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ABSTRACT

The optical and the power characteristics of various synchrotron radiation sources are
summarized. The optical characteristics - flux, brightness, céherence, polarizaiion, etc.
— determine the quality of the source for photon experiments. The power characteristics
determine the heat load on beam line elements. After discussing the cases for the bending
magnet, wiggler and undulator, the case for the helical undulator is considered separately

emphasizing its different power characteristics from the planar case.

1. INTRODUCTION

Synchrotron radiation — the radiation produced by a charged particle moving with
relativistic speed in curvéd trajectories — provides an intense, tunable, bright sourse of
photons in a wide spectral region from a few eV to tens of keV. It is becoming an
indispensible tooi in many areas of basic and applied sciences, as witnessed by the
constniction and/or completion of several advanced dedicated synéhrotron radiation
facilities around the world. In this paper, we review the characteristics of synchfotron
radiation sources.

The unique property of syncﬁrolron radiation has its origin in the fact that, for an
extreme relativistic electron moving toward a stationary observer, the motion appears to
occur in a time scale shorter by a factor y2 than that of the real motion{1,2]. Here,
Y = Ec/m¢c2, E. the electron's relativistic kinetic energy, me its mass, and ¢ the speed of

light. In practical units

¥= 1957 E,. [GeV]

For typical synchrotron radiation sources, E. ranges from about one to ten GeV,

corresponding to the value of v from 3000 to 30,000.



Synchrotron radiation is generated when extreme relativistic electrons are forced to
make a curved trajectory through powerful magnetic fields. Three kinds of magnets are
used to make such fields in synchrotron radiation sources: bending magnets, wigglers,
and undulators. In bending maghets, electrons move 1n a simple circular trajectory. The
emitted radiation is intense, with a very narrow angular diVergence of about y! around
the trajectory plane, and has a broad energy spectrum centered around a few to a few tens
of KeV. Wigglers can be regarded as a sequence of bending magnets of alternate
polarities. Thus, its radiation characteristics are similar to those from bending magnets,
épart ‘from a 2N-fold enhancement of the intensity, where 2N is the number of the poles.
An undulator is an N-period magnetic structure producing a gentle, perigdic orbit.
- Because of the interference of radiation from different parts of the trajectory, the
undulator radiation is squeezed into a discrete spectrum and narrower emission angles.
The result is an N2-fold enhancement of the angular density of the flux in the forward
direction. The spectral characteristics of radiation from bending magnets, wigglers and

undulators are illustrated and compared in Fig. 1-1.

Due to their high intensity and narrow angular divergerice, the x-ray beams from
synchrotron radiation sources are optically very bright, making them a valuable tool for
scientific investigation. On the other hand, the high power density of the beams places a
severe burden in the design of downstream optical elements. The generated x-ray beams
can contain several kW of power confined to an angle less than one tenth of a miliradians.
Some or most of this power is absorbed by the optical components that are used to
confine, define, mask, reflect, focus, or monochromatize the beam. These components
can be subjected to heat loads of several kW and heat fluxes in excess of 100 W/mm?2 as
discussed elsewhere in this volume. Desigh of suitable cooled optical elements 1s

necessary to fully expoit the generated x-ray beams. In fact, the deformation of optical



elements under the high heat loads must be kept to very low levels in order to prevent the .
angular spread or degradation of the very narrow, finely tuned, beam so deliberately
. produced. Thus, in view of the difficulties in the thermal management of high heat load
X-ray components, it is instructive to include thermal load as one Of the criteria used in
the selection and design of x-ray generatihg devices. Concurrently, development of
devices that can produce the desired photons without substantial parasitic power must be
pursued. |

Section 2 is an introduction to the various quantities characterizing the source
properties. These are the brightness, flux and polarizafion which are important from the
point of view of photon users, and the power which is important from the pointof view of
the beam optical line designers. Sections 3, 4 and 5 contain a brief review discussion of
the characteristics of bending magnets, wigglers, and undulators, respectively. A more
detaiied treatment can be found,.for example, in references {3,4,5]. Section 6 contains
some new material concerning helical undulator radiation, in particular its power

characteristics .

