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ABSTRACT OF THE DISSERTATION

Local existence and breakdown of scattering behavior for semilinear Schrodinger equations

by

Gyu Eun Lee
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2021
Professor Rowan Brett Killip, Co-Chair

Professor Monica Vigan, Co-Chair

In this thesis, we study the behavior of solutions to some semilinear Schrodinger equations
at short and long time scales. We first consider the nonlinear Schrodinger equations with
power-type nonlinearity in three dimensions with periodic boundary conditions. We show
that this equation is locally well-posed in critically scaling Sobolev spaces H*(T?). We then
investigate the long-time asymptotic behavior of solutions to NLS in Euclidean space with
defocusing, mass-subcritical power-type and Hartree nonlinearities. We discuss the divide
between the wealth of results on the scattering theory for these equations in weighted L?
spaces and the paucity of analogous results in L*(R¢). To explain this, we show that the
scattering problems for these equations are well-posed in weighted L? spaces in the sense
that the scattering operators attain their natural and maximal regularity. Furthermore, we
show that these scattering problems are ill-posed in L? in the sense that the scattering
operators cannot be extended to all of L? without losing a positive (and, in the case of

Hartree, infinite) amount of regularity.
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CHAPTER 1

Introduction

1.1 Nonlinear Schrodinger equations

In this thesis we study aspects of the short-time and long-time behavior of solutions to certain
nonlinear Schrédinger equations (NLS), which are a class of nonlinear partial differential

evolution equations taking the form
i+ Au = F(u,t,x). (1.1.1)

Here t € R, x € X for an appropriate choice of spatial domain X (typically Euclidean space
R? or the torus T%), and u : R x R? — C complex spacetime scalar field. Such equations

comprise a wide class of models for describing various wave phenomena.

The name derives from their close relationship with the free/linear Schridinger equation
10u + Au = 0. (1.1.2)

Solutions to this equation satisfying u(t = 0) = ug are denoted e"*“ug, where e* is known

as the free/linear propagator for the Schrodinger equation.

The behavior of solutions to the free Schrodinger equation is characterized by dispersion,
referring to the fact that different frequency components of a solution travel at different
velocities, which manifests as a tendency for solutions to spread out in space while decaying
in amplitude over time. Nonlinear Schrodinger equations tend to inherit significant aspects
of their behavior from the properties of the free evolution. As such, they are classic examples

of another large class of evolution equations known as nonlinear dispersive PDEs, which
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are equations characterized by a dispersive component to their behavior. In such equations,
the analysis of solutions typically centers around understanding the interaction between the

dispersive effect and the effects of the nonlinearity F'.

Within this thesis we are interested in two cases of the nonlinearity F: the power-type
nonlinearity F'(u) = +|u|Pu, corresponding to the power-type nonlinear Schrédinger equation
(PNLS)

10 + Au = £|ulPu, (1.1.3)

and the Hartree nonlinearity F(u) = 4=(|z|~7 * |u|?)u, corresponding to the Hartree equation
(HNLS)
10w + Au = £(|z| 77 * |ul?)u. (1.1.4)

These are among the most widely studied nonlinear Schrodinger equations, both as objects
of mathematical interest and as physical models. pNLS, for instance, is a universal model
of wave propagation in weakly nonlinear media, and arises in the study of water waves in
deep ocean, light propagation in fiber optics, and Langmuir waves in hot plasmas, while both
NLS and Hartree arise as limiting effective equations in the study of many-body quantum

systems.

From the mathematical perspective, the primary objectives in the study of nonlinear

Schrodinger equations are the following:

1. Local existence and well-posedness: the existence and continuous dependence of solu-
tions upon initial data in an appropriately chosen function space, at least up to short

times.

2. Global existence and well-posedness: the extension of the aforementioned local-in-time

solutions to all times, or the demonstration of finite-time blowup.

3. Behavior: the detailed description of how solutions behave at various time scales, for

instance as t — +o0.



Our results in this thesis are mainly related to the first and third of these objectives.

1.2 Local well-posedness for periodic NLS

We first turn our attention to the question of local existence and well-posedness. We focus
in particular on the Cauchy problem for pNLS with periodic boundary conditions, i.e. with
spatial domain X = T¢, where T¢ = (R/Z)? is the d-dimensional torus:

i0u + Au = £ulPu, (t,z) € R x T4,
(1.2.1)

u(0, ) = ug(x).
Here, we allow for the case of an irrational rectangular torus by embedding the irrationality
into our choice of Riemannian metric, and denoting the corresponding Laplace-Beltrami

operator by A.

This equation, when posed on R?, admits a scaling symmetry: if u(¢,z) is a solution to

([T.2.1), then so is uy(t,z) = A~2/Pu(A\"%, A\~'z). This yields the notion of scaling-critical
reqularity s, = %l — 2 which is the regularity s at which the H* (R%)-norm is invariant under
p

the scaling, i.e. |[ul gecra) = ||l gecga)- We carry this notion into the T? setting as well.

The problem of local well-posedness for periodic NLS in critically scaling Sobolev spaces
has a rich and storied history. Critical local well-posedness in the periodic setting has always
been a greater challenge than in the Euclidean space setting. This is because the disper-
sive effect of the free Schrodinger evolution is weaker on compact manifolds since different
frequency components can interact with each other repeatedly over long times, whereas in
Euclidean space high-frequency components quickly move out to spatial infinity and have
limited interactions with low-frequency components. This manifests through the Strichartz
estimates, which are estimates on spacetime norms of the free Schrodinger propagator e4.

Though scaling-invariant Strichartz estimates are easily obtainable in Euclidean space, the

corresponding estimates in the periodic setting are noticeably more challenging to come by.



Scaling-invariant Strichartz estimates are crucial to solving the periodic Cauchy problem
in critically-scaling Sobolev spaces. The first such estimates for the Schrodinger equation on
T? are due to Bourgain [5], who obtained a range of scale-invariant Strichartz estimates on
square tori and applied them to the local and small-data global theory for periodic NLS. In
the same paper (and its companion work [6]), Bourgain introduced the idea of working in
function spaces which are adapted to the dispersive symbol of the linear propagator, in this

case the X*° spaces.

Since then, progress on the scaling-critical Cauchy problem has progressed largely along
these two ideas. Herr, Tataru, and Tzvetkov introduced the adapted function spaces X* and
Y* in [30], and used them to prove local wellposedness for the H!-critical pNLS on a partially
irrational torus in d = 4. This built off earlier work by Hadac, Herr, and Koch [25], which
introduced the atomic spaces UP and V? (precursors to X® and Y®), and by Herr, Tataru, and
Tzvetkov [29], which established local wellposedness and small-data global wellposedness for
H'-critical pNLS on a square torus with d = 3. Ionescu and Pausader extended the result
of [30] to obtain large-data global wellposedness H!-critical defocusing pNLS on T? [32]. In
[24], Guo, Oh, and Wang proved a range of new scale-invariant Strichartz estimates for the
linear Schrodinger evolution on irrational tori. As an application, they extended the result
of [29] to a partially irrational torus with d = 3. They also established local wellposedness
for Equation for d € {2,3,4} and certain choices of p =2k, k € N: d = 2 and k > 6;
d=3and k > 3; and d > 4 and k£ > 2. Strunk extended this result to d = 2,k > 3 and

d = 3,k = 2, using multilinear Strichartz estimates [54].

The problem has seen an explosion of progress in the last six years. This is due to the proof
of the £2-decoupling conjecture by Bourgain and Demeter [8], which implies the full range of
scale-invariant Strichartz estimates on square tori. Killip and Vigan extended these estimates
to rectangular irrational tori, and used them to prove local wellposedness for H!-critical NLS
for such tori with d = 3,4 [34]. Notably, they proved a bilinear version of the scale-invariant

Strichartz estimates, which allowed for the proof to avoid the use of complicated multilinear



estimates which were prevalent in earlier results.

The first of the results we will discuss in this thesis is a continuation of the above works:

Theorem 1.2.1 (Local well-posedness in H*(T?) [40]). Let p > 2, and fix d = 3. Then
Equation is well-posed in H**(T?). In particular, for any uy € H®(T3), there exists
a time of existence T = T (ug) and a unique solution u € Cy([0,T); H*(T?)) N X*([0,T)) to
([T21).

Chapter [2| is devoted to the proof of this result. Notably, this result recovers the H 3-
critical NLS in three dimensions, corresponding to the cubic NLS p = 2. It also covers
fractional-power nonlinearities, whereas all previous results were limited to even powers p
in order to take advantage of the algebraic nature of the nonlinearity |u[Pu for even p. Our
proof relies primarily on the bilinear scale-invariant Strichartz estimates of [34]. To address
the case of fractional p, this is combined with a paradifferential linearization introduced by

Bony [4] in order to perform a frequency analysis of the nonlinearity.

1.3 Mass-subcritical scattering

Next we turn to the problem of describing the long-time behavior of solutions to nonlinear
Schrodinger equations set in Euclidean space. Here the distinction between the signs in the
nonlinearities +|ulPu, +(|z|~7 * |u|*)u becomes relevant. The + sign is referred to as defocus-
ing, while the — sign is referred to as focusing. In the focusing case, the nonlinearity tends
to fight the dispersive nature of the Laplacian, potentially leading to finite-time blowup and
soliton formation. In the defocusing case, the nonlinearity tends to cooperate with the dis-
persion, and consequently dies out due to dispersive decay. This leads to long-time behavior

which is strongly influenced by the free evolution.

In this thesis we are primarily concerned with the defocusing case. We restrict our at-

tention to the mass-subcritical regimes for Equations (1.1.3) and (1.1.4) with defocusing



nonlinearity, which are 0 < p < % for pNLS and 0 < v < 2 for HNLS. These equations obey

conservation laws for mass

M(u(t)) = g lu(z)|* dv = M(u(0)) (1.3.1)
and energy
1 2
E(u(t)) = 5 /Rd [Vu(x)]" + Qu(t)) = E(u(0)), (1.3.2)
where the potential energy term Q(u(t)) is given by
1 P2
Qult) = — [ @)+ da (1.3.3)
in the case of pNLS and by
Qu(t) = 7 [ (el (o) do (134

in the case of HNLS. The standard conjecture for the asymptotic long-time behavior of
defocusing semilinear nonlinear Schrodinger equations like these is scattering, i.e. convergence

to a free evolution.

For X a Banach space, we say that asymptotic completeness holds (in forward time) for
a general nonlinear Schrodinger equation ((1.1.1]) if for all initial data uy € X, there exists
uy € X such that the global solution v € C},.X to Equation ([1.1.1) with Cauchy data

u(t = 0) = uy satisfies the asymptotic relation

—itA

lim |e™ u(t) —uy|lx =0.

=00
When this occurs, we say that u(t) scatters to uy. In this case we may define the initial-to-
scattering-state operator

S: X — X :S(up) = uy. (1.3.5)
Similarly, we say that the (forward) wave operator exists on X for Equation (1.1.1)) if for
all final states uy € X, there exists a unique global solution u € C;,.X to Equation (|1.1.1])

which scatters to u,. When this holds, we may define the wave operator
W:X — X :W(uy) =u(t=0). (1.3.6)
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When the two operators exist, they are necessarily inverses of each other. Analogous def-
initions can be made in backwards time, i.e. as t — —oco. When asymptotic completeness
holds and the wave operator exists on X (in both forward and backward time), we say that
scattering holds for the equation on X. Scattering theory for these equations revolves around

the question of the existence of these operators.

The existing scattering theory for defocusing pNLS and HNLS in the mass-subcritical
regime is largely limited to data in weighted spaces X = ¥%™ which are Hilbert spaces

defined by the norms

1A 5em = £ 172 + NIV 172 + [l £ 72 (1.3.7)
The case L1 is denoted by ¥ = H' N FH!, and X% is also denoted FHF.

We briefly review the literature on the scattering theory of mass-subcritical pNLS and
HNLS. We begin with pNLS: for the reader’s convenience, these results are summarized in
Table 1.1. The global theory for pNLS effectively begins with the work of Ginibre and Velo
[18,19], who proved who established local and global well-posedness, rigorously justified the
conservation laws, and proved scattering in X for initial/final data in 3, under the restriction

d> 2, % <p< ﬁ. The first extension to mass-subcritical NLS is due to Tsutsumi [57],

2—d++/(d—2)2+16d .
is

. oy . 4
who extended the range of nonlinearities to a(d) < p < 3, where a(d) = 53

known as the Strauss exponent, a threshold exponent demarcating pNLS nonlinearities for
which critically scaling global spacetime bounds for the solutions can be proved using the
pseudoconformal energy law. Hayashi and Tsutsumi [27] gave another proof of scattering in
the same range of p that avoided the use of the pseudoconformal transform, and also showed

that the scattering operators are continuous on . Cazenave and Weissler [11] improved the

range to ﬁ <p< % assuming small data, and recovered p = «(d) for large data, d > 3.

Ginibre, Ozawa, and Velo [17] further improved the small-data range to ﬁ <p< % by

working in ¥**, 0 < s < 2. Nakanishi and Ozawa [48| recovered p = deS <p< % for
small data in ¥*° and p = «(d) for large data in ¥ without restriction on dimension. Kita

[36], Kita and Ozawa [37], and Masaki [42] investigated the asymptotic expansions of the

7



scattering solutions near ¢ = co. More results are available if one relaxes the topology of
convergence to the free evolution. Tsutsumi and Yajima [58] showed that if %l <p< %
(the short-range regime), then global solutions with initial data in 3 scatter in L? norm.
Nakanishi [47] showed that under the same hypotheses, every final state in L? has a global
solution which scatters to it in L?, and Murphy [46] showed that such a global solution is
almost surely unique in a probabilistic sense, establishing the almost-sure existence of wave
operators in the L? topology. These results are optimal in light of the work of Glassey [21],
Strauss [51], and Barab [2], which established that there is no nontrivial scattering theory for
defocusing pNLS in the long-range regime 0 < p < %l: any solution which converges to a free
evolution in the L? topology must be the zero solution. Instead, in the long-range regime the
conjectured behavior is modified scattering, i.e. convergence to a free evolution modulated

by a nonlinear phase.

The scattering theory of HNLS mirrors that of pNLS; these results are summarized in
Table 1.2. The first positive results on scattering are due to Ginibre and Velo [20], who
established local and global well-posedness and scattering in X%! for £ > 1 assuming 2 <
v < min(4, d), which corresponds to a range of mass-supercritical nonlinearities. The first
results in the mass-subcritical range were obtained by Strauss [52,|53], who proved existence
of wave operators on L2t N L2 for 3 <~ < min(4,d). The exponent v = 3 plays a role for
HNLS similar to that played by the Strauss exponent «(d) for pNLS. This was then brought
into the setting of weighted spaces by Hayashi and Tsutsumi [28], who proved scattering in
»tm ¢,m > 1, for d > 2 and the same range of . Hayashi and Ozawa [26] were able to drop
the regularity assumption on the scattering data, showing existence of the wave operators
on FH¥ k>1,ind > 3, % < v < 2. Nawa and Ozawa [49] improved this result to d > 2,
1 < v < 2. Masaki [43] showed global well-posedness and scattering in the critically scaling
weighted L? spaces FH*, where s, = 1 — 3,1 < v <2, d> 2, assuming global spacetime
bounds for the solution in FH%. Again, relaxing the topology of convergence to the free

evolution results in a greater range of results. Hayashi and Tsutsumi [28] proved that for



d>2and 1 < v < min(4,d), global solutions with initial data in ¥ scatter in L?. Hayashi
and Ozawa [26] showed the analogous result for initial data in FH' for 1 < v < min(2, d).
As for the problem of the wave operators, Holmer and Tzirakis [31] showed that for d = 2
and 1 < v < 2, for any H! scattering state there exists a global H! solution u which scatters
to it. However, because this global solution u is not known to be uniquely determined by u.,
this falls short of defining the wave operator. In all of these results, the lower threshold v = 1
is sharp, playing a role analogous to p = % for pNLS: for v < 1, it was shown by Glassey
[22] and Hayashi and Tsutsumi [28] that no nontrivial scattering theory with convergence in
L?-norm exists. Cho, Hwang, and Ozawa [12,/13] extended these results to potentials V' with
Fourier transform behaving like |¢|7(¢~") near the origin, 0 < v < 1. Thus the scattering
problem for mass-subcritical HNLS also splits along the short-range regime 1 < v < 2, for
which a nontrivial scattering theory is possible, and the long-range regime 0 < v < 1 for
which no such theory exists. The conjectured asymptotic behavior in the long-range regime

is modified scattering in the HNLS case as well.

