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EMPIRICAL PSEUDOPOI'ENTIAL METHOD FOR ELECTRONIC 

BAND STRUCTURE CALCULA1'IONS IN INSULATORS 

Ching - Yao Fong 

Inorganic Materials Research Division, Lawrence, Radia tion La":Joratory 
and Department of Physics,i 

Univers ity of California, Be rkeley, Calii' ornia 

ABSTRACT 

Electronic and structures are calculated by the !!Empirical Pseuclo-

potential Method!! for three ionic crystals: lvTgO, NaCl and KCl. The 

pseudopotential form factors of the first two crystals are determined 

by asswning the potentials are local. For the case of KCl, an addi-

tional angular momentunl dependent nonlocal pseudopotent:i.al is intro-

ducedo The imaginary part of the frequency dependent dielectric 

function, E
2

(m), calculated from the band structure is directly compared 

to the measured ultraviolet spectrum. Apart from the excitonic structure, 

the agreement of the E
2

(m) behleen theory and experiment for the posi-

tion in energy of the prominent structure is within 0.1 eV for photon 

energy less than 14.0 eV, and 1. 0 eV for higher photon energy. There 

exists discrepancy between the magnitudes of the calculated and the 

measured peaks and this is discussed. The complete critical point 

analysis enables us to identify all the prominent structure in the 
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I. INTRODUCTION 

. 1 . 
Since 193·0 ",hen Hilsch and Polll first reported on the ultraviolet 

absorption measurements on alkali halides, a considerable amount of 

, 2 
optical data at different temperatures have been obtained. Most of 

I 
th'ese experiments were performed ",ith photon edergie s from 5.0 to 12.0 eV. 

These results are difficult to interpret for two reasons. First, there 

is excitonic structure associated vTi th high energy interband transitions 

in addition to the one at the band edge. Secondly, the measured quantity 

is the o~tical density? (loglO ~O ,where 10 is the intensity of the 

incident light, and I is the intensity of the transmitted light), which 

i,8 equal to ~E(m) "There m is the frequency of the incident light, 
n\m) 2 

n(m) is the real part of the frequency dependent refractive index, and 

E2(m) is the imaginary part of the frequency dependent dielectric function. 
. .~ 

This is the quantity directly calculated from the theory. The correspond-

ing peaks in the optical density and E2 (ro) may be shifted by the factor 

. 3 
m Several reflectance measur ements on the alkali halides have been 

n(m) 0 

reported, but with photon energy only up to 12.0 eV, and an accurate 

E2 (m) is not available. W
· 4 

Roessler .and aL~er recent}~ obtained the E2 (m) 

for Ha Cl and KCl by measuring the reflectance over a wide range. of photon 

energy (5 to 28 eV) and then these authors used the Krame1's-KYonig 1'e-

lation to obtain cl(m) and E2 (m). In the following discussion, we shall 

deal 1\'ith these hro aL~ali halides. 

TheOl'e~ical interpretation of the optical data for the tvro crystals 

has not. been very successfu~. Some atten~ts at calculating the lE. nd 

structu:!'e of J'JaCl ,,;ere made by Shockley5a and Casella5b which ghe the 

valence bs.nis only, and a rough calculation made by Tribbs. 5c Hm.rland
6a 
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calculated the valence band of KC1, and two other first principle cal-

cula:tions on KCl exist in the literature. The Orthogonalized Plane Waves 

(OPW) calculation by Oyama and Miyakawa 6b gives the conduction bands only, 

( ) 
6c . 

and the Augmented Plane Waves APW calculation by DeCicco gives the 

fundamental energy gap of 6.5 eV, whereas experimentally it is 8 .. 69 eV. 

A detailed comparison between theory and eXperiment is not available, 

and the dielectric function, E2 (ill), is not computed in these calculations .. 

The successful work done by M. L .. Cohen and T. K. Bergstresser7 on 

applying the Empirical Pseudopotential Method (EPM) to interpret the 

optical data of semiconductors and some II-VI compounds suggests a 

promising way to examine the optical data of NaCl and KCl. 

The EPM is an ingeneous extension of the OPW method. It is based 

on the "Phillips I Cancellation Theorem, rt8 which has been explored by 

9 10 Cohen and Heine and elaborated upon by Austin, Heine and Sham. The 

Fourier coefficients of the effective crystalline potential -- Pseudo-

potential form factors -- are determined in one of two ways. First, they 

11 12 
are determined by the model potential in real space.' The model 

potential is i-dependent and the strength of the potential for particular 

£ is determined from the known energy of the co.rresponding atomic level .. 
I I ;i 

seicOndlY, the form :factors are determined'py reference to experitnental 

data, e.g. optical data, de Haas-van Alphen data, etc. In our work, we 

adopted the second scheme. There are constraints on the empirical 

pseudopotential form factors~ For example, the symmetric part for the 

form factors of a compound should be very close in numerical value to 

the form factotr's of a crystal composed of the element in the corresponding 

IV-th column of the periodic table.. These constraints and experimental 

C,i 
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information are the basis for giving the correct interpretation of the 

. optical spectrum by EPM. The eigenvalues calculated by the EPM charac-

terize all the states of the valence electrons. The method has become 

one of the best tools for studying the Fermi surface of metals13 and 

the optical properties in semiconductors.? 

One may wnnder whether the weak pseudopotential resulting from the 

Phillips' cancellation theorem will be a good description for the effec-

tive crystal potential in very ionic crystals. Physically, this can be 

made plausible because the valence electrons in these crystals arc bound 

to the halogen ion; the core ele~tron contribution to the potential tends to 

cancel the large part of strong nuclear attractive potential. To test this 

idea, it was decided to work on a less ionic crystal before extending 

the method to the alkali halides; this is the reason for choosing MgO. 

1-1g0 is a light II-VI compound which has the structure of most alk8.1i . 

halides -- the rocksalt structure. It turns out .that the spectrum of MgO 

is very much like that of NaCl, and results for ~~O have helped us to 

interpret some of the important energy gaps for determining the forra 

factors of NaCl. 1"neexperimental E
2

(m) for lIlg0 was also obtained by 

Ro~ssler and Walker. 14,15 

The spectrum of KCl is complicated by the kind of exciton structure 

we mentioned above. The exciton is identified as being associated '~rith 

the lowering of the d like conduction band at x. 3 ,16 If a set of local 

pseudopotent:\.al form factors are chosen we do not obtain a band structure 

and. an E
2

(m) ,·;hich agrees v:ell with experiment. vTe can, however, obtain 

good results and identify the optical structure by introducing an 

angular mo:r:2ntum dependent nonlocal pseuclopotential vlith £ := 2. 1"ois 
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extra potential provides the necessity for treating the d-states on a' 

different footing than the sand p states. 

The arrangement of the present work is as follows t In section II, 

we give the results for the calculation of MgO.. It contains two sub-

sections. In part A we give a general discussion of the pse~dopotential 

form factOrs and structure factors for the f.c.c .. lattice with tw"O atoms 

in a unit mllas a basis,.· This applies also to NaCl and the local pseudo-

potential of KCL The calculation of the imaginary part of the frequency 

dependent dielectric function is also included. In part B a detailed 

analysis of the critical points for the interband transition of MgO 

and a comparison with the experimental spectrum are given. In section 

III we give the results for NaCl. This contains a: brief discussion of 

the pseudopotential form factors, a complete critical point analysis, 

and the E
2

(ru) for NaCl... In section N the results of KCl are given. This 

section is divided into tw"O SUbsections: A. Discussion is given on 

the angular momentum dependent nonlocal potential. B. We give the 

results of a critical point analysis and the E
2

(ru) for KCL In section 

V a comparison of the results for the three crystals is made. In sub-

sl,ection A we compare the results of MgO and NaCL, 
, I 

I, : 
r.esults of two alkali halides are compared. 

In subsectionB the 
I 

Ii 
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-II. MAGNESIUM OXIDE 

The band structure calculation presented here employs the EPH. 