2. QUANTITES CHARACTERIZING RADIATION SOURCES

2.1 Brightness and Flux. A fundamental characteristic of a radiation source is the
density of photon flux in phase space[6,7,8]. The coordinates of the ph:ise space is

denoted by the pair (x,9), where x and ¢ are respectively the position and the direction.

In components, we have
x=(y) . 0=(0V) , 2.1

where x and y are the horizontal and the vertical positions, and ¢ and y are the horizontal
and vertical angles, respectively. The distribution of the photon flux F in phase space is

called the brightness function, and is given by



d¢F
d2xd?2¢

B(x,0) = (2.2)

The brightness function evalutated at the origin will be simply referred to as the

brightnéss B. It uniquely characterizes the strength of a radiation source because it is

invariant under propagation through optical elements, such as lenses or free space[6).
Integrating the brightness function over the angles or positions, we obtain the

angular or the spatial density of flux:

= JB (x,0)d%x , (2.3)

o= [Bxpraze . )

Finally, one obtains the total ﬂux by integration, as follows:

F= f az—x-dzx— J d2¢=f B(x.0:2) d2xd20 2.5)

The flux is another invariant.

The various differential fluxes in the above are understobd to be spectral
quantities, i.e., the fluxes in a small bandwidth around a given frequency. To be precise,
therefore, we should call B the spectral bﬁghmess, d2F/d2¢, the angular density of
spectral flux, and so on. However, we often drop the adjective spectral for the sake of
brevity.

Fbr practical calculations, the following units for the spectral flux and brightness

are commonly used

' number of photons
(s) (mm?2) (mr) (0.1% bandwidth)

_number of photons
" (s)(0.1% bandwidth)

(2.7)



Figure 2-1 shows the spectral brightness for several synchrotron radiation sources.
For undulators, each curve is ihe locus of sharp peaks that can be tuned by changing the
undulator gaps. »
2.2 Coherence. Another important characteristics of the photon beams is its coherence,
which is a measure of the degree to which the radiation can exhibit interference patterns.
Two types of coherence can be distinguished: The transverse (or spatial) coherence
refers to the coherence of electromagnetic vibrations at two points perpendicular to the
propagation direction. The longitudinal (or temporal) coherence refers to the case of two
points along the propagation direction. Photons within the phase space area A/2, where A
is the radiation wavelength, are transversly coherent. Since there are two-jransverse

dimensions, the transversely coherent flux is given by
FeonT=B(M/22 (2.8)

The temporal coherence is characterized by the coherence length I which is related to the
bandwidth AA/A by
Ic =MMAN)=AZ/ A (2.9)

2.3 Polarization An important characteristerization of radiation is the polarization.
Synchrotron radiation offers a variety of polarization; linear, circular, or elliptical.

2.4 Power. The brightness and flux are the quantities relevant for planning photon
experiments. In designing an optical transport system from a source to an experimental
chamber, called the beam line, it is also important to know the output of the power
integrated over all frequencies. This will be refered to as the power, P, throughout this
paper. The angular distribution of the power is denoted by dP/d2¢. The synchrotron
radiation beam lines, especially in high energy facilities for x-rays, have to be designed to

handle tens of kW of power emitted by the sources.



