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Anomalous Hall Crystals in Rhombohedral Multilayer Graphene I: Interaction-Driven
Chern Bands and Fractional Quantum Hall States at Zero Magnetic Field

Junkai Dong (董焌锴),1, ∗ Taige Wang,2, 3, ∗ Tianle Wang,2, 3, ∗ Tomohiro Soejima

(副島智大),1 Michael P. Zaletel,2, 3 Ashvin Vishwanath,1 and Daniel E. Parker2

1Department of Physics, Harvard University, Cambridge, MA 02138, USA
2Department of Physics, University of California, Berkeley, CA 94720, USA

3Material Science Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

Recent experiments on rhombohedral pentalayer graphene with a substrate-induced moiré poten-
tial have identified both Chern insulators and fractional Quantum Hall states at zero magnetic field.
Surprisingly, these states are observed in strong displacement fields where the effects of the moiré
lattice are weak, and seem to be readily accessed without fine-tuning. To address these experimental
puzzles, we study a model of interacting electrons in this geometry. Within self-consistent Hartree-
Fock (SCHF), we find an isolated Chern band with small bandwidth and good quantum geometry.
Exact diagonalization and density-matrix renormalization group calculations both confirm the band
hosts fractional quantum Hall states without a magnetic field. Remarkably, the Chern band is stable
at a wide range of angles, at four through six rhombohedral layers, at varying rhombohedral hopping
parameters, and — most strikingly — survives in SCHF when the moiré potential vanishes. In this
limit, the state spontaneously breaks time-reversal and translation symmetry simultaneously, giving
a topological crystalline state that we term the “anomalous Hall crystal” (AHC). We argue this is
a general mechanism to create stable Chern bands in rhombohedral multilayer graphene, opening
the door to studying the interplay between electronic topology, fractionalization, and spontaneous
translation symmetry breaking.

Tunable experimental platforms that host correlated
topological states are fertile grounds for exotic phe-
nomena. In recent years, a menagerie of candidates
have arisen, including twisted graphene multilayers [2–
32], twisted transition metal dichalcogenide (TMD) bi-
layers [33–65], and rhombohedral multilayer graphene
(RMG) [1, 66–85]. Topological phenomena have been
reported in RMG systems with NL = 2 − 5 layers, both
with [67, 68, 71] and without [66, 69, 70, 81] moiré poten-
tials due to an hBN substrate. A number of theoretical
studies have examined this hBN moiré potential [86–90]
and the resulting topological bands [82–85, 91, 92]. A
recent experiment [1] reported that rhombohedral pen-
talayer graphene aligned to an hBN substrate hosts a
|C| = 1 quantized anomalous Hall (QAH) insulator,
and a whole series of fractional quantum anomalous Hall
(FQAH) states that spontaneously break time-reversal
symmetry.

Finding Chern bands that are favorable to realize such
fractional states is an ongoing challenge [93–98]. In initial
realizations of fractional Chern insulators (FCI), mag-
netic field was necessary to induce [72], or improve the
Chern band [99, 100] in order to favor fractional states.
A zero-field fractional quantum Hall effect was only re-
cently realized in MoTe2 [37–40]. For all of the aforemen-
tioned systems, the Chern band has been understood at
a single-particle level, with interactions providing isospin
polarization and thence the fractional states [101–106].
In contrast, the origin and the character of the Chern
band in rhombohedral pentalayer graphene [1] has so far
been a mystery.

∗ These authors contributed equally.

In this work, we shed light on this mystery by nu-
merically solving the interacting many-body problem in
NL = 4 − 6 layer RMG with an hBN potential. Using
self-consistent Hartree-Fock (SCHF) calculations, we find
that interactions open a gap at filling ν = 1, stabilizing
an isolated |C| = 1 Chern band. Using exact diagonal-
ization (ED) and density-matrix renormalization group
(DMRG) calculations, we confirm that this Chern band
hosts an FQAH state.

The Chern band is remarkably robust to perturbations.
Crucially, it arises when the electrons are polarized away
from the aligned hBN substrate, which we refer to as
the “moiré-distant” case (Fig. 1(a)). It follows that the
Chern band is insensitive to many details; similar Chern
bands arise for different moiré potentials, different hop-
ping parameters, and for NL = 4−6 rhombohedral layers
(Fig. 1(c)). In fact, the Chern band persists even as the
moiré potential is turned off within our SCHF calcula-
tions (Fig. 1(b), 3(a)(d)). This is reminiscent of the “Hall
crystal” phase proposed in [107, 108], where electrons
in a magnetic field crystallize into a state with nonzero
Hall conductance. Thus, we propose that the Chern in-
sulator at ν = 1 is an anomalous Hall crystal (AHC)
state that spontaneously breaks both continuous trans-
lation symmetry and time reversal symmetry (with the
moiré potential providing a pinning field). This estab-
lishes an entirely new mechanism for Chern band forma-
tion that arises from the interplay of translation breaking
and topology.

Microscopic Model— We consider a model [109, 110] of
RMG with a moiré potential [86] due to an hBN substrate
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FIG. 1. (a) Side view of rhombohedral pentalayer graphene
aligned to an hBN substrate on the bottom with a twist angle
θ. The potential uD > 0 polarizes electrons away from the
hBN, making them “moiré-distant”. (b) The energy differ-
ence per electron between a graphene translation symmetric
metal and an anomalous Hall crystal (AHC) within SCHF as
a function of uD in rhombohedral pentalayer graphene at zero
moiré potential V1 = 0. The AHC is the ground state beyond
uD = 25meV. Typical charge densities ρ(r) (lower right)
show spontaneous translation symmetry breaking in the AHC.
(c) Phase diagram of rhombohedral multilayer graphene for
NL = 4 − 6 layers with phase boundary from SCHF. The
critical displacement field u∗

D decreases with increasing NL.
Yellow star: estimated experimental parameters [1].

at twist angle θ (Fig. 1(a)):

Ĥ = ĥkin +
∑
q

U|q|

2A
: ρ̂qρ̂−q :, Uq =

2π tanh(qd)

ϵrϵ0q
, (1)

where ρ̂q is the density operator at momentum q, A is
the sample area, normal ordering is relative to the charge
neutrality gap of RMG in the presence of displacement
field, and the screened Coulomb potential U|q| has gate

distance d = 250 Å and dielectric constant ϵr = 5.
The kinetic term in the K-valley takes the form

hkin = h
(NL)
RG + hD + VhBN, (2)

where h
(NL)
RG is a standard model [68] for NL-layer rhom-

bohedral graphene with in-layer and interlayer hoppings
t0−4. The displacement term [hD]ℓℓ′ = uD(ℓ− 1− (NL−
1)/2)δℓℓ′ creates a potential difference of uD per layer
with the zero point in the middle. Physically, uD > 0
polarizes electrons in the conduction band away from
the hBN moiré potential. The potential acts on the bot-
tom layer as VhBN(r) = V0σ

0 + V1f(r, ψ) · σ, which is
a sum of first harmonics with strength V1 and phase ψ,
plus a layer potential shift V0 (σµ are sublattice Pauli

matrices). While a variety of models have been proposed
for VhBN [86–89], our focus is on the moiré-distant side
uD > 0, which we find is largely VhBN-independent. As
the displacement field and moiré potential break C2x and
Mx symmetries of standalone RMG, the moiré Hamil-
tonian Ĥ retains only C3z rotation, time-reversal, and
moiré translation symmetries. See App. A [111] for com-
plete model details.

