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ABSTRACT OF THE DISSERTATION

ASPECTS OF QUANTUM FIELD THEORY

by

Yanyan Li
Doctor of Philosophy in Physics
University of California, Los Angeles, 2026

Professor Thomas Dumitrescu, Chair

This dissertation is a collection of work on several aspects of quantum field theory, including
the worldsheet dynamics of vortex strings, non-invertible symmetries and their holographic

realizations, and quantum field theory in non-integer spacetime dimensions.

In Chapter 2, we study string excitations and the effective worldsheet action of Abrikosov—
Nielsen—Olesen vortex strings in the four-dimensional Abelian Higgs model. We analyze
fluctuations around the vortex and determine the worldsheet spectrum. Interestingly, we find
a light dilaton in the type-I regime and a light axion in the type-II regime. By integrating
out the massive modes, we compute the O(K*) Wilson coefficients of the effective string
action and compare the resulting theory with flux-tube S-matrix bootstrap constraints and
Yang-Mills confining strings. We also discuss the implications of this comparison for the

dual superconductor picture of confinement.

In Chapter 3, we study non-invertible defects in two-dimensional Sy orbifold CFTs. We
construct universal defects which do not depend on the details of the seed CFT and hence
exist in any orbifold CFT. Additionally, we investigate non-universal defects arising from
the topological defects of the seed CFT. We argue that there exist universal defects that are
non-trivial in the large-N limit, making them relevant for the AdS;/CFT, correspondence.

We then focus on AdS; x S3 x M, with one unit of NS-NS flux and propose an explicit
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realization of these defects on the worldsheet. We also calculate the entanglement entropy

in symmetric orbifold CFTs in the presence of topological defects.

In Chapter 4, we revisit the old problem of analytically continuing quantum field theories
to fractional dimension d € C. We observe that common theories such as QCD and QED
have branch cuts in the complex d plane. In particular, many operators in their low-energy

CFTs have OPEs and scaling dimensions that jump as a function of d.
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CHAPTER 1

Introduction

Understanding strongly coupled quantum field theories remains one of the central challenges
in theoretical physics. Many fundamental questions, including renormalization-group flows
and infrared phases, the fate of symmetries, and possible dualities, are difficult to answer
directly from the microscopic theory. A broad range of analytic and numerical approaches
provide complementary perspectives on strongly coupled systems. Among these, extended
objects provide a particularly useful probe. They are ubiquitous in quantum field theory,
and their rich structures offer important insights into strongly coupled and non-perturbative
phenomena. The problems studied in this dissertation focus in particular on the dynamics
of long strings and on topological defects as realizations of generalized symmetries, with
applications to confinement, holography, and duality. We also investigate quantum field

theory in non-integer spacetime dimensions as a complementary perspective.

We first turn to the worldsheet dynamics of long strings and their connection to confine-
ment, which we study in Chapter 2. A hallmark of confinement is the formation of flux tubes,
or confining strings, which at long distances behave as weakly coupled strings described by
effective string theory. A long-standing open question is whether such flux tubes admit a
UV-complete worldsheet description. While lattice simulations, integrability, and bootstrap
analyses have revealed rich structures, analytic control remains limited, motivating the study

of more tractable models.

In this spirit, the Abelian Higgs model provides a semiclassical laboratory for studying
the dynamics of long strings. Its Abrikosov—Nielsen—-Olesen (ANQO) vortex strings carry

quantized magnetic flux and can be studied semiclassically. At sufficiently low energies,



their worldsheet dynamics are described by the translational Nambu—Goldstone modes. The
leading dynamics are governed by the universal Nambu—-Goto action, while higher-derivative
corrections contain model-dependent Wilson coefficients that encode information about the

underlying four-dimensional theory [9, 10].

We systematically study the effective string theory of ANO vortex strings in the four-
dimensional Abelian Higgs model. We analyze the fluctuation spectrum, including the trans-
lational zero modes and massive excitations such as the dilaton, axion, and higher-spin
modes, and determine their couplings to the translational Goldstone modes. By integrating
out the massive excitations, we derive their contributions to the first non-universal O(K*)

higher-curvature corrections to the effective string action.

The resulting Wilson coefficients place the Abelian Higgs model within the space allowed
by the flux-tube S-matrix bootstrap [3, 4, 11| and make it possible to compare its world-
sheet dynamics directly with expectations for Yang—Mills confining strings. Interestingly,
the analysis reveals an inversion relative to confining-string expectations: the light axion
appears in the repulsive type-1I regime, while the attractive type-I regime contains a light
dilaton. This indicates that the minimal Abelian Higgs model is not a compelling dual de-
scription of Yang—Mills confining strings. At the same time, it provides a controlled setting
for studying effective string dynamics and develops a framework that can be generalized
to more complicated theories. This comparison clarifies the relation between ANO vortex
strings and Yang—Mills confining strings and motivates extending the analysis to softly bro-
ken Seiberg—Witten theory [12, 13|, where the dual superconductor picture is realized more

directly.

We next turn to non-invertible symmetries and topological defects, which we study in
Chapter 3. In recent years, generalized and non-invertible symmetries have provided valuable
insights into the dynamics of quantum field theories [14-16|. At the core of these general-
izations is the realization of symmetries as extended topological operators. Unlike ordinary
symmetry operators, their fusion need not be group-like, leading to a richer algebraic struc-

ture and new constraints on quantum field theories. This naturally raises the question of



how such generalized symmetry structures are realized in holographic duals.

Symmetric orbifold CFTs provide a particularly useful setting for addressing these ques-
tions. They are constructed by taking N copies of a seed CFT and gauging the permutation
group Sy [17]. Gauging this non-abelian symmetry gives rise to a universal class of non-
invertible topological defects whose existence does not depend on the detailed dynamics of
the seed theory. In addition, topological defects of the seed theory give rise to non-universal

defects in the orbifold theory.

Symmetric orbifold CFTs are also important in AdS3/CFTs. They exhibit large-N fac-
torization and, for suitable seed theories, admit a holographic description in terms of string
theory on AdS; x S% x M. In particular, the symmetric orbifold point is related to a ten-
sionless string background with one unit of NS-NS flux [18-21]. This makes it natural to ask
which non-invertible defects remain nontrivial at large N and whether they admit a direct

realization in the dual string theory.

We construct the universal defects and study their fusion properties, defect Hilbert spaces,
and Ward identities. We also investigate non-universal defects inherited from topological
defects of the seed theory. We identify universal defects that remain nontrivial at large N
and propose a worldsheet realization of them as topological defects in the dual tensionless
string theory. This provides a concrete setting for studying non-invertible symmetries in
holography. We also study entanglement entropy in symmetric orbifold CFTs in the presence
of both universal and non-universal topological defects, providing an additional observable

that probes their structure and a possible holographic observable.

We finally turn to quantum field theory in non-integer spacetime dimensions, which we
study in Chapter 4. Analytic continuation in the spacetime dimension is familiar from
dimensional regularization and the e-expansion. More conceptually, it provides a way to
connect quantum field theories defined in different integer dimensions and to ask in what

sense they can be regarded as members of the same family.

A natural question is whether one can define a family of QFTs, labeled by d € C, that

agrees with the corresponding theories at several distinct integer dimensions, rather than only



in an infinitesimal neighborhood of a particular integer value of d. This question is interesting
both for practical reasons, such as dimensional regularization, and for understanding how

physical phenomena and operator data evolve as the spacetime dimension is varied.

In Chapter 4, we revisit this problem and show that even vector-like theories such as
QCD and QED encounter important subtleties. The main obstruction to a naive analytic
continuation is the existence of low-rank exceptions: identities that hold only at special
integer dimensions can cause correlation functions and operator data to change qualitatively
as d is varied. As a result, expressions that are analytic at generic d need not reproduce the

correct theory at low integer dimensions.

We study these effects explicitly in interacting gauge theories using large-N; methods.
Low-rank isomorphisms can make operators that transform differently at generic d become
equivalent at special integer dimensions, allowing them to mix and leading to branch points
in the complex d plane. Consequently, there is in general no single analytic expression for an
operator dimension that reproduces the correct answer at every integer dimension. Instead,
the continuation naturally develops multiple analytic branches. In particular, we find that
common theories such as QCD and QED have branch cuts in the complex d plane, and that

scaling dimensions and OPE data can jump as functions of d.



CHAPTER 2

Effective Action of Long Magnetic Vortex Strings

2.1 Review of Effective String Theory

Given a gapped 3+1d QFT, we consider the low-energy modes of an infinite, stable string
of tension 7. The string is nearly straight, with a weakly-curved worldsheet relative to the

string scale,

(2.1.1)

A perfectly straight string spontaneously brakes the 3+1d Poincaré symmetry as follows,
I[SO(3,1) — 1ISO(1,1) x SO(2) . (2.1.2)

Here ISO(1,1) is the Poincaré symmetry along the 1+1d worldsheet, while SO(2) rotates
the plane transverse to the string. This leads to two massless Nambu-Goldstone bosons
(NGBs) on the worldsheet, which describe its transverse fluctuations. Generically, they are
the only massless excitations on the string,’ and their low-energy effective field theory on
the worldsheet is often referred to as effective string theory (see |9, 10] for a review). It
takes the form a suitable derivative expansion, constrained by locality and the symmetries
of the problem. The latter are conveniently described by viewing the worldsheet, with

coordinates 0*(a = 0,1), as an embedded, oriented surface X*(¢) in 3+ 1d spacetime:

e The global Poincaré symmetry acts on X* as it does on the 3+1d spacetime coordi-

nates.

1 Additional gapless bosons (fermions) naturally arise if the string spontaneously breaks additional con-
tinuous (super-) symmetries. They can also arise as a result of fine-tuning, e.g. at the BPS point of the
Abelian Higgs model to be discussed below.



e Worldsheet diffeomorphisms, under which X#(o) is as a scalar, are a gauge redundancy.
It is convenient to explicitly fix static gauge,
X% =0", X3 (o) =o', (2.1.3)
where the physical degrees of freedom are the two transverse NGBs,?

X'(o%), i=1,2. (2.1.4)

Effective string theory is naturally phrased in terms of the extrinsic geometry of the
worldsheet; the building blocks are the induced metric hag = h(,p) and the extrinsic curva-

ture Kéﬁ =K (iaﬁ), whose covariant definitions are

hag = N 0 X0 X", (2.1.5)
Kl = Va0s X" = Klgn!' . (2.1.6)
Here p = 0,1, 2,3 are bulk Minkowski indices, and 7,,, = + — —— is the Minkowski metric.

The n!' (i = 1,2) are orthonormal vectors that frame the 2d normal bundle of the worldsheet.

Here V, denotes the worldsheet covariant derivative.

In static gauge, the induced metric only depends on derivatives of the physical transverse
NGBs in (2.1.4),
h‘aﬁ = Tag + aaXlaﬁXz = Nap — aoz)(laﬂ)(z ) (217)

where 1,4 = diag(+, —) is the flat Minkowski metric on the world sheet, defined using the
same conventions as the bulk Minkowski metric 7, = diag(+, —, —, —). Here we introduce
a convention that we use throughout the paper: whenever two repeated normal bundle
indices are in the same position, such as the two raised 7 indices in (2.1.7), they are summed

over ¢ = 1,2 without any minus signs from the spatial components of the metric. This serves

2 Throughout the paper we use lowercase Latin letters i, 7, k,... = 1,2 to denote normal bundle indices;
Greek letters a, 8,7, ... = 0,1 from the beginning of the alphabet to denote 14+-1d worldsheet Lorentz indices;
and (only rarely) Greek letters p,v, ... =0,1,2,3 from the middle of the alphabet for 3+1d Lorentz indices.



to make all minus signs coming from our negative spatial metric convention explicit, rather
than hiding them in lowered indices such as X; = —X".

Following [9], we classify terms in the effective action by their weight, defined as the
number of derivatives minus the number of X-fields. Since any possible term in the action
has non-negative weight,® the derivative expansion can be organized by increasing weight.

We will only discuss terms of weight zero, two, and four:*

e There is a unique weight zero term: it is the familiar Nambu-Goto action,
S, = —T/dza\/—h : (2.1.8)

where h = det(hqp). The leading-weight equations of motion that follow from it are

h*PV VX" = KL, =0 . (2.1.9)

e At weight two, there are two independent invariants, °
5@ = / d’0 V/=h (crR + cx2 (K. 3h™")?) . (2.1.10)

Here, R is the worldsheet Ricci scalar constructed out of h,g. The Gauss-Bonnet
theorem implies that the Einstein—Hilbert term is topological in two dimensions and
therefore does not contribute to the (local) dynamics. Furthermore, the term (K, 5 heP)?
is proportional to the Nambu-Goto equations of motion (2.1.9) and can be removed by
a field redefinition, at the expense of generating higher-weight terms. Thus, there are

effectively no operators to consider at weight two, as emphasized in [9].

e The first nontrivial corrections arise at weight four,

S = / oV —=h (e K g K KK + epe R?) (2.1.11)

3 This follows from 3-+1d translations, which act on the X-fields by constant shifts.
4 The symmetries of the problem do not allow terms with odd weight [9].
® An alternative basis at weight two consists of K, K @b and K Zf‘Kéﬁ . The Gauss—Codazzi equation

allows us to trade these operators for R and K/ 3K iaf
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where the coefficients cxs and cre are model-dependent and encode information about
the ultraviolet (UV) completion. Note that, following the conventions spelled out

below (2.1.7), we sum the repeated indices in (2.1.11) i, 7 = 1,2 without any signs.

2.1.1 Flux-tube S-matrix bootstrap

Having identified cg2 and cg as the first model dependent coefficients in the effective string
action, it is natural to ask which values are compatible with a consistent ultraviolet comple-
tion. The flux-tube S-matrix bootstrap constrains these coefficients by imposing unitarity,
crossing symmetry, and analyticity on the scattering amplitudes of the translational Gold-
stones [3, 4]. The resulting allowed region provides a parameter space in which different

microscopic realizations of effective strings may be identified and compared.

In the conventions of [3], the weight-four interactions are parametrized by the dimension-
less coefficients as and fs. They are related to the coefficients in Eq. (2.1.11) through the

following linear combinations, with ¢z and cys measured in units of 1/7
1 1
g3 = éT (QCRQ + 3CK4) s 63 = —gT (20R2 + CK4) . (2112)

In this work, we focus on ANO strings in the Abelian Higgs model and compute the
Wilson coefficients cgz and cks explicitly, allowing us to place the ANO strings in the (as, f3)
bootstrap parameter space. We first show the result in this parameter space. Figure 2.6
shows the trajectory of the fundamental n = 1 string as the Abelian Higgs model parameter
B, defined in (2.2.4), is varied. In the following sections, we develop the mode analysis used
to compute these coefficients, and return to the physical interpretation of the trajectory in

Sec. 2.6.



2.2 Abelian Higgs Model

2.2.1 Lagrangian, Vacuum Structure and Symmetries

We study the Abelian Higgs model (AHM) in four spacetime dimensions (+, —, —, —), de-
scribing a single complex scalar field ¢, carrying unit charge under the gauge group U(1).

The action is given by

5= [ate (<1 BuP + (0,0)D% ~ FoF 7). (221)

where D, = 0, + ieA, and F),, = 0,A, — 0,A,. The strength of the electromagnetic
coupling is given by e and A\ denotes the strength of the scalar self-coupling. They are both
dimensionless constants. The scales in the theory are set by the dimensionful real constant
v. We study the theory with A > 0, which ensures that the theory undergoes the Higgs

mechanism.

The Abelian Higgs model has a unique vacuum. In the infrared, at weak coupling, the
theory undergoes Higgs mechanism and the U(1) gauge group is Higgsed down to nothing.
The Higgs vacuum is trivial and gapped. The vacuum condition at weak coupling, upto

gauge transformations is given by,
A, =0, o=uv. (2.2.2)

The spectrum in the Higgs vacuum consists of a massive vector boson with mass my and a

massive Higgs boson with mass myg, given by,
mi = 2e%v? m% = \? . (2.2.3)

We can define a unique dimensionless ratio 3 given by,

2
_omy A

8= (2.2.4)

m? 22
It is standard to refer to the § < 1 parameter regime as the type-I regime and § > 1 as
the type-II regime. For the Abelian Higgs model under consideration, § = 1 is a special
point and is referred to as the Bogomol'nyi-Prasad-Sommerfield (BPS point) |22, 23]. We
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can show that the AHM at the BPS point is the bosonic part of a supersymmetric QED
theory [24].

The Abelian Higgs model enjoys a global U (1)5,11) one form symmetry [25] (the superscript
is to identify the symmetry as one-form). The subscript m denotes that the symmetry is
magnetic - the objects charged under the symmetry are 't Hooft lines. The associated current

and the charge n are given by:

x5

:%:), RE% ZIydan. (2.2.5)
Due to compact nature of the global symmetry group, the charge n € Z. Conservation of
current follows from the Bianchi identity. Finite tension string states are created by acting
the 't Hooft line operator on the vacuum. Here, U (1)5,11) is unbroken in the Higgs vacuum

and the strings realize this vacuum at long distances.

2.2.2 Rescaling

It is convenient to rescale the fields according to

¢ — %S ; Ay — éAM : U=ev. (2.2.6)

Under this rescaling, the action becomes

s=L [ (—iFM,,FW +(D,¢) D¢ — g(w — @’2)2) : (2.2.7)

o2
where D,, = 0, + @A, and [ is defined in (2.2.4). In what follows, we work with this rescaled

action (2.2.7) and set v = 1. The characteristic mass scale of the theory is then ev, and any

dimensionful quantity can be restored by dimensional analysis in powers of ev.

This form of the action also makes manifest that the overall factor 1/e? controls the
semiclassical expansion, so that e? serves as the loop-counting parameter. After canonically
normalizing the fluctuations, interaction vertices carry positive powers of e; in general, an

n-point interaction is of order e™ 2.
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2.2.3 String construction

In any flux sector n, there can be many string configurations, but there would be a ground
state or lowest energy string expected to be the most stable one. In order to solve for this
minimum energy configuration, we need to study PDEs of the Lagrangian (2.2.7) subject to
the flux constraint (2.2.5). This can be done, however in this paper, we will be interested in
axially symmetric strings where the magnetic flux is collimated along the z—direction. This
is a very standard simplifying assumption and the PDEs simplify to solving ODEs. For a

recent review, see [26].

In this section, we briefly review axially symmetric finite tension strings charged un-
der U (1)%). In the context of the AHM, these strings have been extensively studied in
literature. In a non relativistic setting, these string solutions were first discussed in [27]
and in a relativistic context in [28]. These string solutions are the Abrikosov-Nielsen-Oleson
(ANO) strings. For a comprehensive textbook treatment, see [29, 30| and references therein.

See [26] for a recent discussion and review.

While the background string solutions are essentially unchanged in a non relativistic
setting, Lorentz symmetry becomes important when formulating the low energy effective
action in the string worldsheet. For a cartoon of an axially symmetric string configuration,

see figure 2.1.

It is best to work in cylindrical coordinates (r,6,z). Consider a string aligned along
the z-axis, carrying charge n (2.2.5) under U (1)%), referred to as the n-string. Requirement
of rotational symmetry © requires that the string configuration is also static and extends

uniformly along the z—axis. The axially symmetric ANO n-string ansatz is given by :
o(x) = f(r)e™ | Ag=nalr), Ai=0 (i=tr2), f(r), alr):Rsg—R. (2.2.8)

With this in mind, it makes more sense to talk about the string tension 7T, defined as the

energy per unit length of a string, rather than the energy E. They are related by £ = T'L,

6 For the ANO string, rotational symmetry refers to the preserved diagonal combination of a spatial
rotation around the z—axis and a compensating global gauge transformation.
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Figure 2.1: A schematic depiction of an axially symmetric ANO vortex carrying n—units
of conserved magnetic flux along the z—axis. The red arrow illustrates the winding of the
Higgs field around the vortex. Requiring finite tension fixes the winding number to be n,

matching the total magnetic flux carried by the string.

where L is the length of the string. Henceforth in the paper, we will solely talk about the
string tension. Additionally, note that only Ay is activated and the string solution entails

magnetic flux F5 flowing in the z—direction.

The winding of the scalar field is directly correlated with n, the units of flux flowing
through the string. This is a consequence of the finite tension requirement. In addition to
this, finiteness also sets the boundary conditions for the fields at radial infinity, where the
string realizes the Higgs vacuum. Regularity of Ay, ¢ sets the boundary conditions at the

origin. Together these imply the following boundary conditions:
f(0)=0, a0)=0,  floo)=1, afc)=-1. (2.2.9)

Substituting the string ansatz into the Hamiltonian for the theory, gives us the following

expression for the tension of a string carrying n units of magnetic flux,

% 2 1 2,2
T, = 27rv2/0 drr (HQ:’M? + %+ fr—;l(l +a)? + g(f2 - 1)2) : (2.2.10)
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Table 2.1: Fundamental string tension 77 (2.2.10) for 20 values of § in units of v = 1.

£ | String tension
B | String tension
0.1 4.0150
2 7.2681
0.2 4.5610
3 7.9225
0.3 4.9296
4 8.4232
0.4 5.2159
5 8.8327
0.5 5.4533
6 9.1811
0.6 5.6576
7 9.4852
0.7 5.8379
8 9.7558
0.8 6.0000
9 9.9998
0.9 6.1475
10 10.2223
1 6.2832

To get the equations of motion governing the dynamics of f(r),a(r), we extremize the
expression for the string tension (2.2.10), which yields:

n*(a+ 1)?
2

fan f% _ f=Bf(f2=1)=0, (2.2.11a)

/
o — L 9 a+1)=0. (2.2.11b)

r
These equations do not admit analytic solutions and need to be solved numerically[31].
Analytic solutions can be written down in the infinite flux limit [26]. Consequently, we
obtain the behaviour of ANO strings as parameters n, § are varied. We can substitute
these numerical solutions into (2.2.10) and obtain the tension of an n—string. For the

fundamental n = 1 string, the tension is tabulated in (2.1) for various values of /.

The BPS point 3 = 1 is special and the AHM can be embedded into an N = 1 theory
which admits 1/2—BPS strings. At this point, the following first order equations are true,

and in turn imply the full equations of motion (2.2.11),

%o/ = \/g(ﬁ -1), = ;f(l +a) . (2.2.12)
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The string tension at the BPS point, takes a simple form:
T, = 2mv*n . (2.2.13)

For the AHM, the parameter 8 = m?% /m3. governs the dynamics of the ANO strings. Its
most immediate physical consequence is the static interaction between two parallel strings
separated by a large distance. This interaction arises from the exchange of the two massive
fields of the theory: the Higgs scalar of mass my, whose exchange is attractive, and the
massive vector of mass my, whose exchange is repulsive. At separations large compared
to the string width, each field contributes a screened potential set by its mass, and the
interaction energy per unit length of two unit-winding strings takes the form
1

U(d) ~ %[q‘z/ Ko(myd) — & KO(de)], myd, mpd > 1, (2.2.14)

where K is the modified Bessel function and gy, ¢s > 0 are the magnetic and scalar charges

" Because

of a single string, fixed by the large-distance tails of the profiles a(r) and f(r).
Ko(pd) ~ \/7T/T,ud e "4 for large argument, the term with the lighter exchanged field is the
longer ranged and controls the sign of the force at large d. In the type-I regime (6 < 1)
the Higgs is lighter than the vector, my < my, so the attractive scalar exchange dominates
and the strings attract. In the type-II regime (8 > 1) the vector is lighter, my < mpy, the
repulsive exchange dominates, and the strings repel. At the BPS point § = 1 the two masses
coincide, my = my, and the first-order equations (2.2.12) relate the profiles so that the
charges are equal, gs = qy; the attractive and repulsive contributions then cancel identically,
and the strings exert no force on one another at any separation. This vanishing of the static

force is the origin of the moduli space of static multi-string configurations at critical coupling.

See [29] for a textbook treatment.

The same competition controls the stability of an n-string with n > 1. The relevant

comparison is between a single string of winding n, with tension 7}, and the configuration

T Explicitly, the profiles approach the vacuum as 1 — f(r) ~ Z£Ko(mgr) and n(l + a(r)) ~
2 my r Ki(myr) at large 7, which defines the two charges. The corresponding force per unit length is
F(d) = -U'(d) = 5= [qtmy Ki(mvd) — ¢Zmu Ki(mpd)).

27
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of m unit strings infinitely separated from one another, whose total tension is n77. The
sign of the binding energy FE, = n1i — T,, is dictated by the inter-string force. In the
type-I regime the strings attract, so they bind: it is energetically favorable for them to
coalesce, T,, < nT}, and the n-string is a genuine stable bound state-the minimum-tension
configuration carrying n units of flux. In the type-II regime the strings repel, so T,, > n17,
and the n-string is unstable; it lowers its energy by splitting into n fundamental strings that
fly apart to infinity, leaving the competing configuration of tension n7T} < T,. At the BPS
point the strings are free, the binding energy vanishes, and T, = nT7i, as follows from the
BPS tension (2.2.13); the n-string is then only marginally stable, sitting exactly at threshold,

where it can be deformed into separated strings at no cost.

These energetic statements have a direct counterpart in the worldsheet fluctuation spec-
trum of the n-string, analyzed in Section 2.4. The marginal directions at the BPS point ap-
pear there as massless zero modes—the moduli labeling the relative positions of the constituent
strings—whereas in the type-II regime these same modes acquire negative mass squared and
become tachyonic, the fluctuation-level signal of the decay of the n-string into its separated
constituents. Equivalently, in terms of the one-form symmetry U (1)7(%) under which the string
carries charge n, the n-string is a stable, below-threshold bound state in the type-I regime

and an unstable, above-threshold state in the type-II regime.

2.3 Perturbing the ANO String

At sufficiently long distances, the dynamics of an ANO string is captured by the Nambu-
Goldstone massless modes associated with its broken transverse translations (Also see sec-
tion 2.1). Fluctuations of the Higgs and gauge fields around the ANO string background
(reviewed in section 2.2), give rise to a richer worldsheet spectrum, which in addition to the
translational zero modes, also includes normalizable massive bound states localized on the

string, and continuum scattering states.

The purpose of this section is to identify this worldsheet spectrum around ANO strings

15



for various values of the parameters A ,e , and n. We do this by expanding the scalar and
gauge fields around the classical ANO string background and diagonalizing the quadratic
fluctuation operator. The resulting transverse eigenfunctions can be normalizable, associ-
ated with localized excitations on the string worldsheet, or non-normalizable, associated
with scattering states are smoothly connected with the bulk spectrum . The corresponding

eigenvalues of these eigenfunctions gives the worldsheet masses of these excitations.

Concretely, we write

o(x) = o(r,0) + do(z) , (2.3.1)
¢ () = &*(r,0) + 6¢"(z) | (2.3.2)
A (x) = Au(r,0) + 6A,(x) (2.3.3)

where tildes denote the background solution (2.2.8). Since the minimum energy rotationally
symmetric ANO string is static and extends uniformly along the z—direction, it is inde-
pendent of the worldsheet coordinates and hence, the dependence of a fluctuation on (¢, z)
can be separated from its transverse profile. The fluctuation modes can therefore be chosen
with definite worldsheet momentum, reducing the four-dimensional problem to a transverse

eigenvalue problem in the (r,#) plane.

Throughout this section, it is useful to use complex coordinates in the transverse plane,
—if

L %(Ar —i%) A= %(Ar +i%) . (2.34)

so that A4 carry definite transverse spin, just like 0. We use Cartesian coordinates

(t,x,y, z), cylindrical coordinates (¢, 6, z), and complex transverse coordinates (t, z*, 27, z)

interchangeably. The ANO background gauge field then becomes

Ay =—1 e A =1 e’ . 2.3.5
" V27 V2r ( )

Before turning to the detailed derivation, we summarize the structure of the fluctuation
problem. A useful way to organize the fluctuations is to separate the components that

transform differently under the symmetries preserved by the string. The scalar fluctuation
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mixes with the transverse gauge-field components, while the gauge-field components along

the string form a separate channel:

09
. b 09" :
Dilaton channel: §¥P) = : Axion channel: ¢4, , (2.3.6)
dA,

0A_

where « € {t,z} denotes the worldsheet directions. This terminology is motivated by the
worldsheet parity of the physical modes: after imposing the physical constraints, modes in
the dilaton channel are even under worldsheet parity, /| = +, while modes in the axion
channel are odd, Py = —. Thus the two channels correspond to the two worldsheet-parity
sectors of the fluctuation problem. The separation into these two channels follows from the

symmetries preserved by the string background, which we review in Sec. 2.3.1.

After gauge fixing, the physical fluctuation problem takes a simple form. The dilaton
channel is governed by a coupled operator acting on the scalar fluctuation and the transverse

gauge-field components,
Dv P =0, (2.3.7)

together with the gauge constraint (2.3.16). The axion channel is governed by the wave

equation for the worldsheet gauge-field components,

(O+2[0) 64, =0, V%A, =0. (2.3.8)

The role of these equations is to determine which four-dimensional fluctuations become
physical fields on the string. After separating the worldsheet dependence and decompos-
ing the transverse profiles into angular-momentum eigenmodes, the two channels reduce to

transverse eigenvalue problems,

2
DiXin, = (Mm[,’}vm> X (2.3.9)
~ 2
(—V? + 2!¢>I2) Xk, = (Mﬁﬁvm) X (2.3.10)
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Here m € Z labels transverse spin, and N, labels the radial excitation level in a fixed
spin sector. The eigenfunctions x,, n,, describe the transverse profiles of the modes, while
the eigenvalues M,, n,, are their masses from the worldsheet point of view. Thus the four-
dimensional fluctuation problem becomes a classification of two-dimensional particles living
on the string: zero modes, possible massive bound states localized near the core, and con-

tinuum scattering states.

