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We describe a measurement of the ratio of the cross sections times branching fractions of the Bþ
c meson

in the decay mode Bþ
c → J=ψμþν to the Bþ meson in the decay mode Bþ → J=ψKþ in proton-antiproton

collisions at center-of-mass energy
ffiffiffi
s

p ¼ 1.96 TeV. The measurement is based on the complete CDF Run
II data set, which comes from an integrated luminosity of 8.7 fb−1. The ratio of the production cross
sections times branching fractions for Bþ

c and Bþ mesons with momentum transverse to the beam greater
than 6 GeV=c and rapidity magnitude smaller than 0.6 is 0.211� 0.012ðstatÞþ0.021

−0.020 ðsystÞ. Using the known
Bþ → J=ψKþ branching fraction, the known Bþ production cross section, and a selection of the predicted
Bþ
c → J=ψμþν branching fractions, the range for the total Bþ

c production cross section is estimated.
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I. INTRODUCTION

We report a measurement of the ratio of the production
cross sections times branching fractions (BF)

R ¼ σðBþ
c ÞBðBþ

c → J=ψμþνÞ
σðBþÞBðBþ → J=ψKþÞ ð1Þ

in proton-antiproton (pp̄) collisions at a center-of-mass
energy of 1.96 TeV measured using the full CDF data set
collected from February of 2001 through September of
2011 (Run II), which comes from an integrated luminosity
of 8.7 fb−1.
The Bþ

c -meson [1] production cross section is predicted
to be three orders of magnitude smaller than the Bþ-meson
production cross section [2,3]. The branching fraction of
the Bþ → J=ψKþ decay is ð1.027� 0.031Þ × 10−3 [4],
while the branching fraction of the Bþ

c → J=ψμþν is
predicted to be approximately 2% [5,6]. Thus, we expect
R to be Oð10−2Þ.
The Bþ

c meson, with a mass of 6.2756� 0.0011 GeV=c2

[4], is the most massive meson involving unlike-quark
flavors, with a ground state consisting of a b̄ and a c quark.
Both the b and c quarks decay through the weak interaction
and, unlike in cc̄ and bb̄ quarkonia, cannot annihilate into
gluons. Consequently, there are many possible final states
to explore new aspects of heavy-quark dynamics. Studies
of strong-interaction Bþ

c production have been possible
only at hadron colliders because of the low center-of-mass
energy at eþe− colliders operating at the ϒð4SÞ resonance
and the small qq̄ cross section in eþe− collisions at the
Z resonance. The CDF II detector features significant
improvements in the system for reconstructing charged-
particle trajectories (tracking) that increase the acceptance
and facilitate the detection and precise measurement of the
kinematic properties of b hadrons and their decay products.
Together with the increased luminosity, this makes it
possible to measure more precisely the properties of the
Bþ
c meson with the significantly larger samples of B

hadrons collected in Run II.
Since the production cross section of the Bþ-meson and

its branching fraction in the decay channel Bþ → J=ψKþ
are well measured, it is convenient to measure the Bþ

c
production cross section with the Bþ

c → J=ψμþν channel
using the kinematically similar Bþ → J=ψKþ channel as a
reference. Many systematic effects related to detector and
online-event-selection (trigger) efficiencies are expected to
cancel in the ratio R, given that the event topologies are
similar and all J=ψ candidates in either the Bþ

c → J=ψμþν
or the Bþ → J=ψKþ final state are reconstructed using a
common set of trigger criteria.
Both the Bþ and Bþ

c production cross sections include
production from excited B states that subsequently decay
into Bþ or Bþ

c mesons. Excited Bþ states that contribute
to the Bþ ground state include the radiative decay

B�þ → Bþγ, as well as orbital excitations of the Bþ and
B0 mesons, e.g., B��0 → Bþð�Þπ−. In the case of the Bþ

c
meson, besides direct production of the ground state,
contributions are only allowed from excited states of the
Bþ
c meson itself because of flavor conservation. Therefore,

any excited Bþ
c state whose mass is smaller than the sum of

the bottom and charm meson masses cascades into the Bþ
c

ground state, primarily through radiative decay. For exam-
ple, the production cross section of the B�þ

c meson [2] is
estimated to be approximately 2.5 times the cross section to
the ground state Bþ

c , and the B�þ
c meson reaches the ground

state through the radiative decay B�þ
c → Bþ

c γ, where the
mass splitting between the B�þ

c and Bþ
c mesons is estimated

to be within the range 40–76 MeV=c2 [7]. Less important
are the P-wave excited B�þ

cJ;L¼1 states whose total cross
section is estimated to be about 1=2 of that of direct
production to the ground state Bþ

c [8].
The ratio R can be measured using the formula

R ¼ NBþ
c

NBþ

ϵBþ

ϵBþ
c

1

ϵμ
; ð2Þ

where NBþ
c
and NBþ are the numbers of reconstructed

Bþ
c → J=ψμþν and Bþ → J=ψKþ events estimated in

experimental data after all background subtractions and
other corrections, respectively; ϵBþ and ϵBþ

c
are the total

efficiencies for selecting and reconstructing the decays
Bþ → J=ψKþ and Bþ

c → J=ψμþν, respectively; and ϵμ is
the muon identification efficiency. On the right side of
Eq. (2), the first factor is the relative yield for the two
decays, the second term gives the scaling for the relative
geometrical acceptance and detection efficiency, and the
third term is a correction for the muon efficiency relative
to kaons. The overall relative efficiency ϵrel is defined by
ϵrel ¼ ϵBþ=ðϵBþ

c
× ϵμÞ. The selection criteria for both Bþ

c
and Bþ events are made as nearly identical as possible to
minimize systematic uncertainties in both the relative yields
and in determining ϵrel.
The number ofBþ → J=ψKþ decays is determined froma

fit to the invariant-mass spectrum around the knownBþmass
value, which includes a background component, a signal
component, and a correction for the Cabibbo-suppressed
J=ψπþ final state. Since the Bþ

c decay is only partially
reconstructed, the number of Bþ

c → J=ψμþν candidates is
determined by counting the total number of J=ψμþ events in
the invariant-mass window 4 GeV=c2 < MðJ=ψμþÞ <
6 GeV=c2 and subtracting the contributions of known back-
grounds. The quantityMðJ=ψμþÞ is the invariantmass of the
trimuon partial reconstruction of the J=ψμþX final state,
where X represents any undetected particles. Because the
signal events are spread over a 2 GeV=c2 invariant-mass
interval, the background cannot be determined by a simple
sideband subtraction. A large fraction of this paper is devoted
to describing the methods used to determine the various
backgrounds included in the Bþ

c → J=ψμþν candidate
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sample. The principal classes of background events are the
following: a wrongly identified or misidentified-J=ψ can-
didate with a real third muon, a real J=ψ meson with a
wrongly identified or misidentified third muon, and a real
J=ψ meson with a real muon that originated from different b
quarks in the same event. These backgrounds are determined
quantitatively from independent data samples wherever
possible and from Monte Carlo (MC) simulation otherwise.
We correct for misidentified-J=ψ candidates with misiden-
tified muons that are contained in two of the major back-
grounds above and for backgrounds from other Bþ

c decay
modes that yield a J=ψμþX final state (for examples see
TableXI inSec.V).The analysis demonstrates that about half
of the inclusive J=ψμþX sample is Bþ

c → J=ψμþν events,
and the remainder is background with a small contribution
from other Bþ

c decay modes.
Because the signal events are confined to a 2 GeV=c2

mass region between 4 and 6 GeV=c2, we use the events
at masses between 3 and 4 GeV=c2 and greater than
6 GeV=c2 as a control sample to check the predictions
for the major backgrounds in the signal region.
The elements of the CDF II detector most relevant to this

analysis are discussed in Sec. II. The selection of Bþ
c and

Bþ candidates is described in Sec. III. Backgrounds are
described in Sec. IV. Contributions from other Bþ

c decays
are estimated in Sec. V, and the final corrected Bþ

c →
J=ψμþν signal is discussed in Sec. VI. Since the meas-
urement of Bþ

c → J=ψμþν is made relative to the decay
Bþ → J=ψKþ, the relative reconstruction efficiency of the
two decay modes in the CDF II detector is estimated using
MC simulation, which is described in Sec. VII. Systematic
uncertainties assigned to the measurement are described
throughout the paper. Final results are presented in
Sec. VIII.

II. CDF II DETECTOR DESCRIPTION

The CDF II detector is a multipurpose, nearly cylin-
drically symmetric detector consisting of a collection of
silicon-strip detectors, a drift chamber, and a time-of-flight
(ToF) detector immersed in a 1.4 T solenoidal magnetic
field, surrounded by electromagnetic and hadronic calo-
rimeters with a projective-tower geometry, and followed by
absorber and wire-chamber muon detectors. The apparatus
is described in more detail in Refs. [9,10].
Because the CDF II detector has a nearly azimuthally

symmetric geometry that extends along the pp̄ beam axis,
the detector is described with a cylindrical coordinate
system in which ϕ is the azimuthal angle, r is the
radial distance from the nominal beam line, and z points
in the proton-beam direction with the origin at the center
of the detector. The transverse r-ϕ or x-y plane is the
plane perpendicular to the z axis. The pseudorapidity η
is defined in terms of the polar angle θ by η ¼
− ln½tanðθ=2Þ�, where θ ¼ 0 corresponds to the proton
direction. The transverse momentum pT of a particle is

given by pT ¼ p sinðθÞ where p is the magnitude of the
particle momentum.

A. Charged-particle trajectories

Charged-particle trajectories (tracks) are measured in the
CDF II detector by a combination of silicon-strip detectors
and a drift chamber called the central outer tracker (COT).
The two innermost components of the charged-particle-
tracking system used in this analysis are the silicon vertex
detector (SVX II) [11,12] with five double-sided layers
with r between 2.5 and 10.6 cm, and the intermediate
silicon layers (ISL) [12,13] with three double-sided partial
layers with r between 20 and 29 cm.
The five layers of the SVX II are arranged in five

cylindrical shells and divided into three identical sections
(barrels) along the beam axis for a total z coverage of 90 cm
excluding gaps. Each barrel is divided into 12 azimuthal
wedges of 30° as illustrated in Fig. 1, which shows an r-ϕ
slice of the SVX II. The sensors have strip pitches ranging
from 60 to 140 μm depending on the radius. They have
strips on both sides of the silicon to allow for two position
measurements at each layer. All layers have axial strips
parallel to the beam direction for ϕ measurements. Three
layers have strips perpendicular to the beam direction to
measure z position, while the remaining two layers have
strips that are tilted by 1.2° relative to the axial strips.
The ISL detector serves to extend the precision of the

SVX II to larger radius and allows for better matching of
tracking information between the silicon detectors and the
COT. The ISL sensors are double sided with axial and 1.2°
strips spaced with a pitch of 112 μm.

FIG. 1. Arrangement of sensors in the five SVX II layers in an
r-ϕ slice.
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The silicon detectors provide a precise measurement
of the azimuth of tracks and of their transverse impact
parameter, the distance by which trajectories extrapolated
back in the r-ϕ plane miss the beam line. For particles with
pT ¼ 2 GeV=c, the transverse-impact-parameter resolu-
tion given by the SVX II is about 50 μm; this includes a
contribution of approximately 30 μm due to the transverse
beam-spot size [12]. In this analysis the silicon detectors
provide precise measurements of the decay vertices for Bþ

c
and Bþ candidates.
The 310 cm long COT [14] is an open-cell multiwire

proportional drift chamber consisting of 96 sense-wire
layers from r ¼ 40 cm to r ¼ 137 cm. The layers are
grouped into alternating axial and �2° stereo superlayers.
The relative positions of the silicon and COT tracking
systems are shown in Fig. 2. The COT alone provides
excellent track reconstruction and momentum resolution.
For the combined COT, ISL, and SVX II tracking
system, the asymptotic transverse momentum resolution
δpT=pT has a pT dependence given by δpT=pT ¼
0.0007pTðGeV=cÞ. In addition the COT provides sampling
of the specific-ionization-energy loss dE=dx along a track,
which provides particle-type identification [15].
Following the COT in radius, but located inside the

solenoid coil, is a ToF detector [16] consisting of scintilla-
tor bars with photomultiplier tubes at both ends. The ToF
system has a resolution of approximately 110 ps [17] that
corresponds to a separation of 0.6σ between pions and
kaons at p ¼ 3 GeV=c. Both the ToF and dE=dx mea-
surements are important in determining the particle frac-
tions in the analysis of the misidentified-muon background
discussed in Sec. IV B.

