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Abstract

To solve molecular photoionization and elec-
tron scattering problems, we use an overset-grid
representation of electronic continuum func-
tions which has an extended central spher-
ical grid that overlaps small spherical grids
(subgrids) centered on each atom of a poly-
atomic molecule. Here we present an improved
algorithm that smoothly partitions the total
wave function between the central grid and
the atomic subgrids. The smooth partition-
ing allows one to use approximately one fourth
the number of partial waves on the central
grid compared to our previous implementation
with switching functions. The resulting nu-
merical method for treating electron scattering
and photoionization of polyatomic molecules
combines the accuracy and flexibility of pure
numerical grid representations with the rapid
convergence of hybrid combinations of atom-
centered basis-set expansions and grid methods.
The overset-grid representation is implemented
using the complex Kohn variational principle
for scattering and photoionization amplitudes.
The faster convergence with respect to num-
ber of central grid partial waves is demon-
strated and accuracy verified by comparisons
with the previous implementation and with far
more computationally demanding single-center
numerical expansions in electron-molecule scat-

tering and photoionization calculations on the
neon dimer (Ney) system, carbon tetrafluo-
ride (CF}) molecule, and the pyridine (CsH5N)
molecule in the static-exchange approximation.
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1 Introduction

We recently introduced a computational ap-
proach to electron scattering and photoioniza-
tion of polyatomic molecules based on overlap-
ping three-dimensional numerical grids, called
the overset-grid method? that employs those
grids in the complex Kohn scattering varia-
tional principle.? % Here we eliminate a limi-
tation of the original approach that impeded



its application to coupled electronic channels
with an idea that addresses a core problem
that challenges all existing computational ap-
proaches to electron-molecule collisions. This
problem is that in scattering calculations the
relatively simple angular, but highly oscillatory
radial behavior of the continuum wave function
at large distances must be treated at the same
time as its much more non-spherical behavior
close to and inside the molecule itself.

Electron-molecule scattering and molecular
photoionization are problems that continue to
challenge accurate quantum mechanical cal-
culation, and they have become more press-
ing problems to solve efficiently and accurately
in the age of attosecond laser experiments.
Attosecond optical pulses with durations of
150 attoseconds or shorter, which are common
in modern ultrafast spectroscopy, have band-
widths comparable to the ionization energy of
most small molecules, so experiments employ-
ing attosecond pulses almost always involve the
photoionization continuum.

The target molecule can be left behind in both
ground and electronically excited states, and
thus the basic physics is a familiar but chal-
lenging multichannel scattering problem, com-
plicated by the fact that the continuum elec-
tron is indistinguishable from those bound in
the molecule. Although there are several suc-
cessful and well-developed computational ap-
proaches for solving electron scattering prob-
lems, advances in ultrafast spectroscopic ex-
periments compel us to seek more efficient and
more general numerical algorithms that can also
treat larger molecules. To improve on current
approaches, we have to address the fundamen-
tal building block of those algorithms, namely
the problem of electron-molecule scattering in
which only a single target electronic state is
considered.

Electron-scattering wave functions for small
to medium-sized molecules at collision energies
of chemical interest, i.e., less than about 50 eV,
typically require relatively few angular momen-
tum partial waves, £, = 4 to 15, to represent
their asymptotic behavior at large distances
from the molecule. However, the formally cor-
rect expansion of the complete scattering wave

function at all distances in partial waves around
a single center converges extremely slowly and
requires many hundreds or even thousands of
spherical harmonics, because such an expan-
sion poorly represents the wave function near
the nuclei of a polyatomic molecule.

One successful approach to the electron-
polyatomic molecule using the Schwinger vari-
ational principle uses highly optimized single-
center expansions”® in the widely distributed
code ePolyScat.” Despite its drawbacks, there
is a strong reason for such an approach. The
single-center expansion approach allows for the
use of flexible numerical grid representations of
the scattering wave function in radial degrees
of freedom.

Decleva and coworkers!®!! have implemented
an approach for solving the scattering equations
for continuum electronic states based on the use
of multicenter B-spline basis sets. The mul-
ticenter B-spline method implicitly has a nu-
merical overset grid when considering the knots
in all radial intervals of the different centers.
In contrast, the overset grid method proposed
here uses an FEM-DVR basis on the central
and subgrids. A more significant difference is
that, as implemented in the Tiresia code,!?
the equations being solved are based on den-
sity functional theory, which for single-channel
problems they use the Kohn-Sham (KS) equa-
tions with the PB94 exchange-correlation po-
tential and for multi-channel problems they
use the TDDFT extension of the KS formu-
lation. Thus, compared to the exact non-
local exchange potential used in our overset
grid method, using the approximate semi-local
PB94 potential simplifies the structure of the
Hamiltonian so that the basis functions on dif-
ferent centers do not interact. No such approxi-
mations are made in the overset grid method we
describe here. All nonlocal operators, like ex-
change operators and the free-particle Green?s
function, are treated in this numerical grid
method with only numerical quadrature errors.

Such purely numerical grid methods, e.g., the
B-spline'® 1% or finite element discrete variable
representation '%°!® approaches have the distinct
advantages that they can accurately treat the



oscillatory behavior of scattering wave func-
tions at high energies and also can be adap-
tively converged by increasing the density of
grid points.

All other methods solve this problem with
various combinations of basis set expansions.
For example, one might seek to expand the
continuum wave function in the vicinity of the
molecule in a multicenter Gaussian basis func-
tion expansion and combine that representa-
tion with a partial wave expansion asymptot-
ically. The resulting technical difficulties have
been solved in a variety of ways. One ap-
proach is the original complex Kohn variational
method, which combines the Gaussian orbital
description in the vicinity of the molecule that
overlaps an additional basis of non-square inte-
grable continuum functions, Bessel or Coulomb
functions depending on the boundary condi-
tions.3 619724 Another approach is the popular
and powerful R-matrix method which, gener-
ally speaking, effectively matches the two rep-
resentations on the surface of a sphere contain-
ing the interaction region?> 2" and has incorpo-
rated many refinements to this central idea in
the UKRmol+ suite of codes,?® notably including
a B-spline basis set in the inner sphere to better
represent the continuum functions. In recent
years a new close-coupling method has been
developed and implemented in a code called
XCHEM, which also uses a hybrid basis of overlap-
ping Gaussians and B-splines for molecular tar-
gets. 2231 Yet another approach developed by
Scrinzi and co-workers for molecular ionization
employs a fully numerical finite element basis
for the continuum combined with Gaussian ba-
sis expansions of molecular orbitals in a con-
figuration interaction description of the target
molecule,??3% and also emphasizes the numeri-
cal advantages of the grid representation of the
continuum.

The overset-grid method that we refine here
makes a completely numerical description of the
continuum portion of the wave function using
small numerical grids centered on each atom
that overlap a central grid that extends into
the asymptotic scattering region as sketched in
Figure 1. The full (N-electron) wave function
is then expanded in antisymmetrized products

Figure 1: Schematic representation of the
overset grid used in electron scattering and
photoionization calculations for the pyridine
molecule (C;H;N). The central grid (light
brown) overlaps with several mutually non-
overlapping spherical subgrids, each denser
than the central grid in the sphere around
each nucleus and radially adapted to the lo-
cal momentum of the scattered electron. Sub-
grids are centered at off-center nuclei and cor-
respond to different atomic types: hydrogen-
equivalent subgrids (gray), carbon-equivalent
subgrids (black), and the nitrogen subgrid
(blue). Patch functions of low-order polynomi-
als in each subgrid maintain continuity with a
function on the central grid at the outer bound-
ary of the subgrid.

of Gaussian orbitals describing target electrons
and this grid representation of the one-electron
continuum. This approach seeks to maximally
exploit the advantages of grid methods, but
solves the central problem of representing the
continuum scattering orbitals both in the vicin-
ity of the molecule and asymptotically in a new
way.

