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A spectre is haunting the cosmos:
Quantum stability of massive gravity with ghosts

Frank Konnig,!"* Henrik Nersisyan," ! Yashar Akrami,!*¥ Luca Amendola,’ ¥ and Miguel Zumalacarregui>® ¥
Institut fiir Theoretische Physik, Ruprecht-Karls-Universitit Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

2 Nordita, KTH Royal Institute of Technology and Stockholm University, Roslagstullsbacken 23, 10691 Stockholm, Sweden
(Dated: November 30, 2016)

Many theories of modified gravity with higher order derivatives are usually ignored because of
serious problems that appear due to an additional ghost degree of freedom. Most dangerously, it
causes an immediate decay of the vacuum. However, breaking Lorentz invariance can cure such
abominable behavior. By analyzing a model that describes a massive graviton together with a
remaining Boulware-Deser ghost mode we show that even ghostly theories of modified gravity can
yield models that are viable at both classical and quantum levels and, therefore, they should not
generally be ruled out. Furthermore, we identify the most dangerous quantum scattering process that
has the main impact on the decay time and find differences to simple theories that only describe an
ordinary scalar field and a ghost. Additionally, constraints on the parameters of the theory including
some upper bounds on the Lorentz-breaking cutoff scale are presented. In particular, for a simple
theory of massive gravity we find that a breaking of Lorentz invariance is allowed to happen even at
scales above the Planck mass. Finally, we discuss the relevance to other theories of modified gravity.
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This work is dedicated to our friend, Tham.

I. INTRODUCTION

Despite the fact that the standard theory of gravity, general relativity (GR), is already around one century old, there
has always been interest in finding viable modifications to it. In particular, the discovery of the late-time acceleration
of our Universe [1, 2] driven by some dark energy has led to an additional motivation, as GR requires a technically
unnatural cosmological constant (CC) in order to be compatible with observations. The list of problems with the
standard theory goes much further (see for example Ref. [3] for a recent review): GR is not renormalizable and can
only be regarded as an effective field theory (EFT). Furthermore, the formation of structure at early times needs an
additional inflationary epoch, and even the requirement of some additional dark matter might be the consequence of
the inability of GR to properly describe the evolution of the cosmic structure. It is however not only these problems
that make a search for modifications of GR attractive; there is also the more fundamental question of which classes
of theories are allowed and consistent.

Under certain assumptions, Vermeil and Cartan independently proved that Einstein equations are the only allowed
field equations to describe gravity [4, 5]. In particular, if a rank-2 tensor K is naturally constructed from only a pseudo-
Riemannian metric g, and is symmetric, divergence-free, only second order in the derivatives of g, and linear in these
derivatives, then K has to be a linear combination of the Einstein tensor and the metric itself. Later, Lovelock showed
that the requirements of symmetry and linearity are redundant in four dimensions [6]. A generalization of this theorem
has recently been suggested by Navarro and Sancho [7], who replaced the assumptions of the number of dimensions
and absence of higher order derivatives by a simpler requirement that K is homogeneous, i.e., K(\2g) = \*K(g) Vg,
VA > 0, and of weight w > —2.

Thinking about modifying GR can be translated into relaxing these so-called Lovelock assumptions. Higher dimen-
sional spacetimes, as well as unnaturalness (understood in the mathematical sense, i.e., either breaking of locality
or generally non-C*), enable a richer phenomenology and do not necessarily require a CC in order to fit current
observations. Additionally, a pseudo-Riemannian geometry is quite restrictive as it both implies a vanishing torsion
and enforces the connection to be metric-compatible. Certainly the strongest assumption, however, is the dependence
on the metric only. Consequently, most theories of modified gravity assume additional fields that can be either scalar,

vector, or tensor.
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There is, however, one assumption that usually stays untouched: the absence of higher order derivatives. An old
theorem from Ostrogradski states that non-degenerate Lagrangians that lead to third or higher order derivatives in
the equations of motion (EoM) always house an additional ghost, i.e., a degree of freedom with the wrong kinetic
sign. But even degenerate Lagrangians producing third order derivatives are affected by ghosts [8]. The consequences
that come along with a ghost are usually believed to be fatal (see, e.g., Refs. [9, 10]). Such a negative energy mode
could drive the classical theory into an instability. Even though this might still be acceptable as long as the theory
is in agreement with observations, it indeed limits the number of viable theories drastically. The real catastrophe
appears, however, at the quantum level: ghost fields can decay into ordinary matter fields by reaching arbitrarily
large negative energy states. And, even worse, this decay will practically happen instantaneously (see Refs. [10, 11]
for more details). Such a theory cannot describe a stable vacuum and therefore has to be ruled out. The origin of the
fast decay lies in an integration over the entire phase space when computing scattering amplitudes which diverge in
the ultraviolet (UV) region. Therefore, the only way to tame the ghost is to modify the integration in the UV. In Ref.
[12], the authors suggested that new operators beyond the EFT would allow us to cut this integral and, therefore, a
theory with ghosts could theoretically be cured. In fact, it has been shown that the vacuum in simple theories with
two oscillators, of which one is a ghost, can indeed have a decay time that is larger than the Hubble time [12, 13] (see
also Refs. [14, 15] for discssions of ghosts in Chern-Simons and Hofava-Lifshitz theories, respectively). The energy
scale at which new physics might enter and break Lorentz invariance (LI) can be low enough to slow down the vacuum
decay sufficiently and circumvent any violation of experimental constraints, but at the same time be high enough to
be above the cutoff of the EFT. In fact, a Lorentz breaking (LB) does not render the theory unappealing as long as
it occurs above the EFT cutoff scale.