3. BENDING MAGNET RADIATION

For an electron following a circular trajectory (as in the bending magnets of a storage

ring) the bending radius, in the extreme relativistic case, is given by

Pay - JERY

where B is the magnetic field strength. In practical units this becomes
plm] = 3.3 E. [GeV]/B[T]

The bending-magnet radiation has a smooth spectral distribution, with a broad maximum
near the critical frequency ax given by
3

32
2 (3.2)

The photon enérgy corresponding to O, is & = fiax , which in practical units is
& [keV] = 0.665 EZ [GeV] B [T]

3.1 Angular Density of Flux. The angular density of the spectral flux is given by[1]

d°F _ 3a zAa)_I_[Iz 2

2)2 X
d2¢—4n27 PR 'e'] (1+X ) {K2/32(n)+1—+—x21{1/32 (n):l . (3.3)

where « is the fine structure constant, ® the angular frequency of the radiated photons, I
the electron beam current, the subscripted K's are modified Bessel functions of the second

kind, and

(1+X2)32, (34)

X=yy , | (3.5)

In the horizontal direction, ¥ = 0, Eq.(3.3) becomes in practical units [photons - s~! - mr-2



(0.1% bandwidth)-1],

d2F

Wol¥= 0—133XI013E2[GCV]I[A]H2(<°/(Dc) . (36)

where , -

Ha(y) = y2Kys3 2'(y/2) . (3.7

The function Hy(y) is plotted in Fig. 3-1. The distribution integrated over the vertical
angle is given by

dF _\3

A(oI(o
K : 38
el J 55"y’ o8

In practical units [photons - s-! - mr-! - (0.1% bandWidth)-'],

%:2.46 x 1013 E, [GeV]I[A]G) (o) ,

where

o0

Giy) =y [Ksp)dy” . (39)
y _

The function G (y) is also plotted in Fig. 3-1.

If the angular distribution in y were of Gaussian shape, then the rms divergence

Oy can be calculated by taking the ratio of‘Eq. (3.8) and Eq. (3.3) evaluated at y =0:

f sn(y)dy
Oy = [ } - (3.10)
] Kap2(w2a)

In reality, the distribution is not Gaussian, especially in view of the fact that the

distribution for the vertically polarized component vanishes in the horizontal direction



y = 0. However, oy defined by Eq. (3.10) is still a simple and useful measure for the.

angular divergence. Eq. (3.10) is of the form

ow=§cwmc) . 3.11)

The function C(y) is plotted in Fig. 3-2. At the critical energy oy, becomes 0.64/y.

3.2 Polarization. Radiation from a bending magent is linearly polarized when
observed in the bending plane. Out 6f this plane, the polarization is elliptical and can be
decomposed into its horizontal and vertical components. The first and the second terms
in the last bracket_ of Eq. (3.3) correspond, respectively, to the intensity of the
horizontally and vertically polarized components. Fig. 3-3 gives the normalized
intensities of these two components, as functions of emission angles, for different
energies. the square root of the ration of these intensities is the ratio of the major and
minor axes of the polarization ellipsé. The sense of the electric field rotation reverses as

the vertical observation angle changes from positive to negative.

3.3 Brightness. To compute the brightness, we first evaluate the diffraction limted

source size corresponding to the divergence angle Oy:
o, =MN(4rno,) . ' (3.12)
To simplify the calculation, we neglect the effect of the curvature of the electron

trajectory on the effective source size. The expression for the bending-magnet brightness

then becomes

2 v e2+¢ .02 \|'"?
B=S9F |/on (a2+D?62+0?) |o2+02+ L 2T - (313)
dodw | Y ol



In the above , vy is the third betatron functidn in the y direction, €y is the beam emittance, -
D is the dispersion function in the x direction, G is the rms value of the relative energy
spread, and Ox (Oy) is the rms electron beam size in the x(y) direction. It is assumed that
the electrons’ angular divergence is much smaller than ow. Notice that the nonvanishing
dispersion function in the bending magnet comributes to an additional term in the

effective source size proportional to the energy spread.

3.4 Power The angular distribution of the power in bending magnet radiation is given

by(1]
d2P _ d?P
d2¢ d’¢

23112
L m[1+ 3&] . G619
o (1 +72y2) T+yy2] |

Here

2 5 2
=LC_V_I_=_7_C_£B_Y4% _ (3.15)

is the power density in the forward direction. In units of W - mr-2, this becomes

‘ &2P

20 =5.42 B [T] E.¢ [GeY] 1[A]

0

In Eq. (3.14), the first and second terms in the last bracket correspond to, respectively, the
power of the horizontally and vertically polarized components. Integrating Eq. (3.14)

over the angles, we obtain

=z—=>1y | (3.16).