Interaction-Induced Chern Band— To understand
the origin of the Chern insulator, we performed self-
consistent Hartree-Fock (SCHF) calculations on up to
48×48 moiré unit cells. We project the NL = 5 graphene
layers to the lowest 7 conduction bands, which is well-
controlled whenever |uD| is sizable. The relevant Chern
insulator recently observed in rhombohedral pentalayer
graphene was at electron filling ν = 1, which suggests
a flavor polarization into a single species. Therefore we
assume polarization to a single valley and spin flavor.

We first consider θ = 0.77◦ and uD = 50meV,
estimated to match the displacement field D/ϵ0 =
0.81V/nm that stabilizes the QAH insulator experimen-
tally [112]. The single-particle band structure of moiré-
distant electrons (Fig. 2(b)) does not have a direct gap
above the first band. Within SCHF at ν = 1 (Fig. 2(c)),
we find interactions open a gap, where the occupied band
(red) has strictly positive Berry curvature (inset) and
Chern number |C| = 1. We refer to this as the AHC
phase, for reasons justified below. Its narrow 6meV
bandwidth and favorable quantum geometry, discussed
below, make it eminently suitable for fractional topolog-
ical states.

Phase Diagram at ν = 1— Fig. 2(a,e) shows the phase
diagram of moiré rhombohedral pentalayer graphene at
filling ν = 1. On the moiré-distant side uD > 0, the
AHC phase is stabilized over a broad range of twist an-
gles and displacement fields near the experimentally rel-
evant point (yellow star). Decreasing the displacement
field drives a transition into a metallic phase, consistent
with experiment [1]. Reducing the twist angle θ instead
drives a transition to a C = 0 insulator that we call a
“Wigner-like insulator” (WLI), based on its charge dis-
tribution ρ(r). The band structures of a representative
WLI state is shown in Fig. 2(g). The charge density of
the state (Fig. 2(h)) shows that ρ(r) varies strongly in
the WLI, with peaks on a triangular lattice, reminiscent
of a Wigner crystal. Its single-particle band structure in
Fig. 2(f) reveals the origin of this charge density varia-
tion: at the γ point, the backfolded bands decrease in en-
ergy as θ decreases, bringing many within 30meV of the
minimum. These bands may then be strongly mixed by
interactions, selecting the configuration that minimizes
Hartree energy, i.e. a triangular lattice. Conversely, the
AHC has a more uniform charge distribution without dis-
tinct peaks (Fig. 2(d)).

We comment briefly on the moiré-proximate side uD <
0, where the dominant phase is a C = 0 insulator.
Though consistent with experiment [1], we caution that
this phase governed by details of VhBN, and Fig. 3(b)
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FIG. 2. (a,e) The phase diagram of moiré rhombohedral pentalayer graphene as a function of the interlayer potential difference
uD, and the twist angle θ. The colors label the Chern number of the SCHF ground states, with gapless regions shown in white.
On the moiré-distant side (uD > 0), the anomalous Hall crystal (AHC) phase has C = 1, whereas the Wigner-like insulator
(WLI) has C = 0. (b,f) Non-interacting band structures at the yellow star (uD, θ) = (50meV, 0.77◦) and purple triangle
(uD, θ) = (50meV, 0.2◦). Inset in (b): plot of the moiré Brillouin zone. (c,g) SCHF bandstructure at ν = 1, finding an AHC
and WLI at the yellow star and purple triangle respectively. Insets: Berry curvature Ω(k) of the occupied band. (d,h) Charge
densities ρ(r) of the AHC (d) and WLI (h). The AHC charge density resembles a honeycomb lattice, whereas the WLI charge
density resembles a triangular lattice.

shows that varying the moiré potential strength and
phase can drive a transition to a metal or even a Chern
insulator. Models incorporating lattice relaxation [89],
other ab initio modelling [88, 113], and comparison with
experiment [90] may be required here. [114]

Robustness of the Anomalous Hall Crystal— The AHC
state is robust to a wide range of perturbations. In
Fig. 3(c), we show the Chern number as a function of
uD and dielectric constant ϵr. The AHC state survives
up to ϵr ∼ 15 for a range of uD, showing that relatively
weak interactions are sufficient to stabilize it. Fig. 3(a,
d) shows the moiré-distant charge gap as a function of ϵr
and moiré potential strength V1 and phase ψ. The charge
gap increases with interaction strength, but is essentially
independent of the moiré potential. The charge gap is
peaked near uD ≈ 55meV at θ ≈ 0.77◦, despite the ef-
fective moiré potential decreasing monotonically with uD
(see App. B [111]). Conversely, tuning V1 and ψ changes
the ground state on the moiré-proximate side (Fig. 3(b)).

Remarkably, the AHC phase does not require a par-
ticular number of rhombohedral layers. Fig. 1(c) shows
SCHF ground state at ν = 1 for NL = 4− 6 layers, with
an |C| = 1 AHC phase appearing in all cases at large uD.
Moreover, the critical u∗D decreases significantly as the
number of layers increases, easing the experimental re-
quirement of a large displacement field D ∝ uD. Finally,

the phase diagram is robust to modelling differences in
the hopping parameters of rhombohedral graphene. For
instance, we show in the Supplemental Material that the
AHC remains when all further neighbor hoppings ti≥2

are set to zero.

Spontaneous translation symmetry breaking— The re-
silience of the |C| = 1 phase to the change in moiré po-
tential raises a natural question: Is the moiré potential
necessary at all for stabilizing the state? We now argue
that within SCHF the ground state is an anomalous Hall
crystal [107, 108] that spontaneously breaks translation
symmetry.

We consider the Hamiltonian with zero moiré poten-
tial. Under this condition, SCHF calculations at n ≈
0.93 × 1012cm−2 find a ground state with spontaneously
broken graphene translation symmetry, which has much
lower energy than (metallic) graphene-translation sym-
metric states when uD > 25meV (Fig. 1(b)). We note
that the AHC state is most stable compared to the metal-
lic phase around uD = 55meV, which is consistent with
our estimate for the experimental displacement field and
where the charge gap reaches maximum.

The AHC state is a compressible state in the clean
limit, since the lattice constant can change continuously.
However, a small spatially-varying potential or disorder
can pin its periodicity [108], whereupon its nontrivial
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FIG. 3. (a) The featureless charge gap of rhombohe-
dral pentalayer graphene at ν = 1 on the moiré-distant side
(uD = 50meV) as the moiré strength V1 and phase ψ vary.
(b) Same on the moiré-proximate side (uD = −50meV), with
a trivial insulator separated from a small Chern insulating
phase by a metallic region. (c) The Chern number with re-
spect to uD and dielectric constant ϵr on the moiré-distant
side, showing the AHC survives to relatively weak interac-
tion strengths near uD ∼ 50meV. (d) The charge gap at
uD = 50meV versus moiré strength V1 and dielectric ϵr. The
AHC phase reaches V1 = 0, demonstrating interaction-driven
spontaneous translation symmetry breaking. All data from
SCHF at θ = 0.77◦.

Chern number can be revealed through the Streda for-
mula and Hall conductance. This is likely the role played
by moiré potential in experiment [1]: both the topology
and the charge gap of the ground state are determined
by the interaction effects that are already present in the
moiré-less limit, but the moiré pinning field stabilizes the
crystal at ν = 1.

