting the recursive nature of

the algorithm, it becomes unwieldy when discussing how to interpret the approximations.

As such, we set the following notation convention:

Notation 2.3.3.1. Let 𝜇̃𝑁𝑡 denote the approximation produced by the algorithm that corresponds to

time 𝑡.

Explicitly, if 𝑡𝑛 := 𝑆 + 𝑛(𝐻𝑆 + 𝐻 + 𝐻𝑅) + 𝐻𝑆, then 𝜇̃𝑁𝑡𝑛 = 𝜇𝑁(𝑛) is the approximation

we use to compute the Euler step, 𝜇̃𝑁
𝑡𝑛+𝐻 = 𝜇𝑁(𝑛)+𝐻 is the approximation immediately after

the Euler step, and 𝜇̃𝑁
𝑡𝑛+𝐻+𝐻𝑅

= 𝜇𝑁(𝑛)+𝐻𝑅
is the approximation after the burn-in period. This

notation is convenient because 𝜇̃𝑁𝑡 is an approximation of 𝜇𝑁𝑡 for all 𝑡 for which the former

is defined.

Remark 2.3.3.2. One limitation of this scheme that will become relevant in Section 2.4 is that

it only gives a way to approximate future locations of particles and not any underlying data. If

the micro-scale model has any parameters besides the position of the particles (e.g., the current

“underlying state” of a particle), then these data must also be predicted across the Euler-type predicting

step taken in step 2(c) above. In general, there is no single method for doing this, but we will discuss

ad hoc approaches as they come up in Section 2.4 where we must also predict, for example, the state

of bacteria flagella (see Sections 2.4.2 and 2.4.5).

2.4 Simulation Study I: Biological Agent-Based Model

We now demonstrate the efficacy of our algorithm on a few illustrative example

micro-scale models. The first such model we consider is one of bacterial chemotaxis.

2.4.1 Micro-scale Model Description

The specific model we use is described in detail in [SGOK05, LPSK23]. For brevity,

we omit the precise details of the (see [SGOK05, LPSK23] for more details), but we provide a
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Table 2.2: Parameters for chemotaxis micro-scale simulation.

Parameter Description
𝑁 = 10,000 the number of bacteria (the number of simulations)
ℎ = 1/16 micro-scale time step
𝑣cell = 0.003 swimming speed of each bacteria
𝑆(𝑥) = 𝒩(𝜇 = 6.5, 𝜎 = 1.35) chemoattractant profile

= (1.35
√

2𝜋)−1 exp
(
− (𝑥−6.5)2

2(1.35)2
)

high-level overview here to illustrate its computational complexity (and hence the desire for

an algorithm to predict its evolution). Each cell’s mobility is affected by a chemoattractant

profile (specifically, its spatial derivative) which influences the “rotations” of the cell’s six

“flagella.” The model computes the probability that each flagellum changes its rotational

direction based on changes of the concentration of the protein CheY-P. The concentration

of CheY-P has a time-derivative which is a function variables which evolve according to a

joint ODE that itself is a function of the chemoattractant profile. The rotational directions

of the flagella determine the motion of the cell at each step — if fewer than three are

rotating counter-clockwise, the cell “tumbles,” meaning it does not move at that time step.

Otherwise, the cell “swims,” meaning it moves with constant speed in the direction that it

moved in the last time step (or chooses a new random direction if it was tumbling in the

last time step). Then to actually execute one time step, the model updates the locations of

the cells that swim for that step, and then it updates all underlying variables according to

the prescribed derivatives and the value of the chemoattractant profile at the new location.

Due to its intricate nature, many more operations are needed to execute one step of

this model than, e.g., a standard SDE Euler-Maruyama model. Thus, our approximation

algorithm provides an appreciable computational improvement by allowing us to skip

many of these expensive micro-scale steps.
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Figure 2.4: Histograms of bacteria locations at various times 𝑡 from 𝑡 = 0 to 𝑡 = 4000 for
the control simulation of chemotaxis.

2.4.2 Experimental Results

For reference, we run the simulation without prediction to establish a “control" as

the ground truth behavior of the system. We initialize the cell locations 𝑥𝑖(0) to be evenly

spaced in the interval [4, 6], and we use the same parameters as in [SGOK05, LPSK23]

with only the changes specified in Table 2.2. Histograms of bacteria positions at different

times in the control simulation are shown in Figure 2.4. Then, to compare with the control

data, we perform a simulation using the approximation algorithm with the additional

parameters in Table 2.3. Note that we choose these parameters (in particular, the number of

centered differences 𝑘 — which effectively gives the length of the “burst” period discussed

in Remark 2.3.1.1 — and the length of the Euler-type prediction step 𝐻) according to the

heuristics discussed in Section 2.3.1. For simplicity, we choose to fix these parameters at

the beginning based on previously-observed data about the micro-scale model, but one

could design algorithms that make these choices adaptively based on, e.g., how quickly the

computed velocity field is changing — the criterion discussed at the end of Section 2.3.1.

To continue simulating after each Euler step, the micro-scale simulator requires not
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Table 2.3: Parameters for approximation algorithm with chemotaxis micro-scale simulation.

Parameter Description
𝑆 = 200 length of start-up time
𝑘 = 80 number of centered differences to average
𝐻 = 95 length of each Euler-type prediction step
𝐻𝑅 = 100 burn-in time after each Euler step
𝑁𝑇 = 19 number of Euler steps
𝑅 = 0 length of final recovery time after last Euler step

only current bacteria locations but also all microscopic quantities. However, as discussed

in Remark 2.3.3.2, the algorithm described in Section 2.3.3 predicts only the locations of

bacteria after each Euler step, resulting in a lack (or missing) of microscopic quantities.

Hence, after the predicting time step, the suggested algorithm requires the re-initialization

of microscopic quantities, such as 𝑢1, 𝑢2, and 𝑠(𝑖). Even though some (quantitatively bad

but) qualitatively good re-initializations quickly reach slow dynamics, we suggest a better

re-initialization scheme based on the history of microscopic quantities and demonstrate a

more accurate prediction of bacteria density distribution over multiple Euler steps.

After each Euler step, we re-initialize the underlying data according to the history-

dependent scheme in Table 2.4. For example, given data at time 𝑡0, we use the optimal

transport approximation scheme to predict the bacteria locations at 𝑡0 + 𝐻 and re-initialize

the microscopic properties at 𝑡0 + 𝐻 as follows:

• Set 𝑢1 = 0 for all bacteria,

• compute 𝑢′2(𝑡0) =
𝑑𝑢2
𝑑𝑡

��
𝑡=𝑡0

from the prescribed ODE in [SGOK05] to take a forward

Euler step 𝑢̃2(𝑡0 + 𝐻) := 𝑢2(𝑡0) + 𝐻 · 𝑢′2(𝑡0), and

• keep the flagella rotating direction and bacteria moving direction exactly the same as

they were at time 𝑡0.

To qualitatively inspect the accuracy of the approximations, we show histograms of
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Figure 2.5: Histograms of bacteria locations after first two Euler steps (bottom) compared
with corresponding times from control simulation (top). We run the micro-scale model
until 𝑡 = 200 (not pictured), take an Euler step to 𝑡 = 300 (leftmost), burn in until 𝑡 = 400
(second from left), take an Euler step to 𝑡 = 500 (second from right), and burn in until
𝑡 = 600 (rightmost).

Figure 2.6: Histograms of bacteria locations after final two Euler steps (bottom) compared
with corresponding times from control simulation (top). We take an Euler step from
𝑡 = 3600 (not pictured) to 𝑡 = 3700 (leftmost), burn in until 𝑡 = 3800 (second from left), take
an Euler step to 𝑡 = 3900 (second from right), and finally burn in until 𝑡 = 4000 (right-most),
the end time.
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the control and approximated distributions of the bacteria locations after the first two and

last two Euler steps in Figures 2.5 and 2.6, respectively. We see that the approximations

match reasonably closely with the control distributions at the corresponding times. In

particular, we see that our algorithm approximates the correct steady-state distribution,

as evidenced by Figure 2.6 — the last two Euler steps do not change the approximated

distribution, meaning the velocity field is approximately zero, which is what it should be

for a distribution in a steady state.

To quantitatively assess the accuracy of our approximations, we create two plots:

one which shows the approximation error over time, and one which depicts (a dimension-

reduced version of) the control distribution’s trajectory and the results of each Euler step.

The resulting plots for the bacterial chemotaxis experiment are Figures 2.7a and 2.7b, but

since these will be used a few times throughout this chapter, we describe their construction

in general here.

Approximation Error Plot To assess the numerical accuracy of a particular approximation

method, we compute the Wasserstein distance between the control distribution 𝜇𝑁𝑡 and

the approximated distribution 𝜇̃𝑁𝑡 for all times 𝑡 at which we have an approximated

distribution (i.e., for the times during the burn-in and velocity field estimation periods).

We do not compute this error during the period accounted for by the Euler-step itself, as

the point of our algorithm is to take a step forward in time without explicitly generating

an approximated distribution for those skipped time steps. We then plot these distances

𝑊2(𝜇𝑁𝑡 , 𝜇̃𝑁𝑡 ) versus time 𝑡 for the appropriate times.

Trajectory Plot We can also visualize how well the approximations track the true curve

𝑡 ↦→ 𝜇𝑁𝑡 by embedding into a common linear space and performing a dimension reduction.

Specifically, we (1) fix a common (discrete) reference measure 𝜎 (in our case, by choosing

𝑁 = 10,000 independent samples of a standard Gaussian); (2) compute optimal transport

maps 𝑇𝜇𝑁𝑡
𝜎 and 𝑇

𝜇̃𝑁𝑡
𝜎 ; (3) vectorize 𝑇𝜇𝑁𝑡

𝜎 and 𝑇
𝜇̃𝑁𝑡
𝜎 by interpreting them as 𝑁 × 𝑑 matrices,
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where 𝑁 is the number of particles in 𝜎 and 𝑑 is the ambient dimension (two in our case);

and (4) perform PCA to project onto a two-dimensional subspace. By doing this, we get

a (dimension-reduced) depiction of the distribution’s trajectory over time, which allows

us to visually inspect how well the approximation method’s Euler steps track the control

trajectory. We plot the control curve in a rainbow color, where the color represents the

corresponding time. To avoid cluttering the plot, we only plot each approximation after the

burn-in period. We can interpret this as the result of one complete Euler step: we use the

data near one dot to estimate a velocity field (tangent vector to the curve), take an Euler-step

forward, and then burn-in. Thus, the points that correspond to the approximations should

be seen as a visual representation of Euler steps, and an approximation method is “better”

if it more closely follows the control distribution as it evolves over time and reaches the

same steady state.

Remark 2.4.2.1. We note that the micro-scale model used in this example actually breaks down for

ℎ much larger than our choice of 1/16. For example, with the rest of the model parameters fixed,

the computation of the underlying variables as described in [SGOK05] fails badly for ℎ = 1/4.

In particular, there is an assumption in [SGOK05] that ℎ · 𝑘± ≪ 1, and by choosing ℎ = 1/4,

the values of 𝑘± over time become many orders of magnitude larger than 1, which means this

assumption is grossly false. Through trial and error, we determine that ℎ = 1/16 is about the largest

time step that preserves the above inequality for the entire simulation. This means that we really

cannot improve the efficiency of the micro-scale model by making the time step larger — the time

step must be kept sufficiently small to preserve the model of the micro-scale dynamics, but we still

need to simulate the model for a long time to observe the steady-state behavior, which is exactly the

motivating archetype of this work. For more examples of models with a similar property, and a more

detailed discussion of the resulting tradeoff between accuracy, stability, and computational cost, we

defer the reader to [GK03a, RMGK03].
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2.4.3 Computational Improvement

As we briefly discuss in the introduction, we are not interested in the precise

implementation of the micro-scale model, and instead we are interested in demonstrating

that our approach does indeed reduce the number of micro-scale steps needed to accurately

take a “macro” time step. Because of this, we illustrate the computational improvement of

our method by computing its reduction in required micro-scale steps. With the parameters

defined above, our algorithm requires 11/20 as many micro-scale steps as the equivalent

control simulation (10 seconds of velocity-field-approximation and 100 seconds of burn-in

time for every 200 seconds of simulated time). Importantly, the length of each micro-scale

burst to approximate the velocity field is 1/10 as long as the corresponding Euler-step,

and so ignoring burn-in, our “macro-scale timestepper” only requires 1/10 as many

micro-scale steps as running the simulation to the equivalent time. Thus, the primary way

the overall improvement could be increased is by decreasing the burn-in time. We have

experimentally observed that with our choice of re-initialization, the burn-in time required

for the underlying variables to return to relative equilibrium scales roughly with the size of

the Euler step. This means that achieving a better ratio of required micro-scale steps likely

requires a better approach to re-initializing the underlying variables. We have seen in

further experiments (omitted for brevity) that the burn-in time can be reduced considerably

if the underlying variables are re-initialized perfectly, e.g., by using data from the control

simulation. This suggests that the current barrier to more significant improvements is

the quality of re-initializations, not the quality of the distribution approximations. We

demonstrate the importance of the re-initialization scheme in Section 2.4.5.

2.4.4 Comparison with Alternative Methods

Particle-wise approximation To demonstrate the value of using optimal transport in our

algorithm, we compare our method with a similar method that uses a different approach
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to learning the underlying dynamics. Our method uses a short burst of micro-scale steps

to gather data that is used to approximate a velocity field, so a natural question is whether

the same data could be used more effectively; i.e., is the apparent success of our method

due to optimal transport, or is it simply the case that there is enough data in the short burst

that any reasonable approach would be just as successful?

One extremely naive approach is to attempt to approximate the velocity field without

using optimal transport. Specifically, we can perform the finite-difference calculations on

the individual cells:

𝑥
[1],ℎ,𝑘
𝑖

(𝑡) B 1
𝑘

𝑘∑
𝑗=1

𝑥𝑖(𝑡 + 𝑗ℎ) − 𝑥𝑖(𝑡 − 𝑗ℎ)
2𝑗ℎ , 𝑖 = 1, . . . , 𝑁.

Effectively, this attempts to approximate 𝑥′
𝑖
(𝑡) for each individual cell, which we could then

use in an Euler-type approximation

𝑥̃𝑖(𝑡 + 𝐻) B 𝑥𝑖(𝑡) + 𝐻𝑥[1],ℎ,𝑘𝑖
(𝑡), 𝑖 = 1, . . . , 𝑁.

As explained in Section 2.3.1, this approach should result in a much worse approximation

of the distribution’s overall evolution. Our experiments agree with this prediction. We

run exactly the same approximation algorithm with the same parameters as above, with

the only change being that we use the particle-wise finite differences as the approximated

velocity field rather than the OT finite differences. In Figure 2.7a, we see that the 𝑊2

distance between the control and approximated distributions is substantially higher, and

in Figure 2.7b, we see that the approximations fail to closely track the control distribution’s

trajectory. This is a naive approach, but it validates the intuition that optimal transport

really is doing something nontrivial in the algorithm.

JKOnet* approximation A much more reasonable alternative to our method is to attempt

to learn an SDE that approximates the observed behavior. That is, instead of using the short
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burst of micro-scale steps to approximate a velocity field, we could use that data to learn an

SDE whose behavior closely mimics the observed cell behavior from the micro-scale model.

With this SDE in hand, we could hope to approximate the cells’ distribution a long time in

the future by running the learned SDE for the equivalent time. Since simulating SDEs is

computationally cheap, this would also give significant computational improvements by

replacing many expensive micro-scale steps with cheap SDE steps.

To evaluate whether this approach is viable, we perform a similar experiment (again

with the same parameters as above, including start-up, burn-in, and final recovery), except

we use the data from the 2𝑘 + 1 micro-scale steps in the micro-scale burst to learn an SDE

rather than approximate the velocity field. To learn the SDE, we use JKOnet* [TLGD24],

which is a particularly successful method for learning SDEs given particle data at successive

times. We use this data to learn1 the potential energy of an approximating underlying SDE,

and use those learned parameters to simulate an SDE with initial particle positions equal to

the locations of the cells in the last cell distribution from the micro-scale burst. We simulate

this SDE for the same length of time as our “Euler-type prediction step” (𝐻 = 95 in the

case of the experiment above), and reinitialize our micro-scale chemotaxis model with cells

at the locations of the particles after the SDE simulation. We use the same re-initialization

scheme for all the underlying data, meaning the only difference between our method and

using JKOnet* is how we predict the cell locations at time 𝑡 + 𝐻 in each Euler-type step.

In Figure 2.7a, we produce a comparison of the 𝑊2 distance between the control

and approximated distributions over time for the two different methods, and in Figure

2.7b, we perform PCA to visualize how well the approximations track the trajectory of

the control evolution. We see that the JKOnet* approach performs substantially worse

than our method — Figure 2.7a shows that the approximation errors are larger than for

our method, especially towards the end of the simulation when the control distribution

1To learn the potential, we use code in the train.py file from [TLGD24]. We use the
jkonet-star-potential model with 1000 epochs, and the training data we use is exactly the particle
data from the 2𝑘 + 1 micro-scale steps in the micro-scale burst after the burn-in period (exactly the same data
we use to approximate the vector field in our method).
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(a) 2-Wasserstein distance between control dis-
tribution and approximated distributions versus
time. Note that we only plot points during the
burn-in and velocity-field estimation periods; we
skip the intervals that correspond to each Euler-
step.

(b) Projections of distribution trajectories onto the
two principal components of the control distri-
bution’s evolution over time. The solid rainbow
curve shows the control distribution, where the
color represents time according to the color bar
at the right (the black X marks steady state). Each
colored dot represents one Euler step for the cor-
responding approximation method.

Figure 2.7: Comparisons between control distributions and approximations. The four
approximation schemes are as follows: the blue is our algorithm, as described in Section
2.4.2; the purple is using the particle-wise finite differences, as described in the first half of
Section 2.4.4; the green is using the JKOnet* method for learning and simulating an SDE,
as described in the second half of Section 2.4.4; the orange is using our algorithm with the
history-independent re-initialization scheme, as described in Section 2.4.5.
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has reached steady state, and Figure 2.7b shows that our method more closely follows

the trajectory of the control distribution and reaches approximately the same steady state

(whereas the JKOnet* method is less stable near steady state). The reason the equivalent

JKOnet* method performs worse than our method is because learning an SDE typically

requires simulation data from many more times (and in particular, from a wide range of

times during the evolution). In our case, we only have access to simulation data from the

short micro-scale burst of 2𝑘 + 1 steps, which as a time interval is a small fraction of the

total length of time we wish to simulate. It is this restriction to only local data that makes

the SDE-learning approach so prone to errors in this context. This experiment shows how

our method provides a tradeoff between the need for data and the generality of the object

being learned — less data is required if one is only interested in understanding how a

particular distribution evolves according to the micro-scale model rather than if one hopes

to learn a model that captures the global dynamics of the model. If we wanted an SDE that

could quickly simulate the evolution of any initial distribution, then we could run many

more micro-scale steps and then use JKOnet* to learn an appropriate SDE. However, our

goal is not to learn a model for how the model would act on any distribution — we are only

interested in developing a method for taking a particular initial distribution and predicting

its evolution using as few micro-scale steps as possible.

We should note that the JKOnet* algorithm is asymptotically slightly better than our

algorithm — JKOnet* is 𝒪(𝑀𝑇𝑁) , where 𝑀 is the number of epochs, 𝑇 is the length of the

training trajectory, and 𝑁 is the number of particles [TLGD24], whereas our algorithm is

𝒪(𝑇𝑁 log𝑁) since computing an optimal transport map at each timestep requires sorting

the 𝑁 particle locations. Even still, we point out that one of the major advantages of our

method is the general class of systems to which it can be applied. JKOnet* (and other similar

methods) rely on the system evolving according to some energy-minimizing trajectory,

which is not always the case for arbitrary agent-based models. For systems which are not

energy-minimizing in a precise sense, these methods break down. Our method, however,
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does not rely on any such assumptions about the underlying system, which is one of its

primary advantages.

2.4.5 Comparison with Different Re-initializations

In section 2.4.3, we briefly allude to the importance of the method by which we

re-initialize the underlying variables across each Euler-type step. To demonstrate the

efficacy of our suggested re-initialization described in Section 2.4.2, we also perform

a history-independent re-initialization as described in [SGOK05]. Table 2.4 shows the

different parameters of re-initialization between the two schemes. In Figure 2.7a, we provide

a comparison of the𝑊2 distance between the control and approximated distributions over

time for the two different approximation schemes, and in Figure 2.7b, we perform PCA to

visualize how well the approximations track the trajectory of the control evolution.

Table 2.4: Parameters of different re-initialization schemes. The “history-dependent”
scheme (as suggested in this chapter) retains the flagella states from the micro-scale
simulation immediately before the Euler step, and it attempts to predict 𝑢2 via an Euler
forward step. The “history-independent” scheme (described in [SGOK05]) sets a fixed
number of flagella to rotate counterclockwise (here, 0), and 𝑢2 is set solely as a function of
the predicted location of bacteria.

Parameters History-Dependent Scheme History-Independent Scheme

𝑢1 𝑢̃1(𝑡0 + 𝐻) := 0 𝑢̃1(𝑡0 + 𝐻) := 0

𝑢2 𝑢̃2(𝑡0 + 𝐻) := 𝑢2(𝑡0) + 𝐻 · 𝑢′2(𝑡0) 𝑢̃2(𝑡0 + 𝐻) := 𝑓 (𝑆(𝑥̃(𝑡0 + 𝐻)))
𝑠(𝑖) 𝑠(𝑖)(𝑡0 + 𝐻) := 𝑠(𝑖)(𝑡0) 𝑠(𝑖)(𝑡0 + 𝐻) := 0 (fixed)

The first Euler step shows similar results between the two experiments, but the

history-independent scheme becomes (qualitatively good but) “relatively" inaccurate by

the end of the first burn-in period. This is because the history-independent method re-

initializes the microscopic properties with a “fixed” value regardless of current conditions,

resulting in a large burn-in time to reach slow dynamics, while the history-dependent

scheme uses the current microscopic properties to re-initialize after the next Euler step. In

53



other words, the underlying variables (particularly 𝑢2 and the flagella rotating direction)

could not respond quickly enough to the fixed re-initialization. Furthermore, even though

the distributions look the same after the first Euler step, the two methods still yield different

subsequent microscopic behavior, leading to slightly different slow dynamics.

The difference in the two methods’ approximation accuracy suggests that the

underlying microscopic properties are important components in the micro-scale simulation.

Hence, different settings of the properties result in different overall distribution behavior.

In the language of Section 2.2, the tangent field that describes the distribution’s evolution

is somehow a function of these variables, not merely a function of position, so the method

we choose to predict them across Euler steps is critical to our capability to approximate

the evolution using optimal transport maps. Like all mathematical models, choices about

which prediction methods should be used depend entirely on the needs of the particular

application. Unfortunately, these choices are mostly ad hoc and context-specific, so there is

little to say in general about how they impact the accuracy of the overall approximation

algorithm.

2.5 Simulation Study II: Partial Differential Equation

To further demonstrate the ubiquity of our approach, we now perform our algorithm

on a particle model which simulates the well known Burgers’ equation

𝜕𝑡𝜇 = −𝜇𝜕𝑥𝜇 + 𝜈𝜕𝑥𝑥𝜇

with kinematic viscosity parameter 𝜈. The micro-scale model we use is described in detail

in [AK21], but we provide a brief description here. At each discrete time step of size ℎ (i.e.,

𝑡 𝑗+1 = 𝑡 𝑗 + ℎ), we update the location of the 𝑖th particle according to

𝑥𝑖(𝑡 𝑗+1) = 𝑥𝑖(𝑡 𝑗) +
𝑚ℎ

𝑍𝑑𝑖 ,𝑚
+
√

2𝜈ℎ𝑊𝑖
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Table 2.5: Parameters for Burgers’ model micro-scale simulation.