The rest of this section derives this structure systematically. In Sec. 2.3.1 we identify the
symmetries preserved by the ANO string and use them to classify the fluctuation modes. In
Sec. 2.3.2 we discuss the gauge choices needed to isolate the physical modes and derive the
quadratic action. We then solve the fluctuation problem in the dilaton channel in Sec. 2.3.3

and in the axion channel in Sec. 2.3.4.

2.3.1 Unbroken symmetries and quantum numbers

The fluctuation operator inherits the symmetries preserved by the ANO string background.
These symmetries organize the fluctuation modes into sectors labeled by transverse spin and
parity. This classification will be useful both for solving the transverse eigenvalue problem

and for identifying the resulting worldsheet particles.

The ANO string lies in a fixed sector of the magnetic one-form symmetry U ( 1)5,11), labeled
by its flux n. Within this fixed-flux sector, the small fluctuations are classified by the

spacetime symmetries preserved by the straight string. These are
O(l, 1)H X O(2)J_ . (2.3.11)

The continuous part consists of the worldsheet Poincaré group ISO(1,1) acting on (¢, 2)
and the transverse rotations SO(2),. In addition, the background preserves two discrete
reflections. We now spell out the action of these symmetries on the fluctuation fields, since
these transformation laws determine the quantum numbers used throughout the spectrum

analysis.

e Transverse rotations SO(2),. A rotation R(a) € SO(2), acts as § — 0 + «
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and is accompanied by a compensating rigid U(1) gauge transformation under which

25 — e—i”a&f and AVH — EM, leaving the background invariant. Under this combined

action the fluctuations transform as®

5¢(0) e~ ina dp(0 + )
§¢*(0) eine d¢* (0 + )
(5A+E6; . e (5A+E9 + ai (2.3.12)
0A_(6 e ' 0A_(0 + «
6A.(0) 1 0A.(0+ )
0 A0(0) 1 A0 + )

The generator of SO(2), is the transverse spin, which we denote by m € Z.

e Transverse parity C'R,. This transformation combines the spatial reflection y — —y

(equivalently 6 — —6) with complex conjugation of the fields. Under CR,,

56(6) 0 1 56(—0)
3¢*(0) 10 3¢*(~0)
U P o =0 (2.3.13)
SA_(6) ~1 0 SA_(—0)
5AL(0) ~1 0 5A.(—0)
5A0(0) 0 -1 5 Ao(—0)

Its eigenvalues are P, = +1, denoting even and odd transverse parity. In what follows
we use P| interchangeably for the operator C'R, and for its eigenvalue, the meaning

being clear from context. This reflection exchanges the spin-m and spin-(—m) sectors.

e Worldsheet parity R,. This is the reflection z — —z along the string axis, a

8 We display only the dependence on the angular coordinate @, the sole coordinate affected by the SO(2) |
transformation; the fluctuations remain functions of all spacetime coordinates. Unspecified entries in the
transformation matrices vanish.
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worldsheet parity transformation. Under R,

0(2) 1 5p(—z)
6¢*(2) 1 0¢*(—2)
5A+E? — ! 5A+E_Z§ (2.3.14)
0A_(z 1 0A_(—=z
dA,(2) —1 0A:(=2)
5 Ao(2) 1)\ s40(=2)

Its eigenvalues are P| = £1, denoting even and odd worldsheet parity; as with P, we

use P for both the operator and its eigenvalue.

We now translate these transformation laws into the labels used for the spectrum. The

transverse reflection does not commute with the rotations. Instead,
CR, R(a)CR,' = R(—0) , (2.3.15)

so C'R, maps a spin-m mode to a spin-(—m) mode. Therefore modes with m # 0 arrange
into degenerate O(2), doublets {m,—m}. By contrast, the m = 0 modes are O(2), singlets

and can be chosen to have definite transverse parity P, .

Including the worldsheet parity, the m = 0 modes carry the quantum numbers 07+ %1, For
|m| # 0, one may either work in a spin-diagonal basis and label the doublets by m”l, or in

|PLP1 Throughout, we take the representative

a parity-diagonal basis and label them by |m
m > 0 of each doublet and write m?”ll, with the partner of spin —m obtained by acting with
P,.

This symmetry analysis explains the channel decomposition summarized above. As we
show in Sec. 2.3.2, the fluctuations (d¢,d¢*, dA,JA_) and A, decouple: the former con-
stitute the dilaton channel and are even under worldsheet parity, P = +, while the physical
modes of the latter constitute the axion channel and are odd, Pj = —. Thus the fluctua-

tion problem splits into two independent worldsheet-parity sectors, which organize both the

eigenvalue problems solved below and the worldsheet spectrum analyzed in Sec. 2.4.
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2.3.2 Gauge fixing and the quadratic action

Gauge fixing plays an important role in the fluctuation analysis. Around the vortex back-
ground, the scalar and gauge-field fluctuations mix, and the gauge redundancy must be
removed before identifying the physical worldsheet modes. We will use two gauge choices,
adapted to different purposes. The unitary gauge makes the physical spectrum manifest and
will be used in the mode analysis below. The background gauge is more convenient for the
effective-action calculation in Sec. 2.5; it also matches the gauge choice commonly used in

fluctuation analyses of vortices, making contact with previous work more direct.

2.3.2.1 Unitary gauge
We first use a unitary gauge adapted to the vortex background. It is defined by the condition
VisA; +i¢"6¢ — igdd* =0, (2.3.16)

which fixes the gauge redundancy completely. Expanding the action about the ANO back-

ground in this gauge gives

Sy = —T, / Po+ 57 + 5P + S, (2.3.17)
with the quadratic part’
1 ~
S =55 / d*z [5\1/(17”2)5\1/(17) + 644 (D +2|¢\2> JAY 4 (VOSA?] . (23.18)
(&

where the dilaton-channel fluctuation vector and its conjugate are

3¢
5"

SUP) = R 5\IJ(D)T=<5¢* 5 OA_ 5A+> : (2.3.19)
+

0A_

9 The gauge-fixing condition holds for physical configurations and may equally be imposed off shell to
simplify the action.
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The quadratic fluctuation operator takes the form

O (1-p8)¢2 2D ¢ 2D, ¢

1— B)p* O* —2iD_¢*  —2iD.¢*

D= ( B)Gi B ¢~ +® : (2.3.20)
—2iD,¢* 2iD,¢ —0O—2|¢ 0
—2iD_¢*  2iD_¢ 0 —0 - 2[|?

where Diq~5 = (0« + zgi)g and Dig* = (0x — in)%* are the background covariant deriva-

tives, and
O = -0+ 2i4;0; — L;A; — B2|g)> —1) — |¢]* . (2.3.21)

There are two important consequences of the quadratic action. First, the fluctuation
problem separates into the two channels introduced above. The four-component field §¥ ()
and the worldsheet gauge components 04, do not mix in (2.3.18). This decoupling is the

dynamical realization of the symmetry decomposition discussed in Sec. 2.3.1.1

Second, the equations of motion must be supplemented by constraints that remove un-
physical gauge components. In the dilaton channel, the physical fluctuations are the solutions

of
DV P =0, (2.3.22)

that also obey the gauge condition (2.3.16). In the axion channel, the physical modes obey an
additional transversality constraint. The linearized equation for A, following from (2.3.18)

is
064 — VoV 645 4 2|¢2644 = 0 . (2.3.23)
Taking its worldsheet divergence yields

(—vf + 2|$|2) VeGA, =0, (2.3.24)

10 By a channel we mean the decomposition into (6¢, ¢*,6A4,,6A_) and §A,; by a sector we mean the
further classification by spin within a channel.
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and since the operator —V? + 2|¢[2 is positive it has only the trivial kernel, giving the

constraint
VoA, =0. (2.3.25)
Substituting this back into the linearized equation reduces it to the wave equation
(O + 2[¢|*)6A0 =0 . (2.3.26)

Thus the physical dilaton modes solve (2.3.22) subject to (2.3.16), while the physical axion
modes solve (2.3.26) subject to (2.3.25).

The cubic and quartic terms in Sy encode the interactions among the fluctuations,

SY = 6—12 d*z [~ i0A, 06" V"5 + 6A, 0A" 66" &
+ A, 0A" 5% 8¢ — B98¢ 06" ¢°] + hee. (2.3.27)
S = 6—12 d'z (514# SAM 560 — %B 59 (5¢*)2> : (2.3.28)

where “h.c.” denotes the Hermitian conjugate of the preceding terms. These interaction terms
do not affect the linearized spectrum studied in this section. The cubic vertices (2.3.27) will

enter the derivation of the K* worldsheet action in Sec. 2.5.

2.3.2.2 Background gauge

For the effective-action calculation in Sec. 2.5, it is convenient to use instead the background

gauge [32-34]
OSA, + (i6pd* — i6¢* ) =0 (2.3.29)

the standard choice in fluctuation analyses around solitonic backgrounds. It corresponds to

the R gauge at { = 1, with gauge-fixing term
1 ~ A 2
La=—5 (8M5A“ Fidhdt —ide ¢> , (2.3.30)
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whose virtue is to cancel the derivative mixing between the gauge and scalar fluctuations,
rendering the kinetic terms diagonal. Unlike the unitary gauge, this condition leaves a

residual gauge freedom, compensated by Faddeev—Popov ghosts with Lagrangian

Lo =70 (—D — 209 — 86" — 3" 5) c, (2.3.31)

where ¢, ¢ are the ghost and anti-ghost fields. Including the gauge-fixing and ghost terms,
the action expanded about the ANO background reads

Sy = —T, / o+ 82+ 89 4 5 4 ot (2.3.32)
with
1 1 ~
s -1 /d4x > [6v ™) Dsw® 154, (O + 23P ) sac] | (2.3.33)
e 2
and
oS 1 = - = Tk
gehost — g/d‘lx [—C(D +2[¢]*)c+ (— b d*c + h.c.)] : (2.3.34)

The two gauge choices lead to closely related quadratic actions, S(UQ) and 51(32), and must give
the same gauge-invariant physics. In particular, the dilaton-channel operator D is the same
in the two descriptions, and the worldsheet gauge-field components are governed by the same
transverse operator —V? + 2]5\2. These operators, however, should not be identified directly
with the physical spectrum before gauge redundancy is removed. In the unitary-gauge de-
scription, the physical subspace is selected directly by imposing the gauge constraint (2.3.16)
in the dilaton channel and the transversality condition (2.3.25) in the axion channel. In the
background-gauge description, the corresponding projection is implemented by keeping the
Faddeev—Popov ghosts and using BRST cohomology. For both this section and the next, we
use the unitary gauge, where the physical constraints are imposed directly. We will return
to the background gauge in Sec. 2.5, where it is more convenient for deriving the effective

action.
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2.3.3 Dilaton channel

To determine the full fluctuation spectrum, we must solve the eigenvalue problems in both
the dilaton and axion channels. We begin with the dilaton channel. The physical modes
are solutions of the transverse eigenvalue problem for D), subject to the unitary-gauge
constraint (2.3.16). We first reduce the four-dimensional linearized equation to a transverse
eigenvalue problem, then decompose the modes into transverse-spin sectors, and finally use

the resulting eigenfunctions to expand the four-dimensional fluctuations in worldsheet fields.

2.3.3.1 Transverse reduction and spin decomposition

Because the ANO background is independent of (¢, z), we exploit the worldsheet translational

invariance to separate off the longitudinal dependence,*!

5o =M g, (r,0) (2.3.35a)
§¢* = e M 5p* (r,0) (2.3.35b)
§A; = e™M§A; | (r,0) (2.3.35¢)

where the subscript | denotes dependence on the transverse coordinates alone. We set the
longitudinal momentum to p, = 0; the general solution is recovered by a Lorentz boost along

z. Inserting (2.3.35) into the linearized equations (2.3.22) gives the transverse eigenvalue

problem
0oL 0oL
Yoy Yoy
D, P | 0 : (2.3.36)
0A4 1 0AL 1
SA_, SA_,

where D, is the transverse part of D, obtained by stripping off the worldsheet Laplacian,

D=-V2Iy—Dy, (2.3.37)

11 Since D commutes with 8;, its eigenmodes can be chosen with definite frequency. Only the coupled
four-component block must share a common eigenvalue M?, and hence a common factor e’™?; the ansatz
below makes this explicit.
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and given explicitly by

K (B-1)¢2 —2iD_¢ —2iD. ¢
—1)¢*? K 2iD_¢* 2D, ¢*
p | B~V . o +# , (2.3.38)
2iD,¢*  —2iDydp —V?+2|¢)? 0
%D ¢  —2iD ¢ 0 ~V?2 +2|¢|?

with all spatial indices lowered, and
K=-V?=2AV,+A+8Q2l¢—1)+|o]. (2.3.39)

We next exploit the transverse rotational symmetry SO(2),, organizing the fields into

eigenmodes of angular momentum m € 7Z,'?

0L =)  sm(r) "™ 57 =3 s, (r) e me (2.3.40a)
meZ mEZ
AL L =) ign(r) e AL ==Y gt (r)emhe (2.3.40b)
meZ meZ

The factors of +:¢ in the expansions of A, are chosen so that the reduced operator is
manifestly real, while the pairing of s,, with s*  and of g, with ¢g*, , makes the complex-
conjugation relations among the fields manifest at the level of mode functions; both features
streamline the numerical treatment. Inserting (2.3.40) into (2.3.36) decouples the spins,

reducing D in each spin-m sector to a real radial operator Ry,

Sm Sm
s, o | st
R(m) =M : (2.3.41)
Im gm
9 m 95

with
D, V M, M,
V. D_ My, M
Rm) = , (2.3.42)
M, My Cy 0

My M, 0 C_

12 The phase factors e“(n+m)¢

definite transverse spin m.

encode the effect of the background winding, ensuring that each term carries
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and entries

D, = —vz4 2 +,}3 P e 1), (2:3.43a)
Cy=-V2+ (—1+m)2 +2f% V=(p-1)f, (2.3.43b)
M; =2 (% — g(l + a)> : My = —/2 (% + ?(1 + 04)) : (2.3.43¢)

where V2 = 0%+ %&. Together with the angular factors in (2.3.40), the radial eigenfunctions
(D)

m,Npm,

of (2.3.41) furnish a basis of solutions x of the transverse eigenvalue equation

2
DXy = (Mff}vm) 2 (2.3.44)

where m labels the spin, N,, the radial level, and the superscript D the dilaton channel; we
suppress these labels when no confusion arises. Not all of these solutions are physical: the

gauge condition (2.3.16) must still be imposed, to which we turn next.

2.3.3.2 Spin sectors, transverse parity, and the gauge constraint

The transverse-parity relation CR, R(o) CR,;' = R(—a) ties the spin-m and spin-(—m)
sectors together. At the level of the radial operator,
0 1
10
0 0
0010

=}

R(_m) =C R(m) c! , C

, (2.3.45)

o o O
(]

so that if ¢ is an eigenmode of R, with eigenvalue M?, then C( is an eigenmode of R(_
with the same eigenvalue. It therefore suffices to take m > 0, the spin-(—m) partner following
from C; this is the radial counterpart of the degenerate O(2) doublets. Since R, is real, we

may take its eigenvectors real,'® attaching conjugate coefficients to build complex solutions.

The spin-0 sector is special: there Ry commutes with transverse parity,

[R),C] =0, (2.3.46)

13 The gauge condition is likewise real and transforms compatibly under C, so this restriction is consistent
with the construction of the physical mode basis.
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so it decomposes into the two eigenspaces of C, labeled by P, = +. For a complex mode

* *\T
(S0, 55,90, 9)" these are

Re sg Im sq
Re sg —Im sg
PJ_:—‘F: y PJ_:_: y (2347)
Re go Im g
Re go —Im gy

and the four-component eigenvalue problem splits into two two-component ones. In the even

sector,
D, +V M, + M Res Res
* L “1 = a2 °1, (2.3.48)
M + M, Cy Re go Re g
and in the odd sector,
D, -V M, — M. Ims Ims
* P “1 = a2 1. (2.3.49)
Ml - MQ C+ Im Jo Im Jo

We now impose the gauge condition (2.3.16). In the spin-m sector it becomes the radial
constraint

. (1—m+4+7rd)gm (Mm+1+710.)9",,
m— 8, — + =0. 2.3.50
° ° \/§Tf \/§Tf ( )

For m # 0, this single relation removes one of the four components. It is convenient to

pass to the C'R,-covariant combinations s = 2(sm £5%,,) and g = +(gm £ 9%,,), In

which (2.3.50) determines gﬁ:f ) algebraically; eliminating it leaves the physical spectrum
governed by a three-component eigenvalue problem for (sg:[ ) , 3(_), gﬁn_ )). The covariant basis
can be chosen to avoid inverse powers of r near the origin and improve numerical stability.
For m = 0, the effect of the gauge condition depends on the parity. In the even (P, = +)
sector it is satisfied automatically, so every solution of (2.3.48) is physical. In the odd

(P, = —) sector it further restricts the solutions of (2.3.49), reducing that two-component

problem to a single radial equation.

In summary, the physical dilaton spectrum is obtained by solving the three-component

problem described above for m > 0, the even spin-0 problem (2.3.48), and the constrained
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odd spin-0 problem. The gauge condition removes exactly one unphysical degree of freedom

from each spin sector, leaving the physical dilaton modes.

2.3.3.3 Worldsheet fields

The constrained eigenfunctions define the physical transverse profiles of the dilaton-channel
worldsheet particles. We denote these profiles by Xm N (r,8), with worldsheet masses anDJ)\,

The corresponding four-dimensional fluctuation can be expanded in this basis.

Since the radial operators are real, their eigenfunctions may be taken real, and the com-
plex structure is carried entirely by the worldsheet coefficients. For m # 0, the spin-+m
sectors are related by complex conjugation and retain complex coefficients, while for m = 0
the even and odd subsectors are parametrized by real coefficients, with an explicit factor of
1 extracted in the odd sector. For the effective-action analysis it is most useful to write this

expansion schematically in terms of the associated worldsheet fields,

8¢
0¢* D . D _
=y Ho)+ )+ > X s P )+ > xS e (0)
5A+ NO + N(],,
0A_
D D __
+) (xé,]@g B (o) + Xy, Bx; (o)) T (2.3.51)
N»

where Y* and B?EVQjE are complex-conjugate pairs of worldsheet fields, while gp}m and N,
are real. Here Y* are the spin-+1 translational zero modes and ¢t the worldsheet dilatons,

whose spectra are analyzed in Sec. 2.4.

2.3.4 Axion channel

The physical axion modes are the worldsheet gauge components dA, obeying the wave
equation (2.3.26) and the transversality constraint (2.3.25). We first solve the wave equation
and then impose the constraint on the polarization. As in the dilaton channel we separate

the worldsheet and transverse dependence and expand the transverse profile in angular-

29



momentum eigenmodes,

X (1 0) = Xy, (r) €™, (2.3.52)

where, with a slight abuse of notation, ng’ )Nm denotes both the transverse profile and its

radial part. The profile satisfies

(924 205P) 6%, m6) = (MY, ) X, 0) (23.53)
which reduces to the radial equation

(72 + 22 ) () = (M2,) X2 (2354

The full axion fluctuation is then expanded as

0A, Z i/ dk, ea ) @m.N,, (k) )(Sizvm (r,0)e "7 4 h.cl : (2.3.55)

meZ Now

with worldsheet momentum k, = MA 24 k2, k,) and measure Zl\l;z = dk,/(2m\/2ky).
m,Nm, z

The transversality constraint (2.3.25) leaves a single physical worldsheet polarization, nor-

malized as
(k) = — e kP (R)e (k) = —1 (2.3.56)
€a(k) = ———e€,sk" | e (k)e =—1. 3.
M
We use €y = 1 and €”! = —1 on the flat worldsheet.

Having constructed the transverse profiles in both channels, we close this section
by recording two properties of these bases that underlie the mode expansions (2.3.51)
and (2.3.55) and that we use repeatedly in the sequel. The eigenfunctions of (2.3.9)

and (2.3.10) are orthonormal in the transverse inner product,

21 o0
/ db / drr Xt (1,0)Xnn, (1,0) = 6 Onn, (2.3.57)
0 0

For the full eigenbasis before imposing the physical constraints, completeness on the trans-

verse plane reads

Z Zi Xom. Ny (77 QI)X;ij (r,0) = %6(7’ "o —6)T, (2.3.58)

m N
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where the sum runs over both bound and continuum states, and I is the identity on the
(D)

m.,, and 1 for the axion profiles

appropriate fluctuation space: I4y4 for the dilaton profiles x
Xfﬁ 3Vm' These relations normalize the translational zero modes of the string in Sec. 2.4 and

supply the summation rule used to integrate out the massive fluctuations in Sec. 2.5.

2.4 Fluctuation Spectrum

In this section, we analyze the fluctuation spectrum of the ANO string, classifying the
modes by their quantum numbers and presenting the corresponding numerical results. The
spectrum depends on both the winding number n and the mass ratio 8. As discussed in
Sec. 2.2.2, dimensionful quantities can be restored by dimensional analysis, and all mass-
squared eigenvalues M? in the eigenvalue equations (2.3.9) and (2.3.10) are expressed in

units of (ev)?.

For stable strings, there are three types of fluctuations: (i) zero modes, which lie in the
kernel of the second-order transverse fluctuation operator in (2.3.38); (ii) discrete bound
states, which are normalizable eigenfunctions describing internal excitations of the string;
and (iil) continuum scattering states, which are non-normalizable eigenfunctions. In addition,
for strings in the type-II regime, 8 > 1, the n-string configuration with n > 1 is unstable
and tends to decay into n fundamental strings. This instability appears as tachyonic modes

with negative energy in the fluctuation spectrum.

The main features of the spectrum can be summarized as follows. Every n-string carries
two universal zero modes, the transverse translational Goldstone bosons of spin £1. Above
these, the low-lying spectrum is organized into two light worldsheet scalars — a 0" dilaton
and a 07~ azion — together with a tower of higher-spin bound states. The axion is always
present as a bound state, whereas the dilaton and the higher-spin states are bound only in
part of the (n, ) plane. At the BPS point § = 1 the dilaton and axion become degenerate,
reflecting the underlying N' = 1 supersymmetry, and the spins 1,...,n collapse to a set of

2n zero modes—the moduli of the multi-string configuration. Moving into the type-II regime
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B > 1 lifts these moduli to negative mass squared; the resulting tachyons signal the decay of
the n-string, and the leading instability is the spin-two doublet 2*. All of these orderings,
in the spin m, the winding n, and the coupling 3, follow from the centrifugal structure of

the radial fluctuation operators.

We begin in section 2.4.1 by classifying the modes according to their quantum num-
bers. In section 2.4.2 we discuss the zero modes, which arise only in the dilaton channel.
Section 2.4.3 then treats the two light scalars, the worldsheet dilaton and axion, and sec-
tion 2.4.4 the higher-spin tower and the type-II instability. The figures below display the

numerical spectra.

2.4.1 Mode Classification

Given the unbroken symmetries O(1,1); x O(2), discussed in Sec. 2.3.1, the fluctuation
spectrum is classified by their quantum numbers. We begin by classifying the modes under
the transverse symmetry O(2),. They are labeled by the SO(2), spin m: for |m| # 0,
the states with spins +m are exchanged by the transverse reflection and together form
degenerate O(2), doublets, while for m = 0 the modes are O(2), singlets labeled by the
reflection eigenvalue P;. In the longitudinal direction, the modes in the rest frame can be
further classified by the worldsheet parity F. Thus, the m = 0 modes are labeled by 0P+ B,
whereas for |m| # 0 the doublets may be labeled either by m®I in the spin-diagonal basis or
by |m|P+FI in the parity-diagonal basis. In what follows, for the doublets we will focus on the

m > 0 modes and denote the corresponding doublets simply by m?ll, with the understanding

that the partner state with spin —m is obtained by acting with P, .

This structure is already visible in the mode expansion and radial eigenvalue equations
of the previous section. There, the fluctuations were first decomposed into sectors of definite
spin m in the dilaton and axion channels, see (2.3.41) and (2.3.54). In the m = 0 sector, the
dilaton channel further splits into two decoupled radial eigenvalue equations, (2.3.48) and
(2.3.49), corresponding to the 07 and 0~ sectors, respectively, while the physical axion

equation (2.3.54) lies in the 07~ sector. The decomposition of the radial equations therefore
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directly matches the quantum number classification of the modes.

For each fixed set of quantum numbers, the fluctuation eigenequations admit scattering
states and, in some channels, a discrete tower of bound states labeled by an excitation index
N,,. Their corresponding eigenvalues are interpreted as the worldsheet mass squared of these
modes, or equivalently as the eigenvalues of the quadratic Casimir of the worldsheet Poincare

group ISO(1,1).

2.4.2 Zero Modes

For all strings, there exist two universal zero-eigenvalue modes associated with the sponta-
neous breaking of translational symmetry in the two transverse directions. These field con-
figurations correspond to gauge-fixed translations of the classical ANO string background

(2.2.11), defined by the covariant derivative with the background gauge field [32],
0k = Dipp = Ok + 1A, ORA; = Fyj (2.4.1)

where k labels the two transverse directions. Since they involve only variations of the scalar
field ¢ and the transverse components of the gauge field d A;, these modes appear in the

dilaton channel. The translational zero modes take the form

~ ~ et0(n—1)(nf'4nfla
Di¢ (\J;;T- flat1))
~ ~ e’ie("+1)(rf’—nf(a+1))
D 1 Di¢ 1 -
X(—I?O _ - V2 (2.4.2)
Vo | R, Vex 0
Nz 0D (rf' —nf(at1))
D_¢ NeE
N Tk eV (rf ynf(atl))
1 D_¢ 1
xﬂ) _ — \/?r/ (2.4.3)
Vool F. Vox — in!
F__ 0

These modes are normalizable, and the normalization constant c,, chosen to satisfy
Eq. (2.3.57), is given by

12072 4 n2(q 4 1)2f2 4 p2 12
CX:27T/ dr ( " )'f / .
0

(2.4.4)
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Using the equations of motion for the vortex background (2.2.11), one can verify that these

modes lie in the kernel of the fluctuation operator (2.3.38):
DB, =0 2.45)

and trivially satisfy the gauge constraints (2.3.16).

These two zero modes correspond precisely to the universal Nambu—Goldstone bosons
associated with the spontaneous breaking of transverse translational symmetry. They carry
spins &1 and have P; = +. In the notation introduced above, they form a massless doublet,

denoted simply by 17.

At the BPS limit, § = 1, the vortex string background possesses a 2n-dimensional mod-
uli space [35, 36]. These moduli are identified as the positions of the n vortices in the
spatial zy—plane. The associated moduli manifest as zero modes in the fluctuation spec-
trum, giving rise to normalizable modes with spins +1, +2, ..., +n, all in the dilaton channel.
These modes form the massless doublets 17 .27 ... ' n™, which describe internal deforma-
tions of the multi-string configuration within the moduli space. Away from the BPS point,
these modes with spin |m| > 1 are no longer massless. In the type-II regime with 5 > 1, they
acquire a negative mass squared and thus become tachyonic, signaling that the multi-vortex
configuration with n > 1 is unstable. In contrast, in the type-I regime with 5 < 1, these
modes remain stable and can be either bound or scattering states, depending on the value
of 5. We will return to these details below. In the following, unless stated otherwise, zero

modes refer to the universal spin-+1 translational modes of the string.

2.4.3 The Light Scalars: Worldsheet Dilaton and Axion

In addition to the zero modes, the second-order string fluctuation operator admits a massive
spectrum consisting of continuum scattering states and, in some sectors, discrete bound
states. Its detailed structure depends sensitively on the mass-squared ratio § and the winding
number n. In the dilaton channel, the continuum starts at M? = min{m?, m? }, while in the

axion channel it starts at M? = m?,. Here m?% and m$, are given in (2.2.3); in units of e*v?,
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they are 23 and 2, respectively. These thresholds are the same in every spin sector, a fact
used repeatedly in the analysis below: at large r the profile approaches the Higgs vacuum,
f — 1, so the axion equation (2.3.54) reduces to —V? + 2 and the coupled dilaton system
to a diagonal form with the same asymptotic potential, fixing the thresholds quoted above
independently of the spin. As discussed below, massive discrete bound states are always
present in the axion channel, whereas in the dilaton channel their existence depends on the

values of # and n.

We begin with the two lightest scalars — the 0" dilaton and the 0™~ axion, presenting the
two channels side by side, since it is their comparison that carries the physics; the higher-spin

tower follows in Sec. 2.4.4.

The spin-0 fluctuations decompose into three sectors,*
.0t 0. (2.4.6)

The first two arise from the dilaton channel and are governed by Eq. (2.3.48) and the gauge-
constrained odd-sector equation, respectively, while the last arises from the axion channel

and is governed by Eq. (2.3.54).