Our work in this thesis addresses a defect in the scattering theory for short-range defocus-
ing mass-subcritical pNLS and HNLS, which is the lack of a scattering theory on L2. Indeed,
we are in a rather curious position when it comes to the understanding of the long-time
behavior of solutions to these equations in L?. Both equations are well-known to be globally
well-posed in L?, a consequence of their mass-subcritical nature and the conservation of mass
. However, all positive results on the short-range scattering theory impose a weighted
condition on the initial or scattering data, even if (as in the case of [26]28,58]) the scattering
behavior is only obtained in the weaker topology L?. Therefore although we know that all L?
solutions to our equations exist and are global, we have no understanding of their asymptotic
behavior outside a small subset of solutions. Although ¥ is not a totally unnatural space to
consider Schrédinger equations (it emerges as the energy space after a Lens transform [55)),
the situation in L? does leave something to be desired. Our work aims to explain this defect

in the theory by showing that the scattering problem in L? is ill-posed.



Table 1.1: Summary of scattering theory for mass-subcritical pNLS

Type of result Result

Ginibre-Velo '79: % <p< ﬁ, d > 2: LWP, GWP, conservation

laws, first scattering result in X
Tsutsumi: '85: a(d) < p < 3: scattering in ¥

Hayashi-Tsutsumi '87: a(d) < p < 3: S and W are continuous
Scattering in X
Cazenave-Weissler '92: p > ﬁ: small data scattering; p = «(d),
d > 3: large data scattering

_4

Ginibre-Ozawa-Velo '94: p > s

: small data scattering in 3*°

: small data scattering in 3*%); p =

Nakanishi-Ozawa ’01: p = ﬁ.

a(d): large data scattering in X

Kita ’03, Kita-Ozawa '05: p > a(d): obtained first term in asymp-

totic expansion of u(t) — e*Au,

Masaki '09: a(d) < p < 5% Taylor expansion of u(t) — e*®u near

t = oo to maximal order allowed by nonlinearity

Asymptotic Tsutsumi-Yajima '84: % <p< %: scattering in L? for initial data
completeness in X

Final-state Nakanishi '01: 2 < p < J: every L? scattering state has L? global
problem solution scattering to it

Murphy ’19: % <p< %: final-state problem has unique solution

almost surely

Negative results || Glassey ’73, Strauss 73, Barab '84: 0 < p < %: all global solutions

in ¥ scattering in L2%-norm are trivial
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We now state the second result we will prove and discuss in this thesis, which addresses

the case of pNLS.

Theorem 1.3.1 (Breakdown of regularity of the pNLS scattering operators [41]). Let d > 1,

and consider pNLS with a(d) < p < 5. Then:

1. The scattering operators S, W for pNLS are well-defined as maps ¥ — L?, and are
maximally reqular at 0 € X in the sense that they are Holder continuous of order 14 p

at 0, but not of any higher order.

2. There exists B = B(d,p) € (0,p) such that S,W admit no extensions to maps L* — L*

which are Holder continuous of order 1+ 3 on any ball B C L? containing the origin.

In particular:

Corollary 1.3.2. Assume d > 1 and a(d) < p < 3. Then:

1. Let s > 1+ p, and let n be the integer part of s. Then & and W, regarded as maps
Y — L2, cannot have an n-th Gateauz derivative defined about 0 € X which is Holder

continuous of order s — n.

2. Let s =14 (3, where 8 is as in Theorem and let n be the integer part of s. Then
S and W cannot be extended to maps L?> — L? that admit an n-th Gateauz derivative

defined about 0 € L? which is Hélder continuous of order s — n.

The proof of this theorem is the focus of Chapter [3]

We interpret this result as a well-posedness result on the scattering problem for pNLS

for initial/final data in ¥, and as an ill-posedness result for the scattering problem for data

11



Table 1.2: Summary of scattering theory for mass-subcritical HNLS

Type of result

Result

Scattering in X

Ginibre-Velo '80: 2 < 7 < min(4, d): LWP, GWP, conservation laws,
first scattering result in X

Strauss '81: % < v < min(4, d): wave operators on L7 N L?
Hayashi-Tsutsumi '87: § < v < min(4,d), d > 2: scattering in &
Hayashi-Ozawa ’88: % < v < 2,d> 3: wave operators on FHF*
Nawa-Ozawa '92: 1 < v < 2, d > 2: wave operators on FH*
Masaki '19: 1 < v < 2: GWP and scattering in FH* given global

spacetime bounds

Asymptotic

completeness

Hayashi-Tsutsumi '87: 1 < 7 < min(4,d), d > 2, scattering in L?
for initial data in X
Hayashi-Ozawa '88: 1 < 7 < min(2,d), scattering in L? for initial

data in X

Final-state

problem

Holmer-Tzirakis '10: 1 < v < 2, d = 2: every H' scattering state

has H! global solution scattering to it

Negative results

Glassey "77, Hayashi-Tsutsumi ’87: 0 < v < 1: all global solutions
in ¥ scattering in L?-norm are trivial
Cho-Hwang-Ozawa '16: F(V)(£) ~ [£]7@) near 0, 0 < v < 1:

nonexistence of L? scattering for H* data
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in L? in the sense of Bourgain [7]. It states that any hypothetical extension of the scattering
theory of pNLS from Y to L? must come at a cost. Such an extension of the theory would
amount to an extension of the scattering operators S and W from ¥ — L? to L? — L2,
Theorem states that these hypothetical extensions of the scattering operators can only
be defined at the cost of losing a positive amount of regularity through the extension. In
particular, at the origin they fail to have the expected regularity C'*? that one would expect
from the smoothness of the pNLS nonlinearity F'(u) = |u|Pu, which the scattering operators
do enjoy as maps ¥ — L2,

Finally, we state the third and last of the results we will prove and discuss in this thesis,

which is a stronger version of Theorem for the mass-subcritical HNLS.

Theorem 1.3.3 (Analyticity of the HNLS scattering operators [39]). Let d > 2 and 3 <
v<1. Let T € {S,W}. Then:

1. T is well-defined as a map ¥ — X, and is analytic in the sense that for all ug € X and

v € X, T admits the power series expansion
T(uo+ev) =T(u)+ Y _ ey
k=1
for all sufficiently small e > 0, where (wy) C X and the series converges in Y.-norm.

2. The same result holds with the space FH' replacing .

Theorem 1.3.4 (Breakdown of analyticity of the HNLS scattering operators [39]). Let d > 2
and § <y <2. Let T € {S,W}.

1. Let s > % Then T : ¥ — L? admits no extension to a map L?> — L? which is

Hélder continuous of order s on any ball B containing 0 € L?.

2. Let s > %. Then there exists R > 0 such that for any ball B C Bg(0) C X (not
necessarily containing the origin), T : B — L? admits no extension to a map L* — L?

which is Holder continuous of order s at any point in B N L?.

13



These results are the focus of Chapter 4l We note that for % <y < 2, % < %.

Thus the breakdown of regularity we obtain is more severe at the origin than elsewhere.

In particular, we see that 7 : ¥ — L? has no C? extension to a map L? — L% The

5457

5 % ~ 2.69 for part 1, and

lower range of s for which Holder continuity fails is s >

4+4~
24y

Theorems|1.3.3| and [1.3.4] are direct analogues of Theorem for the Hartree equation.

14 _
5> > < = 2.8 for part 2.

Theorem [1.3.3] states that the scattering problem for HNLS is analytically well-posed for
initial/final data in ¥ and FH'. The analyticity is consistent with the fact that the Hartree
nonlinearity F'(u) = (|z|7x|u|*)u depends analytically on the solution u. We isolate Theorem
as a separate result from Theorem because we consider it to be one of independent
interest for the scattering theory of HNLS. Theorem [I.3.4] states that despite Theorem [1.3.3]
which says that the scattering problem in 3 for HNLS is as well-posed as it can possibly be,
the analogous problem in L? exhibits at best a finite amount of regularity with respect to

the initial/final data.

Theorems and improve on Theorem in the following ways:

1. They comprise an infinite loss of regularity between the scattering problems in ¥ and
in L?, whereas in Theorem the loss of regularity is finite in magnitude. This
suggests that the smoothness of the nonlinearity does not play a significant role in the
Y — L? disparity in the scattering theory for mass-subcritical nonlinear Schrodinger
equations. (However, we note that the gauge invariance of the nonlinearity does play

an important role in all of our results.)

2. The expansion of 7 and the breakdown of regularity are proved at points uy # 0
as well. In Theorem the analogous claims are only proved at the origin, due to
technical difficulties in working with the fractional power |u[Pu arising from its lack of

smoothness.

A key component of the proof of Theorems [1.3.1| and [1.3.4]is the L}-norm of the potential

14



energy
| Q)

where @ is the potential energy functional [1.3.3} [1.3.4l This quantity can be thought of as
measuring the rate of decay of u(t). Boundedness equates to decay consistent with or faster
than the dispersive decay of free evolutions, which is a necessary condition for scattering.
This idea appeared in [11] in order to define a nation of “rapidly decaying” solution to
pNLS and an associated scattering criterion. We obtain the breakdown of regularity in the
scattering operators by relating this statement to the fact that by scaling, this energy-type

functional cannot be bounded in L? for a scattering solution.

1.4 Notation

In this section we establish the notation we will employ for the remainder of this thesis.

Let X and Y be two quantities. We write X < Y if there exists a constant C' > 0 such
that X < CY. If C depends on parameters ay, ..., a,, i.e. C = C(ay,...,a,) and we wish to
indicate this dependence, then we will write X S,y 0, Y. If X SY and YV S X, we write
X ~ Y. If the constant C' is small, then we write X < Y. We also employ the asymptotic

notation O(f) and o(f) with their standard meanings.

We adopt the Japanese bracket notation (z) = (1 + |z|2)z.

1.4.1 Notation for Chapter

We define the symmetric spacetime norms

" ;
lullze (o.r)yxts) = (/ / lu(t, z)P da:dt)
’ 0o JT3

where 1 < p < oo, with obvious changes if p = co. We often suppress the spacetime domain

and write [[ul/zz .
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Let ¢ : R? — [0, 00) be a smooth radial cutoff with ¢(z) = 1 for |x| < 1 and ¢(x) = 0 for
x > 2. We take the convention 0 € N. For N € 2" a dyadic integer, write ¢ (z) = ¢(z/N)
and Yy (x) = dn(x) —(b%(q:), with the convention ¥, (z) = ¢(z). For f : T — C with Fourier

coefficients ]/”\(5), ¢ € 74, we define the Littlewood-Paley projections as Fourier multipliers:

~ ~

T (€) = Pen J(€) = o (€)F(6), an(€) = Py f(€) = Un()F(€), € € 22

In Chapter [2] integers denoted by N, Ny, N1, and the like will be implicitly assumed to be

dyadic integers.

1.4.2 Common notation and estimates for Chapters |3| and

We will be working with the mixed spacetime Lebesgue spaces L{L" (I x R%), with norms

1

wll Lo pr (1 xmey = (/( lu(t, z)|" dx) dt) .
I Rd

We will abbreviate the norm as [|u| por (1xre) = ||ul[Lagr (). When [ is clear from context we
will further abbreviate the norm as ||ul|,,,. For purely spatial integration, we write || f|| rra) =
[ f]l- For 1 < r < oo, we denote by 7’ the Holder conjugate: 1 =  + &, We will also
occasionally use the mixed Lorentz-Lebesgue spaces L{PL" (I x R?), where for 1 < p < oo,

L}P(I) denotes the Lorentz space defined by the quasinorm

1
1 ° p dt\ ¢
lsgen = ([ s e slsorz it §),
and L% denotes weak LY.

We recall the following fundamental estimates for the Schrodinger equation.

Proposition 1.4.1 (Dispersive estimate). Let 2 < r < co. Then for all t # 0,

i da_d
||€tA<Z5HL;(Rd) Sra [t]27r ||¢||LT/(Rd)‘
Definition 1.4.1 (Admissible pair). Let d > 1 and 2 < ¢, < co. We say that (¢, r) is an

admissible pair if it satisfies the scaling relation % + % = g and (d,q,r) # (2,2,00). We say

that (o, ) is a dual admissible pair if (o/, /) is an admissible pair.
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Proposition 1.4.2 (Strichartz estimates). Let d > 1, let (q,r) be an admissible pair, and

let (o, B) be a dual admissible pair. Then for any interval I C R,
||eitA¢||L‘t’Lg(1led) S 9 2 may,

’/e“AF(S) ds

R

‘/ IR (s) ds
s<t

Also, the following Lorentz space versions of these estimates hold for 2 < q < oo:

5 ||F||L?Lg(R><Rd)7

L2(R%)

S HF”LgLﬁ(Rde)'
LIL7T (RxR4)

”eitAQSHLg’QLQ(IXRd) S ||¢”L2(Rd)>

/ =92 P(s) ds
s<t

SIE

L9220 (RxR4)"
L2 L1 (RxRY) e )

Lastly, we define the notion of pointwise Holder regularity.

Definition 1.4.2 (Pointwise Holder space [1]). Let X and Y be Banach spaces. Let 2o € X
and U a convex open neighborhood of zy. Fix s > 0, and let n be the integer part of s. For
s > 0, we say that the map G : X — Y belongs to the pointwise Hélder space C*(xy) if for

all h € X with ||h||x = 1, there exist coefficients {a;(zo;h)}}—y C Y such that
|G (xg + eh) — G(xg) — Zn:esjaj(xo; by <€’
j=1
for all € > 0 sufficiently small, with the implicit constant independent of the direction h.
Our main interest in C*(z) is that membership in C*(z¢) is a necessary, though not

sufficient, condition for a stronger notion of regularity of order s:

Lemma 1.4.3. Let X and Y be Banach spaces. Let U C X be a convexr neighborhood of
xg € X. Let G : U — Y be a map, and suppose G ¢ C*(xo) withn < s < n+ 1. Then
d"G(x;h) (the n-th Gateauz derivative of G), if it exists for x € U, cannot be a Hélder

continuous function of x of order s — n with Holder seminorm uniformly bounded in h.

For the proof of Lemma [1.4.3] as well as the relationship between Definition and

other notions of regularity, we refer the reader to Appendix [A]
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CHAPTER 2

Local well-posedness for periodic NLS in

scaling-critical Sobolev spaces in dimension three

In this chapter we prove Theorem [1.2.1] which we restate for the reader’s convenience:

Theorem 2.0.1. Let p > 2, and fir d = 3. Then Equation (1.2.1]) is well-posed in H**(T?).

In particular, for any uy € H*(T?), there exists a time of existence T = T(ug) and a unique

solution u € Cy([0,T); H*(T?)) N X*([0,T)) to (L.2.1).

Let us summarize the main ideas of the proof. The construction of the solution proceeds
via a standard contraction mapping argument. The key tool in our analysis is the scale-
invariant bilinear Strichartz estimate proved in [34], which straightforwardly handles the

case of even values of p.

The main technical difficulty in this theorem arises when p is a non-even, possibly frac-
tional power. In this case we lose access to some algebraic simplifications which would nor-
mally allow for an immediate decomposition of the nonlinearity along various frequency
interactions. For instance, in the cubic case p = 2, we can write

Jul*u = Z ULUMUN,

L,M,N

and the sum can then be further decomposed by classifying the types of these frequency
interactions (high-high-high, high-high-low, etc.). However, when p is not an even integer
this is not immediately possible.

We overcome this by iterating a paradifferential linearization technique of Bony, which

allows us to isolate out various frequency interactions from the nonlinearity as long as we can
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continue to differentiate it. However, since the nonlinearity is differentiable only finitely many
times, we eventually run into the limits of this technique. We overcome this last hurdle using
the idea that a (well-behaved) nonlinear function of a low-frequency projection still lives at
low frequencies, which manifests in the form of estimates such as the nonlinear Bernstein
inequality. This allows us to obtain a sufficiently detailed decomposition of the nonlinearity

into frequency interactions to close the contraction mapping estimate.

2.1 Preliminary definitions and estimates

We define the adapted function spaces UP, VP, X* and Y?®. We restrict ourselves to stating
the definitions and basic properties. For a more complete reference, see [3§]. Fix a finite time
interval [0,7). Let H be a separable Hilbert space over C; for our purposes, this will be C,
L*(T?), or H*(T?). Let Z be the set of finite partitions 0 = t5 < t; < --- < tx < T. We
adopt the convention that v(T") = 0 for all functions v : [0,T) — H.

Definition 2.1.1. Let 1 < p < co. A UP-atom is a function a : [0,7) — H of the form

K-1
a = Z 1[tk,tk+1)¢k7
k=0

where {t;} € Z and {¢x} C H with 30" [|¢x]|?, < 1. The space UP(]0,T); H) is the space

of all functions w : [0,7) — H admitting a representation of the form

0o
U = E /\jaj,
=1

where a; are UP-atoms and ();) € ¢*(C). UP([0,T); H) is a Banach space under the norm

o0

ul|ge = inf Al cu= \;a; with (\;) € ¢1(C) and a; UP — atoms 5.
[[ul y e j j

j=1 j=1
Definition 2.1.2. Let 1 < p < co. V?([0,T); H) is the space of all functions v : [0,7) - H

with finite VP-seminorm ||v||y», where

K—1 1

P

lollys = sup (}juv(m—v(tk_l)n%) .
k=1

{tr}e2
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The space V2 is the subspace of V? consisting of right-continuous functions in V?, normalized

so that lim; ,o+ v(¢f) = 0. The VP-seminorm restricts to a norm on V2

re)

and V2 is a Banach

space under this norm.

