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ABSTRACT OF THE DISSERTATION

Distribution of sandpile groups of directed and undirected bipartite graphs
By
Deepesh Singhal
Doctor of Philosophy in Mathematics
University of California, Irvine, 2026

Nathan Kaplan, Chair

This thesis studies the asymptotic distribution of sandpile groups of random bipartite graphs
in both the directed and undirected settings. Fix a prime p and let the two parts of the
bipartition have sizes n and [an|, where % < a < 1. For directed Erdés-Rényi bipartite
graphs, this thesis proves that the p-Sylow subgroup of the sandpile group converges to
the conjectured Cohen-Lenstra distribution. For undirected Erdds-Rényi bipartite graphs,
it proves the corresponding conjecture for odd primes p, where the conjectured limit is the
symmetric Cohen-Lenstra distribution. In the undirected case with p = 2, the limiting dis-
tribution has been conjectured to be a variant of the symmetric Cohen-Lenstra distribution.

Our results provide strong evidence for this conjecture.

For a fixed finite abelian p-group G, the surjective moment of a random finite abelian p-
group X is the expected number of surjective homomorphisms from X to G. The surjective
moment method seeks to identify a limiting distribution by computing these expectations for
every GG and then showing that they determine the distribution. A central difficulty in both
settings is that the usual surjective moment method does not apply directly: the surjective
moments can diverge even though the conjectured limiting distributions have finite surjective

moiments.
The main idea is to isolate a high-probability subset of graphs on which the relevant moments

viii



are well behaved, and to show that the complementary exceptional set is rare enough that
it does not affect the limiting distribution. In all cases, after restricting to these high-
probability subsets, the resulting surjective moments agree with the moments predicted by
the conjectured limiting distributions. In the directed case for all primes p, and in the
undirected case for odd primes p, Wood’s universality result then yields the conjectured
limiting distribution. For p = 2 in the undirected case, the computed moments agree with
those of the conjectured distribution, but these moments do not by themselves determine
a unique limiting law. These results extend the known picture for random graphs to the

bipartite directed and undirected settings.
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Chapter 1

Introduction

1.1 Background

1.1.1 Cokernels of random matrices

Random finite abelian groups arising in number theory can often be modeled as cokernels
of random matrices with entries in Z. Their p-Sylow subgroups can be modeled as cokernels
of the corresponding matrices with entries in Z,. If X € M, (Z,), then X is a map from
Ly — Ly, and its cokernel is denoted by Coker(X) := Zp/Im(X). If the matrix X is of full

rank, then Coker(X) is an abelian p-group.

The Cohen-Lenstra distributions arise naturally in this setting. They are distributions on
the set of isomorphism classes of finite abelian p-groups. They are defined as follows, for

0<u<np,

Poo,u(G) ST A

|G‘10gp(U)
~ JAW(G)] (

wl)
; .
P’P)



Here the g¢-shifted factorials are defined as

o0

(2;9); = (1—2)(1—wq)---(1—2g"), (230), = [[(1 —2¢").

=0

Friedman and Washington [§] computed the limiting distribution of Coker(X'), where X is

a Haar uniform element of M,,(Z,).

Theorem 1.1.1. [§] Let X,, € M, (Z,) be Haar-random. Then for every finite abelian
p-group G,

lim P[Coker(X,) = G| = Px1(G).

n—oo

This result gives one of the earliest random matrix realizations of the Cohen-Lenstra dis-
tribution. It shows that the weighting by |Aut(G)|" arises naturally from the cokernels of

Haar-random p-adic matrices.

Wood [24] showed that the same distribution is obtained even if the entries are not Haar-

uniform. A random variable x € Z, is called e-balanced if for every a € Z/pZ,
Plr=a (modp)<1-—e

Wood considered random matrices X € M,,(Z,), whose entries are independent and e-
balanced and proved that they have the same limiting cokernel distribution as the Haar-

uniform case.

Theorem 1.1.2. [2]] Let X,, € M, (Z,) be a random matriz whose entries are independent

and e-balanced. Then for every finite abelian p-group G,

lim P[Coker(X,,) = G| = Px1(G).

n—oo



Wood [24] also proves a stronger result for rectangular matrices. If X € M, ,,1,(Z,), then X

defines a homomorphism Zp*" — 77, and its cokernel is denoted by Coker(X) := Zy/ Im(X).

Theorem 1.1.3. [Z])] Fiz a prime p and integer u > 0. Let X,, € M, ,+u(Z,) be a random

matriz whose entries are independent and e-balanced. Then for every finite abelian p-group

G,

lim P[Coker(X,,) = G| = Py p—u(G).

n—o0

Nguyen and Wood [17] extended this result for matrices over Z, instead of Z,. If X €
M, 40 (Z), then Coker(X) = Z"/Im(X) is an abelian group. For a fixed prime p, under
appropriate hypotheses, the limiting distribution of the p-Sylow subgroup of Coker(X') can be
obtained from Theorem [I.1.3] However, Nguyen and Wood obtain the limiting distribution

of Coker(X), not just its p-Sylow subgroup.

Theorem 1.1.4. [17] Fixz an integer u > 0 and constants 0 < ¢ < 1 and T > 0. For each
positive integer n, let &, € Z be a random integer that is n='*-balanced for every prime p and
satisfies |, < n''. Let X, € My, n1u(Z) be a random matriz whose entries are independent,
wdentically distributed copies of the random integer &, defined above. Then for every finite
abelian group B,

1 o0

k=u+1

Further, Nguyen and Wood compute the probability for Coker(X) to be cyclic.

Theorem 1.1.5 (Nguyen and Wood [I7]). Fiz an integer uw > 0 and constants 0 < € < 1

and T > 0. For each positive integer n, let X,, € M, ,1u(Z) be a random matriz as in



Theorem[1.1.4. Then,

JLIEOIP[COker(Xn) is cyclic] = H (1 - ﬁ) H C(k)™h

p prime (p k=u+1

There are several further developments of this circle of ideas. Cheong and Kaplan [4] stud-
ied cokernels of polynomial expressions P(A), where A is a Haar-random matrix over Z,.
Cheong and Yu [5] proved the e-balanced analogue for cokernels of polynomial expressions
P(A). Cheong and Huang [3]| studied the distribution of P(A + pB), where P is a poly-
nomial expression, A is a fixed matrix and B is Haar-random. Lee [I3] studied the joint
distribution of several cokernels of the form Coker(P;(A)), ..., Coker(P,(A)), showing that
one can study finer questions than the distribution of a single cokernel. Finally, Nguyen
and Wood [18] developed a local and global universality theory for more structured random

matrix ensembles, including symmetric, skew-symmetric, and Laplacian-type models.

1.1.2 Cokernels of random symmetric matrices

For symmetric matrices, the limiting distributions differ from the Cohen-Lenstra distribu-
tions Pu . This is because the cokernel of a symmetric matrix naturally carries an additional

algebraic structure, namely a canonical symmetric bilinear pairing.

Let X € M,,(Z,) be symmetric. If X is nonsingular, then Coker(X) is a finite abelian p-
group, and it carries a canonical perfect symmetric bilinear pairing, which we denote by dx.
If G is a finite abelian p-group equipped with a perfect symmetric bilinear pairing J, then

we denote by Aut(G, ) the group of automorphisms of G preserving §. We also define

symmetric, bilinear, perfect pairings G x G — C* 1
_ |{ }| H(l —p 1 2k).

Sym .
Py (@) Gl [Aut(C)]

oo?p
k>0

Clancy, Kaplan, Leake, Payne, and Wood [6] proved that Haar-random symmetric matrices



over Z, give rise to this distribution. Their result is stated naturally at the level of finite
abelian p-groups equipped with perfect symmetric bilinear pairings, and the group-only
statement follows by summing over all perfect pairings on a fixed group. Bhargava, Kane,
Lenstra, Poonen, and Rains 2] showed an analogous result for cokernels of Haar-random

alternating matrices over Z,,.

Theorem 1.1.6. [6] Let X,, € M,(Z,,) be Haar-random in the additive group of symmetric

matrices. Let G be a finite abelian p-group and let § be a perfect symmetric bilinear pairing

on G. Then

T}LIEOP[(COker(X")’(SX") (G,0)] = e \Aut Xl H (1 — p~1-2F)

k>0

In particular,

lim P[Coker(X,) = G] = PY™(G).

n—oo

Wood [23] extended this result to random symmetric matrices, whose entries on and below
the diagonal are independent and e-balanced. Restricting her result to a single prime p, one

obtains the following statement.

Theorem 1.1.7. [23] Let X,, € M,,(Z,) be a random symmetric matriz, whose entries on

and below the diagonal are independent and e-balanced. Then for every finite abelian p-group

G,

lim P[Coker(X,) = G] = PY™(G).

n—o0

Nguyen and Wood [18]| proved global universality results for random symmetric integral

matrices. In particular, they computed the limiting probability that the cokernel is cyclic.



Theorem 1.1.8. [18] Let X,, € M, (Z) be a random symmetric matriz, whose entries on
and below the diagonal are independent, identically distributed and e-balanced at every prime

p. Then

nh_g)lo P[Coker(X,,) is cyclic] = HC (2i4+1)"

Hodges [11] proved the corresponding result for the distribution of the cokernel along with

its pairing.

Theorem 1.1.9. [11] Fiz a prime p. Let X,, € M, (Z,) be a random symmetric matriz,
whose entries on and below the diagonal are independent and e-balanced. Let G be a finite

abelian p-group equipped with a perfect symmetric bilinear pairing 6. Then
1
lim P[(Coker(X,),d G,6 (1—p 172

k>0

Shen [20] later reproved this symmetric universality theorem by a different method and

obtained effective error bounds.

1.1.3 Sandpile groups of random graphs

Let T be a graph on vertices 1, ..., n without loops. Write deg(i, j) for the number of edges
between 7 and j, and deg(j) = > _,.;.,; deg(i, j). Define the Laplacian L(I') by

deg(i,j), i # 7,
Lij =

—deg(j), =,

so that > | L;; = 0 for all j. Let Zj be the subgroup of Z" consisting of vectors whose

coordinates sum to 0. Then Im(L) C Zg, and the sandpile group of I' is Sp := Zg/ Im(L).



If I' is connected, then corank(L) =1 and Sr is a finite abelian group.

Similarly, let [ be a directed graph on vertices 1,...,n without loops. Write deg(i, j) for
the number of directed edges i — 7, and set deg(j) = Zm.# deg(, j), the in-degree of the

—

vertex j. Define the Laplacian L(T") by

deg(i,7), 1 # 7,
Lij -

_deg(.])7 Z:j)

so that again Y, L;; = 0 for all j. The sandpile group of T is Sg = Zgy/Im(L). If T is

strongly connected, then corank(L) = 1 and Sg is a finite abelian group.

For undirected Erdds-Rényi graphs, let G(n,v) denote the random graph on n vertices in
which each edge is included independently with probability v € (0, 1). For fixed v, the graph
G(n,v) is connected with probability tending to 1 as n — 00, s0 S, is a finite abelian
group with probability tending to 1. Wood [23] proved that the distribution of its Sylow
p-subgroups converges to Pfoy’gl. This is closely related to Theorem . It doesn’t directly
follow because the columns of the Laplacian matrix sum up to 0. For an abelian group G,

we denote its Sylow p-subgroup by (G),.

Theorem 1.1.10. [23] Let p be a prime and let G be a finite abelian p-group. Then

lim P[(Se(n)p = G] = P (G).

n—oo

Mészaros [15] proved an analogous result for random d-regular graphs. Suppose d > 3 and n
is even. Let H,, be the random d-regular graph obtained by taking the union of d independent

uniform random perfect matchings on the set of n vertices.

Theorem 1.1.11. [15] Let p be a prime and let G be a finite abelian p-group.



1. If d is odd, or if d is even and p is odd, then

lim P[(Sn,), = G] = PE(G).

n—oo

2. If d is even and p = 2, then (Sy, )2 always has odd rank, and for every finite abelian
2-group G of odd rank,

lim P[(Sn, )> = G] = 25 PEP(G).

n—o0

For directed Erdés-Rényi graphs, let G (n,v) denote the random directed graph on n vertices
in which each ordered pair i — j with ¢ # j is included independently with probability
v € (0,1). For fixed v, the graph é(n, v) is strongly connected with probability tending
to 1 as n — oo, and hence Sg, ) is finite with probability tending to 1. Koplewitz [12]
showed that the Sylow p-subgroups converge to the distribution Py 1/,. Nguyen and Wood
[17] extended this result to the distribution of the entire sandpile group. This result is closely
related to Theorem [I.1.4]

Theorem 1.1.12. [17] Fiz 0 < v < 1. Then for every finite abelian group B,

n—oo

1 o0
lim P[Sz, ) = Bl = —=———= | [ (k)"
G B L
In particular, if p is a prime and G is a finite abelian p-group, then

lim P[(‘Sé(n,u))p = G] = P pp(G).

n—oo

Mészaros [15] also studied random d-regular directed graphs. Suppose d > 3. Let D,, be

the random d-regular directed graph obtained by choosing d independent uniform random



permutations 7y, ..., mq of {1,...,n} and, for each v € {1,...,n} and 1 < j < d, adding a

directed edge from v to m;(v).

Theorem 1.1.13. [1J] Let p be a prime and let G be a finite abelian p-group. Then

lim P[(Sp,), = G| = Pxq1(G).

n—00 ’

We now turn to bipartite graphs, which are the main focus of this thesis. Let n; > ns be
positive integers and let v € (0,1). The Erdgs-Rényi random bipartite graph G(nq,ng,v) is
the bipartite graph with vertex sets Vi and V5 of sizes ny and nsy respectively, where each of
the nyny possible edges between V; and V5 is included independently with probability v. We
are most interested in the regime ny = [an,| for a fixed constant 0 < o < 1, and we write

Gao(n,v) := G(n, [an],v).

Similarly, let G (n1,n2,v) denote the directed Erdés-Rényi random bipartite graph with ver-
tex sets V; and V5, of sizes n; and no, where each of the 2nyny possible directed edges from
Vi to V, and from Vs to V] is included independently with probability v € (0,1). Again, in

the regime ny = [any], we write Go(n,v) := G(n, [an],v).

On the directed side, Bhargava, DePascale, and Koenig [I] conjectured that the Sylow p-
subgroups of the sandpile groups of éa(n, v) have the same limiting distribution as in the

directed Erdds-Rényi case.

Conjecture 1.1.14. [1/ Let p be a prime, let 0 < v < 1, let 1/p < a < 1, and let G be a

finite abelian p-group. Then

lim P[(Sg, (.00 = Gl = Poo1/p(G)-

n—oo

On the undirected side, the conjectural distribution depends on whether p is odd or p = 2.



For odd primes, the conjectured limit is the same distribution POSOB:;“ that occurs for ordinary
random graphs. For p = 2, the conjectured limit is a modified distribution involving the

additional factor |G/2G|/2.

Conjecture 1.1.15 ([T, 10]). Let p be a prime, let 0 <v <1, let 1/p < a <1, and let G be

a finite abelian p-group. Then we have

‘ N PY™(G) if p is odd,
lim P[(S¢,(n0)p = G) =

n—oo

CREPSm™@) ifp=2.

The main results of this thesis are to prove the directed bipartite conjecture for all primes,

and to prove the undirected bipartite conjecture for odd primes.

Theorem 1.1.16. Let p be a prime, let 0 < v < 1, let 1/p < a < 1, and let G be a finite

abelian p-group. Then

lim P[(Sg, (.00 = Gl = Poo1/p(G)-

n—oo

Theorem 1.1.17. Let p be an odd prime, let 0 < v < 1, let 1/p < a < 1, and let G be a

finite abelian p-group. Then

12

lim P[(Sa, (nw))p

n—oo

G] = P (G).

It is also natural to study the ranks of these Sylow p-subgroups. If G is a finite abelian

p-group, we define its rank by rank(G) := log, |G /pG]|.

On the directed side, Bhargava, DePascale, and Koenig [I] determined the limiting distribu-

tion of the p-ranks of the sandpile groups of random directed bipartite graphs. It is shown

10



in [10] that this is consistent with Theorem [1.1.16

Theorem 1.1.18. [1] Let p be a prime, let 0 < v < 1, let 1/p < a < 1, and let r be a

nonnegative integer. Then

—r—2 -1

1
lim Plrank((Sg_(,,))p) =1 =

n—00 pr2+r (p ;p_l)oo (p JP_l),, .

On the undirected side, the conjectural limiting distribution of the p-rank depends on whether

p is odd or equal to 2.

Conjecture 1.1.19. [70] Let p be a prime, let 1/p < o < 1, and let r be a nonnegative

integer. Then

) if p is odd,
_p—1l.p—1 1.1
lim P[rank((SGa(nm))w =] = (—=p~4p )oo p (p~%p ),,

n—oo 1

(-1;1/2),, 20) (1/2;1/2),

if p=2.

In Chapter |3| we prove this conjecture for all primes including p = 2.

Theorem 1.1.20. Let p be a prime, let 1/p < o < 1, and let r be a nonnegative integer.

Then

) if p is odd,
—p—1l. -1 3 1.1
lim Plrank((Sa,mw)p) = 7] = (= 5P e P (p~hp7h),

n—o0 1

(—1;1/2) 20) (1/2:1/2),

if p=2.

For odd primes, the undirected rank theorem also follows from Theorem [I.1.17] together
with the known rank distribution of a random finite abelian p-group distributed according

to PEO‘V,EI- The case p = 2 gives additional evidence for the conjectural distribution of the full

11



2-Sylow subgroup.

Chapter [2|is a copy of [22] and is dedicated to proving Theorem [1.1.16| Chapter [3[is a copy

of [21] and is dedicated to proving Theorem [1.1.17| and Theorem |1.1.20}

1.2 Method of moments

1.2.1 Surjective moments

Let X be a random finite abelian p-group. For a finite abelian p-group G, let Sur(X, G)
denote the set of surjective homomorphisms from X to GG. The surjective G-moment of X is
E[|Sur(X, G)|]. The method of moments studies the distribution of a random finite abelian

p-group by computing these surjective moments.
The surjective moments of P, were computed by Fulman and Kaplan [9].

Theorem 1.2.1. [9, Theorem 5.3 Suppose 0 < u < p, and let X be a random finite abelian

p-group distributed according to Pw .. Then for every finite abelian p-group G,

E[|Sur(X,G)[] = |G|*=™).

In particular, for the distribution P ;/, that occurs in the directed bipartite problem, one
has E[Sur(X, G)[] = -

The surjective moments of Pgoy’gl were computed by Clancy, Kaplan, Leake, Payne, and

Wood [6]. In the result

NG =(Gea)/gog:ged).

Theorem 1.2.2. [6, Theorem 11] Suppose p is a prime, and let X be a random finite abelian

12



p-group distributed according to ng:;n' Then for every finite abelian p-group G,

E[|Sur(X,G)[] = |A*G].

In the undirected bipartite problem at p = 2, the conjectured measure belongs to a larger
family of measures that was defined in [10]. For a prime p and a parameter —1 < a < 1,

they define the measure Pp]‘fl’l on finite abelian p-groups as

1;2aprank(G) PEO{EI(G) if rank(G) is odd,
li;zprank(G)POnggl(G) if rank(G) 1S even.
The superscript M is for Mészaros. In particular, Pp]‘,J_’l1 occurs in the distribution of sandpile

groups of random d-regular graphs when d is even and p = 2, while Pp%’l is the conjectural

distribution for Sylow 2-subgroups of sandpile groups of random bipartite graphs.
The surjective moments of Pp%’l were computed in [10].

Theorem 1.2.3. [1l, Theorem 9] Suppose p is a prime, —1 < a < 1, and let X be a random

finite abelian p-group distributed according to Plf‘fl’l. Then for every finite abelian p-group G,
E[|Sur(X,G)[] = p™"™ |A’G]| .

In particular, these moments do not depend on a.

Several of the distribution results cited in the previous section are proved by first computing
the surjective moments of the relevant random groups. More precisely, if X, is a sequence of
random finite abelian p-groups and v is the conjectured limiting distribution, one shows that
for every finite abelian p-group G, lim, . E[|Sur(X,, G)|] agrees with the corresponding

surjective moment of v. The following theorems record these moment computations.
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Wood [23] proved that if X, is the sandpile group of an Erdds-Rényi random graph, then its

limiting surjective moments are given by |[A%G|.
Theorem 1.2.4. [23, Theorem 1.2] Let T' € G(n,v) be an Erdds-Rényi random graph, and

let St be its sandpile group. Then for every finite abelian p-group G,

lim E[|Sur((Sr),, G)[] = [A2G|.

n—oo

Wood [24] proved the analogous moment formula for cokernels of random matrices.

Theorem 1.2.5. [2], Theorem 2.9] Let w > 0 be an integer. Let M, € M, ,i+u(Z,) be a
random matrix whose entries are independent and e-balanced. Then for every finite abelian

p-group G, we have

lim E[|Sur(Coker(M,),G)|] = |G| ™.

n—oo
Mészéaros [15] proved analogous moment formulas for sandpile groups of random regular
graphs.

Theorem 1.2.6. [15, Theorems 1.3 and 1.4] Let T',, be the sandpile group of the random
d-reqular directed graph D,,, and let S, be the sandpile group of the random d-regular graph
H,.

1. For every finite abelian p-group G,

lim E[|Sur((T',),, G)|] = 1.

n—oo
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2. For every finite abelian p-group G,

|A2G] if d is odd or p is odd,
lim E[|Sur((Sn),, G)[] =

n—o0

2rank(G) IA2G| if d is even and p = 2.

A slight variation appears in Hodges [11], where the random objects are finite abelian p-
groups equipped with symmetric pairings, and one counts surjections preserving the pairings.

The set of pairing-preserving surjections is denoted by Sur®.

Theorem 1.2.7. [11, Theorem 8.2] Let I" € G(n,v) be an Erdds-Rényi random graph, let
St be its sandpile group, and let ds. be its canonical symmetric pairing. Let G be a finite
abelian p-group equipped with a symmetric pairing 0 on its dual. Then

lim E[|Sur*((Sr,ds.), (G.4))[] = |G| .

n—o0

Related moment computations for random finite abelian p-groups equipped with additional

algebraic structure also appear in work of Lipnowski, Sawin, and Tsimerman [14].

1.2.2 Moments on high probability subsets

In the case of bipartite graphs, for both the directed and undirected cases, the method of
moments does not apply directly. Indeed, the surjective moments often blow up to infin-

ity, even though the conjectured limiting distributions have finite surjective moments. See

Section 2.7 and Section [3.8

The reason is that a small exceptional set of graphs contributes negligibly to the distribution,
but contributes disproportionately to the surjective moments. Recall that we have two sets
of vertices V] of size n and V5 of size [an]. In both the directed and undirected bipartite

settings, the exceptional set consists of graphs for which too many vertices in V; have degree
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divisible by p. The remedy is to restrict attention to the complement of this exceptional set
of graphs and compute the conditional surjective moments there. Since the exceptional set
has probability tending to 0, conditioning on its complement does not change the limiting

distribution.

The graphs that we are trying to exclude are those for which the number of vertices in V;
with degree divisible by p is larger than |V5| = [an]. In particular, if « = 1, then we do not
need to exclude any of the graphs. In fact, the issue of the moments blowing up only arises

when o < 1.

We first consider the directed bipartite model. Let éa(n, v) be the directed Erdds-Rényi
random bipartite graph with bipartition (Vi,V3), where |Vi| = n and |V3| = [an]. For a

directed bipartite graph [' with this bipartition, define
Y(T) := {z € Vi : degg(x) =0 (mod p)}|,

where degg(z) denotes the in-degree of the vertex z. For 0 < p < min(%, a— %), define the

good subset

dir ,__ = =
Eny = {F : ‘fy(l“) — ;

Spn}.

We will show the following in Chapter [2|

Theorem 1.2.8. Let p be a prime, 0 <v <1, 1/p<a <1, and 0 < p< min(%,a — %)

Then

lim P[G,(n,v) € £3] = 1.

n—oo
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Moreover, for every finite abelian p-group G,

Tim E[[Sur((Sg, ) G| | Gl v) € £535] = é

Thus, after conditioning on the event 531;, the surjective moments agree with the moments

of the distribution Py ;/p.

We now turn to the undirected bipartite model. Let G,(n,v) be the Erdés-Rényi random
bipartite graph with bipartition (V;,V3), where |Vi| = n and |V3| = [an]. For such a graph
I', define

V() == {z € Vi 1 degp(v) =0 (mod p)}|.

ForO<p<a-— zla’ define the good subset

gt = {r () < (%—l—p)n}.

Theorem 1.2.9. Let p be a prime, 0 <v <1, 1/p<a<1,and0<p<a— Ilj. Then

lim P[G,(n,v) € 5,‘f‘pd] =1

n—o0

Moreover, for every finite abelian p-group G,

|A2G| if p is odd,
11_>Hl EHSur SGa (n,v) p7 ‘ ‘G n, U = gund] -

|G/pG| NG| if p=2.

Therefore, once one works on the high-probability subsets Sdlr and S;L“;d, the surjective mo-

ments are exactly what one would expect based on the conjectured distributions. This is the
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key step that allows the method of moments to be applied in our setting.

1.2.3 Moments determine the distribution

A natural question is whether the surjective moments determine the distribution of a random
finite abelian p-group. Ellenberg, Venkatesh, and Westerland [7] showed that the Cohen—
Lenstra distribution Py, ; is characterized by having all surjective moments equal to 1. Wood
[23] showed that the surjective moments determine the distribution, provided the moments

are not too large.

Theorem 1.2.10. [23, Theorem 8.2] Let X,, be a sequence of random finite abelian p-groups
and let Y be another random finite abelian p-group such that for every finite abelian p-group
G, we have

lim E[|Sur(X,,G)[] = E[|Sur(Y,G)]] < |A*G].

n—o0

Then for every finite abelian p-group G,

lim P[X, = G] = P[Y = G].

n—oo

This theorem explains why the moment computations in the previous subsection lead to
the distribution results stated earlier. Indeed, by Theorem [I.2.1] the surjective moments of
P are equal to 1, and the surjective moments of Py, 1/, are equal to |G|™!; both of these
are bounded above by |A2G|. Therefore, once one proves that a sequence of random finite
abelian p-groups has limiting surjective moments equal to 1 or |G|}, Theorem implies
convergence in distribution to Py ; or Py 1/, respectively. This applies, for example, to the
cokernels of random matrices considered by Wood [24], to the sandpile groups of random
directed regular graphs considered by Mészaros [15] and the directed bipartite result proved
in Chapter 2
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Similarly, by Theorem m, the surjective moments of Pgo{;? are exactly |A%G|. Hence
Theorem also implies convergence in distribution to Pfoy’gl once one has shown that
lim,, o E[|Sur(X,, G)|] = |A%G]| for every finite abelian p-group G. This is the mechanism
behind Wood’s [23] result for Erdés-Rényi random graphs, the odd-p and odd-d cases of

Mészaros’s [15] theorem for random regular graphs and the odd-prime undirected bipartite

result proved in Chapter

A much more general framework for such questions was later developed by Sawin and Wood

[19], who studied moment problems for random objects in a category.

However, this argument breaks down for the moment sequence p***(&) |A%2G|. Indeed, The-
orem m shows that the one-parameter family of measures PI%’l, with —1 < a < 1, all
have the same surjective moments. Thus these moments are too large for the analogue of
Theorem to hold. In particular, the moments alone are not enough to identify the

conjectural distribution of Sylow 2-subgroups in the undirected bipartite setting.

Although these moments do not determine the full distribution, Wood proved that after
adding one extra piece of information, namely the limiting probability that the rank is odd,

they do determine the limiting distribution of the ranks.

Theorem 1.2.11. [25, Corollary 2.12] Let X,, be a sequence of random finite abelian p-

groups such that for every k € Z>,

lim E[|Sur(X,, (Z/pZ)*)|] = p* |N(Z/pZ)"|.

n—oo

Assume moreover that there is a constant v € [0, 1] such that

lim Prank(X,) is odd] = v.

n—oo
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Then for every r € Zs,

20— ) e if T is odd,
lim Plrank(X,) =r| = ; ),
n—oo ,

2(1 — U)(71;p1—1)00p7(2) (p—li,—l)r if v is even.

Based on this, we should expect that in the undirected bipartite setting with p = 2, the

probability of odd rank goes to % We show that this is indeed the case.

Theorem 1.2.12. Suppose p=2,0<v <1 and 1/2 <o < 1. Then

1
lim Plrank((Se, n.w))2) s odd] = 3

n—oo

This leads to the distribution of the rank of Sylow 2-subgroups in the undirected bipartite

setting, as shown in Chapter [3]

A related result was proved by Mészaros in the case of random regular graphs. His theorem
shows that if one restricts attention to finite abelian 2-groups of odd rank, then the moments

2rank(@) |A2(7| do determine the limiting distributions.