The first two arise from the dilaton channel and the last from the axion channel, and we
take them in turn. The 0T sector carries a continuum of scattering states with threshold
at M? = min{2, 28} and, throughout the type-I regime and for sufficiently small 3 in the
type-II regime, at least one normalizable bound state—the worldsheet dilaton. The range
of 8 over which this bound state exists widens with the winding n; within it, the mass of
the lightest state increases with § and decreases with n, while larger n or smaller S can
bind additional levels. Beyond this range the sector is purely continuous. The 0~ sector,
by contrast, supports no bound states at all: our numerical scan over § € [0.1,10] and

n =1,...,5 finds only continuum scattering states.

The 07~ sector belongs to the axion channel, whose physical modes all carry P = —;

the spin-zero states are odd under both P, and P and are the worldsheet arions. Here

14 Since only the axion channel carries Py = —, and P, acts trivially in the axion channel, there is no 0=
sector.
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the continuum sets in at M? = 2, and there is always at least one bound state below it, as
expected for an attractive two-dimensional potential well [37]. As in the 07" sector, this
lightest axion becomes lighter as n increases or 3 decreases. The behaviour of both light

scalars with 8 for n = 1 is displayed in Fig. 2.2.

It is also instructive to compare the lightest bound states in the 07" dilaton sector and
the 07~ axion sector. We find that the lightest dilaton is lighter than the lightest axion
in the type-I regime, while in the type-II regime the ordering is reversed and the lightest
axion becomes lighter. At the BPS point 5 = 1, the two masses coincide. This is consistent
with the fact that, at the BPS point, the Abelian Higgs model admits an embedding into an
N = 1 supersymmetric theory, suggesting a natural relation between these two worldsheet

excitations. This comparison of the two masses is shown in Fig. 2.2.

We present numerical results for the lightest bound states in the 07" dilaton sector and
the 07~ axion sector. For n = 1 and representative values of [, we numerically solve the
corresponding eigenvalue equations, Egs. (2.3.48) and (2.3.54), and extract the lowest mass-
squared eigenvalues. The spectra plotted below show how the lightest axion and dilaton
masses vary with 3, including the change in their ordering across the type-I and type-II

regimes.

2.4.4 Higher-Spin Modes and the Type-I1I Instability

In the following discussion, we restrict to the representative with m > 0, with the under-
standing that the partner state with spin —m is generated by P, ; equivalently, we describe
the corresponding degenerate doublets. We now turn to the sectors with m > 1. In the dila-
ton channel, these modes have Pj = 4 and are denoted by m™, while in the axion channel

they have P = — and are denoted by m™.

As in the spin-0 sectors, the spectrum contains a continuum of scattering states, with
threshold at M? = min{2, 24} in the dilaton channel and M? = 2 in the axion channel.
In addition to the zero modes discussed in Sec. 2.4.2, there may also exist massive bound

states, whose detailed structure depends on 5 and n.
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Figure 2.2: Mass squared of the lightest dilaton 07+ and axion 07~ as a function of § for the
fundamental n = 1 string. The pink shading marks the region above the axion bound-state
threshold m?, while the blue and pink shading together mark the region above the dilaton

bound-state threshold min{m?,, m? }. The green dashed line marks the BPS point 3 = 1.

The spins in the window 2 < m < n play a distinguished role, and the dilaton modes
m™ there are the most interesting feature of the higher-spin spectrum. Their lowest state
behaves qualitatively differently in the three regimes. At the BPS point 8 = 1 it is massless—
a modulus of the internal deformations of the multi-string configuration, part of the enlarged
moduli space of Sec. 2.4.2. In the type-II regime § > 1 it acquires negative mass squared
and becomes tachyonic, signalling the instability of the cylindrically symmetric n > 2 vortex
under the repulsive inter-string force. In the type-I regime 5 < 1 it acquires positive mass
and is a stable internal excitation, reflecting the attractive force that binds the constituent
strings. The spin-+1 sector is exceptional: it always contains the universal translational zero

modes of Sec. 2.4.2, which remain massless for every /.

Because raising the spin can only raise the mass squared, the leading instability of the
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type-II n-string is the lowest member of this window, the spin-two doublet 2*: the tachyons
are ordered M7 < M2 < --- < M? < 0for B > 1, proved for n = 2 and confirmed numerically

for n > 3.

Outside this window, for the dilaton modes m™* and the axion modes m~ with m > n,
the present numerical scan finds no bound states. The pattern across the whole tower is
uniform and traces back to the centrifugal ordering: bound states are favoured, and lighter,
at larger n, smaller 5, and smaller m, so that the number of levels below threshold falls as

the spin is raised and vanishes beyond m = n.

We close with the organizing principle behind these trends. The spin m enters the radial
fluctuation operators only through non-negative centrifugal terms, so raising the spin can
only raise the mass squared, while the winding n and coupling S enter only through the
background profile. The orderings in m, n and f—the axion tower rising with |m/, the light
dilaton and axion crossing at the BPS point, the moduli at spins 1,...,n, and the spin-two

tachyon that controls the type-II instability—are all consequences of this structure.

2.5 Effective String Action: O(K?) Curvature Correction

In this section we derive the leading higher-curvature corrections to the Nambu-Goto action
for the ANO string by integrating out the massive fluctuation modes of the vortex identified
in the previous sections. These corrections appear at weight four in the effective string
action, with coefficients determined by the massive worldsheet spectrum and by the cubic

couplings of its modes to two zero modes.

2.5.1 Overview

As reviewed in Sec. 2.1, the low-energy dynamics of a long string is described by the Gold-
stones X. In the Abelian Higgs model, these modes are accompanied by a tower of massive
modes in the fluctuation spectrum of the vortex. At energies much lower than the massive

scale, their leading effect can be viewed as tree-level exchange between pairs of translational
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zero modes, 1° shown in Fig. 2.3. In the low-energy expansion, this exchange reduces to the
leading O(K*) corrections to the Nambu-Goto action. This section makes this exchange

picture explicit.

i k
1
M2
Q ................ ......... Q
massive
modes
X/ X'

Figure 2.3: Tree-level exchange of a massive worldsheet mode between two pairs of transla-
tional zero modes. Integrating out the exchanged mode gives the leading O(K*) contribution

to the effective string action. At this order, only the 07", 077, and 2" sectors contribute.

Worldsheet diffeomorphism invariance and spacetime Poincare symmetry strongly restrict
which massive sectors can contribute at this order. Only three sectors can appear in the cubic
vertices relevant for tree-level exchange: the scalar 07" sector, the pseudoscalar 0~ sector,
and the spin-two 2% sector. Denoting the corresponding worldsheet fields by ¢, a, and B;;,

their leading couplings to the translational Goldstones take the geometric form [38, 39|

16
2~ Lx o 1 5 5

S, = /d oV —h (5(8a90) — MY + @, goR) : (2.5.1)

Sa = /d25\/—_h (%(5(1&)2 - %mZaQ + QueMey aKéﬁKavj) , (2.5.2)

Sp = / d*\/—h (%(5a3ij)2 - §mQBB§j + QpBij (KK — %5“3)) : (2.5.3)

Here Q,, Q4, and ()p are the corresponding cubic couplings.

15 At low energies the Goldstones X? are naturally organized into geometric quantities of the worldsheet.
Since the first nontrivial corrections to the Nambu—-Goto action occur at weight four, the relevant massive-
mode sources are quadratic in the extrinsic curvature, schematically O(K?). The leading terms of these
sources correspond microscopically to cubic vertices involving one massive mode and two zero modes.

16 Throughout this section, ¢ and d denote the dimensionful worldsheet coordinates and derivatives,
respectively, in order to distinguish them from the dimensionless ones.
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Integrating out these massive modes at tree level produces the leading O(K*) correction
in the effective string action. ! The resulting terms can be matched to the effective string

action in (2.1.8) and (2.1.11). We repeat them here for convenience:
Sett = / dPov/—h [—T +epe R+ e Kl KPP KL K + - ] . (2.5.4)

For a single mode in each sector, the contributions are

2 2 Q2
© 4 a a B B
Chy = —— Cpa = — Cp2 = ——— (2.5.5)
R2 2 R 2 R 2
2mg, ma 4ms
2 QZ
Chr = —2 B, = 5 B (2.5.6)
myg mB

The full coefficients cr2 and cx+ are obtained by summing over all modes in these sectors,

including both discrete and scattering states.

In practice, we will not evaluate the continuum contribution mode by mode. Instead, in
each symmetry sector the cubic vertex defines a fixed source profile. Using completeness,
the full exchange contribution can be rewritten as a matrix element of a power of the inverse
transverse fluctuation operator. This is the method used below to obtain the final O(K*)

coefficients cp2 and cga.

To extract these couplings from the Abelian Higgs action, we expand the curvature inter-

actions to leading order in static gauge and introduce the canonically normalized Goldstones
Yi=VT X', (2.5.7)
the worldsheet action relevant at this order takes the form

1 ~ .
Sys D /d2<~7 [—T + 5(8@/1)2 +Ly,+ Lo+ Lp| (2.5.8)

17 For a massive field ¢ coupled linearly as QopJ,, solving its equation of motion and substituting back

2
gives Lo = 5Q%J,(0% +m2) ™' J,. At energies well below m,,, this reduces to Leg = &Jf, +0(9*/m3).

2
2m A
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with

1~ 1 Q a9 vi gaabvi

L, = 5(%30)2 - §mi¢2 + ?w p 0a0pY" 0%0°Y" (2.5.9)
1~ 1 - ST T PRy

L, = 5(aaa)2 — 5micﬂ + % aeleP9,0,Y 0705Y7 (2.5.10)
1 ~ 1 U IPUISURU

Lp = 5((’;v()ﬁl.].)2 — émQBBin + % B <aaaﬁY’ 0°9°Y7 — é(swaaaﬁyk aaaﬁyk) . (2.5.11)

These expressions define the operator basis used below to match the cubic vertices obtained

from the Abelian Higgs model.

The rest of the section is organized as follows. In Sec. 2.5.2, we introduce the relevant
worldsheet fields, derive their action, and determine the couplings Q,, @,, and () from the
Abelian Higgs model. We then use the completeness relation to obtain the Wilson coefficients

crz and cg4 for the ANO string in Sec. 2.5.3.

2.5.2 Worldsheet fields and action

We now identify the worldsheet fields and determine their cubic couplings from the Abelian
Higgs model. In this section, we work in the background gauge (2.3.29), which simplifies
the extraction of the tree-level K* correction. This differs from the previous two sections,
where we used the unitary gauge to determine the physical spectrum. In the background
gauge, the physical and unphysical modes can instead be separated systematically using
BRST cohomology. However, we will not need this separation explicitly: by ghost number
conservation, the unphysical modes do not contribute to the tree-level exchange between

pairs of translational zero modes.

The transverse eigenmodes found in the previous sections provide a good basis for expand-
ing the four-dimensional fluctuations around the ANO vortex. '® The coefficients of these
profiles become two-dimensional fields propagating along the string. As discussed above, we
just focus on the translational 17 zero modes, the 0™ and 27 modes in the dilaton channel,

and the 0~ modes in the axion channel.

18 The same transverse operators appear in the two gauge choices, while the physical projection is imple-
mented differently, as discussed above.
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The relevant fluctuations in the two channels are expanded in transverse eigenmodes of

D, and —V2 + 2|¢[%, respectively, as '

50
5¢* D D _ D
= R V@) 4+ DY)+ YoxB, el
SA, 7
0A_
D D __
+ X (6, B (0) + 3%, By @) | -+ (25.12)
N2
(4) 1 8
0A, =e Xo.np (75 0) @ €ap0’an,(0) + - . (2.5.13)
No 0,No

20 The coefficients in these mode expansions realize the worldsheet fields introduced above

in the Abelian Higgs model. In the complex basis, the Goldstone and spin-2 fields satisfy
(YH)* =YTF | (Bx:)" = BYT . (2.5.14)
The sums run over all modes in the relevant massive sectors, while the ellipses denote modes

that will not be needed below.

We now insert the mode expansions (2.5.12) and (2.5.13) into the Abelian Higgs fluc-
tuation action (2.3.32). Keeping the quadratic terms and the cubic terms involving one

massive field and two translational zero modes, we obtain the worldsheet action relevant for

19 While this schematic form of § A, expansion mirrors the structure of the on-shell mode expansion, care
must be taken when using it to compute kinetic terms. In particular, substituting it directly into the kinetic
term leads to higher-derivative expressions that are ill-defined off-shell. A well-defined kinetic Hamiltonian
instead follows from the properly normalized mode expansion given in Eq. (2.3.55), which yields a canonical
Hamiltonian in the axion channel. Once the kinetic structure is fixed in this way, and using the on-shell
condition, the schematic expansion may then be used to extract higher-order interactions.

20 With this convention, the fields Y?, No» AN, and B%z have canonical quadratic kinetic terms in the
reduced worldsheet action. The cubic vertices then carry one explicit power of e.
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the tree-level O(K*) correction: 2!

1 . 1 1
/dtdz 5(8045”)2 +i 5(81190]%)2 - §<M(§?v)o) <PNO + ek N, PN Y TY
No
1 (4) iAo
+ 5(80104\/0) (MONO) aNO + e Ka,N, — A emeaga an, Y'OY
No L 0,No
1 1 o
+i 50aBn,ii)” = S (My 0V’ BR, iy + e kv, (VY By +Y Y TBE) | e
Ny =
(2.5.15)

The three sectors in (2.5.15) share the same general structure. In the transverse eigen-
mode basis, the quadratic worldsheet action is diagonal: the fields ¢n,, an,, and By, ;
have canonical kinetic terms, with masses given by the corresponding transverse eigenvalues.
Each massive mode also couples cubically to a bilinear of translational zero modes. These
couplings are given by overlap integrals of the massive mode profiles with the corresponding

zero mode bilinear sources:

Ko No = 2#/ drr xS ]30( 1) Coxx(r) (2.5.16)
0

Ka,Ng = 277/ drr X () Caxx (r) (2.5.17)
0

KB.Ny = 27T/ drr Xy ]\)12( )CBxx(r) , (2.5.18)
0

Here (,xx, Caxx, and (pxx are the effective radial profiles generated by bilinears of the

translational zero modes after summing over the relevant cubic interaction terms. Explicitly,

21 Here we continue to work in units with ¥ = 1. Dimensionful quantities can be restored in powers of ev;
for example, the physical masses are ev M.
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22

fF@pr2f?+ (B —2n?f(a+1)%)

a ey r?
f (3Br2f? + (B —2)n*f*(a +1)?)
B ey r?
Gorxxlr) = Ven(rf' [(a+ 1) (rf —2f) +2rf o]+ n2fAa+1)%) | (2.5.19)
ey 3
V20 (rf [(a+ 1) (rf —2f) + 2rf o] + n2f2 (o + 1)%)
ey r3
Caxx(r) = 2nfilatl) , (2.5.20)
T Cy
and
10 28 i + LI VU gy 1
: —2Bfarhy — Bf1h2 + \/5(0‘ +r1)m/13¢2 B ﬂifza% " \/5% o+ Qp\g/qég
T V2(a+ D)nthoths  oth) 1 ’
—2fih3rps — 2 frpsihy + . + \/51 — \/52
V2(a + 1)naporhy Yy n Y11y
r V2 V2
(2.5.21)
with
Wy = L rf —nf(la+1) by = L rf'+nf(a+1) s = 1 nao (2.5.22)

Vo V2r RS V2r e

Although the units with v = 1 used in the four-dimensional analysis are convenient, the
string tension 7" provides a more natural scale for the worldsheet action. We therefore restore
the dimensionful worldsheet coordinates below. To match the microscopic vertices in (2.5.15)
to the effective string couplings in (2.5.9)—(2.5.11), we restore the scale ev, integrate by parts,
and use the free equations of motion for the worldsheet fields. The resulting interactions are

then written in the same operator basis.

22 This provides a direct check of the selection rule. The angular integral enforces transverse spin

conservation, so Y 7Y~ can only couple to spin-zero massive modes. Within this sector, (,x x is orthogonal
to the 0~ profiles in (2.3.47), leaving only the 07" modes.
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For each mode, the couplings are

Q, = %)4 ky(B) (2.5.23)
e (M7(5))
Q. = % ka(B) , T = 7(B)v? (2.5.24)
e (M)
47(B)

Qp = 1 kB(B) - (2.5.25)

where the dependence on 3 has been made explicit.

The cubic couplings are well defined for bound states, since they are given by overlap
integrals of normalizable profiles. The numerical values of e, for the lightest dilaton
mode are summarized in Table 2.2. For scattering states, however, the eigenfunctions are

not normalizable, so individual couplings are not well defined by the overlap formulas above.

2.5.3 Completeness and O(K*) Wilsonian coefficients

The contribution of each massive mode to cr2 and cg4 is fixed by its mass and coupling,
as reviewed above. Summing over all discrete and continuum dilaton, axion, and spin-two

modes then gives the following sum rules:

2 2 2
_ a B _ »,No a,No QB,NQ
CR2 = Cpo + Cp2 + Cre = U N A — Dy .’ (2526)
. 2(€UM(§71\20)2 . (evMé’]\;o)Q . 4(evM2(’]\22)2
N Q%N
a B a,No ,AV2
Cri = Coa + ey = Y N NN EBNe (2.5.27)
7= oMy )P T 2evMy )’

However, the scattering modes are non-normalizable, so the corresponding couplings @)
are not individually well defined and their contributions to cgz2 and cg+ cannot be evaluated
mode by mode. Importantly, the completeness relation allows us to perform the continuum
sum directly, bypassing this difficulty and obtaining the full contribution. Similar methods

have been used in braneworld effective theories [40]. We now explain how this works.

From (2.5.23)—(2.5.27), the tree-level contributions to cgz and ¢4 take the same spectral
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sum form in each sector,

2

KN
2.5.28
M]2VS 3 ( )

N

where the integer s and the coefficient ky depend on the sector. We retain the four-
component radial profiles and sources in the dilaton channel. The angular factors contain no
1/V/2m, so (2.3.57) gives 2m [* drr x\(r)xn:(r) = Sy at fixed spin. No additional radial

rescaling is made. Thus, consistently with (2.5.16)—(2.5.18),

KN =27 /000 drrxt(r) C(r) . (2.5.29)

Here ((r) is the zero mode bilinear source and is independent of the excitation level N. For
the completeness calculation, x () runs over the full background-gauge eigenbasis at fixed

spin of the Hermitian operator ﬁ,
Qxn(r) = Mixn(r) . (2.5.30)

The operator Q is channel dependent: Q= R(m) in the dilaton channel (2.3.41), and O =
—0% + T—; +2f?% in the axion channel (2.3.54).

We rewrite the source as
C(r) = VG(r) | (2.5.31)

where G(r) satisfies boundary conditions for which the boundary terms vanish. If zero modes
are present, the inverse is defined on their orthogonal complement, and the source must lie

in that subspace.

The overlap coefficient then becomes
KN = 27r/ drrxj\,(r) QSG(T)
0

=27 /000 drr ((AZSXN(T)>TG(7’)

= 27TM]2V8/ drr N (r) G(r) (2.5.32)
0
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where we used the self-adjointness of (AZ, the vanishing of the boundary terms, and the

eigenvalue equation Q%yy = M2y .

Substituting this result into the spectral sum ?* and using the completeness relation

zfx]v(r)xk(p) = L5 —p1. (2.5.33)

N
where I is the identity in the fluctuation space of the corresponding channel: I;y4 in the
dilaton channel and 1 in the axion channel. The sum uses the full eigenbasis at fixed spin;

the source (,xx has zero overlap with the odd spin-zero modes. We obtain

I ]\/{4—2}; =27 /000 drr GT(r)((r) . (2.5.34)

N

To avoid solving a high-order differential equation in practice, we may instead factor the

operator by writing s = s; + so, where s1, s9 € Z>(, and solve
O"Gr=¢, Q2Gy=C(. (2.5.35)

Then the spectral sum becomes
K3 *
N gn / drr GL(r) Ga(r) | (2.5.36)
0

2s
My
N

reducing the differential order involved in the computation.

To summarize, the full spectral sum is obtained by solving for G in (2.5.31), or equiva-
lently for G; and G5 in (2.5.35), and using (2.5.34) or (2.5.36). These expressions include
both bound and continuum states without summing over the spectrum mode by mode. Alter-
natively, the continuum contribution can be isolated by subtracting the discrete bound-state

sum from the full result.

We now apply the procedure described above to the three relevant sectors. As discussed

23 For a real radial basis, [~ drrGT(r)xn(r) = [;° drr X (rG(r).
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above, their contributions to the O(K*) Wilson coefficients are

272 K2
¢, = Z:( O (2.5.37)

4,6 D
etv 7 M&N)D)lo
a a 4T2 l{?z No
CR2 - _CK4 = — 1.6 i iA y (2538)
et T (Mg, )
872 K
B B B,N>
s = =2 = —— I o (2.5.39)
ety 7 (MQ(,N)Q)lo

To rewrite these spectral sums as radial integrals, we define

Rim=0)GT = Coxx, R2,_0)G% = Coxx, (2.5.40)
(—02 +2/%)° G" = Caxx, (2.5.41)
Rim—2GT = Coxx, R2,_0GE = (oxx. (2.5.42)

where R (;,—0) and R(,,—2) are the dilaton channel radial operators in the 0™ and 2% sectors,

respectively, while the axion sector operator is —9? + 2f?. The spectral sums then reduce to

4 T2 o0
Cro = Z . / drr GYTGE, (2.5.43)
et J,
8 T2 o]
Cha = —Cjos = — Z 5 / drr GG*, (2.5.44)
et J,
16712 [
B=—28, = 637/0 drrGP'GE. (2.5.45)

We have thus reduced the full contributions of the three sectors to the O(K*) Wilson
coefficients to a set of radial integrals. In the next section, we evaluate these expressions
numerically and examine how the different massive sectors encode the dynamics of the ANO

string across the type-I, BPS, and type-II regimes.
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ﬂ GC2(1,0 GUMéf))/ﬁ
0.1 1.2432 0.4731

0.2 1.2353 0.4846
B eQyuo evMég)/\/T

0.1 1.8729 0.2148
0.2 1.5898 0.2813
0.3 1.4549 0.3280
0.4 1.3738 0.3649
0.5 1.3197 0.3956

0.3 1.2295 0.4903
0.4 1.2266 0.4935
0.5 1.2204 0.4956
0.6 1.2148 0.4968
0.7 12114 0.4976
0.8 1.2046 0.4980
0.9 1.2013 0.4981
1.0 1.1967 0.4981
20 1.1333 0.4928
3.0 1.0841 0.4815
4.0 0.9807 0.4771
5.0 0.8974 0.4697
6.0 0.8107 0.4630

0.6 1.2815 0.4218
0.7 1.2535 0.4447
0.8 1.2324 0.4648
0.9 1.2148 0.4823
1.0 1.1985 0.4977
1.1 1.1255 0.5101
1.2 1.0744 0.5219
1.3 1.0427 0.5372
1.4 1.0292 0.5404

7.0 0.7274 0.4569

8.0 0.6433 0.4513
9.0 0.5587 0.4463
10.0 0.4787 0.4417

Table 2.2: Numerical values of the couplings and masses, in units of v/T, for the lowest
axion and dilaton bound states as functions of § for n = 1. Most spin-2 dilaton modes are
unbound over most of the 3 range. Here the physical tension and masses are T = 7(3) v*

and M ev.
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2.6 Numerical Results and Comparisons

In the previous section, we expressed the O(K*) Wilson coefficients as spectral sums over
the massive vortex modes. Physically, these coefficients measure how the massive modes of
the string affect the curvature response at long distance. Our goal here is to evaluate cp2
and cg+ numerically and understand how the different sectors, including both bound and
scattering states, contribute across the type-I, BPS, and type-II regimes. We then compare
our determination of the coefficients from the mode analysis with those derived using the
Born—-Oppenheimer-like approach [1, 2|. We finally compare our results with the bounds on
the O(K*) Wilson coefficients from the flux-tube S-matrix bootstrap 3], placing the Abelian
Higgs model within the broader landscape of effective string theories, and comment on their

relation to existing results for Yang—Mills confining strings.

2.6.1 Numerical results

We focus here on the fundamental n = 1 string, for which the vortex is stable throughout the
full range of [ considered. We evaluate the contributions of the bound states to the Wilson
coefficients cp2 and cg4 directly from their masses and eigenfunctions, or equivalently from
the corresponding couplings (). The full spectral contributions, including both bound and
scattering states, are obtained using the completeness method of Sec. 2.5. An important
feature of the results below is that the contributions from scattering states are substantial
across a broad range of 3, so both bound and scattering states are needed for a complete
description.

Figure 2.4 shows the dimensionless combinations of the Wilson coefficients, e*v?cp2 and
e*v?cka, as functions of 3. ?* For cgz, we show the total contribution from each massive sec-

tor, whereas for cx4 we further separate the contributions from bound states and scattering

states. The solid curves interpolate the numerical data. We now highlight the main features

24 Here the Wilson coefficients are written with their dependence on the microscopic parameters e and v
explicit. Below, we also express them in worldsheet units using the string tension 7', which is more convenient
for the low-energy effective worldsheet theory.
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Figure 2.4: Decomposition of the Wilson coefficients for the fundamental n = 1 string. The
upper plot shows the contributions to cge from the 07, 07—, and 21 sectors in blue, green,
and purple, respectively. The lower plot further separates the cg4 contributions into bound
states and scattering states: the 27 scattering contribution is shown in purple, while the
0=~ bound and scattering contributions are shown in dark and light green. The solid curves
interpolate the numerical data points. In both plots, the thick red curve gives the total
contribution from the massive sectors, while the nearly overlapping dotted curve shows the

Born-Oppenheimer result in |1, 2.
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of these results.

For cpe, the positive 07" dilaton contribution dominates in the strongly type-I regime and
competes with the negative contributions from the 07~ axion and 27 sectors. As 3 increases,
the dilaton contribution decreases substantially, while the axion contribution becomes rel-
atively more important, causing the total cz2 to change sign. At large [, the coefficient is

dominated by the negative axion contribution.

For ¢y, only the 0~ axion and 27 sectors contribute, both with positive sign. At small
B, the dominant contribution comes from the 2+ continuum.?® Its contribution decreases as
[ increases, while the axion sector becomes progressively more important. Within the axion
sector, the contribution from bound states is largest around the BPS region, whereas the

contribution from scattering states grows toward large § and eventually dominates.

These trends are closely tied to the structure of the massive spectrum. In the type-
I regime, the Higgs is lighter than the vector, so the continuum threshold in the dilaton
channel is lower. This enhances the contribution of the dilaton-channel states, including the
spin-two continuum, and explains their importance at small 5. As (8 increases, this relative

enhancement is lost and the axion sector becomes increasingly important.

The BPS point § = 1 provides a useful reference between the two regimes. Numerically,
the combination 2cpe2 + cga vanishes within our numerical accuracy. The 2 contribution
cancels identically in this combination, leaving only the 07" dilaton and 0™~ axion sectors.
The cancellation is particularly transparent for the bound states: at the BPS point, the
lightest dilaton and axion are degenerate and have equal couplings, as discussed in Sec. 2.4.3,
so their contributions to 2cg2 + cg+ cancel exactly. This cancellation is therefore consistent
with the special BPS structure of the theory and its supersymmetric embedding, in which
the string is half-BPS and the dilaton and axion are related by N' = (0,2) supersymmetry.

We will return to this point below when discussing (3 in the bootstrap picture.

25 For the fundamental n = 1 string, we find no 2 bound state over the range of 3 considered.
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2.6.2 Comparison with the Born—Oppenheimer Approach

The O(K*) curvature corrections in the Abelian Higgs model were studied in Refs. [1, 2]
using a Born—-Oppenheimer-like expansion of a weakly curved ANO vortex. In this approach,
the transverse vortex string profile is solved for in a slowly varying worldsheet geometry, and

its response to the curvature is then used to derive the effective worldsheet action.

The mode analysis developed here provides a complementary description of the same
low-energy curvature corrections. After converting the conventions of Refs. [1, 2] to ours, we

compare the resulting coefficients cr2 and cya.

As shown in Fig. 2.4, the two approaches show close numerical agreement over the full
range of B considered, with the dotted Born-Oppenheimer curve nearly overlapping the

result from the mode analysis. This provides a nontrivial check of the mode analysis. ¢

At the same time, the mode analysis contains additional information: it resolves the
Wilson coefficients into contributions from the different massive sectors and further separates
the contributions from bound states and scattering states. This reveals how the underlying

dynamics controlling the curvature corrections evolves across different regimes of 3.

2.6.3 Bootstrap Bounds and Comparison

Having determined the Wilson coefficients cgrz and cge, we can directly locate the ANO
strings within the allowed region of the flux-tube S-matrix bootstrap (fs,a3) parameter
space introduced in Sec. 2.1. For the ANO string, oz and (3 are functions of g with a
common overall factor of 1/e*. Thus, at fixed e, varying 8 traces out a trajectory in the
bootstrap plane, while varying e radially rescales it. Figure 2.6 shows this trajectory at e = 1

for illustration. 2 The main features are as follows:

26By the result of [1, 2] we mean values obtained numerically using the formulas developed there, evaluated
at the values of 3 considered here. At the points also considered in [1, 2], the values agree with those reported
there, as expected.