Here ¢ = pA¢ is the length of the arc. The contribution of the horizontally polarized .
component to the total power is seven times that from the vertically polarized component.

In practical units, the total emitted power is

P [kW] = 1.27 E.2[GeV]B2[T]1[A] ¢ [m] . (3.17)

10



4. WIGGLER RADIATION

4.1 Periodic Magnetic Structures. Wigglers and undulators are periodic magnetic
structures operating in the straight sections of storage rings and are collectively known as
insertion devices. Short—period-length insértion devices producing high magnetic fields
are usually constructed from permanent magnets after the pioﬁeen’ng work by K.
Halbach[9]. The magnetic field B in most of these devices is in the vertical direction and

varies sinusoidally:

B, =-B, sin(2nzZ/Ay) , 0szsNA, . - @.1)

Here B, is the peak magnetic field, A is the period length and N the number of periods.
By integrating the equation of motion, the electron's transverse velocity cPx is found to
be
K
Bx =—cos(2rnz/A,,) . 42)
Y

Here

K =eBoAw2nmc = 0.934 A [cm] Bo[T] ' @43

is a dimensionless quantity referred to as the deflection parameter. The maximum slope

of the trajectory is

= |R

A typical insertion device, based on a permanent-magnet-steel hybrid design, is

schematically illustrated in Fig. 4-1.

4.2 Radiation Characteristics. In a wiggler, K is large ( typically > 10) and fa_diation
from different parts of the electron trajectory adds incoherently. The angular density ‘of

flux or power is then given by 2N (where N is the number of magnet periods) times the

11
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appropriate formula for bending magnets. However, p or B must be taken at the point of

the electron's trajectory tangent to the direction of observation. Thus the cntical energy

for a horizontal angle ¢ is given by

e(0) =¢, N 1~ (@8)? ,‘ (4.4)

where
Eomax = 0.655E2[GeV]By[T] .

Calculation of the brightness for wiggler radiation must take into account the
depth-of field effects -- the contribution to the apparent source size from different poles.

The peak brightness for wiggler radiation is given by

exp -1 X0
d2F Z 262 +22,0%
2,.2 2 y 2,2 2
cx+znicx,) ) +GY+254 O
X
=N, [n + % i 4.5)

In the above, 6 and on' ( oy and oy ) are the rms tranSverse size and angular divergence
of the electron beam in the x direction (the y direction), respectively. The sum is over the
contributions from different poles. Z+*n are the z-coordinates of the points where the
electron trajectory is tangent to the forward direction. Note that there are two points (one
from each pole specified by %) per each period. The phase space distribution of wiggler
radiation is illustrated in Fig. 4-2. The the contribution of the central pole is indicated by
the upright ellipse. ‘The contributions from other poles, when projected onto the central
pole position, are a set of sheared ellipses. The high brightness part of the distribution

occurs in a small region near the origin where the contribution from different poles

12



overlap each other. Thg exponential factor in Eq. (4.5) arises because wigglers have two

source points, separated by 2x, , where

Xy = 4.6)

312

<[R

4.3 Polarization. In contrast to the bending magnet radiation, \yhich is elliptically
polarized away from the horizontal direction, the polarization of radiation from an
electron moving in a planar trajectory given by Eq. (4.1) is always linear. This is due to
the interference of radiétion amplitudes t;rom two poles in each period. However, the
direction of polarization in wiggler radiation in the limit of a large deflection parameter K
changes very rapidly as a function of the vertical angle. Thus, the radiationf collected
over a ﬁnall angular interval is effectively partially polarized with the degree of

polarization given by

_ (16 K (m) - X2 K2, (n)
Pl (14x9 K24(m) + X2 K2, (1)

4.7)

The quantities appearing in the RHS of Eq. (4.7) are defined in Section 4.2.

