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QUANTITATIVE REGGE EXPRESSIONS WITH SCALING FOR 

+ + EXPERIMENTALLY MEASURED FAST :rr-, K INCLUSIVE 

SPECTRA AND RELATION TO BACKWARD ELASTIC DATA~ 

Clifford Riskt 

Lawrence Radiatiori Laboratory 
University of California 

Berkeley, California 94721 

and 

Department of Physics 
University of California 
Davis, California 95616 

June 21, 1971 

ABSTRACT 

We represent the spectra for fast + :rr , :rr , secondaries 

collisions in Reggeized, forms that describe the experi-

mental data measured at several energies and that scale at high 

energies. We relate the inclusive amplitudes obtained to back­

ward elastic :rrip, K+p scattering and predict both their relative 

magnitudes and their energy and angle dependence. 

"~ Work supported in part under the auspices of the U. S. Atorr.ic 
Energy Commission. 

Participating guest at Lawrence Radiation Laboratory. Berkeley. 
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I. INTRODUCTION 

The'inclusive reaction p + p ~X + anything, where X is a 

specified secondary, offers the simplest probe of the dynamics 

of particle production processes, and has recently been the ,sub-

ject of experimental and theoretical study. particle spectra ,have 

. f 12.4 ~~ v/c(l), been measured in pp collisions at energles 0 ~ 

19.2 G€v/c(2), and 30 G€v/c(3). G€neral considerations about the 

features of the spectra have been proposed by Fe~an(4) and 

Yang(5); Vander Velde(6) bas demonstrated the equivalence of their 

approaches and shown that the fast secondaries of Ref. 1-3 satisfY 

their predictions. Calculations of the spectra wi thin specific 

models - the multi-Regge inOdel (7-9) and the Hagedorn thermodynamic 

model(lO) - have been compared with the measured data. 

In this paper we show that the spectra of fast produced ± :rr , 

pp collisions can be represented by Reggeized expressions 

that scale at large energy, and that such expressions are intrin-

, + K+p sically related to the experimental backward' :rr~p and elastic 

two body differential cross-sections. This approach will allow us 

not onlylGo predict the inclusive fast spectra at high energies, 

but also to extract the properties of backward elastic cross-

sections at lower energies. 

Consider first the process p + p ~m + anything of Fig. la, 

with "m" a produced meson and if representing the remaining 

secondaries. d ± K+ We will describe those produce :rr, that emerge 

with large momentum in the center of mass (cm), and hence with 
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large positive momentum or ,small negative momentum in the lab. In 

a multi-Regge model, these mesons emerge at the end of the multi-

peripheral chain, with the inCident proton travelling a link down 
I 

the Chain and peripherally scattering with the other incident 

proton (Fig. Ib). We represent this process with the diagram of 

Fig. lc, the cross-section of whiCh is 

(1) 

Here, aCt) is the effective trajectory of the exchanged baryon, 

~ (t) is its residue, and crT(~) is the total cross-sect~on for 

the baryon-baryon scattering. SuCh an expression was first obtained 

by CanesChi and Pignotti(7) several years ago on the basis of 

multi-Reggeism. .Rece.ntly, Peccei and Pignotti (12) have further 

studied the experimental consequences of (1). 

We organize the-paper as follows. In Sec. II we discuss the 

spectra predicted by (1), and its approaCh to a scaling limit. 

In Sec. III we obtain quantitative expressions of the type (1) for 

the ±. K+ 
~ , spectra from the 19.2 GeV/c data. In Sec. IV we 

test the scaling predictions of (1) by comparing with. the 12.4 

GeV Ic -and . 30 GeV /c data. The Shape of the fast backward spectra 

predicted by (1) should be independent of the incident particle, 

and in Sec. V we compare (1) with the ~ fragmentation of the 

proton.inK+p collisions at 12.4 GeV/c. In Sec. VI we discuss 

the relation between the inclusive inelastic process of (1) and 

the elastic backward meson-proton differential -cross-sections, 

and we use this relation to predict energy dependence, angle 
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dependence, and relative normalization of the three processes. 