In this work, we discuss a theory of modified gravity that automatically introduces a ghost instead of adding a
simple ghost field by hand to a well behaved theory. In fact, as will be shown, many properties of such a theory, like
the decay time of the vacuum, may be significantly different, and therefore the conclusions from simpler toy models
should not be adopted blindly. In order to modify GR suitably, we assume a massive graviton. Even though the
idea of studying massive gravity is very old [16], ghost-free non-linear theories were discovered only recently [17-23].
Here we use the so-called ghost-free de Rham-Gabadadze-Tolley (dARGT) theory to construct a theory of a massive
graviton with an additional Boulware-Deser (BD) ghost [24], which we then dub haunted massive gravity (HMG).
We first study the classical behavior of the theory for a Friedmann-Lemaitre-Robertson-Walker (FLRW) background
in order to identify the models that do not introduce potentially dangerous instabilities already at this level. With
HMG we find the first theory of a canonical non-linear massive gravity which possesses models that are free of any
background pathologies, and allows for dynamical, even self-accelerating, FLRW solutions. We finally discuss the
quantum stability of the viable models by computing the ghost and vacuum decay rates in HMG.

Although the theory that is discussed in this work has some nice features, e.g., it can provide a solution to the dark
energy problem, it is certainly not the most promising contender of GR. For example, the construction of the mass
term is mainly based on keeping simplicity, and the strong coupling scale of the theory is very low, losing predictivity
on small scales. This work, however, does not intend to present a new theory of modified gravity in order to address
the problems with GR, but rather to examine the behavior of ghosts appearing in more realistic theories of gravity.
We find that the scattering processes that dominate in the ghost and vacuum decay rates do not coincide with those
that appear in theories with two coupled canonical scalar fields where one of the fields is a ghost. While in such a
simple scenario the decay time has been found to scale only quadratically with the cutoff at which Lorentz violation
(LV) occurs [12] (see also Refs. [13, 25| for a discussion on decay rates for other setups), we find a completely different
scaling for HMG. Furthermore, we expect the type of interaction that we find in this work as the most important one
in HMG to in fact determine the decay time also in many other theories of gravity with a present ghost mode.

II. HMG WITH dRGT LIMIT

Since we are interested in a theory of a massive graviton with an additional BD ghost, we could simply study any
non-linear theory that does not coincide with the dRGT theory. However, we would like to keep a ghost-free limit,
and therefore, we start with dRGT and modify the tuning between the coefficients of interaction terms.

The dRGT massive gravity can be written as [22, 26]

SqrcT = Mﬁ/d‘*a:\/fg [R+2m*U(K)] , (1)

where U(K) is the mass term, which depends on the eigenvalues of K = {/¢g~1f — 1 = X — 1, and is equivalent to

Zi:o BrnUy, with U, = e, (X), e, being the elementary symmetric polynomials of the eigenvalues of X. Additionally,
f is a non-dynamical symmetric rank-2 tensor field, and 3,, depend on the two free dimensionless parameters of the



theory, a3 and ay [26]:

Bo = 6 — 4a3 + ay, (
81 = -3+ 3a3 — au, (3
B2 =1—2a3 + oy, (
B3 = az — ay. (

Let us first discuss the simplest model, the so-called minimal model [26], and choose a3 and g4 such that we can
switch off the highest order interactions, i.e. S = 83 = 0, and obtain

ag=ayu=1 & 60:3, 51:71 (6)

The action in this case becomes
Son = M2 / oy g [R+2m? (3 — X))]., (7)

where [X] denotes the trace of X. If we change the prefactors of the mass term, we then change either the CC or
the graviton mass (or make it tachyonic). Thus, in order to introduce a ghost, we should switch on higher order
interactions. One possibility would be to remove the CC (which would make the model very appealing especially for
cosmology) and allow for 8; and 8> to be non-vanishing. We then find Sy = 83 = 0 together with

a3 =y = & pfr=1= P, (8)

which results in the action
S = M2 /d4x\/jg {R + 2m? (51 X+ %52 (x? - [xﬂ)ﬂ )
=1t [ d'ay=g {R+ 2m? ([Jng} -3 ([ 7] - [glf})ﬂ . (10)

Note that this choice, like all other combinations that satisfy a3 + a4 > 0, does not lead to a Higuchi ghost, at least
around an FLRW background for large H? [27]. This is important because we will use this theory as a ghost-free
limit which should ensure not only the absence of the BD ghost but also the presence of five healthy graviton degrees
of freedom.

We now modify the theory to introduce a ghost. The simplest way would be to modify the prefactor in one of the
interaction terms which in the linear theory corresponds to a violation of the Fierz-Pauli (FP) tuning. However, we
do not expect this modification to enable dynamical FLRW solutions for a flat reference metric since the combination
of the Bianchi identities and the conservation of energy-momentum tensor will still be a constraint for the scale factor,
as it has been shown for dRGT in Ref. [28]. One way out could be to introduce a metric-dependent (and, thus,
lapse-dependent) prefactor like « [g’l f], with a € R, and study the action

S:Mg/d‘*x\/fg [R+2m2 <[ g*lf} +%(a [g7'f] - 1) ([\/ﬁr [glf]>)} (11)

Although this theory would certainly allow for dynamical FLRW backgrounds, we found only unviable solutions for
which the scale factor would become imaginary or the lapse would cross zero, indicating an instability. Therefore,
we consider a slightly more complicated theory in which both interaction terms are modified, and dub this theory
haunted massive gravity (HMG):

e = M3 [ atey/=g | mot 2 (1= an 0.0 [VITT) -y 0= aatoo 1) (Vi) - 7)) )| a2
with

a1 (g, f) = aX? = a19°° fa, (13)
(0] (ga f) = 5&2)(2 = O_ZQQO(ﬁfBOH (14)

where &; are two dimensionless parameters.



This theory has some interesting properties. Firstly, the limit &; — 0 corresponds to the ghost-free dRGT theory,
whereas any other values should introduce a new ghost degree of freedom as it does not coincide with dRGT, the
unique non-linear ghost-free theory of a massive graviton. Secondly, the additional dynamical factors will enable us
to have dynamical FLRW solutions by modifying the Bianchi constraint, and, finally, we expect the vacuum to decay
more slowly at late times since [g_l f} o a2 for FLRW backgrounds.'

