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Abetract

Paired-end shotgun sequencing han becom e widely used for large-
scale pequencing projectsin recent years . including whaole gen ome shat-
gun sequencng and map-based BAC clme sequencing. [lnder this
scheme, sequences from both ends of randaom clones are debermined
and ssmanbled into sequence cotigs. The sequence data and their
linldng information are ueed to construct clome mape in the form of
ecaffolds. In order to plan a cost-efective sequencing project utilis
ing such an approach. it is crucal to have Imowledge of the expected
project progress in relation to parameters much as ineert sze, cloe
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langthe and redundaney. There has been a lack of theoretical analmin
for the paired-end sequencing strategy due to the diffieulty of core
lated ends. Here we present a mathematical analysis for the progress
of & pequencing project employing such a scheme. Formmlae for wari-
oue messures of the expected progress mich as expected number and
mre of scaffolds are derived and assesmed by Monte Carla simulations
for parameter sets ueed in the mman genome project.

Koywordn. paired-and sequencng Poiseon process; physical map-
ping; DNA sequencny; scaffolds; Lander-Waterman analysis

1 Imtroduction

Handom cloning is the basis of genomic mapping and sequencing. It
enahles the manipulation of DNA from specifie regione of interest . and
the allows the pomibility of characterizing a mega-base-pair genome
uHng clones and sequences of manageable size. Physical mapping and
paquencing han the goal of recovering the positional information o
clmed DMNA fragments and thar sseociated charscteristios such as
markers along the chraomosome, fingerprints and eequences, so that
overlapping clones can be treated as motiguous equivalents. MMost
phymical mapping and sequencing projects can be summarized into
three stepe: library creation. overlap debection and lagout, and finieh-
ing. Strategies and projects differ in the scales of their target DINA,
types of done library, methods for debecting clane overlaps and lapout,
and number of iteratiame required to complete a project.

Large-ocale sequencn g projects require accurate, efficent, and an-
tomated DNA seqencing methods, and usually inwolve one o moe
stages of mapping followed by sequencing. Traditionally physical map-
ping including the mapping phase of directed seqencing ntrateion in
done separately, prior to sequencing. using information much ae re
striction fingerprints or sequence-tagged sites. The level of mapping
detail determines the amount of sequencing effort and eustomized gap-
closure expariments required to conplebe a project. Different strate-
giem try to balance the efort in mapping and seqencing. and the
chaice of methods nsually depends on the project =ize and available
labharatory resources. As antomated sequencng technology advances
and rapidly ocales up, large-seale seqencing projects are moving to-
wards methods with minimal effart in the initial mapping phase, with



a popular ertreme being whole-genome shotguning [U1]. A ley ale
ment of whale-genome shotgun sequencing is the uee of a paired-end
pequencing schema [1] which provides mapping information from the
sequence data derived fraom both ends of clones. Such an approach
combines the acquisition of sequenoe with the acquisition of positional
infarmation. It aleo provides erucial positional information parmitting
walldng across the many repetitive structures in an eularyote gename.

In paired-end shotgun sequencing, sequences of both ends of ran-
dom clone of lmown approdmate length are determined. Identi-
cal and mfficiently similar overlapping sequences are asembled into
pequence contigs. [Jeing poeitional information inferred from end-
paquence overlaps and approvimate clone lengthe, clones can be or-
ganized into ardered and oriented oets, termed seqffolde The target
genomic DNA ean then be cbtained by sequencing the uneequenced
parts of the map, including acual gaps. regione left uneovered by
the dones, and sequense-mopped gape (abbreviated SWGe] [¥ inter-
nal to some clmes. The mapping objective of a paired-end shotgun
eequencing project is typically to obtain mne ecaffold spanning the en-
tire target DA when possible since gaps between scaffolds are rather
mare diffieult to fill in compariem with SMGE.

Mathematical analysis of the progress of a mapping project much as
that of Lander and YWaterman [| is impartant for planning and mon-
itoring & cost-effective project. The progress of a sequencing project
can ba described by a number of measures, much as the number and
mize of itlmedr and gape, total island and sequence coverage. and prob-
ability of praoject dosure The three types of islands in the contest of
paired-end sequencing are illustrated in Figure 1. They are (1] acnal
islands, twroclones being in the eam e actnal island if they are connecsted
by a chain of pairwise overlapping clones; (2] scaffolds (apparent is-
lands], two clones being in the eame scaffald if they are connected by a
chain of clones whoee end sequences overlap; and (] sequence islands,
where twao basepairs in clone ends are in the same sequence island if
they are connected by a chain of overlapping sequenced clme ends.
All three types of iglands are of inherest, but in practios aoly ecaffolds
and sequence islands are direct products. Actnal islands can be ana
lyzed approdmately by the Lander-Waterman theory [B] and by the
exact analysin a8 described in Hoach e al [7]. Sequence islands can ba
analyred mimilarly, and hare the same expected values but larger vari-
ans for most quantities of interest as in a shotgun project conmisting
of pgama numbar of indepandent pequence reads [#]. However, thera
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Figure 1: Theee byped of islands. (A} All sixbosty anetlapipig clones belong to
the samne actual ialatd, bt in theee different acaffolda try their end scquiciwe
(represented by blocls) overlaps ag cireled. (B) The thirty-two end soquetees
fortn tite soquctos Mlands in seaffdd 5, fowr in 55 and two singlebon se-
quetsee iglands in 5y @ indicaded. The apparent SMGa are reproiented by
diasbed lites withit seaffolds. () The actunl SMGa are shown in solid lines
hetween neighhoritg scquetvec idlands it the actoal iglad .



