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ABSTRACT OF THE DISSERTATION

Multi-agent coordination algorithms for control of distributed energy resources in
smart grids

by

Andrés Cortés

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California, San Diego, 2015

Professor Sonia Martinez, Chair

Sustainable energy is a top-priority for researchers these days, since electricity
and transportation are pillars of modern society. Integration of clean energy technolo-
gies such as wind, solar, and plug-in electric vehicles (PEVs), is a major engineering
challenge in operation and management of power systems. This is due to the uncertain
nature of renewable energy technologies and the large amount of extra load that PEVs
would add to the power grid. Given the networked structure of a power system, multi-
agent control and optimization strategies are natural approaches to address the various
problems of interest for the safe and reliable operation of the power grid. The distributed
computation in multi-agent algorithms addresses three problems at the same time: i) it

allows for the handling of problems with millions of variables that a single processor
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cannot compute, ii) it allows certain independence and privacy to electricity customers
by not requiring any usage information, and iii) it is robust to localized failures in the
communication network, being able to solve problems by simply neglecting the failing
section of the system.

We propose various algorithms to coordinate storage, generation, and demand
resources in a power grid using multi-agent computation and decentralized decision
making. First, we introduce a hierarchical vehicle-one-grid (V1G) algorithm for coordi-
nation of PEVs under usage constraints, where energy only flows from the grid in to the
batteries of PEVs. We then present a hierarchical vehicle-to-grid (V2G) algorithm for
PEV coordination that takes into consideration line capacity constraints in the distribu-
tion grid, and where energy flows both ways, from the grid in to the batteries, and from
the batteries to the grid. Next, we develop a greedy-like hierarchical algorithm for man-
agement of demand response events with on/off loads. Finally, we introduce distributed
algorithms for the optimal control of distributed energy resources, i.e., generation and
storage in a microgrid. The algorithms we present are provably correct and tested in
simulation. Each algorithm is assumed to work on a particular network topology, and
simulation studies are carried out in order to demonstrate their convergence properties

to a desired solution.
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Chapter 1
Introduction

As awareness toward climate change and greenhouse emissions increases, clean
alternatives for energy generation and transportation are being actively investigated. The
use of technologies that are considered clean, such as solar and wind generation, and
electric vehicles, is growing at a significant rate, propelled by governmental subsidies
and social environmental awareness.

However, the introduction of such technologies poses additional engineering
challenges for the proper operation of power systems. The inherent uncertainty of re-
newable energy, and the immense additional electric load that electric vehicles represent
may lead power systems to instability, if appropriate engineering measures are not taken.

Control and optimization strategies have been researched in the last years, aim-
ing for the harmless introduction of such new elements into power systems. Moreover,
new ideas have come up in order to operate the power grid with the oncoming elements.
Demand response and electric vehicle coordination for supply/demand balancing, and
distributed generation allow for a more efficient and robust power grid. All these ideas
also present control and decision making problems. These problems involve the coordi-
nation of millions of elements, trying to fulfill grid operation objectives while guarantee
quality of service for users.

Multi-agent algorithms have been extensively considered for control and op-
timization of power grids in the last few years. Probably the main advantage of using
multi-agent algorithms is that the computational burden can be parallelized. This is con-

venient since the large-scale of a power system, may lead to extremely large decision



making problems that cannot be solved in a centralized way. In addition, many multi-
agent algorithms have been shown to be robust to information losses, communication
failures, or changes in the structure of the computation network.

There are two major multi-agent structures that are considered for control and
optimization of power systems. First, a distributed architecture which is horizontal, i.e.,
all agents perform the same task, information only flows between neighboring agents
according to a communication graph, and no operation is fully carried out in a central-
ized manner. Second, a hierarchical architecture, which is widely considered in demand
response studies. In this architecture, there are agents, usually associated to the utility
or the system operator, which aggregate information in order to provide a coordination
signal to agents that control user-side elements, e.g., loads, electric vehicles, etc. Then,
those agents in the user-side are the ones that decide the action to take locally. There is
never information exchange between users, but only between users and the grid.

Among the multi-agent algorithms that have been used for control of resources in
power grids, its worth mentioning distributed load balancing for demand response [1, 2],
consensus for economic dispatch [3], Laplacian-gradient (continuous-time) dynamics,
also for economic dispatch [4, 5], dual decomposition [6, 7] and alternate direction
method of multipliers (ADMM) [8, 9] for the optimization of distributed energy re-
sources (DERs). While the dual decomposition algorithm allows for distributed compu-
tation in many cases (separability), it also exhibits very slow convergence. The ADMM
algorithm presents higher rate of convergence, but the elements enabling higher speed
make usually not possible to implement distributed computation designs. There are sev-
eral works oriented to demand response and electric vehicle coordination, that are based
on a hierarchical information exchange [10, 11, 12, 13, 14].

In chapters 2, 3, and 4 we explore the so called hierarchical architecture for
the proposed algorithms. In this configuration, all customers, e.g., PEVs, buildings,
etc., possess computation capacity and communicate directly with agents in the power
grid such as the utility, the Independent System Operator (ISO), distribution buses with
computational power. Then, customers receive from them a coordination signal based
on the system objectives. The larger amount of the computation is carried out in the

customer side, while the grid side only computes and transmits a single coordination



signal.

In chapter 5, we present a more horizontal architecture, in which resources in a
microgrid, i.e., generators and storage systems, communicate with each other in order
to optimize the performance of the microgrid. No agent within this architecture requires
to perform centralized aggregation or computation for the execution of the proposed
algorithms.

Chapter 6 explores the continuous-time best response dynamics. This can be
used on a multi-agent coordination setting in which the problem is formulated as a con-
tinuous game. Our main contribution in this chapter is turning the continuous-time best
response dynamics into a self-triggering algorithm that does not need permanent com-
munication between agents, but agents estimate when to communicate based on their
own needs. The challenging part of the self-triggering algorithm design is choosing a
communication triggering law that leads to a provably convergent algorithm to a desired

solution of the game.

1.1 Notations

In what follows, R will denote the set of real numbers, R the set of real-positive
numbers, N the set of natural numbers, and C the set of complex numbers. For x € R,
|x| denotes the absolute value of x. The complex exponential function is denoted as
e’*, for x € R. notation ||X|| denotes the Euclidean norm of the element X € R"™",
while [|X|l¢ € RZ;" is understood as an array whose entries are the magnitude of each
entry of the variable X € C™". The operator /X denotes the phase angle of all the
complex entries of X. We let ¢, € R" be a vector whose / + 1 entry is equal to one,
for [ € {0,...,n — 1}, while all other entries are zero, and 1 € R"” be a vector which
entries are all equal to one. Dimension of e; and 1 depends on the context. The notation
0,.x, € R™" represents a matrix whose entries are zero.

For A, B € X, where X is some set, A\ B = {a € A | a ¢ B}. Given the finite
set A, |A| denotes its cardinality. For n € N, [, denotes the identity matrix in R™".
Consider a set 7 = {1,..., T}, and let x € C¥'T, with entries x,(t) € C, forall [ € A,

t € 7; thatis, x = [x;(1)..., x(1),...,x,(T),..., x2(T)]". Then, x(r) € C* denotes



the vector x(r) = [x(?),..., x#()]", for each t € 7. Similarly, x, € CT denotes the
vector x; = [x;(1),...,x,(T)]", for each [ € A.

For a complex square matrix A, we denote its spectrum as spec(A) and its spectral
radius as p(A). For the matrix A, A;; represents its (7, j) entry. If A is block partitioned,
(A);; represents its (i, j) block. For x € C", d(x) denotes the diagonal matrix such that
d(x); = x;, for i € {1,...,n}, while for a complex square matrix A, d(A) is a diagonal
matrix such that d(A); = A;. Let C be a complex array in C"™", we denote the null
space of C as null(C) = {x € C" | Cx = 0}. The row space of C, defined as the set of
all linear combinations of the rows of C, is denoted as row(C). Finally, C denotes the
conjugate transpose of C.

For r > 0, define B.(z) = {y € R? | ||z =yl < r}. Let S be a set in R?. Then,
S+B.0)={yeR?I|ze S st |lz—yl|l <r}. Let BC R" be a convex set. Then, for
x € R, dist(x, B) £ inf,eg|lx — yll. Given functions f : R” — Rand g : R" — R”,
we denote the “small-0” notation g(x) = o (f(x)) if limyy_. g(x)f(x)™! = 0. For a
vector x € R", x > 0 indicates that all entries of x are nonnegative. For a function
V : R? — R’ and the set-valued map F : R” =3 RY, define V o F : R™ =3 R¥, such that
VoF(z) ={yeR’| ¢ € F(z) s.t. W(€) = y}. For a function f : R — R, let us denote
the derivative of f by f’.

Note: Some notations that are particular to each chapter, will be introduced at

the beginning of the chapter itself.

1.2 Organization of the thesis

The contents of this thesis can be summarized as follows: Chapter 2 presents a
hierarchical algorithm for the charging of Plug-in Electric Vehicles (PEVs) with usage
constraints. The algorithm aims to optimize the price of energy provided to all PEV
and non-PEV loads over a time horizon. The algorithm works on a one-to-all topology,
where an aggregator provides a coordination signal that is the energy price at each time
of the horizon, and PEVs update their charging strategies based on the coordination
signal.

Chapter 3 introduces a hierarchical algorithm for charging of PEVs which in-



cludes line capacity constraints in the distribution grid, and considers V2G interaction,
i.e., PEVs can also inject power into the grid. To this end, the power grid is modeled
as a rooted tree, where the root node provides a coordination signal based on the energy
price which depends on the total demand. Then, such signal is modified by nodes in
the distribution-side of the grid according to whether power flows reaching them are
satisfying line capacity constraints. Finally, all PEVs use those coordination signals to
decide on their charging/discharging strategy for the upcoming time horizon.

Chapter 4 introduces a greedy-like algorithm for the management of demand
response events with on/off loads. The algorithm also follows a one-to-all topology, in
which two steps are executed sequentially: i) convex optimization and ii) thresholding
to account for the on/off loads. Both steps can be carried out in the aforementioned
topology using algorithms that are guaranteed to converge to the centralized solution of
the problem.

Chapter 5 presents a formulation for the distributed control of storage and reac-
tive power in microgrids, with two algorithms to address the formulated problem. The
first algorithm is a dual decomposition approach that solves an approximation of the AC
optimal power flow problem over a time horizon. Given the slow rate of convergence
that the algorithm exhibits in simulation, we introduce an algorithm that accounts for
local constraints using projections onto the feasible sets. This algorithm is shown to
outperform the rate of convergence of the dual decomposition algorithm by two orders
of magnitude. Both algorithms work over a communication graph that depends on the
graph that represents the microgrid.

Chapter 6 introduces the self-triggered best response dynamics, which is the self-
triggered implementation of the well known best response dynamics. The best response
dynamics is represented by a differential inclusion in which players of a continuous
game move their strategies towards the best response set for the current action of other
players. The self-triggered version of such dynamics restricts the knowledge players
have about other players’ actions to a discrete sequence of time instants. The idea is
finding a sequence of times at which each player must update information on other
players’ actions, in such a way that the dynamics still converges to the Nash equilibrium

of the game. We characterize sufficient conditions on the game structure for the self-



triggered best response dynamics to reach the Nash equilibrium of the game.



Chapter 2

Hierarchical plug-in electric vehicle

V1G charging control

Plug-in Electric Vehicles are being proposed as an important element in flexi-
ble load control that can both help alleviate environmental transportation costs and our
dependency on petroleum energy sources.

However, a large penetration of PEVs may also negatively affect the operation of
the power system, by creating new demand peaks and system overload. These phenom-
ena incur into additional stress on generation, transmission and distribution systems,
which translates into increased costs for users and electric generation companies. In
order to lower the burden PEVs create on power systems, and at the same time decrease
end-user costs, new algorithmic approaches on PEV charging are being designed with
the goal of achieving peak-shaving solutions. This chapter contributes in this regard
by proposing a novel algorithm that allocates PEV load at low-demand hours, while
accounting for planned PEV scheduling constraints.

Diverse control architectures have been proposed to minimize power demand
and to avoid the rise of new load peaks: centralized, distributed, and hierarchical. In
a fully distributed setting, the network is solely comprised of PEVs, which exchange
information with a subset of neighboring PEVs and make decisions based on that infor-
mation. In a hierarchical architecture (also referred to as “decentralized” in the litera-
ture), agents engage in a similar process, but employing a special tree communication

structure and minimal communication interaction. According to this distinction, we find



the following related works in the literature.

The paper [15] formulates an optimization problem which is solved in a cen-
tralized manner to come up with a valley-filling solution. In [16], a centralized PEV
charging coordination strategy is proposed in order to shave demand peaks as well as
minimize distribution losses. A supervisor controls the battery charging policies for all
the PEVs in [17], with the aim of minimizing costs and regulating voltage. In [18], a
distributed online approach is followed, in order to decide charging rates for each time.
To this end, each electric vehicle uses measures of the instantaneous congestion of those
nodes of the grid, by which power flows towards it. The authors of [19] introduce a
pricing-based two-layer control algorithm for charging/discharging of PEVs. The algo-
rithm is distributed, exploiting consensus-algorithm ideas. The characterization of the
solutions and performance analysis are made via game theory and nonlinear analysis.
Neither of the above works considers constraints based on usage schedule.

In [20], optimal charging trajectories are computed using linear programming.
The authors propose two hierarchical algorithms to solve the problem. The first requires
information about a centralized solution, particularly about the cost function gradient,
while the second one assumes that each PEV computes a valley-filling solution based
on the average charge requirements from all PEVs. No guarantee of optimality is pro-
vided. The work [10] introduces an algorithm that computes optimal charging strategies
for a large population of PEVs. A bargain is performed between an energy coordinator
and the PEVs, which leads to a valley-filling solution that minimizes the overall energy
price. In this work, all PEVs are considered to have the same charging schedule. The
paper [11], generalizes the setting of the previous work. The bargaining idea is similar
to the one in [10], but it is assumed that PEVs have constraints on the maximal amount
of energy that can be charged into their batteries at each time, as well as deadlines for
complete charge. The result in [11] is also extended to an asynchronous iteration, under
mild connectivity assumptions and for non-anonymous interactions between the utility
and PEVs. The works [11, 10] present algorithms that are based on the solution of local
convex optimization problems in a repeated way. Although convex optimization prob-
lems can be efficiently solved, each iteration involves several computationally expensive

steps (e.g., solution of linear equations systems) which must be carried out sequentially.



These algorithms have been proven to exhibit asymptotic convergence to the optimal
solution of the problem. More recently, the work [21] presents various algorithms for
hierarchical V1G over a grid with line capacity constraints. The proposed algorithms
require the execution of inner loops, which significantly increase computational and
communication cost.

The contributions of this chapter are twofold. We present a novel hierarchical
approach, the Price LEVELING algorithm, based on local interaction rules that meet usage
schedule constraints. In this way, our algorithm is represented by a nonlinear differ-
ence equation, which only involves sums, and products. This improves on the required
computational effort as compared to [11, 10], in which at each iteration a convex op-
timization problem must be solved by each PEV. This presents two main advantages.
First, algorithms with lower computational requirements reduce errors in online imple-
mentations. Secondly, they allow for the use of cheaper computational devices in offline
implementations, which is of concern to both grid operators and users.

The usage constraints we consider are described by energy requirements that
must be achieved by each PEV before certain times of the day, in order to meet user
needs. In addition, this algorithm also respects the bounds on the charging rate for
each PEV battery. We further present a NoN-ANoNYMous Price LEVELING algorithm, a
version of our algorithm in a non-anonymous interaction setting under communication
failures. In order to analyze our algorithms, we present an invariance result for discrete-
time set-valued systems, which is more general than the LaSalle invariance principle
for difference inclusions. This result is instrumental for our proof of convergence to an
optimal generalized valley-filling solution. Simulations demonstrate the validity of the
theoretical results, and illustrate how the algorithm would perform under anonymous
time-varying interactions.

This chapter is organized as follows: in Section 2.1, we formulate the PEV
charging problem under scheduling constraints, as an optimization problem, and we
also present some results to characterize the optimal solution of this problem. In Sec-
tion 2.2, we introduce the Price LEVELING algorithm, and present some characterization
of its behavior, as well as the convergence analysis towards the set of optimal solutions

of the PEV charging problem. In Section 2.3, we present the NoN-ANoNYMOUS PRICE
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LEvVELING algorithm to work in a scenario with communication failures. In Section 2.4,

we show simulation results for a specific scenario with communication failures.

2.1 Problem formulation

In this section, we describe the PEV charging problem of our interest. In simple
words, a large group of PEVs must determine how to charge their batteries during a
certain period of time, e.g., a day by interacting with an energy provider, in a way that
alleviates the additional burden from the power grid. This energy must suffice to satisfy
the user’s needs at different times of the day, while keeping some amount of energy
(possibly zero) in the battery at the end of the day. To this end, we first introduce a
battery model and a usage schedule model. Then, we present PEV charging as a convex
optimization problem. Further, we present some results that characterize any solution of
the optimization problem.

Let us consider a set I = {1,..., N} of PEVs, where each PEV i € I is supplied
by a battery with maximum capacity 5; > 0. Based on the usage information, which is
assumed to be known either from a forecasting process, or provided by the user, each
PEV must plan the charging strategy for the upcoming day. The energy is obtained
from an energy provider or utility through the power grid. For the remaining of this
manuscript we assume that the power grid is able to provide enough power to supply
any population of PEVs, along with the demand that does not come from PEVs. In
order to characterize the PEV usage, the day is divided into 7" € N time slots with equal
duration. Define the set 7 = {1,..., T} as the set of time slots in a day. Each slot ¢ € 7
has a non-PEV demand D; associated to it. This non-PEV demand is assumed to be
known by the utility via demand forecast. Let W; C 7 for each i € I, be the set of time
slots at which the vehicle will be in use, this is, the time slots at which the vehicle is not
connected to a power supply. The estimated energy usage of each PEV at each r € W;
will be characterized as a percentage of 5;. Formally, for each r € W; and each i € I, we
define w;, € [0, 1] as the amount of energy (in percentage of the battery capacity) the
vehicle aims to spend during the " time slot. Let us denote the set 7 \ W; as Z; for all

i € 1. This is the set of all time slots at which a PEV is connected to any power source
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that is fed by the power grid.

Remark 2.1. Note that during the time horizon, a PEV can be taking energy from dif-
ferent locations at different times, e.g., at the user’s home, or at a parking lot. All such
times are included in the set Z;. The set Z; is independent of the charging point location,
and is solely defined by whether or not there is an available power source for the PEV

at each time.

Following, we define w;, fort € Z; asw;, = 0, for all i € I, i.e., there is no energy
usage during the charging time. Then, a linear model for the battery state at the end of

each time slot is given by:

a;

19it = 0it—1 +
Bi

Wig— Wiy, 1€I1,

for all ¢ € 7, where u;, is the amount of energy collected by the i PEV during the #®
time slot, and 1, is the state-of-charge (SOC) of the i PEV battery at the end of the ™
time slot. The parameter «; € (0, 1) models the efficiency of the battery/charger system,
which presents losses due to the internal resistance of the battery, parasitic currents in
the charger, etc. This model is a simple representation of energy balances at each time
slot, and has been widely used in the literature (see [12, 11, 10]). The explicit solution

for ¢,,t € T, i € I is given by:

t t
9ig = Do + % Dtig =Y wiy. @.1)

bg=1 g=1
Since the i PEV has no available power supply at time slots ¢ € W;, we define u;, = 0
for all + € W,. Certainly, there exist constraints on the amount of energy the i PEV
battery is able to get during a time slot ¢ € 7, which cannot be larger than some value
Uimax > 0, given by the battery/charger specifications, for i € /. Based on this battery
model, which includes the aforementioned physical constraints, we define a charging
strategy for the i PEV as a vector u; € Rgo, where u; = [u;1,...,u;r]", u;; = 0 for all
t € W;, with u;; € [0, u;max] for z € 7, such that w; , <9, ,_; is guaranteed for all g € W,.
This inequality means that the energy stored in the PEV battery at the beginning of

the g™ time slot must be enough to provide the usage requirement w;,. The conditions
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Wiy < ¥4 for each g € W, hereinafter called usage satisfaction constraints can be

rewritten from (2.1) as:

IB' t t—1
= ig —io| < ig 2.2
; [Z w .q ,O] u ,q ( )

for all t € 7, and i € I. In order to include the need for a minimum amount of energy at
the end of the day, we can define a virtual slot 7 + 1, and w; 7, as the percentage of the
battery charge that must remain in the battery by the end of the T" time slot. Thus, we
say that (2.2) must hold for all # € TU{T + 1}. Notice that this condition also guarantees
that 4;;, > O for all t € 7 U {T + 1}, and for all i € I. The last feasibility conditions,
from now on called state-of-charge capacity constraints (SOC constraints) regarding

the amount of energy in the battery, are written as:

9y 2 0o + = Zu,q Zw,q (2.3)

forall r € 7, i € I, given by the fact that ¢;, € [0, 1] forallie I, t € 7.

Remark 2.2. In general it is not desired that a battery reaches states of charge of 0 or 1.
Reaching such values can seriously damage the battery. Our framework allows to easily
replace the operation interval from [0, 1] to [9;min> imax]ls for 0 < Pimin < Fimax < 1.
However, for simplicity in the notation we keep considering an operation interval of

[0, 1].

For convenience, let us introduce the notation u for the charging profile of the

entire set of PEVs, namely, u = {u;};;.

2.1.1 A closer look into usage schedules

In order to better understand the way in which we model usage schedules, let us
take a closer look into the set W;, for each i € I.

The first important thing to realize is that for some i € I it could be that 1 € W,. It
means that the i PEV may have a planned continuous usage for time slots {1,. .., %} C

W;, for some 7y > 1, such that fy+1 € Z;. Since there is no time before that usage at which



13

the battery can be charged, the feasibility of the problem will be subject to whether the
initial battery state J;( is enough to satisfy the usage during time slots {1,...,%}. In
order to allow for feasibility of the problem, we constrain our interest to the case in
which if 1 € W, for some i € I, then Z;“Zl wig < 9. Next, for each i € I, let us define

the set W? as:

0, if 1 € Z
{1,...,1}, ifl1 e W,

Since we take for granted that the energy usage for W? will be satisfied, the solution to
the optimization problem described below focuses on charging the battery to fulfill the
energy requirement for the time determined by the set (W; U{T + 1}) \ W?, foreachiel.

Next, we introduce partitions on the sets (W; U{T + 1}) \ W? and Z;, foralli € I.
Each element of the partition of (W; U {T + 1}) \ WlO represents an uninterrupted time
period of usage for the i™ PEV. Likewise, each element in the partition of Z; represents
an uninterrupted time period during which the battery can be recharged. Thus, the W
and the Z are complementary in the timeline. This new notation allows us to reduce
the amount of usage constraints in the model, and is also used to introduce the Price
LEVELING algorithm in Section 2.2.

First, let us partition the set (W; U{T + 1}) \ W? in connected components as
(W; U{T + 1) \ W? = %, WP, for each i € I. Thatis, W is such that if ¢,7 € W7,
g < t,then{q,...,1} € W!. In this way, the collection of sets {Wf}glz"o is a partition of the
set W;. Notice that the elements of the collection are indexed following the order of the
time slots in 7, i.e., n < € if and only if ¢ < 7 for all ¢ € W” and r € W/. Further, let us
define a partition {Zf};”z" , of Z; by its connected components, similarly to the partition of
W; U{T + 1}. That is, each set in the partition is clustering consecutive time slots; see in
Figure 2.1 the sets associated with two PEVs, such that m; = 3 and m, = 2.

In order to ease the problem description, we introduce further notation as fol-
lows. We let Z{ = LIZL.’, for j € {1,...,m;}, and (Wl] = i:o W!, for j €{0,...,m}.

o that

The number n(i, 1), for each t € Z;, i € I, represents the set of the partition {Zf} e

contains t. As an example, for # = 11 in Figure 2.1, we have that n(2, 11) = 1. In terms
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Figure 2.1: Time window representation, and Z;, W; fori = 1, 2.

of the new notation, we can recast our constraints using the partitions { Wf }’;’ 1> {Zf }’;’ 1>

for all i € I. Since u;; = 0 for all + € W;, we have that if u satisfies the condition

¥i-1 = wy, for the last 1 € W/, r € {1,...,n;}, then, the condition is fulfilled for all

s € W!. Then, the user satisfaction constraints can be recast as:

B’ Z Wig —Dio| < Z Uig, 2.4)

@;
qeW? qeZ}

fori € I, n € {1,...,m;}. Notice that the summations above are performed over the
sets that are denoted by calligraphic letters, i.e., W! and Z!. Clearly, if (2.4) holds
for n = m;, wiry1 < U7, the requirement of minimum energy at the end of the day is
fulfilled. The SOC constraints, can be given in terms of the partitions {WK}Z’ 1> {Zl.[}’f:"l as
follows:

Bis, % Dio+ 5 I PR 2.5)

n 1
qeZ; qeW?™

foralli € I,n € {1,...,m;}, where t, = max Z" = max Z!'. Likewise, the summations
in (2.5) are carried out over the sets that are denoted by calligraphic letters. As w;, = 0
for all g € Z!, we have that if (2.5) holds, the battery state is less or equal than one for
all g € Z!. Furthermore, it follows that since u;, = O for all ¢ € W;, then ¢;, < 1 for all

qge W

lq—

We establish next some verifiable conditions on the parameters of the PEV
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charging problem so that it is feasible.

Lemma 2.1 (Verification of feasibility). Define the recursion:

A'=B" + ﬂ|Zl."| min {ui,max,(l — B:-H)L.n} , (2.6)
Bi oi|Z}|
B?_l = A?_l - Z Wit
tewn!

foralln € {1,...,m}, i € I. Define A? = 9,0, for all i € I. Then, the PEV charging
problem is feasible if and only if for all n € {0,...,m;} and for all i € I, it holds that

Al > 3 ey Wiy, and A = 9, , where t, = max Z!, given the charging strategy:

) 1. Bi
ir = MiN< U max, (1 = B! ,
- {”’ R

forallne{l,...,m;}, i€l

Proof. We will first verify the if part of the result. Assume that A} > .y w;, for all
n € {l1,...,m;}. First, we will show that 1) Al.1 is the state at the end of the time slot

f; = max Z], given the charging strategy:

gy = min g, (1 = B2 L @.7)
’ ' a;|Z!|

forn = 1,1 € Z', ii) ui; € [0, uimax], for r € Z!, and iii) A} < 1. In order to show i),
notice that the battery state at ST end of can be written as:

zt1 = 1910 Wig t “i,q
qu0 qEZ1
0 @ . o, Bi |
= Ai —Z Wig t ﬁ_ min {I/ti’max, (1 - Bl)m} |Zl |
qEW? ! P

o Bi
=B+ F’ min {Mi,maXa (1- B?)—l|} 1Z]]

i a/iIZl.l

=Al

Equalities above hold by definition of A} and BY in (2.6) and ;, in (2.7) for t € Z!. Now,

to show ii), we must prove that 1 — B? > (. This comes from the fact that )| gew? Wig >0,
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then B) = A) — 3 cyowiy < AY < 1. Then, since u;msx > 0, from (2.7) it follows that
u;, > 0. The upper bound u;, < u; max follows directly from (2.7). Next, let us show iii).

From (2.6) we have that:

Azl = B? + %mll’l {ui,max’ (1 - B?)QL} |Zi1|

<l

@;

<B)+ _ilzfll(l - B’Q)aiIZ}I
An identical analysis allows us to conclude that for n = 2, Al.2 = ¥, for t, = max Zl.z,
due to the charging strategy in (2.7), and A? < 1. Since A} < 1 and quwil wig = 0,
then it holds that 1 — B/ > 0 and, following similar arguments as before, by (2.7),
uis € [0, Ujmax], for all t € Zl.z. We can repeat this procedure recursively, to conclude that
if Al'."1 is the battery state at the end of 7,_; = max Zl.”‘l, then A? is the battery state at
the end of 7, = max Z7", and A7 < 1, with u;; € [0, ujma] for t € ZI', forn € {1,...,m;}.
Thus, A? = 19, foralln € {1,...,m;}. Then, the SOC constraints and the upper bound
on u;; hold for all 7, Z!'. The assumption A7 > ZtEW;’ w;, forall n € {1,...,m;} accounts
for the user satisfaction constraints, given that A? = #4;, . Then u;, as defined in (2.7), 1s
a feasible solution of the problem, hence the problem is feasible.

The only if part follows easily from the fact that u;,, for t € Z!, given by (2.7)
charges the maximum amount of energy that does not violate u;;, € [0, u;m.] or the
SOC constraints during Z!, for each n € {1,...,m;}. Thus, if for some n € {1,...,m;},
A} < Xewr Wiy, 1t 1s not possible to increase any u;y, t € Z{ , without violating the

aforementioned constraints. Then, the problem is not feasible. O

The charging strategy in Lemma 2.1 consists on getting the largest amount of
energy possible at each time. Therefore, if such strategy does not meet the user satis-
faction constraints, there is no charging strategy that meets them, and the problem is

infeasible.
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2.1.2 Optimization problem

The PEV charging strategy is chosen to be optimal in the following way. Con-

sider the cost function:

Jwy =Y pDi+ ) uj)

ter Jjel

D[ + Z uj’[),

jel
where D € Rgo is a known vector that represents the demand on the grid that comes
from non-PEV loads, and p : R.o — R is a continuous function that relates the instant
demand with the electricity price. Then, finding the optimal strategy for each PEV will

be equivalent to solving the following optimization problem:

min J(u),
uERgOT

subjectto u € ¥, (2.8)

where F = [],c; F:- Each F; corresponds to the set of feasible charging strategies of the
i" PEV, ie., u; € F; C RTO if and only if u;; € [0, U;max], the SOC constraints, and the

>

user satisfaction constraints hold.

Assumption 2.1 (Properties of the price function p). The function p is convex, strictly

increasing for all its domain. |

Notice that the cost function, along with assumptions on the function p cap-
ture the fact that the higher the demand, the higher the production cost is, and, as a
consequence, the higher the end-user price becomes. This same model has been used
in [22, 10, 11]. Given that the function p is convex, it follows that the cost function
of (2.8) is convex, and since all the constraints are affine, the optimization problem is
convex, with a convex optimal solution set.

Finally, we introduce some additional shorthand notation. For each ¢ € 7, we

let x, = Y;c; iy, and given u*, an optimal solution to the problem in (2.8), we define
X? = ZiEI uZt'

Remark 2.3. Notice that, trivially, no solution is optimal if % (Z gewuir+1y Wiq — 19,;0) <

2gez, Uig does not hold with a strict equality for all i € 1. If the equality does not hold
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for some i € I, for some optimal solution u*, there must exist some t € T such that the
amount of energy i obtains at t, i.e., ”Zf can be decreased while all other components of
u* remain equal. The new vector would satisfy all constraints, and, by monotonicity of
p, it produces a lower J, contradicting the fact that u* is optimal. Therefore, we slightly
change the user satisfaction constraints by replacing the inequality in (2.2), fort = T +1
(equivalently the inequality in (2.4), for n = m;) by an equality, for all i € I, without
modifying the solution set of the problem. ]

Next, we characterize the solution to this problem.

Lemma 2.2 (Optimal solutions). Let u* be an optimal solution for the optimization

problem in (2.8). Then, for each i € I:

Ol: Fors,q € Zf, such that ui’"q, uZ‘S € (0, ujmax), it holds that D, + x;‘ = D, + x}, for
allt €{1,...,m}.

02: For q € Z{ such that u}, = 0, it must be that D, + x; > D+ x}, for all s € Z{ such

thatuzs >0, fortell,...,m}

03: Forgq e Zf such that u:q = Ujmax, it must be that D, + x; < D;+x}, forall s e Zf

such that ul"Y € (0, timax), for € € {1,...,m}.

O4: Forall s € Z{, q € Z!, with {,n € {1,...,m}, n < {, such that u}, € (0, t;max),

*
iq
Z,e(wrl wiy < 1forallr €{n,...,€ -1}, it must hold that D, + x; < D, + x.

w € [0, u;max), and the SOC constraints are not active, i.e., ¥;¢ + % Ztez; uZ[ -

O5: Forall s € Zf, q € Z', with {,n € {1,...,mi}, n > {, such that ”Zs € (0, U; max),
u; ;€ [0, u; max ), and the user satisfaction constraints are not active, i.e.,
%(ZIE(W(—I Wiy — 191',0) < Dezr! uZ‘t, forall r € {€,...,n — 1}, it must hold that

D+ x5 <Dy + x3.

Proof. The Lagrangian of the optimization problem in (2.8) is given by:
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L, A7) = J@) = Y > At

ter el
Bi
+ZZ D tie =S g wie= B0+ 1|6
iel n=1\1eZ" ! rewn!
Bi
_ZZ Zult_; Zwtt %o Nin
i€l n= teZ” ! teW”
+ZZ(“M uzmax)ﬂzt"‘ZZuthZ
iel ter i€l teW;
. z[zu,,-—[ S ﬂ]}p
iel \tez, teW;U{T+1}

where A;; > 0, y;; > Ofort e 7, m, 2 0, &, =2 0, forn € {1,...,m}, p; € R,
and v; € R, for all i € I are the Lagrange multipliers. The multiplier p accounts for the
equality constraint that we employ instead of the user satisfaction constraints in (2.2) for
t = T + 1, following the discussion of Remark 2.3. Define o; = [A[, ], 0!, &, pi, vil”

We have that the Jacobian of the Lagrangian with respect to u is such that, for i € I and

rer:

oL oJ 4
=—— —Aiy — ir
aul‘,t 814,3 g Z 77 ’

r=n(i,r)

m;

+ ) Gt g+ vl (0 + pi (2.9)
r=n(i,t)
where recall that n(i,7) is the index of the set Z' such that ¢ € Z, and 1y, () is the

indicator function, such that 1y,.(#) = 1 if t € W;, and zero otherwise, and:

;ujt =p'(Ds+ D i )(Dy+ > uj) + p(Dy+ D ).

Jel Jjel Jel

Ol: Fors,q € Zf, such that u?* ” u?* € (0, u; max), applying the KKT conditions associated
to the constraints 0 < u; ; < U;max, and 0 < u; ¢ < U max, 1t holds that /l* A s,,ulq,,ul . =0
by complementary slackness. Given that g, s € Z{, it follows that g, s ¢ W,, then

vilw,(q),vi1lw(s) = 0. Since g, s € Zf, we have n(i,q) = n(i, s) = ¢, then 3" n(i.q) n. =
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Dirniiy M and Y70 &8 = 0o & Then, from (2.9), by using the KKT condi-
tions 2L ' =0, aa'_C ‘ = 0, we obtain that ;3—] = ,‘3—] . Since p is increasing and
uz q Uj,s o* Oljgq o* OUj g ox

Ouig
hold that D, + x; =D, + x}.