III. BACKGROUND COSMOLOGY

From now on, let us fix the reference metric to a flat Minkowski background, i.e., f,, = n,.,. Since massive gravity
with f,, = 7, breaks diffeomorphism invariance, the lapse of g,, must not be chosen arbitrarily. For an FLRW
background we therefore choose

ds? = =NZdt* + a*di?, (15)

with N, and a denoting the lapse and the scale factor, respectively, and ¢ being cosmic time. Varying the action (12)
with respect to g, yields

—2m? MR8 (V=gU1 (X)) = —vV=gBm*M3g" Y5y o (Vg~'F) 00 (16)
~2mA MBS (V=gUz (X)) = v=gBm* MBg" Y5, o (V9T ) S (17)
with
Yy (X) =X~ 1[X], (18)
Yoy (X) = X2 — X[X] + %1 (7 = ). (19)
Furthermore, we need the variation of ay:
dai (9) = —aig™ 9" 1gadguu - (20)

With this, the variation of the mass term yields

v LY 14 L 14 6a 6a
VEGMEVH = =G0 |1 )~ gV + ( (9) — 1) gy o — 200 (0 S g () 2020
nv ny
(21)
Combining the Bianchi identities with the assumption of a conserved energy-momentum tensor leads to the Bianchi
constraint

vV, VR =0, (22)
which implies
(1+3a72N7) [N} (a(ady + 6as) + 2Ny (2a1 + a))
+HNy (—6ads + N; (461 — (a — 2)a) — 2Ny (ady + az) + 9a1a” "N )] = 0. (23)
Here, H? = a'/a is the Hubble rate, and a prime denotes a derivative with respect to t. In the limit a; — 0, Eq.
(23) fixes the scale factor confirming the no-go theorem for FLRW solutions in dRGT massive gravity. In our case,

however, we are able to switch on the dynamics since the Bianchi constraint now depends on both the scale factor
and the lapse. This constraint together with the Friedmann equation

3H? = o+ Voo (24)
2
m

=p+ <IN, [a® (= (ady + 6a2)) — 3a> Ny (2aé1 + &2) + 3N7 (a((a — 1)a — 3a1) + 3az)] (25)

1 This could have an interesting impact on the phenomenology at early times and might lead to an enhanced creation of particles. The
relevant time period would, however, presumably lie above the cutoff scale of the theory.



and assuming a universe filled with dark matter only,

pP= Poa_37 (26)

can be solved numerically. In the limit a < 1, the combination of the Bianchi constraint and the Friedmann equation

provides
1 /oo
Ny ==%-4/=— 27
g 3 @1 a’? ( )

and implies H? o< a~3. Therefore, we find a singularity for @ — 0. The time at which it occurs will be denoted by t.,
ie., Ny(t;) =0.

Interestingly, for a given & one can find a value for the parameter as that maximizes the timescale of the background
evolution by reaching ¢, — 0. One example for such a model is

By solving the background equations numerically, we can search for the parameter region that leads to t. = 0 and
find that it can be fitted very well linearly with
1 2
iy & =8y — =, 29
*T6 45 (29)

If we promote the maximization of the classical timescale to a constraint, then this model will effectively lose one
free parameter. Furthermore, Eq. (29) indicates that both @&; and @y can be of O (1).

Surprisingly, after solving the background equations for the model (28) numerically, we find that at late times the
effective equation of state parameter weg < —1/3 indicates a period of self-acceleration and we thus have found a
candidate for a model that could be able to provide a solution to the dark energy problem. See Fig. 1 for a numerical
solution of the background evolution, corresponding to model (28).

IV. SECOND ORDER ACTION FOR HMG AROUND MINKOWSKI

In order to compute the vacuum decay, we have to first identify the ghost mode. For this, we perturb the background,
expand the action to second order, and finally integrate out ? all auxiliary fields.

A. Gravity sector

We now choose to work with perturbations around a Minkowski background. Note that we expect a generalization to
an FLRW background to merely modify the decay rate insignificantly. In fact, corrections from an FLRW background
are proportional to H/k and become negligible in the high-momentum limit, on which we will focus later. Furthermore,
ignoring the cosmological expansion and, therefore, a smaller volume at early times, should then correspond to
maximizing the decay rate and computing an upper bound for a more realistic scenario.

In this case, the Bianchi constraint (23) enforces the lapse to be a constant; here we set N; = 1. Furthermore, in
order to excite the scalar BD ghost we consider the following scalar perturbations dg around the background g = 7:

ds3, =2 [-Vdt* + Bda'dt + (05 + E ;) do'da’] . (30)
The Einstein-Hilbert action at second order therefore reads
S = 402 / d'z (07 + 20,¥; — 20’ AE' — 30" — 2B,®!) , (31)
where we have used the notation

XZY; = ZX’jY:j 5 AX = ZX’]']'. (32)
J J

2 Since we are interested in computing only tree-level diagrams in order to discuss the quantum behavior of the theory, the elimination of
all auxiliary fields in the action by using their EoM is equivalent to properly integrating out these fields.
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Figure 1. Numerical solution of the FLRW background evolution in HMG, corresponding to the model with a; = 0.9 and
@z ~ 0.1025. The plots show the scale factor (upper left), the expansion rate (upper right), the lapse (lower left), and the
effective equation of state (lower right). All the quantities are plotted versus the cosmic time, ¢, scaled in such a way that
a(t=1)=1.

We now expand the mass term of action (12) to second order and use

VI = Va1 37 0o+ S0 G0) g 8) (33)
=1 20/(09) + Su(89) u (59) (34)

to obtain

U—alb1ﬂ)b@”ﬂfﬁk—;n®w+gn®wn®m}

1

—ay ([1] = [(59) n] + [n (59) 1 (69)]) ([1] - [277 (69)] + En (6g)m (@)D (35)

=11 tm) - (5~ 6 ) 1 60) ~ gl G + (2 - G ) Gy o)l 30

and

(1= aa o)) (Vo] = lo7'a) ) = (1 - a4~ (o)l + [n o) n G0
x <[1 = 59009) + SuG0)n60)| 4+ (03]~ 10 6a) <6g>1> (37)

=12(1 - daz) = 31~ 8a2) [Gg) 1] + (§ - 102 ) b Go)”

+2(1 —10az) [ (69) n (69)] - (38)



Finally, with

Vg = 1v=a (44200, - 0, 6 + 5 (69)) (39)

=1 (1420000 - 1 G0y (0] + 5 In 6oL (10)
we find the second order action of the mass term as
S = Mpoe® [t (G a1 = 200) Iy Gl — (] + 300 - 82 ) I (40) 1 ()] (a1)
For the ansatz (30), this becomes

S _1

mass ~ 9

MZm? /d4:c {—clBAB T (\1/2 + (AE)2) 4 8e3BAE + 126382 + 4y U (AE + 3@)] , (42)

where we have defined the parameters ¢; as

c1 =1+ 12a1 — 32an, (43)
co = —161 + 12009, (44)
c3 =1+ 4as, (45)
ca =1+ 40 — 8ao. (46)

Therefore, the (minimal) ghost-free massive gravity corresponds to the limit ¢q,c¢3, ¢4 — 1 and ¢a — 0. Note that we

should not necessarily expect a smooth limit due to the change in the number of degrees of freedom in HMG compared
to dRGT.