27 Although this value is not parametrically weakly coupled, it provides a convenient normalization for
displaying the result.
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Figure 2.5: Wilson coefficients a3 and (3 of the fundamental n = 1 ANO string as (5 is varied.

As [ increases, ag decreases, while 3 increases and changes sign at the BPS point g = 1.

At larger (3, both coefficients vary more slowly and appear to approach constant values.

e As [ increases, ag decreases, while 3 increases and changes sign at the BPS point.
Since f3 o< —(2cpz + ck1), this crossing reflects the BPS cancellation discussed above.
The type-I regime lies on the left side of the bootstrap plane, the BPS string lies on
the line 83 = 0 up to numerical accuracy, and the type-II regime lies on the right. At
larger 3, both coefficients vary more slowly, suggesting that the ANO string trajectory

approaches a limiting point over the range shown.

e The bootstrap boundary has two characteristic branches. The right branch is associ-
ated with a sharp worldsheet axion resonance, while the left branch is associated with
a sharp dilaton resonance [3, 4]. The ANO trajectory follows the same qualitative
pattern: the type-I regime lies on the dilaton side, the BPS point crosses 3 = 0, and
the type-II regime moves to the axion side. This is consistent with the level crossing

of the lightest dilaton and axion masses at the BPS point.

e Varying e instead radially rescales the trajectory. In the weakly coupled regime, the
common factor 1/e? makes the coefficients grow as e is decreased, while increasing e
moves the trajectory toward the origin. At sufficiently strong coupling, however, the

semiclassical calculation is no longer under perturbative control.
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Figure 2.6: Fundamental n = 1 ANO strings in the (3, a3) bootstrap parameter space. The
blue shaded region is the allowed region [3, 4], bounded by the dilaton branch on the left
and the axion branch on the right. The left plot shows the ANO trajectory as g is varied
at e = 1, with type I strings on the left, the BPS point at 3 = 0, and type II strings on
the right. The right plot zooms in near the origin, where the SU(3) and SU(5) Yang-Mills

estimates lie close to the axion branch.

2.6.3.1 Comparison with Yang—Mills Flux Tubes

It is natural to compare ANO strings with Yang—Mills flux tubes. Such a comparison is
motivated by the long-standing dual superconductor picture of confinement, in which con-
fining electric flux tubes are viewed as electric-magnetic duals of ANO vortices [41, 42]. In
particular, this picture is realized explicitly in Seiberg-Witten theory, where a soft breaking
to N/ = 1 leads to monopole condensation and confinement, described at low energies by
an Abelian Higgs theory [43, 44|. This provides a controlled setting in which the relation

between confining flux tubes and ANO vortices can be studied explicitly.

At the level of the effective worldsheet theory, the two systems can be compared in the
(aes, B3) plane. The SU(3) and SU(5) points shown along the axion branch in Fig. 2.6

schematically indicate where the corresponding Yang—Mills flux tubes may lie in the boot-
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strap parameter space. This is motivated by lattice measurements of the worldsheet axion,

whose mass and coupling are closely matched by the axion resonance on this branch [3, 4].

The Yang—Mills theories lie on the same side of the allowed region as type II ANO
strings, consistent with both supporting a relatively light worldsheet axion. However, their
string dynamics are quite different: type II ANO strings repel, whereas Yang—Mills confining
strings attract and form bound states. This difference creates a tension with the duality,
which would suggest broader agreement in the spectrum and string interactions. In this
sense, the minimal Abelian Higgs model does not provide a direct microscopic description

of the Yang—Mills confining string.

It is worth emphasizing that the Abelian Higgs model captures only a subsector of the
softly broken Seiberg—Witten theory. In the full supersymmetric theory, additional bosonic
and fermionic fields are present, and these may significantly modify the string dynamics.
It would therefore be interesting to extend the present analysis to the full supersymmetric

theory and explore the duality from the worldsheet perspective.

2.6.4 n > 1 strings

Our analysis has focused on the fundamental n = 1 string, for which the string is stable and
the translational Goldstones are the only massless worldsheet degrees of freedom throughout
the range of 8 considered. For n > 1, the situation depends qualitatively on the regime of
B.

In the type-I regime, higher-winding strings are stable, so the mode analysis can be
extended to construct a well-defined effective string theory. As n increases, the Wilson
coefficients become larger at fixed § and e, moving the ANO string points upward in the
bootstrap parameter space. In the type-II regime, by contrast, these strings contain tachy-
onic fluctuation modes, indicating an instability toward splitting into fundamental vortices.

Consequently, there is no well-defined low energy effective action.

At the BPS point, higher-winding strings possess additional zero modes associated with
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the relative positions of the fundamental strings. The low-energy worldsheet theory must
therefore include these additional moduli and cannot be described solely in terms of the two

translational Goldstones. It would be interesting to study this enlarged effective action.
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CHAPTER 3

Non-Invertible Symmetries in Sy Orbifold CFTs and

Entanglement Entropy

3.1 Introduction

In recent years, generalized and non-invertible symmetries in various dimensions have been a
very active field of investigation [14-16, 45-98] providing valuable insight into the dynamics of
quantum field theories. At the core of these generalizations is the realization of symmetries
as (extended) topological operators and vice versa. In this picture, a natural question is
to find the holographic dual of these symmetry operators in the bulk. In theories with
weakly coupled holographic duals, it has been proposed that boundary topological operators
correspond to D-branes in the bulk [99-113] which, in certain limits, can become topological.
These proposals are based on anomaly inflow arguments. The goal of this paper is to put
forward a proposal for the holographic dual of topological operators in a setup with a strongly

coupled bulk theory using the AdS;/CFTs correspondence.

In two-dimensional conformal field theories (CFT), non-invertible symmetries have a
long history starting with the work of Verlinde in rational CFTs [114], the construction of
topological defects in terms of projectors [115, 116], the construction of topological duality
defects [117, 118], and the topological field theory formulation of RCFTs [119] to name a few.
Orbifolds are a powerful way to obtain new CFTs from old ones [120, 121]. In this paper,
we focus on the so-called symmetric orbifold CFT, where one takes the tensor product of N
copies of a seed CFT M and gauges the Sy symmetric group [17]| that permutes the different

copies. A remarkable feature of these theories is that they observe a large-N factorization of
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correlation functions [122-124], similar to the case of single-trace operators in large-N gauge
theories. Proposals for the holographic dual of symmetric orbifold CFTs go back to [125],
relating a type IIB AdSs x S® x M, background, with M, being either K3 or T, to the
N = (4,4) supersymmetric orbifold CFT M$Y /Sy. This background allows for an exact
worldsheet description with only NS-NS flux. However, it has been a challenge to identify
the particular background which corresponds to the undeformed MS$” /Sy orbifold [126].
Recently, such a dual was found for the AdS; x S® x M, background with the minimal k = 1
unit of NS-fivebrane flux [18-21, 127].

It is well known that gauging a group-like symmetry leads to a quantum symmetry in the
gauged theory [128, 129]. Hence, by construction, an orbifold CFT exhibits a universal set
of symmetries arising by the gauging of a discrete group. In the case of interest, the gauging
of the non-abelian Sy group leads to a universal set of non-invertible symmetries. In this
work, we look at these universal defects in two-dimensional symmetric orbifold CFTs. We
construct them by applying the projector construction of Petkova and Zuber [115], and use
the modular transformations of the partition function to identify the defect Hilbert spaces
of operators on which line-defects can end. Additionally, we propose a realization of the
defect operators in terms of non-gauge invariant operators under Sy. These defects, being
universal, depend solely on the group theory structure of Sy and not on the specifics of
the seed CF'T. To illustrate their properties, we examine the simplest example that exhibits

non-invertible symmetries, i.e. N = 3.

In symmetric orbifold CFTs, universal defects are labeled by the representations of Sy.
We study these defects in the large-N limit and analyze which representations remain non-
trivial. We argue that these defects correspond to topological defects on the worldsheet and
propose an explicit realization. While we verify some of their properties, further investigation

is required for a complete realization.

The structure of this chapter is as follows: In section 3.2, we review some background
material, in particular non-invertible symmetries in RCFTs and the construction of symmet-

ric orbifold CFTs. In section 3.3, we construct the universal topological line-defect operators
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in the symmetric orbifold CFTs that realize the Rep(Sy) fusion algebra. We use the mod-
ular transformation of the torus partition function with a defect inserted to determine the
corresponding defect Hilbert spaces, and we construct the vacuum-state operators in terms
of non-gauge invariant twist fields. In section 3.4, we present a detailed example of the Sj3
symmetric orbifold. This is one of the simplest examples where non-invertible symmetries
arise in CFTs. We determine the lines and defect operators, as well as the Ward identities for
two and three-point correlators of twist operators. In section 3.5, we discuss non-universal
topological defects, starting with a nontrivial topological defect operator in the seed theory
and constructing a “maximally fractional” defect, where all sectors are built on the same
seed CFT defect in an Sy invariant manner. We show that such defects are consistent, in
the sense that they satisfy the Cardy-Petkova-Zuber [115, 116, 130] conditions. In section
3.6, we discuss some aspects of the large-N limit of these defects, particularly whether a
non-invertible defect survives this limit. In section 3.7, we discuss the AdS/CFT dual of
the symmetric orbifold [20], which states that the AdS dual is a type IIB string theory on
AdSs x S x My with one unit of NS-NS fivebrane flux. We propose a worldsheet dual of
the universal defects and discuss some of their properties. In section 3.8, we calculate the
entanglement entropy in the presence of universal and non-universal topological defects. In
section 3.9, we close with some discussion of our results and list some open questions and

speculations.

3.2 Review

In this section, we review well-known material which will play an important role in the main
part of the paper. First, we discuss the construction of Verlinde lines in rational confor-
mal field theories, introducing key concepts of non-invertible symmetries in two-dimensional
CFTs. Second, we review the construction of the M®Y /Sy symmetric orbifold CFT, for

which we will construct the non-invertible symmetries in following sections.
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3.2.1 Non-invertible symmetries in rational CFTs

Let us first look at the construction of topological line-defects in rational conformal field
theories (RCFTs). We will restrict our attention to the case of diagonal RCFTs and the
Verlinde lines [114] which are in one-to-one correspondence with the chiral primaries. The

torus partition function of such an RCFT is given by
Z(r,7) = an‘j Xi(T)x;(7) (3.2.1)
.3

where n;; = 6;; and x;(7) denotes the character of a finite irreducible chiral algebra labeled
by the representation i. Under the modular S-transformation, the characters transform as
Xi(—=1/7) = >_; Sij x;(7). The operator corresponding to a Verlinde line Z, associated to the
chiral primary |®,) is given by [115, 116]

Sai
T, = Z S—inﬁ : (3.2.2)

)

where Pj; is a projector acting on the space spanned by the ¢-th primary and its descendants:

Py =>li,n)@li,n) (i,n|® (i,n| . (3.2.3)

nn

Using the Verlinde formula [114],

St Spi S
noy =3 —S;" o (3.2.4)

we can verify that the fusion algebra of the Verlinde lines is isomorphic to that of the chiral

primaries,
I.T,=>» n% 1L, (3.2.5)

where n¢, is the non-negative integer fusion coefficient, which denotes the multiplicity with
which Z. appears in the fusion product of the defects. Given that the Verlinde lines act as
projectors on the modules of the chiral algebra, which includes the Virasoro algebra, they

commute with both the holomorphic and anti-holomorphic modes of the stress tensor,

L,T,=1,L,. L,T,=71, L, , (3.2.6)
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and are therefore topological. Using the folding trick of [131, 132], the topological defects
have a realization as Ishibashi boundary states [130, 133] which characterize Zs permutation
branes [134-136]. If we start with the folded theory CFT(y x CFT(y), the boundary state

defining a Zy permutation brane is given by

Sai . T . -
’ Ba>> - Z S()‘ Z |Za n)(l) ® |Z7 n>(2) Z |7'7m>(2) ® |27 m>(1) ) (327>

such that they obey the following Virasoro gluing conditions:

1 7(2 . T\
(Ll(c) - L(—I)f> Z |6,7) (1) ® |i, )y =0,

2 7(1 . .
(Ll(c) - L(—I)c> Z |i,m) 9y @ |i,m) (1) =0 .

m

The quantum dimension of the topological defect operator is the eigenvalue of the defect

acting on the CFT vacuum state,
Z,10) = (Za) 0) - (3.2.8)

For the Verlinde lines we obtain (Z,) = Sa0/Seo. It was pointed out in [14] that defects that
have a quantum dimension not equal to one are in general associated with non-invertible

symmetries. Note that in the boundary state representation (3.2.7) the quantum dimension

is obtained by (Z,) = (0 | Ba)).

Operators like (3.2.2) satisfying the Cardy-Petkova-Zuber [115, 116, 130] conditions can
be viewed as topological line-defects. The action of these line-defects can be visualized on
the complex plane mapped from the cylinder as in Figure 3.1, where we insert the defect at
a particular point in time. We refer to the Hilbert space defined on S! for every point in

time as the untwisted Hilbert space.
The corresponding torus partition function is given by inserting the defect inside the
trace over the Hilbert space,
L _L E _i
21, T) = try[Zy 0724 g0 2] (3.2.9)

2miT

where ¢ = e with 7 being the torus modular parameter. After performing a modular

S-transformation, the line-defect now extends in the time direction, and at every point in
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Figure 3.1: Using the state-operator correspondence to depict the action of the line-defect

on an operator in the untwisted Hilbert space.

time we obtain the defect Hilbert space, Hz,. The torus partition function is now modified

to trace over this defect Hilbert space corresponding to the defect Z,,

Zo(=1,—1) = try, [§" 20 G2 (3.2.10)

where § = e=2™/7_ Using the S-transformation of the characters, and the fact that the defect
commutes with the chiral vertex algebra, we can expand the defect Hilbert space in terms

of the characters. The defect partition function can thus be written as

Z b Xo(T)Xe(T) (3.2.11)

where the non-negative integers NS, encode the degeneracy of the states in Hz,. Note that
even though we started with a diagonal theory, the defect partition function is not necessarily
diagonal, i.e. N, need not be a diagonal matrix. This tells us that states in Hz, have non-

integer spins and correspond to non-local operators attached to the corresponding line Z,.

— Z,

W) € Hz, U(x)
Figure 3.2: States in the defect Hilbert space Hz, correspond to non-local operators attached

to the line-defect Z,.

An important feature of non-invertible line-defects is the “lasso” effect [14] where, when a

topological line-defect is moved past a local operator, one obtains in addition to the symmetry
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action on the local operator another topological line ending on a defect operator and a
junction of topological line operators (see Figure 3.3). The mathematical structure describing

symmetry line-defects, defect operators, and their manipulations is called a tube algebra [68].

s
O 1 -0 Odefect
* 27 " dimz | L * * . >

Figure 3.3: Lasso action of a topological line-defect.

3.2.2 Symmetric Orbifold CFT

In this section, we review the symmetric orbifold CFT. Consider N copies of a CFT M
(not necessarily rational). The tensor product CFT has an Sy symmetry that permutes
the N copies of the theory. We construct the Sy orbifold CFT by gauging this permutation
symmetry. Let’s denote the primary operators of the tensor product theory by O; where I =
1,2,..., N. The spectrum of the orbifold theory consists of the untwisted sector constructed

by taking gauge invariant combinations of operators in the tensor product theory such as
N N
Y0 Y 00, . (3.2.12)
=1 1,J=1

Modular invariance additionally requires twisted sectors. We introduce the twist operators

o, labeled by the elements of Sy by
Or(e*™2) 0,(0) = O,.1(2) 7,(0) . (3.2.13)

These operators introduce non-trivial holonomies for the operators of the seed theory. How-

ever, the operators o, are not gauge invariant. To define gauge invariant operators we define

[123, 124, 137]

Ol X Y Oh-igh (3.2.14)
heSn
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labeled by the conjugacy classes [g] of Sy. The proportionality constant can be fixed by
normalizing the two-point function of these operators [124]. A conjugacy class [g] is fixed by

giving the number [; of cycles of length ¢ = 1,2,--- N.
g) =172 N Nkl =N . (3.2.15)
k

Excited states are created by acting with operators of the seed theory on twisted states. For
example, consider the non-gauge invariant twist operator o, where g is a cycle of length n.

Given (3.2.13), the operators of the seed theory have fractional modes

Or(2) = ;Z(OI)«: ~whog2mini (1) (3.2.16)

m

The modes with fractional indices correspond to excited twist operators. Hence, in the
twisted sector corresponding to an element of Sy with a single cycle of length n, there are
n subsectors (the vacuum twist operator o,, and exited states dressed with fractional modes
of the operators of the seed theory). More generally, in a twisted sector created by oy,
twist operators are labeled by the centralizer of g. Thus, the torus partition function can be

written as follows [137, 13§|
_ T 3.2.17
|—hh @(7,7), (3.2.17)
where ¢ denotes the twisted sector and h an element of its centralizer. Each term in the sum

is equal to
hD (7,7) = try, <h e?mim(Lo=31) G_QWi?(LO_QL‘l)> . (3.2.18)
g

The summation of elements h € Sy that commute with g imposes the projection onto states
that are invariant under the centralizer Clg]. Here |G| = N! is the order of Sy. Using the
fact that the torus partition function in the individual sectors transforms as follows under

modular transformations 7 — —%

A GRS g‘lm(—%, —%) ; (3.2.19)
g h
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it is straightforward to check that the orbifold partition function is modular invariant.

The spectrum of the twisted sectors can be obtained by expanding the partition function.
For a twisted sector labelled by a cycle [g] in (3.2.15), the conformal dimensions hopr of the

universal twisted sector ground state is given by

N
Cseed 1
h = l k——). 3.2.20
CFT ; Y ( k) ( )
These operators do not depend on the details of the seed CF'T. In addition, there are twisted
sector states built on primaries in the seed theory with hgeq > 0 as well as (fractional)

Virasoro descendants, but these states will not play an important role in the following.

Another way [17, 139] to look at the partition function is via a grand canonical generating

function. The modular invariant partition function of the seed theory is denoted as Z(r, T)

ZpNZN = exp[ZkakZ(T, ], (3.2.21)
N k=1
where T}, is the Hecke operator
i—1 S
i 1 kt 7 kT
T Z ; — - Z(- Ty T o _.> . 3222
LU IWIICEE A (3:2.22)

Correlation function of twist operators can be calculated by going to the covering space [121,
123, 124, 140, 141]. Suppose we want to calculate a correlation function of twist operators.
Due to (3.2.13), correlation functions of non-gauge invariant operators have branch cuts. The
union of the different sheets forms the covering space. Although we consider the orbifold
theory on S2, the covering space does not necessarily have zero genus; its genus is determined

by the Riemann-Hurwitz formula [123].

3.3 Universal defects in symmetric orbifolds

We construct the orbifold CFT starting with a tensor product of N copies of a seed theory
M and gauge the Sy symmetry that permutes the N copies. The gauged theory exhibits

a quantum symmetry Rep(Sy)' [47, 128, 129]. In this section, we construct these universal

Intuitively, this symmetry is generated by the Wilson lines of the Sy gauge field.
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topological defects using the projector construction of Petkova and Zuber [115]. In particular,
the details of the seed CFT will not play a role in the sense that the defect can be thought
of as being built on the trivial topological defect in the seed CFT, which always exists. In
addition to these defects, there may be other topological defects coming from the defects
of the seed theory itself. We discuss non-universal defects, which are based on nontrivial

topological defects in the seed theory, in section 3.5.

3.3.1 Construction

Utilizing the folded permutation brane construction for a topological defect, a universal

defect corresponds to the following boundary state in the folded M®Y /Sy x M®N /Sy CFT

| Br)) =Y xallg)) D I mdang @ T ey D 1 M@ © [m)ay g » (3.3.1)

[9]
Here [g] denotes the twisted sector in the M®Y /Sy orbifold labeled by the conjugacy class
of Sy. The summation over n,m denotes the sum over all states in the [g]-twisted sector
including the sum over primaries of the seed theory as well as Virasoro descendants producing
an Ishibashi boundary state [133]. The folded boundary state, and thus the defect, is labeled
by the choice of representation R of Sy with xr([g]) being the character of the conjugacy

class [g] in the representation R. Consequently, the boundary state satisfies

(L0 =28 | Ba)) = (L2 = L9) | Ba)) =0, (3.3.2)

where Lsf),i = 1,2 are the modes of the stress tensor of the two copies of the M®Y /Sy
orbifold after folding. After unfolding, the two copies of the CFT living on half-spaces are

separated by the defect operator

Tr =Y xr([g)PyPy - (3.3.3)
9]

The defect is expressed in terms of the identity projectors in the [g]-twisted sector satisfying

P[Z] = Py and PPy = 0if [g] # [¢']. It is clear from the property of the projectors or
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the unfolding of the boundary state condition (3.3.2) that the defect is topological, i.e. it

commutes with the holomorphic and anti-holomorphic modes of the stress tensor separately.
L,Ir=1TIgrL, , L,Ipr=1IxrL, . (3.3.4)

Using the properties of the projection operators, one can calculate the fusion product of two

defect operators labeled by two representations R o

TnZr, = Y xr([9)xr:([9) P P
[9]
1
=) @l > Xm (9)XR(9)XRa(9) Tr,
R3 g
= NI, . (3.3.5)
R3

Here N ngz are the Kronecker coefficients of the decomposition of the tensor product R; ® R
into representations R3. Since Sy for N > 2 is a non-abelian group, the topological line-
defects include non-invertible ones. This can also be seen from the fact that acting on a

state in the [g]-twisted sector one has

Ir | @) = x&(l9]) | @) - (3.3.6)

In particular, this implies that the quantum dimension of a defect Zg is given by (Zgr) =
Xr(1) = dimg, i.e. the dimension of the representation. In general, for Sy with N > 2,
apart from the trivial and the alternating (or sign) representation, all other representations

have dimensions greater than one, hence giving rise to non-invertible defects.

3.3.2 Modular invariance and defect operators

In this section, we use modular invariance to identify the operators in the defect Hilbert
space which can end on topological lines. The starting point is to insert a defect Zr along

the spatial cycle in the torus partition function
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1 ) C s .
ZR(T, ,7_) _ |_C;’ Z tng <h eZWZT(Lo—ﬂ) 6_27rZT(LO_ﬂ) IR)
gh=hg

=& X walla) [ J(7) (3.3.7)
g

gh=hg
The defect Hilbert space can be obtained by performing a modular transformation 7 — —% =
7', which exchanges the spatial and temporal cycles. Using the modular transformation
(3.2.19), the defect partition function is given by
_ 1 _

Zr(r.7) = 15 > xa(lg) gl (7)), (3.3.8)

gh=hg h

where we used the fact that the characters of Sy are real.
In the orbifold partition function, we decompose the elements h, g which commute gh =
hg by labeling the element g by its conjugacy class and h by the element of the centralizer.
However, one can do this the other way around, where h labels conjugacy classes and g labels

the centralizer of h.

The simplest and most relevant case to the large-N limit is when h corresponds to a
single cycle of length [w]. The centralizer of such an element is Z,, x Sy_,. The group Z,

w

contains elements 1, w,w?, - --w®~!, where w is the w-th root of unity. The defect partition

function corresponding to the single w-twisted cycle can be written as
1
Znju) = . 3
Bl ™ fim Clw] xr(Clw]) Clu] D (3.3.9)
[w]
Using the decomposition of Clw] = Z,, X Sy_., and dim C[w] = w(N — w)!, one gets
w—1
1 1 L N
2R [w) = m Z E(XR([lw X g]) 1y X gD—l— ZXR([oJ X g]) w" x gD) .
gESN—w [w] k=1 [w]

(3.3.10)

To determine the number of defect operators, we want to pick out the ground state
contribution of the w-twisted sector from (3.3.10), which has the conformal dimension

T Cseed _l
h=h=—; (w w). (3.3.11)

69



As far as the Sy_,, permutation is concerned, the sector [w] is untwisted. Consequently, the
insertion of g € Sy_,, contributes the same factor to the ground state in the defect partition
function (3.3.10). The same holds for the 1,, and w* k =1,2,---w — 1 insertions since these
enforce the h—h € Z projection, which is automatically satisfied for the twisted ground state
(3.3.11). This implies that the number of w-twisted defect ground states is simply obtained

by setting [J = 1 for all terms in the partition function (3.3.10), giving

nft = ﬁ 3 %EXR([wk < 1)) (3.3.12)
) k=0

h'ESN_w

where we included w® = 1,,. A vanishing nf implies that the Zp defect cannot end on a bare

twist operator in the w-twisted sector.

One way to understand the defect operators at the endpoints of topological line-defects
is to view these line-defects as open Wilson lines ending on non-gauge invariant operators
[129]. A natural proposal for such operators involves using characters to project onto the

representation R
ol = Nr Y xa(h) onrgn | (3.3.13)

where we pick an element ¢ in the conjugacy class that labels the twisted sector and we
focus again on a single cycle of length w. We propose that the Zg line-defect can end on a
defect operator in the [g]-twisted sector if (3.3.13) does not vanish. We can decompose the

sum over h € Sy in (3.3.13) into a sum over the centralizer of g and the rest

ol = NR< Z wz_lxR([wk x h'])o, —|—) : (3.3.14)

W ESN_w k=0
where the dots denote summation over other group elements in the conjugacy class of g.
Note that the coefficient multiplying o, in (3.3.14) is proportional to (3.3.12). Consequently,
the vanishing of one implies the vanishing of the other and the criterion for the existence of
a defect operator ending on a line-defect is the same. The vanishing of all the terms on the
right-hand side of (3.3.13) can be established by conjugating the group element g and using

the fact that the characters take the same value on all elements of the same conjugacy class.
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It should be noted that for Sy with N > 4, the degeneracy of the twisted sector ground
states (3.3.12) can be larger than one. For the non-gauge invariant operators in (3.3.13), this
can be understood by the fact that the action of Sy on all elements g in a fixed conjugacy
class by conjugation g — h~'gh determines a (generally) reducible representation. The value

nl? gives the number of times the irreducible representation R appears in this representation.

In the next section we will further test this construction by evaluating correlation func-
tions of defect operators and check the Ward identities following from the non-invertible

symmetry Rep(Ss).

3.4 Example: S3 symmetric orbifold

We now consider a simple example, the S3 orbifold theory of a seed CFT M with central
charge c. Upon gauging the S3 symmetry, a Rep(S3) quantum symmetry emerges. The
objects of Rep(S3) symmetry are topological lines which are labeled by the irreducible rep-

resentations of Ss.

The symmetric group S3 is a non-abelian group consisting of permutations of three ele-

ments. The group-elements of S3 are
S5 = {e,(12),(23), (31), (123), (132)} , (34.1)

where e is the identity permutation, (12) is a 2-cycle representing the permutation 1 — 2 — 1,
(123) is a 3-cycle representing the permutation 1 — 2 — 3 — 1 and so on. There are three

conjugacy classes

le] = {e}, 2] ={(12),(13),(23)}, [3] = {(123),(132)} . (3.4.2)

The character table of S5 is given below

11
X (3.4.3)

yal| 1 -1 1

ys| 2 0 -1



where e denotes the trivial representation, A denotes the alternating representation, and S

denotes the standard representation.

In this case, the fusion rules of the universal defects defined in (3.3.3) follow from the

above character table and read

IAXIAZL
stzA :IAXIS :Is,

IsxTg=1+Tx+1Is . (3.4.4)

We see that the line-defect associated with the standard representation is non-invertible.

Using (3.2.14), the gauge invariant ground state operators are

1
o2 = % (U(lz) + 023 + 0(13)> )
1
o[ = 2 (U(ms) + 0(132)) ) (3.4.5)

where the proportionality constants were fixed by requiring that the two-point functions be

normalized to 1. The action of the defects on these operators is summarized in Figure 3.4.

e 0 et —_ 0’[3}

Figure 3.4: Action of the universal line-defects. The red line denotes the invertible sign

defect Z, while the black line denotes the standard defect Zg.

Next, let us discuss the defect Hilbert spaces. From (3.3.13), we observe that there are

no two-cycle ground states in Hz, and no three-cycle ground states in Hz,. The twisted
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ground states in the defect Hilbert space are

Ué] = Ng (20(12) — O(23) — 0(13)> ;

Ufg] = Ny (U(123) — 0(132)) . (3.4.6)

Here, without loss of generality, we choose o(12) and o(123) as representatives of [2] and [3] re-
spectively. The constants N4, Ng can be fixed by normalizing the two-point correlators of the
non-gauge invariant operators with the line-defects inserted to 1. For example, demanding

that

(o s—o@) = N3 (4<‘7(12)0(12>> + (0(23)0(29)) <0<13)0(13)>> =6Ng=1,

(3.4.7)
gives us N2 = 1/6. Similarly, we get N3 = —1/2. To show this, we used that the two-point
correlator vanishes unless the permutation corresponding to the second twist operator is the
inverse of the first [123|. In the above correlator, we implicitly assumed that insertions of

the two operators are at the poles of the sphere.

Next, we determine the coefficients in the lasso diagrams. Since the defects are topo-
logical, the scaling dimension does not change and the two possible diagrams are shown in

Figure 3.5. In the following, we fix the coefficients o and £.

S
B 712
== (6%

Figure 3.5: Lasso diagrams where the right-hand side is obtained after shrinking the standard

defect loop which produces a defect operator.