B. Muon detectors

The central muon detector (CMU) [18] consists of
single-wire drift cells located outside of each calorimeter
wedge, covering jηj < 0.6, starting at r ¼ 347 cm. For
particle trajectories at 90°, there are approximately 5.5
interaction lengths for hadron attenuation before the wire
drift cells. The drift cell arrays sample the trajectories in up
to four positions in the r-ϕ plane that are used to form
straight track segments. The track segments are matched to
extrapolated COT tracks to form muon candidates using
both position and slope.
The central muon upgrade detector (CMP) covers the

same jηj < 0.6 range as the CMU. Arranged in a box that
surrounds the central region of the detector, the CMP
consists of single-wire drift cells stacked in four layers
similar to the CMU. Since the CMP is located behind an
additional 60 cm of steel (approximately 3.3 interaction
lengths), there are considerably fewer kaons and pions
that penetrate to the CMP compared to the CMU. Muon
candidates associated with track segments in both the CMU
and CMP are called CMUP muons.
The central muon extension detector (CMX) extends the

muon coverage to the kinematic region 0.6 < jηj < 1.0.
The CMX consists of eight layers of single-wire drift tubes.
The calorimeter, together with detector supports, provides
approximately 6 (at η ¼ 0.6) to 10 (at η ¼ 1.1) interaction
lengths of absorber in front of the CMX for hadron
attenuation [19].
This analysis uses the CMU and CMX to identify the

muon candidates for reconstructing J=ψ mesons, but
requires the CMUP for the third muon in the semileptonic
decay Bþ

c → J=ψμþX.

FIG. 2. One quarter r-z side view of the COT showing its position relative to other detectors.
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C. Online event-selection system

The Tevatron average beam crossing rate is 1.7 MHz,
and the typical CDF II triggered event size is about 300 kB.
Since the data-acquisition system can write about 20 MB=s
to permanent storage, it is necessary to reject 99.996% of
the pp̄ collisions. This is accomplished by a three-level
online event-selection system (trigger). The first two levels
use custom electronic logic circuits to choose or reject
events and the third level uses a parallel array of commodity
personal computers.
The level-1 trigger makes decisions using information

from the COT, calorimeters, and muon detectors. The
extremely fast tracker (XFT) [20], a pattern-recognition
system for fast COT track reconstruction, provides the
tracks for the level-1 trigger [21]. The decision time is fixed
at 5.5 μs and this requires a pipeline buffer with a depth
of 42 events for the storage of event data while decisions
are made. The typical level-1 rate of event acceptance
is approximately 20 kHz. For this analysis events are
collected by one of two level-1 triggers: two XFT tracks
corresponding to charged particles with pT > 1.5 GeV=c
are matched with track segments in the CMU detector, or
one XFT track corresponding to a particle with pT >
1.5 GeV=c is matched with a CMU track segment, while
another with pT > 2.0 GeV=c is matched with a CMX
track segment.
After an event is accepted by the level-1 trigger, it is

passed to the level-2 trigger [22]. The level-2 trigger uses
the same information as the level-1 trigger with additional
track position information from the silicon vertex trigger
(SVT). The SVT applies pattern recognition to SVX II
silicon hits (a positive detector response to the passage of a
charged particle) that are matched to XFT tracks and
calculates impact parameters for the tracks [23]. Events
with track vertices (two or more tracks originating from a
common point) displaced from the beam line, i.e., likely to
contain the decay of a long-lived particle such as a B or D
meson, are chosen by requiring two SVT tracks with
nonzero impact parameters. For the case of the dimuon
triggers used to collect signal candidates for this analysis,
the SVT is not used, but SVT-triggered events are used to
reconstruct control samples used in the analysis, such as
D�þ → D0πþ followed by D0 → K−πþ. These decays are
used to define cleanly identified samples of pions and
kaons to measure the probabilities that such hadrons are
misidentified as muons. The level-2 trigger typically has a
total output rate of 200–800 Hz.
The level-3 trigger system [24] uses information from all

parts of the CDF II detector to reconstruct and select events.
The typical output rate for level 3 is approximately 100 Hz.
For the level-3-J=ψ trigger used in this analysis, there is a
selection on the J=ψ that requires the invariant mass of the
muon pair used in the reconstruction to fall in the
range 2.7–4.0 GeV=c2.

III. EVENT SELECTION

The high spatial resolution provided by the silicon-
tracking system in the plane transverse to the beam
line makes it ideal for the reconstruction of B hadrons.
Because tracks curve in the transverse plane, the transverse
momentum is well measured. Additionally, the small
transverse pp̄ interaction region constrains the location
of the pp̄ collision space point (primary vertex) in this
plane. Consequently, we use the transverse momentum pT
of the reconstructed hadron and transverse decay length
Lxy, which is the decay length of the reconstructed three-
track system projected into the transverse plane, when
selecting Bþ

c and Bþ candidates and when discriminating
against backgrounds. Unless otherwise noted, Lxy is
measured from the primary vertex of the event to the
candidate B-meson decay point (decay vertex).
We use similar selection requirements for both the

Bþ
c → J=ψμþX and Bþ → J=ψKþ decays to minimize

possible systematic uncertainties in the relative efficiency
between the two modes.

A. J=ψ → μþμ− selection

The data are collected with a dimuon trigger that requires
two oppositely charged muon candidates (see Sec. II C).
The trigger requirements are confirmed in our offline
analysis using track variables reconstructed from track fits
for track candidates passing our selection criteria. To
guarantee good track quality, each track is required to
have at least three r-ϕ hits in the silicon detector and hits in
at least ten axial and ten stereo layers in the COT. We define
a likelihood ratio LRðμÞ that incorporates information from
the muon detectors, calorimeters, and tracking detectors to
optimize the separation of real muons from hadrons [25].
This muon likelihood selection is determined from an
optimization study carried out on the signal and sideband
regions of the μþμ− invariant-mass distribution [26]. The
dimuon invariant-mass distribution near the J=ψ-meson
mass with muon candidates that satisfy the muon likelihood
selection is shown in Fig. 3. In the J=ψ signal region, there
are 6.1 × 107 dimuon events. Selection of the J=ψ meson
requires the two muons to come from a common decay
point and have an invariant mass that lies within
50 MeV=c2 of the known J=ψ-meson mass [4]. The
selection requirements applied to the J=ψ → μþμ− candi-
dates are listed in Table I.

B. Three-track-system selection

The three-track event candidates used in this analysis are
chosen by matching a third track to a J=ψ candidate in three
dimensions, where the χ2 probability for the kinematic fit to
a common vertex is greater than 0.001 with the dimuons
from the J=ψ decay constrained to the known invariant
mass of the J=ψ meson [4]. The selection requirements
used to choose the sample of three tracks consistent with a
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common origin are listed in Table II. The three-track
sample is also called the J=ψ-track sample and is the
sample from which decays Bþ

c → J=ψμþX and Bþ →
J=ψKþ are reconstructed. Candidates for the Bþ

c →
J=ψμþν decay are chosen by requiring the third track to
be identified as a muon in both the CMU and CMP
detectors (CMUP) as described in Sec. II B. In addition
to the continuum background that contributes to the Bþ →
J=ψKþ decay candidates, there is the Cabibbo-suppressed
decay Bþ → J=ψπþ. Background to Bþ

c → J=ψμþX
decays arises when a πþ, Kþ, or p is misidentified as a
muon (misidentified-muon background). Another back-
ground is contributed when a real muon from one B-
hadron decay combined with a real J=ψ candidate from a
different B-hadron decay passes the three-track vertex-
selection requirements (bb̄ background). The J=ψ-track
sample is used extensively to determine the rate of hadrons
producing muon signatures in the detector (see Sec. IV B).
The third, fourth, and fifth columns in Table II identify
which selection criteria are applied to the Bþ

c , Bþ, and
J=ψ -track candidates, respectively.

The CMUP requirement is not made for the Bþ or
J=ψ -track samples. However, to ensure that the accep-
tance is consistent across samples, the third track is
required to extrapolate to the same region of the CMU
and CMP detectors as the third-muon candidates and to
satisfy the isolation cut applied to third-muon candidates.
In all three samples the third track is required to meet the
XFT criteria because the events of the control sample
used to determine the probabilities that pions and kaons
are misidentified as muons (see Sec. IV B) are selected
with the XFT trigger. The muon selection also requires
that no other track with pT > 1.45 GeV=c extrapolates to
within a transverse distance of 40 cm in the r-ϕ plane at
the front face of the CMU element relative to the track
candidate observed. This “track isolation requirement”
ensures that the estimation of the misidentified-muon
background is consistent across the various data samples
used in the analysis and does not require a correction for
local track density.
To penetrate the additional absorber between the CMU

and CMP detectors, a muon must have a minimum
initial transverse momentum greater than 3 GeV=c.
Consequently, the third track in all three samples is
required to have a transverse momentum greater than
3 GeV=c. To ensure good-quality track reconstruction in
all samples, standard criteria (see Table II) for good track
and vertex reconstruction and reliable dE=dx information
are imposed.
The azimuthal opening angle ϕ in the lab frame between

the J=ψ and third track is required to be less than π=2
in all samples because no signal events are expected to
contribute outside of this azimuthal aperture. The uncer-
tainty σLxy

on Lxy is required to be less than 200 μm in the
transverse plane. Simulation studies indicate that this
requirement removes primarily background events and a
negligible number of signal events. The selection criterion
Lxy=σLxy

> 3 is chosen to eliminate the prompt J=ψ
background that arises from J=ψ mesons produced directly
in the pp̄ interaction. The invariant masses of events in the
J=ψμþ and J=ψ-track samples are reconstructed with the
mass of the third charged particle assigned as a pion, kaon,
or muon mass, depending on how the event is used in the
analysis. The signal region for Bþ

c → J=ψμþν candidates is
set between 4 and 6 GeV=c2. In the J=ψμþ sample the
mass of the third charged particle is normally assumed to be
that of a muon, but to eliminate residual Bþ → J=ψKþ
background, we remove all events with an invariant mass
within 50 MeV=c2 of the known value of the Bþ mass [4]
assuming the mass of the third particle to be that of
a kaon.
Using the J=ψ → μþμ− selection requirements from

Table I and the Bþ
c and Bþ selection requirements from

Table II, the invariant-mass distributions of the J=ψμþ and
J=ψKþ candidates are constructed. These are shown in
Fig. 4. Both samples are subsets of the J=ψ-track sample
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FIG. 3. Dimuon invariant-mass distribution for oppositely
charged muon pairs near the J=ψ-meson mass. The signal region
for selecting a J=ψ meson is shown.

TABLE I. Selection requirements applied to the muons of J=ψ
candidates and to the two-particle J=ψ candidates. The two
muons are labeled μ1 and μ2 to identify the two tracks of the
trigger.