02: If g € Z{ such that ur, = 0,and s € Z! such that u?, > 0, it holds that

convex in its argument, -2~ . 1s also increasing and convex for all 7 € 7. Then it must
o

* * 3 * — *
/ll.’s = 0 and /1,', g > 0, by complementary slackness. Since uy, = 0, Uimax — uy, > 0,

then, again by complementary slackness, we obtain u;fq = 0. By definition, x> 0. As

— 1 4 - — ; i — i
q.s € Z;, vi = 0. Since ¢, s € Z{, n(i, s) = n(i,q), then }."" nG.s) n, = Zm_n(l " ny,., and
: p)
S ren(i.s) fn =" ren(ig) §ifr. Therefore, from (2.9) and the KKT conditions ﬁ‘(ﬂ =0,
oL — aJ * _ _0J _ % aJ aJ
e 0, we have that 7= I T o A7, Then, o= oo S gl and the

result follows similarly to the plroof of OI.
03: Using complementary slackness, we have that /ll?fq = A5 =0, ,ul?‘q > 0,
while ,u” = 0. Since n(7, s) = n(i,q), then ™" n(is) ny. = Zmin(i 9 ny. and o n(is)

s 9Ll _
Zm_n(, " . Since g, s ¢ W;, v = 0. Then, using (2.9) and the KKT conditions B | e =
oL _ . dJ aJ o aJ
0, o 0, we obtain By | = By, + ,uZ‘q Hence, we have that G| e 2 Py,

[0 o
i i

and the result follows.
O4: By complementary slackness, A = ,u” = ur = = 0 and &, = 0 for each

ref{n...,0—1}. It means that 3, &* = 37 &F . Since n < £, we have that lennlr_

r=n

ot + Yoz, n,. From (2.9) and the KKT condmon 2L

Uig

= 0, we obtain =— a
o* ulq

DI nifr—Zf;,ll nzr—/lifq = 0. From (2.9) and the KKT condition 2£| = 0, we have that

Outis | x
aJ - : | el ok
B | e 2ot mt, = 0. We connect these two expressions to obtain g |, ren My
x o= 0L hen, i hold th ﬂ oJ h It foll
/ll.q = 5—| .- Then, it must hold that -2=| < -=|  and the result follows.
LS o Lq

05: lBy complementary slackness we have I/l” = W = M = =0andn, =0
for each r € {¢,...,n — 1}. Therefore, Zr"gnir = 2 e Then X7, r= X &+

ir
oL
=0,

> .. We can proceed as in the proof of O4, by using the KKT conditions = ™

oL _ : * aJ n—1 g%
o P 0, to obtain au_ - /l = D | e + 20 ‘f”, then it follows that D, + x >
D, + x%. m|

m+1

=1 S T, COI'—

Given u* we define a partition of the set 7, denoted as {7}

responding to the connected clusters of times where the load price is constant at the
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optimal solution, and there is PEV load greater than zero. In other words, for any pair
t,q € Y, 1 € {1,...,m}, it holds that x7', x; > 0 and p(D; + x7) = p(D, + x7). The
set 1,1 consists of those ¢ € 7 such that x = 0. The collection {T,};’:{l 1s ordered
according to the corresponding price values, from the cheapest to the priciest. In other
words, [) < b, I, € {1,...,m}, if and only if p(D; + x}') < p(D, + x;) forallr € 7,

and g € T),.

Lemma 2.3 (Uniqueness of x*, Ty,...,T,.1). Let u*, and v* be optimal solutions of

*

problem in (2.8) with associated aggregated loads x7, = Y u;, and X3, = Y/ vy,

m+1

respectively. Then x7, = x5, for all t € 7, and {Y;}]"]

is unique.

Proof. The proof is similar to that of Theorem 1 in [11]. We only include it here for the
sake of completeness.

With a slight abuse of notation, denote J(x) = >,., p(D; + x,)(D; + x,). Consider
the set B8 = {x e Rl | Ju € F s.t. x = Y, ;u;}. If u* and v* are optimizers of J in
¥, then x} and xJ are optimizers of J in 8. Then, by the convexity of J in x, it must
hold that VJ(x}) - (x = x}) > 0, VJ(x3) - (x — x3) > O for all x € B. Therefore, in
particular it must hold that VJ(x}) - (x5 — x}) > 0, VJ(x3) - (x] — x3) > 0. Hence,

(VJ(x7) = VJ(x))) - (x5 — x]) = 0. We can write this expression out as:

Z(VtJ(x’f) -V J))(5, = x7,) =0, (2.10)
tet
where V,J(x) = p’'(D, + x,)(D, + x;) + p(D; + x,), for all t € 7. Since p is convex, then
p’ 1s increasing in its argument, and given that p is also increasing, it follows that V,J
is strictly increasing in x,. Then, we have that (V,J(x}) = V,J(x}))(x], — x3,) > 0 for
all 1 € 7; hence, from (2.10), X (V. J(x]) = V. J())(xT, — x;t) = 0, and the result

follows. m]

Lemma 2.3 allows us to establish that if a charging profile u does not satisfy that

Yier Uiy = x*, then u is not optimal.

Lemma 2.4 (Properties of optimal solutions). Consider any t € ('}, such that for some
i€l uZ[ >0. Let € €{1,...,m;} be such that t € Zf Then, the following holds:
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Cl: If there exists q € Z!' N Uls_:ll Ty, for some n € {1,...,€ — 1}, then it must be that
at least one of the following conditions hold: i) u;‘q = Ujmax, OF 1) the maximum
battery capacity constraint is active, i.e., ¥;;, = ¥;p + % Disezr USy = Digewrt Wig =

1, for somer € {n,...,{— 1}.
C2: Ifthere exists q € Zf N Uﬂ,;ll Y, then it must be that uifq = Uj max-

C3: Ifthere exists g € Z' N Uﬂ,;ll Ty, for somen € {£+ 1,...,m;}, then, it must be that
at least one of the following conditions hold: i) qu = Uimax, OF 11) the user sat-
isfaction constraint is active, i.e., % (qu(wir—l Wig — 191-,0) = quzlf—l u:q, for some

ref{t+1,...,n}L

Proof. Assume that for r € 1, N Zf, for some ¢ € {1,...,m;}, for i € I, it holds that
us, > 0.

CI: We employ a contradiction argument. Assume that there exists g € Z!' N
Ui Ty, for some n € {1,...,¢ = 1}, with u, € [0, tima), and Fig + § ¥ czr ttis —
Zservyir—l wis < 1, 1.e., the maximum battery capacity constraint is not active for all
r € {n,...,{— 1}. By definition of {Tl};’gl, we have that since ¢ € Y, t € 1}, and s < [,
then D, + x; < D, + x;°. On the other hand, the assumptions satisfy 04 in Lemma 2.2,
then we have that D, + x;‘ > D, + xJ, which is a contradiction.

C2: We employ a contradiction argument again. Assume that there exists a
qe€ Zf N U’S;ll T, such that u;‘q € [0, u; max). We must consider two cases: 1) ”Zz = Uj max»
and 1ii) uZ‘t < U;max. Let us consider the first case. Since the assumptions satisfy O3 in
Lemma 2.2, we have that D, + x; < D, + x;. Recall that since g € Y, 1€ Y, and s < [,
then D, + x;‘ < D, + x}, a contradiction. In the second case, the assumptions hold for O/
in Lemma 2.2, then D, + x; = D, +x7, which contradicts the fact that D, + x; < D, + Xy,
givenby g€ Y, r € V), and s < [.

O3: Once more we proceed by contradiction. Assume that there existsa g € Z'N
Uﬂ;ll T,, for some r € {1,..., €}, such that u:q € (0, tj max), and 5— (qu(wir—l Wig — ﬁi,o) <
quzlq—l qu’ i.e., it holds that the user satisfaction constraint is not active for all r €
{€+1,...,n}. All these assumptions allow us to employ O5 in Lemma 2.2, to conclude
that D, + x; > D, + x}. However, since ¢ € T, t € T}, and s < [, it must be that

D, + x;‘ < D, + x7, reaching a contradiction. O
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The following result implies that each PEV will charge as much as possible at
the times for which the prices are the lowest, provided no constraints are violated. In
other words, if a PEV charges at time slots with higher prices, it is because at the lower-
price slots at least one constraint is becoming active. This comes in handy in the proof

of convergence of the proposed Price LEVELING algorithm.

Lemma 2.5 (Properties of optimal solutions). For each Y, | € {1,...,m}, and any

feasible u, if x, = x; forallt € Y, for all r < I, then it holds that ) ey, Xi < Yy, X'

Proof. Due to the extension of the proof we show a simpler form of it, assuming that
for any i € I, m; = 2. Define ®; = |J/";' ;. First, we show that if ¥,cne, % > Yiene, X7
for some feasible u, then we reach a contradiction with either the feasibility of u or with
a property of the optimal solutions that has been established in Lemma 2.4. Then, we
will be able to conclude our result.

Assume that for some feasible u, Ycpe, Xr > Dienie, X/ - Since u}, > 0 for all
t € 7,1 € I, it must be that there exists some i € I such that X.cne, Uir > Xiero, Uy
Since u;; = 0, u, = 0 for all ¢ Z;, we have that },c7\e, Uis > 2iezn0, 4;;- Hence, there
must be some ¢ € {1,2} such that ZtEZfﬂ(T\GI) Ui, > Z,Ezizﬂm@,) u,. In this way, there
exists 1 € Z{ N (7 \ ©), such that u; ma > u;; > uf,.

On the other hand, since ez, ui; = ¥ ez, u7,, which follows from Remark (2.3),
then it must hold that },ce, 4i; < Xce, 4}, Furthermore, it must be that for some n €
{1,2}, Xiezrne, hir < Xiezrne, Ujy» and in particular, for some 7€ Z'NO,0<u;< ur.

First assume that £ = n. By Lemma 2.4, Part C2, since ul*t >0,andf € O; N Z!,
it must be that for all 7 € Z!' \ Q,, ”Zr = U;max- HOWever, by the assumption that £ = n,
t€ 7'\ O, then, uZ‘t = U;jmax. However, by definition of z, it must hold that u; . > u;, >
uift, a contradiction.

Now, let us assume that £ # n. We have two cases: i) £ = 1,n =2 andii)n =1,
{=2.

Suppose that £ = 1, n = 2. Since ul_*j >0,7€Z’NO;andr € Z' \ O we can

employ Part C/ in Lemma 2.4, and given that u; m.x > u;, > u’,, it must hold that:

= l’z’

ﬁ,-,0+%zu;— > wie=1. 2.11)

1
eZ! teW?
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Moreover, notice that if there is g € Zl.1 N ®; such that uZI‘J > 0, then by Part C2 in
Lemma 2.4, u;ft = U; max» Which is a contradiction. Then, it must be that for all g € Zl.1 no,,

uy, = 0. Then, given that Ziezinmen it > Diezinme) uj,, we obtain:

*
S Y

ez} 1€z}

Then, from (2.11), it follows that:

Cy.
Do + — Z Ujp — Z wi; > 1,
Bi

1
eZ! tew?

which means that u does not satisfy the maximum battery capacity constraint in (2.5), a
contradiction with the feasibility of u.
Now, let us assume that n = 1, £ = 2. Similarly to the previous case, we can see

*
ir

that it is possible to apply Part C3 in Lemma 2.4, and given that u; . > u;; > u;,, we

conclude that:

io + % Suz= wi (2.12)

eZ! tew!

Now, by Part C2 in Lemma 2.4, it holds that if there is g € Zl.1 \ O, then, it must be that

*

Uy, = Uimax. Then, since 3 czne, ul, > 3czne, Uiy it must hold that:
o 1 » 1

*
PIEASIE

1€z} 1€z}

Therefore, from (2.12), we obtain that:

Cy.
Do + ,El Z Ujp — Z wi; <0,

1
eZ! rew!

which means that u does not satisfy the user satisfaction constraint in (2.4), a contradic-
tion.
We have shown that 3.\ X < Yepo, X/ forall r € {1,...,m}. Now, let us

assume as in the statement of the lemma that for some [/ € {1,...,m}, and a feasible
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solution u, x, = x} for all t € Uls;l1 T,. Then, since Uls;ll T, = 7\ ©;, we can write

7\ On1 = (t\ ©) U T, This leads to:

W

1€7\Oy41 €T\ 1
RN DI AP
tet\O; teY; tet\Oy teY;
DEF IS
teY; teY;
completing the proof. O

2.2 Price LeveLinG algorithm for PEV charging

In this section, we introduce a dynamics that allows agents to reach a charging
profile that is arbitrarily close to an optimal solution of the optimization problem in (2.8)
by means of local interactions, i.e., in a hierarchical way. This dynamics is a modifica-
tion of the Price LEVELING algorithm that was introduced in [12], to account for usage
schedule constraints and battery physical constraints. These constraints do not exist in
the problem presented in [12], because in that work the charging objective is to obtain
a full charge by the end of the day, without bounds on the charging rate. The algorithm
follows a load-balancing policy by moving energy consumption from time slots with
higher prices to slots with lower prices.

In order to achieve the optimal solution, the set of PEVs performs an iterative
process which includes two steps at each iteration k € N: i) each PEV transmits its
charging profile uf € RY to the utility, and ii) the utility aggregates the charging profiles
from all PEVs, and adds them to the non-PEV demand, to further use the pricing func-
tion p for determining and transmitting the price per kWh at each time ¢ € 7, which is
k., P51 e RI, to all PEVs, where:

>0’

represented by p* £ [

p’f = p(D; + Z uf-ft).

i€l

Then, for the next iteration, the PEVs use the pricing signal to update their charging
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Aggregator

k
3 p

Figure 2.2: Communication scheme for the Price LEvELING algorithm. The circles rep-
resent all PEVs, and the arrows represent the information that is sent by each element at
iteration k.

profiles, and repeat the process. Most of the computation required by the algorithm is
carried out in a parallel way by processors at the PEVs. The aggregator only has to col-
lect the charging information, aggregate it and compute the pricing signal for the PEVs’
coordination. Figure 2.2 shows how the information flows from each PEV towards the
aggregator in the utility and back. By means of our scheme, the aggregator does not need
to know the usage schedule of any of the PEVs, since they compute their own charg-
ing profile, and neither other PEVs need to know this from other PEVs. In this way, 1)
the scheme preserves user’s privacy and ii) it is computationally scalable, since there is
no computational procedure at any of the components of the system that grows signif-
icantly as the number of PEVs increases. This communication structure is widespread
in demand-dispatch papers [13, 14], as well as in PEV coordination works [11, 10],
where algorithms are termed as “decentralized.” To alleviate the communication burden
between the aggregator and PEVs, several several layers of aggregators transmitting
aggregated signal to parent aggregators can be considered.

Next, let us introduce the computation on the PEV side for each iteration of the
algorithm. For each i € I, and for each ¢ € 7, define the vector y;; = [Vis1s-- s Viem]' €

R, the vector y; = [y[},...,y[,1" € R, and finally y = [y],...,y}]" € RY, where

>0 >0°

d = NT };c;;m;. Each component of this vector is a state of the algorithm, related to

tert,andi € I, and:
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Yi14,2

/1%,14.,3 Yi,19,3

Z} 4 ;;
A T I S S S S S
.1....ml...!....3!...!2!....T.:
|t ; X 5l ;
"LWI ﬂw2-.l W3

Figure 2.3: Algorithm state and its relation with the PEV charging problem, for a fixed
PEV i € I. Each color represents variables y;,, for all ¢ € Zf, forafixed € € {1,...,m;}.

Figure 2.3 shows how different states of the algorithm are related to time slots and
charging strategies of the PEV charging problem, for a fixed PEV i € I.

The introduction of y is based on the following idea. Note that in Figure 2.3
there are several rows in different colors. Each level is aimed to satisfy a different usage
constraint; e.g. the darker grey is for W?, the lighter grey is for W2, and the white color
is for W!. In this way, the further away W/ is, the more opportunity there is to charge
during previous times and so the length of these rows is larger. The column on top of
each time 7 represents how the amount charged in the battery at time ¢ is divided between
the upcoming usage constraints. That is, for # = 5, we have an amount y; s ;, to satisfy
W!, ay;s, for W7, and an amount y; 5 3 for W?.

The dynamics governing these states is aimed to update each part of the vector y

to satisfy the constraints while minimizing price. Mathematically,

fineO), ifteZ¢
Yir = (2.13)

0, otherwise,
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where f;,,(y*) is given by:

FireGh) =3k > A (g, D(max{pf - pt, 0))

4€Z;

= 3 At guitmaxipf — phO)), (2.14)

4€Z;
foralliel, £ € {l,...,m}, and r € Z!, where:

min{yiq’[, 711((1’ t)’ 75(1, 1, Q)}

Aif(q’ 1= T s
and ¥5(i, 1), yA(i, 1, g) are given by:

k

u; —U.

k- i,max it

v, 1) = Tﬁ,
Zs=n(i,l) |Zl
Ea-9t)

T min - ,
re(nGin...nG)) | Z7 3

s=r

Z\7Z
if n(i, g) > n(i, 1)

Y5, t,q) =

ifn(i, q) < n(,1).

The function ¢; : R,y — [0, 1] is continuous, increasing on its argument, with ¢;(0) = 0.
The value of y’f(i, t) is associated to how much the i PEV can increase u;, without
violating u;; < U;max, and y’g(i, t,q) is related to how much the amount of charge that i
obtains at any ¢ € Z;, can increase without leading to 9;;, > 1, for some ¢g € 7, n(i, q) >
n(i, r). Notice that the algorithm is trying to implement a load balancing protocol over
the time slots in 7, subject to constraints and driven by the price difference between slots.

Although the PEV charging problem introduces several constraints, we present
a way of choosing the algorithm initial state, so that u° € F, provided the PEV charging
problem is feasible. The procedure is described in Algorithm 1. Loosely speaking,
the algorithm finds the first element (denoted r) in the partition {Z’}", such that W
cannot be satisfied only using the initial energy stored in the battery. It implies that

each PEV has to obtain energy to satisfy usage periods given by W/, for € € {r,...,n;}.
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Algorithm 1 Initial Conditions
if 90 > Y,cw, wi, then
W, =0forallteZ, forall £ € {1,...,m)
else
for{ef{r,...,m;} do
forne{l,...,{}do
Bl = A" - ZteWH Wip + % Zt’e {r,. e 1) ZtEZ y?tf

) forallt € Z!

y,tg = mln(ulmaxa (1 - Bn)

ale” af IZ”I
¢ _
Ri - i B ZteZ? i1l
n _ pn @ 0
A,‘ - B,‘ + E ZteZlf1 yi,t,g
end for
end for

end if

Then it distributes the amount of energy required during W/, among states y;, for all
t € Z¢. This distribution is done by assigning identical values to all y;,, for 1 € Z7,
and all n € {1, ..., {} in ascending order, in a way that neither the constraint on charging
rate nor the constraint on the battery size are violated. The assignment is also done in
ascending order for £ € {r,...,n;}. A rigorous proof of the feasibility of this solution,
follows along the lines of Lemma 2.1.

By means of the next result, we state the fact that if u° is a feasible charging

profile, then for any iteration of the algorithm, u* is a feasible profile.

Lemma 2.6 (Invariance of the set 7). The set F is invariant under the dynamics defined
in (2.14).

Proof. For the proof of this result, we need to show that if u is feasible, then, for u**!, it
holds that i) the constraint in (2.4) is satisfied forn € {1,...,m;},i € I, ii) u;; € [0, U; max]
forall r € 7, i €, and iii) the constraint in (2.5) holds foralln € {1,...,m;},i € I.

First, it is straightforward to show that if u* is such that the user satisfaction
constraint is satisfied, foralli € I, t € 7, and € € {1,. .., m;}, then, it also holds for u**!
To see this, it is enough to perform a sum on both sides of the equality in (2.14) for all
t € Z¢, to obtain ), ¢eZ! yl » t, = Dge z! yf."q’[, and the result follows.

Next, since the sum with negative sign on the right-hand side of (2.14) is less or

then y!7; > 0, hence u;' > 0, foralli € I, € 7. Now, let us show that

equal than y T 2

1,00
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if u* satisfies that uf, < u;max, then uff' < timay, for all i € I, t € 7. Since the second

sum in (2.14) is nonpositive, and i; is upper-bounded by 1, then we have:

. _ .k
k+1 Z Uimax = Ui,
yltt’—yztf Z |.ZS

qeZ! Hs=n(in [<=i

By definition of y¥ ,, we have that )" yl 0= D k . By summing both sides of

1,0 t=n(i,r) Vil

this expression in ¢ € {n(i, ?), ..., m;}, we obtain:

Uimax —
k+1 k (
Ui, < Uiy + Z |~Z = Ujmax-

=n(i,r)

Finally, we show that if y* is such that u* satisfies the maximum battery capacity con-
straint,forall r € {1,...,m;—1}, for i € I, then, the maximum battery capacity constraint

is also satisfied by u**!. Notice that from (2.13), it follows that:

k+1
2t =

1€Z; 1€Z;

+ Z Z Z Al (g, Di(max{p — p},0}).

e} t=r+l qezlf\zlr

Since £ € {r+1,...,m;} in the sum above, then it follows that r € {n(i, 1), ..., n(i, g)} and
given that g € Z¢'\ Z7, it follows that n(i, ¢) > n(i, t). Therefore, given the definition of
f(q, t), we can upper-bound it by y2(1 f, q) to obtaln

( 1-9,)
k+1< uk o+
ZZ ZZ ! ZZ [Zr:qqezzf\z, Zix 2\ 7]
Bi k ;
21 -97) mi
— ufr a; ity ||er| Z |Zf\zlr|

{=r+1

& 1N |ziNg

Then, from the definition of 9%, , it follows that:

it,’

Zukﬂ 181(1_ 10)_’_ Z Wis,

1eZ; se"VVl’_

which corresponds exactly to the maximum battery capacity constraint,forr € {1, ..., m;—
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1}. For r = m, the constraint is satisfied given that 3 . m Yt = ¥ com yi, . then we

sum on both sides over € € {1, ..., m;}, and the result follows. O

Let us define the set ¥ = yeR|ueF,u, = Z’;Zly,-,t,,g}. This is the set of
admissible states of the PricE LEVELING algorithm, meaning that it comprises all states
that define a feasible charging profile. By Lemma 2.6, F is invariant under the dynamics
of the Price LEVELING algorithm.

Let us define L, = D, + x;, for all t € T and L,;, = min,.(D; + x;). Notice that
from Remark 2.3, the amount of charge the set of PEVs takes during the time window
is finite. Then, there exists an upper bound L such that L > L’t‘ forallz € 7, k € N. The

following is a sufficient condition that allows us to prove convergence of the algorithm.

Assumption 2.2 (Properties of the functions ;). Let X be such that x; < Xuax, for all

t € 1. The function ; is Lipschitz, with Lipschitz constant rf/, such that rfb < T/(T -
Dxmaxp’ (L)), forall i € 1. O

The above can be understood as a “coordinating property” of the PEVs’ update
law, and will be employed as follows. Since p is convex and increasing, we have that
p’(Z) > p/(LF), and p’(Z) is the Lipschitz constant of p for the interval [0, L]. Then, we
have that:

p(Ly) — p(Ly) < p'(L)(L; - L),

with L; < L,. Since y; is increasing and Lipschitz we have:

Y(p(Ly) — p(La)) < ¢i(p'(LY(Ly — Ly))
< l’f,,P'(Z)(L1 - Ly).

Using Assumption 2.2, with L, = L;,, we obtain:

T
VP(LY) = L)) < G (L1 = L) (2.15)

for all i, t, k.
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The following result establishes the convergence of any trajectory of the Price

LEVELING algorithm towards the set of optimal solutions of the PEV charging problem.

Theorem 2.1 (Convergence). The PrRICE LEVELING algorithm defined by equation (2.14)

converges to the set of optimal solutions of the PEV charging problem.

Proof. Let us define functions V,, forl € {1, ..., m}:

Vi(y) = min(D, + x}) — min(D, + x,), (2.16)
qE@I 1€y
0, = umlY,. (2.17)

Recall that x, = Y, u;; and u;; = 3", vire. Let us consider the sets &, for [ €
{1,...,m}, such that & = {y € F | x, = xF,Vt € Ulr:1 T,and D, + x, > D, + x;,VYq €
®,, YVt € 1;}. Intuitively, this set contains all those states y of the algorithm that generate
charging strategies u that determine optimal values for each r € | J'_, Y, and such that
for each time slot ¢ € ®,; \ Y, the price is not less than that of the slots in ;. Define
also &) = F. Note that by this definition, &, € &,-; C ... C & C &), and &, is the
set of optimizers of the PEV charging problem. We aim to employ the invariance theory
introduced in Section 2.5 with height functions V;, manifolds &,_; and submanifolds &,,
in a nested way, for / € {1,..., m} to conclude our result.

This is carried out by performing the following steps: first we show that the
functions V; are strictly positive in §,_; \ &, and zero in &, for [ € {1,..., m}. Next, we
show that each function V; is strictly decreasing along the dynamics y**' = g(y*) that
represent the PricE LEVELING algorithm, for any y € &,_; \ &;, and Vi(g(y)) — V(y) = 0
if ye &, forl € {1,...,m}. Then, each function V; allows us to narrow down the set in
which the omega-limit set of a solution of y**! = g(y*) into &, via the invariance theory
in Section 2.5. After m steps of this procedure, we obtain that the omega-limit set of
an arbitrary solution of the Price LEVELING algorithm converges to the set &,, which

corresponds to the set of optimal solutions of the PEV charging problem. O
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2.3 Hierarchical PEV control under communication fail-

ures

Thus far, we have only considered the Price LEVELING algorithm working under
the assumption that for each iteration k € N, every PEV i € I sends information to the
utility, so that the utility can accurately compute the price p* for all # € 7. However, if
communication between the utility and PEVs presents failures, we must evaluate how it
affects the evolution of the system state.

In order to capture the communication failures of the system we define a se-
quence of sets {I;};2, such that /; C I and it holds that at the k™ iteration only the PEVs
in I receive price information from the utility. Likewise, only those PEVs in /; send the
charging strategy uf.‘“ that is computed using p* back to the utility. This characteriza-
tion allows for two different types of interactions between PEVs and the utility. On the
one hand, we can consider an anonymous setting in which the utility does not know the
identity of each PEV. On the other hand, we can assume that the utility knows for which
PEVs the strategy did not arrive at each k. Then, the utility can reconstruct information

on the electricity price at each time.

2.3.1 Non-ANonymous PricE LEVELING algorithm under communica-
tion failures

Let us assume that every PEV i € I executes the Price LEVELING algorithm as has

been introduced in Section 2.2. However, for any iteration k such thati ¢ I, p’t‘, terT,

is not available to i. Then, since pf , 1 € T, 1s required to compute uf.‘“, for the next step

agent i sets u'*! = u*. Foreachi € I, k € N, define kyq(i, k) = max{s € {0,...,k} | i €

I;}. This leads to the Non-ANoNymous Price LEVELING algorithm:

firneO®), ifiel andre Z¢
Vit =10, ifiel andr¢ Z! (2.18)

Voo otherwise,
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where f;,, is given by equation (2.14), with a difference in p¥, which will be computed

using the last available information to the utility, i.e., the charging strategy of i at the

kupd(iak)
it

iteration kypa(i, k). Then, pf = p(D; + Y ), for each t € 7. Nonetheless, we can

see that given the dynamics in (2.18), for all i € 1, ui“t""(i’k) = uﬁ .» then the actual price at
the k™ iteration can be reconstructed by the aggregator.

Now, we study convergence of the NonN-ANoNYMouUs PricE LEVELING algorithm
under communication failures. Clearly, with this modification, we can express our sys-

tem as:

yk+l = g(yk’ Ik),

where g(3*, I;) is an execution of the NoN-ANoNYMoUs PrICE LEVELING algorithm subject
to communication failures I, C /. In the following we provide conditions for conver-

gence.

Theorem 2.2 (Convergence). The NoN-ANoNyYMoUS PrICE LEVELING algorithm in Equa-
tion (2.18) converges to the set of optimal solutions of the PEV charging problem with
communication failures I;, C I, k € N if there is a number n € N such that for all k € N
it holds that J;_o L = 1.

Proof. We define set valued map R : Rio = R‘Zio such that R(¢) = {z € Rio | Hzeli C
Re ANz e € Itz = €20 = 22 = 8@ 10),YE € {1,... NV Ui I = 1),
Further, let us define the difference inclusion y**! € R(y*). Clearly, each solution of this
system is a subsequence of a solution of y**! = g(y*, I}), for any possible sequence of
communication failures such that given a number n € N, all PEVs communicate with
the utility at least once every n iterations. Notice that for each ¢ in the domain of R, the
set-valued map returns less than 2V points in RY. Since R(£) is finite, then it is compact
for all £. The upper semicontinuity of R follows easily from the fact that each element
of R comes from the composition of n continuous maps g(- - - g(g(&, ), i+1), -+ 5 Lin)s
since this composition is also continuous in &. Then, using the fact that (J;_, L, = 1,
and similarly to Part 2 in the proof of Theorem 2.1, it follows that if yk € &1, then for
each £ € [V, o R — V;](y%), it holds that £ < 0. Moreover, 0 € [V, o R — V](y*) only if
ye&, forallle(l,..., m).



35

Finally, we use Theorem 2.3 exactly as it has been used in Part 3 of the proof of
Theorem 2.1, to conclude convergence of each solution of the Non-ANoNYMOUs PRricE
LEvELING algorithm with communication failures towards the set of optimal charging

strategies. O

Remark 2.4. Notice that the communication failures defined at the beginning of this
section are symmetric, i.e., the communication link fails at iteration k in both directions.
However, it is not always the case. If the link fails only in the communication from the
aggregator to the i PEV, but the PEV can successfully transmit its charging profile at
iteration k, the algorithm still converges. The analysis in Theorem 2.2 remains valid.
This is because the PEV will simply not modify its charging profile. On the other hand,
it may happen that the i™ PEV successfully receives the pricing information from the
aggregator at iteration k, but the aggregator does not receive the new charging profile
from i. In this case, a standard communication protocol with reception confirmation
fixes the problem. As soon as the i PEV learns that the aggregator did not receive its

. k+1 . . . . . k
new charging profile u;*", it simply goes back to its previous algorithm state y;.

2.3.2 Anonymous Price LEVELING algorithm under communication

failures

The ANonymous Price LEVELING algorithm should follow the dynamics in (2.18),
with the difference that the feedback control signal p* must be computed with only the
information available at iteration k. A first approach would be pf = p(D; + Yy, uf,),
for all € 7. Notice that the aggregator does not know the set I, then it cannot identify
which PEV’s information was obtained at iteration k.

Simulations show that executions of the ANoNymous PricE LEVELING algorithm
with communication failures, lead to a neighborhood of the optimal cost. The size of
this neighborhood depends on the reliability of the communication network.

The reason why the ANoNymous PrICE LEVELING dynamics does not converge to
the optimal solution of the PEV charging problem is the following. Let us assume that
for some k, y* is such that u* = u* for some u* optimal. In order for the algorithm

to converge to u*, it should happen that y* is a fixed point of the algorithm under any
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iteration, i.e., y* = gO*, I), for any I, c I. However, if I, C I, there is a g such that
Py = p(Dg+ Yiey, U} ) < p(Di+x7), for some t ¢ argmin ., p(D;+x}). Then, an iteration
of the ANoNyMous Price LEVELING algorithm aims to make u**! optimal with respect to
Ji, () = Yer DDy + Yy, ui)(D; + x;). Since in general u* is not optimal with respect to

J1,, then u**! will not coincide with u*.

2.4 Simulations

The first part of this section, we present the results of a simulation carried out
using the Non-ANonyMmous Price LEVELING algorithm. In the second part we use the
ANoNyMous Price LEVELING algorithm with a different scenario.

Part 1: In order to demonstrate the NoN-ANoNyMous PricE LEVELING algorithm
performance, we carry out simulations for a 24 hour scenario, starting at 12:00 pm
and ending at the same time the next day. This time window is divided in 48 time
slots with equal duration, that is, each slot is half-an-hour long. We use a non-PEV
forecasted demand profile that follows a realistic behavior, but with some scaling factor,
and a population of 20 PEVs. This population is divided into four groups according to
their forecasted usage schedules: the first group contains four PEVs that will be used
from 4 : 30 pm to 7 : 30 pm, requiring during that period a normalized amount of
energy between 0.6 and 0.9, depending on each i € I. They are also required to have
a normalized amount of energy between 0.25 and 1 by the end of the day, depending
on each i € I. The second group contains six PEVs that will be used from 2 : 00 pm
to 4 : 00 pm, requiring the battery to be fully charged for that period. They are also
required to have a normalized amount of energy of 0.8 by the end of the day. The third
group only has two PEVs which will have two usage periods: the first goes from 12 : 00
pm to 1 : 00 pm with 0.3 normalized energy consumption, and a second usage period
between 4 : 30 am and 6 : 00 am with energy requirement of 0.8 and 0.9 respectively.
They are required to have a normalized amount of energy of 0.8 and 1 respectively, by
the end of the day. The last group has eight PEV's which will be used between 4 : 30 am
and 7 : 00 am. Their normalized consumption during that time is 5/9, and by the end of

the day they are expected to have a normalized energy of 0.8.
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Figure 2.4: Top figure: initial estimated demand profile. Bottom: optimal estimated
demand profile. The non-PEV demand is shown in light grey. Other colors show each
PEV’s charging profile.

Each PEV has a different battery capacity, and a different charging rate bound.
For this particular example, PEVs 11 and 12 have been given a charging rate bound such
that it is not possible to obtain enough energy for the requirement at the end of the day
by only charging after the second usage lapse.

We consider a function p given by p(x) = x>, x > 0. The functions y; are linear
functions of the form y;(x) = r),x, with rj, = r,, for all i € I. Even though our theoretical
result presents an upper bound on the Lipschitz constant for the functions ;, we use
constants larger than the bound, which still leads to convergence in a smaller number of
iterations. The number of iterations may vary depending on the initial conditions and
the parameters D, {W;}, {w;} for all i € I.