Fractional quantum anomalous Hall (FQAH) effect—
One of the main features of the experimental discovery [1]
was a full series of FQAH states found at fractional fill-
ings in the absence of magnetic field. Employing exact
diagonalization (ED) and density matrix renormalization
group (DMRG) calculations, here we numerically con-
firm that partially filling the Chern band generated by
the AHC gives us FQAH states.

Recent progress on the study of FCI phases has em-
phasized the role of quantum geometry [51, 116–131],
in addition to flat dispersion [93–95, 132–134]. Small
trace condition violation T =

∫
d2k(Tr(gFS(k)) − Ω(k))

gives a band suitable for finding FCIs. Here, gFS(k) is
the Fubini-Study metric, and Ω(k) is the Berry curva-
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FIG. 4. (a) Band conditions of the AHC phase as a func-
tion of uD. Both the bandwidth and the violation of trace
condition are minimized near uD = 50meV. (b) Many-body
spectrum from ED on a 4× 6 system at ν = 2/3. Inset: spec-
tral flow of the three degenerate ground states, a signature of
the FCI ground state [93–95]. (c) The FCI gap at ν = 2/3
as a function of uD obtained in ED. The FCI gap is nonzero
around 40 to 55 meV, and gives way to metals beyond this
regime due to large bandwidths. (d) Entanglement spectrum
obtained in DMRG at ν = 2/3 with Ly = 8. The parti-
tion number counting of states below the entanglement gap
is consistent with the chiral edge modes associated with the
Laughlin states, confirming the state is an FCI [115]. Param-
eters: (uD, θ) = (50meV, 0.77◦) unless specified.

ture. The AHC band has both flat bandwidth and rela-
tively small trace condition violation (Fig. 4(a)), making
it likely to host FQAH phases. Indeed we find that a
Laughlin state appears at ν = 2/3 of the AHC band, with
clear signatures from both ED (Fig. 4(b)) and DMRG
calculations (Fig. 4(d)). These calculations [111] are done
in the many-body Hilbert space of the lowest SCHF band
at ν = 1, assuming spin and valley polarization, which
numerically biases the formation of fractional topological
states. The FQAH phase yields to a competing metallic
phase at small and large uD (Fig. 4(c)). The FQAH
state is likely a ground state in the spin- and valley-
polarized sector. Similar to the case in the lowest Landau
level [135–137], this state is likely in competition with a
spin-unpolarized state, which merits future investigation.

Examining the stability of the FQAH phases down to
the zero moiré potential limit is an excellent topic for
future studies, where we expect competition between an
FQAH phase with the same unit cell size, versus Wigner
or anomalous Hall crystals with larger unit cells. Exper-
imentally, the existence of the ν = 2/3 plateau points
to the realization of the former scenario, at least in the
weak moiré potential limit, while a profusion of insulat-
ing states at smaller densities [1] might be due to the
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latter scenario.
Discussion— We have demonstrated the existence of

the AHC phase within SCHF calculations. While such
a phase can be stabilized in principle, SCHF is known
to overestimate the tendency to crystallize, for example
in Wigner crystals [138]. Pinpointing the location of the
phase boundary between the AHC and the metal with
more sophisticated techniques (just as variational Monte
Carlo is used in the jellium model [139–141]) is left to
future work. We note that the AHC phase at the op-
timal uD survives even after decreasing the interaction
strength by a factor of three (Fig. 3(c,d)), hinting at the
robustness of the phase beyond mean-field theory.

The interpretation of the Chern state as an AHC clar-
ifies an experimental mystery. Experimental phase di-
agrams in [1] are strongly asymmetric between positive
and negative displacement fields D, suggesting that the
hBN is only aligned on one side (Fig. 1(a)). Compar-
ing experimental data at ν = 4 [1] to SCHF calcula-
tions of the charge gap [111], we independently infer that
Chern insulator appears when the electrons are polarized
away from the hBN potential (moiré-distant) instead of
towards the hBN potential (moiré-proximate). We also
predict that AHC in samples without moiré would have
a characteristic density pattern and σxy = e2/h over ex-
tended density ranges.

The ubiquity of the AHC phase in our phase diagram
hints at a universal physical mechanism stabilizing the
formation of a Chern band, while the relatively uniform
charge density of the AHC state points to a translation-
breaking mechanism different from that of the Wigner
crystal. A deeper analytic understanding of the origin of
the AHC phase is clearly needed, which will be addressed

in a forthcoming work [142].
Note added— Towards the completion of the project,

four interesting related papers [143–146] were posted,
which agree with our finding in the areas of overlap.
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imprinted superlattice, 2023.

[145] Zhongqing Guo, Xin Lu, Bo Xie, and Jianpeng Liu.
Theory of fractional Chern insulator states in penta-
layer graphene moir\’e superlattice, December 2023.
arXiv:2311.14368 [cond-mat].

[146] Yves H. Kwan, Jiabin Yu, Jonah Herzog-Arbeitman,
Dmitri K. Efetov, Nicolas Regnault, and B. Andrei
Bernevig. Moir\’e Fractional Chern Insulators III:
Hartree-Fock Phase Diagram, Magic Angle Regime for
Chern Insulator States, the Role of the Moir\’e Poten-
tial and Goldstone Gaps in Rhombohedral Graphene
Superlattices, December 2023. arXiv:2312.11617 [cond-
mat].

[147] Guorui Chen, Aaron L Sharpe, Patrick Gallagher,
Ilan T Rosen, Eli J Fox, Lili Jiang, Bosai Lyu,
Hongyuan Li, Kenji Watanabe, Takashi Taniguchi, et al.
Signatures of tunable superconductivity in a trilayer
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Appendix A: Details of the Microscopic Model

This appendix fully specifies the models discussed in
the main text.

1. Rhombohedral Graphene

Let a ≈ 2.46 Å be the lattice constant of graphene and
consider real space and reciprocal lattices spanned by

R1 = (a, 0) , R2 =

(
1

2
,

√
3

2

)
, (A1)

G1 =
2π

a

(
1,− 1√

3

)
, G2 =

2π

a

(
0,

2√
3

)
. (A2)

For N -layer Rhombohedral graphene [109, 110] (see
also: [68, 113, 147–149] and references therein), consider
pz orbitals of carbon at positions

rA,ℓ =

(
0,
ℓ− 1√

3
a, c

)
, rB,ℓ =

(
0,

ℓ√
3
a, c

)
(A3)

for layer ℓ ∈ [1, NL] with inter-layer spacing c. Let
the nearest neighbor vectors be δn = Rn2π/3(0,

1√
3
a)T

for n = 0, 1, 2 where Rθ is the counterclockwise ro-
tation matrix by angle θ. Below we index sublattice
by σ ∈ {A,B} = {−1, 1}. We define standard high-
symmetry pointsK = 2

3G1+
1
3G2 andK ′ = 1

3G1+
2
3G2.