Definition 2.1.3. Let s € R, d > 1. We define X*([0,7)) and Y*([0,7")) to be the Banach
spaces of all functions u : [0,7) — H*(T?) such that for every & € Z¢, the map t
e@t)(f) is in U2([0,7T); C) and V2([0,T); C) respectively, with norms

o) = (Z<§>2SH@@><£>|@2)

¢eczd

[l

[l

ys(01) = <Z<£>23||6‘/M\U(t)(§)!\32>2.

ez
Again, we will typically suppress the spacetime domain in our notation when it is obvious.

X?% and Y? have a dual pairing in the following sense:

Proposition 2.1.1 (X*-Y* duality; |29, Proposition 2.11]). Let s > 0 and T > 0. For
f € LY[0,T); H*(T?)) we have

H /Ot ei(t_s)Af(s) ds

Remark 2.1.1. We have a continuous embedding X* — Y*. We also have

<
Xs([0,7)) ||”||Y 5(10,1))=1

/ Stz v(t, ) dedt|.

ull ooy S |lu

t
H/ ei(t_s)AF(s) ds
0

Remark 2.1.2. The spaces X° and Y* have the scaling of L{®H; and enjoy several of its

X$y

S Iy

XS

Fourier-based properties: for instance, we have
[Prullys ~ N*|[Pyullyo

and

lully = (Zr
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We now state the main tools of our analysis.

Theorem 2.1.2 (Strichartz estimates [34]). Fizd > 1,1 < N €2V, and p > 222 Then

a+2

d_
2 p ||Pcu||yo(']rd)

HPCuHLf,x([O,l]X'H'd) SN

for all p > Q(dd”), where C C R? is a cube of side length N and Pg denotes the Fourier

projection to C.

As a direct consequence of Theorem we have:

Lemma 2.1.3 (Bilinear Strichartz estimate |34, Lemma 3.1]). Fiz d > 3 and T' < 1. Then
for all 1 < Ny < Ny,

d—2
lumong iz, S Ny luw, [lyollow, [lyo.

The implicit constant does not depend on T'.

Lastly, we state some useful fractional calculus estimates:

Proposition 2.1.4 (Fractional product rule). Let d > 1, s > 0, 1 < p < 00, and 1 <

11,1 _ 1,1
P2, qa < 00 such that 5= o +p2 = + o Then

VI zoeay S WV fllzerea gl ez (zay + 1V gll 2o vy [ f ] o2 (zay

Proposition 2.1.5 (Fractional chain rule). Suppose F' : C — C satisfies |F(u) — F(v)| <
lu — v|(G(u) + G(v)) for some G : C — [0,00). Let d > 1,0 < s < 1,1 < p < o0, and

11 1
1 < py < 00, such that o= o + P Then
IIVIF @) ey S NV IPull oy ray |G (W) || Loz ray.-

Proposition 2.1.6 (Nonlinear Bernstein). Let G : C — C be Hdélder continuous of order

a € (0,1]. Letd > 1 and 1 < p < oco. Then for u : T¢ — C smooth and periodic, we have
|PAG ) ooy S N~
for all N > 1.
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In the Euclidean setting Propositions and are due to Christ and Weinstein
[14]. Proposition in the Euclidean setting appears in [33]. These results can be extended

to the periodic setting via estimates on the periodic Littlewood-Paley convolution kernels.

2.2 Contraction mapping

Fix an initial datum uy € H*(T?). Consider the Duhamel operator
. t .
®(u)(t) = e ug —i/ =92 P (u(s)) ds,
0

where F'(u) = +|ulPu. As the choice of sign is irrelevant for everything that follows, we will
take F'(u) = |u[Pu from here on.

The proof of Theorem proceeds via a standard contraction mapping argument in
the space Cy([0,T); H*(T3)) N X*([0,T)). For initial data ug it suffices to show that there
exists a time T and a ball B C Cy([0,T); H*(T*)) N X*([0,7)) on which ® is a self-map
and contraction mapping. Then the Banach fixed-point theorem implies that ® has a unique
fixed point in B, which is the solution to (|1.2.1)) we seek. The goal of this section is the

contraction mapping estimate:

Proposition 2.2.1. Fizp > 2. Let 0 <T < 1. Then

H /ot IR (u+ w)(s) = Fu)(s)] ds

Xee([0,1))

S [lwl

xee((0,1)) ([l xcse (o.1)) + [[wl] xse 0,7))"-

The implicit constant does not depend on T'.

Proposition [2.2.1} together with Propositions [2.1.4] and [2.1.5, imply that ® is indeed a

self-map and contraction mapping on some ball in X*([0,T]) N C,H:*([0,T] x T?), provided
that T is chosen sufficiently small. As just one example of this argument, we refer the reader

to Section 4 of [34] for the details in the case of the H'-critical cubic and quintic NLS.
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Therefore, we focus our attention on the proof of Proposition [2.2.1] for the remainder of this
paper.
First we make some reductions. By X*-Y*-duality (Proposition[2.1.1]) and self-adjointness

of Littlewood-Paley projections,

H / IR P [F(u -+ w)(s) = Fu)(s)] ds

Xe=c([0,7))

sup

H'UHY Sc=1

//Tsp<N (u+ w)(t) — F(u)(t)]o(t, ) dxdt‘

= sup

H'UHY Se=1

/ /T (u+w)(t) = F(u)(t)] Peni(t, 2) dmdt’

We will prove the following estimate:

v(t, 2)[F(u+ w)(t) — F(u)(t)] dedt

’]1‘3

S [olly=sel[wllyse (lullyse + [[wllyse)?. (2.2.1)

Taking v = P<yv and letting N — oo then gives us Proposition m

Let us give a brief outline of the proof of . This estimate is easiest to prove when
p is an even integer. In this case, expanding v and w in terms of their Littlewood-Paley
decompositions, we can write F'(u+ w) — F(u) as a sum of products of frequency projections
of w,u, w,w, and emulate earlier arguments such as those in [29}32,134]. We will provide an
explicit argument for p = 2 in Section [2.2.1} This is also necessary, as some of our estimates

for the case p > 2 do not extend down to the endpoint.

The remainder of the paper treats p > 2. When p is not an even integer, the above
argument can no longer be carried out exactly. However, the nonlinearity can be rewritten
in a more manageable form using a paradifferential calculus technique known as the Bony
linearization formula: we write F'(u) = F(u<i) + > yso[F(u<n) — F(ugg)], and use the
fundamental theorem of calculus to rewrite the differences, obtaining expressions essentially
of the form F'(u) ~ >y, un|u<n|?. Iterating this sort of argument gives us an expression

for F'(u 4+ w) — F(u) that is essentially multilinear and treatable with known technology.
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2.2.1 Proof of Theorem [2.0.1] for the cubic NLS

We first consider the H2-critical cubic NLS, the case p = 2 of Theorem m This proof is
very similar to the proof of the contraction estimate for the H'-critical cubic NLS on T* in
[34]. By the previous discussion, to prove Theorem for p = 2 it suffices to prove (2.2.1)

for p = 2.

Proof of (2.2.1)) for p = 2. Expanding v and w by their Littlewood-Paley decompositions
and doing some combinatorics, (2.2.1)) reduces to an estimate of the form

)Y

No>1 N1>N2>N3>1

T 3
1 2 3 i
/0 / ompuuung dedt) < ol TT 1 g (2.2.2)
j=1

where 1) are chosen from {u, %, w,w}. In order for the integrals in (2.2.2) to be nonzero,

the two highest frequencies must be comparable. Therefore the sum splits into two cases:

1. Ng ~ N1 > Ny > N3. We use the following idea which appeared in [29,34]. Let Z* = |J; C;
be a partition of frequency space Z?* into cubes C; of side length Ny. We write C; ~ C,
if the sum set C; 4 C} overlaps the Fourier support of P<sy,. For a given Cj, there are

a bounded number (independent of k£ and N,) of C; such that C; ~ Cj. By Holder,
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Strichartz, and summing via Cauchy-Schwarz, we estimate:

/ /v uNluNQUN d:vdt'
N0~N1>N2>N3>1 T3

= 22

No~N1>N2>N3 C ~Cl},

// (P, )( PckuNl)uMug\?;; dxdt‘
T3

3
< X 2 IPeuml sl Pl s lum s i g,
No~N1>No>N3 Cj~Cy,
S S ST NENSIIPe oo vl Pey o [ o [u o
No~N12>N2>N3 Cj~Cy,
N3
< D Z( ) 1Pe, ool 3 1Pl a4

No~N1>No>N3 Cj~Ch

S lvlly-g H @]l
j=1
From here (2.2.2)) follows from the embedding X* — Y*.

2. Ny < Ny ~ Ny > Nj3. For this sum we can estimate with just Holder, Strichartz, and

/ /11‘3U uNluN2uN3 dxdt

Cauchy-Schwarz:

N0<N1~N2>N3>1
1 2 3
S N e o [P el PR A
No<N1~N2>N3>1 ’ ; ,
11
S ST NN NG N oy o [ o [ o 2o
No<N1~N2>N3>1
11 1
NTzNE
™ ) ﬁHUNOH SN e @ e
No<Ni~No>Nz>1 N{® NoE y—2 1Ny 3 TNy 3 TN Ty 3

2
Nl 9 1 2
S ol llull, ) e e
Y Y N Y Y
Ny ~Ny 2

3
Slolly -y TT 11,4 0
j=1

Remark 2.2.1. Essentially the same proof will also give the contraction estimate for p =

4,6,8,.... We can even take the same Holder exponents for the four highest frequencies; any
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o0

2o, and a similar argument as above will

remaining lower-frequency terms can be placed in L

establish the claim.

2.2.2 Paradifferential linearization

We now extend the argument of the previous section to the case of general p > 2. Our
main tool is the following paradifferential formula, which appeared in |4] with alternative

hypotheses. See [56] for a textbook treatment of this subject.

Proposition 2.2.2 (Bony linearization formula). Let g € H*(T?), d > 3, and let F(z) =

|z|Pz for z € C, p > 0. Then for all1 < q < %l, we have

F(g) = lim F(gey) = lim Flg)+ Y [Flg<u) = Flg<a)], (2:23)

where the limit is in the LI(T%)-topology.

Proof. By the bound |F(g) — F(h)| < |g — h|(lg]” + |h|?) and Sobolev embedding, we have

15(g) — F(g<n)llze S g — g<nllpaara—2a (191 a2 + N1 9<n |} i)

S g — g9<n | paarca—20 (|9 l5se + 1l9<n|rse)-

Under the given hypotheses, 1 < df—qzq < oo. Therefore g<y — g in L4/(@=20)_So in the limit,

we obtain
Tim [[F(g) — Flgen)lue S gl Jim llg = genlganiaso =0. 0
We combine Proposition and a linearization of F(h<y)—F(h. %) Using the identity
1 1
Fu4+w)— F(u) = w/ 0. F(u+ 0w) db +w/ O:F (u + 0w) db, (2.2.4)
0 0
we obtain

Fu<y) — F(ucy) = un /01 8ZF((P§% + 0Py)u) df

=2

1
+W/ O=F((P-x + 0Py)u) db. (2.2.5)
0 — 2

26



The above expression is essentially of the form F(u<y)—F(u %) ~ upy|u<y|? for the purpose

of estimation, and thus (2.2.1)) is morally equivalent to an estimate like

T
> / / U [(un + wy)|u<y + wen|P — un|ucy|P] dzdt
0 T3

No>1 N1>1

S vlly=se l[wllyse (wllyse + [[wl]lyse)”.

We now make this precise. Under the convention g 1= 0, Proposition implies the weak

convergence statement

S (Flg<x) — Floey).9)ie = (Flg). oo

N>1

for all ¢ € C(T?). We now apply this to the integral appearing in (2.2.1). Noting that
v, (1) € C(TY) for all v € Y=5¢([0,T)) and 1 < Ny € 2%, we obtain

/O /T3 v(t, 2)[F(u+w) — F(u)(t,x) dxdt
— Z /0 /TS U () [F(u + w) — F(u)](t, z) dedt

No>1

=y Y /OT /T3 N [(F(usn +weny) = Fluom +w_n)

No>1 Ni1>1

— (F(u<ny) = Fu_n )¢, ) dzdt.

We split the inner sum into three regimes: Ny > Ny, Ny < Ny, and Ny ~ Ny, so that (2.2.1])

reduces to the following:

Proposition 2.2.3. Fizp > 2. Let 0 <T < 1. Then

> 2 /OT /TB o [(F'(usmy +wen) = Fluy +w_x,))

No>1 N1>No>1

- (F(uﬁNl) - F(“s%))](t%ﬁ) dxdt

< Iolly—sellwllye (lullyse + fally=c)?
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and

Z Z /OT/TB oo [(F(u<n, + wen,) —F(US% +wg%))

No>11<N1<KNo

— (F(u<n,) — F(ug%))](t, x) dxdt

S [vlly—se [[wllyse ([Juflyse + [[wl]yse)P.

Proposition 2.2.4. Fizp > 2. Let 0 <T < 1. Then

> > /OT /T3 N [(F(usny +weny) = Fluy +w_x))

No>1 No~N12>1

— (Fusn) = Fuom))(t, ) dedt

S olly—sellwllyse (lullyse 4 [lwllys:)”.

We treat each of these separately. The integrals in Proposition can be controlled
essentially as they are, while those in Proposition [2.2.3] are still difficult to estimate and
require further linearization using Proposition and Equation (2.2.5)).

2.2.3 Controlling sums over incomparable frequencies

In this subsection we prove Proposition [2.2.3] We first express the integrands in Proposition
in a more manageable form. Linearizing via (2.2.5)), we write

(Flusny + wen) = Flucy +won)) = (Flucy) — Flucy))

-2

1
= wN/ O.F((P.~ +60Py)(u+ w) df
0 — 2
1
—l—m/ O:F((Pcy + 0Py)(u+w)) db
0

+uy / 1[aZF((PS

N‘Z

+0Py)(u+w)) — 0 F((Pox + 0Py)u)] df

0
1
+ un [a%F((Pg
0

1\3‘2

+0Py)(u+ w)) — 0:F((Pex + 0Py)u)] db.
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In the last two terms, we may linearize the difference again using ([2.2.4)), obtaining:

/1[8 F((P N +60Py)(u+w)) — 0. F((P N + 6Py)u)| do

:uN/O (PS% —|—9PN)w/O O*F((P < + 0Py)(u + nw))] dndb

1
+un / (Pey + 0Py)0 / 0:-0.F (P + 0P (u+ )] dydo
0 0
and similarly for the term involving uy. We summarize these calculations in the form
(F(U<N1 + w<N1) - F(U<N1 + wSNl )) - (F(USNl) - F(ug%))

= wy, / . F((P_n, + 0Py, )(u+w) df + similar terms

+uN1/ (P_~, +0Py)w / O2F((P_x, + 0Py,)(u+ nw))] dndf
o 2 -
+ similar terms. (2.2.6)

where by “similar terms” we indicate the same expression up to complex conjugates and

conjugate derivatives in the appropriate places.

We now recall our heuristic: this expression is morally of the form
(Flusn, +wen) = Fluzs +w_x)) = (Flue,) — Fluzy,)
~ Wy, 0. F (u<n, + wen,) + un, wen, 02 F(ucy, + wen,)

Inspired by this, we claim that Proposition follows from the following:

Proposition 2.2.5. Fixp > 2. Let 0 < T < 1. Then

/ / UNogNlDNlF(h<N1) dxdt’
T3

N0>>N1>1
S Mvlly—sellwllyse max{ligllyse, [ hllyec HIP T
and
/ / UNggN, Dy F(h<n,) dxdt‘
N0<<N >1 T8
S lly—se Jw|lyse max{||g|lysc, [|[Allyse HIAIE .
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wher@g S {u,w}, DN1 S {8276%} ng = w, and DN1 < {nglﬁf,ngﬁz Z7w<N1 } ng =Uu.
First, let us see how this simplified estimate leads to Proposition [2.2.3]

Sketch of Proposition assuming Proposition[2.2.5. By our work to this point, Proposi-
tion can be proved by establishing the corresponding estimate for each term in Equation

(2.2.6)). Suppose, for instance, that we wish to prove the estimate

/ /UNngl/ 8F <L+9PN1)(U+M)) dexdt‘
T3 -z

No>Np

S [vlly—s

wllyee (lullyse + ewlly=).

Applying Fubini, it is sufficient to show that

Z / (/ /TS|UNowN18F( M + 0Py, (u + w))| d:vdt) df

No>N

S l[olly -

wilyee (ullyse + fewllye ).