4.4 Power. The power from a wiggler can be obtained either from the bending magnet
formulae given in Section 3.4, or from a large K limit of the undulator formulae as

discussed in Section 5.3.
5. UNDULATOR RADIATION

When the deflection parameter K is of order unity or less, radiation from different periods
can coherently interfere, thus producing sharp peaks at harmonics of the fundamental. In

this case, the device is called an undulator. In this section, we consider the case of the

13



planar undulator[10], in which the electron trajectory is described by the formulae 1n
) N
Section 4.1. However, we will use the subscript u, for example A rather than Ay, in the

case of an undulator. The case of the helical undulator is considered in the next section.

5.1 Spectral and Anglular Distritribution[10,11,12]. We consider first the case
where effects due to emittance can be neglected. The frequency of the fundamental on
axis (¢ =y = 0)is
, 2y2
0)1(0) _( 1+K2/2) , , (5-1)
where w, =27c/Ay. The corresponding energy in practical units is

_0.95E [GeV]
) Aulcm]

Away from the forward direction, at an angle 0 = V ¢2 +y? , the frequency becomes red-

shifted:
1
1(0) = w; (0) . (5.2)
1(0)= o 1+ 202/(1 + K2/2)
The width of the spectral line (FWHM) near nth harmonic is
Aol 48 09
o | NN (53)

If the frequency is fixed at nth harmonic, the angular distribution has a narrow

cone centered in the forward direction, called the central cone. The rms width of the

1 1K LA
Gr—zy'\/‘nN -\/sz | (5.4)

central cone is given by

14



where An = Ay/n is the wavelength corresponding to w, and L = N, is the length of the

undulator. In addition, rings of radiation of the same frequency also appears at angular

Onp = 1 \’ % (1 +K22) (£=1,2,3,..). ' - (5.5)
v

The angular structure of undulator radiation is illustrated in Fig. 5-1.

distances

The peak angular density at nth harmonic is given by

2 n
EE| =an?y2221p k) (n=135,.) (56
d2e O e |
0
where

K22 [ nK2 k2 ) .

FaK) =3 ke {»_1[4(1+K2/2)]“ ’u[4(1+K2’2)}} -
2 2

Here, the J's are Bessel functions. The function F,(K) is plotted in Fig. 5-2. In practical

units [photons * s~!  mr-1« (0.1% bandwidth)-1], Eq. (5.6) becomes

d?Fn

ryell 1.74x1014N25§ [GeV] I[A] Fo(K) .

0

The flux contained in the central cone, F 7, is obtained by multiplying Eq. (5.6) by
the area of the central cone 21t0'§ :

Fr=2an® 1 gk (538)
w
where
- Qu(K) = (1 + K2/2) Fo(K)n . (5.9)

The function Q,(K) is plotted in Fig. 5-3. In practical units [photonses=1+(0.1%
bandwidth)-!], Eq. (5.8) becomes

15



Fn =072 x 1014 NQ,I[A]

It should be noted that the flux formula in the above is one half of those quoted in the
previous publiéations [11,12]. This is because we have computed the flux at @ = nwi(O);
more flux is produced at slightly lower frequencies, and it becomes twice of that given by
Eq. (5;8) at around ® = @;(0)(n — N-1). At these frequencies, however, the angular
distribution has a dip in the forward direction, and therefore the Gaussian approximation
used in the present treatment does not apply.

In practical undulators, the deviation of the electron trajectory from the ideal
sinusoidal curve due to magnet errors causes, in general, a reduction in the undulator
performance[13]. In advanced synchrotron radiation facilities, the magnetA eITors are
tightly controlled so that such a reduction is negligible for useful harmonics.