In the next section, we explain the cen-
tral idea of the overset-grid method and its
new “patch-algorithm” modification that we
are proposing here. Section 3 is devoted to



the brief description of the salient aspects of
the complex Kohn variational approach to the
electron-scattering problem and its implemen-
tation with the overset-grid method. We ex-
tensively test the patch algorithm and compare
it to the original switching-function version for
two scattering and two photoionization exam-
ples in Section 4. And finally, our conclusions
are given in Section 5.

2 Overset-Grid Method
with Patch Functions

The overset grid that describes a one-electron
molecular continuum scattering wave function
is illustrated in Figure 1 for the example of the
pyridine (C5H;N) molecule. The grid consists
of an extended central grid (centered in the
middle of the six-membered ring in Figure 1)
and eleven smaller but denser subgrids centered
on each atom that do not overlap each other.
All three-dimensional spherical grids are prod-
ucts of finite-element-method discrete-variable-
representation (FEM-DVR) grids for the radial
variable associated with each grid and a Gauss-
Chebyshev and Gauss-Legendre quadrature in
the angular variables.”?* The basic idea is that
the subgrids describe the wave function near
each atom, and in particular any cusp behav-
ior at the nuclei, whereas the central grid de-
scribes the wave function between the atoms
and asymptotically.

We hasten to point out that the idea of overset
grids is by no means original here; we are con-
tributing only to its adaptation and the some-
what subtle aspects of its application to quan-
tum wave functions, including the implemen-
tation of the operation of scattering Green’s
functions. The overset-grid method is well-
established in an extensive literature in various
science and engineering disciplines that involve
numerical simulation of systems with complex
geometry, particularly in fluid dynamics and
aerodynamics. 3739

In our variant of the idea, the three-
dimensional wave function, ¥(r), is described
everywhere in space by its values at all the
points on the grid. It is well-defined at each

stage of the scattering calculation, as we iter-
atively add more Born-Arnoldi numerical con-
tinuum basis functions to the calculation, as
described in Section 3. At each stage, we rep-
resent W(r) on the overset grid and use that
representation to calculate the results of the
potential energy operator and the free-particle
Green’s function operating on it.

Because the individual grids forming the over-
set grid overlap, we originally!? partitioned
the wavefunction smoothly between them with
Becke switching functions,?® denoted by W, (r),
associated with each grid g (either the central
grid or the subgrids),

U(r) =) Wyr)U(r) =) W,(r—r0). (1)

where r, o denotes the grid center. The switch-
ing functions rise smoothly across each subgrid
boundary from zero outside to one inside the
subgrid. The two sides of eq (1) are made equal
by the condition that the switching functions
sum globally to unity,

D> Wy(r)=1. (2)

On each grid separately (subgrids and central
grid) we sought to efficiently expand the parti-
tioned wave functions in the smallest necessary
number of partial waves (radial functions times
spherical harmonics, Y},,),

g,max

Wy(ry) = Z Ygim(rg) Yim(€g) (3)

with r, = r — ry9. However, this seemingly
optimum partitioning, which was used in our
original implementation,'? suffers from a seri-
ous problem in the central grid.

The weight for the central grid must be the
complement of all the subgrids, W, = 1 —
ng Wy, where sg denotes a subgrid and cg
denotes the central grid. The central grid par-
titioned in this way has smooth edged holes in
three dimensions, where each of the subgrids is
effectively cut out of it. So, while the straight-
forward partitioning with Becke weights*? al-
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Figure 2: Details of the partitioning of the 3a;
orbital of O3 plotted on a ray that passes from
the central O atom through one of the termi-
nal O atoms. In the upper panel the partition
made by the patch algorithm (with n = 3 as de-
fined in eq (7)) is shown and in the lower panel
the corresponding switching-function partition
is given. In both cases, the central grid and
subgrid functions add to give the total func-
tion, which is the original orbital wave function

lows the use of very few partial waves (angular
momenta) in the expansion of the wave function
in each subgrid, the partial wave expansion in
eq (3) for the wave function on the central grid
must include enough partial waves to resolve
the resulting “holes”. Despite the smooth edges
of the holes that mirror the Becke switching
functions W,,, of the subgrids, the algorithm
using switching functions required a maximum
angular momentum for the central grid of at
least [, max = 20 or 30, even in cases where the
maximum necessary angular momentum in the
asymptotic region was less than 10.

Here, we develop a new variant of the overset-
grid algorithm that repairs this deficiency. We

define the subgrids as before, non-overlapping
but extending to nearly the middle of the short-
est bond involving each atom. We eliminate the
switching functions altogether in the represen-
tation of the wave function, and instead define
a smooth “patch” in the central grid in three di-
mensions over each subgrid defined by its par-
tial wave expansion within the subgrid. The
figure in the abstract gives a notional picture
for the ozone (O3) molecule of how the cusps
near the nuclei in a wave function are repre-
sented in the subgrids and not in the central
grid. In Figure 2 one-dimensional cuts through
the same orbital are given for both the patch
algorithm and the original switching-function
algorithm. 12

For a subgrid (sg) centered at a nucleus with
radial coordinate 7,5, we define a patch function
P,,(r) by its expansion in partial waves:

lsg,max

Pyy(r) = Z Pigim(Tsg)Yim(Osg, @sg).  (4)

Recall that the radial points r,, are FEM-DVR
grid points, and the 6y, and ¢, points are an-
gular quadrature points. The radial functions
defining the patch, Py, (1), are chosen to have
the specific polynomial form:

n—1
Pagim(r) =1 Z cprk (5)
k=0

so that they satisfy the appropriate boundary
condition at ry, = 0, but have no derivative
discontinuity at the center of the subgrid. The
product 7Y}, has the property of being a har-
monic polynomial,*! and has no slope discon-
tinuities at the origin. Multiplying by an even
polynomial in  maintains the continuity of the
derivatives with respect to the Cartesian coor-
dinates at the origin of the subgrids .

We determine the coefficients, ¢y, in eq (5) for
each partial-wave component of the patch func-
tions by matching the value and a fixed number
of derivatives with ¥ at the boundary of the
subgrid. We define the radial functions of the
expansion of ¥(r) on the subgrid by the projec-



tion on the spherical harmonics in the subgrid,

Prainrig) = [ Vi)V (©

Ssq

where €25, denotes 0,4, @5q, d€dsy = sin0,,d0,,d s,
and the surface S, is defined by 7, =
Ir —rs0/. Then the n values of the ¢, co-
efficients defining the polynomial patch are
determined by the conditions,

d Psg, o dk(psg,lm
drk o drk | T

T=Tsg,max T=Tsg,max

k=0,1,...,.n—1.

for each subgrid and where 74 max is the radius
of the subgrid.

Now we define the part of the wave func-
tion partitioned onto each subgrid, W, (ry,), as
the difference between ¥(r) projected onto the
small number of spherical harmonics associated
with the subgrid and the patch function speci-
fied by the ¢ coefficients in eq (5):

lsg max
\Ijsg I'sg Z wsg im 7,sg)Yim(gzsg) (8)
¢sg,lm (ng) = @sg,lm(rsg) - Psg,lm(rsg) .