In our scenario, failures are modeled as IID random variables, which represent
the active links at iteration k. This means that for each iteration k, each link has a
failure probability 1 — P. In Figure 2.4, the non-PEV demand profile is shown in in
light grey color, while the PEV demand is shown in dark colors. The plot on the top
corresponds to the initial estimated charging strategies for all PEVs, along with the

estimated non-PEV demand profile. More specifically, these initial charging strategies
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satisfy the forecasted usage, while the estimated non-PEV demand profile is the one
that is used for the computation of the optimal charging strategy for each PEV. The
bottom plot shows the optimal estimated demand profile after the execution of the Non-
AnNonymous Price LEVELING algorithm. It can be seen that the solution provided by
the Non-ANonymous Price LEVELING algorithm is converging to a strategy that levels
prices as much as possible, given the problem constraints. The load profile we show
corresponds to the truncation of the algorithm execution at iteration 150. This is a valley-
filling-like solution for the charging problem, while respecting their usage constraints,
along with the physical battery constraints. We have also verified in this simulation
that the solution provided by the algorithm does not vary along the execution. This
means that the algorithm converges to a specific optimal charging profile as opposed to
having agents constantly switching between optimal charging profiles. We emphasize
this fact, since we were not able to prove convergence of the algorithm to a point in the
invariant set but just asymptotic convergence to the set of optimal solutions. This is a
consequence of applying a LaSalle-like type of invariance result like ours. Nevertheless,
previously proposed algorithms are not able to guarantee this property either, because
standard LaSalle results are used there as well. Figure 2.5 shows how the overall energy
cost decreases along the algorithm execution, for two different values of P, namely 0.3
and 0.8. As it is expected, the cost decreases faster when the communication links are
more reliable (P = 0.8).

In Figure 2.6, we show the demand profile for an implementation of the optimal
charging strategies provided by the Non-ANoNymous Price LEVELING algorithm on a re-
alistic scenario. To this end, i) we take the estimated non-PEV demand profile and we
corrupt it with additive white Gaussian noise to simulate the actual non-PEV demand
profile, and ii) we randomly introduce mild modifications on the estimated usage sched-
ule for the PEVs in order to simulate the actual usage schedules. The modifications
simply correspond to extending or shortening the usage intervals Wf by one or two time
slots, and randomly generating additional usage requirements in case the usage interval
is extended. Notice that in the actual scenario, usage schedules might not be satisfied by
the computed charging strategies, therefore we assume that each PEV has some ancil-

lary energy supply (e.g., fuel as in the case of a hybrid vehicle) that can take care of the
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extra need.

It can be seen that even though the demand profile does not have a valley-filling-
like shape due to the uncertainty, the PEV demand does tend to relocate in times when
the non-PEV demand is lower.

Part 2: In order to show the behavior of the ANoNnymous PricE LEVELING algo-
rithm, we define a simpler scenario, with 20 PEVs, the same values for D, but generat-
ing two groups of PEVs: the first group, given by PEVs from 1 to 6, has W; = 0, and
wir+1 = 1 forall i € {1,...,6}. The second group, i.e., PEVs from 7 to 20 are such
that have a unique usage lapse from 2 : 00 am to 4 : 30 am. For each time slot in this
period, w;, = 0, for all i € {7,...,20}. It means that PEVs do not charge, but they do
not consume energy on that time. It also holds for all i € {7,...,20}, that w;r,; = 1.
In Figure 2.7, we show how the cost evolves for different values of the link reliability

parameter P. It can be seen that the higher P is, the lower average cost can be achieved.
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2.5 Auxiliary section: invariance theory

Consider a discrete-time dynamical system given by the difference inclusion
eF@), k=0, (2.19)

where the state z* belongs to a compact manifold M of R?, and F : M — M is an upper-
semicontinuous, closed set-valued map with non-empty values. Since M is compact,
F(z) is compact for all z € M by definition. We denote by ¢(k, ), k > 0, a solution
starting from the initial condition z° € M. Note that any solution of (2.19) will be

bounded, hence compact.

Definition 2.1 (Limit point, Omega-limit set). Consider a solution of (2.19), ¢(-,z%),
with initial condition 2°. A point p is said to be a limit point of ¢ if there exists a sequence
{kj};';o, with k; — o0 as j — oo, such that lim;_., ¢(k;, xX°) = p. The omega-limit set of ¢

denoted as Q(¢) is the set of all limit points of ¢.

Since M is compact and ¢ C M, the omega-limit set of ¢ is nonempty, and

closed.
Assumption 2.3 (Height function on S ). Assume that:
o Q(¢) is contained in a submanifold S C M.

o There exists a compact neighborhood K of Q(¢) in M, such that O = int(K) is an
open neighborhood of Q(¢).

e There is a continuous function W : K — R such that { < 0 for all { € [W o
F —W](2), forall z € SN O. Let E be the set definedas E = {z€ SNO|0 ¢
[(WoF —W](2)}. Then <0, forall{ e [Wo F —W](2),ze (SN O) \ E.

Assume that the continuous function W satisfies { < 0 forall f € [Wo F — W](z)
for all z € S + B.(0), € > 0. Since limy_,, dist(¢(k, 2°), Q(¢)) = 0, it follows that there
is some k; < oo such that ¢(k,z°) € S + B.(0). Then, it is easy to conclude that ¢
converges to the largest weakly positively invariant set contained in {z € S+ B.(0) | 0 €
[Wo F —W](z)}. However, if there are £ € [W o F — W](z) for some z € (S + B.(0)) \ S,
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such that ¢ > 0, it is not possible to conclude a similar result, since the set S can be
reached only in infinite time. The following results circumvent this problem, by using

properties of omega-limit sets, and the continuity of W.

Lemma 2.7. Let C be a compact set. Define G : C =3 R, as a closed, bounded, upper-
semicontinuous set-valued map. If G(z) < O for all z € C, then, there is a 6 < 0 such
that for all z € C, it holds that ¢ < 6 < 0, for all ¢ € G(2).

Proof. Let us proceed by contradiction. Assume that there is no such ¢. Then, there is
a sequence z; — z, Zx € C, with & — & such that & € G(z;) and lim; &, = 0. Since G is
closed and upper-semicontinuous, it holds that & € G(z). Since C is compact, we have

that z € C, thus, &€ < 0 for all £ € G(z), a contradiction. O

The following results are inspired by [23]. The invariance Lemma 2.3 admits
an immediate generalization to systems which do not evolve in compact manifolds, but
simply have trajectories that remain bounded. Another generalization of Lemma 2.3, is
E being contained in a countable number of level sets of W with no accumulation points

as in [23]. Nonetheless, we state a version that is sufficient to prove our main result.

Lemma 2.8. Let Assumption 2.3, on the existence of a height function on S containing

Q(¢), hold. Then, it must be that Q(¢) N E + (.

Proof. Assume that Q(¢) N E = ( to reach a contradiction. By the compactness of Q(¢),
it holds that the continuous function W attains its minimum in (¢). Since Q(¢)NE = 0,
by Lemma 2.7 it also holds that W({) — W(z) < 6 <0, { € F(z), for each z € Q(¢).
Since Q(¢) is weakly positively invariant under the dynamics in (2.19), then
for each 2° € Q(¢), there is a solution ¢ starting at z° that remains in Q(¢) for all
k. Consider a solution ¢(k,z"), with 2° € Q(¢). We have W(p(K, %)) — W(Z°) =
o (Wielk + 1,2%) = W(p(k,2%)) < £ 6. This implies that limg_.., W(g(K.2%)) =
—oo, which contradicts that W attains a minimum in Q(¢). Then it must be that Q(¢) N
E # 0. m]

Theorem 2.3 (Invariance Result). Let Assumption 2.3, on the existence of a height func-
tion on S containing Q(¢) hold. If E is contained in a single level set of W, then Q(@) is

contained in E.
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Proof. Suppose first that (@) is contained in a single level set of W, say L. Since E
lies in a single level set of W, as we have that Q(¢) N E # @, by Lemma 2.8, then
E C L. Given that Q(¢) is weakly positively invariant, there exists a solution ¢ starting
at any point z2° € Q(¢) \ E, such that ¢(k,z°) € Q(¢) C L for all k. But if ¥ ¢ E, then
W(p(1,2%) — W(e(0,z%) < 0, which means that W(e(1,2°%) < W(e(0,z")), therefore
¢(1,7°%) ¢ L, a contradiction. Then, it must be that z° € E for all z° € Q(¢).

We proceed again by contradiction, assuming that €(¢) is not contained in a
single level set of W. Given that W is continuous and (¢) is compact, then W(€Q(¢)) C
[min, max] where [min, max] is an interval of the real line. Define wg = Q(¢) N E # 0,
and let w be the value of W on wg.

Consider Q(¢) + B.(0). Given that Q(¢) C Q(¢) + B.(0), and the solution ¢
converges asymptotically to its omega limit set, which is the smallest closed attracting
set of ¢, there exists some time ky such that ¢(k, z°) € Q(¢) + B.(0) for all k > ky, and
for all € > 0. Let us consider only those € such that Q(¢) + B.(0) C O. Recall that
O = int(K) is an open neighborhood of Q(¢). Let us define U, as an open neighborhood
of E in M, and for a given €, U (€) = U; N (Q(¢) + B(0)). Denote b, = inf_ cqy, ) W(2),
b, = SUp,cqs, ) W(2). Since E N Q(¢) is closed, we can choose some point p € Q(é) \ E
(which exists by the assumption that €(¢) is not contained in a single level set), with
a neighborhood U, C O. Define, for a given €, U,(e) = U, N B(€2(¢)) and consider
Qp = infeqr, 0 W(2), E,, = SUP.cqq,(e) W(z). There are two possible cases: 1) W(p) < w
or ii) W(p) > w. Let us consider the first case. Recall that wy C U, is the only subset
of S N O for which there exists some ¢ € F(z) such that W({) — W(z) = 0, and for all
z € (SNO)\E, itholds that W({) — W(z) < O, for all { € F(z). By continuity of
W and given that F is upper-semicontinuous, W o F' — W is upper-semicontinuous [24,
Proposition 1.4.14]. Since F(z) is compact for all z, then [W o F — W](z) is also compact
for all z.

Using this fact, along with Lemma 2.7, there is a 6; < 0 such that for all z €
(S NO)\ U, itholds that W({) — W(z) < 6, <0, for all £ € F(2).

Next, by upper-semicontinuity of W o F' — W, for any 6,, there is € such that for
every y € B.(z), it holds that [W o F — W](y) C [W o F — W](z) + By,(0). Let us fix some

0> € (01,0). Then, we can choose € such that:
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max[W o F — W](y) < max Bjs,|([W o F — W](2)) < 61 + |02], (2.20)
for all y € B.(Q(¢) \ U,). It immediately implies that:

sup max (W) - W()| <61 -0, =0 <0. 2.21)
2€BQUN))\U, () |EEF )

Therefore, if the set K = {z € B.(Q(¢)) | da € [W o F — W](2),a > 0} is nonempty, it
must be that K C U, (e). Let us fix Uy, U, satisfying b, > E,,. Since p is a limit point
of ¢, there is a k; such that ¢(k;, 2°) € U,(€). Pick a point g € E N Q(¢) # 0. Then, as g
is a limit point of ¢, there is a first k, > k; such that dist(¢(k», z°), ¢) < € and ¢(k», ") €
U, (e). However, due to (2.21) W(g(ky, 2°)) — W(d(k;,2%)) < Zfikl § < 0, which means
that W(¢(k», %)) < b, < b,, a contradiction with the fact that ¢(k», 2°) € U, (e).

For the second case, i.e., W(p) > w let us choose U, U, and € as follows:
U, small enough so that max[W o F — W](v) < &, ¢ > 0, for all v € U, (it can be
done by upper-semicontinuity of W o f — W, in a similar way as we reached the bound
0 in (2.21)), U, U, such that Qp > Zl + 6. Next, let us choose € small enough so
that (2.21) holds. Since Q(¢) N E # 0, there is a k; such that ¢(k;, z°) € U,(€). However,
we have that W(¢(k; + 1,2°) — W(e(k,,2°)) < & < b,- by, and since ¢(ky, 2°) € U, (¢),
it holds that W(¢(k,,z°)) < by, therefore W(p(k; + 1,7°) < b,, which implies that
¢(ky + 1,2°) ¢ U, (e). Hence, there are two possibilities: either ¢(k; + 1,z°) € U;(e), in
which case we can repeat out previous analysis to conclude that ¢(k; + 2,2°) ¢ U, or
(ks + 1,2°) € BAQ(¢) \ (U1 (e) U U,(€)) € B(Q(#)) \ U (e). Since U,(€) contains
a limit point of ¢(k, z°), there has to be a first k; + n > k; such that ¢(k; + n,z°) €
BA(Q(¢)) \ (Ui(€) U U,(e)) but ¢(ky + n + 1,2 € U,(e). In other words, by the
above process we may construct a sequence {¢(k; + [, zO)};’z‘l1 C Ui(e) \ Upy(e), with
d(ky + n,2°) € BL(Q(#) \ (U (e) U U,(€)), but ¢p(ky + n + 1,2°) € U, (¢€). However, in
this case we have that W(¢(k, +n + 1,2°)) — W(¢(k; + n,z%)) < 6, < 0 by (2.21), which
implies that W decreases. Therefore, ¢(k; +n + 1,7°) ¢ U »(€) since the above implies
that W(g(k; +n + 1,2°) < W((k; +n,z°)) < by < b, a contradiction. Then it must be
that Q(¢) is in a single level set of W. Hence, we follow the proof of the first case in this

lemma to show that Q(¢) C E. O
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2.6 Details of the proof of Theorem 2.1

Our proof is divided in three parts: in Part 1, we show that V,(y) > 0 for all
y € &1, and in fact V)(y) = Oif and only if y € &, for [ € {1, ..., m}, with V, and &, in-
troduced in the proof sketch of Theorem 2.1. In Part 2, we show that V; is monotonically
non-increasing along any solution of the system y**! = g(y*) given by the PricE LEVEL-
ING algorithm, starting at some point in &y, for all / € {1, ..., m}. Finally, we conclude
the convergence of the solutions towards the set of optimal charging strategies, using
Theorem 2.3, which can be found in Section 2.5.

Part 1: We have as a direct consequence of Lemma 2.5 that there must exist
g € Y such that D, + x; —D,+x, 20, forally € &-. Since D, +x; = mingee,(D; + x[°),
and by definition of &, min.ee,(D; + x;) < (D, + x,), it follows that V;(y) > 0, for all
y €& Ify € §1\&, then, i) there is g € [ such that min,ee,(D,+x]) > D,+x,, then it
follows that V(y) > 0, or ii) there exists some g € (; such that min,ee,(D;+x;) < D,+x,,
then, from Lemma 2.5, there must exist # € Y; such that minee,(D;+x) > D;+x;, hence,
Vi(y) > 0.

Next, by definition of the set &, if y € &, it holds that for r € ¥, c ©,, D, +
X; = minge,(D, + x,), and D, + x, = D, + x;, for all ¢t € U£=1 T,. Recall that by
definition of the partition {‘Y’,}’r’fll, ift e, D,+x <D, + x; for all ¢ € ®,, then
D, + x} = mingee,(D, + x;) = mingee,(D, + x,). Hence, if y € &;, Vi(y) =

Part 2: Next, let us show that each function V; is monotonically non-increasing
along the system solutions inside the set &,_;, and it is decreasing for all y € 1 \ &;.
Assume that y* € &_,. Consider the dynamics in (2.14). Then, we can write x*!, by

summing in both sides over all £ > n(z n,iel{jel|te Zf} as follows:

M= ) Z > Ak (g, twimaxipl, - pf, o)

i€l ¢=n(i,r) quf

_Z Z Z A, @uri(max{p — p§, 0)), (2.22)

iel ¢=n(it) qu’

for all t € 7. Let us analyze what happens with any x*, 1 € ®,, when y* € &_;. Notice

that by definition of &1, uf for some u* optimal, for all s € |J'_} ,, foralli € I.

zs’

Also note that for a fixed j € 1, depending on W;, w;, we can have 1) 3 cw,uir+1y Wig =
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=L Zseulr—zll T, u;s + 10, meaning that the PEV j optimally gets all the battery charge

Bj
necessary for the usage schedule, during time slots in Uﬁ;ll Ty, or i) Xgew,ureny Wig >
a—; Zveulr—_l u’.* + 0. In the first case, we have that for every 1 € ©,, ”I;',t = 0, therefore,
the terms in the negative sum in (2.22) associated to j (i.e., y e for € € {1,...,m;}) are

zero. If the second case holds, from Remark 2.3, in order for u* to be feasible, there
must exist some Y',, r > [ such that u’]‘.s > 0 for some s € Y,. Then, we can fix t € O,

for which u}, > 0. Let £ be such that 7 € Zf. Then, we have three different types of slots
ge UL
B1: First, foreach g € Ui;ll T, suchthatg € Z7, n € {1,...,{—-1},by C/ in Lemma 2.4

it must hold that either 1) u’]‘ .= ux g = Wjimaxs then 71( J,q) = 0, or ii) the maximum

battery capacity constraint is active some r € {n,...,{ — 1}, i.e., there is r €
{n,...,¢— 1} such that ¢, + 2 Zsezr s Zsewr 1w = 1, then yz(],q, 1 =
In any of these cases, the terms in the negative sum of (2.22) associated to j € 1

and ¢ € U2} T, are zero.

B2: Now, for each g € Uﬁ;ll T, such that g € Z’.‘, n € {{+1,...,mj}, it must hold

by C3 in Lemma 2.4 that either 1) u}‘q = U;max, then, since uf‘ = uZ‘q for some

u* optimal, it follows that y’f( J,q) = 0, or ii) the user satisfaction constraint

. . . ﬂj _ k
is active for some r € {{+ 1,...,n}, i.e., oy qufw;—l Wig—Djo| = quzg—l U,

ko
where i, =

Lsewr Wis = %Zvezr_l u, + 9o, for some r € {€ + 1,...,n}. Recall that

ul*q, for some r € {¢ + 1,...,n}. The second case implies that
kK _ a; i k _
since u}, = Il 1ij’ we have ﬂ—j Zsez;—l Zzzlyj’w + 30 = Zsewr1 Wys- In
addition, notice that summing on both sides of the expression in (2.14) over Z7,
fori = jandany o € {1,....m;}, we obtain ¥z Y= Yoezs W o for all
k € N. Then, given the selection of initial conditions of the PricE LEVELING
. . i
algorithm, i.e., y° such that, Fj Zsezr Pyt 1ij = Zse(w;—l wjs — %j0, we ob-
. -1 -1
tain F’_ZYGZH et Yiso + P50 = Ysewr1 Wi Therefore, 307 ¥z Yoo =
Zsezr 1 u ,» hence it must be that y;, . = O for (¢,0) € Z’ x{r+1,...,m;}. In both

cases the terms in the negative sum of (2.22) related to j and g are zero.

B3: Finally, consider the case when g € Z}‘.’. By C2 in Lemma 2.4, we have ”Z ;= Wimax:

hence y’l‘( J,q) =0
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It is easy to see that since y* € &1, p(D; + x{) > p(D, + x;) for all 1 € ©,,
g € 2! T,. Therefore, in the equation (2.22) for any ¢ € ®,, the terms in the positive
sum associated to g € |J'Z! T, are zero.
With this analysis, we have shown that for y* € &_;, x**! for each ¢ € ©,, depends
uniquely on values of y" with q € ©,. Thus, we can write (2.22) as:
H e Y S ST A Gomatsh - o)

iel ¢=n(i,r) qu’ﬁ@I

m;

‘Z Z Z A, @ri(max{ pf — pl, O}), (2.23)

iel ¢=n(ir) qGZfHGI

for each r € ©,. Define ¥(z) = maxi(rfb)z, that is, a linear function which is zero at zero,
with slope equal to the maximum Lipschitz constant of a ¢; over all i € I. Next, let us

write a lower bound for xt“ by replacing the negative sum as follows:

>, Z > A g nwimaxtpt - pt.0)

i€l {=n(i,t) qu‘h@I

<Z Z ZAl[(q,t)w(max{ pq, )

i€l ¢=n(i,t) ge®,
xlf Kk k
< ) Fumaxip — pf.0).

In the first inequality we simply replaced the sum of ¢ € Z‘ N @, such that g € ©, by
the sum on ¢ € O, and we upper bounded the functions ¢; by . As Z: N @, c 6,
the inequality holds. For the second inequality, we dropped the minimum operator that
determines Aff (g, 1), and replaced it by yff .- Then, we exchanged the summation order

to obtain x*. Therefore, we have:

m;

A > xl{q_Z Z Z Af (g, Wi(max{p; — p},0})

iel {=n(ir) qu[ﬂG),

qu@l T w(max{p pq’ 0}) (224)
Define H/(x) = {r € 7| 1 € argmin, g (D,+Xx,)}. Recall that L. = mince,(Dy+x;). Since
p is strictly increasing, p(L*. ) = min,, p(D; + x¥). Take (2. 24) fort =1, t, € H(x**"),

'min

and sum D, — Lmin on both sides. Then, we obtain:
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k

X
LE =L > LE = L = > Zwmax(ph, - pk, o)
qE@l T

+Z i Z A} (g, Wi(max{p}; — p}., 0.

iel t=n(i.n) geZ!nO;

Using the inequality in (2.15): k
ket _rk k _ 1k t k
L y me = L - me - 1 (L - me)

max

- Z Z A} (g, Dri(max{p} — pf,, O}).

i€l (=n(it) qezfQ@,

This allows us to conclude that at any iteration y**! = g(y*) we have V,(y**')-V,(y¥) < 0,
due to Lj — Lf. >0, for y* € §_;. Moreover, for any y* € &_; \ &, by Lemma 2.5 it

‘min

stands that L* . < Ly for g € (;. Thus, we have two possibilities:

‘min

Al: H(x*)NH(x**") = 0. Then, it must be that L —L . > 0, and V,(**")-V,(4}) < 0.

A2: 1 € H(xX)NH,(x**"). Itimplies that Lf —LX. = 0. Since L}, < Ly, forallg € @,
there must be some i € [ with {t,#;} C ®, N Z;, t ¢ H,(x) such that uf, > 0, and
a small change in u* where @}, = uf, + € and &}, = u}, — €, € > 0 small enough,
while keeping all other components of u* unchanged leads to a feasible solution

of the system. When this happens, we obtain:

i Z A} (g, D(max{p — pj,0}) >

t=n(i1) geZ(n@,

A (1, @u(max{pf — pf, 0) > 0.

Then, we can conclude that V,(y**!) — V;(3*) < 0, whenever y* € ., \ &;. This implies
that for any y**! = g(%), V,(**") = V,(3*) < 0, whenever y* € ., \ &;.

Take y* € &;. From Part 1, we have that V,(3*) = 0. Because we have that
Vi(y) > 0, and V;(g(y)) — Vi(y) < 0 for all y € &_;, and given that & C &y, it follows
that V,(**!) — V,(3*) < 0, hence V;(**!) < 0, then, it must be that V(y**!) = 0, which
means that V,(**1) = V,(*) = 0

Part 3: Consider compact manifolds &, for [ € {0, ...,m}. By definition &,, C
En-1 C --- C & C &. Next, define the dynamics y**' € G(*), where G : RY) 3 RY,
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is given by G(y) = {g(y)}. Notice that since g is Lipschitz continuous on the domain 7,
then, it directly follows that G is upper-semicontinuous, with nonempty and compact
values. Therefore, we can use Theorem 2.3 for y’“rl € G(yk), with height function V|,
M, = 8; = &. Note that & is strongly invariant under y**' € G(y*). Then, we have
that for any solution ¢ of y**!' € G(Y*), Q(¢) c {y € & | Vi(g(y)) = Vi(y) = 0}. By Part 2
of this proof, we have that {y € &y | Vi(g(y)) — Vi(y) = 0} = &;. Then, Q(¢) C &;.

Further, for [ = 2, we use V; as a height function for Lemma 2.3, M, = &, and
S, = &;. Since it has been shown in Part 2, that V;(g(y)) — Vi(y) = 0, only if y € &, it
immediately follows that 0 € [V, 0 G — V,](y) only if y € &,. Since we saw in Part 1 that
Vi(y) =0forall y e &, thentheset E, ={y € & |0 € [V, 0 G — V,](y)} is contained in
a single level set of V,. Then, we have that Q(¢) C &,. We repeat for all [ € {3,..., m}
the analysis performed on [ = 2, then we will obtain that Q(¢) C &,,, where &,, is by
definition the set of optimal solutions of the PEV charging problem.

2.7 Summary

In this work we define the PEV charging problem under usage schedule con-
straints, where PEVs have to compute charging strategies that allow them to fulfill
charging deadline requirements at different moments of the day. This must be carried out
optimally, in the sense of minimizing the aggregate energy price over the day. In order to
solve this problem in a hierarchical way, we introduce a modification of the Price LEVEL-
ING algorithm that has been presented in [12], which accounts for the usage constraints.
Further, we introduce a mild modification of this algorithm: the Non-ANoNYMOUS PRICE
LEVELING algorithm, to solve the same problem, assuming that communication failures
can occur. In order to show convergence in both cases, we introduce an invariance result
for discrete-time systems that are represented by a difference inclusion. We also discuss
the ANoNyMous PrIcE LEVELING algorithm, an anonymous setting under communication
failures, which does not converge to an optimal solution of the PEV charging problem.
It could be possible to design the aggregator for the ANoNymous PRICE LEVELING algo-
rithm as an observer where };.; u; corresponds to the measure of the output, and }’,; u;

corresponds to the real output, so that the system performance could be improved. How
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to do this while computing bounds on performance is the subject of our future work.

Simulations illustrate the algorithm performance under communication failures.

Acknowledgements

This chapter contains work previously published in:

e A. Cortés and S. Martinez, “Optimal plug-in electric vehicle charging with sched-
ule constraints,” in the proceedings of Allerton (2013), 262-266.

e A. Cortés and S. Martinez, “A Hierarchical Algorithm for Optimal Plug-in Elec-
tric Vehicle Charging with Usage Constraints,” submitted to Automatica, (2014),
revised 2015.



Chapter 3

A hierarchical V2G protocol for PEVs

In the previous chapter, we discussed the challenges of the expected large pene-
tration of PEVs in the power grid. We also presented a V1G approach to address such
challenge.

In this chapter we work on the paradigm that PEVs can deliver/absorb power
to the grid in order to provide ancillary services [25]. To this end, PEVs’ batteries are
used during inactivity periods to absorb the generation excess, if any, or to inject power
power if there is demand excess. In this manuscript, we propose a hierarchical architec-
ture in which intermediate aggregators coordinate with PEVs an optimal vehicle-2-grid
(V2G) charging strategy. To do so, intermediate pricing and aggregated load signals are
employed, which helps with privacy preservation goals.

The literature for V2G includes [26], where a centralized optimization prob-
lem is solved using simulated annealing and ant-colony optimization algorithms. Fur-
ther, [27] presents a purely centralized optimal control algorithm to solve a V2G prob-
lem with uncertainty. A V2G game-theoretic formulation is given in [28], where PEVs
are modeled as batteries that aim to inject to or draw from an aggregator a certain amount
of energy in order to meet a desired energy state in such aggregator. In [28], the authors
do not consider battery dynamics.

In this chapter, we present a hierarchical V2G problem formulation for the co-
ordination of a fleet of PEVs connected to different points of the distribution side of the
power grid. For simplicity, we assume that the distribution feeder follows a tree topol-

ogy, which is consistent with the actual topology of existing settings. Then, we model

51
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the power grid as a rooted tree graph, where the root node is the generation/transmission
section of the grid, including the distribution substations. Other nodes represent buses
on the distribution feeder, and PEV's are modeled as leaves of the tree. We exploit this
hierarchy to define the communication structure of our coordination algorithm. Each
bus has a non-PEV load that must be satisfied, and lines between buses have a maxi-
mum transmission capacity. Then, we formulate the V2G HIERARCHICAL algorithm. In
this approach, all PEVs solve a local optimization problem to compute their charg-
ing/discharging profile over a finite discrete-time horizon. Then, they communicate it to
the bus at which they are connected, which aggregates its PEV and its non-PEV load and
sends it to the next bus up in the hierarchy. The aggregation is performed in a cascaded
manner until the overall load reaches the root node, which then uses such information to
compute a control signal that is down-streamed through the tree. As this signal passes
through each bus, it is modified to account for the capacity limitations of the transmis-
sion lines that carry power to such bus. Finally, a modified signal reaches each PEV in
the system, which employs it to recompute their charging/discharging profile. In this ap-
proach, PEVs do not have to provide directly private information on their usage habits to
the root, but to intermediate buses, which helps with privacy preservation. Additionally,
almost the entire computational load falls on the PEVs, while all buses in the network
only act as aggregators. This results into good scalability properties of the algorithm.
A convergence analysis is performed and simulations show the V2G HIERARCHICAL algo-
rithm performance on various scenarios.

This chapter is organized as follows: Section 3.1 presents some preliminary no-
tation on graph theory for this chapter. Section 3.2 introduces the V2G control problem
to solve. Section 3.3 presents the formulation of the V2G problem as an optimal con-
trol problem. Section 3.4 introduces the hierarchical approach to the solution of the

problem. Simulations and discussion are shown in Section 3.5.

3.1 Preliminary notation for this chapter

Consider an undirected graph G = (V, &), where V is the set of nodes and &
is the set of edges. A path P(i, j), on G for nodes j, j € V, is defined as a sequence
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of nodes {ny,...,n,} such that n; = i, n, = j and (ng,ne ) is an edge of G, for all
te{l,...,qg—1}. Agraph G is a tree if there is a unique path between any two nodes
i, j € V. The distance from node i to node j in G is given by the number of edges in
the path P(i, j). For an undirected tree, any r € V can be called a roof of G. Then, G
with root r is a rooted tree. For a node j € V, the set of children ch(j) is composed
by all nodes that are connected by a single link to j, and whose distance to r is larger
than that of j. The set of descendants of j, des(j), is the set of all nodes i € V \ {}
such that j € P(r, i). Similarly, the parent of j, denoted as pr(j) is the unique node that
is connected to j by a single edge, and belongs to P(r, j). The set of ancestors of j,
denoted by an(}), is the set of all nodes in P(r, j) \ {j}. A node j € V is called a leaf of

G if it is only connected to one node / € V.

3.2 Problem formulation

Consider a population of n plug-in electric vehicles (PEV) that is connected to
the power grid. This population is spread over a large area. The objective of each PEV
is to charge its battery in order to fulfill its user’s needs. Additionally, each PEV is able

to inject power back into the grid.

3.2.1 Structure of the power network

The power grid is composed of three easily discernible layers: generation, trans-
mission, and distribution. We assume that the distribution side of the grid is composed
of radial feeders only (with tree topology), and each feeder has a single connection point
to the transmission grid. This is a reasonable assumption, as most of the existing feeders
have this structure.

In our model, the generation/transmission side of the grid is condensed in the
root node, r, of atree 7 = (V,E), where V = {1,...,r},and E C V x V. All the dis-
tribution trees that we consider in our model branch out of the root, and all buses in the
distribution feeders are represented by nodes of the tree 7. In addition, PEVs attached
to such buses are also represented by nodes of 7, however, they must be thought of as

leaves of the tree. Without loss of generality, let us denote by N = {1,...,N} C V the
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Generation

Transmission

" Bus Node

= j?

Figure 3.1: Graph model of the power grid. Node r represents the genera-
tion/transmission part of the grid, along with the connection points of the distribution
feeders. In the zoomed area, circular nodes represent buses of the distribution feeder,
while squared nodes represent PEVs.

subset of nodes of 7~ that are PEVs connected to the system, while M = {N + 1,...,r}
consists of the buses of the distribution feeders of the system, along with the genera-
tion/transmission node r. Hence, all distribution buses belong to the set M \ {r}. In our
setting, M \ {r} does not contain nodes that represent connection points of the distri-
bution feeders to the grid, as these are already encompassed within r. Buses have an
associated non-PEV demand that must be satisfied.

As already mentioned, nodes representing PEVs have no children, i.e., ch(i) = 0
for all i € N, while for the node r, pr(r) = (. Each transmission line between two
connected buses, i.e. i, j € M\ {r}, for which there exists (i, j) € &, has an associated
parameter P7*(r) that corresponds to an upper bound on the amount of power that can
go through the line (i, j). Likewise, there is a maximal amount of power P}"*(¢) that the
grid generation represented by node r can provide at each time ¢. Figure 3.1 shows a

graphical explanation of the grid model.
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3.2.2 PEYV battery model

We assume that the battery of each PEV follows the dynamics:

a; 1
Zip = Zig-1 + Eui,t - %Vu,
where u;,; > 0 is the amount of energy that is charged into the battery during time interval
t € N, v;; > 0 is the energy discharged from the battery during time 7 € N, af € (0, 1)
is the battery system charging efficiency, o/ € (0, 1) is the battery system discharging
efficiency, B3; stands for the battery capacity, and z;, is the state of charge (SOC) at time
t € N. The SOC must satisfy that z;; € [Zimin> Zimax)> 0T 0 < Zimin < Zimax < 1. In
addition, some power bounds must be established in the battery charging/discharging,
namely u;; < #;max and v;; < V;max. Then, the charging/discharging action of each PEV,

i € N, can be characterized by a demand profile d; = {d;,};en, Where d;; = u;; — vi,.

3.2.3 Load buses in the distribution feeders

Each of the nodes i € M represents a bus in a distribution feeder. The bus is
characterized by a non-PEV load attached to it, denoted by L;,, which must be satisfied.
Moreover, each node i € M has a demand profile d; = {d;,};en associated to it. This
demand is given by all the power that is injected to all loads corresponding to node i or

its children, i.e.:

diy% Y deg+ L. 3.1)
¢ech(i)
By this definition of dj;, j € M, d,, can be rewritten in terms of the descendants of i as

follows:

di; = Li; + Z Ly + Z dj;, (3.2)

tedes()n M JjedNG)
for all i € M, where dN(j) = N N des(j). Since PEVs may be descendants of node i,
d;, may be negative, which means that power is flowing upstream from node i toward its

parent pr(i).
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Remark 3.1. Notice that the power flowing through line (i, j), i,j € M at timet € T
is given by d;,, if j € pr(i), and d;; if i € pr(j). This comes from the radial structure of
all distribution feeders and the fact that the demand d;,; must be satisfied for all i € V
and for all t € T. Given the rooted tree structure of the network, there is a one-to-one
correspondence between nodes in M\ {r} and the transmission lines in the distribution-
side. Then, in order to account for the bounds in the transmission capacity, for all

distribution lines, it suffices to pose the following constraints:
\djil < Phop(@®, Yrer, je M\ ({rh,

where, consistent with the notation, P;?‘Sr’; j)(t) is the transmission capacity of the line
between j and its parent. Therefore, for simplicity of notation, let us denote the capacity

of the line between j and its parent by P7*(t), leading to:

|dj,l < PT(1), Vrer, je M\ {rh

3.2.4 The generation/pricing node

The node r € V, referred to as the generation/price node models the behavior of
the generation/transmission side of the power grid. For simplicity, we consider that the
transmission lines in the transmission side of the grid do not have an upper limit on the
amount of power they can carry. However, we do consider that there is an upper bound
on the amount of energy that can be generated by the generation-side of the grid.