5.2 Brightness and Coherence of Undulator Radiation. The diffraction limited rms

source size corresponding to Eq. (5.4 ) is

o, = \2AL/4n : (5.10)

Because Egs. (5.4) and (5.10) give very small angular divergence and size, ﬁe brightness
of the undulator radiation from an electron beam depends sensitively on the electrons’
distribution. Electrons in storage rings are distributed in a finite area of transverse phase
space - position times angle. We introduce the rms electron beam sizes o ( horizontal)
and oy (vertical) and electron beam divergences ox' ( horizontal) and c;y- (vertical). The
quantities €x=0x Ox and £y=Cy Gy are known as the horizontal and vertical electron
beam emittances, respectively. They are determined by the beam dynamics of the Storage
ring. The ratios Bx=0x/0x and By=0y /Gy are known as the horizontal and vertical beta
functions (the second Twiss parameter), respectively. They are determined by the

magnetic lattice design of the storage ring. Taking into account the electron beam

16



emittance, the rms source size and the angular divergence in the x direction become,

respectively,

ox=\o +0 , (5.11)

T

Orx' = ‘\/ 0[2, + 0)2(, (5.12)

and similarly for the y direction.

The total flux in the central cone remains unchanged, being given by Eq. (5.8).
Thus, the peak angular density taking into account the electron beam distribution
1s[7,8,11]

d2F n Fn
d2¢ 0 -'27to1-xoryf )

(5.13)

The expressibn for the peak brightness becomes
_ F
0— -
(27)? o1xO1x ‘OTy OTy’

(5.14)

Examples of undulator brightness were shown in Fig. 2-1.

Using Eq. (2.8), the transversly coherent part of the undulator flux is

_ AZF
(4m)2 O1x O O1y Oy’

(5.15)

F coh, T

The factor multiplying F in the RHS of Eq. (5.15) is the coherent fraction. For
coherence experiments involving diffraction in the vertical direction only, the coherent

fraction is given by

Vertical Coherence Fraction=AM/(4n oy01y). (5.16)

17



Since the vertical emittance is significantly smaller, up to a factor of 100, the Qertical
coherence fraction is quite high. Figure 5-4 shows the coherent fraction as a function of
the photon energy for machine parameters corresponding to a typical third generation
synchrotron radiation facility; £x=10-8 m-rad, £y=10" m-rad, Bx=10 m, and Bx=4 m. For
a practical optical system, it is possible to use several radiation modes without
'signiﬁéantly losing the resolution. Thus, the effective coherent fraction could be several
times larger than that given by Eq. (5.15). The dotted line is the vertical coherent

fraction.

The discussion in this subsection is based on the simple approximation that the
phase space distribution of the undulator radiation can be represented by a product of
Gaussivan distributions. A more detailed study based on the Wigner distribution shows
the deviation from the Gaussian distribution[14]. However, the approximation is
nevertheless useful due to its simplicity.

5.3 Power. The angular distribution of radiated bower from an undulator of deflection

parameter K is given by[15]

ER_EP oW (5.17)
d2¢_d2¢0 K¢’W - "-
Here
dz2p 7 €2 I
= = ]—/— & yKa, -l 2NGK 5.18
20(0 {MKEOCY‘ (ﬂue}__ (K) | (5.18)

is the power density in the forward direction, with

K(K6 +—27£K4 +4K2 +176)

G(K)= (1 +K2)"2

(5.19)

The expression within the curly brackets in Eq. (5.18) is the same as the péak power
density for the bending magnet, Eq. (4.15), if one replaces the bending tield B by the

peak undulator field Bg. The factor 2N accounts for the 2N poles in an N—period

18



undulator, and the factor G(K) accounts for the interference effect. The function G(K) is
plotted in Fig. 5-5. From the plot, we see that the power density in the forward direction
is less than that from a sequence of bending magnets due to the interterence eftfect.
However, G(K) is practically unity for K 2 2. In practical units of Wemr-2, Eq. (5.18)

becomes

d?p

= 10:84 Bo[T] E4[GeV] I[A] NG(K)
d24|0

The angular function fx in Eq. (5.17) is give by

14 sin?
16K dE_, Dsé ((1 +X2-Y2)2 +4X2Y2) - 5.20

IrG(K) J-n

fr(dw) =

where X = yy, Y = K cos E—¢y, and D=1+ X2 + Y2 . It describes the angular
depehdcnce with the normalization fx(0,0) = 1. Figure 5-6 show the behavior of this

function. When K becomes larger than 2, Eq. (5.20) approaches quickly to the function