Selection requirement Value

μ1 jηj < 0.6 and pT > 1.5 GeV=c
μ2 (jηj < 0.6 and pT > 1.5 GeV=c) or

(0.6 ≤ jηj < 1.0 and
pT > 2.0 GeV=c)

COT hits/track Hits in ten axial and ten stereo layers
r-ϕ silicon hits/track ≥3
Muon likelihood/muon Optimized using likelihood ratio
jMðμ1μ2Þ −MJ=ψ j <50.0 MeV=c2
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and must pass a minimum pT > 6 GeV=c requirement
applied to the three-track system, where the third track is
assumed to be either a muon or kaon, depending on the
sample.
We select 1370� 37J=ψμþ candidate events within a

4–6 GeV=c2 signal mass window. To extract the number of
Bþ → J=ψKþ events, the J=ψKþ invariant-mass distribu-
tion is fit with a function that consists of a double Gaussian
for Bþ → J=ψKþ decays, a template for the invariant-mass
distribution generated by MC simulation for the Cabibbo-
suppressed Bþ → J=ψπþ contribution within the mass
range 5.28–5.4 GeV=c2, and a second-order polynomial
for the continuum background. The Cabibbo-suppressed
Bþ → J=ψπþ contribution is fixed to 3.83% of the
number of Bþ → J=ψKþ decays following Ref. [27].
The fit determines a yield of 14 338� 125 Bþ → J=ψKþ
decays.

IV. Bþ
c BACKGROUNDS

We consider contributions to the Bþ
c backgrounds from

events in which a J=ψ candidate is misidentified, a third
muon is misidentified, or bb̄ pairs decay in which one of the
b quarks produces the J=ψ meson and the other produces
the third muon. The misidentified-J=ψ-meson background
is due to the reconstruction of a J=ψ → μþμ− candidate
that does not consist of real muons originating from a J=ψ
meson, but from hadrons incorrectly identified as muons
that produce a mass consistent with that of the J=ψ meson.
This background is estimated from the sidebands of the
μþμ− invariant-mass distribution and is discussed in
Sec. IVA. The misidentified-muon background is due to

TABLE II. Selection requirements applied to the third track and the three-particle J=ψ-track system and samples selected from the
J=ψ-track system.

Selection requirement Value Bþ
c Bþ J=ψ -track

Third track

Muon type CMUP X
CMUP boundary Track extrapolates to CMU and CMP detectors X X X
Match with XFT Track is required to trigger XFT X X X
Isolation at CMU No other extrapolated track within X X X

40 cm at CMU
pT >3.0 GeV=c X X X
r-ϕ silicon hits/track ≥3 X X X
COT hits/track Ten stereo and ten axial hits X X X
dE=dx hits/track ≥43 hits X X X

J=ψ-track system
Kinematic-fit probability >0.001 X X X
Δϕ <π=2 X X X
σLxy

<200 μm X X X
Lxy=σLxy

>3 X X X
Bþ
c mass region jMðJ=ψ trackÞ − 5.0 GeV=c2j < 1.0 GeV=c2 X X

J=ψKþ mass Veto jMðJ=ψKþÞ − 5.279 GeV=c2j > 0.05 GeV=c2 X X
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FIG. 4. (a) Distribution of invariant mass for J=ψμþ candidates
with transverse momentum of the J=ψμþ system greater than
6 GeV=c and (b) invariant-mass distribution of the J=ψKþ
candidates for Bþ decay. The Cabibbo-suppressed Bþ → J=ψπþ
contribution is shown as a solid curve in (b).
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a third track that satisfies the vertex requirement and
mimics a muon in the CDF II detector but is a hadron.
This mistaken identification can arise either because a kaon
or pion decays in flight to a muon and produces a muon
signature in the detector, a hadron passes through the
calorimeter, or a hadron shower yields a track segment in
the CMU and CMP chambers. The estimation of the
misidentified-muon background directly from the data is
discussed in Sec. IV B. Finally, the bb̄ background is
estimated from a parametrization of the azimuthal opening
angle between the reconstructed J=ψ meson and the third
muon trajectory using MC simulation. This is discussed in
Sec. IV C.

A. Misidentified-J=ψ-meson background

The misidentified-J=ψ-meson background is estimated
using the track pairs from the sideband regions of the μþμ−
invariant-mass distribution, Mðμþμ−Þ. These dimuon pairs
are required to share a common vertex with the third muon.
The signal dimuon mass region is defined to be within
50 MeV=c2 of the known value of the J=ψ-meson mass,
MJ=ψ ¼ 3.0969 GeV=c2 [4]. The sideband regions are
defined as jðMJ=ψ�0.150Þ−Mðμþμ−Þj<0.050GeV=c2.
The resulting J=ψμþ invariant-mass distribution based on
misidentified-J=ψ mesons, J=ψmisid, is presented in Fig. 5.
We find 11.5� 2.4 events within 3–4 GeV=c2, 96.5� 6.9
events within the 4–6 GeV=c2 signal region, and 25� 3.5
events at masses greater than 6 GeV=c2.

B. Misidentified-muon background

The misidentified-muon background arises from real
J=ψ decays that form a good three-track vertex with a
hadron that is misidentified as a muon. We determine this
background from the data as a function of the momentum
of the third charged particle by using the J=ψ -track sample
combined with knowledge of the fraction of pions, kaons,
and protons in the J=ψ-track sample and the probability of

each hadron type to be misidentfied as a muon.
Equation (3) gives the total probability W that the third
track in an event in the J=ψ-track sample is misidentified as
a muon:

W ¼ ϵπð1þ Fout
π ÞFπ þ ϵKð1þ αFout

K ÞFK þ ϵpFp; ð3Þ

where ϵπ;K;p are the probabilities for the relevant particle
type to be misidentified as a muon, and Fπ;K;p are the
fractions of the relevant particle types within the J=ψ-track
sample. The ϵπ;K;p are determined as functions of the pT of
the third particle, and the Fπ;K;p are determined as functions
of the momentum of the third particle. The terms 1þ Fout

π

and 1þ αFout
K are corrections to the probabilities for pions

and kaons, respectively, to be misidentified as muons and
are discussed in Sec. IV B 2. For each event in the J=ψ -
track sample, reconstructed assuming that the third track is
a muon, we determine W and sum these weights as
functions of the J=ψμþ invariant mass of the events.
The result is a measurement of the misidentified-muon
background in the J=ψμþ-event sample as a function of the
J=ψμþ invariant mass. The invariant-mass distribution of
the J=ψ-track system is shown in Fig. 6.

1. Probability for a p, π�, or K� to be misidentified
as a muon

The calculation of the probability for a proton to be
misidentified as a muon is done using protons from
reconstructed Λ → pπ decays. In selecting the proton
candidates we use the selection requirements for the third
charged-particle from the Bþ

c → J=ψμþν candidates to be a
muon. To determine an appropriate Λ mass range, we
reconstruct the pπ− final state for candidates with no muon
match requirement. Based on the mass resolution of the
pπ− final state fit to a single Gaussian, we search in a mass
range that is six standard deviations wide and centered at
the known Λ mass. We find no evidence for the proton
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punch-through process. Therefore, using the uniform dis-
tribution of the invariant mass of pπ− pairs in the Λ mass
region for a data sample with matched CMUP muons, we
establish an upper limit at the 95% confidence level that ϵp
is less than 3.4 × 10−4. This upper limit applies to anti-
protons as well.
Tomeasure the probability for charged pions and kaons to

bemisidentified asmuons,we use samples ofwell-identified
pions and kaons obtained from aD�þ sample collected using
the SVT trigger as discussed in Sec. II C.We reconstruct the
decay chainD�þ → D0ðK−πþÞπþ. The pions and kaons are
selected using the requirements listed in Table III. We also
require that in a D0 decay, the track being examined for a
misidentified muon meets the same selection requirements
as the third track in the J=ψ-track sample. Figure 7 shows the
invariant-mass distributions of K−πþ pairs from D0 decays
where the hadron under test is not matched [Figs. 7(a)–(c)],
and where it is matched [Figs. 7(d)–(f)] with a muon that
satisfies the third-muon selection requirements. The fit
function consists of a double Gaussian [Figs. 7(a)–(c)],
or a single Gaussian [Figs. 7(d)–(f)], plus a second-order
polynomial. Simulation shows that the enhancement in the
low-mass sideband of the sample in which pions are
misidentified as CMUP muons results from D0 → K−μþν
semileptonic decays.
We consider two options to fit the D0 peak shown in

Figs. 7(d)–(f): first, using a double-Gaussian template
derived from the fit of the data sample where no matched
muons are present, and second, with a single Gaussian. We
choose the single-Gaussian fit because the matched sample
has poor statistics and the unmatched and matched samples
are not expected to have the samewidths because additional
broadening may occur as a result of the decay-in-flight
phenomenon discussed in Sec. IV B 2. We compare the
results from the double-Gaussian template with the single-
Gaussian fit in order to estimate the systematic uncertainty
associated with the fit model.
The muon-misidentification probability ϵπ�;K−;Kþ is

given by Eq. (4),

ϵh ¼
Nwith μ

h

Nno μ
h þ Nwith μ

h

; ð4Þ

where h is a π�, K−, or Kþ; Nno μ
h represents the number of

candidates where h is not matched with a CMUP muon;
and Nwith μ

h is the number of candidates where h is matched
with a CMUP muon. The Nno μ

h values are determined by
the integrals under the fitted double Gaussian within a
100 MeV=c2 range, and the Nwith μ

h are determined by the
corresponding single-Gaussian integrals also within a
100 MeV=c2 range. The muon-misidentification probabil-
ities as functions of hadron pT are shown in Fig. 8. The
uncertainties shown are statistical only.
The muon-misidentification probabilities forKþ hadrons

are significantly higher than for K−. The observed differ-
ence results from the different interaction cross sections for
Kþ and K− hadrons with matter, which leads to different
punch-through probabilities. These effects are discussed
further in Sec. IV B 2. We find no significant differences in
the misidentification probabilities of πþ and π− mesons.

2. Corrections to π�, K−, and Kþ probabilities to be
misidentified as a muon

In Eq. (3) the terms 1þ Fout
π and 1þ αFout

K are correc-
tions to the probabilities for pions and kaons, respectively,
to be misidentified as muons. They arise because of mass
resolution effects associated with the decay in flight of
pions and kaons where the decay muon is ultimately
matched with a third track and results in the event
contributing to the misidentified-muon background. The
misidentified-muon probabilities determined above are
derived under the assumption that the pion and kaon tracks,
even after a possible kink resulting from a decay in flight,
yield a two-body invariant mass that remains within
50 MeV=c2 of the known D0 mass. However, the mass
resolution can be spoiled because of a kink, while the pion
or kaon track is still matched to a CMUP muon. Because
the signal region for Bþ

c → J=ψμþν decays has a width of

TABLE III. Pion and kaon particle selection requirements.