This method involves adjusting pseudopotential form factors to give the 

energies' of a fevr of the principal optical transitions (e.g. the funda­

mental gap) to the experimentally identified values. These form factors 

are then used to determine the electronic energy bands over a wJde range 

in energy and at many points in the first Brillouin zone. The discussion 

is confined to ~~O. Nevertheless, it is equally applicable to NaCl and 

KCl, except the latter has an extra angular momentum dependent nonlocal 

pseudopotential.. We shall discuss first the method of solving the 

pseudopotential Ha.'lliltonian and the expressions used for calculating the 

A. Pseudopotential Hamiltonian 

The pseLldopotential Hamiltonian has the form 

;u = -

The weak pseudopotential VeE) is expanded in the reciprocal lattice 

vectors 

V(~J := 
iGor 

e--:-

(1) 

(2) 

where,the Q.ts ar€ the reciprocal lattice vectors and are measured in units 

of (2Tfja),a is the lattice constant. The V(Q) are the pseudopoteritial 

form factors. 

(h) 
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(5) 

where Sc/Q) is the structure factor and is a function of the positions 

of the atoms in the unit cell. Y (r) is the atomic pseudopotential, T a- a 
is the pbsitionvector of an atom in the unit cell, D is the volume of 

the unit cell, and a is the index of the atom in the unit cell. 

Magnesium oxide as well as the other two alkali halides has the 

rocksalt structure (see Ref. 23, p. 24). We treat it as an f.c.c. lattice 

o 
w'ith a basis. The lattice constant, a, of MgO is 4.2lA •. If the origin 

of the coordinate system is taken at a Mg site, the vectors ::"1 = (0,0,0) 

III 
and Tn = a(-;-,-) give the positions of the Mg and the ° atoms in the 

~ 2 22 

cell. The structure factors are then ±ldepending on whether IGI2 is an 

even or odd integer. The form factors can be divided into symmetric 

and antisymmetric components as follows: 

for even (6) 

where the subscripts 1 and 2 refer to the. two atoms in the unit cell. 

yS and 0 are the symmetric and antisymm~.tric form factors. In this 

way, we get a real symmetric rratrix for the pseudopotential Hamiltonian 

when the wavefunction is expanded.,in plane wave states. The form factors are 

small for large 0. because of the Cancellation theorem; 8, 9 this allows us 

to truncate the form fact.ors. In a1-1 our cases, we set 

for 1 0.12 > 16 • (8) 

Ii 
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are treated as disposable parameters. We have taken some advantage 

from previous calculation on MgO,14 in determining the form-factors • 

We started with the existing form factors and varied slightly to have 

five chosen energy gaps (r 15 ~ r l' r 15 ~ r
25

, L3 ~ ~ I ,L3 ~ L3 'and 

X5' ~ Xl) consistent vlith the identified experimental values. The com­

parison of the ti-ro sets of form factors are given in Table I. The basis 

states used to form the hamiltonian matrix elements consist of plane 

1'1aVeS "lith wavevectors Q. + ~, where,~ lies vlithin the first Brillouin 

zone. We can use Lowdin perturbationtheory'as modified by ,Brust, 17 since 

only the lowest ten energy'bands are needed and the form factors are truncated. 

All vectors, Q., such that (Q. + ~)2 :s. Elform the basis and all vectors, 

Q, such that El < (Q. + ~)2 :s. E2 are treated through perturbation theory. The 

convergence to the order of:O.l eV for the few important energy'gaps is 

obtained with El == 11.,1 and E2 == 32.1. The size of the matrix is of the 

order of 50x50. 

The determination of E
2

(m) requires a knowledge of the energy bands 

IT throughout the Brillouin zone since this function has the form 

'2 2 
e h - -- 2: 

m i,j 

f .. (k)dS 
~J - , 

E .. 1'VkE .. [ 
~J _ ~J 

(9 ) 

1-There e and m are the charge and m::l.SS of the electron andh is the Planck's 

constant; 

f .. (1:) 
~J 

2 
3m 

I (~, i I !:I ~,j I )2 

E .. 
~J 

(10) 

is the intel'band osc:Lllator strength and S is a surface of constant interl")ancl 
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energy, and E .. = E. - E. = 11m, The prominent optical structure in the lJ J 1 . .'. 

E2 (m) originates from Van Hove
18

,19 singularities at the critical points 

(c.P.) where \ V'k E .. \ = 0.. These critical points can be classified17 
_ lJ 

according to symmetry (minima, saddle points and maxima) M
O

' ~, ~ and 

Because of the cubic symmetry, the integral in (9) need only be 

calculated in 1/48 of the Brillouin zone. 17 The energy bands and the 

oscillator strengths have been computed at a mesh of 356 points in the 

subzone~ Another 2XI0
6 

sampling points are chosen randomly by the 

Monte-Carlo method. The eigenvalues and the oscillator strengths asso-

eiated with each random point are obtained by interpolation between the 

points on the mesh. 

B. Critical Points Analysis for MgO 

The band structure of MgO is given in Fig .. I along several symmetry 

lines in the Brillouin zone. The lowest band, at about 25 eV below the 

top of the valence band, is given only for completeness. It is not 

expected that the pseudopotential calculation determines the energy of 

this band accurately. Since the optical structure discussed in this 
I. 

work originates fr~n1 trahsitions involving the 'upper vaience bands 
I ' 
1 

and the low'er conduction bands, the inacc'~racy in determining the lowest 

valence band has no effect on the results of the E2 (m) calculation. 

The theoretical and experimental values for the energies of the 

prominent optical structure in E
2

(m) are listed in Table II. The cal­

culated critical point energies, the associated band transitions and the 

symmetry of the critical points are given in Table III. Figure 2 

v 

~I . 



,:~ 

" 

i1 I'll 
' .. 

1 I· 

-9-

gives the calculated E
2

(ill) assuming constant matrix elements in Eg. (9). 

In Fig. 3, E2 (ill) is plotted with matrix elements computed using pseudo-

potentj.al wavefunctiolls. 

The top of the valence band and the bottom of the conduction band are 

both at r and the fundamental gap is therefore direct. The exciton 

associated with this gap has been studied,114,15;20 and the line shape 

was fitted by a Lorentzian curve yielding an experimental gap energy of 

7.7'7 eVe The theoretical value for r 15 ~ r 1 is 7.76 eV and the c. p. 

has NO syrmnetry as is shown in the total E2 (ill). The energy contours 

are given in Figs. 4, 5, and 6 and the E IS 
2 

for the transitions between 

bands 4 and 5 is given in Fig. 7. 

It is interesting to note that the band structure calculation gives 

some fine structure in the conduction band near r. The conduction band 

in the X direction is flat near r and then "dips" about 0.07 eV at a 

k~vector which is approximateiy 3% of the Brillouin zone k-vector. This 

structure is relatively insensitive to the variations in the pseudo-

potential. It is difficult at this time to determine whether the effects 

of this structure can be observed or if it is connected with the structure 

seen in the exciton peak. 

Thenext'structure in E
2

(ill) which appears around 11 eV arises from 

4 ~ 5 and 3 ~ 5 band transitions (Figs. 2,4,5 and 7). This structure is 

associated with L3 ~ 1'2 and ~ ~·.L\l transitions with c.p~ symmetry NO 

and }.1.- The 1-10 c.p. lies only slightly below the 1\ c.p. in energy and 

as can be seen from the fKL plane energy contours of Figs. 4 and 5, a 

broad region of the zone near L contributes to the 11.1 eV peak. Although 

ii, this vlork \~e are prin:arily interested in the identification of the 

/ 
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optical structure and in the determination of the energy of this struc-

ture and only secondarily in the peak heights, we note that over the 

entire energy range most of the peak heights are in relatively good 
! 

agreement with experiment, except that the·'~L <;"-J\." peak is too :s<mall in 

the calculated E2 (ill) as calculated with constant matr:ix elements 'and. with 

p-s~udo potential rv-avefunction matrix elements •. This discrepancy also exists 
\ 

for the corresponding peaks in GaAs 21 and other z incblende com:pounds. 22 It 

is not clear at present why this structure is too small. Some possible 
< I 

explanations are % 1) the pseudo potential'wavefuncticins ar'e not giving accu­
I 

rate transition rna trix elemen:t;s; 2) excitonic structure is associated with 

A transitions; 3) local field corrections. There is some experimental 

evidence for the second eXPlanation.
22 

We note that if this structure 

were stronger in the E2 (ill), the energy region between 7.77 eV and 11. 0 eV 

would be "filled in, II and the theoretical €2 (ill) would look much more 

like the experimental curve in this region. 