Parameter Description
𝑁 = 20,000 number of independent particles
ℎ = 1/4096 micro-scale simulation step size
𝑥𝑖(0) ∼ 𝒩(𝜋, 1

2) i.i.d. ∀𝑖 = 1, . . . , 𝑁 initial particle locations
𝑇 = 2 end time
𝑍 = 1000 particle coupling strength
𝜈 = 2 kinematic viscosity
𝑚 = 200 number of particles used in 𝑑𝑖 ,𝑚

where 𝑍 and 𝜈 are parameters of the motion, 𝑑𝑖 ,𝑚 represents the distance between the

𝑚th particle to the left and right of our 𝑖th particle, and 𝑊𝑖 ∼ 𝒩(0, 1) are i.i.d standard

normal random variables. We also enforce periodic boundary conditions on [0, 2𝜋); i.e.,

the particles are understood to move on the circle, and the computations of 𝑑𝑖 ,𝑚 take this

into account. For more details about the model and its link to Burgers’ equation, we refer

the reader to [AK21, LKGK03], but we note that do not ever use the Burgers’ equation PDE

in computing any of our approximations — we only present it to demonstrate that our

method works on particle systems that model PDEs.

Table 2.6: Additional parameters for approximation algorithm with Burgers’ model micro-
scale simulation.

Parameter Description
𝑆 = 1/8 length of start-up time
𝑘 = 48 number of centered differences to average
𝐻 = 37/256 length of each Euler-type prediction step
𝐻𝑅 = 3/32 burn-in time after each Euler step
𝑁𝑇 = 7 number of Euler steps
𝑅 = 1/8 length of final recovery time after last Euler step

As before, we first run the micro-scale model from 𝑡 = 0 to 𝑡 = 2 with the parameters

in 2.5. The initial particle locations 𝑥𝑖(0) are chosen randomly by independently sampling
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Figure 2.8: Histograms of particle locations at various times 𝑡 from 𝑡 = 0 to 𝑡 = 2 for the
control simulation of the Burgers’ model.

from the Gaussian distribution 𝒩(𝜋, 1
2). Histograms of particle locations at different times

in the control simulation are shown in Figure 2.8.

We then run the approximation algorithm with the same parameters as in Table

2.5 and the additional parameters (as defined in Section 2.3.3 in Table 2.6). Note that

the effective end time of this simulation is 𝑇 = 𝑆 + 𝑁𝑇(𝐻𝑆 + 𝐻 + 𝐻𝑅) + 𝑅 = 2 (since

𝐻𝑆 + 𝐻 + 𝐻𝑅 = 1/4), which agrees with the control simulation. Figures 2.9 and 2.10 show

the distributions obtained after the first two and last two Euler steps (and corresponding

burn-in periods) respectively. We observe that, after the burn-in period, the approximated

distributions do indeed visually resemble the control distributions at the corresponding

times. We also notice that the distributions immediately after the Euler step are much

“spikier” than the control distributions. This highlights the importance of the burn-in

period — the spiky distribution quickly returns to a relatively smooth distribution that

much more closely resembles the control distribution, at which point the velocity field

approximation will be much closer to the velocity field describing the control distribution’s

evolution. If the velocity field were approximated immediately after the Euler step, the

effect of the distribution “smoothing out” would dominate the effect of the long-term
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Figure 2.9: Histograms of particle locations after first two Euler steps (bottom) compared
with corresponding times from control simulation (top). We run the micro-scale simulation
until 𝑡 = 11/32 (not pictured), take an Euler step to 𝑡 = 3/8 (leftmost), burn in until
𝑡 = 15/32 (second from left), take an Euler step to 𝑡 = 5/8 (second from right), and burn in
until 𝑡 = 23/32 (rightmost).

Figure 2.10: Histograms of particle locations after final two Euler steps (bottom) compared
with corresponding times from control simulation (top). We take an Euler step from
𝑡 = 47/32 (not pictured) to 𝑡 = 13/8 (leftmost), burn in until 𝑡 = 55/32 (second from
left), take an Euler step to 𝑡 = 15/8 (second from right), and finally burn in until 𝑡 = 2
(right-most).
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evolution, which is the piece we wish to approximate.

Remark 2.5.0.1. It is worth pointing out that the spikiness observed in the approximated distributions

after the Euler step is a result of the approximated velocity field v𝑘,𝑁,ℎ𝑡 not being “smooth enough,”

as other experimental evidence suggests that smoother velocity fields yield smoother approximated

distributions. Thus, this spikiness could likely be reduced by, e.g., first applying a kernel smoothing

technique to this velocity field, and doing so could drastically reduce the burn-in time required for

the distribution to return to a relative equilibrium.

To compare the computational cost of our method compared to the control simulation,

we once again compute the number of micro-scale steps needed. Each step of our algorithm

only requires 15/32 as many micro-scale steps as the control simulation (3/128 seconds of

velocity-field estimation and 3/32 seconds of burn-in for every 1/4 second of simulated

time), and ignoring burn-in, the ratio drops to 29/128. While not substantial, this still

demonstrates that our method provides nontrivial improvement in terms of the number of

micro-scale steps needed to accurately take a macro-scale time step.

We finally note that the periodic boundary conditions make it more difficult to

directly apply the JKOnet* approach to learn a potential. Thus, we do not provide a

comparison to using this method as we do not believe it fairly reflects the setting where

JKOnet* performs well. Because of this, we also omit the numeric plots of Wasserstein

distance between control and approximated distributions and of the dimension-reduction

of the trajectories (which are also more subtle in the periodic-domain setting), and we

appeal to the visual similarity of the distributions after burn-in to assess the quality of our

method’s performance. We do point out, however, that another advantage of our algorithm

is its ability to easily generalize to particles evolving in spaces which are not R𝑑, as optimal

transport maps between discrete distributions on manifolds are equally well defined. For

another model for which we can fairly compare our algorithm to the equivalent JKOnet*

approach and for which we present concrete numerical assessments, see the following

section.
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Remark 2.5.0.2. As a final note, we point out that one can learn a PDE that models all three of our

simulations (see [LPSK23] for a discussion of PDEs and the chemotactic model from Section 2.4, and

note that the Langevin dynamics model in Section 2.6 can be understood using the Fokker-Planck

equation). This indicates that our method works for particle models of PDEs, though the practical

computational improvement might not be substantial because standard numerical methods for

(known) PDEs are relatively cheap. In contrast, our method is better suited for the setting where the

PDE is not known, and instead one only has a particle model.

2.6 Simulation Study III: Langevin Dynamics

One of the key and motivating advantages of framing our algorithm in terms of

optimal transport is that it easily generalizes to multi-dimensional models. We perform

one final experiment as a proof of concept demonstrating that our algorithm works with a

2D model as well. For simplicity, the micro-scale model we use is an Euler–Maruyama

simulation of an SDE: at each micro-scale time step of size ℎ, each particle’s position 𝑥𝑖(𝑡 𝑗)

is updated according to

𝑥𝑖(𝑡 𝑗+1) = 𝑥𝑖(𝑡 𝑗) − ∇𝑈(𝑥𝑖(𝑡 𝑗)) · ℎ +
√

2ℎ · 𝑍𝑖(𝑡 𝑗)

where 𝑍𝑖(𝑡 𝑗) ∼ 𝒩(0, 𝐼2). This is the standard Euler–Maruyama simulation of the SDE

𝑑𝑋𝑡 = −∇𝑈(𝑋𝑡)𝑑𝑡 +
√

2𝑑𝑊𝑡

with potential𝑈(𝑥). For our micro-scale model, we use a half-moon potential given by

𝑈(𝑥, 𝑦) = 𝐴 (𝑟(𝑥, 𝑦) − 𝑅)2 + 𝐵 exp (−𝛼(𝑦 − 𝑦𝑠))
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Table 2.7: Parameters for 2-D half-moon micro-scale simulation.

Parameter Description
𝑁 = 10,000 number of independent particles
ℎ = 1/2048 micro-scale simulation step size
𝑥𝑖(0) ∼ Unif([−4, 4] × [−4, 4]) i.i.d. ∀𝑖 = 1, . . . , 𝑁 initial particle locations
𝑇 = 2 end time

with 𝐴 = 2, 𝐵 = 0.5, 𝑅 = 2, 𝛼 = 1.5, 𝑦𝑠 = −0.5, and where the function 𝑟(𝑥, 𝑦) =
√
𝑥2 + 𝑦2

measures the distance from the origin.

Remark 2.6.0.1. We reiterate that this micro-scale model is computationally cheap over long time

scales, so in practice, there is little computational benefit to using our algorithm in this case. We

present it as a demonstration of the algorithms performance on a 2D model, and in particular one

whose steady-state distribution is not as simple as a standard Gaussian or uniform distribution.

Table 2.8: Additional parameters for approximation algorithm with chemotaxis micro-scale
simulation.

Parameter Description
𝑆 = 1/8 length of start-up time
𝑘 = 32 number of centered differences to average
𝐻 = 7/32 length of each Euler-type prediction step
𝐻𝑅 = 1/64 burn-in time after each Euler step
𝑁𝑇 = 7 number of Euler steps
𝑅 = 1/8 length of final recovery time after last Euler step

As before, we run the micro-scale simulation from 𝑡 = 0 to 𝑡 = 𝑇 with the parameters

shown in Table 2.7 (the end time is once again chosen long enough to effectively reach

steady state). Figure 2.11 shows scatter plots of the particles over time for this “control”

simulation.

We then run the approximation algorithm with the same parameters as in Table

2.7 and the additional parameters (as defined in Section 2.3.3) in Table 2.8. Note that
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Figure 2.11: Scatter plots of particle locations at various times 𝑡 from 𝑡 = 0 to 𝑡 = 2 for the
control simulation of the half-moon Langevin dynamics model.

Figure 2.12: Scatter plots of particle locations after first two Euler steps (bottom) compared
with corresponding times from control simulation (top). We run the micro-scale simulation
until 𝑡 = 9/64 (not pictured), take an Euler step to 𝑡 = 3/8 (leftmost), burn in until 𝑡 = 25/64
(second from left), take an Euler step to 𝑡 = 5/8 (second from right), and burn in until
𝑡 = 41/64 (rightmost).
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(a) 2-Wasserstein distance between control distri-
bution and approximated distributions versus
time. Note that we only plot points during the
burn-in and velocity-field estimation periods;
we skip the intervals that correspond to each
Euler-step.

(b) Projections of distribution trajectories onto
the two principal components of the control
distribution’s evolution over time. The solid
rainbow curve shows the control distribution,
where the color represents time according to
the color bar at the right. Each colored dot
represents one Euler step for the corresponding
approximation method.

Figure 2.13: Comparisons between control distributions and approximations. The blue is
our algorithm, and the orange is using the JKOnet* method for learning and simulating an
SDE.

the effective end time of this simulation is 𝑇 = 𝑆 + 𝑁𝑇(𝐻𝑆 + 𝐻 + 𝐻𝑅) + 𝑅 = 2 (since

𝐻𝑆 + 𝐻 + 𝐻𝑅 = 1/4), which agrees with the control simulation. Figure 2.12 shows the

distributions obtained after the first two Euler steps. We notice that, despite starting with

the same uniform distribution as in the control, the approximated distribution after just the

first Euler step already well-approximates the steady state distribution. This is consistent

with the control distribution at 𝑡 = 3/8 already being near steady state. In particular,

Figure 2.12 demonstrates that just one Euler step from the uniform distribution is enough

to approximately find the steady state, and the second step shows that our algorithm is

stable when the distribution is near that steady state. Aside from a few particles straying

far from the bulk distribution, we see that the approximated distributions closely match

the shape and density of the control distributions, and the approximations only require

3/16 as many micro-scale steps as the control simulation (1/32 seconds of velocity-field

estimation and 1/64 seconds of burn-in for every 1/4 of simulated time).
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We also perform the equivalent algorithm using JKOnet* [TLGD24] to use the

2𝑘+1 = 65 micro-scale steps to learn a potential and then simulate an SDE with appropriate

potential for the equivalent duration of the Euler step. We compare the𝑊2 distance between

the control distribution and approximated distributions for both approximation methods in

Figure 2.13a, and in Figure 2.13b, we perform PCA (see Section 2.4.2) to visualize how well

the approximated distributions track the trajectory of the control distribution’s evolution.

In both figures, we see that our method outperforms the analogous JKOnet* approach,

which suggests that our approach is better able to learn the local evolution. In particular, it

appears that the JKOnet* approximated distributions do not update nearly enough over

each step, which indicates that the learned potential is too mild. This is consistent with

the understanding that the “local” data over short micro-scale bursts is not sufficient to

learn a global potential, and it suggests that our approach of approximating a velocity field

with optimal transport more efficiently learns the local evolution in order to predict the

distribution some time in the future.
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Chapter 3

Choosing an Appropriate Time Step

3.1 Introduction

In Chapter 2, we attempt to approximate the velocity flow vector field 𝑣𝑡 with a

discrete finite-difference approximation

vℎ,𝑁𝑡 (𝑥𝑖) :=
𝑇
𝜇𝑁
𝑡+ℎ

𝜇𝑁𝑡
(𝑥𝑖) − 𝑥𝑖
ℎ

.

The hope is that, for large 𝑁 , we have v𝑡 ≈ vℎ,𝑁𝑡 in the sense that

𝐸ℎ,𝑁𝑡 := ∥vℎ,𝑁𝑡 − v𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )

≈ 0.

Unfortunately, for a fixed 𝑁 , there is a tension in the choice of ℎ: a small ℎ results in

large statistical error, and a large ℎ results in a large model error. Explicitly, if there is an

underlying true curve 𝜇𝑡 (i.e., 𝜇𝑁𝑡 is an empirical estimate of 𝜇𝑡 for all times 𝑡), then we can

define the “true finite difference velocity field” to be

vℎ𝑡 (𝑥) :=
𝑇
𝜇𝑡+ℎ
𝜇𝑡 (𝑥) − 𝑥

ℎ
.
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Note that with this definition, v𝑡 := limℎ→0 vℎ𝑡 in 𝐿2(𝜇𝑡). The two sources of error in our

velocity field approximation are then captured by the following two quantities:

𝑀ℎ,𝑁
𝑡

:= ∥vℎ𝑡 − v𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )︸            ︷︷            ︸

“model error”

and 𝑆ℎ,𝑁𝑡 := ∥vℎ,𝑁𝑡 − vℎ𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )︸                ︷︷                ︸

“statistical error”

.

The model error𝑀ℎ,𝑁
𝑡 captures how well the finite difference estimate approximates the true

velocity field and is an empirical estimate of the deterministic quantity 𝑀ℎ
𝑡

:= ∥vℎ𝑡 −v𝑡 ∥2
𝐿2(𝜇𝑡)

.

Note that 𝑀ℎ
𝑡 → 0 as ℎ → 0 by definition of vℎ𝑡 , and so intuition suggests that the model

error grows as ℎ grows. On the other hand, the statistical error 𝑆ℎ,𝑁𝑡 captures how well the

discrete optimal transport map approximates the continuous one:

𝑆ℎ,𝑁𝑡 := ∥vℎ,𝑁𝑡 − vℎ𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )

=
1
ℎ2 ∥𝑇

𝜇𝑁
𝑡+ℎ

𝜇𝑁𝑡
− 𝑇𝜇𝑡+ℎ

𝜇𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )

.

The observation in Chapter 2 is that for extremely small ℎ, the discrete optimal transport map

is actually just the particle-wise assignment, which is in general not a good approximation

of the true (continuous) optimal transport map between 𝜇𝑡 and 𝜇𝑡+ℎ . This, combined with

a large factor of 1
ℎ2 , causes the statistical error to be extremely large for small ℎ.

While the triangle inequality gives√
𝐸ℎ,𝑁𝑡 ≤

√
𝑀ℎ
𝑡 +

√
𝑆ℎ,𝑁𝑡 ,

empirical evidence suggests that the stronger relationship

𝐸ℎ,𝑁𝑡 ≈ 𝑀ℎ,𝑁
𝑡 + 𝑆ℎ,𝑁𝑡

holds. Indeed, the two vector fields vℎ𝑡 − v𝑡 and vℎ,𝑁𝑡 − vℎ𝑡 are roughly “independent” as

random variables and hence have no correlation, and so are roughly “orthogonal” with

respect to the 𝐿2(𝜇𝑁𝑡 ) inner product. This relationship suggests not only that 𝐸ℎ,𝑁𝑡 is small
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whenever both 𝑀ℎ,𝑁
𝑡 and 𝑆ℎ,𝑁𝑡 are small, as the triangle inequality guarantees, it also

suggests that 𝐸ℎ,𝑁𝑡 is large whenever either 𝑀ℎ,𝑁
𝑡 or 𝑆ℎ,𝑁𝑡 is large. This is the fundamental

tension in the choice of ℎ — choosing an ℎ too small will result in a large statistical error

𝑆ℎ,𝑁𝑡 , and choosing an ℎ too large will result in a large model error 𝑀ℎ,𝑁
𝑡 . Both of these

makes the total error 𝐸ℎ,𝑁𝑡 large, and so the goal becomes to find an ℎ that appropriately

balances these two extremes. In this chapter, we make progress towards better explaining

this tension.

To motivate much of our discussion, we will use the concrete example of Gaussian

diffusion 𝜇𝑡 = 𝒩(0, 𝑡) in one dimension. Optimal transport in one dimension is particularly

nice in that optimal maps can be written in closed-form by composing CDFs, which means

v𝑡 and vℎ𝑡 can be computed explicitly. This allows us to explicitly compute not only the

total error, but also the model and statistical errors separately. While this example is overly

simplistic and is not necessarily representative of general phenomena, we hope that having

a concrete example with explicit computations will help provide a useful benchmark for

developing appropriate intuition for more general settings.

3.2 Orthogonality of the Model and Statistical Error

To appropriately motivate an in-depth discussion of the model and statistical errors,

we first need to understand why these are indeed the two relevant quantities to care about.

To this end, we define the vector fields

e := vℎ,𝑁𝑡 − v𝑡 , m := vℎ𝑡 − v𝑡 , s := vℎ,𝑁𝑡 − vℎ𝑡
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so that e = m + s. Then the total error 𝐸ℎ,𝑁𝑡 can be decomposed as

𝐸ℎ,𝑁𝑡 = ∥e∥2
𝐿2(𝜇𝑁𝑡 )

= ∥m∥2
𝐿2(𝜇𝑁𝑡 )

+ 2⟨m, s⟩𝐿2(𝜇𝑁𝑡 )
+ ∥s∥2

𝐿2(𝜇𝑁𝑡 )

= 𝑀ℎ,𝑁
𝑡 + 2⟨m, s⟩𝐿2(𝜇𝑁𝑡 )

+ 𝑆ℎ,𝑁𝑡 .

While it is not true that the inner product ⟨m, s⟩𝐿2(𝜇𝑁𝑡 )
= 0 exactly, there are heuristics

for why we may expect it to have small contribution in general. At a high level, m is

deterministic and smooth while s captures how the sampling noise affects the discrete

estimate of the optimal transport map, and so we would not expect s to have a preferred

direction relative to m. Thus, we can expect the inner product across many sample points

to essentially cancel in the empirical average, making the overall error contribution small

compared to 𝑀ℎ,𝑁
𝑡 and 𝑆ℎ,𝑁𝑡 .

More precisely, set 𝜇𝑁𝑡 =
∑𝑁
𝑖=1 𝛿𝑥𝑖 so that

⟨m, s⟩𝐿2(𝜇𝑁𝑡 )
=

1
𝑁

𝑁∑
𝑖=1

⟨m(𝑥𝑖), 𝑟(𝑥𝑖)⟩.

Note that m is deterministic and

s(𝑥𝑖) = vℎ,𝑁𝑡 (𝑥𝑖) − vℎ𝑡 (𝑥𝑖) =
1
ℎ

[
𝑇
𝜇𝑁
𝑡+ℎ

𝜇𝑁𝑡
(𝑥𝑖) − 𝑇𝜇𝑡+ℎ

𝜇𝑡 (𝑥𝑖)
]

captures how well the discrete OT map approximates the continuous OT map at the sample

points 𝑥𝑖 . A useful heuristic is that s is approximately unbiased (i.e., the discrete optimal

transport map is an approximately unbiased estimator of the true optimal transport map)

so that

E[⟨m(𝑥𝑖), s(𝑥𝑖)⟩] = E[⟨m(𝑥𝑖),E[s(𝑥𝑖) | 𝑥𝑖]⟩] ≈ 0,

where the approximation reflects the heuristic that the empirical optimal transport map is

approximately unbiased at fixed locations. Another useful heuristic is that the fluctuations
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in ⟨m(𝑥𝑖), s(𝑥𝑖)⟩ are mostly due to sampling noise and so they are only weakly dependent

as random variables. In particular, we do not expect there to be substantial accumulation

in the empirical average in the same way we do for 𝑀ℎ,𝑁
𝑡 and 𝑆ℎ,𝑁𝑡 . Thus, for large 𝑁 , the

contribution from this cross term is typically small compared to the contribution from the

two pure terms, which serves as loose justification for the approximation

𝐸ℎ,𝑁𝑡 ≈ 𝑀ℎ,𝑁
𝑡 + 𝑆ℎ,𝑁𝑡 .

We emphasize that much of this discussion is heuristic and that many of the

approximations indeed do not hold precisely. For example, it is not true that the random

variables ⟨m(𝑥𝑖), s(𝑥𝑖)⟩ are exactly mean-zero, nor are they exactly independent. One can

make more precise mathematical statements about statistical rates of empirical estimates

of optimal transport maps, and while the details are outside the scope of this chapter,

it is true that the given approximation holds well enough to be useful in many settings

[MBNWW23, MBNWW24, MNW24].

To empirically verify this claim, consider the standard example for this chapter

where 𝜇𝑡 = 𝒩(0, 𝑡). Recall that for two absolutely continuous distributions 𝜇, 𝜈 ∈ 𝒫2(R),

optimal tranpsort maps in one dimension can be computed as a composition of (inverse)

CDFs: if 𝐹𝜇, 𝐹𝜈 are the CDFs of 𝜇, 𝜈 and are invertible, then the optimal transport map

between 𝜇 and 𝜈 is given by

𝑇𝜈
𝜇 = 𝐹−1

𝜈 (𝐹𝜇(𝑥)).

Using this, we can compute

𝑇
𝜇𝑡+ℎ
𝜇𝑡 (𝑥) =

√
𝑡 + ℎ
𝑡

𝑥

and so

vℎ𝑡 (𝑥) =

√
𝑡+ℎ
𝑡 − 1

ℎ
𝑥.
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Taking the limit as ℎ → 0 gives that the true “underlying” velocity field is

v𝑡(𝑥) =
𝑥

2𝑡 .

As we will often do in this chapter, for the sake of the following experiment, we

focus on 𝑡 = 1, at which time we have

vℎ1 (𝑥) =
√

1 + ℎ − 1
ℎ

𝑥

and

v1(𝑥) =
𝑥

2 .

To assess the orthogonality of the vector fields m and s at 𝑡 = 1 for different values of ℎ and

𝑁 , we run the following experiment. We first randomly sample 𝑁 particles independently

from 𝒩(0, 1) and call the resulting distribution 𝜇𝑁1 . Then we add independently sampled

steps from 𝒩(0, ℎ) to each particle (in accordance with the Euler-Maruyama timestepper

for the SDE 𝑑𝑋𝑡 = 𝑑𝑊𝑡), and call the resulting distribution 𝜇𝑁1+ℎ . Finally we sort both the

initial and final distributions to effectively compute the optimal transport map between

them. From the optimal transport map, we compute the vector field vℎ,𝑁1 in the usual way,

and since we have closed-form expressions for v1 and vℎ1 , we can compute the total error

𝐸ℎ,𝑁1 , the model error 𝑀ℎ,𝑁
1 , and the statistical error 𝑆ℎ,𝑁1 for each experiment. We perform

this experiment for different values of ℎ and 𝑁 , and we plot the average values (across 32

independent trials per pair) for 𝐸ℎ,𝑁1 and 𝑀ℎ,𝑁
1 + 𝑆ℎ,𝑁1 in Figures 3.1 and 3.2. We see that

the average values for 𝐸ℎ,𝑁1 and 𝑀ℎ,𝑁
1 + 𝑆ℎ,𝑁1 are nearly identical across many trials, which

serves as empirical support for the validity of the approximation 𝐸ℎ,𝑁𝑡 ≈ 𝑀ℎ,𝑁
𝑡 + 𝑆ℎ,𝑁𝑡 given

above. We also see that for small values of ℎ, the total error is closely approximated by

the statistical error 𝑆ℎ,𝑁1 , and for large values of ℎ, the total error is closely approximated

by the model error 𝑀ℎ,𝑁
1 , as we expect. The “optimal” value of ℎ then comes when these
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two quantities are roughly equal. These empirical observations indeed suggest that in

order to understand the total error, it suffices to understand the behavior of the model and

statistical errors seperately.