Sec. VII contains remarks about theK-, p arid p spectra. 

II. SPECTRUM PREDICTED BY EQ. (1) 

Tl).e momentum spectrum predicted by (1) will be given by 

3 d32mpo d2~ 
d cr = ~ v (2) 

E ~ dtdMf 

Here, p and E are the momentum and energy of the secondary, 

Po is the incident beam target. We can express (2) in terms 

of the longitudinal an:d transverse momentum components PL' 

PT of the secondary in the em by using 

t 

- 2· 2 
4E - 4E E + ~ o 0 (3b ) 

~ is the mass of the secondary, and Po' Eo are the em 

momentum and energy of the incident particle. When PL and Po 

are both large, we introduce x = PL/Po - E/Eo ' and t, MF 
become 

2 2 
- (p 

2 2 t m (1 - x) + ~ + ~ )/ x T (4a) 

MF s(l-x) (4b) 

The spectrUIn is then givep by 

d3cr ~ (1_x)1-2a(t) f32(t) (4c) 
E ~ 

~ f(x, PT) 
E 

(4d) 

/ 
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-.. here f(x, P
T

)" is the Feynman scaling function. 

In the lab system, the expressions for t, ~ became 

t 

( )2 2 2"" (") E + m - E- P - P + 2p P -> s l-R 
o 0" 0 L 

R = p /p 0 ~ PL/P 0 ' as introduced by Vander Velde (
6

), and the 

.spectrum becomes 

Finally, we can derive the expression for slow secondaries in 

the lab (backward fast secondaries in the em) by writing t,"~ 

relative to the target: 

t 2 2 
- 2mE (6a) m + ~ 

~ (E _ E)2 2 2 
+ 2PoPL -> S [1 (E PL)/m] +m - Po - P 

0 

d3cr d3p 1 
E 1l 

(1 - (E-PL)/m] 1-20:(t) ~2(t ) (6c) 

~q. (6c) depends only on PL' PTand is independent of Po' as 

conjectured by Yang(S,6). 

(6b) 
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III. QUANTITATIVE EXPRESSIONS FOR THE SPECTRA 

To derive quantitative expressions for the secondary spectra, 

first we compare Eq. (1) with the 19.2 GeV/c data (Fig. 2). We 

cut the data at fixed ~ (Fig. 3) and plot against t. This 

gives Fig. 4(a,b,c). Perhaps the most interesting features of the 

data are the sharp forward t - dependence and the shrinking 

diffraction behavior as ~ decreases (or the Regge sub-energy 

s/~ increases). 

If Eq. (1) is to represent the data, then a plot of the 

cross-section at fixed t against J2 on a log-log graph should 

give straight lines of slope 2o:(t) - 1. These plots are shown in 

Fig. 5 (a, b, c) . The + 
1l cross section in Fig. sea) shows the 

most dramatic Regge behavior, with straight lines over as much as 

2 1/2 decades in the data. The 1l 

behavior over ~ < 20. 

and K+ data also show Regge 

The Regge trajectories aCt) can now be evaluated from the 

slopes of Fig. 5 (we take aT ~ 1), and they are graphed in Fig. 6. 

The relatively low intercepts are at- first surprising, but we shall 

see that this corresponds to the relatively fast fall in the 

backward elastic processes in the intermediate energy range 

(po = 2 - 4 GeV/c). 

Next "'e assume the cross-section does take the form (1) and /-

set s = 37.8 (Gev)2 - the s-dependence will be verified by com-

parring (1) with spectra at other energies. We solve for the residues 

"~2(t), and this gives Fig. 7. 



Collecting these resu:lts, we compare (2) with the experimental 

data in Fig. 2. 