The peak centered around 13.2 eV is the most prominent peak in 

the spectrum.. This structure is cauSed by 4 ~ 5 and 3 ~ 5 transitions 

along [':., and 4 ~. 5 transition along 2: (Figs. 4, 5 and 7). The structure 

begins with an <MO c.p. at 12.35 eV arising from X5 ~Xl transitions 

(Figs. 4 and 5). The main peak is caused primarily by .4 ~ 5 transitions; 

in particular,an ~ along [':., and an M2 along 2:. This peak is usually 

referred to as the "X-peak"because this structure varies in the same 

way as the X5 ~~ splitting with changes in the potential. The shape 

of the calculated "X-peak"(see Fig. 3) is very close to the measured 

structure observed by Roessler and Walker. 15 

The lack of structure between about 14 and 15 eV is very interesting 



-11-

and it appears in both the calculated and measured €2(m). This region 

represents the separation between 4 ~ 5 and 3 ~ 5 band transitions, 

i. e. the top two valence bands and the bottom conduction bands, and 

transitions involving lower valence bands and higher conduction bands. 

There is one exception to this, the 4 ~ 6 transition X5 ~X3<is . found to be 

at 14.02 eV which is at the beginning of this "dip" region, but this 

transition contributes only a weak MO c.p. (Figs. 2, 8 and 9), and we 

assign it to the 14eV region in the experimental curve. 

The structure in €2 (m) above 15 eV arises from 2 ~ 5,6,7; 3 ~ 5, 6, 7 

and ~. ~. 6,7 band transitions. The en~rgy contours for these 

transitions are given in Figs. 5 through 14. The calculated energies 

for the dominant transitions differ from the experiment by about one 

eV, and the experimental structure is broader than the theoretical 

structure in this region (Fig. 3). 

The measured E2 (m) show-s a "twin peaks" structure in the 15.5 eV 

to 18 .. 0 eV range with smaller structures on the low and high energy 

sides of this region.. Similar structure is seen in the calculated €2 (m) 

in the 15.2 eV to 17.0 eV region as show·n in Fig., 3" There are many 

c. p. t s which contribute to €2(m) in this region, but we will discuss 

only the strongest of these. It should be emphasized that the agreement 

between experiment and theory in this region is lost if the potential 

is slightly changed. 

For energies jU/:1t above 15 eV, the calculated E2 (m) rises more 
\ 

sharply than the measured €2(m) in the corresponding energy region 

(- 15.5 eV), indicating that the calculated c •. p. I s are probably closer 
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together in energy than they should be. The beginning structure is 

caused by two MO c .. p. 's and an 1\ c.p •• The MO' J3 contribute strongly 

since they inv~lve transitions between doubly degenerate (L
3 

--7 L3 at 

15 .. 2 eV) and triply degenerate (f 15 -4 r 2,5 at 15 .. 43 eV) bands~ The~' c. p. 

at! 15 .. 35 eV is also strong and it arises from fl --7 ~ transitions 

(Figs. 6, 10). 

The region around 15 .. 6 eV also involves several transitions; 4 --76 

transitions contribute strongly" The two main c.p_ 's involved come 

from 6
5 

--762 and L::4 --7 L::l transitions near f. In both cases, however, 

the region close to the c.p.contributes rather w'eakly, and the contri-

butions come from an extended region of the zone (Figs. 9, 10 and 11). 

In contrast, the' c. p. 6 5 --762 at 15.57 eV, coming from 3 --7 6 transitions, 

contributes strongly in this region and the characteristics of this c .. p" 

are not "smeared out" by the large background.. A.6
3 

--7 L::l ~ c. p. at 

15.66 eV, coming from 3 --75 transitions, also contributes strongly in 

this region. 

The second peak of the "twin peaks "structure begins :with a strong' 

peak coming from a transition between doubly degenerate bands, II
j 

--711.
3

• 

The C.",p. IS arising from these transitions have both ~ and ~. characters. 

The strong'~ c.p .. caused by 4 --77 transitions tends to flatten the peak 

in this region. The structure at 16.4 eV and 16.6 eV arises from 4 --77 

and 3--77 transitions. The L::4 --7 ~and 6 5 --761 ~ c"p.'s contribute to 

the 4 --7 7 transitions and regions near 6 and L:: contribute to the 3 --77 

peak (Figs .. 2, 13 and 14) .. 

The decrease in E2 (m) in the experimental curve in this region 

I~ 



'. 

-13-

is less rapid than the calculated curve. Again, the c.p.t s may lie 

too close together in energy. The main contributions in this region 

come from 6 5 ~ 6 1 transitions at 17.01 eVe 

The measured E2 (m) shows little structure for energies above 17 

eV except for a bump around 20.5 eVe The E
2

(m) in the region from 

18 to 20 eV is still fairly large, and it is possible that this structure 

exists which has not been resolved. The calculated E
2

(m) with constant 

matrix elements does show some structure in this region. The E
2

(m) with 

pseudopotential wave function matrix elements has just a "hint" of this 

structure,and it resembles the measured E
2

(m). The origin of the main 

structure is listed in Table III. The bump in the constant matrix element 

E2 (m)o (Fig.2) at 19 eV comes from ~ 6 transitions (Figs. 8 and 9) in a 

region near W. The small structure around 20 .. 5 eV in Fig. 3 comes from 

4 -'-7 7 transitions near K and 3 -'-77 transitions near W. It is difficult 

at this time to make a detailed comparison of the calculated curve with 

experiment because of the lack of expe:drilental structure. More refined 

measurements of the spectrum in this region would be very helpf'ul.. Such 

measurements would make these assignmerits possible .• 

The function E2 (m) as given in Fig. 3 was used to obtain E2 (m) by 

means of the Kramers-Kronig relation. The E2 (m) function in Fig .. 3 was 

multiplied by a scale factor 1.1 before the Kramers-Kronig analysis was 

done. The resulting El(m) appears in Fig. 15. Since the theoretical 

E2 (m) does not contain the exciton peak and the E
2

(m) in the region of 

8 to 11 eV is too flat, the El is not very accurate in this region. In 

fact, a peak occurs near the threshold. The measured dip between 11 and 

12 eV is reproduced and the general shape of the rest of the curve is very 
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similar to the curve derived from experiment. The calculated El goes 

to zero at 20 eV and we pick this as the plasma energy_ The measured 

plasma energy quoted by ref. 15 is 22.2 eV. 

Using the calculated values for ,E
l 

(m) and E2 (m) and the standard 

semi-infinite plane boundary conditions, the reflectivity, R(m), is 

ca1:culated as a function of energy.. This ~~rve ~ppears in Fig. 16. The 

peak in El (m) below 8 eV caUSes a peak in this energy range; the next 

prominent structure is at 11 eV arising from A3 ~Al transitions. The 

R(m) curve strongly resembles the E2(m) in Fig. 3 for energies below 

15 eV, as is expected. The shapes, heights and energies' of the measured 

and calculated optical structure in this region are in good agreement with 

experiment. For higher energies, our reflectivity drops faster than the 

experimental reflectivity; this is due to the fact that the calculated E2 

is low for the L peak as discussed before. 

1 
The functions El(ro) and E2 (m) are also used to calculate Im[E(ro) J; 

this curve is plotted in Fig. 17. At low energies of the 

IE aks -in these curves exactly coincide with the ones in rm[ Eem) J ob­

tained from the optical data while at high energies the shape is very 

close to the results of electron energy loss experiment. 