The Wy,(ry,) functions are localized on the sub-
grids and capture the rapid variations in the
wave functions induced by the presence of the
nuclei at the center of the subgrids.

The central grid overlaps all the subgrids,
which means that many points (r¢g, 0eg, dcg) Of
the central grid (cg) lie inside the subgrids. In-
side the subgrids, the central grid represents not
only the patch function but the entire difference
between V,, and ¥, which includes the small er-
ror generated by limiting the angular momenta
in the subgrid to | <[4y max. To that end, we in-
terpolate the subgrid functions W, (r) onto the
central grid points that lie within the subgrid,

|rcg -
Uey(reg — Tsgo)
\Ifcg<_$g(I'09> = % “ I S ng,max
0 otherwise

(9)

where we have used the fact that r., = r since
r.0 = 0. The interpolation to a specific point
ey —Tsg0 from the values of Wy (ry,) defined on
a set of subgrid points {r;s, : i =1,..., N4},
is accomplished, as explained by Greenman et
al.,! using the interpolating polynomials of the
subgrid FEM-DVR in the radial dimension, 7,
and the analytically known spherical harmonics
of the angles, 0, and ¢,,.

Then the wave function on the central grid is

E qz’cg(—sg ng

The three relations, egs (8), (9) and (10), com-
plete the partitioned representation of the wave
function, ¥(r), on the complete overset grid.
This partitioning algorithm largely captures
truncation errors in the subgrid representation
of the full wave function, due to the limited
number of partial waves used in each subgrid,
through the subtraction in eq (10).

Effectively, for points on the central grid, r,
that lie inside one of the subgrids, sg, the
central-grid expansion represents the smooth
patch plus the small truncation error, €(r), from
the limited partial-wave expansion of the wave
function ¥(r) on the subgrid,

Wey(reg) = V(rey) (10)

lsg,max

\Ing<rcg) = Z Psg,lm<|rcg - rsgaOD}/}m<Qng*rsg,0>
Ilm .
-
patch
+ E(rCQ> for ‘rc.(] - r3970| S Tsy,max
——

Truncation error
from small
sg,max OIl Sg

(11)

The figure in the abstract and Figure 2 illus-
trates the patching algorithm for the ozone (O3)
sigma-bonding 3a; orbital, which is primarily
composed of atomic 2s orbitals on each oxygen.
The bond length from the central O atom to ei-
ther of the terminal O atoms was 1.27 A. This
orbital is partitioned into two parts: the contri-
bution of the middle oxygen that is expanded
on the central grid, centered at the origin, while
the contribution of the terminal oxygens whose
electron density and cusp of the 2s orbital at



the nucleus is partitioned to the subgrid. We
can clearly see that the patch leads to a W,
that is much smoother than what was obtained
using the switching function.

Figure 3 gives another example of the par-
titioning where we have considered the 6a;
(HOMO-2) orbital of Oj that is composed of
atomic 2p orbitals in the plane of the three oxy-
gens and is part of the representation of lone
pair electrons in the terminal oxygens.*? This
orbital has a more complicated angular depen-
dence near each nucleus and thus requires a
more typical number of subgrid partial waves.

Figure 4 is a convergence study of the normal-
ization of the 6a; orbital that illustrates how
the patch algorithm enables a monotonic im-
provement in the accuracy of the partial wave
expansion as the angular momentum cutoff £,
increases in both the central and subgrid re-
gions. Specifically, the normalization of the
6a, orbital improves with increasing €.y max and
reaches eight figures accuracy with foymax =
50, when then number of terms included in
the polynomial radial patch functions is n =
3. The normalization also improves with in-
creasing {gg max, With the difference between
lsgmax=2 and lgg max=3 being less that 1077,
Note that with n = 5, it is possible obtain ten
figures accuracy. In applications to solving the
scattering equations discussed in Section 4, we

oth “Patch”

Figure 3: Decomposition of the total wave func-
tion, ¥, into subgrid partitions, W, and the
central grid partition, W, of the 6a; orbital of
O3. The patch algorithm leaves the p orbital on
the middle oxygen atom, which is located at the
origin, on the central grid and puts the nodal
structure of the p orbitals centered on the outer
oxygen atoms on the subgrids.

will choose £45max=3 and n = 3 which yields
final cross section which can be converged to
better than 0.5% with rather modest values of
Leg max- We have also considered the sensitivity
of the expansion to the location of the central
grid. In Figure 4 we give the results locating the
origin of the central grid on the center-of-charge
of the molecule, which is equidistant from the
two terminal O atoms and 0.45 A from the cen-
tral O atom. We can see that the accuracy does
not strongly depend on the location of the cen-
tral grid, including centering it within a subgrid
as in this example where it is located inside the
subgrid for the central O atom. In this case,
the convergence of the expansion with respect
to the central grid .y max Of the 6a; orbital is
slightly faster than when we centered the cen-
tral grid on the central O atom. This result
is expected since the distance to the terminal
O atoms is reduced by the shift of the central
grid, leading to faster convergence with respect
t0 €cg max, as will be discussed in Section 4.1 be-
low. We note that when an atom is at the ori-
gin of the central grid there is no need to have
a subgrid for that atom, thus reducing compu-
tational effort.

As noted above, we use eq (10) to construct
the central-grid wave function because it implic-
itly retains the subgrid truncation error e(r).
If instead we calculate only the first sum in
eq (11), which is labeled “patch”; and thereby
place only the patch itself on the central grid,
we obtain the red dashed curve in Figure 4. In
this case, the normalization error plateaus at
~ 10~ for legmax = 15. In contrast, implicitly
including €(r) by using eq (10) allows for ac-
curate results to be obtained with only a small
partial-wave expansion of the subgrid function.

3 Complex Kohn Method

Since its introduction,*® the Kohn variational
method has been applied to a range of quan-
tum scattering problems, from nuclear colli-
sions to electron scattering and photoioniza-
tion of atoms and molecules. The complex
Kohn method, which was developed later, uses
complex-valued S-matrix or T-matrix bound-
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Figure 4: Convergence test of the normaliza-
tion error for the projection of the 6a; orbital
of Oz onto spherical harmonics with £.; max;
where £y max is the maximum angular momen-
tum quantum number on the central grid. We
show the results for £4; max = 1,2, 3 on the sub-
grids and a different number of terms included
in the polynomial patch, n = 1,3,5 as defined
in eq (7). The central grid with radius of 6.0 A
is centered on the central oxygen atom with one
subgrid with radius of 0.6 A placed on each of
the remaining oxygens. The red dashed line
(labeled "w/o €”) does not include the subgrid
truncation error €, see the text. There are also
two curves, labeled ”CoC”, where the center
of the central grid was moved to the center of
charge, which is located at 0.45 A from the cen-
tral O atom. All three subgrids have the same
radius of 0.6 A.

ary conditions3?6:217244445 t4 eliminate spuri-
ous numerical singularities at discrete energy
eigenvalues found in early implementations of
the Kohn principle in atomic and molecular
scattering. In Section 3.1, we briefly review the
central ideas of the complex Kohn variational
approach. Section 3.2 discusses how the scat-
tering boundary conditions within the varia-
tional approach are imposed using overset grids.