B. Full action including matter

For simplicity, we assume the matter sector to contain only a single, minimally-coupled, scalar field ¢ with mass
My, L.e.,

Smatter = - /d4$\/ -9 (8‘%08;”0 + mi(,@2) ’ (47)

and consider the weak-field limit where only the gravitational sector is expanded to second order and matter is kept
unperturbed. The kinetic and mass terms of ¢ are then given by its coupling to the background metric.

By combining the actions (31), (42), and (47), we obtain the final leading order action of HMG, containing a
Boulware-Deser ghost and a matter field, around Minkowski (modulo total derivatives),

S = / Az [AM3 (D2 — 2A0V — 20'AE' — 30”2 — 2B, ®))
+%m2M§. (cle Y (\112 + (AE)Q) F 8 BAE + 126502 + 4¢4U (AE + 3<I>))
- (1 + B? — (AE)? + 302 + 600 — U2 4 2AE (b + qz)) X4 , (48)
where we have defined

X,=—¢?+¢2+ migp? (49)

In total, all the scalar potentials ®, ¥, B, E, and the matter field ¢ should describe at most three propagating scalar
degrees of freedom: one helicity-0 mode of the graviton, one scalar field from the matter sector, and one additional
Boulware-Deser ghost. All these scalar degrees of freedom are, however, not always excited around all backgrounds.
Since we are interested in the interaction of the ghost with the matter field, we need to ensure that the BD ghost is
indeed a propagating mode in Eq. (48). To see this, we first integrate out all the auxiliary fields by using their EoM

oc or oL , [ oL of 0L\
ax (aX,) o (ax) o (aX//) o (a <asx>) =0 (50)



For X € {¥, B, AE} this leads to

o _ SMBA® — (AE +3®) (2csm” M} + X,)

51
com?M32 — X, ’ (51)
SM2P!
Bj=——Ft—"*t 52
cim?M3 + X, (52)
P (desm® ME + X)) + U (2cam? ME + X)) + 8MED”
AE = — . : (53)
com? M3 — X,
Solving this set of equations for ¥, B, and AE as functions of ®, X, and their derivatives, yields
T SMEAD (CQmQMl:Q) — Xg,) — (204m2M1§ + Xy,) [<I> ((302 — 4e3) mP M3 — 4Xq,) — 8M1%<I>”] (54)
(c3 —4ci) mAME — 2 (co + 2ca) M2 MR X, ’
SM2P/
Bj=——P"t (55)

com?M3 + X,

AE - SAD (204m2M1% + XSO) + @ [4 (0203 — BCZ) m4Mé, + (co — 4eg — 12¢4) m* MEX, — 4X;] + 8MED” (c2m2Mg — X@) '

— (2 —4c3) mAMp 4+ 2 (ca + 2¢c4) m*MEX,
(56)

Note that the determinant of the mixing matrix for ¥ and AFE in Eqgs. (51) and (53) is proportional to the factors
m? and ¢y + 2¢4 = 2 — 8@y + 32a. If one of these terms vanishes, the mixing matrix becomes singular, which is
equivalent to it having a zero eigenvalue. These eigenvalues correspond to the kinetic terms of the diagonalized degrees
of freedom (given by the eigenvectors). Therefore, the singular situation corresponds to a combination of the auxiliary
fields losing its kinetic term, and leads to a strong coupling and a breakdown of perturbativity.

Finally, the full second order HMG action

SI({QI\)/[G = S](EZ})I + Srs?a?uss + Smatter (57)
can be written as
Situc [@,¢] = S [®,¢] + SE) [@,] + S [@, 4] (58)

The action now depends only on two remaining interacting massive scalar fields ¢ and ® described by the mass term
52 — —/d4x (—6csm* Mpd* + miapQ) ) (59)

respectively. Because the action (48) contains
a term that is proportional to ®’AE’, we find, after integrating out AF, terms that include (<I>”)2. The occurrence
of fourth-order derivatives in ® signals that the theory is inevitably plagued by an Ostrogradsky ghost. In total, we
expect a composition of three scalar degrees of freedom consisting of a helicity-0 mode from the graviton, a matter
field, and a ghost. In order to analyze the interactions between the ghost and the other degrees of freedom, we need
to decouple all of them.

and rather complicated kinetic and interaction terms, Sl(jr)l and Si(ft) )

C. Decoupling of the ghost
1. Decoupling in vacuum

Before analyzing the UV limit, i.e., X, > m?*M2, we study the simpler case first in which the matter field is absent,
i.e., X, = 0. The action can then be written as

SP . = / d'z [01 (AD)? 4+ CL®AD + C30"AD + C1dP" + Cs (B”)” + Cﬁqﬂ} , (60)



where
B 322 M2 _ AME (3 — 12ca¢q + 4ey(des — cy))
Ol =—— 5 3 CQ = — ) P ) (61)
m? (c3 — 4cj) c5 —4cg
_ 32M3 (4ealer — ca) + c3) _ AMR (3¢3 — 8cacs + 12¢3)
Cs=— 2 (2 — 42 ; Ca = 2 _ 42 ’ (62)
1m? (¢35 — 4cg) 5 —4dcg
B 32co M3 _ 2m2MB(3cg — 4es) (cacs — 3c3)
Cs = T2 (2 —4c2)’ Co = c3 —4c? ’ (63)
2 4 2 4

In order to make the additional scalar degree of freedom manifest we can try to find an equivalent action that
descibes two fields with at most second derivatives instead of one field having fourth order derivatives. A special case
where the interaction term is just (D<I>)2 has already been presented in Ref. [1§].