Finally, for completeness, we also show in Figure 3.3 the average value of the inner

product ���⟨m, s⟩𝐿2(𝜇𝑁1 )

��� = 1
2

���𝐸ℎ,𝑁1 − (𝑀ℎ,𝑁
1 + 𝑆ℎ,𝑁1 )

���
for various values of ℎ, 𝑁 averaged over 32 independent trials. This plot shows that, while

it is not true that m and s are exactly orthogonal for any individual experiment, it is true

that the size of their inner product is small compared to the values of ∥m∥2 and ∥s∥2, as the

heuristics above suggest. Again, we admit that this particular example is not guaranteed to

be representative of more intricate settings, but it does demonstrate that we are justified in

focusing exclusively on the model and statistical errors for the rest of this chapter.

3.3 Model Error

We first focus on the model error 𝑀ℎ,𝑁
𝑡 . To understand how 𝑀ℎ,𝑁

𝑡 can grow with ℎ,

we again consider the standard example of Gaussian diffusion 𝜇𝑡 = 𝒩(0, 𝑡). As before, we

compute the finite difference and true velocity fields

vℎ𝑡 (𝑥) =

√
𝑡+ℎ
𝑡 − 1

ℎ
𝑥, v𝑡(𝑥) =

𝑥

2𝑡 .

Since m = vℎ𝑡 − v𝑡 is deterministic, if 𝜇𝑁𝑡 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 is an independent random sample

from 𝜇𝑡 , then we know that

𝑀ℎ,𝑁
𝑡

:= ∥m∥2
𝐿2(𝜇𝑁𝑡 )

=
1
𝑁

𝑁∑
𝑖=1

∥m(𝑥𝑖)∥2
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Figure 3.1: Average total error 𝐸ℎ,𝑁1 for different values of ℎ, 𝑁 , averaged over 32 indepen-
dent simulations. Actual values of the model error 𝑀ℎ,𝑁

1 and the statistical error 𝑆ℎ,𝑁1 are
shown in gray, for comparison.

Figure 3.2: Average sum of model and statistical error 𝑀ℎ,𝑁
1 + 𝑆ℎ,𝑁1 for different values of

ℎ, 𝑁 , averaged over 32 independent simulations. Actual values of the model error 𝑀ℎ,𝑁
1

and the statistical error 𝑆ℎ,𝑁1 are shown in gray, for comparison.
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Figure 3.3: Average absolute value of the inner product |⟨m, s⟩|𝐿2(𝜇𝑁1 ) for different values of
ℎ, 𝑁 , averaged over 32 independent simulations. These values are consistently substantially
smaller than the values of the model and statistical errors for corresponding ℎ, 𝑁 as shown
in Figure 3.2. This indicates that indeed the inner product gives small contribution to the
overall error, as suggested above.

is an unbiased estimator of ∥m∥2
𝐿2(𝜇𝑡)

, and hence for large 𝑁 we have

𝑀ℎ,𝑁
𝑡 = ∥m∥𝐿2(𝜇𝑁𝑡 )

≈ ∥m∥𝐿2(𝜇𝑡)

= ∥v𝑡 − vℎ𝑡 ∥2
𝐿2(𝜇𝑡)

=

∫
R

������� 𝑥2𝑡 −
√
𝑡+ℎ
𝑡 − 1

ℎ
𝑥

�������
2

𝑑𝜇𝑡(𝑥)

=

������� 1
2𝑡 −

√
𝑡+ℎ
𝑡 − 1

ℎ

�������
2 ∫
R
|𝑥 |2𝑑𝜇𝑡(𝑥)

=

������� 1
2𝑡 −

√
𝑡+ℎ
𝑡 − 1

ℎ

�������
2

𝑡.

Plugging in 𝑡 = 1 (as we will for our numerical experiments) gives

𝑀ℎ,𝑁
1 =

�����12 −
√

1 + ℎ − 1
ℎ

�����2 .
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Taylor expanding gives
√

1 + ℎ ≈ 1 + ℎ

2 − ℎ2

8 + 𝑜(ℎ3)

so

𝑀ℎ,𝑁
𝑡 ≈

(
ℎ

8 + 𝑜(ℎ2)
)2

≈ ℎ2

64 .

By taking logs, we have

log10(𝑀
ℎ,𝑁
1 ) ≈ 2 log10(ℎ) − log10(64) ≈ 2 log10(ℎ) − 1.8

for small ℎ. To empirically verify this relationship, we perform the same experiment

described at the end of Section 3.2 and plot 𝑀ℎ,𝑁
1 for various values of ℎ, 𝑁 in Figure 3.4.

Since m is deterministic and does not depend on 𝜇𝑁1+ℎ , this experiment is actually equivalent

to empirically estimating ∥m∥2
𝐿2(𝜇1)

using independent random samples from 𝜇1 = 𝒩(0, 1),

so it is not surprising that the resulting plot agrees exactly with our calculations above. We

show it for completeness nonetheless.

3.4 Statistical Error

Now we turn our attention to the more interesting statistical error 𝑆ℎ,𝑁𝑡 . We recall

that we can compute 𝑆ℎ,𝑁𝑡 as

𝑆ℎ,𝑁𝑡 = ∥s∥2
𝐿2(𝜇𝑁𝑡 )

= ∥vℎ,𝑁𝑡 − vℎ𝑡 ∥2
𝐿2(𝜇𝑁𝑡 )

=
1
ℎ2





𝑇𝜇𝑁
𝑡+ℎ

𝜇𝑁𝑡
− 𝑇𝜇𝑡+ℎ

𝜇𝑡





2

𝐿2(𝜇𝑁𝑡 )
,

and so 𝑆ℎ,𝑁𝑡 essentially measures how well the discrete optimal transport map approximates

the true optimal transport map between the underlying continuous distributions. While

there exists work analyzing the rates of convergence of discrete optimal transport maps,

nearly all of it is concerned with the case of independent samples from the source and

target distributions. In our case with a microscale timestepper, the two distributions 𝜇𝑁𝑡
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Figure 3.4: Average value of the model error 𝑀ℎ,𝑁
1 for different values of ℎ, 𝑁 , averaged

over 32 independent samples. Note that, for small values of ℎ, this plot agrees exactly
with the relationship log10(𝑀

ℎ,𝑁
1 ) ≈ 2 log10(ℎ) − 1.8 derived above (this theoretical line is

plotted lightly in gray for comparison). In particular, the model error does not depend on
𝑁 (all values of 𝑁 give almost identical curves in the plot).

and 𝜇𝑁
𝑡+ℎ are definitely not independent — 𝜇𝑁

𝑡+ℎ is thought of as the result of using the

timestepper to advance the particle system ℎ seconds forward in time, so the location of

the particles at time 𝑡 + ℎ is therefore a (typically random) function of the location of the

particles at time 𝑡. Therefore, none of the statistical rates for discrete optimal transport

maps apply directly.

At first glance, our setting may sound worse because the two distributions are

dependent, and so we may expect our empirical estimators to be biased. However, the

situation is actually intuitively better than the case of independent samples from each

distribution. With independent samples, there is no guarantee of locality — samples at

time 𝑡 + ℎ may not be anywhere near the samples at time 𝑡, and so the “curves” that the

“particles” trace out need not even be continuous. This makes using a finite difference to

estimate a velocity field fraught. In the case of using a timestepper to step each particle

forward in time, at least the particle curves are “continuous” in the sense that as we

take ℎ → 0, the distribution at time 𝑡 + ℎ given by the timestepper gets close (with high
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probability) to the distribution at time 𝑡. Thus, we expect that using finite differences

to estimate velocity fields is in fact better in the case of a timestepper rather than taking

independent samples. However, it is true that the behavior of the statistical error is easier

to understand in the case of independent samples from each distribution, so we will first

begin our analysis there.

3.4.1 Statistical Error with Independent Samples in 1D

Let 𝜇, 𝜈 be continuous measures on R. Let 𝑓 , 𝑔 be the respective PDFs and 𝐹, 𝐺 the

respective CDFs. If 𝜇𝑁 , 𝜈𝑁 are independent empirical estimates, then they can be written

𝜇𝑁 =

𝑁∑
𝑖=1

𝛿𝐹−1(𝑈𝑖), 𝜈𝑁 =

𝑁∑
𝑖=1

𝛿𝐺−1(𝑉𝑖)

where𝑈𝑖 , 𝑉𝑖 are independent uniform order statistics.

Recall that for one-dimensional distributions, the true optimal transport map has a

closed-form expression

𝑇𝜈
𝜇 (𝑥) = 𝐺−1(𝐹(𝑥)),

and the empirical optimal transport map

𝑇𝜈𝑁

𝜇𝑁
(𝐹−1(𝑈𝑖)) = 𝐺−1(𝑉𝑖)

is obtained by sorting the particles (i.e., the 𝑖th order statistic (the 𝑖th sorted particle) from

𝜇𝑁 gets mapped to the 𝑖th order statistic from 𝜈𝑁 ). Thus, the error in the empirical optimal
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transport map can be computed as

∥𝑇𝜈
𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 ) =

1
𝑁

𝑁∑
𝑖=1

(𝐺−1(𝐹(𝐹−1(𝑈𝑖))) − 𝐺−1(𝑉𝑖))2

=
1
𝑁

𝑁∑
𝑖=1

(𝐺−1(𝑈𝑖) − 𝐺−1(𝑉𝑖))2.

Note that this does not depend on 𝜇 at all.

We can attempt to approximate this quantity by Taylor expanding 𝐺−1 around the

expected values for 𝑈𝑖 , 𝑉𝑖 . Recall that 𝑈𝑖 , 𝑉𝑖 are independent order statistics and so are

independent samples from the Beta distribution Beta(𝑖 , 𝑛 + 1 − 𝑖). Thus we have

E[𝑈𝑖] =
𝑖

𝑁 + 1 =: 𝑝𝑖 , Var[𝑈𝑖] =
𝑖

𝑁 + 1 · 𝑁 + 1 − 𝑖
𝑁 + 1 · 1

𝑁 + 2 =:
𝑝𝑖(1 − 𝑝𝑖)
𝑁 + 2 .

Now write𝑈𝑖 = 𝑝𝑖 + 𝛿𝑈
𝑖

and 𝑉𝑖 = 𝑝𝑖 + 𝛿𝑉
𝑖

. Then Taylor expanding 𝐺−1 around 𝑝𝑖 gives

𝐺−1(𝑈𝑖) − 𝐺−1(𝑉𝑖) ≈ (𝐺−1)′(𝑝𝑖)(𝑈𝑖 −𝑉𝑖)

= (𝐺−1)′(𝑝𝑖)(𝛿𝑈𝑖 − 𝛿𝑉𝑖 )

=
1

𝐺′(𝐺−1(𝑝𝑖))
· (𝛿𝑈𝑖 − 𝛿𝑉𝑖 )

=
1

𝑔(𝐺−1(𝑝𝑖))
(𝛿𝑈𝑖 − 𝛿𝑉𝑖 )

so the error estimate is

∥𝑇𝜈
𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 ) =

1
𝑁

𝑁∑
𝑖=1

(𝐺−1(𝑈𝑖) − 𝐺−1(𝑉𝑖))2 ≈ 1
𝑁

𝑁∑
𝑖=1

(𝛿𝑈
𝑖
− 𝛿𝑉

𝑖
)2

𝑔(𝐺−1(𝑝𝑖))2
.

The only random variables in the RHS are 𝛿𝑈
𝑖
, 𝛿𝑉

𝑖
which are independent with mean zero

and variance 𝑝𝑖(1−𝑝𝑖)
𝑁+2 , and so

E[(𝛿𝑈𝑖 − 𝛿𝑉𝑖 )
2] = Var[𝑈𝑖] + Var[𝑉𝑖] =

2𝑝𝑖(1 − 𝑝𝑖)
𝑁 + 2
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and hence

E
[
∥𝑇𝜈

𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 )

]
≈ 2
𝑁(𝑁 + 2)

𝑁∑
𝑖=1

𝑝𝑖(1 − 𝑝𝑖)
𝑔(𝐺−1(𝑝𝑖))2

.

Note that for large 𝑁 , the sum is approximating the integral

𝐽2(𝜈) :=
∫ 1

0

𝑝(1 − 𝑝)
𝑔(𝐺−1(𝑝))2

𝑑𝑝 =

∫ ∞

−∞

𝐺(𝑦)(1 − 𝐺(𝑦))
𝑔(𝑦) 𝑑𝑦

(with 𝐽2 defined by (5.1) in [BL19]) and so we have

E
[
∥𝑇𝜈

𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 )

]
≈ 2
𝑁
𝐽2(𝜈).

We note that this is consistent with standard results for statistical rates of discrete optimal

transport maps, which typically give rates of convergence of 𝑁−1/𝑑 (recall 𝑑 = 1 for this

analysis).

We now return to the standard example 𝜇𝑡 = 𝒩(0, 𝑡) to empirically verify these

estimates. We perform a similar experiment as above in which we independently sample

from 𝒩(0, 1) and 𝒩(0, 1 + ℎ), compute the optimal transport map by sorting, and compute

𝑆ℎ,𝑁1 in the usual way. We plot the average value of

ℎ2𝑆ℎ,𝑁1 =





𝑇𝜇𝑁
𝑡+ℎ

𝜇𝑁𝑡
− 𝑇𝜇𝑡+ℎ

𝜇𝑡





2

𝐿2(𝜇𝑁𝑡 )

(across 32 independent simulations) for various values of ℎ, 𝑁 in Figure 3.5.

Now note that for 𝜈 = 𝒩(0, 1 + ℎ), we have

𝐽2(𝜈) = (1 + ℎ)𝐽2(𝒩(0, 1)) = (1 + ℎ) · 𝜋

and so

E
[
∥𝑇𝜈

𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 )

]
≈ 2𝜋(1 + ℎ)

𝑁
(3.4.1.1)

77



Figure 3.5: Average value of the optimal transport estimation error ℎ2𝑆ℎ,𝑁1 for different
values of ℎ, 𝑁 , averaged over 32 independent trials per pair, in the case of independent
samples from 𝜇1 = 𝒩(0, 1) and 𝜇1+ℎ = 𝒩(0, 1 + ℎ). The theoretical values suggested by
(3.4.1.1) are overlayed in gray for comparison. We see that the empirical estimates closely
match the analytically predicted values, as expected.

which closely matches the experimental data, as shown in Figure 3.5.

We finally plot the actual statistical error 𝑆ℎ,𝑁1 in the regime of independent samples

in Figure 3.6. Because of the flatness of the optimal transport approximation error curves

seen in Figure 3.5, the large statistical error for small ℎ is primarily caused by the large

factor of 1
ℎ2 . This hints at the true cause of the large statistical error in the setting with a

microscale simulator.

3.4.2 Statistical Error with Particle Timesteppers

While the analysis above is quite nice and gives a satisfying explanation for why

small ℎ leads to a large statistical error in the case of independent samples, it is difficult to

extend the analysis to the case where the particles are pushed forward by a timestepper.

To see why, suppose 𝜇 is a continuous measure with CDF 𝐹 and𝑈𝑖 are independent order
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Figure 3.6: Average value of the statistical error 𝑆ℎ,𝑁1 for different values of ℎ, 𝑁 , averaged
over 32 independent trials per pair, in the case of independent samples from 𝜇1 = 𝒩(0, 1)
and 𝜇1+ℎ = 𝒩(0, 1 + ℎ). The theoretical values suggested by (3.4.1.1) (appropriately scaled
by 1

ℎ2 ) are overlayed in gray for comparison. We see that the factor of 1
ℎ2 causes a large

statistical error for small ℎ, as expected.
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statistics so that

𝜇𝑁 :=
𝑁∑
𝑖=1

𝛿𝐹−1(𝑈𝑖)

is an empirical estimate of 𝜇. Now suppose the timestepper moves particle 𝑖 by 𝜀𝑖 and that

𝜈𝑁 :=
𝑁∑
𝑖=1

𝛿𝐹−1(𝑈𝑖)+𝜀𝑖

is an empirical estimate of some continuous measure 𝜈 with CDF 𝐺. Then if we set

𝑉𝑖 = 𝐺({𝐹−1(𝑈 𝑗) + 𝜀𝑗}(𝑖)) (i.e., 𝑉𝑖 is the percentile of the 𝑖th sorted particle in 𝜈𝑁 ), it is not

true that 𝑉𝑖 is an independent order statistic distributed according to a beta distribution.

In fact, it is not at all clear how 𝑉𝑖 depends on 𝑈𝑖 in general, as 𝑉𝑖 generically does not

corresponding to the same particle as𝑈𝑖 — that’s the whole point of resorting the resulting

distribution. We can still perform the same analysis as in Section 3.4.1 to get

∥𝑇𝜈
𝜇 − 𝑇𝜈𝑁

𝜇𝑁
∥2
𝐿2(𝜇𝑁 ) ≈

1
𝑁

𝑁∑
𝑖=1

(𝛿𝑈
𝑖
− 𝛿𝑉

𝑖
)2

𝑔(𝐺−1(𝑝𝑖))2
,

but in this case, 𝛿𝑈
𝑖

and 𝛿𝑉
𝑖

are not independent, nor frankly is 𝛿𝑉
𝑖

a random variable that

we know much about. Thus, the best we can say is that

E[(𝛿𝑈𝑖 − 𝛿𝑉𝑖 )
2] = E

[
(𝛿𝑈𝑖 − [𝐺({𝐹−1(𝑈 𝑗) + 𝜀𝑗}(𝑖)) − 𝑝𝑖])2

]
,

which is generally unhelpful. The sorting really does wreak havoc on our ability to calculate

this explicitly.

However, we can still perform experiments to get a sense for how the statistical error

behaves in the case of particle timesteppers. We perform the same experiment as in the

case of independent samples, except now to generate 𝜇𝑁1+ℎ , we add noise sampled from

𝒩(0, ℎ) to each particle in the sample 𝜇𝑁1 . We recall that this is precisely the timestepper

given by an Euler-Maruyama simulation of the Gaussian diffusion SDE (𝑑𝑋𝑡 = 𝑑𝑊𝑡) with
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Figure 3.7: Average value of the optimal transport estimation error ℎ2𝑆ℎ,𝑁1 for different
values of ℎ, 𝑁 , averaged over 32 independent trials per pair, in the case of an Euler-
Maruyama particle timestepper.

initial condition 𝑋1 ∼ 𝒩(0, 1), and that 𝜇𝑁1+ℎ is an empirical estimate of the underlying

distribution 𝜇𝑡 = 𝒩(0, 1+ ℎ). We use this simulation to compute both the optimal transport

approximation error ∥𝑇𝜇𝑁1+ℎ
𝜇𝑁1

− 𝑇𝜇1+ℎ
𝜇1 ∥2

𝐿2(𝜇𝑁1 ) and the statistical erorr 𝑆ℎ,𝑁1 (averaged over 32

independent simulations) for different values of ℎ, 𝑁 , which we plot in Figures 3.8 and 3.7,

respectively. We recall that

𝑆ℎ,𝑁1 =
1
ℎ2 ∥𝑇

𝜇𝑁1+ℎ
𝜇𝑁1

− 𝑇𝜇1+ℎ
𝜇1 ∥2

𝐿2(𝜇𝑁1 ),

so these plots are showing the same phenomenon up to a factor of ℎ2. We show them both

because they highlight different patterns.

We notice that the optimal transport approximation error (Figure 3.7) is generally
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Figure 3.8: Average value of the statistical error 𝑆ℎ,𝑁1 for different values of ℎ, 𝑁 , averaged
over 32 independent trials per pair, in the case of an Euler-Maruyama particle timestepper.
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smaller than in the case of independent samples (compare with Figure 3.5), especially for

small ℎ. This confirms the intuition discussed at the beginning of this section that the case

of independent samples is actually worse for approximating the correct optimal transport

map. For large ℎ, the approximation errors are closer to those in the case of independent

samples, which is also intuitive: the larger the timestep ℎ, the more “independent” the two

distributions will seem. The plots also suggest that the true error seems to roughly follow

a power law. Using linear regression gives an approximate power law of

𝑆ℎ,𝑁1 ≈ 3.30 · 𝑁−0.92 · ℎ−1.44. (3.4.2.1)

Understanding the theoretical underpinnings that give rise to these specific powers is

an area of ongoing investigation. However, the dependence on the number of particles

𝑁 does raise an important concern: if we were not sorting the particles (i.e., we were

approximating the optimal transport map using the particle-wise assignment), then we

would expect the approximation error to be an empirical estimate of some deterministic

quantity, which should not depend on 𝑁 . Indeed, if the particles are not being sorted, then

the number of particles used in the simulation cannot affect the approximation error — the

approximate “optimal transport map” at a particular location is independent of the other

particles.

Explicitly, if we set 𝜇𝑁1 = 𝛿𝑥𝑖 and apply the timestepper, then 𝜇𝑁1+ℎ = 𝛿𝑥𝑖+𝜀𝑖 , where

𝜀𝑖 ∼ 𝒩(0, ℎ) are independent. If we also then set

𝑇𝑝(𝑥𝑖) = 𝑥𝑖 + 𝜀𝑖
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to be the particle-wise transport map, we can compute the approximation error as

∥𝑇𝑝 − 𝑇𝜇1+ℎ
𝜇1 ∥2

𝐿2(𝜇𝑁1 ) =
1
𝑁

𝑁∑
𝑖=1




𝑥𝑖 + 𝜀𝑖 −
√

1 + ℎ𝑥𝑖



2

=
1
𝑁

𝑁∑
𝑖=1




(1 −
√

1 + ℎ
)
𝑥𝑖 + 𝜀𝑖




2
.

Notice that 𝑥𝑖 ∼ 𝒩(0, 1) and 𝜀𝑖 ∼ 𝒩(0, ℎ) are independent Gaussians, and so

E

[


(1 −
√

1 + ℎ
)
𝑥𝑖 + 𝜀𝑖




2
]
= (1 −

√
1 + ℎ)2Var[𝑥𝑖] + Var[𝜀𝑖]

= (1 −
√

1 + ℎ)2 + ℎ

= 2 + 2ℎ − 2
√

1 + ℎ.

Thus, the approximation error ∥𝑇𝑝 −𝑇𝜇1+ℎ
𝜇1 ∥2

𝐿2(𝜇𝑁1 ) is an empirical estimate of 2+2ℎ−2
√

1 + ℎ,

which does not depend on 𝑁 . This suggests that it is actually not a lack of sorting that is

leading to the large statistical error for small ℎ. It is still true that there are values of ℎ

small enough that would make the optimal map the particle-wise one, but it turns out that

these values are even smaller than the ones shown in the plots. In fact, we can begin to

see this behavior with the 𝑁 = 102 curve beginning to approach the 𝑁 = 103 for ℎ = 10−4.

For even smaller values of ℎ, these curves would all approach the theoretical curve of

2 + 2ℎ − 2
√

1 + ℎ computed above.

We conclude this section with a few takeaways. For the Euler-Maruyama timestepper

for Gaussian diffusion 𝜇𝑡 = 𝒩(0, 𝑡), the true statistical error 𝑆ℎ,𝑁1 seems to follow a power

law with powers that are not theoretically understood yet but are vaguely reminiscent

of the case of independent samples. This relationship suggests that the large statistical

error for small values of ℎ is primarily due to the large factor of 1
ℎ2 , as opposed to the

simpler description of the optimal transport map estimation being less accurate. In fact, the

empirical optimal transport map actually is more accurate for small ℎ, but its convergence
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is too slow to overcome the scale factor of 1
ℎ2 . All of this points to a fruitful direction of

further research attempting to give theoretical backing to these empirical observations.