For each orbital, we have a corresponding second-

quantized Fermion operator ĉ†R,σ,ℓ = ĉ†(R + rσ,ℓ). Its

Fourier transform is ĉ†kσℓ = N− 1
2

∑
R e

+ik·(R+rσ,j)ĉ†(R+
rσ,ℓ), with normalization so that it obeys canoni-
cal commutation relations {ĉkσℓ, ĉkσ′ℓ′} = δσσ′δℓℓ′ .
The Hamiltonian for N -layer rhombohedral graphene is

ĥ
(NL)
RG =

∑
k∈BZ ĉ

†
kσj

[
h
(NL)
RG (k)

]
σj,σ′j′

ĉkσ′j′ where

h
(NL)
RG (k) =



h
(0)
ℓ h(1) h(2)

h(1)† h
(0)
ℓ h(1) h(2)

h(2)† h(1)† h
(0)
ℓ

. . .
. . .

h(2)†
. . .

. . . h(1) h(2)

. . . h(1)
†
h
(0)
ℓ h(1)

h(2)† h(1)† h
(0)
ℓ


(A4)

which is a matrix in layer space with entries in sublattice
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space

h
(0)
ℓ (k) =

(
uAℓ −t0fk

−t0fk uBℓ

)
(A5a)

h(1)(k) =

(
t4fk t3fk
t1 t4fk

)
(A5b)

h(2)(k) =

(
0 t2

2
0 0

)
(A5c)

fk =

2∑
i=0

eik·δi . (A5d)

We take graphene hopping t0 = 3.1 eV and vertical inter-
layer hopping t1 = 380meV. Following e.g. [150] we take
higher hopping parameters (t2, t3, t4) = (−21, 290, 141)
meV. Finally, uσℓ are on-site potentials that reflect in-
ternal and external displacement fields. Although their
value varies with layer [149] to partially screen applied
electric fields, for simplicity we consider fields with a uni-
form potential difference per layer uD:

uσ,ℓ = uD

(
ℓ+ 1− NL − 1

2

)
. (A6)

Aside from lattice translation, the model enjoys the
following symmetries

h(k) = h(−k) (Time reversal) (A7a)

h(k) = h(C3zk) (Three fold rotation) (A7b)

MC2x
h(k)M−1

C2x
= h(C2xk) (Two-fold x-rotation)

(A7c)

h(k) = h(Mxk) (Mirror) (A7d)

VGh(k)V
†
G = h(k +G) (G-translation) (A7e)

where time-reversal acts anti-unitarily, C2x reverses lay-
ers as [MC2x

]σℓ,σ′ℓ′ = δσ,−σ′δℓ,N−(ℓ′+1), and other sym-
metries have trivial orbital part. We note that the
last equation is not a symmetry per se, but simply
a constraint on the Hamiltonian with [VG]σ′ℓ′,σℓ =
δσσ′δℓℓ′e

iG·rσ,ℓ , reflecting the unit cell embedding.

2. Moiré Rhombohedral Graphene Hamiltonian

The direct lattice of the hBN substrate is is generated
by

R′
j =MRθRj ; M = (1 + ε)I (A8)

where Rθ is counterclockwise rotation by θ and ε =
ahBN/aGr ≈ 1.018. We takeG′

j such thatR′
j ·G′

k = 2πδjk
as usual.

Define moiré reciprocal lattice vectors

gj = Gj −G′
j = [I −M−1Rθ]Gj , (A9)

with corresponding direct vectors aj · gk = 2πδjk whose
moiré superlattice period is

LM = |aj | = a
1 + ε√

ε2 + 2(1 + ε)(1− cos θ)
(A10)

and where the lattice scale mismatch rotates the moire-
Brillouin zone so that a1 is rotated clockwise from the x
axis by an angle

ϕ = arctan

( − sin θ

1 + ε− cos ε

)
. (A11)

As θ changes from 0 to 1, the superlattice scale changes
only gradually, but ϕ rotates quickly, as shown in Fig. 5.
To conveniently express C3-symmetric quantities, fur-

ther define g3 = −g1 − g2 and likewise for G3,G
′
3. We

then have high-symmetry points at

γ = KGr, κ+ = γ − 1

3
g1 +

1

3
g2,

κ+ = γ − 2

3
g1 −

1

3
g2, µ = γ − 1

2
g1.

(A12)

Crucially, we have taken the center of the moiré Brillouin
zone γ to be at the K-point of graphene.

4.1 4.2 4.3

kx [a−1
Gr ]
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x
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−
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r
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moiré-BZ Geometry θ = 0.77◦

g1

g2

γ
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µ

FIG. 5. Geometry of the moiré Brillouin zone at θ = 0.77◦.
The dashed line is the Brillouin zone of (unrotated) graphene,
and the gray rectangle is the Brillouin zone used for DMRG
(see text).

We may now express the moiré potential generated by
the hBN substrate. We assume that the moiré potential
of the hBN substrate only affects the closest layer. We
follow [86] (which uses an opposite valley convention), we
have

VhBN(r) = V0σ
0 + V1f(r, ψ) · σ, (A13)

where

f(r, ψ) · σ = e−iψ
[
eig1·r

(
1 1
ω ω

)
+ eig2·r

(
1 ω2

ω2 ω

)
+ e−i(g1+g2)·r

(
1 ω
1 ω

)]
+H.c.

(A14)
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Unless otherwise stated we take values (V0, V1, ψ) =
(28.9meV, 21meV,−0.29) following [86]. The Hamilto-
nian in the K ′ valley is defined via time-reversal symme-
try.

3. Many-Body Hamiltonian

Let the single-particle eigenstates be given by

ĥkin |ψkτsb⟩ = ϵkτsb |ψkτsb⟩ (A15)

where τ ∈ {K,K ′} = {−1, 1} labels valley, s ∈ {↑, ↓} =
{−1, 1} labels spin, and b labels bands. Consider creation
operators

c†kτsb |0⟩ = |ψkτsb⟩ , {ckτsb, ck′τ ′s′b′} = δkk′δττ ′δss′δbb′ .
(A16)

We consider the interacting model

Ĥ = ĥkin +
1

2A

∑
q

U|q| : ρ̂qρ̂−q :, Uq =
2π tanh(qd)

ϵrϵ0q

(A17)
where Uq represents Coulomb interactions screened by

both top and bottom gates at a distance of d = 250 Å.
To make the Hilbert space tractable, we restrict to

a limited number of bands Nb above charge neutrality.
(Alternatively one could use a plane-wave basis and use
some number of shells of Brillouin zones around the first.)
More explicitly, we work with the projected density op-
erator,

ρ̂q =
∑
k

∑
α,β

∑
b,b′<Nb

ĉ†kαb ⟨ψkαb|e−iq·r|ψk+q,β,b′⟩ ĉk+q,β,b′

(A18)
where α, β index valley, spin, and b, b′ labels band. In
some contexts such as twisted bilayer graphene, the op-
eration of restricting to low-energy bands is fraught with
difficulties due to double-counting of interaction effects,
necessitating procedures such as “Hartree-Fock subtrac-
tion” [100, 151] or more sophisticated renormalization-
group treatments [152]. Happily, here these issues are
ameliorated in the limit where the displacement field
opens a gap comparable to or larger than the interac-
tion strength. In that case, the insulating state at charge
neutrality is a natural choice of vacuum. The operation
of integrating out the “remote” higher-energy conduction
bands Nb+1, Nb+2, . . . , and valence bands at mean-field
level is equivalent to simply restricting the band indices
in all sums in Eq. (A17). We note, however, that beyond-
mean-field effects like RPA-level screening from remote
bands could substantially influence the system. This is
often captured at a phenomenological level by increasing
the relative dielectric constant ϵr.