-15-

- III. 'SODIDM CHLORIDE 

The 'Optical spectrum of NaCl.is similar to that of MgO,4,14,15 and 

it was therefore expected that the electronic band structures of these 

tw'O crystals should be sim1lar~ The method described in subsection A 

of section II applies equally well to NaCl, because both materials have 

the same crystal structure. The lattice constant, a, of NaCl is 5.63A. 

The starting set of pseudopotential form factors for the symmetric part 

of the potential were obtained by scaling the silicon potent1a17 for the 

lattice constant of sodium chloride. The results after scaling and the 

actual values used in the calculation are listed in Table IV. They 

differ by about 0.01 Ryd. We expect the form factors at high I Q.I value s 

to have larger difference because of the truncation, the re sul ts, however, 

are close to the scaled values. The starting antisymmetric part of 

the potential was obtained by scaling the MgO form factors. The actual 

values used in the present calculation are given in Table V. Our 0(11) 

- is negative, and this can be explained in the follow'ing way: The 

choice of the origin at the metallic ion causes the structure factor of 

the halogen ion to be -1, and 0(g) = ~(VNa(Q)'::_VC1(~)) as shown in 

Eq. (7). The form factors at highlg,1 values reflect the localization 

of the potential and since in alkali ~halides,the 'valence, electr'ODs are 

near the halogen ion, they see a large potential due to halogen ion. 

As a result, V Cl(Q.) is larger than VNa (Q.) and0( G) is negative. The 

energies Eland ~ used in this calculation are the same as used for 

~~O. ~1e convergence is of the order of O.leV~for the main energy 

gaps; they are r 1;) 4 r l , L3 ~ 42' Z)+ ~ Zl' r 15 ~ r 25' L3 ~ L3" 
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The resulting band structure is given in Fig. 18. The band struc-

ture bears an overall similarity to the band structlJ.re ofMgO, but some 

of the energy splittings are different (e.g. the r 15 ~rl gap in MgO 

is 7.77 eV). Another difference between MgO and NaCl is that there is 
'I 

I ' 

less dispersion in the energies of the various bands as a function of 
I 

wavevector. The major difference, however, is the relative lowering of 

the upper conduction bands (bands 6 through 10). These bands contain 

d-wave components, and they are lowered to such an extent that in the 

calculation we find that the X3 level lies below the Xl level. It is 

difficult to checl\: this experimentally. The lowest valence band is in-

cluded for completeness, but it is not expected that the EPM will give 

the energies of this band accurately. The comparison of the values of 

the energies of the prominent optical structure in the E2 (m) are listed 

in Table VI.. Table VII gives the complete lists of c.p .. 's for transitions 

from 2, 3, 4 bands to 5, 6, 7 bands. 

Figure 19 gives the calculated E2 (m) assuming constant matrix elements 

in Eq .. (9) and Fig. 20 give theE
2

(m) with matrix elements computed with 

pseudopotential wavefunctions. The relative heights of the peaks shown 

in Fig. 20 are cons istent with expe riment.. We have, how'eveT, used an 

overall scale factor of 0.6 in the calculated E2 (m) to make the main peak 

at 'll.l eV agree with the corresponding experimental value.. The curve 

is plotted up to an energy of 18 eV; the sum rule for the theoretical 

curVe is obviously not obeyed, because of the scale factor. 

The exciton appearing at 7.73 eV (300 0 K) and the structure near 

the fundamental gap agree very well for the two measurements),4 The 

exciton structure which is well separated from the band edge has been 
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examined at low temperatures, and the spin-orbit splitting and higher 

order lines in the exciton series have been observed. 3,4 The exciton 

structure is not included in the theoretical E2(ru). The fundamental 

gap f 15 --7fl was adjusted to 8.97 eV to agree with the gap determined 

experimentally.. It has MO syrrnnetry as shown in the energy contours 

(Figs .. 21, 24, 27). The exciton is associated with this edge .. 

The next structure arises from transitions along the [lllJ direc-

tion, i.e. an MO c.p. at 9 .. 86 eV arising from L3 --7 12 transitions and 

an ~ c.p. at 10.29 eV coming fromA
3 

--7Al transitions, (Figs. 21 and 24). 

We think it is this ~ type singularity which causes the distinct 

shape of the corresponding peaks for NaCl and MgO. Experimentally, NaCl 

has a round smeared out peak, whereas MgO has a sharp peak~ A' differ-

ential reflectance measurement near this energy region would be very 

helpful for this identificatiop.. The magnitude of this structure differs 

greatly between experiment and theory as it does in MgO, GaAs and ,other 

zincblende compounds as we mentioned in section II. In the latter case, 

part of L - A structure is masked by the prominent L:: - /:, - X peak around 

11 eV. 

As in MgO and in the zincblende structures, the largest interband 

peak of NaCl in the optical spectrum comes from transitions along /:, 

and L:: (see Table VI, Figs .. 20 and 21). The magnitude of this peak is 

strengthened by a large region in the k-space (Fig. 21).. As w'e mentioned 

above the X3 level is low'ered and is nearly degenerate with Xl (Fig. 18). 

The lowering of X3 does not affect the optical structure greatly in this 

regio!1. As we will show later, X3 is even lower in tCl, this bas a 

-large effect on the spectrum. 
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Because of the low'ering of the upper conduction bands in NaCl the 

wide dip in E2 (m) around 14 .. 5 eV in MgO is absent in the corresponding 

11-12 eV region in NaCl. However, the~e are quite a few w'eak c. p. 's 

arising from the 6 and ~ ,regions (Table VII) .. 

The peak at 12,.26 e~ is the most dist~nct ~tructure in the E
2

(m) 

I - I " -," 
for NaCl compared tb the ,E

2
(m) for MgO (Figs .. 3:and 20). The matrix 

elements for the individual interband transitions show the dominant 

contribution arising from an'~ type singularity fromL
3 
~ L3 (It ~ 6), 

and the MO type c. p .. atL for 4 ~ 7, 3 ~ 6, 3 4 7 transitions (Figs. 22, 

25, 27 and 28)~ The energy contours ror12.,25 eV shown in Figs. 22 and 

25 contribute to the backgrou.nd of the peak~ 
.. . . 

The next structure in the calculated E~ is at 13eV which is 0.3 eV 

lower than the corresponding one in ,the experimental curve (see Fig. 20). 

We attribute the discrepancy to be due to the pseudopotential which as 

chosen does not include the IOnergy dependent part,. The peak starts 

'with an MO c .. p .. arising fromf15 ~f25with energy 12.67 eV. The C.p.I S 

in this region are quite complicated.. A strong ~ c.p.from ~ - 6
2 

(Fig. 22) follows the f transitions; these form a weak peak at 12.7 eVe 

Another strong contribution from A3 ~~ (3 ~7) tranSitions (Fig. 26) 

causes the peak at 13 eVe As in the case of MgO, the, volume effects 

are'large for this energy range (Figs. 23, 25, 26, 28cind 29). This 

structure resembles the tW'in peaks structure in MgO, it is not clearly 

shown in the E
2

(m)(Fig. 20) because of the lack of dispersion in the 

energy bands as a function of wave vectors in this energy range. The 

rounded peak in the experimental curve does not resolve the fine struc-

ture either. The c.p .. 's with energy higher than 13.6 eVare listed 
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in Table VII, but we do not expect these energy determinations to be 

calculated very accurately because of the omission of the energy de-

pendence of the pseudopotential at high energy__ The theoretical and experi-

mental E2 both drop in this energy range. 

We also note that we confirm many of the assignments made by Roe'asler 

4 
an~ Walker who used the MgO band structure as a prototype (Table VI). 