2 scaffolds by end overlaps
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has been lack of thearetical analyeis for the obeervable scaffolds due
to their typically complicated lapout as illustrated in Figura 1. If we
view actual islands as clumpe formed by line segments in the real line,
counting scaffolds by end overlaps is analogos to counting clumps
formed by equare laminae in the plana (Figure 2). Members of a one-
dimensimnal clump can only be joned by moeecutively overlapping
neighbare, whereas in a two-dimensional clump, two non-overlapping
neighborm can be linled by members further apart. This depend ence
by ends creates complex scaffold structures and requires a more saphis-
ticated analyms [4]. Part ef . [#] atbampted to approdmate scaffolds
by a conmeptual greedy island approach, but this yielded uneatisfying
resnltn. Hoach et al [A] provided some ineights by Monte Carlo sim-
ulations. The aim af this paper is to present a usefnl and practical
thearetical analysin of the properties of scaffolds in relation to rele
vant parameters (such as target siwe, clonelength distribution, and
clme redundancey] uming the same Poisson process framesrark which
wan used in the Lander- Waterman analymis of Arratia e al [1]. Moote
Carlo eimulations are aleo used to assess the performance of our far-
mulss with the parameter sets used in the Drosophila and mman
genome projects.

2 Results

Netatlon and assimnptions Pased on the nature of clone li-
brary creation, the target genomic DNA of miwe (7 can be modeled
an a long interval (11,{7) on the real line R and the N clonm as
random intervals along the line. Wa model the left ands of dones
g1 sl iy s TS i1 < éya < with
a homogenms Paisson point promess on the real line with intensity
A =¥ which ementially mark the uniformity of the random inter-
vals. For a clone starting at £, the left end point £ = ¢ in aseociabed
with threa lengthe (£ Eip. Bip), where {f;} are independently and
identically distributed (abbreviated iif] samples of a clone length
distribution Fz(:) withmm.[.mdmrimmai; theleft and right end-
paquence lengths &y Eip are iideamples of & sequence read length
distribution Fg(:) withmmnEandmrimma%. MNote that we also
use Ly, Bir. Lip to label the clone starting at £; = ¢, ite left and right
end respectvely where apprapriate. Define a segffold as a set of line
pagments [dones] connected via overlapping end-sequences. asm ming



all semence overlaps are detected. Let p(t]) denote the probability
that a clone f; with its left end at £ begine a scaffald. In addition,
define a mc&unl requerce-mapped grp (abbreviated aciud SA£(7) to ba
a target pegment covered by some clones but not covered by any end-
paquence, wheresn an cgpreri S (oboermable nequence gape under
the paired-end sequencing scheme] is defined as a sequence gap inter-
nal to a scaffold. The notation 18 summarined belowr.

{7 length of target genomic DNA;

N mmber of clanes;

{¢1}: the done process;

A= idtensity of the clone process:

i clone (length) starting at ¢, ¢ £ (11, {37);

Er(]: distribution funetion of clone length,

I arersge clone length;

o3 wariance o clone length;

Eir: left and-sequence (langth) of the clme T
Lip right end-sequence (length)] of the clome 1,
Lg('): dietribution funetion of end-sequenos length ;
K avwrage end -sequance length,

f.r%: varianm of end-sequence langth;

r(t]: pcaffold retention probability for L;;

Finita corraction for adge affarts The ahowe assumptions ig-
nore the boundaries of the target DNA, which could be taken inta
amount by uming the effecfire ganome size (7, = (7 — L 4 1 in place
ufﬂfﬂrthaclmapxuminmnuitfl,::% to enmire that all dones
fall in (11, {7). Thin correction becomes rdevant in practics when L7
is not negligible (typically L - {7]. Similarly, the analysin follows by
replacing the sequence read length & by the effecise sequence resd
langth &, = E — T when only seqence overlaps > T bp are de
tected. Furthermaore, an additional scaffold covering the arigin shauld
be added to the count of scaffolds in (I, {7) to aceount for the boun dary



Commting scaffelds for typleal parametars With the aham
agumptione and notations. the scaffold process can be derived by re-
maving paints {£1} that do not begin ascaffold, and hence fhirring the
clane Poisson process back to —oc with thescaffold retention probabil-
ity m(t]. Naote that the homogeneity of the clone process implies that
p(t] = p. independent of location ¢ More preciedy, the thinned pro-
cemn represents clones beginning scaffolds, and has intensity Ap. The
retention probahility p strongly depends o the range of parameters
(the ratio LfE in particular], and can be mleulated as in following
propogition. By clone inclusion we mean that one clone is entirely
cantained in ancther, longer clane.