Appendix B: Details of the Hartree-Fock calculation

We use standard self-consistent Hartree-Fock calcula-
tions to obtain the SCHF ground state of the electronic

system.

1. Numerical Setup

As usual, we consider single-particle density matrices

P (k)αβ = ⟨c†kβckα⟩, where α and β are collective in-
dices for valley, spin, and band. These density matrices
are in one-to-one correspondence with Slater determinant
states. We define the Hartree and Fock Hamiltonians as

hH [P ](k) =
1

A

∑
g

VgΛg(k)

(∑
k

Tr[P (k)Λg(k)
†]

)
(B1a)

hF [P ](k) = − 1

A

∑
q

VqΛq(k)P ([k + q])Λq(k)
† (B1b)

where [Λq(k)]αβ = ⟨ψkα|e−iq·r|ψk+qβ⟩ are form factors,
and are treated as matrices whose labels are identical to
the single-particle ones. The sum over g runs over recip-
rocal vectors while q runs over all momentum transfers.
Via Wick’s theorem, the energy of the Slater-determinant
state is

E[P ] =
1

2
Tr[P (2hkin + hH [P ] + hF [P ])] (B2)

where the trace is over momentum and all other band
labels.
To differentiate different ground states obtained in HF,

we compute the Chern number and the HF gap. We re-
gard any states with gap ∆HF < 5meV as a metal. For
insulators, we show their Chern number in the phase di-
agram. We note that AHC and WLI have identical sym-
metry and therefore cannot be probed individually within
HF by fixing symmetry. Instead, we use 50 random seeds
and a few physically motivated seeds to ensure a global
minimum is found and the phase boundary between AHC
and WLI is better resolved.

2. Hartree-Fock Convergence

We comment briefly on the stringent criteria we have
used to ensure convergence of our SCHF numerics.
We use the optimal-damping algorithm (ODA) to con-

verge to states satisfying the self-consistency condition

[P, hkin + hH [P ] + hF [P ]] = 0 (B3)

to tolerances approaching the square root of machine pre-
cision (i.e. machine precision in E[P ]). We use both rect-
angular and Monkhorst-Pack grids with 24×24, 30×30,
36×36, or 48×48 unit cells, depending on the sensitivity
of the state to finite-size effects. We impose C3 symmetry
explicitly in the Monkhorst-Pack case, but find compa-
rable results in both cases for sufficiently large system
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FIG. 6. Details of the SCHF state at ν = 1. (Left) Dispersion. (Middle) Berry curvature. (Right) trace condition violation.
Parameters: (uD, θ) = (50meV, 0.77◦), 48× 48 unit cells.

sizes. We ensure that the range of momentum transfers
q considered is sufficiently large to converge the energy
of the state, out to several Brillouin zone distances. To
avoid non-global minima, we initialize SCHF in a variety
of states for each parameter point, often using a mix of
physical ansatzes as well as random initial states. We
also assume electrons are spin- and valley-polarized.

We now detail the convergence of our SCHF calcula-
tions as a function of the number of k-points and the
number of single-particle bands. Fig. 7(a) shows the
ground state energy per electron within SCHF on a sys-
tem of Nk ×Nk unit cells with a Monkhorst-Pack lattice
with the number of bands Nb=7. One can see that the
energy is decreasing monotonically with the system size,
and 1% relative accuracy is achieved by 24×24 unit cells.
Furthermore, we note that the Berry curvature and ener-
getic details of the isolated Chern band are qualitatively
stable with system size (with the notable exception of
18 × 18 which is often qualitatively different, yielding
different phase boundaries). We therefore conclude that
24× 24 unit cells is sufficient to capture quantitative de-
tails of phase boundaries to reasonably good fidelity.

Our SCHF is carried out in a Hilbert space spanned by
the projector into the lowest Nb conduction bands. We
take Nb = 7 bands throughout the main text, a choice
we now justify. At an initial qualitative level, we note
that the conduction band wavefunctions come from fold-
ing the bands of rhombohedral graphene into the moiré
Brillouin zone, then mixing them between k and k + g
under the moiré potential. We note that the first seven
bands are largely supported on the first moiré Brillouin
zone together with the first shell of six higher Brillouin
zones. Indeed, the first seven bands span a range of
kinetic energy much greater than the interaction scale.
This suggests the first 7 bands span an adequately large
Hilbert space to understand the physics at filling ν = 1.
We now investigate this claim quantitatively. Fig. 7(b)

show the SCHF energy as a function of Nb (with values
chosen to match centered hexagon numbers, i.e. com-
plete shells of Brillouin zones). One can see that the
energy is converged to better than 0.5% relative error by
Nb = 7. Furthermore, we investigate the participation
of the higher bands in the Chern band that appears in
SCHF at ν = 1. Explicitly, we compute the participation

Pn = 1
N

(∑
k | ⟨ϕHF

k,1|ψk,n⟩ |2
)
of the single-particle bands

in the wavefunction of the isolated Chern band ϕHF
k,1 at

ν = 1 with normalization so that
∑
n |Pn|2 = 1. We find

these overlaps decrease precipitously after n = 3 and, fur-
thermore, we find the participations are essentially stable
after Nb = 7. In conclusion, the SCHF ground state of
our model is captured to good quantitative accuracy by
24× 24 systems with Nb = 7.
As a final note, we emphasize that the errors from

experimental and modelling uncertainties are likely to
be vastly larger than numerical errors in this work.

3. Metal versus Anomalous Hall Crystal
Competition

To examine the competition between the metallic
“quarter metal” state and the anomalous Hall crystal
shown in Fig. 1(b), we must determine the ground state
energy both with and without continuous translation
symmetry. To do this, we first compute the SCHF ground
state of standalone rhombohedral graphene in a patch
near the K point that is much bigger than the moiré
Brillouin zone, finding a metallic state with enforced con-
tinuous translation symmetry. We then compute another
SCHF ground state with a folded Brillouin zone, which
gives the possibility of breaking continuous translation
symmetry. No hBN moiré potential is added. At small
uD, the energies from both methods agree to extremely
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FIG. 7. Convergence details of SCHF computations. (a)
SCHF Ground state energy convergence as a function of sys-
tem size Nk×Nk with Nb = 7 bands. (b) SCHF ground state
energy convergence as a function of the number of bands. (c)
Participation of the single-particle bands in the isolated Chern
band found within SCHF. Note that only the first three bands
contribute significantly, and contributions are negligible after
Nb = 7. Parameters: (uD, θ) = (50meV, 0.77◦) unless speci-
fied.

high precision and indeed describe the same quarter-
metal state. At a critical uD, however, the translation-
breaking ansatz finds a ground state with an interaction
induced gap that is lower energy than the metal — the
anomalous Hall crystal described in the main text.
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FIG. 8. Energy per electron of states with different flavor
ordering patterns. (top panel) The energy per electron of
four competing ground state candidate states. (bottom panel)
The energy per electron of three competing candidate states
relative to the Nf = 2 spin polarized state.

4. Isospin symmetry breaking

A universal feature of RMG at high displacement field
D and low filling ν is isospin symmetry breaking, regard-
less of the moiré potential. A plethora of evidence, in-
cluding quantum oscillation experiments [68, 73, 74, 80]
and SCHF numerics [148, 150], support a fully spin and
valley polarized state around filling n ∼ 1011 cm−2 (unity
moiré filling at twist angle θ < 1◦). Therefore, we assume
full spin and valley polarization in the SCHF calculation
presented in the main text. In this section, we justify
this choice by performing SCHF with both spin and val-
ley degrees of freedom in the parameter regime where we
have observed AHC.