-20-

rv~ 0 parASSTIJMCHLORIDE 

A. Pseudopotential Hamiltonian with 2= 2 Nonlocal Term 

KCl has the same crystal structure as NaCl, and the method described 

in. section II for the local pseudopotential applies for this case. We 

I 
start with a set of form factors which are, scaled to the lattice constant 

of KCl from an average of the form factors for sodium chloride and 

germanium 7 for the syrmnetric part, and from MgO for the antisymmetric part. 

By adjustment we tried to :fix.~ the energy at the fundamental gap to 

tte 8 .. 69 eV. The resulting spectrum looks very much like the one for 

NaCl.· Experimentally, we see the two spectra are completely different. 

This led us to suspect that the simple local pseudopotential approxima-

tion has to be augmented for the case of KC1, and a nonlocal potential 

was tried.. The valence electrons in KCl are the (4s) electron of the 

K+ ion and the (3s)2(3p)5 electrons of the Cl- ion. The core states 

of KCl have mainly sand p characters., So the approximation that there 

is complete cancellation for sand p states in the local pseudopotential 

should be reasonable. For the d-like conduction electrons, there will 

be no complete cancellation, and these bands cannot be treated on an 

equal footing as the sand p bands. Thus we add the nonlocal potential 

term only for 1=2. 

The pseudopotential hamiltonian has the following forms 

(11) 

where the first two terms on the right hand side are the same as in 

Eq. (1), VNt is the nonlocal pseudopotential term. 

, , .. 
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We know from studies of the atomic energy level that the energy 

6 1+ 
of the d-state will be closer to the (3p) core states in K ion than the 

'6 
(2p) core for the Cl- ion. The effect of the core contribution to the 

nonlocal pseudopotential is primarily from the K+ ion. 

d-character nonlocal potentia1
22 

is 

i' 
V 2: V( R.)IS-~ NL ;:: 2 E. - -J 2 2 

R. 
-.J 

2 

The form of the 

where R. is the lattice vector. P::-
2
" is the projection operator which acts 

-.J 

on the left when the matrix elements of V
NL 

are taken and projects out 

only "€ = 2 component. P~ is the same kind of operator but acts on the 

right and 

V2 (r - R.) = A_ - -J -i;: for IE. - B.I < Rs 

= 0 for I r - RI > R - - s 

:where A2'is treated as' dfsposable parameter arid is the depth of the square 

R is the radius for the square well. 
s 

potassium ion. 23 

It is determined from the 

The matrix elements of V
NL 

are evaluated over plane wave states 

with energy less than or equal to E
l

• The algebra is. shown in Appendix 

I. We have neglected the matrix elements for those plane waves with 

energy between El and E2.. The resultant matrix elements of the potential 

energy are the sum of the matrix elements for the local pseudopotential 

and the P. = 2 nonlocal pseudopotential. When the convergence of the 

eigenvalues is tested, we find that in order to have the variations of 

the eigenvalues at the symmetry points, such as r, X, L, within 0.1 eV, 

we need El and E2 equal to 16.1 and 38.1 respectively. The size of the 
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matrix is of the order of 65X65. 

B. Numerical Results and Critical Point Analysis for KCl 

The numerical values of the form factors are given in Table VIIJ;, 

wi th the comparison of the scaled form factors. This calculation gives 

only rough agreement becarn e of the following two reasons. First, our 

attention is mostly restricted to the low energy peaks in the spectrum. 

Better agreement for high energy part (m > 13.0 eV) for the spectrum 

by putting the f = 2 nonlocal potential maybe possible if the truncation 

of the local pseudopotential at· I Q.I2 = 16 was pushed to higher values. 

Secondly, the large size of the matrix at each k in the first Brillouin 

zone requires an excessive amount of computer time, this restricted us 

to a rough analysis. 

The band structure of KCl is plotted in Fig. 30. The order of the 

6b 
conduction bands are very similar to that obtained by the OPW method, 

however, our results show less dispersion for the energy as a function of 

wavevector. The valence bands are consistent with the results of the APW 

6c 
method. Figures 31 and 32 give the E2 (m) with constant matrix elements 

and with matrix elements computed from the pseudo potential wavefunctions, 

respectively. The scale factor used to reduce the main peak in the 

calculated E2 to the experimental value, is 0.41. The decreasing of the 

scale factors from MgO to KCl is consistent with the extent of the 

complication of the exciton structure and we shall discuss this point 

in section V. The exciton at the fundamental edge has been studied 

.+ • 3,4 eXL.enslvely. The peak is at 7.5 eV (300
0

K). The calculated E2(m) 

.f 
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starts at 8.69 eV "With an NO type singularity (Figs. 33, 36, 39). The 

peak at 9.8 eV in the experimental curve is temperature dependentj3,4 

there is no corresponding peak in the spectrum of NaCl. It must be 

~- + 
associated "With the difference of the K ion and the I'Ja ion. As ":8 

+ 6, + 
mentioned previously, ,', the K ion has 'a- (3p) core "Wnereas Na has a 

6 (2p) core; the conduction bands ,\--lith 3d-character states therefore lOVler 

in KOl than in NaCl and the exciton is identified as the X3 exciton.3,4 

TIle calculated E2 does not include this peak. The next structure is 

at the beginnlng of sharp rise in the calculated E
2

, it arises from 

X, - X3 transitions at 10 .. 06 eV "With c.p. s:Ylllffietr~l MO' The matrix element 

of this transition is large. The conduction band at X_. is the Im'rest 
) 

energy band above the edge at r 1 (Fig. 30). Tne exciton structure at 

9.8 eV is associated "rith this gap and the binding energy for the exciton 

is of the order 'of 0.15 eVe Tne L3 - ~ and A3 - Al transitions are at 

10.08 eV and 10., 14 eV with MO and 1<I'l type of cop. 's respectively. The 

small sharp peak at 10.4 eV in the experimental E2 is identified as 

6 5 - .6'1 transitions at 10.44 eV with symmetry Ml (Tables IX, X and }i'igs. 

33 and 36). 'TIle value of k in the first BZ where the transitions occur 

is at the crossing of the 5 and 6th bands in the [lOOJ direction. The 

calculated strength of the peak is rather high compared to the experi-

mental data. We think most of the oscillator strengths associated with 

X5 - X3 transitions and 6
5 

- 6i transitions are taken aw'ay by the str6ng 

exciton structLlI'e at 9.8 eV (see Fig. 32). He therefore confirm the 

identifice.tion of the 9.8 eV peak. 'tTe note in addition that in this 

crossing region, there are a fe,'! weak MO c. p. 's at 10.5 eV from l~ -~ 6, 

3 -->6 Hnd 2 ->6 tr?,nsitions (Figs. 34,37,39). 'Ine transition at 
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X5 --+ Xl contributes a very weak MO c.p. at 10.52 eV" This structur e 

ends at 10.97 eV with an ~ type c.p. arising from L:4 --+ L:l (4 -? 6) tran­

siticms ~ This peak corresponds to the us~l X-.6-L: peak in MgO, NaCl and 

ot~er crystals with the zfncblende structure. However, the strong C.p.f s 

I I 
wh~ch contribute to the beginning of the structure come from transitions 

of p-like states to d-like states. 