Propanition 1 [The scaffold retantion probability n{t])
fi) For L{E < A, pit) =& L

fi) For L/E = 1, suppose that done indurions are peglisibla (ralid
whan  p i5 not too large, for inftano, op = L) thean

Pt &R Al g 'EJLEI:H adl _ o AL m:ll:ﬂ—ﬂ "”'EJ. (1)

n and 1 mm funcions of langth distrbutions Fr (] and Fg()
Jafined balow. Lat H{'] dapota tha distribution of Ap = T, — Ly
for L, I, iiAd ~ B[], mod ('] deoota tha distmbution of
Ap = E; —E‘q for E;:Ej iid ~Fg]

n o= %fj: Fg(wu)(l — Fg(|s —d))) du dH (d) &= min,

A= 2-(F+ %J! (L —AE - E[(Az —Ag)l{Az > Ag]])

E4odtE
(i) For L}E = A, sllowing tha pawibility of done inclusion,
plt) = Formuis (1) + (L —py) [ BI1oBE _g Mg A8 _ 5 348

ad win(2 maz( 2 —

Y Eﬂ%"rﬂilﬂj

E

g BIARE amqfﬂfj_:_ﬂhn Fule| Ly Epr Debrd¥(i n}]J @

whare 1 ix dafinal a7 tha conditions] probebility that sama clona
intarlacar Iy mvan t is corarad by foma clone oot orarlspping L,
&t ands.

- I Fu (| | I Ewd Fofu | Euw | Exiu
M= SR | Folu s By Fofsl B |Eyd |1 Fyul Lz Expu
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When I, <K, all clme overlaps involwe some degres of end ower-
laps and wice wersa implying the equivalence of actual islands and
scaffolds. Hence p(t]) = Pr{t is not covered by any clmes} = & A&
For L > 4K, however, the event that fy initiabes ascaffold indudes not
only the above event of beginning an actnal island . but alsa ineludes
the other complex event that £ is covered by some clane L, interlac
ing or enoompassing L;. Typically L »> AE: & is the length of a
paqueneing reml & BN bp with emall warisnees o @ ki bp; L depends
on the type of done library. For instance. L 2 A kb with op 20 &0
bp far the plasmid library used in the Berkeley Dirosophila {Gename
Project for BAC sequencing, and £ is a mixture of 2 kb, 1] kb, and
il kb libraries in Celera's whole-genome shotgun Human (Genome se-
quencing [#]. For most eommon parameter sets; the explidt formula
(1] is mufficient, and the cotribution of clone inclusion a8 in the more
cam plicated formmla (2] is negligible. Howewver, formula (2] shmld ba
used when the lengthe of the clmes wary signifimntly (such as with
the mixture clone sires in Celera's human genome project ] and clmme
inclusion occurs frequently. Ses Methods (Section 4] for the detadls
of the calculation of p(t] for & > 3K With the ecaffold rebention
probability »t] described abome, we hame

Theorem 1 [Formmla of scaffolds)
{) Tha axpactad proportion of tha ganuma corarsd by soaffolds =
l1—r
fii) Thae axpectad oumbar of seaffalds = 1 — & - 4 Np
i) Defina an effeciive reaffold to be & soafodd that is ot inclusded
in any ot ber acefnlds and hanca conkmbutes st lagst perbiglly Lo
the toisl corarsga Ia p.[t] = p. dapota the probahility that &
clona with J&t and At ¢ begins an afectiva raaffold. Than

Pr{projact clorure} =& ™[14 & Y[Np, 1)) & V5
P can ba appraximated by ane of tha following formuls:
E+I_'_E [Ala}dE _ o ll:-:”:mg DE _ o [!il,'.'i}llEJH ml:::l_]

g Ay (g [B10RE _ o Ay, 3AE (4]
HE—FI:_E [Bln}.iLE_E ]LJI:H iiLE_E [:il,'.‘i}.i.EJ [E_]
(e AE g BIAAE_ o [11eddE, (6]



fir) Assuma that scafnld Jangths and smere {mmbar of clonar par
Foafindd) are iid. Then

the axpected andar of & soaffold =1 /p;
T (l—r
lL—g M4 Np.

the axpectad langth of & soeffald =

{v) Suppose that seaffold Risas Aand numbars of sequane Rands par
soRffodd mra iid respectivay.