If we neglect charge orders for the moment, different
flavor orders can be classified by the isospin symmetry
breaking pattern (Table I). We consider states in the
following groups: (i) an NF = 2 state, where two out
of four possible spin-valley flavors are occupied evenly.
This includes a spin polarized (SP) state, a valley po-
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Group flavor order
Symmetry

SU(2)s T̃ U(1)v

(i)

SP × ✓ ✓

VP ✓ × ✓

SVL × × ✓

(ii) SVP × × ✓

(iii) SIVC × ✓ ×

TABLE I. Symmetry of various magnetic orders, including the
spin SU(2)s symmetry, spinless time-reversal T̃ symmetry,
and valley U(1)v symmetry.

larized (VP) state, and a spin-valley locked (SVL) state.
These are candidate states for experimentally observed
“half metal” states. (ii) a spin-valley polarized (SVP)
NF = 1 state, where only one spin-valley species is occu-
pied, and (iii) a spin polarized IVC NF = 1 state (SIVC)
that breaks U(1)v. The latter two groups include the
“quarter metal” states seen in experiment.

Since the aforementioned states have different sym-
metries/quantum numbers Table I, we can enforce sym-
metries in the HF calculation and compare the energy
among these states. On top of the magnetic order, we
also allow translation symmetry breaking at moiré lat-
tice vectors. Our Hamiltonian does not include any spin-
orbit coupling or Hund’s term, so the system has an en-
larged SU(2)K ×SU(2)K′ symmetry. At HF level, candi-
date ground states within the group (i) are degenerate,
whether it be SP, VP, or SVL. We therefore choose an
SP state to represent the group (i).

In the top panel of Fig. 8, we show the energy per
electron of Nf = 2 SP states, Nf = 1 SIVC states, Nf =
2 SVP states. For comparison, we also show SVP metallic
states that do not break translation symmetry computed
with VM = 0.
At ν = 1, we always find the NF = 2 SP state to have

the highest energy, so we plot the energy of the other
states relative to the SP state in the bottom panel of
Fig. 8. We note that the SP states are always metallic
since they correspond to ν = 0.5 per flavor. We find
that the isospin symmetry breaking happens at an energy
scale at least 5 times bigger than the formation of an
insulating state within the SVP phase (see also Fig. 1(b)).

In terms of flavor order, The closest competing state
of the SVP AHC is an SIVC AHC. We find that SVP
always have lower energy than SIVC, likely due to the
winding energy penalty of SIVC hybridizing two Chern
bands with opposite Chern number [101]. The energy
splitting, however, is comparable to the energy splitting
between the metallic state and the AHC state.

Finally, we make a few comments based on the SCHF
data. In RMG, the energy splitting due to different mech-
anisms form the following hierarchy,

∆Stoner ≫ ∆AHC ≈ ∆IVC ≫ ∆moiré (B4)

The system first forms a flavor order due to Stoner fer-

romagnetism, and then interaction drives the ‘quarter
metal’ to an insulator with finite Chern number, while
disfavoring the IVC state by ∆IVC. The moiré potential
is not strong enough to alter the energy competition at
ν = 1.

5. Identification of moiré-proximate side from ν = 4
SCHF

To confirm whether our setup of moiré-
proximate/distant side corresponds to that in ex-
periments, we identify the experiment observation of
correlated insulator at NL = 5, ν = 4 [1]: At low
displacement field |D| < 0.5V/nm, corresponding to
uD ∼ 30meV, an insulator is found at D < 0 side up
to |D| = 0.4V/nm, but not at D > 0. We now will
show that this agrees with our numerical observation
at similar uD, establishing a matching between the two
works.

We perform self-consistent Hartree-Fock (SCHF) with
both spin and valley degrees of freedom. We only include
the conduction band as in the main text, and restrict
ourselves to uD ≥ 15meV where the valence bands are
sufficiently separated. At ν = 4, we search for the ground
state in the manifold without intervalley coupling, which
excludes intervalley coherent (IVC) orders.

We examine the resulting charge gap ∆ at different
uD, as shown in Fig. 9, which shows a clear asymme-
try between uD > 0 and uD < 0: a charge gap is only
identified for uD < 0 but not for uD > 0, which agrees
with the experiment described above. This suggests that
the experiment identifies ν = 4 insulator only on the
moiré-proximate regime. Although there could be other
competing orders unconsidered here, the identification of
the gapless phase is expected to be robust even beyond
Hartree-Fock approximations.
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FIG. 9. Charge gap of SCHF ground state at ν = 4 for
NL = 5. Model parameters follow Appendix B 1, but include
both spins and valleys. |uD| < 15meV results are shaded
since they are less reliable in SCHF. Parameters: θ = 0.77◦,
30× 30 unit cells.
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6. Details of NL-uD phase diagram

Fig. 10 shows the extended NL-uD phase diagram in
Fig. 1(c) which we extend up to uD = 160meV. Each
NL shows similar patterns as NL = 5 discussed in Fig.
2(a). First, a broad regime of C = −1 AHC phase is sta-
bilized at moderate uD. The lower critical uD, referred
to as u∗D in the main text, decreases with NL, indicat-
ing the stronger relevance of AHC in higher-NL rhom-
bohedral graphenes. Meanwhile, the higher critical uD
is controlled by the development of an indirect band gap
between C = −1 band and higher bands, which leads
to a first-order transition into metal (and occasionally
the “reentrance” of C = −1 state at NL = 4.) At even
higher uD, other phases such as the C = 0 insulator take
over, but given the stronger band mixing it is necessary
to include more bands in SCHF to accurately resolve the
phase competition. We therefore caution against trusting
the phase diagram at large uD.
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FIG. 10. (a) Chern-number and (b) charge-gap phase diagram
at ν = 1 for rhombohedral graphene with NL = 3 − 6 and
uD = 0 − 160meV, with fixed θ = 0.77◦ and ϵr = 5 at each
NL. The boundary of C = −1 AHC phase is highlighted. The
white region in the Chern-number plot denotes metal with a
direct or indirect band gap. Parameters: θ = 0.77◦, 36 × 36
unit cells.

We note that the charge gap, shown in Figs. 10 and 11,
has sensitive and non-monotonic dependence on displace-
ment uD. However, it is not directly proportional to
the moiré potential, shown in Fig. 3(a) of the main text.
Here we also comment on the observable effects of the
charge gap. In addition to the thermal activation behav-
ior expected in transport measurements, the width of the
plateau with quantized Hall conductance also depends on
the charge gap [153, 154].. If we assume that impurities
induce subgap localized states with a constant density of
states, the Hall conductance will remain quantized until
the doped charge fully fills all subgap states, whose total
density is proportional to the charge gap. In Ref. [1], the
plateau width of the ν = 1 Chern insulator also behaves
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FIG. 11. Dependence of charge gap on uD atNL = 5, θ = 0.8◦

and ϵr = 5. We take a 30×30 unit cell. A clear non-monotonic
dependence of the charge gap on uD is observed.

non-monotonically with the displacement field, possibly
related to this behavior of the charge gap.