1. 
+ 

rr spectra:, Eq. (2) adequately repr,esents the data for 

,R >0.4, except for the structure atp = 14 GeV/c. For R<o.4, 

we expect the diagram of Fig. 2(e) (internal pionization) to contri.,. 

bute to the spectrum, and Eq. (2) falls below the data. 

? rr spectra: Eq. (2) represents the data for R >0.4. Note 

that the rr spectrum at 12.5 mrad falls by 3 d,ecades from 

p = 4.5 GeV/c to p = 16 GeV/c, while the rr+ spectrum 'falls only 

2 decades. It is this relatively rapid fall-off in the fast IT 

spectrum in the Regge region that leads to the low value of 

aCt), and this is related to the relatively rapid fall-off in the 
c. 

rr p backward elastic cross-section (Sec. VI). 

+ K spectra: Eq,. (2) represents the data for R >0.5, except 

for the 12.5 mrad data, which gives a PT dependence at PT - 0 

that becomes very broad for p < 12 GeV/c. Generally, the 

momentum dependence of K+ spectra is similar to that of the 

+ 
.Tt and this leads to the similarity of their trajectories in 

Fig. 6. 

In all cases, Eq. (2) overestimates the data for R ~O.98 

as p approaches the kinematical limit at p - 19 GeV/c, because 

the condition that aT(MF) ~o at threshold has not been used. 
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IV. COEH':,~30N WITH 12.4 GeV/c AND 30 GeV/c DA'IA 

The trajectories and residues of Fig . 6,7 have been 

obtained from Bq. (2) by fixing 
2 

s = 37.8 (GeV) . To test the 

energy dependence of (2), we compare our quanti tati ve expres:;;ions 

with the data at 12.4 GeV/c and 30 GeV/c in Fig. 8. 

1. rr+ data (Fig. Sa): The data at 

adequately predicted for X > 0.4. The data at P 2 = 0.43 (Gev/c)2 
T 

stops at somewnat small x for a comparison. In Fig. 8c, the 

prediction at 15 mrad is adequate forR > 0,.2. 

The dashed lines in Fig. S(a,c) represent extrapolations of 

Fig. 6 to the range of t < - 1.2 (GeV)2, where Ref. 1 had no data. 

These extrapolations were obtained by linearly extending a( t) 

and taking t3
r 

2 ( t) as lis ted in Table 1. Other extrapolations -
.j 

such as a flattening a( t) - could have been used; there is too 

little data for a unique extrapolation and we report our result 

only as a guide. 
~ 

2. rr data: The features of the rr- predictions Fig. 8 (b,c) are 

similar to those of therr+, except that at both energies they are 

on the average 50% above the data. This result was also obtained 

(6) 
by Vander Velde' in his scaling analysis of the data and represents 

possible differences in the overall normalization of the different 

experiments. In counter experiments, such discrepancies are 

possible (12) . 

• 

,1 
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V. COMPARISON WITH J1 FROM Kp' DATA 

The spectra of the fast J1 that are backward in the cm 

should be the same in Kp collisions as in pp collisions. In 

the multiperipheral model this comes.about from these J1 being 

emitted at the proton end of the chain and hence having a spectrum 

independent of the beam particle. To test the present model with 

this conjecture, we compare the prediction of (2) with the spectrum 

of Ko and Lander(13) in Fig. 9. The agreement is reasonable. In 

particular, note that Eq. (2) describes the J1 . mesons with small, 

PTto a small value of x, x - 0.2, but J1 mesons with large 

PT only up to x - 0.5· As discussed in Ref. 9, this occurs 

because Figs. l(b,c) give rise to the forward scattered mesons at 

small PT' whereas Fig. lee) gives rise to mesons at larger values 

of PT' Hence the extrapolation of Eq. (2) to small x. when PT 

is small is expected to be good. 
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VI. RELATION OF INCLUSIVE SPECTRA TO TWO BODY 