Take g = w, Dy, = 0,, and h = <P§% + 0Py)(u + w). Then the first line in the above
estimate is very nearly the expression that is estimated in Proposition As we will
point out after the proof of Proposition , the projection P N + 6Py, can be replaced
by P<y, by a simple argument, and consequently the integral in 6 can be eliminated, leaving
us with precisely the expression in Proposition [2.2.5, The point is that Proposition [2.2.5] is
fairly lenient when it comes to choosing the functions g and h, in a way which will become
apparent during its proof. See Remark [2.2.3] We thus obtain

> / </ \vNOwNﬁZF((PSTl QPNl)(u—kw))ldxdt) db

No>N1

S [vfly—s

w|yse max{||w|ysc|ju 4+ w2l [Ju + w|b.. }

< vlly—se llwllyse (lullyse + flwllys:)”.

Lastly, to completely prove Proposition [2.2.3| we must obtain the analogous estimate for the

remaining five terms in the expression (2.2.6)), and also the corresponding estimates for the
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sum over Ny < Nj. A similar argument as above shows how to go from Proposition to

the required estimate in each case. O]

Before we prove Proposition let us outline the proof. The point of isolating the
regimes Ny > N; and Ny < N; is that in these cases, we can further restrict the nonlinear
factor Dy, F'(h<n,) to the highest frequencies; e.g. if Ny > Ny, we can replace Dy, F'(h<p,)
with Pon,(Dn, F(h<y,)) inside the integral. We may then differentiate this term to obtain
some extra decay in the highest frequency. When 2 < p < 4, the first and second derivatives
of F(z) = |z|Pz admit one full derivative, while when p > 4 they admit two full derivatives.
This produces enough decay to defeat the critical regularity: s, < 1 for 2 < p < 4, and s, < 2

for p > 4. We will therefore be able to obtain an estimate for

2

No>N1>1

T
/ / UNogN1DN1F(hSN1) dl‘dt
0 T3

which we will be able to sum much like as in the proof of Proposition for the cubic
NLS.

We record some useful estimates before proceeding.

Lemma 2.2.6 (Scaling-critical Strichartz estimate). For p > %,

||u||L?,I;/2([O,T)><T3) S ||u| Ysec- (227)

: 5p 4
Also, if r > 3 with p > 3, then

v (2.2.8)

2_5
lusnllz;, or)xm) S N? ™" [lusn]

Proof. By the square-function estimate,

el gz ~ 1 Tua ) lzmre < (3 a2 ) .
N N

Here we have used p > %

> 2, which ensures that || - || s+ is a norm and not merely a
T

s
Ly

quasinorm. The condition p > % also ensures that % > %. Therefore we may apply the
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Strichartz estimate and obtain

1 1
(D M la)® S (0 N¥flun3a)® ~ fullyee.
N ’ N

This proves ([2.2.7)). We proceed similarly for (2.2.8)): by the square-function estimate, Strichartz,

and Cauchy-Schwarz, we obtain

1 2_5 1
lusnllz, S luallzy )z S (D (M) lun |30 )?
M<N M<N
2_5
SN lucnllyse. O

Lemma 2.2.7. Let p > 2 and 0 <T < 1. Then

||VUSN||L§%([O,T)XT3) N N? lu<nllyseqom), (2.2.9)
[Vuen| 2 2 N [luen]lyse, (2.2.10)

and i
[Busnll < N2 [Juc|yee. (2.2.11)

Proof. Note that ;951 > 10 for p > 2. Applying Bernstein, Strichartz, and Cauchy-Schwarz,

IVusnll 10, < > IVuarll a0 ~ > Mlunll 2o S D M ful

fﬁc M<N fr M<N “” M<N

Ysc
S N2 [Juen|lyee.

The other two estimates are proved similarly. ]

Remark 2.2.2. Since the Strichartz estimate at the Ltlgg/ % endpoint only holds with a derivative
loss, (2.2.9) and (2.2.11]) do not hold for p = 2. This is one reason why we have provided a

separate argument for the cubic NLS.

Lemma 2.2.8. Let u € CY(T?). If p > 2 and G € {0.F,0:F}, then

V(G u@))] Sp lul) P~ [Vu()].

32



and

[AG (u(@)] Sp [u(@) P Au(@)] + Ju(@) P2 Vu(@)].

Ifp>3 and G € {0*F,0,0:F, 02F'}, then
IV (G(u(@)))] Sp lu(@) P2 Vu(z)]

and

[AG(u(@)))] Sp lg(@) [P |Au(z)] + [ulz) P> Vu(z) .
The proof of Lemma [2.2.8]is a straightforward calculus exercise that we omit.

Proof of Proposition[2.2.5. Our proof splits along the cases 2 < p < 4 and p > 4.
Case 1.1: (2 <p <4, Ng> N; > 1). For fixed Ny, we may write

T T
‘/ /3 UNogNlDNlF(hSNl) dl’dt‘ = ‘/ /3 UN09N1P~N0(DN1F(h§N1)) dxdt|.
0 T 0 T

If g = w, then Dy, F = G € {0,F,0:F}. Therefore by Bernstein, Lemma m, Holder,
Lemma 2.2.6) and Lemma [2.2.7] we have

| Pono (Dny F(hen )iz, S N VG (hany) iz,

S Ny e P Vhen |z,

— —1
< NO ! HhSN1 Hifpﬂ HVhSNl ||L;%i
’ t,x

T

1
S No N7 [lhew, |

P
Yse:

If g = u, then Dy, F' = w<y,G where G € {0*F, 0,0-F, 02F }. In this case P_y,(Dn, F'(h<pn,)) =
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w<n, Puny (G(h<n,)), and similarly to above we have

| Ponvig (D, F(hem )z, = lwsn, Pong (G(han))l 1z,

< ngNlHngzHP~N0(G(th1))HL£%

< Nalnngl|rL;@/2nv<G<thl>>uL%
’ t,x

S Ny Hlwens [l oz P, [P~ 2Vh<zv1\| o,

tz

S Ny Hlwen, Izzer2 Ml < ||psp/2|\Vh<N1 H

< Ny N e,

Yse h<N1‘ Yéc .

We now estimate using Holder, the bilinear Strichartz estimate (Lemma(2.1.3]), and the above

estimates. When g = w we obtain

T
[ exiam P D P doc
0 T

S llonogm ez [1Pono (D, (B )l 2z,

<M
S Iomollvellomllyollhm ly-.

N
S (#) [ong [y =sellwn [[yse <, e,
0
while when g = u we similarly obtain
UNogN: Ponvig (D, F(h<n, ) ddt

T3

N 1—s¢

S(5) Moyl bl Bhem 522

0

Since 2 < p < 4, we have 1 —s,. > 0. Therefore the above estimate is summable over Ny > N;
using Cauchy-Schwarz similarly to the proof of for p = 2 from Section 3.1. Performing
the sum, this part of Proposition follows.

Case 1.2: (2 < p < 4,1 < Ny < Ny). This case is similar to the previous case. Since the

highest frequency is N1, we now have

T T
‘/ / UNogN1DN1F(hSN1) d'rdt‘ - ‘/ / UNogN1PNN1 (DN1F(hSN1>> dxdt)|.
0 T3 0 T3
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Estimating as before, when g = w we have

_1
||P~N1(DN1F(hSN1))||L§I 5 Ny 2 ||hSN1| 137’56

while when g = u we have

[1Pony (D, F(heni))lzz, S Ny 2||w<N1|

Ysc h<N1 | YS(‘ .

Applying Holder, bilinear Strichartz, and the above estimates, when g = w we obtain

UNogN1P~N0 (DN1F<h§N1)) dxdt

T3

S Novogm ez [ Pone (D F(hen )l 2,

1
No\ 2
< <ﬁ) oxollyollws el A<, -
1

1
N(] 5+sc
S(5) towlv

while when g = u we obtain

wy, [|yse ||h<n 15

UNo Ny P (D, F(h<n,)) daxdt

T3

1
NO §+3c
< (F) o lly—+

Again, % + s. > 0, so this is summable over Ny < N; and this case is proved.

UN1’ Yse w<N1‘ Y se h/<N1’ ch .

Case 2.1: (p > 4, Ny > N; > 1). This proof proceeds similarly to that of Case 1.1, except
that instead of a gradient we take a Laplacian. Since the highest frequency is Ny, we localize

the nonlinear factor to frequencies ~ Ny. When g = w, we have (with G € {0, F, 0:F'})

[ Ponio (D, F(hen )l 2,
S NG P AG(heny) 2z,
S NG b [P ARen, |+ [hem P72 Vhen, Pz,

op/2 HVh<N1 ||2 20P )

< No (Hh<N1||pop/2HAh<N1|| lop +Hh<N1|

3
S N NE (e, 19,
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while when g = u we have (with G € {9?F, 0,0-F, 02F})

HPNNO(DNlF‘(hSNJ)HLf’x
= ||w§N1P~N0<G(hSN1))||L§71

< Ny Pllwen, ||L§§/2||AG(h§N1)||L5;%

t,x

e P72 [ AR, |+ [han, P72 [ Vhen P 2,

op/? |Vh<N1||2 2017 )

< Ny P lwen |

Yse

< Ny *llwen, |

yse ( h<N1||psp/2 !Ah<N1H 10p + [lh<m I}

SNy 2N2 |w<n, |

Yse h<N1| YSc .

By Holder, bilinear Strichartz, and the above estimate, when g = w we obtain

T

’/ / UNogN1P~N0(DN1F(hSN1)) dxdt
0 T3

S lowogm Nz I Peno (D, F'(hani))ll 2z,

N\ 2
< (——) lowe llvollwn, Iyollhem 2

No Y
Ny
< () ey

while when g = u we obtain

Wiy [yse [|P<n (V<

UNogN1P~N0<DN1F(h§N1)) dxdt

T3

S lowogm ez M Pano (D, F (b))l 2z,

N
< <_1) ono Ivollu, llyo lws, v A<, 52!
No
N 2—sc
. (Fl> oo lly—se l[uny [lyse wens lvse s, e
0

Since p > 4, 2 — s. > 0 and thus this is summable over Ny > N;.
Case 2.2: (p > 4,1 < Ny < Np). This is covered by the proof of Case 1.2, since %—i—sc >0
for all p > 2. O]
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Remark 2.2.3. As we have alluded to earlier, these estimates are rather lenient with respect
to the precise functions inside the integrals. For instance, take ¢ = w. If in Case 1.1
we estimate HPNNO(DNIF(hS% + 0hn))| 22, instead of | Pung (D, F(h<n,)||7, > then since
h_n, + 60hy = P<oy(h

Ny ~; + 60hy) we would find via the same proof that

<

1
1Pono (D F(h oy + 0hn))Ilz, 0 S No NElIh vy + O [

21
2

SNy 'NE(|[h

Y se + ||h§N|

<l vee)”

1
S No ' NE[[hen ¥

This sort of argument can be used to fill in the remaining gaps in our sketch of the proof of

Proposition from Proposition [2.2.5]

2.2.4 Controlling sums over comparable frequencies

In this section we prove Proposition [2.2.4] In the regime of comparable frequencies Ny ~ Ny,
the methods in the previous section cannot be used because there is no way to restrict the
nonlinear factor to a specific frequency. Instead, we aim to recreate the case of p = 2 as best
as possible by iterating the paradifferential linearization technique used earlier. The precise
details of how this is done differ between the cases p > 3 and 2 < p < 3, and we treat them
separately. The difference arises from the regularity of F'(z) = |z|Pz, which determines how

many times we may iterate the linearization.

2.2.4.1 The case p >3

Let p > 3. In this case, F(z) = |z|Pz admits four derivatives, and hence we may iterate our

paradifferential linearization process four times. We begin with the formal expression arising
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from Proposition [2.2.2}

Flu+w) = F(u) = ) [Flucy +wen) = Flugy +wey)]

- Z[F(UgN) — Flucw)]

2
N>1

where we interpret this equality in terms of convergence in L9, 1 < g < %l, and in particular

weak convergence against continuous functions. Fixing Ny, we throw away the summands

with N > Ny and N < Ny, and apply (2.2.5) to obtain

1
> (un, +wy,) / 0.F((P_y, + 0Py,)(u+ w)) df + similar terms
0 - 2

No~N12>1

1
- Z UNl/ 3ZF((P<% + 0Py, )u) df + similar terms.
: <

No~N1>1

We now apply Proposition and ([2.2.4)) again to the terms inside the integral: that is,

we write

0.F((P_x +0Py)u) = > [0-F(P<y(P_x

+ simliar terms,

and substitute these inside the integrals. Note that PN(PS% + 0Py,) = 0 for N > 2Ny,
and PN(PS M + 0Py, ) is equivalent to Py for N < 2N; for the purpose of estimates in
the manner that we have explained in our sketch of Proposition [2.2.3] and Remark [2.2.3
Similarly, we may treat (PS% + nPN)(PS% +0Py,) as P<y for N < 2N, for the purpose of
proving Proposition [2.2.4]

We summarize these ideas and calculations in the notation ~. For two expressions A and

B, we say A ~ B if A and B are related by collapsing Littlewood-Paley projections (e.g.
Pn(P_n, +6Py,) ~ Py for N < 2Ny), removing integrals over [0, 1], and conjugating factors

N-
<5
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or derivatives (as is encapsulated in the phrase “similar terms” as we have used up to this
point). If A ~ B, then A and B should admit the same type of estimates in the manner we
have described in the sketch of Proposition [2.2.3] and Remark [2.2.3] Thus we may succinctly

express our first two iterations of the linearization in the following way:

No~N12>1 No~N12>1

~ Z (uNl + wN1)azF(U’§N1 + w§N1> - Z uNlazF(u§N1>
No~N12>1 No~N12>1

~ Z (U’Nl + le)(uNz + ng)a?F(USNz + w§N2> - Z UN1UN283F<USN2)'
No~N;>No>1 No~N1>No>1

From here on we will use the symbol ~ to summarize all calculations involving Proposition

2.2.2) (2.2.4)), and (2.2.5)). We now linearize with Proposition [2.2.2| and ([2.2.5) once more,
then shift terms and linearize with ([2.2.4) one last time to obtain:

o (un +wn)(un, +wn) P F (uen, +wen,) — > unun 02 F (ucyy)
N()NleNQZl NONNIENQZl
~ Z (uN1 + le)(uNQ + wN2)<uN3 + sz)agF(uﬁNs + wSNS)
No~N1>No>N3>1

- Z UN1UN2UN382F<USN3>

No~N1>N2>N3>1
E : (1) 3
~ uNluNguN;ga (U/SNB + wSNi’:)
No~N1ZN22N3>1
3 3
- E U, UN, UN [0 F (usng + weng) — 07 F(u<ny)]
No~N12Na>N3>1
~ u W@ o3 F(u<n, +w<py,)
N1 % No N3 z §N3 SNJ
No~N1ZN22ZN3>1
4
- E uN1uN2uN3w§NsazF(u§N3 + wSNs)'
No~N12ZN2ZN3>1
Here u") € {u,w} with at least one u) = w. Note that in the last step of this linearization,

we require p > 3 so that the fourth-order derivatives of F' in z and Z are well-defined.

Therefore to establish Proposition for p > 3, it suffices to prove:
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Proposition 2.2.9. Fixp > 3. Let 0 <T < 1. Then

/ /1r3v ug\l,l)uNzuNgDNsF(hSNg) dxdt

No~N1 >N2>N >1

S 10lly—se [ yse [[u® ||y se [|u® || yse max{||w|lyse, [[Bllyse R[22,
where
Dy, € {92,0%0z,0,0%,92} if uY) = w for some j = 1,2,3,
and

Dn, € {wen, 0% wen, 0205, wen, 0202, wen,0.02, wen, 02} if u) # w for all j = 1,2, 3.

z

Remark 2.2.4. The condition p > 3 is only required for the estimates where u) # w for
J =1,2, 3, since these require the fourth-order derivative of F' to be defined. For the estimates

where some u) = w, we need only p > 2. This will be useful in the next section.

Proof. For any integer 0 < k < p+ 1, and any k-th order derivative G of F(z) = |2|Pz, we
have |G(2)| < |z|P~*. Therefore

’DNsF(hSNs)l 5 max{|w§N3|7 ’hSNs‘}|hSN3|p_3'

Therefore by Lemma [2.2.6] we have

—2) —
1D F(hany)llzge, S max{|[weng [[yee, |hsnsllyee Hlhens[F-e-
Estimating the integral by Holder, bilinear Strichartz, and Strichartz, we have

UN, ug\l,)u%u]\g,gD W F (h<n,) dadt

'JI‘3

1
5 lowouSolizz lulyuS ez | Doy F(heny) e,

No\ ™ [ Ny\* 2
< (2o B .
S(2) (8) ol

maX{||w<N3|

(1)|

2
uly) ( )|

3
uly) ( )|

uN,j

Yse Yse Yse

yeoe, [[heng lyse HI P, [|5r.