7. Effect of Graphene-Scale Parameters

This section considers the effect of the graphene-scale
parameters on our results. An important phenomenon
in graphene and its related systems is the renormaliza-
tion of the Fermi velocity by Coulomb interactions, which
has been observed experimentally [155–157]. Namely,
the effective velocity (i.e. t0) increases as the energy
scale or filling approaches charge neutrality. When dis-
cussing phenomena such as those here that depend on
both a small moiré scale and a much larger displace-
ment field scale, it is unclear which Fermi velocity to
employ. Estimates in the literature for uD = 0 vary be-
tween t0 ≈ 2.6 eV and t0 ≈ 3.1 eV, depending on the
relevant energy scales, number of layers, and other de-
tails [68, 109]. Moreover, this problem is exacerbated by
the fact that one must use a “bare” Fermi velocity in
models to which interactions are added, but renormal-
ization of the velocity is a beyond-mean-field effect.
We now show changing the Fermi velocity dramatically

shifts the phase boundaries but not the phases present.
Fig. 12 shows phase diagrams at ν = 1 within SCHF
for t0 = 2.6 eV and 3.1 eV, respectively. The latter op-
tion is used in the main text and throughout the rest of
this work. Given that the various ground states candi-
dates are separated on the O(1)meV scale, this 500meV
perturbation has a remarkably small effect. Compar-
ing Fig. 12 (a) and (b), one sees that the smaller t0
favors C = 0 over C = 1. This remarkable resilience
of the Chern band to these parameter changes suggests
a much smaller number of hidden parameters that con-
trol the phase diagram. Future work will explicate this
phenomenon.
In addition, it turns out that even large differences in

the graphene-scale parameters do not strongly affect our
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results at ν = 1. Fig. 13 demonstrates the robustness
of AHC as the higher hopping terms are varied. Ex-
plicitly, we replace hopping terms t2,3,4 in Eq. (A4) with
λt2,3,4, where λ = 1 correspond to realistic RMG and
λ = 0 correspond to simplified RMG with only nearest-
neighbor hoppings. We then compute its ground state at
λ ∈ (0, 1), which all result in AHC phases with C = −1.
The charge gap of the ground state remains large through
the tuning, suggesting the stability of the phase. The
bandwidth of the C = −1 band gradually increases at
lower λ, which indicates its deviation from the optimal
condition realizing FQAH.

Appendix C: Details of the Many-Body Numerics at
Fractional Filling

To determine the many-body ground state at fractional
filling, we undertake a two-step procedure: (1) solve for
the SCHF ground state at filling ν = 1 and then (2) solve
the many-body problem restricted to the lowest SCHF
band (which is spin and valley-polarized) at fractional
filling using either exact-diagonalization or the density-
matrix renormalization group numerics.

An explicit assumption of such numerics is spin- and
valley-polarization within the whole range 0 ≤ ν ≤ 1.
When should this procedure be valid? It is first help-
ful to review the experimental phenomena. Ref [1]
reported Laughlin and Jain sequence states at fillings
ν = 2/5, 3/7, 4/9, 4/7, 3/5 as well as ν = 2/3. Crucially,
they also reported that the region of large Hall conduc-
tance only extends down to ν = 0.2− 0.4 (depending on
uD), whereupon it transitions to a “speckled” region that
may be due to Wigner crystallization. Our assumption
that the many-body ground state is within the many-
body Hilbert space of the ν = 1 Chern band is clearly
violated at this point, rendering our model inapplicable
for sufficiently low fillings. It is also helpful to note the
simpler case of the lowest Landau level, where the frac-
tional state at ν = 2/3 can be spin unpolarized [135–137]
despite a spin-polarized LL being favored at ν = 1.

It is unclear how to perform the corresponding com-
putation without spin polarization, as it is unclear what
the 2-band low-energy (i.e. 1 band with spin) Hilbert
space should be considered. One cannot simply add spin
to the ν = 1 Chern band; instead one must restrict to a
spinful Hilbert space from the full Hilbert space. Deter-
mining such a minimal model may require a four-flavor
many-body calculation with many-band and is beyond
the scope of the current work. Nevertheless, we ex-
pect that spin- and valley-polarized states are at least
low-energy candidate ground states through most of the
range. We therefore work within the one-band model
to examine the presence of Jain sequence states in the
simplest scenario.

Explicitly, this is done as follows. Consider the SCHF
Hamiltonian hHF [P ] at ν = 1, which may be diagonal-
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FIG. 12. The effect of large versus small Fermi velocity
is minimal. (a,b) SCHF phase diagrams at ν = 1 as a
function of twist angle θ and vertical displacement field uD,
showing the difference between large Fermi velocity, corre-
sponding to t0 = 3100meV, versus small Fermi velocity with
t0 = 2600meV. Here colors show the Chern number of insu-
lators, and gray data points have gaps of 2meV or less. (c,d)
Charge gaps above ν = 1 within SCHF. (e,f) Single-particle
(ν = 0) bandstructures at large and small Fermi velocity.
Note that the gap to the second band at γ increases dramat-
ically at large t0.

ized as

hHF [P ]αβ(k)Uβγ(k) = Uαγ(k)Eγ(k). (C1)

We may then pass to the basis of Hartree-Fock bands

|ϕkα⟩ = |ψkβ⟩Uβα(k), (C2)

which constitutes a unitary rotation of our set of Nb low-
energy bands. We may then integrate out the Nb − 1
bands above the ν = 1 gap at mean-field level — which
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FIG. 13. Charge gap and bandwidth of RMG ground states
with modified hopping strength λt2,3,4, λ ∈ (0, 1). All ground
states are found to be AHC phase with C = −1. Parameters:
(uD, θ) = (50meV, 0.77◦), 30× 30 unit cells.

again is simply an index restriction — to arrive at a one-
band Hamiltonian

Ĥ =
∑
k

tkn̂k+
1

2A

∑
q,k,k′

Uqλq(k)λ−q(k
′)d̂†kd̂

†
k′ d̂k′−qd̂k+q,

(C3)

where d̂k |0⟩ = |ϕk0⟩ is a creation operator for the low-
est SCHF band, a band with form factors λq(k) =

⟨ϕk0|e−iq·r|ϕk+q0⟩, and n̂k = d̂†kd̂k. Note that while we
have projected into the Hilbert space of the first SCHF
band, the kinetic energy of the band is determined rela-
tive to ĤRMG at ν = 0 to avoid double-counting interac-
tions.

1. Exact Diagonalization at Fractional Filling

To perform exact diagonalization, we compute Eq.
(C3) on a momentum space Monkhorst-Pack grid
k[n1, n2] of size Nk1 × Nk2 . We then subsample that
grid on points

{k[s1m1 + ϕ1, s2m2] : 0 ≤ m1 < M1, 0 ≤ m2 < M2} ,
(C4)

to produce a grid of sizeM1×M2 where the integer ratios
si obey s1M1 = Nk1 and s2M2 = Nk2 . Here 0 ≤ ϕ1 < s1
is an offset in the subsampling to enable flux threading.
For the main text, we take Nk1 × Nk2 = 36 × 36 and
M1 ×M2 = 4× 6.
Exact diagonalization was performed at a range of frac-

tional fillings to determine their suitability for fractional
quantum Hall states: ν = 1/3, 2/5, 3/5, 4/7, 3/5, 2/3. At
each filling we computed spectrum over a range of sys-
tem sizes and performed flux threading along kx for the
largest system size available, with Nk = Nk1 ×Nk2 up to
30. The results are shown in Fig. 14.