Selection requirement Value Comments

qðπÞqðπÞ 1 Same sign
pT of π or K >3 GeV=c Same as in Bþ

c → J=ψμþν
pTðK−πþÞ >3 GeV=c D0

ΔϕðK−πþÞ 0.035–2.36 rad.
Vertex χ2 prob >0.001 D0 and D�þ
Lxy >100 μm D0

jMðKππÞ −MðKπÞ − 145.7 MeV=c2j <2 MeV=c2 D�þ → D0πþ tagging
CMUP boundary Inside boundary Same as in Bþ

c → J=ψμþν
Match with XFT Is XFT Same as in Bþ

c → J=ψμþν
Isolation at CMU No tracks <40 cm Same as in Bþ

c → J=ψμþν
dE=dx hits ≥43 hits Same as in Bþ

c → J=ψμþν
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2 GeV=c2, background events from decays in flight may
contribute to the signal region but remain excluded from
the measurement of the probability that a pion or kaon
is misidentified as a muon using the decay D0 → K−πþ.
We correct for this effect by determining the fraction
Fout
h (h is a pion or kaon) of misidentified events that

fall outside of the D0 mass peak for a given particle type
through a MC simulation.
The term 1þ αFout

K involves an additional correction
factor α that is set to 1 for K− mesons and to α ¼ ϵK−=ϵKþ ,
which is less than 1, for Kþ mesons. The rationale is as
follows: Fig. 8 shows that the muon-misidentification
probabilities for Kþ mesons are significantly higher than
for K− mesons. This difference arises because Kþ mesons
have an additional punch-through component, which is not
present for K− mesons because the strong-interaction cross
section in matter for K− mesons is larger than that for Kþ

mesons. The punch-through component does not produce
any kink in the track and for this component of ϵKþ the
outside-of-peak correction should not be applied. The
outside-of-peak correction is needed only for the decay-
in-flight fraction of ϵKþ , which is modeled as the
ratio α ¼ ϵK−=ϵKþ .
We determine the fractions Fout

h as functions of pion and
kaon pT by using simulated D�þ → D0ð→ K−πþÞπþ
decays selected as the corresponding control sample of
data. Figure 9 shows simulated invariant-mass distributions
of K−πþ pairs from D0 decays for π�, K−, and Kþ mesons
passing the selection requirements for a CMUP muon

(see Sec. II B). Example distributions are given for the pT
range 3.0–3.3 GeV=c.
The simulated data shown in Fig. 9 are fit with a single

Gaussian plus a second-order polynomial. The fraction of
the muon misidentifications outside of the D0 mass peak
for each pT interval is calculated as follows:

Fout
h ¼ Nh − Npeak

h

Npeak
h

; ð5Þ

where Nh represents, in each pT bin of the relevant final-
state hadron h, the number of events that pass the
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FIG. 7. Invariant-mass distributions of K−πþ pairs fromD0 decays where the hadron of interest is not matched (a)–(c), and where it is
matched (d)–(f) with a muon that satisfies the third-muon selection requirements. Figures (a)–(f) are paired vertically with (a) and (d), (b)
and (e), and (c) and (f) corresponding to π�, K−, and Kþ, respectively. Examples are shown for the pT region 3.0–3.3 GeV=c. The fit
function consists of a double Gaussian (a)–(c), or a single Gaussian (d)–(f), plus a second-order polynomial.
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requirements for h to match a CMUP muon and Npeak
h

represents the integral under the single-Gaussian compo-
nent of the fit to the distribution within 50 MeV=c2 of the
peak of the Gaussian. In order to estimate the systematic
uncertainty, we fit the above distributions with width
values derived from the experimental data analyzed in
Sec. IV B 1.
Figure 10 shows the fraction of events with a CMUP

muon whoseKπ invariant mass falls outside of theD0 mass
peak due to decay in flight for π�, K−, and Kþ mesons
from the D�þ → D0ðK−πþÞπþ decay chain as a function
of hadron pT .

3. Hadron fractions within the J=ψ-track sample

The proton, pion, and kaon fractions in the J=ψ-track
sample comprise the other essential component required to
complete the data-driven calculation of the misidentified-
muon background.
The pion fraction Fπ of the tracks in the J=ψ -track

sample as a function of particle momentum is determined
using dE=dx measured in the COT. The remaining
fraction FKþp of tracks in the J=ψ-track sample is a

combination of kaons and protons because the kaon
and proton dE=dx distributions in the COT are indistin-
guishable at momentum greater than 3 GeV=c. The proton
fraction Fp is measured within the 2.0–3.3 GeV=c
momentum range using a simultaneous fit of the
dE=dx and time-of-flight data. Also available is the
predicted Fp from MC simulation for momenta greater
than 3.0 GeV=c. Using the two fractions Fp in the
3.0–3.3 GeV=c momentum range, one from the exper-
imental data and a second from simulation, Fp from
simulation is scaled to agree with the experimental data in
the momentum range 3.0–3.3 GeV=c. Thus, Fp is taken
from the scaled simulation for particle momentum greater
than 3.0 GeV=c. Then the kaon particle fraction FK in the
J=ψ -track sample for particle momentum greater than
3.0 GeV=c is given by 1 − Fπ − Fp.
To estimate the Fπ and FKþp fractions, we use the

dE=dx information contained in the separation-significance
quantity S,

S ¼ dE=dxmeas − dE=dxπ
σdE=dx

; ð6Þ

where dE=dxmeas is the measured energy loss for a given
third track from the J=ψ-track sample, dE=dxπ is the
predicted energy loss for the π hypothesis, and σdE=dx is the
estimated uncertainty of the measurement. In this analysis
the third track in the J=ψ-track sample has contributions
not only from pions, but also kaons and protons. The
predicted mean value is about −1.5 for kaons and protons
and about zero for pions. Because the S distribution for
each component is asymmetric, we model it empirically
with the sum of two gamma distributions and use the results
from a simpler Gaussian fit to evaluate the systematic
uncertainty associated with the fit model. The probability
density written in terms of S is defined by

Gðγ; β; μ;SÞ ¼
ðS−μβ Þγ−1 expð−ðS−μβ ÞÞ

βΓðγÞ ð7Þ

]2) [GeV/c+π-Mass(K
1.76 1.8 1.84 1.88 1.92 1.96

2
) 

pe
r 

5 
M

eV
/c

+ π-
N

(K

0

40

80

120

(a)

]2) [GeV/c+π-Mass(K
1.76 1.8 1.84 1.88 1.92 1.96

2
) 

pe
r 

5 
M

eV
/c

+ π-
N

(K

0

40

80

120
(b)

]2) [GeV/c+π-Mass(K
1.76 1.8 1.84 1.88 1.92 1.96

2
) 

pe
r 

5 
M

eV
/c

+ π-
N

(K

0

100

200
(c)

FIG. 9. Invariant-mass distributions of K−πþ pairs from simulated D0 → K−πþ decays for (a) π�, (b) K−, and (c) Kþ mesons passing
the selection requirements for a CMUP muon. Example distributions are given for the pT range 3.0–3.3 GeV=c. The fit function consists
of a single Gaussian plus a second-order polynomial.
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for S > μ and zero otherwise where Γ is the Euler gamma
function. The distribution has a mean γβ þ μ and variance
γβ2. In the limit of large γ this asymmetric distribution
approaches a Gaussian distribution. The parameters γ
and β are positive real numbers that control the shape,
mean, and variance of the distribution, and μ is the location
parameter.
In order to find parameters to use for the kaon gamma

distribution and gain guidance for pions, we use kaons from
the Bþ → J=ψKþ decays [see Fig. 4(b)]. The kaon tracks
are identified by requiring the J=ψKþ mass to be within
40 MeV=c2 (approximately 3σ) of the known Bþ mass [4].
Figure 11 shows the distribution of a quantity similar to S
from Eq. (6), but where the kaon hypothesis for the
predicted energy loss dE=dxK is used. Figure 11 illustrates
that the dE=dx distribution for kaons is not Gaussian.
A least-squares fit returns the following values: γ ¼
23.5� 2.5, β ¼ 0.230� 0.013, and μ ¼ −5.49� 0.28.
Using these parameters we calculate the width σ ¼ β

ffiffiffi
γ

p ¼
1.11� 0.13 and mean γβ þ μ ¼ −0.09� 0.01. A value of
23 for the γ parameter models accurately the kaons across
their full momentum spectrum and is used for the fit of the

K þ p fraction in the J=ψ-track sample. For the width σ,
we choose a higher value of 1.15 to take into account the
contributions from protons. As a fit function for the pions
we also use the gamma distribution. Finally, the dE=dx data
are fit with the following formula:

NevðSÞ ¼ Nfit½FπGðγπ; βπ; μπ;SÞ þ ð1 − FπÞ
×GðγKþp; βKþp; μKþp;SÞ�; ð8Þ

where NevðSÞ is the prediction as a function of the quantity
in Eq. (6), Nfit is the number of events, Fπ is the pion
fraction, and G is the probability density function of the
gamma distribution. There are only two free parameters in
this least-squares fit: Nfit and Fπ . The parameter μKþp is
adjusted as a function of pion and kaon momentum because
the K þ p dE=dx distribution changes slowly with respect
to that of the pion as the particle momentum changes.
Figure 12 shows the distributions of S for the positively

charged third tracks in three momentum ranges fit with a
sum of two gamma distributions as described in Eq. (8).
To calculate the proton fraction, we first calibrate the ToF

performance using the kaon tracks from Bþ → J=ψKþ
decays in the momentum range 2.0–3.3 GeV=c. Then we
perform a simultaneous two-dimensional likelihood fit
of the ToF and the dE=dx data for the third track in the
J=ψ -track sample. As an example of the ToF standalone
information, Fig. 13 shows the distribution of the quantity
ToFmeas−ToFπ

σToF
using the momentum range 2.0–2.2 GeV=c for

events restricted to the subset with −1.7 < S < −1.5. Here,
ToFmeas is the measured time, ToFπ is the predicted time
for the pion hypothesis, and σToF is the uncertainty in the
measured time.
To make use of the determination of Fp in the momen-

tum range 2.0–3.3 GeV=c, we simulate Fp for momentum
in the range greater than 3.0 GeV=c. The MC procedure
generates realistic bb̄ quark events using the PYTHIA [28]
simulation package with all 2 → 2 QCD processes and
initial- and final-state radiation. The CTEQ5L [29] parton
distributions for protons are used, and fragmentation of
the b quarks employs the Lund string model [30,31].
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using the Kþ tracks from the Bþ → J=ψKþ decays [see
Fig. 4(b)]. The distribution is fit with a gamma function, where
all three parameters (γ, β, and μ) are allowed to float.
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FIG. 12. Distributions of S for the positively charged third tracks in three momentum ranges: (a) 3.0–3.3 GeV=c, (b) 4.2–4.5 GeV=c,
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The decay of B mesons and baryons utilizes EVTGEN and
the CDF II detector simulation is based on GEANT3 [32].
Studies show that the PYTHIA simulation predictions
are lower than the experimental measurements in the
momentum range 3.0–3.3 GeV=c. To achieve consistency
between the simulation and the experimental data, we
scale the PYTHIA predictions for the whole range of
momenta greater than 3 GeV=c so that the simulation and
the experimental measurement of Fp agree in the momen-
tum range 3.0–3.3 GeV=c. Both the experimental mea-
surements for the p and p̄ fractions in the momentum
range 2.0–3.3 GeV=c and the scaled PYTHIA predictions
in the range of momenta greater than 3 GeV=c are shown
in Fig. 14.
For the study of the systematic uncertainty in the proton

fractions we consider two options. The first is to follow the
slope of the simulation in the region 3.0–4.2 GeV=c
assuming that Fp ¼ 0 at momenta higher than
5.5 GeV=c, and the second is to assume a straight line
connecting the lowest and highest momentum points in the
simulation (see the dotted and dashed lines in Fig. 14).
Using the combined fraction FKþp, determined from the

fit illustrated in Fig. 12, and the standalone fraction Fp
illustrated in Fig. 14, the fraction FK is determined.
Figure 15 shows the Fπ, FK , and Fp fractions for the
(a) positively and (b) negatively charged particles with
momenta greater than 3 GeV=c corresponding to the third
tracks in the J=ψ-track system.

4. Results and systematic uncertainties for the
misidentified-muon background

To complete the misidentified-muon background calcu-
lation, for each third track in the J=ψ-track sample, we
assign a weight W according to Eq. (3) using the kaon and
pion misidentification probabilities shown in Fig. 8; the
fraction of the muon events outside of the D0 mass peak

shown in Fig. 10; and the pion, kaon, and proton fractions
shown in Fig. 15. The weighted mass distribution corre-
sponds to the distribution of the misidentified-muon back-
ground as a function of the J=ψμþ invariant mass.
An additional small misidentified-muon component is

produced if a misidentified J=ψ makes a three-track vertex
with a misidentified muon (“doubly misidentified”). Since
this background is in both the misidentified-J=ψ and the
misidentified-muon backgrounds, it must be determined to
avoid double counting it. The doubly misidentified cor-
rection is calculated using the invariant-mass distribution of
the sideband dimuons in the J=ψ side-track system following
procedures the same as those discussed in this section of
the paper.
Because of the large size of the J=ψ-track sample,

the statistical uncertainties in the calculation of the
misidentified-muonbackgroundarenegligiblecomparedwith
the systematic uncertainties. For the misidentified-muon
uncertainties, the following procedures are used to estimate
the various components of the systematic uncertainty:
(1) For the muon-misidentification probabilities of pions

or kaons, a comparison is made of results from two fit
functions applied to the same distributions associated
with a CMUP muon: the single-Gaussian function
versus the double-Gaussian templates derived from
the nonmuon sample.