3.5 Consecutive Finite Difference Error

We conclude this chapter by returning to the big-picture purpose of this discussion,

which is to better understand how to choose an appropriate time step ℎ in our Euler-type

algorithm from Chapter 2. Essentially, we want a way to choose the value of ℎ that

minimizes the total error 𝐸ℎ,𝑁𝑡 for the given values of 𝑡 and 𝑁 . We have seen that the total

error is approximately the sum of the model and statistical errors, and so it suffices to

attempt to approximate each separately.

Recall that the fundamental issue with attempting to compute 𝐸ℎ,𝑁𝑡 directly is that it

requires knowledge of the underlying “true” velocity field v𝑡 , which we assume is unknown

to us. If v𝑡 was known, then we could simply use it in a standard application of Euler’s

method, and there would be no need to use the timestepper and optimal transport maps to

approximate it. Therefore, we need a way to estimate 𝐸ℎ,𝑁𝑡 without needing to know v𝑡 .

To this end, we return to a heuristic mentioned briefly in Chapter 2, which is to use the

difference of consecutive velocity field estimates:

𝐸̂ℎ,𝑁𝑡 := ∥vℎ,𝑁𝑡 − v2ℎ,𝑁
𝑡 ∥2

𝐿2(𝜇𝑁𝑡 )
.

Empirically, this “consecutive difference” well-approximates the true error, as we see in

Figure 3.9.

Indeed, this resemblance is not a coincidence. Similar to before, set

mℎ := vℎ𝑡 − v𝑡 , m2ℎ := v2ℎ
𝑡 − v𝑡 , sℎ := vℎ,𝑁𝑡 − vℎ𝑡 , s2ℎ := v2ℎ,𝑁

𝑡 − v2ℎ
𝑡 .
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Figure 3.9: Average value of the consecutive error 𝐸̂ℎ,𝑁1 for different values of ℎ, 𝑁 , averaged
over 32 independent trials per pair, in the case of an Euler-Maruyama particle timestepper.

Then

𝐸̂ℎ,𝑁𝑡 = ∥mℎ − m2ℎ ∥2 + ∥sℎ − s2ℎ ∥2 + 2⟨mℎ − m2ℎ , sℎ − s2ℎ⟩.

As before, a useful heuristic is that the cross term is negligible because mℎ − m2ℎ is

deterministic and sℎ − s2ℎ is approximately unbiased, so

𝐸̂ℎ,𝑁𝑡 ≈ ∥mℎ − m2ℎ ∥2 + ∥sℎ − s2ℎ ∥2 =: 𝑀̂ℎ,𝑁
𝑡 + 𝑆̂ℎ,𝑁𝑡 .

Now consider our standard example of Gaussian diffusion. We can explicitly calculate
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𝑀̂ℎ,𝑁
𝑡 at 𝑡 = 1 as

𝑀̂ℎ,𝑁
1 = ∥vℎ1 − v2ℎ

1 ∥2
𝐿2(𝜇𝑁1 )

≈ ∥vℎ1 − v2ℎ
1 ∥2

𝐿2(𝜇1)

=

∫
R

�����√1 + ℎ − 1
ℎ

𝑥 −
√

1 + 2ℎ − 1
2ℎ 𝑥

�����2 𝑑𝜇1(𝑥)

=

�����√1 + ℎ − 1
ℎ

−
√

1 + 2ℎ − 1
2ℎ

�����2 Var[𝜇1]

=

�����√1 + ℎ − 1
ℎ

−
√

1 + 2ℎ − 1
2ℎ

�����2
≈

(
ℎ

8 + 𝑜(ℎ2)
)2

where the last line comes from a Taylor expansion of
√

1 + ℎ and
√

1 + 2ℎ. The upshot is

that

𝑀̂ℎ,𝑁
1 ≈ ℎ2

64 = 𝑀ℎ,𝑁
1 ,

and so 𝑀̂ℎ,𝑁
1 is indeed a good estimate for the true model error.

The statistical error estimate 𝑆̂ℎ,𝑁1 gets more tricky because sℎ and s2ℎ are dependent:

not only are both 𝜇𝑁
𝑡+ℎ and 𝜇𝑁

𝑡+2ℎ both dependent on 𝜇𝑁𝑡 , but 𝜇𝑁
𝑡+2ℎ is also dependent on

𝜇𝑁
𝑡+ℎ because it is the result of another timestepper step applied to 𝜇𝑁

𝑡+ℎ . Hence, theoretical

analysis of the statistical error estimate is similarly hard to empirical analysis of the true

statistical error. However, in Figure 3.10, we empirically observe that

𝑆̂ℎ,𝑁𝑡 ≈ 1
2

(
𝑆ℎ,𝑁𝑡 + 𝑆2ℎ,𝑁

𝑡

)
.

This is an intuitively reasonable approximation, but giving more theoretical justification is

an area of ongoing work. It does, however, allow us to make the (albeit empirical) claim
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Figure 3.10: Average value of the consecutive statistical error estimate 𝑆̂ℎ,𝑁1 compared with
the average of two statistical errors 1

2(𝑆
ℎ,𝑁
1 + 𝑆2ℎ,𝑁

1 ) for different values of ℎ, 𝑁 , averaged
over 32 independent trials per pair, in the case of an Euler-Maruyama particle timestepper.

that

𝐸̂ℎ,𝑁𝑡 = 𝑀̂ℎ,𝑁
𝑡 + 𝑆̂ℎ,𝑁𝑡 ≈ 𝑀ℎ,𝑁

𝑡 + 𝑆ℎ,𝑁𝑡 = 𝐸ℎ,𝑁𝑡 ,

and so indeed the consecutive difference approximation error 𝐸̂ℎ,𝑁𝑡 is a reasonable surrogate

for the true error 𝐸ℎ,𝑁𝑡 . We conclude by noting that choosing an ℎ that minimizes 𝐸̂ℎ,𝑁𝑡 does

not require any knowledge of the underlying dynamics of the system or timestepper, and

so while it may require a parameter search, this analysis suggests that it may be possible to

choose an (approximately) optimal ℎ only using the timestepper. We again acknowledge

that the example used in the empirical experiments is extremely simplistic, and some of

the observed phenomena may not entirely generalize to more complex settings. However,

we believe these observations are valuable in better understanding why the question of

choosing an appropriate ℎ is subtle and in illuminating the interaction of various effects

that contribute to the different sources of error in the vector field estimation.

88



Chapter 4

Newton’s Method for Approximating

Steady States

Timesteppers constitute a powerful tool in modern computational science and

engineering. Although they are typically used to advance the system forward in time,

they can also be viewed as nonlinear mappings that implicitly encode steady states

and stability information. In this chapter, we present an extension of the matrix-free

framework for calculating, via timesteppers, steady states of deterministic systems to

stochastic particle simulations, where intrinsic randomness prevents direct steady state

extraction. By formulating stochastic timesteppers in the language of optimal transport,

we reinterpret them as operators acting on probability measures rather than on individual

particle trajectories. This perspective enables the construction of smooth cumulative- and

inverse-cumulative-distribution-function ((I)CDF) timesteppers that evolve distributions

rather than particles. Combined with matrix-free Newton–Krylov solvers, these smooth

timesteppers allow efficient computation of steady-state distributions even under high

stochastic noise. We perform an error analysis quantifying how noise affects finite-difference

Jacobian action approximations, and demonstrate that convergence can be obtained even

in high noise regimes. Finally, we introduce higher-dimensional generalizations based
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on smooth CDF-related representations of particles and validate their performance on a

non-trivial two-dimensional distribution. Together, these developments establish a unified

variational framework for computing meaningful steady states of both deterministic and

stochastic timesteppers.

4.1 Introduction

Timesteppers are a powerful tool in modern scientific computation. Given the state

𝑢(𝑡) of our system at time 𝑡, i.e., a function or a collection of particles, and a time horizon ℎ,

a timestepper 𝜙ℎ advances the state in time

𝑢(𝑡 + ℎ) = 𝜙ℎ (𝑢(𝑡)) , (4.1.0.1)

so that iterating the map generates a trajectory {𝑢 (𝑛ℎ)}∞𝑛=0. For stable iteration, the

limit of 𝑢 (𝑛ℎ) approximates the (stable) steady-state solution of the underlying model.

Traditionally, timesteppers are used “naively”: we apply𝜙ℎ repeatedly to obtain a numerical

trajectory that is subsequently studied for qualitative and quantitative convergence features.

Timesteppers, however, can also be usefully exploited beyond direct simulation.

They embody everything about the problem, namely the underlying differential equation,

the model parameters, and the boundary conditions. Instead of treating them only as

simulators, one may ask what information about the system can be extracted directly from

the timestepper mapping itself. Several important system-level tasks can be formulated in

this way

1. Steady States. Fixed points 𝑢∗ = 𝜙ℎ (𝑢∗) of the timestepper correspond to the steady

(or invariant) states of the underlying differential equation.

2. Eigenvalues and Stability. The Jacobian 𝐽 = 𝐷𝜙ℎ(𝑢∗) of the timestepper at 𝑢∗

contains all spectral information from which eigenvalues and stability properties of
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the underlying model can be inferred. There is a direct relationship between the

eigenvalues of the timestepper and the eigenvalues of the right-hand side of the

differential equation.

3. Control and Identification. By systematically tracking the steady-state solutions

across varying parameter values, we can trace the corresponding solution branches

and identify critical points where the system’s behavior changes drastically, such as

folds, bifurcations, or Hopf bifurcations.

A convenient way to unify these three tasks is through the residual mapping

𝜓(𝑢) = 𝑢 − 𝜙ℎ (𝑢) . (4.1.0.2)

Here, 𝑢 ∈ R𝑑 represents the solution of some differential equation at a given time, typically

on a grid, and 𝜙ℎ ,𝜓 : R𝑑 → R𝑑 are vector functions. This formulation for calculating

steady states allows us to apply the full machinery of iterative nonlinear solvers through

matrix-free methods. Particularly in previous work [FEC+24, QEKK06, KKQ04], we used

the Newton–Krylov and Arnoldi methods to calculate steady-state profiles and the leading

eigenvalues of the Jacobian, respectively. These methods are matrix-free. We do not need

explicit Jacobian matrices to compute the steady state or the leading eigenvalues. This last

part is essential because codes that implement a timestepper rarely have their Jacobians

coded as well. Even if they do so in the form of hand-coded formulas or automatic

differentiation, evaluating the (typically large) Jacobian is too time-consuming and uses a

lot of memory. Matrix-free methods avoid these bottlenecks by approximating the action

of the Jacobian 𝐷𝜓(𝑢)𝑣 in a particular direction 𝑣 on the fly using finite differences

𝐷𝜓(𝑢)𝑣 ≈ 𝜓(𝑢 + 𝜀𝑣) − 𝜓(𝑢)
𝜀

. (4.1.0.3)

Although this approximation induces an error, it can often be ignored in view of the
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speedups that can be obtained.

In our previous work [KKQ04, QEKK06], we focused on deterministic timesteppers,

developing Newton–Krylov and other matrix-free methods to compute steady states and

stability information directly from the residual 𝜓(𝑢). Most recently we also applied the

Newton–Krylov method to neural operators [FVG+25]. This line of research established

how timesteppers could serve as fixed-point solvers for macroscopic equations, particularly

in gradient systems where convergence is theoretically guaranteed.

In stochastic settings, the naive formulation 𝑋 − 𝜙ℎ(𝑋) = 0 for a steady state particle

ensemble 𝑋 is ill-defined. Timesteppers are no longer deterministic mappings, but rather

involve random evolutions of particle ensembles. Individual particles do not carry steady-

state information directly. Indeed, even in steady state, the particles typically fluctuate

because of thermal noise. This does not mean that there is no steady state distribution of

stochastic particles, but only that the mathematical equality 𝑋 = 𝜙ℎ(𝑋) does not hold. As

a consequence, solving 𝜓(𝑋) = 0 for a particle ensemble using Newton-Krylov is useless.

In this chapter, we re-interpret what a steady-state of particles means on the level of this

timestepper residual.

The idea of computing steady-state distributions from particle timesteppers is not

new. In [SGK12], the authors average many independent particle simulations to obtain

smooth, macroscopic quantities. They propose a smooth coarse timestepper in terms of

these macroscopic variables and use the Newton–Krylov method to compute (macroscopic)

steady states and bifurcation diagrams. A similar idea appears in [QEKK06], where an

approximate coarse model is introduced to precondition the Newton–Krylov method.

The authors also used this preconditioned matrix-free framework to calculate the leading

eigenvalues of the Jacobian and to track steady states along the bifurcation diagram. For

self-similar systems, coarse representations based on cumulative distribution functions

(CDFs) have also been used; see [CDGK04, ZKG05, ZKG06]. In these works, the coarse CDF

description is repeatedly lifted to fine-scale particle ensembles — typically via inverse CDF
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(ICDF)–based sampling — in order to evolve the system forward in time and ultimately

compute steady or self-similar states. Finally, we also mention the work of [Sie10] where

kernel-density estimation was applied to stochastic timesteppers in bacterial chemotaxis to

calculate the steady-state distribution.

In this chapter, we go back to the original formulation (4.1.0.2) of steady states to

understand what can be recovered when the timestepper is stochastic. As we said earlier,

a steady-state ensemble 𝑋 does not solve 𝜓(𝑋) = 0, but some information must still be

contained in this residual. Optimal Transport (OT) provides a principled way to compare

ensembles in a Wasserstein space, enabling the construction of well-defined particle-based

timesteppers. This extension allows us to treat both deterministic and stochastic dynamics

within a unified variational framework. From an optimal transport perspective, we treat

the evolving distribution of particles as a time dependent probability measure 𝜇𝑡 on R𝑑,

rather than trying to follow each particle individually. If 𝜇𝑡 is “smooth” in the sense of

having a density and evolving in a regular way, then there is a velocity field 𝑣𝑡 such that

the continuity equation

𝜕𝑡𝜇𝑡 + ∇ · (𝑣𝑡𝜇𝑡) = 0 (4.1.0.4)

describes how mass flows. The minimal energy (and smoothest) velocity field 𝑣𝑡 can be

computed via the optimal transport map 𝑇𝜇𝑡+ℎ
𝜇𝑡 :

𝑣𝑡 = lim
ℎ→0

𝑇
𝜇𝑡+ℎ
𝜇𝑡 − id

ℎ
.

We have previously shown that under certain assumptions on the smoothness of (𝜇𝑡)𝑡≥0,

forward Euler methods using 𝑣𝑡 are first order accurate in the Wasserstein distance𝑊2 (see

Chapter 2).

The key advantage over tracking particles individually (which in stochastic or

chaotic systems can be very noisy) is that this optimal transport–based method aggregates

the motion of mass rather than individual sample paths. In many systems, especially those
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with fast/slow scales, individual particle trajectories will jitter, be non-differentiable, or

otherwise provide a noisy or misleading picture at short time scales. By contrast, the

distribution 𝜇𝑡 often changes in a much smoother and more coherent manner. By fitting

the velocity field from optimal transport between successive empirical distributions, one

effectively filters out the microscopic stochasticity and focuses on how the bulk of the

particles move. This produces a cleaner signal, which will allow for a more accurate

Newton–Krylov step. In essence, optimal transport allows us to take a “Lagrangian”

perspective without needing to actually track each individual particle. The velocity fields

we get from OT are smoother and better describe the overall distribution’s behavior, but

they still fundamentally capture the dynamics from the perspective of individual agents

(as opposed to looking at a particular location, as in the “Eulerian” perspective).

These optimal transport algorithms are especially efficient in one dimension. In

fact, the optimal transport map of a set of particles can be obtained simply by sorting

the particles. This is because the optimal transport map from the uniform distribution

on [0, 1] to any probability distribution 𝜇 is exactly the inverse of the cumulative density

function (ICDF) of 𝜇 [San15, Chapter 2]. Moreover, in one dimension, we can compose

optimal transport maps to produce new optimal transport maps (i.e., 𝑇𝜇𝑡+2ℎ
𝜇𝑡 = 𝑇

𝜇𝑡+2ℎ
𝜇𝑡+ℎ ◦𝑇𝜇𝑡+ℎ

𝜇𝑡 ),

and so computing optimal transport maps is nothing more than computing CDFs and

ICDFs. The advantage of the CDF/ICDF formulation is that inverse CDFs are always

smooth (as long as the underlying distribution is absolutely continuous), which allows

us to employ advanced optimization techniques for calculating steady states of particle

systems. We use this continuous case to motivate an ICDF-to-ICDF timestepper using

finite particles and the stochastic timestepper: 1) Sample the ICDF by evaluating it in

percentiles; 2) Propagate the particles using the stochastic timestepper; 3) Compute the

new ICDF from the particle locations. This scheme gives us a bridge between microscopic

particle simulations and macroscopic evolution, and is reminiscent of equation-free

methods [KGH+03, KGH04, Gea01].
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In multiple dimensions, while the optimal transport velocity fields are still the

appropriate objects to consider, computing them is much more challenging. Instead of

simply sorting the particles (or computing a CDF), one needs to solve a linear program,

which is much more computationally expensive. Thus, in practice, one must construct an

approximation in a systematic way. For example, while the inverse cumulative density

function is not well-defined in higher dimensions, the regular cumulative density function

does carry over to multiple dimensions. This means we can construct a CDF-to-CDF

timestepper using the same three steps: 1) Generate samples from the multidimensional

CDF; 2) Propagate the particles using the stochastic timestepper; 3) Compute the new

CDF from the particles. However, the first step becomes nontrivial in multiple dimensions

because simply inverting the CDF at ‘percentiles’ for sampling is impossible. We need to

project the multidimensional CDF down to its one-dimensional representations to generate

samples. One such technique is to use marginal and conditional CDFs [ZKG05, ZKG06].

First, we construct the marginal CDF in the first dimension and generate 𝑥-samples from

this 1D CDF by inverting it. Then, for every 1D sample, we construct the conditional CDF

of the second dimension 𝑦 and invert it. This procedure is analogous to the OT/ICDF

method described above, except it comes from using the Knothe-Rosenblatt coupling

instead of the true optimal coupling. Knothe-Rosenblatt maps can be expressed as a

limit of optimal transport maps with appropriate cost functions, and so we can interpret

them as approximations of OT maps. This Knothe–Rosenblatt formulation allows for an

efficient extension of an OT-based timestepper in higher dimensions, though at the cost

of introducing asymmetry. Other approaches based on sliced optimal transport (i.e., the

sliced Wasserstein distance) also offer a flexible alternative, projecting the problem onto

many one-dimensional slices before reassembling the results [BRPP15, KNS+19]. Both

types of sampling strategies are crucial to making OT-based timesteppers practical for

complex and higher-dimensional systems.

Having reinterpreted stochastic timesteppers in optimal transport terms, we can
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now deploy advanced numerical solvers to compute steady-state distributions. However,

there is one computational roadblock. The (I)CDF-to-(I)CDF timestepper is itself stochastic

because it is built around a particle timestepper. Averaging over independent runs or

variance reduction might reduce this stochastic variability [QEKK06], but evaluations of 𝜓

will always be non-deterministic. However, we will numerically demonstrate that one can

still compute steady-state (I)CDFs of stochastic systems accurately, up to a certain noise

level or tolerance.

Contributions of this work This work extends the timestepper-based framework for

steady-state computation from deterministic to stochastic particle systems by combining

matrix-free Newton–Krylov methods with Optimal Transport formulations. Our main

contributions are as follows:

1. Generalization of timestepper-based fixed-point computation to stochastic systems.

We extend the classical residual formulation 𝜓(𝑢) = 𝑢 − 𝜙ℎ(𝑢) to stochastic particle

timesteppers, where individual particle mappings are ill-defined due to randomness.

2. Formulation of stochastic timesteppers in the language of Optimal Transport. We

reformulate timesteppers as operations acting on probability measures, and use the

Wasserstein distance to define a well-posed residual that is minimized at steady state.

3. Development of smooth distribution-based timesteppers. We develop smooth

(I)CDF-to-(I)CDF timesteppers that bridge stochastic simulations with distributional

evolution, enabling the use of higher-order optimization such as the Newton–Krylov

method.

4. Efficient extensions to higher dimensions. We propose two practical multidimen-

sional generalizations: a CDF-to-CDF timestepper based on marginal and conditional

CDFs, and a sliced Wasserstein formulation relying on (random) one-dimensional

projections.
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5. Numerical validation and demonstrations. We demonstrate the performance of the

proposed methods on representative stochastic systems, including a two-dimensional

distribution, highlighting accuracy and robustness of Newton–Krylov on smooth

representations of particle distributions.

Outline of the Chapter We start this chapter in Section 4.2 by discussing steady-state

distributions of particle systems in the language of optimal transport. We particularly focus

on the notion of steady state through a reformulation of (4.1.0.2) using the Wasserstein

distance. We further relate these as steady-states of the Euler-OT timestepper and discuss

its connection to the OT map and the velocity field. From these fundamentals, we

build a first-order optimization scheme by minimizing the Wasserstein distance between

particles and a time-evolved copy of those particles. We particularly derive an Adam–

Wasserstein optimizer and demonstrate, theoretically and numerically on three examples,

that this Wasserstein optimization scheme converges quickly and smoothly to the correct

steady-state particle distribution. Next, in Section 4.3 we introduce the matrix-free Newton–

Krylov method. We then note that second-order optimizers applied to this Wasserstein

formulation suffer from large statistical errors. This result motivates us to investigate smooth

representations of particle distributions, and in particular the ICDF-to-ICDF timestepper in

Section 4.4. We explain the main idea in detail and demonstrate an improved convergence

of the Newton–Krylov method using these smooth representations. Finally, in Section 4.5,

we discuss two alternative smooth representations for higher-dimensional systems: the

CDF-to-CDF timestepper and its equivalent sliced Wasserstein formulation. We then

demonstrate their effectiveness on a two-dimensional half-moon probability distribution.

We conclude this chapter with a summarizing discussion and outlook for further research

in Section 4.6.
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4.2 Stochastic Particle Steady States and Optimal Transport

In previous work, we developed a Newton–Krylov method for computing steady

states of deterministic timesteppers. In the deterministic setting, we wrote the fixed-point

condition in residual form

𝜓(𝑥) = 𝑥 − 𝜙ℎ(𝑥) = 0. (4.2.0.1)

For particle timesteppers, however, a one-step map is inherently random. That is, 𝑦 =

𝜙ℎ(𝑥; 𝜉) where 𝜉 is the collection of random numbers used in propagating the particles.

Even when the system is “in equilibrium”, the individual particles keep moving due to the

intrinsic noise 𝜉. An example is the random motion of molecules, even in thermal and

statistical equilibrium. More generally, particles move at certain probabilities and ‘detailed

balance’ must be maintained. Hence the point-wise condition 𝜓(𝑥) = 𝑥 − 𝜙ℎ(𝑥) = 0 is not

well defined.

Instead, the steady state must be understood at the level of distributions: a distri-

bution 𝜇★ is stationary when the distribution obtained after one step from 𝜇★ coincides

with 𝜇★ again. However, distributions are not readily available from particle codes and

must be built using histograms or tools like kernel density estimation. These methods

for approximating the underlying distribution are sometimes as noisy as the particles

themselves, and they are resource-intense.

To address this problem, we cast this distributional steady state as an optimization

problem. We work in Wasserstein geometry and measure the mismatch between the

current distribution and its one-step image using the 2-Wasserstein distance. Writing

𝑋 ∼ 𝜇 and 𝑌 = 𝜙ℎ(𝑋, 𝜉), the objective

𝒥(𝜇) = 1
2 𝑊

2
2
(
𝜇, law(𝑌)

)
(4.2.0.2)

is nonnegative and vanishes if and only if 𝜇 is stationary. The Wasserstein distance directly
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ties into the heart of Optimal Transport theory, and we present some relevant results here.

4.2.1 Optimal Transport Background

Much of the background we present here is discussed in more detail in our previous

work [KNK+25]. We highlight the major results that will be particularly important for us

in this chapter, but for a more complete presentation of the theory, we refer the reader to

[KNK+25].