The c;p. ~s between 11 eV to 11.45 eV are listed in Table X. There 

are large regions in the BZ which contribute to the E2 in this energy 

range (Figs. 34,36,37 and 39). The calculated E2 resembles the experi-

mental f2 in this region, but it is one of the difficult parts in the 

process of determining the form factors. The transitions from P15 --+P25 
is at 11.45 eV and the c.p. fS associated with these transitions are compli-

cated. All the transitions from the valence bands to the 6th band have 

1) symmetry because of the lowering of X
3

' L:
3

, and~. The transitions 

from the valence bands to the 7th band caus e an MO (Figs. 3 4, 35, 37, 38 

39 and 40); this occurs at the beginning of the broad peak in the E2• 

The strongest contribution for the broad peak is mainly from volume ef'fects 

. i.e., large region in the BZ with interband energy differences of 

interest. The interband energy contours are shown in Figs. 35, 37, 38, 

40 and 41. The hump in the experimental curve starts at 11.5 eV and ends 

at 11.$ eV. The calculated results shoW a rise at 11.5 eV which end.s 

at 11.9 eV. No c.p. is found in this region of energy (Table X). The 

slope at 11.5 eV differes from the experimental· results; we believe that 

the calculated band structure may not have enougl:J. density of states in 

the region re ar 11.5 eV. The calculated E2 has a peak at 12 .15 eV which 

~., 
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,is 0.35 eV 10}-Jer tban the experimentally measured value. Tne strongest 

contribution near 12.15 eV comes from the 4-t 7 transitions at L vlith an 

energy:of 12.13 eV having Ml symmetry. The experimental ~2 drops rapidly 

with energy larger than 12.5 eV. The calculated E2 shows a sharp 

, , 
drop after the corresponding peak at an energy of 12.15 eVe The other 

c. p. I S up to ].3.31 eV are included in Table X, they are mostly singulari-

ties of type l~ and Iv). The calculated spectrum is cut off at ll~ eV, 

so the overall sum rule is not obeyed. 

The r 12 band is included in :F'ig. 30 and it is farther from r 25 
than in the OHI and APi'! calculations. We have investigated the effect 

of V
NL 

on this 'band. The energy value obtained by setting V
NL 

equal to 

zero gives a highEY r 12' L e., the r 15 -t r 12 transitions are -at, 12!.9 eV. 

The 2: =: 2 nonlocal pseudopotential does bring dovlll the r 12 band. At 

present, we leave this question open; a density of states measure-

ments (e. g. X-ray measureT.'lents) on KCl would help to deteYP.line the 

exact energy for r 12" 
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V. COMPARISON OF THE RESULTS FOR THE THREE CRYSTALS: 
MgO, NaCI and KCL 

The spectra of MgO and NaCl resemble each other, whereas KCl has: 

its own distinct spectrwn .. We shall compare the results of MgO,and 

NaCl first, and then w'e go on to compare the results of the two alkali 
, ' 

halides .. 

A. Comparison of MgO and NaCl 

The band structure of MgO shows larger E(~) dispersion than the 

band. structure of NaCl.. The exciton structure is different in the two 

cases. MgO has a larger static dielectric constant (9.8; see ref4 23, 

p. 156) than NaCI (EO =5~9). The effective mass at the band edge is 

smaller in the case of MgO (see the curvature for the two band struct~res 

at f, Figs. 1 and 18). The exciton binding energy is 0.1 eV in MgO 

and 1 eV in NaCl. We also see that the intensities of the .peaks near 

the edge are different, in MgO, E2 is 5 .. 4 and in NaCl, it is 6 .. 8. The, 

overall resemblence of the two spectra is remarkable. Physically, the 

two crystals have the same core states for the' metallic ions. MgO has 

a complete (2p)6 core at the 0-- ion and NaCI has the complete (3P)6 

core states at the Cl- ion.' The effect of upper d.-band is small. No 

drastic change in band structure and E2 are expected. However, there 

are slight differences in the [lllJ direction. At 11.1 eVin MgO and 

9 .. 8 eV in NaCl, the shapes of the peaks are different because of the 

~ type singularity for A3 ~ Al transitions in MgO and the ~ type c.p. 

for the corresponding transitions in NaCI. The largest'difference in 

the spectra is the extra peak at 12.25 eV in NaCl which has no corresponding 
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peak in the MgO spectr1.l!ll.<. The peak is identified as coming :mainly from 

L ~ L! transitions. We can see this qualitatively because the 
3 :; 

conduction band '. states. of the ionic crystals are orthogonal to the 

valence band states, arid they localize at the metallic ion .. 24 At r, the 

ordering of the conduction bands must be . consistent with the atomic 
, 

levels of the metallic ion. + ++ Naand Mg . have the same core states and 

the numerical values of r2~ with reference to the valence band must be 

higher in MgO than in the case of NaCl, because the 0-'" have a (2p)6 

shell and Cl- has a (3p)6 shell. We have seen that in MgO, r
25 

is 15.6 

eV from the top of valence band and is 12. 67 eV in NaCl. For k equal 

to zone edge value in the [lllJ ciirection, the charge density of the 

conduction band states will not be localized at the metallic ion. The 

energy of the level must be some value between the corresponding atomic 

··levels of the two constituent atoms. For example, since the charge 

density is localized at the halbgen ion, its energy must be consistent 

with the atomic level of the halogen ion. In NaCl, the unfilled 3d states 

are closer to (3P)6 states of the Cl- ion than the (2p)6 states in the 

0-- ion. We would expect that the .L3 levels in NaCl are lower and fatther 

apart .from r ~b as comparecl with the case of MgO. We have' checked the 

charge density by using the pseUdopoterttialwavefUnctlons for k = (0,0,0) and 

k . = (2rrj a)( 1/2, 1/2, 1/2 ) and showed that tbeabove is in fact the case • 

·The oscillator strength of €2 is large up to 15eV in NaCl whereas MgO 

. has considerable strength 1J.p to 20 eV. 
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B. Comparison of NaCland KCl 

The band structures for the two crystals show some common character-

istics, i.e., little dispersion of the energies with respect to the wavevectors 

The binding energy of the, exciton at the fundamental edge is of the same 

I 
order of magnitude - 1 eV. The measured spectra', however, show great 

I 

difference. The sharp peak at 9.8 eV in KCl, which is strongly tempera,.,.. 

34 
ture dependent,' does not have a counterpart in NaCl. As we mentioned 

insectim rr, the difference is attributed to the unfilled nearby 3d 

states in K+ ion, because Na has a comp~ete n = 2 shell and one 3s elec-

tron, and K has a complete n = 3 shell and one 4s electron. The band 

formed by the unfilled 3d states does not have complete cancellation from 

the core states which have mainly sand p characters. The valence bands 

should be the same for the two alkali halides. We can compare the 

numerical values of the energies for NaCl and KCl. We then see that 

the s-like band, i.e., the fifth band, does not differ so much for the 

two crystals. The r25 band has d-character and is lowered by half a 

volt for KCl compared to NaCl. If we use our simple argument again, 

we expect the energy of S in both crystals to be close with respect to 

the top of valence band, and slightly lower in KC1. The numerical values 

of L; in NaCl is 12,.2 eV and in KCl 12 .02 eV. The effect of lowering the 

d-like bands in KCl not only ('c.aus es the interbandtransit ions to differ 

from NaCl, for example the X...t:.-2: peak discussed in SUbsection B of 

section TV, but the lowering also causes an additional exciton peak at 

9.8 eV. The X3 level in KCl is 0.48eV lower than Xl whereas in NaCl, the two 

J ,. 

::...' 
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bands are nearly degenerate. The oscillator strengths for both crystals 

are large at energies below 15 eV. We have taken the Cl potentials from 

the results of the two crystals. The results are plotted in Fig. 42,and 

they agree very well. 

Finally, the scale factor which we used to adjust the main peak 

in the theory to the experimental value is closest to Unity in MgO. The 

exciton in MgO is relatively weak1.y bound. In NaCl, the scale factor, is 

0.6. The extra X3 exciton in KCl causes further decreasing of the scale 

factor • Although we include 10 bands in the E2 calculations, the s LUn 

rule is not obeyed, the general trend of the weakening of the strength 

of the interband transitions because of exciton effects is clear be­

cause the overall sum rule must be obey~d by the experiment and theory. 
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FIGURE CAPTIONS 

Electronic energy band structure of MgO 

Theoretical E2(m) with constant matrix elements. 

Theoretical E2(m) with matrix elemen~s computed using 

pseudo-potential wavefunctions. 

Energy contours for 4 ~ 5 transitions in the I'KL and T'KWX planes. 

Energy contours for 3 ~ 5 transitions in the I'KL and f'KWX planes. 

Energy contours for 2 ~5 transitions in the f'KL and T'KWXpJ.,aIle s. 

Contributions to E2 fran 4 ~5 transitions. 