(2) For the fraction of the muon-matched events outside
of the D0 mass peak, fits to simulated mass dis-
tributions based on single-Gaussian functions with
widths fixed to those observed in data are compared
with fits in which widths are free to float. The
resulting differences are used to estimate the sys-
tematic uncertainty for this part of the misidentified-
muon calculation.

(3) For the particle fractions in the J=ψ-track system,
fits of the dE=dx data with a sum of two Gaussian
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using the
momentum range 2.0–2.2 GeV=c for the events restricted to
the subset with −1.7 < S < −1.5. Arrows show the central
positions of the π, K, and p hadrons.
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distributions are compared to the fits with the sum of
two gamma distributions to determine the systematic
uncertainty in the fitting procedure.

(4) For the proton fractions, variation bounds are ob-
tained from the data-normalized PYTHIA simula-
tion. For the lower bound we follow the slope of the
PYTHIA simulation in the region 3.0–4.2 GeV=c
assuming that Fp ¼ 0 beyond 5.5 GeV=c (Fig. 14,
dotted line). For the upper bound we assume a
straight line connecting the lowest and highest
momentum points in the PYTHIA simulation (see
the dashed line in Fig. 14).

The systematic uncertainties for the misidentified and
doubly misidentified-muon backgrounds are shown in
Table IV. The misidentified and doubly misidentified-muon
backgrounds as functions of the invariant mass of the
J=ψ -tracksystemandtheirassociatedsystematicuncertainties
are shown in Fig. 16. Numerical results are given in Table V.

C. bb̄ background

The bb̄ background arises from the combination of a
J=ψ meson produced by the decay of a b quark with the

third muon produced from the decay of the b̄ quark in
the same event, or vice versa. The production of bb̄ pairs in
pp̄ collisions is dominated by the leading-order flavor-
creation (FC) process and the next-to-leading-order flavor-
excitation (FE) and gluon-splitting (GS) processes [33].
Flavor creation corresponds to the production of a bb̄ pair
by gluon fusion or by the annihilation of light quarks via
two 2-to-2 parton subprocesses gg → bb̄ and qq̄ → bb̄.
Flavor excitation refers to the QCD hard 2-to-2 reaction
corresponding to the scattering of a b quark out of the initial
state into the final state by a gluon or a light quark or light
antiquark via the subprocesses gb → gb, qb → qb, and
q̄b → q̄b. The b̄ partner from the original initial state bb̄
pair will also appear in the final state. There are three more
processes corresponding to the scattering of the b̄ quarks in
the highQ2 sea of gluons and heavy-quark pairs that define
the p and p̄ structure functions. Gluon splitting occurs
when only gluons and light quarks and light antiquarks
participate in the 2-to-2 hard parton scattering subprocess,
but one of the final-state gluons fragments into a bb̄ pair,
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FIG. 15. Fractions Fπ , FK , and Fp for (a) positively and
(b) negatively charged particles with momenta greater than
3 GeV=c corresponding to the third tracks in the J=ψ -track
system.

TABLE IV. Systematic uncertainties in the number of events
involving misidentified muons and doubly misidentified muons.

Source Misidentified
Doubly

misidentified

Misidentification probability �7.3 �0.4
Fraction of events outside of
the D0 mass peak

�1.2 �0.1

Particle fractions in the
J=ψ-track system

�4.7 �0.3

Proton fractions þ4.0
−14.0

þ0.2
−0.7

Total þ9.6
−16.5

þ0.5
−0.9
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FIG. 16. Weighted invariant-mass distribution of the J=ψ -track
system showing the misidentified (filled circles) and the doubly
misidentified (open circles) muon backgrounds to the Bþ

c →
J=ψμþX decays. The error bars represent the estimated system-
atic uncertainties. Because of the large size of the J=ψ -track
sample, the statistical errors in the misidentified-muon calcula-
tion are negligible.
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e.g., gg → gðg → bb̄Þ or qg → qðg → bb̄Þ. Flavor creation
is expected to produce the largest opening angles between
the quark pairs, as measured in the plane transverse to the
beam direction. Flavor excitation is expected to produce
both large and small opening angles, and gluon splitting is
expected to produce a relatively uniform distribution of
opening angles [28,29].
The determination of the bb̄ background relies on a

PYTHIA MC simulation to generate potential bb̄ back-
ground events for the three QCD processes. We constrain
the PYTHIA MC simulation with the experimental data
using the distribution of the opening angle Δϕ between the
J=ψ and the muon in an event. We select a sample of
experimental data called the unvertexed-J=ψμþ-pairs sam-
ple as described in Sec. IV C 1 below. Unvertexed means
that there are no requirements that the J=ψμþ pairs
originate from a common vertex. From this sample we
subtract potential signal candidates as well as unvertexed
variations of the major backgrounds described above. We
fit the Δϕ distribution in these data with a linear combi-
nation of the Δϕ distributions of PYTHIA-simulated FC,
FE, and GS events that are also unvertexed. This procedure
allows for a determination of the relative fractions of FC,
FE, and GS to use in estimating the bb̄ background
irrespective of the relative fractions that any particular
variation of the PYTHIA parameters might produce. Using
the experimentally constrained fractions for the FC, FE,
and GS contributions, we calculate the bb̄ background by
applying the selection requirements for the J=ψμþ-signal
sample to the unselected PYTHIA-simulated FC, FE, and
GS samples. A valuable cross-check of the background
determination consists in comparing the sum of all of the

backgrounds with the number of events in the J=ψμþ
invariant-mass ranges 3–4 GeV=c2 and greater than
6 GeV=c2, where the number of events is dominated by
background.

1. Selecting the unvertexed-J=ψμþ pairs

The selection requirements for the unvertexed-J=ψμþ-
pairs sample in the data follow the requirements listed in
Tables I–II with the modifications: the mass range for the
J=ψ is reduced from �50 MeV=c2 to �30 MeV=c2; the
decay length for the J=ψ is required to be greater than
200 μm; there is no vertex requirement for the trimuon
system; and there is no Δϕ requirement between the J=ψ
and the third muon. In the data there may be more than one
pp̄ interaction distributed longitudinally along the inter-
action region, which has a rms length of about 30 cm. In
order to restrict the data sample to events in which the J=ψ
and third muon come from the same pp̄ interaction, we
require that the z separation between the J=ψ and the third
muon is less than 2 cm.
The unvertexed-J=ψμþ pairs come not only from differ-

ent b hadrons produced in the same pp̄ interaction but also
from non-bb̄ sources:
(1) Single b hadrons contribute to the unvertexed-

J=ψμþ pairs that would pass the vertex probability
requirement. They include the Bþ

c → J=ψμþX event
candidates which include the background compo-
nents having a vertexed J=ψ plus a misidentified
muon and misidentified vertexed J=ψ plus a muon.

(2) A pion or kaon from an unvertexed J=ψ-track event
is misidentified as a muon.

(3) An unvertexed misidentified J=ψ also can be in the
unvertexed-J=ψμþ system.

To produce a pure sample of bb̄ pairs to compare with
the PYTHIA simulation, it is necessary to estimate the
contributions from the non-bb̄ sources listed above and
then subtract them from the selected sample of unvertexed-
J=ψμþ pairs shown in Fig. 17(a). The first non-bb̄ source
is identified by applying the vertex probability requirement
to the unvertexed-J=ψμþ pairs, and its Δϕ distribution
is shown in Fig. 17(b), labeled as “Bþ

c → J=ψμþν”

TABLE V. Number of events involving misidentified-muon and
doubly misidentified-muon backgrounds within the signal and
sideband mass ranges and associated systematic uncertainties.

Mass range (GeV=c2) 3–4 4–6 >6

Misidentified muons 86.7þ2.4
−4.2 344.4þ9.6

−16.5 32.1þ0.9
−1.5

Doubly misidentified muons 5.1þ0.1
−0.2 19.0þ0.5

−0.9 5.2þ0.1
−0.3
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FIG. 17. (a) Distribution versus Δϕ of all unvertexed-J=ψμþ pairs from the experimental data. (b) Three non-bb̄ contributions to
(a) superimposed. (c) Experimental data from (a) with the non bb̄ contributions removed.
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candidates. The essential difference between this Bþ
c →

J=ψμþν sample and the signal sample is that the Δϕ
selection criterion is not applied in order to compare the bb̄
data sample with the MC simulation over the entire range
Δϕ. Next, we estimate the unvertexed misidentified-muon
background with the procedure described in Sec. IV B
using the unvertexed-J=ψ-track sample with the vertexed
events subtracted. The Δϕ distribution of unvertexed
misidentified-muon background is also shown in
Fig. 17(b). Finally, the events containing an unvertexed-
J=ψμþ pair, where the J=ψ is misidentified, are accounted
by the method of Sec. IVA using the events from the dimuon
mass sidebands of the unvertexed-J=ψμþ-pairs sample. The
Δϕ distribution of misidentified J=ψ in the unvertexed-
J=ψμþ-pairs sample is also shown in Fig. 17(b). Subtracting
the three non-bb̄ sources shown in Fig. 17(b) from the
unvertexed-J=ψμþ pairs in Fig. 17(a) gives the background-
subtracted sample of unvertexed-J=ψμþ pairs. This pure bb̄
sample is shown in Fig. 17(c) and is used to determine the
relative fractions of the QCD production processes generated
by the PYTHIA simulations.

2. Simulated unvertexed-J=ψμþ pairs

A PYTHIA sample containing 0.5 × 106 bb̄ pairs is
generated. Either the b or b̄ quark is allowed to decay
naturally, where the major sources of muons are semi-
leptonic decays of bottom hadrons or of their daughter
charm hadrons. The b̄ or b quark partner is forced to decay
into a J=ψ or any state which might cascade into a J=ψ
meson. Figures 18(a)–(c) show the Δϕ distributions of
unvertexed-J=ψμþ pairs from the FC, FE, and GS proc-
esses, respectively.
To normalize the bb̄ background events from the

PYTHIA sample to data, we use the yields of the Bþ →
J=ψKþ decays observed in data. In the Bþ → J=ψKþ
decays reconstructed from the PYTHIA simulation we
apply all the requirements listed in Tables I–II. The
numbers of Bþ → J=ψKþ decays produced by the
three QCD processes are 16 275� 130 (25% of FC),
35 464� 189 (55% of FE), and 12 602� 118 (20% of GS).