For this, we introduce an auxiliary field y together with seven unknown constants D;, and consider a general action
of two scalars ® and x that contains at most second-order derivatives,

S = / d'z [D199" + Dy®AD + D3x®@” + DyxAD + Dsx? + Dx® + D7®?] . (64)

The coupling to x is constructed such that this auxiliary field can easily be integrated out by using its equation of
motion,

1
X = - (DG(I) + D3(I)N + D4A‘I)) . (65)
2Ds
We would then obtain an action that looks similar to the action (60) with which we started, except for the coefficients
that will now depend on the constants D;. Since we are interested in finding an equivalent action with two degrees
of freedom, we equate these coefficients and solve for the unknown constants D;. Interestingly, a solution does exist
only if
O?? 2 " 17\2 " 2
Ci=15 & Ci(A0) + @A +C5 (2") = (\FclA¢>+\FC5q> ) , (66)
5

which, as one can easily check, is also satisfied for HMG.? After fixing the redundancy due to a free rescaling of the

actions by choosing D5 = —m?M3, * we find

C3Dg
Dy =C4+vC5Dg, Dy =Cy £ , D3 = F2v (s, 67
1 4 516 2 2 2\@5 3 = F 5 (67)
Cs 1
Dy=F——, D; =Cs — ~DZ. 68
4 $\@5 7 6 176 ( )

We can now introduce two scalar fields 7 and ®, (to be pronounced “phi spectre”), described by a superposition of
® and y, which can finally be decoupled with the transformations

b — Aym — As®y, and x — Dy, (69)

where A; and As are free coefficients. They can be used to diagonalize the mass terms,
2
S:”n, = /d417 |:D5(p2m + Dﬁ@,{h (Alﬂ' — AQ(I)m) + D7 (A17T - qu)m) :| 5 (70)

to obtain the physical degrees of freedom which can be achieved by setting

A1 Dg = 24, Ay D5 (71)

3 This condition enforces the theory to be covariant. Since we have started with a covariant theory and then performed a time-space
splitting, it is indeed expected that this condition is satisfied. For theories that violate this constraint due to terms that break covariance,
this does, however, not imply that there is no ghost but rather that our ansatz is not sufficient. This could indicate that the theory
does not propagate only one but more degrees of freedom.

4 This choice does also ensure real coefficients for parameter values that we will focus on later. Otherwise, if c% — 46421 is negative, the

coefficient D5 should be positive such that v/Cj is real.
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For the choice A; =1 and Dg = m?M3, and using the solution corresponding to the upper signs in Eqgs. (67) and
(68), we see that if ¢3 —4c3 > 0 (the parameter region that we are interested in) then the prefactor in the kinetic terms
for @y is negative and, therefore, describes a (BD) ghost, whereas the one for 7 is positive and, thus, corresponds to
the healthy helicity-0 mode. From Eq. (70) we can read off the diagonalized mass terms for both scalars and find

4DsD7 — D2 —4m2M2D7; — m* M3
2 2 57 6 pT P
m M§ = = 2
) 4D, 4D ’ (72)

m2M3 = Ds. (73)

Since Dy is positive if Eq. (29) is satisfied, this indicates that the ghost is indeed a tachyon.

2. Decoupling in the presence of matter

So far, we have been able to decouple the ghost and the helicity-0 in the absence of an additional matter field.
Due to integrating out all auxiliary fields in the full action (48), the coupling between matter and both the ghost
and the helicity-0 mode is, however, not trivial and requires a proper decoupling of all present degrees of freedom.
Fortunately, the procedure is conceptually similar to what has been done in the vacuum case. Furthermore, we can
simplify the calculations by considering the small scale limit X, > m?M3. Because the analysis nevertheless becomes
a bit lenghtier, we present some itermediate steps in Appendix A.

In the presence of a matter field ¢ and assuming small scales, the action can be decomposed as

S = / d'z (@) (C18%0% + Gy + Cy) + (¢")? (C1®%¢* + C5@p + C) (74)

+(AD)? (C79%0* + CsPp + Co) + (Ap)? (C100%¢? + C110p + Cha) + C13ADApdy
+0” (CraAp®p + Ci5¢" P + C16ALP*®* + C17APP® + CisAP + Cr9App® ®? + Can ADp®d?)
+” (021A<,0<,02¢’2 + CanAp + 02390”%02@2 + 02480”)
+AD (Cos" 0*®? + Cosp” + Cor Ap?® + Cog Ap) 4 Cag A" i + Cao A"
+0" (C31P9” + C32®) + ¢ (C33P°¢" + C349%p + Ca50) + 9@ (C36Pp” + C37P)
+Ap (C33D*¢° + C39@%p + Cao) + Cu1 @29 + Cp2®?¢® + Cuzp® + Caa®?] .
Note that for HMG, some of the constants C; do indeed vanish. All of them are explicitly listed in Eq. (Al). Again,

we start with an ansatz for an action that explicitly describes three degrees of freedom with at most second-order
derivatives,

Spme = / d*z [@" (D18p* + Da®) + ¢ (D3¢ ®? + Dyp®* + Dsp) (75)

+A® (Ds®p* + D7®) 4+ Ap (Dsp®®* + Dgp®* + D1gp)
+D119%¢* + D13®°¢° + Di3p® + D14 ®°
+X (D15q)// + Dlﬁ@”(p@ + D17A(I) + DlgA(I)(p(I) + Dlggﬁu + Dgocp"gacb + DzlAgﬁ + DQQAQOQD(b) + D23X2] .