ELASTIC BACKWARD CROSS SECTIONS 

The multiperipheral diagrams of Fig. 1 impose a direct relation 

between the inclusive inelastic process and the elastic backward 

process. If we neglect the off-mass shell effects of the exchanged 

baryon in Fig: l(b),'then we are led to represent the two-body 

process of Fig. led) as 

da(s,u) 

du 

s 
2a(u) 

(8) 

c is a constant. That is, we expect generally that if the two-

body process is represented by 

da (s, u) .~ tA(s,u)f
2 

du 
2 

s 

(9a) 

then the inclusive process is given by 

d2 a(s,t,if) = 1 I A (~,t)t if aT (if) . 

dt~ 
-2 
s 

(9b) 

Over what energy range should we expect to predict the two­

body data? In the Allaby data, s = 37.8 (GeV)2, and the repre-

sentations obtained have adequately described the inclusive data 

2 2 
for ~ = 6 - 20 (Ge V) . Therefore, we are led to predict the 

two-body data with Eq. (8) for s - this corresponds 

to the intermediate energy range extending from just above the 

6(1236) resonance region to the onset of the high energy pure 

Regge region. 
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To test this relation, WE have evaluated Eq. (8) for the 

three backward elastic processes -

comparison, we normalize one process (1l -p) to the. data and 

then predict the normalizations of the remaining two processes and 

the sand U dependence of all three. 

In Fig.lO(a,b,c) we compare the predicted backward elastic 

·cross-section at 180 0 with the experimental data as a function of 

energy. In Fig.lO(a), the 1l+ prediction represents an average ·of 

the backward two-body behavior. The absence of the N* resonances 

at 1525,1670, 1688. and 1700 GeV forces the 

section to a low average value in the range 

+ 1l P qross-

p _ 1 - 2 GeV/c; 
1l 

average value is one to two timE'S larger than the '" p cross-

section. At larger Pll' 

ten times larger than the 

p _ 4 - 5 GeV/c, the ~+p process is 
1( 

1l P process. As discussed in Ref. 9, 

it is this relatively faster fall-off in the -1l P process that 

leads to the low position of the a
6 

in Fig. 7· (At large Pll 

beyond the resonance region, Pll > 4· GeV/c,the canonical 

its 

t·rajectories dominate the 1l - p cross section and Eq. (8) undercuts 

the data.) Similarly, for PK > 1·5 Gev/c, the backward 
+ Kp 

process has an energy dependence similar to the + 1l p; this leads 

to the inclusive + K+ 1l , spectra having similar momentum 

dependence (Fig. 2) and hence similar trajectories (Fig. 7). 

If· we now turn to small values of p in Fig ;10 (a) , 
1l 

p _ 1 GeV c, ,Je see that the theoretical dol dw undercuts the 
l' 

structure at the 6(1236) resonance. This corresponds in Fig. 2(a) 

to the bump in the + spectrum at p _ 6 GeV/c, which similarly 
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lies above the background predicted by the theoretical distribution. 

(In Fig. 8(c) this bump occurs at .the scaled value p - .9 GeV/c.) 

A similar undercutting in the K+ data in the resonance region 

occurs in Fig,2(c) and Fig.lO(c). 

We can also compare the angular dependence predicted with the 

experimental data. In Fig.lO(d) we see that the ll+P differential 

cross-section predicted by Eq. (6) is in reasonable agreement with 

the data. The prediction for the 1C p data in Fig.lO(e) represents 

an average to the experimentally measured cross-section. In Figs. 

10(f,g) there is a reasonable agreement for the K+p data. 

VII. THE K-, p, AND p SPECTRA 

The spectra for K-, p, and p secondaries are very different 

than the ± K+ 1l , secondaries. We expect few fast K-, because 

the backward K-p elastic cross-section falls very rapidly in the 

intermediate energy range. An analysis of the type performed here 

should lead to a low effective trajectory, with an intercept - 4. 

Similarly, we expect no fast -p at all because of the ab-

sence of double baryon exchange in Fig. l(c). 