Let 𝒫2(R𝑑) be the set of Borel probability measures onR𝑑 with finite second moment,

i.e., the probability measures 𝜇 such that
∫
R𝑑

∥𝑥∥2
2 𝑑𝜇(𝑥) < ∞. For 𝜎, 𝜇 ∈ 𝒫2(R𝑑), we define

Γ𝜎,𝜇 to be the set of all couplings between 𝜎 and 𝜇:

Γ𝜎,𝜇 := {𝛾 ∈ 𝒫2(R𝑑 × R𝑑) : 𝛾(𝐴 × R𝑑) = 𝜎(𝐴) and 𝛾(R𝑑 × 𝐴) = 𝜇(𝐴) for all Borel 𝐴 ⊆ R𝑑}.

(4.2.1.1)

We then define the (2-)Wasserstein distance between 𝜎 and 𝜇 to be

𝑊2(𝜎, 𝜇) := min
𝛾∈Γ𝜎,𝜇

(∫
R𝑑×R𝑑

∥𝑥 − 𝑦∥2 𝑑𝛾(𝑥, 𝑦)
) 1

2

. (4.2.1.2)

The coupling 𝛾 that satisfies (4.2.1.2) is called an “optimal coupling” or an “optimal plan”.

It is well known that𝑊2 defines a metric on 𝒫2(R𝑑) (see, e.g., [PC19]). It is also well

known that the optimal coupling (4.2.1.2) can be satisfied by a proper map 𝑥 ↦→ 𝑦 = 𝑇(𝑥)

under hypotheses:

Theorem 4.2.1.3 (Brenier [Bre91]). Let 𝜎, 𝜇 ∈ 𝒫2(R𝑑). If 𝜎 has a density with respect to the

Lebesgue measure, then the optimal coupling 𝛾 that satisfies (4.2.1.2) is unique, and there exists a

𝜎-a.e. unique map 𝑇 : R𝑑 → R𝑑 such that 𝛾 = (id, 𝑇)#𝜎. That is,

𝑊2(𝜎, 𝜇) =
(∫
R𝑑

∥𝑥 − 𝑇(𝑥)∥2
2 𝑑𝜎(𝑥)

) 1
2

. (4.2.1.4)
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Moreover, there exists a 𝜎-a.e. unique (up to additive constant) convex function 𝜙 such that 𝑇 = ∇𝜙.

We call the map 𝑇 given in Theorem 4.2.1.3 the “optimal transport map” from 𝜎 to

𝜇, and we denote it 𝑇𝜇
𝜎 .

While optimal transport on discrete measures does not generally admit optimal

maps as in Brenier’s Theorem, there is an important case where we do get optimal maps:

Theorem 4.2.1.5 (Proposition 2.1 in [PC19]). If 𝜎 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 and 𝜇 = 1

𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 are uniform

measures on the same number of distinct points, then there exists an optimal transport map 𝑇𝜇
𝜎 in

the sense that

𝑊2(𝜎, 𝜇) =
(

1
𝑁

𝑁∑
𝑖=1

∥𝑥𝑖 − 𝑇𝜇
𝜎 (𝑥𝑖)∥2

) 1
2

is minimal. Moreover, if 𝑇𝜇
𝜎 is such a map, then there exists a permutation 𝜏 ∈ 𝑆𝑁 (the symmetric

group on 𝑁 elements) such that 𝑇𝜇
𝜎 (𝑥𝑖) = 𝑦𝜏(𝑖) for all 𝑖 = 1, . . . , 𝑁 .

4.2.2 Evolving Measures as Curves in Wasserstein Space

Now we consider the setting where we have a probability measure evolving over

time. Explicitly, consider a curve 𝜇 : [0, 𝑇] → 𝒫2(R𝑑) written as 𝑡 ↦→ 𝜇𝑡 . If 𝜇𝑡 is absolutely

continuous (as a curve) with respect to the Wasserstein distance, then there exists a unique

“minimal energy” velocity field v𝑡 that satisfies the continuity equation

𝜕𝑡𝜇𝑡 + ∇ · (v𝑡𝜇𝑡) = 0,

and if 𝜇𝑡 has a density with respect to the Lebesgue measure for all times 𝑡 ∈ [0, 𝑇], then

this velocity field is computable as a derivative of optimal transport maps:

v𝑡 = lim
ℎ→0

𝑇
𝜇𝑡+ℎ
𝜇𝑡 − id

ℎ
in 𝐿2(𝜇𝑡). (4.2.2.1)

100



Furthermore, the Benamou-Brenier formulation of the Wasserstein distance [BB00] gives

𝑊2(𝜇𝑡 , 𝜇𝑡+ℎ) =
(∫ 𝑡+ℎ

𝑡

∥v𝑠 ∥2
𝐿2(𝜇𝑠) 𝑑𝑠

) 1
2

.

Notice that the above formulation says that an evolving distribution reaches steady state

exactly when v𝑡 = 0. Moreover, when v𝑠 ≈ 0 (meaning ∥v𝑠 ∥𝐿2(𝜇𝑠) ≈ 0) for all 𝑠 ∈ [𝑡 , 𝑡 + ℎ],

then𝑊2(𝜇𝑡 , 𝜇𝑡+ℎ) ≈ 0, and so the distribution has “approximately” reached steady state.

In our setting, however, we do not have access to 𝜇𝑡 for a continuous time interval.

Instead, we have a timestepper 𝜙ℎ for some small step ℎ, and so we only have 𝜇𝑡 for

discrete times 𝑡𝑛 = ℎ𝑛. In this situation, we assume that the timestepper approximates

the evolution of some continuous curve, and that we can approximate the velocity field v𝑡

associated with this continuous curve using the finite-difference approximation suggested

by (4.2.2.1):

v𝑡 ≈ vℎ𝑡 :=
𝑇
𝜇𝑡+ℎ
𝜇𝑡 − id

ℎ
.

Note that by (4.2.1.4), we have𝑊2(𝜇𝑡 , 𝜇𝑡+ℎ) = ℎ∥vℎ𝑡 ∥𝐿2(𝜇𝑡), and so computing the Wasserstein

distance between successive time steps is equivalent to computing the norm of the

approximate velocity field. For more details about the link between evolving measures,

velocity flow fields, and finite difference approximations, we refer to our previous work in

[KNK+25].

4.2.3 Wasserstein Formulation of Particle Steady States

In practice, our timestepper acts on particles, not on continuous distributions. We

can still use the ideas discussed above as a heuristic to suggest that the system’s evolution

is in (approximate) steady state when the Wasserstein distance between successive time

steps is minimized.

That is, if we consider the initial locations of the particles 𝑋 = (𝑥1, . . . , 𝑥𝑁 ) and their

101



locations 𝑌 = 𝜙ℎ(𝑋) = (𝑦1, . . . , 𝑦𝑁 ) - after applying the timestepper over a time-horizon

of size ℎ - as discrete probability measures 𝜇 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 and 𝜈 = 1

𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 respectively,

then we can consider the objective function

𝐹(𝑋; 𝜉) := 𝑁

2 𝑊
2
2 (𝜇, 𝜈) =

1
2

𝑁∑
𝑖=1

∥𝑥𝑖 − 𝑇𝜈
𝜇 (𝑥𝑖)∥2 =

1
2

𝑁∑
𝑖=1

∥𝑥𝑖 − 𝑦𝜎★(𝑖)∥2, (4.2.3.1)

where 𝜎★ is the optimal coupling - a permutation. Finding an approximate steady state is

equivalent to (approximately) finding a minimizer of 𝐹 over all initial particle locations 𝑋.

Between changes of the optimal transport coupling, 𝐹 is a smooth quadratic in the particle

locations, and its (sub)gradient with respect to each 𝑥𝑖 is the transport displacement

from 𝑥𝑖 to its match under the current optimal plan. This naturally leads us to first-

order optimization methods to minimize (4.2.3.1) such as (stochastic) gradient descent or

Adam [KB15].

Let Π★ denote the permutation matrix that corresponds to the optimal coupling,

i.e., Π★𝑌 = (𝑦𝜎★(1), . . . , 𝑦𝜎★(𝑁)). Now 𝐹 reads

𝐹(𝑋; 𝜉) = 1
2 ∥𝑋 −Π★𝑌∥2

and so the gradient of 𝐹 with respect to 𝑋 is

∇𝐹(𝑋) = 𝑋 −Π★𝑌 + 𝐷𝜙ℎ(𝑋; 𝜉)𝑇
(
𝜙ℎ(𝑋, 𝜉) − (Π★)⊤𝑋

)
. (4.2.3.2)

In principle, we can evaluate this gradient and plug it into any first-order optimization

algorithm, such as the Adam optimizer.

From a numerical point of view, the second term of (4.2.3.2) poses a problem. Two

subsequent evaluations of 𝐹(𝑋) for the same particles 𝑋 will differ due to the influence of

𝜉. In particular, this means that the Jacobian of the timestepper 𝐷𝜙ℎ(𝑋; 𝜉) will be very

noisy, even if we can evaluate it exactly by automatic differentiation. More importantly, this

102



Jacobian will contain little actual information about the drift of the particles. Fortunately,

by the Envelope theorem [AGS08, PC19], we can use only the first term of the gradient

𝜕𝑋 1
2𝑊

2
2 (𝑋,𝑌) = 𝑋 −Π★𝑌 (4.2.3.3)

for optimization purposes.

Remark 4.2.3.4. This formulation gives a slightly different perspective on the Euler-type method

we develop in detail in our previous work [KNK+25]. Note that, in the language of velocity fields

from earlier, we have

vℎ𝑡 (𝑥𝑖) =
𝑇𝜈
𝜇 (𝑥𝑖) − 𝑥𝑖

ℎ
=

1
ℎ
(𝑦𝜎★(𝑖) − 𝑥𝑖),

and so this partial gradient of our objective function is nothing more than (a scaled copy of) the

negative of our approximate velocity field vℎ𝑡 . This means that our Euler-type method of taking

steps in the direction described by the velocity field vℎ𝑡 can actually be interpreted as running

gradient descent with the partial gradient 𝑋−Π★𝑌. The insight that the present functional-gradient

formulation provides, is that it is now clear how to apply more sophisticated methods for minimizing

the objective function (i.e., finding steady states), such as Adam, which we can interpret as a natural

extension of our previous work.

There remains one more computational bottleneck in this Wasserstein-minimization

algorithm, and that is the computation of the optimal transport map Π★. In one dimension,

sorting both clouds and matching in order yields Π★ in 𝒪(𝑁 log𝑁) time. This is the

theoretically optimal complexity. In multiple dimensions, one may use a linear assignment

solver which is typically very expensive, i.e., 𝒪(𝑁3) [BDM12, PC19]. We will showcase the

Wasserstein-minimization approach on both one- and two-dimensional examples in the

next section.

For any initial set of particles 𝑋, we can evaluate 𝐹(𝑋) and its gradient 𝜕𝑋𝐹(𝑋). We

can therefore minimize 𝐹 with any first-order scheme; we use Adam because of its stability

under mild noise. A typical iteration is as follows
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1. Given 𝑋𝑘 and random numbers 𝜉𝑘 , compute 𝑌𝑘 = 𝜙ℎ(𝑋𝑘 ; 𝜉𝑘).

2. Compute an optimal plan Π★
𝑘
= Π★(𝑋𝑘 , 𝑌𝑘).

3. Form the gradient 𝑔𝑘 = 𝑋𝑘 −Π★
𝑘
𝑌𝑘 (optionally average over a small batch of indepen-

dent runs for variance reduction).

4. Apply Adam to obtain 𝑋𝑘+1.

We use PyTorch’s Adam optimizer in our implementation. One advantage of PyTorch is

that we can use its call graph to directly compute gradients of 𝐹(𝑋). The first term of that

gradient can then be obtained by detaching 𝑌 from the call graph.

In summary, minimizing 𝐹(𝑋) = 1
2𝑊

2
2 (𝑋, 𝜙ℎ(𝑋; 𝜉)) with Adam yields a fast

𝒪(𝑁 log𝑁) procedure that is robust to stochasticity and faithful to the Wasserstein

fixed-point formulation, while avoiding the instability of second-order information at

coupling changes.

4.2.4 Three Examples

The Wasserstein particle flow is a well-defined, easy-to-implement, and reliable

approach to compute steady-state distributions of particle methods. Combining gradient

flow with the Adam optimizer also has significant advantages such as steady decrease of

the 𝑊2
2 -loss. In this section, we demonstrate the combined method on three examples:

bacterial chemotaxis (section 4.2.4.1), the nonlinear economic agents model (section 4.2.4.2),

and a two-dimensional overdamped Langevin dynamics with non-trivial potential energy

profile (section 4.2.4.3).

4.2.4.1 Bacterial Chemotaxis

Consider a collection of bacteria 𝑋𝑡 that eat food from a substrate 𝑆(𝑥) on the domain

[−𝐿, 𝐿]. The function 𝑆(𝑥) represents the amount of food at position 𝑥, and we assume
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that 𝑆 remains unchanged over time. Furthermore, there is a chemotactic sensitivity 𝜒(𝑆)

that indicates the level of activation of the bacteria, solely a function of the local food

supply. Finally, we also incorporate a diffusion constant 𝐷 to model the random motion.

The bacterial positions 𝑋𝑡 over time are then governed by the overdamped Langevin

equation [FJ17]

𝑑𝑋𝑡 = 𝜒(𝑆(𝑋𝑡))𝑆𝑥(𝑋𝑡)𝑑𝑡 +
√

2𝐷𝑑𝑊𝑡 , (4.2.4.1)

where 𝑆𝑥 is the food gradient and𝑊𝑡 is the standard Brownian motion. The bacteria also

cannot leave [−𝐿, 𝐿] so we impose reflective or no-flux (Neumann) boundary conditions.

We discretize the overdamped Langevin dynamics in equation (4.2.4.1) using an

Euler-Maruyama method with step size 10−3, and per evaluation of the timestepper 𝜙ℎ(·)

we integrate up to ℎ = 1 seconds. Reflective boundary conditions are applied after

every Euler-Maruyama step. We run the Adam optimizer with standard parameters

(𝛽1 = 0.9, 𝛽2 = 0.99) and an initial ‘learning rate’ of 10−1. We decrease the learning rate by

a factor 10 every 100 epochs, for a total of 300 epochs. The initial distribution is a truncated

Gaussian with a mean 5 and a standard deviation of 2.

As we see in Figure 4.1, the Wasserstein-Adam optimizer reliably converges to a

final loss of 2 10−5. The loss gradient also decreased to a similar value, indicating strong

convergence. The histogram of the optimized particles (right figure, orange) also matches

well with the analytic invariant distribution. Finally, we see in the figure on the left that the

Wasserstein-Adam optimizer reached this steady-state already after about 150 epochs - or a

total simulation time of 150 seconds. This is because the objective function is evaluated only

once per Adam epoch. Compared to computing the steady-state by long-time evolution

of (4.2.4.1), which takes about 500 seconds of in-simulation time, the Wasserstein-Adam

method is much faster.
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Figure 4.1: Numerical results for the Wasserstein-Adam optimizer on the chemotaxis model.
Left: Wasserstein loss (blue) and gradient-norm (orange) per epoch. Right: Histogram of
the initial particles in blue, the Wasserstein-Adam optimized particles in orange, and the
analytic steady-state density (see equation (4.3.1.4)) in red.

4.2.4.2 Economic Agents

The Wasserstein-Adam method also works well for nonlinear models. Let us

consider an example of economic agents trading stocks. Each agent is represented by a

value 𝑋𝑖(𝑡) ∈ (−1, 1) that gives the tendency to buy (𝑋𝑖 = 1) or sell (𝑋𝑖 = −1) a certain

stock. More details on the model can be found in [FEC+24]. We use the timestepper

available at [Eva25] to integrate the agents up to ℎ = 1 seconds at a time. This timestepper

is unbiased for the dynamics of the agents’ dynamics and uses the discretization presented

in [FEC+24]. We again use an Adam optimizer with an initial learning rate of 10−1 and

with standard parameters to find the steady-state distribution of the particles. The learning

rate is decreased by a factor 10 every 100 epochs for a total of 300 epochs. The initial

distribution is a Gaussian with zero mean and a standard deviation of 0.1. The steady-state

distribution is wider and approximately normal.

Figure 4.2 displays the Wasserstein loss and gradient on the left, as well as optimized

agents compared to the steady-state distribution on the right. The initial distribution of

agents is shown too. We observe an excellent match between the histogram of optimized

agents and the invariant distribution. The loss stagnates near 2 10−6, nearly four orders of
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magnitude lower than the initial loss, demonstrating a clear convergence.
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Figure 4.2: Numerical results for the Wasserstein-Adam optimizer on the economic agents
model. Left: Wasserstein loss (blue) and gradient-norm (orange) per epoch. Right:
Histogram of the initial particles in blue, the Wasserstein-Adam optimized particles in
orange, and the analytic steady-state density (see Figure 4.6) in red.

4.2.4.3 The Half-Moon Potential

In multiple dimensions, one cannot exploit the monotone rearrangement used in

1D (sorting), so computing𝑊2 requires solving a discrete assignment problem between the

two point clouds. We use the linear assignment solver, whose worst-case complexity is

𝒪(𝑀3) for 𝑀 paired points; applied to the full cloud, this would be 𝒪(𝑁3). To keep costs

manageable, we adopt mini-batches of size 𝐵: each step propagates 𝐵 particles through the

timestepper and solves an 𝒪(𝐵3) assignment problem. These batches are drawn uniformly

from the original 𝑁 particles, and We process 𝑁/𝐵 batches per iteration, yielding a total

𝒪(𝑁𝐵2) complexity. The smaller the batch size, the smaller the computational cost. The rest

of the Wasserstein–Adam flow is unchanged from 1D: we form 𝑌𝑏 = 𝜑ℎ(𝑋𝑏), compute an

optimal match Π★
𝑏

on each batch 𝑏, use the detached gradient 𝜕𝑋 1
2𝑊

2
2 (𝑋𝑏 , 𝑌𝑏) = 𝑋𝑏 −Π★

𝑏
𝑌𝑏 ,

and update the particles 𝑋𝑏 with Adam.

We note that the effective result of this is equivalent to solving a constrained optimal

assignment problem, where we require the 𝑁 × 𝑁 permutation matrix Π to be block-
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diagonal (i.e., the 𝑁/𝐵 diagonal 𝐵 × 𝐵 blocks are the permutation matrices Π∗
𝑏
). This

permutation matrix is in general not the exact optimal coupling for the overall 𝑁 × 𝑁

assignment problem, but if each batch is chosen randomly, the batched coupling will be a

close approximation of the optimal coupling — in particular, it still gives a good descent

direction for use in Adam.

For this example, we consider a two-dimensional half-moon potential. The potential

energy function𝑈(𝑥, 𝑦) is given by

𝑈(𝑥, 𝑦) = 𝐴 (𝑟(𝑥, 𝑦) − 𝑅)2 + 𝐵 exp (−𝛼(𝑦 − 𝑦𝑠)) (4.2.4.2)

with 𝐴 = 2, 𝐵 = 0.5, 𝑅 = 2, 𝛼 = 1.5, and 𝑦𝑠 = −0.5. The function 𝑟(𝑥, 𝑦) =
√
𝑥2 + 𝑦2

measures the distance from the origin. A two-dimensional color plot of the corresponding

steady-state distribution

𝜇(𝑥, 𝑦) = 𝑍−1 exp (−𝑈(𝑥, 𝑦)) (4.2.4.3)

is shown in Figure 4.3.

To compute the steady-state distribution using the Wasserstein-Adam method, we

construct an overdamped Langevin dynamics of the form

𝑑(𝑋,𝑌) = −∇𝑈(𝑋,𝑌)𝑑𝑡 +
√

2𝑑𝑊𝑡 (4.2.4.4)

where 𝑊𝑡 is a two-dimensional Brownian motion with independent components. The

steady-state distribution of this dynamics is precisely (4.2.4.3). We also implement reflective

boundary conditions (e.g., Neumann) to keep all particles within the domain [−4, 4]×[−4, 4].

We discretize this overdamped Langevin dynamics using the Euler-Maruyama timestepper

with step size 10−3, and integrate up to time ℎ = 0.1 seconds. The initial distribution is a

standard bivariate Gaussian, which has minimal overlap with (4.2.4.3).

To compute the Wasserstein loss, we divide the 𝑁 = 105 particles into batches of

108



Figure 4.3: A color plot of the half-moon potential, see equation (4.2.4.2) for more details.

size 1000. For each batch, we propagate the particles through the timestepper and evaluate

the loss using the OT coupling algorithm. We feed these batches to the Adam optimizer,

which uses an initial learning rate of 10−2, decreasing by a factor of 10 every 100 epochs,

up to 300 epochs.

The optimization results are shown in Figure 4.4. The left panel reports the objective

and gradient-norm trajectories: the initial 1
2𝑊

2
2 of 0.51233 decreases monotonically to

1.54 × 10−2, effectively reaching the stochastic noise floor, and the loss gradient decays in

tandem, indicating stable convergence. The right panel displays a 2D histogram (color

map) of the optimized particles, which shows an excellent match to the analytic steady-state

distribution from figure 4.3 with no visible systematic bias.
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Figure 4.4: Numerical results for the Wasserstein-Adam optimizer on the half-moon
potential. Left: Wasserstein loss (blue) and gradient-norm (orange) per epoch. Right:
Colormap of the 2D histogram of the optimized particles in orange.

4.3 Newton–Krylov Framework

First-order optimizers typically converge slowly to the steady state, as they take

only small steps in the direction of the local gradient. As a result, they require (relatively)

many iterations and repeated evaluations of the Wasserstein objective and gradient, each of

which involves the costly computation of an optimal transport map. This makes first-order

methods particularly expensive in Wasserstein-based formulations. We want to recover

the second-order performance of Newton–Krylov by solving

𝐹(𝑋) = 𝜕𝑋𝑊
2
2
(
𝑋, 𝜙ℎ(𝑋)

)
= 0 (4.3.0.1)

and approximating Jacobian–vector products as

𝐷𝐹(𝑋) · 𝑣 ≈ 𝐹(𝑋 + 𝜀𝑣) − 𝐹(𝑋)
𝜀

. (4.3.0.2)

In practice this is ill-posed and noisy for particle OT. The mapping 𝑋 ↦→ 𝜕𝑋𝑊2
2 (𝑋, 𝜙ℎ(𝑋, 𝜉)

is only piecewise smooth: as particles move, the optimal transport coupling changes

combinatorially, creating kinks where 𝐷𝐹(𝑋) does not exist. Difference quotients then mix
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values across distinct couplings, producing large, non-vanishing errors that blow up as

𝜀 → 0. Stochasticity compounds the problem: tiny perturbations 𝑋 ↦→ 𝑋 + 𝜀𝑣 can reshuffle

assignments in the empirical OT, injecting high-variance jumps into 𝐹(𝑋 + 𝜀𝑣) − 𝐹(𝑋).

Krylov iterations driven by such JVPs become unstable, and line searches lose reliability.

To account for this noise, we propose a “smoothed” representation of particle codes in

Section 4.4.

The idea of Newton’s method is to iteratively update 𝑢𝑘+1 = 𝑢𝑘 + 𝑠𝑘 by choosing

𝑠𝑘 such that the first order approximation of 𝜓(𝑢𝑘+1) ≈ 0. Explicitly, we want 𝑠𝑘 such that

𝜓(𝑢𝑘)+𝐷𝜓(𝑢𝑘)𝑠𝑘 = 0. The main idea behind the Newton–Krylov method is to approximate

the action of the Jacobian of the objective function ∇𝜓(𝑢𝑘), using finite differences with

step size 𝜀

𝐷𝜓(𝑢𝑘) · 𝑣 ≈ 𝜓(𝑢𝑘 + 𝜀𝑣) − 𝜓(𝑢𝑘)
𝜀

. (4.3.0.3)

Since this matrix-free formulation can only approximate matrix-vector products, and not

the full Jacobian directly, we must use iterative Krylov methods to solve the linear system

𝐷𝜓(𝑢𝑘)𝑠𝑘 = −𝜓(𝑢𝑘) (4.3.0.4)

to obtain the next Newton guess 𝑢𝑘+1 = 𝑢𝑘 + 𝑠𝑘 . Because the Jacobian is not generally

symmetric, we will use the GMRES method for solving (4.3.0.4).