14 (4N — 1)g T&

E{numbar of apparent A in 8 soaffold} = -7 %4 Np
(Bl 2y Gl c"'”‘}l]

; Il T
E{=za of an spparmnt SAMG} = Ei|[ﬂ:?1}e-ﬂﬂﬂ_lﬁp )

1 34| N

Progf

(i) The total comerage by seaffolds depends only oo the underlying
cmfiguration of clones. Hence

E{total coverage by smffolds}

= FE{total coverage by actual islands with the same sat of clones}
1—g A

(ii] Since the scaffold process has intensity Ap(t]. the number of scaf-
folds etarting in ((1.{7] ir & Paoeeo random variable M, with
mmnf.lp(tjdt:ﬂp. Ta acemuint for the edge affect of the fi-
nite case, an additional scaffold should be added when the arigin
1118 covered by same ecaffald beginning befora (1. S0 E{number
of eeaffolde} = H 11 is covered] + M]=1—-¢ A M

(iii] Sew Methods [Section 4] for the derivation of ;.. The econeapt
of effective peaffolds allows the translation of cmmplete comrage
by e emifold to the computationally simpler event of hasing
a unique [effective] scaffold. In other waords, m. = Pr{Number
of affective seaffold = 1}, This dietinetion i typically mgnificant
gince thers are uenally small ecaffolds or mEngleton clones “em-
bedded® in the larger scaffald of complete coverage. Consider the
finite correction for the edges similar to counting ecaffolds, and

10}
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(iv)

(=]

lat V. be the number of afectime oeaffolde beginning in (11, {7).
N~ Poigron(Ne, ).

Pr{Number of effective scaffolds = 1}
= Pr{ll is covered and V. = 1} + Pr{fl iz not covered and &. =1}
[L—& g V8 g M Np, g Ve p N0

The expected scaffold order can e oomputed eamly by the ratio
af clome and eeaffold proceses Af(Ar] = 1fp. We approvimate
length. By definition, effective smffolds are either disjaint or
with artual overlaps mogtly limited to £ — & mines further oaver-
lapa require mecessive clone inter laming with negligible probabidl-
ity. Ba

E{total length of seaffold cowerage} - E{E effective scaffald lengthe}
Amuming scaffold sizes are {id,

(7 [botal coverage] 7. (L—& A
E{seaffold length} & G rber of dfecive scafflds] — L—n A&+ Npp-

By the definition of apparent SMs and the iid. asmmption
an the number of sequence islands in each scaffold,

E{No. of apparent 8M(3s per scaffald } E{No. o scaffalds}
L+ (2N — 1)s BE
lL—g M4 Np

The iid. scaffold assumptions and apparent S mives imply
that

- L

E{apparent Shi(3 siza} E{Na. of apparent SM{= per scaffald}
= FE{pcaiffold mize — total length of sequence islands per scafold}.

—HAE}

E[scaffald length} — — o 20 2

E{Ma. of sequence inlands }

L

3{No. of scaffalds]

Sa E{apparent SM(] mza} =

Gifl e~*y [l e0AsY
1 et | Ng, ~ 1 e | Nn

11BN {32
1?5 Na

11

E{MNa. of apparent SM{3s in a ecaffald}
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Figure 3. Comparison of theoretied prodictions of the expocted surnber of
scafilds bo sinilation resalts. [A) Each siolated point ia the averape of 500
independent simnulations of the PL clone sequetweing projoct at the Berloeley
Drosopthila Genore Project: ¢ = 80 kb, T = 25 by, and dose liteary of
empitical F() and Fg() with L = 3331 tp, op = 575 hp, E = 474 bp,
g = TF tp. Sinolaions were cartied out with conatant clotw sard ciwd-
scquetwse tead lengtha [ ), cnpitical dotwe lengths and coratant read lengtha
(&), atd ernpirieal clone and resd lengthe (o). The groody igland formnula
with cotebant clotw: atd resd lengths from [6] atd actual imland formnula
from [§] are plotted for teference. (B} Cotparison of sinmlations to the
theorctical fortmila using different approadoation for pt). Each simulated
point reprefent the average of NN sivmilations of 4 froject with & =80k,
T =25 bp, constant rend length B = 5N by, and an equal sdxturee of o
cotetant cawe spocied of § b and 2 11:‘5:



Figure 1 and 4 compara the thenretical prediction in Theorem 1
to pimulated results for the expected number of seaffolds and amerage
ecaffold mize in bp umng two different pets of parameters. In each
mimulated paired-end sequencng project. the locations of clones were
repremernted as iid draws from auniform distribution on theintegers
£ [0, {7 — L]; sizes of clones and end-sequens read lengths were aither
canetant ar ii.d. samples of the coresponding empirical distribution
an nobed.

Covmting scaffeld contlgg In practice, messures of reffold cor-
fige are usually observed inetesd and they are betber indieatore for the
project progress. A soaffold eoniiy eocludes singletone and refers to a
ecaffold eontaining multiple clones. An easy modifieation to Theorem
1 can be derived foar seaffold contigs.