Summing with Cauchy-Schwarz first over Ny = N3, then over Ny ~ Nj establishes the

desired estimate. O
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2.2.4.2 Thecase 2 <p<3

The last case to consider is 2 < p < 3. In this case, F' does not admit four derivatives, so we
cannot obtain the linearized expression we used for the case p > 3. However, F' admits three
derivatives and the third derivatives of F' are Holder continuous, which we can “differentiate”

to obtain sufficient decay to sum.

First we obtain the linearization of the nonlinearity. Employing the notation ~ as in the

previous section, we obtain:

Z [F(u<n, +wen,) — F(ug% + wg%)] - Z [Fu<n,) — F(”g%)]

No~N1>1 No~N1>1
~ E (un, +wn, )0 F(usn, +w<n,) — E un, 0. F(u<n,)
No~N12>1 No~N12>1

~ Z (uNl + le)(uN2 + wN2)a§F(u§N2 + w§N2>

No~N1ZN2>1
2
- E UN1UN282F(U’§N2)
No~N1ZN2>1
E (1),.(2) 52
~ uNluNzazF(u§N2 + wSNz)
No~N12>No>1
2 2
+ 0D un, UN, [0 F(usn, +wen,) — 0;F (usn, )]
No~N1 >No>1
E 1), (2) 3
~ Up, Uy, <UN3 + sz)azF(USNs + wSNS)
No~N1ZN2ZN3>1

3
+ E : uNluN2w§N28zF<u§N2 + wSN2>'
No~N1ZN2>1

The first summation in the last line is precisely of a form that is controlled by Proposition

2.2.9; see Remark [2.2.4] Writing w<y, = > y,5n, Wn;, to establish Proposition for

2 < p < 3, it suffices to prove the following estimate:
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Proposition 2.2.10. Fix 2 <p<3. Let 0 <T < 1. Then

2

No~N1ZN2>N3>1

T
/ / UNou]\huNszsG(hSNz) dxdt
0 T3

p—2
Ysc

w]

hl

2
Y se Y sc

S [[olly—sc|lul

where G € {02F, 0%0:F, 0,02F, 03F }.

Proof. Proposition [2.2.10| follows from the following two estimates:

2.

No~N12>N2>N3

T
/ / UNOUN1UN2wN3PSN2(G(hSN2)> dIdt’
0 T3

nly2, (2.2.12)

Veellwllyse

S [[olly—sellu|

2. 2

No~N12>N2>N3 N>Na

T
/ / /UNouNluNQng‘PN(G(hSNQ)) dl’dt‘
0 T3

hly2. (2.2.13)

ullfac[wllyee

S [olly—s

Proof of (2.2.12): For a given Ny, let Z3 = Uj C; be a partition of frequency space into
cubes C; of side length Ny. We write C; ~ C}, if the sum set C; 4 (), intersects the Fourier
support of P<3n,. For a given C}, there are finitely many Cj, with C; ~ C}, and the number

of such C} is uniformly bounded independently of Ns.

To prove ([2.2.12) it then suffices to prove

2. 2

No~N12>N2>N3 Cj~Cy,

T
/ /(chUNo)(PCkUNl)UNQMMPSNQ(G(hSNz)) dxdt
0 T3

p—2
Yse-

h|

S lolly=se lullSoc wlly-e

First let us proceed formally. Note that |G(z)| < |2[P~2. By Holder and Strichartz, we have
T
‘ / / (Peyong ) (Poyun, Juny wn, Pany (G(h<n,)) dadt
o Jr3
< |[Pe;onoll oo [ Poyuny Nl o lumsll 2o [lwws |y 1 P<ns (Glh<ns))l e,

3 5
N\ [ N3\ 2 71
< _— _— P —Sc
N(N1> (Ng) IPe;om v

p—2
Ysco

Poyun, [|yse[luns [[yse [, [lyse[[h<ns |
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provided that r; are Holder exponents with r; > %, j =0,...,4. The lowest frequency is
summable if 7, > %2, We take ry = ﬁé’_d and r; = (1 - Then for € = £(p) sufficiently
small, we have rq,r > m. Summing using Cauchy-Schwarz, (2.2.12)) follows.

Proof of (2.2.13): As before, let Z3 = U, Cj be a partition of frequency space into cubes,
except that the C; now have side length N and C; ~ Cj, if C; + C}, intersects the Fourier

support of P<sy. Then like the previous proof, (2.2.13]) follows from

2. 22

No~N1>N2>N3 N>No C ~Cl,

/ / PC ?JNO PCkUNl)UNQ’LUN3PN(|h<N2|p 2) dl‘dt

S [[olly -

hlly-

w3 ||Jw]]yse YSC.

The new ingredient relative to the preceding is the following estimate: for 2 < p < 3 and

10
7’>§,

—(p— (éf%*sc)(p%)
1P (Gher)l v S NN o o

P2 (2.2.14)

This estimate follows from Lemma [2.1.6| and the Littlewood-Paley square-function estimate.

20p 10p

_ 10
A—o)p2 1 (1Lise)pide’ 12 = 2p2—4—3(1—£) —2)

3(1—¢)?’

Choosing g = r, =

ry = and rqy =

5p
2(1—¢)?

and taking € = £(p) > 0 small, we find that r; > for j=0,1,2,3,4. Proceeding as above,
by Hélder, Bernstein, and (2.2.14)) we obtain

T
‘/ /(chUNo)(PckUNl)UNszgpN(G(thz)) dxdt
0 T3

S 1P vl 1 Peyun: Ml o lluns |z 1wl s 1P (G (han ) praso-2

Se 2 5
5 (%) N5(%+%+p7;2)—PN 57y +p pNE_H

Ny

N Pey o |y —ee | Peyuun, [l vse [[uns lyse [ wns [y (| | [5er

Our choices of r; also ensure that this is summable over Ny ~ Ny 2 Ny 2 N3, N > Nj.
Performing the summation establishes (2.2.13]). [
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CHAPTER 3

Breakdown of regularity for the scattering operators of

the defocusing mass-subcritical NLS

In this chapter we prove Theorem [1.3.1] which we restate for the reader’s convenience:

Theorem 3.0.1. Let d > 1, and consider pNLS with a(d) < p < %. Then:

1. The scattering operators S, W for pNLS are well-defined as maps ¥ — L?, and are
mazimally reqular at 0 € X in the sense that they are Hélder continuous of order 1+ p

at 0, but not of any higher order.

2. There exists 3 = ((d,p) € (0,p) such that S, W admit no extensions to maps L? — L?

which are Holder continuous of order 1+ 3 on any ball B C L* containing the origin.

Here, the notion of Holder continuity of order s at a point zq is defined as membership

in the class C*(x); see Definition [1.4.2]

We now summarize the main ideas in the proof of this theorem. This discussion also
applies to the proof of part (1) of Theorem . The basic strategy is one that has been ap-
plied by various authors (e.g. [3,|15,[35]) to obtain ill-posedness results such as norm inflation
for nonlinear dispersive equations in low-regularity spaces. The first step is to decompose
the solution operator into a main term, which we expect to exhibit ill-posedness properties,
as well as an error term. This decomposition is generally performed in a stronger topology
which contains the low-regularity topology as a dense subspace. The next step is to prove
that the main term exhibits the desired ill-posedness properties when considered in the low-

regularity topology. The final step is to show that the error term is subdominant to the main
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term in the regime where the main term exhibits ill-posedness, thus establishing that the

full solution operator inherits this behavior.

For us, the stronger topology is ¥, and the weaker topology where we expect ill-posedness
is L?2. We begin by obtaining an asymptotic expansion of the scattering operator 7 with
respect to the initial /scattering data which holds in ¥. Such expansions for pNLS and HNLS
scattering operators have been considered previously in the work of Kita [36], Kita and
Ozawa [37], Carles and Ozawa [10], Carles and Gallagher [9], Masaki [42], and Miao, Wu,

and Zhang [44]. This expansion take the form

T(@) =+ / TR g) ds + ofg),

where F' denotes the nonlinearity and e(¢) is an error term. Here ¢ is the first derivative

term in the expansion of 7 : X — L2

The key idea is that the term

i / eTSAR (e ) ds, (3.0.1)
0

which corresponds to a certain order of derivative in the Taylor expansion of T, is well-
behaved for ¢ € X but poorly behaved on L? in the sense that ([3.0.1)) cannot be bounded
in terms of ||¢||z2. The reason for this misbehavior is the failure of “nonlinear free energy”

estimates of the form
/ Qe ¢) dt < |9lls, >0, (3.0.2)
0
which is entirely due to scaling; here we recall that Q(u) is the potential energy functional
(1.3.3), (1.3.4]). The rest of the argument is to control the L2-norm of the error e(¢), in order
to ensure that the bad behavior in (3.0.1)) is the dominant behavior. By doing so, we can

show that no estimates of the form

[7(¢) — |2
1117

can hold for certain values of s, which implies the desired breakdown of regularity of 7 at

=0(1) as [|¢]|2 — 0

least at the origin.
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3.1 Preliminary definitions and estimates

We define the energy functional
2 1 +2
E(v) = —\V "+ 5ol da.
Ré p+2

We will need the following effective version of the pseudoconformal energy law:

Lemma 3.1.1 (Pseudoconformal energy estimate). Let 0 < p < % and ¢ € Y. Let u be the
global solution to (1.1.3) with initial data ¢. Then for all t > 1,

lu@E2: Sapt™ % (D)3 + u(V)E). (3.1.1)

Moreover, if e = e(d,p) > 0 is sufficiently small and ||¢||s < &, then for all t > 0
_dp
(1752 Saw (82 ll0]13- (3.1.2)

Lemma has a well-known formal proof for regular solutions via the virial identity,
though it is usually stated without the explicit dependence on u(1) or the small-data state-
ment. We reproduce it here for the reader’s convenience; our proof follows the presentation

in [45]. A proof that recovers Lemma for rougher solutions can be found in [16].
Proof. Let J(t) = x +itV. (3.1.1]) follows from the more general inequality

1732 + @752 Sap tF (I + [lu(1)[5).

Expanding,
||J(t)u(t)||2Lg = / |z|?|u|? — 2tIm(aVu - 22) + 4t*|Vul? dz.

Next, we invoke the virial identity for solutions to ((1.1.3):

4d
dt2/|a:| lu|? dox = —QIm/uVu 2z d:v—/p b |ulPT? + 8| Vul|* dx.
It follows that

d 4dpt
pr / |z|?|u|? — 2tImuVu - 2z dv = —/ P | P2 4 8t|Vul? da.
P+
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By conservation of energy,

1
—/|Vu|2 dr = —8t*— a1

dt

|u|er2 d.

Combining, we obtain

d Adpt d [ 1
— [ |J)u(t)]? do = — P2 8t2—/— P2 dg.
G [ 19OuOF o= [ 2R upe s [ g ds

Defining
8t 2
0 = [1HuOF + 5l e
we find that
At(4 — dp) 2 g2
by = 24— dp) / P2 dg = 22 / P2 da.
p+ S pt2
With

t2
U = > / P2 do,

p+2
it follows that

U(zf)ge(t)—e(l)—l—/1 é(s) ds—e(1)+/1 2 2pU( ) ds.

S

By Gronwall’s inequality and Sobolev embedding, we conclude that

dp

U(®) < e() exp ( | ds> S (DI + (DI )%

which gives the claim. The small-data statement now follows from the local well-posedness

theory for NLS in ¥ developed in [18]. O

3.2 Small-data expansion of the scattering operators

In this section we perform the small-data expansion of the wave operator and the initial-to-

scattering-state map.

Henceforth we take ¢ = M; then (q,p + 2) is an admissible pair. We write 7_ = S,

T, = W, regarding them as maps 75 : ¥ — L2
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o : 4 ~ _
Proposition 3.2.1 (Small-data expansion). Let a(d) < p < 3. Then there ewists € =

e(d,p) > 0 small so that if |¢||s < e, then

To(d) = b+ /0 T AR (G) ds + ex (9)

where the error term eL(¢) satisfies

2(2p+1)

le<(O)l2 Sap 10l - (3.2.1)

The proof of Proposition is based on the proof of scattering in ¥ above the Strauss
exponent established in [18,/19], combined with the effective pseudoconformal energy law

3.1.1l It follows from the following two estimates:

Lemma 3.2.2. Letd > 1, a(d) < p < %, and ¢ € X. Then there exists € = £(d,p) > 0 small

so that if |||l < €, then

2
||u||qp,—qz,p+2 + ||u||q,p+2 gd,p ||¢||§+2

Proof. By Lemma [3.1.1}
[e.9] 2 2
< N o2V dt )
[ull 245 pe2 S i ({t) [oll5™)

— oIE" ( o dt) .

The integral in time is finite provided q2_—p2 > 1, which is true whenever p > «(d). A similar

argument shows that

1

_2 S q 2
lllopss < I61Z ( | o dt) < 6lZ".
0

Lemma 3.2.3. Letd > 1, a(d) <p < %, and ¢ € . Then

||€im¢||q{—g,p+2 Sd,p ||¢||E
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Proof. The dispersive estimate (Proposition |1.4.1]), combined with the Gagliardo-Nirenberg

2d

inequality and the embedding ¥ — L7 (35

< q < 2), gives us the decay estimate

. __dp
™28 [lp+2 S ()7 |5

From here the proof is nearly identical to that of Lemma |3.2.2] where we invoke the above

decay estimate in place of the pseudoconformal energy estimate. O

Proof of Proposition [3.2.1. By the construction of the wave operator given in [11], for a given

final state ¢ € ¥ the global solution u to (|1.1.3|) with final state ¢ satisfies
u(t) = "¢ +/ e IAE(u)(s) ds
t
=4 [ EISPERG)) ds + ra(0)(),
t

where
r(0)() = u(t) — g - / G2 (0 5) (o) di.

Sending t — 0, we obtain
W(p) =u(0) = ¢ +/ e AR (e ) (s) ds + ey (¢)
0
where e, (¢) = r,(¢)(0). A similar expression holds for S(¢): we have

S(9) = [S(¢) — e " u(t)] + {gb — /0 e EAF (2 9) ds} + e " r_(9)(1), (3.2.2)

t
(@0 =u(t) ~ "o i [ SIPER) as
0
By the definition of S(¢), we have |S(¢) — e #2u(¢)(t)||2 — 0 as t — oco. Sending ¢ — oo

in (3.2.2)), we obtain
S@)=o—i [ e BFE0) dst e (o),
0
where e_(¢) = lim;_,o, e **r_(¢)(t). Therefore we have

lex(@)ll2 < l[r=(¢)lloo.2-
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Since u satisfies the integral equation, we may write

rﬂ@ur:mAeM@ﬂﬂww@»—FwM@hw

By repeated applications of the Strichartz inequality (Proposition [1.4.2)) and Hoélder, we

obtain

wawmﬂz\AeMﬂﬂﬂwm@»—Fwﬂwhw

00,2
Sap (1l 22 pro + 120 2o pyo)llu — €242

Sdp (||u||]}’fq2,p+2 + Heimqﬁn%,ﬁg)||u||%,p+2||u”qyp+2~

_2
Using Lemmas |3.2.2/and |3.2.3| to control the terms in the last line, and noting that [|¢||&™ >
|o||s: for ||¢]|s small, we obtain Proposition (3.2.1} O

3.3 Breakdown of regularity

We are now ready to proceed with the proof of Theorem [3.0.1

3.3.1 Proof in high dimensions

First we restrict to the case d > 4. This choice is entirely for expository reasons: it simplifies

some technical details, while preserving the essence of the proof.

Proof of Theorem d > 4. Our first goal is part (1) of Theorem [3.0.1] First we show
that 72 : ¥ — L? is of class C%(0) for all 0 < s < 1+ p. Applying Strichartz and arguing as

in the proof of Lemma [3.2.3] we have the estimate
‘ / G_iSAF(CiSAQb) ds
0

Therefore Proposition [3.2.1] gives us

1
S ol
2

2(2p+1)

Te(9) — &= On2(l0lls™) + Ol )
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whenever ||¢||s is small. Noting that % > 1+ p (the condition is equivalent to p < 1,

which holds for mass-subcritical NLS whenever d > 4), we find that

Te(0) = & = Ora(|l6]5™).
From this we conclude that 7% : ¥ — L? belongs to the class C*(0) for all 0 < s < 1+ p.
Moreover, this identifies the first variation of 71 at 0 as d7..(0)(¢) = ¢.