4.3.1 Newton–Krylov for Mean-Field Equations

As a first step towards using the Newton–Krylov method for calculating steady-state

solutions, let us look at the case when the underlying model for the particle timestepper

is a partial differential equation, specifically a mean-field or Fokker-Planck equation. We

prefer the terminology of the mean-field equation since the Fokker-Planck equation is only

valid for linear models; however, we also consider nonlinear stochastic models here.

We should note that our ultimate goal is to compute steady-state distributions of
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particle timesteppers. The mean-field PDE, although a useful mathematical concept, is

not immediately known or available for most systems and particle codes. In the few cases

where it is known, the mean-field model is usually an approximation through some kind

of closure. However, in the settings where the mean-field model is known and exact - like

the linear Fokker-Planck equation - steady-state distributions are directly encoded, and we

can compute it using a Newton–Krylov method. We investigate this idea in this section.

Suppose we have a collection of particles or agents {𝑋𝑖}𝑛𝑖=1 that follow a stochastic

process. We will discuss two examples below. In the limit of 𝑛 → ∞, the particles

or agents are distributed according to a time-dependent probability distribution 𝜇𝑡(𝑥),

where 𝑥 represents the spatial locations. This probability distribution, in turn, follows a

deterministic and coarse mean-field equation of the form

𝜕𝑡𝜇𝑡(𝑥) = 𝐹(𝜇𝑡(𝑥)) (4.3.1.1)

with the appropriate boundary conditions. On this level, all stochasticity has been removed,

and we can simply use the regular Newton–Krylov method to compute the steady-state

distributions. Most mean-field models never have their right-hand sides coded, so we will

rely on a coarse timestepper Φℎ(𝜇𝑡) that progresses the current distribution 𝜇𝑡 over a time

window of size ℎ to 𝜇𝑡+ℎ . Analogous to equation (4.1.0.2), we will solve

Ψ(𝜇) = 𝜇 −Φℎ(𝜇) = 0 (4.3.1.2)

for 𝜇 — the steady-state distribution. We will demonstrate this approach on two examples

from last section: the linear chemotaxis model (section 4.3.1.1) and the nonlinear economic

agents model (section 4.3.1.2).
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4.3.1.1 Bacterial chemotaxis model

The coarse Fokker-Planck equation for the spatial distribution 𝜇(𝑥, 𝑡) of the bacteria

from section 4.2.4.1 reads

𝜕𝑡𝜇 = −𝜕𝑥(𝜒(𝑆(𝑥))𝑆𝑥(𝑥)𝜇) + 𝐷𝜕𝑥𝑥𝜇, (4.3.1.3)

and describes how the concentration of bacteria changes over time. This equation is

sometimes known as the Keller-Segel model for chemotaxis [Ste00]. The correct no-flux

boundary conditions are 𝐽(±𝐿) = 0 with flux

𝐽(𝑥) = 𝜒(𝑆(𝑥))𝑆𝑥(𝑥)𝜇(𝑥, 𝑡) − 𝐷𝜇𝑥(𝑥, 𝑡).

It admits a unique steady-state distribution of the form

𝜇(𝑥) = 𝑍−1 exp

(
1
𝐷

∫ 𝑆(𝑥)

−1
𝜒(𝑆)𝑑𝑆

)
, (4.3.1.4)

where 𝑍 is the normalization constant.

In our example, 𝑆(𝑥) = tanh(𝑥) and 𝜒(𝑆) = 1 + 1
2𝑆

2. We compute the steady-state

distribution using the Newton–Krylov method based on a finite volumes discretization

of (4.3.1.3) with 𝑁 = 1000 equidistant grid points representing the volume centers. That is,

the solution will be a vector 𝑢 ∈ R𝑁 representing the values of the steady-state distribution

at the fixed volume centers. For timestepping, we use an explicit Euler time discretization

over a time window of size ℎ = 1 second.

Figure 4.5(a) shows the steady-state distribution obtained by the Newton–Krylov

method alongside the analytic formula (4.3.1.4). We observe an excellent correspondence

between these two distributions. Additionally, in Figure (b), we observe that the Newton–

Krylov method reaches a residual of 10−8, the minimal obtainable residual according to

the analysis in [BWWW08], after only 9 steps.

113



−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0
x

0.00

0.02

0.04

0.06

0.08

0.10

0.12

μ(
x)

Newton-Krylov Steady State
Analytic Steady State

0 2 4 6 8 10
k

10−7

10−5

10−3

10−1

101 Newton-Krylov Residual ||ψ(μμ)||

Figure 4.5: (Left) Steady-state distribution of the Keller-Segel model: Newton–Krylov
(blue) vs. analytic solution (dashed orange). (Right) Newton–Krylov residual per iteration.

Remark 4.3.1.5. Although the Fokker-Planck equation (4.3.1.3) and the Ψ-function are linear in 𝜇𝑡 ,

the Newton–Krylov method is not guaranteed to converge to the steady-state distribution in one step,

unlike the regular second-order Newton method. The reasons are twofold. First, the Newton–Krylov

method does not solve the exact Jacobian system 𝐷𝜓(𝑥𝑘)𝑠𝑘 + 𝜓(𝑥𝑘) = 0, rather an approximation

𝐷𝜓̃(𝑥𝑘)𝑠𝑘 +𝜓(𝑥𝑘) = 0. Secondly, we typically use a fixed tolerance 𝜂𝑘 = 𝜂 > 0 for all linear system

solves. So instead of converging to the real steady state distribution, the Newton–Krylov method

will stay within a tolerance 𝜂 of the exact steady state.

4.3.1.2 Economic Agents Model

As a second demonstration of using Newton–Krylov to compute steady-state

distributions of mean-field equations, let us reconsider the example of economic agents

trading stocks. For this example, we look at the deterministic density 𝜇(𝑥, 𝑡) of the economic

agents at location 𝑥 and time 𝑡. It can be shown that an approximate mean-field equation

exists, of the form

𝜕𝑡𝜇 =
1
2𝜎

2(𝑡)𝜕𝑥𝑥𝜇 + 𝜕𝑥 (𝑏(𝑥, 𝑡)𝜇) +
(
𝐽+ + 𝐽−

)
𝛿(𝑥). (4.3.1.6)
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In this model, 𝑏(𝑥, 𝑡) and 𝜎2(𝑡) are the time-dependent drift and diffusivity of the agents,

and 𝐽+ and 𝐽− are integral operators with 𝛿 the Dirac-delta distribution. Further details on

this model can be found in Appendix A of [FEC+24]. Importantly, this mean-field PDE is

nonlinear, non-local and admits multiple steady-state distributions.
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Figure 4.6: Steady-state distribution from Newton–Krylov versus time evolution of
stochastic agents.

For the following numerical experiment, we discretized (4.3.1.6) using a finite-

volume method with 𝑁 = 100 equidistant volume centers. Our PDE timestepper uses an

explicit Euler method with step size 10−4, and we integrate over a time window of size

ℎ = 11 second. Figure 4.6 shows the steady-state distribution calculated by Newton–Krylov

method in orange. It also shows the histogram distributions of the random agents obtained

by timestepping the stochastic model to steady state. There is an excellent visual agreement

between the two, as well as in the average agent position ⟨𝑋𝑖⟩ of 0.0892.
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Figure 4.7: Numerical results for the Newton–Krylov optimizer for bacterial chemotaxis.
Left: Norm of the objective function,



𝐹̃(𝑋𝑘)

 per iteration. Right: Initial particles (blue),
optimized particles (orange) and analytic steady-state distribution (dashed red). We notice
that the optimized distribution has barely moved, which demonstrates that Newton–Krylov
at the particle level is too noisy to efficiently find the steady state.

4.4 From Particles to Smooth Representations

To motivate this section, we begin by demonstrating that, even with an optimal

finite-difference step size, Newton–Krylov at the particle level cannot discern any gradient

information. To demonstrate this effect, let us consider the bacterial chemotaxis example

again from section 4.2.4.1. In Figure 4.7 we show the Newton–Krylov optimization result

after 100 steps with 𝑁 = 105 particles and 𝜀 = 0.1. The optimized particles barely moved

from their initial distribution. Figure 4.7 shows the norm of the objective function (4.3.0.1)

in all iterations, revealing that the error remains essentially unchanged in expectation.

The reason for this behavior is that although each application of the timestepper moves

the particles closer to the steady state, the subsequent Newton–Krylov update perturbs

them in essentially random directions. As a result, the timestepper is forced to repeatedly

recover the same progress, preventing any net convergence.

Newton–Krylov may not work on the level of noisy particles (as seen in Figure

4.7), but it can work if we add smoothness to the optimization criterion; enter the Inverse

Cumulative Density Function. In one dimension, optimal transport with respect to the
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Wasserstein-2 distance admits an especially convenient formulation. Composing the ICDF

with the CDF of the particles is exactly equivalent to computing the optimal transport map,

ensuring that the geometry of the problem is preserved. Furthermore, if the ICDF is known

in fixed (grid-) percentiles, we can interpolate it using splines, making the (interpolated)

ICDF a smooth and monotonic representation of the empirical measure. The ICDF is

continuously differentiable, so we can employ Newton-type methods to calculate steady

states. Finally, evaluating the ICDF at prescribed percentiles corresponds to drawing

samples from the distribution.

These combined elements make it possible to define a timestepper directly at the

level of the ICDF. Starting from the current ICDF, we first sample 𝑁 particles by evaluating

the ICDF in the (fixed) 𝑘/𝑁 percentiles. Next, we propagate these samples through

the stochastic particle timestepper, after which we construct the new ICDF by retaining

some of the (sorted) particles. In this representation, derivatives are well defined, and

Newton–Krylov iterations can be applied meaningfully, recovering the fast convergence

that is lost in the purely particle-based formulation.

4.4.1 The ICDF-to-ICDF Timestepper

Given a one-dimensional probability density 𝜇(𝑥) on a fixed interval [𝑎, 𝑏], the

cumulative density function is defined as

𝐹(𝑥) =
∫ 𝑥

𝑎

𝜇(𝑦)𝑑𝑦, 𝑥 ∈ [𝑎, 𝑏] (4.4.1.1)

Because 𝐹 is monotonic, it is injective and inverse cumulative density 𝐹−1(𝑝) exists. This

ICDF is defined for 𝑝 ∈ [0, 1] and 𝑥 = 𝐹−1(𝑝) corresponds to the 𝑝-th percentile of 𝜇.

For a discrete set of (sorted) particles {𝑋𝑛}𝑁𝑛=1, the cumulative density function is
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piecewise continuous with jumps at the locations

𝐹(𝑋𝑛) =
𝑛

𝑁
. (4.4.1.2)

The inverse cumulative density function is also piecewise continuous defined in the discrete

percentiles 𝐹−1 (𝑛/𝑁) = 𝑋𝑛 . To reduce the impact of precise particle locations 𝑋𝑛 , we

propose to evaluate the ICDF in a fixed percentile grid 𝑝𝑘 , 𝑘 = 1, . . . , 𝐾 - typically uniform

between 0 and 1 - with 𝐾 ≪ 𝑁 . This allows us to construct a coarse ICDF-to-ICDF

timestepper

Φℎ

(
𝐹−1
𝑡

)
= 𝐹−1

𝑡+ℎ (4.4.1.3)

in four stages:

1. Interpolate 𝐹−1(𝑡) on the fixed grid 𝑝𝑘 , 𝑘 = 1, . . . , 𝐾 using a differentiable spline;

2. Sample {𝑋𝑛(𝑡)} by evaluating 𝐹−1(𝑡) in uniform percentiles 𝑛/𝑁 ;

3. Propagate the particles to {𝑋𝑛(𝑡 + ℎ)} using the particle timestepper 𝜙ℎ ;

4. Construct the new ICDF by sorting {𝑋𝑛(𝑡 + ℎ)} and retaining every 𝐾-th particle.

A schematic of the ICDF-to-ICDF timestepper is shown in Figure 4.8.

By construction, both the ICDF representation and its spline approximation ensure

that the timestepper maps one smooth ICDF into another. In this setting, finite-difference

approximations of the directional derivative 𝐷Φℎ · 𝑣 no longer suffer from variance-

amplifying 1/𝜀 terms, since the noise inherent at the particle level has been averaged out

by the smooth representation. As a result, Newton–Krylov iterations regain their expected

fast convergence toward the steady-state distribution, now expressed consistently through

the ICDF. The associated ICDF-based objective function is given by

Ψ(𝐹−1) = 𝐹−1 −Φℎ(𝐹−1). (4.4.1.4)
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Figure 4.8: Schematic of the effective ICDF–to-ICDF timestepper.

which is zero at steady state. Since the ICDF provides a smooth aggregate representation

of the ensemble, the noise is drastically reduced and Newton–Krylov succeeds in efficiently

finding the steady state, as we demonstrate below.

4.4.2 Three Numerical Illustrations

We now demonstrate the performance of the Newton–Krylov method on the ICDF-

to-ICDF timestepper through three examples. These examples illustrate the accuracy,

robustness, and noise tolerance of Newton–Krylov on smooth particle representations

across increasingly complex systems.
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4.4.2.1 The Bimodal Distribution

As a first demonstration of the Newton–Krylov method applied to the ICDF-to-ICDF

timestepper, we consider a bimodal distribution defined by

𝜇(𝑑𝑥) = 1
𝑍

exp
(
−1

2

(
𝑥2 − 1

)2
)
. (4.4.2.1)

The particle timestepper is based on an Euler-Maruyama discretization of the overdamped

Langevin dynamics

𝑑𝑋𝑡 = ∇ log𝜇(𝑋𝑡)𝑑𝑡 +
√

2𝑑𝑊𝑡 (4.4.2.2)

with step size 10−3. The time-integration horizon is ℎ = 0.1.

The unknowns in the ICDF-to-ICDF formulation are the values of the ICDF on

a fixed percentile grid 𝑝𝑘 = (𝑘 − 0.5)/100 for 1 ≤ 𝑘 ≤ 100. During each evaluation

of the timestepper, we interpolate the ICDF using piecewise linear functions, sample

𝑁 = 105 particles at equidistant percentiles, propagate them forward using the microscopic

timestepper 𝜙ℎ over a time window of length ℎ = 0.1, and reconstruct the new ICDF by

retaining every 1000th particle (i.e., 𝑁/100) in sorted order (i.e. after applying the optimal

transport map). These retained particle locations define the updated ICDF on the fixed

percentile grid at time ℎ. Jacobian–vector products are approximated by finite differences

with a step size of 𝜀 = 10−2.

The convergence behavior of Newton–Krylov on the ICDF timestepper is shown

in Figure 4.9. The left panel compares the ICDF of the initial guess—corresponding

to a standard Gaussian—with the steady-state ICDF obtained after convergence. The

right panel displays the histogram of 𝑁 = 105 particles sampled from this steady-state

ICDF, showing excellent agreement with the analytical bimodal invariant distribution.

For completeness, we also report the residual norm



Ψ (

(𝐹−1)(𝑘)
)


 per Newton–Krylov

iteration 𝑘, which decreases rapidly to a noise floor around 10−2.

The Newton–Krylov method converges to the noise floor in 11 iterations, for a total
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Figure 4.9: (Left) Initial ICDF (green), true steady-state (orange) and steady-state ICDF
computed by Newton–Krylov (dashed blue). (Right) Particles sampled from the Newton–
Krylov ICDF (blue) and corresponding steady-state bimodal density.

of 63 evaluations of the ICDF timestepper (GMRES needs a few function evaluations per

global Newton iteration). This technically corresponds to 6.3 in-simulation seconds of

propagating particles to reach the steady state distribution - much less than the hundreds of

seconds that would be required to reach steady state using the Euler-OT timestepper. The total

in-simulation time is the most important metric for comparing optimizers.

4.4.2.2 Bacterial Chemotaxis

As a second example, we revisit the bacterial chemotaxis model introduced in

section 4.2.4.1. The ICDF is again discretized on a fixed percentile grid 𝑝𝑘 = (𝑘 − 0.5)/100,

for 1 ≤ 𝑘 ≤ 100. At each timestepper evaluation, we interpolate the ICDF using piecewise

linear functions, sample 𝑁 = 105 particles at equidistant percentiles, and propagate

them over a time horizon of ℎ = 1 second using the microscopic particle timestepper

described in section 4.2.4.1. The propagated ensemble is then projected back onto the ICDF

representation by sorting the particle locations. The initial distribution is again taken to be

a Gaussian with mean 5 and standard deviation 2, and Jacobian–vector products are again

evaluated using finite differences with step size 𝜀 = 10−1.

Figure 4.10 illustrates the convergence of the Newton–Krylov method on this
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Figure 4.10: (Left) Initial ICDF(green), true steady-state (orange) and steady-state ICDF
computed by Newton–Krylov (dashed blue). (Right) Particles sampled from the Newton–
Krylov ICDF (blue) and corresponding steady-state density (4.3.1.4) in orange.

ICDF-to-ICDF timestepper. The left panel shows the initial ICDF (corresponding to the

Gaussian guess), the true steady-state ICDF obtained from long-time simulation, and

the ICDF recovered by Newton–Krylov. The latter two curves show close agreement,

confirming that the method correctly identifies the stationary distribution. The right

panel displays the histogram of 𝑁 = 105 particles sampled from the steady-state ICDF

computed by Newton–Krylov, which closely matches the invariant chemotactic density.

The Newton–Krylov method is able to reach this steady-state profile after 11 Newton

iterations and 114 objective evaluations, corresponding to 114 seconds of in-simulation

time (ℎ = 1 second). Regular simulation using the Euler-OT timestepper requires about

300 seconds to reach steady state from the same initial distribution.

4.4.2.3 Economic Agents

As a final example, we apply the ICDF-to-ICDF timestepper framework to the

economic agents model introduced in section 4.2.4.2. The microscopic timestepper 𝜙ℎ for

this system is the McKean–Vlasov Euler scheme described in [FEC+24]. This model is

nonlinear and non-local, and its corresponding mean-field equation (4.3.1.6) is known to

admit multiple steady-state distributions.
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The construction of the ICDF-to-ICDF timestepper is identical to the prior two

examples. That is, we discretize the ICDF on a fixed percentile grid 𝑝𝑘 = (𝑘 − 0.5)/100,

for 1 ≤ 𝑘 ≤ 100 and 𝑁 = 105 particles are sampled uniformly in percentile space. The

microscopic timestepper 𝜙ℎ is then applied to evolve these particles over a time horizon of

ℎ = 1 second. After propagation, the updated ICDF is reconstructed by sorting the particle

ensemble retaining every 1000th particle. The initial ICDF corresponds to a Gaussian

distribution centered around 𝑥 = 0 with standard deviation 0.1. Jacobian–vector products

of the timestepper are again computed using finite differences with step size 𝜀 = 10−1.

Figure 4.11: (Left) Initial ICDF (green), true steady-state (orange) and steady-state ICDF
computed by Newton–Krylov (dashed blue). (Right) Particles sampled from the Newton–
Krylov ICDF (blue) and steady-state density corresponding to the mean-field PDE.

Figure 4.11 illustrates the results obtained with Newton–Krylov on this ICDF

timestepper. The left panel shows the initial ICDF, the invariant ICDF obtained from

long-time microscopic simulation, and the steady-state ICDF recovered by Newton–Krylov.

The close agreement between the two confirms that the algorithm correctly identifies the

stable steady-state distributions of the system. The right panel displays the histogram

of 𝑁 = 105 particles sampled from the Newton–Krylov steady-state CDF, which closely

matches the invariant distribution of the mean-field PDE (4.3.1.6). For completeness we

also show the Newton–Krylov error as a function of the iteration number in Figure 4.12.

We see that the error first decreases quadratically as is typical for Newton-like schemes,
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Figure 4.12: Newton–Krylov ICDF residual Ψ
(
(𝐹−1)(𝑘)

)
per iteration for the economics

agents model (blue); Second-order convergence rate (green).

before settling down in the noise regime.

4.5 Extending Smooth Representations to Multiple Dimen-

sions

In one dimension, the ICDF approach allows us to handle the issue presented

by noisy particles and still develop an appropriate Newton–Krylov method. Extending

this idea beyond one dimension requires additional care. There is not an analog of the

ICDF that appropriately captures the optimal transport maps. In particular, an inverse

cumulative distribution function cannot be defined in a straightforward manner for 𝑑 ≥ 2.

The reason is that the CDF is not injective: for a given probability level 𝑝 ∈ [0, 1], the level

set {
(𝑥, 𝑦) ∈ R2 | 𝐹𝑋,𝑌(𝑥, 𝑦) = 𝑝

}
(4.5.0.1)

typically forms a one-dimensional manifold (a curve) rather than a single point. Hence, the

mapping (𝐹𝑋,𝑌)−1 (𝑝) is not a well-defined function from [0, 1] → R2. Consequently, the
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notion of “evaluating the ICDF” becomes ambiguous in higher dimensions. It follows that

the one-dimensional ICDF-based timestepper illustrated in Figure 4.8 cannot be extended

to multivariate distributions in a direct manner. Even if a generalized notion of inverse

CDF were introduced (e.g., by parameterizing level sets), its numerical evaluation would

be computationally inefficient, since sampling points uniformly on such two-dimensional

level sets is considerably more expensive than evaluating the scalar inverse 𝐹−1(𝑝) in one

dimension.

One must instead construct alternative smooth representations that retain the

essential link to Optimal Transport theory. An option is to work with the two-dimensional

cumulative distribution function (CDF), which generalizes the one-dimensional case and

retains links to optimal transport. An alternative is the sliced Wasserstein distance. By

projecting the distribution onto many one-dimensional directions, each projection yields

an ICDF that is well defined, and these are aggregated to approximate the full Wasserstein

geometry. Therefore, both the CDF and the sliced Wasserstein framework act as higher-

dimensional analogues of the one-dimensional ICDF, providing the smoothness needed

to construct well-behaved timesteppers and to restore the accelerated convergence of

Newton–Krylov methods in the multidimensional setting.

It is worth emphasizing, though, that the reason we need an alternative approach

is purely for computational feasibility. If we had an oracle that could instantaneously

compute the optimal transport map between any two distributions of arbitrary size, our

original approach would still work in multiple dimensions. Indeed, if we were able to

compute the associated vector field in the case of continuous distributions, then there

would not be any noise, and we could run the Newton–Krylov method exactly as expected.

However, due to the noisy nature of the timestepper, our Newton–Krylov approach needs

more particles in the simulation than would be reasonable to pass to an explicit OT solver.

This computational issue only appears in the setting of multiple ambient dimensions

precisely because optimal transport maps are extremely cheap to compute in one dimension.
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For multiple dimensions, computing an optimal transport map requires solving a linear

program which is no longer practical for the number of particles we would need in order

for the desired effects to become observable. As we have discussed, the signal-to-noise

ratio in the computation of the Jacobians is extremely poor for small numbers of particles,

and in order to make the ratio high enough for our Newton–Krylov method to work, we

need to make the number of particles so high that solving the linear program becomes

computationally infeasible. Additionally, the statistical rate of convergence of discrete

optimal transport maps depends poorly on the dimension (typically 𝑛−1/𝑑, where 𝑛 is

the number of points and 𝑑 is the ambient dimension), meaning the number of particles

needed also scales with the dimension. This creates a bad tradeoff with computational

complexity that cannot be resolved without unreasonable computational power. Thus,

the reason we need additional alternative approaches in multiple dimensions is the

practical computational ability, not some fundamental flaw with the approach of running

Newton–Krylov on the OT velocity fields.

We discuss two such alternatives in detail here: the multidimensional cumulative

distribution function and the sliced-Wasserstein distance. We discuss the former idea in

section 4.5.1 and the latter in section 4.5.2.