3. Fitting the unvertexed-J=ψμþ Δϕ distribution

The experimental data shown in Fig. 17(c) are fit with a
linear combination of the three PYTHIA Δϕ distributions
shown in Figs. 18(a)–(c). The predicted number of bb̄
events for a given Δϕ bin is given by

Nbb̄ ¼ CðSFCNFC
bb̄

þ SFENFE
bb̄

þ SGSNGS
bb̄
Þ

×
NBþ

SFCNFC
Bþ þ SFENFE

Bþ þ SGSNGS
Bþ

: ð9Þ

C ¼ 0.76� 0.07 is a correction factor that accounts for the
differences between the fraction ofb quarks fragmenting into
Bþ, the Bþ → J=ψKþ branching fraction, and the known
inclusive branching fraction for all B hadrons to produce a
J=ψ meson [4] and the values set in the PYTHIA simulation
program [28]. In the fit C is constrained by its uncertainty.
The parametersSFC,SFE, andSGS are the scale factors for the
different QCD production processes in PYTHIA. The fit
allows the scale factors to float subject to the constraint that
their summust equal three. The numbers of PYTHIA events
in a givenΔϕ bin as shown in Figs. 18(a)–(c) areNFC

bb̄
,NFE

bb̄
,

and NGS
bb̄
, respectively. The total number of Bþ → J=ψKþ

decays in the data shown in Fig. 4(b) isNBþ . The numbers of
Bþ → J=ψKþ decays produced by the three QCD processes
in PYTHIA are NFC

Bþ , NFE
Bþ , and NGS

Bþ , respectively. The last
term in Eq. (9) along with C normalizes the three PYTHIA
samples to the experimental data.
The result of the fit is given in Table VI. The least-

squares fit disfavors a contribution from the FE process by
returning SFE of −0.11� 0.10. A linear combination of FC
and GS terms gives a reasonable least-squares fit to the
data. The fitting function for the FC plus GS combination is
shown in Eq. (10),

Nbb̄ ¼ CðSFCNFC
bb̄

þ SGSNGS
bb̄
Þ

×
NBþ

SFCNFC
Bþ þ SGSNGS

Bþ
; ð10Þ
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FIG. 18. Distributions of Δϕ for the unvertexed-J=ψμþ pairs simulated from the three QCD production processes: (a) flavor creation,
(b) flavor excitation, and (c) gluon splitting.
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where the sum of SFC þ SGS ¼ 2. Numerical results from
the fit shown in Fig. 19 are as follows: C ¼ 0.73� 0.01,
SGS ¼ 1.02� 0.03, SFC ¼ 2 − SGS. The factors SFC, SGS,
and C together with Eq. (10) are used in Sec. IV C 4 to
calculate the number of bb̄ background events.
One source of systematic uncertainty in the determina-

tion of the bb̄ background arises from the choice to force
the contribution of FE to be zero. We estimate the
corresponding systematic uncertainty using the difference
between the predicted number of bb̄ events for the two
values 0 and 0.1 for SFE. A second source is introduced
by the uncertainty in the estimate of the unvertexed
misidentified-muon component of the Δϕ distribution of
unvertexed-J=ψμþ events. The misidentified-muon com-
ponent is removed prior to fitting the PYTHIA predictions
to the data; hence, its uncertainty propagates into the
determination of the bb̄ background. To determine this
systematic uncertainty, the Δϕ distribution of unvertexed-
J=ψμþ pairs shown in Fig. 17(c) is increased and decreased
by the amount of the lower and upper values of the
unvertexed misidentified-muon systematic uncertainty,
respectively. The scale factors are refit for these two cases
and the change in the predicted bb̄ background is deter-
mined. The systematic uncertainties from these two sources
are summarized in Table VII. The total systematic uncer-
tainty is calculated by adding the results from the three
rows in quadrature.

4. Results for the bb̄ background

Having determined the correct scale factors to use for the
PYTHIA simulation of the QCD bb̄ processes, the bb̄
background in the J=ψμþ event sample is calculated using
Eq. (10). The number of FC and GS events from the
PYTHIA simulation is determined by requiring that all the
simulated J=ψμþ events satisfy all the requirements listed
in Tables I–II to reconstruct the Bþ

c → J=ψμþν decay. In
addition to the Bþ

c selection requirements for the PYTHIA
sample, we require that the third muon does not originate
from a pion or kaon and that it originates from a different
particle than the J=ψ originates from. Other than the
J=ψμþ events, the quantities needed for the calculation
are the QCD scale factors and C, the number of Bþ mesons
in the data shown in Fig. 4(b), and the numbers of Bþ →
J=ψKþ decays produced by the QCD processes in the
PYTHIA simulation given in Sec. IV C 2. A summary of
the input quantities and the results for the bb̄ background in
the signal region is given in Table VIII. The second column
gives the numbers of J=ψμþ events simulated by PYTHIA
passing the Bþ

c selection requirements after contributions
from the dimuon sideband region are subtracted. The
uncertainty in the bb̄ background is due to several sources.
There are statistical uncertainties in the yields of the four
simulated samples NFC

bb̄
, NGS

bb̄
, NFC

Bþ , and NGS
Bþ , and in the

determination of the Bþ → J=ψKþ sample in the exper-
imental data. Finally, there are correlated uncertainties in
the parameters C, SFC, and SGS that are determined by the

TABLE VI. Results of the least-squares fit of the Δϕ distri-
bution of the unvertexed-J=ψμþ data with the three QCD
production processes.

FCþ FEþ GS

C 0.70� 0.03
SFC 3-SFE − SGS
SFE −0.11� 0.10
SGS 1.60� 0.07
χ2=ndf 38.5=33
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FIG. 19. Fit of the Δϕ distribution of the unvertexed-J=ψμþ
data for the combination of FC plus GS.

TABLE VII. Systematic uncertainties in the number of bb̄
background events in the J=ψμþ mass ranges 3–4 GeV=c2,
4–6 GeV=c2, and greater than 6 GeV=c.

bb̄ sys 3–4GeV=c2 4–6GeV=c2 >6GeV=c2

SFE ¼ 0.0 or 0.1 −0.3 −4.9 −3.0
Misidentified
muon increased

−0.1 −1.5 −0.9
Misidentified
muon reduced

þ0.2 þ2.7 þ1.7

Total �0.4 �5.8 �3.6

TABLE VIII. Expected numbers of bb̄ background events in
the signal region. The uncertainties are statistical only and their
sources include the sizes of the trimuon systems, the number of
Bþ events, and the statistical uncertainty of the scale factors. The
value of C returned by the fit is 0.73� 0.01, while the expected
one is 0.76� 0.07.

bb̄
background Nbb̄ðMCÞ Si NBþðMCÞ Nbb̄

FC 36.5 2 − SGS 16275� 130 12.9� 4.1
FE 185 0 35464� 189 0
GS 443.5 1.02� 0.03 12602� 118 165.7� 11.7
Total - - 178.6� 12.4
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fit to the Δϕ distribution in the unvertexed-J=ψμþ sample.
The resulting invariant-mass distribution of the bb̄ back-
ground is shown in Fig. 20.
The total bb̄ background event yields in the invariant-

mass ranges 3–4 GeV=c2, 4–6 GeV=c2, and greater
than 6 GeV=c2 are 12.4� 2.4ðstatÞ � 0.4ðsystÞ, 178.6�
12.4ðstatÞ�5.8ðsystÞ, and 110.4� 10.7ðstatÞ � 3.6ðsystÞ,
respectively.

D. Total background

The backgrounds to the Bþ
c → J=ψμþX decays dis-

cussed above are summarized in Table IX with their

statistical and systematic uncertainties. The misidentified-
J=ψ background, misidentified-muon background, and bb̄
background are included. The doubly misidentified back-
ground contribution is subtracted to avoid double counting.
Entries with no statistical uncertainties listed represent
determinations for which the statistical uncertainty is
negligible compared with the systematic uncertainty. The
misidentified-J=ψ background is calculated using the
dimuon sidebands near the J=ψ invariant mass. Since there
are no systematic uncertainties that are significant, the
uncertainty is only statistical.
The number Nobs of Bþ

c → J=ψμþX signal candidates
is presented in Table X. The statistical and systematic
uncertainties are combined in quadrature. The top row
in Table X reports the number of reconstructed Bþ

c →
J=ψμþX candidates shown in Fig. 4(a). The quantity Nobs
is used to calculate the final Bþ

c → J=ψμþν yield.

V. CONTRIBUTIONS TO Bþ
c → J=ψμþX FROM

OTHER Bþ
c DECAYS

After subtracting backgrounds, the trimuon sample still
contains contributions from other Bþ

c decay modes, in
addition to the decay Bþ

c → J=ψμþν. For example, a Bþ
c

might decay into a ψð2SÞμþν state, followed by the ψð2SÞ
decay into a J=ψπþπ− final state. Another example is a Bþ

c
decay into J=ψτþν state followed by the τ decay into a
muon and two neutrinos. The fraction of these events that
meets the selection requirements is small but nonzero.
We consider a set of Bþ

c decay modes taken from the
theoretical predictions of Kiselev [5]. Table XI shows the
list of the Bþ

c decay modes and their branching fractions
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FIG. 20. Invariant-mass distribution of the bb̄ background
determined from a PYTHIA MC simulation constrained by the
experimental data. The error bars represent the statistical un-
certainties.

TABLE IX. Total background for Bþ
c → J=ψμþX decays in three invariant-mass ranges. The doubly misidentified

contribution is subtracted from the total to avoid double counting. Entries with no statistical uncertainties listed
represent determinations for which the statistical uncertainty is negligible compared with the systematic uncertainty.
Entries with no systematic uncertainties are estimated to have negligible systematic uncertainties compared with the
statistical errors.

Bþ
c → J=ψμþX background 3–4 GeV=c2 4–6 GeV=c2 >6 GeV=c2

Misidentified J=ψ 11.5� 2.4ðstatÞ 96.5� 6.9ðstatÞ 25.0� 3.5ðstatÞ
Misidentified muon 86.7þ2.4

−4.2 ðsystÞ 344.4þ9.6
−16.5ðsystÞ 32.1þ0.9

−1.5 ðsystÞ
Doubly misidentified 5.1þ0.1

−0.2ðsystÞ 19.0þ0.5
−0.9 ðsystÞ 5.2þ0.1

−0.3 ðsystÞ
bb̄ background 12.4� 2.4ðstatÞ 178.6� 12.4ðstatÞ 110.4� 10.7ðstatÞ

�0.4ðsystÞ �5.8ðsystÞ �3.6ðsystÞ
Total misidentified+bb̄ bg. 105.5� 3.4ðstatÞ 600.5� 14.2ðstatÞ 162.3� 11.3ðstatÞ

þ2.4
−4.2 ðsystÞ þ11.2

−17.5 ðsystÞ þ3.7
−3.9 ðsystÞ

TABLE X. Bþ
c → J=ψμþX candidates and background subtractions from Table IX.

3–4 GeV=c2 4–6 GeV=c2 >6 GeV=c2

NðBþ
c → J=ψμþXÞ 132� 11.5 1370� 37.0 208� 14.4

Sumof misidentifiedþ bb̄ bg. 105.5þ4.2
−5.4 600.5þ18.1

−22.5 162.3þ11.9
−12.0

Nobs 26.5þ12.2
−12.7 769.5þ41.2

−43.3 45.7� 18.7
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used in the MC simulation. Another set of theoretical Bþ
c

decay modes that is sufficiently complete to allow an
estimate of the number of events in our signal sample
from other Bþ

c decay modes is given by Ivanov and
collaborators [6]. The difference in the estimate of the
mumber of events from other decays modes from these two
bodies of work is used to estimate the systematic uncer-
tainty in this correction. The correction is small, approx-
imately 30 events, but the two sets of branching-fraction
predictions differ by approximately 50% of the correction.
Using BGENERATOR [10], we generate Bþ

c → J=ψμþν
decays and eleven other decay modes that can yield
trimuon events. The fraction of these events that meets
the selection requirements is reported in Table XII.

Our method uses the number Nobs of observed Bþ
c

candidates in the data as shown in Table X after all other
backgrounds have been subtracted except for the other
decay modes. In the signal region 4–6 GeV=c2, we observe
Nobs ¼ 769.5 events. The number of Bþ

c → J=ψμþν events
in the data is given by NBþ

c
¼ Nobs − Nother where Nother

is the number due to other decay modes. This can be
rewritten as

Nother ¼ Nobs

�
1 −

NBþ
c

Nobs

�
:

The fraction NBþ
c
=Nobs equals 0.961 for the signal

region 4–6 GeV=c2 and is given in Table XII. Thus,
Nother is 30.0� 1.6ðstatÞ events in the signal region and
2.6� 1.2ðstatÞ events in the 3–4 GeV=c2 mass range.
The difference between the Kiselev and Ivanov predictions
for the Bþ

c → J=ψμþν branching fraction is 9% [5,6].
This results in a systematic uncertainty of �16.3 events
in NBþ

c
.