Therefore, the node r is solely represented by the maximum amount of power
that it can provide to the distribution feeders, i.e., Py***(t), and the generation cost for the
energy supplied by the grid at time r € N. This generation cost is given by C : R,y —
R.p, which is a convex and increasing function, with C(0) = 0. The argument of this
function corresponds to the aggregate power that is provided by the grid to the loads at
time ¢. The function C models a market behavior in which the price varies according to
the demand, and the whole demand must be satisfied. In case the i PEV is providing

power at certain time, the function C will also determine the price to be paid to the
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owner of the PEV.

Assumption 3.1 (Derivative of C is Lipschitz). The function C is such that C’ is Lips-

chitz in its domain, with Lipschitz constant Ic. o

3.3 Optimal control problem

The charging strategy is devoted to minimize a function corresponding to the
total cost of the energy provided by the utility during a finite horizon 7 = {1,..., T},
subject to user needs and line capacity constraints. In addition, let Z; C 7, foralli € N
be a set of times at which the i vehicle has access to the power grid. This set can
be used to model deadlines in the charging time for each PEV. Taking into account the

consideration in Remark 3.1, we formulate the following optimization problem:

Problem 1: min,,J(u, v)

subject to:

(wi,v)) € Fi, VieN, (3.3a)

diy =ui; — Vi, VLIEN, (3.3b)

dig= Y dy+ Ly, VjEM, (3.3¢)
tech(j)

\djil < P70, Vi, j € M\ {r}, (3.3d)

dry < PY(1), VL (3.3e)

Here,

T
Jw,v) =" Cldr), (3.4)
=1
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and (u;, v;) € F; if the following constraints hold:

Ziy = Zio + ,311 ; (afui,g - ai?v,-,g) , teT, (3.5a)
Zimin < Zig < Zimaxs [ €T, (3.5b)
O0<ui; <Uimax, [ET, (3.5¢)
0<vi;<Vimx, lET, (3.5d)
u, =0, t¢7Z Cr, (3.5¢)
vi,=0, t¢ZCr, (3.51)
Zi, T = Zimaxs (3.5g)
uvi, =0, ter. (3.5h)

Notice that the constraint (3.5h) is not convex. The following results allow us to

relax the constraint without affecting the solution of the problem.

Lemma 3.1. Let u,v be a feasible solution to the relaxed version of Problem 1. Then,

there exists some s € T, such that forallt € {s,..., T} C 1, and forall t € M, d; 5 > 0.

Proof. The result follows easily by observing that if u, v is feasible, z;7 = z;max, for all
i € N. Then, for d;7 to be negative, there must be at least some i € dN(¢), such that
u;7 — vir < 0. Then it must be that z; 7_; > z;max, Which contradicts the feasibility of

u,v. O

Lemma 3.2. Let u,v be a feasible solution to the relaxed version of Problem I, with
some i € N such that for some t € 1, v;; > u;;. Construct a new solution u', v! based

on u,v, such that u;, = &, vi, = Eviy, & € (0,1), ul{q = Suiy, viq = &g for all
. A 1- <ol y; —v;
geft+1,...,T}, where & € (0, 1) is chosen as & = 1+M

gq=t+1

components of u',v' are identical to those of u,v. This solution is such that u},, v} € 7,

forall je N.

while all other

- d
(@ afuig=vig)’

Proof. Since (u}, v;) = (u;,v;) for all j € N\ {i}, then it holds that (u}., v}) € ¥,. More-
over, since (u; - v ) = (Wig,vig) for all g < 1, all the constraints (3.5a) through (3.5f)

hold for i until time ¢ = ¢ — 1. Then, to prove our statement, we only need to show that
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the constraints (3.5a) through (3.5f) hold for i for all times g > ¢, and also that (3.5g)
holds. Since & € (0, 1), it follows that u;, € [0, #;max], v;, € [0, Vimu]. Moreover,
since vi; > u;,, it also holds that 0 > & (“u;, — (@)™ 'vi,) > @Cui, — (@)"'v;,. Then,
given that z;,_, = zy,, and the fact that 0 > & (afu;, — (f)™'v;,) it follows that
Zimax = Zig—1 > zl.l,t > Ziy 2 Zming. Next, let us show that & € (0,1). Notice that

from the constraints (3.5a), (3.5g), we have that:

1 d\-1 T 1 -
0 < Zimax — iz = E(Olfui,z —(@)) vig) + Zq:t+l E(a'fui,q - (0/?) 1Vi,q)-
l

Since afu;, — (af)‘lv,-,, < 0 by the assumption of the lemma, we move it to the left side

of the inequality above and it follows that:

T
1 dy\—1 dy-1
——(afui — (@) i) < Y =(afuy — @)y,

! g=t+117"

Then, after dividing both sides for the positive term on the right-hand side, it follows
that & € (0, 1). It immediately implies that u; o € [0, Ui ] and v o € [0,vimy], for g €
{t+1,...,T}. Next, let us show that the constraint (3.5b) holds forallg € {t+1,...,T}.
From (3.5a) and the fact that (u},q, v},q) = (&oig Eavig)s q € {t + 1,..., T}, we have that:

q
1 &l 1 & 1
Zig =Tig-1 + — (a/fui,; - _dVi,t) + — Z (a/fu,-,g — Evi,[ .

Bi % Bi &7

i

If the third summand in the expression above is less than zero, by negativity of afu;, —
(@) 'v;,, it holds that z;may > zi—1 > z}’q. Moreover, since &;,&, € (0, 1), it follows by
definition of z;, and z; , that z o> Zig = Zimin-

If the third summand in the expression above is greater or equal than zero, then

we have:

1-&)+ 1 1 <& 1
2y =Zig-1 + G- +h (afui,t - —dVi,t) = (Ofuif - _Vi,f) ) (3.6)
@;

4 , , i, d
Bi Bi t=t+1 @;

where:
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154 cy., — Ly
i f=t+1 (al ul’[ a;i vl"’)

& =
1 T c 1
Bi “~w=t+1 (a/i Uiy — a_?vi,w)

Clearly, & € (0, 1). Then, &(1 — &) + & < 1, and since o‘u;, — (@¢)'v;, < 0, it follows

that zl.l’ g < Zigs for all g > ¢, and from (3.6) we have:

X 1, 1 1 &, 1
Zjg %1t ,E ;Ui — Evi,t + = QUi — Jvi,f

1

:Zi,q'

Then, z!, > z;min, for all ¢ > t. The constraint (3.5g) can be easily verified by replacing

1,1 —

& in the battery dynamics. Then, u!, v! € 7, and the result follows. O

Lemma 3.3 (Exact convex relaxation of Problem 1). The constraint u;v;, = 0, for all
t € 1,i € N can be relaxed and the optimal solutions of the relaxed problem are exactly

the optimal solutions for Problem 1. o

Proof. For the proof of this result, we proceed by contradiction, by showing that if
u*,v* is an optimal solution to Problem 1, without the nonconvex constraint (3.5h),
but there is some i € N, t € 1, such that uiftv;ft > 0, then we can construct a solution
that outperforms u*,v*. Assume that u*,v* is an optimizer of Problem 1 without the
nonconvex constraint (3.5h), and there is some i € N and ¢ such that 7, > 0 and v, > 0.

Consider a solution #*!,9*!, such that (ﬁ;;ll,f/;‘;) = (uj,,vi,) for all (jq) # (i,0),

. Ak, 1 a1
t,g €, jeN,and ;' = max{0,u}, — (a5 v}, and 97, = max{0, v}, — (afa)ul).

Ax,l Axk,1

Clearly, a*!', 9*! is such that iy, 07 € F;forall j € N. Moreover, since uf,, v}, > 0, it

LI —

is easy to see that:

*

max{u}, — (a/fa/f)_lvi,t, (afa/f)u;t — v

i,t} < uZt - VZt' (3-7)

Therefore, the only constraints that #*!, 9*! may not satisfy are: —P?(r) < d' for
some ¢ € an(i).
If for all £ € M, it holds that —P**(r) < d*!, then, a*!,9*! is feasible to

o
Problem 1 with relaxed nonconvex constraint, and from (3.7), it follows that ﬁt;‘t’l —
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Ax,1 Ak, 1 A* 1 A* r_ A* 1
V. < up, — vy, therefore, 2jen(l; = V) < ZjeN(uj[ vjt) and ZleN( ) =

e N(u; Vi q), forallg #t,q € . leen that the function C is convex and increasing,
J@*!, 1) < J(u*,v*), which contradicts the fact that u*, v* is optimal.

Let us consider the opposite case, 1.€., there is some ¢ € an(i) such that —P;**(¢) >
c?*’l. Let us fix such ¢. Then, there is a nonempty set D(£, i*!, 9*1) ¢ dN(¢) such

that i1 A*l 9;;1 < 0 for all j € D¢, a*',9*"). Then, we construct a solution 2*2, P*-2

based on i*!,9*! as described in Lemma 3.2, with (u;f, Py = (flAjtl,glﬁz;l), for all

j € D, a*", 9*), where & is chosen as:

Tx,1
L CPro-dh
fl -7 P8 BEEEPNTN N
erz)(f,a*’l,ﬁ*al)(”s,t Y’

@520 = (Lif) &%), g € (t+1,...,T), for all j € D, a*",9*), and & as

specified in Lemma 3.2. By definition of D(¢, i*!, 9*!) and d;tl, it holds that &, € (0, 1).

f’\*Z a2 f/\*l’\*l

Then, we choose all other components o , equal to those o according
to Lemma 3.2, to obtain &#*2, %2 such that A*z,f/;‘Z € F, forall j € N. It can be
seen that the choice of 4*2,9*? leads to —P™(r) = dt, %, for all j € dN(£), and also
dy? <dy forallg e {r+1,...,T}. Next, if forallg € {t+1,..., T}, =PP™(q) < d;7,
it means that i*2, 9* is feasible for the relaxation of Problem 1. Hence, we can follow
the same reasoning as in the case where a*!,9*! was feasible to get J(7*2,9*?) <
J(u*,v*), which contradicts the optimality of u*,v*. If there is some g € {t + 1,...,T}

for which c?;‘j < —P™(q), we repeat the same procedure to find a solution 4*~, 9*-* such

that c?;‘j = —P}*(q). Then, since T is finite, and by Lemma 3.1, one can recursively
construct solutions &*", 9*" based on o*~!, p**~1 'until eventually &**, $**", is feasible

for the convex relaxation of Problem 1, for some w < T — ¢. Given the construction of

~ kT

a*", 9*"_ it outperforms u*, v*. Since we assume that u*, v* is optimal, then we reach a

contradiction. O

The next result is an adaptation of Theorem 1 in [11], and shows the uniqueness

of the optimal demand profile generated by the optimizers of Problem 1.

Lemma 3.4. (Uniqueness of the aggregate demand profile): Let u*,v* and ii, v be opti-
mizers of Problem 1. Then it holds that Yo n(u* —vI) = Y icn(lt; = ;). o
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The solution of this optimization problem is valley filling and peak-shaving, i.e.,
if u, v is optimal, the PEV's will try to provide as much energy as possible in the highest-
price times and will try to obtain as much energy as possible in the lowest-price times.

In order to solve Problem 1, we use penalty functions to handle the coupling

constraints. We formulate the following relaxation of the problem:

T
Problem 2: min,,J(u,v) + Z Z ke®p(dy,)

t=1 teM
subject to:
(i, vi) € Fis Vie N (3.82)
di; = uy; —viy, Vie N (3.8b)
djr = Z (dey+ L), Vi, jeM, (3.8¢)
Lech(j)

where @; : R — Ry acts as a penalty function for the power constraint at node j € M,

defined as:
®;(d;) £ (max{0,d;, — PT(1)})’,

and F; £ {(u,v) € R¥7 | Eqns. (3.5a) —(3.5g) hold Vi € N}. Notice that:
@’(d;) = max{0,2(d;, — P (1))},

then, @’(d;,) is globally Lipschitz continuous with Lipschitz constant /5 = 2, for all
jeM.

Remark 3.2. Notice that we are using only a penalty function for inequalities d;, <
Py(1), for all € € M\ {r}, € € ch(})), leaving aside —P}*(t) < dq,. This is done for
simplicity of presentation of the method and its analysis. The inclusion of a penalty

function for the lower bound on d;;, can be treated in an analogous way.
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3.3.1 Analysis and design of the penalty method

From [29], it is known that for the penalty method to yield a feasible solution to
the original problem, it is necessary to use non-differentiable penalty functions, except
for selected cases, which our problem does not satisfy. Clearly, the quadratic penalty
functions are continuously differentiable, therefore the solution to Problem 2 may not
be feasible for Problem 1. However, It is also known that if k, — +o0, for all £ € M, the

solution to Problem 2 gets arbitrarily close to a solution to Problem 1.

Lemma 3.5. If an optimal solution to Problem 2 satisfies the constraints (3.3d), then

such solution is also an optimal solution of Problem 1. o

By the result above, we have that a solution to Problem 2 is not a solution to
Problem 1 only if it violates at least one of the constraints given by (3.3d). Therefore,
a suitable way to study how close the solution to Problem 2 is to a solution to Prob-
lem 1, is to analyze the maximum amount of constraint violation for a given value of
the parameters «;, for all £ € M. In this way, one can design parameters k, that lead to a
desired tolerance on the constraint violation.

To this end, we introduce the following assumption.

Assumption 3.2 (Slater’s Condition). There exists a feasible solution u’,v' to Problem

1, such that:
d; | < PPty —&, LeM,

forallt € 7, such that P;*(t) — & > 0, £ > 0 and does not depend on (. o
The following result establishes how to choose all parameters ;.

Proposition 3.1 (Characterization of ;). Fix o € (0, 1) and let :

ke > VIM|T Jmax/ (€0 rr}in Py (1)),
.z

for all t € M, where

T
Jma £ ) CPI™ (1)),
=1
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Let u*,v* be a solution to Problem 2. Then, u*,v* satisfies:
dy, < PP (n(1 + o),

forall € € M. o

Proof. First, consider an optimal solution i, ¥ to Problem 2, and an optimal solution

u*, v* to Problem 1. Notice that:

T
> kud;) =0,
t=1 teM
since u*, v* satisfies all constraints (3.3d). Then, by optimality of i, ¥ in Problem 2, we
have that:
T
J@ )+ D> ke®drg) < J@* ), (3.9)
t=1 teM

Next, define 17, for all £ € M, as the optimal Lagrange multipliers associated to the
constraints in (3.3d) in Problem 1, which exist by Assumption 3.2 (Slater’s condition).

Let us define also the Lagrangian function for Problem 1 as follows:
T
LGu,v, D) 2 J @)+ ) Aelde, = PE™(0).
=1 €eM

By Duality Theory [30] and also Assumption 3.2 (Slater’s condition), it follows that:
JW*,v*) = Lw*,v*, %) < L@, 9, 7). (3.10)

Now, let us proceed by contradiction, to show that:

*
max,, Ay,

max{0, d;, — P (1)} < IMIT, (3.11)

min, K,

for all £ € M and ¢ € 1. For the sake of clarity, let us introduce the vector g(u, v) € R*,
where s = |[M|T', whose components are max{0, d;, — P;*(t)}, for all ¢, 1.

Assume that i, ¥ is such that max{O0, c?g,, - PP} > V&, where we define
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& = max,, A,/ min, k,, for some £ € M, t € 7. Itis equivalent to saying that ||g(, D)l >
Vsé. Since /sé > 0, we can multiply on both sides by ||g(@, )|l and move +/s to
obtain ||g(@, )| lg(@, e/ Vs > &llgli, P)|l;. By properties of norms, we have that
lg(@, Mll. > 11g(@, Pllw, and also |Ig(@, D)l > [lg@@, Mll;/ vs. Then, it follows that
(@, M5 = lig@, M)l llg@, Dlleo/ Vs > £llg(@, 9)lli, which implies that:

T T
D> 0> Y > Emax{0,de, - PPN0)
t=1 teM t=1 teM
r max,, A*
> > > e - PP)).
=1 tem LK

The equation above implies that:
T T
D k@) > >0 Af(dr — PEN0)),
=1 teM t=1 teM

which in turn implies that:

T
L@, 9, 4%) < J(@,9) + > ke ®(dy) (3.12)
=1 teM

From Equations (3.9), (3.10), and (3.12), it follows that J(u*,v*) < J(u*,v*), a contra-
diction, hence, (3.11) holds forall £ € M, t € 7.
Now, from [31, Chapter 10], we have that:

1 -
max A}, < —(J (&L, V) — J),
{,t ? Y

where J = J(it, ), it, ¥ is a solution to Problem 1, without the constraints (3.3d), i, v is a
Slater vector of Problem 1, and y = min, P;*(t) — d;,. Note that by definition of Slater
vector, u', v as described in Assumption 3.2 is a Slater vector of Problem 1. By the
same assumption, we have that y > . This, together with the fact that J is nonnegative,

leads us to:

1
max A;, < =J(@, ),
i T g
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Figure 3.2: Grid hierarchical structure. Dashed lines indicate communication links
while solid lines represent power links.

Finally, from the constraint in (3.3e), we have that:
J(@,V) < Jmax (3.13)

with J. as defined in Lemma 3.1. Finally, from the choice of «, presented in the

statement of the Lemma, we have:

Jmax |M| T

- < omin P"™ (1) < o Py (1).
miny Ky Lt

Then the result follows by combining it with (3.11) and (3.13). O

3.4 A hierarchical control architecture

Our main interest is to solve Problem 1 using a decentralized/hierarchical com-
munication and control architecture that allows for distributed computation, scalability,
and privacy. Next, we introduce a hierarchical approach for the solution of Problem 2.

For now on, let us assume that the optimization problem is feasible.
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3.4.1 V2G HIERARCHICAL algorithm

Our approach endows each congestible element in the grid with computation
and communication capacity. Communications over the network follow the same tree
topology as the power network. In this way, each element i € V \ {r} sends its parent
the demand profile d; and if ch(i) # (, implying that i is not a PEV, it sends its children
a control signal which comes from the generation/pricing node r, and the amount of
violation on the maximum power constraints of i’s ancestors.

The V2G HiERARCHICAL algorithm is inspired by the works presented in both [10,
11] but we modify the approach to account for the penalty functions of Problem 2. This
is an iterative procedure in which at iteration k € N, each PEV generates a demand
k k

ir ~ Vi

i, for all ¢ € 7, that is feasible for its own battery constraints.

profile df, = u
Then, it transmits the profile to its parent, which in turn computes its own demand
profile according to (3.1). This is done until the node r computes its demand profile; see
Figure 3.2 for an illustration of the information flow over the communication network.
Based on this demand profile, the node r computes and transmits a coordination
signal pf £ [pf, ..., pi;]" € R”, such that:
Phs 2 1C'(dy ) + by

r,t°

for all 1 € 7, n > 0, with b}, = nk®[(d},), and @ as introduced with Problem 2,
and k; > 0, for all j € M. Then, each node j € M\ {r} computes the control signal

pijs L [p];.,l ) ..,plj‘.’T]T e RT:

Pis = Pocia * Vi
for all ¢ € T, where:

bl = nk;0'(d)).

Recall that pr(j) denotes the node that is parent of node j. Further, as the signal reaches

each PEV, it computes its next battery control by solving the following optimization
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problem:
(ufﬂ, Vf'm) = argmin, . Ji(u;, v;) (3.14)
subject to:
(i, v) € F,
where:
c 1
T ) = 3 ot = vi) + 5l = vi = . (3.15)

t=1
The procedure must be iterated until a stopping criterion is reached.

Theorem 3.1 (Convergence result). The V2G HIERARCHICAL algorithm converges to an
optimizer of Problem 2 as k — oo, provided Assumption 3.1 (Derivative of C is Lips-
chitz) holds and n < min{ny, n,}, where:

min{(Nlc(1 + |an()]))~" | i € N},

>

m
n> = min{(2«,| AN(O)|(1 + |an(i)|))_1 |ie N, € an(i)}.

Proof. Let us choose the Lyapunov function:

T
V(v = (C(dr,,) + ) K@)

=1 teM

Then, we aim to show that V(u**!, V1) < V(u*,vb), for all k € N and V(M V&) =
V(uk, V%) only if (u¥,V¥) is a fixed point of the algorithm. Finally we show that a fixed
point of the algorithm is an optimizer of Problem 2.

From the convexity of C we have that:

Cd) < C@d¥) + C' (@M ydlst - db ).
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Similarly, we have that:
D(dyt") < D(dy,) + D(dyt Ny - d ),

for all £ € M. Then, it follows that:
T
PRI Z C(dl;,t) " C/(dk+1)(dk;1 _dllf,t))

=1

+ZZM (@0l + 0yl — ). 3.16)
=1 (e

Using the fact that C” is Lipschitz continuous, it holds that:

C'dihds' —dy) < C'di)d! —ds)  +lcldey' —d 1, (3.17)
likewise, since @’ is also Lipschitz continuous with Lipschitz constant equal to 2:

ke (d T - dyf,) < %b’;’,(d’g;l —d;)  +2d - dp P (3.18)

In the last expression we replaced K{q),( ) according to the definition of bt, st eM
Also we use the expression in (3.2) and the fact L;, does not depend on k, for all j € M,

to obtain:

dlg;l _dlg’[ _ Z (uk+1 k+1 u + v”) (3.19)
iedN(£)

for all £ € M. Then, using (3.17) and (3.18), to upper bound (3.16), and then plug-
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ging (3.19) into the result, we obtain:

V@ Y < vk, v (3.20)
2
+ Z lC Z(uk+l k+l l/l + vl t)
=1 ieN
+ZZ pr[( k+1 k+1 l/l +vl t)
=1 leN

+Z Z Z _bk (uk+1 k+1 uk +v”)

=1 te M\{r} icdN(0)
2

T
+2ZZK€ Z ! - karl uk +v”)

t=1 teM iedN(0)

In (3.20) we have used again (3.2) to write the whole expression in terms of # and v, and
we have also written C’(dy;) + kD' (dy,) as %p’lf’t, forallt e {1,...,T}.
Further, from the definition of the dynamics, (u¥*',v¥*!) fulfills the optimality

condition of Lemma 3.6 for the local PEV problem. Then, we obtain:
T
> [p” + Z b ](u” VE = B T R >0, (3.21)
=1 fean(i)\{r

where we have written out the definition of p’;r(l.) .~ Now, we sum both sides of (3.21)

over all i € N and then we use Lemma 3.7 to change the summation indices, to obtain:

ZZ PEETT =Rk k) (3.22)

t=1 ieN

+Z Z Z b k+1 k+1 l/t +V”)

t=1 e M\{r} iedN(¢)
_ Z ||l/lf-{+l _ k+l l/l + V ”

ieN

On the other hand, from Holder’s inequality we have that:

| >t =i -+ k) <|I|Z|uk“ T NS N X

iel iel
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for any subset of 7 C V. Our next step is to use (3.23) to bound the second and last
summands of (3.20), with 7 = N and 7 = dN(¢) respectively, then use the bound
from (3.22) on the third and fourth summands of (3.20), and finally apply Lemma 3.7
on the last summand of (3.20). This yields:

VR VY < vk k) (3.24)

+ D IENIEE =V - P

ieN

1

_ Z _||uif+l _ Vi'ﬁ—l _ ui_{ _ vi_(llz

ieN d
#0  1AN@ORK T =V = uf P

ieN Cean(i)

Note that in (3.24) we used the fact that 3", |z/> = ||z||%, for any vector z € R”. Now, it

is easy to see that:

1

”u/_c+1 _

k+1 _
i i

k k2
v u; —vill© =
1 k+1 _ vl;+1 _
n(l +lan(@)) ’
1
k+1 _ V]-H—l _ I/lf-{ _ V5~{||2,

T+ fan@h

k k(2
U; _V,'H

Cean(i

for all i € N. This follows from the fact that the term inside the sum does not depend

on the index of such sum. Then, replacing the expression above in (3.24), it follows:

VA Y < vk v (3.25)
1
U N N7 SN PO o WS 5 WY SO e
ZN( c n(1+|an(i)|))||<u, VL )
1
+ | AN(O)|2 ——,)x---
;,f;;i)( " p(T+ Tan()
k+1 k+1 k k112
||(uiJr —viJr - u +vl-)|| .
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This means that V(5! V1) < V(uk, V), if:

1

(1 + [an()])
1

(1 + [an()])

> 2k AN(O)|, V€ e€an(i),ie N

> Nlc, VieN.

In fact, V(@ !, v**1) < V(¥ vb) whenever ut*! —vi*1 2 y*—X then the V2G HIERARCHICAL

i

algorithm converges to the set of points S = {(u**!,v**!) € R*T | yf*! — 1 =

uf — vk, and u**!,v**! are given by Equation (3.14), Vi € N}. Finally, if we use the op-

timality condition in Lemma 3.6 for the local problem in (3.14), then we sum over all
k+1 _

i € N and next we use the fact that u;

V{'H- 1 k k

= u; — v;, we recover the optimality
condition for Problem 2, which implies that any point in § is an optimizer of Problem 2,

completing the proof. O

3.5 Simulations and discussion

Our simulation scenario consists in the rooted tree shown in Figure 3.3, where
the circles represent the PEVs and the squares represent the nodes in M, with V =
{1,...,25}, N ={1,...,20}, pr(i) = 21, fori € {1,...,5}, pr(i) = 22, fori € {6, ..., 10},
pr(i) = 23, for i € {11,...,15}, and pr(i) = 24, fori € {16,...,20}. The initial condi-
tions, efficiency and battery capacities have been chosen to be diftferent for all the PEVs.
We establish bounds for the power to go through linesN+1toN+3and N+2to N +3
21 as: PP () = 8.5 and P75 (2) = 14.5, respectively, for all 7 € 7. There is no bound
for other lines in the distribution feeders. The function C is chosen to be C(x) = x2. All
non-PEV demand, as well as the initial conditions, efficiency and battery capacities can
be found at http://fausto.dynamic.ucsd.edu/andres.

Figure 3.4 shows the optimal aggregate demand for all the PEVs in N, for a
centralized solution of the exact problem, i.e., without penalty functions (red curve),
and the aggregate demand given by the V2G HierARcHICAL algorithm after 3000 itera-
tions (black curve). It can be observed that the hierarchical solution almost matches the
aggregate given by the centralized benchmark. Figure (3.5) show the aggregate PEV

and non-PEV demand for the centralized solution (red) and for the hierarchical solution
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N +1

Figure 3.3: Topology for the simulation scenario. Black circles denote buses in distri-
bution feeders, while squares denote PEVs.

(black). In addition, we show in blue the non-PEV demand. It can be seen that the
optimal solution is peak-shaving and valley-filling, since PEVs tend to provide energy
between 12:00 and 17:00, and they charge between 22:00 and 8:00. Figure 3.6 shows
the demand curve for the node N + 1, with the corresponding transmission line bound
(green) for both centralized (red) and hierarchical (black) cases. It can be seen that the
solution of the V2G HIERARCHICAL algorithm satisfies the constraint for all time. Fig-
ure 3.7 shows the same features for the demand at node N + 2. In order to evaluate
the impact of the number of PEVs on the V2G HiErARCHICAL algorithm performance, we
have generated four scenarios with 20, 80, 140, and 200 PEVs respectively. In all cases,
battery sizes as well as initial conditions and deadlines have been chosen to be random,
but with comparable sizes. The distribution feeder configuration is the same for all sce-
narios, and corresponds to that shown in Figure 3.3. The top plot of Figure 3.8 shows
the evolution of J(u*, v¥)—J(u*, v*) vs iterations of the V2G HIERARCHICAL algorithm. On
the bottom plot, we show the optimal aggregate demand for each scenario. We can see
on the top plot that the more PEV's we incorporate in the scenario, and consequently the
larger demand that they generate, the higher the value of J Wk, V%) — J(u*, v*). However,
for all cases, we have that after 3000 iterations, J(u*, v*) — J(u*,v*) lies within 4% of

the optimal cost for each scenario.
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Aggregate EV demand
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Figure 3.4: The optimal aggregate EV demand is shown in red. The aggregate EV
demand from the V2G HIERARCHICAL algorithm is shown in black.

3.6 Aucxiliary results for this chapter

The following result has been taken from [30].

Lemma 3.6. For the feasible convex optimization problem:

minimize: f(x),
subject to:

x € X,
with x € R", x* is an optimizer if and only if:
V) (x = x*) 20,

forall x € X.
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Figure 3.5: The non-PEV demand is shown in blue. The aggregate optimal demand is
shown in red. The aggregate demand obtained through the V2G HiERARCHICAL algorithm
is shown in black.

Lemma 3.7 (Counting of edges in 7). The equality:

2, AB=), ), AB.
te M\{r} iedN(¢) ieN Cean(i)\{r}

holds for any terms A;, By.

Proof. Itis easy to show that each of the summands accounts for one path between each

PEV and each of its ancestors. O

3.7 Summary

We present a hierarchical protocol for a vehicle-to-grid (V2G) system in which
a fleet of plug-in electric vehicles must coordinate their charging/discharging strategies
to minimize a cost function consisting in the price of the total energy provided by the
utility during a finite discrete-time horizon.The power flow leaves the transmission side

of the power grid and enters the distribution side. It is modeled as a rooted tree, where
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‘ Aggregate demand node N + 1
0 ‘
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Figure 3.6: The non-PEV demand is shown in blue. The optimal aggregate demand is
shown in red. The aggregate demand obtained through the V2G HiERARCHICAL algorithm
is shown in black. The green line shows the upper bound for the power capacity.

nodes represent buses in distribution feeders, as well as PEVs. Our model also accounts
for power capacity constraints in the distribution lines. In order to account for these con-
straints, we use penalty functions. We characterize the size of the constraint violation
in terms of the penalty parameters and the parameters of the problem. This characteri-
zation provides a design methodology for the choice of the penalization parameters in
terms of a desired performance. The presented V2G HIERARCHICAL algorithm does not
require communication between PEVs, and the coordination signal is transmitted from
the utility down the tree network, while being modified at each non-PEV node, until it
reaches the PEVs. Then, each PEV uses it to iterate over its charging/discharging pro-
file. We show that the V2G HIERARCHICAL algorithm converges to the optimizer of the
cost function given the network constraints. Simulations show the system behavior for
a particular testbed.

As a future direction, we aim to address the power constraints in the congestible
elements using non-differentiable penalty functions that allow exact solutions of the

original problem, but require a subgradient-based algorithm for the solution, with the
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Aggregate demand node N + 2
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Figure 3.7: The non-PEV demand is shown in blue. The optimal aggregate demand is

shown in red. The aggregate demand obtained through the V2G HiERARCHICAL algorithm
is shown in black. The green line determines upper bound for the power capacity.

ensuing complications in the analysis.
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Figure 3.8: Top figure: Evolution of J(u*,vF) — J(u*,v*) vs number of iterations, for
four scenarios with different No. of PEVs. Bottom figure: Optimal aggregate demand
for each scenario.



Chapter 4

Hierarchical demand response with
on/off Loads

Demand response, by which a virtual reserve capacity can be created, is an idea
under investigation that can help integrate renewables into the power grid. By modifying
the state of flexible loads, the rapidly changing outcome of renewable generation can be
matched by the demand and achieve power balancing required for stability. However,
demand response can severely affect power-grid users, not only due to a potential power
shortage and reduced quality of service, but also because they may require the disclosure
of private information. Therefore, the development of smarter load control strategies is
necessary to enable this technology in a beneficial way.

Model predictive control (MPC), which can provide suboptimal control strate-
gies for modeled systems subject to uncertainty, is a promising tool in this regard. How-
ever, its practical implementation requires adaptation on two fronts. Firstly, its required
computational time needs to be lowered. This becomes specially critical for flexible
loads, most of which are on/off and lead to hard problems. Secondly, users’ privacy
must be preserved. This requires sufficiently fast decentralized algorithms which do not
slow down convergence. Motivated by this, we propose here a decentralized demand
response strategy, which is embedded in an MPC framework and which accounts for
thermal and on/off loads.

Demand response is currently the How to control loads for demand response

with the least impact on the users has also been studied in a significant number of works

79
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under different sets of assumptions. In [1], the authors present decentralized algorithms
for the dispatch of Distributed Energy Resources (DERs) and demand response. It com-
putes the DER controls given a signal provided by an aggregator and by interacting with
neighboring loads. In [2], the same authors address the DER control problem, by pro-
viding a decentralized solution of an optimization problem to match the grid balance
objective. This method does not require an aggregator, but agents only communicate
with each other to solve the optimization problem. In [12], the authors consider a decen-
tralized optimization approach for electric vehicle charging coordination, under usage
constraints. This leverages the storage capacity and flexibility of electric vehicle require-
ments to optimally use the grid generation resources. The use of the inherent storage
capacity of some power loads, e.g., thermal loads, has been presented in [32, 14, 33]. In
these works the authors use a centralized model predictive control (MPC) formulation to
take into account the storage capacity of some loads and forecast information available
at each time, to compute a control that holds the demand response objectives. None
of the aforementioned approaches include on/off loads. In [34] the authors introduce a
centralized MPC approach for thermal on/off loads, but they simply define a convex op-
timization problem and generate a on/off control using pulse width modulation (PWM).
In our framework, doing so may lead to violating maximum power constraints. The
paper [35] does consider on/off loads in the introduced setting, however, it is a central-
ized framework for a single household management. In [36], the load control problem
is formulated for on/off loads, with the objective of minimizing the power generation
cost. However, the authors do not explicitly address the integer constraints due to the
on/off loads in their proposed solution. In [37], not only do the authors present a frame-
work that considers on/off loads, but also they introduce an agile approach for dispatch-
ing those loads. It is shown through simulations that the performance is satisfactory.
However, their agile dispatch is a centralized process in which an aggregator directly
controls the loads associated to it. In order to solve problems with integer constraints,
the job-scheduling literature provides some approaches. One of them is based on La-
grangian relaxation [38], in which the coupling constraint is relaxed using a Lagrange
multiplier, and each agent solves local mixed-integer programs parameterized by the es-

timate of the optimal Lagrange multiplier, which is computed by the aggregator. This is
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a slow iterative process, and convergence to the optimal solution is not guaranteed. The
auction-based approach proposed in [39, 40] guarantees convergence to the optimizer to
the problem, but also requires solutions to smaller mixed-integer programs. The intense
computation effort required for these algorithms, makes them prohibitive to most real
applications.