Next we show that 7. : 3 — L? fails to be of class C*(0) whenever s > 1+ p. It suffices
to show that

T:(¢) — ¢ # Or2([|9]%) (3.3.1)

as ||¢]ls — 0 for any s > 1 + p; see Lemma [A.0.3]

By Proposition [3.2.1], L? duality, and the unitarity of the linear propagator, we have

I700) = ol > | [~ 2 r(e20) as| = les(@l
0 2
1 ~ —1is s
> | [P0, 001 ds| - fes0)]:
1612 /o
"2 011515 2
= — — llex(9)ll2-
1112
Therefore (3.3.1) is proved if we exhibit a sequence (¢,) C 3 with ||¢,]ls — 0 and
"2 pullpizpre llex(@n)lls
P 3 — 00
[[&nll2]|dnll5; [[fnll5;

Let ¢ € ¥ with ||¢]]s = 1, and for €,0 > 0 define
€ x
beolt) = 6 ().
o2
Then ¢, , satisfies the following scalings:

€ 1
I6eolle =& IVEeollz ~ = Ideolle ~e(l+ —+0),

and

A d
162 e 55 2 ~ 72072

9
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where for the last expression we have used the parabolic scaling symmetry of the linear
Schrodinger equation.

We will work in the regime ¢ < 1, 0 > 1, and eo0 < 1. These together imply that

|¢eo|ls ~ e0 < 1, and therefore we are in the small-data regime of Proposition (3.2.1}

By the error estimate (3.2.1)) of Proposition we have

2(2p+1)

le+(eo)lle S (e0) P2

Next we assume that € = 0~/ with j > 1. Since o > 1, under this assumption that we

still have e0 < 1. We now compute:

Heim¢, Hp+2 _dp 2(2p+1)
ool e gl 2 ot — (o)
e, 0|2

. 2(2p+1 .
_ g2 2O )

We wish for the main term to dominate the error term in the regime o > 1. Since we are
free to take j arbitrarily large, the main term will dominate provided p 4+ 1 < Q(?T;l); as we

have already observed, this is automatically satisfied whenever d > 4.

Therefore we have

1Te(be) — Beollz 2 o I0FDF2-% (3.3.2)
and thus

||7:|:(¢a7a) B ¢a,o||2 > Uj[s—(p+1)]+2—d7p—s.
| be.o

~Y

5
Since s > 1+ p, for j sufficiently large we have j[s — (p+ 1)] + 2 — % — s > 0. Taking j
large to guarantee this inequality and that the main term dominates the error, then taking

o — 0o, we find that
‘|7;<¢E,0') - ¢5,0'H2
@20 I3

We thus conclude, as desired, that 7. is not of class C*(0) as a map ¥ — L? whenever

— 0O

s>1+4p.
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We proceed to part (2) of Theorem [3.0.1, It suffices to show there exists 0 < < p so
that

Ti(0) — 6 # Opz(||o]3™") (3.3.3)

as ||¢||z2 — 0. For suppose T € C*4(0). Then Ti(e¢) — ea(¢) = Or2(e1t?) for ||¢]|s = 1
and € > 0 small. Dividing through by ¢, noting 7.(0) = 0, and letting ¢ — 0, we find that
a(p) = dT+(0)(¢), the first variation of 71 at 0 in the direction ¢; but we already know
that d7:.(0)(¢) = ¢ when T. is regarded as a map X — L2, and by density this would be
preserved if 71 were to admit an extension to L?. Therefore T5.(¢) — ¢ is the only expression
that has any hope of satisfying the O(||¢||3™”) bound; showing that this fails proves that
T+ ¢ C1*P(0) as a map L? — L2

From here the proof is similar to the proof we gave for . Arguing identically as
before, is proved if we exhibit a sequence (¢,) C ¥ with ||¢,||s — 0 and

i 2
€40nl 3 eatonlle

[ P (e

We take 0 > 1, e = 077/, and j sufficiently large. Starting from (3.3.2]) and dividing through

by [|¢=0ll3 ™, we obtain

||7;:<¢6,0') : ¢s,oH2 > 0-]'(5*17)+2*d2*p
=0l

For this to be large in the regime o > 1, we require j(5 —p) + 2 — % > 0, or equivalently
L>p— %(2 — %). This shows that if j is sufficiently large and this inequality for 8 holds,
then 72 fails to extend to a map L? — L? of class C1*7(0). Since the constraint on 3 is an
open condition, we can optimize by taking the smallest admissible value of j, which depends
only on p and d. Therefore we have found j = j(d, p) so that if § > p — %(2 — %), then u,

fails to extend to a map L? — L? of class C1*#(0), which completes the proof. O
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3.3.2 Proof in low dimensions

Here we outline the proof of Theorem ind = 1, 2, 3. There is no truly serious obstruction
to be overcome to obtain the result in low dimensions; the choice to break up the proof is
entirely for expository purposes, as the proof for d > 4 is particularly clean and encompasses

all of the main ideas.

The main reason why the previous proof does not extend to lower dimensions is that the

error estimate
2(2p+1)

le<(@)ll2 S llolls™

is no longer strong enough for the main term to dominate the error when d < 3 and «a(d) <
p < i—ll. Therefore the main task is to sharpen this estimate until the error is once again
dominated by the main term.

The inefficiency in the above estimate arises from the use of the pseudoconformal energy
estimate (Lemma , which is obviously not scaling-invariant and thus leads to losses

every time it is invoked. However, noting that there is some slack in the integrability condi-

tions for the time integrals in the proofs of Lemmas |3.2.2 and [3.2.2 we can reduce the total

degree to which we rely on the pseudoconformal energy estimate.

As before, we write ¢ = %, so that (¢, p + 2) is an admissible pair. We now state the

sharpened version of (3.2.1)):
Proposition 3.3.1. Let d > 1, a(d) <p < %. Define e (¢) as before. Let q2;p2 <n<1and

+ <wv < 1. Then there exists € = £(d, p) > 0 small so that if ||§|s < e, then

d,p,n,v
lex ()2 Sapmo SIS (3.3.4)

where

9
Q(d,p,n,v) =2p(1 —n) +(1—v)+ m@mﬂ +v).

We begin the proof. Write § = 1 — %. First, we have the following sharpened forms
of Lemmas [3.2.2] and 3.2.3
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Lemma 3.3.2. Letd > 1, a(d) <p < % 2, and ¢ € ¥. Then there exists € = £(d, p) > 0 small

so that if [|¢||s < e, then for %> 2 < <1, we have

4@ 2 42 Sama (IBIXE@)H)) 7615,

and for % <v <1, we have

146 ez S (ISISE@G) D) 16157,

Proof. We seek to control

q—2

([ mronz?, dt)q.

Let n € [0, 1]. We factor the integrand into powers |[u(¢) (t)| LHQ || (P)(t )| LP” We esti-
mate the first piece using Gagliardo-Nirenberg, and the second using the pseudoconformal

energy estimate. We obtain

q—2

([ oo dt>qq2 = ([ @0l oo @) "

< <|\¢||§<E<¢>%>1*9><1*">||¢|r;% ([0 a)

q—2
rq

The last integral is finite assuming 1 > £=. This establishes the first estimate in Lemma
3.3.2l The second estimate for ||u(¢ )Hq,erz is proved in exactly the same way: we split
(@) (t)[| Lo+ = [Ju(®)(?) H(ngf:;) |lu(o)(t) ||Zg+2, estimate the first piece using Gagliardo-Nirenberg,
and the second by the pseudoconformal energy estimate. The condition v > % is required to

make the final integral in time finite. We leave the details to the reader. O

Lemma 3.3.3. Letd > 1, a(d) <p < 2 5, and ¢ € 3. Then for % <n<l,
"2l 22, o Sap (10121V Sl "6

Proof. The proof proceeds almost identically to that of the first part of Lemma [3.3.2l As
carlier, we factor ||e"2||,12 = [l ¢|, 3]le*2 @], ,. The first factor can be controlled using

Gagliardo-Nirenberg and the conservation of H*® norms under the linear Schrodinger flow.
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The second factor is controlled near time 0 by Gagliardo-Nirenberg, and at large times by the
. . . . 2d o —2
dispersive estimate and the embedding ¥ — L7 for all =5 < ¢ < 2. The condition n > ‘12—p

ensures that the time integral that remains is finite. We leave the details to the reader. [J

Proof of Proposition |3.3.1. We argue as in the proof the error bound in of Proposition [3.2.1],
but using Lemmas [3.3.2] and [3.3.3] Doing so, we arrive at an estimate of the form

lex(@)lle Sapme 815 (E@)D* 1615 + 1615 (E@))IValloll 7™,

where:

a=02p(l—n)+(1-v));
B=0-0)p(1—n)+(1-v));

2 (ot o)
Y D+ 2 np

6= (1-0)p(1—n).

Note that Q(d,p,n,v) = a+ f + § + . By Sobolev embedding, F(¢) is controlled by
1]1% + ||0]/%", and by the assumption ||¢||z < 1 the second term is negligible. Therefore

every norm and each (E(¢))2 is majorized by ||¢||z, and we have:

TS ol 2. 0

d7 1M,V Q(dyp,m’/)
le(@)ll2 Sapams 191F“"" + l16ll5
We are finally equipped to prove Theorem in full generality.

Proof of Theorem d=1,2,3. We mention only the necessary changes relative to the

proof in dimensions d > 4.

The first step is to prove that 71 : ¥ — L? is of class C*(0) for all 0 < s < 1 + p. It

suffices as before to show that

Te(¢) — ¢ = O(|l¢ll5"™)
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whenever ||¢||s; is small. To ensure this we must show that e, (¢) is of higher order in ||¢||s
than the main term, i.e. 1+ p < Q(d, p,n,v) for some admissible choice of n and v. Since 7

can be arbitrarily close to % and v can be arbitrarily close to %, it suffices to show that

qg—2 1
1 < d,p,——,=|].
+p Q()p? 2p 72)

This is equivalent to the condition
2dp* + (11d — 8)p + (8d — 16) > 0.

When d > 2, this is automatically satisfied for p > 0 because the coefficients are nonnegative.
When d = 1, the positive root of this polynomial is smaller than %, and thus this is satisfied

forp>2:§l.

Next we show that 7. : 3 — L? is not of class C*(0) for s > 1 + p, and does not extend

to a map L? — L? of class C1*#(0) for some 0 < 3 < p. As before it suffices to show that

Te(9) — ¢ # Or2(||8][%,) (3.3.5)
in the first case, and
Te(®) — ¢ # Ona((|]57). (3.3.6)

in the latter case. Examining the proof in d > 4, we observe that the only way in which the
size of e4(¢) enters into either argument is to show that there exists a regime ¢ < 1, 0 > 1
and o < 1 so that ||¢.||2 (where ¢, is defined as before) is dominated by the main term
||¢6’(,||2_1||eitA¢57U||§ig’p+2. Taking € = 07 with j > 1 to be determined, the main term is still

of size

; +2
||elm¢s,0‘|2+2,p+2 - O_—j(p+1)+2—%‘

[ feoll2
We use (3.3.4]) to control the error by

Hei (¢€,O’) ”2 fsdvp;n,l/ U(lfj)Q(d,pJ?,l/) .

Noting as before that Q(d,p,n,v) > p+ 1 for a judicious choice of n and v, we see that

lex(¢e.0)|ls is negligible relative to the main term for j sufficiently large and o > 1. From

here the proof of (3.3.5) and (3.3.6)) proceeds exactly as when d > 4. O
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CHAPTER 4

Analyticity and infinite breakdown of regularity for the

mass-subcritical Hartree scattering problem

In the final chapter we prove Theorems [1.3.3| and [1.3.4] which we restate for the reader’s

convenience:

Theorem 4.0.1. Let d > 2 and § <~ < 1. Let T € {S,W}. Then:

1. T is well-defined as a map X — X, and is analytic in the sense that for all ug € ¥ and

v € X, T admits the power series expansion
T (uo +v) = T(u) + Y e*wy
k=1

for all sufficiently small € > 0, where (wy) C X and the series converges in %-norm.

2. The same result holds with the space FH' replacing 2.

Theorem 4.0.2. Let d > 2 and 3 <~y <2. Let T € {S,W}.

1. Let s > % Then T : ¥ — L? admits no extension to a map L*> — L? which is

Holder continuous of order s on any ball B containing 0 € L?.

2. Let s > %. Then there exists R > 0 such that for any ball B C Bgr(0) C X (not
necessarily containing the origin), T : B — L? admits no extension to a map L* — L?

which is Holder continuous of order s at any point in B N L?.
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We now summarize the main ideas of the proofs of these results. For convenience, we
restrict our discussion to the proof of the result for S, but the discussion adapts to the case
of W easily. The proofs of Theorem and part 1 of Theorem have already been

outlined at the beginning of Chapter 3, so we are left to outline the proof of part 2.

Recall that when ug = 0, the key idea of the proof of breakdown of regularity is to identify

ill-posedness behavior in the term
o0 . .
1/ e AR (P ds, (4.0.1)
0
which manifests as the failure to control the nonlinear free energy

o0 .
/ Q™) dt
0
in terms of ||v|| 2. The same strategy holds in the case uy # 0. In this case, we look to
identify the breakdown of regularity in wy, the third derivative term in the expansion

S(ug 4+ v) = S(ug) + Zw,j

k>1

When u— # 0, w4 is plays a role analogous to (4.0.1)), and we must show it cannot be
controlled in terms of ||v| 2. The basic reason is, once again, the failure of the nonlinear free
energy estimates, with w; (the first derivative term in the expansion) taking the place of v

(the first derivative term when ug = 0).

However, two complications arise when wug # 0. The first is that w]™ is no longer merely
the limit of a free evolution: it arises as a limit lim, ., e 2wy (t), where w,(t) satisfies a
linear Schrodinger equation with nontrivial potential if ug # 0. This means that we cannot
apply the earlier scaling argument to the nonlinear free energy functional right away. We get
around this issue by using the fact that although wy (¢) is not itself a free evolution, it does

converge asymptotically in time to one. We therefore decompose the integral
/ Q(wy(t)) dt (4.0.2)
0
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into two regions, one consisting of large times where w (¢) is effectively a free evolution, and
the other consisting of short times. We then rescale in spacetime, which replaces w; with
a rescaled version which we can effectively treat as a free evolution for all times outside of
an arbitrarily small time interval, allowing us to use the earlier scaling argument for the

nonlinear free energy.

The second complication is that wy also contains additional terms which are cubic in v,
which we regard as error terms and must show are subdominant to the main term (4.0.2]).
Since the main term is also cubic in v, this requires a more efficient analysis than we need
for the case ug = 0, for which the main term is the only cubic term and all errors are strictly
higher order. For this we employ a Lorentz space refinement of the scattering theory built

in 26} 28,48] in order to obtain essentially optimal estimates on the cubic error terms.

4.1 Preliminary definitions and estimates

We will make use of the vector field J(t) = z + 2itV, which is standard in the scattering

theory of Schrodinger equations. J obeys the identity
J(t) = M(t)(2itV) M (—t) = e ge™ 4 (4.1.1)

where M (t) = eill’/4t it measures the evolution of the center of mass for free evolutions. It
is associated to the following decay estimate:
Lemma 4.1.1 ([49]). For 2 <r < 2% and t # 0, we have

— r 1-6(d,r o(d,r
lu(®)]lr Sar [0S ()]s~ )T ) 547,

where 0(d,r) = %.

Proof. By the decomposition J(t) = M(t)(2itV)M(—t) (4.1.1) and the Gagliardo-Nirenberg
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inequality,

le(®)ll = 1M (=t S a3 VM (a5
= [0 ) Iy~ a5 a

We note that for the special case r = 3 d v’ ¢ = 7; from this point on we fix this as the

value of 0.

Lastly, we will need some preliminary estimates on the nonlinearity. Define
T(u,v,w) = (|z]77 * (uv))w. (4.1.2)

Note that F(u) = (|z|™ * |u|*)u = T'(u,u,u). Applications of Holder’s inequality and the

Hardy-Littlewood-Sobolev inequality yield the following multilinear estimates:
Lemma 4.1.2 (Hartree nonlinearity estimates |28]). Let 0 < v < d and r = . Then for
all u,v,w € L™(RY),

Q(u) = /Rd(!l‘\” « [ul?)|u(z)Pde < lully,

1T (u, v, )l S HUH o]l ]l

IVT (ur, uz, us)|l, Z IVaill, T sl

JFi

1T (ur, ug, us) || ZI!J Jaill» T sl

J#i

4.2 Analyticity of the Hartree scattering operators

For the remainder of this paper, we assume d > 2 and % <y <2

Our goal in this section is to prove Theorem [£.0.1} As we have mentioned in the intro-
duction, this proceeds largely along the lines of the framework set out in [9], adapted to the

estimates we have for the mass-subcritical Hartree equation.
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We first address the analyticity of the wave operator. Let u, € ¥ be a scattering state,
and let v € ¥ with ||[v||s = 1 be arbitrary. By [2§], under our current assumptions there
exists a unique global solution u € C;%(R) to Equation which scatters to u,, and
for each € > 0 there exists a unique global solution u® € C}¥ which scatters to uy + ev.

Moreover, the wave operator W : ¥ — ¥ is well-defined.