After solving for all coefficients D;, applying the field transformations

d — Ay + Dy + My '€, (76)
© — Mpﬂ' — MP‘I),* =+ Agg, (77)
X — Agm — By + My '€, (78)

and setting Doz = —m?M3, we find by checking the relative signs of all kinetic terms that @, is the ghost mode
with the mass

mémMé = Cuq —mZ Mg — m* Mg, (79)



11

and 7 and £ describe the helicity-0 mode and the matter field, respectively, with masses

(MZ (m? = Cus) + Cus)®  (ME (Cuz +m?2) + Cuy)”

m2 M3 = Cys M3 + 10t - PRV (80)

— 3, M3 (_1 +hma, (nME - m—2)) , (81)

i = M2 (Cu— m2M) + e (€ )
mémm2MI§ —Cus (m%m + 4m2)

- : (83)
Cyq — (méﬂm + m2> MPQ)

We observe that all masses are mainly determined by the coefficient Cyy. In our favored parameter region that
satisfies Eq. (29) and a; = O(1) we find Cyq > m*M3. Hence, if m?, is small (which we will also assume later for

the analysis of the vacuum decay) then Eq. (79) indicates a positive méw but tachyonic scalars 7 and £. This is not

surprising as we have already seen the existence of a tachyon in the vacuum case. With an additional coupling to a
new, even non-tachyonic, scalar field the tachyonic instability can leak into all other mass terms. However, this does
not render the theory more dangerous and rather tells us that the decay processes in our theory of massive gravity
with an additional scalar field can be described by the equivalent setting of one ghost and two tachyonic fields.

D. Strong coupling scale of the theory
The constraint that removes the BD ghost in a non-linear theory of a massive graviton automatically removes all
interactions that are suppressed by scales A < Az with

1/x

Ay = (Mpm?1) (84)

All other non-linear theories that reduce to FP at the linear level contain terms suppressed by As. However, this does
not necessarily hold for theories that do not reduce to the FP theory at the linear level.
We can find the cutoff scale of HMG by using the expansion of the mass term (41) and introducing the Stiickelberg
fields
5g,uu — h;w + a,uAu + auA,ua (85)
and, subsequently,

A, — Ay + 0,0 (86)

This decomposition into the three helicity modes allows us to read off the energy scales with which all single interactions
are suppressed (see, e.g., Refs. [29, 30]). For this we need to canonically normalize all the modes through the rescaling

2
huw Hﬁph’“” (87)
2
A:U' —>m7]\4PA#, (88)
¢ Hm?\f;f)' (89)

One now finds that the interactions in HMG that are suppressed by the smallest scale are of the type

Q;

X
Mpm4

(006)° = j‘— (900)* (90)

and correspond to the cutoff scale As.
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V. QUANTUM INSTABILITY

A. Most dominant interaction terms

The quantum stability depends on the scattering between the ghost @4, and the matter field £. In order to compute
the scattering amplitude we move to Fourier space and introduce kg, and k¢ for the momenta of ®, and &, respectively.
The final action of the interaction between these two fields is rather complicated. In general, the interaction terms
contain derivatives of both fields that describe the so-called derivative interactions, which, thus, have momentum-
dependent vertices. It is exactly this type of interaction that might be dangerous since the scattering amplitude
requires an integration over the entire phase space of the initial and final states of the fields. Therefore, all derivative
interactions lead to UV divergent terms o< k* with @ € RT. Even though such derivative interactions exist in the
Standard Model (SM), this problem is usually solved by introducing counter terms which regularize the divergent
parts. In our case, we require a Lorentz violation to cut the integral over the phase space.

If the integral of the phase space is cut at some energy level due to some new Lorentz breaking operators, then the
decay rate might not necessarily be dominated by the UV behavior anymore. As seen in Sect. IV D, the cutoff of the
EFT is much below the Planck scale. Depending on the mass of the graviton, terms with a lower number of derivatives
could then become dominant. At the end of this section we will, however, find that these types of interactions are
indeed less important.

From now on, we will need to only focus on the interactions with the highest number of derivatives where we are
allowed to assume that both ke, and k¢ are of the same order since the cutoff scales above which Lorentz invariance
is broken are equivalent for both momenta. Even though one can directly see from the action (75) that there are
many different types of derivative interations, most of them are suppressed by powers of My Lor my. We find the
Lagrangian corresponding to the most dangerous process to be

(3 + 4ca(4es + 3ca + 1) — 8 (2c3 + 2c3c4 + 4204 — 1)))4 m’

£d0m ~
32m8 Mg (ca + 2¢4)°

oy, £ 0,0"¢. (91)

For the analysis of the vacuum decay it will be useful to apply the transformation ® 4 — My 1<I>,,n, to obtain the same
dimensions for both ®4 and £. Finally, the interaction in Fourier-space becomes

(c% +4ca(4es +3c4+1) — 8 (20% + 2¢3¢q + c4(2¢q4 — 1)))4
32m8 Mg (ca + 2¢4)°

Note that this interaction arises from a matter sector, which, as in many other theories of modified gravity, couples
minimally to gravity. Thus, this type of derivative interaction is not only a property of HMG but rather occurs in
a much broader class of theories, even beyond massive gravity. Since we are studying the Lagrangian on-shell, the
exact term describing the most dominant interaction is, of course, still model-dependent. Especially the occurrence of
derivatives in the potential term of the theory might lead to different results. However, we expect that the qualitative
results for HMG will still be valid for a huge class of theories of modified gravity that introduce a ghost and have a
matter sector minimally coupled to gravity.

L:dom ~

6
m
ki @3, & (92)

B. Ghost decay

The total decay rate of the ghost particle is the sum of the decay rates from all possible decay channels.” As
already discussed, the dominant contribution to the total decay rate comes from the process shown in Fig. 2 (left)
and, therefore, the rate can be very well approximated by

1 dspf 2 4
Lo, = M? (2m)* 6@ — : 93
o= | [T sz, I @0 { pe=2s (93)

Here, M is the scattering amplitude, mg, and pg, are the mass and four-momentum of the ghost particle, respec-

tively,® and F is the energy of a particle appearing in a final decay product. The dominance of high momenta in the
decay rate further justifies the high energy limit leading to Eq. (91).

5 Since the ghost is a boson, due to spin-statistics its production rate will be enhanced by a factor 1 + ny depending on the occupation
number of the final state. However, we are interested in the case in which the phase-space density of ghosts is negligible.