In this chapter, we present a decentralized load control approach that explic-
itly takes into account the on/off nature of available loads, in order to fulfill a demand
response event (DRE). This formulation also accounts for the energy storage capacity
exhibited by thermal loads. To this end, we use a thermal model that includes outside
temperature as a disturbance. The problem is formulated as a mixed-integer program,
with the objective of minimizing the effect of a demand response event (DRE) on the
users’ comfort. We propose an algorithm that provides a feasible solution with a reason-
ably good performance, using only computationally tractable methods. The algorithm
solves a convex relaxation of the original problem, and uses the relaxed control input for
all on/off loads as a measure of need for power. After this, the resources are assigned
using a greedy approach that provides power to the loads that need it the most until the
maximum available power is allocated. Both, the convex optimization and the on/off
load assignment are carried out in a decentralized manner. The algorithms proposed
to this end are guaranteed to converge to the solution of the corresponding centralized
problem. Since the load models are subject to uncertainty due to forecast, e.g., outside
temperature forecast, we present an MPC implementation of this algorithm, to mitigate
the impact such uncertainty. Finally, we use a set of simulation cases to show the al-
gorithm performance under different operating conditions. These simulations illustrate
the cost of a suboptimal solution provided by our algorithm vs a lower bound on the
optimal solution, as well as a comparison between the open-loop suboptimal solution vs

the MPC implementation.

4.1 Management of demand response events

Demand-response events (DRE) result into the shaping of flexible power de-

mand over a time horizon to provide different ancillary services to the power grid. We
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associate a DRE with a coordinated action of a large amount of power loads that modify
their power consumption during a certain time lapse 7, in order to maintain the gen-
eration/demand balance in the power grid. The amount of power that the DRE must
provide/withdraw from the grid is generally established from a transaction in an energy
market by a utility [41].

In order to implement this, we introduce a DRE manager, which is an entity
in charge of a large group of buildings with certain flexibility in their electric loads.
The DRE manager aims to drive all loads into satisfying the DRE requirements, while
minimizing its impact on the users’ comfort.

In this particular study, we consider thermal loads, such as air conditioners and
heaters; memoryless loads, such as light bulbs; and non-flexible loads, that must be
invariably active (or inactive) at certain times of the day. Moreover, most of these loads
are on/off loads.

The control strategy is designed to take advantage of the inherent energy storage
capacity of thermal loads, and also of the prior knowledge of variables such as temper-
ature or natural illumination, from a previously determined forecast process.

Another major interest in the computation of load control is the users’ privacy.
In general, users may not want to share their comfort model with the DRE manager.
This is why a control strategy that can be computed in a decentralized way, is a priority

in the present work.

4.1.1 Modeling a demand response event

Let us consider a DRE manager in charge of a set I = {1,..., N} of buildings.
Each building i € I contains five different types of loads. Let Thyq(i) be the set of
thermal on/off loads, Th,(i) be the set of thermal curtailable loads, Loy e(7) be the set
of memoryless loads, and finally, let L.,(i) be the set of memoryless curtailable loads
for building i € 1. We denote by L(i) = Thopo(i) U They () U Logjoi(i) U Loy (i) as the
set of flexible loads ini € 1.

A DRE time lapse 7 is divided into T time slots with duration At = 7 /T'; we
let T denote the sequence 7 = {0, ..., T — 1} all discrete slots associated with it.

The power consumption of each flexible load j € L(i), i € I, is denoted by u;(t),
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where ¢ € 7 is a discrete time instant. Since there is no feasible action for fixed loads in
the buildings, we characterize them by a value Pg,(?).
A thermal load j € Th(i) is modeled by a discrete-time SISO linear system as

follows:

xij(t + 1) = Ayxij(t) + Bjuij(0) + BLT/(0),

T;i(1) = Cyjx;j(2), 4.1)

xij(o) = X?j,
where x;;(¢) is the system state, T;;(¢) is the temperature inside the room corresponding
to the thermal load j, and T7(¢) is the outdoors temperature for the load at time ¢ € 7.
The vector x;;(0) represents the state at the beginning of the DRE. This discrete-time
model may come from either an identification process using input-output data, or from
the discretization of a continuous-time thermal model (e.g., an RC thermal model [42])
with time step Az. Each load in a building has a discomfort value that is associated to its

power input. For instance, the comfort value of a thermal load j € Th(i) is given by:

Jii(®) =kij(max{0, T;;(r + 1) — T;7*}

+max{0, T} — T;;(t + D)),
where [Tl.f;““, T*] is the temperature interval in which the users of the j" thermal load
in the i building are most comfortable, and «;; the users’ tolerance to discomfort. Note
the time shift in the temperature value, which is consistent with the fact that 7;;(t + 1)
directly depends on u;;(¢) for all j € Th(i), i € I. For memoryless loads we introduce a

(generally nonnegative) discomfort function defined as:
Jii(D) = a;j(Ou;(1) + Bi(1),

where a;;(?),5;;(t) € R, forall 1 € 7.

Remark 4.1. The parameters a;j(t), B;j(t) € R have been chosen to be time-varying, to
model events such as the change of natural illumination inside a room during the DRE.

This event may change the impact of load j in its user’s comfort. o



84

The DRE itself is modeled as an upper (lower) bound on the amount of energy
the whole set of buildings can use. This information is provided by an Independent
System Operator to the DRE manager, and is based on the load forecast on the power

grid. For simplicity, we represent this bound by the constraint:

i Z ;j(1) < Ppax(1), Vie€T,

i=1 jeL()
forall r € 7.

Remark 4.2. In this study, we only consider DREs where a positive power compensa-
tion is required, i.e., the demand must be shortened. In the opposite case, the entire

procedure can be adapted analogously. o

4.1.2 Optimal DRE control problem formulation

Here, we formulate an optimal control problem that results into the minimization
of the general discomfort among the users of all the loads during the DRE. An algorithm
to solve this problem is proposed in Section 4.2.

The DRE manager will aim to solve the following optimization problem:

T-1 N
P1 :minimize, Z Z £ii(®) (4.22)
=0 i=1 jeL(i)
subject to:
Equation (4.1), Yje Th(),Vie L Vter, (4.2b)
wii(0) € [0,ul™],  Vj e Curt()),Vie LVt e, (4.2¢)
uij(r) € {0,177}, Vj € Onoff(i),Vi € IVt e, (4.2d)
N
D07 uif0) < Pra(t), Ve (4.2¢)
i=1 jeL(i)

Notice that Notice that the state of the thermal loads at time t = O corresponds to the
system state immediately prior to the beginning of the DRE.
The previous problem presents a convex cost function, however, constraints de-

scribed by (4.2d) are binary, hence, the problem becomes is a mixed integer program.
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Since mixed integer programs are NP-complete, there is no algorithm that can solve it
in polynomial time, and the solution time grows exponentially as the amount of integer

variables grows.

Remark 4.3. Notice that using PWM driven by the solution to the convex relaxation to
the problem to generate an onjoff load control may lead to the constraint (4.2e) to be

violated at some time instants, since there is no synchronization among all loads. o

4.2 Solution approach

Privacy is a major objective for our load management solution. Thus, a central-
ized approach in which the DRE manager knows the model of all loads and discomfort
functions of users may not be acceptable. Moreover, for large amounts of buildings or
loads, the problem to be solved in a centralized way could grow too large to be manage-
able. Hence, the solution approach we consider must be susceptible of being executed
in a decentralized or parallel manner.

Our solution approach consists of two steps: convex optimization and thresh-
olding. The thresholding step is devoted to use the result from the convex relaxation of
P1(1), that is not feasible to the problem and generate a feasible solution to it, without
deteriorating the service provided to the users.

We describe the overall execution of these steps in the following, and leave the
specific details for Subsection 4.2.1 and 4.2.2. Then, we propose a decentralized imple-
mentation of these steps in Section 4.3.

We consider the problem £2(0); see Subsection 4.2.1, which is a convex re-
laxation of the problem #/ in (4.2), with the only difference that we replace the con-
straints (4.2d) by u;;(1) € [0, u;?;‘], for all on/off loads. Let v** be an optimal solution
of this relaxed problem. If we compute y?j’o(t) = vfj’o(t) / uf}l € [0, 1], the result can be
interpreted as the level of urgency that load j in building i has at time ¢ € 7. For the sake
of clarity, consider the time r = 0. The value of y;;(0) for all on/off loads can be used
to establish the relative priority of these loads, and thus determine what loads should be
on, based on the limited available power resources.

A threshold variable 6(0) € [0, 1] is introduced to decide on the state of on/off
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loads. Thus, all on/off loads for which y7:°(0) € (0, 1), y/;"(0) < 6(0), must turn off,

while those for which yi*j’O(O) > #(0) must turn on, i.e.:

u™ if y°(0) > 6(0)
ii; j(O) = / /
0 otherwise,

for all j € Onoff(7), i € I, where #;;(0) is defined as the control input to load j € L(i),
i € 1. The threshold variable can always be chosen in such a way that after turning on and
off the corresponding loads, the constraint on the maximum allowed demand is satisfied
(see Lemma 4.1). Once the value for the on/off controllers i;;(0) for all loads have been
chosen, we proceed to solve the problem $2(0) as described above, but including the

constraints:
u;;(0) = 1;;(0), Vj € Onoff(i), Vi € I.

This computation will perform two tasks: i) to refine the computed values of i;; for all
loads j € Curt(i), improving the use of resources at time ¢ = 0, and ii) to provide a
computation of the level of urgency for all on/off loads at time # = 1. Then, a threshold
can be computed for = 1, leading to the control values for all on/off loads at such time.

In this way, we increasingly fix the values of all on/off loads for each time ¢ €
{1,...,T — 1}, given the previously computed control values control values for such

loads at all times g € {0, ..., —1}.
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4.2.1 Step 1: convex optimization

More precisely, the proposed relaxation is defined next.

T-1 N
P2(f) : minimize, Z Z Z £i/(0) (4.32)
g=0 i=1 jeL(i)
subject to:
Equation (4.1), Vje Th(@i),Viel,Vger, (4.3b)
uij(q) € [0, ],V j € Curt(i), Vi € I,Vq € {0,...,T - 1}, (4.3¢)
uij(q) € 10,131, j € Onoff(i), Vi € I,Yg € {t,...,T - 1}, (4.3d)
uif(q) = ij(q),¥j € Onoff(, Vi € I,¥q € {0,...,1— 1}, (4.3¢)
N L@)
DD @) < Pras(@), Vg e, T—1}, (4.30)

i=1 j=1

for all ¥ € {1,...,T — 1}. Note that the problem P2(#) simply consists in relaxing
the integer constraints for all on/off loads for all times g € {¢,...,T — 1}, fixing the
previous computed control values for all loads at times ¢ € {0, ...,z — 1}. Define v*' £
{v?j’t(q)} jeLiiyielger as the solution of the problem P2(r), for all ¢ € {1,...,T — 1}. This
will be used to perform the thresholding procedure for the computed control values at
timet € 7.

The following result establishes the existence of a suitable threshold to compute

a feasible solution for all times ¢ € .

Proposition 4.1. Let v*' be a solution to the convex relaxation P2(t), for all t € {0, . . .,

T — 1}. Then, there exists a 6(t) € [0, 1] such that if:

uiy iy = 60)

0 otherwise,

I//\t,'j(l) = (44)

the constraint Zf\il 2 jery Wij(1) < Pmax(2) holds.

Proof. The result follows immediately by noting that if 6(tr) = 1, only those loads for
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which y;j” = 1 will be turned on. Then, clearly, for all i € I:

N
Prax() > D ) V()

i=1 jeL(i)
N

DIl
i=1 | jeOnoff(i) jeCurt(i)

¥ =1

4.2.2 Step 2: threshold Computation

So far, we have explained how the thresholding procedure can be used to satisfy
the constraint on the maximum available power. Now, we establish a way of choosing
6(¢) so that the overall cost is minimized.

In general, we consider that the maximum available power is a scarce resource
that must be split among all loads. Then, we propose a greedy strategy in which the

“optimal” threshold is chosen in the following way.

Definition 4.1. An optimal threshold 6*(t) is one such that if we choose 0"V (t) =
max{y?j’t(t) > 0* (1), Vy?j’t(t) | j € Onoff(i),i € I}, and the thresholding process is carried
out using 0"V (t), then the solution does not satisfy Zf\; 1 2 jeriy Wij(1) < Prax(1). o

Algorithm 2 Approximation algorithm
forr=0toT -1do

e Compute v*' as an optimizer of P2(z).

e Compute threshold 6(7) and #;;(r), for all j € Onoff(i), i € I, according to
Equation (4.4).

end for
Compute #;;(z) for all j € Curt(i), i € I, t € 7, by solving £/ with the constraint
uii(q) = ;i(q), q €1{0,...,T =1}, j € Onoff(i), i € I.

Remark 4.4. The following drawback may affect the solution performance. A large

amount of onfoff loads—possibly all of them—can result in an identical value of y;‘j’t(t) =
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Figure 4.1: Communication architecture for the decentralized implementation of the
algorithm. See Subsections 4.3.1 4.3.2 for the definition of df.‘ and ¢ in each case.

¥(t), for some t € T. This means that if all loads are on and the solution is infeasible, the
optimal threshold 6* (t) as introduced above is such that 0* (t) < y(t), leading to all loads
to be off at time t. A simple way to break the symmetry is the introduction of a small per-
turbation such that the value yl?;.’t(t) = v;j’t(t) / u?}‘ +¢€(t), where €(t) is a random variable
with uniform distribution and very low variance. With this disturbance, the probability
that two loads have exactly the same value y;‘j’t(t) is zero, and the thresholding approach
can be carried out without significant modification. Nevertheless, it is very unlikely that,

under a large number of loads, a scenario like the above occurs in practice. o

4.3 Decentralized solution

Our solution approach has been structured in a way that all computations are
amenable to decentralization. This means that the calculation of the control inputs for
all loads can be made by the agents associated to each building i € I as we describe next.

Recall that our solution approach consists of two separate steps, namely, i) so-
lution of a convex relaxation and ii) thresholding. Then, we use two algorithms, one
for each step, that are executed in an iterative fashion, via an information exchange be-
tween the building agents and the DRE manager. Figure 4.1 shows the communication
structure and the information exchange of this network. At each algorithm, each agent

i € I provides the DRE manager a usage signal df.‘, while the DRE manager returns a
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coordination signal ¢* which depends on a’l’.‘. In order to respect users’ privacy, df.‘ does
not include comfort parameters or load models.

The definition of df.‘ and cf.‘ will be introduced after the explanation of each step.

4.3.1 Step 1: Decentralized convex optimization

The Dual Decomposition method [31], can be used to provide a decentralized
optimization algorithm for a given problem type as $2(¢) and a communication network
as in 4.1. Even though convergence guarantees may be established for this method, it
results in very slow convergence rates in general.

In order to overcome such drawback, we employ an augmented-Lagrangian
methodology from [43] which is adapted to our setting. The Distributed Augmented
Lagrangian Method (ADAL) of [43] is a provable-correct algorithm under the assump-
tion of coupling equality constraints. In order to apply this algorithm with the same

guarantees, we modify P2(r) as follows:

N+1

Ol :minimizez fi(z)
P

subject to:

z€Z,Nie TU{N + 1}, (4.5a2)
N+1

Z Fiz = b, (4.5b)

i=1

where each entry of the vector z; corresponds to a decision variable associated to building
i, either {x;;(q), T;j(q)} for some load j € Th(i), g € 7, u;;(q) for some load j € Curt(i),
q € 7, or u;;(q) for some load j € Onoff(i), g € {t,...,T — 1}, for all i € I. Likewise,
fizi) = Xjeriy Lger fij(@), with fi;(7) as defined in Subsection 4.1.1, for all i € I. After
this, Z; = {z; | Local constraints in $2(¢) hold}, for all i € I, where Local constraints in
P2(t) are given by Equations (4.3b) through (4.3e). In addition, F;z; € Rgo, corresponds
to the vector with components (Fiz;)¢ = X jer) %ij(q), where (Fiz;), is the " component
of F;z;. This implies that F;z; is the aggregate demand profile of building i, given by
the relaxed problem $2(7). By the non-negativity of u;;(q) for all j, g and i € I, it is
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evident that F;z; > 0, where the symbols >, < indicate component-wise inequalities.
Also, b € Rgo is such that the £ component of b corresponds to Py, (£ — 1). Notice
that with these definitions, the inequality constraints in problem $2(¢) correspond to

fi  Fizi < b. The new variable zy,; € Rgo is introduced simply as a slack variable
to turn the inequality coupling constraints of $2(¢) into equality constraints. Then, we
define fy.1(zy+1) = 0, Fyii2Zve1 = Zwvs1. Since Fiz; > 0 for all i € 1, it holds that
v+l € Zys = {y € RT | 0 <y < b}. Notice that the problem #1I can be formulated as
described above for $2(¢). By the ADAL algorithm, agents and DRE manager execute

the following iteration:

~k . k P k k2
zj = argmin,_ ., Li(z;, ") + EHFiZi +& = Figi|l,

2= (1 =y + 2k, (4.6)
foralli € 1 U{N + 1}, where Li(z;, 1) £ fi(z)) + ATFiz; and & 2 Y} FizF — b, and:
/11(+1 — /11( +p)/fk+1, (47)

where A* € R is a Lagrange multiplier estimate.

Theorem 4.1. The ADAL algorithm in (4.6) - (4.7) converges to an optimal solution of
Ol forO<y <1/(N+1).

Proof. From [43], it follows that the ADAL algorithm converges to the optimal solution
of the problem O/ if: i) the problem satisfies the Slater’s condition, ii) Z; is compact for
i € I U{N + 1}, and iii) the parameter vy is positive and smaller than the inverse of the
maximum number of agents involved in each coupling equality constraint. Notice that
for the problem O1, since u;;(g) is bounded for all j € L(i), i€ 1, ¢ € 7, Z; is bounded,
for all i € 1. Since the feasible sets are closed, Z; is compact, for all i € 1. By definition
of Zy, = {y € RT | 0 <y < b}, it is compact. Finally, since the problem is convex
and all constraints are affine, the problem satisfies the Slater’s condition, and the result

follows. o

Now, let us describe the decentralized implementation of the previous algorithm
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with the communication structure of Figure 4.1. At each iteration k, the values &, z’;\, R
and AX are first computed by the DRE manager, which submits the signal ¢* = (&, %)
to buildings. After this, each building computes zi.‘ and df.‘ =F izi.‘, for all i € I. Then,
d¥ is sent to the DRE manager for the next iteration. Recall that F;z* corresponds to
the aggregate demand profile for the i building, for i € I, which means that the users’
privacy is preserved. The iteration is run until the constraint violation fulfills certain

tolerance value.

4.3.2 Step 2: Decentralized thresholding

In order to compute the threshold 6 for time ¢ € 7 in a decentralized manner,
we propose an iterative process as follows: first, the DRE manager sends an estimate
of the optimal threshold for 6(¢); then, based on the estimate and the solution of the
relaxed optimization problem, the building agents compute the control inputs for all
their on/off loads. Next, all buildings submit their aggregate load to the DRE manager,
who updates the threshold estimate based on the latest information. The updating rule

for the threshold estimate is given by:

EHEHON

N
? it W) < Prax(®)
| x’;(t) i=1 jeL(i)
@) =4t . (4.8)
xi(0) .
ko) otherwise.
2

(1) = X\ (),

with x)(r) = 1 and xJ(t) = 0, for all 7 € 7. Recall that ﬁfj(t) is computed using the
expression (4.4), with threshold #*(z), for all j € Onoff(i). Observe this is a bisection-
like search approaching asymptotically the optimal threshold 6*(¢).

From Proposition 4.1, we have that 6°(r) provides a feasible solution for the
optimization problem #/. Furthermore, given the threshold recursion (4.8), it is easy to
see that 6" provides a feasible solution to the problem, for all k € N.

This algorithm can be run until the error ||0*(¢) — 6(?)|| < &, for some & < 1.
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Since this is a bisection-based algorithm, it is clear that |[0*(t) — *(2)|| < []2X (1) — (@) <
(1/2)%, for all k € N. Thus, the stopping criterion can be recast as k > —log, &.
Following the communication architecture from Figure 4.1, in order to estimate

0* (1), for 1 € 7, we have that ¢* = ¢(1), while d = 3 1 i},().

Remark 4.5. Notice that the thresholding process aims to assign all the available power
Pax(?) for the DRE at each time. This approach is not the best if the amount of power
that all loads need at time t is less than P, (t). Some thermal loads could be on in spite
of being better off switched down. A simple way to solve this problem is to compute the
power assignment using the introduced optimization/thresholding approach, and then
using a lower-level local onjoff controller for those thermal loads that were assigned
power at time t. Such controller sets the input to zero if the load is hitting the upper

bound in the comfort range of temperature. o

4.4 Model predictive control implementation

The model we use to construct the optimization problem %/ is subject to several
sources of uncertainty. The outside temperature 77,(r) comes from a forecast process that
presents error. The thermal models themselves are not necessarily a perfect representa-
tion of the thermal loads. There can be unmodeled disturbances that affect the system
performance. The parameters «;;(?), 5;;(t) may also come from forecast processes, e.g.,
if they are related to natural illumination in a room.

A way of addressing this uncertainty is via a Model Predictive Control (MPC)
methodology [44]. By means of this, an optimization problem is solved at the beginning
of each time slot + € 7, in which the initial conditions for the thermal systems are
measured, and the forecast of those unknown variables is updated based on the latest
information available at the moment. Then, from the computed control input for all
time steps in {g € T | ¢ > t}, only the values corresponding to time ¢ are applied on the

plant.
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In order to compute the control input, we define the problem:

T-1 N
MI(2) : minimize, >° > > fi(9) (4.92)
g=t i=1 jeL()

subject to:

t

Dynamics in Equation (4.1), with 1. c. x;;(7) = x; »

Vj e Th(),Vie LVg e lt,...,T - 1), (4.9b)

(1) € [0,ul™],Vj € Curt(i), Vi € LVg € {r,....T - 1), (4.9¢)

uij(1) € 0, u?™), ¥ j € Onoff(i), Vi € I,Vq € {t,.....T 1), (4.9d)
N

D07 g0 < Prax(®), Vg efr,...,T -1}, (4.9)
i=1 jeL(i)

for each t € 7, where i.c. stands for initial conditions, and they are measured (or es-
timated) using the measured information at time ¢ € 7. A feasible solution &' of this
problem can be computed in a decentralized manner using the methodology presented
in Section 4.3. Moreover, since we only use the first step of the control input for each
load, i.e., it} (1) into the system, we do not need to run all the computations described in

Section 4.3. At each time ¢ € 7, we simply need to:

e Solve the convex relaxation of the problem M].
e Run a thresholding process to compute i;;(¢) for all j € Onoff(i), i € I.

e Refine the solution for all #;;(¢), j € Curt(i), i € I, by solving the convex
relaxation of the problem M/, including the constraint u;;(t) = #;;(¢), for all

j € Onoff(i), i € I.

4.5 Simulations

In this section, we aim to show and discuss the performance of our decentralized
technique for demand response management.

First, we compare the ADAL approach with the widely known Dual Decomposi-
tion algorithm. To this end, we generate a random DRE scenario with 10 buildings. The

maximum flexible load is near 2 MW and the DRE maximum power constraint is 500
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kW. Then, we aim to solve the convex relaxation of the problem 1, with T = 12. Re-

call that T is the discrete duration of the DRE. Figure 4.2 shows the maximum amount

@)

o)

~

log(Max. Infeasibility)

(O8]

0 20 40 60 80 100
Iterations

Figure 4.2: log,, of maximum constraint violation vs iterations for: the Dual Decom-
position algorithm (blue) and for the extension of the ADAL algorithm (green).

of constraint violation vs the number of executed iterations. For convenience, the ver-
tical axis is presented in a logarithmic scale. It is evident that the ADAL significantly
outperforms the Dual Decomposition algorithm in speed of convergence. Both methods
converge to the same primal solution of the problem.

Next, we run randomly generated scenarios with 10, 15, 20, 25 and 30 buildings,
where each building corresponds to an average load of 0.2 MW. In addition, for each
scenario, it is considered that the maximum available power for the entire set of build-
ings at each time is 30% of the maximum flexible load of the scenario. Figure 4.3 shows
in red the cost (discomfort) for different scenarios for our suboptimal solution approach,
while the blue bars represent a lower bound in the optimal cost. This lower bound
consists in the solution to the convex relaxation of $1 for each scenario. Recall that
the solution to the convex relaxation of #/ is not feasible for controlling on/off loads,
while our approach does provide a feasible control for on/off loads. Figure 4.4 shows
the normalized amount of energy that is provided to each type of load during the DRE

duration, by our suboptimal approach (red), and by the solution to the convex relaxation
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Figure 4.3: In blue: discomfort (cost) for the solution to the convex relaxation of the
problem P/ (infeasible). In red: normalized discomfort for solution to #/ provided by
our proposed method (feasible). Simulation over 5 different scenarios.
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Figure 4.4: In blue: energy dispatched according to the solution to the convex relaxation
of the problem #1, for each type of flexible load. In red: energy dispatched according
to our proposed method for each type of load. Simulation over 5 different scenarios.
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of P1 (blue). Notice that the solution to the convex relaxation of $/ is not feasible to
implement and it is only used as a benchmark. It can be seen that the loads in Th.(i)
for all i € I tend to have more power availability with our approach than with the convex
relaxation of 1, while the loads in Th,,(i) for all i € I tend to receive less power.
This is consistent with the fact that on/off loads cannot be partially activated, which is
not taken into account in the convex relaxation of #/. All non-thermal loads seem to re-
ceive slightly less energy availability with our approach that in the convex relaxation of
#1. This happens because for this simulation exercise, thermal loads are on average 50
times larger than non-thermal ones. This implies that the suboptimality of our approach
affects more the larger loads than the smaller ones. A more detailed description of the
simulation scenario may be found in the extended version of this manuscript [45].
Finally, we compare the MPC implementation of our management strategy, vs
an open-loop computation at the beginning of the DRE, where there is uncertainty in
the problem parameters. We introduce normally distributed model uncertainty in the
thermal load models, and we contaminate the data on outside temperature with noise.
The variance of this noise increases as the number of steps ahead that the variable is
forecasted increases. We have used 5 randomly generated scenarios with 10, 20, 30,
40 and 50 buildings, where each building has an average load of 0.2 MW. Figure 4.5
shows how with the MPC approach the cost (discomfort) decreases for all scenarios.
This improvement occurs due to the feedback that is inherent to the MPC approach,
and the fact that the up-to-date forecast of a variable contains less error than the simple

propagation of an outdated forecast.

4.6 Summary

We propose a decentralized method for coordination of loads in a demand re-
sponse event (DRE). The method takes explicitly into account the fact that some loads
are on/off, and aims for the suboptimal solution of a mixed-integer program. The objec-
tive of this problem is the minimization of user discomfort due to the DRE. The solution
approach consists in solving a convex relaxation of the mixed-integer program, com-

bined with a decentralized greedy dispatch of the available power. While the convex
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Figure 4.5: In green: normalized discomfort (cost) for the solution provided by our
method. In blue: normalized discomfort for the MPC implementation of our method.

relaxation provides a measure of the urgency level for power of each load in the DRE,
a DRE manager must compute an urgency threshold to decide on the on/off loads that
must receive power at each time. Additionally, we present an MPC implementation of
our approach, in order to mitigate uncertainties and disturbances of the model. Simula-
tions show that the loss of optimality of our approach is acceptable, and the possibility of
computing the solution in a tractable time makes it a tool that can be used for problems
with similar structure.

As future directions, we aim to establish analytic suboptimality bounds for our

approach.
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Chapter 5

Distributed control of user-side

resources in microgrids

In order to solve problems related to voltage stability and variable load satis-
faction, several solutions are being contemplated. Additional backup generation plants
could help compensate fluctuations, but their deployment would incur significantly higher
costs for both the utilities and the users. Large-scale storage systems are proposed to
shift the energy generated during low-demand hours or that corresponding to high-solar
generation times to those of high demand. Smart inverters placed at the PV themselves
can be leveraged to inject reactive power for voltage regulation and optimization of the
network performance. In particular, since PV systems and batteries can be locally owned
and distributed throughout the network, distributed optimization algorithms can be used
to achieve the power network objectives in a faster and more robust way. These objec-
tives can be, to some extent, expressed as the well known Optimal Power Flow (OPF)
problem.

The OPF problem [46] is a non-convex, hard optimization problem that has re-
ceived wide attention in the literature. Most of the works on the OPF propose cen-
tralized solutions that consider voltage as a decision variable [47, 48]. Recently, the
papers [48, 49, 50] circumvent the nonconvexity of the OPF through a relaxation that
ensures a zero-duality gap under some general conditions. The work [51, 52] studies an
OPF setting with storage integration in which battery systems are added to some nodes

in a grid. The paper [51] addresses an OPF problem where voltages and battery charg-

99
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ing/discharging rates are taken as decision variables, simplified by assumptions such as
small-angles and infinite charging/discharging capacities. Electricity prices are assumed
to vary over time, and the objective function is the cost of the energy provided by the
utility. The paper [52] presents a more general setting in which the assumptions of [51]
are avoided and exploits the aforementioned zero-duality-gap approach.

The reactive power control problem, which consists of providing for losses with-
out producing excess heating or incurring voltage drops, has been addressed in a signifi-
cant number of works. In the 1980s, banks of capacitors and transformer taps were used
for reactive power compensation. In [53] a problem of optimal sizing for capacitors is
solved using a relaxation of the power flow equations over radial networks. An optimal
reactive power generation algorithm is introduced in [54], in order to minimize active
power losses and improve voltage regulation. More recently, research has focused on the
control of smart inverters which allow changes in the generated reactive power. In [55],
a convexification of the OPF problem is presented for grids that fulfill some assump-
tions on the input voltage and the impedance in the transmission lines. The objective
is to minimize transmission losses in the grid by varying the injected reactive power
at all generators in a distributed way. This work does not consider voltage regulation
constrains, which are addressed in [6]. Although the convexification idea of [6] remains
identical to that of [55], a different communication structure is employed.

Here, we propose an algorithm to compute both the optimal reactive power gen-
eration and storage control strategies for a microgrid over a given time horizon. This
computation is intended for use in a model-predictive control scheme that can incorpo-
rate forecasts on generation and load. In order to present a distributed algorithm based
on the dual decomposition method, we employ a convexification approach that exploits
high voltages at the connection point of the microgrid. The type of microgrid we con-
sider is endowed with generation and/or storage capacity at certain nodes. We consider
a discrete-time horizon, which, at each instant of time, has an associated electricity cost
per kWh, a forecasted active generation, and node-wise load. The algorithm utilizes
measurements and predictions of voltage in the microgrid, which have implicit informa-
tion on the power injected at the nodes, in order to choose the optimal reactive power

that must be injected by each generator, and the optimal charging/discharging rate of
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the storage at each node. The goal is to minimize a cost function that weighs in the
grid transmission losses with the overall cost of the active power provided by the utility
during the time horizon. Finally, the solution provided by the algorithm is meant to re-
spect voltage regulation constraints. The algorithm convergence analysis is performed
by characterizing the behavior of an upper bound algorithm which can be studied via
Lyapunov theory. In particular, we conclude that trajectories converge to the unique
value of reactive power injection and charging/discharging rate for each node of the mi-
crogrid. Finally, we describe a novel way of approximately predicting voltage in order
to implement the proposed algorithm.

This chapter is organized as follows. Section 5.2 presents the microgrid model
and the optimization problem we aim to solve. Section 5.3 describes the dual decom-
position algorithm to solve the optimization problem. In Section 5.4 we introduce a
different algorithm that presents better convergence rate. Section 5.5 introduces a solu-
tion to voltage prediction required by both algorithms. Simulations and comparison of

the rate of convergence for both algorithms are presented in Section 5.6.

5.1 Notions of graph theory for this chapter

Let G = (V, &, Y) be an undirected weighted graph withaset V ={0,...,N—1}
of N vertices, a set of edges & and a weight matrix Y € C"V. Each edge in & is
expressed as (h, 1), for h,l € V. Consider some labeling of the set & with the set of
indices {1,...,|&|}. In addition, let us assign an arbitrary direction to each edge (h,l) €

|EIXN

&E. The incidence matrix A of G is a matrix in {0, +1} , which depends on the arbitrary

direction associated with each edge of G, such that:

-1, ifg,; € Eis an outgoing edge of [ € V,
Aa =141, ifgg € Eisanincoming edge of [ € V,

0, otherwise.

Consider a diagonal matrix C € C'®™® such that C; is the weight of &; = (h,]) € &

given by Y. Then, the Laplacian of the undirected graph associated with G is given by



102

L = ATCA. Consider the graph G. A path P(l, h), for nodes [,h € V, is defined as a
sequence of nodes {ny, ..., n.} such that n; = [, n, = h and (n;, n;;;) is an edge of G, for
allie{l,...,0—1}.

5.2 Problem statement

Consider a microgrid which is connected to the grid at a single point. The mi-
crogrid is modeled as an undirected weighted graph G = (V,&,Y), V ={0,...,N — 1},
EC VXV, Y e CVV, where nodes in V represent buses and edges in & represent
the interconnection lines. Weights are given by the matrix Y and correspond to the line
admittances of such interconnection lines. We consider a microgrid with generation and
storage capacities. This microgrid has three different types of nodes: 1) a single con-
nection point to the grid, represented by node 0, which acts as a slack node, with fixed
voltage and unlimited power generation, ii) a subset of nodes G with generation and
storage capacity, and iii) a set M = V \ ({0} U G) of nodes with neither generation nor
storage capacity. All nodes in V' \ {0} have a load that must be satisfied.

Let us consider a discrete, finite-time window 7, with 7 time slots, i.e., T £
{1,...,T}. Each time slot ¢ has an electricity cost c(#) associated with it, which is the
price per kWh, given by a map ¢ : T — R, and depends on the overall demand
satisfied by the utility. The value of c(¢) for each ¢ € 7 is assumed to be known to nodes
of the grid, since utility companies make it publicly available. Similarly, for each time
slot t € 7 there is an amount of active power that each generator can provide during
the whole time slot ¢, called p;,(f) > O, for each [ € G. We assume that this value
cannot be controlled, as it is the case with renewable generation, but we can estimate it
using forecasting techniques. In order to make the problem slightly more general, the
load at each node may also depend on the time slot ¢t € 7. For each [ € V \ {0}, let
Dioad. /(1) + JGi0ad./(1), Proad.i(t) = 0, be power that must be supplied to a load placed at the
node, for all ¢ € 7.

The problem we would like to solve consists in finding the optimal policy for the
reactive power injection, and for the storage charging/discharging rates, that optimizes

the microgrid operation defined by the combined objective of minimizing active power
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generation cost and distribution losses. Before stating the problem more formally, we

next describe the model we use to represent a microgrid and the elements involved in it.

5.2.1 Mathematical model of a microgrid

Let u,(t) € C be the voltage at node [ € V, at time t € 7. Let () € C be the
current flowing through node / € V. Let A be the incidence matrix associated with G,
based on some given ordering on &. For node 0, let uy(¢) be fixed for all + € 7 and
described as uy(f) = Uge’®. Let s;(t) = u)(1)i)(¢) be the complex apparent power drawn
or supplied to node / at time ¢. Recall that s,(f) = P,(¢) + jQO,(t), where P(t), Q,(t) are
the active and reactive power at node / € V, at time ¢ € 7.