73



)
)<
}\%lz

)¢
)
>§_|H<

(

Sl
)¢

>§|

>_<:

Figure 3.6: F-symbols of Rep(Ss) .

Consider the two-point correlator of the two-cycles encircled by the Zg line. We can
shrink the line-defect to a point by avoiding both operators, which gives us the quantum
dimension of the line (Zg). Alternatively, we can make use of the F-symbols [142, 143| in
Figure 3.6 corresponding to the crossing relations of Rep(S3) to pull the line-defect through
the operators and then shrink it to a point. Pictorially, the two ways of shrinking the defect

(3.4.8)

are

(o121 9123 = s ( @ =

Requiring that the correlators on both sides are normalized to 1, we get a? = 24/2. Similarly,

xIH

for the two-point correlator of the three-cycle ground states,

> RtCloC

=1 (o o) + 5 (ofye----= o),

PN,

(3.4.9)
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leads to 5% = 3.

We can now obtain selection rules for the three-point correlators in the presence of
the line-defects. The only non-trivial three-point correlators of bare twist operators are
(oop2073) and (ojg073073). To illustrate the procedure we focus on the former. As in the
case of two-point functions, the locations of the operators in the three-point correlators are
fixed using the SL(2,R) symmetry. Consider a line-defect Zg encircling only of3. This is
equivalent to encircling both the o operators on the sphere as illustrated in Figure 3.7.
The second line in the figure is obtained by using the F-symbols in Figure 3.6 and the lasso

diagram in Figure 3.5. The correlator (opo203)) can be expanded using (3.4.5) as follows

3]
L _ Tl ——=01)
V2 o3 03]

Figure 3.7: The Ward identity associated with Zg wrapping oj3). We can shrink the line-

defect the other way on the sphere which gives the correlator with both the oy encircled.

1
—(opopop) = ﬁ< (0(12) + 0(23) + 0(13)) (0 (12) + T(23) + T (13)) (T (123) + T(132)) )

/3 s (3.4.10)

where we have defined 0223 = <O'(12)O'(23)O'(123)> = <O'(12)O'(13)0'(132)> = <O'(23)0'(13)O'(123)>. Mean-
while, the rightmost correlator in the second line of Figure 3.7 can be computed using (3.4.6)

as
1
2<0§] —o U[g] 0[3]> 6 7«20(12 — 0(23) — 0(13))(20(12) — 0(23) — 0(13))(0(123) + CT(132))>
= —\/5 0223 == —<O’[2]O'[2}0'[3}> . (3411)
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Hence, using the explicit expressions of non-gauge invariant twist fields, we can check the
Ward identity of Zg. Similarly, we can also use these defects to calculate the following

correlator

= —opopop) -

(3.4.12)

S S
Of2] O[2] 1 a2 b 012

S S S S
w2 % T —%n
T2 |
A
8]

o3

Figure 3.8: The Ward identity associated with Zg encircling all three operators giving rise to

a junction. Shrinking the line-defect by avoiding the operator insertions gives us (Zg) = 2.

3.5 Non-universal defects

In section 3.3, we constructed universal defects labeled by an irreducible representation R
of the symmetric group Sxy. As can be seen from the expression (3.3.3), the defect operator
in each twisted sector is proportional to the identity operator and hence does not depend on
the details of the seed CFT. Another way to look at this is that the topological defect one
starts with, in the seed theory, is the identity or trivial defect. It is an interesting question
whether one can start with a nontrivial defect in the seed theory and construct non-universal
defects which depend on the details of the seed theory and the topological defects present in
it. Similar questions arise in the construction of D-brane states in symmetric orbifolds, as

discussed in [144, 145], which we will build upon in the following section.
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Here we only construct a simple example of a non-universal defect that is analogous to
the “maximally fractional” D-brane of [144]. A twisted sector (3.2.15) in the Sy orbifold
theory is labeled by a conjugacy class [g] which is fixed by giving the number I; of cycles of
given length ¢ = 1,2, --- N. We focus on diagonal RCF'Ts discussed in section 3.2.1 as the
seed CFT. In particular, we use the defects Z, in the RCFT defined in (3.2.2). In the tensor
product states, we will use the same boundary state labeled by a for all factors to construct
a “maximally fractional” defect, which is automatically Sy invariant?. In a twisted sector

corresponding to a single w cycle, the doubled boundary state is given by
Sai NG (2) @ o
| Ba))w) = Z - S L)) @iy Y [ m)iy @ [im),) . (3.5.1)

where the sum over n,m denotes the sum over all the descendants (including fractional

Virasoro modes) of the w-twisted sector primary [i) (w)- Using these boundary states for
single cycles, we can construct a defect boundary state which is labeled by the representation
R of Sy as well as the choice of primary a of the RCFT as

85 = S ) [T 1 B (35.2)

lg]eSn J=1k;j=1

The consistency condition for the topological defects derived by Petkova and Zuber in [115]
is equivalent to the Cardy condition for the doubled boundary state (3.5.2). The cylinder

amplitude for two defect-boundary states is given by

ZEaR (g) = ((BIr | ¢4+~ W7 | Bley)

= > ullo) xm () I (Z ) xi<t/j>> o (53)

[gleSn 0i

The Cardy condition states that under modular transformation to the annulus channel, the
partition function has a consistent interpretation as an open string partition function, i.e.
the primary representations appear with integer multiplicities. Using the modular transfor-
mation of the RCFT characters and the Verlinde formula, one obtains

Zy (g Z X ([9) Xms ([ H(Z 4 xr(30) xs(Jt)> : (3.5.4)

glESN s

2For discussions on a more general construction of D-branes in symmetric orbifold CFTs see [145].
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where N, ;/® can be expressed in terms of the fusion coefficients n9, of the seed RCFT

S Spi St SiiSirSis
N rs — at
ab Z Soi Soj

ik,j
= Znab nye . (3.5.5)

Consequently, the N,/® are non-negative integers. The partition function appearing in (3.5.4)

Z () () (3.5.6)

contains the characters of the folded RCFT with integer multiplicities and can be written
as a trace over a Hilbert space H,, in the doubled tensor product of the seed RCFT. Hence,
(3.5.4) can be written as

2B (@) = 32 K™ (g X" (1g)) trimen (93775) | (3.5.7)

[ €Sy

and the character sum projects onto the representations of Sy in the N-fold tensor product
of the folded CFT of R; and R,. It follows that the open string partition function will be
a sum over states with integer multiplicity. The maximal fractional boundary state (3.5.1)

satisfies the Cardy condition and, therefore, defines a consistent topological defect.

It follows from unfolding the boundary state (3.5.2) that the quantum dimension of the

maximally fractional defect Z, i labelled by a, R is given by

(Zor) = 01 B2 = xallt) (52) 358

which is the product of the quantum dimension of the universal defect and the quantum
dimensions of the N copies of the topological defect in the RCFT present in the untwisted
sector. Similar considerations as presented above determine the fusion coefficients of the

defects as well as their defect Hilbert spaces.

The construction of the maximally fractional defects can straightforwardly be extended to
other seed CFTs including compact bosons, 7%, and K3 sigma models (see e.g. [118, 136, 146
150]), where the RCFT defects in (3.5.2) are replaced by topological defects of the seed CFT,
which realize more general non-invertible symmetries. We leave the discussion of these defects

for future work.
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3.6 Large-N symmetric orbifold

In this section, we discuss the universal defects of section 3.3 in the large-N limit. We
provide a criterion for a defect to be non-trivial in this limit. Then, we show that there
exist representations that pass this criterion. In the next section, we will argue that in the
AdS;3/CFT, correspondence, these non-trivial defects correspond to topological defects on
the worldsheet.

I1g] _ xz([g]) T1g] S Y d v %l
. . ° C / g
dimp i RR ([ ]) s

IR IR IR

Figure 3.9: Action of the topological defect Z on twist operators. The vector v is an element
in Hom(R ® R, R'). The sum on the right-hand side is over R’ with Nz ' # 0 . We have

omitted the orientation of the defect since all the representations of Sy are real.

Consider the topological defect Zg, the general action on twist operators is shown in
Figure 3.9. This depends on the Kronecker coefficients Nzr * as well the constants ¢y ([g]).
The former determines the representations R’ that appear in the sum. In principle, to
determine the constants ¢ ([g]) we need to know both the Kronecker coefficients as well as
the F-symbols. At present, it is an open problem in mathematics to find explicit expressions
for the Kronecker coefficients for arbitrary representations. In fact, it is known that the

Kronecker coefficients in general are unbounded for large-N [151].

For a defect to be non-trivial in the large-N limit, it needs to satisfy®

)
N—oo dsz

<1. (3.6.1)
If this is not the case, in the limit N — oo the defect commutes with all the operators and
therefore the contributions of non-local operators are zero (see section 2.2.4 of [14]). We
conclude that for finite N the contributions of non-local operators on the right-hand side of

Figure 3.9 are subleading.

3Note the characters satisfy xr([g]) < dimp for any representation.

79



Let us now comment on what representations lead to non-trivial Ward identities in the
large- N limit. Recall that as is the case for the conjugacy classes, representations of Sy are

also labeled by partitions of N 4

R: (r,re,...), T14+ra+--+=N. (3.6.2)

We can associate a Young tableau to each representation where the number of boxes in the
row 4 is equal to r;. For a representation R, the character of a conjugacy class with a single

cycle has the following limit [152, 153|

v % = Za? - (—1)”26? : (3.6.3)

where a; = lim 3 is the number of boxes in row i divided by N. Similarly, 3; is the

e
number of boxes in the column ¢ divided by N. As an example, let us look at the standard

representation of Sy, which corresponds to the Young tableau

with the corresponding partition being (N — 1,1). We see that

, N—-11
az]\}%(T’N’O’O"")_(1’0’0’”')’ (3.6.4)
and
2 1 1
=1 — =, =... | = 6.
NEI;O(N’N’N ) (0,0,0,...) (3.6.5)
Hence, in the large- N limit %Qﬁ) — 1. This can also be derived by calculating the character

of the standard representation for finite N using the Frobenius formula. Therefore, we

4Here we are using a different notation to label partitions of N compared to section 3.3 where [; is the
number of r;’s that satisfy r; = 1.

>The representation needs to have a well-defined limit, see for example [152].
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conclude that the Ward identities of the standard representations are trivial in the large- N
limit and only constrain subleading contributions coming from higher genus covering spaces.

%ﬁgg]) in the large-N-limit are Young
R

Examples of representations with nontrivial ratio
diagrams with two rows and diagrams of hook-shape. For both of the above, the Kronecker

coefficients Npp * are known [154-156]. For example, for the Young diagram with two rows

we have
= 110 8 =1(0,0,0 ) (3.6.6)
a = 550 ] =(0,0,0,...), .6.
and therefore
xr([n]) 1
dimn — = (3.6.7)

Thus, we expect the defect corresponding to this representation to be non-trivial in the

large-N limit.

3.7 Non-invertible symmetries and AdS;/CFT; duality

The tensionless limit of the type II AdS; x S® x M, background with NS-NS flux is a
holographic setup where the non-invertible symmetries of the Sy orbifold CFT are realized.

In this section, we take some first steps in constructing the holographic duals of these defects

6

3.7.1 Tensionless Limit

In recent years, an example of an exact AdS/CFT duality has been established, relating type
IT string theory on AdSs x S x M, with k = 1 units of NS-NS flux to the symmetric orbifold
CFT M$Y /Sy in the large-N limit. Here, My is the CFT defined by the supersymmetric

6See the recent paper [157] for related discussions.
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sigma-model with target space T or K5. The characteristic feature of this duality is that
the string theory is defined on highly curved spaces far away from the supergravity limit,
yet a tractable worldsheet CF'T exists. The worldsheet description is based on a product of
a PSU(1,1|2) WZW model times a twisted M, sigma model [19, 158|. The agreement of
the spectra on the AdS and CFT side was demonstrated in [19, 20|, correlation functions
were identified in [141, 159], the torus partition function was related to thermal AdS in [160],
and D-branes on both sides were related in [144]. The identification of states on both sides
relates the vertex operators (’)ém (x) for a CFT state in a single cycle twisted sector labeled
by w and a seed CFT state labeled by h, to a worldsheet vertex operator V;(x; z) where w
now denotes the w-spectral flow sector. This duality relates string amplitudes to the orbifold

worldsheet correlation function

(08 (1) O () -+ O () oo

= / du<Vh‘§’1(x1; 21) Vit (w25 22) - Vi (o Z”)>2 . (3.7.1)
M

g
The equality of both sides hinges on a remarkable localization property of the string path
integral. The integral over the moduli space M, only contributes if a holomorphic covering
map exists from the worldsheet X, ,, to the spacetime S?. In this map, the vertex operator
locations z; on the worldsheet are mapped to the locations x; of the CFT operators. These

points have ramification indices w; for i = 1,2,--- ,n. The covering map behaves like
T(z) =z +a} (z—z) +O0((z — z)"*) | (3.7.2)

near z = z; and hence close to z; describes a w;-fold cover. The fact that the string worldsheet
path integral localizes was shown using worldsheet Ward identities in [21] (see [161-165] for
further discussions). In the following, we will focus on correlation functions at leading order
in large-N, where both the string worldsheet and the target space are two spheres. This map

allows us to reverse engineer the topological defect on the string worldsheet.

We recall that the topological defect operators associated with Rep(Sy) given in (3.3.3)

are projectors on the twisted sectors of the Sy orbifold, weighted by the character of the

82



representation

I = " xr(l9)) Py Py - (3.7.3)
9]

Single string states created by the vertex operators V;*(x, z) in the spectral flow sector w
correspond to single cycle twisted states of length w. Limiting ourselves to the single cycle

twisted sector, a natural proposal for a worldsheet is the projector
Iy = >  Xr([w])PuPy | (3.7.4)

where P, is a projector on the w-spectral flow sector and xg([w]) is the Sy character of a

single cycle conjugacy class of length w in representation R.

Such a projector” can be constructed as an operator on the worldsheet using the free
field Wakimoto construction [171] of the SL(2,R) part of the worldsheet sigma model. As

an initial step, we define I[C] as a contour integral over the worldsheet bosonic field ®(z)

1c] = _2740‘1—? 0.0 (3.7.5)

211

where the contour C' is always oriented counterclockwise. The localization of the worldsheet
path integral [21, 161, 162], pictorially shown in Figure 3.10, leads to a very special property

of the 0,®(z) field when inserted in string correlation functions [21]

_ OT(2)
- 0.I(2)

<( — 28(1)(2))‘/5‘1’1(3:1; z1) - Vi (g zn)> (thl” (w1;21) - Vi (am; zn)> . (3.7.6)

The expectation value of I(C) can then be evaluated using the following identity for the
covering map I’

N-1

92L(z) " w; — 1 2
8ZF(Z) - ; 2 — Z; - — z — Z; : (377)

Here, z, are the location of the “secret poles,” which in general depend on the location of the

CFT operators x; and are necessary for the existence of the covering map. We have placed

"Another proposal for I[C] is the boundary central term Z = ¢ 2% aj{"y [166—170]. This operator gives the
winding number of the covering map T'(z), but the winding number is only defined with respect to a base

point (z = 0 in the given formula) and does not lead to a viable worldsheet version of the topological defect.
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the N-th secret pole at z = oo, which is always possible and doing so cancels the background
charge of @ at infinity as discussed in [21]. It is easy to verify that the residue of 9°T'/0.T at
infinity is zero using the Riemann-Hurwitz formula. The value of I[C] for a given contour

can now be determined using the residue theorem.

We can now give a proposal for Z}*[C], i.e. the worldsheet version of the topological

defect for contour C

Te[C =Y xa(w)du_iic)

im(w) /Ogn ;l_j exp (i (w1~ 1C))) . (3.7.8)

Thanks to the localization formula (3.7.6) and (3.7.7), it is easy to see that (3.7.5) evalu-
ates to w; — 1 for a countour which encircles only z; and is independent of small deformations
of the contour. Hence, (3.7.8) is acting like the projector (3.7.4) when encircling a single
vertex operator. In particular, if the contour is inserted around a vertex operator in the
untwisted sector (this can be the ground state itself), we have w; = 1 and I[C] evaluates to

zero and hence Z3*[C] evaluates to x®([1]), i.e. the quantum dimension of the operator.

Sva
N
&

~

Figure 3.10: Contour C' of operator I enclosing a vertex operator localized at z;.

Consider now a two-point function of twist operators on the boundary. The dual correla-
tor is a two-point function of spectrally flowed vertex operators. It is not too difficult to check
that the value of Z}*[C] around any of the two insertions is the same. This is consistent with

inserting the corresponding operator Z&*7 on the boundary around either operators which
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gives the same value. The more interesting case is when we insert the operator Z$7 around
a line that does not enclose any operator. This gives the dimension of the representation.
On the worldsheet, the corresponding operator Z}3°[C] will be along a curve with no vertex
operator inside giving again the dimension of the representation. However, in this case, the
contour integral in /[C] with no poles inside is not equal to the sum of the contour integrals
around each of the vertex operators. This is because of the the presence of the secret poles
in (3.7.7). On the worldsheet, we interpret this as the result of the lasso effect described in
Figure 3.3.

The sign (alternating) defect is an example of an invertible defect for which y*(w) =
(—1)“*!. When inserted on the boundary, the defect enforces the selection rule that >, w;
is odd. Since the character of the sign representation on single cycles of length w satisfies
xa(w +2) = xa(w), we see that Zj*[C] is blind to the secret poles (they contribute —2
to the contour integral) and, therefore, the contour integral can be written as a sum of
contour integrals around the ramification points reproducing the correct Ward identity on
the worldsheet. The same line of reasoning can be applied to the case of three-point functions

reproducing the corresponding Ward identities on the worldsheet.

3.7.2 Deformation away from the £ =1 and the supergravity limit

Turning on RR-fluxes in the bulk corresponds to deforming the symmetric orbifold CFT by
an exactly marginal deformation [165, 172-182]. This deformation is proportional to a two-
cycle twist field which we denote by op5. In the following, we argue that this deformation

breaks all the non-invertible universal defects associated with the representations of Sy.

Consider the action of a topological defect Zg on the twisted state created by oy
Irlow) = xr([2) lop) - (3.7.9)

The deformation breaks all the defects if and only if y g([2]) # dimpg. Below we prove that
no defect satisfies this and, therefore, all the universal defects are broken in the supergravity

limit.

85



Consider an element g in some representation R. Since all finite groups are unitariazable,
this is a dimp X dimpg matrix whose eigenvalues satisfy |\;| = 1. Hence,

dimp

Xr(9) =D A, M[=1. (3.7.10)
=1

We see that xgr(g) = dimpg if and only if \; = 1 V ¢ which is true only for the trivial
representation. Hence, we conclude that any marginal deformation involving twist operators
breaks all the universal defects. This means that all nontrivial symmetries do not survive

the deformation away from the k£ = 1 point.

3.8 Entanglement Entropy and Topological Defects

In this section, we calculate the entanglement entropy for topological defects in symmetric
orbifold CFTs using the methods developed for topological defects in rational CFTs in [5,
183, 184|. The defect entropy we calculate can be viewed as a measure of the complexity
of the defect. Furthermore, it provides an observable which may be of use in calculating
the entanglement entropy holographically using the dual AdS; x S* x M, background with
the minimal k& = 1 unit of NS-fivebrane flux [18-21, 127|. Such a calculation may provide a
further check on the proposals of the dual of the topological defect operators put forward in

6, 185].

3.8.1 Entanglement entropy and topological defects

In two dimensional CFTs, the simplest example of entanglement entropy is given by consid-
ering the theory in its vacuum and a single spatial interval A. The entanglement entropy
is then given by the von Neumann entropy of the reduced density matrix p4 = tr]0)(0|,

where we trace over the states in the complement of A.

Sy=—trpalnpy . (3.8.1)
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The replica trick allows the entanglement entropy to be calculated from Rényi entropies

Sy = —0xtrph L (3.8.2)

=1
The K-th Rényi entropy can be calculated by a path integral over a Riemann surface with K
sheets, with branch cuts along the interval A connecting the sheets in a cyclic fashion. The
entanglement entropy for the CFT in its ground state can be obtained from the partition

function Z(K') over the K-sheeted Riemann surface, by the following expression

Su=(1-0x)In Z(K)’ . (3.8.3)

K=1
In the evaluation of the path integral one has to introduce an ultraviolet cutoff ¢ and the

terms which survive the limit of the cutoff going to zero are

L
SAzgln?—l—lngA, (3.8.4)

where ¢ is the central charge of the CFT. The constant term is not universal in the case
of the CF'T defined on a real line in the ground state. However, it can become physical in
the the presence of a boundary or interface [186-188| and is sometimes called the g-factor
or boundary entropy [189]. In the following we would like to calculate this g-factor for

topological defects in symmetric orbifold CFTs.

3.8.1.1 Entanglement of symmetric defect

The g-factor (3.8.4) also appears in boundary CFTs, where the partition function of a CFT
is defined on an interval of length L, with boundary conditions labeled by a and b at the two
ends of the interval.

L
InZ = Intre ?Hor ~ 1n(gogy) + o + -+ (3.8.5)

6 5
which is valid in the limit L >> . After a modular transformation from the open string an-
nulus, the partition function can be viewed as a closed string cylinder between two boundary

states

Z = {{ale~ b)) . (3.8.6)
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One can extract the g-factors by inserting the ground state and taking the L — oo limit. It

follows that
9o = (0]a)) . (3.8.7)

It has been shown [187| that for an entangling surface .4 which starts at the boundary,
the g-factor appearing in the entanglement entropy (3.8.4) is given by (3.8.7). So far we
have considered a boundary CFT. For a conformal interface, one can use the folding trick
[131, 132] where an interface between CFT; and CFT, is turned into a boundary CFT by
folding CFT; x CFT,, which can be represented by a boundary state |B)). It was argued
in [187, 188| that the g-factor for the entanglement entropy for a conformal defect which is
symmetric (i.e. in the middle of the entangling region A) is given by (3.8.7), where | a)) is
the boundary state representing the defect in the folded CFT.

3.8.1.2 Entanglement entropy of defects at the entangling surface

In order to describe the defect located at the boundary of the entangling region A and its
complement (see the left-hand side of Figure 3.11), we can introduce the K sheeted covering

map with z = Inw. We introduce a UV cutoff € at the boundary of A and an IR cutoff

Imz

2n K

Interface

» Rew >

<" Branch Cut }

» Rez

loge log L

Figure 3.11: Conformal map for the replicated worldsheet for defects at the entangling

surface, figure from [5].

L as the length of the branch cut. In general, we have to impose boundary conditions at
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the cutoff surfaces with the simplest one being to identify the cutoff surfaces periodically,
which produces a toroidal worldsheet®. It is possible to place a conformal interface at the
boundary, which in the replicated surface will turn into K copies of Z and K copies of the

conjugate defect ZT placed equidistant on the torus
Z(K) = x| (Te Tl )] (3.8.8)

The Euclidean time ¢ can be expressed as

272

t:
InL/e’

(3.8.9)

the simplest choice € = 1/L is made in [183] and the limit ¢ — 0 corresponds to removing
the UV cutoff as well as taking L to be large. For conformal defects, the replica partition
function has only been calculated for simple cases such as free bosons and fermions as well
as minimal models [183, 193-195|. In all examples, the entanglement entropy behaves as

follows”

o L
SA:%lnz—l—lngA, (3.8.10)

where in general c.¢ is not the central charge ¢ of the bulk CF'T but instead depends, in a
complicated fashion, on the details of the conformal interface (see [197] for a recent discussion

on universal properties of cef).

For topological defects, the expression (3.8.8) simplifies since the defects commute with

the Hamiltonian and they can be combined
Z(K) = tr[(ZIT)Ke_%KH] . (3.8.11)

The entanglement entropy derived from this partition function has the form (3.8.10) with

cet = c. Hence, the leading term in the entanglement entropy does not depend on the

8More general conformal boundary conditions have been considered in constructions of symmetry resolved
entanglement entropy in [186, 190-192].

9The crr/6 differs from (3.8.4) by a factor of 1/2, this is caused by taking the limit L — oo and only
taking the entanglement of one side of the entangling surface into account, see [196] for a discussion on this
issue.
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defect and all information is in the sub-leading g-factor which contains information about
the ground state degeneracy of the interface. It is the goal of the present section to calculate

this quantity for the topological defects in symmetric orbifolds constructed in [6].

3.8.2 Entanglement entropy with symmetric orbifold defect

In this section, we will use the formulas reviewed in subsection 3.8.1 to calculate the entan-

glement entropy in the presence of the topological defects.

3.8.2.1 Universal defects

Using the folded boundary state (3.3.1), it follows from (3.8.7) that the sub-leading contri-
bution to the entanglement entropy for a symmetrically placed topological defect is given
by the logarithm of the g-factor, which in turn is calculated by the overlap of the boundary

state with the vacuum
ga = (0| Bg)) = xr(1) = dim(R) . (3.8.12)

Note that g4 is given by the quantum dimension of the defect, which is simply the dimension
of the irreducible representation R. For conformal defects, this result is only valid for the
symmetrically placed defect. For topological defects, we can move them away from the
middle and the result will not change unless we come very close to the boundary of the
entangling region.

Note, however, that this is not true for the topological defect at the boundary of the

entangling surface as discussed in subsection 3.8.1. For the universal topological defects, one

finds
Z(K) = tx |72 ¢ 2K01]

=" [xn(lg)]™ tr (P Bge ) (3.8.13)

9]

where we used the reality of the characters which implies that Z' = Z. The modular param-
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eter is given by

2rK
T=1

(3.8.14)

hlz .

The partition function can be expressed as a sum over twisted sectors
208) = 3 DD B[ Jr) (38.15)
hg=gh 9
We can view this as a summation over twisted sectors labeled by ¢g and a projection on Sy
invariant states implemented by h, where h runs over the centralizer of g, i.e. all elements
which commute with ¢g. Taking the cutoff L. — oo implies that 7 — 0, so we have to perform

a modular transformation of the torus partition function

28) =5 ¥ ¥ bl ™o J-.-2)- (3516)
9 heClg] h

Note that the limit 7 — 0 implies that the argument of the modular transformed partition
function behaves as —% — oo. Hence, the partition function is dominated by the sector

with the primary of the lowest conformal dimension. For the symmetric orbifold, this is the

untwisted vacuum sector.

Note that in the centralizer Clg] of any element g € Sy, the identity is always present
since it trivially commutes with any element. Hence, the partition function in the 7 — 0
limit is dominated by the untwisted sector

lim Z(K) ~ lim 3~ 2 [xa(la)] o[ ). (38.17)
7—0 7—0 |G| T T
geESN 1
where we also used the reality of the character to replace ¢g~! by ¢ in the torus partition
function. In the limit 7 — 0 each term in the partition function contributes the same leading

term, which is independent of g.

= exp (—2—111?){1-‘[-0(6_%111%)} : (3.8.18)



where the central charge is ¢ = Ncgeeq-

The argument for this is as follows: the modular invariant partition function of the
seed theory is Z(7,7). Consider an element g € Sy which is given by k cycles of lengths
ni,Ng, - -y with >, ny = N. In the tensor product theory, the partition function with g

inserted is

k
1 1 1 1
gg(_;a _;) = H Zseed(_ni;a _nz;) . (3819)
=1

In the limit 7 — 0 the partition function of the seed theory is dominated by the vacuum

contribution

k

lim g (——1 —l) ~ e QIinicseed/QLle2;inicseed/24
) — I I

T—0 T T

1 =1

2T Negoeq /24 e%Ncmd /24

~y 67
cl. L
o (S Lwh) 52
e><;p<12K1r1e , (3.8.20)
where we used ), n; = N. Putting these ingredients together we obtain
. cl_ L 1 2K
limn Z(K) = 5=~ +In (Z Il [x&([9)] ) . (3.8.21)

geo

Consequently, the entanglement entropy in the limit where L is very large can be calculated

using (3.8.3) and one obtains
c, L 1
Sa=cim=+ (1= m (Y i Dr(loD] ™) Dz (3.8.22)

6 €
geG

This expression can be simplified using the orthogonality formula of characters and the fact

that characters of Sy are real
1 *
@l > xr(lg)*xs(l9]) = dns - (3.8.23)
g

We arrive at the final expression for the entanglement entropy of a topological defect at the
entangling surface.

Sp= St D i LenllaD] 1o (b)) (3521

€
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Note that the expression for the g-factor is considerably more complicated than the sym-
metric one (3.8.12) which is not surprising since most of the entanglement is localized close
to the boundary of the entangling surface.

R R

IngA
IngA
&

0 500 1000 1500 0 500 1000 1500

(a) Defect entropy Ingy for N = 25. (b) In g4 sorted by magnitude for N = 25

Figure 3.12: Universal defect entropy for the irreducible representations of Sos.

We can evaluate the defect entropy from the character table of Sy and the number of
elements in each conjugacy class, which can be calculated using the GAP software package
[198] for large values of N. In Figure 3.12 we present the results for two cases of N = 25 for
which there are 1958 irreducible representations. In the plot on the left the representations
are dominance ordered, i.e. for two partitions A, u of N, one has A > pif Ay +X o +---+\; >
p1 + po + -+ - 4+ p; for all . In addition, we give the Young diagram associated with the
representation which has the largest absolute value of In g4. In the plot on the right, we plot
In g4 in order of magnitude. In Figure 3.13 we present the same plots for N = 35, for which

there are 14883 irreducible representations.