Theorem 1.2.13. [15, Theorem 8.7] Suppose X, is a sequence of random finite abelian

2-groups of odd rank, such that for every finite abelian 2-group G,

lim E[|Sur(X,, G)|] = 2" |A%G| .

n—oo

Then for every finite abelian 2-group G, we have

. 2rank(G)PoSO):gl(G> Zf rank(G) 18 Odd,
lim P[X, = G] = P, (G) =

n—oo

0 if rank(G) is even.
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We suspect the following.

Conjecture 1.2.14. Let X,, be a sequence of random finite abelian p-groups such that for
every finite abelian p-group G,

lim E[|Sur(X,, G)|] = p© |A*(Z/pZ)"|.

n—oo

Assume moreover that there is a constant v € [0, 1] such that

lim Plrank(X,,) is odd] = v.

n—oo

Then for every finite abelian p-group G,

p2rank(G) PR3 if rank(Q) is odd,
lim P[X, = G] = P;1L,,(G) = ’
n—00 ’

(1— v)2ra“k(G)P§Oy;n(G) if rank(G) is even.

If this is true, then the p = 2 case of Conjecture [1.1.15] would follow from the work in
Chapter

1.3 Wood’s moment computations

In this section, we sketch two moment computations due to Wood that are most relevant
to this thesis. The first concerns cokernels of random rectangular matrices and leads to the
Cohen-Lenstra type distributions that appear in the directed setting. The second concerns
sandpile groups of random graphs and leads to the symmetric distribution that appears in
the undirected setting. The purpose of this section is to explain, at a heuristic level, the

main ideas in these two arguments before turning to the bipartite models in Chapter [2| and

Chapter
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1.3.1 The directed case in Wood’s argument

We will sketch Wood’s proof of Theorem in [24]. Suppose X,, € M, ,+u(Z,) is a random
matrix whose entries are independent and e-balanced. Fix a finite abelian p-group G. We
want to estimate the expected number of surjections Coker(X,) - G. Since X,, is a map

Znt — 17y, every surjection Coker(X,,) — G lifts to a surjection from Z} to G. Thus,

E[[Sur(Coker(X,),G)[|= > P[FoX,=0¢Hom(Z", G)
FeSur(23,G)

Since the columns of X, are independent, the probability P[F'o X,, = 0] factors into a product

of single-column probabilities. If we denote the i-th column vector of X,, as X,,(7), then

n+u

P[F o X, = 0] = [ [ P[F o X,(i) = 0].

If the entries of X,, were Haar-uniform, then each F o X,,(i) would be uniformly distributed

in G and P[F o X,,(i) = 0] = This would mean P[F o X,, = (0] = |G\++" Since

L
G|
|Sur(Zz, G)| = |G|" (1 — o(1)), this would imply

1 1

lim E[jSur(Coker(X,), G)l) = lim 16" (1 =~ o)1 s = 5

When the entries of X, are only given to be e-balanced, not Haar-uniform, then F o X, ()
need not be uniformly distributed in G. However, Wood shows that for most surjections

F € Sur(Zy, ), the random variable F' o X,,(4) is close to uniformly distributed in G.

To simplify the notation, let X' be a random column vector X € Hom(Z,,Z; ), whose entries
are independent and e-balanced. Denote [n] = {1,...,n}. Let e1,...,e, be the standard
basis of V' = Z7. Given a subset 0 C [n], let V, be the Z,-submodule of V' generated by e;

for i € o and Vi, is generated by e; for i € [n] \ 0.
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Wood introduces the notion of a code of distance d.

Definition 1.3.1. [24] A surjection F' € Sur(Zy, G) is called a code of distance d with image

G, if for every subset o C [n] with |o| < d, we have F(14,) = G.

This means that, not only is F' surjective, but it remains surjective after deleting fewer than
d coordinates. Using discrete Fourier analysis, she proves that if F' is such a code of distance
dn with image G, then P[F(X) = A] = ﬁ uniformly in A € G, with exponentially small

error. It follows that for these F' the probability P[F o X,, = 0] is close to |G|~

Wood shows that for fixed § > 0, most F' € Sur(Zy, G) are codes of distance dn with image

G. Therefore, their combined contribution to E[|Sur(Coker(X,),G)|] is close to It

1
G

remains to bound the contributions of the surjections F’ which are not codes of distance on.
For this, Wood introduces the J-depth of F.

Definition 1.3.2. Given 6 > 0 and F' € Sur(Z;, ), the é-depth of F is defined to be the
largest positive integer D for which there is a subset o C [n] with |o| < log,(D)dn such that

|G : F(W,)] = D, or 1 if there is no such o.

If such a o exists, then we say that F' is of d-type (G, F((W,)). If there is no such o, then

we set the d-type to be (G, G).
It is noted in |24, Remark 2.5] that if /" has J-depth 1, then it is a code of distance dn.

Suppose H is a subgroup of G' with [G : H] = D > 1. Consider F' € Sur(Zy, G) of é-type
(G,H). Consider o = {i : F(e;) ¢ H}. So o # 0 and F(W\,) = H. Let F, and F, be the
restrictions of ' to V, and W, respectively. Then we can see from the definition of d-depth

that F, € Sur(W,, H) is a code of distance én with image H. We can similarly divide X
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into X, and X\,. Note that X\, is independent of X,. Therefore,

PIF(X) = 0] = P[F,(X\s) = —Fo(Xo)]

— PR, (X\) = ~Fy(X,) | Fo(X,) € H] x B[F,(X,) € H].

Since F\, € Sur(W,, H) is a code of distance dn with image H, we know that F,(X\,) is

close to being uniformly distributed in H, meaning

1
PIR(X\0) = —FolXo) | Fr(X,) € H] ~ o
Moreover, since o # (), the condition F,(X,) € H is non-trivial. Since the entries of X are

e-balanced, it follows that P[F,(X,) € H| < 1 — ¢, see [24]. Without being rigorous about

the error terms, this implies that if F' is of d-type (G, H), then

1

P[Fo X, =0] < |H|—"+“(1 — &)™H(1 + o(1)).

In order to bound the total contribution to E[|Sur(Coker(X,),G)|] of F' of é-type (G, H),
we need to bound the number of F' € Sur(Zy, G) of é-type (G, H). For each such F, there

is a o C [n] with |o| < log,(D)én < log,(|G|)én such that F(V,) C H.

By expanding o, we can assume that |o| = |log,(|G|)dn|. So the number of choices for o is

at most exp(O(dn)). Once o is chosen then the number of choices for F' is at most
=" NG| = |H|" exp(O(5n)).

Therefore, total contribution to E[|Sur(Coker(X,,), G)|] of F of é-type (G, H) is at most

(1= e)*(1+o(1))
[H|"

(1 —€)"exp(O(dn)).
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We can choose a sufficiently small § to ensure that this goes to 0 as n — oo.

Wood uses these estimates to show that the combined contribution of non-codes to
E[|Sur(Coker(X,),G)|] goes to 0 as n — oo. Since the combined contribution of codes of
distance dn goes to @, it follows that

lim E[|Sur(Coker(X,),Q)|] =

n—o0 |G|u

1.3.2 The undirected case in Wood’s argument

We now sketch Wood’s computation of moments in [23]. Suppose X,, € M,,(Z,,) is a random
symmetric matrix whose entries on and below the diagonal are independent and e-balanced.
Fix a finite abelian p-group G. We want to estimate the expected number of surjections
Coker(X,,) - G. Note that the Laplacian of a graph is a bit different from X,,, since the
columns of the Laplacian sum up to 0. However, they have the same surjective moments as

n — oo and the moments of the sandpile group are computed using the X,, model.

Since X,, is a map Z; — Zj, every surjection Coker(X,) — G lifts to a surjection from Zj

to G. Thus,

E[[Sur(Coker(X,),G)|= > P[FoX,=0¢Hom(Z},G)].
FeSur(2y,G)

So, as in Wood’s argument for rectangular random matrices, the moment computation is
reduced to understanding the probability that a fixed surjection F' kills the random matrix.
Wood again divides the surjections F' € Sur(Zj,G) into codes and non-codes and further

divides the non-codes based on d-depth.
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For F' € Sur(Z,, G) that are codes of distance dn with image G, Wood shows that

2
P[F o X, = 0 € Hom(Z?, G)] ~ ’|AG|C:|. (1.1)

Moreover, for any F” € Hom(Z;, G) (still assuming F’ is a code), she shows that

P[FoX,=F]<K (1.2)

1
’G‘n Y
for some constant K. We will sketch the proof of (1.1). The proof of (1.2) is similar.

The difference from the directed case is that here X, is symmetric, so its columns are not
independent of each other. Thus, we cannot write the probability P[F o X,, = 0] as a product
of probabilities over individual columns. Instead Wood applies discrete Fourier analysis to

the indicator of the event F o X,, = 0.

Let G* := Hom(G, C*) be the group of characters of G. Let ey, ..., e, be the standard basis

of Zy. By discrete Fourier analysis, we know that

1
T (Foxn)(en)=0 = @ Z O((F o Xy)(e:)).

PpeG*

Therefore,

P[FoX,=0=E

1
“r 2. E

CeHom(Zy,G*)

H ]l(FOXn)(ei)ZO
i=1

Denote the entries of X,, on and below the diagonal as z;;, with 1 < j <17 <n. Since X, is

symmetric, we have
n

[[eerexien =TI (Cerrence)ren)” T (Ceren)

i=1 1<5<i<n 1<i<n
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This leads her to denote the coeflicients

Clei)(F(eg))Clej)(F(ei)) if i # 4,

E[C, F](i,j) =

Since the z;; are independent, we see that

ProX,=0= 0w >[I E[ECFG)™]

IG|" L1
CeHom(Zp,G*) 1<j<isn
If the z;; were Haar-uniform in Z,, then we would have

1 if E[C, F](i,5) = 1,
E|E[C, F(i, )™ = I

0 otherwise.

This would imply

[{C' € Hom(Z?,G*) : all E[C, F(i,j) = 1}|
GI" '

P[F o X, =0] =

The C' € Hom(Z},G*), such that all E[C, F|(i,j) = 1 are called F-special. Wood shows
that for each F' € Sur(Z?, (), the number of F-special C' is [A*G|. Therefore, if the z;; were

Haar-uniform, then (1.1)) would be an exact equality.

If the z;; are only assumed to be e-balanced, not Haar-uniform, then the combined contri-
A

2
bution of F-special C' to P[F o X,, = 0] is still |G—|€| Therefore, we need to show that the
combined contribution of the C' that are not F-special is small.

Wood shows the following.

Lemma 1.3.3. [23, Lemma 4.2] If £ # 1 is a p™-th root of unity and x € Z, is e-balanced,
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then
[E[£*]| < exp _p?_m .
This lemma implies that

[1 E|BlC.FIG)"]

1<j<i<n

< exp (—ﬂ < [{(i,4) : EIC, Fl(i,j) # 1}|) |

The C that are not F-special will have at least one coefficient E[C, F|(i, j) that is not 1. If

a large number of the coefficients are not 1, then that C' will have a small contribution.

If ' is a code of distance dn with image G, then Wood partitions Hom(Zj, G*) into those C
that are (v, F')-robust and those that are not (v, F')-robust. Here v > 0, is an independent

parameter to d. She shows the following.

1. Most C' € Hom(Zy, G*) are (v, I')-robust. The number of C' that are not (v, F')-robust

is at most exp(O(yn)).

2. If C € Hom(Zjy,G*) is (7, F')-robust, then the number of coefficients E[C, (7, j) that
are not 1 is at least Q(ydn?). In particular, C' is not F-special. Here, the 2 notation

means bounded below by a positive constant times ydn?.

3. If C € Hom(Zjy, G*) is not F-special, then the number of coefficients E[C, F|(4, j) that

are not 1 is at least Q(dn).

By point 2, the combined contribution of C' that are (-, F')-robust is at most

1G] exp(—Q(evbn?)) = exp(—Q(eyon?)).

GI"
By points 1 and 3, the combined contribution of C' that are not (v, F')-robust and not F-
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special is at most

1

G exp(O(yn)) exp(—£2(edn)).

Thus, the combined contribution of C' € Hom(Z;, G*) that are not F-special is at most

1

W< |G|" exp ( — Q(evon®)) + exp (O(yn) — Q(eén)))

We can choose a sufficiently small v > 0, so that this is #0(1). By including the contribu-

tion of C' that are F-special, it will follow that

P[F o X, = 0 € Hom(Z!', G)] = |c§|” ( A2G] + 0(1)),

which is stronger than ((1.1)).

This is true for all F' that are codes of distance dn with image GG. The number of F' that are
codes is |G|" (1—o0(1)). Therefore, the combined contribution of codes to E[|Sur(Coker(X,), G)|]

18

GI" (1= o(1))

ek (182G] + o)) = A%

The only thing that is left is to show that the combined contribution of F' that are not codes
goes to 0. Fix such an F', and suppose its d-type is (G, H), where H is a proper subgroup
of G and [G : H] = D > 1. Define

o={i€n]: F(e;) ¢ H}, T={i€n|: Fle) € H}.

Thus o U7 = [n]. By reordering the basis vectors if necessary, we may assume that the

indices in o come first and the indices in 7 come last.
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Let V, and V; be the submodules of Z} generated by {e; : i € o} and {e; : i € 7} respectively.

Let
F, .= F|y, € Hom(V,,G), F; = F|y, € Hom(V;, H).

By the definition of -type, we know that |o| < log,(D)dn and it can be shown that F’ is a

code of distance dn with image H. Since H C G, we know that o # ().

We now write the symmetric matrix X,, in block form as

XU,U XO',T
XT,U XT,T

We know that X,, = X[ and that X, and X, are symmetric.

The condition F'o X,, = 0 means that F,o X, ,+F,0X,, =0and F,o X, +F,0X,. =0.

In particular,

P[FoX,=0]<PF,oX,,=—-F,0X,,]

Since F; € Hom(V;, H), we know that F; o X, € Hom(V,, H). Therefore,

P[FT o XT,T = _Fo o XO',T]

= IP’[FT oX,,=-F,0X,,|F,oX,, € Hom(V,, H)} x P[F, o X,, € Hom(V,, H)].

Since X, , is independent of X, . and F; is code of distance on with image H, (1.2) tells us

that

IP’[FT oX,,=—-F,0X,,|F,oX,, € Hom(V,, H)] <K

|H|IT|'
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Since ¢ is nonempty, the condition F;, o X, . € Hom(V,, H) is non-trivial. Using the fact

that each z;; is e-balanced, Wood shows that

P[F, o X,, € Hom(V,, H)] < (1 —¢)l.

Combining this with the previous estimate gives

P[F o X, = 0] gK(l_e)lTl

) = () ewown

As we saw in the directed case, the number of I € Sur(Zy,G) of é-type (G, H) is at most
|H|" exp(O(dn)). Therefore, their combined contribution to E[|Sur(Coker(X,),G)|] is at

most
K(1—¢€)"exp(O(on)).

If we choose a sufficiently small § > 0, then this will go to 0. It follows that the combined

contribution of all F' that are not codes of distance dn goes to 0 as n — oo. Hence

lim E[|Sur(Coker(X,),G)|] = |A*G].

n—oo
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Chapter 2

Distribution of Sandpile Groups of

Random Directed Bipartite Graphs

Abstract

Fix a prime p and a constant % < a < 1. Consider the random directed Erdés—Rényi
bipartite graph G(n, [an] ,v) with bipartition (Vi, V3) of sizes [Vi| = n and |V3| = [an], and
edge probability 0 < v < 1. Bhargava, DePascale and Koenig in [I] conjectured a limiting
distribution for the p-Sylow subgroup of the sandpile group of G (n, [an],v) as n — oco. We

prove this conjecture.

Similar results have previously been proved by computing the expected number of surjections
from the random abelian p-group onto H, for each finite abelian p-group H. However, in
the case of p-Sylow subgroups of sandpile groups of random directed bipartite graphs, these
surjective moments often diverge to infinity, despite the conjectured limiting distribution
having finite moments. We resolve this by restricting to a high-probability subset of graphs

on which the surjective moments are well-behaved, and discarding a rare exceptional set of
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graphs whose contribution to the distribution vanishes but whose contribution to the sur-
jective moments often diverges. Computing the conditional surjective moments on the good

set and applying Wood’s universality theorem yields the desired convergence in distribution.

2.1 Introduction

Fix a prime p throughout the paper. Define the g-shifted factorials

(259), =1 —2)(1—2q)---(1— xqifl)‘

Let T be a directed graph on vertices 1,...,n without any loops. Write deg(i,5) for the
number of directed edges ¢ — 7, and set deg(j) = ZM# deg(i, j), the in-degree of the

vertex. Define the Laplacian L(T) by

deg(i,j), 1#j, "
Li; = so that Z Li; =0 for all j.
i=1

_deg(.])v Z:j)

Let Zg be the subset of Z" consisting of vectors that sum up to 0. Hence L : Z" — Z"
satisfies Im(L) C Z2. We define the sandpile group of T as Sg = Zy/Im(L). If T is strongly

connected, then corank(L) =1 and Sk is a finite abelian group.

Let é(n,v) denote the directed Erdés-Rényi random graph on n vertices in which each
ordered pair i — j with ¢ # j is included independently with probability v € (0,1). For
fixed v, G (n,v) is strongly connected with probability tending to 1 as n — oo. Consequently,

the sandpile group S@( is a finite abelian group with probability tending to 1.

n,v)

For 0 < u < p, the measure P, ,, is defined as

_lapest
Paal® = 11 (53
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Koplewitz [12, Theorem 1] shows that as n — oo, the distribution of the Sylow p-subgroups
of the sandpile group of a directed Erdés-Rényi random graph with n vertices converges to

P

[e.9]

B =

Theorem 2.1.1. [12, Theorem 1] Consider a finite abelian p-group G. Then for a random

directed graph é(n, v),

lim P[(Sg,.))p = Gl = P

1

n—00 ’ ’p

Nguyen and Wood [17, Theorem 1.6] determined the distribution of the entire sandpile group
of a directed Erdés-Rényi random graph as n — oo.

Theorem 2.1.2. [17, Theorem 1.6] Consider a finite abelian group G. Then for a random

directed graph é(n, v),
. o~ 1 & DU
i PlSei = ) = ey LLO® ™

Meészaros also determined the distribution of the Sylow p-subgroups of sandpile groups of
random d-regular directed graphs [15]. Suppose d > 3. The random d-regular directed
graph D,, is obtained by choosing d independent uniform random permutations mq,..., 7y
of {1,...,n} and, for each v € {1,...,n} and 1 < j < d, adding a directed edge from v to

mj(v). Let Sp, denote the sandpile group of D,,.

Theorem 2.1.3. [1J, Theorem 1.1] Consider a finite abelian p-group G. Then we have

llIIl P((SDn)p = G) = Poo,l(G)-

n—oo

We consider random directed bipartite graphs. Let ny > ns be positive integers and fix v €
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(0,1). The directed Erdds-Rényi random bipartite graph C_j(nl,ng,v) is a directed bipartite
graph with vertex sets 1V of size n; and V5 of size ny where each of the 2nyny potential
directed edges from V; to V5 and V5 to Vj is included independently with probability v. We
are most interested in the case where n; and ny go to infinity together and ny = [an, | for a
fixed constant 0 < o < 1. We write éa(n, v) in place of é(n, [an],v). Let S@a(n,v) denote
the sandpile group of the directed graph éa(n,v). Bhargava, DePascale and Koenig in [I]

conjectured the distribution of the Sylow p-subgroup of the sandpile group Sgs_

(nv)”
Conjecture 2.1.4. [1] Consider constants 0 < v < 1 and % < a <1 and a finite abelian

p-group G. Then

lim (S5, (,.)p = G] = P

n—oo
Note that the limit does not depend on the edge probability v. Our main result is to prove
this conjecture.

Theorem 2.1.5. Consider constants 0 < v < 1 and % < a <1 and a finite abelian p-group

G. Then

The distribution of the p-ranks of S@a(m) was determined by Bhargava, DePascale and
Koenig in [I]. It is shown in [I0] that this is consistent with Conjecture [2.1.4]

Theorem 2.1.6. Let p be prime, 0 < v < 1 and é <a<1. Then

1 (# ) 5)
lim Plrank((Sg_(,,))p) =711 = =)

n—oo
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In upcoming work [21], we study random undirected bipartite graphs. For odd p, we deter-
mine the distribution of the p-Sylow subgroups of their sandpile groups. For p = 2, where
an interesting special distribution arises, we do not completely determine the distribution,

but we prove several intermediate results.

2.1.1 Random Matrix model

Let Z, be the ring of p-adic integers. Fix 0 < € < 1 for the rest of the paper. A random

variable x taking values in Z,, is called e-balanced if for each a € Z/pZ,

Plx=a (modp)]<1—e

We consider a random matrix model for the Laplacian of éa(n, v) as a random matrix

Ly ny € My, 40,(Z,) as follows:

— Z blj 0 Ce 0 a1 a19 e A1ny
0 - Z ij e 0 921 929 . A2ny
0 0 cor = bny an Unya oer Gy
LnlynZ = )
bn b21 e bn11 — Z ;1 0 N 0
b12 b22 .. bn12 0 - Z a2 ... 0
b1n2 b2n2 Ce bn1n2 0 0 cee o T Z CLMQ_

where all a;; and b;; are e-balanced and independent. Now, Ly, n, € Hom(Z1*"2, Zn1+72).
Let Z, consist of the vectors in Zj whose entries sum to 0, so Im(Ly, n,) © Zpyyn,. We
denote G(Ly, ny) = Znytny/ Im(Ly, ny). In particular, if a;; and b;; took values 1 and 0 with

)

probability v and 1 — v respectively, then L% would be the random matrix arising from
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the Laplacian of the random graph C_ja(n, v). Moreover, in the (high probability) event that
éa(n, v) is connected, the random finite abelian p-group G(L%a)) would become isomorphic

to the p-Sylow subgroup of S5 (

n,w)’

One of the difficulties of working with L, ,, is that the diagonal entries depend on other
entries of the matrix. We therefore consider a related random matrix whose diagonal entries

are independent. Consider the random matrix M, ,, € M, +n,(Z,) defined as follows:

C1 0 ce 0 a1 a12 N Aing
0 Co e 0 21 9292 P A2nq
M, = 0 0 ... Chy Gml Gpy2 oo Gpyny |
b11 bgl ce bn11 d1 0 c. 0
b12 b22 c. bn12 0 d2 e 0
bing by oo by 0 0 o dy, |

where all a;; and b;; are e-balanced and c¢; and d; are Haar uniform and mutually independent.
Note that M,, ,, € Hom(Zj*"2 Z71772), so we can consider the cokernel Coker(M,, n,) =

Zritr2 [ Tm( M, iy )

For 0 < a < 1, we will denote Mfla) = M, [an) and Lq(la) = Ly [an). We will see that

Coker(M™) is easier to analyze than G(L'"), and that its analysis helps us study G(L{).

We will prove the following:

Theorem 2.1.7. Given }17 < a <1 and a finite abelian p-group G, we have

lim P[Coker(M ™) 2 G| = Py 1(G).

n—oo
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Theorem 2.1.8. Given 117 < a <1 and a finite abelian p-group G, we have

lim P[G(LWY) = G] = P, 1(G).

Note that Theorem directly implies Theorem [2.1.5]

We now briefly outline the paper. In Section 2.2] we explain the strategy of the proof. In
Section [2.3| and Section [2.4] we study the independent diagonal model. In Section [2.5] and
Section [2.6] we return to the Laplacian model. In Section [2.7] we show that the expected
number of surjections to a fixed G can diverge to infinity. Finally, in Section [2.8 we prove

several technical lemmas used throughout the paper.

2.2 Strategy

Previous results about the distribution of sandpile groups of random graphs and cokernels
of random matrices have been proven using the following strategy. Suppose G, is a sequence
of random finite abelian p-groups and v is the conjectured distribution as n — oco. The first
step is to show that the surjective moments match. That is, for every finite abelian p-group
H, we have

lim E[|Sur(Gy, H)|] = E[|Sur(G, H)]], (2.1)

n—oo

where G is a finite abelian p-group chosen according to v. The next step is to use a result,

that if (2.1]) is satisfied, then it implies that for every finite abelian p-group H

lim PG, = H] =v(H).

n—o0

The surjective moments of P, were computed by Wood in [24].
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Theorem 2.2.1. [2], Lemma 3.2] Suppose we are given a constant 0 < u < p and X is
a random finite abelian p-group distributed according to P ., Then for every finite abelian

p-group G, we have

E[|Sur(X, G)|] = |G[**&™) |

Based on this we should expect that for each finite abelian p-group H, we have

lim E[}Sur(Coker(MT(f‘)),H)H =1,

n—oo

1

lim E[|Sur(G(L{), H)|] = ]

n—oo

However, this is not always the case, as we will show in Section [2.7] These limits sometimes
blow up to infinity. The issue here is that a small subset of matrices contribute greatly to
the surjective moments while contributing minimally to the distribution. We can get around
this problem by restricting ourselves to a subset of the matrices whose probability goes to 1

as n — 0o, and computing the moments on this subset.

2.2.1 Independent diagonal model

We denote
P(Mys) = {1<i<mi [6=0 (modp)}  and  4(Myyn) = [T(My o). (2:2)

Since the ¢; are Haar-uniform, we should expect (M, »,) to be concentrated around inl.
Given a constant p > 0, we consider the subset of matrices for which |y(M,, n,) — inl < pny.

We show in Corollary [2.8.2] that the probability of this goes to 1 as n — oc.
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Given a function f that takes M, ,, as input, we denote the conditional expectation as

Ep[f(Mnl,nQ)] = E[f(Mm,nz) | V(Mo ny) — I%n1| < pm].

We also denote the expectation restricted to the event |y(M,, »,) — %n1| < pn; as

E,/o[f(Mnhnz)] Plly (M, ny) — %n1| < pny] x Ep[f(Mm,nz)]'

We will show that once we restrict ourselves to this subset, then we get the right surjective

moments and the issue of moments blowing up to infinity is resolved.

Proposition 2.2.2. Gwen ct<a<l,0<p< mln(;,a — %) and a finite abelian p-group

G, we have

lim E [|Sur(Coker(M7ga)),G)|] =1

n—oo

() ) > ng = [an].

Note that the restriction p < o — 117 is to avoid the matrices for which ~v(My"
These are the matrices responsible for the large surjective moments. If & = 1, then no matrix
can have W(M,Sa)) > ng = n. In fact, if & = 1, then the issue of moments blowing up does not

arise and one could work directly with the raw moments lim,,_,« E[| Sur(Coker(M,(Ll)), G)|l.

Once we have the moments, we can show that the desired distribution occurs using the

following result of Wood.

Theorem 2.2.3. 25, Theorem 8.2] If X,, is a sequence of random abelian p-groups and Y

s a random abelian p-group such that for every finite abelian p-group G, we have

lim E[|Sur(X,,G)[] = E[|Sur(Y,G)[] < |A*G].

n—oo
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Then for every finite abelian p-group G, we have

lim P[X, = G] = P[Y = G].

n—oo

We can now show that Proposition implies Theorem [2.1.

Theorem m Given 1—1) < a <1 and a finite abelian p-group GG, we have

lim P[Coker(M ) 2 G| = Py 1(G).

n—oo

Proof of Theorem [2.1.7 assuming Proposition[2.2.4 Fix 0 < p < min(;, o — 2). Let G, be

57

a random finite abelian p-group distributed according to

PG, =G =P [Coker(Méo‘)) ~ G | "y(MT(lO‘)) - %n‘ < pn} .
Therefore, Proposition says that

JL%EHSM(G"’G)H =1

Therefore from Theorem and Theorem [2.2.3| we see that for each finite abelian p-group

G, we have

n—oo n—oo

lim P [Coker(quf‘)) =ye) )7(M7(f“)) - %n‘ < /m} = lim P[G, ¥ G] = P 1(G).
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Note that
P[Coker(M™) = @]
=P [Coker(M,(lO‘)) =G| ‘7(]\/[7&0‘)) - %n‘ < pn] x P Hv(M(O‘)) — %n) < pn]

n

+P [Coker(MfLa)) =xea ‘V(Mﬁf‘)) - %n‘ > pn} x P Hv(M(O‘)) - %n‘ > pn} .

The result follows since Corollary [2.8.2| says that lim,, ., P Hy(Mr(La)) - %n‘ < pn} =1. O

Moreover, to prove Proposition [2.2.2] it is enough to compute the Hom-moments.

;o — YY) and a finite abelian p-group

Proposition 2.2.4. Given % <a<1,0< p< min( >

1
P

G, we have

lim EPHHom(Coker(M?go‘)), G)|] = |{Subgroups of G}|.

n—o0

We show that the computation of Hom-moments indeed leads to the surjective moments.

Proof of Proposition[2.2.3, The result follows from Proposition by induction on the
size of G. O

2.2.2 Laplacian model

Similarly to the independent diagonal model denote

D(Luy ) = {1 <i<n | by=0 (mod p)} and  Y(Lnyny) = [0 (Lnyns)| -

Jj=1

Even though b;; are not necessarily Haar uniform, as ny gets bigger 2?11 b;; would get close
to being uniformly distributed mod p. Therefore, we should still expect (L, »,) to be

concentrated around %nl. Given a constant p > 0, we consider the subset of matrices for
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which [v(Ly, n,) — %nl < pni. We show in Lemma [2.8.3| that the probability of this goes to

1 asn — oo.