Contributions to E2 from 4 ~6 transitions. 

Energy contours for 4 ~ 6 transit im s in the I'KL and rKWX. 

Energy contours for 3 --+ 6, 4 --+ 6, and 2~ 5 transitions in the 

['XU plane. 

Energy contours for 3 ~ 6 transitions in the I'KL and f'KWX planes. 

Energy contours for 2--+6 transitions in the I'KL and f'KWX planes. 

Energy contours for 4--+ 7 transitions in the rKL and f'KWX planes. 

Energy contours for 3 --+ 7 transitions in the rKl and rKWX planes. 

The real part of the dielectric function as a function of energy. 

The reflectivity as a function of energy. 

The imaginary part of the reciprocal of the dielectric function 

as a function of energy. 

,I 
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Fig. 39 

Fig.. 40 

Fig. 41 

Fig. 42 

Appendix: 

Fig. Al 
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Energy contours for 2 ~ 5 transitions in the fKL and fKWX planes. 

Energy contours for 2 ~ 6 transitions in the fKL and fKWX planes. 

Energy contours for 2 ~ 7 transitions in the fKL and fKWX planes. 

Comparison of two Cl potentials extrapolated from the results of 

NaCl anp. KC1" , I~J2 is in units of (21T/a
KCl

)2. 

Geometry of the angles used in evaluating the I. = 2 nonlocal 

pseudopotential. 
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TABLE CAPTIONS 

A comparison of MgO form factors (in rydbergs) used in 

the present work with those used in reference 14. 

Identification of prominent optical structure of MgO and 

comparison of the energies (in, eV' s) betw'een the calculated 

and measured E2" 

Calculated critical point energies, associated band tran­

sitions and critical point symmetries of MgO. 

A comparison of NaCl symmetric form factors (in rydbergs) 

used in the calculation with those scaled from 8i. 

The antisymmetric form factors of NaCl used in the present 

calculation. 

Identification of prominent optical structure of NaCl and 

comparison of the energies (in eV's) between the calculated 

and measured E2" 

Calculated critical points energies, associated band tran­

sitions and critical point symmetries of NaCl. 

Form factors of KCl (in rydbe rgs) used with the scaled 

values for the symmetric part of the form factors" 

Identification of prominent optical structure of KCl and 

comparison of the energies (in eV's) between the calculated 

and measured E2" 

Calculated critical points energies, associated band 

transitions and critical point symmetries of KC1. 
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Table 1. 
.,. 

Form Factor Current Calculation Reference 14 

V
S

(200) 
, 

-0.0956 Ryd. I' -0.1008 RYd. 

~(220) 0.0705 0.0745 

VS(222) 0.0191 0.0238 

yA(lll) 0.2471 0.2500 

0(311) 0.0136 0 .. 0160 



~'<1.: : 
;. 

Prominent Interband 

Transitions 

f15 -., f1 

.liJ --> IS. (10.8) 

~ ~·L21 

165 -->"I 
2:4 -., 2:1 (13.3) 

~ -.,~t 

2) -., 2:1 

~-.,~ 

2:4 -., 2:1 (4 -.,6) 

-78-

Table II. 

Energy (theory:) 

( eV) 

7.76 

iLl (peak) 

13.2 (peak) 

(4 -., 5) 

15.2 

15.7 (peak) 

16.2 (peak) 

19 

r, : 
-: I I 

Energy (exp~riment) 

(eV) 

7.77 

10.8 (peak) 

13.2 . (peak) 

15.7 

16.8 (peak) 

17.4 (peak) 

20.5 
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Table III .. 

Calculated Critical Band Transition Symmetry 
P,?int Energy (eV) i' 

7.77 r 15 -+ r 1 MO 

10.885 ~ -+ L' 2 MO 

10.893 13 -+~ Ml 

12.35 x5 -+X1 MO 

13.04 6
5 

-+61 ~ 
13 .. 3 L:4 -+ L:1 (4 -+5) M2 

14 .. 02 X' 5 -+ X3 MO 

15.2 ~ -+ Lt 
3 MO 

15.35 61 -+~l M1 

15.43 r15 -+ r~5 MO 

15.57 6
5 -+~~ (3 -+ 6) Ml 

15 .. 573 . 2:4 -+ L:. (forbidden) .~ 
15.576 t.5 -+t.' ; 

2 (4 -+ 6) .~ 
15.59 Ll -+ L' 2 M1 

15.66 ~ -+ L:l (3 -+ 5) M2 
..",. 

16.2 6,7) ~ -+~ (4 -+ (3 -+ 6,.7) ~ 
16.39 L:4 -+ L:2 M2 

16.59 L:~ ~ L:l (2 ~ 5) M2 

16.63 lS., 
5' -+L\ (4 -+ 7) ~ 

16.93 X4f ~~ (forbidden) M1 
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Table 1110 (continued) 

Calculated Critical Band Transition Symmetry ~. 

Point Energy (eV) 

17.01 ~ ~6:t (3 ~ 7) i~ . I 

18.3 W(2 ~ 5) :i\ ;,~ 

18.4 w(4 ~ 6) ~ 
18.99 2:4 ~2:l (4 ~ 6) ~ 
19.79 w(4 ~ 7), (3 ~ 6) ~ 
20.105 KJ. ~ Kl MO 

21..2 W(3~ T)' ~. 

21.7 2:1 '-+ 2:1 ~ 
21.704 K4 4K~ ~. 
24.755 x(4 ~7) ~ 



. , 

• 

Form Factor 
(symmetric) 

V
S

(200) 

V
S

(220) 

V
S

(222) 

Form Fa.ctor 

(Antisymmetric) 
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Table IV • 

Scaled from Si 

..0.076 Ryd. 

0 

0.036 

Table V. 

Actual Values Us:ed 

-0.083 Ryd. 

-0.0186 

0.047 

Numerical Value 

0.1448 Ryd • 

... 0.0255 
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Table VI. 

'. 

Prominent Interband Energy (theory) Energy (experiment; ) 