4.5.1 The CDF-to-CDF Timestepper

A natural choice is to work directly with the two-dimensional cumulative distribution

function 𝐹𝑋,𝑌(𝑥, 𝑦), which provides a continuous and differentiable description of the

underlying particle ensemble. The notion of a cumulative distribution function (CDF)

extends naturally to multiple dimensions. For clarity of exposition, we focus on the bivariate

case, although all subsequent algorithms and results generalize to arbitrary number of

dimensions. Let (𝑋,𝑌) be a random vector with joint distribution. Its cumulative
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distribution function is defined by

𝐹𝑋,𝑌(𝑥, 𝑦) = 𝑃(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦) =
∫ 𝑥

−∞

∫ 𝑦

−∞
𝜇(𝑢, 𝑣)𝑑𝑢𝑑𝑣. (4.5.1.1)

Sampling from a two-dimensional cumulative distribution function can be per-

formed through its marginal and conditional components. Following the approach

described by [ZKG05, ZKG06], the joint CDF 𝐹𝑋,𝑌(𝑥, 𝑦) can be decomposed into the

marginal CDF 𝐹𝑋(𝑥) of one variable and the conditional CDF 𝐹𝑌 |𝑥(𝑦 |𝑥) of the other. This

decomposition allows sampling to proceed through a sequence of one-dimensional opera-

tions: one first draws a sample 𝑥 from the marginal cumulative distribution 𝐹𝑋(𝑥), and

subsequently samples 𝑦 from the conditional cumulative distribution 𝐹𝑌 |𝑋(𝑦). In this way,

multidimensional sampling reduces to iterated evaluations of smooth one-dimensional

ICDFs, which are mathematically well-defined.

The two-dimensional sampling algorithm works as follows. First we construct the

marginal CDF of the 𝑥-coordinates, given by

𝐹𝑋(𝑥) = 𝑃(𝑋 ≤ 𝑥) =
∫ 𝑥

−∞

∫ ∞

−∞
𝜇(𝑢, 𝑣)𝑑𝑢𝑑𝑣 = 𝐹𝑋,𝑌(𝑥,∞). (4.5.1.2)

This one-dimensional CDF can be easily inverted to generate samples 𝑥1, 𝑥2, . . . , 𝑥𝑛 at

equidistant percentiles 𝑝𝑖 = (𝑖 − 0.5)/𝑛. Next, for each 𝑥-sample 𝑥𝑖 we construct the one-

dimensional CDF of the conditional distribution 𝜇(𝑦 |𝑥𝑖). It can be shown [Pap65, Bil95]

that this conditional cumulative distribution function is given by the formula

𝐹𝑌 |𝑋𝑖 (𝑦) =
𝜕𝑥𝐹𝑋,𝑌(𝑋𝑖 , 𝑌)

𝜇𝑋(𝑋𝑖)
. (4.5.1.3)

Given any smooth representation of 𝐹𝑋,𝑌(𝑥, 𝑦) this partial derivative is readily available, and

sampling the 𝑦-coordinates𝑋𝑖 can also be achieved by inverting 𝐹𝑌 |𝑋𝑖 (𝑦) and evaluating it in

equidistant percentiles 𝑞 𝑗 = (𝑗−0.5)/𝑚. The end product of this staged sampling algorithm
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are 𝑁 particles (𝑋𝑛 , 𝑌𝑛)𝑁𝑛=1. After propagating the particles through the timestepper

(𝑋̃𝑛 , 𝑌̃𝑛) = 𝜙ℎ(𝑋𝑛 , 𝑌𝑛), (4.5.1.4)

we reconstruct the updated two-dimensional CDF by computing, at each grid node (𝑥𝑖 , 𝑦𝑗),

the fraction of particles (𝑋̃𝑛 , 𝑌̃𝑛)𝑁𝑛=1 located in the lower-left quadrant relative to that point:

𝐹𝑋,𝑌(𝑥𝑖 , 𝑦𝑗) = #
{
𝑛 | 𝑋̃𝑛 ≤ 𝑥𝑖 and 𝑌̃𝑛 ≤ 𝑦 𝑗

}
/𝑁 (4.5.1.5)

Starting from the CDF 𝐹𝑡
𝑋,𝑌

at time 𝑡, the three steps

1. Sampling (𝑋𝑛 , 𝑌𝑛) from marginal and conditional CDFs;

2. Forward particle propagation using the particle timestepper (𝑋̃𝑛 , 𝑌̃𝑛) = 𝜙ℎ(𝑋𝑛 , 𝑌𝑛);

3. Restriction to the 2D CDF by counting particles in the lower right quadrant of each

grid point;

define a consistent CDF-to-CDF timestepper

Φℎ

(
𝐹𝑡𝑋,𝑌

)
= 𝐹𝑡+ℎ𝑋,𝑌 . (4.5.1.6)

See Figure 4.13 for a schematic of this timestepper. The associated residual map reads

Ψ

(
𝐹𝑡𝑋,𝑌

)
= 𝐹𝑡𝑋,𝑌 −Φℎ(𝐹𝑡𝑋,𝑌), (4.5.1.7)

which is identical to 0 at every grid point (𝑥𝑖 , 𝑦𝑗) in steady state.

We note that constructing the two-dimensional CDF of a particle ensemble and

re-sampling it through the marginal and conditional one-dimensional CDFs, as we outlined

above, yields a monotone triangular map that is close to the OT solution under many

practical conditions. In fact, it corresponds to the Knothe–Rosenblatt rearrangement [Ros52,
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Kno57, San15, PC19], a sequential, measure-preserving transformation that orders variables

one at a time through their conditional distributions. While the Knothe-Rosenblatt map

does not minimize the standard quadratic OT cost (and hence is not itself an optimal

transport map in the usual sense), it can be expressed as a limit of optimal transport maps

for different cost functions [CGS10]. In particular, it shares key structural properties and

can be viewed as a computationally efficient approximation to the optimal transport map

in high-dimensional sampling contexts. We do not require the exact optimal transport

map in our Newton-Krylov calculations; any fast and reasonably accurate alternative that

preserves the steady state is sufficient. The Knothe-Rosenblatt rearrangement offers a good

alternative that is computationally efficient and preserves the steady state.

CDF Ft(x, y) CDF Ft+T (x, y)

Effective CDF Timestepper

Sampling by
Marginal Ft(x) and Conditional

Ft(y|x) CDFs

Particle Timestepper

CDF by Counting
Particles below x and y

Figure 4.13: Schematic of the effective two-dimensional CDF-to-CDF timestepper.

Numerical Example Consider the two-dimensional half-moon distribution (4.2.4.2) as

a representative example of our approach. We evaluate the empirical two-dimensional
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cumulative distribution function (CDF) on a uniform grid (𝑥𝑖 , 𝑦𝑗)𝑖 , 𝑗 of 𝑛𝑋 = 𝑛𝑌 = 100 points,

equally spaced between −4 and 4. The CDF-to-CDF timestepper is constructed using

𝑁 = 104 particles, and sampling is performed by inverting the marginal and conditional

one-dimensional cumulative distribution functions. To increase regularity, we interpolate

the two-dimensional CDF with a piecewise-linear spline and solve for the corresponding

percentiles. Specifically, for every percentile pair (𝑝𝑖 , 𝑞 𝑗), we determine the coordinates

(𝑋𝑖 , 𝑌𝑗 |𝑋𝑖) such that

𝐹𝑋(𝑋𝑖) = 𝑝𝑖 , 𝐹𝑌 |𝑋𝑖 (𝑌𝑗) = 𝑞 𝑗 . (4.5.1.8)

This inversion can be implemented efficiently by vectorizing the evaluation of the marginal

and conditional CDFs. Because the two-dimensional CDF is represented as a smooth

spline, its partial derivatives—such as those appearing in (4.5.1.3)—are spline functions as

well and need to be computed only once, independent of 𝑝𝑖 , 𝑞 𝑗 , 𝑋𝑖 or 𝑌𝑗 |𝑋𝑖 .

We next apply the Newton–Krylov scheme to find the steady-state distribution of the

CDF-to-CDF timestepper. The timestepper is based on an Euler-Maruyama discretization

of the dynamics (4.2.4.4) with time step 10−3. We integrate this dynamics up to time ℎ = 1

second. The initial condition for the Newton–Krylov method is the standard bivariate

Gaussian distribution (see the left of Figure 4.14). The optimized distribution obtained by

Newton–Krylov is displayed on the right of Figure 4.14. One can see that Newton–Krylov

can recover the true steady-state distribution even though the initial distribution is quite

far from equilibrium. Figure 4.15 shows how the ‘loss‘ ∥Ψ (𝐹𝑋,𝑌)∥ decreases steadily per

nonlinear iteration and settles down to the noise level, a clear signal of convergence.

4.5.2 The Sliced Wasserstein Timestepper

For completeness, we also consider an alternative smooth representation of multidi-

mensional particle systems based on the sliced Wasserstein distance (SWD). The key idea

is to project probability distributions in R𝑑 onto one-dimensional subspaces defined by
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Figure 4.14: Histogram heatmaps of particle density: (left) initial Gaussian condition; (right)
distribution after Newton–Krylov optimization using the 2D CDF smooth representation.

unit vectors 𝜃 ∈ S𝑑−1 at percentiles of the angular CDF, and to compute the Wasserstein

distance between the resulting one-dimensional projected measures. Formally, for two

distributions 𝜇 and 𝜈,

𝑆𝑊2
𝑑
(𝜇, 𝜈) =

∫
S𝑑−1

𝑊2
𝑑−1 (𝑃𝜃#𝜇, 𝑃𝜃#𝜈) d𝜃, (4.5.2.1)

where 𝑃𝜃(𝑥) = ⟨𝑥, 𝜃⟩ is the projection onto the line spanned by 𝜃 and 𝑃𝜃#𝜇 denotes the

pushforward of 𝜇 by 𝑃𝜃. In two dimensions, we approximate the integral with a finite set

of angles {𝜃𝑖}𝑁𝜃

𝑖=1:

𝑆𝑊2
2 (𝜇, 𝜈) ≈ 1

𝑁𝜃

𝑁𝜃∑
𝑖=1

𝑊2
2
(
𝑃𝜃𝑖#𝜇, 𝑃𝜃𝑖#𝜈

)
=

1
𝑁𝜃

𝑁𝜃∑
𝑖=1

∫ ��𝐹−1
𝑃𝜃𝑖𝜇

(𝑟) − 𝐹−1
𝑃𝜃𝑖 𝜈

(𝑟)
��2 d𝑟, (4.5.2.2)

where 𝐹𝑃𝜃𝑖𝜇 is the one-dimensional CDF of the projected measure 𝑃𝜃𝑖#𝜇. We note that the

sliced Wasserstein distance lower bounds the ordinary Wasserstein distance, and it also

gives an upper bound up to a constant that depends on the ambient dimension [BRPP15].

Thus, the sliced Wasserstein distance is indeed a reasonable approximation, preservers the

steady state, and we can still use it effectively build a similar timestepper.
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Figure 4.15: Newton–Krylov loss



Ψ (

𝐹
(𝑘)
𝑋,𝑌

)


 per iteration 𝑘. The loss decreases up until a
noise level induced by the finite number of particles.

The sliced Wasserstein idea provides an alternative to build smooth timesteppers

from an underlying particle timestepper. We retain a rectangular grid representation of the

two-dimensional CDF, but sampling proceeds through directional projections. To achieve

a consistent sampling, we need to first sample directions 𝜃𝑖 from the marginal angular CDF

𝐹Θ and, for each 𝜃𝑖 , generate radii 𝑟 𝑗 |𝜃𝑖 from the conditional CDF 𝐹𝑅 |𝜃𝑖 (𝑟). However, unlike

the Cartesian marginal and conditional CDFs, there are no explicit expressions analogous

to equations (4.5.1.2) and (4.5.1.3) for the marginal angular and conditional radial CDFs.

We need to first explicitly construct the two-dimensional density

𝜇(𝑥, 𝑦) = ∇𝐹𝑋,𝑌(𝑥, 𝑦) (4.5.2.3)

which can be obtained efficiently from a spline representation of 𝐹𝑋,𝑌 . Then the marginal

angular CDF is given by

𝐹Θ(𝜃) =
∫ 𝜃

0

∫ ∞

0
𝜇

(
𝑟 cos 𝜙, 𝑟 sin 𝜙

)
𝑟 𝑑𝑟 𝑑𝜙. (4.5.2.4)
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and the conditional radial CDF for any angle 𝜃 reads

𝐹𝑅 |𝜃(𝑟) =
∫ 𝑟

0
𝜇(𝑠 cos𝜃, 𝑠 sin𝜃) 𝑠 𝑑𝑠. (4.5.2.5)

Sampling the 2D CDF consistently in a sliced Wasserstein-inspired way can then be achieved

through

1. Generating a set of angles {𝜃𝑖}𝑁Θ

𝑖=1 ⊂ [0, 2𝜋) by inverting the marginal angular

CDF (4.5.2.4) in fixed percentiles 𝑝𝑖 = (𝑖 − 0.5)/𝑁Θ;

2. For each 𝜃𝑖 , constructing the radial conditional CDF 𝐹𝑅 |𝜃𝑖 (𝑟) using the projec-

tion (4.5.2.5);

3. Inverting each radial conditional CDF in fixed percentiles {𝑟 𝑗}𝑁𝑟

𝑗=1 ⊂ (0, 1) through a

bisection-like scheme

𝜌𝑖 𝑗 = 𝐹−1
𝑅 |𝜃𝑖 (𝑟 𝑗).

;

4. Mapping these 1D samples back to R2 via the inverse projection

𝑋𝑛 = 𝜌𝑖 𝑗 cos𝜃𝑖 , 𝑌𝑛 = 𝜌𝑖 𝑗 sin𝜃𝑖 ,

and collecting all (𝑋𝑛 , 𝑌𝑛) across 𝑖 , 𝑗.

After sampling we proceed as with the CDF-to-CDF timestepper by propagating the

samples through the particle timestepper to obtain new particles (𝑋̃𝑛 , 𝑌̃𝑛) and restricting

back to the CDF by counting the number of (𝑋̃𝑛 , 𝑌̃𝑛) to the lower left of each CDF

grid point (𝑥𝑖 , 𝑦𝑗). Together, this sliced representation captures much of the transport

geometry while remaining computationally light, providing a scalable surrogate for the full

multidimensional Wasserstein map within our Newton–Krylov framework. The complete

sliced Wasserstein-to-sliced Wasserstein timestepper is shown schematically in Figure 4.16.
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CDF Ft(x, y) CDF Ft+T (x, y)

Effective CDF Timestepper

Sampling Directional
CDFs Ft(x|θ)

Particle Timestepper

CDF by Counting
Particles below x and y

Figure 4.16: Schematic of the effective sliced Wasserstein to sliced Wasserstein timestepper.

Finally we also show how the Newton–Krylov method on the sliced-Wasserstein

representation of particles converges to the steady-state distribution of the half-moon

potential. The initial condition and timestepper parameters are the same as in section 4.5.1,

and sampling is done by first generating 𝑁Θ = 100 angular samples and then 𝑁𝑅 = 100

radial samples for each angle. The Newton–Krylov loss per iteration is shown in the left

subfigure of Figure 4.17 and the resulting steady-state distribution is shown on the right.

As shown, there is no significant difference in either the convergence rate or the

resulting steady state between the sliced Wasserstein and the direct CDF representations.

This outcome is expected, since both formulations are mathematically equivalent. The key

insight is that employing smooth representations enables the use of higher-order optimiza-

tion schemes, while the specific choice of representation is comparatively unimportant.

The decisive factor is the computational efficiency of sampling.
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Figure 4.17: (left) Loss



Ψ(𝐹(𝑘)

𝑋,𝑌




 per iteration; (right) Histogram heatmap of resulting
steady-state particle density of the Newton–Krylov method applied to the Sliced Wasserstein
representation.

4.6 Discussion and Outlook

We have presented a unified, matrix-free framework for computing steady-state

distributions of (stochastic) particle timesteppers. The key idea is to reformulate a steady

state in the language of optimal transport. On the deterministic side, we revisited the

residual formulation 𝜓(𝑢) = 𝑢 − 𝜙ℎ(𝑢) and showed how the Newton–Krylov method

efficiently recovers steady states of the Fokker-Planck equation. On the stochastic side, we

introduced a first-order Adam-Wasserstein method for calculating steady states directly

on the particle level. We also demonstrated that a naive particle-level extension fails to

higher-order optimizers such as Newton–Krylov.

To address this limitation, we introduced smooth distributional timesteppers—first

in one dimension through the ICDF-to-ICDF map, and then in multiple dimensions through

CDF-to-CDF and sliced Wasserstein formulations. These representations aggregate micro-

scopic variability into smooth macroscopic objects on which Newton–Krylov regains its

fast, second-order convergence. Numerical results confirm that these smooth timesteppers

yield comparable steady states with markedly reduced stochastic fluctuations, enabling
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accurate steady-state computations even in noisy particle systems. The central message is

that smoothness in representation, rather than in the underlying dynamics, is the key to

robust, matrix-free solvers for stochastic steady states.

One of the main questions we want to address during further research will be to

reduce the stochastic error in the finite-differences approximation of the Jacobian. Variance

reduction at the particle level through correlated samples could further stabilize Jacobian-

vector products and allow smaller finite-difference steps. In the case of central finite

differences, antithetic variates might be a natural variance reduction technique since paired

perturbations with opposite randomness can cancel leading-order stochastic fluctuations

while preserving the deterministic directional derivative signal.

Beyond computing single steady states, an important next step is to apply Newton–

Krylov to compute steady-state branches of parameter-dependent particle systems. Such

numerical continuation algorithms require consistent residual evaluations between suc-

cessive Newton-Krylov steps. Therefore, improving variance reduction at the particle

level—through correlated sampling, common-random-number strategies, or smoother

estimators will be crucial to enable robust and efficient continuation of stochastic steady

states, including the reliable detection of folds and bifurcations in distribution space.

Finally, scaling these approaches to large particle ensembles and to systems with

potentially thousands of dimensions remains a major challenge. A key open question is

how to identify the most effective sampling strategy for multidimensional CDFs (or their

smooth equivalents) constructed via percentile evaluations. What constitutes “best” in this

context is not yet defined, but it will likely involve a balance between proximity to the true

optimal transport map (much like the Knothe-Rosenblatt rearrangement approximates it)

and the computational efficiency of the resulting sampling algorithm. Establishing this

balance will be essential for extending smooth timestepper frameworks to high-dimensional

stochastic systems like molecular dynamics [CDGK04] or real economic systems.
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Chapter 5

Image Interpolation Using Wasserstein

Geodesics

It can be shown that Stable Diffusion has a permutation-invariance property with

respect to the rows of Contrastive Language-Image Pretraining (CLIP) embedding matrices.

This inspired the novel observation that these embeddings can naturally be interpreted

as point clouds in a Wasserstein space rather than as matrices in a Euclidean space. This

perspective opens up new possibilities for understanding the geometry of embedding

space. For example, when interpolating between embeddings of two distinct prompts,

we propose reframing the interpolation problem as an optimal transport problem. By

solving this optimal transport problem, we compute a shortest path (or geodesic) between

embeddings that captures a more natural and geometrically smooth transition through the

embedding space. This results in smoother and more coherent intermediate (interpolated)

images when rendered by the Stable Diffusion generative model. We conduct experiments

to investigate this effect, comparing the quality of interpolated images produced using

optimal transport to those generated by other standard interpolation methods. The novel

optimal transport–based approach presented indeed gives smoother image interpolations,

suggesting that viewing the embeddings as point clouds (rather than as matrices) better
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reflects and leverages the geometry of the embedding space.

5.1 Introduction

The study of the manipulation and interpolation of the inputs to and outputs of

generative diffusion-based text-to-image models like Stable Diffusion and latent diffusion

models [RBL+22, EKB+24] has attracted increased attention in recent years. These models

produce novel images by denoising a random noise latent conditioned on a prompt

input [HJA20]. The prompt embeddings obtained from the raw prompt text, such as

those obtained by CLIP [RKH+21], are the input observed by the model and used for

training and sampling. Understanding these prompt embedding spaces is desirable

for a variety of creative and functional applications, including prompt optimization

[GAA+23, WLHG24, ZYHT07], improved sampling diversity [DPP24], image and prompt

inversion [ZWW+24, LZW+25], concept ablation and unlearning [LvdWH+24, KZW+23],

and image interpolation [WG23].

Specifically, interest in image interpolation in the context of diffusion models has

grown. Applications include anticipated domains such as video transitions [ZCL+25], but

also extend to a variety of unexpected use-cases, such as improving echocardiography

image quality [SNB+24] or classifying plant health [Lee25]. Methods to obtain smooth

image interpolations in the context of generative diffusion models include latent-space

interpolation [YSY+25, SM25] a mixture of latent and prompt embedding interpolation

[WG23, YYX+24, ZZX+24], and even attention interpolation [HWLY24]. Most of these

approaches (excepting [HWLY24]) focus on starting with real images, inverting to the

embedding space, interpolating between embeddings, and then generating images for the

interpolated embeddings.

In parallel, there has been a growing interest in the geometry of learned latent

spaces for frontier models like the work of [BHB25, Lee23, AHH18, SST+24], and even for
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movement and interpolation between images in [PKC+23]. Geometric perspectives are being

leveraged extensively in the the interpretability literature [VB20, BB20]. Additionally, there

is research in the broader community looking at how geometric properties are connected

to topics like hallucination [YBS+25, PWM+25] and deep-fake [XHFS25, BSC+23, SS24]

detection. Much of this work focuses on clustering, structure, and dominant modes or

directions within the learned embedding space where the representations of the data are

vectors or matrices.

Rather than focus on the geometry of latent space as in, e.g., [PKC+23], we look to

connect geometric perspectives on the textual embedding space with the image interpolation

task in Stable Diffusion. This novel work leverages a permutation invariance property

of the embedding-to-image generator used in Stable Diffusion to produce a new way of

exploiting the geometry of embeddings in image interpolation. Rather than understanding

relationships between prompts based on Euclidean or matrix-based relationships, we

consider learned embeddings as unordered point-clouds. This point-cloud provides

a different way to interpolate between embeddings using optimal transport. While

optimal transport techniques have been incorporated into diffusion frameworks for concept

optimization [LWLL25], as well as interpolation methods [ZYHT07, YYX+24], to the best

of our knowledge, no studies explore the effect of using optimal transport to pair prompt

embedding tokens for interpolation within a diffusion framework.

In our work, we compare the performance gained by using optimal transport

for interpolation between prompt embeddings from a point-cloud view. Although

there is evidence that interpolating only between prompt embeddings results in sub-par

interpolations [HWLY24], by fixing the latent seed and focusing only on prompt embedding

interpolation, we are able to isolate properties and features of the prompt embedding

space which otherwise might be masked by interpolating the latents and the prompts

simultaneously. Beyond simply improving interpolation methods, this research provides a

potential mechanism to improve foundational understanding of the prompt embedding
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space and emergent behavior.

In Section 5.2 we present the diffusion and embedding models used, underlying

cross attention permutation invariance assumptions required for the application of optimal

transport, and the optimal transport methodology. Our novel approach and experimental

hypotheses are shared in Section 5.3. Section 5.4 establishes our experimental design and

presents our results of probing the effect of optimal transport for embedding interpolation.

A discussion of the results and potential future work are provided in Section 5.5.

5.2 Preliminaries and theoretical motivation

In this section we present a high-level overview of relevant concepts. We begin with

diffusion models, stable diffusion, and Contrastive Language-Image Pretraining (CLIP) in

Section 5.2.1 followed by discussions of CLIP permutation invariance and optimal transport

in Sections 5.2.2 and 5.2.3, respectively.