Theorem 2 [Formula for scaffold contigs)
With tha same potstion And asum piioan 85 in Theoram I,
{§) The probebility that 8 clone sarting &t ¢ doas pot overlap re-
meining clonas &t tha ands,
rt)=r =g BI3RE (7]

fii) The axpactal numbar of seafold contige = [1 —& (1 —r) 4+
Np-r).

i ] = ﬂ.[i
(iii} The axpacted langth of & scalfald contiz = o= ey oiaE o

E_'”"]I I-E_"”"

. . 1 i BT 1 —-AL
fir) 13{Na of apparent SA(x par scafald contig = | [i[?'.'l' e}:-f-}['l :}I[I?lf[p r}: Ny _

{v) E{=iza of an apparent SA{(7 in & Aoafold conkig) =

Gl e=*2Y Le 3380 gl 98 SEp[l e~ 1K)
N e-3e Qe fIN@D
TIEN Te-®5 &l e N}

e i o INE 5

Pranf
[i] SeeMethods [SBection 4] for the derivation of r[£].

(ii] A clme starting at ¢ begins a scaffold cootig with probability
mt] — v(1] by definition of seaffolds and eomtige. So the number
of peaffold eantige starting in (11.47), V., is a Poimon randam

13



)

Sequence Coverage (2NE/G)
2 3

80

Average Island Size in kb
40
1

Theory
o Simulated: emp L, E
“ Simulated: const E, emp L
+ Simulated: const L, E
o
«
T T T T T
0 100 200 300 400

Number of Clones
Scaffolds by end sequence overlaps;
G = 80kh. E{L} = 3331hn. sd(L)=575 hn. E = 474 bn. sd(E) = 77 bo. T = 25bp

(B)y 10t
8
— simulation
— — formula (3)
— - formula (4)
7 — — formula (5)[{
— formula ()
6 4
=
=2
EH 1
2
8
-
L2
5 il
°
>
@
o}
&3 4
2 4
1 4
0 I I I I 1
0 1 2 3 4 5 6

sequence coverage
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tiala (3) for ge. The patamckers are the samne a0 Figore 3{A). (B) Cotnparisos
of fortnula [(3}-(6) for g, weing paratcters a8 in Figure 3(B).
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wariable with mean V(p(t] — =(t]]. With a similar edge-affect
carection to oounting oeaffalds, the mmber of seaffold contige
= 1{ is cmverad by a no-mEingleton clone] + Ve, and

E[No. of scaffold contiga} = (1 — & *)[L —r] + Np —r].

(iii) Fallowing the derivation of the expected length of a seatfold. and
arguing that scaffold contige are effective scatfolds, we hase

E{length of scaffald cmtigs}
E(tatal seaffold coversge — total comrage by acinal mingletons]
E{Na. of scaffald contigs}
{f[lL — & J‘I‘J —Lg WL
(L= EL -+ N(p—r]

(iv] By the definition of apparent S and scaffold contige,

E{Na. of apparent 8M{3 per scaffold eontig}
_ E{Na. of sequence islands — Nao. of singletmm ends in ({1, {7]} 1
E{Nao. of seaffold eontige}
L4+ (2N —1)a L& _ 1 — g 4 2N

(1—g )1 —r] + N(p—r]

1

(v) Following the argument far the expected sizs of apparent SH40
in a scaffald,

E{apparent SM{3 sive in a scaffald cantig}
, I{sequence imland in peaffold mntige]
E{ecaffald contig length} — 3{Na. of Hﬂﬁ'ﬁ contige]

E{MNao. of apparent 8M{s in a seaffold emtig)
G[1 em™) Le9% g1 9381 3Ee[l e~* | N}
Np. =55 A =301 ) 1N
1IN De-938 [l e-*& (N3
[l e=?=31 r)IN[@D =

3 Discussion

In this paper, we presented a Lander-Wabterman type analysis for
warique meamres of sequencing fmapping project progres uhilising a
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paired-and seqensing schame. Tha theoretical predictione yield eat-
infartory results when compared to simulations ueing parameters sim-
ilar to that were need in the Berkeley Drosophila Genom e Project and
Calera's Human (Genome Project.

The analyein and simulatione reveal an interesting feature of the
paired-end sequencnyg scheme: in terms of mean values of various
project progress measunes, varying end-sequence length (oF = f1] has
little effert on the progress of seaffolds (compared to eonstant length
cana gz = (1 with name &), wherass variahle clone length signifieantly
epeads up project progress (or = (] conpared to of =] with same 1)
even though it males no difference for forming actual islands. This is
readily explained, sinee end-sequence length contributes to seaffolds
in the form of eeqence islands, whosa mean number does not changs
by the variation of end sequence length. In oontrast, clone length is
the source of paired-end dependency, and varying done length indesd
increanes the pomibility of elone overlape at their ends to some degres.
It can be seen from the closed-form approdmation of e and 3 that the
emntribution of 7§ is bounded by the constant case, and hence o3 = 1]
awmelerates the growth of ecaffalds.