Also as before, for a function f that takes L,, ,, as input, we denote

Ep[f<Ln17n2)] = ]E[f(Lm,nz) | ’7([’“1,%2) - inl‘ < pnl]v

and

E;[f(Lm’m)] = P[W(Lnl,n2> - %nl‘ < pnl} X Ep[f(Lm,m)]'

Once we restrict ourselves to this subset, then the issue of moments blowing up to infinity

gets resolved and we get the right moments.

1 1

Proposition 2.2.5. Given 213 <a<l,0<p< min(}—),a — 5) and a finite abelian p-group

G, we have

lim E,[|Sur(G(L

n—o0

¥

:—/

)

=
|

As in the independent diagonal model, the restriction p < o — % is to avoid the matrices

for which W(L%a)) > ny = [an]|. These are the matrices responsible for the large surjec-

tive moments. These matrices correspond to those bipartite directed graphs for which the

number of vertices in V; whose in-degree is divisible by p is larger than [V5| = [an]. If
()

a = 1, then no matrix can have (L") > ny = n. In fact, if @« = 1, then the issue of

moments blowing up does not arise and one could work directly with the raw moments

lim,, o0 E[| Sur(Coker(LY), G)|].

We show that Proposition [2.2.5| implies Theorem [2.1.8
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Theorem leen = < a <1 and a finite abelian p-group GG, we have

lim P[G(L) 2 G] = Py 1

Q).

Proof of Theorem [2.1.8 assuming Proposition[2.2.3. Fix 0 < p < min(%,a — ). Proposi-

p’ P

tion [2.2.5] Theorem [2.2.1] and Theorem [2.2.3] imply that for each finite abelian p-group G,

we have

lim P |G(L() = G | [4(L) - %n‘ <pn|=F

0o
n—00 )

(@)

1
P

Note that

The result follows since Lemma [2.8.3| says that lim,,_,., P ny(L%a)) — —n‘ < pn] = 1. O

Therefore, our goal now is to prove Proposition [2.2.4] and Proposition [2.2.5]

2.3 Setup for Independent diagonal model

Fix a finite abelian group G for this and the next section. Note that

My, n, € Hom(Zp+tm2, Zp12), therefore,

E o[[Hom(Coker(M,, ., ), G)]

_ S [F 0 M,y = 0 € Hom(Z[ ™, G) and | 1(Myy ) — 2ma

FeHom(Zp't"2,@)

< pnl} .

44



First note that for each F' € Hom(ZZﬁ"?, G),

P [F o My, n, =0 and |y(M,, n,) — %nl‘ < pnl}

= Y PIFoMyu=0and [(M,,,)= 5] (2.3)

SCln]:
||S\—%n1‘§pn1

a1 bi

Denote A; = : S Z;”, B, = : € Z;;?. Denote the standard basis of Zgl as
Qnyj binz

U, ..., Uy, and that of Z;? as vy,...,v,,. Also note that F' can be decomposed into Fy €

Hom(Zy', ) and F, € Hom(Zy?, (). Since the columns of M,, ,, are independent of each

other, we see that

P[(Fl, FQ) o ]\47117n2 = O and F(Mnl,nz> = S]

= HP[FQ(BZ) = —CiFl(’LLi> and C; = 0 (mod p)]

ies
X H P[Fy(B;) = —¢;Fi(w;) and ¢; Z0 (mod p)] (2.4)
i€[n1]\S
x 1] PIF(A)) = —d; Fa(v))).
j€[na]

We therefore want to estimate the probabilities appearing in (2.4). The vectors A; € Z;"
and B; € Z;? have independent, e-balanced entries. We will first compute such probabilities,

in the case when the entries are Haar-uniform.

Lemma 2.3.1. Suppose we are given F' € Hom(Zy,G) with Im(F) = H. Let X € Z3 be a

random vector whose entries are independent and Haar-uniform. Then for each h € H, we
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have

Proof. Note that for each g € H, F!(g) is a translation of ker(F). Since the Haar measure
is translation invariant, each F'~'(g) must have the same Haar measure. Finally, since the

measure of Z7 is 1, the measure of each F~'(g) is 7. O

In the case where the entries of X are e-balanced but not Haar-uniform, then we cannot
compute the probability with such a simple method. In the next subsection, we will describe
how to partition Hom(Z;'*"2, ), how to estimate the probabilities for F' in certain parts

and how to bound them for F' in other parts.

2.3.1 Codes and depth

In this subsection, we recall some material due to Wood [23, 24]. Let V = Zj with the
standard basis {v,...,v,}. Denote [n] = {1,...,n}. Given a subset ¢ C [n], we have a
distinguished submodule i, C V, which is generated by v; satisfying ¢ ¢ o and another
distinguished submodule V, C V', which is generated by v; satisfying ¢ € o. The notions of
code and d-depth were defined by Wood in [24]. Our definitions are slightly different from

hers.

Definition 2.3.2. Consider ' € Hom(V,G). It is called a code of distance d with image H

if for every subset o C [n] with |o| < d, we have F(W,) = F(V) = H.

This means not only is F' surjective to H, but it remains surjective to H as long as you do
not throw away too many basis vectors. If Im(F) = H and F is not a code, it means we can
throw away a few basis vectors and shrink the image. The depth of F' measures the extent

to which we can shrink the image without throwing away too many basis vectors.
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Definition 2.3.3. Given ¢ > 0 and F' € Hom(V, G), the d-depth of F is defined to be the
largest positive integer D for which there is a subset o C [n] with |o| < log,(D)dn such that

[F(V): F(W,)] = D, or 1 if there is no such o.

If such a o exists, then we say that F' is of -type (F'(V), F'(Vi,)). If there is no such o, then

we set the d-type to be (F(V), F(V)).
It is noted in |24, Remark 2.5] that if F' has d-depth 1, then it is a code of distance dn.

Given subgroups 7' C H C G, we denote
Sns(H,T) :={F € Hom(Z,,G) : 6 — type (H,T)}.
This gives a cover

Hom(z}, G) = | ) | Sns(H,T).

HCGTCH

In general, this union need not be disjoint, since a given F’ may have d-type (H,T') for more
than one choice of T. However, the pieces S, 5(H, H) consist of codes with image H, and

these pieces are pairwise disjoint.

First consider the case T'= H, so all F' € S, s(H, H) are codes of distance dn with image

H. For such F', Wood shows that the probability is close to ‘—é” even when X is e-balanced.

Lemma 2.3.4. [2], Lemma 2.1] Suppose F' € Hom(Zy, G) is a code of distance d with image
H. Let X € Z;; be a random vector whose entries are independent and e-balanced. Then for

every f € H, we have

P[F<X>=f]—|—;,\3exp(—%).
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Next consider the case T'C H. For F € S, 5(H,T), the probability can be bigger than ﬁ,

but Wood shows that it can still be bounded as follows.

Lemma 2.3.5. [2], Lemma 2.7] Suppose we are given subgroups T C H C G, Let X € /8
be a random vector whose entries are independent and e-balanced. Then for every f € G, we

have

GO = 1< 1= 0 (g7 +e (- ) ).

Proof. Actually the result in [24] Lemma 2.7] is for f = 0, but the same proof goes through
for any f € G. m

Corollary 2.3.6. Suppose we are given 6 > 0 and subgroups T C H C G. Denote
1 ifT=H
1l—e fTCH.

Let X € Zj be a random vector whose entries are independent and e-balanced. Then for

every ' € S, 5(H,T) and for every f € G, we have

PIF(X)=f]<e (%pr(—fg—ﬁ)).

Proof. First, consider the case T' = H, so F'is a code of distance dn with image T'. Now, if
f ¢ T, then the probability is zero and the inequality holds trivially, whereas if f € T, then

the result follows from Lemma 2.3.4

Next, consider the case 7" C H. Then the result follows from Lemma [2.3.5] O

We will also need a bound for the probability that F'(X) belongs to another subgroup.
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Lemma 2.3.7. Suppose we are given 6 > 0, subgroups T C H C G and another subgroup
T CG. Let X € ZZ be a random vector whose entries are independent and e-balanced. Then

for every F € S, 5(H,T), we have

P[F(X) € T'] < (% + exp ( - %)) .

Proof. Denote D = [H : T]. Consider the map 7= : H — H/(HNT'). SomoF €
Hom(Zy, H/(H NT")). Moreover, F(X) € T" if and only if (7 o F')(X) = 0. There is some
o C [n] with |o| < dnlog, (D) such that F'(Vi,) =T

Also,
F € Hom(WK, ® V;,G) = Hom(W,, G) @ Hom(V,, G),
so we can decompose F' = (F,, F,) and X = (X\,, X,). Note that

(mo F)(X) = (mo F\;)(X\s) + (m o F5)(Xo).

We will show that 7 o I, is a code of distance dn with image m(7"). Assume for the sake
of contradiction that this is not true. This means there is some proper subgroup L C m(T')
and 7 C [n] \ o with |7| < én such that (7 o F)(Vi(,ur)) € L. Hence F(W(our)) € 7 1(L).
We also know that F'(VA,urn) € F(W,) = T, and hence F(W(,ur)) € 7 (L) N T. Since L
is a proper subgroup of (T, it follows that 7=*(L) N T is a proper subgroup of 7. This
means that D’ = [H : 7' (L)NT] > pD. Moreover, |0 U 7| < dnlog,(D)+dén < dnlog,(D").
However, this implies that the d-depth of F' is at least D’, which is a contradiction. We

conclude that m o F\, is a code of distance én with image (7).
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Therefore, by Lemma [2.3.4] we see that

PIF(X) € T') = P[(m o F)(X) = 0] = P[(7 0 F\x)(X\,) = —(7 0 F)(X,)]

= Pl(r o Ry)(Xyy) = —(1 0 F)(X,) | (w0 Fy)(X,) € n(T)B[(r 0 Fy)(X,) € n(T)]
1 eon
= <|7r<T>| e (- W» <k

The result follows since |7 (T')| = % O

We will also need bounds on the sizes of S,, 5(H,T"). We start with the case T' C H.

Lemma 2.3.8. [253, Lemma 5.2] Given subgroups T'C H C G, denote D = [H : T| > 1.

Then we have

n
H.T)| < TnD(Slogp(D)n‘
’Sn,ﬁ( ) )’— ((Mogp(D)nw _1)‘ ’

Denote the binary entropy function as H(«a) = —alogy(a) — (1 — a) logy(1 — ). It is known
that (§) <2 ()2 and that H(a) < 2y/a. It follows that (%) < 22V, The following corollary

follows at once.

Corollary 2.3.9. Given D > 1 and subgroups T C H C G with [H : T] = D, we have

|Sn 5(H, T>| < on dlog,(IGI) ’T|n Délogp(D)n'

Given a group G, let K¢ be the number of subgroups of G. We estimate the size of S, 5(H, H).

Lemma 2.3.10. Consider 0 < § < There is a constant cgs > 0 (depending on G

1
3log,(IG])

and §), such that for each subgroup H C G

H|" (1 Kgexp(—casn) — Kg2 ™) < [Ss(H, H)| < |H[".
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Proof. The upper bound follows from the fact that
Sns(H, H) C Hom(Z,, H).
Moreover,

Hom(Zy, H) \ S, s(H, H) = | ] 8,5(H,T) UHom(Z}, T).

TCH

The number of T is at most K¢, and

[H|"

[Hom(Z7, T)| = |T|" < >

Denote [H : T| = D > 1. Then we know that
1S, 5(H, T)| < 2™ /510g,(|G]) H|" D-rHlog,(D)n < H|" <2\/6logp(\G|)—1+610gp(|G|)>n.

The bound on § also ensures that , /0 log,(|G|) — 1+ dlog,(|G|) < 0. The result follows. [

2.4 Independent diagonal model

We have fixed a finite abelian p-group G. Recall that given § > 0, we can partition

Hom(Z;*, G U U Snys(Hy, Th),
H1CG T CH;y

Hom(Z2,G) = | ] |J Sws(Ha,To).
HyCG T>CHo

We will show the following.

Proposition 2.4.1. Given % <a<land0<p< min(%, a— }D) and a finite abelian p-group
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G, there is 6 > 0 such that for any subgroups Ty C Hy C G, Ty C Hy C G, we have

. (@) _ (@)y _ 1
?}LIEO Z Z P |:(F1,F2) oM™ =0 and |y(M;*) pn‘ < pn]

Flesn,(s(HlaTl) FQES[QHLJ(H%TQ)
1 ?;le:leTQ:HQ

0 otherwise.

This will imply Proposition [2.2.4]

Proposition . Given ]lj <a<1,0<p<min(a-— %) and a finite abelian p-group
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G, we have

lim E, HHom(Coker(Méo‘)), G)|] = |Subgroups of G|.

n—o0
Proof of Proposition assuming Proposition [2.4.1. Proposition [2.4.1] implies that

lim [, [|Hom(Coker(M ), G)|] = |Subgroups of G|.

n—oo

The result follows from Corollary [2.8.2] O

On each piece, our goal is to estimate
P [(F1, Fy) o My, = 0 and |y(M,,,) — %nl‘ < pnl} .
This probability can be decomposed as shown in ([2.3)) and ({2.4)).

2.4.1 Main term

In this subsection, the only requirement we put on J is that 0 < § < and we focus

1
3log, (IG])

on the case when T} = Hy =T, = Hs. Denote this subgroup as H. This means that Fj is a
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code of distance dn; with image H and F5 is a code of distance dns with image H.

We start by estimating the probability that (Fy, Fy) o M, ,, = 0 and I'(M,, ,,,) = S for a

fixed subset S C [n4].

Lemma 2.4.2. Suppose 110 <a<l1l,an; <nyg <mnyand S C [nq]. If H is a subgroup of

G, 1 € Hom(Z;', G) is a code of distance ony with image H and Fy € Hom(Z,?,G) is a
code of distance ony with image H. Then, for sufficiently large values of ny (depending on
G,€,0,), we have

PI(F. F))o M. —0 and (M. )= — —— (1 Ly* ™ _1L__
[( 1, 2)0 n17n2_0an ( "17n2)_ ]_W< _]_7> ‘H‘”1+n2

< 1 1 1 n1*|5|4 1 edan,
<m(-3) Mg o (- Top)

Proof. We estimate each term in the product given by (2.4]). First, for i € S, we know that

P[Fy(B;) = —c¢;Fi(u;) and ¢; =0 (mod p)]
=Pl; =0 (mod p)|P[Fo(B;) = —¢;Fi(u;) | ¢; =0 (mod p)]

B Z%P[Fz(Bi) = —¢Fi(u;) | ;=0 (mod p)].

Moreover, Lemma tells us that

1 eon edan
PlF(B;) = —ciFi(u;) | i =0 (mod p)] — ﬁ’ < exp ( - ﬁ) < exp < - |G—|21)

For i € [n4] \ S, we similarly see that
P[Fy(B;) = —c¢;Fi(u;) and ¢; #0  (mod p)]

=Ple; Z0 (mod p)|P[F(B;) = —¢;Fi(u;) | ¢; 20 (mod p)]

= (1 = 2)P[Fy(B;) = —c;Fi(u;) | ¢; #0  (mod p)].

p
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Moreover, Lemma tells us that

1 eon edan
‘P[FQ(Bi) = —cFi(w) | ¢; Z0 (mod p)] — TH]| = &P ( - |G|22> < exp ( B |GI21>'

Finally for j € [ny]|, Lemma tells us that

1 eon edany
V= —d Fy(v))] — —| < — A5 ) S TR
‘]P)[Fl(AJ) d]FQ(U])] |H|‘ — eXp( ‘GP) - eXp( ’G|2 >

Now, in order to apply Corollary we need

eXP<_efg\gl)<L
9z —1  |H|

This inequality holds for sufficiently large n;, since the limit of the left hand side is 0.
Therefore, Corollary tells us that

1 1
P[(F17F2) o My, n, = 0 and F(Mnl,nz) = S]

(L= [H]
1 edan,
< 2(n1 + TZQ)W exp ( — W)
The result follows. [

Next, we sum over the different subsets S C [n;] that satisfy ’|S | — %nl < pny.

1
p’

Corollary 2.4.3. Suppose zla <a<1,0<p<min(:,a— %), any < ny < ny and H is
a subgroup of G. Suppose that Fy € Hom(Zy',G) is a code of distance ény with image H

and Fy € Hom(Zy?, G) is a code of distance dny with image H. Then, for sufficiently large
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values of ny (depending on G, ¢€,0, ), we have

1
‘]P) [(Fla FQ) © Mm,m =0 and ‘V(Mnlmz) - %nl‘ < ,0711} - W
1 edany 2 9
§4H1Wexp<— |G|2 ) ‘H‘”1+n2 eXp(—2p Tll).

Proof. We sum the estimate of Lemma [2.4.2 over the different S C [n,] with ‘|S| - %nl’ <

PN,

1 ny—
P [(Fl,FQ) o My, n, =0 and "y(Mmm) — %nl‘ < pnl] - W Z (7;1)#( B %) k

k:|k7%n1 |§pn1

<4 1 ( 65an1>
n—————exp| —
— 1 |H’n1+n2—1 p |G|2

Lemma [2.8.T] implies that

1 ni\ 1 1\m—k 1 2 )
S — —(1- _) - < —2p%n,). O
|H|n1+n2 Z k) k ( P |H’n1+n2 — ‘H‘n1+n2 exp ( P nl)

k:|k7%n1 |§pn1

We now sum over the different Fy € S,5(H,H), F» € S,s(H,H). Here we will use our

estimate for the size of S, s(H, H).

1

Proposition 2.4.4. Suppose % <a<l1l,0<p< min(;,a — %), H is a subgroup of G and

0 is a constant satisfying 0 < 6 < Then, we have

1
3log,(IG]) "

Tim Y oo [(Fl,FQ) o M) =0 and |y(M©) — %n) < pn] ~ 1

Flesn,é(HzH) FQES[an],é(H’H)
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Proof. Let ny = n and ny = [an]. Corollary implies that

‘ Z Z P [(Flv FQ) o Mnlmz =0 and "Y(Mnhnz) - %nl‘ < pnl}

Flesnl,é(HvH) FQGSnQ,é(HvH)

N |Sn1,5(H7 H)| |Sn2,5(H> H)|
‘H|n1+n2

edan,

§4n1]H]eXp<—|G—|2

) + 2exp ( — 2p2n1).
Lemma [2.3.10] tells us that

[HI" = K |H™ ((exp(=caam) +27) <18, (H, H)| < |H™
and

\H[™ — K¢ |H|™ (exp(—cG,m) n 2*”2) <S5 (H, H)| < |H|™ .

Therefore,

|Sn1,5(H7 H>| X |Sn2,5(H7 H)’ - |H‘n1+n2

< Kg ]H]"1+n2 (exp(—cG,(gnl) +27™ + exp(—cgsna) + 2*”2>.

This implies

‘ISnla (H, H)| % |Sn, 6(H, H)|

H[ - 1' < 2Kg<exp(—cG,5an1) + 2’°‘"1>.

The result follows.
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2.4.2 FError term

We are now left with the case when 17, H;, 15, Hy are not all the same. So at least of the

following hold:

[ Tl ng,

[ TQ QHQ,

L] Tl #TQ

We will actually split this further into the following cases:

[ Tl ng,

o 1, C Hy;

T Z Ts;

Ty €T and o # 1;

T1:H1,T2:H2,T1§T2anda:1.

For t € {1,2}, denote

1—6 lfj—’tgHt

[T

We will consider Fy € S, s(H1,T1) and F; € S, 5(Ha, 1) and bound

P (Fl, FQ) o Mnl,ng = (0 and V(Mm,nz) - %nl

< Pnl} .

We start by bounding the probability that (Fy, Fy) o My, », = 0 and I'(M,, »,) = S for a
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fixed subset S C [n4].

Lemma 2.4.5. Suppose c<a<land0<p< mm( a— —) Fiz S C [ny]. Consider F €
S s(H1, Th) and Fy € Sy, 5(Hs,T3). Assuming any; < ny < ny and that ny is sufficiently

large in terms of G, «, 0, €, then

]P)[(Fh F2) © Mm,nz =0 and F(Mm,nz) = S]

. er’e edan
< (%)Isl(ﬁ) T ] S S S (1 + 4 |G| ny exp ( - ]GPl))
1 2

< [ Y. PUR(B) = Fi(w)

i€[n1\S 1e(Z/|G|Z)*

Proof. Recall from ([2.4) that

P[(F1, Fy) 0 My, n, = 0 and I'(M,y, 5,) = 5]

= [[PleiFi(w) + Fa(B;) =0 and ¢; =0 (mod p)]
€S

x ] PleFi(uw)+ Fa(B)=0and ¢; 20 (mod p)]
i€[n1]\S

x |1 Pld; Falv)) + Fi(4;) = 0].
Jj€lna]

For each j € [ng], we know from Corollary that

P[F1(4;) = —d;F3(v;)] < ey <|;1| + eXP( TZT;)) :

Similarly, for each i € S, we know by Corollary that

]P)[CZFl(Uz) + FQ(BZ) =0 and G = 0 (HlOd p)]

— P[Fy(B,) = —iFy(us) | ¢, =0 (mod p)|Ple; =0 (mod p)]
1 E(S?”Lg 1
(|T2|+ p(‘W» “p
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Finally, consider ¢ € [n;] \ S. Note that even though ¢; € Z,, the value of ¢;F;(u;) only

depends on ¢; (mod |G|). Therefore, we see that

Ple;Fi(u;) + Fo(B;) =0 and ¢; #0  (mod p)]
= Y PR(B)=—kFi(uw)Plc =k (mod |G])]

ke(Z/1G|Z)*

_ﬁ Z P[ng(Bi):Fl(ui)]-

It follows that

]P)[(FhFZ) o My, n, = 0 and F(Mm,nz) = S]

1 eon 2 1 eon 151
< (1YISI( 1 ym—IS] na _ & 5| L
< ()™ A (mﬁep( !GP)) & g ee (- am)

< [ Y. PIR(B) = Fi(w)

i€ \S Ie(Z/|G|Z)*

If ny is sufficiently large to ensure

edan
eXP<— |G’\21) 1 11
< < min (— —)

27 — 1 G~ T3] T2

then we are done by Corollary O

Next, we sum over the different subsets S C [n,] that satisfy ‘|S | — %nl

< pny and also over

different Fy € S,, 5(H1,T1) and Fy € Sy, 5(Ha, Th).

For each I} € Hom(Zy',G), there is some o C [ni] with o] < dlog,(D1)ny such that
Fi(W,) € T1. We will consider fixed subsets o C [n;] and sum over those Fy € Hom(Z}', G)

for which F;(W,) € T1. We will denote the sum over such F as ZFI:U.

Proposition 2.4.6. Suppose % <a<1land0 < p < min(a — % é) Assume that the

Y
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subgroups Ty € Hy C G and Ty, C Hy C G satisfy at least one of the following
o TN C Hy;
o 15, C Hy;
o TN Z Ty
o Ih T and a # 1.

Assuming § > 0 is sufficiently small in terms of these, we have

Tm > S0P [(Fl,Fz) o M® =0 and |y(M®) — %n) < pn] —0.
Fy ESn,g(Hl,Tl) FQES[O‘”L(;(HQ,TQ)
Proof. Denote Dy = [H; : T1], Dy = [Hy : T3], ny = n and ny = [an]. First, consider a fixed

S C [n1]. Then we have

Z Z ]P[(F17 F2> o M7(La) - 0 arld F(MT(LOL)) = S]
F1€8,,,s(H1,T1) F2€Sn, 5(H2,T2)

na _|9S|
€17 €

dan
e T Gl |G\2>

x>y > I > Pur®)=rFw).

F268n2 5(H2 TQ) F1€Sn1 5(H1 Tl) Ze[nﬂ\s lE(Z/‘G|Z

We will fix a choice of F,, and bound the sum

> I X rusB)=Fw)

F1€8n, 5(H1,Th) i€[m]\S I€(Z/|G|Z)*

We write V' = Z;*. For a subset o C [n1], denote by V,, the subgroup of V' generated by u;
for i € o and V4, to be the subgroup of V' generated by u; for i ¢ o. Each Fy € Hom(Z}', G)

with d-depth Dy and type (H;,T1), has some o C [ng] with |o| = ¢log,(D1)n; such that
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Fi(Vi,) € Ty and Fy(V,) C Hy.

We fix a choice of o C [n4] (in addition to fixing F, and 5).
e For i € SNo, we have |H;| choices for Fy(u;).
e Fori € S\ o, we have |T}| choices for Fy(u;).

e Fori e O'\S, Fl(uz) S Hl, SO

Yoo > PUR(B)=h= Y PIR(B)eH]<|(Z/|GZ)|=1-1)|d|.

heH1 1(Z/|G|Z)* le(Z/|1G|Z)*
e Forie (SU0o) Fi(u;) € T, so

Y Y PiR(B)=h= >  PlF(B)eT]=(1-1)|GIxPF(B) € Ti].

heTy 1e(Z/|G|Z)* le(z/1G|Z)*

By Lemma [2.3.7] this is at most
T20T1| 6577/2
et (B0 ()
1= iax (B o (-

We conclude that the sum over those Fi corresponding to ¢ is bounded by

> 11 > PlR(Bi) = Fi(uw)]

Fr:o4i€[n1]\S 1e(Z/|G|Z)*

. , - e (ITeNT eSnay \ ™ 1Y
< g 0 o (PR e (- 500 )

T3] |G|?
3 3 TN T €ono n1—|S|—|o|
<Dy TP (1=3) |G| TR e
_ _ Ty N Ty esan\\" " 7 D, |T5| o]
< T 1181 (1 — LymIsl |y |S|<|2 1L o (_ )) |
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Once n; is large enough to ensure,

v (%)
< T
9 — 1 G|

then by Corollary we have

|T2 N T1| ( 650[711) =S| |T2 N T1|n1—\S| 6(50&”1
2o _ <2200 (o |G (— —) .
( ‘T2| + exp ‘G’Q — |T2|n17|5'| + nq ’ | exp |G|2

By summing over o C [n] with |o| = dlog,(D1)n1, we see that

> [T > PuR®B)=Fw)

F1E€Sp, 6(H1,T1) i€n1|\S 1€(Z/|G|Z)*

< (s10g (o ) T 0 = By

510gp(D1)n1
Ty N Ty ( edany ) ( D, |Ty| )51°gp(D1)"1
X —————— (14 2n, |G ex ( - > .
T[] 1 [Glexp G[? 'T> N

This implies that

Z Z P[(Fy, Fy) o M =0 and T(M ) = S

" ES'IL,5 (HlyTl) FQES[an],6(H27T2)

5
. er’e edan
< (%)|Sl(ﬁ) 1 ISI% (1 + 4|G| ny exp ( . 1))

T T, G
N2 ng 02 log,(D2) ny 15| 1\n1—|S]| ni—|9]
X 5™ D X T 1—= G
(5712 Ing(Dg)) | 2| 2 <5logp(D1)n1) | 1| ( p) | |
|T2 N T1|n17\5\ 65(1711 D1 |T2| 610gP(D1)n1
LT e (- 02 .
|T2’n1—\s| + 2ny |G exp EE TN T

Rearranging the terms and using the fact that (Z) < 22‘/%, we see that the above expression
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1s at most

T mT‘ n2—|S| ’T ﬂT] ni1—nsg
1)\|S] 1— 1 nl—\S|€n2€\S\ (' 2 1 ) 2 1

dlog, (D1)n
% 22712(5logp(Dg))1/222n1(510gP(D1))1/2D(SnQIng(D2) ( Dl |T2| ) gp( 1)n1

2 T, N Ty

dan dan
X (1—|—4|G|nlexp<— E\G—Pl)) <1+2n1|G|exp<— €|G—\21>) :

Since e1,es < 1, ny = [an] and (IlJ —pn < |5 < (% + p)n we see that

s |,1—,2 m T1’ TL2—|S| |T2 ﬂ T1| ni—n2
na ||
e\ 73]

< [ popr TN T\ (TN T\ " T
-\ Th | T3] TN T
Next, note that

D, |T2‘ )510gp(D1)”1

22n2(610gp(D2))1/222n1(61ogp(D1))1/2D6n2 log,,(D2) <
2 Ty N T

2 Ty N T

nv/G
1 D
< 92008, (D2)"/? plogy(D2) (22a<logp<D2>)“222<logp(D1)>1/2 2 logp(D2) ( Dy | T3] )ng( 1))

< 92(log,,(IG])"/? |G|1ogp(|G\) (24(1ogp(|c\))1/2 |G|310gp(|G|)>"\/g'

Further note that for sufficiently large n, we have

dan dan
(1+4|G|n1exp<— €|G—|21>> (1+2n1 |G|exp<— 6|G—|21>) < 2.