6 Even though a (non-tachyonic) ghost is usually recognized as a field with negative kinetic energy, its mass term does also carry an
additional minus sign [11].
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Figure 2. Left: Feynman diagram for the most dominant decay of a Boulware-Deser ghost particle (left dashed leg) into another
ghost and four minimally coupled matter particles (solid legs). Right: Feynman diagram for the most dominant vacuum decay
into ghost and matter paricles.

It is important to note that we have different dispersion relations for a ghost and a standard field. While for a
ghost we have Fp, = —, /mé* + ﬁ?b*, the dispersion relation for standard matter fields is Egy, = \/m2,, + P2, Here

Do, and Psy are the spatial momenta for the ghost and matter fields, respectively.

Since Eq. (93) contains an integral over the entire phase space of all decay products, the decay rate is usually
expected to be infinitely large. As mentioned earlier, a LB allows us to cut the integral at A, which is, in fact, the
energy scale that determines the decay time.

We now need to find the M matrix that corresponds to the derivative interaction between @4 and £ as described by
Eq. (91). The derivatives yield two powers from the vertex of the interaction. Furthermore, we multiply the vertex by
a factor of 3! as we can freely swap all lines that correspond to £&. Thus, the scattering amplitude from the Feynman
diagram shown in Fig. 2 (left) becomes

M = 3lA (ip3) (ips) = —3!An"” (p3) , (P3),, » (94)
where we have introduced

(c% +4co(4es +3c4+1) — 8 (26% + 2¢3eq + c4(2¢4 — 1)))4 mS

A=
32m8 Mg (cz + 2¢4)?

(95)

In order to find an upper bound on the decay rate or, equivalently, a lower bound on the decay time, we consider the
worst-case scenario in which the matter field is almost massless. Even though this will generally lead to higher decay
rates, it is still a good approximation as the decay will be dominant at energies near the LI-violating cutoff scale.
Assuming isotropy in the decay process, i.e., d>p r = 47rpfcdp ¢, fixing the angles between different vectors, and using
the momentum conservation, we finally obtain the differential decay rate,

18A%papspapsperm (2m) 6t (p<1>,. - Pf)

10
(27)" ma,

qu,* ~ — . (96)

We are now able to perform the phase-space integral in Eq. (93) up to the cutoff scale A;p, at which Lorentz breaking
occurs, and obtain

3A2m§AgB

m + 0 (Ag). (97)

th ~

Note that A contains the scale with which the tree-level interaction term (92) is suppressed. If one would consider
contributions from loops then their vertices that are suppressed by As might lower the scale with which the decay
rate is suppressed down to As.”

7 We thank Claudia de Rham for discussions on this aspect.
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As mentioned before, the decay rate (97) corresponds only to the scattering process that dominates in the UV. The
validity of this assumption is not obvious for low cutoff scales. From Eqs. (54) and (55) we find that interactions with
less derivatives of ¢ introduce additional factors of m? M3 in A. From a power counting we find that the corresponding

decay rate I'p, behaves like
Lo, occm*MA ST s, . (98)

Therefore, for all cutoff scales that satisfy Arp = vmMp ~ 102eV (for m = O (Hp)) we do not expect higher decay

rates. As we will see in the next section, this condition is always satisfied for cutoff scales Aggax) with which the decay

would happen on a timescale of the Hubble time.

C. Vacuum decay

Besides the decay of a ghost, the vacuum itself can also decay into two ghosts and additional matter particles. The
Feynman diagram for the most dominant vacuum decay is shown in Fig. 2 (right). The main contribution to the
decay rate of the vacuum comes from the same vertex that we found for the ghost decay and, thus, we find

d3pfq> d3
Foe= [ 11 T M 2m) 6@ S r | 99
ac /fq> (271-)32Ef(% (271')32Ef| ‘ ( ) pr% ps ( )
h

! Ja, f

After choosing the rest-frame of the ghost particle fi, the M matrix is, up to a symmetry factor 2!, similar to Eq.
(94) and, thus, Eq. (99) reduces to

e = 2Ta, . (100)

The total decay rate of the interaction described by Eq. (92) is, however, not simply the sum of all decay rates
T';. The vacuum |0) is defined as the state without any excitations, which is not a stable state if the theory contains
ghost fields. The particle production rate from the vacuum decay is, therefore, only a good approximation for an
initial vacuum state and might become less trustable as the vacuum decays. For this reason and since the decay of
the vacuum is not more dangerous than the decay of the ghost, we now focus on the ghost decay only.

D. Numerical calculations

The decay rate possesses some model dependencies. A priori the graviton mass scale m is a free parameter.
However, if HMG is to be regarded as a theory of modified gravity that is supposed to solve the dark energy problem
by providing self-accelerating solutions, then m should not be chosen arbitrarily. The mass parameter m determines
the scale at which modifications to GR become important and is therefore expected to be ~ Hj.

There is however an additional model dependency. By using the fit (29), we get

45 °
A x 1/ (CQ + 204)5 ~ (W) y (101)

which, by tuning &7, might diverge, leading to an infinite decay rate. As discussed previously, this limit corresponds
to a strong coupling of the matter and ghost mode, and thus, the perturbative approach breaks down.

Since the classical background should also be unstable if the vacuum decays at tree level, we do not expect to find
stable classical backgrounds for a; ~ 13/60. For a cross-check, we determine the parameter region that maximizes
the timescale of the classical instability to develop. As shown in Fig. 3 (left panel), we find that the results of the
background analysis indeed agree with this constraint.

The viability of the theory depends on the decay time of the most dominant scattering process, and requires

r—-t> Ho_l, which sets an upper bound on the scale Apg. For a graviton mass m = O (Hp) and @; = O (1), where

we approximately find m¢ ~ mqe, ~ m, we can estimate the order of magnitude for the upper bound Aggax),

1/6 1/6
o 2 (27r)10 mme mli2 M8
App S A = (W —o| | =2 . (102)
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Figure 3. Left: Constraints on the parameter space of HMG. The blue solid line indicates the region in which Eq. (29) is
satisfied, i.e., the timescale of the instability at the classical level to develop is maximized. Models on the red dashed line satisfy
c2 + 2c4 = 0, indicating the strong coupling regime. Right: Numerical results for the upper bound on the Lorentz-breaking

(max)

cutoff scale, A; 5™ (red dashed line) corresponding to a decay time of the order of the Hubble time Hy'. As indicated by
the lowest and second-lowest dashed lines, denoting As and As, respectively, the LB cutoff scale can be much larger than the
strong coupling scale of the EFT.