How abmit inecressing £, ar &7 What is the hest chaiee of L and &
for a project of vize (7? Langer & is obviously beneficial sinee it results
in mare esquence coverage and larger chance for end overlaps, but &
in umally limited by the sequencing technology. Currently & & RN —
£ bp for most large-scale sequencng oparatione ueing anbom abed
paquencers. Thue it reduces to the sdection of L/E. (Qiven fixed
E:E:N:Ji: lmger I yieds higher clome redundancy and less actual
islands, but the chance of clone overlap at the ends remain s nnchanged
if {7 2 L » AL, implying no effert on seaffolds. This phenomenan
can be eadily seen from the absence of L in r(t]. However, all project
progress measures are dependent on £, when efective genome sice
{7, = {7 — 1L in used in place of {7 as finite carrection for modecate
L {7 8o larger I, accderaten project progress as a result of ineressing
clmme intensity and a emaller region for seatfold ineluson.

In practice, the starting material for sequencing is naually a circular
clme fomed by vectar of sim ¥ and ineert DA of sime (7 (the real
eaquencing target]. For inotanme, 7 = A kb with 7 = 16 kb for a
Pl clone. and {7 % 1] kb with V" = 8 kb for a BAC clone. 8o the
Hubnlmﬂpruminbﬂnﬂitfiuanma]lyﬁ%andthaﬁnmimdnlma
han target ineert (i1, {7) and wector at both eides (—g:ﬂj LI &+
%J.ijim]lyuubdmmumﬁiﬂingmlymbmmquﬂnmmmﬂnﬂd
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out and emcluded from eombig amembly Thooe wector-ineert hybrid
mbclomes provide archoring information for mapping clmes. The
redd project progress shoild invalve subclnes aontaining at least some
ineert DN A (clones starting in (—L, (7] ). and scaffolds start in (11,07 —
L) far recovery of the sequencing target. With this modifieation. larger
L indead yidds faster project progress as a result of more mubdones
cantaining ineert DA, and a sharter region for scaffold inclusion.
Thin modifieation ineluding the vestor size also gives a morae realistie
prediction when applying the thearetical analymie to the real case. In
additim, a longer subclone library umally has & larger a‘} which alsg
helps the growth of scaffolds somewhat.

4 Methods

Propogtien 1 (H): Derivation of p(t) for I > 3F with nag-

liglhla clona suhsumption. The event that I starts a scaffald

can be decomposed into the following two disjoint events:

[44] @ tis uncovered by any clones and f; begine an actual island. This
event hae probahility & A

[Ag] @ tis internal to some clone L., and f; i unlinled to L: via their
ends.
In thin case. ¢ is covered only by clones which irierfmcear ercom-
paer L, without end owerlaps. In other words, clone L, interlaces
Lwhmes<at B <ttt Bt i, —Ep<satl, <
t+ Lz — Eip 8o they overlap but their ends do not (only happens
with Ly = Bip+ Bp + Fpand L, » Ez + Ep+ Bz ). Clme
L; encompamses £y when 2 + Eop < £ <4 L < a4+ L — Ecp ea
L; is pubsumed in the unsequenced portion of L.

Event Ay summarives the difference between actual islands and
ecaffolds by paired-end sequencing, and can be further broken down
into the following ewents:

Az =B[Nk NDa) UG NDynDa))
[4] ! no clone starting before £ overlaps Ly af the ends; and
[{] ¢ L interlaces pome clone £ 2 <&, ar
[(Ta] + Ly im pubsumed under some clme L, 2 < &

[fH] ! given H and {4, no end-sequences link K.p to fir andfor Bp
for an interlasing clone L
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[f}a] ¢ given H ¢, fH, no other complex linle exdst batween Bp. Bip
and E 5. E 5.

[£4] : siven H and {5, no end-sequences link & 5 to bip andfor &z
to Eir.

[B%] @ givem B 7y, &4, no other complex links exdst between & ;. & p

Pr{ i)} and Pr{E5} both & 1, sine given no direct bridge end-
sequences for twao interlacing or subsuming clones L. and L:, hawing
mare complex links would require many clones of very restrictive rangs
of length and loeation with emall probability. So

Pr{ds} = Pr{B,Ci}Pr{Ds}Pr{Da}+ Pr{B, (3} Pr{E:} Pr{ £}
= Pr{8 . {h}Pr{fh} 4+ Pr{O (a} Pr{fq}

In addition, far length distribution Fz(] with emall variance o1, clae

mbmmption is an unlilely event, and it miffices to calenlata Pr{ 4}

and Pr{D;} far Pr{dz} » (Pr{B]} — Pr{As}) Pr{Dy}.
A clone L, starting at & overlaps f; at the ends whenever