The proton spectrum is a special case. If we plot the data 

at fixed Mf against t, we obtain Fig. ll(a), we again obtain 

sharp forward peaking at small t; but in contrast to the ± K+ 1l , 

spectra, there is no shrinking diffraction peak. This can be seen 

in Fig. ll(b), where we plot the data a fixed t against Mf 

on a ~- plot. The indication of straight lines suggests a 

representation of the form 

.. 
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e 
a(t)ifjs 

(10) 
's 

By performing this analysis on the data at the ,other two energies 

of Ref. 2,3, we have found that the exponent of Eq. (10) does 

t.ake the scaling form indicated(18). These results will be 

reported elsewhere. 
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TABLE 1 

PARAMETERS REPRESENTING THE DATA 
"-----' -
I 

,\ ~(t) -1·35 + 1.25t t >0 

! -L35 + 0·35t 
I 

t < 0 

I cx[:,.(t) -1.9 + 1.25t 
I 

t > 0 

I -1.9 + 0.75t t <0 
I 
I 

CXA(t) I -'1.15 + 1.5t t > 0 

-1.15 + O. 75t -0.4 < t < 0 

'-1.25+ 0.5t t < -0.4 
-~-.-----------=.:.-.--:--==--------------; 

~~(t) t > -1.2 

10·5 e 0.345(t + 1.2) -4. < t < -1.2 

4. t < -4. 

35 e 1.03(t + 0.2) t > -0.2 

35 eO. 47 (t + 0.2) -1. < t < -0.2 

35 e-0 •38 t <:. -1. 

7.4 e1. 05t 
t > -0·5 

4.39 eO.69 (t + 0.5) t < -0.5 

The ~~(t) is based on the 19.2 GeV/c data. We recommend an 

extra factor of 0.6 to bring agreement with the 12.4- and 30-

GeV/c data. The constant HC" in Eq. (8) is 30. 
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FIGURE CAPTIONS 

Fig. 1. Diagrams for . fast mesons. (a) Diagram for a produced 

meson. (b )MUlti-Regg'e representation of (a) for a 

fast meson. (c) Multi/Regge diagram used in this paper. 

(d) Diagram for backward elastic meson-proton scattering. 

(e) Meson produced_internally in the multi-Regge·model. 

Fig. 2. Spectra for.fast ,/, K in pp collisions at 19.2 GeV/c. 

The solid lines are the theoretical representation of the 

data obtained in this paper. 

Fig. Cuts on the data of Fig. 2(a) at fixed ~. The curved 

lines are from Ref. 1 •. 

Fig. 4. The data of Fig. 2 replotted at fixed ~ against t. 

Dots represent the.interpolations of the data of Fig. 2 

and. Fig. 3. 

Fig. 5. The data of Fig. 4 replotted at fixed t against ~. 

Fig. 6. Effective trajectories obtained from the slopes of 

Fig. 5; ~,a6' aA refer to the trajectories for the 

IT+, IT , and K spectra respectively. 

Fig. 7. Residues ~2 ('t) obtained from Figs. 4,' 6. 

Fig. 8. Predictions of Eq. (2) for the ,/ data: (a,b) at 

:Fig. 9. 

12.4 GeV/c; ·ahd (c) at 30 GeV/c. 

.Predictions of Eq. (2) for the IT data from + Kp 

collisions at 11.8 GeV/c. To account for the known PT 

. distribution in each bin, the theoretical curves are 

calculatedat P
T 

= 0.13, 0.3, 0.48, 0.68,0.88 GeV/c. 
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Fig. 10. Predictions bf Eq. (8) for backward , +p, -;' p, K+P 

elastic differential cross,..sections. (a, b ,c) -

momentum dependence at 180°. (d,e,f,g) - angle 

dependence at fixed momentum. 

Fig. 11. The proton spectra at 19.2 GeV/c. Plotted (a) at 

fixed· ~ against t· , (b) at fixed t against ~.' 

, 
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P-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes· 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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