We write

B — 9tllog,(1G)*/? |G|3logp(\G|) : h— |Tu(112|T ‘22(1ogp(|G))1/2 |G|10gp(|G|) 9
2 M1
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Then we see that

> > P[(Fy, F5) o M\ = 0 and I'(M®) = ]
F1€S8,,5(H1,T1) FQES[D‘”]’(S(H27T2)

ni— a%_p |T2HT1| a_i_p |T2ﬂT1| !
ook (g ()

By summing over different S, we see that

S ST PR, Fy) o M® =0 and ‘7 (M) — ‘ < pn

F1€8, 5(H1,T1) F2€8[an),5(H2,T2)
a—X— 11— n
<b (‘TQQT1|> p p(|T2ﬂT1|) B\/g
T |T5|

Note that eq, eo, |T|2;‘T1 nd |T|2;T1| are all at most one. Now, at least one of the following

holds
o 71 C Hy. In this case e; < 1 and a > 0, so ef < 1.

1_
o T, C H,. Inthiscase62<1and%—p>0,soe§' <1

sl
e Ty Z T5. In this case |T|1;‘T2| <landa—2*—p>0,so0 <\T|1£T2\> 7

11—«
e 15, Ty and o # 1. In this case £ ‘T|2| <land1—a>0,so <‘T|1£:|F2‘> < 1.

This means that in all cases

L, (ToNT| a=y=p | Ty N T
Yel _ <1.
( T3] ) 73]

We can therefore choose a sufficiently small ¢ to ensure that

1, (TN T oy T2 N Ty 3
Yl B 1.
( 7 T =
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The result follows. O

We are only left with the case Th = Hy, 1o = Hy, T7 C T, and a = 1.

Proposition 2.4.7. Suppose « =1 and 0 < p < min(a — = —) Assume that the subgroups
Ty CH CGandTy C Hy C G satisfy Ty = Hy, 1o = Hy and Ty C Ty. For § > 0, we have

lim Z Z P [(Fl, Fy) o M =0 and |y(M\™) — %n’ < pn} =0.

n—00
F1€8,,5(T1,T1) FR€S8,, 5(T2,12)

Proof. Since o« = 1, ny = ng = n. We have e; = ey = 1, F} € S,5(71,T1) are codes of

distance én with image 7} and F, € S, 5(13,T5) are codes of distance dn with image T5.

By the independence of columns of M, ,,, we have

P[(F17F2) m ny — H P F2 = _CiF1<uz')] H P[FI(AJ) = _de2(Uj)]‘

i€[na] J€[n2]
For each i € [n], we know by Corollary that

PlF2(By) = —ciFi(w)] < ’1{2| +exp ( 2?2)

For each j € [n], we know from Corollary that

P[Fi(A)) = —d; F>(v;)] < 65”)

1
—l—exp(— —= ).
| G2

|7

However, if F5(v;) € T3 \ T3, then we can get a tighter upper bound. Since Fi(A;) can only
take values in 71, if Fy(A;) = —d;Fy(v;) then d; Fy(v;) € Ty. If Fy(v;) ¢ T, this forces d; =0
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(mod p). We conclude that if Fy(v;) € T \ T1, then

PIF1(Aj) = —d;Fy(vy)] = PF1(A)) = —d; Fy(vy) | diFa(v;) € Th]Pd; Fy(v;) € T1]

< (|T11| + exp < — |€£’—7|7;)> Pld; =0 (mod p)]

1 ( 1 e ( eon >>
=—-|—+exp|——=3) ).
p \|T1| G|?
Since F3y is a code of distance dn with image T5, we know that

1{j € [n] : Fy(v;) ¢ Ty }| > on.

It follows that

At =05 (1740 (< 2)) G (g o (- )

Once n is large enough to ensure,

(@)
- 7 < ,
93 — 1 G|

then by Corollary [2.8.5] we know that

o 1ydn 1 emn
P[(Fy, Fy) o M\ = 0] <5> W<1+4”|G|exp<_w>)‘

IA
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Since |S,,5(T1,Th)| < |T1|" and |S,, 5(T2, T)| < |T»|", we conclude that

Z Z P [(Fl, Fy) o M =0 and |y(M®)) - %n‘ < pn}

P esn,é (Tlle) FQGSTL,t;(T27T2)

< Y > PR, ) oM™ =0]

F1E€8y,5(T1,T1) F2€8, 5(T2,12)
1\ dn eon
< (—) (1+47’L|G|€Xp<——>).
P G2

The result follows. O

Notice that Proposition [2.4.4] Proposition [2.4.6 and Proposition together prove Propo-
sition 2.4.1] We have seen that Proposition [2.4.1] implies Proposition [2.2.4] which implies

Proposition [2.2.2] which in turn implies Theorem [2.1.7}

2.5 Setup for Laplacian model

We continue to have a fixed finite abelian p-group G, and we wish to estimate the expected

number of surjections from G(L,, »,) to G.

We denote Sur*(Zp'*"2,G) to be the set of those maps in Sur(Zp'*"2,G), that are still
surjective when restricted to Z,, 1n,. Note that every map in Sur(Z,, 4n,, G), can be extended

to |G| maps in Sur*(Z31*"2, G). Since Ly, ,, € Hom(Zy* "2, 7, r,), We see that

B [|Sur(G(Ln, ny), G|

= Z P |:F o Ln1,n2 =0e HOIII(Z;’H_W'Z, G) and ‘V(thng) -
FeSur(Zn, 4ny,G)
1 ni4n
- i S P[FoLyu=0€Hom(Z ", G) and |y(Ln) —

FeSur*(Zp11"2 @)

Iny| < Pnl]

p

< pnl] .

We will relate this to our computations with M, ,,. Recall that M, ,, includes c; and d;

as its entries, but these do not appear in L, ,,. Therefore, the ¢; and d; are independent of
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the entries of L, ,,. Moreover, they are Haar-uniform, so we see that

P [F 0 L, n, = 0 € Hom(Z;' ™2, G) and ‘W(me) — %nl‘ < pnl}

=P [F 0 L, my = 0 € Hom(Z' ™, G) and |v(Ly, ny) — 171

< |GmF [ Ples = =) by (mod |G [ Pld Zaw (mod |G])]
i=1 j j=1

= [GI" 4P F o Ly, = 0 € Hom(Z)' ", G) and ‘V(an) ~1n,

and d; = _Zaij (mod |G]) and ¢; = _Zbij (mod |GD]

J
= |G 2P [F 0 My, n, = 0 € Hom(Z;'™, G) and "7<Mn1,n2) — %m’ < pny

and d; + 3 a; =0 (mod |G]) and i + Y by; =0 (mod |G|)]

J
Denote Fy € Hom(Zp'*"2, Z/ |G| Z), where Iy maps a vector to the sum of its entries mod

|G|. This means that

By [1Sur(G(La, n ), G)]

= |G‘n1+n2712 ]P)[(F, FO) o Mnl,ng 0e Hom(Zn1+n2 G &) Z/‘GD ( n1 nz) 11377,1‘ S p77,1:| .

FeSur*(Zy? tn2 ,G)

Note that F' € Sur*(Zp*"2, G) if and only if (F, Fy) € Sur(Z**",G @ (Z/ |G| Z)). Denote

the projections from G & (Z/ |G|Z) to G as m, and to Z/ |G| Z as m5. Denote
Sur' (Z+™ G @ (Z/) |G| Z)) = {F € Sur(Z**"™ G ® (Z/ |G| Z)) : w0 F = Fy}.

We conclude that

E,[[Sur(G(Ln, n,), G)]

2.5
= lgmet Y P[F o My, n, =0 and |y(M,, ) — iny } (2:5)

1
p

FeSurl (zp11"2 ,Ga(Z/|G|Z))
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Note that the sum in (2.5)) is closely related to the surjective (G @ Z/|G|Z)-moment of
Coker(My, n,). The difference is that we are only summing over some of the surjections
from Z7317"2 to G @ Z/ |G| Z. We will use results from the previous section to estimate the

probability that F' o M, ,, = 0 and ‘v(Mmm) — %nl < pny.

Also denote

Hom'(Z},G & (Z/ |G| Z)) := {F € Hom(Z},G & (Z/ |G| Z)) : my 0 F = Fy}.

For F € Sur'(Z"*t™ G & (Z/ |G| Z)), let Fy be the restriction of F' to Z and Fj be its
restriction to Z2. Then Fy € Hom'(Z",G ® Z/ |G| Z), F» € Hom'(Z*,G & Z/ |G| Z) and
F(Zy) + Fy(Zy?) = G © Z/ |G| Z. This means that if I is of type (H;,T) and F, is of
type (Ha,T3), then Hy + Hy = G & Z/ |G| Z. Moreover, since F' maps each basis vector of
Zy to something of the form (g, 1), it follows that m, is surjective when restricted to H, 11,

H, or T5. That is

7T2(H]_) = ’/TQ(Tl) == 7T2(H2) == 7I'2(T2) == Z/ ‘G’Z

Definition 2.5.1. We call a subgroup H of G & Z/ |G| Z, mo-full if mo(H) = Z/ |G| Z.

Given mo-full subgroups T'C H C G @ Z/ |G| Z, we denote

Shs(H,T) :=={F € Hom"(Z},G ® Z/ |G| Z) : 6 — type (H,T)}.

We will estimate the size of S} ;(H,T). We start with the case T C H. Note that the size
of S, 5(H,T) was of the order of [T'", but the size of S, 5(H,T) should be smaller because

each basis element has to be mapped to something of the form (g, 1).
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Lemma 2.5.2. Consider D > 1 and subgroups T C H C G ® Z/|G|Z such that H, T are
both mo-full and [H : T) = D. Then we have

‘ 5 H T ‘ < 2n1/25logp(\G ||£|| Délogp

Proof. Any F € S, 5(H,T) would have a o C [n], such that |o| < dlog,(D)nand F(V,) € T

F(V,) C H. By enlarging o, we can assume that |o| = [§log,(D)n]| — 1.
Now there are ([ slog, (7]‘3)”]71) choices for o and once we choose ¢ then:

e Forico, F(v;) € HNmy'(1). Since H is mp-full [H N7y (1) = Ml — DI so F(vy)

has D “ al choices.

e Fori ¢ o, F(v;) € TNy (1). Since T is also mo-full !Tﬂwgl(l)‘ = %, so F'(v;) has

]
rel choices.

< gny/6log, (IG*). O

The result follows since ([5 log (T,Lj)n}_l) <

For ease of notation we denote Lg = Kgaz/|cz, the number of subgroups of G & Z/ |G| Z.
We will now estimate the size of S} ;(H,H) for H = G @& Z/ |G| Z. We do not need this

estimate for other H.

Lemma 2.5.3. Consider 0 < § < m. There is a constant cgs > 0 (depending on G

and §), such that
lelis (1 — Le exp(—cagn) —LG2‘”> SL,(GoZ/|G|Z,GoT|G|Z)| <|G".
Proof. The upper bound follows from the fact that

5575(G ®Z/|G|Z,G®Z/|G|Z) C Homl(zg, GaZ/|G|Z).
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Moreover,

Hom'(Z7,G & Z/ |G| Z)\ S, s(G® Z/ |G| Z,G & L/ |G| Z)

= |J s.s(Gez/|G|Z,T)UHom (Z],T).
TCGRZ/|G|Z

The number of T is at most Lg, and

T o
G = 2 1GT"

|Hom'(Z7,T)|
Denote [G® Z/|G|Z : T] = D > 1. Then we know that

2n
}Sijg(G ® Z/ |G| Z, T)} < 9y /26 1og,(IG]) ’EJVL D—n+5logp(D)n < |G|n <2‘ /2(5logp(|G\)—1+5logp(|G|2)>n.

The bound on ¢ also ensures that /25 log,(|G|) —1+2dlog,(|G]) < 0. The result follows. [

Now consider F' € S, ;(H,T), for mo-full subgroups T'C H C G ® Z/ |G| Z. Let X € Z} be

a random vector whose entries are independent and e-balanced.

o If T'= H, then Lemma implies that for every f € H, we have

P[F(be]—ﬁ‘ < (- 1)

e Denote

1 itl'=H

l—e T CH.
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Then by Corollary for every f € G ®Z/|G|Z, we have

PIF(X)=f] <e (|;|+exp< IE((;TZ))

e In Lemma we bounded the probability that F(X) belongs to another subgroup.
However, for the Laplacian model, we will need to bound the probability that F'(X)

belongs to another subgroup and mo(F(X)) € (Z/ |G| Z)*.

We first bound the probability that F'(X) belongs to another subgroup and my(F (X)) €
(Z/|G|Z)*, for F € S} 5(H,T) with T = H.

Lemma 2.5.4. Suppose 6 >0 and T,T" C G © Z/ |G| Z are ma-full subgroups. Let X € Zy
be a random wvector whose entries are independent and e-balanced. Then, for every F &

S) 5(T,T) we have

PIF(X) € T and m(F(X)) € (Z/|G|Z)*] < ((1 B 5>|T|r;|T/| + |G exp ( B |€C(S;_7|i>) '

Proof. We know that 7" and 7" are all my-full. We divide the proof into two cases based on

whether T'NT" is me-full or not.

1. Case 1: T NT’ is not my-full. In this case, if F(X) € T', then F(X) € TNT’, so
mo(F(X)) ¢ (Z/ |G| Z)*. Therefore,

P[F(X) € T' and m(F(X)) € (Z/ |G| Z)*] = 0.

The result follows.

2. Case 2: TNT" is my-full. Then we know that

(TNTYNm (2] |G Z2) )| = (1= (T NnT).
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Therefore, Lemma says that

P[F(X) e T" and m(F(X)) € (Z/ |G| Z)"]

=PF(X) e (TNT)Nnmy (2] |G Z)")]
1 eon
<(1-1 " — ——].
<(1 p)|TﬂT|(|T|+eXp< |G|4>)
The result follows. O

Next, we bound the probability that F(X) belongs to another subgroup and my(F (X)) €
(Z/ |G| Z)*, for F € S} 5(H,T) without the requirement that 7' = H. This leads to a slightly

weaker bound.

Lemma 2.5.5. Suppose 6 > 0, T C H C G® Z/|G|Z are ma-full subgroups, and T" C
G ®Z/|G|Z, is another ma-full subgroup. Let X € Z be a random vector whose entries are

independent and e-balanced. Then, for every F € 3575(H, T)

PF(X) € T and m(F (X)) € (/|G| Z)"] < ((1 - >%|\‘TD +16 exp (- !GLT)) .

Proof. Denote D = [H : T|]. We know that H, T" and 1" are all my-full. We divide the proof

into two cases based on whether T'NT" is me-full or not.

1. Case 1: T'NT" is not my-full. Since T" and T" are both mo-full, this implies that 7N T”

is a proper subset of both T" and of 7”. This means that
TNT'| <, min(|T],[T7]) < (1 — ) min(|T], [T"]).

Moreover, Lemma [2.3.7] implies that
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The result follows.

. Case 2: T'NT" is mo-full. There is some ¢ C [n] with |o| < dnlog,(D) such that
F(Wy) = T. Recall that i, is the submodule of Z} generated by those basis vectors

u; for which ¢ ¢ 0. Let V, be the submodule generated by u; with i € 0. Now,
F € Hom(V,, ®V,,GOZ/ |G| Z) = Hom(W,, G®Z/ |G| Z)®Hom(V,, GBZ/ |G| Z),
so we can decompose F' = (F,, F,) and X = (X\,, X,). We know that
F(X) = F\o(X\o) + Fo(Xo).

Thus F(X) € T" if and only if F\,(X\,) = —F,(X,) (mod T"). Similarly, m(F (X)) €
(Z/|G|zZ)* if and only if m(F\,(X\s)) # —m2(F5(X,)) (mod p). By conditioning

based on the value of F,(X,), we see that

P[F(X) € T" and m(F (X)) € (Z/ |G| Z)*]

= 3" PIF(X,) = holP[F\y (X\,) = —ho(mod T"), ms(F, (X)) # ~ma(ho)(mod p)].

hoeH

For hy € H, define

Si(hg) ={h €T :h=—-hg (modT")},

So(hg) ={h €T :h=—hy (modT") and my(h) Z —ma(ho) (mod p)}.
This means that,

P[F(X) e T" and mo(F(X)) € (Z/ |G| Z)*]

= Z PlF(X,) = hO]P[F\U(X\U) € Sy(ho)].

hoeH
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We will show that for each hq, |Sa2(ho)| < (1 —2)|T'NT"|.

1
p
o If Si1(hg) = 0, then this is trivially true.

o If Si(hg) # 0, then pick hy € Si(hg). It follows that Sy(hg) = hy + T NT".
Since m(T'NT") = Z/|G|Z (this is because we are in Case 2), it follows that

|Saho)| < (1= ) 1T NT|.
By an identical argument to the one in Lemma we see that I, is a code of

distance dn with image T'. Therefore, Lemma says that

PR (X10) € Salho)] < ISath)] (5 + e (= ) ).

The result follows since |Sy(ho)| < (1 —2) |7 NT"|.

1
p

If we take 7" = G ® Z/ |G| Z, then F(X) =T’ is automatic. We are therefore left with the

probability that mo(F (X)) € (Z/ |G| Z)*. We note this in a corollary.

Corollary 2.5.6. Suppose 6 >0, T C H C G®Z/|G|Z are ma-full subgroups. Let X € Z

be a random vector whose entries are independent and e-balanced. Then, for every F &

Srlz,ci(H? T)

Plna(FCO) € (/16120 < (= D+ 16 e (- 1) )

Proof. Take T" = G ® Z/ |G| Z. O

2.6 Laplacian model

Recall the following:

I6)



1. We had shown in (2.5) that

Ey[|Sur(G(Ln, my), G|

= |Gq et Z IP’[F o My, n, =0 and |y(M,, n,) — %nl‘ < pnl}.
FeSurl (2112 .Ga(2/|G|Z))

2. Bach F € Sur'(Z"*™ G & (Z/|G|Z)), can be decomposed as (Fy, F3), with F} €
Hom'(Z!,G & Z/ |G| Z), F, € Hom' (Z*, G & Z/ |G| Z) satisfying Im(F}) 4 Im(F,) =
GaZ/|G|Z.

3. Given § > 0, the set of (F}, F,) appearing this way can be partitioned as follows:
Consider H; and Hy to be mo-full subgroups of G @ Z/|G|Z such that H; + Hy =
G ®Z/|G|Z. Let T\ be a mo-full subgroup of H; and T3 be a mo-full subgroup of Ha.
Then we consider F} € S£175(H1,T1) and Fh € 8711276<H2,T2). On each such piece, our

goal is to estimate

P|(Fy, Fy) 0 My, = 0 and |y(M,, ,) — tny

< pnl] .

We will show the following.

1 1

L 5o — ) and a finite abelian

Proposition 2.6.1. Given 5 < a < 1 and 0 < p < min(
p-group G, there is 6 > 0, such that for any mo-full subgroups Ty € H; C G & Z/ |G| Z,
T, CH, CGB®Z/|G|Z with HH + Hy = G & Z/ |G| Z, we have
n—oo
FlES;L’s(Hl,Tl)FQES%an-"(;(HQ,TQ)
& T =H =T,=H=GaZ/|G|Z

0 otherwise.
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This will imply Proposition [2.2.5]
Proposition . Given i <a<l,0<p< min(}%, a— %) and a finite abelian p-group

G, we have

lim E,[|Sur(G L(o‘)),G)H = —.

n—oo

N 1
Tim E7[ Sur(G(LIY), G)|] = ek
The result follows from Corollary [2.8.2] O]

2.6.1 Main term

In this subsection, we consider the case
H1 :HQ :Tl :T2 :G@Z/lG’Z

These will contribute to the main term. In this case F; and F; are codes of distance dn, and

dng respectively with image G & Z/ |G| Z, we can therefore use Corollary [2.4.3]

1 1 1

Lemma 2.6.2. Suppose s<a<l,0<p< min(}—j,a — 5) and 0 < 6 < and

61log, (|G|)
La, cgs be the constants from Lemma [2.5.3  Suppose any < ny < ny. Denote S; =
Sy s G@®ZL/G|Z,G®L/|G|Z) and Sy = S, 5(G ® L/ |G|Z,G ® Z/|G|Z). Then, for

sufficiently large values of ny (depending on G, ¢€,d, ), we have

)6

2L
| exp(—cgsany) + S gmam,

|G|

|G|n1+n2 1 (Z Z [ F17F2 Mn1,n2 =0 and ‘7<Mnlvn2) B %nl

F1e8, FoeSy
edan

<dny |G|exp<— e

)—i—iexp(—Qp nl) —|—2L
|G| G
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Proof. We know from Corollary that for sufficiently large values of nq, for each F; € 5

and F, € S5, we have

1
P |:<F1, FQ) @) _Z\fnl,n2 =0 and ‘V(Mm,nz) — %nl S pnl} — ‘GE(T”?)
1 edan, 2
<4dny—————=exp < — ) exp ( — 2p°n4).
|G|2(n1+n2—1) ‘G|4 |G|2(n1+n2) ( )

We sum over these F} and Fy. As an upper bound we use [S;| < |Hom'(Z!", G ® Z/ |G| Z)| =
IG|™, |S2| < [Hom'(Z22, G & Z/ |G| Z)| = |G|™.

Sil IS
‘ < Z Z P [(Fl,FQ) 0 My, n, = 0 and "y(Mmm) — %nl‘ < pn1]> — léé!%

F1e851 F2e82

edan, ) 1

1
< dny—— (_ PN Lo exp (- 20%ny).
= s |G|n1+n2—2 exp |G|4 |G|n1+n2 exp ( P nl)

By Lemma we see that

G = L |GI™ ((exp(—caam) +27) < |Si] < [GI™,
and

GI"™ = La |GI™ (exp(—casma) +27) < |S] |G
Therefore,

IRTEAR

< Lg|G|m™™ (eXp(_CG,énl) + 27" 4 exp(—cgsn2) + 2_n2>~

This implies

S S —Qan
‘% - 1‘ < 2LG<eXP(—CG,éa”1) +2 1)'
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We conclude that

ni+no— 1
lelichaca (Z Z [(F1, Fy) o My, n, =0 and ‘7 nlng)—%nl‘ §pn1]> miTel

F1e€81 F>eSs

g1 — |S1] 1.5,
el 1+n2—1 (Z ZPFI,FQ M., n, = 0 and ‘7 mng)—%nl < 1]>_|G]2(T”2)
F1eS51 FoeSs

L [S15] 1‘

|G| ‘Glm—i-m
< 4n, |G ( 650‘”1) L2 exp (—20%m) + 2L ( ( )+2—°m1>
<4n,|Glexp | — —— — exp pony a1 | exp(—casany )

G|* G G
The result follows. O

By setting ny = [any] and letting n; — oo, we obtain the following.

fre 1 1 1
Proposition 2.6.3. Suppose ;<a<1,0<p< mln(p a — 5) and 0 < § < §Tog, 1G] -

Denote Sy = S 4(G ® Z/ |G| Z,G ® Z/ |G| Z) and S = S}, (G B L/ |G| Z,G & L] |G| Z).

Then, we have

nh_}ngo\G|"Ha"1 ! Z Z [(Fy, Fy) o M =0 and |y(M®) — in <pn]=—.

F1e81 Fr€82

2.6.2 FError term

We are now left with the case when Ty, Hy, Ty, Ho, G ®Z/ |G| Z are not all the same. Since
Hy+ Hy=G®7Z/|G|Z, at least of the following must hold:

o 1) C Hy;
o TH C Hy;
o T #£T.
We will actually split this further into the following cases:
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T C Hy;

T, C Hy;

T1 Z T2 and TQ = HQ,

Tg,@Tl,ngHganda%l;

T1:H1,T2:H2,T1§T2anda:1.

For t € {1,2}, denote

1—¢€ lfﬂgHt
[

n

We will consider Fy € S} 5(Hy,T1) and F; € S, 5(Hy, T»).

Proposition 2.6.4. Suppose % <a<1land0 < p < min(a — %,%). Consider mwy-full

subgroups Ty C Hi CG®Z/|G|Z and Ty, C Hy C G ® Z/ |G| Z that satisfy at least one of

the following

Tl _’C,_ Hl;'

T2 _,C,_ HQ;'

Tl Z T2 and Tg = Hg,’

TQQTl,TQZHQ andoz;él.

Assuming § > 0 is sufficiently small in terms of these, we have

lim |Gt N > [(Fl,FZ) o M =0 and |y(M®) — %n‘ < pn} =0.

n—oo
FE€S) 5(H1,Th) FQES%mM(HQ,Tg)

80



Proof. Denote Dy = [Hy : T1]|, Dy = [Hy : Ts], ny = n and ny = [an]. First, consider a fixed
S C [n1]. By Lemma we know that

Z Z P[(Fy, Fy) o M® =0 and T'(M ) = 9]
ReS, s(H1Th) RES, (HaTp)

2 el
1 62

edan
—_ 1+4|G|2nlexp(— >)
(T3] [T < G|*

x>y > I > Pum®B)=Fw).

F2€Sn 5(Hz, TQ)F1681 s (H1,Tv) i€[m]\S 1e(Z/|G|Z)*

< (%)Isl(ﬁ)m—lsl

We will fix a choice of F,, and bound the sum

SO0 Y PURB) = Ruw).

Res, s(H1,T)icm\SIe(Z/|G|Z)*

We write V' = Zpt. For a subset o C [n,], denote by V, the subgroup of V' generated by u;
for i € o and V4, to be the subgroup of V' generated by u; for i ¢ o. Each F; € S} o (H1, T,
has some o C [n;] with |o| = dlog,(D1)n; such that Fy(VA,) C T1 and F1(V,) C H;.

We fix a choice of o C [n4] (in addition to fixing F, and 5).

e For i € SNo, since H is my-full the number of choices for Fi(u;) is

| H |

‘Hl N 7T2_1(]_)‘ = W

e For i € S\ o, since T} is my-full the number of choices for F(u;) is

T
Ty Ny ()] = %
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e Forico\S, Fi(u) € Hy Ny (1),

Z Z PllFy(B;) = h] = Z Z P[F3(B;) = kh]

heH1nmy 1 (1) LE(Z/|G|Z)* €(Z/IGIZ)* he Hinmy 1 (1)

< ) Plm(Fa(Bi) =K

ke(z/|G|z)*

= Plmy(F2(By)) € (Z/ |G| Z)"].

By Corollary this is at most

((1 ~ 4GP exp ( - T‘Zﬁ)) |

e Foric (SU0) Fi(u;) € Ty Ny t(1), so

> > PIR(B)=hl= > PlFR(B)eTinm'(1)

heTinmy * (1) LE(Z/|G|Z)* le(Z/|1G|Z)>
= ]P)[FQ(Bl) € T and WQ(FQ(BZ)) c (Z/ |G|Z)X]

Denote

Ty N Ty if Ty = H,

m1n(|T1] 5 ’T2|) if TQ g HQ.

By Lemma [2.5.4) and Lemma [2.5.5] this is at most

((1 )‘;}|+\Gl exp(—%)).
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We conclude that the sum over those F} corresponding to o is bounded by

SSTIT Y PUR(B) = Fi(w))

Fr:o4i€[n1]\S 1e(Z/|G|Z)*

| H | i |T1| [5\el 1 9 edan, [\ S|
< (=Y LEl] 11 _ foam
s ( €] @l 1=+ iefen (- J57)

A ) 6(50477,1 ni1—|SUo|
(o-pgrirer(-R))

Once n; is large enough to ensure that

oo (- 451) _ -

2nr — 1 I el

then by Corollary [2.8.5] the expression above is bounded by

|H1| |SNo| |T1| [S\e| - A n1—|SUo| |G’2 ) eSany
1] JE1) 1_1ym = 142 _ :
(rG| o) YT m Femy 1l exe (- Tg7i)

Note that

@ |SNa| @ \5\0’\< @ ISIDM
|G| |G —\ G b

A ni1—|SUo]| A n1—|S|—|o| .
<W> < (W) and for sufficiently large n;

|G|2 9 edan,
<1—|—2n11_%}|G| exp( ]G|4) <2

Therefore,

Fiioie[n\S 1€(Z/|G|Z)*
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By summing over o C [n;] with |o| = dlog,(D1)n1, we see that

> [T > Pur®)=Fw)

FIeS) s (H1Tv) i€lm\S 1€(Z/|GIZ)*

S n1—|S dlo n
< ( nq )2(1—1)n1_5|(’T1’>| |< A ) | |(D1|T2’) log,, (D1) 1.
~ \Ulog,(D1)n P |G| |15 | A

This implies that

Z Z P[(Fy, Fy) o M =0 and T'(M®)) = 5]
FIeS) | 5(H1,T1) F2€8) ) 5(Ha,T2)
< (1)|S’|( 1 )n1f|S| 671126‘25‘ (1 4 ‘G|2 ( 6(504711))
= \p Itel] P—T nexp| — ——
N2 |T2‘n2 onz log, (D2)
X = D P
(5“2 logp(Dz)> g™

ny— dlo n
" ( n )2(1_1)n1—5| (,T1’)|S| ( A ) -S| (Dl\sz) log,,(D1) 1.
6 log,,(D1)ny P G| | T2 A

Rearranging the terms and using the fact that (‘Z) < 22‘/%, we see that the above expression

is at most

na—|S| ni—no
1 ymtna (131811 _ Lym—IS| nz IS (A A
2(|G’\) (p) (1 p) €176 (’T1|> ('Tz’)

dlog, (D1)n
% 22n2\/610gp(D2)22n1\/Mogp(Dl)Dgnz log,,(D2) (Dl ’T2|> EAN (1 14 \G]Q Ny exp < B edam)
A GI* /)

Since eq, e, ﬁ% <1, ny = [an] and (11—) —pn < |S| < (% + p)n, we see that

et () (AN < e ()T ()
RN T3 -\ T3 A
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Next, note that

D ’T| 5logp(D1)n1
22n2,/5logp(D2)22n1,/5logp(D1)D<25nz logp,(D2) ( 1|42 )
A

< (22\/210gp(\G|)22\/2logp(|G|) |G‘410g”(|G|) ‘G|810gp(|G)>n\/3

Further note that for sufficiently large n, we have

)
(1 + 4ny |G exp ( - %)) < 2.