[Brz] + E.poverlaps B & <&+ L, and &+ L, — Bpp < ¢4 Big;
[Brr] @ Eop overlaps B & < s+ K7 and & < £4 By,
[Brg] : E.p overlaps Bip: t+ L —fyp < a+L, and a+0, —Eop <2+ Ly
[Brg] ' E.r owerlaps Bip: 2 < t4 Ly and ¢4 0y — Bip < a4+ B g
MNaote that Bpr. Brp. and Brzl |8y p are digjaint eventefar L > AE.
&0 the above has probability
gl#) = Pr{Bpr\/Bczl) Brrll Bca}
= Pr{Opz}+Pr{8z5}+Pr{8zz}+Pr{Bgp’\ Oz}
= Po{t—s<lo<t—at bt hopl+Prizr—t<ls <a—1t4 Hux 4 g}
+Pr{t—a < B a—t < Bz}
+Pr{t—ar=Bgora—t>Mnt—r—Mp <l —Le<t—a+4 Lig}
= E[fg(t —a+ B+ Ep) — Fr(t— 2|+ HEp (s —t+ Eig + Eg) — Fr(a—t]]

+1— Fg(ft — 4] +fFEIZIt—-‘=IJEl — FE(|t —# —d)) dH(d]

Now we can apply thinning arguments to derive Pr{H}: thin the
ariginal process by removing clones that do not eover ¢ and those
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do nat overlap I; atb the ends. So the thinned process has intensity
pls) = Jals] 1(s < #], and

Pr{8} = Pr{noewentsin [—nc.t] in the thinned process}
= wol- [ e}
— en{-AR[{ (- Faln) - (L Fal+ Fug + Eun)) ]
—I--{:I:l — Fglu))du—+ f-/: Fp(u)(l — Fg(ju —d|)) dudH(d))}
N 1 Eas
= axp|— [E[jn‘& (L —Fgw))de] 4+ &
-I-fj:n Fp(u)(l — Fg(|u —d|)) dudH(d])}

— ep{-AME+ f f’ Felw)(L - Fal(ln — 4)) dudd (d)}
= a{—{1+a)AE}
%fj:n EFg(u](l — Fg(|m —d|)) dudH(d).

The remaining compment is Pr{fH}. Lo(# < ] interlaces fo if

whers v

at+Er ottt By cadly—Epcat b ot 0 — Eg

M in a complicated avent that no remaining and-sequenes link &5
to Eip andfor E;p for an interlacing clme L, Instesd of trying to
analyse the clome lapouts that satiefy I}, we approdmate T4 by a
mim plar necemary event 7F L1 DY
[£¥] : no remaining feff end-sequence overlap K p - no clones start in
(r 4 Le — Bop — By, £+ L]
[1%] : no Efi end-sequences starting in (. £+ F;) overlap Bi7 nor Bp -
no clanes start in £, ¢+ Bz U (¢+ £y — Bxg, — By, t+ Ly — Bug).
The condition is restricted to the left end-sequences of remaining
clanes since 8 guarantess no right end-sequences can posmibly bridge
the ends of L., and f;. Let ¥ (:|t) denote the conditional distribution of
u =t —#given that £ interlaces L, ¥ (:|¢] ~ UTniform (mos( Sz, Lo —
Li+Eigp), L, — Eop — Bip). With similar thinning arguments.

PriD{} = a AR Rule 1 Ze ¢ Eddeg] _ o GG 0 Fslufid] _ ;g
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Pr{Di} = o METH Palf e f257501 Rals|Ds Bew (D) _ , 3AE,
Pr{D{nDi} = u;.{_.x(am_E[f(f:thtl—FE(a+Ln—E—EmJJd-E
+f :‘ (1 — Fglt+ Ex — Eap — €)) &) 8¥ (¢ — a)])}
= a:p{—é.lE+AE{f[f¢:|L e Eﬁil—FEEvJJdv
+ f" (L Fale]) o) 4¥ ()
= exp|—$AE+ AE{T][E f (1 — Fg(v]]du]}

— e 4B+ AE 4 AE )

Tlee firet moment approxdmation,

)

= E[{L, - Eg—Eg —Eg+ (A —FEp+ Eglla,vsy 5.} Y]
A {L—A4E - F[AL — Az)laa,)}
{L—HE—%EJ&L—&EH ! ginm Az — Ag is symmetric.

st il )
Sﬂ PI"[.D']_}' P M[ﬂﬂim_ﬂhq1.ﬂ—§1qﬂh—nﬁlj=ﬂ EJLE[ﬂ_E MJ

g
where 8 = 2 (E+ E)/(L—48 - %ma; — Ag])

Putting the compments together, we hame an approximabion (for-
mula 1] for p(t), the thinning probability of scaffalds by end overlape:

pltlme g BIoNE_ o Ay, o By o SAE)