Transitions (eV) II (eV) i 

r16~ r 1 8.97 8.967 

~ ~Lt2 9.86 9.B±0.3 

~~~ 10.29 10,;;±0.3 

X5 ~~ 10.34 

X5 -+ Xl 10.42 10.5 

tJ.
5 

-+ tJ.1 11.07 11.±o.2 

L::4 -+ L::1 11.32 11.4±0.2 

L3 -+ L3 12.26 12.26 (peak) 

r 15-+ r~5 12.68 13.±0.3 

'. 
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Table VII 

Calculated 6ritical Band transition Symmetry 
point energy (eV) 

• 
8.97 r 15 -7 r 1 MO 

9.86 L3 -7 L2, MO 

10.29 11"3 -711.1 (4 -7,5) .~ 
10.35 X5 -7 X3 MO 

10.43 X5 -7 Xl MO 

11.07 .6.
5 

-7.6.
1 

(4,3-75) ~ 
11.25 Ll -7 S Ml 

11.32 L:4 -7 L1 (4 -7 5) ~ 
11.33 X4 -7 X3 ( forbidden) MO 

11.41 X4 -7 Xl MO 

11.64 {6 ->42 (forbidden) MO 

.6.~ -7.6.1 
(2 -75) ~ 

1l.74 .6.
1 

-7.6.
1 

(2 -7 6) ~ 
11. 74 L:4 -7L:3 ( forbidden) ~ 
11.82' ~-7L1 (3 -7 5) ~ 
12.04 L:3 ~ L:3 ~ 
12.1 W (4 -7 5) ~ 
12.24 L:l -7~ ~ 

.... 12.25 Ll -7 L3 (4 -76) M 

L3 -7 L3 (4 -7 7)(3 -76,7) MO 

12.4 L:l -7 ~ ~ 
12.6 W (2,3-75) ~ 
12.61 Al -711.1 (2 -76) ~ 
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Table VII (continued) 

Calculated critical .t) 

point energy (eV) Band transition Symmetry 

12.64. 65 ~'61 
(3:,4 ~ 7) ~ I 

., 

12.66 ~4~ (3i,4 ~6) ~ 
t ! 

12.67 r15 ~ r~5 MO 

12.7 2:4 ~~ (4 ~ 7) ~ 
12.71 A ~~ 3 . . (3,4 ~ 6) ~ 
12.77 6 5 ~6~ ~ 
12.79 2:4 ~~ (forb idden) ~ 
12.8 6 5 ~42 ~ 
12.82 2:3 ~ 2:3 ~ 
12 .. 83 .~ ~A . 1 (2 ~ 6) ~ 
12.86 2:1 ~2:3 ~ 
12 .. 89 . 2:4 ~ 2:1 (4 ~ 7) ~ 
12.95 A3 ~A3 (4 ~ 7) ~ 

(3 ~ 7) ~ 
12.99 2:4 ~ 21. (4 ~6) ~ 
13. ~. ~ 2:1 (3 .~ 7) .~ 

13.13 65 ~61 
(4 ~ 7) ~ ,;-

13 .. 02 2:3 ~2:1 (3 ~ 7) ~ 
13.05 61 ~61 (2 ~ 7) MO 

13.13 65~~ ~ 
,. 

'13.24 ~ ~.61 (2 ~ 7) .~ 

13.64 ~ ~.L3 . (2 ~ 6) ~ 
(2 ~ 7) 1\ 
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Table VII (continued) 

Calculated critical Band transition Symmetry point energy (eV) 

13 .. 64 W (2,3 ~ 6) ~ 
13.64 ~~~ (3 ~ 6) ~ 
13 .. 77 ~~;. (2 ~ 6) ~ 
15.23 X5 ~~ ~ 
16.21 Xl ~~ 4 (forbidden) ~ 

/ 
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Tahle VIII .. f 

... 

Form Factor Numerical Values' Scaled Values 

VS(200) -0.0886 Ryd. I I 
-0.075 Ryd. 

VS(220) -0.0597 -0.035 

V
S

(222) 0.0082 0.0073 

yAClll) 0.1410 0.14 

yAC3ll) -0.0537 

Vd 
-1.26 

.. 
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Table IX. 

to 

Prominent Interband Energy (theory) Energy (experiment) 

Trans i ti ons (eV) CeV) 

r 15 -7 r 1 8~69 8.69 

X· -7X 
5 3 

10.06 9.9 

~ --7 L~ 10.08 9.0 

11.3 --7~ 10.14 9.2 

Xl -7X 
5 1 10.52 10.9 

6
5 

-761 10.44 11.1 

2:4 -72:1 10.93 10.4 

~-7L3 12.13 11.2 

r 15 --7 r~5 11.45 11.6 
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Table X 
'.;-

Calculated critical 
Band transitions Symmetry 

point energy (eV) \~J 

8 .. 69 f15 -d'l MO 

10 .. 06 
I Xl -7 X, MO 5 3 

.I. 10.08 L3 -7 
I 

J.21 MO 

10.14 ~-7~ (3,4 -7 5) ~ 
10.44 6-7 

5 ~ (strong) ~ 
10.5 T'5-' 6' (3,4 -7 6) MO 1 

6 -7 ~ ( forbidden) MO 1 
10.51 X' -7 5 Xl (3,4 -7 6) MO 

10.52 X' 4 -7 X3 ( forbidden) ~ 
10.61 6~ -762 (forbidden) ~ .1.. 

10.66 61 -761 (2 -7 6) MO 

10.93 2.:4 -7 2.:4 (4 -7 5) 1\ 
10 .. 97 2.:4 -7 2.:3 ( forbidden) ~ 
10.97 Xl 

4 -7JS. Mo 

11.2 t3 -7 2.:3 ~ 
11.27 2.:1-7 2.:3 ~ 
11.28 ~-7 2.:1 (3 -7 5) ~ 

:-

11 .. 32 A3 -7 Al (3,4 -7 6) ~ 
11.35 2.:1 -7 ~ ~ 
11.43 W(3 -75) ~ 
11.44 r (2 -> 5) {~ w (2 -7 6) 

11..45 f15 -7 f25 (4 -76)(3 -7 6) ~. 
(2 -7 6) 
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Table X (continued) 

Calculated critical Band transitions Symmetry 
point energy (eV) 

, 
11.45 f15 ~f25 (4 ~ 7)(3 ~ 7) MO 

'(2 ~ 7) . 

11 .. 46 w(4 ~ 7) MO 

11.74 W(2 ~ 7) Mo 

12.13 L3 ~ L3 (4 ~ 6) ~ 
(4 ~ 7) ~ 
(3~6)(3~7) ~ 

12.14 .64 ~ L:1 (4 ~ 7) ~ 
12.35 65 ~65 M2 
12.45 L:3 ~ ~ (3 ~ 7) ~ 
12.51 61 ~65 ~ 
12.52 .61 ~~ (2 ~ 7) ~ 
12 .. 7 L1 ~L3 ~ 
12.85 X5 ~ X5 ~ 
13.31 X4 ~X5 ~ 
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APPENDIX I 

Evaluation of Matrix Elements for .~:::!2 

Nonlocal Pseudopotential 

The form of the d-character nonlocal pseudopotential is 

where R. is the lattice vector. 
--'J 

£ ..J' . 
k2, 1:'2 are the projection operators defined in the text. 

V
2 

(r - R.) = A_ 
- -J -'2 

= 0 

for I r .,. H.I 
- -J 

for IE. - ~ I 

<R - s 

>R s 

(Al) I 

(A2) 

~ ,is the depth of the potential w·ell and is treated as a parameter, 
I i 

in ~nit of rydbergs. 

R = 1.33A for the radius of the K+ ion. 
s 

The matrix element of VNI,(!:) is evaluated over the basis set, 

).. n the f f i (k+G )<1 r orm 0 e· - --

Let r'= r-R. 
- -J 

(A4) 

where n is the volume of the unit cell and V is the volume of the crystal. 

y 
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The volume V will cancel out w'ith the other terms in the pseudopotential 

Ramil tonian. 

Expanding the ,plane wave in terms of spherical hamonics and 

, Bessel! s functions ,Al we get, 

e i C_k+_G)· _r f __ 47T :: f f ( ! ! ) * ( ) ( ) 
LJ Z i j f !::;+Q:. r I Y Rm 8 G' ¢G Y fm 8 I ,cp I 

£=0 m=-f 

The geometry of the angles and vectors are shown in Fig. AI. 

We apply the projection operators p;-and P~ and obtain 

(A5) 

'pr e i (_k+9}'_r! __ 47T' ~ (1) j (!k+G!-') Y* (8 r!.) Y (8 ' r!.1) 
2 LJ -. 2 - - r'. 2m G''+' G 2m' ,'+' 

m=-2 

(A6) 

Putting (A6) into (A4), 

(A7) . 

The summation over moan be simplifiedAl by 

(A8) 

where P2 (-y) is the Legendre polynomial. 



cos ~ = cos 8 cos ~I + sin 9 sin 9 1 cOS(¢_¢I) 

(V
NL

) can then be expressed in terms of the radial integral orllY, 

207T I' 
I 

We separate the radial integral into three cases: . a.the diagonal 

matrix element; b. the off-diagonal matrix element with 1 ~ + Q I = 1 ~ 

+ Q.' I; c. the off-diagonal matrix element with 1 ~ + QI = 1 ~ + Q'I. 
All the following integrations are tabulated in Ref. AI. 

a. IOn (AlO) (V
NL

) 

I 

b. (VNL ) = ;V • 100. P2(~) R~ [j~(I~+Q.lRs)-jl(I~+QIRs) j3(1~+QIRs)J ·CAlI) 

c. 
AV [' R2 ]. 

(VNL ) = ~ • 20n· P2b) . ~. 2 .. [I~+Qlj2(1~+Q'IRs) 
I ~+QI I -I ~+QI . 

(A12) 

where 
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