Next, we introduce some compact-form notation. Define u(f) = [uo, u5(t), u; (1)]"
€ CM*N as the voltage vector for all nodes in the set V, at time ¢ € 7, where ug(?) is the
vector of all voltages at nodes in G, and u,(¢) is the vector of all voltages in the set M.
Likewise, «(f) £ [19(1), t5(1), 1, (D]T, s(t) = [s0(2), sG(0)s;(D]T, with s(r) = P(t) + jO(),
P(t) = [Po(1), P;(1), PL(D]", and Q(1) = [qo(t), Qi(1), Q[ (D]

The convention for the active power sign is that if P;(f) < 0, power is injected
to the ™ node, while P;(f) > 0 means that power is drawn from the ™ node, for all
[l € V,t € 1. As an example, for a node with load only, it must hold that P;,(r) < 0
for all ¢ € 7. Likewise, for a node [ with only generation, but neither storage nor load,
Pi(t) > 0 for all € 7. Given the type of nodes we consider in the microgrid, we have
that P;(1) = ping(t) — Proaa.c(t) — v(t) , where v(¢) is a vector whose [ component v/(?) is
the amount of power that is being supplied to the battery at such node, [ € {1,...,|G|}.
Similarly, P;(f) = —pioaq.L(), for all ¢ € 7. Finally, we have that Qg(f) = ¢in(?) — G10aa.6(1)
and Q;(f) = —quoaa.r(t), for all ¢ € 7. The vector gi,(f) € R represents the reactive
power that is supplied by each generator in G at time ¢ € 7.

Then, using the Kirchoft’s current and voltage laws, the relation between voltage

and current is given by:

AT +u) =0
Au(t) +ZI(t) =0, 5.1
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where 7(¢) € C® is a vector with the values of current at each edge in & and time ¢ € 7,
and Z is the diagonal matrix in C'®*®l whose elements are the line impedances in the
microgrid.

In the following, we will make the following assumptions on the microgrid pa-
rameters. These assumptions have already been used in [55, 6], and are accurate for

actual operation conditions in real microgrids.

Assumption 5.1 (Large input voltage at the microgrid). The value of U, is very large
as compared to the currents provided by the inverters and batteries, or supplied to the

loads.

Assumption 5.2 (Transmission lines’ reactance/resistance ratio). The microgrid has
transmission lines with the same reactance/resistance ratio. Therefore, for all edges

t € &, the impedance z; can be written as z; = |z¢|e”.

5.2.2 Mathematical model of a battery

We model a battery with the following dynamics:

x(0) =x(t—-1)+ Blvl(t), YieG, Vrer, (5.2)
!

where x,(¢) € [0, 1] is the battery state, 3; corresponds to the battery capacity, divided
by the length of the time slot. Recall that v,(¢) denotes the power injected to or drained
from the battery during the time slot ¢ € 7. Clearly, the battery has physical constraints,

formulated as v, € [V}

is?

V.1, where Vi < 0, —V"_is the maximum amount of power
the battery can discharge during a time slot ¢ € 7, and VC’h > 0 is the maximum amount
the battery can charge. Note that this model assumes that the charger efficiency is one.
Assume that the initial state for the battery at node [ € G is x;(0). Then, for each t € 1,

the battery charge is given by:

t

x(1) = x,(0) + % Z w6, Vleg, Vier

)

In compact form, denote by v(¢) the vector of battery charge/discharge rates at time ¢,

for all nodes in the set G.
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5.2.3 Communication network

Generators and storage systems will coordinate operations by means of a com-
munication network. The communication topology is based on the microgrid topology

and the location of the generation/storage nodes in the microgrid.

Definition 5.1 (Communication network). The communication network is given by the
undirected graph Gg = (G U {0}, Eg), where E¢ € G U {0} X G U {0} is defined as
Ec = {(l,h) € GU{O}xGU{0} | P(h, h)N(GU{0}) = {h, [}}. The set of neighbors Ng(I) of
[ € GU{0} in the communication network is given by Ng(I) = {h € GU{0} | (I, h) € Eg}.

5.2.4 The MICROGRID CONTROL PROBLEM

Based on the microgrid and battery models we have presented above, actuation
over the microgrid will be established through the decision variables g, /(¢), which rep-
resents the reactive power supplied by generation systems, and v,(f), which represents
the active power provided by the batteries, for all [ € G, while the input voltage u, the
energy cost ¢(?), the loads pioaq(?) and Gioq,(f) for [ € V \ {0}, and the forecasted active
power generation p;, (1), for [ € G, are parameters of the problem, for all ¢ € 7.

Our objective is to compute optimal reactive power generation and storage con-
trol profiles for the time horizon 7. This must be done in such a way that the voltage at
each node in G is maintained within a desirable range and the storage control respects
all physical constraints related to the batteries, while a cost is minimized. The cost we
consider encompasses two possibly conflicting objectives: 1) minimize the cost of active
power from the grid and ii) minimize the transmission losses in the transmission lines
present in the microgrid. Minimizing transmission losses is a significant objective in
Optimal Power Flow and it has been considered in several works [48, 52, 55, 6]. Thus,

the cost function is given by:
J@) =) (Jross (D)) + 6 Jponer (1)),
tetr

where Joss(u(?)) represents the loss in the transmission lines of the microgrid at time slot

t, and Jpower(u(2)) s the overall cost of the active power provided by the utility at time slot
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t. The trade-off trade-off between these possibly conflicting objectives, is parameterized
by the nonnegative constant 6 > 0, which is used to modify the relative importance of
Jpower(u(1)) With respect to Jioss(u(?)) in the optimization. The loss in the transmission
lines can be expressed as Jioss(u(2)) = &7 (£)Lu(t), where L = ATZr;;gA, Zmag = |IZl|c [6],
and the power cost is given by Jpower(u(?)) = —c(f)Re(so(r)) = —c(t) Re(@o()uo(t)).
The negative sign follows the introduced convention for the active power sign. Since
((¢) can be approximated by Assumption 5.2 on the common transmission lines’ reac-
tance/resistance ratio as «(¢) = e/’ Lu(r), then Jpowe:(u(t)) = — Re{e/i (1) Lege] u(t)}c(r).

The following results give us a convenient way of approaching the problem, by

writing u(¢) as a linear function of the decision variables.

Lemma 5.1 (Existence of matrix X [55]). There exists a unique symmetric, positive

semidefinite matrix X € RNV which can be written as:

X =

oS o O

0 O
w F [,
FT R

such that XL = Iy — 1(ep)” and Xey, = 0, where W € RI9X9 R ¢ RMXM and F e
RIGKIMI

The physical meaning of the matrix X is widely discussed in [55], [6]. One of
the properties of X is that the product (e, — e;)" X(e;, — €;) corresponds to the effective
impedance from node & € V tonode / € V. The following result provides a linearization

of the relation between voltages and powers on the microgrid.

Lemma 5.2 (Microgrid voltage approximation [6]). Consider (5.1), along with s/(t) =
u(t)t,(t). Then, the microgrid voltages satisfy:

uo(?) Y 0 0 O 0
. J 1
uG(t) | = e Uol + “lo w F S6(0)) ||+o|l—]. (5.3)
U() UO
ur(t) 0 FT R K10)

Notice that by Assumption 5.1 on the large magnitude of the input voltage, the

relaxation given by Lemma 5.2 provides an accurate approximation, as the term o (Uio)

vanishes for large values of U,.
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The following result follows directly from Lemmas 3 and 4 in [6].

Lemma 5.3 (Matrix G). There exists a unique symmetric matrix G, such that:

0 0 .
G= I|g|+1 - 1(60) , Gl1=0.
0w

Moreover, the matrix G has a sparsity induced by the communication network graph,
this is, G;; # 0 if and only if j € Ng(i). The matrix W is a block of the matrix X

described in Lemma 5.1.

From the result above, it is immediately noted that the matrix W is invertible.
We can also see that its inverse matrix corresponds to a block in the matrix G, which
means that it also has a sparsity induced by the communication network graph.

Replacing the approximation in (5.3), in the cost function for the problem, it can
be rewritten as a quadratic function of the decision variables g;, and v. Let us define

gin € RGT v € RI9T as gy, = [¢]

in,1>°°

"qi;,lglr andv = [v/,..., v@l]T, where ¢, ¢ is the
vector whose entries are the generated reactive power of the £ generator for all times
in the horizon 7, and g;,(¢) is the vector whose entries are the reactive power generated
at each generator at time t € 7. Vectors v, and and v(¢) are defined similarly. After
the algebraic procedure, and removing all constant terms that do not affect the problem

solution, we obtain:

T T
J(gin¥) = ) (anOWan(®) + 2£] (0gn(®) + VT OWV(@) + 26T (OV(D) +6 Y c(d1Tv(0),
t=1

=1

where &,(1) € RY, £,(1) € R9 are given by:

E4(1) = Wioaa (1) + Fqioaa (1)
&E(1) = =W(Pin6(1) = Proad.c(1) + F Proad L(1). (5.4

Having established the relaxed cost function that takes into account the linear

relaxation of the power flow equations, we formulate the following valid approximation
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of the OPF problem:

min J(gin, v)

qin,V>U

subject to:
Umin < ||ul(t)||C < Umax’ le g,t €T, (553)

|Qin,l(t)| < Qin,max(t)’ le g,t €T, (SSb)

V(llis < V[(t) < Véh’ le g’t €T, (SSC)
T

1
0 < x,(0) + 7 Z vi(s)

s=1

IA
-

leGg,ter. (5.5d)

Clearly, the lower bound constraint on the voltage magnitude introduces a non-convex
constraint to the problem. In order to follow the convexification idea in [6], we de-
fine wg(#), as a vector in RI9!, whose components are the squares of the magnitudes of
the complex voltages u;(f), normalized by U2, for [ € G. After some manipulation,

from (5.3), we obtain:

2 , 1
we(t) =1 + 7é(cos e(WPG(z) + FPL(t)) +sin H(WQG(t) + FQL(t))) +o0 (73) . (5.6)

Thus, we can write the constraints on the voltage magnitude as:

U2, U?
Wmin = —= < Wl(t) < - = Wmax’ (57)
Us Us

forall [ € G, t € 1. Clearly, as Up,, Unax have in practice a similar order-of-magnitude

than that of Uy, it holds that U;>UZ. , U;*Us

min’ max

are close to one. For large values of
Uy, (5.6) is affine in the decision variables g;,(t), v(¢), hence the constraint above is

convex.

5.3 Distributed reactive power and storage control

In order to solve the MICROGRID CONTROL PROBLEM in a distributed way, we propose

an extension of the dual decomposition approach presented in [6]. Here we optimize not
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only the reactive power injection, but also on the battery charge/discharge, considering
the physical constraints of the battery control. The fact that we also consider a differ-
ent cost function modifies the algorithm dynamics. The dual decomposition algorithm
consists of performing a gradient ascent on the Lagrangian with respect to the dual vari-
ables of the problem, while an unconstrained optimization with respect to the primal
variables, parameterized by the estimated dual variables is executed.

The Lagrangian for the optimization problem is given by:

L(Giny, ) = I (gins V) + Z AT () Wi = W (1)) + Z 1 (W6 (1) = Winay)

1" OAAV) ™ (Vais = (D) + Z 7" (HAAV) ™ ((t) = Ven)

Ms

“
l
—_

b'qﬂ

(0 [x(()) +d(™) Z v(h)]
h=1

“
l
—_

b}ﬂ

THo) [x(()) +dg™) ) v - 1) ,
h=1

H
Il
—_

where Ll(t),ﬁ(t),g(t),ﬁ(t),/i(t),ﬁ(t) > 0, for all t+ € 7, are Lagrange multipliers, and
d(B7") € RI9™Y is a diagonal matrix such that d(8~'); = +, forall [ € {1,...,|Gl}. W
introduce d(AV) € R'g X6l as a diagonal matrix that works as a regularization parameter,
such that d(AV); = ng, forall [ € {1,...,|Gl}. Notice that here we are not
including the constraints |qln < Ginmax for brevity, however, including them in the
procedure is very simple, by adding Lagrange multipliers.

Let us define as a compact representation of the dual variables:

A2 [AT(D),...,A7(D]" € RS resp. 24,

nE"(),....n"(D]" € REY, resp. 7,

p=pt ), uT (D] € RLg(lT,resp. i,

ORI VRO NGO HON HONTRON O

-

and a variable: i £ [/l AT,ﬁT,nT,ﬁT,H 1" € R, where r = 6T|G|. The dual decom-
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position algorithm is given by:

(g}, V") = argmin,_(L(gin, v, ¥")), (5.8)
yt = [+ VL VY] (5.9)

where V, £ is the gradient of £ with respect to the dual variable , and [-], is the
projection operator onto the positive orthant. The parameter vy is a small enough positive
scalar to be characterized later.

Since the Lagrangian is a quadratic function of (g;,, v), a minimizer for £(g;,, v, b
can be found directly by solving V,, ,L(gin, v, ¥*) = 0. Some algebraic manipulations

lead to:

@in(0) = Groaa. (1) + W' Fioaa 1 (1) — sin 6 (1) - 2] (5.10)

(1) = = Proaac(®) = Pinc(®) = W F proga.(5) + cos 611 (1) — 20)] (5.11)

2 T
- %W‘l dAV) @O - ) + > A () - () + 5c(z)1),
h=t

for all ¢+ € . Formulas (5.10), (5.11) are obtained as follows. First, the derivative of £
is computed with respect to the variables g;,(f) and v(¢), for all . To this end, a chain
rule is used by which £ is differentiated with respect to u(#) and wg(¢), and in turn, u(t)
and wg(?) are differentiated with respect to gin ) and v(). Next, terms of O(Ul%) are
neglected. The remaining linear equations are set equal to zero and a solution in g;,()
and v(¢), for all 7 € 7, is found. This leads to expressions (5.10), (5.11).

Since the Lagrangian is linear in the dual variables, the derivative with respect

to each of them is merely the expression representing the constraint associated with that
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dual variable. Thus, the gradient ascent algorithm for the dual variables becomes:
—k+1 —k
20 = |70+ Y00 = W)
A

(1) = | 20 + Y Wi = wh @)
70 = [0 + ydAV) ! 040 - Vo)
[

70 =[n"(@0) + yd(AV) (Vi — ()]

b
+

(5.12)

2
+

A0 = |70 + y[x(0) + > @ W) - 1” ,
hzl +
P =0~y {X(O) £ d(ﬁ‘l)vk(h)]] :
h=1

+

for all ¢t € T, with a common parameter y. Following similar computations as in [6], one

can obtain the following result:
Lemma 5.4 (Distributed algorithm). The expressions in (5.10), (5.11) can be approxi-

mated by:

ug ™ ()

ul (1)

)+ gl (o) + 0(%) (5.13)

0

g (1) =Im (e‘f'e[ 0 d@ () ]G[

—sin0[1 (1) — (D)),

ug ' (1)

uls (1)

V(1) =Re (e—f”[ O (7 (5) ]G[

J V) + cos O (1) - AKD)  (5.14)

2 T
- %W-l(dmvrl(ﬁ"m =i @) + - d@B @ () - phh)) + 5c(z)1),
h=t

+ 0(%), (5.15)

0
forallt e .

The result above provides an update rule that can be executed by each of the
nodes where some type of decision can be made, which in turn is distributed according

to the sparsity of G. The proposed updating rule described by (5.12), (5.13), and (5.14)
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is referred to as MICROGRID CONTROL ALGORITHM and is summarized in Algorithm 3.

Algorithm 3 The MICROGRID CONTROL ALGORITHM. Execution for node [ € G

Set wi (0, 70, 77 (00, ET 0. 170, g7 00, v @) Galso 2, (0, 470, if L e
G), forallt et
forre{l,...,T}do

20 = |27 0+ 70 0 = Waw)|
A1) = |70 + y Wi = Wi 1)),
T = 77O+ vy 0 - v,
70 = |17 + 57 (Vi =V @)
HH0) = [T @0+ (xi0) + % By Vi () - 1)),

0 = [0 +y (-x00) - & Zh v )]
end for
Gather 77,(1), 11(1), Fi(0), 2k (1), for all 1 € 7, for all h € Ny() \ {0}

Gather u’;l‘l(t) forall r € T, forall h € Ng(I) (forall h € Ng(I) U Ng(D) if l € G)

forre{l,...,T}do
VA(D) = Vi (0)+c0s 8CL (1) 24(0)+ Senr Gl @llelle™ Dl cos(zul™ (1)~
2070 = 0) + L Ty Gin( — 2 TO ~ 10 = &SI GhB) — ik (8) — 6e(1))
g, /0) = g} = sin 0CT, (1) = 20 + Senoan Gun(Ib™ Ollell™ 0l sin(zu™ (1)~

(1) - 6)
end for

5.3.1 Convergence analysis of the algorithm

In order to analyze convergence of the algorithm, we introduce the following

auxiliary results.

Lemma 5.5 (Optimizers and fixed points of the algorithm). The vector y* is an opti-
mizer of the dual of the MICROGRID CONTROL PROBLEM, and (g, v*) is an optimizer of the
MICROGRID CONTROL PROBLEM if and only if (Y*, q%, v*) is a fixed point of the iteration that

represents the MICROGRID CONTROL ALGORITHM.

Proof. 1t is easy to show that if (y*, g, v*) is a fixed point of the dynamics in (5.12),

then (y*, ¢, v*) satisfies the KKT conditions for the MICROGRID CONTROL PROBLEM in (5.5).
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Since the cost J is continuously differentiable and the constraints are affine functions,

the KKT conditions are sufficient and necessary, hence (*, g}, v*) is an optimizer of
the primal-dual problem. Next, let us consider any (y*, ¢, v*), which is an optimizer
of the MICROGRID CONTROL PROBLEM in (5.5). The KKT conditions must hold at this point.
Using the complementary slackness condition onto (5.12), we can see that if y* = y*,

then ¢! = y*. Further, it is easy to see from the expressions in (5.10), (5.11) that
¥ ¥ y p

gt = ¢f = gF, and V™' = V% = v*, meaning that (y*, g}, v*) is a fixed point for the
algorithm. m|

Definition 5.2 (Kronecker product [56]). Consider matrices A € R™", with entries a;;,
B € RP*, with entries b;j. The Kronecker product C = A ® B returns the block matrix in
R™P*"4 sych that the blocks are (C) = ayB, fork € {1,...,m}, L€ {1,...,n}.

Definition 5.3 (Khatri-Rao product [56]). Consider matrices A € R™", with entries a;j,
B € RP*4, with entries b;j. Let A be block partitioned in blocks (A)y € R™™, and B in
blocks (B)y € R fork € {1,...,K }, l € {1,...,K>}. The Khatri-Rao product A « B
is defined as (A * B)y = (A)u ® (B)y.

Definition 5.4 (Matrix M). Define the matrix M as M = M, x M, € R™", where M, €
R r £ 6T, is block-partitioned into 6 X 6 T-square blocks, (M) € R, for all
k,le{l,...,6}, and M, € R with r, = 6|G]|, is block-partitioned into 6 X 6 square
blocks of size G. Let My be defined as My = M| « M}, where M| = 16(1¢)" is partitioned

in 2 X2 blocks, i.e., with 3 block-rows and 3 block-columns, and M f is the block matrix:

Iy Iy U
Mi=|1I Iy U], (5.16)
L L C

U € R is an upper triangular matrix with U;; = 1 for all i < j, i.e., its diagonal entries
are also one, L € R” is a lower triangular matrix with L;; = 1 for all i > j, C = LU. The

matrix M, is defined as My = M, = M3, where:

My=[1 -1 -1 1 -1 11771 -1 -1 1 -1 11,
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is partitioned into 2 X 2 blocks, i.e., with 3 block-rows and 3 block columns, and M% is

the block matrix:

%W cos 8d(AV)! cos 6d(B™")
0
M} 2| cosad(AVY LdAvywldAv) Ldavywldg |- G
_ U 3/ o1y 11— - U 30 a1y 11— _
cosadp)  Ldghwld@av)t  LaghwoldE)

Lemma 5.6 (Positive semidefiniteness of the Khatri-Rao product [56]). Let A, B be
compatibly partitioned positive semidefinite symmetric matrices, with square diagonal

blocks. Then A * B is positive semidefinite.

Lemma 5.7 (Properties of the matrix M). For the matrix M in Definition 5.4. The
following holds:

e M is positive semidefinite,
e null(M) has dimension 4|G|T,
o row(M) has dimension 2|G|T,

e there is a complete basis for null(M) given by:

[ Igr O 0 0
lgr 0 0 0
o 0 Igr 0 U®@AV)(EB!)
0 Igr 0 -Ue® dAV)d(B))
0 0 g —ligir
0 0 Jgr Igr

In the expression above, with some abuse of notation we have omitted for simplic-

ity the dimension of the zero matrix blocks.

Proof. In order to show that M is positive semidefinite, we will show that M l’ in Defini-
tion 5.4 is positive semidefinite, for 7, j € {1, 2}, and we use Lemma 5.6 to conclude the
result. Note that M| and M, are trivially positive semidefinite. Likewise, notice that M?
canbe writtenas M: = [ Iy Iy U 1'[ I; Ir U ]. It immediately implies that M7 is

positive semidefinite.
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In order to show the positive semidefiniteness of M2, we use the Schur comple-
ment test. This consists on checking the positive semidefiniteness on one of the Schur
complements of the matrix, defined on a block partition of it [57]. Consider the partition

of M3 as follows:

Zw ‘ cos 0d(AV)"! cos O(d(B))
Laavy'w-ldav)! Ld@avywolde ) |- (618)
LA YW @YY LdE )W EE )

M; = | cos0d(AV)!
cos A(d(B™"))

We compute the Schur complement of %W in (5.18). By definition, the Schur comple-
0
ment is:
U—gd(AV)‘1W‘1d(AV)‘1 U—gd(AV)‘1W‘1d(ﬁ‘l)
2 2
2 2
Daghwlaav)t Raghwlag)

Ug | cosod(aV)™ | » 1l
-5 cos 6451 w [ cos 6d(AV) cos6d(B™") ] =
a 20 U | davy'w-laav)™ d@av)'wld@gh

— COS - .

2| dghwld@avyt A hwldeh

Since 1 — cos? 6 is nonnegative, and the matrix above can be expressed as the product of
the matrix [ d(AV)"'W~"2 d(B"")W~"2 ] times its transpose, we conclude that M3
is positive semidefinite. Since Ml.j are positive semidefinite, for i, j € {1, 2}, the result
follows from Lemma 5.6.

Now, let us prove the second, third and fourth bullets.

First let us show that rank(M) > 2|G|T. This follows by the construction of M.
Consider a block partition of M in a 6 X 6 block matrix such that the block columns
have r X |G|T size. Further, denote the block columns of M as (M);, for j € {1,...,6}.
Likewise, denote the block columns of E as (E);, j € {1,...,4}. The block columns
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(M) and (M)3 can be written out as follows:

Ir®GW) ’ ~I; ® (cos 6A(AV) ™)
~Ir ® (U%W) Ir ® (cos 6d(AV)™h)
(M), = —Ir ® (cos 8d(AV)™h) (M), = Ir® (%S(AV)__lW__ld(AV)‘_l)
Ir ® (cos Bd(AV)™1) —I;r ® (Fd(AV)'Wd(AV)™)
_L® (cos 6d(8™)) L ® (cos 2d(8-H)W-d(AV) ™)
L& (cosbd(™)) | | —L®(cos6LdB W dAV) ) |

(5.19)

Since W~! has rank |G|, then, Ir ® UTSW‘l has rank |G|T. This means that (M); has rank
|GIT. Next, notice that (Ir ® (%gd(AV)‘lW‘ld(AV)‘l))(IT ® U%% cos(d(AVIW) = It ®
(cos 8d(AV)™1). Since IT(Z@(Ung(AV)‘1 W='d(AV)™") is invertible from (5.19) we can con-
clude that in order for (M), to be linearly dependent of (M)3, (I+ ® (cos 8d(AV)" ") (I ®
Uig cos(9)d(AV)W) must be equal to IT®(UL§ W). However, it is equal to IT®(cos2(9)Ui§ W),
which means that for 6 # 0, there is no matrix X such that (M);X = (M),. Finally, since
W is invertible, the rank of (M), is equal to |G|T. Then, it follows that rank(M) > 2|G|T .

Now we show that the dimension of null(M) is at least 4|G|T. The reader can
verify that the (M); = —(M) 41, for j € {1, 3, 5}. Therefore it follows that M(E); = 0, j €
{1,...,3}, which means that (E);, (E), and (E); are formed by eigenvectors associated
with zero eigenvalues. It can also be verified that (M)3;(U ® (d(AV)d(B™!))) = —(M)s,
and —(M);(U ® (d(AV)d(B!))) = (M)s. Hence, M(E), = 0, which means that all
columns of (E), are eigenvectors of M associated with zero eigenvalues. It is also easy
to verify by sparsity of E, that E has full column rank, which means that we have found
4|G|T linearly independent eigenvectors of M with eigenvalue zero. Then, null(M) has
a dimension greater or equal than 4|G|T. This, along with the fact that rank(M) = 6|G|T,
ends the proof, since it implies that the sum of rank(M) and the dimension of null(M) is

greater or equal than r. O

The following theorem establishes that the MICROGRID CONTROL ALGORITHM CON-
verges asymptotically to the optimal solution of the problem defined in (5.5), provided

the parameter vy is small enough.
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Theorem 5.1 (Algorithm convergence). Let assumptions 5.1, 5.2 on the input volt-
age magnitude and the transmission lines’ impedance angle hold. Assume that the
MICROGRID CONTROL PROBLEM in (5.5) is feasible. Then, fory < = M), where M is described
in Definition 5.4, the execution of the MICROGRID CONTROL ALGORITHM (Algorithm 3) by
each node | € G, leads to g~ (1) — g% (1), V(1) = v*(), for all t € T, where (g}, v*) is

the unique optimizer of the MICROGRID CONTROL PROBLEM.

Proof. By Lemma 5.4, we have that Algorithm 3 for each node [ € G is equivalent to
the dynamics described by (5.10), (5.11), and (5.12). Therefore, the following analysis
is performed directly on these expressions. Let (g, v*, ¥*) be a fixed point for the
algorithm. Existence is guaranteed by assuming that the problem is feasible.
Now, let us show convergence to a ﬁxed point. Let us define variables y =
n <
[

C]in_qm,ZAV—V Léé_é*’z_ ﬂ]-ﬂ H ,LL /J

n, ﬁ 7
W £ i~ . Further, define y £ y — y* € R". Notice thaty £ [ A", 7 . q". W, n"]".

After some computations, we obtain that:

Y@ = - (Xk(t) - Lk(t)) sin @, (5.20)

2

k =% k Uy o | ==k k
(1) =cosO[h () — L' ()] - W dAV) ' (1) - (1]

U(Z) -1 —1\rek k
- W ;dw I (h) — W' (). (5.21)

Applying the proposed change of variables on the system described by (5.12), we obtain
a dynamics that can be expressed as y**! = [f;(y¥, y*, 25, y*, @ o VOl AW, g5 vl
for linear maps f; : R20+2611) — R £ : R2+2611) — R” Notice that y* and z* are sim-
ply linear functions of W, which do not depend on past values of y, z, hence we can write
the dynamics for y as y*' = [fi(W*, g1(W"), &20), ¥*, g5, vI1L = [AW™, g, vl
where g; : R” — RI97 is given by the right-hand side of (5.20), and g, : R” — R
is given by the right-hand side of (5.21). Then, consider V(y) = ||y]||* as a Lyapunov
candidate function that can help us show that all the solutions of the dual decomposition

algorithm converge to ¥*. Moreover, following the same analysis, we show that the
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fixed point is unique, and by Lemma 5.5 we conclude that the optimizer of the problem
is unique.

Notice that from the change of variables we introduced above, we have that:

k+1 —k & —% %
@)= |10 +ywio) - Wmax>]+ = [T @ + v = W]

b
+

for all t € 7. From the non-expansive property of the operator [-],, i.e., ||[[a], — [b]+]] <

lla — b||, we obtain:

—k+1
A @l <

9

R (1) +y (wh(n) — w5 (o)

for all ¢ € 7. Further, we replace w’é(t) and w(¢) according to the expression in (5.6) in

order to obtain:

—k+1
A @I <

)+ y(%(sin OW (g (1) — g(1)) — cos WO (1) — v*(t))))“.
0

Next, we replace y*(1) = ¢~ (1) — ¢(t) and Z(t) = VK(r) — v*(1), by the expression
in (5.20), (5.21), derive the following equation:

—k+1
A Ol <

—k 2 —k X
A () + 7( - ﬁW(l (D) =4 (0)
0
T
+ cos H(d(AV)‘I(ﬁ"(t) -0 O)+ ) dEH@' k) - g"(h))] )” (5.22)
h=t

for all 7 € 7. This procedure can be repeated for A (), 7' ()" (1), W' (r) and

w*1(¢), for all ¢ € 7, obtaining:

I ol <

2 -
NGO y( - ﬁwak(r) ~ M)

0

b

T
+cos 0 (d(Avr%ﬁk(t) -n'o)+ ) dE @ ! - g"(h))])
h=t
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I @)l <

—k -1 —k k
N (?) +yd(AV) (COS Ok (1) — A (1)

, (5.23)

U? d
- 5w [d(Avr%ﬁ"(r) -n'O)+ Y A ) - g"(h))))
h=t

1)) <

—k
‘@) - yd(AV)‘l( cos 6(h (1) — k(1))

9

U? r
- [d(Av>-1<ﬁk<t> -n'0) + ) d@E @ () - g"(h))))
h=t

I (o))l <

T
w0+ y( cos 0 (& () = B (h)
h=1
T

U2 _ S _
e COUADY (d(AV)‘l(n"(h) — () + Z; d@ @ (s) - g"(S))))

h=1

b

(5.24)

T
I @l < flutr) - y( cos8 Y (R (h) — W(h)

h=1

U2 T B T B
. BLADY (d(Avrlm"(h) - ‘() + Z; ™) (s) - g"(S))))

h=1

b

for all ¢ € 7. From (5.22) through (5.24) we can write |[y**!|* < ||(I, — yM)y*||?, for M
as defined in Lemma 5.7. It is straightforward to see that the eigenvalues of I — yM are
related to the eigenvalues of M as A;(I,—yM) = 1—yA,(M), where A;(M) is an eigenvalue
of M, with identical eigenvectors, for i € {1,...,r}. Then, by Lemma 5.7, I, — yM has

r/2 eigenvalues 1, with eigenvectors in null(M). Since M is positive semidefinite, the

2
p(M)°

the spectral radius p(I, — yM) = 1, but Ay, oA max{Ad € spec(l, —yM) | A # 1} is strictly

remaining r/2 eigenvalues lie in the interval [1 — yp(M), 1). Hence, with 0 < y <

less than one.
Recall that any vector y* € R” can be written as unique linear combination
v = yh, + wl, where yl, € row(M), yi € null(M) and v, - y§ = 0. Therefore,

we obtain [[y*+!||?

< ||, - yM)(\V’r‘OW + \|If‘))||2. Since M is symmetric, null(M) and
row(M) are invariant under the operator M, hence (I, — yM)\V’r‘OW lies in row(M), and

(I, — yM)yS = & € null(M). By orthogonality of (I, — yM)y  and ¥, it holds
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that ||(Z, — yM)(yE, + WOI? = (7, — yM)wE L IIP + [whII>. With this result, we have that
ISP = 1A < 1=y MO P+ I = I = 11—y MOk 1P = [k 2. Ttis well
known that the bound ||(/, — yM)Wy, II* < A7 ,IWh,|I* holds [58]. Then, we have that
V) — Vg = W IR = AR < —(1 = 42, )llwE, P Using LaSalle’s invariance
principle, we have that any solution of the MICROGRID CONTROL ALGORITHM converges to
the largest invariant set contained in null(M) N {x € R" | |Ix]| < [lyJll}.

Next, we show that for any ¢ = y* + y such that y € null(M), it holds that
gin = g, and v = v*. Notice that if y* € null(M), it can be written as y* = Ex*,
k¥ € R4, where d = 4|G|T, and E is defined in Lemma 5.7. Let us partition the vector
Kk* according to the block partition of E, as k* = [(x5)7, ()™, ()7, (5)T]T, where
we concisely denote kf = [K5(D)7, ..., k5D, & = DT, KEM)TT, & =
(DT, ..., k57, and &} = [T, ..., kDT, with &5, @), K@), k() €
RY forallt € 1.

Given the structure of E, it is easy to verify that Xk(t) = Lk(t) = K’f(t), T]k(t) =
KA+ S, dAVIB R, 14(0) = K00~ S, dAV)AB ), T (1) = khn—4()
and ﬁk(t) = K§(t)+1<§(t), for all € 7. We plug these values in (5.10) and (5.11) to obtain:

&5 (6) = Qoaac(t) + W Foga 1(£) — sin 011 (1) + x5(1) — (1 () + ¥ (1))
=g (1),
Vi) = = Proaa.c(®) = Ping(®) = W F proaa.(f)

+cos (1 (1) + K50 — (A (1) + (1))

Ug * ;
- TOW‘l(d(AV)_l(ﬁ (D) +K5(0) + hZ dAVIAE R ()

T
—dAV) (") + ) = > dAV)d@E K h)
h=t

T
+ Z d(8™") (" () + w5(0) + () — (u* () + () — k(o)) + 6c(t)1)
h=t

=v*(1),
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for all + € 7. Then, since Y* — y* — null(M) as k — +oo, it follows that V¥ — v*,

g8 — gt ask — +oo. O

5.3.2 Study of the rate of convergence

Although the dual decomposition algorithm has been shown to converge to the
optimal solution of the MICROGRID CONTROL PROBLEM, simulations show that the conver-
gence rate of the algorithm is prohibitively slow.

Consider the implementation of the MICROGRID CONTROL ALGORITHM On a single-
phase approximation of the IEEE 37 standard model, with the same location of gen-
erators as in [6]. In addition, we add 4 nodes that have only storage capacity and no
generation. The complete list of the simulation description and parameters, as well as
the commented simulation code we have used, can be found at

http://fausto.dynamic.ucsd.edu/andres/project_reactive.html.

Batt. (kWh)

React. (kVAR)
R O Y
o o ©

3 4 5 6
K x10*

Figure 5.1: a) Evolution of v4, b) evolution of ¢4, as a function of the iteration number
K, respectively, for each ¢t € 7. Dashed lines show the optimal values.