Clogad form approxdmation for o and §. Hewrite nF an
fallows:

nE = f j: Fg(n)[L — Fg(n —d) | dudH(d)

= E-/@ Prif; < wu by = | —Ag|ldu for eome By, &y iid. ~ Fg
a
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= E_I:n Primaz(E; Az — Ey] <wu < Az + Ejldu
= E{la, 15, mxoldz+ 5 —Ey) —1a, 5 mxoldz— By — B}
= %Elﬂ;—ﬁzl —H[Az — By — Ef]la, E E»a]

Notice that

(E|AL —Ag|) +¥ar(|Ar—Ag|] = B{|Ar —Az[Y) = Var(Ar—Ag) = diHlos

So ﬂ[ﬁrf___+ J%_] in an upper bound for bath E|A; — Ag| and K.
Iuiﬂ:'tim:ﬂgmgﬂandﬂgﬁgﬂainm
ngmﬁr:fmpr{ﬂmxﬂm}dugfpr{ﬂm}m;:aa;
i o

5= _l: Pr{ B ki < [2+3)E= j: Pr{ ByL1B, b < _l: [P B1}+Pr{ B} dn = 4E.

Tharaefore
el + J%L"ﬂj

oA omin(l B '

E4airE y
L —AE — y/(s1+ag)s2

Propogtien 1 (ill): Derivation of p(i) for I > iF wih
clone snbsnmptiens. With the contribution of clone subsump-
ton,

Pr{ds} = Pr{B,c0}Pe{Dy}+ Pe{B, Ga} Pr{Er}
= p1 (Pr{B} —PriAs}) Pe{Dy} + (L —py) - (Pe{B} — Pr{d;}) - PrEi}

where 1 i8 defined as the conditimal probability that some clooe
interlaces I given ¢ is covered by some clone not overlapping Iy at the
endn [that either interlsres or encompamses f:]. Mote that Doz < &)
interlacen Iy when # £ f} = {a a2+ B <t < ¢4+ Bp < a4+ L, —
Ep a4+ Ly <t+ Is — e} and Lofs < £) encompasses L; when
sEbh={pt+Eg <t <t+Ly <o+l —Egp} B0

A & win(2 mazl 2 —

m = Pe{O3n48n(huce)}
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P PrlreFi}da
[ _PrzcFhar B}de
E * Fp(m)[Fr(n+ L; — Bn) — Friu+ B+ Ey)ldu

E_r;" Fe(wu)[Fp(u+ Ly — Ep) — Friuw+4 B+ Byl + 1 — Friu+4 L; + E)]du
In addition, following the argument of the calenlation of Pr{fh}. ap-
proximate 5y by &, U B
[&] : Eir can't ba extended by left end of other clnes;
[EY] : B,z can't ba ectended by left end of other clanes.

Pr{E} = Pr{E}4+Pr{E}—Pr{& &}

— g MAE L WE_ ME | fhIet s 0 Ralo) I En sidad¥i =

Taking all the components together, we hame Formuola (2]

plt] = Foamula (1] + (1 —p)(Pr{ 8} —Pr{A;})[Pr{E} - Pr{i}}]
= Formula (1) + (1 —m)(r B1oRE _ g A

[ AE g DE g BIAAE _ 08k, 1 Falel e B s sy

Thoorem 1 (iii): Dartvation of .(f). By the definition of an
effective seaffold, only one extra condition is needed for specfying an
effective scaffald 5; starting at ¢ in addition to above events A4 and
Az far ascaffold: when another scaffold S: starting at # < ¢ inberlaces
&;. 5, muet terminate before 5. In other words, the ending clone of
£y hans it right end-sequence E; falling in betwesn the ends of same
clme in 5. and no remaining left end-sequences extends £y, This
juet adds a factar of & 3 g the probability of event Ay, hence we
hawa Farmula ()
r.(t] = Pr{an effective ocaffold starts at £}
T ”‘E[H akl o Al aE':IJI:ﬂ—E '”‘EJ

Alternative approdmatione (Formula (4)-(6]] for pe can alsa ba
used. Formula (4] is a simple modifieation to Formmla (1), and just
uses Pr[f} & & “E for the fact that T, can not be extended to the
right for effective scaffolds 5;. Formula (k)] uses a modified Pr{f}4} &
Pr{i} —Pr{D{ MDDy} to mrrect for double cmunting thoese sngle-
tons L:. Farmula (f] uses the additional factor &z 2 — g [31A0E _
g [183E inptend to compensate for the fact that scafdld S, can not
be ectended to the right but done f: ean, ignoring those singletons
L.
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Thaoram 2 (1): Darlvation of #(f}). Comider the thinned pro-
ces in the derivation of Pr{8}. Then

r(t] Pr{no esents in [—ncz,0z) in the thinned process}
= exp(~ [ plajda}
= ex{tlg(Pr{B})} = n 612PE
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