1 L X2 }
(1+ w252 7(1+(mw)?)™?)

£.(0.4) = V1 - (W/K)? x{ (5.21)

The factor within the curly brackets is the same as the angular distribution of the power

from bending magnets, given by Eq. (3.14), while the factor \/ 1 - (y/K)? arises because

the magnetic field observed in the ¢ direction in a sinusoidal trajectory is reduced by that
factor. In the limit K — 0, one can derive from Eq. (5.18) that [16]
L+ 29242 - ¢?) + (Y4(¢? + y2))?

K —0:fx(d.y) = (5.22)
(1 + (¢ + y2)°
Integrating Eq. (5.17) over the solid angle, we find that the total power is given by
2 2 2 ' :
6 gpgce 121te() \ mc e

19



This can be obtained from Eq. (3.16) by replacing ¢ — L and B2 - (1/2)B2 . The factor
1/2 here accounts for the fact.lhat the magnetic field is not constant but sinusoidal.}ln
practical units, Eq. (5.23) becomes

P[kW) = 0.63 EZ [GeV] B [T] I[A] L{m]

Undulﬁtors and wigglers in modern synchrotron radiation facilities are intense sources of
thermal power—tens of kilowatts into a fraction of mrad2 of a solid angle. The
mechanical and optical elements of the beam lines need to be protected from the power
by masks or by appropriate cooling arrangements. On the other hand, the useful part of
the flux for undulators is confined to the cental cone given by Eq. (5.12), which for the
current generation of machines optimized for UV and soft x-raysis much narrower than
the angular openings of the thermal powér profile. Thus the power load on optical
elements in an undulator beam line is a small fraction of the total power. For high energy
storage rings optimized for hard x-rays, however, the thermal power in the central cone
could be 10-15% of the total power and thus still be too high. One possible way to

avoidthe power problem is to employ a helical undulator discussed in the next section.

In this section, we have discussed the properties of a planar sinusoidal undulator.
Recently Sasaki has proposed a new, quasi-periodic undulator to suppress higher

~ harmonics[17).

6. HELICAL UNDULATOR

Planar insertion devices, which we have considered so far and in which all the pole faces
are parallel, produce linear polarization. Circular or elliptical polarization can be
produced by using different magnet arrangements {20,21,22,23,24]. Here, we discuss the

helical undulator, first studied by Alferov et al., in their pioneering work on synchrotron
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radiation [25]}; and also by Kincaid[26]. In particular we write down expressions for
various power characteristics which have not been discussed in detail so tar[27].

In a helical undulator, the magnetic field 1s given by
Bx By)=Bo (- sin@nz/ Ay) , cosrz Ay)), 0<z<NA, . 6.1)

The spectrum in the forward direction is sharply peaked at the fundamental frequency

given by Eq. (5.1) with K2/2 replaced by K2:

27

®,(0) =, -~
1+K

In contrast to the case of a planar undulator, helical undulator does not produce higher
harmonic radiation in the forward direction. However, harmonics aré produced in other
directions.