3.1 Complex Kohn Variational
Principle

In the case of scattering with only a single elec-
tronic target state, which is the basic situation
considered in our numerical tests, the T" matrix
(proportional to the scattering amplitude) for
electron scattering from incident momentum k
to final momentum k'’ is:

T = WV (12)

where ¢1(<+) is the exact scattering wave func-
tion and Y, is the unperturbed initial state,
labeled by asymptotic momenta k and k’. The
wave functions in this expression are functions
of the coordinates of all the electrons in the sys-
tem, as are the wave functions in the general
multichannel case. The building block of the
general problem is the single-channel case using
the static-exchange approximation which treats
the target as a single configuration of occupied
molecular orbitals and reduces the problem to
that of a single electron in the field of the non-
local potential, V. For example, for photoion-
ization from a closed shell molecule we have

V:Vnuc—i_Z(de_Kd)‘i‘js"’[A(s. (13)
d

Here, V. is nuclear attraction, J and K are the
direct and (nonlocal) exchange operators, s and
d refer to singly occupied and doubly occupied
orbitals, respectively.

The complex Kohn variational principle
treats this problem (and the general one) by
optimizing a trial scattering wave function,
z/z,ii)t, which satisfies the scattering boundary
conditions, to find the stationary point of the
variational expression,

T = Ts+ (2m) " H — Eluy).
(14)
In eq (14) the trial functions wl((f)t and gbl(f)t
represent the continuum wave function under
outgoing (+) and incoming (-) spherical-wave
boundary conditions and are labeled by asymp-
totic momenta.
In electron scattering or photoionization of



a polyatomic molecule, the scattering wave
function requires relatively few partial waves
asymptotically, and their number determines
the size of the T" matrix in the angular momen-
tum representation. So we write the scatter-

ing wave functions, related by wl((_) = <¢(j{)> ,

as an expansion in asymptotic partial waves la-
beled by angular momentum quantum numbers

{ and m as
W=y2 > it

where the Y},,’s are spherical harmonics, the
asymptotic electron kinetic energy is £ = k?/2,
and the sum is truncated at a maximum £, jax
which depends on the scattering energy and the
size of the molecule. Then the T matrix in the
momentum representation is related to these
wave functions by

Y, (k),  (15)

2 o
le,k: Z <Z>(l l)%Tl:,_l’,m/,l,mY2/7m'(k)}/l,m(k)
' m’l,m
Tl:,_l’,m’,l,m = <¢2l’m’|v|¢l—5m>
(16)

In terms of these functions, the complex Kohn
variational expression for T, ., ., the T ma-
trix labeled by initial and final angular mo-
menta of the scattered electron, is then

+ Wk | H = Bl

(17)
With eq (17) we are ready to write the work-
ing equations of the complex Kohn approach,
and finally see how they are implemented in
the overset-grid representation.

Previous implementations of the complex
Kohn method?® %1924 use a specific form of
the trial function that represents the scattering
function in the vicinity of the molecule by an
expansion in square-integrable orbitals, in turn
expanded in Gaussian basis functions. Further,
terms asymptotically proportional to Riccati-
Bessel functions are added to the square-
integrable functions. The variational expression
in eq (17) involves a trial scattering amplitude,
T ,j lt,7 that also appears in the trial wave

+S +t
Tk U'm’l,m Tk,l’,m’,l,m

m/,lm

function:

Vi (x)

=3 cyy(r)

1[4
+'Z;:{ﬁ(kT)YLn(f)
+ Z kal)t’,m’,l,mi]’li’(kr)y'm'ﬁ') )
I'm'
(18)

where jl(k”l”) is a regular Riccati-Bessel func-
tion and R (kr) = hli,(kr) is a function reg-
ular at the origin that goes asymptotically to a
Riccati-Hankel function. In eq (18), the set of
coefficients, {¢;}, and the trial values of the T-
matrix elements, Tkiﬁ are the variational
parameters. l

The essence of the complex Kohn method is
to set the derivatives of eq (17) with respect to
the variational parameters in the trial function
to zero, and thereby produce the variationally
stationary approximation for the 7" matrix,

!
;m! lm>

T® = Ngo — NogM_'Nyo . (19)
In eq (19) the subscript 0 denotes the
set of regular functions, {j(kr)Yi.(¥)/kr}
and ¢ denote the expansion ba31s of
Gaussian orbitals and Hankel functions,

{{w(r)}, {hi(k‘r) Yim(t)/kr}}. The first term
on the right is the Born term,
j’gff)m<f>>

(20)
and the matrices Ny, and N, are defined sim-
ilarly with le(ﬂ(kr) functions in the ¢ basis on
the right and ﬁg_)(kr) functions in the ¢ ba-
sis on the left. The matrix My, is the ma-
trix of (H — FE) in the expansion basis, again
with izl(ﬂ(kr) functions in the ¢ basis on the
right and ﬁl(*)(kr) functions in the ¢ basis on
the left. These are the traditional complex
Kohn working equations, which have the same
form in the general multichannel case of in-
elastic scattering, and which are described in
the references,* %1924 where the technical ques-
tions of the evaluation of the matrix elements

5p(kr)

kr v

Yo (f')

(NOO)I’,m’,l,m = <



in this mixed basis of Gaussian functions and
Bessel functions are addressed. We emphasize
here that there are no singularities in the in-
verse matrix 1\/Iq_q1 at real energies. This prop-
erty is ensured by the complex-valued scatter-
ing boundary conditions for outgoing and in-
coming waves, enforced in the trial function.

3.2 Overset-Grid Implementa-
tion of the complex Kohn
Equations

The expansion basis, denoted by the index ¢ in
the complex Kohn working expression for the 7'
matrix in eq (19) is the key to imposing the out-
going and incoming wave boundary conditions
in the trial function. In our overset-grid repre-
sentation of a general wave function W(r), we
must do the same. In the overset-grid method,
we define a trial wave function with the incom-
ing boundary condition directly included in the
partial wave expansion via the function ¢, (r),
and add to that term a group of functions that
all behave asymptotically as pure outgoing (or
incoming) proportional to combinations of Han-
kel functions /Azl(,i Yo (r)/kr. The overset-grid
trial function, replacing eq (18), is

N
V() = (1) + > ol (X),  (21)
=1

where,
Do (T) = Ju(kr) Vi (£) /e (22)
and the scattered-wave basis is
i) = (GFV) Wha0), (23)

in which j;(kr) denotes the regular Riccati-
Bessel function as the incoming wave, and G
is the one-body free-particle scattering Green'’s
function. The essential idea is the expansion in
eq (21) of the scattered wave in terms of the

&) (r). The

i,klm

gbﬁgm(r) are obtained by repeated applications

numerically generated functions, ¢

of the operator product @(jf V on the incoming
wave, ¢, (r). These functions would gener-
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ate a Born series of order N for the scattering
wave function in eq (21). Finally, these func-
tions are orthogonalized to form the iterates of
the Arnoldi algorithm!? which are then the ¢
basis set used to evaluate eq (19).

This expansion relies on the asymptotic prop-
erties of the free-particle Green’s function, fa-
miliarly defined by the relations (atomic units)

1 6z'l<:|r—1r"|
+ N — =
Gy r.r) = 27 |r — 1/
1
= W Z Hm(ev Qb)yim(e,a ¢/)93E,l(7“, T/),
lm
200~ A
g (r, 1) = =G (er it (s,

k
(24)

The last line of eq (24) displays why, after oper-
ating on any function, G produces a complex-
valued function that is a linear combination of
purely outgoing or incoming spherical waves of
various angular momenta.

Using the expansion in eq (21) in the com-
plex Kohn variational principle, and setting the
derivatives with respect to the coefficients ¢; to
zero, produces a working equation for the 7' ma-
trix with exactly the same form as eq (19). The
only difference is that the subscripts ¢ on the
matrices refer to the set of numerically deter-
mined functions { ¢fklm (r)}.