Figure 5.1 shows the evolution of the decision variables for the whole time hori-
zon, for node 4. Dashed lines represent the optimal values for the decision variables

(presenting some overlap). It can be seen that the algorithm leads the decision variables

to their optimizers.
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6
x10*
0
_l | | | | | |
0 1 2 3 4 5 6
K x10*

Figure 5.2: Evolution of 74, as a function of the iteration number K, respectively, for
eachrer.

Notice that there is a remarkable difference between the amount of iterations
that it takes the variable g;, to converge and those for the variable v. There are two main
observed reasons for this difference: the first one is that the amount of local constraints
related to the variable v is very large as compared to those affecting ¢;,. The second
reason is that the geometry of the feasible set given by the local constraints on v activates
some multipliers that in their optimal state should be zero. In particular, we observe a
very fast and large growth in the  multipliers. Once the satisfaction of the u constraints
guarantee the satisfaction of the n constraints, the components of 7 start to decrease.
However, the nonlinear dynamics for the multipliers do not allow for a fast decrease rate.
It can be seen in Figures 5.2, 5.3 that the n H multipliers grow very fast, however, the
multipliers 17 eventually start a very slow decrease to end up reaching the optimal value
0. This slow decrease leads to very large number of iterations for convergence, which
may affect the possibility of using the algorithm in applications with short discretization
steps. Since the parameter vy is near the limit for stability, the speed of convergence

cannot be significantly improved. We have tested the speed of execution of several
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2000 —4

100(

B S e e

K x10*

Figure 5.3: Evolution of 4 as a function of the iteration number K, respectively, for
eachrer.

iterations of the algorithm in a computer with processor 2.8GHz Intel Core 17, and 8GB
1333 MHz RAM, and on average, each iteration takes 0.0364 seconds. Of course, the
computations for all nodes have been performed in a sequential manner, while they are
meant to be performed in a parallel way. Nevertheless, the simulation for 60 x 103
iterations that is shown in the case study required more than 36 minutes to run. This in
turn means that if the simulation was carried out in a parallel way, it would have taken
at least 4 minutes.

In practice, it implies that: i) a large amount of communication between neigh-
bors will be required to achieve a reasonable solution, and ii) the time it takes to compute
an optimal solution will not allow to perform the computation periodically in order to

account for the rapid changes in solar/wind generation.
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5.4 The MICROGRID OPTIMIZATION ALGORITHM

In the previous Section we introduced a Dual Decomposition Algorithm for the
computation of control of storage and reactive power in a microgrid. Unfortunately, it
turned out to be too slow if we want to perform a periodic recomputation of the control,
given the rapid variability of renewable generation.

In order to circumvent this limitation, we propose a combination of the dual
decomposition algorithm to handle the coupling constraints, along with a component-
wise minimization and local projection to handle local constraints.

Let us divide the constraints of our problem into two groups: global constraints,
which are the ones related to node voltages, in (5.7) and local constraints, which are
the ones related to the storage and reactive power generation, in (5.5b), (5.5¢), and
(5.5d). Let us define sets U, = {v, | Constraints (5.5¢), (5.5d) hold} and also Q, =
{@in,c | Constraint (5.5b) holds} for each £ € G. Further, define U = X,z U, and
Q = Xieg Qr-

With a slight abuse of notation, we redefine £ as a Lagrangian function for the

problem in (5.5), taking into account only the global constraints:
T T,
LGins v, D) 2J(gin, V) + D AT OWain = wG0) + - T OG0 = Wia),  (5.25)
=1 =1

where 4(t),§(t) > 0 for all + € 7, are Lagrange multipliers associated to the con-
straints (5.5a).

Define the function (gi,, v) — Li(¢in, V) a8 Ly(Gin.v) = L(¢in, v, ). Given that
L, is a quadratic form of (g;,, v) and the matrix W is positive definite, £, has a unique
minimizer that can be found directly by solving V,, ,£L;(gin,v) = 0. Note that, by defi-
nition, minimizing £,(gin, v)|,—x 1s the primal step of the dual decomposition approach.

The dual decomposition iteration given the Lagrangian in (5.25) will converge
to an optimal solution of the problem without local constraints. A direct projection of
such solution onto U x Q will not be optimal unless the quadratic cost function has
spherical level sets. Hence, we can not use this on our problem directly, as it will not
lead to the optimal value of v, g;, in general. Instead of a direct projection, we propose

that each node performs an approximate step in the direction of the minimizer of £,
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parameterized by the value of the decision variables that other nodes have.

To explain this idea, let us write v as (v, v_;), with v; = [v,(1),...,v(T)]", for
each [ € G, and v_; defined as the concatenation of all v, for h € G \ {l}. Likewise, let
us write gin as (Gins» gin—1), foreach l € G.

Then, for the procedure that we propose, each node / € G, computes:

v/ = (1 - pw} + pargmin, L(gk, v, V¥, 29, (5.26)
qﬁ:ll = (1 - n)q{{n,l + 77 argminqm,[ L(Qin,l, an,_p vk’ /lk)a (5.27)

where 7 € (0, 1),
In order to compute the expressions above, we remove from the Lagrangian the

summands that do not depend on v; for argmin, £(g,v;,V*,, A*), and the ones that do

k
in,—1°

not depend on gj,; for argminqm’l L(Gins» q vk, A%). This leads to modified expressions

for the Lagrangian as follows:

L0, ) =0T(We Iy +2£v) +6(1@c) v+ @A D)T( - % cos oW ® Ir v,
0

where £, € R is defined as £, = [£],,. . ., gl s and:

- - 2 .
L(gin, O =(q[(W & I1)gin + 267 i) + (1= D7( 5 SinOW & Ir )i,
0
where &, € R is defined as & = [fz;l’ e, ;—,|§|]T' Note that argmin,, L(qi‘n, Vi, v’il, A5
is the solution of V,, L(v;,v*, %) = 0. Likewise, argmin,  L(Gin; g, v, A s the
solution of V,, , L(gins ¢~ _,, AX) = 0, where:

in,—1°

~ 2 —k
V., L, v, A5 =2Wylrv + 2(W, ® Ik — Wylpvh) + ﬁ(gv,, —cos OW,; @ Ir(A — 1Y)
0

+ dc,
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and:

Voui L Ginss @i A9 =2WolrGing + 2(W, ® Irgl, — Wilr g, )

2 _
+ 5 (E + sin W, © LA - 29).
0

It is also important to notice that V,, £(v;,v*, %) = 0 and V,, , L(qins, ¢~ _, ) = 0 for

in,—1°

all [ € G can be written in compact form as:

1 - 1
dW) @ Irv + (W — d(W)) ® IV + &, — 5 CosW @ LT - A% + 501 ®0) =0,
0
(5.28)

and

1 _
dW) Q@ Irgi, + (W-d(W)) ® IT)qfn +&,+ ﬁ sin W ® IT(/lk — 4") =0, (5.29)
0

respectively. From (5.26), (5.28), we obtain:

V= (1= pf +p@w) ! @ IT)( —& = (W —dW)) ® Ir)V* (5.30)

I - I
+—cosOW @ I;(T - 1) - ~5(1®0)),
U2 S

and from (5.27), (5.29), we obtain:

gy =1 - g, +ndW)™" ® IT)( — &, — (W —d(W)) ® Ir)q, (5.31)

1 _
— —sinoW e I;(1 - /l"))).
U2 c

Finally, we perform a projection in the feasible set of v and gy, i.e., V**! = Proj,, {v*""}

and ¢**' = Projglgi'}). By construction, U = Xcu U; and Q = X .o Q. Then, the

m
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operation can be carried out in a distributed way:

vi*! = Projq, (V") (5.32a)
¢ = Projo (g},  Vieg. (5.32b)

The gradient ascent for the dual variables is given by:

1) = [Zka) + YWk () - Wm,a]+ ,

10 =240 + 1y (Wi = w(0) (5.33)

D
for all t € 7, with y > 0.

In order to analyze this algorithm, hereinafter referred to as MICROGRID OPTIMIZATION
ALGORITHM, we present a general quadratic problem with a structure that includes that of
the MICROGRID CONTROL PROBLEM.

Our problem of interest is a particular case of the following PARTIALLY SEPARABLE

QUADRATIC PROBLEM, expressed as:

mzin 'Az+b'z

subject to (5.34)
Mz <h

z€”Z

forz € R", h € RY, A € R™ symmetric positive definite, M € R“*", and a convex
polytope Z, which can be expressed as the set of points z such that Gz < r, for r € R
and a matrix G. From now on, let us assume that the problem is feasible. Therefore,
since all the inequality constraints are affine, the PARTIALLY SEPARABLE QUADRATIC PROBLEM
satisfies the Slater’s condition.

Let the components of z be assigned to a set of agents / = {1,...,N}. In par-
ticular, consider that J; = {i p};"zl be the indices of those components of z associated to
agent i, for each i € {1,..., N}. where Zf\;  n; = n. Let z; encompass all the components

of z with indices in Z;. In addition, let Z be also separable according to the set of agents
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I ie,Z =% Xfil Z;, where Z; C R" is a convex polytope, for all i € I.

Assumption 5.3. (Structure of the PARTIALLY SEPARABLE QUADRATIC PROBLEM): Let us write

the vector z; as z; = [z],...,2], 17 where each z;; is a vector with components of z;,

> N,m;

tell,...,m}, forallie€ l. Letus assume:

e The matrix A has a structure such that the quadratic form 7" Az satisfies:

m;

7 Az = Z aiellzigll® + 22 Ai 1oz + 25 A2,
=1
where a;, is a real scalar, A; 1, is composed by all entries Ay such that k € 1;
and | ¢ 1, and A;», is composed by those entries Ay such that k,l ¢ I, for all
i €{l,...,N}. Recall that 7 can be written as 7 = (z;,z-;) for all i € I, where 7_;

are the components of z that are not associated to agent i € 1.

o The set Z; is separable in terms of zig, for € € {1,...,m}, i.e., Z; = X}, Ziy, and

Zir € Zig.

The first part of the assumption implies that there are no cross terms between
any two entries of z associated to the same agent i € I. As an example, any quadratic
form z" Cz with C symmetric, positive definite matrix C = C ® I, where C € R, with
z=z{,...,zy]", and z; € R” for all i € {1,..., N}, satisfies the first statement of the
assumption.

The Lagrangian function associated to the PARTIALLY SEPARABLE QUADRATIC PROBLEM

is:
Lz, 0) =72 Az +b 2+ ¢y " (Mz—h) + 0" (Gz - r),

where ¢ > 0 and 6 > 0 are dual variables for the problem. Let ¥*, 6* be an optimizer of

the dual of the PARTIALLY SEPARABLE QUADRATIC PROBLEM:

max min £L(z, ¢, 6).
¥,0>0 zeR" ( w )



129

Then, since the PARTIALLY SEPARABLE QUADRATIC PROBLEM is convex and satisfies the Slater’s

condition, it can be recast as:

min f(z, v)

subject to (5.35)
Z€Z,
where:
fz,Y) 2 2"Az+ b z+ Yy (Mz - h). (5.36)

Next, we write a general form of the dynamics, which we will call the CONSTRAINT SEPA-

RATION DYNAMICS:

Y= [+ (M2 - ), (5.37a)
2 = Proj, [(1 — )z + nargmin, o, £((zi, ), W), Viel.  (537b)

Given the definition of f in (5.36), we can write this dynamics in a compact form

as follows:

prl = Wy (M = bl (5.382)
1 1
1 = Proj,[2* — nd(A) "' (AZ" + b+ 5MH//‘)]. (5.38b)
Lemma 5.8. For z* = argmin, f(y,y*), with f defined in Equation (5.36), where
Z = X, Z; it holds that 7} = argminyiezi fOunz*,¥%), forallie{l,... N}

Proof. Let us proceed by contradiction. Assume that for some i € {I,...,N}, 2} #
argmin, ., f(yi, 2%, ¥*). Then, there exists y; € Z; such that f(y;, 2%, ¥*) < f(z}, 2%, ¥™),

which contradicts the fact that x* is an optimizer of f(-, ™) in Z. O

Proposition 5.1. If Assumption 5.3 which describes a structure for the PARTIALLY SEPARABLE
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QUADRATIC PROBLEM holds, then:

argminy,cz (y;, 2-) AW, z2) + b i z2) + T (M (yinz-) — h)
= Proj [argmin, g (Vi ) AW, 2-) + b7 (i z) + U T (M(yi z-) — )]

Proof. From Assumption 5.3, we have that:

mi
27 Az+ b z+y " (Mz—h) = Z adlzidl + ¢ zi + s =y h,
=1
where s is a bilinear function of z_; and ¢ is a linear function of z_; and . Then, the

statement of the proposition can be formulated as:

argminy,ez, > allyi  +¢7yi + s =y h = Proj, [argmin, o, > acllyidl® +¢7yi + s].
=1 =1

(5.39)

Let us write out ¢ = [¢1,...,¢n]", such that ¢Ty; = 3/, ¢/ yie. By structure of Z;,

which is component-wise decomposable, (5.39) is equivalent to saying that:
argmiﬂy,-,;ez,-,/ad|)’i,£||2 + @ Vit = Proj,, [argmin, A allyiell® + @ i,
forall £ € {1,...,m;}. In order to show this equivalence, we have that:

. . 2
Proj,, [argmin, allyi|” + ¢; yi.]

1 IV
= argminqezﬂ (—2—05905 - C]) (—Z—a(% - ‘])

3 . eroc 1 L T
= argmin,.z., da, + a—g‘ﬁz q9+t4q 4

= argmin, ., 0 q+aqq.
The first equality comes from the definition of the projection operator and the fact that

argminyi‘[ Lacllyiel® + @, viel = —%ﬂgag. The last equality simply comes from removing

terms that do not depend on the decision variable, and use a scaling of the cost function
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by a positive constant, completing the proof. O

Lemma 5.9. Let Y C R" be a convex closed polytope. Consider a pointy ¢ Y. Let § be
the projection of yin'Y, i.e., § = Proj,[y]. Define g = (1 —n)y + ny, forn € [0, 1]. Then,
y = Proj,[q].

Proof. Assume that ¢ = Proj,[q] # §. By definition of g as a convex combination of y
and y, it holds that [y — §l| = [ly — ¢ll + llg = 3II. Then, |ly =3Il = [ly — 4ll + llg — 4lI. By the
triangular inequality, if follows that ||y — g|| + ||g — gl| = |y — 4|, then |ly — ¥|| > ||y — 4|,
which contradicts the fact that § = argmin¢ey l[¢ — y||, which follows from the definition

of the projection operator. O

Remark 5.1. We would like to notice that if we apply the primal-dual subgradient
method introduced in [59] to the problem (5.35), we obtain a dynamics that is simi-
lar to the CONSTRAINT SEPARATION DYNAMICS. However, the method in [59] is intended to
optimize general convex cost functions. The proposed algorithm therein is only guaran-
teed to converge to a neighborhood of the optimizer, whose size depends on the step size
chosen for the dynamics. The result in [59, Proposition 5.1] presents an upper bound
for the cost at each iteration in terms of the optimal cost, the step size, and the iteration
number. Unlike the aforementioned paper, we present convergence result for the con-
STRAINT SEPARATION DYNAMICS, and characterize the step size required for convergence to
the optimizer of the problem (5.35). Moreover, in Assumption 5.3 we characterize the
type of quadratic cost functions that allow us to perform a distributed computation of

this dynamics. o

Corollary 5.1. (Convergence of the MICROGRID OPTIMIZATION ALGORITHM): The MICRO-
GRID OPTIMIZATION ALGORITHM converges to the optimal solution of the MICROGRID CONTROL

PROBLEM.

Proof. 1t follows directly by defining z = [v', g, ]".

W Ir 0
0 WeIr

26, +01®c
2¢,

A=

b

Vo= [ZT, A"]", and Z = E. It is easy to see that the problem fulfills Assumption 5.3,

where z; = [v/, g, 17, foralli € G. O
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5.4.1 Handling the non-distributed terms

Still, we can see that v**' and ﬁﬁf " must be computed in terms of the matrix W

1

. . . . . . —k
respectively, which is by no means sparse in the communication network. Then, V" and

ﬁﬁf ! cannot be computed in a distributed way using the expressions (5.30) and (5.31).

To go around this problem, we define u}, uf, 7, and £/ as follows:

1 1
p ==@(W) ® Ir)(v*" — %) + y0a®o),
n

B 1 —k
O=—VvV-(W'eIé, + 72 ¢os oA — Y,
0

1 —
ﬂz :;(d(W) &® IT)(qi{r:—l - an)’

_ 1 .
[ =—q -W'eI)é - 7 sin 61 — 5. (5.40)
0

Then, we can recast the equalities in (5.30) and (5.31) as:

= (W I,
p = (WeIr).

This follows from reorganizing terms in (5.30) and (5.31). Since y, and ,uZ are not
known, and from [60], W~! is sparse in the sense of the communication network, we
can use a fast execution of the Jacobi overrelaxation method on the linear systems of
equations (W ® IT)‘I,u,Vc = ¢ and (W ® IT)‘I,uZ = g“,f to compute an approximation of
w, and . For further information on the Jacobi overrelaxation, see [61]. Let 1}, fi{ be

o —k+1 —k+1
e-approximations of y; and ,uZ. Then, we compute V' and g, as:

1
Vkﬂ :vk + Ud(W)_l ® IT[/jlz — 5(5(1 ® C)],
@' =dyy + ndW)™" ® Irfi],

where we neglect the approximation error.

The following result gives us a valid distributed approximation of &, and &,.
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Lemma 5.10 (Distributed computation). The vectors &, and &, are such that:

1
) —qk +o (73) (5.41)

(”’_1®I )¢, = —Im 9 0
T fq e”[0 d(I/tG ](G@IT)
u

k

0
k
G

(W' ®I1)é, = -Re (e_je[ 0 d(@k ](G ® Ir)

k
”(’kl ])—vk+0(%), (5.42)

Ug
where 1 € R”,

Proof. First, note that from Lemma 5.3, we have that G can be written as:

G- [ G G ],
Gy, W'

Second, we replace this expression above and the expression for the voltage in (5.3) into
the right-hand side of (5.41), (5.42). While replacing the expression for voltage, we use
the properties of the matrix X in Lemma 5.1. Finally, we rearrange terms to obtain the

expressions in (5.4). O

Using this result in the equalities for ¢ and ¢/ in (5.40), results in a completely
distributed optimization algorithm. However, it presents a new problem: information
on future voltages is required for computing g;,(?), v(¢) is required. In Algorithm 4 we

summarize the described procedure for one iteration of the control computation.

5.5 Voltage prediction

In order to compute g;,(?), v(¢), for ¢ € 7, the two algorithms we have introduced
in this chapter require voltage information for all ¢+ € 7. However, this information is
not available for two reasons: i) voltages u(f) depend on the power injections at all the
nodes of the microgrid at time ¢ € 7, i.e., they depend on future values of the decision
variables, and ii) although for time ¢ = 1, it is theoretically possible to inject the power

given by decision variables v*(1) and qfn(l) into the system, these variables are only
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Algorithm 4 Execution for eachnode [ € G

Set 1~1(1), V&1 (1) (also ¢ () and 7, (1), X' (0), if [ € @) forall t € 7
forr={1,...,T}do

20 = |27 0+ ny 0 - Waw|

A4 = [ 2570 + myWanin = wi™ 0]
end for
Initialize 1) (1), i (1) = 0
Gather u)~' () for all h € Ng(I)
for £ < €, do
Gather f1; (1), it} (¢) for all h € Ng(I), t € T
fort={1,...,T}do

(1) = (1—a)ﬂf(t)—§”( 2ineNaonoa Gty (D= Znengay Gzh(llul,“l(t)llcllu',‘fl(t)llc

cos(2uf™ (1) — ™\ (1) - ) + Uig cos(O) (1, (1) - 4’;(:)))
ﬁ?(f) = (1—@),&;](0—(;1”( 2 heNGONO. GlhﬁZ(f)—ZheNG(z) Glh(||uf_l(f)||c||ulfl_l(f)”C

sin(2uf” (1) = 24 (1)~ 6) + sin(0)(T, (1) — 45@)))

end for

end for

forr={1,...,T}do
Vi (1) = Vi~ (0) + (@ (1) = 56¢(6)/ Wy
g, (1) = ¢, () + n] (1) Wy

end for

vf = Proj, (7))

g* = Projg, {v}}
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asymptotically feasible. Then, it may be either harmful or impossible to inject such
power values into the actual microgrid. Thus, it is necessary to use a model to predict
values of u(t), for ¢t € 7. Recall that a microgrid is modeled by the nonlinear memoryless
system of equations formulated in (5.1). Finding the solution for voltages u(f) given
P(t), O(t) and u, is not only a computationally expensive procedure, but it is also not

distributed. We formulate two alternatives to address this problem.

5.5.1 A multilayer control approach

A first possibility is to define an additional layer for the control, which contains
a model of the microgrid, and is such that it can exchange information with all nodes
in G. Thus, the control structure has two layers: the upper layer with a ‘super agent’
that knows the microgrid model, and the lower layer, with the node controllers. At
each iteration, nodes in G will provide the super agent in the upper layer the value
of qfn and Vv*. The agent uses these values to compute u* by solving the power flow
equations in (5.1). Then, the agent provides the node controllers with u* according to
their sparsity in the sense of the network topology of Definition 5.1. Then, the dual
decomposition algorithm is executed again. By means of this approach, part of the
computations are carried out in a centralized way. Even though part of the computations
are parallelized, i.e., the control computations, the centralized computations performed
by the super agent destroy the scalability and robustness properties that justify the use
of a distributed algorithm.

5.5.2 Distributed approximation

An alternative is the VOLTAGE PREDICTION ALGORITHM: a novel idea which is based
on the voltage expression given in (5.3). It consists of executing several sub-iterations

at each iteration k of the control computation, in order to approximate the voltage u*
k+1

in

and VA1,

for the computation of ¢ Figure 5.4 shows the interaction between the
MICROGRID CONTROL ALGORITHM and the VOLTAGE PREDICTION ALGORITHM. Let us assume that
all the loads in nodes that belong to M are constant, for all t € 7, i.e., s.(f) = s, for all

t € 7. Let us consider uy = [Uye’?, Uy oy, 1T € RY and sy 2 [So, SocrS11T € RN, with
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So.L = pL + Jjqr, such that the pair u, s solves the power flow equations that model the
microgrid. Assume that each node [ € G knows ug; and s, where ug; and sy, denote the
™ components of u, and s, respectively, which means that the node / requires entirely
local information.

Using the expression in (5.3), we have that:

6
Au, = e (- was,).
Uy

where Au; = ug(t) — ug, and AS, = §5(t) — Sg, forall t € {1,..., T}. Then, we obtain:
0+ in(0 +
Re(Au) = W[ 0D peasy - SO D) 1 as)).
U() UO
in(@ + 0+
Im(Au,) = W(M Re(As,) + S50+ 9) Im(Af,)).
Uy Uy

Notice that the [ component of AS$; is known to node [ € G for all t € 7. Since W
is invertible, it is possible to solve Au,, using the Jacobi overrelaxation algorithm, as

follows:
ult! = (1 = by, — hd(W)™ (W = d(W)el, — 1), (5.43)

where W¢ £ [, @ W~! and:

Re(Au;)
ue‘,t - E)
| Im(Au,)
el Re(Ad,) — 2 Im(AS,)
Ser = 0+¢) ~ s(0+¢) ” )
| 2 Re(AS) + 2 Im(AS))

By construction of W, it also holds that the diagonal elements of W¢ are strictly posi-
tive. Then the matrix d(W¢)~! is well defined. Given that W~! is symmetric and positive
definite, W¢ is also symmetric and positive definite. Then, it holds that if &7 < 2/|G|,
the Jacobi overrelaxation converges from any initial condition and also presents a linear
rate of convergence. Since W™! is distributed in the sense of the communication net-

work in Definition 5.1, the computation of u can be made using only local information.
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Algorithm 5 summarizes the prediction procedure for each node / € G. Notice that a

Algorithm 5 The voLTAGE PREDICTION ALGORITHM. Execution for node [ € G

Get vé‘(t), ‘Ifn,z(t) (ifle G), forallt €.
forr={1,...,T}do

88D =0
80,0 =0

Ste = Pina(t) = Proads(t) = Vi (©) + j(qfy (1) = Groaa. (1))
bire = %9;@ Re(si: — s10) — % Im(s;; — s10)

sin(6+¢) Re(Sl,t _ SI,O) + %@Oﬂ-qﬁ) Im(S[J - SI,O)

bt,lm = Uo
end for
forte{l,...,{nx— 1} do
forr={1,...,T}do
Sl = (1= )8! g (D = = (Srensanion Gsn0lg,(r) = bire)

(D) = (1= m6L, (D) = 5= (Zrensonon Gs.ird 1, () = biim)
end for
end for
forr={1,...,T}do
(1) = 6 () + jo,m (D) + o

t,Re t,Im

end for

fast execution of this algorithm (until some error tolerance is reached) at the end of each
iteration of the dual decomposition algorithm can give an approximation of us(?), t € T,
for the next iteration.

Let us recall that the load and the active power generation at all nodes are system
parameters that come from forecasting processes. In the particular case of load forecast-
ing, persistence models are widely used. A persistence model assumes that the best
forecast for a variable in the near future is the current value of that variable. It leads to

an estimate of a future step for loads in nodes / € M computed as follows:

sp(t+1) = s.(0).

A propagation of this estimation over the whole time horizon 7 leads to a load estimation
in which s;(#) = s, for all ¢+ € 7, which is the setting under which our distributed

prediction model works. Thus, even though the assumption that the load of nodes in
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Controller

Predictor |[«——]

Figure 5.4: Control computation using voltage prediction.

M does not vary with time seems to be restrictive, it is not introducing any additional

assumptions than those that are already posed in real applications.

5.6 Simulation results and discussion

In order to show the algorithm performance, we use single-phase versions of
the IEEE13, IEEE34, IEEE37, and IEEE123 feeders. All the data on transmission
line impedances, loads, power generation and storage capacities, as well as further
details of the simulation, and simulation files can be found in the project website:
http://fausto.dynamic.ucsd.edu/andres/project_reactive_fast. Foreach
testbed we implement the MICROGRID OPTIMIZATION ALGORITHM and also the dual decom-
position algorithm introduced in [60]. To obtain the voltage prediction required for the
algorithm execution, we use in both cases the distributed prediction algorithm in [60],
which works at a fast time scale to compute an approximation of the voltage given
the values of the decision variables. The prediction algorithm has been tuned to use
the parameter that maximizes the speed of convergence. Both the dual decomposition
algorithm and the MICROGRID OPTIMIZATION ALGORITHM have been tuned to a step size that
maximizes the speed of convergence. In Table 5.1 we show the parameters for each algo-

rithm involved in the simulation: MO stands for the MICROGRID OPTIMIZATION ALGORITHM,
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MO DD Prediction
Testbed n | | Conax y | h | FE
IEEE13 | 0.95 | 0.271 | 30 | 0.0737 | 0.995 | 100
IEEE34 || 0.95 | 0.211 | 30 | 0.0052 | 0.995 | 2500
IEEE37 | 095 | 0.211 | 30 | 0.0728 | 0.995 | 100
IEEE123 || 0.95 | 0.095 | 30 | 0.0356 | 0.995 | 1000
Table 5.2: Practical Convergence
MO DD ‘
Testbed OL ‘ Total OL ‘ Total
IEEE13 |50 | 1.5x10° |1.8x10° | 1.8 x 10’
IEEE34 | 500 | 37.5x 10° | 3.6 x 10° | 9 x 10’
IEEE37 |50 |15x%x10° |6x 10* 6 x 10°
IEEE123 | 150 | 4.5x 10° |2x 10° 2% 108

DD stands for the dual decomposition algorithm in [60] and prediction is the voltage
prediction algorithm. For the MICROGRID OPTIMIZATION ALGORITHM, 77 is the step size as
it has been introduced in this document, « is the step size of the fast execution of the
Jacobi overrelaxation intended to estimate /i, and ﬁz, and £, 1s the number of iterations
that we run for such estimation. For DD, v is a dual ascent step size as described in [60].
For the prediction algorithm, / corresponds to the Jacobi overrelaxation step size and FE
stands for the number of iterations that are executed for the voltage prediction. Notice
that the parameters 7, @, y and h have been chosen in a way that each of the algorithms
exhibits near the fastest possible convergence for the case study. The parameters FE
and €.« have been chosen so that each approximation that is being made via the Jacobi
overrelaxation, reaches its actual value within 3 significant figures.

It is interesting to notice that, in the case of the feeder IEEE34, the convergence
of the MICROGRID OPTIMIZATION ALGORITHM, the convergence of the dual decomposition
algorithm, and also that of the voltage prediction algorithm, are significantly slower that
those of the other feeders we simulate. This is due to the largest electrical distance
between two actuated nodes in the network.

In Table 5.2, we compare the speed of convergence of the MICROGRID OPTIMIZATION
ALGORITHM Wwith that of the dual decomposition algorithm. For the MICROGRID OPTIMIZATION

ALGORITHM, the OL (outer loop) column indicates how many times the procedure de-
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Figure 5.5: Top: Evolution of v (¢) for all t+ € 7, using the MICROGRID OPTIMIZATION
ALGORITHM. Bottom: Evolution of v(¢) for all ¢+ € 7 using the dual decomposition
algorithm.

scribed in Algorithm 4 is repeated to reach practical convergence. This number has
been chosen in a conservative way, i.e., practical convergence is reached in a lesser
number of iterations. The column called Total shows the amount of communication
rounds executed to reach practical convergence, this is, the number of outer loop exe-
cutions, multiplied by the number of iterations used for the voltage prediction, which
corresponds to the column FE in Table 5.1, and also multiplied by the amount of itera-
tions carried out for the approximation of u}, 4/, which can be found in the column £y,
in Table 5.1.

For the dual decomposition algorithm, we show in the OL column the amount
of iterations of Algorithm 1 in [60] necessary to reach practical convergence. In the
column labeled Total, we multiply this number by the number of iterations taken by
the voltage prediction algorithm. We can see that the amount of iterations needed for
practical convergence in the MICROGRID OPTIMIZATION ALGORITHM is at least two orders of
magnitude less than the dual decomposition algorithm in each of the simulation cases. It

is important to highlight that if it were not for the need to use the Jacobi overrelaxation
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Figure 5.6: Top: Evolution of ¢;(¢) for all + € 7, using the MICROGRID OPTIMIZATION
ALGORITHM. Bottom: Evolution of ¢(¢) for all + € 7 using the dual decomposition
algorithm.

in the computation of the primal step of the algorithm, the speed of convergence would
be much greater.

Figures 5.5 through 5.9 show the trajectory of all the state variables related to
node 1 in the IEEE37 feeder for both algorithms.

5.7 Summary

This chapter presents two distributed algorithm for the computation of predictive
control sequences of reactive power and storage in microgrids. The algorithms use fore-
casted parameters such as the electricity cost in time and the solar-power generation, in
order to compute the reactive power that must be injected by generators and the charg-
ing/charging rate that storage devices must follow in order to minimize electricity cost
and also transmission losses. Both designs are based on a previous convexification ap-
proach which relaxes the power flow equations onto a linear relation between power and

voltage in a microgrid, under some assumptions on impedances in the transmission lines
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Figure 5.7: Top plots: 4,(?), A,(r) for all € 7, for the MICROGRID OPTIMIZATION ALGORITHM.
Bottom plots: 4,(2), A,(¢) for all 7 € 7, for the dual decomposition algorithm.

and the magnitude of the input voltage. New constraints on voltage regulation, and op-
erational constraints on the storage systems are considered. The first algorithm, a dual-
decomposition-based dynamics is thoroughly analyzed, concluding that the dynamics
globally converge to the unique optimizer of the problem. Given the slow rate of con-
vergence of this algorithm, we propose the MICROGRID OPTIMIZATION ALGORITHM. The al-
gorithm manages the global constraints using a dual decomposition-like approach while
all the local constraints are taken care of using primal projections. This allows us to ob-
tain a much faster convergence than that of the first algorithm. We show convergence of
the MICROGRID OPTIMIZATION ALGORITHM towards the optimizer of the MICROGRID CONTROL
MICROGRID CONTROL PROBLEM, by analyzing the CONSTRAINT SEPARATION DYNAMICS. This dy-
namics encompasses the structure of the MICROGRID OPTIMIZATION ALGORITHM, and all its
solutions converge to an optimizer of the PARTIALLY SEPARABLE QUADRATIC PROBLEM, which
has the same structure as the MICROGRID CONTROL MICROGRID CONTROL PROBLEM. Further,
we present a distributed implementation of the algorithm, which is based on an approx-

imation carried out using the Jacobi overrelaxation in a fast-time scale.
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Figure 5.8: Evolution of Lagrange multipliers for the dual decomposition algorithm,
top: 17,(?) for all ¢ € 7, bottom: gl(t) forall 7 e 1.

Since the two algorithms require predicted voltage valued, we discuss two pre-
diction ways, including a novel distributed prediction model.

In order to show that the MICROGRID OPTIMIZATION ALGORITHM is faster than the first
algorithm, we implement them in four different testbeds that are microgrids with the
structure to the IEEE13, IEEE34, IEEE37 and IEEE123 test feeders, in a single-phase
setting. All trials show that the MICROGRID OPTIMIZATION ALGORITHM requires 1/100 of

iterations needed by the first algorithm to reach practical convergence.
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Chapter 6

Self-triggered best response dynamics

for continuous games

The last years have witnessed an intense research activity in the development of
novel distributed algorithms for multi-agent systems with performance guarantees. A
particular effort has been devoted to the study of game-theoretic approaches that can
model and regulate selfish agent interactions. By means of these, the multi-agent coor-
dination objective is formulated in terms of Nash Equilibria (NE), which correspond to
the natural emergent behavior arising from the interaction of selfish players. Due to their
modularity, game dynamics can easily be implemented by agents relying on local infor-
mation, leading to a robust performance. Even though the resulting emerging behavior
may not be optimal, it is generally expected that the behavior is as close as possible to
that of the benchmark given by a centralized design. However, finding algorithms to
reach a NE is not always an easy task, mainly due to the fact that in general, the NE is
very difficult to compute, and even some games do not have any.

In particular, the best-response dynamics can be thought of as a natural dynam-
ics describing an interaction in which each player is able to compute its own best action
against other players’ action profile. Then, the player’s action evolves continuously
towards its best-response set. Convergence of the best-response dynamics to the set
of NE has been studied for games under well defined conditions. In [62, 63], conver-
gence is proven for finite zero-sum games with bilinear payoft functions and potential

games with continuously differentiable potential functions. In [64], the authors consider
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best-response dynamics for two-player zero-sum games, relaxing the previous differen-
tiability assumptions to concave and convex payoff functions. Convergence to the saddle
point set is proven, since this set corresponds to the NE set of the game. The current
effort in [65] extends the above result to a two-player zero-sum continuous game with
quasi-concave and quasi-convex continuous payoff functions. Although these works
consider non-differentiable payoff functions, their approach is oriented to two-players
Zero-sum games.