The angular density of the flux in the forward direction is given by

&F
&

- 2
=aN2’fA_(o. l __K

0 (’)el+K2

(6.2)

The angular distribution of the power from a helical undulator can be written in a

form similar to Eq. (5.17):

da2p, d’p
H-__Hi#() . - (6.3)
o d% |
where | 0= ¢2+\y2 and

(6.4)
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with
D=K*+P6°+1 - 2Ky cos § 6.5)

The functioh f ;2 is normalized so that f }12 (0) =1. The power density in the forward

direction is given by

Kz
( 1 +K2) >

9.2—P :Ey‘lm
mEC T e M

d% |,

(6.6)

Note that Eq. (6.6) vanishes as K becomes large. This is due to the fact that, as K
becomes larger, most of the power is contained in higher harmonics which is forbidden in
the forward direction. It turns out that the power distribution is peaked in the direction

0 =K#y for a large K. Thus, it is more convenient to write Eq. (6.3) as follows:
dzp  d?pP

2o wglo=xy WO 7
where - 7
d2p 7 €2 I
R0| 0=K/y {8—47; eo | O 5} NOH(E), 63
with
‘K(KG +K4+%K2+TIZ) _
GH(K) = 1 6.9)
( Z + K2 )70

Equations (6.8) and (6.9) correspond respectively to Eqgs. (5.18) and (5.19). The function

GH(K) 1s plotted in Fig. 6-1. The angular function g*,g (6) is normalized So that

g (®0=KH) =1. Fora general angle, it is given by
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(1+4k?))™  [(a%28B?) (A24B2) - 296 (A%B2)]
(1+6K2+14K%+14K°) | (A24p2)"

- gh(e) =

)

(6.10)

where

A=K*+v6*+1, B=Ky9 . | 6.11)

The angular function is plotted in Fig. 6.2 as a function of yA8 =y(8 - Ky). In the limit

K becomes large, it approaches to the function

' 2
1 L5 (ne)

gl(6) - .
: 1+ o) 7 (1+ (o)™

(6.12)

This becomes the same as the angular function of the bending magnet radiation if oné

identifies AB =y . In the limit K vanishes, on the other hand,
1+(0)°

(1+76)

gh(6) - (6.13)
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Figure 1-1

Figure 2-1]

Figure 3-1

Figure 3.2

Figure 3-3

Figure 4-1

~ Figure 4-2

Figure 5-1

Comparison of spectral characteristics of bending magnet, wiggler and

undulator radiation.

~

Average spectral brightness with a 0.1% bandwidth, as a function of photon
energy, for a variety of synchrotron radiation sources. For each undulator,

the brightness curve is the envelope of two or more harmonics.

The functions G 1(y) and H2(y), where y is the ratio of photon energy 1o

critical photon energy.

The angular spread of bending magnet radiation times 7 as a function of
o 0.
Nommalized intensities of horizontal and vertical polarization components,

as functions of the vertical observation angle y, for different photon

energies. (Adapted from Green , [6].)

Schematic drawing of a periodic magnet structure (an undulator or wiggler)

of period Ay and with a number of periods, N.

'I'he_phasé space distribution of wiggler radiation as a superposition of

contributions from different poles.

The angular distribution of fundamental (n=1) undulator radiation for the
limiting case of zero beam emittance. The x and y axes correspond to the
observation angles 6 and W (in radians), respectively, and the z axis is is the
intensity in photons - s-1- amp-1- (0.1 mr)-2- (1% bandwidth)-1. The
undulator parameters for this theoretical calculations were N = 14.K = 1.87

Au=3.5cm, and E = 1.3 GeV. (Figure courtesy of R. Tatchyn, SLAC.
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' Fi gure 5-2

Figure 5-3

Figure 5-4

Figure 5-5

Figure 5-6

Figure 6-1

Figure 6-2

The function Fp(K) for various values of n, where K 1s the detlection

parameter.

The function Qp(K) for various values of n.

Coherent fraction, i.e., the fraction of the flux that is transversely coherent.
The solid curve is the full coherent fraction, while the dotted line is the

vertical coherent fraction.

The function G (K) representing the interference effect in the angular

distribution of the power from a planar undulator.

The angular function fK(,y), for various values of the deflection parametei'

K: (a) as a function of the vertical observation angle y when the horizontal

observation angle ¢ =0 and (b) as a function of ¢ when y =0.

The function GH (K) representing the interference effect in the angular

distribution of the power from a helical undulator.

The angular function gl{é(e) for various values of K.
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