We write

B — 94(2log,(IG)'/? |G‘l2logp(lG|) .

Then we see that

> > P[(Fy, Fy) o M{® =0 and T(M®) = 5]

F1€S}Ly5(H1,T1) FQESEQnL&(HQ,TQ)

1 B l,p A a—%—p A 11—« \/~ n
cair Ly (b (A) (A) g
G N T

By summing over different S, we see that

> Y PUAR) oM = 0and [() b < gl

RES, 5(H1Ty) FR€S] o s(H2,T2)

1 L, AN AN A\
<4|GP ———— [ e%e? — — BY?
= el g < (|T1|) <|T2|)

Note that eq, es, \Tiﬂ and % are all at most one. Moreover, at least one of the following

holds

e 71 C Hy. In this case e; < 1 and a > 0, so ef < 1.
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1_
o 15 C H,. Inthiscaseeg<1and%—p>0,soe§ <1

o T\ ¢ Ty and Ty, = H,. InthiscaseA:|T1r‘|T2],%<1anda—%—p>0, SO

1
A\TPF
(ﬁ> <1

TN T,

2|<1and1—a>0 SO

o I, Ty, Ty = Hy and o # 1. In this case A =

11—«
A
<W) <1

Therefore,

%—p A a—%—p A -« o
efe — jry— .
b 77| ||

We can therefore choose a sufficiently small ¢ to ensure that

1
i, AN P A l1-a Y
Tes e — BY° < 1.
() ()

The result follows.

Now we are only left with the case T} = Hy, Ty, = Hy, 17 € 15 and o = 1.

Proposition 2.6.5. Suppose @« =1 and 0 < p < min(a — % Il?) Consider mo-full subgroups

TWCT, CGEDZ/|G|Z. Ford >0, we have

P [(Fl,FQ) o M@ =0 and |y(M©) - ‘ < pn} ~0.

lim |G’|2n_l Z Z

n—oo

FES), 5(T1,T1) F2eS), 5(T2,1»)
Proof. Since @« = 1, ny = ng = n. We have e; = ey = 1, I} € S}“;(Tl,Tl) are codes of
distance on with image 77 and Fy € S}L s(Ts, Ty) are codes of distance on with image 75.
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By the independence of columns of M, ,,, we have
P[(F1, F2) 0 My, 5, = H P[Fy(Bi) = —ciFy(w)] [] PIF(A) = —d;Fa(v)].
For each i € [n], we know by Corollary that

P[Fy(B;) = —c; F1(w;)] < E(Sn)

—|—exp< GP .

|73

For each j € [n], we know from Corollary that

PIFL(A,) = ~d;Falv)] < 7 +exp (= i),

However, if Fy(v;) € Ty \ T1, then we can get a tighter upper bound. Since Fj(A;) can only
take values in Tl, if Fl(Aj) = —deQ(Uj) then deQ(Uj) € Tl. If FQ(Uj) ¢ T17 this forces dj =0
(mod p). We conclude that if Fy(v;) € Ty \ T3, then

PlF1(4)) = —d;Fy(v)] = P[F1(4)) = —d; Fa(v)) | djFa(v;) € Th]P[d;Fa(v;) € T4

< (|7{1] + Xp(—%))P[djEO (mod p)]

1 ( 1 N ( eén))
=—|—+exp| ——=) ).
p \|Ti| G|*
Since Fy is a code of distance dn with image T, we know that

{5 € [n] : Fx(vj) ¢ T1}| > on.

It follows that

At M=% (g2 (- 0)) () (7 o0 (- 1))
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Once n is large enough to ensure,

exp(_;g_‘z) )
1 < 35
2z — 1 G|

then by Corollary we know that

1\ on 1 9 eon >
- I r— 1+47LG ex — T .
p) " T4 < GI*ex |G\4)

Since |S} (11, T1)| < ‘lTé”: and |S} 5(13,Ty)| < ‘Té":, we conclude that

P[(F1, F3) o Méa) =0] < <

> P[(Fi, Fo) o M = 0 and |y(M(®)) = tn| < pn]

P ES}L’(;(TLTQ FQGSTIM;(T2,T2)

< > > PR, F) oM™ =0]

RIS} 5(T1,T1) FR€S) 5(T2,T2)
1 /1\dn 9 eon
g—(—) (1+4nG exp(——)).
Y < [€E

The result follows. O

Notice that Proposition [2.6.3], Proposition [2.6.4 and Proposition together prove Propo-
sition [2.6.1, We have previously seen that Proposition [2.6.1|implies Proposition [2.2.5 which

implies Theorem [2.1.8], which in turn implies Theorem [2.1.5]

2.7 Raw moments sometimes diverge to infinity

We consider the special case of M when all a;; and b;; are Haar-uniform and show that

certain moments blow up to infinity.

Proposition 2.7.1. Consider 0 < a < 1 and m > 2=2. If all a;; and b;; in MT(ZO‘) are
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Haar-uniform, then we have

lim E[}Hom(Coker(M,(la)), (Z/pZ)™)|] = oo.

n—oo

Proof. Denote G = (Z/pZ)™, ny = n and ny = [an]. We know that

E[‘Hom(Coker(M,(la)), (Z/pZ)m)H = Z Z

Fi€Hom(Zy',G) Fo€Hom(Zy?,G)

]P[(Fl,Fz) O 7(La) = O]

Since the columns of Mr(ba) are independent, we see that

n2

[T PIF(A)) = —d;Fa(vy)).

j=1

P[(Fy, Fy) o M\® = 0] = ﬁP[FQ(Bi) = —¢;Fy(u)]

Let H be a subgroup of G isomorphic to Z/pZ. As a lower bound, we restrict ourselves to

Fy € Sur(Z,',G) and Fy € Sur(Z,?, H).

By Lemma [2.3.1, we know that

1 1
PlF(A;) = —d;iF5(v)] = — = —.
[F1(A;j) i (v))] iG]~ pm
o If Fi(u;) € H, then by Lemma [2.3.1] we know that

P{Fy(Bi) = —ciFi (u)] = ]10.

o If Fi(u;) ¢ H, then

Ple;Fy(w) € H] = Ple; =0 (mod p)] — ]19.
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Therefore, by Lemma [2.3.1] we know that

We see that regardless of whether Fi(u;) is in H or not we have

P[Fy(B;) = —ciFi(w;)] >

1
b
We conclude that

IP)[(Fh FQ) o Mr(la) = 0] Z p_ml—an-‘ —2n Z p_(ma""Q)n_m‘

Since |Sur(Z§1, G)| =p™ (1 + o(1)) and }Sur(Z;”, H)| = p*"(1+ o(1)), we conclude that

E[|Hom(Coker(M,), (Z/pZ)™)|] = p~ e+ 2n=mpm+en(1 4 o(1))

=p " (L4 o(1)) (p )",
Since m > f:—g, this goes to infinity as n — oo. n

2.8 Technical Lemmas

Lemma 2.8.1. Given p > 0, we have

- X (a0

k:’k—%n’ﬁpn

< 2exp ( — 2p2n).

Proof. The result follows from Hoeffding’s inequality. O
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Corollary 2.8.2. Given p > 0, we have

lim P[|y(M®)) — %n < pn|=1.

n—00 -

Lemma 2.8.3. Given p > 0, we have

lim Blly(L{) — Ln| < pn] = 1.

n—oo

Proof. Denote ny = [an]. For each 1 < i < n, we denote

b =

0 if Zyil bij Z0 (mod p).
Therefore W(Lq(la) )=> ", B

Consider the map Fy from Z7? to Z/pZ that sends each basis vector to 1. So }_ ;b =0
(mod p) if and only if Fy(B;) = 0. Note that Fj is a code of distance ny with image Z/pZ.
Lemma [2.3.4] tells us that for each 1,

ean

Now,
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Next,
Moreover, since the [3; are independent, it follows that

Var(y L(O‘) Zvar Bi) <

Notice that

o 2 o o 2ean
E[('y(Lgl )y — %n) } = Var(y(L{*)) + (E[y(L™)] — En) < n+n®exp ( o )
So by Chebyshev’s inequality, we have
E[((L) - dn)] _ ot ntesn (- 22)
P[|~( L Lol > P < »)
(H(L) = 2al 2 o s ——
This implies that
' (@) _ 1 —
lim Pl(L{) = 3] 2 pn] = 0. =

Lemma 2.8.4. Suppose we haven > 2, 0 < kg < x1,22,...,2, and 0 < y < k0(21/" - 1),

then we have

Proof. Consider fi(t) = [} (zi +t), a1(t) = (1 + rigt)Hl LTy f2(t) = [T (@ — t) and
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g2(t) = (1 — 2;?) [T, zi. Now we have f1(0) = ¢(0) and for 0 < ¢ < ky(2"/™ — 1), we have

A= T evn<g Tl @rn=p I] = I (1+ )

j=1 1<i<n 1<i<n 01<i<n  1<i<n !
i#]
n n
<n (M) () <51 ») -
_k() H 7 ]{7 H 1 gl
1<i<n 1<i<n

We can therefore conclude that fi(y) < ¢1(y). Next, we have f5(0) = ¢g2(0) and for 0 < ¢ <

ko (2" — 1), we have

=3 L m-0s 2 T w022 ] =)

j=1 1<i<n 1<i<n 0 1<i<n
]
We conclude that go(y) < fa(y). ]
Corollary 2.8.5. Suppose we have n > 2 and real numbers ko, 1, ..., Ty, @}, ... 20,y for

which 0 < ko < o1, ,...,7,, 0 <y < ko(2Y" — 1) and |2}, — z;] <y, then we have

< ny 2ny

-1l

=1
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Chapter 3

Distribution of Sandpile Groups of

Random Bipartite Graphs

Abstract

Fix a prime p and a constant 110 < a < 1. Consider the random Erdés—Rényi bipartite graph
Go(n,u) with bipartition (V3,V3) of sizes |[Vi| = n and |V3| = [an], and edge probability
0 < u < 1. The authors of [I] and [I0] conjectured a limiting distribution for the p-Sylow
subgroup of the sandpile group of G,(n,u) as n — oo. We prove this conjecture for odd

primes p.

Similar results have previously been proved by computing the expected number of surjections
from the random abelian p-group to H, for each finite abelian p-group H. However, in our
setting, these surjective moments often diverge to infinity, despite the conjectured limiting
distribution having finite moments. We resolve this issue by discarding the graphs for which
too many vertices have degrees divisible by p. Once we remove the contribution of this rare

set of graphs, then the surjective moments converge to the expected values. When p is odd,
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applying Wood’s universality theorem yields the desired convergence in distribution.

For p = 2, our computed moments (after excluding the rare set of graphs) match those of the

conjectured distribution. However, these moments do not uniquely determine a distribution.

3.1 Introduction

Let I" be a graph on vertices 1, ...,n without loops. Write deg(7, j) for the number of edges
between i and j, and deg(j) = »_,.;.; deg(i, j). Define the Laplacian L(I') by

deg(i, j), @ # J, " ‘
L;j = so that Z L;; =0 for all j.

—deg(j), =17, =

Let Zy be the subset of Z" consisting of vectors that sum up to 0. Hence L : Z" — Z"
satisfies Im(L) C Z§. The sandpile group of T" is Sp := Z{/Im(L). If T" is connected, then

corank(L) = 1 and St is a finite abelian group.

Let G(n,v) denote the Erdds-Rényi random graph on n vertices in which each pair (4, 7) with
i # 7 is included independently with probability v € (0, 1). For fixed v, G(n,v) is connected
with probability tending to 1 as n — co. Consequently, the sandpile group Sg(n,v is a finite

abelian group with probability tending to 1.

Wood in [23, Theorem 1.1| shows that as n — oo, the distribution of Sylow p-subgroups of
the sandpile group of an Erdgs-Rényi random graph with n vertices converges to PEO‘{E‘. The

probability distribution Posoy’gl on finite abelian p-groups is defined as follows

symmetric, bilinear, perfect pairings G x G — C* i
_ |{ }| H(l —p 1 2k).

pSym :
e (G) Gl TAW(C)]

k>0

Theorem 3.1.1. [23, Theorem 1.1] Consider a finite abelian p-group G. Then for a random
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graph G(n, ),

lim P[(Sc(u)y = G = PE(G).

n—oo

Mészaros in [I5] determined the distribution of Sylow p-subgroups of sandpile groups of
random d-regular graphs on n vertices, as n — oo. Suppose d > 3 and n is even. The random
d-regular graph H,, is obtained by taking the union of d independent uniform random perfect

matchings on the set of n vertices. Given a finite abelian p-group G, its rank is log,(|G/pG]).
Theorem 3.1.2. [15, Theorem 1.2] Consider a prime p and a finite abelian p-group G.

1. If d is odd, or d is even and p is odd, we have

lim P[(Sw,), = G] = P™(G).

n—o0

2. Suppose d is even and p = 2. Then (Sg, )2 always has odd rank. Moreover, if G is a
finite abelian 2-group of odd rank, then

lim P[(Sg,)» = G] = |G/2G| PY5(G).

n—o0

We focus on the study of Sylow p-subgroups of random bipartite graphs. Let ny > ny
be positive integers and u be a fixed real number 0 < u < 1. The Erd&s-Rényi random
bipartite graph G(ni,ns,u) is a bipartite graph with vertex sets Vj of size n; and V5 of
size ny, where each of the nins potential edges between a vertex in V; and a vertex in V5
is included independently with probability uw. We are most interested in the case where n;
and ny go to infinity together and ny = [an;] for a fixed constant 0 < o < 1. We denote
Go(ni,u) = G(ny, [ang ], u). Let Sg,(n,u) denote the sandpile group of the graph G, (n,u).

In [I], Bhargava, de Pascale, and Koenig give a conjecture for the distribution of p-Sylow
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subgroups of Sg, (n,u) for odd p. In [I0], the authors gave the corresponding conjecture for

p=2.

Conjecture 3.1.3. Let p be a prime, 0 < u < 1 and % < a <1 and G be a finite abelian

p-group.

1. If p 1s odd, then

lim P[(Sq.(mu)p = G| = P;%;l(G).

n—o0

2. If p=2, then

lim P[(Sc.mu)2 = G| = G/26G]

n—o0 2

S PER(G).

Our main result is to prove Conjecture for odd primes p.

Theorem 3.1.4. Let p be an odd prime, 0 < u < 1 and zlo < a<1andG be a finite abelian

p-group. Then we have

lim P[(Sa.(mu)p = G| = Pfoﬁ;?(G).

n—oo

The authors of [10] also conjectured the limiting distribution of ranks of (Se,, (nu))p. For this

we denote the g-shifted factorials

(x;q); == (1—2)(1—2q) - (1 —2¢"), H 1—aq).

Conjecture 3.1.5. [1{)] Let p be prime, % < a <1, and r be a nonnegative integer.
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1. If p 1s odd, then

. I 1 —(5) 1
Jim Plrank((Semam)p) = 7] = (= 5p 0L e,
2. If p =2, we have
. o 1 ~(2) 1
T}LH;QP[rank((SG(n7a,u))2) =r] = (_1;p_1)oop ’ (p~Lpb),

Our other main result is to prove Conjecture for all primes, including p = 2.
Theorem 3.1.6. Let p be prime, ]lj < a <1, andr be a nonnegative integer.

1. If p is odd, then

1 r+1 1
lim Plrank((Sgm.aw))p) =T :—p_<2)—.
i, Plrenk((Sotuew)e) = 1) (=P e (p=5p7h),
2. If p =2, we have
1 r 1
lim P[rank —r] = -(3) _
A Prank((Sotnam)) = 1= P ey,

3.1.1 Random matrix model

Let Z, be the ring of p-adic integers. Fix 0 < € < 1 for the rest of the paper. A probability

measure /, on Z, is called e-balanced if for each a € Z/pZ,

p{r €Z,:x=a (modp)} <1—e

For the rest of this paper, fix a e-balanced probability measure .
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We consider a random matrix model for the Laplacian of G,(n,u) as a random matrix

Ly € My, 40,(Z,) as follows:

— Z ay1; 0 e 0 a1 19 Ce A1ng
0 — Z Qg5 ... 0 agq a2 . A2nq
I B 0 0 R O Upy2 oo Gpypy
ni,ng — bl
a1 21 e Anq1 — Z ;1 0 c. 0
ai12 29 e Anq2 0 - Z ;o ... 0
A1, Aony o Qpyny 0 0 e =D Qiny

where all a;; are independent random variables, distributed according to p. Let Z,, consist
of the vectors in Z; whose entries sum to 0. We have Ly, n, € Hom(Z71"2 Z71%72) and
Im( Ly, ny) € Ziygn,. We denote G(Li, ny) = Znytny/ Im(Ly, 1y). For 0 < a < 1, we denote

@,

Lm [an] as L

In particular, if ;1 was the measure such that p({1}) = v and pu({0}) = 1 —v, then LY would
be the random matrix arising from the Laplacian of the random graph éa(n, v). Moreover,
in the (high probability) event that éa(n, v) is connected, the random finite abelian p-group

G (LT(«LO‘)) would become isomorphic to the p-Sylow subgroup of S5

a(n,w)”

We will prove the following.

Theorem 3.1.7. Let p be an odd prime, % < a <1 andG be a finite abelian p-group. Then

we have

lim P|G(LY) ~ G] = PY™(@).

n 0o
n—00 P
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Theorem 3.1.8. Let p be prime, % < a <1, and r be a nonnegative integer.

1. If p is odd, then

1 1 1
lim P[rank(G(L®)) = r] = —p_< )=
A Pk GUn)) = = oy P e,
2. If p =2, we have
1 r 1
lim P[rank(G(L{®)) = r] = —p_(2)—.
Jim Plrank(G(Ly")) = 7] T e,

It is clear that Theorem [3.1.7 implies Theorem [3.1.4] at once and Theorem [3.1.8| implies

Theorem

3.2 Strategy

Previous results about the distribution of sandpile groups of random graphs and cokernels
of random matrices have been proven using the following strategy. Suppose G, is a sequence
of random finite abelian p-groups and v is the conjectured limiting distribution as n — oo.
The first step is to show that the surjective moments match. That is, for every finite abelian
p-group H, we have

lim E[|Sur(Gy, H)|] = E[|Sur(X, H)|], (3.1)

n—oo

where X is a random finite abelian p-group chosen according to v. The next step is to show
a universality result that if (3.1)) is satisfied, then it implies that for every finite abelian

p-group H

lim PG, = H] =v(H).

n—oo

100



The surjective moments of POSOB:;“ were computed by Clancy, Kaplan, Leake, Payne, and Wood

in [6].

Theorem 3.2.1. [6, Theorem 11] Suppose p is a prime and G is a finite abelian p-group.

Let X be a random finite abelian p-group distributed according to Pfoy’gl. Then we have

E[Sur(X, G)|] = |A%G].

The authors of [10] compute the surjective moments of several families of distributions. One

of them is defined in terms of a parameter —1 < a <1 as

5% % |G/pG| x P™(G) if log,(G/pG) is odd,

22 % |G/pG| x P(G) if log,(G/pG) is even.

The superscript M is for ‘Mészaros’. This is to highlight the fact that the measure sz_’i
occurs in the special case of Theorem [3.1.2] where d is even and p = 2. Also note that the

M1 : .
measure P,y occurs in Conjecture when p = 2.
The surjective moments of P)%! are as follows.

Theorem 3.2.2. [10, Theorem 9] Suppose p is a prime, —1 < a < 1 and G is a finite abelian
p-group. Let X be a random finite abelian p-group distributed according to PI%L’I. Then we

have
E[|Sur(X,G)|] = |G/pG| x |A*G|.

In particular, the moments do not depend on a. Moreover,

1—a
5

Plrank(X) is odd] =
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Based on this, we should expect that for each finite abelian p-group H, we have

IA2H| if p is odd,
lim E HSur(G(L,(la)%H)H =

n—o0

\H/2H| x |A2H| ifp = 2.

However, this is not always the case, as we will show in Section These limits sometimes
blow up to infinity. The issue here is that a small subset of matrices contribute greatly to
the surjective moments while contributing minimally to the distribution. We can get around
this problem by restricting ourselves to a subset of the matrices whose probability goes to
1 as n — oo, and computing the moments on this subset. An identical issue arises in [22]
where the author studies the distribution of sandpile groups of random directed bipartite

graphs.

3.2.1 Good subset of matrices

Given p > 0, we define

Define

>_ja1; (mod p)
77([’”1,”2) = S (Z/pZ)"1

Zj an,; (mod p)

Even though a;; are not necessarily Haar uniform, as ny gets bigger Z?; a;; would get close

to being uniformly distributed mod p. Therefore, as n; and ns get big, we should expect
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(L, ny) € Eny,p With a high probability. It is shown in Lemma that this is indeed the

case.

Given a function f that takes L,, ,, as input, we denote the conditional expectation as

E,D[f(Lnlﬂ’bQ)] = ]E[f(Lm,nz) | 7(Lnyny) € gnlyp]'

We also denote the expectation restricted to the event n(Ly, ,,) € &y, as

E;)[f(thnQ)] = P[U(LnlynQ) € gﬂhﬂ] X Ep[f(Lnl,HQ)]'

Once we restrict ourselves to this subset, then the issue of moments blowing up to infinity

gets resolved and we get the right moments.

Proposition 3.2.3. Let p be a prime, % <a<l Gwen0<p<a-— % and a finite abelian

p-group G, we have

IA2G| if p is odd,
lim E, HSur(G(Lga)%G)H =

n—oo

G/2G| % |A%G| ifp=2.

Note that the restriction p < o — % is to avoid the matrices for which

> ng = [an].

{i € [n]: Zaii =0 (mod p)}

J

These are the matrices responsible for the large surjective moments. If & = 1, then no matrix

can have

> N9 = N.

{z’ € [n]: Zaij =0 (mod p)}
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In fact, if & = 1, then the issue of moments blowing up does not arise and one could work

directly with the raw moments lim,, .. E[| Sur(G(LT(})), G)|l.

Once we have the moments, we can show that the desired distribution occurs for odd p using

the following result of Wood.

Theorem 3.2.4. |25, Theorem 8.2] If X,, is a sequence of random abelian p-groups and Y

s a random abelian p-group such that for every finite abelian p-group G, we have

lim E[|Sur(X,,G)[] = E[|Sur(Y,G)[] < |A*G].

n—oo

Then for every finite abelian p-group G, we have

lim P[X, = G] = P[Y = G].

n—oo

We now show that Proposition [3.2.3] implies Theorem [3.1.7]

Proof of Theorem |3.1.7 assuming Proposition|3.2.5. For each n, let GG,, be a random finite

abelian p-group distributed as

PG, = G] = P[G(LY) = G| (L) € £,

n

Therefore, Proposition [3.2.3] says that
lim E[|Sur(G,, G)|] = [A*G|.

n—oo

Therefore, from Theorem and Theorem [3.2.4] we see that for each finite abelian p-group
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G, we have

lim P[G(LY) = G | n(L) € E,,) = lim P[G, = G] = PY2(G).

n—oo n—oo

Note that

PG(LyY) = G] = PIG(LY) = G | n(LY) € &) x Pln(LY) € )

n

+PG(LY) = G | (L) & Enpl x Pln(LLY) ¢ Enpl.

n

The result follows since Lemma says that lim,_,. Pp(L) € Enpl =1 O

This shows that for odd p, Conjecture [3.1.3] will follow once we prove Proposition [3.2.3
The following result of Wood computes the distribution of ranks of a random finite abelian

p-group distributed according to P2

Proposition 3.2.5. [23, Corollary 9.4] If X is a random finite abelian p-group chosen

according to ng‘, then

Plrank(X) = r| =

We see from this that for odd p, Conjecture implies Conjecture [3.1.5]

For p = 2, we will compute the surjective moments while proving Proposition [3.2.3] How-
ever, Theorem [3.2.2] shows that there is a one parameter family of measures with the same
surjective moments, and possibly there could be more. The measures within this family can
be distinguished based on P[rank(X) is odd]. We will prove the following which provides

further evidence for Conjecture [3.1.3] being true at p = 2 as well.
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Proposition 3.2.6. Suppose p =2. For any 0 < a < 1,

lim P [rank(G(L(o‘))) is odd] = %

n
n—oo

Wood shows in [25] that if the surjective moments are |G /pG| x |A*G|, then the probability

of odd rank determines the distribution of the ranks.

Theorem 3.2.7. [25, Corollary 2.12] If X,, is a sequence of random abelian p-groups such

that for each k € Z>o, we have

lim E[[Sur(X,, (Z/pZ)")|] = |(Z/pZ)*| x |A*(Z/pZ)"|,

n—oo

and there is v € [—1,1] such that

lim Prank(X,) is odd] = v.

n—oo

Then for every r € Z>q, we have

T B ¢ NI S if v is odd,
lim Plrank(X,) =r| = ’ o
n—00 i

2(1 —w) (71;p1_1)oop_<2) (p—1;2—1)r if v is even.

Proof of Theorem assuming Proposition [3.2.5 and Proposition [3.2.6. We consider the

cases of odd primes and p = 2 separately.

1. First consider the case of odd prime p. We have shown that Proposition implies
Theorem [3.1.4. By Proposition this implies the limiting distribution of ranks,
proving Theorem [3.1.6] for odd p.

2. Next, consider the case p = 2. For each n, let G, be a random finite abelian p-group
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distributed as
P[Gn 2 G) = P|G(L{) 2 G [ n(L{) € &,
Therefore, Proposition says that

lim E[|Sur(G,, G)|] = |G/2G| x |A*G].

n—o0

Proposition says that

1
lim P [rank(G(L{)) is odd] = 5

n—o0

The law of total probability tells us that

P [rank(G(L{™M)) is odd] = P [rank(G(L{™)) is odd|n(Li™M) € E,,] x Pln(L{Y) € &,

n n

+ P [rank(G(L{)) is odd|n(Li) ¢ En,] x P(LE) & En,p]-
Lemma says that lim,, P[n(L,(f)) € &, =1, so we see that

lim P[rank(X,) is odd] = %

n—oo

Now, Theorem [3.2.7] tells us that

lim Plrank(X,) = r] = ﬁp—(z) o

Again, by the law of total probability, we see that

P [rank(G(L(a))) =r] =P [rank(G(L(a))) = r|n(LY) e Enp) ¥ Pln(L) € &,,)]

n n

+P [rank(G(LgLa))) = r|n(LY) ¢ 511,,;} x Pn(L{™) ¢ Enyp)-
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Since limy,_,o P[p(LY)) € &,,] = 1, the result follows. O

We suspect that for p = 2, Proposition [3.2.3|and Proposition 3.2.6]should uniquely determine
the distribution of finite abelian 2-groups, not just the distribution of ranks. This would

imply Conjecture for p = 2. However, we have not been able to prove this.

3.2.2 Hom-moments

The notation H < G means H is a subgroup of G. We say that T' is a translated subgroup
of G, if T is a coset of some subgroup of G. The notation T" <, G will mean that T is a
translated subgroup of G. If T' is a coset of a subgroup H, then we will denote G(T') = H.
We will sometimes consider chains of translated subgroups. By T <, S <, GG, we mean

that T" and S are translated subgroups of G and T is a subset of S.

If G is a finite abelian p-group, then A?G is the quotient of G® G by the subgroup generated
by elements of the form f ® f. We define A%2G to be the quotient of G ® G by the subgroup

generated by elements of the form f® g+ g ® f. It is clear that

A% |A2G]| if p is odd,
A°G| =
IA*G| x |G/2G| ifp=2.

The following result implies Proposition Note that we are replacing G(L%a)) with

Coker(L,(la)) and surjective moments with Hom-moments.