To finish the implementation of the overset-
grid method, we need algorithms to operate
with G and the non-local static-exchange po-
tential, V, on a function represented on the grid
as previously described in Section 2 to produce
a new overset-grid representation of the result.
Those algorithms are described in detail and
demonstrated in Greenman et al.! and Marante
et al.,? so we omit them in this brief overview,
except to say that they make explicit use of
the FEM-DVR basis of radial functions in each
subgrid and the quadratures associated with it.

Nevertheless, we make two important techni-
cal observations about the overset-grid imple-
mentation here:

1. The free-particle Green’s function is
translationally invariant, because it is
a function only of r — 1’ as eq (24) shows.



Thus the same algorithm for the appli-
cation of G5 works on the central grid
and all the subgrids. With respect to any
center, the free-particle Green’s function’s
operation has the same form.

2. The result of using N terms (Born-
Arnoldi basis functions) in the trial func-
tion produces a result from the expres-
sion for the 7" matrix in eq (19) that is
an [(N — 1)/N] Padé approximant in or-
ders of the potential, V, to the scatter-
ing 17" matrix. Consequently the 7" matrix
expression produces a result that gener-
ally converges rapidly with adding terms
in that expansion.

Finally, the choices of the subgrids and fi-
nite elements are described in Section 4 for each
of our computational examples. Those choices
are in the context of an optimization of the
angular basis described in the two earlier pa-
pers b2 on the overset-grid method, whereby dif-
ferent maximum ¢ values, less than a maximum
{cqmax, can be used in the spherical shells of the
central grid formed by the radial finite elements.

Applying this method to the calculation of the
photoionization cross section, as we have done
in the following sections, requires another step.
The fully differential photoionization cross sec-
tion to produce ion state I'y is proportional to
the square modulus of the dipole matrix ele-
ment between the neutral and electron-ion scat-
tering wave functions:

d?oo 8w

dQp dQs 3¢
kr,

2
(Wl p| U )], (25)

which defines the differential cross section for
linear polarization n, ejected electron momen-
tum kp,, and photon energy w. The com-
plex Kohn scattering calculation produces the
final state wave function \IJ(F;)EFO in this expres-
sion (for a single channel in our examples), but
that wave function satisfies incoming Coulomb
scattering boundary conditions. The Coulomb
Green’s function is not translationally invari-
ant, and so our overset-grid algorithm for the
operation of G on the grid does not apply to
that case. A matching algorithm to transform
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from short range (non-Coulomb) to Coulomb
scattering boundary conditions corrects that
problem and is described in detail by Marante
et al.? That algorithm was used in photoion-
ization calculations described in the following
sections. A final point about complex Kohn
calculations of the photoionization amplitude
is that when the matrix element in eq (25) is
evaluated with the Kohn trial function using
its variationally determined parameters, it is
itself a variational approximation to the pho-
toionization amplitude, as pointed out by Orel
and Rescigno.46

4 Results

We implemented the patch algorithm for the
complex Kohn variational method based on the
overset-grid version of ePolyScat that was cre-
ated during the development of the switching
function algorithm reported by Greenman et
al. and Marante et al.? This code suite pro-
vides interfaces to several distributed quan-
tum chemistry codes, including MOLPRO*" 49
and GAUSSIAN® for Hartree-Fock and post-
Hartree-Fock methods.

In this section, we offer four different tests
of the patch algorithm. To make a systematic
comparison of the convergence of the patch and
switching function algorithms, we begin with a
relatively simple case, electron scattering from
the neon dimer. In this case, we can vary the
geometry over a larger range of internuclear dis-
tances without changing the character of the
target electron state than would be possible
in a covalently bonded molecule. We then see
how the patch-algorithm modification of over-
set grids treats subgrids with increasing distant
from the origin of the central grid. We then
discuss two cases used previously as tests of the
original switching function algorithm, electron-
CF, scattering studied by Greenman et al.! and
photoionization from the F(1s) orbital of CFy
from the Marante et al.? study of the applica-
bility of the static-exchange approximation in
cases with symmetrically equivalent atoms. Fi-
nally, we turn to a larger molecular example,
photoionization of the N(1s) orbital of pyridine



(CsH5N) that is a target of recent experiments.

4.1 Electron Scattering from the
Neon Dimer

Physically larger molecular targets in electron
scattering require larger numbers of partial
waves simply because they scatter electrons
with larger impact parameters, b, whose an-
gular momenta would be given by the clas-
sical expression ¢ = pb where p is the elec-
tron’s momentum. These considerations con-
trol the /, max needed in the partial wave expan-
sion given in eq (15) as is common to any scat-
tering method that uses an asymptotic partial-
wave expansion of the wave function. Thus,
when computing the scattering from the neon
dimer, Ne,, the limits of the expansion of the
central grid, fcgmax, must be at least as large
as g max in the asymptotic region. The calcu-
lation on Ne, allows us to investigate the value
of legmax > Lamax Needed to represent parts of
the wave function left on the central grid in the
vicinity of the subgrids as a function of the in-
ternuclear distance d.

For this test, the target state of the neon
dimer was prepared at three internuclear dis-
tances: d = 3.0 A, 4.5 A, and 6.0 A, ranging
from near the equilibrium distance (3.1 A552)
to about twice the equilibrium bond length.
The target orbitals were Hartree-Fock orbitals
computed with the MOLPRO package using a
correlation-consistent polarized valence triple-
zeta basis set® (cc-pVTZ). For comparison be-
tween the patch and switching function algo-
rithms, the central grid was placed at the mid-
point between the two neon atoms, with sub-
grids built around each atom. We tested two
subgrid radii: 7ggmax = 1.0 A and Tsgmax =
0.5 A, which represent scenarios where the sub-
grids are sufficient to cover the majority of the
atomic electron density or restricted to a region
containing only the nuclear cusps and inner por-
tions of the occupied orbitals, respectively.

The subgrids with ;4 max = 3 were adaptively
divided into 12 finite elements for 1y, max =
1.0 A or 11 finite elements for Tsgmax = 0.5 A,
with the size of the smallest finite element near
the neon atom being around 0.0029 A. The cen-
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tral grid with a radius of 8.3 A was split into
56 finite elements with a width of 0.00142 A for
the smallest element near the origin. Each finite
element of every grid contained 8" order Gauss-
Lobatto DVR functions. Small radial elements
are necessary to accurately represent the cusps
of atomic orbitals and the results of the action
of the potential in eq (13) and the free par-
ticle Green’s function on similar cusps in the
continuum wave function. As explained in the
previous overset-grid studies,’? the maximum
angular momentum in each finite element shell
of the central grid was adaptively varied and in-
creased to £¢g max Near the subgrids. The maxi-
mum asymptotic angular momentum quantum
number included in the scattering T' matrix was
lomax = 10, regardless of the maximum angular
momentum on the central grid.

Figure 5 shows the convergence behavior of
the two methods with respect to ey max on the
central grid, while the subgrid angular momen-
tum was fixed at lgmax = 3 and n = 3 for
all cases, based on the good convergence prop-
erties seen in Figure 4 with these parameters.
In panel (a) of Figure 5, we also show the re-
sults from a purely single-center expansion cal-
culation (including only the central grid with
high /. and using the Schwinger variational
approach™®) that requires fp., > 200 to ap-
proach convergence to the correct result even
at the smallest internuclear distance. In the
limit of very large separation between the two
Ne atoms, the scattering should approach twice
the cross section of a single Ne atom, which is
plotted as the solid green line in panels (c) and
(f). We can see that above 10 eV the scat-
tering with d = 6.0 A is indeed very close to
twice the atomic cross section. At lower en-
ergies and at smaller values of d, the scatter-
ing from the dimer has structure from multiple
scattering that is not in the atomic scattering
cross section.