5.2.1 Diffusion models, stable diffusion, and CLIP

Diffusion models are a class of probabilistic generative models that have garnered

significant attention for their ability to produce high-quality images that closely adhere to

user-specified criteria, unlocking applications that range from automating artistic content

creation to aiding researchers in synthetic data generation, design and modeling complex

systems and processes [CSJ+23, MA22]. At their core, diffusion models operate through

two complementary processes: (i) a forward “diffusion” process where an original image

is corrupted through the iterative addition of Gaussian noise, and (ii) a reverse-diffusion

process that reconstructs the original image by estimating and removing the noise added

at each diffusion step. More formally, in the diffusion process, the data x0 are perturbed at
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each step 𝑡 through the Markov chain

𝑞(x𝑡 |x𝑡−1) = 𝒩(x𝑡 ;
√

1 − 𝛽𝑡x𝑡−1, 𝛽𝑡I),

where 𝛽𝑡 ∈ (0, 1) is a variance schedule determining the amount of noise added at step 𝑡, and

𝒩(·;𝜇, 𝜎2) is a Gaussian distribution with mean 𝜇 and variance 𝜎2. The reverse-diffusion

process to recover x0 through x𝑇 is modeled by a separate Markov chain

𝑝𝜃(x𝑡−1 |x𝑡) = 𝒩(x𝑡−1;𝜇𝜃(x𝑡 , 𝑡),Σ𝜃(𝑡)),

where 𝜇𝜃(x𝑡 , 𝑡) is the predicted mean (typically learned using a neural network (U-Net)),

and Σ𝜃(𝑡) is the variance (often fixed, but can be learned).

While several variations of diffusion models have been developed [CTG+23, HJA20,

DN21, RBL+22, SSDK+21, SME21], our interest lies in the widely studied latent diffusion

model Stable Diffusion 1.5 (SD) by Stability AI [RBL+22]. Like traditional diffusion models,

SD employs a forward and reverse diffusion process, but for SD, these processes operate in

a latent space rather than the original data space. A pre-trained variational autoencoder

(VAE) first maps input data x0 to a lower-dimensional latent representation z0 via an encoder

𝐸, which substantially improves computational efficiency of the diffusion/reverse-diffusion

processes since the latent space is much lower dimensional than that of the original data.

The reconstructed representation obtained through the latent reverse-diffusion process is

then decoded back into the data space through the VAE decoder 𝐷.

The U-Net architecture of the reverse-diffusion process in SD differs from traditional

diffusion in that it has been enhanced with attention mechanisms, and in particular cross-

attention between the latent space and a textual embedding space. SD uses the Contrastive

Language-Image Pretraining (CLIP) model developed by OpenAI [RKH+21], which maps

images and text strings to a shared embedding space in such a way that paired texts and

images are nearby and unrelated pairs are farther apart. Thus, the Stable Diffusion 1.5
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pipeline for producing an image corresponding to a particular prompt string is to compute

a CLIP embedding of the string (padded if necessary), which yields a collection of 77

tokens vectors in R768, canonically packaged as a matrix in R77×768. This is the textual

embedding space that is used in the cross-attention blocks in the U-Net architecture for

image generation.

In summary, the Stable Diffusion pipeline has two essential “functions” around

which we will center our focus: (i) the textual prompt embedding via CLIP and (ii) a

reverse-diffusion processes wherein embeddings are denoised and decoded into an image

influenced by the CLIP-encoded text. These two functions can be described as

• 𝑓 : {strings} → R77×768, where 𝑠 ↦→ 𝑓 (𝑠), the CLIP embedding of the prompt 𝑠,

• 𝑔 : R77×768 → {images}, where 𝑒 ↦→ 𝑔(𝑒), the image generated from embedding 𝑒

Note that the image generation function 𝑔 is hiding a tremendous amount of computational

complexity. In particular, it contains the entire U-Net and cross-attention architecture

that underlies the “denoising” process, which involves many more initial parameters than

just the CLIP embedding matrix. Throughout this chapter, we will consider all other

parameters of this architecture fixed (e.g., the initial “noisy” latent 𝑧𝑇), meaning we are

only interested in how the image that results from the overall pipeline (i.e., the image

that results from decoding the final denoised latent) changes as a function of the CLIP

embedding input. Thus, while the underlying architecture is extremely intricate, it is

helpful to consider it as a single function 𝑔 that takes as input a 77× 768 embedding matrix

and returns an image.

5.2.2 Permutation invariance

We briefly detail two observations that give rise to an important permutation-

invariance property of the function 𝑔 above.
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The first is a general property about the ubiquitous attention operation. Given

two matrices of arbitrary dimension, 𝑋 and 𝑋
′, a common formulation of the attention

operation [VSP+17] is

𝐴(𝑄, 𝐾,𝑉) = softmax𝑟𝑜𝑤
(
𝑄𝐾𝑇√
𝐷

)
𝑉 (5.2.2.1)

where the input matrices are a query (𝑄 = 𝑋𝑊𝑄), key (𝐾 = 𝑋
′
𝑊𝐾), and value

(𝑉 = 𝑋
′
𝑊𝑉 ) matrix constructed as the product of 𝑋 or 𝑋 ′ and a matrix of learned weights.

Equation (5.2.2.1) describes self-attention when 𝑋 = 𝑋′ and cross-attention when 𝑋 ≠ 𝑋′.

It is a known property that cross-attention is invariant under joint permutation of the rows

of 𝐾 and𝑉 , and hence also of 𝑋′. At a high level, this is because softmax operates row-wise,

and permuting the columns simply permutes the probabilities in the same way; for more

detail, we defer to [Fle21, JXG19].

The second critical observation is that the U-Net backbone of Stable Diffusion 1.5 is

constructed as a series of self-attention blocks on the image latent and cross-attention blocks

between the image latent and the CLIP embedding matrix [RBL+22]. In the cross-attention

blocks, the image latent 𝑧 corresponds to 𝑋 and the CLIP embedding 𝑒 corresponds to

𝑋
′. That is, the function 𝑔 defined in 5.2.1, as a function of the CLIP embeddings 𝑒, is

nothing but a series of cross-attention blocks with 𝑋′ = 𝑒. Together with the fact that

cross-attention is permutation-invariant on the rows of 𝑋′, we conclude that the function 𝑔

is permutation-invariant on the rows of 𝑒.

This means that the order of the 77 token vectors is not relevant, only the tokens

themselves as points in R768, which suggests that one can view these embeddings not as

matrices but instead as point clouds. That is, we can view 𝑔 as a function 𝑔 : 𝒫unif
77 (R768) →

{images}, where 𝒫unif
𝑁

(R𝑑) denotes the set of uniform measures on 𝑁 (possibly nondistinct)

discrete points in R𝑑 (i.e., measures of the form 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 , where 𝑥𝑖 ∈ R𝑑). For notational

clarity, when viewing embeddings as matrices, we will denote them with Roman letters

(e.g., 𝑒0 or 𝑒1), and when viewing them as point clouds, we will use Greek letters (e.g., 𝜇0
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or 𝜇1). Note that there is a many-to-one equivalence between matrices and point clouds,

where a matrix 𝑒 and point cloud 𝜇 are equivalent if the rows of 𝑒 are exactly the points in

𝜇.

5.2.3 Optimal transport and Wasserstein space

This new point-cloud interpretation of the embedding space comes with a new

natural distance metric: the Wasserstein distance. For two point clouds 𝜇 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑥𝑖 and

𝜈 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑦𝑖 in 𝒫unif

𝑁
(R𝑑), we define the Wasserstein distance between 𝜇 and 𝜈 to be

𝑊2(𝜇, 𝜈) := min
𝜎∈𝑆𝑁

(
𝑁∑
𝑖=1

∥𝑥𝑖 − 𝑦𝜎(𝑖)∥2
2

)1/2

, (5.2.3.1)

where the optimization is over all permutations 𝜎 ∈ 𝑆𝑁 , the symmetric group on 𝑁

elements.1 A map 𝑇 that satisfies 𝑇(𝑥𝑖) = 𝑦𝜎∗(𝑖) for some optimal permutation 𝜎∗ is called

an “optimal transport map” from 𝜇 to 𝜈 and is denoted 𝑇𝜈
𝜇 . When the support of 𝜇 is 𝑁

distinct points (which in practice is almost always true for our CLIP embeddings), then

at least one such optimal transport map exists (Proposition 2.1 in [PC19]). Though not

necessarily unique, the notation 𝑇𝜈
𝜇 will refer to a particular choice of an optimal map,

which we will call “the” optimal transport map.

While we lose the Euclidean space structure that comes with the matrix perspective,

the point-cloud perspective comes with an analogous mathematical structure of a (formal)

Riemannian manifold [AGS08, Ott01] Specifically,𝑊2 is a metric on 𝒫unif
𝑁

(R𝑑), and 𝒫unif
𝑁

(R𝑑)

is a subset of the “Wasserstein manifold” of measures with finite second moment, which

itself comes with some useful geometric properties. As we begin to explore the landscape

1In general, one typically needs to define the Wasserstein distance between discrete measures using the
Kantorovich formulation, which allows for the possibility that the optimal “plan” may not be induced by a
“map”. However, Proposition 2.1 in [PC19] guarantees that, in the case of uniform discrete measures on the
same number of points, there exists a permutation that is optimal. This is the only case of interest in this
chapter, so we make the definition of Wasserstein distance using permutations, rather than more general
plans.
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of embedding space with this new perspective, the key geometric property of interest to

this chapter is the nice relationship between barycenters and geodesics. Specifically, if 𝑇𝜇1
𝜇0

is an optimal transport map between 𝜇0, 𝜇1 ∈ 𝒫unif
𝑁

(R𝑑), then there is an explicit expression

for a “constant-speed geodesic” 𝜇 : [0, 1] → 𝒫unif
𝑁

(R𝑑) from 𝜇0 to 𝜇1 given by 𝑡 ↦→ 𝜇𝑡 with

𝜇𝑡 = ((1 − 𝑡) id+𝑡𝑇𝜇1
𝜇0 )#𝜇0 =

1
𝑁

𝑁∑
𝑖=1

𝛿(1−𝑡)𝑥𝑖+𝑡𝑦𝜎∗(𝑖) , (5.2.3.2)

where the notation 𝑇#𝜇 denotes the pushforward of 𝜇 by the map 𝑇 : R𝑑 → R𝑑 [AGS08]. In

particular, for 𝑡 ∈ [0, 1], 𝜇𝑡 is the weighted Wasserstein barycenter; i.e., 𝜇𝑡 satisfies

𝜇𝑡 = argmin
𝜇∈𝒫unif

𝑁
(R𝑑)

[
(1 − 𝑡)𝑊2(𝜇0, 𝜇)2 + 𝑡𝑊2(𝜇1, 𝜇)2

]
. (5.2.3.3)

This barycenter definition is exactly analogous to a “weighted average” in Euclidean space,

which means these geodesics between point clouds on the Wasserstein manifold are exactly

analogous to straight lines — they trace out the shortest path between two points in the

space. Thus, in essence, this says that the OT-inspired way to interpolate two 𝑁-point

clouds 𝜇0, 𝜇1 is to pair off points in 𝜇0 with points in 𝜇1 using the optimal transport

“coupling” (i.e., the pairing of 𝑥𝑖 with 𝑇𝜇1
𝜇0 (𝑥𝑖) = 𝑦𝜎∗(𝑖)) and then to linearly interpolate

between each pair simultaneously. Despite losing the nice structure of the vector space

of matrices, the point-cloud interpretation of the embedding space still exhibits a natural

way to interpolate between embeddings. Exploiting the point-cloud interpretation of the

learned embedding space provides the basis for our novel, geometrically-informed image

interpolation technique presented in Section 5.3
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5.3 Geometry-informed Image Interpolation Approach

In this work we explore how the permutation-invariance property described in Sec-

tion 5.2.2 can inform novel image interpolation techniques by operating on the embeddings.

Specifically, the discussion above suggests that the natural way to interpolate between

embeddings (viewed as point clouds) is to use (5.2.3.2) with the optimal coupling 𝜎∗. This

gives the shortest path through the embedding space between the two prompts, meaning

that any other method of interpolating the embeddings gives a longer (or at least not

shorter) path through Wasserstein space. For example, there is a natural way to interpolate

between embeddings 𝑒0, 𝑒1 viewed as matrices, which is to linearly interpolate by setting

𝑒𝑡 = (1 − 𝑡)𝑒0 + 𝑡𝑒1. By viewing 𝑒𝑡 now as a point cloud, this method traces out a path

through Wasserstein space also described by (5.2.3.2), except instead of using the optimal

coupling 𝜎∗, it uses the coupling induced by the order of the rows in the CLIP matrices,

which we call the “CLIP coupling.” In fact, the length of this path is exactly the cost of the

associated coupling (consequence of Theorem 8.3.1 in [AGS08]), and for the CLIP coupling,

that cost is the standard 2-norm of the difference of corresponding rows. Thus, not only do

we know that the CLIP interpolating path is longer (since the optimal coupling cost is at

least as small as the CLIP coupling cost), we know precisely how much longer.

One way to assess whether our point-cloud perspective on embedding space is

“more natural” than the matrix perspective is to investigate how these path lengths through

embedding space relate to notions of similarity in image space. Specifically, for a particular

interpolation path through embedding space, there is an associated path through image

space obtained by generating the image that corresponds to each interpolated embedding

along the embedding path. For any embedding-interpolation path, the start and end

embeddings are fixed, and this means that the associated image path connects the images

corresponding to the start and end embeddings. If one embedding-interpolation path is

“better” than another, its associated image-interpolation path should be smoother, more

natural-looking, and contain images which are more similar. In short, the path through
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image space should be “shorter.” Thus, if considering the CLIP embeddings as point clouds

really is a more faithful geometric interpretation of embedding space, we hypothesize that:

1. The geodesic path through embedding space is shorter for prompts which are more

similar (i.e., embeddings are closer in Wasserstein distance when the prompts are

more similar), and the associated image paths have lower PPL scores,

2. suboptimal couplings give relatively worse embedding interpolations for prompts

which are more similar (because suboptimal couplings are relatively more costly

when embeddings are close in Wasserstein distance)

3. for a fixed pair of prompt embeddings, a shorter interpolating path between them

gives a better associated image interpolation, and

4. this effect increases for prompts which are more similar because the relative path-

length increase is less severe.

To properly test these hypotheses, we need a suitable notion of path length in

image space. Rather than use a pixel-wise metric, which promotes structurally smooth but

unrealistic image interpolations, we seek an image-similarity score that promotes smooth

image transitions while retaining realism and context shifts. To this end, we use Perceptual

Path Length (PPL) [KLA19] as a surrogate for path length. PPL is defined as the average of

image similarity scores between consecutive equally-spaced images along a path, with the

intuition that equally spaced points are closer if the overall path is shorter. The standard

image similarity score used for PPL is Learned Perceptual Image Patch Similarity (LPIPS)

[ZIE+18], which is a standard method for judging image similarity.

Thus, our high-level approach is as follows, as illustrated in Figure 5.1. Two

embedding matrices are obtained from two prompt pairs using CLIP. The embedding

matrices are treated as point clouds, and three interpolation couplings (OT, CLIP, and a

random coupling) are used to define a path between the embedding point clouds. The
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interpolated path in embedding space is sampled along a grid, and resultant embedding

point clouds are obtained. Both the original embeddings and the interpolated embeddings

are used to produce a corresponding trajectory of images in image space. For each grid

sample along the interpolated path in embedding space, we produce a corresponding

image with a diffusion model (Stable Diffusion), and the resultant images are compared

using PPL, based on the LPIPS scores between the 𝑘𝑡ℎ and (𝑘 + 1)𝑡ℎ image denoted ℓ𝑘 . In

Section 5.4, we present experimental results that use this pipeline to explore the validity of

the hypotheses listed above.

Figure 5.1: Embedding interpolation workflow where SD indicates use of the Stable
Diffusion model to produce the associated image.

5.4 Experimental Design and Results

5.4.1 Experimental setup

To evaluate the impact of capturing the geometric structure of CLIP embeddings in

image interpolation, we consider many pairs of prompts (see below for more details about

how the prompt pairs were selected). For each pair, we follow the pipeline illustrated in
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Figure 5.1 for each of three couplings — OT, CLIP, and a random coupling (to create the

random coupling, we fix the first row of the CLIP matrices — this row is always the same

for any prompt — and randomly pair the last 76 rows in each CLIP matrix). We compute the

cost of each coupling and the resulting PPL score for each coupling’s image interpolation

(we use the AlexNet architecture when computing LPIPS scores for PPL). We note that

LPIPS gives lower scores to images that are more similar, and so a smaller PPL score

means that the given path through image space is “shorter”. Since the OT interpolation

method produces a geodesic 𝜇OT
𝑡 through embedding space, and each of the other two

interpolations 𝜇clip
𝑡 and 𝜇rand

𝑡 are longer paths, we hypothesize that the LPIPS/PPL scores

for the OT method ℓot
𝑘

will be lower on average than the other methods.

5.4.2 Dataset

To properly test the efficacy of the three interpolation methods, we must produce

interpolated images from each method for many pairs. The structure of our hypothesis

requires a dataset with prompt pairs that carry a known similarity score. To create

such a dataset, we leverage the Crisscrossed Captions dataset [PBC+21], which contains

captioned images from the the MS-COCO dataset [LMB+14] that have been manually

scored according to their similarity on a scale from 0 to 5, with 5 being most similar.

We assume that the similarity score between two images can be extended as a similarity

score the associated pair of captions. We discretize the range of similarity scores into

bins of width 0.5 and randomly select 1,000 pairs from each similarity group (excluding

any pairs where the two captions were identical). These captions are then used as

prompts in the SD model with a fixed seed. The results shown reflect the experiment

described in Section 5.4.1 applied to 10,000 caption/prompt pairs. The Crisscrossed

Captions dataset has a custom, open source license at https://github.com/google-research-

datasets/Crisscrossed-Captions/blob/master/LICENSE. The MS-COCO dataset has a

Creative Commons Attribution 4.0 License, and the SD model has a CreativeML Open
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RAIL-M License. CPU and GPU workers were used on an internal cluster and the total

compute cost for the experiments was 1, 094 CPU hours and 2, 172 GPU hours. Preliminary

and failed experiments accounted for an additional approximately 7, 000 CPU hours and

575 GPU hours of compute resources.

5.4.3 Results

Figure 5.2: Image interpolations for each method across four selected prompt pairs of
varying similarity.

To help build the reader’s intuition, we start by showing the qualitative impact of

the geometric relationships being considered. Figure 5.2 shows a selection of interpolated

images, where for each of the four panels, the sub-images on the far left and far right

correspond to the images produced for each prompt pair, i.e., the endpoints of our path in

image space. For each panel, the rows of sub-figures are ordered from top to bottom as

OT, CLIP, and random. Examination of the image trajectories shows cases where the CLIP

and/or random method appears to hallucinate objects in the interpolated trajectory. The

prompt pairs shown were selected based on having quantitatively larger differences in the

associated path lengths for illustration purposes. However, as will be shown subsequently,

the OT path is found to perform comparably or above the CLIP or random couplings across
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the board.

For a quantitative evaluation, we compute the perceptual path length (PPL) (as

defined above in Section 5.4.1) [KLA19] for each interpolation method (OT, CLIP, random)

as a measurement of transition smoothness between the trajectory of interpolated images

for all 10,000 pairs of prompts. Smaller PPL values are desirable and correspond to higher

smoothness across the interpolated image trajectories. In the subsequent plots, we report

PPL and coupling costs over the collection of all 1000 prompt pairs of each similarity level.

The boxplots of PPL scores and coupling costs are plotted for each method and

similarity group in Figure 5.3. To test our hypothesis, we assess the statistical significance

of both the difference in median PPL and the difference in median coupling cost between

the OT interpolation results and the CLIP or random couplings, respectively within

each similarity group. Significance of p-values for testing the difference in median PPL

within each interpolation method and similarity group are reported in Table 5.1. As

hypothesized, the impact of embedding path is more significant for more similar pairs of

prompts. All tests for the difference in median coupling cost between optimal transport

and each other interpolation method are highly significantly different, 𝑝 < 0.0001, for all

similarity groups. Additionally, the path length decreases as a function of similarity and

the significance of an optimal coupling grows as the similarity increases as hypothesized

based on geometric intuition. The PPL scores and coupling costs were determined to be

not normally distributed, so for both sets of tests we employed a Wilcoxon signed-rank

test to test the null hypothesis that the median of the difference is zero. In addition to

the typical assumptions of independence and randomness, the Wilcoxon signed-rank test

assumes continuous data distributed symmetrically about the median [RT21].
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Figure 5.3: PPL (left) and coupling cost (right) by interpolation method and similarity
group.

Table 5.1: Significance of p-values for the Wilcoxon test comparing the median of the PPL
scores. (𝑝 < 0.05∗, 𝑝 < 0.01∗∗, 𝑝 < 0.001∗∗∗)

Similarity Group
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

OT vs. CLIP PPL - - - - ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
OT vs. Random PPL ∗ - ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

5.5 Conclusions and Future Directions

In this work we observe that interpolating using the OT coupling in general results in

shorter image paths than using the linear and random couplings, and that the improvement

is more substantial for more similar prompts. Both of these observations are consistent

with the hypothesis that path length through Wasserstein space is reflected by “path length”

through image space. We also notice that in many cases where OT drastically outperforms

the other two methods, it does so because the other methods produce interpolated images

which are relatively very different than either end image. This suggests that embedding

space has a “convexity” property with respect to Wasserstein distance that it does not have

when the embedding matrices are handled as matrix objects. Concretely, we find given

two embeddings of a particular class, an embedding “between” them in Wasserstein space

is more likely to be in the same class than an embedding “between” them in matrix space.

Our experimental results suggest that the point-cloud perspective indeed does a better

job of capturing the “geometry” of embedding space in ways that reflect more desirable
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properties in image interpolation.

In particular, it is perhaps surprising that the random couplings, while noticeably

worse than the optimal couplings, still result in reasonably good image interpolations.

Additionally, anecdotal experiments suggest that even maximally-costly couplings (i.e.,

couplings that maximize the objective quantity in (5.2.3.1)) still give image interpolations

which are not catastrophic. In terms of the geometry of the Wasserstein manifold, these

interpolating paths using different couplings are all “straight” (even though they are not

all “geodesics”). This suggests some redundancy in the embeddings’ geometry and raises

a natural question: How far can we push the interpolating paths before they result in

catastrophic image behavior? Investigating this more general question could help shed even

more light on the geometry of embedding-space and how it interacts with the “geometry”

of image-space.

There are also more general questions one could ask about interpolating between

more than two embeddings. The notion of a Wasserstein barycenter is perfectly well-defined

when there are more than two measures (the definition is exactly analogous to (5.2.3.3)),

which means one could compute the Wasserstein barycenter of many embeddings and

observe the corresponding image outputs. Investigating these multi-way interpolations

would provide much deeper insight into the “manifold” structure of the embedding-

space, which is difficult to fully investigate with only one-parameter curves. While

computing Wasserstein barycenters of multiple measures is substantially more expensive

than computing an optimal transport map (there is no closed-form equation like (5.2.3.2)),

one could use the techniques of linearized optimal transport [LKKC25, MC23, CHKM25]

to approximate the Wasserstein barycenter much more computationally efficiently.

Deeper exploration of these questions could uncover properties and conditions under

which prompt interpolation results in thematically consistent and smooth images, giving

rise not only to improved methods for image interpolation that rely on prompt interpolation

[WG23], but also informing scenarios where prompt interpolation or manipulation is an
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auxiliary step, such as variant refinement [DPP24]. Another area for future work is in

developing additional metrics to capture pair-wise changes in images. The path length

surrogate considered in this work leverages a standard image similarity score, LPIPS, but

that score does not explicitly capture or penalize for contextual and content shifts between

image pairs. Additional work in this area would enable more direct connections with

applications like hallucination detection and associated mitigation strategies.

Finally, the scope of this work focused solely on Stable Diffusion 1.5, whose

architecture differs from the latest Stable Diffusion model (3.5) available at the time of

writing. While architectural innovations in the latest models present barriers to direct

extension of the proposed approach, the point cloud perspective may still better preserve

underlying geometry and desired invariances than performing operations like token

concatenations used in Stable Diffusion 3.5. Therefore, an important future direction would

be extending and evaluating the point cloud framing for shared, multi-modal token spaces

and transformer-based denoising architectures like those of current state-of-the-art models.

However, although it is not the current “state-of-the-art” model, the fact that it can be run

locally means there is a substantial benefit to investigating Stable Diffusion 1.5 specifically.

A better understanding of the geometry underlying this model could provide insights

that could be thoroughly explored without the need for heavy resources, thus providing a

theoretical framework for a large class of geometric experiments that can still be run on an

accessible testbed.
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