Write u® = u + w®. Our goal is to show that for ||u, ||s sufficiently small, w® admits the

norm-convergent expansion
o
w(t) = g efwy(t) as e — 0,
k=1

where (wy) are elements of an appropriate function space determined by contraction map-

ping. This argument consists of three parts:

1. determining the hierarchy of equations satisfied by the sequence (wy);

2. showing that (wy) is sufficiently strongly bounded in a global spacetime norm, so that

the series for u® is norm convergent;

3. showing that the series for w® does actually converge to w°®.

It will emerge as a consequence that ¥V admits the norm-convergent expansion

where (vi) C 2.

4.2.1 Hierarchy equations

The coefficients (wy) of the series for u® formally satisfy a hierarchy of coupled PDEs. We
express u° in integral form, then match like powers of € to obtain the coefficients. Let us

write

N (u,v,w)(t) = z/ e AT (u, v, w) ds
¢
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where T is the trilinear form defined in . Matching zero-th order terms in ¢ yields
wo(t) = u(t) = e uy + N (u,u,u)(t)
Matching first order terms in ¢ yields
wi(t) = v 4+ N (w, w, w) (t) + N (u, wy, w)(t) + N(wy, u, u)(t).

Higher-order terms behave similarly, involving symmetric sums of the trilinear operators T’
with arguments in {u,w;,ws,...}. To simplify notation, we introduce the symmetric sum
operator S which sums over all distinct permutations of the ordered triple (u,v,w). For

example,

SN (u, u, wr) = N (u, u, wy) + N (u, wy, w) + N(wy, u, w).

Such a symmetric sum has either one, three, or six summands. With this notation, the full

hierarchy of equations for the coefficients takes the following form:

wo(t) = ™ uy + N (u,u,u)(t), (4.2.1)
wi (1) = v+ SN (u, u, w)(t), (4.2.2)
wy(t) = Y N(wj, w, we)(t), N >2. (4.2.3)
jk-+=N
4.2.2 Coefficient estimates
Fix r = % and ¢ = %; then (g,7) is a Schrodinger-admissible pair. Also fix o = %. With

these choices we have & = 5 + %

For a time interval I, we define the space Y (1) via its norm
1fllvy = I fllgerzcry + Nl Loy -
We define the space X (I) by the norm

I fllxay = I llvay + 1@ fllvay + IV fllv -
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Remark 4.2.1. X(I) is adapted to the ¥-norm and is thus used to prove part (1) of Theorem
4.0.1] The results of this section can also be proved in the FH'-adapted space Z(I) defined

by the norm
1fllzay = [1f vy + 7@ flly -

We leave it to the reader to verify that all of the relevant estimates hold with Z([I) replacing
X (1), thus obtaining part (2) of Theorem as well.

The results of this section also hold in the Lorentz-modified space X*(I), defined analo-
gously to X(I) but replacing Y (I) by Y*(I), where

/]

vy = Ifllegerzay + 11 oz oy

Since L§’2 is normable for our choice of ¢, these are still Banach spaces. Again, we leave it
to the reader to check that all of the results we prove in this section can be adapted to the

X* setting as well: the key estimate is

||T(u,v,w)||Lg/,2Lg/ S HUHL?"X’L;||v||L?’°°L;||wHL§’°°L;

and the analogous estimates for J(t)T'(u,v,w) and VT (u,v,w), which follow from Lemma
and Holder’s inequality for Lorentz spaces. The Lorentz space refinement will become

relevant in Section [4.3]

We construct the power series expansions of the wave and scattering operators by con-
structing the coefficients (wy) on the interval [0, 00) and then taking the appropriate limits
in ¢. For notational convenience we construct (wy) first on [1, 00). Composing with the time-

translation symmetry of HNLS then gives us the coefficients on [0, c0).

Proposition 4.2.1. For any uy € ¥ and any v € ¥ with ||v|]|s = 1, there exists a constant

A =A(R,d,v) > 0 such that for all k > 1,

1w ] x([1,00)) < apA*,
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where (ag) is a sequence of positive numbers satisfying
ar, < (Coar)”

for some positive constant Cy.
Corollary 4.2.2. Under the same hypotheses, the series

>

k=1
converges in the norm topology of X (R) for all sufficiently small € > 0.
Lemma 4.2.3 ([3/35]). Let (a;) be a sequence of positive numbers satisfying

any <C Z ajapag, N > 2.
J+k+e=N

Gk lEN
Then there exist constants Cy, C7 > 0 such that

an < C(Coar)™
for all N > 1.
Proof. We claim the stronger inequality

(N)2ay < C1(Coar)™. (4.2.4)

We proceed by induction on N.

First we assume C1Cy > 1. Under this assumption, the base case N = 1 is trivial.
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Now assume (4.2.4)) holds for 1,..., N — 1. We estimate:

(NY?ay < C Z ajapar(j + k + ()?

j+k-+0=N

Gk AEN
ke 02
< CC3(Char)N Utk+0
HCa)™ D e

Gk AL#EN

30y g \N G + G+ G)?
<30CNGS D
ik l£EN

GG D TDE

3k L#EN

The remaining sum we bound as follows:

j+k+e=N
JikAL#EN

Therefore

<N>2(IN S (90012022)01(00(11)N
The claim then follows by choosing Cy = (9CC2)"z.

Finally, we note that once C] is fixed as above, we are free to choose Cy as large as we

like in (4.2.4]). Thus we can always assume C1Cy > 1, justifying our earlier assumption. []

Proof of Proposition[{.2.1. We proceed by induction on k.

Take k = 1. Let I be a time interval. By Strichartz, Lemma [4.1.2] and Holder in time,

we find that

Hltefwl”oo,Z S HlteleitAvHoo,Z + C(d? "Y)HSN(U,U, wl)Hoo,Z

< ere™ vz + C(d, M Leerulll I eerwr g
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By Lemma [4.1.1] and our choice of r and «,
1/a
o  Wier 8 er T Ol ([ 107270 at)
I

1/
< ierul| x((1,00)) (/I|t|_27/(4_” dt) _

Since v > 3, % > 1. Since u € X ([1,00)), we can decompose [1,00) into a union of finitely

||1telu‘

many disjoint intervals I; such that

itA

1
Hltelkwluoo,Q < Hltelke UHoo,2 + 1_2H1t61kw1HX([1,oo))-

Arguing similarly for the remaining parts of the X (7) norm, we find that

e, willx (o0 < Ilter €0l x (o0 + 5 e willxo0n-

Since || Licaun fllx(q1,00)) ~ [[Lecaf|lx(,00) + 1 1eeBfl x([1,00)) Whenever A and B are disjoint,

we conclude by Strichartz and (4.1.1)) that

itA

w1l x(o0)) Sany e vl x (100 S llvlls =1

Let C(d,~) be the implicit constant in this estimate, and set A = C(d,~). This establishes
the case k = 1.

Now define the sequence (ay) by a; = C(d,~) from above, and

!
ay =C'(d, ) E a;agay,
k=N
]7k7£;éN

where C’(d, ) is a constant to be determined. Assume the bound
lwjllx 1,00 < a7
for j=1,..., N — 1, and consider wy. Working as in the previous case, we find that

Ieronllxqoon S D IerSN (wy, wi, we) |l x(1,00)

j+k+e=N
Jik AN

+ C<I)2”1t61w0”§(([1,oo)) HlteIwNHX([LOO))>
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where

1/a
C(I) = (/’t|27/(4’7) dt> )
I

lonllxrooy S D 1SN (wy, wi, we)||x(1.00))-

jHk+l=N
JikAL#EN

Once again, this implies that

By Strichartz, Lemma [1.1.2] Holder, Lemma [£.1.1, and invoking the induction hypothesis,
we find that

||wN||X[1,oo) 5 AN Z a;apay.

jHk+0=N
]7k7£;éN

The implicit constant in this estimate can be defined independently of N. Thus if we set

C’(d,~) to be this constant, then we arrive at
lonllx (1,00 S anA™.

Invoking Lemma to control the growth of (ay) completes the proof. O

4.2.3 Convergence

We have shown that the series
S,
E>1

is norm convergent in the space X ([1,00)) for all sufficiently small € > 0. Our next goal is

to show that it converges to the correct object.

Proposition 4.2.4. Let ¢ > 0 be such that }_, -, e*wy, converges in X ([1,00)). Then

N-1
ue—u—g eFwy —0as N — o0.
k=1

X([1,00))

Proof. Let Wony =u® —u— Ziv:_ll efwp = v —u—Wey. Then for N > 2, W n satisfies the
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equation

N-1
Wsn(t) =N (u®, u®, u®) — N (u, u,u) — eM Z SN (w;, wy, wy)

M=1  jt+k+=M

= Z/ ei(t*s)AG(u, W<N, WZN) ds +N(W<N, W<N, W<N>
t

N-1
- Z eM Z SN (w;, w, wy)

M=1  jtk+t=M

where G(u, Won, W>py) consists of all the terms T'(a, b, ¢) with at least one argument equal
to Wxn. Arguing as in the proof of Proposition [4.2.1] we can decompose [1, 00) into a finite
collection of disjoint intervals I; such that

<
X([1,00))

[ Ltern, Wan [l x(11,00))-

N | =

1t€[k / e"(t*S)AG(m W<N, WZN) dS
t

For the remaining terms, we write

—_

):,

NWen, Wan, Wen eM Y SN (wj, wi,wy)

M=1  j+k+t=M

+ Z RSN (u, w;, wy,)

1<j,k<N-1
j+k>N

j+k+-4
+ E githt SN(’LUj, Wi, U)g).
1<j,k<N—1
j+k+>N

The first term cancels exactly with the remaining terms in the previous expression for Ws y.

For the latter two terms, by Proposition we have

Z RSN (u, wj, wy) ds < (eN)Y
1<) k<N-1
TN X([1,00))

as long as eA < 1, and similarly

Z eITFHESN (wj, wy, wy) ds < (eN).
1<,k t<N—1
JHRHE>N X([1,00))
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Thus we conclude that
W Nl x(oo) S (MY,

and sending N — oo proves the desired claim. O]

Thus we have shown that the map ¥ — X([1,00)) that sends the scattering data wu
to the solution u : [1,00) x R? — C depends analytically on u,, and we can compute the
coefficients of the power series expansion around any point u inductively. Consequently, the

same holds for the map ¥ — X : uy — u(t =1).

A similar argument applies to proving the analyticity of the initial-to-scattering state
operator S : ¥ — 3. For initial data v € ¥ and v € ¥ we define u € X([0,00)) to be
the global solution to HNLS with u(0) = ug, and u(¢) to the global solution to HNLS with

u®(0) = ug+ev; these are well-defined by the existing scattering theory in X. Then arguments

similar to those of Propositions 4.2.1| and |4.2.4| show that u® admits the expansion

ut =u+ g eFwy,

k>1

with [|w || x(o,00)) S A* for some fixed A and small . To finish the proof of Theorem it

remains to show:

Proposition 4.2.5. For all k > 1, the limits

. _ilA
wi = tllgloe R (t)

exist in X, and

S(ug +ev) = uy + Z eFw
k>1

with the latter series converging in 3.
Proof. We claim that for each N > 1, (e *®wy(t))s>0 is Cauchy in ¥ as t — co. We have

t2
eiltlAwN<t1) o efztzAwN@Q) — Z _i/ e*lsAST<wj’ W, wg) ds
k=N E
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By |4.1.1, Lemma Strichartz, and Holder as before,

le”™ B wn (t1) — e P wy (t) |2 S 1(t, t2) Z [[w; 1 (g1,000) 1wk (1,000 1wel [ x (1,00))
j+k+l=N

t1 2/a
I(ty,t) = (/ |t|—2v/(4—7) dt) )
[

Since the integral tends to 0 as ¢y, ta — 0, the claim follows. Therefore the sequence (wy) C %

where

is well-defined, and for N > 2 we may write

wl = Z —i/o e TS AST (wj, wy, wy) ds

j+k+e=N
(with appropriate changes for N = 1). Working as in the proof of Proposition we can

show that there exists a constant A > 0 such that
Jwills S AV

Therefore the series >, e*w] converges in ¥ for £ > 0 sufficiently small, and a similar

argument to Proposition [4.2.4] shows that

S(ug +ev) =uy + Z eFw
k=1

in the sense of convergence of the series in ¥ to the LHS. m

4.3 Breakdown of analyticity

We now turn to the proof of Theorem [£.0.2]

4.3.1 Breakdown at the origin
We first consider part (1) of Theorem [4.0.2] From here on, we abuse notation and redefine
N(u,v,w) = z/ e AT (u, v, w) ds.
0
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Let T € {S, W}, regarding it as a map ¥ — L?, and consider its power series expansion
T(v) => 45, wr at 0 € ¥ (for small ||v]|g). A careful accounting of the hierarchy of equations
governing the coefficients shows that all even-indexed terms vanish, so

T (v) = v + N (v, v, o) + Z W
k>5
k odd

To establish part (1) of Theorem it is enough to show:

Proposition 4.3.1. For any s > %, we have

17 (v) = wll2 # Orz([v][3)-

Proof. Let v € X be sufficiently small so that the expansion 7 (v) = ), wy holds. By

L2-duality, Fubini, and unitarity of the free propagator e*® we have

1 ) ) )
I7(v) = vlls > W\W(e’m%G”Awe’mv),wll!e(v)llz

1

[v]]2

/0 " QUE0) ds — e()]l;

where

For fixed nonzero v € ¥ and ¢,0 > 0, we define

Veo() = %v (£> :

o o

We will show the existence of a sequence of parameters (g, o) such that:
1. |Jveolls < 1 (so that the series expansion holds for 7 (v.,));

2. taking the limit along the sequence (e, 0), we have

1 1 0 .
lim ( [ ds—||e<ve,g>||2)%oo-
ool Jo

(£0) [|Ve,0 /I3
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Since (v.,) is an L*-bounded sequence, the claim immediately follows.

We will take ¢ < 1 and o > 1 with eo0 < 1. The last condition keeps us in the regime
of small ||v. »||5, so that the power series expansion continues to hold. Then the family (v.,)

obeys the following scalings:

HUE,UH2 ~E, HU&,UHE ~ E0, HVUE,GHZ ~eo !

Moreover, by the parabolic scaling symmetry e2v(z) < €' *2y(o~12) of the free Schrodinger
flow,
/OO Qe v, 4) ds = elo®™ /OO Q(e"2v) ds ~ )y et0? 7.
0 0
Here, the finiteness of the integral follows from Lemmas [4.1.1] [1.1.2] and the Gagliardo-
iSA,UH

Nirenberg inequality to control ||e » near ¢t = 0.

By Proposition [£.2.1] the error term obeys the estimate

|5~ e0®.

le(vee)llz S [lveo

Therefore

HT(UE,U) - Ue,a||2 z 30277 — 55,

We now take e = o7 for some j > 1 we will choose momentarily; this guarantees that

||Ua,a||z ~eo<Klaso>1. Then

3 .2

3g277 — 5505 — 0—3]+2—'y _ 570045 0_—3]-1-2—7

g

as 0 — 0o so long as —3j +2 — v > —57 + 5, which is equivalent to the condition j > HTV
For such 5 and o > 1, we have
1

102015

The RHS tends to oo as ¢ — oo provided that (s — 3)j + (2 — ) > 0. When s > 3, this is

T (Vo) = veglla = o7374270,

automatically satisfied since v < 2; when s < 3, it is equivalent to the condition j < ?TZ

Therefore it suffices to find a j satisfying

3+y . 2-—v
— <71 < .
2 ~7 S35
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Such a j exists whenever 3” < 2 s—1, which is equivalent to 5+57 <s m

Remark 4.3.1. This proof can be done essentially without change for the power series ex-

pansion in FH'! as well.

4.3.2 Breakdown away from the origin

We now move to part (2) of Theorem [£.0.2] We adopt the following abuse of notation: w;
refers both to the function in X ([0, c0)) defined by the results of Section [£.2] and also to the
map
v = wy(v) = v — SN (u,u,w).
+

We will use a similar convention for w;".

To keep things concrete, let us work specifically with 7 = §; the discussion adapts easily

to WW. We recall the notation
S(up 4+ v) = S(ug) + Zw,j
Our goal here is the following:

Proposition 4.3.2. There ezists R = R(d,y) > 0 such that for all uy € % satisfying
[uolls < R, all |[v]|s small, and all s > 4;;@, we have

IS (o +v) = S(uo) — wi” — wy |2 # O(|Jv]3)-

This will emerge as a consequence of the following estimate on the third derivative term:

Proposition 4.3.3. There exists R = R(d,7y) > 0 such that for all ||uo|ls < R and for
ek l,eo0 kK1, 0> 1, we have

w3 (veo)ll2 Zay 30?77,
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The crux of the proof is to identify the source of the breakdown of regularity in wy,

which has the form
wy = SN (u,u, ws) + SN (u, wy, wy) + N (wy, wy, wy).