In Table 1 we give the value of £, max Where
two successive lines appear to be on top of each
other. In Table 2 we give the corresponding
numerical cross section convergence data at 5.0
eV and 20.0 eV. Comparing the results in these
two tables indicates that the visual comparison
provided by Figure 5 corresponds to a residual
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Figure 5: Total electron scattering cross section, o, of the neon dimer as a function of the asymptotic
electron kinetic energy, F, comparing calculations with the patch (with n = 3 as defined in eq (7))
and switching function algorithms. In both patch and switching functions calculations, £sg max = 3.
The internuclear distance, d, increases from left to right. The upper row (panels a, b, ¢) presents
calculations with a subgrid radius of r = 1.0 A; the lower row (panels d, e, f) corresponds to
r = 0.5 A. The total cross section for electron scattering from atomic neon (scaled by a factor of
two) is shown as the solid green line in panels (¢) and (f). Single-center calculations in panel (a)

are labeled by SC.

Table 1: Value of .4 max when the cross sections
given in Figure 5 have converged to within 0.5%
as a function of 7 max and r5, 0 = d/2. The val-
ues in parentheses are estimated using eq (26)
with Cpaten = 6.7 and Cqyiten = 13.3

Grid ng,O ng,max gcg,max
1.5 1.0 10
2.25 1.0 15
3.0 1.0 20

Patch
1.5 0.5 20
2.25 0.5 30
30 05 (40)
1.5 1.0 20
2.25 1.0 30
3.0 1.0 40

Switch
15 05 (40
225 05  (60)
30 05  (80)

13

error of < 0.5%. In Fig. 6 we indicate the angle
a which a subgrid subtends with respect to the
center of the central grid and is proportional
to % Now the value of ¢ of the spherical
harmonics needed resolve the subgrid patch is
related to o by logmax O é Then relation-
ship between 7440, Tsgmax, and fegmax can be
expressed as

gcg,max ~ CGrid Teg0 )

Tsg,max

(26)

where using the 0.5% criterion we have Cpagen, =
6.7 and Csyiten = 13.3. The parenthetical val-
ues given in Table 1 could not be determined
from Figure 5 but instead were computed us-
ing eq (26) and the values of Cguiq indicated
above. It is expected that for either the switch
or patch methods, smaller residual errors would
be obtained with larger values of Cgyiq.

To summarize the results of this e-Ney scat-
tering section, we find that the value of £.g max



Table 2: Convergence of total electron scattering cross sections with respect to fegmax for the
static-exchange potential of Ne, at d = 6.0 A using the patch with n = 3 and switching function
algorithms, both with fs; m.x = 3. Results are shown for two subgrid radii (755 max = 1.0 A and
Tsgmax = 0.5 A) at electron energies of 5.0 eV and 20.0 eV. Cross sections are reported in AQ,
with relative errors, shown as a percentages, compared to the £y max = 70 results using the patch
algorithm at the same scattering energy E. The boxed data indicate the errors when the £.4 max
given in Table 1 for ry, o = d/2 = 3.0 A was used.

E  legmax Tsgmax = 1.0 A Tsgumax = 0.5 A
Switching Function Patch Switching Function Patch

10 9.332 17.7% 7929 -05% 17514  119.7% 14190 78.0%
20 7.982 0.1% 7.974 10.578 32.7% 8.787  10.2%
30 7.900 0.9% 7972 0.0%  8.290 40% 7979  0.1%

20 eV 40 7.960 7972 0.0%  7.867 -1.3%  7.970
50 7.974 00% 7.972 0.0%  7.882 1% 7997 0.3%
60  7.974 0.0% 7.972 0.0%  7.957 0.2% 7997  0.3%
70 7.973 0.0% 7.972 0.0%  7.999 0.3%| 7995  0.3%
10 10.463 20.9% 8701 05%  44.833  417.9% 21.944 153.5%
20 8.667 0.1% 8.655 11.737 35.6% 9449  9.2%
30 8.596 -0.7% 8657 0.0%  9.437 9.0% 8716  0.7%

5eV. 40 8630 8.657 0.0%  8.783 1.5%  8.662
50 8.654 0.0% 8657 0.0%  8.575 0.9% 8.681  0.3%
60  8.659 0.0% 8657 0.0%  8.584 -0.8% 8690  0.4%
70 8.659 0.0% 8657 0.0%  8.648 0.1%| 8688  0.4%
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Figure 6: Sketch of the angle, o, subtended by
a subgrid with radius rs; max as seen from the
origin of the central grid at a distance 74,.

needed to obtain a certain level of convergence
can be predicted using eq (26). The estimate of
{eg.max Using eq (26) is valid for both the switch-
ing algorithm and the patch algorithm. We see
that the values of Cgrq, which we have found
here, imply that the patch algorithm requires
half as large a value of £ max compared to that
needed for the switch algorithm for the same
accuracy. Given that the total number of par-
tial wavs scales as €2, ., the patch algorithm
requires one fourth the number of partial waves
compared to the switch algorithm. In subse-
quent sections we will explore the wider appli-
cability of eq (26) by considering both electron
scattering and photoionization in a few molec-
ular systems.

4.2 Electron from

CF,

Our second test case, electron scattering from
CFy, is the one chosen in the first published
demonstration of the overset-grid algorithm by
Greenman et al.' The target electronic ground
state of CF, was calculated at the Hartree-Fock
level with a 6-31G* basis set® % with a C-F
bond length of 1.315 A (used in the previous
study) and produced a total electronic energy
of -435.48378 hartrees for the closed-shell A,
state.

For scattering calculations, the full molecu-
lar symmetry T; was reduced to the Abelian
subgroup D,, and the scattering wave func-
tions were symmetrized accordingly. We chose
the same grids as Greenman et al.,! that is,
the central grid centered on the carbon atom
with a radius of 5.31 A were divided into 27
finite elements with the smallest element be-

Scattering
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Figure 7: Comparison of the total scattering
cross sections for the static-exchange potential
of CF4. The results for the overset-grid patch
algorithm (blue dotted, dashed, and solid lines)
are shown for subgrids with ly; max= 3, n = 3,
and central grid with f.;max = 10, 13, and 15.
All cross-section features converge at ¢y max =
15, while the switching function method with
the same subgrid £sg max converges at legmax =
30 on the central grid. The Schwinger method
with single-center expansion (SC) is not yet
completely converged at £;,,x = 100. The max-
imum angular momentum quantum number in-
cluded in the scattering 7" matrix is £, max = 6.

ing 0.00336 A near the origin. Identical sub-
grids with lgmax = 3, n = 3, and a ra-
dius of 0.60 A were used around each fluorine
atom with 14 finite elements and the smallest
element of 0.00236 A. Each finite element of
the central grid and subgrids was expanded by
the Gauss-Lobatto basis functions of 12" or-
der. With these values of ry, o = 1.315 A and
Tsgmax = 0.6 A, eq (26) predicts good conver-
gence with (5240 = 15 and 577" = 30.
Figure 7 shows the total cross section calcu-
lated in the static-exchange approximation us-
ing both algorithms. The double peak between
10 and 12 eV is due to a pair of shape res-
onances ™7 a 2Ty resonance (in the full Ty
symmetry) at about 10.0 eV and a ?A; reso-
nance at about 11.5 eV. The result of a single-
center calculation is also shown in Figure 7 with
lmax = 100. The single-center expansion, which
involves of the order of (2 partial waves, gen-
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Figure 8: Convergence of the eigenphase sums
computed with the patch and switch algorithms
near the two resonances in electron scattering
from CF, using the same subgrid parameters
as in Figure 7. Note that the calculations were
performed using the abelian subgroup D5 of the
full T; symmetry. The upper panel gives the
results for the A scattering symmetry which
corresponds to the sum of the A;, Ay, and F
symmetries in the T,; point group. The lower
panel gives the B; symmetry results which cor-
responds to the sum of one of the three equiv-
alent Ty and T contributions in T;. The rapid
rises identify and mark the locations of the 24,
(higher energy) and 2T, (lower energy) reso-
nances in Figure 7.