Proposition 3.2.8. Let p be a prime, 217 <a<l Gwen0<p<a-— % and a finite abelian

p-group G, we have

lim E, [[Hom(Coker(L), G)|] = > |A’G(T)| x |G(T)] .

n—oo
TﬁtrG
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Proof of Proposition assuming Proposition [3.2.8 Notice that Z»*" = Z, 1, © Zy,
SO
Coker(Ly, n,) = G(Lp, ny) @ Z,. Hence, for any finite abelian p-group G, we have

‘Hom(Coker(Lf{’)),G)ﬂ = ’Hom(G(L(O‘)),G)‘ x |G| .

n

Therefore, Proposition [3.2.8 implies that

lim E, [|Hom( (LSLO‘)),G)H _ L lim E, HHom(Coker(Lga)),G)H

_ ’_é:' S |a2(1)| x |6(T)

TﬁtrG

Now, for each H < @, there are ||H|‘ translated subgroups 7' <y, G for which G(T') = H.

Therefore,
G|

lim E, [|[Hom(G(L!™), G\ A2y || = A’H|.

m Ly H om(G(Ly") ]G‘}%‘H“ ‘ | H| 1%30} |
Since

|Hom(G G(L), | = Z ‘Sur(G(Lﬁf‘)),Hﬂ,

H<G

by induction on the size of GG, we see that

lim E, [|Sur(G (a)),G)H = |A%G|. O

n—o0

Therefore, for odd p, Conjecture [3.1.3] will follow once we prove Proposition [3.2.8
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3.2.3 Decomposing Expectation

Each map in Hom(Coker(Ly, n,), G) can be lifted to a map in Hom(Zp**"2, G). Moreover,
F € Hom(Zy+*"2, () descends to a map in Hom(Coker(Ly, »,), G) if and only if F o Ly, n, =

0 € Hom(Zy*", G). Moreover,
Hom(Zy' ™, G) = Hom(Z', G) ® Hom(Z?, G).
Therefore,

E’[[Hom(Coker(Ly, n,), G)|]

— Z P[F 0 Ly, n, = 0 € Hom(Z2*"2 G), (L, ) € Enp)

FeHom(Zp1T"2,G)

= > > PP, Fy) 0 Ly, =0 € Hom(Z ™, G), (L, ny) € Enyl.

F1€Hom(Zy' ,G) Fa€Hom(Zy2,G)

Since G is a finite abelian p-group, it is also a Z,-module. Given a subset X C G, the

subgroup of GG generated by X is denoted by

(X) = {Zakxk:ak € Ly, xy, EX}.

For a subset X C G, we denote the smallest translated subgroup containing X by

(X), = {Zakxk:ak € Ly, T, GX’Zak: 1}_

Let [n] = {1,...,n}. Denote the standard basis of Z; by ei,...,e,. For F' € Hom(Z},G),

by abuse of notation we denote

set(F) = {F(e;) i€ n]y, (F)=(F(es)ien]), (F)y=(Fle):i€]n]).

110



Definition 3.2.9. Let T be a translated subgroup of G. We say that I’ € Hom(Z,,G) is a

translated code of distance d with image T, if for every o C [n] with |o| < d, we have

(F(e;) i€ [n]\ o), =T

Note that if F' € Hom(Zy, G) is a translated code of distance d with image T, then (F), = T'.

If Ty <, 71 <i; G is a chain of translated subgroups, then we denote [T} : T3] = %

2

This is closely related to the notion of code introduced by Wood in [23]. In fact F €
Hom(Zy, ) is a translated code of distance d with image T', if and only if for any g € T,

the map —g + F' € Hom(Z}, G) is a code of distance d with image G(T').

Definition 3.2.10. Given ¢ > 0 and F' € Hom(Zy, ), the -depth of I is defined to be
the largest positive integer D, for which there is a subset o C [n] with |o| < log,(D)dn such

that

or 1 if there is no such o.

If such a o exists, then we say that F is of é-type ((F),,(F(e;) : i € [n] \ ),). If there is no

such o, then we set the d-type to be ((F),, (F),).

Our definition of d-depth is closely related to, but conflicts with the definition provided by
Wood in [23].

Note that if F' has d-depth 1, then it is a translated code of distance on. Given a chain of

translated subgroups T' <, S <, G, we denote
Sn5(S,T) :={F € Hom(Z,,G) : 6 — type (S,T)}.
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This gives a cover

Hom(Zy,G) = | )  8ns(S,T).

TﬁtrsﬂtrG

In general, this union need not be disjoint, since a given F' may have d-type (5,7 for more
than one choice of T'. However, the pieces S, (5, S) consist of translated codes with image

S, and these pieces are pairwise disjoint.
Proposition [3.2.8 will follow from the following result.

Proposition 3.2.11. Let p be a prime, i <a<ll,0<p<a-— % and G be a finite abelian

p-group. Consider chains of translated subgroups Ty <. S1 <y G, Ty <y, So <y G. We have

bm o D, S PR B) o LY =0,9(L) € €,

F1€8,,5(51,T1) F2€8[qn1,5(52,T2)
|A2G(T)| x |G(Th)|  if Ty = Ty = Sy = S,

0 otherwise.

Proof of Proposition[3.2.8 assuming Proposition [3.2.11. Proposition [3.2.11] implies at once

that

lim E/, [|Hom(Coker(L{"),G)|] = Y |A*G(T)| x |G(T)] .

n—oo
TﬂtrG

Since

E; HHom(Coker(L,(f“)), G)H = ]P’[n(Lff)) €&, XE, [|H0m(Coker(L£La)), G)

],

the result follows from Lemma [3.9.8 O
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3.2.4 Characters

Denote the standard basis of Z' as ey, ..., e,, and the standard basis of Z;? as €y, ..., €p,.
Since Fi € Hom(Zgl, G), F, e Hom(ZZQ, () are determined by their values on the basis, we
can treat them as functions in F; € Hom([n,],G), F» € Hom([ny], G) with Fi(i) = Fi(e;)

and Fy(j) = Fa(e;).

For Fy € Hom([n], G), F» € Hom([no], G), denote Ty = (F1),, To = (Fs),. Then (Fi, F5) o

L, », is as follows

((F1, F2) © Linyny)(e3) = > aij(Fa(§) — Fi(d)) € (~Fi(i) + To) ,
7= (3.2)

((F1, F2) 0 Ly ny)(€5) = Z%’(Fl(i) — I5(j)) € (—F(j) + Th) .

Given a translated subgroup T' <;, G and F' € Hom([n|, G), we define C, (T, F') to be the set

of maps

F':[n] — U (=F(@)+T),

for which each F'(i) € (—F (i) + T). Clearly,

n

Ca(T, F) = [T H=F () + T)|.

i=1

Note that (Fl, FQ) ¢} Lnl,nz S Cn1<<F2>1 , Fl) X Cn2<<F1>1 , FQ)

Denote
G* = Hom(G, C*);

this is a multiplicative group.
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For a translated subgroup 7' <i, G and an element g € GG such that g ¢ T, we construct a
character of (—g + T') which will help us determine which (F], F}) can occur as (Fy, Fy)o Ly, n,

if we are given that 7)(L,, »,) = t.

Lemma 3.2.12. Given a translated subgroup T <. G and an element g € G such that

g & T, there is a character x1., € (—g +T)" such that for every x € —g+ T, xr4(z) = (.

Proof. To show this we need to show that whenever we have hy,..., h,, € T and a4, ..., a,, €

Z,, for which ), ar(—g + hy) = 0, then [, ¢ = 1.

Suppose >, ar(—g + hy) =0, then (>, ax)g = >, axhy. Now, if >, ap # 0 (mod p), then

it is a unit, which means

a
= hyeT.
Ry
This is a contradiction, so », ar =0 (mod p). Thus [], ¢5* = 1. O

Lemma 3.2.13. Suppose (L, n,) = t € (Z/pZ)™. Consider F; € Hom([ni],G) and
F, € Hom([ns], G) such that (Fy), =Ty and (F3), = Ts. If

(F17F2) © Ln17n2 - (Flla F2/> € Cn1(<F2>1 ) Fl) X Cn2(<F1>1 ) FQ)?
then for every i € [n], if F1(i) & Ts, then X, ) (F1 (1)) = QI’}'.

Proof. Since n(Ly, n,) = t, we know that 3 , @ij = t; (mod p). Also since ([, F3) o

j€ln

Ly, n, = (F{, F}), we know that

Z aij(—=Fi(i) + F(j)) = F(3).

J€[n2]
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This implies that

X,k ) (FL(0) = Xty | D aig(=Fi(i) + Fa(j))

J€[n2]

= II vnmo CRG + BG)Y™ = TT ¢ =¢. .

j€[n2] j€[n2]

This lemma implies that if there is an index i € [n;], such that Fy(i) € T3 \ Tz and ¢; # 0

then
]P[(Fla FQ) © Lm,nz = O?”(Lnlﬂw) = ﬂ =0.
This indicates that if T} \ Ty # (), then we should expect

2 > P(F,F)o L =0,n(LiM) =1]

g GSn,é(T‘l 7T1) FQGSFOLTL-‘,(S(T27T2)

to be much larger for ¢ ¢ &n,p than for te &np- This suggests that restricting to the event

te En,p, might prevent the moments from blowing up to co.

3.2.5 Coefficients

Given a translated subgroup 7' <, G and F' € Hom([n|, G), we define C:(T, F') to be the set
of the maps
C:[n] = | J(-F@) +T)",
i=1
for which each C(i) € (—F(i) + T)". Clearly,

C(T, F) = ~F() +T)|.

i=1
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For any F| € C,,, ((Fs),, F1), F} € Co,((F1), , F2), by (3.2)), we have

L(r Fa)oLny ny=(F . F})

1 1
G U PO G (T ] e oo

C1€C} | ((F2),F1) C2€Cy, ((F1)q,F2)

Hca (R o) © Ly (e) ch (R F) 0 Luya(s) = FA(9))

1 1
e (B By G (B )| %: > Hq

(3.3)

CreCs, (F2),,F1) C2€C, (1) F) i=
[Le:0)-F T (G OFG) - RO)COEG - F) ™

We denote

E[F, F5, C,C5)(1,7) = Cl(i)(Fz(J) Py (i ))Cz( )( 1(7) — Fz(]))

Suppose & € (Z/pZ)™ is a random vector, then for fixed ¢ € (Z/pZ)™, we have

Therefore, for Fy € Hom([n], G), Fy € Hom([ny],G), t € (Z/pZ)™, F| € Cp, ({Fy),, F1) and
FQ/ € Cn2(<F1>1 7F2)7 we have

]P)[(Fla Fy)o Ly ny = (Flla F2/> and 77(Ln1,n2) = ﬂ

= E[]l(Fl1F2)0Ln1,n2:(F1,1F2/) ]ln(Lnl,nz):E]

1 1 1
NI AR 3 3

Ci1eCy (( ) 1,F1) C2€Cy (( 1)1,F2) 5€(Z/pZ)™1
ni n2
C;S'tHCl(i)(—F{(i)) HCZ(j)(_F/
i=1 j=1

ni ng ni

E HH( [F1, By, Cy, Cy) zj> H zZJ 1 i

i=1 j=1 i—1
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We denote

E/[FlvFQaChCQag](iaj) = E[F17F2701702](i7j>csi

= C1(1)(F2(5) — F1(1)) Co(4) (F1(6) — F2(5))
Since the a;; are independent, we see that

P[(Fl, FQ) © Lnl,nz - (Flla FQI) and n(Lnl,m) - ﬂ

1 1 1
= G (B B [, F 2 > X

CreCyyy ((F2)y,F1) C2€Cy, ((F1)y,F2) S€(Z/pZ)™

ni ng

G IR [T eOER) TTTTEE R, B O, Co 8, )]

i=1j=1

(3.4)

Definition 3.2.14. Given F; € Hom({n],G), F; € Hom([ny],G), C1 € C; ((F2),, F1),
Cy € Cyy ((F1),, I2) and § € (Z/pZ)™, we say that (Cy,Cs) is (Fy, Fy, 5)-special if for every

i € [n1] and every j € [ng], we have E'[Fy, Fy, Cy, Cy, 5](1,7) = 1.

Thus, as a heuristic,

P[(Fy, F3) o Ly, my, = 0 and 77(Ln1,n2) = ﬂ

1 s
~ G H{(C, Cy) 1 (B, By, 8)-special } .
CZI(<F2>1 >F1)| X ‘Crtz(<F1>1 7F2)|pm 56(2/2102)"1 ’

This would be an exact equation if all a;; were Haar uniform.

In general, if the a;; are not necessarily Haar uniform, then E[E'[F}, Fy, Cy, Cy, 8](1, 7)%9]
might not be exactly zero. However, the following lemma of Wood suggests that it would be

small as long as a;; are e-balanced.

Lemma 3.2.15. [23, Lemma 4.2] If £ # 1 is a b™ root of unity and a € Z, is e-balanced,
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then

Bl < exp (—55)

In 23], Wood divides the set of non-special C' € Hom([n], G*) based on a constant v > 0
into those that are robust and not robust. She shows that most C are robust, and that for
robust C, at least quadratically many of the coefficients E(i, 7) are not 1. On the other hand
for the few C' that are not special and not robust, at least linearly many of the coefficients

E(i, j) are not 1.

We follow a similar approach to Wood, but we need to partition C;; (7%, F1), C (11, F;) and

(Z/pZ)™. We will need slightly different definitions of robustness for the three.

Definition 3.2.16. 1. Given a translated subgroup 7" of G, F' € Hom([n],G) and C €
C:(T, F), we say that C is (d, F')-robust if for every o C [n| with |o| < d, there are

i1,12 € [n] \ o such that F(i;) = F (i) and C(i1) # C(iz).

2. Given a translated subgroup T" of G, F' € Hom([n|,G), C € CX(T, F) and § € (Z/pZ)",
we say that C'is (d, F, §)-robust if for every o C [n] with |o| < d, there are 1,15 € [n]\o

such that F(’Ll) = F(ZQ), Sip = Sig and C(Zl) 7é C(Zg)

3. Given F' € Hom([n|,G), s € (Z/pZ)"™ and a translated subgroup 7" <i, G, we say that
§is (d, F,T)-robust, if for every o C [n] with |o| < d, there are iy, iy € [n]\ o such that

F(Zl) = F(ZQ) € T and Siy 75 Sig-

3.3 Robust (] or (5

In this section, we consider F; € Hom([n],G), F> € Hom([no,G), C1 € C; ((F2),, F1),

Cy €C; ((F1),, F2) and 5 € (Z/pZ)™ such that F} and F; are translated codes and at least
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one of Cy, (5 or §'is robust. Our goal is to show that in this case quadratically many of the

coefficients E'[Fy, Fy, Cy, Cy, 5](1, j) are # 1.

Lemma 3.3.1. Suppose I\ € Hom([n],G), F, € Hom([ny],G), C1 € C; ((F2),, 1), Oy €
Cr,((F1),, F>) and 5 € (Z/pZ)™ . Suppose 1y C [nq] and 7o C [ng] are such that for each

iGTl,jGTQ

E/[FlaF%Cl)CQag](iaj) = 1.

Denote Ty = (Fy(3) : i € 11); C (F1), and Ty, = (F5(j) : j € 12); C (Fh),. Then the following
hold:

1. If Th = (Fy),, then for every ji,jo € T2 with F5(j1) = F2(j2), we have Ca(j1) = Cs(ja)-

2. If Ty = (Fy),, then for every iy, iy € 11 with Fy(i1) = Fi(i2) and s;, = s;,, we have
Ol(i1> — 01(22)

3. For every iy,is € 11 with F1(i1) = F1(iz) € Ty, we have s;; = S;,.

Proof. First, assume T} = (F1), and consider ji, jo € 7 with F5(j1) = F5(j2) = h. For each

1 € 11, we know that

Co (1) (F1(i) — h) = CL(i)(F1(i) — h)G, ™,

and

Ca(j2)(F1(4) — h) = C1(i) (F1(2) — h)C, ™,

meaning

Co(j)(=h + Fi(i)) = Ca(j2) (=h + Fi(4)).
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It follows that for every x € —h + T, we have Cy(j1)(z) = Ca(j2)(z). Since T = (Fy), and

the characters Cs(j1) and Cs(j2) are defined on (—h + (F),), we see that Ca(j1) = Ca(ja)-

Next, assume that 15 = (F), and consider i1, € 7 with Fy(i;) = Fi(i2) = g and s;, = s,

For each 7 € 79, we have

C1(i1)(—g + F2(j)) = C'2(j)(—g + F2(j))C;Sila

and

Cl(i2>(_g + F2(j)) = 02(j)(_9 + F2(j))C;Si27

meaning

Ci(ir) (=g + F2(j)) = Ci(i2)(—g + F2(4))-

It follows that for every x € —g + Ty, we have C(i1)(z) = Cy(i2)(x). Since T = (Fy), and

the characters Cy(i;) and C(i2) are defined on (—g + (F),), we see that Cy(i;) = C(i2).

For the last part, consider iy,io € 7 for which Fi(i1) = Fi(is) € Ty. Denote Fi(i;) =

Fi(iz) = g. For each j € 15, we have

C1(i1)(—g + F2(j)) = C2<j)(_g + F2(j))C;Sila

and

Cl(i2>(_g + F2(j)) = 02(j)(_9 + F2(j))C;Si27
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meaning

Cilin)(—g + F2(j)) = (21 C(iz)(—g + F2(j)).

It follows that for every € —g + Ty, we have C1(i1)(x) = (" Cy(iy)(z). Since g € Tb,

we can take x = 0, which implies s;, = s;,. ]

Lemma 3.3.2. Suppose I\ € Hom([n],G), F> € Hom([ny],G), C1 € C; ((F2),, 1), Oy €
Cr ((F1),, F2) and 5 € (Z/pZ)™. Then the following hold.

1. If Fy is a translated code of distance di with image Ty and Cy is (dg, Fy)-robust then

dyds
p|GI*

{(i,)) € [m] x [na] : E'[Fy, Fy, O, Ca, 5] # 1}] =

2. If F5 is a translated code of distance dy with image Ty and C is (dy, Fi, S)-robust then

dyds
GI*

1{(i,7) € [n] x [ng] : E'[Fy, Fy, C1, Cy, 8] # 1} >

3. If Fy is a translated code of distance dy with image Ty, and S is (dy, Fy,Ty)-robust, then

dydsy

1{(i,7) € [n1] x [ng] : E'[Fy, Fy, Cy,Cy, 5] # 1} > GF

Proof. 1. First, suppose that Fj is a translated code of distance d; with image 77 and C} is
(dy, Fy)-robust. Consider

: , dy
X; = {g eTy:|{i€m]: Fi(i) =g} > @}

It is clear that |{i € [n1] : F1(7) ¢ X1}| < d;. Since F} is a translated code of distance d;

with image T}, this means (X;), = 1.
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Enumerate the elements of X; as Ay,..., A,,. By the pigeonhole principle, we know that

there is some By, € (— Ay, + (F»),)" and uy € Z/pZ for which

1 d1> dy
(= Ak + (F2) )| |G| ~ p|GI*

|S(Ak7Bk7uk)’ = |{Z < [nl] : Fl(,l) = Ak,Cl(i) = Bkvsi = uk}l Z P
Let 71 = U}, S(Ag, B, ug). Denote

g = {] S [nz] i € T1 such that E/[Fl,FQ,CI,CQ,ﬂ<i,j) 7é ].}, To = [nz] \0'.

This means that for each ¢ € 7 and j € 75, we have E'[Fy, Fy, Cy,Cs,38](i,7) = 1.
Since (X3), = (F1);, Lemma implies that for ji,jo € 7, if Fi(j1) = Fy(j2) then
C5(j1) = C5(j2). Since Cy is (do, Fy)-robust, it follows that |o| > d.

For each j € o, there is at least one i € 7 for which E'[Fy, F5, Cy,Cy,8)(i,7) # 1. If i €
S(Ag, By, u), then it follows that for every i’ € S(Ag, By, ur), E'[F1, Fy, Cy, Co, 8](7', ) #

1. The result follows.

2. Next, suppose that F; is a translated code of distance d; with image T5 and C} is (ds, F}, §)-

robust. Consider

XQI{hETQ|{j€[n2]F2(j>:h}‘ Z%}

It is clear that |{j € [no] : F2(j) ¢ Xa}| < d;. Since F5 is a translated code of distance d;

with image 75, this means (X5), = T5.

Enumerate the elements of X5 as Aq,..., A,,. By the pigeonhole principle, we know that

there is some By, € (—Ay, + (F),)" for which

dy S dy
[(=Ax+ (FplIG — |G

|S(Ag, Br)| = [{j € [n2] : F2(j) = Ax, C2(j) = Br}| >
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Let 7 = ;- S(Ay, Bi). Denote
o=1{i € [n1]: 3j € 2 such that E'[Fy, F5,C1,Cy,8)(4,7) # 1}, 7= [n1] \ o

This means that for each i € 7 and j € 7o, we have F'[F}, F5, C,Cy,38](4,7) = 1.

Since (X2), = (F3),, Lemma implies that for iy,iy € 7, if Fi(i;) = Fi(iz) and

Si, = S, then C1(iy) = Cy(i2). Since C} is (dg, F1, §)-robust, it follows that |o| > ds.

For each i € o, there is at least one j € 7, for which E'[Fy, Fy,Cy,Co,38](4,5) # 1. If
j € S(Ag, Bi), then it follows that for every j € S(Ay, By), E'[F1, Fy, Cy,Ca, 5)(1,5) # 1.

The result follows.

. For the last part, suppose F5 is a translated code of distance d; with image T, and 5 is

(dg, Fy,Ty)-robust. Consider

dy

XQZ {hETQ:HjE [ng]Fg(]):hH Z@}

It is clear that |{j € [na] : F2(j) ¢ X2}| < dy. Since F is a translated code of distance d;

with image 75, this means (X5), = T5.

Enumerate the elements of X5 as Ay,...,A,,. For each 1 < k < m, by the pigeonhole

principle, we know that there is some By, € (—Ay + (F1),)" for which

dy dy

150 Bu)l = [ € Izl : £29) = A CoU) = B} 2 e ==y 57761 2 1o

Let 7 = |J}, S(Ag, B). Denote

g = {Z c [nl] . 3] € To such that E/[Fl,FQ,Cl,CQ,g}(Z',j) 7é ].}, T = [nl] \O'.
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This means that for each i € 7y and j € 7, we have E'[F, Fy, Cy1,Cy, §(i,7) = 1.

Lemma tells us that for i1,y € 7y, if Fy(i1) = Fi(is) € Ty, then s;, = s;,. Since §'is

(do, Fy,Ty)-robust, it follows that |o| > ds.

For each i € o, there is at least one j € 7, for which E'[F}, Fy,Cy,Cy,8](4,5) # 1. If
j € S(Ayg, By), then it follows that for every j' € S(Ay, By), E'[F1, Fs, Cy,Cs, 8](i,5) # 1.
The result follows. m

3.4 Special (C,Cy)

Consider F; € Hom([n4], G), Fy € Hom([ns],G) and s € (Z/pZ)™ . In this section, our goal
is to count the number of (C1,Cy), with Cy € C; ({(F2),, F1) and Cy € C;; ({(F1),, F»), that

are (F, Fy, §)-special.
We will show the following.

Proposition 3.4.1. Consider F} € Hom([n;], G) and Fy € Hom([ny], G). Then the following

hold.

1. The number of triples (5,C1,Cs), with 5 € (Z/pZ)™, C1 € C; ((F2),,F1) and Cy €
Cy,((F1), , F3), such that (Cy,Cs) is (Fy, Fy, 5)-special is at most

POl |GIEVIG ¢ pllimF@EF),)|

2. If set(Fy) = set(Fy) = T for some T <y, G, then the number of Cy € C;; ((Fy),, F1)
and Cy € C; ((F1), , F2), such that (Cy, Cy) is (Fi, Fy, 5)-special is evactly

|A*G(T)| x |T| if §=0,
0 if § 0.
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3.4.1 Upper bound

Lemma tells us that if (C4, Cy) is (Fi, Fy, §)-special, then the map C factors through

(F1,s

Cri ) B G x @fpz) B | (—g+ (B

96<F1>1

for some f; and the map C; factors through

Coilna G2 | (=h+(F)),
he(F2),

for some fs.

Given F' € Hom([n],G) and § € (Z/pZ)", we denote
set(F,5) = {(F(e;),s:) :i € [n]} CGx (Z/pZ).

We will denote the projections as m : G x (Z/pZ) — G and w3 : G X (Z/pZ) — Z/pZ.

Given subsets Y1 C G x (Z/pZ) and X, C G, let X; = m(Y1). We denote by D(Y7, X5), the
set of pairs of functions (1, f2) such that the following hold:
L. By maps Y1 to Uyey, (—g + X2)" and for every (g,s) € Y1, Bi(g,s) € (—g + X2)™;
2. By maps Xy to Upey, (—h + X1)" and for every h € Xy, Bo(h) € (=h + X1)7;

3. For every (g,s) € Y7 and h € X5 we have

Bi(g,8) (=g + h)Ba(h)(—=h + g)¢, = 1.
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Clearly,

DY, Xa)| < |G|

Lemma 3.4.2. Consider Fy € Hom(Z;*, G), Fy € Hom(Zy?, G) and 5 € (Z/pZ)™. For C €
C*((Fy),, F1), Cy € C*((F1), , F2), the pair (Cy,Cy) is (F1, Fy, §)-special if and only if there
is (51, B2) € D(set(Fh,§),set(Fy)) such that Cy(i) = B1(F1(i), s;) and Cy(j) = Bo2(Fo(4)).

Therefore, the number of pairs (Cy,Cy) that are (Fy, Fy, §)-special is |D(set(F}, 5), set(Fy))|.

Proof. Denote Y = set(F1,5), X; = set(F)) and Xy = set(Fy). If (C1,Cy) is (Fy, Fy, §)-

special, then by Lemma [3.3.1] we can construct following functions

o 1 : Y1 = Uyex, (=g + (X2),)". For (g,8) € Y1, choose i € [ny] such that F1(i) = g,
s; = s, and define Bi(g,s) = Ci1(i) € (—g+ (X2),)". By Lemma [3.3.1] this is well
defined.

o (y: Xy = Upex, (—h 4+ (X1);)". For h € Xy, choose j € [ng] such that Fy(j) = h, and
define fB5(h) = Ca(j) € (—h + (X;),)". By Lemma this is well defined.

Since (C4, Cy) is (F1, Fy, §)-special, we see that for each (g,s) € Y7 and h € X5, we have

B1(g:8)(=g + h)Ba(h)(=h + g)¢; = 1.

Therefore, (61, 52) € D(Y1, Xa).

Conversely, given (81, 52) € D(Y7, X3), we can construct Cy and Cy as C1(i) = f1(F1(i), s;)
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and Cy(7) = Pa(F2(j)). For i € [ny], j € [na], we see that

E'[Fy, Fy, C1,Cy,8)(i, ) = C1(i)(=F1(i) + F2(5))C2 () (= F2(4) + F1(4))¢)

= B1(F1(), 8:) (= F1(i) + F2(5)) Bo(F2(5)) (= Fa(j) + F1(i))¢) = 1.
Therefore, (Cy,Cy) is (F1, Fy, §)-special. O

Lemma 3.4.3. Suppose that we have non-empty subsets Y1 C G X (Z/pZ) and Xo C G. If

(9,5),(g,8") € Y1, then for every (51, 52) € D(Y1, Xs) and every x € —g + (Xs),, we have

Bilg, s')(x) = C;_Slﬁl(% s)(z).

Proof. For each h € X5, we have
Bi(g,s) (=g +h) = (GBa(M)(~h +9)) ",

Bi(g, ) (—g +h) = (¢ Ba(h)(~h + g)) .

This means that for each x € —g + X5, we have

Bilg,s') (@) = G Bi(g, 5)(x).
It follows that the same would hold for every x in (—g + Xo), = —g + (Xo),. O

Lemma 3.4.4. Suppose that we have non-empty subsets Y1 C G x (Z/pZ) and Xy C G. Let

Xy =m(Y1). Then the following hold.

1. If there is some g € X1 N (Xy),, for which there are (at least) two different (g,s) and

(g,8") in Y1, then D(Y1, X3) = 0.
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2. If there is some g € X1 N Xy with (g,s) € Y1 and s # 0, then D(Y1, X5) = ().

Proof. First, suppose that there is some g € X; N (X3), for which there are (at least)
two different (g, s) and (g,s’) in Y;. Assume for the sake of contradiction that D(Y7, X5)
is not empty, consider (f31,s) € D(Y1,X3). By Lemma [3.4.3, we know that for every

x € —g+ (X2),, we have

Bi(g.s)(x) = ¢ Bilg, s) ().

Since g € (X»),, we know that 0 € —g + (X5),. Taking z = 0, we see that 1 = C{j_s/. This

contradicts the fact that s # 5. We conclude that D(Y7, X5) is empty.