The idea of restricting communication efforts to time instants at which it is ab-
solutely necessary to have current information leads to the self-triggered and event-
triggered concepts; e.g. see [66, 67] and references therein. This idea has been recently
extended to the context of multi-agent systems and distributed optimization with ap-
plications to cooperative control [68, 69]. The present work contributes further to this
area by studying a complementary game-theoretic setting with applications to coverage
control and deployment similarly to [70, 71]. A main difference with gradient-based
methods is given by the need of estimating the evolution of best-response sets as actions
of other agents change.

More precisely, we start by analyzing the convergence properties of the so-called
continuous-time best-response dynamics for a continuous-action-space game by means
of the invariance theory for set-valued dynamical systems. We show that all the so-
lutions of the best-response dynamics converge to the NE set of the potential game
for component-wise pseudoconcave, component-wise quasiconcave potential functions.
Next, we introduce a novel self-triggered best-response dynamics relying on Lipschitz
payoff functions. Then, we prove how this strategy still ensures convergence to the set
of NE while decreasing communication efforts. An application example can be found
in the extended manuscript [72]. The paper [73] presents an alternative self-triggered
best-response dynamics for 1D action spaces where the self-triggering condition comes
from the assumption that the best-response sets are Lipschitz set-valued maps.

Notations. In what follows, sign : R — R is defined as sign(x) = 1 if x > 0,
sign(x) = —1 if x < 0, and sign(x) = 0 if x = 0. Let S be a subset of R", then co(S)
denotes the convex hull of S, S denotes the closure of S, and p(S) denotes the diameter

of S, p(§) = sup, e llx = yll. If f is a map, dom(f) represents the domain of f. The
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open ball with radius r centered at x is denoted as B,(x). Given f : R" — R, we define
a level set of f as f~'(r) = {x € dom(f) | f(x) = r}. For A,B C R", we denote
A\B={xeA|x¢ B}. Let A be a subset of R". Then, int(A) represents the interior of
A, and bnd(A) represents the boundary of A.

6.1 Game theoretical notions

In this section, we first introduce some basic definitions from Game Theory [74]

and an adaptation from [71] to deal with constrained motion coordination problems.

Definition 6.1. A continuous-action-space game is a 3-tuple I' = (I, X, u), such that (i)
I ={1,...,N} is the set of N players, (ii) X = Hﬁl X; € R is the action space of the
game, with X; C R" i € I, d = }; n;, a compact and convex set representing the action
space of the i™ player, and (iii) u : X — RY is a function whose component u; : X — R

defines the payoff of the i™ player, i € I.

Let x; € X; C R" be the action for the i player and x € X be the action profile
for all players, such that x = (xy,...,xy)". In the sequel, we will use the notation
x = (x;, x_;), where x_; € X; = []e ;2 X, for all i € I, are the actions of all players
except that of the i™ player.

A repeated, continuous-time, game associated with I', R(I'), is a game in which,
at each time ¢ € R, each agent i € I modifies x;(f) € X; simultaneously while receiving
u;(x(¢)). This is in contrast to repeated, discrete-time games, which follow a discrete-
time schedule.

In the context of (vehicle) motion coordination, agents’ actions can be identified
with system states, and thus it makes sense that these change in continuous time accord-
ing to some vehicle dynamics. In particular, the way in which player i modifies x;(¢) can
be constrained by a (state-dependent) set W. Let W;(x;, x_;) C X; be a constraint subset
associated with x € X, W(x) = IL;g;W;(x) c X, and W = U{(x, W(x)) | x € X} C X X X.
We will refer to W as a fiber bundle over X. The introduction of W leads to the notion of

constrained repeated game associated with I' and W, Ry (I'), and the following concept.

Definition 6.2. Let I" = (I, X, u) be a continuous-space game and W a fiber bundle over
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X. A constrained Nash Equilibrium (NE) for I" with respect to W is an action profile

(xF, x*;) € X such that u(x;, x*;) < u;(x*, x*)), for all x; € Wi(x*,x*,) and all i € I.

In the extended version [72], we use W to represent collision-avoidance type of
constraints, or restricted reachable sets, thus it will be additionally assumed that x €

W(x). Finally, we recall the following notion.

Definition 6.3 ([75]). Consider a game I = (I, X, u). Let us assume that there exists a
Sunction ® : X — R such that sign (u;(x;, x_;) — u;(x., x_,-)) = sign ((D(xi, x_) — O(x, x_,-)) ,

forxi, x. € X;, x_; € X_;, foralli € I. Then, the game is called an ordinal potential game.

6.2 Continuous-time best-response dynamics

Here, we introduce some basic facts about continuous-time best-response dy-
namics [76] and show their convergence to the set of equilibria under some general
conditions. Definitions of regularity, upper-semicontinuity, generalized gradient and
set-valued Lie derivative can be found in [72]. The generalized LaSalle’s invariance
principle for differential inclusions can be found in [77].

LetI" = (I, X, u) be a continuous-space game, let W be a continuous fiber bundle
over X, such that W;(x) convex and compact for all x € X, i € I, and consider the game
Rw (D).

Definition 6.4. The best-response dynamics for Ry(D') is defined by the differential in-
clusion F : X =3 R?, Fi(x) = BRy(x_;) — x; = argmax ey, ) Uiy, X-i) — Xi, foralliel
That is,

Xx; € Fi(X) = BR,'(X_i) —x;, 1€l (61)

We denote F'(x) = BR(x)—x for conciseness. Existence of solutions for differen-
tial inclusions is guaranteed for F, nonempty, upper semicontinuous and taking compact
and convex values. Let us assume that payoff functions u; are continuous maps on X.
By compactness of X, u; reaches its maximum value on X, and the set of maximizers

is compact. Then, F; is nonempty and takes compact values. Further, let us assume
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that u; is quasiconcave on W. Then, the set of maximizers of u; and F; are convex for
each x € W!. By continuity of #; on X, and continuity of W we can apply directly the
maximum theorem [78] to conclude that F; is upper semicontinuous for each i € 1. Al-
ternatively, in potential games, one can exchange the continuity assumption on the u; by
continuity on the ®@. Since F; is nonempty, compact, convex and upper semicontinuous
at every x € X, and each i € I, there exists a solution to (6.1) for every initial condi-
tion. These solutions are absolutely continuous functions, ¢ : [0, +c0) — X, such that
¢i(t) € BR;(¢_i(1)) — ¢i(t), for almost every ¢ € [0, +c0), and for all i € I; see [77]. The

equilibria set of system (6.1) is
X*={xeX|x, € BRi(x), Yie{l,...,N}}. (6.2)

This set corresponds exactly to the set of constrained Nash equilibria for I with respect
to W. The existence of a Nash equilibrium is guaranteed by the existence of a continuous
potential function that reaches its supremum over a compact action space.

The above theorem will be used to analyze the best-response dynamics associ-

ated with a potential game. The potential function should satisfy the following property.

Definition 6.5. Let Y C RY be a convex set. A function ® : Y — R is said to be
component-wise pseudoconcave if for every i € I, and every w = (w;,w_;),y = (y;, y_i) €
Y,ands € (0, 1), withy_; = w_;, it holds that if ®(w) > D(y), then O(sw;+(1—-s)y;, w_;) >
Oy, w_y) + (1 — s)sb(w;, y;) where b(w;,y;) is a positive function. The function © is
component-wise quasiconcave if ®(sw; + (1 — s)y;,, w_;) > min{D(y;, w_;), D(w;, w_;)},
foreveryi € I, and every w = (wi,w_;),y = (y;,y_;) € Y. If ® is pseudoconcave (resp.

quasiconcave), —® is pseudoconvex (resp. quasiconvex).

Theorem 6.1. Let I' = (I, X,u) be an ordinal potential game with potential function
®. Let W be a continuous fiber bundle over X such that W;(x) is compact and convex
forall x € X, i € 1. Assume that ® is component-wise quasiconcave, component-wise
pseudoconcave with b; continuous over each W(x), x € X, Lipschitz, and regular over
X. Let F : X =3 RY be the best-response dynamics for Ry /(). Then, all solutions of the

system x € F(x) converge to the set X* of constrained Nash equilibria defined in (6.2).

'The same result holds for a potential game with a component-wise quasiconcave potential function
(Definition 6.5).
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Proof. Consider ¥ = —®. Since ® is component-wise pseudoconcave, then V¥ is
component-wise pseudoconvex. We will see that ¥ is a Lyapunov function for our
set-valued map; that is, it holds that max Lz¥(x) < 0, for all x € X.

Let x be a point in X. Any v € F(x) has the form v = x* — x, with x* € BR(x).
Define Q¢ C X as the zero-measure set for which ¥ is non-differentiable. Consider a
{ € d¥(x) of the form ¢ = lim, VP(*), with y* — x, y* ¢ Qu. If x* = x, then it
trivially holds that v/ = 0. Suppose that x* # x. Since BR is nonempty and upper-
semicontinuous for all x € X, it holds that there exists a sequence x* = x* such that
x¥* € BR(Y), for all k. Thus, we have v/ = (x* — x)" limg VP(¥) = limp(xb* —
Y)'VEOH).

Let us define V;'¥ € R™ as the partial derivative of ¥ with respect to the action of
the i player. Since W is differentiable at y*, the term (x** —y*)T V¥ (y*) is the directional

derivative of P at y* along the direction x** — y*. In particular,

vT{ — lli_)n;(xk,* _ yk)TV\I_[(yk)

=lim )" (" —yHV,¥0O"H
i€l
= lim )" (2" = £, 0-)"V¥0OH
i€l
i N i POE A AGET = D0E) - WOY

k—00 =4 h—0 h
i€l

where in the last equality we have used the limit definition of directional derivative.

Notice that since x** € BR(y*), then it holds that W¥(y*) > W(xI"*,)*.) for any
i € I. Moreover, since x # x*, we have that there is a k; < oo for which y* # x** for
all k > k;. Next, assume that x ¢ BR(x), then there is an i € I such that x; ¢ BR;(x).
By continuity of W, the set BR(x) is closed, therefore for each x; € W;(x) \ BR;(x) there
exists € such that B.(x) N W;(x) € W;(x) \ BR;(x). Therefore, there is k, < co such that
y¥ ¢ BR;(x**) for all k > k. Thus, when we study the behavior as k — oo, we will
consider only sequences y* such that y* # x** and y* ¢ BR(YY).

Using the fact that yf.‘ ¢ BR;(y*) and by component-wise pseudoconvexity of ¥,
it holds that since P(x*, %) < W), then Py + h(x* — y5), 3% ) < (3, ) + (1 -
hYhb;(xXy*,y¥), for any h € (0, 1), and each i € I. From here, W(y* + h(x\* — y*),y% ) —
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E (o —y) 4K )Wk
W) < (1 = yhb(x"*, y%), which implies that limy, o e ST gy (kb

Now, for each j € I such that y’]‘. € BR;(y"), we have that ¥(y*) = ‘P(x']‘.’*, v ;- It means

that y’j‘. and x; are minimizers of Y(, y’fj). By component-wise quasiconvexity, the set

of minimizers of (-, y* ;) is convex, then ‘P(y’]‘. + h(x]j‘.’* — y’}‘.), y* )= POK) = Pak),
WOE+Hh (™ =)0k )-W(5)

therefore we can conclude that lim;_, -

= 0. Then, it follows by

using the continuity of b; that

VI = Jim (& =)V

<lim > b= Y b x). (6.3)

k—o00
i€l

icl
¥ ¢BR;(6Y) X #BR;(x)

Now, consider the case when x € BR(x). In this case, if x € int(BR(x)), there
exists & > 0 such that B.(x) c BR(x). Note that for 2 — 0, (x;+h(x* —x;), x_;) € Bo(x) C
BR(x). Then, ¥(x; + h(x} — x;),x_) = W(x;, x), and limy, o ~ot DD HO
for each i € I. It implies that v/ = 0. If x € bnd(BR(x)), there are: i) sequences

y* — x such that for every k, y* ¢ BR(y*), ii) sequences such that y* € BR(y*) for all k,

kIl ¢ BR(Y*) and a subsequence

and 1ii) sequences such that there is a subsequence {y
YA, € W(x) \ BR(G¥). In case i) we follow the same analysis as that for x ¢ BR(x),
then v < 0, in case ii) the analysis is analogous to that for x € int(BR(x)), to show that
vI'¢ = 0. In the third case, if x is a point of non-differentiability, the gradient of ¥ at y*
does not converge, then we do not need to consider these sequences. If ¥ is differentiable
at x, then, as x; is a minimizer of W(-, x_;), for all i € I, we have that v/'¢ = 0. Hence,
vI'¢ < 0 for all x € bnd(BR(x)). Then, we can conclude that for all x € X, it holds that
vI'¢ < 0 for all sequences y* — x, such that y* ¢ Qg and lim;, V&) = ¢.

Now consider any ¢ € 0¥(x). By the definition of generalized gradient (see [77)),
there exist ay, ..., a;, withO < a, < 1,and a; +- - -+; = 1, and sequences {y*'}, ..., (¥}
converging to x such that £ = a; lim, VP(G*) + - - - + @, limy, VP(y*). Then it follows
that vi'¢ = ap'Z) + - + ap’ ;. Using the previous analysis for each /, it follows
that v/ < 0. From here we conclude that max Lz¥(x) < O for all x € X. From the

generalized LaSalle invariance principle [77], we have that all solutions will converge to

the largest invariant set contained in X N {x € R¢ | 0 € Lz¥}. In the following, we prove
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that the largest invariant set is contained in X™*.

Suppose that x ¢ BR(x), and x belongs to the invariant set. Take a x* € BR(x),
define v = x* — x, and take a £ € 0W(x) such that ¢ = lim; V¥(y¥), with y* — x, when
k — +co0. From (6.3), we have that v/'¢ < Zx,- . bi(x\*,y¥) < 0, where, the second

inequality follows from the fact that there is a j € I such that x; € BR(x_;). Taking the

maximum over BR(x), we have that

max (x* — x)'¢ = maxv'¢
x*eBR(x) v

< max Z bi(x}, x;)

x*eBR(x) =
i
x;#BR;(x)

D, b,

iel
x;€BR;(x)

That is, the continuous function },; b;(X’, x;) achieves its maximum over the compact
BR(x) at some x* € BR(x). Note that the inequality holds for all ¢ of the form consid-
ered. Since x ¢ BR(x), X* # x, then W(x7, x_;) < ¥(x) for some i € I, hence we have
that Zx,-ezliaeli»(x) bi(xr,x;) <O0.

Now consider any ¢ that is a convex combination of £ = lim; V¥(y*). From the

above considerations, we have that

VT§ = a/lvT{l +---+ a/lvT{l
<o Z bi(XF,x)+- -+ Z bi(XF, x;)
i€l i€l
xi¢BR;(x) x;€BR;(x)
= ). h(®.x) <0,

icl
x;€BR;(x)

for all v and £. From here we conclude that 0 ¢ £Lz¥(x), if x ¢ BR(x). Thus, x does not
belong to X N {x € R? | 0 € LV}, which is a contradiction. O
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6.3 Self-triggered Communications in Best-Response Dy-

namics

In this section, we present a sufficient self-triggered communication law as in [69]
to lower the frequency at which neighbors’ information needs to be updated while still
guaranteeing convergence to the set of NE. It is worth highlighting that the amount
of neighbors from which information needs to be updated for each player, depends
uniquely on the sparsity of the game. That is, our law does not deal with generating
a distributed execution of a non-distributed game, but it rather has to do with reducing
the time-between-updates. All proofs for the results introduced in this section can be
found in [72].

Let {#}, C Ry, such that #, < 7|

C .1» be the time sequence at which player i

updates information about other players, for each i € I. Assume that the i player has
obtained up-to-date information of agent j € I \ {i} at some time t,i. In what follows, we
aim to estimate the largest possible time #,,, > ¢, that an agent i can wait for in order to
update information about neighbors while guaranteeing convergence to the set of NE of
the game. To do this, we assume that each player has available up-to-date information

about its own state at every time ¢ > #;. The i player’s action is driven by

e BR,(x_;(1)) — x(1), if x(t}) & BR(x_i(1))), oo
{0}, otherwise,

for time ¢ € (7,7, ,]. See Remark 6.1 about the introduction of zero when x;(f}) €
BR;(x_i(1)).

In the sequel, let us assume that each agent payoft function is Lipschitz con-
tinuous with Lipschitz constant L; > 0; that is, |u;(x") — u;(x?)| < Lj||x! — x?||, for any
x!,x* € X. Let us assume that player i knows L;. This will help us to compute a self-
triggering condition which makes each agent update information whenever its payoff
is no longer increasing. First, let us find an upper bound on uncertainty about other

player’s action with respect to time.

At time 7, player i knows other players’ actions, and thus can compute pre-
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cisely its best-response set, as well as the value of u,(x}(}), x_;(#})), where x*(#}) €
BR;(x_i(t})). Let j € I be an arbitrary agent j # i. Let [ be such that tle > 1> tlj for the
given k. Notice that since BR;(x_ j(tlj )) is compact, there exists a point xl;.a“ € BR;(x_ j(t{ )
such that xﬁ.a“ € Argmax, pg (. ) lly — xj(t,i)ll. Then, the magnitude of X;(r) defined
in (6.4) is maximized by xl;.a“, for all time ¢t € (¢}, 1, ] (i.e., x;(1) = xl;.a“ — x;(t) has
maximum norm). Assume that x j(t,i) ¢ BR j(tlj ). Thus, a fastest solution of (6.4) for ¢t €
(15, 1,1, is x;() = x5 — (% — x;(¢1))e™"%). This implies that the distance ||x;()—x;(t})||
is upper bounded by ||x§.aSI — x; ()l (1 — e‘("’fc)), for t € (¢, tlj+l]. However, the i player
does not know the j® player’s best-response set, then, the only option is to compute
the worst possible case with the available information. Assume that all agents know
the action space X. Then, the i agent can find a point xi.ar(t,"{) € X;, which maximizes
the distance from the last known position of j. That is, xﬁar(t;;) € argmax .y [|x j(t;;) -yl
Then, [l —x;(t)]| (1 — e¢®) < [l —x;(#)II (1 — e~} , holds for every € (1. 1], 1.

Since the left-hand side of this inequality is an upper bound for the movement of j, for

te(t, tl’+ .1, we have that

b (8) = (I < 1) = xi e (1 = e0). (6.5)

At this point, we can neglect the assumption of x j(t,i) ¢ BR j(t{ ), since, if x j(tf() €
BR j(tlj ), then the solution is trivially x;(¢) = x j(t,i), fort € (£, tlj+l]. Therefore, the upper
bound in (6.5) holds.

Lemma 6.1. Inequality (6.5) holds for all 1}, < t.

Next, we can find an upper bound for ||x_;() — x_i(t,i)ll as

D) = XEDI (1 = ) > i) — x @Il 6.6)

Jel\{i}

This upper bound only depends on information available to player i up to time #,. We
will use it next to determine the time-update instant #;_,.

Next, we use the Lipschitz property of u;, to obtain

ui(xf(t,i), x_(1)) Zui(xf(l/i), X—i(f/i)) — Lillx_i(t) — X—i(l;c)”, (6.7)
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and similarly,

wi(xi (1), x_i(2,)) <ui(xi(t}), x_i(2})) + Lillx_i() — x_;(tDII. (6.8)

The following lemma states a combination of the bounds in u; in equations (6.7), (6.8),
and the bound on |[x_;(¥) — x_,-(t};)|| from Lemma 6.1, to formulate the self-triggering

update condition for each player.

Lemma 6.2. Let I" = (I, X, u) be an ordinal potential game with potential function ©,
fulfilling all properties defined in Theorem 6.1. Assume that u is Lipschitz over X. Let
W be a continuous fiber bundle over X such that Wi(x) is compact and convex for all
x € X, i € 1. Let us consider the self-triggered best-response dynamics as defined in
equation (6.4). Let € > 0, and suppose t,i > tg is the last time instant when agent i
updated information about other agents. Consider any x} (t;;) € BR,-(x_i(tf{)). Let tivait be

a positive constant. If t,i > t,i is such that either

(X (1), x-i(1y))

= 2L " () = I (1 = &)

Jei}

= u(xi(t4,), x-i(1})) + &, (6.9)

provided xi(t,i) ¢ BR,-(x_i(t;'c)), or t,i +1 if x,-(t,i) € BRi(x_,-(t,i)), then it holds that
D(x(1), x_(1)) < P} (), x_i(1)) for all t € (8, 1,1, such that x,(t;) ¢ BRy(x_(1})), and
such that ®(x,(t), x_i() = O(xi(£), x_D), for all t € (£, 1], if x(¢1) € BR,(x_i(£))).

— 4 i
=1 +1

wait’

ti

’ “wait

i i 2L;N max jer p(X;)
It also holds that 7, — 7, < max {log( o )

2L;N max je; p(Xj)—-Lip(Xi)—&

}. This upper
bound follows from (6.9), but we omit its computation for brevity. It will be important

to establish precompactness of solutions in the analysis in Section 6.4.

Remark 6.1. Here, we analyze the behavior of player i if its dynamics was given by
X; € BRi(X—i(f/i)) — xi(1), (6.10)

fort € (¢, t;m]- If for some time in (¢, t;m]’ player i is not in its best-response set,

the self-triggering time-update policy of Lemma 6.2 guarantees that the payoff at time
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t is at worst less than the last known best payoff by some € > 0, provided x(t.) ¢
BR;(x_i(t})). Notice that t,_, is the maximum time when this property holds. Then, at t, ,
information is updated by player i and uncertainty becomes zero again, leading to a new
best-response set. This will produce a larger or equal payoff than the current action’s
payoff. In particular, if the payoff value is the same, then xi(t,i+l) € BRi(x_i(t;;H)).
Suppose a player has reached its best-response set and follows the dynamics
given by (6.10). Once in BR,-(x_,-(t;;)), the motion of player i can evolve arbitrarily in
the set. In the meantime, the evolution of BR;(x_;(t)) can lead to a situation where
BR;(x_;(?) # BRi(x_,-(t;;)), while x;(t) € BRy(x_i(¢)). In this case, moving toward a
point 'y € BRi(x_i(t,i)) \ BR;(x_;(?)) will clearly produce a lower payoff. Thus, the set
of velocities that an agent can take needs to be restricted, and it makes necessary to
estimate how the best-response set will evolve. Alternatively, one can leverage the fact
that x,-(t,i) € BRi(x_i(t,i)), to prescribe the agent velocity to be zero. This motivates the
definition of a self-triggered best-response dynamics as in (6.4), and not as in (6.10).
By means of this, one can guarantee q)(x,-(t};), x_i(t)) = D(x;(t), x_i(t)) if and only if
xi(1) € BRi(x_i(1))). o

Remark 6.2. The self-triggered best-response dynamics in (6.4) may lead to a zeno-
behavior in some examples. That is, as agents approach their best-response sets, they
may require information updates more and more often, creating an accumulation point
in the time-update sequence. This is a typical trait of general event and self-triggered
dynamics. In general, the only way to guarantee a lower bound on the time between
updates by this approach is to force it, for example by taking max{tf.‘ + Atwin, tf”}, where
Atin is a small positive number. Introducing this constant is an acceptable trade-off: on
the one hand, the nature of the self-triggered approach is still preserved as much as pos-
sible, i.e., if possible, communications will be reduced by being triggered at times larger
than Aty until being close to converge, leading to a type of practical convergence. On

the other hand, the zeno-behavior is forced to disappear. ¢
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6.4 System analysis via invariance theory

In order to formally analyze the self-triggered best-response dynamics, we over-
approximate it by means of a larger hybrid system whose solutions include those of
interest. To do this, first we associate each agent with a data structure P’ = (x;, x_ H1i) €
X X Ry, where x*; = (x;) jer € X_; represents the information that agent / maintains on
all other agents j # i, i.e., X' (1) = x_i(#}) forr € (#}, 7%, ], and t; = t — 1, for t € (¢}, 1} ,].
Then, P = (P',...,P") € (X X Ry¢)" = O is an extended state that includes the data
structure P’ for each agent. Finally, let us define the projection 7 : O — [[;; R" as
n(P) = (m;(P)) = (x1,...,xy). Using this new notation, we can write the self-triggering

condition of Lemma 6.2 as A;(P) < 0, where

A(P) =ui(x}, xL)
- 2L, Z I = 1 (1= e7") (6.11)
JeNi}

- ui(-xia -xl_i) - 8’

with ||xj. — xﬁarll = MaX,ey, ||xj. — yll, and x} € BR;(x" ;). We now define a hybrid system
on O = (R? x R)V as follows. First, let C ¢ O be the set C = N;e;C; = Nie;({P €
O | A(P) > 0,x; € Wilxj, ¥ )\BR{(x )} U{P € O | t; < £ and x; € BR,(x' )}).
Secondly, we let D = Ue;({P € O | A(P) < Oand x; € Wi(x;, x',) \ BR,(x' )} U{P €
Ot >t . and x; € BRy(x',)}). Define the flow map F : O =3 O as F(P) = Ile/Fi(P),
with Fi(P) = {(x* — m(P),0,1) | x* € BRy(x" )}, for all i € I. Define the jump map
G : O =3 Osothat Y € G(P) if and only if Y* € {P, (x;, x_;,0)}, for each i € I. Finally,
define the hybrid system H = (F, G, C, D) as

PeF(P), ifPeC,
Pt e G(P), if PeD.

Solutions for this system are given by functions ¢ : E — O, such that for each j €
N it holds that t — ¢(t, j) is locally absolutely continuous on the interval I/ = {t €
Ry | (¢, j) € E}, where E is a hybrid domain; see [79] for the definition of this concept.
Let S 4 be the set of all solutions of H. By definition of H, for each P € D, it holds
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that P € G(P). It means that the hybrid system overapproximation generates solutions
that remain at the same fixed point P via infinite switching. However, note that these
are not solutions of the self-triggered best-response dynamics. Additionally, the set S 4/
contains trajectories that allow motion inside BR;(x" ;) when x; has reached BR;(x" .), see
Remark 6.1. Given that A; is a continuous function of P, the sets C and D are closed sets
in O. Under the assumption that the u; are Lipschitz over X, and ® is component-wise
quasiconcave, one can see that F has compact, convex values, it is also locally bounded,
and outer semicontinuous in C. The map G is outer semicontinuous by construction.
Let ¥ = —®, and consider its extension ¥ : O — R defined as ¥(P) = ¥(n(P)) =
Y(xy,...,xy). Inthis way, ¥ is a continuous function on O, and a locally Lipschitz func-
tion on a neighborhood of C. We now focus on the trajectories of  whose velocities
take values in a subset of the differential inclusion. In other words, we define F : O = O

as F = Hielfi(P), where

_ 0,0, 1), if x; ¢ int(BR,(x').
Fi(P) =

(BR;(x",) — x;,0,1), otherwise.

We have that F(P) C F(P) for all P € O. Note that F selects the velocities according to
the self-triggered dynamics.

Lemma 6.3. For all P € C it holds that max L7P(P) < 0, and for all P € D, it holds
that maxp+cg(p) (P —F(P) < 0. Moreover, if P € C is such that for some i € I,
x; € BRy(x'), then max LFP(P) < 0.

Proof. The condition maxp+eg(p) P(P*) — P(P) < 0 holds trivially, as P(P*) = P(P) for
any P € O and P* € G(P). In order to verify the first condition, we follow along the
lines of the proof of Theorem 6.1.

Consider P € C. Any V € F(P) can be written as V = (V',..., V), where each
component V' has the form V' = (x*—x;,0, 1), for some x* € BR;(x' ) if x; ¢ BR;(x" ), or
Vi=(0,0,1)if x; € BRi(x'). Let us write V = P* — P, for an appropriate P*. Consider
any ¢ € dP(P) such that £ = lim, VP(Y¥), with Y* — P, and Y* ¢ Qg. For convenience,
let us recall that Qg is the set of points at which ¥ is non-differentiable. Since ¥ is

independent of the components x' , t;, note that &' = (7;(£),0,0). If V = (0,0, 1) for

i
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all i, then it holds trivially that {7V = 0. Suppose then that V' # 0 for some i € 1.
Since Y* — P we can write V¢ = lim,o(P* — YY)VE(Y¥). Denote and y* = x(Y%).
Using component-wise pseudoconvexity and component-wise quasiconvexity of ‘¥, the
computations in the proof of Theorem 6.1 can be repeated until we reach that V' <
zwﬁm bi(x*, x;), for all £ € OP(P).

Now, for P € C, either the condition A;(P) > 0 holds for some i or x; € BR;(x')),
for all i € I. Then, by Lemma 6.2 it is true that ¥(x*,x_;) — ¥(x) < 0, forall i € I.
Thus, we have that V7¢ < 0. The result can be extended for any ¢ € d¥(x) similarly to
Theorem 6.1. Therefore, maxy L7P(P) = maxy, V¢ < 0.

To prove the second part of this lemma, note that maxz L7P(P) = maxy,; V¢,
and maxy, V¢ < maxX .| yeBri ) Zx,-eé]iBeI{,-(x) bi(x¥, x;). Since b;(x, x;) is continuous
for all i € I, and BR;(x’,) is a compact set, the right-hand side of the above inequality
achieves its maximum at some X’ € BR;(x" ;) for all i € I. Then, if for some i € I,
X ¢ BRi(xi_l.), since P € C, it must be that A;(P) > 0. By Lemma 6.2, this implies
bi(x¥,x;) < O for all x* € BR;(x" .) and, in particular, b;(x*,x;) < 0. Thus, the strict
inequality max L7P(P) < 0 follows.

O

Theorem 6.2. Let I = (I, X, u) be an ordinal potential game with potential function ©,
fulfilling all properties defined in Theorem 6.1. Assume that u is a Lipschitz continuous
function over X. Let W be a continuous fiber bundle over X such that W;(x) is compact
and convex for all x € X, i € I. Let (6.4) be the self-triggered best-response dynamics
for Ry('). Then, all precompact solutions of the self-triggered best-response dynamics

converge to the set X* of constrained Nash Equilibria.

Proof. Consider a precompact solution ¢ of the self-triggered best response dynam-
ics which, in particular, is a precompact solution of H. Then, the w-limit set Q(¢)
is nonempty, compact, and weakly invariant [79]. Since ¥ satisfies Lemma 6.3, then
Q(¢) € ¥~'(r) for some r. First, the conditions in Lemma 6.3 imply that ¥ o ¢ is non-
increasing and bounded below. Let r satisfy that lim,_,c j—e P(¢(t, j)) = r. Take any
P € Q(¢). By definition, lim,_., ¢(#,, j)) = P, with (#;, j;)) € E. Since ¥ is continuous,
then it holds that lim;_,., P(¢(t;, ji)) = P(P) = r.

Take a P € Q(¢). Since (¢) is weakly forward invariant, there exists a solution
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to the self-triggered best response dynamics such that P = ¢(zy, jo) for some (zy, jo).
Suppose that there is an i such that for P; = (x;, x_ i» 1)), we have x; ¢ BR;(x" ;). Then, by
Lemma 6.3 we have that max Lf‘i’(P) < 0. If P € C, and the solution flows, then it must
be that Y(¢(t}, jo)) < r, which contradicts P € P! (). Thus, it must be that P € D\C.
This implies that there exists an i such that either A;(P) < 0 or tfﬁait < t;. However, after
the jump, P = @(ty, jo + 1) € C. Then, either we have that 7;(P) € BR,(n(P)), for some
i € I, in which case the conclusion follows, or else it will continue flowing afterwards,

which leads to a contradiction again. O

6.5 Summary

In this chapter, we characterize the convergence properties of the continuous
time best-response dynamics for a continuous-action-space potential game, with N play-
ers and n;-dimensional action space for each player i. We show under general conditions
that all solutions of the best-response dynamics of a potential game will converge to the
set of Nash equilibria set of the game. With the aim of making the best-response dy-
namics more practical, a self-triggered communication strategy is proposed to reduce
communications among agents while still guaranteeing convergence to the desired con-
figurations. The self-triggered best response dynamics is modeled as a hybrid system,
and convergence analysis is made using analysis tools in [79].

As a future line of study, the effects of delays in the self-triggered best response

dynamics can be analyzed.
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Chapter 7
Conclusions

In this thesis, we present multi-agent algorithms for coordination of resources in
smart grids. In general, we propose various algorithms to coordinate storage, generation,
and demand resources in a power grid using distributed computation and decentralized
decision making.

We address three different energy management problems, each with a specific
algorithm, which works under particular communication assumptions.

First, we address the problem of multi-agent coordination of Plug-in Electric Ve-
hicles (PEVs) under two different paradigms, 1) vehicle-1-grid (V1G), in which vehicles
only act as flexible loads that can charge whenever it is more convenient for the grid/user
performance, and ii) vehicle-2-grid (V2G), in which vehicles behave like batteries that
can inject power back into the grid if needed. Both approaches use non-PEV load and
usage forecast information for the decision making process. For the V1G problem,
we introduce a load-balancing algorithm that uses information on the aggregate energy
prices to drive PEV load to an optimal setting. The decision making process for each
PEV is carried out by an agent that controls such PEV. The V2G problem introduces
a hierarchical framework that computes an optimal V2G charging/discharging strategy,
which also satisfies line capacity constraints in the distribution side of the grid.

Following, we introduce a hierarchical approach for indirect control of deferrable
loads in a demand response event. This framework takes into account the fact that many
loads only admit on/off control, and provides an algorithm that computes a sub-optimal

solution that satisfies maximum power constraints. The algorithm does not require users
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to share private information, but only an estimate of its demand. The solution for the
on/off loads is computed in a greedy-like way, by computing a threshold to decide on
the loads that must be turned off.

Finally, we present a framework that uses optimal AC power flow to decide on
the optimal usage of storage and generation resources in a microgrid. This computation
is distributed, and requires communication between neighboring nodes of a microgrid,
according to certain network topology. This network topology is closely related to the
microgrid topology.

The algorithms that we propose throughout this thesis are provably correct, and
their convergence properties are established via theoretical results. In addition, we
present simulations that complement the theoretical results. In particular, for the prob-
lem of control of resources in microgrids, we present a simulation study to compare
the two proposed algorithms under different scenarios. We have found that the first ap-
proach was prohibitively slow, which encouraged us to develop the second approach,
which presented an improvement on the speed of convergence of more than two orders
of magnitude.

As a future direction, we propose to evaluate the practical implementation of the
proposed algorithms in real life scenarios. The impact of communications required for
the algorithms to compute a solution on the operational costs of a power systems must
be studied. Additionally, the trade-off between benefits for end-users and benefits for
utility companies and system operators in the obtained solutions is an open problem that
should be addressed.
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