The bad behavior we seek arises from the term N (w1, wy,w;), which we expect to be domi-
nant as it is essentially a resonant interaction. We will first establish that this resonant term
has the optimal scaling 20?7 as was the case at uy = 0, and then show that the remaining

cubic terms are subdominant.

4.3.2.1 The main term
We continue to work in the regime ¢ < 1,0 > 1,e0 < 1. Our goal is to establish the
following;:
Proposition 4.3.4. There ezists R = R(d,~y) > 0 such that if ||ug||s < R, then
IV (w1 (Ve,0 ), w1 (Ve,0 ) Wi (Ve,0)) |2 2 0’7,

for all o sufficiently large.

When ug # 0, the fact that w; is no longer purely a free evolution complicates the proof

of this relationship; we cannot use the scaling argument for the potential energy

/OO Q(e™v) ds
0

right away. We get around this issue by using the fact that w; does behave like a free evolution
at large times, and rescaling in time so that the rescaled version of w; behaves like a free

evolution at almost all times.

Lemma 4.3.5. There exists R = R(d,~) > 0 such that if |ug||s < R, then

w1y (o.e0)) ~ llwill2 ~ [lv]|2,
Jwi ] x (jo.00)) ~ W] |2 ~ [Jv]|s,

IVwilloo2 S [0l
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Proof. Writing wi” = v + SN (u, u,w;) and arguing as usual,
lwill2 < llwillyqoeey < Nollz + el qo.00n 1w lly(o.00)) -

Taking ||uo||x small, we can make |[u||x(jo,00)) arbitrarily small. Doing so, we find that

[wi |2 < lwillyoeey S [l0]l2-
Similarly, we have

[Vl < w2+l go,con lwrlly ooy S Nl ll2 + el g0 00 10112,
and thus taking ||ug||s small we obtain
[vll2 < flwy [l
The other estimates follow similarly. O]
In particular, we have the scaling
[wi (Ve Iy (o,00)) ~ Ny (Veg)ll2 ~ (W) )eoll2 ~ &,

w1 (veo)llx(0.00)) ~ Il (el ~ 2 (w])eoll2 ~ €07

this will be useful because most quantities we estimate henceforth depend more directly on

w; and w; than on v.

Proof of Proposition[/.3.4 Fix v # 0. For any 7 > 0, L*-duality, Fubini, and unitarity of

the free propagator we have

1

o0
I o) > e | [T ). ) ds
1112 T

.
/ e AT (wy, wy, wy) ds
0

2
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We write

/ (T (wy,wy,w), e wi )2 ds-/ Q(e™**wy)

—/ (ST(wl,wl,ewAwf—wl), isA +>L2 ds.

T

isA

Since ||e"* 2wy — w1y (fr0)) — 0 as 7 — 00, it follows that for sufficiently large 7 = 7(v) we

have
/ (T(wr, wr, wy), e ) o ds~/ Qe u)

We now rescale w; — (wi). ., which (at least on L? and X) is essentially equivalent to rescal-

ing v — v.,. Under this rescaling, the parabolic scaling symmetry of the free Schrodinger

flow yields
/ Q(eiSA(wi‘r)g,o’) ds = 640_2—’y Q( isA +) s.

/o?

Thinking of o being arbitrarily large, we estimate this by the integral over all of [0, 00).

Using Lemma and the Gagliardo-Nirenberg inequality, this incurs an error of size

]
[ Q) ds S St Ivar ) € St < 1.

This establishes the 30277 scaling on the main term. By Strichartz, Gagliardo-Nirenberg,

and Lemma [4.3.5 we find that the remainder satisfies

.
/ 6_iSAT(w1, wy, wy) ds
0

S le”%gL;([O,T])le”Y([O,T])
2

T 2/0{
S(/O (leHi;gHleHio,z)a) V]2

7ol

Since we are working in the regime o > 1, ||v. ,||g1 ~ €. Therefore rescaling yields

Since 7 depends only on v and 2 —~ > 0, this term is subdominant to 302~ for o > 1. [

2/ .3
S rleen.
2

/ e—isAT(wl (U&g), w1 (Ug,g)a w1 (U€,0'>> ds
0
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4.3.2.2 Nonresonant cubic terms

We are left to control the nonresonant cubic error terms || SN (u, wy, ws)||2 and || SN (u, u, ws)||2.

Proposition 4.3.6. There exists R = R(d,y) > 0 such that for all ||ug|ls < R and for
e 1l,e0 K1, 0> 1 we have

| SN (w, wy, ws)]|2 + || SN (u, u, ws)||; < R*3a*77.

Taking R small will ensure that the main term continues to dominate the errors. Together
with Proposition this immediately implies Proposition

The idea of this proof is that the estimate ||w1|lar S |[v]|s, which holds due to the fact
that [t|~% is integrable near oo, is slack. Naively using it to control ||SA (u, wy,ws)]||, and
| SN (u, u, ws)|]2 only yields an estimate of €303, which is not subdominant to e3¢%~7. For
small data, the estimate can be improved to one of the form |Jwi||a, < [[v]|&]0]5]| Vol by
relying less on Lemma 4.1.1] This is done analogously to how we sharpened the error estimate
in Proposition to the one given in Proposition [3.3.1} The Lorentz space refinement is

327

used to recover an endpoint, which is necessary as the scaling e°0°77 is sharp.

Lemma 4.3.7. There exists R = R(d,~) > 0 such that if |ug||s < R, then

1—~/4 4— 8 3 4 8
w1z 0,00y S N0lls ™ [0 llE773 V|05

Proof. For any A € [0, 1], by Lemma and the Gagliardo-Nirenberg inequality we have
lun @)l S (4 fwr (@)l T@wa (@)l [V ()]s~

Choose A = a% = 42;77. Note that for 3 <y <2, 3 < 42_—;’ < 1. Since [t|=4/* € L3*°([0, 00))
for this choice of A, we find that

1—~/4 4 8 3
w1 2o Lr (.00 S Nlwn (B)l|oo s’ 1T (#)wn (8| 7 ® | Vaon (8)]| 75

The claim now follows from the Lorentz space version of Lemma [4.3.5; we leave the details

to the reader. ]
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Lemma 4.3.8. There exist R = R(d,y) > 0 and L = L(d,~y) > 0 such that for all ||up||s < R

and v € ¥ with ||v|]|x < L, we have
VWi ||z + [Vwilly o, S [[Vf2-
Proof. By the usual estimates and Lemma [£.3.7] for all 7 > 0 we have

IVwLly o)) San IVOll2 + [[ullZ o) (1wl 2oz o) + IVl o))
1—~/4 4 8 3 4)/8
Sao V0]l + B2(lolly 0|67 5[V 17520 + [V wnlyo.ry)

< | Vollz + 8| V|00 + 62l Ve [y oy,

where d; = 6;(R, L) and 05 = d2(R) can be made arbitrarily small by an appropriate choice

of R and L. The estimate for Vw; then follows via a bootstrap argument. The estimate for

Vwyi is then immediate from the definition of w.

]

Proof of Proposition[{.3.6. By the Lorentz space adaptations of our earlier estimates, we

have

[SN (u, wy, ws)l]2 S ||ul

X*(I ||w1||L?’°°Lg||w2||L§’2L;

pllwllzeep lwill oz,
and

1SN (u, e, ws) 12 S Jlull3

X*(I) w3 ”L?’QLQ

S Nl (el

S Nl (el

X1+ [ull3

= lull3 T lwilggee pyllwnll gy, -
t x t x

X*(I)”leLto"wL;HwQHLg’QL; + le||%§“’°°L;||w1”Lf’2L;)

Semllwilzg sy llwllazr, + lwillzeep lwill o)

The claim now follows by taking R = R(d,~) small, ||ug||s < R, replacing w; with w;(v. ),

and applying Lemmas [4.3.5] 4.3.7, and 4.3.8|
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4.3.2.3 Conclusion of the proof

At last, we are ready to proceed with the proof of Proposition |4.3.2, thereby completing the

proof of Theorem [4.0.2

Proof. We define v, , as before and work in the regime ¢ < 1,0 > 1,60 < 1. We write
S(ug +v) = S(uo) — wi —wi = wi (V) + e(v),

where

e(v) = Z wi .

k>4

By Propositions 4.2.1| and 4.3.3] for sufficiently small ||ug||s; we have the lower bound

1S (o +v) = S(uo) — wi” —wyll2 > [|wg (ve)ll2 = lle(vesll2

> P07 — ot

We take ¢ = 077 with j > 1 to be determined: then eoc < 1 for o > 1. For the main term to
dominate the quartic error we require —3j5+2—~ > —45+4, which is equivalent to j > 24~
and supersedes the condition j > 1. Assuming this condition, we have
1 5—3)j+2—
WHS(UO +0e0) — S(ug) — wi —wi[ly Z oI
The RHS is unbounded as ¢ — oo as long as (s — 3)j + 2 — v > 0. This condition is
automatically met if s > 3 since v < 2, while if s < 3 then it is equivalent to j < ?.)%Z Thus
an appropriate value of j can be found provided that 24~ < :2;_:;1’ which is equivalent to the

condition s > 42L47. O
+

80



APPENDIX A

Pointwise Holder spaces and Gateaux derivatives

In this appendix we relate the notion of pointwise Holder regularity given in Definition

to more familiar notions. For convenience we reproduce the definition here:

Definition A.0.1 (Pointwise Holder space [1]). Let X and Y be Banach spaces. Let zp € X
and U a convex open neighborhood of zy. Fix s > 0, and let n be the integer part of s. For
s > 0, we say that the map G : X — Y belongs to the pointwise Holder space C*(xq) if for
all h € X with ||h||x = 1, there exist coefficients {a;(zo;h)}}_y C Y such that

|G (w0 + h) — Glxo) = > aj(wo; h)|ly S &°
j=1
for all € > 0 sufficiently small, with the implicit constant independent of the direction h.

This is related to two notions: the Peano derivative (also known as the de la Vallée-Poussin

derivative), and the Gateaux derivative.

Definition A.0.2 (Peano, de la Vallée-Poussin derivative). Let X and Y be Banach spaces.
Let 29 € X, let U be a convex open neighborhood of xg, and let h € X with ||h||x = 1. For
n > 1, we say that a map G : U — Y has an n-th Peano derivative, or de la Vallée-Poussin
derivative, at xo in the direction h if there exist {a;(wo; h)}j—; C Y such that

|G (o + £h) = Glxo) = ﬁgﬂaj(zo; Wy = o(e™; h)

j=1""

as ¢ — 0.
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Therefore if G € C*(x) with s > n, then G automatically has an n-th Peano derivative,
with an asymptotic bound as ¢ — 0 which is uniform in h; moreover, if s > n, then the

asymptotic bound is stronger.

Definition A.0.3 (Gateaux derivative [23]). Let X and Y be Banach spaces. Let zy € X
and U C X a convex neighborhood of zy. We say that the map G : U — Y is Gateaux
differentiable at xy in the direction A € X if the limit

dG(zo; h) = lim Glzo +¢h) = Glzg) _ d
=0+ € de

G(Ig + 8]1)

e=0

exists in Y. In that case, we call dG(xo; h) the Gateaux derivative, or first variation, of G at
w in the direction v. If dG(xg; h) exists for all h € X | we say that G is Gateaux differentiable

at xg. Similarly, we define the Gateaux derivative of order n, or n-th variation, by
dn

G(xo +¢h).

e=0

Gateaux derivatives are homogeneous in their second argument: &’ G (zo; eh) = e/d? G(xo; h)

for all e € R (]23], Lemma 1.2).

It is clear that if n > 1 and G : U — Y has an n-th Peano derivative a,(xo;h) at xg
in the direction h, then it also has j-th Peano derivatives a;(zo;h) at xy in the direction
h for j = 1,...,n — 1; moreover, G is Gateaux differentiable at xy in the direction h with
first variation dG(zo;h) = ai(xo; h). It is not, however, true that G has variations of any
higher order, even in the real-valued case: a counterexample is f(x) = 23sin(1/z) for z # 0,
f(0) = 0, for which the second Peano derivative exists at 0, but not f”(0) [50]. For this
reason, C*(x) is not exactly a replacement for the space of n-times Gateaux differentiable
maps with d"G(x¢; h) Holder continuous of order s — n in xo. When s > 2, we are not even
able to detect from the definition whether a map in C®(xy) has a second variation at xz.
However, C*(zy) is still a useful notion for detecting when a map fails to have a certain level
of Gateaux regularity, which is what is relevant for the breakdown of regularity statements
in Corollary This arises through the generalization of Taylor’s theorem with remainder

for Banach space valued functions.
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Theorem A.0.1 (Taylor’s theorem with remainder; [23], Theorem 5). Let X and Y be
Banach spaces. Let U C X be a conver neighborhood of u € X. Let G : U — Y be n-
times Gateaux differentiable on U, and let xo € X be such that d"G(xo+ seh; h) is Riemann
integrable (defined in [23]) over s € (0,1) whenever € > 0 is sufficiently small. Then for all
h € X with ||h||x =1 and € > 0 small,

G(xo +eh) = G(xo) + Z dJG (wo; h) + "M Ry 1 (20, by €)

where

1
R, 11(zo, h,e) = E/ (1 — 8)"d" ™ G(z + seh; h) ds.
- Jo

We now arrive at the main statement of interest. It states that for n < s < n + 1,
membership in C*(x) is necessary for a map G to be n times Gateaux differentiable with
d"G(z; h) Holder continuous of order s — n. This gives us a way of detecting whether G

admits s derivatives in this latter sense.

Lemma A.0.2. Let X and Y be Banach spaces. Let U C X be a convex neighborhood of
x9g € X. Let G : U — Y be a map, and suppose G ¢ C*(xg) withn < s < n+ 1. Then
d"G(x; h), if it exists for x € U, cannot be a Hélder continuous function of x of order s —n

with Holder seminorm uniformly bounded in h.

Proof. Suppose for contradiction that d"G(z; h) exists on U and is Holder continuous of order
s —n in z, with Holder seminorm uniformly bounded in h. Then all lower order Gateaux
derivatives must also exist. This implies that G satisfies the conditions of Theorem [A.0.],

and hence admits the expansion

G(zo +eh) = G(x0) + Z dJG (z0; h) + "Ry, (x0, h, €)

7=1

as € — 0, where R, is given as in Theorem [A.0.1] By the Holder continuity assumption, we
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have

1
|Bu(zo. hye) = —d"Glaoi )l

ﬁ /0 (1 —7)"d"G(wo + reh; h) — d"G(wo; h)] dr

1 1
T /0 (1= 1) [ d"Glwo + reh; h) — "G o )|y dr

Y

<
1
< 53”/ (1 —7)""1rs dr < &5,
0
Therefore

n—1 5j A .
G(zo+¢eh) = G(zo) + Z FdJG(xO; h) + "R, (xg, h,€)

i=1

n i 1
= Glzg) + > %d]G(xo; h) + & [Bo (w0, b, €) = —d"Glao; )

J=1

= G(LU()) + Z %dJG(.TO; h) + Oy(&'s).
j=1

But then G € C*(xy), contradiction. O

Lastly, we need a way of checking that a given G does not belong to the class C*(x).

Lemma A.0.3. Letn be a positive integer, and letn < s < s+ < n+1. Assume G € C*(xy)

with Peano derivatives {a;(wo; h)}j_,, so that
|G (zo +eh) — G(z0) — anejaj(xo; hly <€’
j=1
Suppose also that
|G(xg + eh) — G(xg) — zn:ejaj(xo; |y £ e,
j=1
Then G & O+ (xy).

The proof is based on the following uniqueness statement for the Peano derivatives:
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Theorem A.0.4 ([23], Theorem 6). Let X and Y be Banach spaces. Let U C X be a convex
netghborhood of xo € X. Let G : U — 'Y be a map. Then for each positive integer n, there

exists at most one expansion of the form
G(zo+h) = G(xo) + > a;(w0; h) + Rupa (2o, h)
j=1
satisfying a;(xo; sh) = s'a;(xo; h) and Ryy1(zo, h) = o(||R||}%) as h — 0.

Proof of Lemma[A.0.3. Suppose to the contrary that G' € C*7°(zy). Then there are coeffi-
cients {b;(wo; h)}%_, such that

IG (o + h) — Glxo) = > ¥bj(wo; h)|ly S .

j=1
Then we have two polynomial expansions for G(zg + h) around z, of degree n with o(||h||})
remainder as h — 0. By Theorem , it follows that b; = a;. But this contradicts the
assumption that the the error in the expansion G/(xo+eh) ~ G(x) +>_7_, €/aj(zo; h) is not
O(e59). O

The utility of Lemma is that so long as we can verify one asymptotically valid
polynomial approximation of G(z¢ + €h), the same polynomial approximation can be used
to check the membership of G' in C®(x), as long as there is no need to add a higher-order

derivative term to the expansion.
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