Next, suppose that there is some g € X; N Xy with (g,s) € Y7 and s # 0. Assume for the
sake of contradiction that D(Y1, X3) # 0. Consider (1, 52) € D(Y1, X2). Since (g,s) € V3

and g € Xy, we have

Bi(g:s)(=g + 9)Ba2(9)(—g + 9)¢p = 1.
This means (5 = 1, which contradicts s # 0. Therefore, D(Y7, X5) = 0. n
We are now ready to prove the first part of Proposition [3.4.1]

Proof of part (1) of Proposition m First we count the number of § € (Z/pZ)™ for which
D(set(F1, 5),set(F3)) is non-empty. By the first part of Lemmal[3.4.4] if D(set(F}, §), set(F)) #
(), then there is a function A : set(Fy) N (Fy), — Z/pZ such that for each i € [ny], if

Fl(l) € <F2>1, then S; = )\(Fl(Z))
The number of choices for A is at most
p|set(F1)ﬂ(F2)1| < pll.
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Once we fix A, then the number of choices for § is

plticmlR g, )|

Once we choose §, then the number of (Cy, Cy) that are (Fy, Fy, §)-special is
ID(set(Fy, 5), set(Fy))| < |G|PIel

The result follows. 0

3.4.2 Exact count for set(F;) =set(fy) =T

Given a translated subgroup T' <i, G, we denote by D(T,T), the set of pairs of functions
(B1, B2) such that the following hold:

1. By maps T to G(T)%
2. By maps T to G(T)*;

3. For every g,h € T, we have

Bi(g)(—g + h)Ba(h)(=h + g) = 1.

Clearly,
|D(T,T)| < |G

Proof of part (2) of Proposition|3.4.1. If §+# 0, then the second part of Lemma implies
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that

D(set(F}, 8),T)| = 0.

On the other hand, if §= 0, then set(F3,s) =T x {0}. In this case it is clear that

[D(set(Fy,5),T)| = |D(T, T).

Therefore, we will be done if we show that |D(T,T)| = |A*G(T)| x |T.

Let G(T) = H. We will denote the class of z ® y in A2H by = Ay. We can see that
|D(T,T)| = |D(H, H)|, due to the following bijection. Fix go € T..

e If (f1,02) € D(T,T), then we can define oy : H — H* and ay : H — H* as a;i(x) =
B1(g0 + x), ag(x) = Pa(go + ). It is clear that (ay,a2) € D(H, H).

o If (ay,0) € D(H, H), then we can define 8, : T'— H* and 5y : T — H* as fi(g) =

ar1(—go+ g), Pa(g) = aa(—go + g). It is clear that (51, 52) € D(T,T).

Therefore, it is enough to compute the size of D(H, H), that is, the number of maps a; :

H — H* and ay : H — H* such that for every z,y € H, we have

ar(z)(—z 4+ y)oa(y)(—y +z) = 1.

This is equivalent to saying that for every y,z € H,

az(y)(z) = ai(z +y)(2). (3:5)

So ap is determined by . We want to count how many «; : H — H* satisfy the condition

that the as(y) obtained from ({3.5) are characters. We are counting the oy : H — H*, such
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that for every vy, 21,20 € H

a1 (y + 21)(21) a1 (y + 22)(22) = aa(y + 21 + 22) (21 + 22). (3.6)

Let A be the set of all such «;.

Consider the map f: H* x (A%(H))* — A defined as follows. For § € H*, 1 € (A*(H))* and

x,y € H, we define

f(0,0)(x)(y) = 6(y)u(x Ay).

Note that f(0,:)(x) is a character since

FO,0)(@)(y1 +1y2) = 0(y1 +y2)e(x A (y1 + v2))
= 0(y1)0(y2)e(x A y1)e(x A ya)

= [(0,0)(x)(y1) [ (0, 1)()(y2)-

Moreover, f(6,t) € A since

0,0y + 21+ 22)(21 + 22)
f0,0)(y + 21)(21) f(0,0)(y + 22)(22)
_ Gt )+ 2+ ) A(a+ 2))
O(z1)e((y+ 21) A 21)0(22)e((y + 22) A 22)
) A

L((y+21+22 (Zl+22)_(y+21>/\21_(y+22)/\22>

:L<21/\22+22/\21) =1(0) = 1.

Next, we will show that the map f is injective. Suppose f(61,t1) = f(02,t2). Then

01(y) = f(01,01)(0)(y) = f(02,12)(0)(y) = O2(y).
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This means that 8; = 8,. Therefore it follows that ¢; = ¢9.

It remains to show that the map f : H* x (A%(H))* — A is surjective. Consider a; € A.
Take 6 = a1(0) € H* and define \ € (A*(H))* by

AMrAy) = ar(z)(y)ai(0)(—y).
In order for this to be a valid definition, we need to check that A((x; + z2) Ay) = A(z1 A
YNz Ay), Mz A (11 +1y2)) = Mz Ay) Az Ays) and Mz Ay)A(y Ax) = 1.
First, we check that A(z A (y1 +42)) = Az A y1) Az A y2).

Mz A (g1 + y2))
Az A y)A (T A ys)

a1(2)(y1 + y2)a1(0)(=y1 — y2) X a1 (z)(=y1)a1(0)(y1) x a1(x)(—y2)a1(0)(y2)
=1.

Next, we check that A(x A y)A(y A x) = 1. Note that
Az Ay)Ay A x) = an(2)(y)ar(0)(=y) x ar(y)(z)as(0)(—x)
= an(z)(y)aa (y) (@) (0) (=2 — ).
Now , tells us that

a(0)(=z —y) = a((z+y) -z —y)(=z —y)

= a((z +y) —2)(—2)u((z +y) —y)(—y)

a1 (y)(=z)ar () (=y)-

It follows that A(z A y)A(y Ax) = 1.
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Finally, we show that A((z1 + z2) Ay) = AM(z1 A y)A(z2 A y). Notice that

1 1
M@ H+22) M) = S o)~ ANy A e Az A YA Ay).

We have thus shown that A is well defined. This shows that f is surjective and hence

bijective. O]

3.5 Non special (Cy, Cy)

In this section we consider the case when Fy and Fy are codes and (C1, Cs) is not (Fy, Fy, §)-
special. Our goal is to show that at least linearly many coefficients E'[Fy, Fy, Cy, Cs, 8](3, j)
are # 1.

Lemma 3.5.1. Suppose F; € Hom([ny], G) is a translated code with distance dny and image
Ty, F» € Hom([no|, G) is a translated code with distance dny and image Ty and § € (Z/pZ)™ .
For Cy € C; ({(Fy),, F1), Cy € C; ((F1), , F2), if (C1, Cy) is not (F1, Iy, 5)-special, then there

are at least dny pairs (i,7) € [n1] X [ng] for which E'[Fy, Fy, Cy,Cs, 8] # 1.

Proof. Denote Xy = set(F}), so (X3), = T5. Assume for the sake of contradiction that there

are some Cy € C; ((Fy),,F1), Co € C; ((F1), , F») for which

1 < [{(3,4) € [m1] X [ng] : E'[Fy, Fy,Cy, Ca, 8)(4, §) # 1} < dna.
Denote

o ={i € [n]:3j € [no], E'[F1, F», Cy, C, 8](4, §) # 1},

so 1 <|o| < dng < ony. Let Y7 = {(Fi1(i),s;) : i € [m1] \ o} and X; = m1(Y)). Since F} is a

translated code of distance dn, with image 71, it follows that (X;), = T7.
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Denote 7 = [ni] \ o, let F, be the restriction of F; to 7 and F, be the restriction of
F| to 0. Also let C,. be the restriction of C; to 7 and C, be the restriction of C; to
o. If we restrict ourselves to 7 X [ng| then (C.,C5) is (F, Fy, S)-special on these indices.

Therefore, by Lemma there is (01, B2) € D(Y1, Xs) such that C.(i) = B1(F- (i), s;) and
Ca(j) = Ba(F2(7))-

Fix some iy € 0. Consider the set
A= {h € Xa: Coio)(=Fy(io) + h)Ba(h) (=D + Fy(in))G° = 1}.

By the definition of o, we know that A C Xs.

We know that F;(ip) € Ty = (X1),. Say F,(i0) = >_, a9 for g, € X; and > a; = 1. Recall

that X; = m (Y1), so for each t, pick some (g, s¢) € Y.

We claim that (A); N X; = A. Assume for the sake of contradiction that there is some

h € (A), N X,, which is not in A. Since h € (A),, h =Y, byhy for hy € A and ) b, = 1.
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Now,

—by,

- H (52 () (— i+ Fa(z‘o))cim)

=G " H (52(’%) (Z t(—ha +9t)>>

t
—brat

(52 —hi + g )

brat

(ﬁl 9t, 50)(—9¢ + h) G, >

= Cp_s H (61 ghst (Z bk t+hk > C;’tzkbk>

t

=G T (Bi(ge s (=ge + )G )™

t

=& T (Balh)(—h + g1) ™™

t

= Cp_Sio <52(h) <Z a(—h + gt)))

=G 0 (Ba(h)(=h+ Fy (i) -

This contradicts the fact that h ¢ A. We conclude that (A), N Xy = A. Since A C Xy, this
means that Xo Z (A), and hence (A), # Ts.

Now consider
09 = {j € [’I”LQ] . Fg(]) € Xg \ A}

Notice that (Fy(j) : j € [na] \ 02); = (A); # T>. Since F} is a translated code of distance

dnge with image Ty, this implies |03 > dny. For every j € oo, E'[Fy, Fy, C1, Co, 8](io, j) # 1.
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This contradicts the choice of (Cy, Cs). O

3.6 Computing moments

In this section, we will prove Proposition [3.2.11] which will complete the proof of Conjec-

ture [3.1.3] for odd p.

3.6.1 Estimation for codes

We start with the case where F; and F5 are both codes. We combine the results from

Section Section [3.4] and Section [3.5 to bound the probability

]P)[(Fla FQ) © Ln1,n2 = (F1/7 F2/>777(Ln1,n2> = ﬂ

Proposition 3.6.1. Let p be a prime, 0 < a < 1, any < ny < ny, G be a finite abelian
p-group and 6 > 0. Then there is K > 0, such that for sufficiently large ny, for every pair

of translated subgroups Ty, Ty <. G. Suppose
e F} € Hom([n1], G) is a translated code of distance ony with image Ty;
e F, € Hom([ng], G) is a translated code of distance ony with image Ty;
o t e (Z/pZ)™, Fl € Cp,(Ty, Fy) and F} € Cpy(Ty, Fy);
o For every i € [n1] if Fi(i) ¢ T, then xr,r ) (Fi (7)) = .

Then we have

K
}C:Ll (T27 Fl)} ‘C:Z(Tl, F2>‘pn1

P[(Fh FQ)Ome - (Fllv F2,)7 U(thnz) - ﬂ < \{z’e[m]:F1(z')$TlﬂT2}|‘

On the other hand, if there is some i € [ny] for which F1(i) ¢ Ty and x1, r ) (Fi(i)) # ¢,
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then
]P)[(Fh FQ) o Ln17n2 - (Flla F2/>777(Ln1,n2) = ﬂ = 0.

Proof. Lemma [3.2.13| tells us that if there is some i € [n;] for which Fi(i) ¢ T, and

X157 () (F1(8)) # G, then

P[(F17F2)0Ln1,n2 - (F1/7F2,> m TL2 ﬂ_o

Now assume that F1(i) ¢ To == X1,,7,)(F](2)) = . Equation (3.4 implies that

P[(F1, Fy) 0 L,y = (F}, F3) and 0(Lp, n,) = 1]

1 1 1
= |C;1(<F2>17F1)| ‘C:LQ(<F1>1,F2)|]% Z Z Z

CreCr (<F2> Fl) CQEC,L2(<F1>1,F2) §6(Z/pZ)"1

nq

ny n2

e

=1 j=1

[(E [Fy, Fy, Oy, Ca, 34, ]))a”} .

First, we compute the contribution of (C, Cy, §) for which (Cy, Cy) is (Fi, F3, §)-special. By
Proposition [3.4.1], the number of triples (C1, Cy, §) for which (Cy, Cy) is (F1, Fb, §)-special is

at most

Gl o ‘G’(p+1)|G| i€lni]:Fi(i)gTa}|

p Xp

Thus, their combined contribution is at most

p|G| v |G|(p+1)\G|

‘C:h (T27 Fl)‘ ‘C:ZQ (Tl, F2>‘p|{i€[nl]2F1(i)€T2}| )

Next, we compute the contribution of triples (C, Cy, §) for which (Cy, Cy) is not (F, Fy, §)-

137



special. We divide these into several cases based on a constant v > 0 that we will pick

later.

1. We compute the contribution of (Cy, Cy, §) for which C is (yny, Fi, §)-robust. Lemma
tells us that for such (5, Cy, Cy), at least (S\Vc%l of the coefficients E'[Fy, Fy, C1, Cy, 51(4, 7)

are not 1. By Lemma [3.2.15] for each such coefficient

<eo 6)
X —_—Fs .
=P\ ep

Cr ((F2),, F1)| |Ca,((F1), . F2)|. Therefore,

E[(BR 5.0 0056.0)) ]

The number of (s, Cy,Cy) is at most p™

the combined contribution of such triples is at most

5'yo¢n%

)|p”1< e ) R (_eévan%)
)| pm (gp)) e (e )

2. Next, we compute the contribution of (§,Cy,Cs) for which Cy is (yng, Fy)-robust.

\ C:

Lemma/|3.3.2|tells us that for such (5, Cy, (), at least 57‘2721 of the coefficients E'[Fy, Fy, Cy, Cy, 8](i, 5)

are not 1. Similarly to above, the combined contribution of such triples is at most
< eé’yan%)
exp | ———5 |-
p|G|

3. Next, we compute the contribution of (3,C},Cy) for which §is (yny, Fy, Ty)-robust.

Lemma/|3.3.2|tells us that for such (3, C}, Cs), at least 57&21 of the coefficients E'[Fy, Fy, Cy, Cy, 8](i, 5)

are not 1. Similarly to above, the combined contribution of such triples is at most
< e&yanf)
exp | — |
|G|

4. Finally, we compute the contribution of (s, Cy, Cy) for which (Cy, Cy) is not (Fy, Fh, §)-
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special, C'; is not (yny, Fy, §)-robust, Cy is not (yng, Fy)-robust and §'is not (yny, Fi, Ts)-
robust. Lemma tells us that in this case there will be at least dan; many coeffi-

cients that are not 1.

Lemma tells us that the number of § that are not (yny, Fy, T)-robust is at most
plCl(4p)Vipli€mR @R} - Lemma W tells us that the number of Cy € C;; (T, Fy)
that are not (yny, Fi, §)-robust is at most |G|"'“! (4]G))™ V7. Lemmam tells us that
the number of C; € C;; (T, F3) that are not (yng, F3)-robust is at most G| (41G])"V7.

Therefore, the combined contribution of such triples is at most

1 1 vl eda\"
e (716170 ((owier) e (- 25))
}C;‘Zl (T27 Fl)} ‘C:ZZ(TM FQ)‘ p|{z€[n1]:F1(z)€T2}| <p | | p| | P ]G|2
We choose a sufficiently small 7 to ensure that

<64p|G|2>ﬁexp < - fg—?;) < 1.

/7
We fix such a v and denote ¢ = —log ((641) |G\2> Wexp ( — g‘é)) > 0. For sufficiently

large values of n;, we will have

edyany
p|GI*

p|G|? exp <— ) < exp(—c).

Therefore, for sufficiently large values of nj, the combined contribution of triples (C, Cs, S)

coming from (1), (2), (3) and (4) is at most

1 1
‘C;‘Ll(Tz, F1)‘ ‘C;;Q (11, FQ)‘ pllilil:Fi()eD}]

<3 4 plél g @i ) exp(—cn1).
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We conclude that

]P)[(Fh FQ) © Ln17n2 - (Flla F2/> and n(Lnan) = ﬂ
< 1 1
=[G (T, )| |Cr, (T, )| plliEiml i @ET

<p|a| |G|HVIGT L (3 4 plél | P0G exp(—cn1)> :
The first part of the result follows by choosing K = 3 + 2 x pl€| |G|(p+1)|G" U

3.6.2 Main term

In this subsection, we fix a translated subgroup 7" <, G and consider F; and F, that are
translated codes with the same image T'. Note that (F1), = (Fy), = T implies C; (T, F1) =

Hom([n,],G(T)*) and C;_ (T, F5) = Hom([no], G(T)*).

Proposition 3.6.2. Let p be a prime, 0 < a < 1, any < ny < ny, G be a finite abelian
p-group and d > 0. Then there are ¢ > 0 and K1 > 0, such that for sufficiently large ny, for
every translated subgroup T <, G, if F} € Hom([n1], G) is a translated code of distance én,
with image T', F» € Hom([ns], G) is a translated code of distance dny with image T' such that
set(Fy) = set(Fy) =T and t € (Z/pZ)™, then we have

§_ NG | _ Kyesp(—en)

PI(Fy, Fy) o Lyyn, = 0,0(Linyny) = — .
[( 1 2) ) 77( ’ ) pnl |T‘ 1+ 2pnl

o |T‘n1+n2—1

Proof. The proof of Proposition tells us that

]P[(Fl7 FQ) o Lnl,nz = 0777([/”1,”2) = ﬂ

= T E ¢, ~" + error term,
7 p Ci€C;y, (T, FY)
Co 66:2 (tvFQ)
se(zZ/pz)™

(C1,C2) is (FY,F2,5)—special
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with

1
error term| < 3+ pl¢G| PV exp(—cny).
b p

|T’m+nz pm

We are given that set(F;) = set(Fy) = T. We compute the contribution of (Cy, Csy, ) for
which (Cy,Cy) is (Fy, Fy, §)-special. Proposition tells us that if §# 0, then there are
no pairs (C1,Cs) that are (Fy, Fy, §)-special. On the other hand, for §= 0, the number of

pairs (Cy, Cy) that are (Fy, Fy, §)-special is |[A2G(T)| x |T|. The result follows. O

Corollary 3.6.3. Let p be a prime, 0 < a <1, p,d > 0 and G be a finite abelian p-group.
Consider a translated subgroup T' <. G. We have

lim ) Y PR, F)o LY =0,n(L{Y) € &, = |A*G(T)] x |G(T)] .

n—oo
F1€8,6(T\T) F2€S1an1,s(T,T)

Proof. Note that

> Y. PlFLE)o LY =0.0(LY) € &) | — |A*G(T)| x |G(T))]

Fy eSn,é(TvT) F3 Es[an] ,5(T7T)

A?G(T
e |T:r—(w)'p

F1€85,,6(T\T) F2€S81an1,s(T\T) t€€n,p

LY G( )l

+ |[Sns (T, T)| X |Sram s (T, T)| x |5np|| AT

For the second term note that

[AG(T)]

‘Tlnl—i-ng—l pnl

\rsn,a<T, T)] % | Stat (L. T)]| X €l _|A%(T)| x |9<T>|\

[Sns (T, )] % |Stam s (T, T)| x [€n,|

—1].
|T’n+(0m1 P

= |A%G(T)| x 16(T)|
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By Lemma [3.9.3| and Lemma this goes to 0 as n — oo.

Next, Proposition tells us that

2 > D PR, F)o LY =0,(L{Y) =] - [A%G(T))

|T|n+[a7ﬂfl pr
Py esn,&(TzT) F2€$(an.| 6(T T) tegn,p
Set(Fl):T Set(FQ)ZT

Kiexp(—c(n + [an
< |5n75(T7 T)| x }SWLL(S(T, T)‘ X |<‘,’n7p| w 1 Es|n+([an1 pL 1))

< Ky exp(—c(n)).

Finally, consider subsets X, Xo C T'. Proposition tells us that

|A*G(T)]
|T|n+[a7ﬂ—1 pn

2.

F ES'IL,5 (TvT) F2€S]'ocn] 6(T T) t€€ n,p
Set(Fl):Xl Set(FQ):XQ

CE E (e - -3 500
pTL

‘T‘n—l— [an]
131 Esn,5(T7T) F GS[an] s(T, T) tEgn,p
set(F1)=X3 set(F2)=Xo

> Y Y e )
n+[an| P n+lan]-1_,
Flesn,6(T7T) FQES[an] §(T T) t€£ 0 |T| |T| p
Set(Fl):Xl Set(FQ):XQ

K A2G(T)| § o
= n+[an] T n+[an]—1 X |X1| X |X2|’— 1 Xp
7] T p

= (1< |atg) o) (D) (T)

If X; €T or Xy C T, then this limit will be 0. The result follows. ]

P[(Fy, ) o L& = 0,n(LY) = ] —

IN

3.6.3 Error term, Type 1

In this subsection, we fix chains of translated subgroups T} <, S7 < G and Ty <i, So <4, G

such that T, Ty, Sy and Sy are not all the same and |T1| < |T3|.
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Lemma 3.6.4. Let p be a prime, 0 < a < 1, any; < ng < ny, G be a finite abelian p-group

and 0 > 0. Then is a constant K > 0, such that for sufficiently large ny, if
1. Fy € Hom([n4], G) is a translated code of distance dny with image T},
2. F;, € Hom([ng], G) is a translated code of distance ony with image Ty;
3. Fl € Cp (Ty, Fi) and F} € Cp, (Th, Fy),

then we have

K
’Cm(T% F1>| X ’an(Tb F2)|

Pl(F1, F3) 0 Ly, = (FY, F3)] <
Proof. Note that

]P)[(FDF?)OLTLLHQ = (Fll?F2/>] = Z ]P)[(FDFZ)OLTLLM = (F1/7F21)777(Ln1,n2) :ﬂ'
te(z/pZ)™

Let Ay ={i € [nq] : Fi(i) € To} and Ay = {i € [n4] : F1(i) € T} \ T2 }. Proposition tells

us that if there is some i € Ay for which X7, ;) (Fi (7)) # (F, then
]P)[(Fh Fy)o Linyins = (Flla F2/>777(Ln1,n2) = ﬂ = 0.

Let B be the set of vectors in (Z/pZ)™ for which each i € Ay, we have x1, o) (F1 (7)) = ¢}
Clearly |B| = plil.

Moreover, Proposition tells us that for each ¢ € B,

K
Cx (T, Fy)| |Cx, (T, )| p

P((Fi, F2) © Ly = (F{, F3)y1(Lny ny) = 1] <

The result follows. 0
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Proposition 3.6.5. Let p be a prime, 0 < o < 1, p > 0, G be a finite abelian p-group.

Suppose we have chains of translated subgroups Ty <;. S1 <y G and Ty <y, Sy <4 G If
1. Ty, Ty, S1, So are not all the same;
2. |Th| < |13,

then for sufficiently small 6 > 0, we have

. (@) (o) =
71113()10 Z Z P[(Fy, Fy) o Ly 0,7(Ly") € Enpl = 0.

F1€8,, 5(T1,51) F2€S[an1,5(T2,52)

Proof. We will show that

- (@) _ o] —
lim > > P[(Fy, F5) o L'®) = 0] = 0,

F1€8,,5(T1,51) F2€S[an1,5(T2,52)

this will clearly imply the result.

Denote Dy = [S) : T1] and Dy =[Sy : Ty]. Further, denote

1—c¢€ ifD1>1andT2§T1 1—¢ ifD2>1andT1§T2
€1 = ) €y = .

1 otherwise 1 otherwise

Consider Fy € S, 5(T1,51) and Fs € Spany,5(1%, 52). Denote

or={i€n]: Fi(i) ¢ T}, 7 = [n]\ o1,

oy = {J € [lan]]: K5()) ¢ To}, 7 = [[an]]\ o2

We know that [o1| < dlog,(Di)n and |op| < Jlog,(D2) [an]. Moreover, if Dy > 1, then
op # 0 and if Dy > 1, then o9 # (). Let F,, be the restriction of Fy to 71, F,, be the

restriction of Fy to o1, F, be the restriction of F; to 7 and F,, be the restriction of F
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to oy. We know that F,, : 77 — Tj is a translated code of distance dn with image 77 and

F,, : 9 = T5 is a translated code of distance dan with image 7T5.

If Z; C [n] and Z5 C [[an]], then we denote:

o Ay 7, is |Z1| X |Z5| matrix whose entries are a;; for i € Z; and j € Z».
Qg5 fori € Zl.

o Bz, 2, is |Zi] x |Z;| diagonal matrix, whose diagonal entries are — 3.,

o Cy, 7,18 a|Zy| x| Z,| diagonal matrix, whose diagonal entries are — ) ., a;; for j € Zy.

Therefore, L{® has the block structure

BTM? - BTl’UQ 0 A7'1ﬂ'2 ATl,UQ
L(a) — 0 BUlvT? + BUI:UQ AUM’Q 01,02
o =
77'11172 ACT;NQ CT1,7'2 + 001,7-2 0
| ;1';,02 21,0'2 O 07—17(72 + CO']_,G'Q_

Denote the restriction of F} to 7y as F}, and the restriction to oy as F,,

. Similarly denote

the restriction of F; to 7 as F, and the restriction to o9 as F,,. We construct the matrix

L7(1a) (7'1, TQ) as

BTI T2 ATI T2

T
ATl T2 C’7'1 T2

L) (1) =

Note that if (Fy, F5) o L) = 0, then

(F7'17 F7'2> © (nga)@_h T2>) - (_FTl © BTLU’Q
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We denote

Fll = _F’Tl © Bn,az - FO'Q o A7, € HOIIl(Tl,G),

71,02

F2/ = _Fm © AO’l,TQ - FTz © C(01,7'2 € HOIl’l(TQ, G)

The important thing to note here is that F], F} and LY (11, T2) are independent. Therefore,

by Lemma [3.6.4]

P[(FTUFT2>(L£LQ)<TI7TQ>> - (F1,7F2,> | Fll S CT1(T27FT1)7F2, € CTz(TbFTg)]

K
< .
|CT1 (T27 F71)| X |CT2 (T17 FT2)|

Next, we bound the probability that F] € C,,(Ts, Fy,) and Fj € C,, (11, Fr,).

e Consider the case when es = 1 — ¢, that is Dy > 1 and T} C T5. For i € 7,

FI/(Z> = Z aij(FUQ(j) - FTl(Z>>

jEo2

By the definition of 71 and o3, we know that F,,(j) ¢ T and F, (i) € Ty C T5. This
means that (—F,, (i) + 1) = G(Ty) and —F,, (i) + F,,(j) ¢ G(T»). Since oy # 0 and

a;; are e-balanced, the probability of Fj(i) € G(13) is at most 1 — e.

e Similarly in the case when e; = 1 — ¢, the probability of Fj(j) € (—F,,(j) + T1) is at

most 1 — €.

e Each of these conditions are independent and hence

P|F| € C,,(Ty, F,,) and F} € C.,(T1, F,,)| < el
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We conclude that

K
|CTl(T27 FT1)| X |CT2(T17F7'2)| .

P{(F1, F) 0 Lglo‘) =0] < |71|6\272| 5
Next, we sum over different F} and F5 corresponding to a fixed choice of 7y, 7

Z Z P[(Fy, Fy) o L' = 0,n(LY) € &, )

F1€8,,5(T1,51) F2€8[an),s(12,52)
Fi(m)CTy Fy(12)CTs

< Y > PR, F)o L =0

Fy €S7L,6(T1751) FQGSI—an'\,S(T%SQ)
Fi(m1)CT Fy(12)CTs

IT1] |72l
< Key''ey Z Z H‘ —F(i +T2]H! —F5(y +T1>’

Flesn 5(T1 Sl) FQGS"an“ 5 T2 52 1ET]

|71] |T2]
1
< Kellell gl (Z _> (Z ) :
Zlo+ ) \ &I Sy

Note that > 7 TTM > % and Y, p TTl)l % Therefore,
> > P[(Fy, Fy) o L™ = 0,n(LY) € &, )
F1 ES’VMS (Tl,Sl) FQGS,’an"ﬁ(TQ,Sb)
Fi(m)CT Fy(12)CTs

lo1] 9 |o2| an
<K "\ T Z
<1—€ 1—e¢ geTl‘ g—I—Tg h€T2] h+T1

G log,,(D1)+alog, (D2)\ ° o
< K er1ée
<[ (1) u(g;ﬂ o) (2 i)

Moreover, the number of choices for o, is at most

3 (Z) < exp (2 logp(Dl)(Sn),

k<log,(D1)dn

147

n



and the number of choices for o5 is at most

> (O;”) < exp (2y/log, (Da)dan)

k<log,(D2)dan

We conclude that

> S PB, ) o L = 0,9(L) € £,,]

F1€8,,5(T1,51) F2€San1,5(T2,52)

5\ 2log, (IG]) v o\
<K &1 exp <4 log (|G|)> erey Z Z _
= 1—¢ g e = 9+T2! [(=h+T1)] '

heTs

We know that e; < 1 and e < 1. Since |T3| < |T5], we see that

(& ) (B reem) (;e( ; Em)
- % <1

This means that

ere <g€ZT| " ><Z’ h—l—TI) <1. (3.8)

If the inequality in (3.7)) was strict, then the inequality in (3.8]) will also be strict. On the
other hand, if equality holds in (3.7)), then for every T} C T, and Ty C Ti, hence T} = Ts.
This would mean that either 77 C S or 15 C S;. Thus, either e; < 1 or e; < 1. In either

case, the inequality in (3.8)) is strict.
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Therefore, we can pick a sufficiently small § to ensure

2\ 2log,(1G)) Ve @
G| / B
<1—e> exp <4 logp(]G|)) erey (Z T g+T2>]> (Z ](—h—i—Tﬁ\) < 1.

g€T! heTy

This completes the proof. O

3.6.4 Error term, Type 2

In this subsection, we fix chains of translated subgroups T} <, S7 < G and Ty <i, Sy <4, G
such that |T7| > |T3|. This is the first time that we will use the assumption that a;; are

identically distributed.