We can recognize a Z, symmetry in these plots due to the fact that in general a new
irreducible representation can be obtained from an irreducible representation by acting with
the one-dimensional alternating representation. The characters of these two representations
differ only by signs. Since the characters in the formula (3.8.24) appear squared, we get the

same ¢4 for both representations.

We can obtain a bound on the defect entropy In g4 given in (3.8.24) using the fact that
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(a) Defect entropy In gy for N = 35. (b) In g4 sorted by magnitude for N = 35

Figure 3.13: Universal defect entropy for the irreducible representations of Sss.

xr(g) < xr(1) for all g € Sy

1 2 2 1 2 9
> i [enllaD]” 1n (Den(lo)?) < > g el (Iva(or?)

g

<2In (dim(R)) , (3.8.25)

where we used character orthogonality (3.8.23) as well as xg(1) = dim(R). In [199] an

asymptotic bound for the dimension of the representation dim(R) was derived
In (dim(R)) < NInN—N—ceVN | (3.8.26)

where ¢ is a constant ¢ ~ 2.5651. This result bounds the absolute value of the defect entropy.
Numerical evaluation for N < 35 seems to indicate that this bound is not very strong and
it is an interesting question whether a stronger bound exists, but we have not been able to

find one in the mathematics literature.

3.8.2.2 Non-universal defects

For the non-universal defect, the defect symmetric entropy is given by taking the logarithm

of the g-factor for the folded boundary state (3.5.2)

gra = (0] BY) = xa(1) (ﬁ—) | (3.8.27)
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which follows from the fact that in the untwisted sector we have N copies of the RCFT
defect.

For the calculation of the entanglement entropy at the defect, we have to evaluate the
replicated partition function (3.8.11) with the defect Z which is obtained from unfolding the
folded boundary state (3.5.1). Writing down the complete partition function is somewhat
cumbersome due to the summation over the centralizer of g, but we should note that following
the same strategy for calculating the entanglement as in subsection 3.8.2.1 still applies and
the leading contribution is obtained from the partition function in the h = 1 sector, before
modular transformation, which gets mapped to the dominant untwisted sector after modular

transformation

Xi( A;)) +e (3.8.28)

1
A XR
=2 g (Z’s&
The limit 7 — 0 of Z is evaluated by an S-modular transformation using the transformation

of the RCF'T characters given in section 3.2.1.
Lj

2K 1 1
Sik Sk Xk< ]T)XI}(_j?> +oe

Sai
SOZ'

lim Z(K) ~ lim ﬁ(m([g]))ﬂ( I1{>

7—0 T—0 ol
i,k.k
(3.8.29)

The dominant contribution in the 7 — 0 limit in (3.8.29) comes from the vacuum character

X0, which behaves like q’c‘g{%qu 5 as qg — 0. Using this expansion, and the fact that

>.;l; = N for all permutations g € Sy, one obtains

ligg)Z(K)NZé(m([g]))%(zISai|2K|50i|2_2K)NeXP(é%mé)+“' . (3:830)

i

Taking the logarithm produces three terms

c 1. L I g 2K 2K 2-2K
lim In Z(K) = — In - Hn(gezg@[x (l9])] >+N1n(2|5az’| EM )+

i

(3.8.31)

Consequently, the entanglement entropy in the limit where L is very large can be calculated
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using (3.8.3) and one obtains

Sa=Cmm > ,—; Der(lD])* 1n (Dxen(lo)?) - N3 ISl n ( ) L (383

where we have repeated the calculation of subsection 3.8.2.1 to obtain the second term and

So

used the unitarity and symmetry of the modular S matrix, in particular i 1S = 1 as
in [5, 184]. It is interesting that for the “maximally fractional" universal defect, the defect
entropy In g4 is the sum of the contribution of the universal defect (3.8.24) and N times the
contribution of the RCFT topological defect [5, 184]. This together with the result for the
symmetric entanglement entropy (3.8.27) indicates that the maximally fractional defect can

be in some sense viewed as a product of the RCFT and symmetric orbifold defect.

3.9 Discussion

In this work, we investigated certain aspects of the universal topological defects of the sym-
metric orbifold CFT M®V/Sy. These defects are universal in the sense that they do not
depend on the details of the seed CFT, and exist in any Sy orbifold theory. Using modu-
lar transformations of torus partition function, we determined universal defect operators on
which the topological lines can end. These operators are built on the twisted sector ground
states. These states are derived from the vacuum of the seed CF'T and hence do not depend
on the details of the seed CFT other than the central charge and the conjugacy class labeling

the twisted sector.

The non-invertibility of the symmetry leads to Ward identities which relate correlation
functions of local operators to (sums of) correlation functions of defect and local operators
with lines as well as junctions inserted. We illustrated this in the simplest example which

exhibits non-ivertible symmetries, namely the S3 symmetric orbifold.

In addition, we constructed an example of a non-universal defect which is built from a
topological defect in the seed CET (which we took to be diagonal RCEFTs with Verlinde lines).
This “maximally” fractional defect satisfies the Cardy constraints and it would be interesting

to see whether more general solutions (maybe along the lines of similar constructions for
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D-branes in symmetric orbifolds in [145]) are possible. The maximally fractional defect we
constructed in the present paper can be, in some sense, viewed as a product of the RCFT

and symmetric orbifold defects.

We provided a criterion that determined which universal defects are non-trivial in the
large- N limit. This was possible due to the known asymptotic behavior of Sy characters. It
would be particularly interesting to study the Ward identities of non-trivial defects in the
large- N limit. At this moment, this task looks daunting since there are no explicit expressions

for both the F-symbols as well as the Kronecker coefficients of Sy to our knowledge.

The universal defects of the orbifold CFT are interesting in the context of AdS3;/CFT,
correspondence. We argued that these defects correspond to defects on the worldsheet, a case
distinct from previous examples where boundary topological defects correspond to D-branes
in the bulk. This is a peculiarity of the tensionless limit. This idea has appeared recently
in other works [157, 200]. On the boundary, passing an operator though a topological defect
generally produces non-local operators. It would be interesting to understand the holographic

dual of these operators.

Away from the orbifold point, we showed that the universal defects are broken explicitly
by a marginal deformation. Hence, these defects do not generally exist in the supergravity
limit. It would be interesting to understand what happens when the deformation parameter

is infinitesimal and what role these softly broken defects might play in holography.

In this work, we focused on the tensionless limit with & = 1. This corresponds to the
smallest possible radius for AdS;. For higher values of k, it is believed that the boundary
theory is tensored with a Liouville factor but remains an orbifold CFT [170]. Hence, we
expect our universal defects to be present for higher values of k as well. It would be interesting
to understand the holographic dual of the universal defects in the large k limit where semi-

classical supergravity computations are more reliable.

We also calculated the entanglement entropy of a single interval in the presence of uni-
versal and non-universal topological defects. For symmetric placement, the defect entropy is

the logarithm of the quantum dimension. For a defect at the entangling surface, it depends
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on the characters of Sy and, for non-universal defects, on the modular S matrix of the seed

RCFT. We evaluated the universal defect entropy numerically for N < 35.
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CHAPTER 4

Quantum Field Theory in Non-Integer Dimensions

4.1 Introduction and summary

The goal. Chiral gauge theories are famously difficult to analytically continue away from
integer dimensions, an obstacle first raised in the context of dimensional regularization [201-
203]. There, the motivation for extending d € N to d € C was that such a continuation
is an extremely convenient regulator, massively simplifying computations. For vector-like
theories, this continuation was promptly solved, but chiral theories, which involve the matrix
~*, required significant extra work. Arguably, a completely satisfactory treatment, especially
in the context of supersymmetric theories [204, 205], is still lacking. That being said, various
working prescriptions are known: for example, one can use the standard 't Hooft-Veltman
trick, where we split our spacetime into two submanifolds, the “transverse” and “parallel”
directions, and define v* only with respect to the latter. For instance, if we were working in

d = 2 + ¢, we would typically declare that

=0 pu=1,2

A" =0  p#£1,2 (4.1.1)

This is all well and good if we are interested in eventually taking d — 2, but not otherwise:
if we use this continuation in d, and take d — 4 instead, the answer we would get would differ
from the correct one as computed directly in d = 4. In other words, 't Hooft-Veltman-like

prescriptions are only useful for an infinitesimal neighborhood around a given d € N.

Here we are more ambitious and would like to extend various theories to a non-
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infinitesimal subset of the complex d plane, in the sense that we want a family of QFTs,
labeled by d € C, which exactly matches the corresponding QFT when we take several
distinct d € N. In other words, a small patch around some specific d € N is not enough for
us: we want some open set in C that contains at least a couple of distinct integer dimensions
d, with agreement when restricted to those. 't Hooft-Veltman-like prescriptions like the one

above are insufficient for this.

Motivation. There are various motivations for this endeavor. First, a better understand-
ing of this continuation for generic d instead of d close to some specified integer might
help us in coming up with better prescriptions for dim-reg, perhaps eventually leading to a

completely satisfactory treatment of SUSY theories.

But, beyond practical reasons like dim-reg, a proper continuation of QFT to fractional
d has attracted significant attention in recent years, see e.g. [206-229| for a very incomplete
list of examples. Before we try to define this continuation more precisely, let us spend a few

paragraphs explaining some of the reasons why this operation is interesting in the first place.

For us, the fundamental reason is structural: analytic continuation of discrete parameters
allows us to meaningfully connect different QFTs in the space of theories. For example, we
intuitively tend to think of 2d Ising and 3d Ising as “the same theory”, just at different values
of d. On the other hand, one would never say that 2d Ising is the same theory as, say,
3d ABJM. The reason the former QFTs are “the same” but the latter are not is that the
parameter d in Ising can be continued to d € C, and observables become analytic functions of
this variable!. This is the same reason we think of the O(N) model as “the same theory”, just
at different values of N: this makes sense only because the parameter N can be analytically
continued?. This is not just a question of academic interest, but has important practical

implications:

e The € expansion [239] explicitly assumes that the d = 3 and d = 4 theories are con-

!'Throughout this paper we will use “analytic” to actually mean “meromorphic”.

2See e.g. [230-238] for some recent literature on analytic continuation of N.
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nected in the space of QFTs. The fact that this technique works at all relies on analytic
continuation in d. Indeed, unless there is “something” in between Ising, and Isings,
this expansion would be entirely meaningless. For example, one would never expect to

be able to solve graphene by expanding, say, Banks-Zaks around d = 4.

e The large N expansion explicitly assumes that the O(N) theory and the O(N + 1)
theory are connected in the space of QFTs. As before, one would never expect a 1/N
expansion to work for a random sequence of QFTs, say, something like T'(1) = Ising,
T(2) = SU(2) + tbaqj, T(3) = abelian Higgs, etc. This expansion works for O(N), but

not for T'(IV), precisely because the former make up a sequence that is analytic in N.

The goal of the analytic continuation program is to make this intuition rigorous: in
what precise sense are these theories connected to each other in the space of QFTs? Is this

continuation unique? And what does the interpolation teach us about the individual QFTs?

Another common motivation is that analytic continuation in d leads to controlled viola-
tions of unitarity [240], making them a very nice playground for studying non-unitary QFT.
For instance, [241] examines the free energy in QED in continuous dimension in order to
scrutinize the F-theorem [242, 243|, which in principle is only proven to hold in unitary the-
ories [244]. More generally, the fundamental principles of the conformal bootstrap program
are rather agnostic to the concrete value of d, and the formalism itself appears particularly

well adapted to treating this integer as a continuous parameter [245].

Yet another reason it is worth our while to explore this continuation is that much of
the emergent phenomena in QCD-like theories that we usually care about, such as non-
perturbative symmetry breaking, infrared dualities, confinement, etc., are present in many
examples in different integer dimensions [12, 13, 246-279|. If we were able to extend these
theories to fractional d, we could try to track these phenomena as we go from one integer
dimension to another, which would likely teach us quite a bit about the concrete mechanisms

behind these features in our original, integer-dimensional gauge theories.

As a concrete example, there are in the literature various instances of gauge theories that
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confine in d = 4 (see e.g. [280]), but deconfine in d = 3 (see e.g. [281, 282|). In this case, one
could guess that there is a confinement/deconfinement transition at some d* € [3,4], which

could shed some light on the dynamics of the analogous transition in real-world QCD.

A related example is the fact that the critical number of flavors for which there is sym-
metry breaking, N7, is meaningful in both d = 3 and d = 4, but in principle these two
numbers are independent [283|. By extending QCD to fractional d we get an interpolation
between N;(d = 4) and Nj(d = 3), potentially connecting these two quantities. With some
wishful thinking, it might be possible that connecting these two objects could lead to a better

understanding of both?.

So, with these motivations in mind, here we reconsider the problem of extending a given
QFT to d € C. As mentioned above, this problem is particularly tricky for chiral theories
but, at least naively, one would expect that vector-like theories can be continued without
significant complications. In this work we point out that, already for vector-like theories,
this continuation is very subtle and, despite what some partial results might suggest, still an

open problem.

Complications. In section 4.2 we will discuss much more carefully the various options for
how this analytic continuation is defined in the first place. For the purposes of this summary;,
let us settle for a vague, aspirational prescription: compute things for general d € N and, if

the answer is “uniform in d”, declare that the result is also true when d € C.

The main obstruction to naive prescriptions like the one above is the existence of low-
rank exceptions: situations where observables are not in fact “uniform in d”. The simplest
example where this shows up is the free, massless Dirac fermion. Consider the scalar ¢n);
its first few correlation functions are all unremarkable: for example, the two-point function

equals (1) (2)1p(0)) oc 1/224=1). This result has an obvious continuation to d € C.

The three- and four-point functions of 1) are also both uniform in d, but something

interesting happens for the five-point function. By brute-force computation one can check

3 As a simple example, [284] used the known value N7 (d =2) = oo to improve their estimate of N7 (d = 3).
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that it vanishes for all integers d > 4, but it is non-zero in three dimensions:

(ip(a1) - - pip(as)) o 034 (4.1.2)

(see (4.2.12) for the actual d = 3 expression). What should its continuation to d € C be?
The answer is far from obvious, at least to us: the integer sequence 34 has no canonical
continuation to d € C. (There are infinitely many functions that interpolate this sequence,

but there is no criterion that singles out a specific choice.)

The phenomenon above is in fact quite generic in QFT: most correlation functions have
a qualitative, discrete change in behavior at some finite d € N, which complicates any naive

attempts at making d € C. We next explain the main mechanism for this discontinuity in d.

Consider the n-point function of some scalar operator O(z):
(O1) - Oa,)) (4.13)

We assume that our family of QFTs is invariant under translations and rotations, i.e., the
special euclidean group SE(d) = SO(d) x R?. This symmetry then implies that this correlator
is defined on Conf,(R?)/SE(d), i.e., it can be expressed in terms of scalars constructed out

of Vi = T — Ljg1-

What are these scalars, specifically? If the number of insertions is small enough, the
ring of SO(d)-invariants is generated by the matrix of inner products ¢;; = v; - v;. But if
the number of v;’s is at least as large as the dimension of R?, there is one more piece of
SO(d)-invariant information that is not captured by g¢;;, namely the orientation defined by
the basis vy, ...,v4. In other words, in this case the ring of SO(d)-invariants is generated by

gi; together with ¢ = sign(det(vy,...,v4)). Therefore, one can generically write

Son(9i) + e85 (9:5) d<n—1
(O(z1) - Olan)) = (4.1.4)

even

d,n (glj) d>n-—1

for some functions S (even/odd refer to the intrinsic parity, see below). This is an example

of a small-d exception we mentioned above. For fixed n, there is a discontinuous change
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between d < n — 1 and d > n — 1, which means that the correlation function cannot be
uniform in d: to the extent that there is a meaningful continuation to d € C, there should

be some sort of jump around d =~ n — 1.

Things are a little nicer if we assume that the theory also has reflection symmetry,
namely that it is invariant under the full euclidean group ISO(d) = O(d) x R%. In this case,
correlation functions of parity-even scalars are defined on Conf, (R?)/ISO(d). Importantly,
¢ is parity-odd, and therefore it cannot appear in their correlation functions. In other words,
Conf,(R%)/ISO(d) is coordinatized by the Gram matrix g;; alone. In the notation above, the
n-point function equals S§7"(gy;) for all d. As there is no fundamental change in behavior

as we vary the number of spacetime dimensions, there is hope that a nice continuation to

d € C might exist.

Parity-odd operators, on the other hand, are less constrained than parity-even ones.
Under a parity transformation, the n-point function picks up the sign (—1)". Therefore, if n
is even, this forbids the presence of €, but if n is odd, it forces its presence instead. Therefore,
the case of n even should be uniform in d, but the case of odd n is again discontinuous: the
correlation function must vanish if d > n — 1. This explains why the two-point function
of the parity-odd operator 19y was well-defined for d € C, but the five-point function was

X 63,d‘

The final conclusion is, then, that generic operators in SO(d)-invariant theories, and
parity-odd operators in O(d)-invariant theories, present discrete, qualitative changes in be-
havior as we vary d € N, and uniform answers only emerge for sufficiently large d. In
the naive approach to analytic continuation, observables become analytic in d only after
we ignore by hand low-rank exceptions. In an intuitive sense, the low d behavior is non-
perturbative in 1/d. Needless to say, at the end of the day we only care about QFTs in low

dimension anyway, which makes the problem both hard and interesting.

Let us mention for completeness that, for more general QFTs where the symmetry group
is neither SO(d) nor O(d), but some more complicated global form of so(d), the question is

whether the representation theory of this global group is stable or not, i.e., whether there
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are low-rank isomorphisms in Rep(G). For example, in the case of G = SO(d) one has the
low-rank isomorphism A4[1] 2 1, which allows for the exceptional scalar det(v1, . .., vy). We

will discuss this in more detail in section 4.2.2.

An important incarnation of the subtleties associated with small d exceptions is the fol-
lowing. Say, for example, that we are interested in a perturbative theory defined for general
d, whose spectrum contains a pair of scalar operators O, and Os. If their scaling dimensions
are different, then these operators cannot mix, and we can compute loop corrections inde-
pendently. But if the scaling dimensions depend on d, and there is some d* for which there
is level crossing, then perturbation theory breaks down around d ~ d*, and we must switch
to degenerate perturbation theory (see e.g. [285, 286]). This typically gives rise to branch

points close to |d| = d*. So far, this is standard CFT phenomena.

The striking fact is that this phenomenon can occur even if O; and Oy have different
spin. For example, a rank-2 anti-symmetric field f,, is different from a vector v, for generic
d, but the isomorphism [1,1] = [1] in SO(3) means that these two fields have the same
spin in three dimensions, and therefore they can once again mix. Low-d accidental spin
degeneracy is rather common, and our general expectation is that analytically continued

QFTs will develop branch cuts all over the complex d plane.

We can see this explicitly in the main example we will be looking at in this paper: QCD
with gauge group G and fermions ¢ in some representation R € Rep(G). We will take the

limit of large R in order to be able to access CF'T data reliably.

In section 4.3 we will compute the scaling dimension of the defect operator ¢ to leading

order in 1/dim(R). To tree level A®(¢)) = (d — 1)/2, and the first correction is

_ 4(d-1)’T(d—2) dim(G)
~dl(d/2)3T(1 — d/2) dim(R)

This quantity admits a natural continuation in d.

AW ()

(4.1.5)

On the other hand, for the scaling dimension of the local operator 11/, the first correction

turns out to be

b Ad-1)T(d-2)
AVWY) = SR aRPT = d)2) (2

d—4trpye] trhauu]) dim(G) (4.1.6)

d—2 tr[1]? dim(R)
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We find the structure tr[y**] tr[yau,], which vanishes for all integers d # 3, but is non-zero
for d = 3. Unlike A(%)), this scaling dimension doesn’t have an obvious analytic continuation
in d.

As emphasized above, the obstruction to analyticity in d is the existence of low rank
exceptions, in this case the exception being the 3d isomorphism [1,1,1] = 1, which allows

tr[Y,mp) to be non-zero.

The usual way to recover analyticity in the literature is to declare that tr[vy,,..,,] = 0 for

all d € C. If we do this, the scaling dimension above becomes

~y o 8(d=1)T(d—2) dim(G)
AV(Y) = dl'(d/2)3T(1 — d/2) dim(R) (4.1.7)

where the hat signifies that this holds only for generic d € N, but not necessarily for all
d € N. This formula is now analytic in d, and it agrees with A®) for all integers d > 3, but
it gives the wrong answer when d = 3. Therefore, this prescription fails to provide a good
analytic continuation: A® is not a good interpolation of QCDy for d € C, since it disagrees

with the honest answer as computed directly in d = 3.

Does this mean analytic continuation is not possible? Is there any way to work with

analytic objects 3(1), while at the same time to recover the correct answer A when d € N?

In fact, analytic continuation is possible, but the mechanism is not immediately obvious.
To simplify the notation, let us omit the dim(G)/ dim(R) factors (or, equivalently, let us take
G = U(1)). Then, the correct answer in d = 3 is AM) = 256/372, as given by (4.1.6) with
e[y ] tr[Youw]/ tr[1]> = —3l. On the other hand, the analytic expression (4.1.7) evaluated

at d = 3 reads A = —128/372, which is of course wrong.

The resolution is the following. Close to d = 3, the operator 1) becomes degenerate
with &yﬂypw. This is impossible for generic d, since these operators have different spin, but
in three dimensions one has the low-rank exception v,,, & €,,,, and therefore these become

the exact same operator. Hence, intuitively speaking, these operators can mix for d close to

3.

If we compute the correction A for ?Z%wp@b, and force it to be analytic by dropping by
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hand the odd traces tr[y,,...,,.|, we find

8(d — 4)(d +2)
(d — 2)20(d/2)°0(1 — d/2)

A (DYpth) = = (4.1.8)

If we now take d = 3, we find 3(1)(1;%,,,@) = 256/372, which is the correct answer for
A(l)(iﬁw). In this way, we recover the correct scaling dimension, as computed honestly in
d = 3, from an object A® that is analytic. But do note that (4.1.8) disagrees with AM (1))
at d = 2, so one should not think of this expression as the correct analytic continuation of

AW (¢h1h) for all d € C: this branch is only correct for d close to 3.

This last statement will perhaps be more clear if we plot the analytic dimensions

3(1)(1/_1%1..%1#) for d € R: where the red dots correspond to the honest value of A (1)) as

10f AW

—
d &’)ﬁthw
— &7#1#2#3 ¢

Figure 4.1: The leading 1/N corrections A® to the scaling dimensions of 1), &’ym w0, and

&'ym uops ¥ as functions of the spacetime dimension d.

computed in integer d, using the rigorous gamma matrix traces in that dimension, without
throwing away odd traces. The solid lines, on the other hand, correspond to 3(1), ie.,
they are the analytic scaling dimensions that arise after setting tr[v,,,] = 0 by hand. This
picture makes it clear that all red dots agree with some analytic branch, but no branch is

correct for all dots.

To order 1/ dim(R) the expression for A () only includes the trace tr[y,,,], which is why

this quantity requires only one new branch, around d = 3. To order in 1/ dim(R)? one finds
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a new trace tr[Y,, 0. tr[y*??7] in the honest, general d expression for A(1)). As before, we
can make A®) analytic in d by dropping these odd traces, producing an expression ﬁ(g)(z/_}w)
that agrees with A® () for all d > 5, but fails otherwise. One can anyway recover the
correct answer at d = 5 by considering the operator @%,,pmw, which becomes isomorphic
to ) when d = 5; this gives rise to a new branch, defined around this integer. The “all
orders” exact answer A(i1)) involves infinitely many branches, one adapted to each odd d,

as a result of the infinitely many exceptional traces tr|y,, ..., ]-

To the extent that a continuation of chiral quantities is well-defined, we expect operators
like ¢y*1) to present discontinuities at the even integers, as a result of the exceptional traces

[V Yy ]- We do not explore these chiral quantities further here.

In a general CFT, there is no single expression for A(Q) that is both analytic in d and
that agrees with the correct, honest answer for all d € N. Instead, there is an infinite family
of expressions ﬁ((’)i), where O; are all the operators that become isomorphic to O at some
d € N. These A’s are defined by ignoring by hand low-rank exceptions and, as such, they
are all analytic in d. But at the same time, they also capture the correct value of A(O)
for those integer dimensions d in which O; = O. This allows us to have our cake and eat
it too: we can work with analytic objects A which, at the same time, contain all the same

information as the honest A’s. The only price one has to pay is that one has to choose the

correct branch adapted to each d € N.

Presumably, a similar branched structure exists for all CFT data, and not just scaling
dimensions. We leave a more thorough analysis of this for future work; the confusing five-

point function of 11 (cf. (4.1.2)) should be a good place to start.

If the flavor symmetry of the theory has a stable representation theory (e.g., if we consider
parity-even operators in an O(d)-invariant QFT), then there are no low-rank isomorphisms,
and hence no spin degeneracy. In this case, quantities like A(Q) are single-valued; this is

why “simple theories” like Wilson-Fisher have scaling dimensions that are analytic in d.

The plan for the rest of this paper is as follows. In section 4.2 we make an attempt at

defining the problem more precisely, and we also describe some of the complications that
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arise in a general QFT. In section 4.3 we illustrate these observations by computing a few
observables in a specific theory, viz. QCD. In section 4.4 we study analogous observables in
the QED Gross—Neveu—Yukawa model, including the effects of four-fermion interactions. In

section 4.5 we finish with some open problems and general speculations.

4.2 Generalities

In this section we try to set up the problem of analytic continuation more systematically

and precisely.

4.2.1 Definition (or lack thereof)

Let us begin with the important clarification that we do not claim every QF T admits analytic
continuation, nor that this continuation is necessarily unique. For example, it might be the
case that Chern-Simons theories are stuck to d = 3, but it might also be the case that some
clever re-writing allows us to define them for general d € C. However unlikely the second

one might sound, either option is logically possible, and we make no claim either way.

As for uniqueness, this depends on how one formulates the question. For example, 3d
Maxwell should admit several natural extensions away from d = 3: it is connected to 4d
Maxwell in the obvious way, but also to a 4d compact scalar, since f,, < €,,,0°¢ in d = 3.
More generally, analytic continuation of a given QFT is always relative to a choice of target
at d+1, it is not an intrinsic operation one can perform on a specific QFT. Whenever we talk
about analytic continuation in d, we must choose a sequence of QFTs defined for multiple

integers d € N, and then ask whether they can be interpolated via d € C.

In fact, if uniqueness is to hold at all, it can only do so if we have a target for all d € N,
and not just for a few consecutive integers. Indeed, assume that a certain computation
produces the expression 6#79,,. The obvious analytic continuation is that 6*V4,, = d. But
if we only require the continuation to give the right answer for d = 2 and d = 3, then we can

write 6#79,, = f(d) where f(d) is any analytic function that satisfies f(2) = 2, f(3) = 3.
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There are infinitely many such functions, and therefore this construction is not unique. Only
if we impose f(d) = d for all d € N (together with some further constraints on the growth
of f in the complex plane) is the equality f(d) = d for all d € C unique.® This is of course
a simplified version of the well-known theorem [287| that the usual rules of dim-reg lead to

a unique analytic continuation only if we require them to be correct for all d € N.

An analogous statement holds for continuation of flavor symmetries: we need to specify an
infinite sequence of O(N)-symmetric QFTs to analytically continue N. Any finite collection
of QFTs can always be made part of infinitely many sequences, and they can all be used
to define continuations. As will hopefully become clear as we go on, analytic continuation
in N and in d are not entirely independent operations, and there are many conceptual
similarities. As a very simple example, note that upon compactification (on a sufficiently

symmetric manifold), the Lorentz group becomes a flavor symmetry.

With this in mind, a very rough, intuitive definition could look something like this. Given
an infinite sequence of QFTs defined for all d € N, one computes a certain observable, such
as a scaling dimension Ay, for all d € N. Then, if this sequence is sufficiently well-behaved
in some sense (such as having bounded forward differences), then it has a unique analytic
continuation to complex d, and we declare that this is the observable the QFT computes at

fractional d.

Of course this is too vague to be an actual definition. For starters, a QFT is not just a
collection of numbers { A}, but a much richer structure that implies infinitely many coherence
relations between them. Unfortunately, the honest answer is that we don’t have a general
definition. We can mention a few special cases here where a working definition exists, but
we will spend the rest of this paper explaining some of the obstructions associated to this

operation and why the problem is still very much open.

4The precise statement is the following. Say we have a quantity f(d) defined for multiple integers S C N,
and we wish to continue it to some analytic function on some open, connected set D C C that contains these
integers. Is this continuation unique? The answer is clearly no: we can always shift f(d) by, say, sin(nd).
The only situation where we can guarantee uniqueness is when S has an accumulation point in D. And the
only accumulation point in N (as embedded in the Riemann sphere CU {c0}) is d = co. Therefore, the only
way to ensure that f(d) has a unique continuation is to assume that it is defined for all sufficiently large
deN.
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One situation where rigorous analytic continuation to fractional d may be possible is for
QFTs that admit a lattice discretization [288-298|. These can put on a lattice whose contin-
uum limit has fractional Hausdorff dimension, and this gives a non-perturbative definition
of the field theory at that d € R. A natural question is whether this continuum limit always
exists, whether it is unique, and whether the result is actually analytic in d. We do not
know the answer to any of these questions. Another important issue is how to define this
continuation in theories that do not admit a nice discretization; as we shall see, fermions are
particularly subtle in fractional dimension, precisely for the same reason these objects refuse

to sit peacefully on a lattice.