erally converges slowly after reproducing the
qualitative shape of the total cross section.
Consequently, here and in our other compar-
isons, the single-center results converge to only
a few percent. In Figure 7 the patch algorithm
accurately reproduces the double peak and the
minimum preceding it with only /.. = 15 on
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the central grid where the entire cross section
up to 13 eV also converges, demonstrating a
reduction of .y max by half from the switch-
ing function approach, as predicted by eq (26),
and by at least an order of magnitude from
the single-center expansion approach for a con-
verged variational answer.

The convergence of the two overset-grid algo-
rithms near the resonances is seen more clearly
in the behavior of the eigenphases of the scat-
tering S matrix in the symmetries of the reso-
nances. In scattering theory for electron colli-
sions from atoms, the asymptotic form of the
wave function can be characterized by a scat-
tering phase shift, . In a narrow resonance,
due to the presence of a metastable state, the
phase shift will rise rapidly through 7 as a func-
tion of energy. In molecules where many dif-
ferent partial waves couple to a resonance, the
equivalent quantity is the eigenphase sum gy,
which is obtain by diagonalizing the S matrix
and summing the phases, divided by two, of the
resulting eigenvalues.®® The calculations pre-
sented here were performed in Dy symmetry. In
that symmetry, there are two shape resonances
at different energies with one with A symme-
try and one with B; symmetry, corresponding
to the two peaks in the cross section seen in
Figure 7 .

In Figure 8 we plot the eigenphase sums in
the A and B; symmetry. Rapid rises in the
eigenphase sums (which would be a rise of 7
for a narrow resonance) mark the positions of
these two resonances. In particular, the energy
of the center of these rises give the energies of
the resonances, and the range of energies over
which the rises occur give the widths of the
resonances, which are inversely proportional to
the lifetimes of the resonances. The fact that
these two eigenphase sums rise by less than 7 is
the result of the rapidly dropping non-resonant
background Coulomb scattering phase shifts.
Again, the positions and widths of the reso-
nances computed with the patch algorithm are
seen to converge with half the number of par-
tial waves necessary for the switching-function
algorithm. The computational effort scales as
~ (3, so that a reduction of a factor of two in the
number of partial waves could lead to a reduc-



tion by a factor of eight in the computational
effort.

4.3 F(1s) Photoionization of CF4

As the first test of the patch algorithm in
photoionization calculations, we return to the
F(1s) ionization of the CF, molecule studied
by Marante et al.? with the switching-function
algorithm. For consistency, we used the same
triple zeta Gaussian with polarization basis
set P90 with three additional s-type Gaussians,
with exponents 0.08, 0.04, and 0.02, and two p-
type Gaussians, with exponents 0.05 and 0.01,
at the center of the molecule. In this case,
the radius of the central grid was extended to?
19 A, containing more finite elements accord-
ingly. Other grid parameters are the same as
for the electron scattering case in Section 4.2,
which are consistent with the earlier study.?

The fluorine atoms are equivalent, and the 1s
orbitals form an a; and a degenerate set of t5 or-
bitals in T; symmetry. This example was part
of a study of the localization of the core hole
in the fluorine ionization of CF4 (which is ac-
complished by a very slight extension of one
bond? in the Hartree-Fock calculation on the
neutral molecule) and reduces the symmetry to
Cs,. A principal conclusion of Marante et al.?
was that uncoupled localized-hole calculations
can accurately replace a coupled channel scat-
tering calculation using degenerate delocalized
core orbitals.

Convergence studies of both the total pho-
tolonization cross section and the energy-
dependent asymmetry parameter [ are shown
in Figure 9. The asymmetry parameter ap-
pears in the standard formula®! for the differ-
ential photoabsorption cross section averaged
over molecular orientations at a fixed energy,

do o

o= i (14 8 Py(cos )]

(27)
where o is the total cross section, P, is a Leg-
endre polynomial of order 2, and 6 is the angle
between the polarization of light and the direc-
tion of emission of the photoelectron, k.

The converged result in Figure 9 for the to-
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Figure 9: Convergence of the length gauge to-
tal cross sections oy, and asymmetry parameters
B, for fluorine K-edge photonionization of CF,
using the patch and switching-function algo-
rithms within the static-exchange approxima-
tion. Note that a factor of 4 should be applied
to compare with Marante et al.? who report the
total fluorine core-hole ionization cross section.

tal photoionization cross section for the local-
ized F(1s) channel of CFy is obtained using the
patch algorithm with /.5 max = 15 on the cen-
tral grid, while the switching-function approach
converges at lcymax = 30, these values of con-
verged legmax are again consistent the results
of eq (26). The calculated cross sections show
an initial increase immediately above the F(1s)
ionization threshold (695.4 eV) and are followed
by a Cooper minimum at around 696 eV. The
details of the Cooper minimum, position and
minimum, are sensitive to the parameters of the
calculation. Here we see the position of the min-
imum is shifted by approximately 0.5 eV and
1 eV in the unconverged patch and switching
function algorithm calculations, respectively, at
legmax = 10. Beyond the minimum, the cross
section has a broad maximum of 705 to 710
eV that converges more rapidly. The asymme-



try parameter, also sensitive to the accuracy of
the scattering solution near the Cooper mini-
mum, quickly rises from the minimum of 0.6 at
around 1 eV above the threshold to 1.6, which
is close to the physical limit of 2.

4.4 N(1s) Photoionization
Pyridine

of

Our final test is a more demanding case of
core ionization of a molecule with eleven atoms,
which requires eleven subgrids around atoms
of three different types. The target electronic
structure of pyridine (CsH;N) was calculated
using the Hartree-Fock level with a cc-pVTZ
basis. The geometry was optimized at this level,
producing a Hartree-Fock energy of —246.7794
hartree and Cy, symmetry. The static-exchange
potential in eq (13) has the N(1s) orbital singly
occupied with singlet coupling.

The central grid with a maximum radius of
8.75 A was adaptively divided into 40 finite el-
ements, each with an 8" order Gauss-Lobatto
quadrature defining the DVR functions. The
subgrids around each nucleus had radii of ap-
proximately 0.53 — 0.65 A, depending on the
atom type, determined as half of the short-
est internuclear distance to their neighboring
atoms. The subgrids consisted of 10 or 12 finite
elements roughly adapted to the local electron
density with the smallest element of 0.00521 A
near the nitrogen nucleus. The subgrids all have
lsgmax = 3, and the patch functions are built
with n = 3.

The maximum angular momentum included
in the T" matrix was , max = 8. We have not
described the convergence of Born-Arnoldi it-
erations to solve the complex Kohn variational
equations in other examples in this study, be-
cause that question was addressed in earlier
publications!? and does not differ for the patch
and switching function algorithms. In general,
fewer than 30 iterations are required, but we
note that in this case the most slowly conver-
gent T-matrix element (in A; symmetry) took
63 iterations to converge to an error tolerance
of 1077 at 8.75 eV above the photoionization
threshold. And the average number of itera-
tions is 58 across our testing energy range in
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Figure 10: Convergence of the N(1s) photoion-
ization cross section in the length gauge, o,
and the corresponding asymmetry parameter,
b1, for pyridine using the patch and switching-
function algorithms and the single-center (SC)
expanded Schwinger variational method within
the static-exchange. The threshold energy is
423.3 eV.