This gives us an upper limit that is much above the cutoff scale of the theory. For more accurate numerical results
see Fig. 3 (right panel). In the limit m, — 0, the amplitude A diverges and indicates an infinitely large decay rate.
However, in this limit the Lagrangian of the interaction (92) would enter a strongly coupled regime and our perturbative
ansatz would not be trustable anymore. Nevertheless, even considering extremely small masses m, ~ m = O(Hy)

would lead to Aggax) > Mp.

Even though this LB cutoff scale Aggax) is much above the strong coupling scale that was found in Sect. IV D, all
of our results are still trustable and should be taken seriously. In fact, the decay products can reach energies near
Aggax). In addition, we should expect the decay processes to occur even above Agpr (which is As for our massive
gravity theory). We should however note that it could indeed be possible that energies above Agpr would lead to
new interactions that dominate and result in much larger decay rates, depending on the underlying new physics at
energies above the EFT cutoff scale.

E. Comparison to observations

To date, no high-energy physics experiments have found any signals for the violation of Lorentz invariance, which
may seem to indicate that Lorentz-violating operators, if exist, play a role only at very high energies, perhaps even
above the Planck scale. Even though our results are compatible with this conclusion, a LB at much smaller energy
scales but above Az would nevertheless be allowed.

Even though the arguments above require some speculation about the UV-completed physics, there is a more
profound reason why it is not surprising to find no LV at higher energies. As recently pointed out in Ref. [31], most
of the operators that break LI lead to a strong coupling already above energies of O (meV). It has been conjectured
that the strongly coupled degree of freedom (in our case the one that leads to a LV) effectively decouples from the
high-energy theory and can therefore not be observed yet [31]. Similar problems appear in QCD (confinement) and
massive gravity (Vainshtein screening).

Fortunately, there are possibilities to indirectly detect a breaking of LI that stabilizes the vacuum decay. For the
decay products it is most likely to have energies of order Arg, even if Ag > Agpr. As long as they do not scatter at
these energy levels, they can still consistently be described by our EFT. A direct observation of these decay products
could then hint towards a breaking of LI. If one assumes a LB above ~ 1MeV then one could search for observable
effects such as peaks in the gamma-ray background, along the lines of the studies in Ref [25]. However, the background
flux is not well constrained yet for all (especially higher) energies.
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VI. SUMMARY AND CONCLUSIONS

In this work, we have discussed the influence of a ghost on the viability of an EFT by considering the violation of
Lorentz invariance above certain energy scales in a particular theory of modified gravity describing a massive graviton
with an additional Boulware-Deser ghost, which we called haunted massive gravity (HMG). Even though we do not
believe that our HMG model is able to play a major role in the class of theories of modified gravity attempting to
explain, e.g., the late-time acceleration of our Universe, we do expect that its quantum properties can be mapped
onto a huge class of other theories of gravity that also introduce an Ostrogradski ghost.

In contrast to simple toy models with a canonical scalar field interacting with a ghost, we have found a decay rate
that does not scale as A?5, where App denotes the energy scale above which Lorentz invariance is broken, or Ay
if one assumes the simplest interaction with a graviton; the decay rate scales, instead, as AS;. The origin of this
difference lies in the different dominating scattering processes involved. If the ghost mass is of the order of the Hubble
parameter H(, which is expected for theories of modified gravity that provide solutions to the dark energy problem,
then the upper bound on the cutoff scale at which LB has to occur is allowed to be extremely high and could even be
above the Planck scale.

Finally, with HMG we have found an example of a massive gravity theory which allows for dynamical, and even
self-accelerating, FLRW solutions with a flat reference metric, contrary to the ghost-free dRGT theory. Furthermore,
we obtained a parameter region in which both free parameters of the theory are of O (1) and maximizes the timescale
on which the classical instability is suppressed to obtain a viable cosmological solution. This is indeed surprising as
one might expect that a ghost that is present at the background level (which is required in order to obtain dynamical
FLRW solutions) will automatically destabilize the theory. We have however studied only the background solutions,
and one should therefore note that it is very likely that the cosmological perturbations would be classically unstable,
although it is not obvious with which timescale this instability is suppressed. Furthermore, it might also be possible
that quantum loops would render the theory unviable due to interactions that could theoretically be much more
dangerous than the tree-level interactions which we have studied in this work; we leave the investigation of these
questions for future work.

In general, ghosts are potentially dangerous and can rule out a theory if the quantum behavior is not under control.
However, if one accepts the possibility of Lorentz-violating physics above the cutoff of the theory, then all these
theories should be studied carefully and might be acceptable and well behaved.
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Appendix A: Detailed expressions for decoupling of the helicity-0 mode, the ghost and the matter field

The coefficients C; corresponding to the action (74) read

Cio
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Cus

- (Cg + 204) m2M1§ ’

4

(c2 + 2¢4) m2M3E’
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After integrating out the auxiliary field x in Eq. (75), the comparison of the resulting action with the original one
(74) provides a set of equations that can be solved with

DiZOi for 1SZ§14,

D5 = 724/ —=C3D>3,

D1g = D1g = D1g = Da1 =0,

2C13v—C3D33
Dy7 = :FC—M’
D
Doy = FCi5 072;7
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C% = 4050y, (A8)
C13C3 = D74Co, (A9)
4C3Cy = O3y, (A10)
C14C1g = 2C5C"3, (A11)
2C5C19 = C14Ch5, (A12)
C13C15 = C14Cy. (A13)

All of them are indeed satisfied for HMG.
For the transformations given in Eq. (76) and the choice Dag = fmZMP% we find that the mass matrix is diagonalized

if
2A,Cyy + 243m* M3 — 203 M3 = 0, (A14)
2C,
—2A2043MP + M44 + 2m2Mp = 07 (A15)
P

2A,C

S 4 94,CusMp — 2A3m>Mp = 0. (A16)

Mp
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