As for analytic continuation directly in the continuum, we only know how to define
this in perturbative settings. For example, the O(/N) model admits a 1/N expansion, and
this perturbative series happens to be analytic in d. Indeed, the large N expansion is
organized in terms of Feynman integrals, and these admit a general definition of analytic

continuation [287].

So, to summarize:

e We do not have a general definition of analytic continuation in d, nor in N. There are
some cases where one can give a working prescription, but these are very non-generic

and it is not clear if the result is always well-defined and unique.

o If a general definition exists at all, it will only lead to a unique extension if we choose
an infinite sequence of QFTs as our starting point. This holds both for analytic con-

tinuation of d and N.

e Not every infinite sequence admits a continuation. Indeed, there is no reason to expect
a random sequence like T'(1) = Ising, T'(2) = SU(2) + taqj, T/(3) = abelian Higgs,

etc. to admit a meaningful interpolation.
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4.2.2 Kinematics

As above, there is no general definition of analytic continuation of a QFT to d € C. We can
try to make some progress by disentangling the dynamics from the kinematics. Namely, here
we would like to understand the representation theory of the Lorentz group at fractional d.
We begin with the Lorentz group being O(d), and then explain why other global forms such

as SO(d) and Spin(d) do not really have a satisfactory continuation.

Orthogonal group O(d). We first recall some basic facts about Rep(O(d)) [299]. When d
is odd, any irreducible representation can be specified by an SO(d) irreducible representation
A € Rep(SO(d)), together with a choice of intrinsic parity £. When d is even, SO(d) has
a Zs outer automorphism C that permutes the last two Dynkin labels. Then, if A is fixed
by this action, it induces two representations of O(d) which take the same form as before,
(A, £). If XA € Rep(SO(d)) is not fixed by C, only the direct sum A + A induces an O(d)
representation. We call (A, +) a true tensor and (A, —) a pseudo-tensor. For representations
of type A + A, there is no intrinsic parity (the two choices for this sign are exchanged by

electric-magnetic duality).

We now explain what the analogue of Rep(O(d)) in the case of fractional d is. The
precise mathematical framework to understand groups of continuous rank is that of Deligne
categories [300]; see [238] for a physics-oriented presentation. Here we simply summarize
some facts about Deligne categories without providing precise definitions; see the references

for more details.

In short, an irreducible representation of O(d) at fractional d is a simple object in the
category f{\eE)(O(d)). Such objects are labeled by terminating sequences of non-negative

integers, which play the role of the usual Dynkin labels for integer d.

For convenience we will denote these sequences via the associated Young diagram. For
example, the vector of R—\eE)(O(d)) corresponds to the sequence [1] = (1,0,...). It becomes

a true vector of O(d) when d € N; we will explain how to recover pseudo-tensors below.
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The dimension of a given object in %(O(d)) can be obtained by plugging its Dynkin la-
bels into the regular Weyl formula of O(d) for increasing values of d € N; this produces
an integer sequence of polynomial growth which, by standard arguments, has a unique
analytic continuation to d € C. For example, the vector representation of O(d) has di-
mension 1,2,3,... for d = 1,2,3,..., and this has a unique analytic continuation to the
Riemann sphere, namely f(d) = d. Then, the dimension of the object labeled by (1,0, ...)
is dim([1]) = d for all d € C.

Conversely, any sequence of true-tensor representations of O(d) that share the same
Young diagram for all d € N defines an object in the Deligne category above. We will call
such sequences stable. An example of an unstable sequence is S¢[1]: this has d boxes, which
increases as we increase d. The dimension of this sequence is dim(S9[1]) = (ngl) — (%f:;),
which grows like ~ 2%¢, too fast to have a good, unique continuation to d € C. The category

li\eT)(O(d)) only describes stable sequences, precisely because these, and only these, have a

unique analytic continuation to complex d.

Let us stress that the Deligne category above is not the “Rep” of anything: there is
no structure O(d),d € C, whose category of representations coincides with f{\eE)(O(d)). In
order to talk about O(d) at fractional d we do not literally consider a Lie group of complex
rank; instead, it is enough to understand O(d) for all d € N. (Intuitively, %(O(d)) is a

regularized version of the representation category of the direct limit O(c0).)

The objects in Rep(O(d)) can be composed, which generalizes the usual notion of ten-
sor product of representations. In practice, composition looks exactly like regular tensor
products as computed in any O(d) for d € N large enough to fit the representations. For
example,

[1,1] x [1,1] =1+ [1,1] + [2] + [2,2] + [2,1,1] + [1,1,1,1] (4.2.1)
holds for all integers d > 11, and therefore it is also true in Rep(O(d)).

The category %(O(d)) allows us to meaningfully talk about tensor fields at fractional d.
An important question is how it relates to Rep(O(d)) when d happens to be an integer. These

are not identical on the nose since, for example, A*[1] is a non-trivial object in Rep(O(d)) for
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any d, but it is the zero object in Rep(O(3)). The short answer is that, if d € N, there is an
equivalence of categories Rep(O(d)) = f{\eE(O(d)) /Z where T is the collection of “negligible
morphisms” — the quotient kills all objects in Rep(O(d)) that are trivial in Rep(O(d)).

A followup question is what happens to the pseudo-tensors of O(d), which are not
naturally described by If{éE)(O(d)). The answer is that they “reappear” when we quotient
by the null representations above. To see this, note that any pseudo-tensor can equiva-
lently be written as the product of a true tensor and the Levi-Civita symbol. For example
(2], -) = ([2,1],+) when d = 3, ([2],—) = ([2,1,1],+) when d = 4, etc. Therefore, for
any fixed d € N, the pseudo-tensor ([2], —) is described by a certain object in Rep(O(d)):
[2,1] when d = 3, [2,1, 1] when d = 4, etc.

In this sense, the Deligne category is not “missing” any O(d) representation: for any fixed
d € N, there is some object in R\eB(O(d)) that descends to any given pseudo-tensor. But
at the same time there is no meaningful way to talk about pseudo-tensors for d € C \ N.
As far as this categorical framework is concerned, only true tensors make sense for general
d € C; pseudo-tensors only reappear when d € N. (An analogous statement holds for
representations of type A+ A€. These do not correspond to any object in %(O(d)) but, for
any given d € N, there is some object that descends to A4+ A. An example of a tensor of this
type is the (d/2)-form. This does not correspond to an object in Rep(O(d)) since its Dynkin
labels are (0,...,0,2,0)®(0,...,0,0,2), which does not have a meaningful direct limit, this
is not a terminating sequence. But this (d/2)-form does have an image when d € N: A%[1]

when d = 4, A3[1] when d = 6, etc.)

In conclusion, the category %(O(d)) captures all representations of O(d) and, for stable,
true tensors, it gives their canonical continuation to d € C. We can anticipate that, in QFT,
pseudo-tensors and tensors whose spin depends on d (say, some field that transforms as
S9[1]) will both fight back if we try to continue them to fractional d. Only fields that are
true tensors and that define stable sequences as we vary d € N should have a nice analytic
continuation. So for example, the generalization of free Maxwell where the gauge field is

a p-form should be amenable to analytic continuation for any fixed p, but if we want a
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generalization of the theta term, we should take p = d/2, in which case the theory will likely

protest.

Other groups: SO(d), Spin(d), etc. Let us now discuss what goes wrong if we try to
repeat this story for other global forms of the Lorentz group. For example, say that we try to
define a putative Rep(SO(d)) via stable sequences of SO(d) representations, i.c., we assume
that its simple objects are again labeled by terminating sequences of non-negative integers.
One problem with this is that, unlike Rep(O(d)), our naive Rep(SO(d)) is actually missing
some representations. In the case of O(d) we explained that there is no simple object in
P/{\eI)(O(d)) that corresponds to the (d/2)-form but, for any fixed d € N, this representation
does have an image: A?[1] when d = 4, A%[1] when d = 6, etc. On the other hand, in the
case of SO(d), this (d/2)-form is actually reducible, and we can break it into the self-dual
and anti-self-dual parts. These irreducible pieces do not have an image in our P/{EB(SO(d))
at all. (And indeed, it was already noticed in the early days of dim-reg that (anti-)self-dual
fields are especially tricky to analytically continue [301].)

Another problem with this naive definition is that certain operations, like tensor products,
are non-analytic in d. For example, consider the decomposition (4.2.1). This equation is true
in SO(d) for all d > 11, and therefore we would guess that it is also true in P/{E)(SO(CI))
for all d € C. But then, we would conclude that [1,1] x [1,1] contains only one singlet for
any d € C, which is actually false: in SO(4) one has A*[1] 2 1, and therefore there are two
singlets when d = 4. In a formal sense, objects like Hom(R;, R2) in the would-be category

P/{EE)(S O(d)) are discontinuous in d, due to low-rank exceptions.

In fact, the same non-analyticity would occur in f/{\e?)(O(d)) if we insisted that this cat-
egory should describe pseudo-tensors as well. Indeed, one has ([1,1],—) x ([1,1],+) =
(1, =)+ (A*[1],=) +--- in O(d) for all d > 11, which would imply that there are no singlets
for any d € C, which is actually false: when d = 4, there is one singlet, since in this case

(A*[1],—) = (1,+). True tensors are stable, pseudo-tensors are not.

Finally, let us consider the Spin(d) form of the Lorentz group. This group has the same
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issues as SO(d): self-dual and anti-self-dual representations are not captured by terminating
sequences of Dynkin labels at all, and low-rank exceptions make tensor products non-analytic
in d. One could wonder if Pin(d) might fare better, since O(d) does admit a continuation as
opposed to SO(d). The answer is no, not really: pinor representations are also not captured
by terminating sequences of Dynkin labels. Indeed, this representation has Dynkin labels
(0,...,0,1) for odd d, and (0,...,0,1,0) & (0,...,0,0,1) for even d, and these sequences do
not have a meaningful direct limit. Pinors are unstable representations. For example, their
dimension 24?2} is non-polynomial in d and, as such, it does not have a well-defined, unique

continuation to d € C°.

As a well-known example of the complications associated to pinors, consider the trace

tr[y#**]. If we compute this for small values of d, we find

d=2: tr[y"?] =0
d=3: tr[y"?] = 2ie!”?
d=4: tr[y"?] =0 (4.2.2)

d="5: tr[y"?] =0

whose stable limit is tr[y**?] = 0. This is the standard 't Hooft-Veltman prescription for this
trace; while correct around d = 4, it gives the wrong answer for the small rank exception
d = 3. This means that if we use this continuation for d € C, we will necessarily get
the wrong answer when we take d — 3. More generally, all prescriptions for fermions in
fractional dimension found in the literature ignore by hand low-rank exceptions that occur
below d = 4, which means that they will necessarily fail for small enough d. If our only goal

is to continue to an infinitesimal neighborhood of d = 4, this is not the end of the world, but

A/5A possible formalization of these facts, suggested to us by Justin Kulp, is the following. As above,
Rep(O(d)) is the correct category to talk about stable representations. On the other hand, unstable repre-
sentations are not objects in this category. But, the fact that unstable representations can be tensored to
produce stable ones (e.g., the square of a pinor is 1 + [1] + A?[1] + ---) means that these large represen-
tations should be objects in a module category of f{evp(O(d))7 i.e., what we are missing is some version of
Rep(Cliff(d)) as a module over Rep(O(d)). See also [302] (and in particular the discussion around footnote
8).
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if we want a continuation to d € C that gives the correct answer when d = 3 or d = 2, we

cannot drop small d exceptions, and we have to work harder.

Back to physics. We should note here that the fact that the representation theory of
O(d) is well-defined for non-integer d does not imply that analytic continuation of O(d)-
symmetric QFTs is necessarily easy. For example, scalar fields transform according to the
trivial representation of O(d), which is stable. But, out of these scalars, one can construct
more complicated tensors, including unstable ones. Indeed, consider the evanescent operators
of [240], given by R, := trae1][M], where M, = 0,0,¢. The representations AP[1] are all
well-defined for d € C. But if we take d to be an integer, then the operators with p > d are
all null. As such, their continuation to fractional d is rather subtle: for example, they often

have negative norm [240].

For QFTs that are invariant under SO(d) only, things are even less straightforward. The
lack of a proper f{\eE)(S O(d)) category means that parity-breaking QFTs cannot be continued
to complex d, at least not if we want to use the framework of Deligne categories as above.
Of course, in physics we never let the lack of a rigorous framework stop us. We should try
to continue such theories anyway; if the results are consistent, then a suitable generalization

of Deligne categories must exist.

In this paper we will only study vector-like theories, but with a focus on parity-odd
operators. Such representations are unstable from the point of view of R—\e?)(O(d)), and
therefore they should present the same obstructions as generic operators in a chiral theory.
For example, much like Homgo)([1,1] x [1,1],1) = 644C is non-analytic in d due to the
SO(4) low-rank isomorphism A*[1] 2 1, one also has Homog)(([1, 1], +) x ([1,1],—),1) =
044C due to the O(4) low-rank isomorphism (A*[1], —) = (1, +). These low-rank exceptions

will force us to go beyond the current framework of analytic continuation in QFT.

For completeness, let us mention that this whole discussion also goes through for analytic
continuation of flavor (or gauge) symmetry groups. For example, an O(N) symmetry should

allow for a somewhat straightforward continuation of N, but an SO(N) symmetry will likely

117



be harder to define. For a general symmetry group, its Deligne interpolating category is well
defined if its representation theory is stable; the best understood examples [238]| are U(N),
Sp(N) and Sy. For example, the fact that PTeE(U(N)) exists but f{\eE)(SU(N)) does not is
related to the well-known fact that mesons in planar QCD are much easier to understand
than baryons [303]. The latter are unstable in the sense above: while [1] ® [1] contains
a singlet for any number of colors, there is no finite power of [1] that yields a singlet in
“%(SU (N))”. Unstable representations are non-perturbative in 1/N, and they obstruct
any naive attempts at analytic continuation of this parameter. (Similarly, the existence
of I%E)(S ~) is related to the success of operations like the replica trick and the symmetric

product orbifold).

4.2.3 A simple example: free fermions

As we reviewed above, fields transforming in unstable representations of the Lorentz group
are particularly adverse to analytic continuation, (s)pinors being the most important ex-
ample. Does this mean fermionic theories cannot be analytically continued to d € C? We
believe a meaningful continuation is possible, although we will explain here some of the

obstructions one has to overcome, and then describe our best attempts at doing so.

Here we will frame the discussion in the context of free Dirac fermions. We will perform
a few computations in this QFT and then ask whether the result admits a meaningful con-
tinuation or not. This is an extended version of the toy model discussed in the introduction;

readers interested in the interacting case only can safely skip to section 4.3.

A simple observable one can consider is the free energy of this system. This quantity is

given by [304]
log Z = 2l4/2+2=d i o sinh(n/27)' ¢ (4.2.3)
2.y, 2.
Does this admit a meaningful continuation to complex d? The factor 2l%?) doesn’t seem to

like d ¢ N, but this is obviously a moot point: we could just as well ask about the free energy

per fermionic degree of freedom, which simply amounts to dividing the expression above by
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this awkward factor. The resulting object does admit a perfectly healthy continuation to
complex d. (And note that one can extract some interesting physics already for this extremely
simple observable: for example, the limits 7" — 0 and d — 1 do not commute. This reflects
the fact that the ground state is discontinuous at d = 1: there is only one vacuum for d > 1,

but two vacua at d = 1.)

Are there observables for which analytic continuation is not possible? A potential example
is the following. Give the fermion a mass m, and couple it to a background U(1) gauge field
A. At energies below m we can integrate out the fermion, producing a local effective action

for A [305, 306]:

Set(A) D Trlog(d +m +id)
(4.2.4)

=Trlog(a+m)+Tr{ zA] Lﬂl Aajmm

i+

The parity-even part of this effective action is straightforward. For example, at the

quadratic level O(A?), it reads®

A0 5 [ AdDAD) [ 61SENS 0+ D1 o (1.2.5)
where
LSS0+ 07"l = oy (0l + B)] = P te)

tr[S(p)y"S(p + k)7 ]oda =

) (tr[pyy"] + [y (p + $)"])
(4.2.6)

(p? +m?)((p + k) + m?

Evaluating the trace and performing the p integral”, we learn that the heavy fermion simply

generates a renormalization of the would-be gauge coupling:

even F d 2 14 v
even (4 9ld/2] (( dé it / A () (F'R — K25 A, (—F) (4.2.7)

1
z;z)+m

6We denote momentum integrals by /, B = Ik (gd)d and the free fermion propagator by S(p) =

"Here we neglect the question of whether such momentum integrals converge in the first place. While
very important in general, and even more so in the context of varying d, this issue is orthogonal to the one
we are trying to address here. So below we just cut off the integrals at p = A and consider m > A > k, and
throw away subleading terms like A/m.
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Up to the inconsequential factor 2142} this admits a natural analytic continuation to d € C.

The parity-odd part in Seg(A) is a very different story. For example, at the linear level
O(A) we find
SHA) 21 [ A0 [ wls))
k

p (4.2.8)
, r'1-d/2)
= i tr[y"] si 1 2 ALk
ity sign(on) ol g2 [ 4,0
Now, while the coefficient F((Lr_)%f) admits a meaningful continuation to d € C, things
are not so simple for the trace tr[y#]. In d = 1 this is just tr[y#] = +1, and we obtain

the well-known 1d Chern-Simons term that arises when integrating out a heavy fermion:
Sedd(A) o %Sign(m) JA. If d is an integer different from 1, this trace vanishes instead. So,
for general d € N, the effective action contains a Kronecker delta d, 1, and there is no natural
way to analytically continue such an object to fractional d. Similarly, at the quadratic level
we find something proportional to tr[y*"?] o d43¢""?, for which there is no obvious analytic
continuation either. And of course the pattern continues: there is a 5d Chern-Simons term

at the cubic level, etc.

So even for this very simple theory, which is free and vector-like, it is not entirely clear
how to continue away from integer dimensions. Some questions, like the free energy, are
well-defined for d € C; some others, like the free energy in presence of an external field,
not quite so. And we see that the main obstruction is the existence of low-rank exceptions.
Indeed, the even part of Ser(A) only involves traces of an even number of gammas, and these
are the same for all d; but the odd part involves traces with an odd number of gammas, and
those vanish unless the number of insertions equals the number of spacetime dimensions. In

other words, S¢°"(A) has a stable limit (and it agrees with it) but S934(A) does not.

One could complain that the issue with this analysis is that we are trying to analytically
continue an object, Ser(A), which is a function of a vector field, and it is sort of meaningless
to talk about non-trivial tensors in fractional dimension anyway; only scalars are to be
continued. This is not entirely true since, as we explained above, stable tensor fields make

sense in fractional dimension, and vectors are stable. But in any case, there are complications
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for scalar questions as well, as we explain next.

For simplicity let us turn off A and let us set the fermion mass to zero, and consider
the correlation functions of ). This operator is parity-odd®, so we might expect the same
difficulties as above; but crucially, it is a Lorentz scalar, so if we find any obstacles to
analytically continuing its correlators, those will be harder to dismiss. We can begin with

its expectation value, which is given by

() = imulse)
(4.2.9)

_T(d/2) o

which contains once again the problematic tr[y,] factor. This trace vanishes for all integers
d > 1. But in d = 1 the trace is non-zero and we find (1)) = 4 4. Again, it is unclear how

this should be analytically continued in d.

There is a simple explanation for this discontinuity at d = 1. This operator has scaling
dimension A(11)) = d — 1. For d > 1, this is non-zero, and its vev is forced to vanish by
the (unbroken) scaling symmetry. But in d = 1 the scaling dimension vanishes, and this
operator becomes degenerate with the identity, which allows for mixing of these operators,
explaining why 11 is allowed to acquire a vev. This mixing is a discontinuous process and
we should not be alarmed by it. In d = 1 we could define a different operator by subtracting
the contribution of the identity, namely by normal ordering :/): = 1) — 1/2, which now has
vanishing vev. Apparently, the reasonable analytic continuation of this expectation value is
(Ynp) = 0 for all d, including d = 1. This is a bit misleading: the combination 1)t) — 1/2
doesn’t make sense above d = 1, since 17 has non-zero A (more precisely, this combination
is not a conformal primary). So we either work with 1)1, which has a discontinuous vew,
or with the discontinuous object %) — &; 4/2, which has continuous vev. Either way, this

bilinear operator is simply non-analytic in d around d = 1.

8Parity here refers to reflections, namely flipping the sign of a single spatial coordinate, say, x1. This
acts as ¢ — 719 and Y = —9Y7 (the relative sign is inherited from the Lorentzian identification ) = »T40).
The usual mass term 1 is odd under reflections. In even dimensions, one can also consider ©¥y*v, which is
even.
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Are there any further discontinuities in 1)t at higher d? We can answer this question by
looking at its connected five-point function

T5
Ty
Q 71 + permutations (4.2.10)
T3
T2
for a total of 4! = 24 permutations. The first permutation is proportional to

5
( (l"z - $i+1)m

|$' — x.+1|d > trh#l,ym,yu?,,y#a;,yus] (4_211)

i=1
We can use the Clifford relation to write the product of five gammas as the fully anti-
symmetrized product ~#1#2#sHals - plus terms with three gammas, y#1#2#3§H4H5 (plus per-
mutations), and terms with a single gamma, ~#16#2#35#4#5 (plus permutations). The fully
anti-symmetric term ~#1#2#3H415 yvanishes due to translation invariance, since we only have
four linearly independent vectors to contract it with. So the final answer is that the five-point
function is proportional to various combinations of the z;’s contracted with tr[y*?] o d34
and with tr[y#] o< d; 4. Although not obvious from this discussion, the overall coefficient is

non-zero, i.e., the various combinations do not cancel each other out”.

The conclusion of this little exercise is that this correlation function vanishes for all d € N
except for d = 3. Then, the stable limit of this correlation function is that it vanishes for
all d € C, and we again discover a non-analytic behavior of 17, this time not only at d = 1,
but also at d = 3. It is not hard to imagine that the seven-point function is proportional to
the trace of five gammas, giving rise to a discontinuity at d = 5, etc. Not only is the vev of

Y1) discontinuous as a function of d, so are its higher correlation functions.

For future reference we mention that, if we were interested in quartic operators such

as (Y1))?, then there are well-known subtleties such as the existence of operators of the

9The full expression is too large to include here. If we take the simplifying configuration x; = (0,0,0),
x9 = (0,0,a), z3 = (0,0,1), x4 = (0,b,0), x5 = (¢,0,0), and take the the limit @ — 0,0 — oo so that the
result fits in a single line, we find

b lal(pap(zy) - - - pip(xs)) = isign(c) (012 - (1+|Z|2)3/2) (4.2.12)

up to factors of 27. This is of course odd under parity, as required, but crucially non-zero.
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form [307, 308]
O = Py h oy 1) (4.2.13)

These are scalars and degenerate with (y1))2, so these operator will generically mix. In
integer dimensions, the operators with n > d vanish by anti-symmetry. But in fractional
dimension these are independent and non-trivial, and one must consider them together with
the original quartic [284, 309, 310]. The quartics with n > d are evanescent: non-trivial
when d ¢ N, but null when d € N. The difficulty in defining traces of gamma matrices in
non-integer dimension also shows up in &, ; for example, the OPE of 1t with the quartics

above is

. 1
G() (0) ~ gy 01y JOV 00 (4.2.14)

Without a prescription for tr[y,,..,,] in fractional dimension, we are somewhat forced to
admit that OPEs are discontinuous as a function of d, even for scalar operators as we are

considering here.

Clearly, even free theories present some difficulties in defining a meaningful continuation
in d. In the reminder of this paper we will study interacting theories instead. But before
doing that, this might be a good point to pause and discuss our conventions for gamma

matrices in fractional dimension.

4.2.3.1 Gamma matrices
Integer dimension. For integer d we define the Clifford algebra as

AHAY 4 Ayt = 261 (4.2.15)

It is a well-known fact that, if d is an integer and ** denotes the standard metric on R,
then the Clifford algebra admits an (essentially unique) irreducible matrix representation,
of dimension 2l9/2 (see e.g. [311]). For the discussion below we don’t need to assume that
the matrix representation has been chosen to be irreducible. In fact, when a QFT contains

Ny fermions, one might as well declare that the theory has a single fermion that transforms
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under the reducible representation that consists of Ny copies of the irreducible one. This

latter perspective is notationally more convenient, especially in the case of fractional d.

The Clifford relation (4.2.15) implies the usual reduction identities, such as

Yy =d
g (4.2.16)
VY= (2= d)”
etc. Similarly, one can also take the matrix trace of the Clifford relation, which yields the

usual trace identities

tr[y#9"] = 6" tr[1]
(4.2.17)
tr[y#y"yPy7] = (6"0°7 — §1P6"7 + 6#76"7) tr1]

etc.

Traces over the odd part of Clifford are a little less well-behaved. First, we can use the
Clifford relation to write a product of gamma matrices as their full anti-symmetrization, plus

products of fewer matrices. For example,

VYo Yo = Yuvp + VuOvp — Vo Oup + VpOpw (4.2.18)

where 7, := %(%%% + permutations). Therefore, we only need to work out traces of fully
anti-symmetrized gammas tr[7y,,..,,] since more general products can always be reduced to

these.

As is well-known, tr[y,,,...,,,] vanishes unless n is equal to d and is also odd. This follows
from the basic identity
Yoy = (=1)"(d - 2n)y (4.2.19)

together with cyclicity. When this trace is non-zero, it equals 4-i(*~1)/2

€y tr[1]. The sign
is arbitrary, since +v* both satisfy the Clifford algebra. This sign can be understood as
a choice of orientation; it does not affect the even part of the algebra, which is why both

choices lead to the same representation of Spin(d).
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Fractional d. As explained in subsection 4.2.2, fractional d does not literally mean that
the rank of O(d) is fractional. Instead, we are instructed to look at the Deligne category
f{\eE)(O(d)). Unfortunately, the fermionic version f/{\eE(Pin(d)) is not actually well-defined:

pinor representations are unstable.

We of course do not want to admit defeat either, so let us push through anyway. In-
tuitively, fractional d should look something like Rep(Pin(oc0)). We will not try to make
this precise, but we do ask: is there any sense in which the various formulas like (4.2.16)
and (4.2.17) have a direct limit? If not in the rigorous mathematical sense, at least in a more

practical one?

In fact, some formulas do admit a meaningful stabilization. For example, the relation
Yy, = (2 —d)y” is true for all d € N, and therefore it makes sense to claim that it is also
true when d € C. In order to make this rigorous one would have to specify what type of
object v is when d € C. We will not let these minutiae distract us too much; in practice, one
can regard these matrices as elements of a formal algebra of symbols subject to the Clifford

relation.

What about the identity tr[y#~"] = §*” tr[1]? This equation is again true for all d € N,
so it is tempting to once again declare that it is also true when d € C. This is not entirely

immediate though:

e If we think of the 7*’s as living in a certain algebra of symbols, then this trace
identity formally follows from the Clifford relation, as long as “tr” satisfies linearity
tr[AA + uB] = A tr[A] + ptr[B] and cyclicity tr[AB] = tr[BA]. But this is not actually
well-defined, since there is no sense in which such an algebra has a finite-dimensional

representation, and therefore there is no reason a trace acting on it should exist.

e Relatedly, the trace relation looks stable when written in terms of tr[1]. But if we
replace this factor by 2192} the identity no longer looks particularly nice, since this

sequence does not have a unique analytic continuation.

One can formally fix both problems at the same time by writing instead tr[y#~"]/ tr[1] =
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0. Now, the [.h.s. can be thought of as a “regularized trace”, one that has a finite d — oo
limit, and the r.h.s. is a perfectly well-defined, stable tensor. In practice, this just means
that the trace relations over the even part of the Clifford algebra are all correct at fractional
d, but with the understanding that the factor tr[1] is to be left as is, instead of replacing it

by 2L42) or some interpolation thereof.

This last comment actually has an important corollary. When we work with Dirac
fermions in a certain integer-dimensional QFT, we take v to transform according to a pinor
representation of the Lorentz group. Such a representation is always given by a certain
number of copies of the irreducible, 21%2)-dimensional representation, and we define N 7 to
be this number. In other words, ‘number of fermions” in a given QFT simply means how
many copies of the smallest Dirac representation appear in our theory. In fractional d, there
is no such “smallest” representation, and therefore no canonical definition of N;. The object
that plays the role of Ny is tr[1], where the trace refers to a sum over both flavor and spin

indices. If one wishes to specialize our general-d formulas to a given d € N, the dictionary is
tr[1] = Ny x 2L/ (4.2.20)

If d ¢ N, there is no canonical way to disentangle spin and flavor, and the only meaningful
operation is tracing over both, at the same time. Therefore, in the same way N; normally

labels families of fermionic QFTs, in fractional dimension it is tr[1] what labels such families.