VI. Bþ
c SIGNAL

The estimated number of events from other decay modes
that contribute to the Bþ

c → J=ψμþX signal and sidebands,
observed Nobs and the final number NBþ

c
of Bþ

c → J=ψμþν,
are shown in Table XIII. The statistical and systematic
uncertainties are combined. The result for NBþ

c
in the

3–4 GeV=c2 and greater than 6 GeV=c2 mass regions
compared with the number of simulated Bþ

c → J=ψμþν
events in these regions yields an important cross-check
on the overall size of the experimental backgrounds in
the 4–6 GeV=c2 signal region. The 3–4 GeV=c2 and
greater than 6 GeV=c2 mass regions are populated pre-
dominantly by background, while the signal region has

TABLE XI. Bþ
c decay modes and their BF1 from the theoretical predictions of Kiselev [5]. The BF2 column represents other decays

and associated branching fractions necessary to reach the trimuon system. The “product BF Kiselev” represents the product BF1BF2 for
the Kiselev predictions [5], and the sum is normalized to 1. The “Ivanov” column represents a similar sum based on the theoretical
predictions of Ivanov [6].

Product BF

Bþ
c decay mode BF1 pred Secondary decay mode BF2 Kiselev Ivanov

J=ψμþν 0.01900 None 0.8424 0.8872
ψð2SÞμþν 0.00094 ψð2SÞ → J=ψ þ � � � 0.595 0.0248 0.0017
B0
sμ

þν 0.04030 B0
s → J=ψ þ � � � 0.0137 0.0245 0.0065

B�0
s μþν 0.05060 B�0

s → J=ψ þ � � � 0.0137 0.0307 0.0139
B0μþν 0.00340 B0 → J=ψ þ � � �. 0.0109 0.0016 0.0003
B�0μþν 0.00580 B�0 → J=ψ þ � � � 0.0109 0.0028 0.0003
J=ψτν 0.00480 τ → μþ � � � 0.178 0.0378 0.0373
ψð2SÞτν 0.00008 ψð2SÞ → J=ψ þ � � �

τ → μþ � � � 0.595*0.178 0.0004 0.0000
J=ψDþ

s 0.00170 Dþ
s → μþ � � � 0.0864 0.0065 0.0126

J=ψD�þ
s 0.00670 D�þ

s → μþ � � � 0.0864 0.0257 0.0359
J=ψDþ 0.00009 Dþ → μþ � � � 0.168 0.0007 0.0011
J=ψD�þ 0.00028 D�þ → μþ � � � 0.168 0.0021 0.0032

TABLE XII. Trimuon survival fractions for the various decay
modes using the product of branching fractions based on the
predictions of Kiselev B(K) [5]. The event fractions for each
decay are determined from the MC simulation with the number of
surviving events shown at the bottom of each column. The
fractions in each column add to 1.0.

Bþ
c decay mode B(K) 3–4 GeV=c2 4–6 GeV=c2 >6 GeV=c2

J=ψμþν 0.8424 0.9007 0.9612 1.0
ψð2SÞμþν 0.0248 0.0251 0.0200 0
B0
sμ

þν 0.0245 0.0114 0.0001 0
B�0
s μþν 0.0307 0.0160 0 0

B0μþν 0.0016 0 0 0
B�0μþν 0.0028 0.0011 0 0
J=ψτþν 0.0378 0.0411 0.0110 0
ψð2SÞτþν 0.0004 0.0011 0.0001 0
J=ψDþ

s 0.0065 0 0.0017 0
J=ψD�þ

s 0.0257 0.0034 0.0056 0
J=ψDþ 0.0007 0 0.0001 0
J=ψD�þ 0.0021 0 0.0003 0
Total 3μ events 876 28342 1301
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740 Bþ
c → J=ψμþν decays and 630 background events

including the other decay modes. By normalizing a
Monte Carlo sample of Bþ

c → J=ψμþν events to the
measured number of events after background subtraction
in the signal region, we predict the expected number of
Bþ
c → J=ψμþν decays in the 3–4 GeV=c2 and greater than

6 GeV=c2 mass regions. From Table XIII, we expect 23
Bþ
c → J=ψμþν decays and observe 24� 12 in the

3–4 GeV=c2 mass region. In the greater than 6 GeV=c2

region, we expect 28 and observe 46� 19. This gives
confidence in the calculation of the sum of background
yield plus other decay modes in the signal region.
The invariant-mass distribution of the J=ψμþ events is

shown in Fig. 21 with simulated signal and backgrounds
superimposed. “Misid. muon” is the misidentified-muon
background corrected for the doubly misidentified back-
ground, while “other modes” indicates the contribution from
the other decay modes. “Bc Monte Carlo” stands for
simulated Bþ

c → J=ψμþν decays. The simulated sample
size is normalized to the number of signal events in the signal
region after subtracting background and other decay modes.
After accounting for the small Bþ

c → J=ψμþν signal com-
ponent in the 3–4 GeV=c2 and greater than 6 GeV=c2 mass
regions, we correctly model the background in these regions.

VII. RELATIVE EFFICIENCY OF Bþ → J=ψKþ
TO Bþ

c → J=ψμþν

To determine R, we need to determine the efficiencies
used in Eq. (2). These efficiencies are collected together
into ϵrel ¼ ϵBþ=ðϵBþ

c
× ϵμÞ. The efficiencies ϵBþ and ϵBþ

c

are the geometrical acceptances for Bþ → J=ψKþ and
Bþ
c → J=ψμþν decays, respectively, in the CDF II detector

corrected for effects discussed below, and ϵμ is the third-
muon detection efficiency in the CMU and CMP detectors.
The ratio ϵBþ=ϵBþ

c
includes a small correction for the

relative trigger efficiency between kaons and muons.
The muon identification efficiency for CMUP muons
is 0.962� 0.007ðstatÞ � 0.021ðsystÞ [34]. Because the
effects due to multiple Coulomb scattering and the stopping
of muons in the absorber at low pT are modeled accurately
by the simulation, the normalized efficiency of the CMUP
is uniform over the pT range greater than 3 GeV=c.
We determine the efficiencies ϵBþ and ϵBþ

c
with MC

simulations. Knowledge of the transverse momentum
spectra for the Bþ and Bþ

c is essential to determine the
relative efficiency correctly. In order to determine the
relative efficiency, we use the generated samples of
Bþ → J=ψKþ, Bþ

c → J=ψμþν, and B�þ
c →Bþ

c þγ decays.
All data from the MC events are passed through the full
detector and trigger simulation. The events that meet the
dimuon trigger requirements are processed in the same way
as experimental data.

A. Bþ and Bþ
c pT spectra

The Bþ → J=ψKþ acceptance calculation is based on
the FONLL spectrum [3], where FONLL stands for fixed-
order plus next-to-leading logs. As the FONLL spectrum
shows some discrepancies in the low-pT region with
respect to the data, a corrected FONLL spectrum is used.
In generating the Bþ

c → J=ψμþν MC sample, we follow
the theoretical work on Bþ

c production, the general-mass
variable-flavor-number (GMVFN) model of Chang et al.
[35], which has the following advantages: it includes Bþ

c
and B�þ

c spectra; it includes production via the interactions
of gluons and heavy sea quarks, gb and gc, as well as pure
gg fusion; and it includes a small contribution from qq̄
production. Figure 22 shows that the Bþ

c and B�þ
c spectra

are similar, but the Bþ
c produced in B�þ

c → Bþ
c γ decays is

TABLE XIII. Final numbers of Bþ
c → J=ψμþν, NBþ

c
. The statistical and systematic errors are combined. The last

row presents the number of simulated Bþ
c → J=ψμþν events in the three mass regions. They are scaled so that the

number in the signal region is consistent with the experimental data. The MC sample’s statistical uncertainties are
small compared with the statistical uncertainties in the experimental data.

Mass range (GeV=c2) 3–4 GeV=c2 4–6 GeV=c2 >6 GeV=c2

Nobs 26.5þ12.2
−12.7 769.5þ41.2

−43.3 45.7� 18.7
Other decay modes 2.6� 1.9 30.0� 16.4 0
NBþ

c
23.9þ12.3

−12.8 739.5þ44.3
−46.3 45.7� 18.7

NðBþ
c → J=ψμþνÞ, MC 22.8� 0.6 739.5 27.6� 0.6

FIG. 21. Invariant-mass distribution of the Bþ
c → J=ψμþ can-

didate events using the full CDF Run II data sample with a MC
simulated signal sample and the calculated backgrounds super-
imposed. Details of the contributions are described in the main
text. The error bars are the statistical uncertainties on the data and
background predictions combined.
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softer than that produced directly. The composition of the
Bþ
c spectrum used in this measurement makes use of the Bþ

c
and B�þ

c cross sections given in Tables I–II of Ref. [35].
According to this calculation, made for Tevatron energy
1.96 TeV using pTðBþ

c Þ > 4 GeV=c and rapidity jyj < 0.6,
the total production cross sections for the Bþ

c and B�þ
c

mesons are 0.7 and 2.3 nb, respectively. In Table XIV we
present both the combined contributions of ggþ gb̄þ gc
and qq̄ to Bþ

c and B�þ
c production.

The authors of Ref. [35] provided the pT and rapidity
distributions for both Bþ

c and B�þ
c mesons from the various

production mechanisms.
In the MC simulation, we assign the B�þ

c mass to be
MBþ

c
þ 0.076 GeV=c2 based on the theoretically predicted

value from Baldicchi and Prosperi [7]. In this work the
authors predict a range of B�þ

c masses varying with the
model used. We use the highest of the predicted B�þ

c masses
in order to assign a conservative systematic uncertainty on
the amount of B�þ

c production relative to Bþ
c production.

The mass difference between the B�þ
c and the Bþ

c is too
small for π0 production. Consequently, the B�þ

c are
assumed to decay exclusively to the Bþ

c γ final state.

B. Comparison of MC Bþ and Bþ
c pT spectra with data

The Bþ
c → J=ψμþν and Bþ → J=ψKþ samples gener-

ated using the corrected pT spectra are compared with data
in Fig. 23, where the same selection requirements are
applied to data and simulation. Experimental data and
simulated distributions are selected with the requirement
that the invariant-mass value should lie within the signal
mass region 4–6 GeV=c2 for the Bþ

c and within
�50 MeV=c2 of the Bþ mass for the Bþ → J=ψKþ
decays. Both pT distributions for data are background
subtracted. The simulated distributions are normalized to
the data distributions.

C. Results for the relative efficiency

In calculating ϵrel, we first determine ϵBþ
c

and ϵBþ

separately and then calculate the ratio ϵrel¼ϵBþ=ðϵBþ
c
×ϵμÞ

for pTðBÞ > 6 GeV=c, where B is the Bþ
c (Bþ) for the

ϵBþ
c
(ϵBþ) calculations. For ϵBþ

c
and ϵBþ , both the generated

and reconstructed events are determined from a sample
with a generator-level requirement of pTðBÞ > 6 GeV=c.
The generator-level Bþ

c or Bþ events that satisfy pTðBÞ >
6 GeV=c and jyj < 1.0 are counted in this sample as the
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FIG. 22. Spectra for Bþ
c and B�þ

c due to various production
processes are shown. The processes are scaled to reflect the
weight used in composing the final spectrum.

TABLE XIV. Cross section fractions for Bþ
c and B�þ

c based on
calculations from Ref. [35], where “ggþ gb̄þ gc” represents the
combined contributions from the gg fusion, gb̄ and gc production
subprocesses, and qq̄ represents the quark-antiquark production
mechanism.