The top row of Fig. 14 shows the low-lying spectrum
at all center of mass momenta for each system size. In
each case, we observe a quasi-degenerate ground states

with degeneracy q at filling ν = p/q, with a gap of 1meV
to 3meV, depending on filling. This suggests that the
ground states here are all fractional Chern insulators of
Laughlin and Jain type.

To support this inference, the second row of Fig. 14
shows the spectral flow under flux threading for each fill-
ing. To make the permutation of states clear, we plot
energies E − Egs, where Egs(Φy) is the average energy
of the quasidegerate ground states at each flux Φy. For
instance ν = 2/3, the spectral flow clearly permutes the
ground states on a 5 × 6 site cluster (see main text on
4×6 sites). Indeed, we see a permutation of the quaside-
generate ground states for each filling for at least some
system sizes. Explicitly, we see such a spectral flow for
5 × 6 at ν = 1/3, but the 9 × 3 cluster is gapless at the
same filling. This flux pumping evidence supports the in-
ference that FCIs of Laughlin and Jain types are ground
state competitors at each filling we consider. However,
they may not be the true ground state at all fillings in
the thermodynamic limits.
Finally, the bottom row of Fig. 14 shows the system

size dependence of the gaps. For each system size, we
show the gap between the top quasidegenerate ground
state and the next state in the spectrum at the same fill-
ing with any momentum. Each box represents that gap
at one value of the flux, and the sizes of the boxes increase
with system size. We note that the system size depen-
dence is highly non-monotonic and far from the scaling
regime, suggesting that finite size effects dominate the re-
sults — as expected for a system with such concentrated
Berry curvature pockets and other quantum geometric
features. Of particular note is the system sizes 9 × 3 at
ν = 1/3 filling, where we observe gap closings under spec-
tral flow. This suggests a qualitatively different state is
stabilize at these oblong aspect ratios, whose energy per
electron is slightly less than the competing FCI state (at
these small system sizes).
Overall we may conclude that FCIs are low-

energy ground state candidates at all fillings ν =
1/3, 2/5, 3/7, 4/7, 3/5, 2/3. However, the many-body
gaps for these states are small at ν = 2/5, and can vanish
entirely at ν = 1/3, depending on the cluster considered.
Moreover, the gaps have not stabilized on even the largest
sizes we could consider, and we find small changes in pa-
rameters such as uD often favor CDW orders or Fermi
liquids. Finally, modelling uncertainty greatly exceeds
finite-size effects here. The balance of the evidence sup-
ports the following conclusions: filling 1/3 is inconclusive;
2/5 and 4/7 are likely FCIs with small gaps, and 3/7,3/5,
2/3 have FCI ground states within our model.

2. DMRG at Fractional Filling

To apply the density-matrix renormalization group, we
follow previous work on moiré DMRG systems [158–161]
to place the system onto an infinite cylinder geometry.
We start with a rectangular moiré Brillouin zone, shown
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in Fig. 5, with side lengths B1 = |g1| , B2 =
√
3
2 |g2|. We

impose periodic boundary conditions in the “2” direction
corresponding to momentum discretization

k2[n] = B2 ×

− 1
2 +

n+
Φ2
2π

N2
if N2 ≡ 0 (mod 2)

− 1
2 +

n+
Φ2
2π + 1

2

N2
if N2 ≡ 1 (mod 2)

,

(C5)
relative to an origin at moiré-γ. This gives N2 evenly
spaced “wires” across the Brillouin zone, which intersect
the γ point for flux Φ2 = 0.

We then take a basis of hybrid Wannier functions along
each wire, i.e. maximally localized along a1 and periodic
along a2:

|wn,k2⟩ =
1√
N1

∑
k1

|φk⟩ e−ink·a1 ; |φk⟩ = |ϕk0⟩ eiζ(k).

(C6)

Here the gauge choice ζ(k) is chosen such that

T̂1 |wn,k2⟩ = |wn−1,k2⟩ (C7a)

T̂2 |wn,k2⟩ = ei2πk2/B2 |wn,k2⟩ (C7b)

P̂ e−ir̂1B1 P̂ |wn,k2⟩ = ei2πP1(k2) |wn,k2⟩ (C7c)

where the polarizations P1(k2) =
B1

2π ⟨w0,k2 |r̂1|w0,k2⟩ are
the centers of the Wannier orbitals in the first unit cell, in
accordance with the modern theory of polarization [162].
The Hamiltonian (C3) can be straightforwardly ex-

pressed in terms of fermion operators f̂†n,k2 |0⟩ = |wn,k2⟩
on an infinite cylinder cylinder geometry. As this is a
long-ranged, two-dimensional Hamiltonian, working with
it efficiently as a matrix product operator (MPO) re-
quires the technique of “MPO Compression” developed
by some of us [158, 163], which creates a faithful low-
rank approximation of the Hamiltonian with errors below
the 10−2 meV level.
We then apply standard DMRG using the open-source

tenpy [164] library. We work at cylinder circumference
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FIG. 15. DMRG results at uD = 48meV (left) and 64meV
(right). Here (a,b) give occupations over the Brillouin zone,
(c,d) give entanglement spectra, and (e,f) show the dispersion
of the corresponding lowest SCHF Chern band at ν = 1. See
text for details.

Ly = 8. For FCI states, we converge the ground state
to norm error below 10−13 on bond dimensions up to
χ = 1536 — since the state is fully gapped, only moder-
ate bond dimensions are required To diagnose the frac-
tional Chern insulator we use the entanglement spectrum
technique first proposed by [115], finding the character-
istic degeneracy counting matching partition numbers
1, 1, 2, 3, 5, 7, ... for each bond. We have also verified this
holds for Ly = 5, 6.
Fig. 15 compares the results of DMRG at two dif-

ference displacement fields, uD = 48meV and uD =
64meV. The first is selected as the location where the
FCI gap is maximized in ED. The second is in a regime
where the ν = 1 state is still a Chern band, but whose
bandwidth is now ∼ 20meV and trace condition viola-
tion is ≈ 1. Both systems are at θ = 0.77◦ and all other
parameters are identical.
Fig. 15(a,b) shows the occputaion numbers

n(k) = ⟨ĉ†kĉk⟩ across the Brillouin zone for both
displacement fields. For uD = 48meV, n(k) = 2

3 ± 0.04
over the whole Brillouin zone, whereas for uD = 64meV
the occcupations n(k) vary from 0.08 to 0.95 at
χ = 1536. Moreover, the occupations are almost
entirely depleted near γ, precisely where the SCHF
bandstructure, Fig. 15(f), is peaked. We further check
that the charge 0 and charge 1 correlation lengths are
increasing with bond dimension, which gives further
confirmation of gapless modes in the these channels
as expected from a Fermi liquid. The entanglement
spectrum Fig. 15(d) does not have a clear low-lying
branch separated from the rest of the spectrum, and is
clearly not chiral with the expected CFT degeneracies.
The large displacement field system at uD = 64meV is
therefore a Fermi liquid. However, we caution that this
Fermi liquid from doping the ν = 1 Chern band may not
correspond to the experimentally-observed Fermi liquid
at larger displacement fields.
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