Aj symmetry.

Applying eq (26) to pyridine is not as simple
as for the previous cases considered here. In
pyridine there is more than one element at a
range of distances from the origin. The average
distance for the period 2 elements (C and N)
is 7490=1.36 A and the average distance to the
period 1 element, i.e. H, is rg;0=2.42 A. With
an average subgrid radius of 0.6 A, the expected



converged lcg max is then 15 including only the
period 2 elements and 27 if the H atoms control
gcg,max-

Figure 10 compares the results for both the
total cross section and the asymmetry parame-
ter from the two overset-grid algorithms and the
single-center expansion. The patch algorithm
converges at {.; max=15, requiring no more par-
tial waves than the much smaller example of
CFy4 in Section 4.3. In pyridine, the value of
Ccqmax Needed for convergence seems to depend
on the location of the period 2 elements and
not on the location of the H atoms. This might
indicate that the value of the Cguq depends
on the period of the element. The switching
function method is not converged at £;g max=20,
this is particularly noticeable near the thresh-
old at 423.3 eV (Koopmans’ theorem approx-
imation). We were unable to completely con-
verge the switching-function algorithm in this
case near threshold. The single-center expan-
sion with /., = 120 using the Schwinger vari-
ational method gives results nearly identical to
those of the converged overset grid methods,
except for the asymmetry parameter near the
threshold. The inset panel in Figure 10 shows
the behavior of the patch algorithm at kinetic
energies up to 50 eV. We see that the patch and
single-center algorithms agree over the range of
energies considered. This level of agreement in-
dicates that the patch algorithm also yields ac-
curate and stable results at high photoelectron
kinetic energy. We note again that the conver-
gence of the single-center expansion typically
slows down near the converged limit, and so we
were not able to completely converge that cal-
culation to the benchmark accuracy of which it
is in principle capable.

The plots in Figure 10 display a couple of
salient features of pyridine nitrogen K-edge
photoionization below 435 eV in the static-
exchange approximation. First, there is a
prominent 7* (! B; symmetry) shape resonance
at a photon energy of about 428.8 eV (elec-
tron kinetic energy of 5.5 eV). Second, the pho-
toionization cross section drops rapidly from
threshold, while the asymmetry parameter rises
rapidly. In this case, it is interesting to see the
behavior of the angular distribution of the pho-
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toelectron in the body frame where the physics
of the photoionization process is most visible.

The development of experimental momen-
tum imaging observations of ion fragments and
electrons in coincidence has allowed the mea-
surement of molecular frame photoelectron an-
gular distributions (MFPAD).%%63 In particu-
lar, Williams et al.%* and others observed that
the fully differential cross section for photoion-
ization, expressed in the molecular frame in
eq (25), when averaged over the polarization di-
rections, but still viewed in terms of photoelec-
tron momentum in the molecular frame, reveals
the tendency of the photoelectron to leave the
molecule along or in between bonds, and thus
reveals energy-dependent details of the photoe-
jection process.

In Figure 11 we show the polarization-
averaged MFPADs for N(1s) ionization of pyri-
dine at several energies for which the total cross
section is shown in Figure 10. The cross section
is plotted as a surface with both its radial dis-
tance and color indicating the differential cross
section for emission in that direction relative to
the alignment of the molecule in space. Near
threshold, the angular distribution is largely
directed perpendicular to its principal symme-
try axis (the axis connecting that nitrogen to
the carbon opposite). However, as the photo-
electron energy is swept through the resonance
between 4.5 and 6.5 eV, an interesting and
distinct feature emerges. The photoelectron
is ejected away from the ring on the nitrogen
side along the principal symmetry axis. Above
the resonance energy, the polarization-averaged
MFPAD returns to a more complicated pattern.
The ability to calculate this level of detail ef-
ficiently and accurately in the photoionization
of larger molecules, particularly in calculations
with coupled electronic ionization channels, is
the goal of the new algorithm we have presented
here.

We have also used pyridine nitrogen K-
edge photoionization to compare the speedup
achieved using the patch versus the switching
function method, shown in Table 3. The tim-
ings for the higher values of /5Vih were esti-
mated by an extrapolation for the wall-clock
time for /SVith — 10 to 25. The wall-clock

max
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Figure 11: Polarization-averaged molecular-frame photoionization angular distributions for pyri-
dine (nitrogen: blue, carbon: black, hydrogen: gray), calculated using the patch algorithm and
g max=15 on the central grid. Each panel corresponds to a distinct photoelectron kinetic energy,
as labeled. The 7* shape resonance in Figure 9 peaks near 5.5 eV corresponding to panel (d).
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times using the same partial-wave expansion in
the patch and switching function method were
similar. However, comparing the converged
partial-wave expansions times shows that the
patch method is indeed faster, with speed-ups
of more than a factor of six at the higher val-
ues of l.,. Such higher value partial-wave ex-
pansions which will be needed for the study of
larger molecular systems, i.e. for systems with
higher values of 74 max as given in eq (26).

Table 3: Wall-clock speedup in ePolyScat us-
ing the patch method at a given /., with the
switch algorithm at 2/,,,,, which gives compa-
rable accuracy. The values shown in parenthe-
ses are estimated using the switch algorithm
execution times at lower values of 20,,.,. All
calculations are for the N(1s) photoionization
of pyridine for the electron wave function with
ay continuum symmetry at a photon energy of
425.8 eV.

gPatch gSwitch Time Switch
max max Time Patch
10 20 2.4
15 30 (3.8)
20 40 (5.3)
2% 50 (6.5)

5 Conclusion

In this work, we have presented a smooth
overset-grid partitioning for the description of
electron-scattering and photoionization wave
functions that is rapidly convergent and scal-
able to large molecules. The increasing number
of subgrids for systems with more atoms does
not appreciably increase the number of angular
momenta in the partial wave expansion on the
central grid needed to achieve convergence. In-
creasing the size of the subgrids leads to more
rapid convergence with respect to the partial
wave expansion on the central grid. However,
the size of the subgrids is limited by the require-
ment that the subgrids do not overlap. Overall,
we see that the overset grid method overcomes
the central limitation of the in-principle exact
single-center expansion approach while retain-
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ing all of the advantages of purely numerical
grid methods.

The new algorithm outlined and thoroughly
tested in the four computational examples pre-
sented here is now sufficiently robust for imple-
mentation in a general multichannel electron-
scattering and photoionization procedure. The
patch-algorithm version of the overset-grid ap-
proach provides the fundamental building block
for such a capability. The most straightforward
extension will be to include correlation through
channel coupling and to use configuration inter-
action wave functions for the representation of
the target states. Such an extension of a pure
grid method has been made previously in our
single-center expansion code for electron scat-
tering from linear molecules. %% Furthermore,
the underlying methodology is simple and can
be readily adapted to other computational dis-
ciplines involving numerical multiple grid tech-
niques.

Further study of the dependence of Cp,ien On
the periods of the elements in a molecule is
needed to develop a general set of default pa-
rameters for the application of the patch algo-
rithm. Such parameterization will be essential
for a ready-to-use version of the program which
we plan to make publicly available after further
optimization, as has been done with the earlier
version of ePolyScat.
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