Given g € G and Fy € San1,6(12,52), let 0o = {j € [no] : F5(j) ¢ T>}. We denote

vp(9) =P [Z a1j(—g + Fa(j)) € (=g + 1)

€02

For g € G\ T, and | € Z/pZ, we denote

VF2(97Z)

- [Z arj(—g + F2(j)) € (=g +T3) and XTz,g< - Z arj(—g + Fz(f)))CijeQ "= C;la] .

jE02 JjEOT2

Lemma 3.6.6. Consider Fy € Sian)s(12,52) and 1 € Z/pZ. If 1 # 0, then

VF PVr,(9,1)
Z 2 + Z g2+T2

geT1NTy | 2| geTy \T

Proof. For each h € T5, let b, € Z,, be a Haar-uniform random variable such that the 0, and
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a;; are independent. Note that

Z]P’[th —g+h)+ Y ay(—g+ FB() =0 > b+ Y ay =1 modp)]

geTy heTs JjEOo2 heTs jEo2
=D P> )+ D ay(—Fa() =lg| > b+ > a; =1 (mod p)] <1
g€eT1 heTr jEo2 heTy jEo2

Also note that

ZP[th(—whHZaM( g+ F(G)=0] Y bt ) ay =1 modp)]

geT) heTs JjEo2 heTs JjEo2
=Y P> bu(—g+h) == ay(-g+FBG) | h=1-> ay (modp)]
geTy heTs JjEOo2 heTs jE€o2

We break into cases based on g € Ty N Ty or g € T7 \ Ts.

1. Case1: g€ iNTy. If )3, . by =k (mod p), then Y, . bp(—g+h) is a uniformly random

element of (—g + Ty) = G(13). Therefore,

P[th(—g—i—h)——Zalj —g+F() D> bh=1-> ay; (modp)

heTs JjEOo2 heTs jEo2

1
|T2 LZ alJ g+F2 )) € g<T2) = |T2|VF2(9>

€o2

2. Case2: g€ T'\Ty. If )2, ., by =k (mod p), then ), by(—g+h) is a uniformly random

element of

{:E €(—g+12) : xmy(z) = Czlf}
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The size of this set is K_gpﬂ. Therefore,

[th —g+h)= Zalj —g+ EFy(J \th:l—Zalj (mod p)

heTs JjEo2 heTs JjEo2
Z—E - alj
- T g” LZ —g+ B()) € (=g + T xmy( = Y (g + B(3)) =G ]
2
JEo2
p

=———vn(gl).

(=g + 7oy 0D

The result follows. O

Proposition 3.6.7. Let p be a prime, % <a<l,0<p<a- %, G be a finite abelian p-
group. Suppose we have chains of translated subgroups T} <. S7 <y G and Ty <y So <y G.

If |Ty| > |T3|, then for sufficiently small 6 > 0, we have

. (o) — (@) =
nlglf}o Z Z P{(Fy, Fy) o L)Y = 0,n(LyY) € &) =
F1 ES.,L’(;(Tl,Sl) FQGS,’an“Jg(TQ,SQ)

Proof. Let Dy, D, 01, 03, T1, T2 be as in the proof of Proposition [3.6.5] Define F,, F,,,
block matrix Ly, n, (71, 72) and F| € Hom(r, G), F; € Hom(7z, G) in the same way as in the
proof of Proposition m Recall that F|, Fj and L%a) (11, T2) are independent. Also recall
that if (Fy, F3) o L' = 0, then (F,, Fy,) o L' (11, 72) = (FI, F}).

Pick { € Enp- Let @ € (Z/pZ)™ be the vector whose entries are u; = t; — Zje@; a;; for i € .

This is a random vector, but it is independent of L%a)(ﬁ, 7). Note that

P[(Fh FQ)OL;O[) = 0777(L£za)) = ﬂ < PKF’H? FTz)O(L(a)(Tlv 7_2)) (F1/7 F/) 77(L )(7_177_2)) ﬁ]

n

This probability is zero unless the following conditions hold.

1. For each i € 7y, F{(i) € (—F1(i) + T3).
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2. For each j € 1o, F}(j) € (—F2(j) + T1).
3. For each i € 7, if I, (i) ¢ Tp, then xp, 7, ) (F1(7)) = (.

Note that
Fl(i) == 3" ay(=Fi() + Fa0).

Since all a;; are independent and identically distributed, the probability for conditions (1), (3)

to hold is

H VF2 F1 H VF2 F1

1ETL 1ET]
F1 (i)ETQ Fi (Z)QTQ

The probability for condition (2) to hold is at most 1. Proposition tells us that

P((Fry, Fry) o (LY (11, 72)) = (F{Fy) (LY (11, 72)) = ]

= P[(F,, Fy) o (LY (11,m) = (B, Fy) (L (m, ) = @ | (1), (2), (3)] x (1), (2), (3)

< K plEn B OFEH TT v (R() [] ve (Rl
‘C|71|(T27 71 ‘Clﬂ' T17FT2) p' 1‘ 1€T] 1ET]
(')GTz F1(1)¢Ts
_ K H vE, (F1(7)) H pvr, (F1(7), H 1
bt =R+ ) o KR )+T2 | e (=F2() + )|
Fl(i)ETQ Fl(i)¢T2

Note that if Fi(i) € Ty, then [(—Fi(i) + Ty)| = |T3|. Therefore,

P[(F1, F2) o LY = 0,n(L{Y) = ]

< K H UFz(Fl(i)) pVFz(Fl(i)ati) H 1
S ol Tl AL (=R + T)| Lt [(—F() + T

1€T] 1€T1 JET2
F1(3)ET Fi(i)¢T
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If we sum over different F} corresponding to the same 7, we see that

S PR, B oL = 0,n(L) =]
€S, 5(T1,51)

Fi(m1)CTh
o VF PVF, g:
ST 5 e 5 ety
i H 51
p ' JET2 | F2 +T | 1ET] geT1NT> | 2 g€ \T g+T2>|
[{ier:ti=l}|
o VFz pVFz g7
p\Gl I 1|y =9, 2T
em’ F2 T>|l€Z/pZ gETINT, 2| ET\T (=g +T2)|
By Lemma [3.6.6] we see that
S PR, ) o LY = 0,9(L) =]
F1€8,,5(T1,51)
Fi(m1)CTy
|{i€T1:t;=0}|
K 1 yF pVF ga
_( |G|)logp(D1 )on 2 + Rad AR
; Miergrem | 2, T+ 2, Fovm

If g ¢ Ty, then (—g + T5) 2 G(13), hence |(—g + Ts)| > p x |T»|. This implies that

2 Pvr, (9,0 1 p |
2 T +Z : 2>,s2 2 ST m

geT1NTy ‘ 2| geTr \T geT1NTy |T2‘ gGTl\TQ
We see that
S PR, F) o L = 0,p(L) =]

F1€8,,5(T1,51)

Fl(Tl)CTl

1 |T1| [{i€T1:t;=0}]

< K (p1gpesonsm (i) .

pn 1_[| Fy(j) +Th)| \|T3|

JET2

Since |T1| > |Ty| and t € &

n,ps

1ETt = i€lny]ti= 1
(@)I{GM 0}<(|11’)|{€[ it 0}|<(@>(p+p)
|| BRNEE] ~\ |13

153

we know that



The number of choices for 7; is at most

Z (Z) < exp (2@ /logp(D1)5n> < exp (2« /logp(|G|)>n\/g.

k<log,(D1)dn

Therefore,

Z P[(Fh FQ) © nga) =0, n(Lna)) = ﬂ

F1€8,,5(T1,51)

Jon ] (3+p)n
< é% (Qﬂ(ﬂ)b&AD”<Hq><2 ]ongCN))> (%%ﬁ) :[I|<_Jg(;j+-71H'

JET2

By summing over different the F; corresponding to the same 75, we see that

Z Z P[(Fy, Fy) o L' = 0, (L)) =]

F2€8[qn1,6(T2,52) F1€8y 5(T1,51)

Fa(2)CT>
> )
[(=h+T1)|

Von T, (%er)n >
(wleh s exp (2yflog,(6D)) ™ ()7 Il (
heTs

Van (|1 (1+p)n Ty |72|
G1%) g (IG]) 2./1 G =1 22l .
(1GR9 exp (20 flog,(16D)) (g5 i

Since |T3| < |T1|, we see that

T an(1-48log, (D an
(@ |72 _ @ ( g,(D2)) _ |T_2| ‘G’nélogP(IGl)
T —\7 A\ '

Therefore,

<

==

=

<

i

Z Z P[(Fy, F3) o LY = 0,n(LiY) = 4]

F2€810n1,6(12,52) F1€8,,5(T1,51)
Fo(m2)CT>

< 2 (i (o)™ ()
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The number of choices for 7 is at most

nv/s

£ (2) o o) e o

k<log,(D2)dan

We conclude that

> > Pl F)o LY =0,n(L) =1]

F2€81an1,6(T2,52) F1€Sy 5(T1,51)

% Vi /1T (@ -om
< 2 (et e (1 foga)) T ()
p" |11

Since |&,,,| < p", we see that

> ST PR, Fy) o LY = 0,9(LiY) € &, )

F2€810n1,6(T2,52) F1€8,,5(T1,51)

< K ((pIGP) D exp (4 logp(|G|)>) (:?Da"p) |

We know that |T3| < |T3] and p < a — 110, SO

Ty (a=2—p)n
T < 1.
(|T1|)

We can choose a sufficiently small § > 0 to ensure that

Vo || (a=1-p)
3y\log,(IG) 1221
(lar= e (1 /i 1D)) " ()7 <1

The result follows. O]

Proof of Proposition . This follows from Corollary [3.6.3] Proposition [3.6.5] and Propo-
sition B.6.71 O
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3.7 Parity of 2-rank

In this section p = 2. We work with matrices over Fy, and ranks of matrices are taken over
Fy. For a vector v, we write Diag(v) for the diagonal matrix whose diagonal entries are the

entries of v, and we write 1,, for the all-ones column vector of length m.

Reducing L,, ,, modulo 2, the minus signs disappear, so if A = (a;;) € My, xn, (F2), then

Diag(Al,,) A

Linyny =
AT Diag(AT1,,)
Our goal is to determine the parity of rank (L, ,,).

Lemma 3.7.1. Let B € M(F2) be symmetric, and let

bll

k
2

S
I
m
=

bik

be the vector of diagonal entries of B. Then v € Im(DB).

Proof. Tt suffices to show that for every y € F3**, if y B = 0, then yv = 0. We have

k
yBy" = nybn + Z Yiy;j (bij + bji).
i=1

1<i<j<k

Over Fy we have y? = y; and bij +bj; = 0, since B is symmetric. This means that

k
yBy" = " yibi = yo.
i=1
Therefore, if yB = 0, then yv = 0. This completes the proof. O]
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Proposition 3.7.2. Let A = (a;;) € M, xn, (F2), and let

Diag(Al,,) A
L<A) = € My, 40y (F2)
AT Diag(AT1,,)
Then
ny no

rank(L(A)) = Z Z a;; (mod 2).

i=1 j=1

Proof. We induct on the number of nonzero entries of A. If A =0, then L(A) = 0, so the

base case is clear.

Now assume A # 0, and choose (i, jo) such that a;,;, = 1. Assume without loss of generality
that io = 1 and jo = 1. Let Ej; be the matrix with 1 at the (1, 1) entry and zeros elsewhere.

Set A = A+ Eqp, so A’ has one fewer nonzero entry than A. By the induction hypothesis,
rank(L(A")) = Za;j = Z ai; +1 (mod 2).
2% 1,3

It therefore suffices to prove that

rank(L(A)) = rank(L(A")) +1 (mod 2).

We first remove a redundant row and column. Every row sum and every column sum of
both L(A) and L(A’) is zero. Hence, in each matrix, the (ny + 1)-th column is the sum of
the other columns, so deleting that column does not change the column rank. After deleting
that column, the (n; 4 1)-th row is the sum of the remaining rows, so deleting that row does

not change the rank. Let L(A) and L(A’) denote the resulting principal submatrices. Then

rank(L(A)) = rank(L(A)), rank(L(A’)) = rank(L(A")).
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There is a scalar d € IF5 such that

for some symmetric matrix K and some column vector Z.

We now describe K and & explicitly. Let B be the (n; — 1) X (ny — 1) matrix obtained from
A by deleting row 1 and column 1. Let @ € F52~" be the first row of A with the first entry
removed, turned into a column. Let be F7'~! be the vector of row sums of A, ignoring the

first row. Let ¢ € F3>~! be the vector of column sums of A, ignoring the first column. Then

-,

Diag(b B 0
K g(b) e |
BT Diag(c) i

where the top zero vector has length n; — 1. Also note that 17 _ B + @’ =¢7.

ny—1

We will show that ¥ € Im(K), assume for the moment that this is the case. Choose Z' €

F71+"272 such that K7 = #. For e € {0,1}, we have

T
1 0 d+e I |1 0 d+e+2TKz 7T+ 2TK
Z I T K Z I T+ K7

Since K is symmetric and we are working over Fy, we have ¥+ KZ = 0 and 77 + 2T K = 0.
Thus exactly one of L(A’) and L(A) has rank rank(K), and the other has rank rank(K) + 1.

Therefore

rank(L(A")) = rank(L(A)) +1 (mod 2).

This completes the induction step assuming & € Im(K).
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Now, we want to show that ¥ € Im(K). Equivalently, we want to find 4, € F3*~' and

7> € 3>~ such that

=,

Diag ()i, + Bijz = 0, (3.9)

BTij, 4 Diag(d)ij, = . (3.10)

Let
Iy={re{l,...,n1—1} : b, = 0},

and let W C F227! be the span of the rows of B indexed by Iy. Note that ([3.9)) implies that

i, € Wt. Here W is defined in terms of the usual dot product on Fp2~ !,

Define a linear map
T W+ = Fp~'  T(§) = B" By + Diag(d)y.

Choose a basis wy, ..., wy of W+, and define N € M, (F3) by Ny, := w! T (w,,). Since
W T () = (B (Bu) + wf Ding(@uwn,

the matrix N is symmetric.

Next we compute its diagonal. Let w € W+. Since we are working over Fy, we have

w'T(w) = (Bw)" (Bw) 4+ w” Diag()w = 1, Bw + " w.

ni—1
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We have 17

ni—1

B = (¢+u)T, so

By Lemma [3.7.1} this vector lies in Im (V). Thus there exists

a1 ﬁTU}l
g=1:1¢€ IFS, such that Nqg =
Ik ﬁka
Choose

o = quuwy + - - + qrwy € W

Then for each I, w] T(7) = @ wy, so

i=T(g) € (WH)F =W.

Since W is spanned by the rows of B indexed by Iy, there exists a vector § € F5'~* supported

on Iy such that

B'g =i~ T(3).

Choose 11 = Bijs + g.
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We verify (3.9) and (3.10). Since 7, € W+, the vector B, vanishes on Ij. Since we are

— -,

working over Fy, Diag(b)Biy, = Bis. Also, Diag(b)g = 0 because § is supported on Ij.

Therefore,

-, -,

Diag(b)y1 + By> = Diag(b)(By> + §) + B> = By + By = 0.
This proves . Also,

B"i, + Diag(9)i, = B" (B + §) + Diag(é)f = T(i) + B"§ =T () + @ — T (i) = 4,
which proves (3.10). Hence & € Im(K). H
Proposition [3.2.6] Suppose p =2. For any 0 < o < 1,

lim P [rank(G(L{™)) is odd] = L

n—oc0 2

Proof. Note that

n

rank(G(L")) = n + [an] — 1 — rank (W) :
Therefore,

P [rank(G(L(o‘))) is odd] =P [rank (W) =n+ [an] (mod 2)] :

n

By Proposition this is

n [an]

P ZZaijEn—l—[mﬂ (mod 2)

i=1 j=1
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Since the a;; are independent and e-balanced, [24, Lemma 2.1| implies that

n [an] 9

P ZZaijEn—l—(om}—i-l (mod 2) —% <exp<—€a2? >

i=1 j=1

The result follows. O]

3.8 Raw moments sometimes diverge to infinity

We consider the special case of L when all a;; are Haar-uniform and show that certain

moments blow up to infinity.

2—«

o If all a;; in L are Haar-uniform,

Proposition 3.8.1. Consider 0 < a < 1 and m >

then we have

lim E[|Hom(G(L'Y), (Z/pZ)™))|] = oo.

n
n—oo

Proof. Denote G = (Z/pZ)™, ny = n and ny = [an]. Recall that

n n

|Hom(G(L™M), (Z/pZ)™))| = pim |Hom(Coker(L{™), (Z/pZ)™))| -
Moreover,

E [|Hom(Coker(L{), (Z/pZ)™)]] = Y _ > PR F)o LY =0

F1eHom([n1],G) FoeHom([n2],G)
It follows from (3.3) that

P[(Fy, Fy) o L% = (]

n

ny n2

1 1 o
— ‘C;;I((F2>1,F1)| ‘C:LQ(<F1>1,F2)‘ Z Z HHE[E[F1,F2,C1,02](Z,j) ].

Clec;jl((th,Fl) C2€C;Q(<F1>1,F2) =1 j=1
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Since all the a;; are Haar-uniform, we know that the only (C4, C3) that will contribute are the
ones for which all coefficients E[Fy, Fy, C1, Cs)(i,j) = 1. We call (Cy, Cy) as (F, Fy)-special

if this condition holds.

Let T be a subgroup of G isomorphic to Z/pZ. Let D(G,T) be the set of pairs of functions

(B1, B2) such that the following hold:
L. 1 maps G to U, (—g+T)" and for every g € G, Bi(g) € (—g +T)7;
2. By maps T to G*;

3. For every g € G and h € T, we have

B1(9) (=g + h)Ba(h)(—h +g) = 1.

As a lower bound, we only sum over F; € Hom([n;], G), Fy € Hom([ng],T') with set(F;) = G
and set(Fy) = T. For such Fj, F,, by an argument identical to Section , we see that the

number of pairs (C1, Cy) that are (Fy, Fy)-special is |D(G,T')|. Therefore,

pGT
C:H (T, F1)| X C;ZQ(G, FQ)‘

P[(Fy, Fy) o L% = 0] =

Note that

C:;2(G, F2)| — |G’n2 :pmnz'
Moreover,

p ifgeT,
(=g +T)| =

p* ifgéT,
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SO

Ci (T, Fy)| < p™™.

Finally, note that the number of F; € Hom([n4], G), with set(F;) = G is |G|™* (1 —o(1)) and

the number of Fy € Hom([n,],T) with set(Fy) =T is p"*(1 — o(1)). Therefore,

|D(G,T)|

E [|Hom(Coker(LT(la)), (Z/pZ)m))H > p™"(1—o(1)) x p**(1 —o(1)) p2npmon

= (1—o(1) ID(G. T)| (pe=)".

We know that D(G,T) > 1. By choice of «, we know that m + @ — 2 — ma > 0, which

completes the proof. O

3.9 Lemmas

Denote the binary entropy function as H(z) = —xlog,(x) — (1 — z)logy(1 — x). It is known

that (7) < 2H(2a and that H(a) < 2y/a. It follows that

a
< 92Vab,
(3)<

Lemma 3.9.1. For every integer a > 1 and every real number 0 < 6 < 1, we have

[da]

(1) <o

k=0

Proof. First assume 0 < § < % Using the standard entropy bound for the lower tail of
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binomial coefficients together with the estimate H(8) < 2v/9, we get

[da]
(@> < 9H(®)a < 92Véa
E ) S <

k=0
For % < 0 < 1, we have the trivial bound Z,E‘ZJ) (Z) < 90 < 92Via, O

3.9.1 Counting codes and non-codes

We will obtain bounds on the sizes of S,, 5(5,T"). We start with the case T'C S.

Lemma 3.9.2. [23, Lemma 5.2] Given a chain of translated subgroups T <. S <, G,

denote D =[S : T] > 1. Then we have
|Sn,§(S7 T)| S 4" dlog, (IG]) |T‘n Délogp(D)n'

Proof. If F € S,,5(S,T), then there is o C [n] with |o| < dlog,(D)n such that for i € [n]\ o

F(i) € T and for i € o F(i) € S. By enlarging o, we can assume that |o| = [§log,(D)n]| —1.

We have ((5 log (Z))ﬂ _,) choices for 0. Once o is chosen, there are e [10g,(D)n | -1) E [10g,(D)n |1
P

choices for F'. Therefore,

n
Sn S T < T nD[élogp(D)nW -1 < 22,/nélogp(D)n T anng(D)n_D

Given a group G, let K be the number of translated subgroups of G. We estimate the size
of Sm(g (T, T)

Lemma 3.9.3. Consider 0 < 0 < There is a constant cgs > 0 (depending on G

1
9log,(IG])*
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and 0 ), such that for each translated subgroup T <. G

s (1 — K exp(—cgen) — KGQ_”> < |Sns(T,T) < |T]".
Proof. The upper bound follows from the fact that

S,.6(T,T) € Hom([n],T).
Moreover,

Hom([n],T)\ S,s(T,T) = U S,s(T,T") UHom([n], T").

T,S]trT

The number of 7" is at most K¢, and

n_ T
Hom(n]. )| = (7" < 21
Denote [T : T'] = D > 1. Then we know that
1S,05(T, T")| < 22™ /6108, (IG]) |T|" D0l (P)n < || (22, /6logp(|G|)—1+610gp(|G\)>n'

The bound on § also ensures that 2, /dlog,(|G|) —1+dlog,(|G[) < 0. The result follows. [

3.9.2 Counting non-robust C'

Lemma 3.9.4. Given 0 < v < 1, F € Hom([n],G) and a translated subgroup T <y G, the

number of C € CX(T, F) that are not (yn, F')-robust is at most
' @janm.

Proof. If C € C(T, F) is not (yn, F)-robust, then there is some o C [n| with |o| < yn

166



such that for iy,i5 € [n] \ o, F(i1) = F(i2) implies C(i;) = C(i). This means there is some
B:G = Uyeq (g +T)7, such that for each i € [n]\ o we have C(i) = B(F(i)). By enlarging

o, we can assume that |o| = [yn] — 1.

It follows that the number of choices for o is (Hn?fl)' The number of choices for 3 is at
most |G|'“!. Once we choose o and 8, then C(i) is determined for i € [n]\ 0. Fori € o, C(i)
has at most |G| choices. Therefore, the number of C' € C (T, F') that are not (yn, F')-robust

1S at most

(r i 1) e < v lart <16l @ e a
mi -

Lemma 3.9.5. Given 0 <y < 1, F € Hom([n|,G), § € (Z/pZ)" and a translated subgroup

T <y G, the number of C € C:(T, F) that are not (yn, F, 5)-robust is at most
G (41a)™T

Proof. 1t C € C:(T, F) is not (yn, F, §)-robust, then there is some o C [n] with |o| < yn
such that for i1,i2 € [n] \ o, (F(i1),s;,) = (F(i2), s;,) implies C(iy) = C(i2). This means
there is some 8 : G x (Z/pZ) — U,eq (=9 +T)", such that for each i € [n] \ o, we have

C(i) = B(F(i),s;). By enlarging o, we can assume that |o| = [yn] — 1.

It follows that the number of choices for o is (Hn?—l)' The number of choices for 3 is at most
IG|P'°!. Once we choose o and 3, then C(i) is determined for i € [n]\ 0. For i € o, C(i) has
at most |G| choices. Therefore, the number of C' € C} (T, F’) that are not (yn, F, §)-robust is

at most

(hn?_ 1) ‘GlplG\ |G’Wﬂ*1 < 924/n(yn) |G’p\G\ ’G‘vn < ‘G‘pIGI (4 \Gl)”‘ﬁ n
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Lemma 3.9.6. Given 0 < v < 1, F € Hom([n],G) and a translated subgroup T <y G, the

number of § € (Z/pZ)" that are not (yn, F,T)-robust is at most

pl¢! (4p)”ﬁp\{i€[n}=F(i)¢T}\_

Proof. If § € (Z/pZ)"™ is not (yn, F,T)-robust, then there is some ¢ C [n] with |o| < yn
such that for iy,iy € [n|\ o, F'(i1) = F(i2) € T implies s;, = s;,. This means there is some
A:T — (Z/pZ), such that for each i € [n] \ o, if F(i) € T, then s; = A\(F'(i)). By enlarging

o, we can assume that |o| = [yn] — 1.

The number of choices for o is (anl—l)' The number of choices for A is at most p/®l. Once
we choose o and A, then s; is determined for i € [n] \ o with F'(i) € T. For other i, s; has
at most p choices. Therefore, the number of § € (Z/pZ)™ that are not (yn, F,T)-robust is

at most

(hnn— 1) I HiEl:FOETfm] -1 < 22\/Wp\Glpvnpl{ie[n}:F(i)éT}l < plGl (4p)™V7 pllieMFOETH

3.9.3 Size of &, ,

Lemma 3.9.7. Given p > 0, we have

lim —|£n’p’ =1.
n—00 p”

Proof. By Hoeftding’s inequality, we see that

1Enpl (n> 1 1\n—k 9
1 — el 1 —<1——) < 2exp (= 2p%n).
i > ()03 (~2n)
k:|k—;n|§pn
The result follows. O
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Lemma 3.9.8. Given p > 0, we have

lim P[n(L) € £,,] = 1.

n—oo

Proof. This follows from [22, Lemma 8.2]. O
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Chapter 4

Further conjectures

In this chapter, we record two new conjectures.

4.1 The k-partite undirected graphs

Let & > 2 be an integer and 0 < v < 1 a constant. For each n > 1, let F%k)(v) be a random
undirected k-partite graph with vertex partition Vi3 U Vo U --- LI Vg, with each |V;| = n,
where each edge between two distinct parts is included independently with probability v.

Let Sy, denote the sandpile group of ¥ (v).

We conjecture that, except in the bipartite 2-primary case, the limiting distribution of the
Sylow p-subgroup of Sr(k)(v) should agree with the symmetric Cohen-Lenstra distribution.
In the exceptional case (k,p) = (2,2), a different limiting distribution was conjectured by

[10] and the results of Chapter |3| support this conjecture.

Conjecture 4.1.1. Let p be a prime, k > 2 an integer and 0 < v < 1. For every finite
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abelian p-group G, we have

PYNG) ifk#2orp#2
lim P[(S ’

n—00 F’Slk)(v))p = G} -
2rank(G)—1POSO3:12n(G) if k=2 andp = 2.

In other words, the bipartite 2-primary case should remain the unique exceptional case

among all undirected multipartite graphs.

4.2 A block random matrix model

We now describe a more general random matrix model that leads to many interesting limiting

distributions.

Fix an integer £ > 1 and a subset S C [k] x [k] such that (i,i) € S for each 1 <4 < k. For

each n > 1, let X,, € My, (Z,) be the random block matrix

All A12 Alk
Xn: A21 A22 A2k 7
_Alcl Ak2 Akk_

where each block A;; € M, (Z,), and:
1. if (4,75) € S, then the entries of A;; are independent and e-balanced;
2. if (4,5) ¢ S, then A;; = 0;
3. for different (7,7) € S, the A;; are mutually independent.

Definition 4.2.1. For a finite abelian p-group G, define ng(G) to be the number of k-tuples
(Hy, ..., Hy) such that
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1. each H; 4 G;
2. Hi+---+ H, =G;
3. for each (i,j) € S, we have H; < Hj;.

The conjecture is that the limiting distribution of Coker(X,,) is governed by this subgroup-

counting function.

Conjecture 4.2.2. Let p be a prime, let S C [k] x [k] be a subset such that (i,i) € S for
each i € [k]. Then there exists a constant C, ¢ > 0, such that for every finite abelian p-group

G, we have

| ~al— o, 8G)
JLrEOP[COker(Xn) = G] =Chs | Aut(G)|

Moreover, for every finite abelian p-group G,

lim E[| Sur(Coker(X,),G)|] = ns(G).

n—oo

Let us briefly look at some special cases.

First, if S = {(4,7) : ¢ € [k]}, then

Coker(X,,) = Coker(Ay;) & - - - & Coker(Akx).

The limiting distribution of each Coker(A;;) is Px 1. So the limiting distribution of Coker(X,,)

would be the direct sum of £ finite abelian p-groups each distributed according to Py ;.

Next, if S = [k] x [k], then X, is just an e-balanced random matrix in My, (Z,). Moreover,

in this case each ng(G) = 1. So the limiting distribution is just Pu ;.
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Finally, consider S = {(i,j) € [k] x [k] : i < j}. Then ng(G) counts the number of chains of

subgroups of G of the form

This quantity is denoted as ny(G) by Nguyen and Van Peski in [16]. The limiting distribution
of Coker(X,,) conjectured by us is the same distribution that Nguyen and Van Peski obtained
as the limiting distribution of Coker(M;Ms ... M), where M; € M,,(Z,) are independent,

e-balanced matrices.
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