Production fractions ggþ gb̄þ gc qq̄

Bþ
c 0.994 0.006

B�þ
c 0.991 0.009
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FIG. 23. Transverse momenta distributions for (a) the J=ψKþ
and (b) the J=ψμþ samples. Both data plots are background
subtracted, and the theoretically predicted spectra are corrected
using data.
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generated events, while all events are passed through the
detector and trigger simulation with all the analysis
selection criteria applied. Finally, a requirement that the
pT be greater than 6 GeV=c is applied to the reconstructed
J=ψμþ in the Bþ

c case and to the reconstructed J=ψKþ in
the Bþ case. For the reconstructed events there is no
requirement made on the rapidity. In both cases ϵBþ

c ðBþÞ
is the ratio of reconstructed to generated events.
In the acceptance calculation there is a small correction

(approximately 3.4% in thevalue of ϵrel) for the fact thatXFT
efficiencies in data are different for kaons and muons.
Assuming that muons and pions are similar, the model,
based on data, parametrizes theXFTefficiency for kaons and
pions as a function of 1=pT relative to the same efficiencies
as estimated in the MC simulation for the acceptance [36].
The muon efficiency ϵμ depends on the CMU and CMP
muon detectors alone and is not included in these results.
The results for the acceptances of Bþ

c → J=ψμþν decays
for the various Bþ

c production mechanisms as discussed in
Sec. VII A are shown in Table XV. Using the production
cross-section fractions for Bþ

c and B�þ
c given in Table XIV

combined with the predicted production cross sections for
Bþ
c and B�þ

c of 0.7 and 2.3 nb, respectively, a weighted
average of the acceptances is calculated to determine the total
acceptance ϵBþ

c
for Bþ

c → J=ψμþν presented in Table XVI.
The acceptance ϵBþ for Bþ → J=ψKþ is also shown in
Table XVI and its calculation is simpler because there is
only one production spectrum involved in its determination.
Both results are for pTðBÞ > 6 GeV=c. Comparisons of the
acceptances for the J=ψμþ and J=ψKþ systems and the
ϵBþ=ϵBþ

c
ratio as a function of the rapidity are shown in

Fig. 24. Using ϵBþ and ϵBþ
c
from Table XVI and ϵμ from the

opening of Sec. VII, the value of ϵrel is

ϵrel ¼ 4.093� 0.038ðstatÞ: ð11Þ

Using Eq. (2), NBþ
c
from Table XIII, NBþ from Fig. 4(b),

and ϵrel, we find

R ¼ 0.211� 0.012ðstatÞ: ð12Þ

D. Systematic uncertainties for the relative efficiency

We consider the systematic uncertainty associated with
the prediction of the relative efficiency due to knowledge
of the Bþ

c lifetime, the Bþ
c production spectrum, the Bþ

production spectrum, the difference between the K and μ
tracking efficiencies in the XFT, and the muon identifica-
tion efficiency for CMUP muons. The total systematic
uncertainty in ϵrel is summarized in Table XVII. The
individual systematic uncertainties are discussed below.

1. Systematic uncertainty from the Bþ
c lifetime

The systematic uncertainty for ϵrel due to the uncertainty
in the Bþ

c lifetime is estimated by varying the Bþ
c lifetime in

MC simulations by one standard deviation relative to the
current world average value [4]. The systematic uncertainty
is Δϵrel ¼ þ0.134

−0.147.

TABLE XV. Bþ
c acceptance for different production mechanisms.

ggþ gb̄þ gc qþ q̄

Production process Bþ
c B�þ

c → Bþ
c γ Bþ

c B�þ
c → Bþ

c γ
ϵBþ

c
(%) 0.179� 0.001 0.172� 0.001 0.342� 0.001 0.252� 0.001

TABLE XVI. Acceptances of Bþ
c and Bþ for pT > 6 GeV=c.

Small corrections for different XFT track efficiencies for muons
and kaons are applied.

Bþ → J=ψKþ Bþ
c → J=ψμþν

ϵBþ;Bþ
c
(%) 0.688� 0.002 0.175� 0.001
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FIG. 24. (a) Comparison of the acceptances for the J=ψμþ and
J=ψKþ systems and (b) the ϵBþ=ϵBþ

c
ratio as a function of the

rapidity.
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2. Systematic uncertainty from the Bþ
c and Bþ

production spectra

The systematic uncertainty associated with the calcu-
lations of the Bþ

c and Bþ production spectra is derived by
comparing the bin-by-bin pT spectrum given by the data
directly with that of simulated events produced using the
corrected theoretical production spectra (see Fig. 23). The
ratios of the data to the MC simulation versus pTðJ=ψKþÞ
for the Bþ mesons and versus pTðJ=ψμþÞ for the Bþ

c
mesons are shown in Fig. 25.

The data to corrected-MC ratio plots (Fig. 25) for both
cases are used to estimate an average ratio for
pTðBÞ > 6 GeV=c, R̄ ¼ P ðwi × RiÞ=

P
wi, where i is

the bin number, Ri is the ratio in bin i, wi ¼ 1=σ2i
and σR̄ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
σ2i =½nðn − 1Þ�

p
. Thus, we find R̄ðBþ

c Þ ¼
1.00� 0.08 and R̄ðBþÞ ¼ 0.999� 0.013. We assign sys-
tematic uncertainties of 8% and 1.3% for the Bþ

c and Bþ
ratios, respectively. The ϵrel systematic uncertainties are
þ0.356
−0.303 for theB

þ
c and�0.055 for theBþ spectra, respectively.

3. Differences in the efficiency of kaons and muons
in the XFT simulation

A small source of systematic uncertainty arises from the
different XFT efficiencies for kaons and muons due to
the different dE=dx characteristics of these particles in the
COT. The difference in ionization gives different single-hit
efficiencies for kaons and muons that result in different
XFT efficiencies as functions of pT . These differences are
not modeled in the simulations. We model this systematic
uncertainty by weighting the MC simulation to reproduce
kaon and pion transverse-momentum distributions with and
without the XFT efficiencies determined from data [36].
The ϵrel difference between using and not using the XFT
correction is 0.14. Comparison of the MC simulation with
experimental data gives a systematic uncertainty of 50% of
the correction or �0.07.

4. Muon identification efficiency

We use Ref. [34] for the muon identification efficiency
for CMUP muons and its systematic uncertainty to calcu-
late the contribution to the uncertainty in ϵrel. The measured
systematic uncertainty for the detection efficiency of
CMUP muons is about 2.2%. It yields a systematic
uncertainty for ϵrel of Δϵrel ¼ þ0.092

−0.087.

TABLE XVII. Systematic uncertainty assigned to ϵrel.

Source Systematic uncertainty

Bþ
c lifetime þ0.134

−0.147

Bþ
c spectrum þ0.356

−0.303
Bþ spectrum �0.055
XFT efficiency �0.070

CMUP muon efficiency þ0.092
−0.087

Total þ0.401
−0.359
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FIG. 25. Ratio of the data to the MC simulation (a) versus
pTðJ=ψKþÞ for the Bþ and (b) versus pTðJ=ψμþÞ for the Bþ

c .
Both theoretically predicted spectra are corrected using data.

TABLE XIX. Systematic uncertainties for R.

Source Systematic uncertainty

Bþ
c background þ0.0057

−0.0068

ϵrel
þ0.0207
−0.0185

Total þ0.0214
−0.0197

TABLE XVIII. Summary of values and uncertainties used in
the measurement of R for pT > 6 GeV=c and jyj < 0.6.

Quantity Value

NðBþ
c → J=ψμþνÞ 740� 45ðstatþ systÞ

NðBþ → J=ψKþÞ 14338� 125ðstatÞ
ϵrel 4.09� 0.04ðstatÞþ0.40

−0.36 ðsystÞ
R 0.211� 0.012ðstatÞþ0.021

−0.020 ðsystÞ
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VIII. RESULTS AND CONCLUSIONS

The result of the measurement of R based on the
complete CDF Run II data set, which corresponds to an
integrated luminosity of 8.7 fb−1 is

R ¼ 0.211� 0.012ðstatÞþ0.021
−0.020

ðsystÞ ð13Þ

for pTðBþ
c Þ > 6 GeV=c and jyj < 0.6. The numbers of

Bþ
c → J=ψμþν and Bþ → J=ψKþ decays, and the relative

efficiency between the two, are summarized in
Table XVIII. The total systematic uncertainties for the
ratio R are summarized in Table XIX.
The result R ¼ 0.211� 0.024 can be compared to the

Run I measurement from CDF [37], R ¼ 0.13� 0.06
based on a sample corresponding to 0.11 fb−1 of integrated
luminosity at

ffiffiffi
s

p ¼ 1.8 TeV.
Using theoretical predictions for BðBþ

c → J=ψμþνÞ
and independent measurements for BðBþ → J=ψKþÞ
and σðBþÞ, we calculate the total Bþ

c cross se
ction. The measured quantities are BðBþ → J=ψKþÞ ¼
ð1.027� 0.031Þ × 10−3 [4] and σðBþÞ ¼ 2.78� 0.24 μb
for pTðBþÞ > 6 GeV=c and jyj < 1 [38]. Assuming that
the observed value of R for jyj < 0.6 approximates the
value for jyj < 1, we find

σðBþ
c ÞBðBþ

c → J=ψμþνÞ

¼ 0.602� 0.034ðstatÞþ0.060
−0.063

ðsystÞ � 0.055ðotherÞ nb
ð14Þ

for pTðBþ
c Þ > 6 GeV=c and jyj < 1. In Eq. (14) the

statistical and systematic uncertainties are from the meas-
urement of R and other is the combined experimental
uncertainty in the measurements of BðBþ → J=ψKþÞ and
σðBþÞ. Combining the uncertainties in quadrature gives
σðBþ

c ÞBðBþ
c → J=ψμþνÞ ¼ 0.60� 0.09 nb. To extract the

total Bþ
c production cross section from this result, it is

necessary to consider the predictions for the branching
fraction for the semileptonic decay Bþ

c → J=ψμþν.
Table XX summarizes the many predictions. The
approaches to the calculation of this semileptonic branch-
ing fraction include QCD sum rules [5,39], relativistic
constituent-quark models [6,40,41], a quark model using
the Bethe-Salpeter equation [42], a nonrelativistic constitu-
ent-quark model [43], covariant-light-front quark models
[44–46], QCD relativistic-potential models [47,48], and

nonrelativistic QCD [49]. With the exception of Ref. [49],
all of the theoretical results shown in Table XX predict
the branching fraction BðBþ

c → J=ψμþνÞ in the range
1.15%–2.37%. Using this selection of theoretical predic-
tions, we find the total Bþ

c cross section to be in the range
25� 4 to 52� 8 nb for pTðBþ

c Þ > 6 GeV=c and jyj < 1,
where the uncertainties reflect only the experimental
uncertainties of the measurements used in the calculation.
The result is a measure of the combined cross section for
production to the ground state plus any excited Bþ

c state that
cascades into the ground state prior to its weak-interac-
tion decay.
This result is higher than the theoretical prediction of

Chang et al., [2,35], which estimates the sum of the
production cross sections to Bþ

c and B�þ
c , σðBþ

c þ B�þ
c Þ,

to be 5 nb for
ffiffiffi
s

p ¼ 1.96 TeV, pT > 4 GeV=c, and jyj<1.
Similarly, Ref. [50] reports σðBþ

c þ B�þ
c Þ ¼ 7.4� 5.4 nb

for
ffiffiffi
s

p ¼ 1.8 TeV, pT > 6 GeV=c, and jyj < 1. If we
consider the prediction BðBþ

c → J=ψμþνÞ ¼ 6.7þ2.5
−1.4%

given in Ref. [49], then our result for the Bþ
c production

cross section is 9.0þ3.6
−2.3 nb (theoretical uncertainty

included), in reasonable agreement with the predictions
of Refs. [2,35,50].
If the branching fraction BðBþ

c → J=ψμþνÞ is in the
approximate range 1.2%–2.4% as given by 12 of the 13
predictions in Table XX, then there is a discrepancy
between the theoretical Bþ

c production cross section and
the estimate made from the experimental results presented
here. This discrepancy would be mitigated if the production
cross section to Bþ

c states higher in mass than the B�þ
c were

also large. Therefore, it would be very useful to have a new
prediction of the Bþ

c production cross section at the exact
kinematic values of this experimental result that takes into
account all production to excited Bþ

c states that cascade to
the ground state. The discrepancy would also disappear if
BðBþ

c → J=ψμþνÞ is approximately 7% as predicted by
Ref. [49].
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