The traces over the odd part of Clifford are again less well-behaved. Indeed, the identity
(Y] = F60.ai™ /%€, ., tr[1] implies that (for fixed n) these traces all vanish for
sufficiently large d, and therefore their stable limit is that they vanish for all d € C. But of
course setting them to zero does not lead to a good analytic continuation, since they miss

the low-rank exceptions where these traces are occasionally non-zero.

For the time being, we will simply leave the odd traces unspecified. That is to say, in
the same way the factor tr[1] is not meant to be continued to d € C, but just carried along,
the odd traces tr[y,,..,,] will also be left as is. As we shall see, one can get very far without

ever trying to write down a specific formula for these traces.
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The rules above are enough to have a working theory of fermions in fractional dimension.
Our general philosophy is that, if one wants to be on the safe side when working with gamma
matrices, the parameter d is always an integer, there is no such a thing as v* € Pin(d) for
d € C. Instead, one computes observables using formulas that are true for all d € N, and
analytically continues the answer, not the intermediate steps. (It goes without saying, this
last part is still very non-trivial, and not even necessarily well-defined; here we are just

kicking the can down the road.)

Conversely, if one insists on trying to work with formal symbols defined for all d € C, one
runs into many well-known paradoxes. Let us describe a few of them here for illustration
purposes. In the discussion below we abandon our general philosophy that one should only

talk about v* for integer d, and assume that these exist at fractional d as well.

If v is a valid object at fractional d, and “tr” is a valid operation acting on it, then we
must admit the existence of a symbol tr[y#]. This is non-zero for d = 1, and therefore we
cannot just claim that tr[y#] = 0 for all d € C. For example, it might be the case that

2 1

tr[y*] tr[y,] = T2 —d (4.2.21)

or some other analytic function of d that equals ¢; 4 when d € N.

One can in fact give a formal argument to determine tr[y,] for fractional d. First, note

that this symbol satisfies the identity

tr[’yp](s,w/ = tr[/Y,u](;Vp = trh/l/](;up (4222)

as can be checked by taking the trace of (4.2.18) and using cyclicity. By contracting u
and v one finds dtr[y,] = tr[y,] which implies that either d = 1 or tr[y,] = 0. This is of
course the correct answer for integer d, but also appears to follow from the Clifford relation
for fractional d as well. Therefore, if we take the point of view that gamma matrices for
fractional d are well-defined as formal symbols, and that their traces are meaningful as formal
operations that satisfy linearity and cyclicity, then tr[y,] is identically zero at fractional d.
In other words, the only possible value we can assign to this symbol that is compatible with

the standard properties of “tr” is tr[y*] tr[y,] = 01,4, which is non-analytic in d.
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Of course, another solution to dtr[y,] = tr[y,] is tr[y,] = oo, which is perhaps the only
logical trace for an object that is not trace class. This also nicely matches the intuition that

fractional d is formally equivalent to infinite d.

The identity (4.2.22), while admittedly rather weird, seems to be required for consistency
of momentum integrals. For example, we typically say that, under the integral sign, k*k* —
%5“”1{32, since 0" is the only tensor that has the right index structure. But if we admit
that tr[y,] is a valid tensor, one should aslo allow for tr[y,] tr[y,], which technically is also
a symmetric rank-2 tensor. The identity (4.2.22) implies that these are not independent
structures: indeed, multiplying both sides by tr[y,], we find tr[y,] tr[y,] = 0, tr[y,] tr[y7].
So at the very least, these formal manipulations do not interfere with the standard rules of

analytic continuation of loop integrals.

While the argument above concerns the trace of a single gamma, the same pattern occurs
for any odd number of gammas. For example, once again using Clifford plus cyclicity, one

can check that

5up tr[/}/ua’r] + 51/0 trh/upT] + 5;U trh/l/pa] - 5l/p trh/um‘] - 5u0 trh/upr] - 51/7- trh/upa] =0 (4223>

Contracting p and p simplifies to (d — 3) tr[v,,-] = 0, which again implies that this trace
vanishes unless d = 3. The general statement is that the trace of n gamma matrices, where

n is odd, is proportional to d, 4, even if d is fractional.

Moreover, if we insist that these traces make sense at d € C, there are some further
questions one must reckon with. For example, is the operator trhu]g/_wl‘w a Lorentz scalar?
If the symbol tr[y,] defines a valid expression with a free Lorentz index, we should be able
to contract it with other free Lorentz indices to construct scalars. More generally, one would

guess that 1) is infinitely degenerate with operators of the form

Yy g SOV, moodd (4.2.24)

We will term these operators extraneous. They are similar in spirit to the evanescent oper-
ators (4.2.13) we encountered in the previous subsection, and it is tempting to ascribe the

various discontinuities in ¥ to their existence.
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These extraneous operators appear in the OPE of the evanescent quartics. For example,
consider the quadratic ¢1), and compute its OPE with a generic quartic YT ¢T' for a pair
of arbitrary matrices I, . The double contractions give

() YTy Tp(0) D tr[S () TPl + tr[S(2)*TPTy + LS (x)°TY — YT'S(x)* T
o gy (VT 4+ e[0T + G, TTo)
(4.2.25)

If we now take I' = 7,,..,,, and I' = y#1"#» the OPE becomes

- 1
V() On(0) D —5amgy 8t un 07" 00 (4.2.26)

Therefore, if we admit the existence of the evanescent operators €, it seems somewhat

unavoidable to accept the existence of extraneous operators as well.

All of these paradoxes go away if we agree that the gamma matrices are only defined
for integer d, and the analytic continuation is not defined by literally working in Pin(d) for
d € C, but rather we should study Pin(d) for all d € N, and (roughly speaking) take the
direct limit Pin(oo).

In this work we are only concerned with vector-like theories, and we don’t have much to
say about the chirality matrix v*. This matrix is even more subtle than the regular gamma
matrices. For example, while tr[y,,,] is hard to define for d € C, at least it has a d — o0
limit: this trace vanishes for all sufficiently large d. This limit misses the d = 3 low-rank
exception, but at least it exists. On the other hand, tr[y*] oscillates between 0 (for even d)

and tr[1] (for odd d), and therefore it does not even have a limit.

It appears to us that, if an analytic continuation of v* is possible at all, it will hardly be

unique. For example, if we define for integer d

o ld1/201 (4.2.27)

where the factor of 7 is included to make v* hermitian, then it follows that
(v)?=1

= (1) dy (4.2.28)
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etc. The factor (—1)%*! does not have a unique, canonical continuation to d € C. Assuming
that these equations make sense in fractional d for some choice of analytic continuation,
then upon taking the formal trace one finds (—1)¢*! tr[y*] = tr[y*]. Therefore, if our choice
of analytic continuation for (—1)4*! is such that it differs from 1 for d ¢ N, then we must
once again conclude that tr[y*] vanishes when d ¢ N, and this trace is again non-analytic in
d. Of course, similar conclusions hold for traces containing v* and one or more insertions of
s,

One can use v* to construct further evanescent operators, such as (1 — (—1)@=1/8~*)y).
Perhaps one has to take these into account as well. We will not explore the matrix v* any

further in this chapter.

4.3 A case study: QCD

Here we will illustrate the general discussion from the previous section in one particularly
interesting example: vector-like massless QCD. Needless to say, this theory is the prototypical
example of a strongly-coupled QFT. In order to recover computational control we will be
working in the large Ny limit, in which the strongly-coupled, low-energy fixed point becomes
tractable as a series expansion in 1/Ny. We have no insights as to what a non-perturbative

definition should look like.

We use the standard large-N; expansion and compare the result with the known dynamics

of the theory in d = 1,2, 3, 4.

In order to simplify the notation, let us restrict ourselves to the abelian case for now; we
will point out the modifications required for general gauge group below. The lagrangian of

the theory in Euclidean signature is given by

1 § . .
L= 12 M f — Yy (0, + iay, )y + gauge-fixing (4.3.1)

As far as the large N, expansion is concerned, this Lagrangian describes a flow between

the free CFT e? — 0 and the interacting CFT e* — co. The engineering dimension of e? is
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4 — d, and therefore the direction of the flow depends on whether d is larger or smaller than
4. The interesting case is of course d < 4, but in order to talk about analytic continuation
in d we must choose a target QFT for all d € N, and therefore we will also care about this
theory for d > 4. For simplicity we will use language adapted to d < 4, namely we will
call the e? — 0 fixed point the “high energy” theory and the e? — oo fixed point the “low
energy”’ one, even though these roles are exchanged for d > 4. The low-energy theory is

non-perturbative in e but weakly-coupled in 1/N;.

The Feynman rules of this theory at the low-energy fixed point are

p
(4.3.2)
i~ = (5 et Jp?
p - pH((s +&pt'p” /)
together with the usual vertex —iy*. Here, g is the effective coupling
4r)d/2 2I'(d — 2 d—1
g = (4m) ( ) (4.3.3)
tr[l] T'(2—d/2)T'(d/2—1)2d —2
where tr[l] = 2ld2I 7. Note that, in position space, the photon propagator is
/emi(a v Ekok, k)
fpd—2 \Onv phv
F (4.3.4)

2 g

W?((d — 2+ &)dp — 267,73, /77)

which has the same 1/2? scaling as its d = 4 counterpart. This implies that A(f,,) = 2,

which is below the unitarity bound d — 2 for all d > 4. The d > 4 CFTs are all non-unitary.

We will compute the following observables to leading order in g ~ 1/Ny:

e The expectation value of W for various closed contours, where W denotes a Wilson

W) = exp (z }{ a> (4.3.5)

e The scaling dimension of 1. By this we mean the exponent in the two-point function

line:

(P (x)W(0)) oc x4 (4.3.6)
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where W is a Wilson line connecting = to 0. This x dependence arises for a straight

Wilson line, since we want the geometry to preserve scale invariance.

e The scaling dimension of ¥1), namely the exponent in

(D () (0)) oc 7280 (4.3.7)

We will then try to analytically continue these observables to d € C.

Another observable that would be particularly instructive to study in the future is the
magnetic current xf. As above, this satisfies A(xf) = 2, which saturates the unitarity bound,
in agreement with its being conserved. This operator is parity-odd, which means that it is an
unstable representation of O(d), i.e., its continuation to fractional d is much more involved
than f itself. See for example [312] for some very interesting results concerning magnetic

operators in fractional dimension.

4.3.1 Wilson lines

In this section we sketch the computation of the expectation value of Wilson lines along
various closed contours [313]. This is textbook material by now so we will be superficial; the
main point we want to illustrate here is that these expectation values admit a well-defined

analytic continuation in d.

As mentioned above, we begin with the case of abelian gauge group, and generalize to

arbitrary gauge group afterward.

The expectation value is given by the usual cluster expansion

<6ifa> _ 6—%§f<aa>+ﬁ $4¢¢(aaaa)c+- (438)

To leading order in 1/N; we simply keep the first term. So we need to line-integrate the

propagator A, = (a,a,) along the contour of interest:

log(W(1)) = =5 P dedBula = (43.9)
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For the actual computations we use two different regulators: analytic regularization 9%2 —
(TQ;QL)Q (with g some arbitrary scale) and point-splitting regularization, where we deform one
integration contour via v — v + €. We can gain different insights from each of these two
options.

In this discussion we will write the photon propagator as A, = %—2”, which accounts for

multiple situations:

e If we multiply by fﬂ—z we obtain free Maxwell in 4d. This will be a useful cross-check

for our computations.

o [f we multiply by (4@%

@1 e obtain the low-energy fixed point of QED, to leading
order in 1/Ny.

(72% and take o — d/2 — 1 instead of & — 1, we obtain the

high-energy fixed point of QED, instead of the low-energy one. The associated short-

e If we replace :712 —

4—d_ 4xd/?
r(d/2—1)"

distance coupling is e? =

Let us first explain why we are allowed to use A, %—2”, without the ¢-dependent part,
instead of the more general A, o 5((d — 2 + )8, — 28x,2,/3?) (cf. (4.3.4)). A formal
proof of gauge invariance is as follows. To leading order in 1/Ny, we need to integrate
the propagator along a (flat) closed 2-manifold of the form ~ x , where 7 is the support
of W. Then, under the integral sign, we can replace z,z, — %5#1,952, which means that
(d—2+8&)b,, —28x,2,/2* — (d—2)0,,, and the answer is {-independent. A perhaps better

argument is to note that, in momentum space

Fet §ay Bt —y) = / A (R)VE (7, )V (3, —F) (4.3.10)

where the eikonal factor V* is

VH(y, k) = /dx” e ke (4.3.11)
Y

Then, the gauge part of (4.3.10) is proportional to k,V* = fv d(e~*2) which vanishes for

a closed loop. Note that either of these arguments goes through even in the presence of
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a regulator, such as replacing x% — % or shifting one of the integration contours via

7 — 7 + €. So this justifies the claim that we are allowed to simply use A, = ‘Z”—;.

We begin with a circle geometry, © = (Rcos6, Rsinf). Then, dz*dy, = R*cos(d —
0")dAd0’" and so, in analytic regularization,

1 pPR* ot cos(— )
log(W(O)) = _§W/0 d@/o df (1 — cos(6 — 0))e

B s or1 (1 =2a)
~ 2 (MRZ)“QW(_Q - a>r<—a>)

(4.3.12)

Taking @ — 1 we find log(W) = =2, while « — d/2 — 1 leads to log(W) =

(,uR)A‘_d%. This implies, for our large Ny QED, problem, that'

472 g 2
/(d—4)
(Am)i 2T (d)2 — 1) fize
log(W(Q)) = o a2 (4.3.13)
€2R4_d7T F(?’ - d)F(d/Q - 1) R < ¢2/(d—%)

2I'(1 — d/2)'(3 — d/2)
For d < 4, which is the regime where the theory is UV free and has an interesting IR fixed
point, the log of the expectation value vanishes at short distances, implying that the UV
defect entropy is zero. On the other hand, the long-distance answer is positive. This is not
incompatible with the g-theorem [314], since here we are dealing with a bulk RG flow, not a

defect one.

As a check of the result above, we note that the @ — 1 limit of (4.3.12), when multiplied
by %, yields the well-known free Maxwell answer (W (())) = exp(e?/4).

Furthermore, if we take d = 1 in (the first line of ) the general expression (4.3.13), we find
log(W) = —2/Ny, while if we take d = 2 we find log(IV) = 0. These agree with computations

performed directly in d = 1, 2.

We can reuse the results above to easily get the answer for general gauge group. Say we

take the Wilson line to be in a representation p of G; then, to tree level, the expectation

10The UV limit in d = 3 is special because R*~? becomes R, which is linear and hence a counterterm. In
this case one has to expand around o = d/2 — 1 and keep the subleading term as well. The result is the
usual Rlog(uR) behavior.
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value the loop is simply tr,[1] = dim(p). To next order we replace A, — A,,,§%, where a, b

are adjoint indices, and we also take a trace over p. In other words, we replace

(aa) — tr,[(aa)
= t1,[t"t"]6ap(aa) qup (4.3.14)
= T'(p) dim(G){aa)qep

Therefore, the expectation value for non-abelian G reads

T(p) dim(G)

log((W, (Wmm»ﬂwW©%mxmwmm

+O(N;?) (4.3.15)

where T'(R) arises because the effective coupling is gqep = gqep X T( ok

Again, if we take d = 1 we recover the answer derived independently in QCD;. If we take
d = 2, both answers vanish to order 1/N;. In any case, the main conclusion is that (4.3.13)

admits a meaningful continuation to d € C.

For future reference let us sketch the same result but in point-splitting regularization,
where we add a small shift to one of the integration contours. The easiest way to do this
is to push the second integration off the plane, so that © = (Rcosf, Rsin#,0) and y =
(Rcost, Rsin®' €). This yields

, R%cos(0 — 0')
——= 4.3.1
/ dH/ d@ —2R?cos(f — 0') + €2 (43.16)

™

which evaluates to — | | R+ 72 + O(e). The divergence is just —1q times the perimeter 27 R,

so it can be canceled by a local counterterm along the line. The finite part agrees with the

analytic computation from before.

A mild complaint for this regulator is that it requires a third direction, so it doesn’t
work if d < 3. It is in fact possible to point-split while keeping the two contours on the
same plane; the only way to do this, without having the contours intersect at all, is to

shrink one of them by a small amount. In other words, we take x = (Rcosf, Rsinf) and
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y=((R+¢€)cost,(R+¢€)sinf). Then,

LT R(R + ¢€) cos(6 — 0")do de’
log(W(O)) = 2 //0 (Rsinf — (R+¢€)sinf')? 4+ (Rcosf — (R + €) cos 0')?

2 R2

1 2Re+e? >0
= —527'( X
2
_2;(%1;’»12 e <0 (4.3.17)
2 12 0
2R ™ €>
T, o
%772 e<0
The singularity is —TB a4 before, but the finite part appears ambiguous: it depends on

le]

whether we shrink the second contour or we expand it. This of course makes no sense, the
finite part should be scheme-independent. The resolution is that a local counterterm shifts
the expectation value by something proportional to the length of the line, but in this case

we have two lengths, 2rR and 27(R + €). So we split the difference and write the result as

_
2|e|

as 2. (Equivalently, we can also take the symmetric limit lim,o = %(lime_>0+ +lim,_o-),

X 21 (R+¢€/2)+m*+O(e), where we once again read the finite, scheme-independent part

for the same answer).

As a final comment, we remark that we found the scheme-independent part of (W) for
a circular geometry to be independent of the radius R. This is of course as expected, since
a circle has a single scale, and a conformal line has no scales of its own, and therefore there
is no dimensionless ratio the expectation value could depend on. Below we will consider a
rectangular geometry which has two scales, and we will find that (V) is a non-trivial function
of their ratio. Another simple geometry with two scales is the ellipse, say with axes (a, b), for

which we find log(W) = —Q‘WT‘“ (1—=0*/a®) + 37(b/a+a/b) + O(e), where E is the complete

T

elliptic integral of the second kind. The singularity is once again —3iq

times the length of

the line, and the finite part 72(a/b+ b/a) is a non-trivial function of the dimensionless ratio

a/b. For a = b we recover the circle answer 2.

We now move on to the rectangular geometry that measures the potential energy between

136



two probe charges:

! (4.3.18)

(0,0) < (0, R)

We use both regularizations. We begin with y being the straight line between (0,0) and
(T,0), while = is the whole rectangle; we will then add the other pieces of the y path. We
parametrize y(7') = (7/(T + 2¢) — €, —¢), with 7/ € [0, 1], as well as

/

(47T, 0) 0<7<1/4

o(r) = (T, (47 —1)R) 1/4<T<1/2 (43.10)

(=47 +3)T,R) 1/2<71<3/4

(0, (—47 +4)R) 3/d<71<1

\
Then, dz*dy, = 4T(T +2¢)(©(0 < 7 < 1/4) —O(1/2 < 7 < 3/4))drdr’ and so this segment

contributes

1/4 1 MQ
—97? d dr’
A TA T (WP T(Ar — )2)e
2

2 34 ! / K
2T d d
ot [ o | e

— ,u2(1—oz) (T2R_2a QFl(%y a; %’ T2) (4320)

T R?

1
_R2(1—a) RQ T2 l1-« ;T2(1—a)
+2<Oé—1)[ +( + ) +1—2a }

Lt D retan £ 4 Liog 28T
=—— — arctan — + - lo
2(a—1) R RT2 PR

+O0(a—1)
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in analytic regularization, and

1
1

=27 (T+2 d dr’

( +€>/ T/ ’ (47T — 7(T + 2€) + €)? + €2

3/4 1
/ dT/ dr (R+ €2+ (T4 + 7" —3) + 27'¢ — €)?
T 1 T°R? (4.3.21)
2(T? + R?)e?

— 1+ =1lo
2||+ 7+ 145l

T —n/4 €>0
+ — (arctan(7T'/R) — arctan(R/T)) +

2R
+31/4 <0

in point-splitting regularization.

Adding the other three segments amounts adding the same expression with T" <+ R, and

multiplying by 2, so all in all

T T 2R2 2
log(W(O)) = QE arctan I + log T + (R~ T) (4.3.22)
for the analytic regularization approach, after absorbing the 5 1) pole into a corner coun-
terterm. The point-splitting result, after removing the — (T|J|FR pole into a perimeter coun-

terterm, is in fact identical to this, thanks to standard arctan identities.

So both approaches yield the same answer, but they both introduce a dependence on the
arbitrary scale p. This dependence is somewhat artificial in that the rescaling u — Ap can be
removed by a corner counterterm log(\), so the result doesn’t depend on p in a measurable
way. But at the same time it is not possible to remove this dependence, which means that
the configuration breaks the 1d scale invariance of the line (the more precise statement is
that this is a trace anomaly, see e.g. [315]). This is in fact the cusp anomalous dimension of

the line, as we elaborate on below.

Note that in analytic regularization, the circle and rectangle both had no need for a

perimeter counterterm. On the other hand, in point-splitting, the circle had a divergence

_ R T(T+R) .

SER while the rectangle had a divergence — E ; these are both equal to —:~ X length,

2| |
so the same counterterm fixes both. This is of course as expected: for a fixed choice of

scheme, we should find the same counterterm for any geometry, since counterterms are local
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and thus do not care about the shape of the line. In other words, if two geometries have
different linear divergences, it would not be possible to fix both at the same time, and the
observable would be inconsistent. It is reassuring that the circle and rectangle lead to the

same counterterm, for both choices of regularization.

Note also that if we take the 7" > R limit of the above, we find V(R) = —7/R+O(logT)

which, after multiplying by %, becomes V(R) = which is the usual Coulomb potential

e
of free 4d Maxwell. On the other hand, for our large Ny QED, problem,

4dmg 1
(47)920(d/2 = 1) R

and therefore we learn that these theories are all Coulomb-like. This is of course the only

V(R) = — R > ¥4 (4.3.23)

R dependence compatible with scale invariance, so this result is simply telling us that the

Wilson line is conformal.

We end this discussion with a quick analysis of the cusp, which we parametrize by two

segments = = (s,0) and x = (scos ¢, ssin ¢), where s € (0, 00):

/@(/ (4.3.24)

We are more cavalier than before, and simply cutoff the s integral at short and long distances;

we find the same divergences as before, plus a new type, namely the cusp. This comes from

the crossed terms where x is horizontal and y is oblique:

L X 2 X /0 ds /00 ds’ cos (same, with ¢ = ) (4.3.25)
—= — w = 3.
2 o 0 (s — s’ cos¢)? + (s'sin ¢)? ’ "

where we subtract the ¢ = 7 term so that the cusp dimension of a straight line vanishes.

We interpret s and s’ as the proper times of the probe charges, and — as one often

does when using Schwinger’s parametrization — change variables into the “total proper time”

T =5+ s € (0,00), and the “relative proper time” ¢ = 7= € (0,1). The Jacobian is simply

T, so this integral simplifies to

dr cos ¢ L
/ / (g— (1 —q)cos)?+ (1 —q)?sin’¢ G 30
= (1 + 2cot(¢) arctan(cot(¢/2))) logé
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whence I'eusp(¢0) = —(1 42 cot(¢) arctan(cot(¢/2))) = ([¢] — ) cot(¢p — ) — 1, where [¢] = ¢

mod 2.

The rectangle has four cusps, each contributing a factor of

(1 + 2cot(¢) arctan(cot(¢/2))) x log L = +1log(L) (4.3.27)
p=r/2

This is in agreement with our earlier computation (4.3.22), where we found - - - + 2log(R?).

We note that the cusp dimension above satisfies I'cysp(¢) < 0,10, (6) > 0,17, (¢) <0,
in agreement with the general analysis of [315]. For our QED, problem, we are to multiply
this function by szd/?_l), which is positive for all 2 < d < 4, so these inequalities are still
satisfied. This is not entirely obvious, since [315] explicitly assumes unitarity, which is not
present in fractional d. Of course, the loss of unitarity does not show up in any of the simple
observables we look at in this paper, so it is not entirely surprising that our I'c,s,(¢) behaves
as if the theory was unitary. Indeed, as pointed out at the beginning of this subsection, to
leading order in 1/N; the photon propagator in QED, has the same = dependence as the

propagator of 4d free Maxwell, which is of course unitary. So the only non-trivial statement

is that the coefficient that connects these two propagators is positive for all 2 < d < 4.

In any case, we note that is positive for 2 < d < 4, but actually vanishes

49
(4m)472T (d/2—1)
in d = 2,4. For d = 4 this simply reflects the fact that the “infrared fixed point” of QEDy4
is essentially free. For d = 2, it is due to the fact that, while the Wilson line defines a
conformal defect for generic d, it becomes topological in d = 2: it becomes a Verlinde line of

The factor W becomes negative for d < 2, and the potential V(R) and the
cusp [eusp(¢0) become positive. While our general analysis should perhaps not be trusted all
that much below d < 2 (for example, does it even make sense to talk about the cusp angle ¢
if we have fewer than two directions?), above we found that the d — 1 limit of the general d
formulas does give the same answer as the direct d = 1 computation, so let us indulge. One

possible interpretation for the change of sign in is that this factor is actually

4g
(47)/2T(d/2—1)

140



the norm of the field strength f,,, namely

3 xp 061/ D
@y ()0 0)) = ~g [ e peb
p

169 Lo OpT
(4m)d2T(d/2 — 1) b

(4.3.28)

The fact that f,, has negative norm below d = 2 can be understood as the statement that this
field carries d — 2 degrees of freedom, this being the dimension of the vector representation

of SO(d—2) (which is itself the little group of massless, helicity 1 particles in d dimensions).

4.3.2 Quarks

In this subsection we sketch the computation of (¢(x)W1(0)), with W is a straight Wilson
line connecting x to 0. We again are rather brief, as we shall encounter no surprises. By

2A(

conformal invariance, this correlation function is proportional to ~22(") where, to tree level,

A (3p) = (d — 1)/2. Below we compute the 1/N; correction to this scaling dimension.

Our goal is to isolate the log divergence in this correlation function, from whose coefficient
we can read off A, The log divergence is associated with scale-less integrals, and we

introduce the notation
1

1 2
Z = /kﬁ = ng(/\ ) (4.3.29)

for those.
For this geometry, the eikonal factor (cf. (4.3.10)) reads

1 — e—ika:

0
Vi (x, k) = / dzte ™ = jgh — (4.3.30)

kx

which, diagrammatically, we will denote as the insertion of an external source coupled to
the photon: e~~~. Note that, unlike before, here k,V* does not vanish, since the contour
is not closed; instead, k,V# = i(1 — e~**). This will cancel the gauge dependent part of the
undress correlator (1(x)1(0)).

There are three diagrams that contribute to this two-point function to leading order; we
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evaluate them in turn:

k
_*_Zj:iii+—-i/émﬂmWS@+@VﬂmAW%)
o 14 pk

— ipx ypNye Pao + ka kukv v
m/? MMVV{AE;%;ijw+fk2)75@)

p

_ -2y i
i [ ' 5} e (4.3.31)

Next,

Hn
4_?% - _ / k PV, —k)S(p)V”S(p + k) A (k)

— g [ sten | [ Ve RS+ B g+

(4.3.32)
ki, k
k?

-)
We isolate the log divergence by focusing on the various degeneration limits. For this integral
there are two: p large with p + k fixed, and the other way around. These are equal to each

other, so we consider one and multiply the answer by 2. For the remaining integral, we note

that, by Lorentz covariance, we can write

[ VP800 s G + €55 = i 1) + () (4.3.33)

for some scalar functions f, g defined by

Gua (6%) + g @) = [ Vha, )5 6+ €25%) (43.34)
k
Therefore, the diagram can be simplified into
—2ig [ e7S() [ Vi R+ 0
p k
A a1
=2 [ersip) [(1- )L+ (1.3.5)
p k

= 29(1+&)S(x).Z
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Finally, the last diagram contributing to this two-point function is

I v

RNNANNNNANR 1 " v

.= —§S($)/kv (@, =k)V" (2, k) A (k) (4.3.36)
= —508() [ V¥RV ) G+ €752)

where 1/2 is a symmetry factor. The gauge part is straightforward, since k,V* oc 1 — e,

which is easily integrated:

v 1 k kl’ ikx —ikx 1
[V iy et = [a- e et g
k k (4.3.37)
=28Y
On the other hand, the physical part equals
1 x? - , 1
- (1= ikx 1 — —ikx__ 4.3.
595(0) [ Ghsll= et =) g (13.39)
In order to evaluate this integral, we define
h(s) = / L1 ey L (4.3.30)
AT e -

and note that the integral we are after is h(1). On the other hand, if we differentiate this
twice, we find
ikxs —ikxs 1
h”(S> = /k(e k +e K )W (4340)

8 1

This is just (twice) the position-space scalar propagator, namely h”(s) = @) T

Therefore, integrating twice, we derive

B 8log(s)
22(4m)42T(d/2 — 1)

h(s) = + c1(z) + co(2)s (4.3.41)

where ¢y, ¢y are constants of integration. Furthermore, from the definition of h(s), it is clear
that a rescaling of s can be compensated by a rescaling of x, which means that log(s) must be
accompanied by %log(ﬁ), with the same coefficient. Therefore, the physical part evaluates
to

—gS(2)((2 — d).2 + #A|z)) (4.3.42)
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where the second term comes from cy(z). This term, proportional to the length of the line,

is a perimeter counterterm, and we simply drop it. So, all in all, this diagram contributes

gld—2-¢6S(x)Z (4.3.43)

Adding up all contributions, we see that the {-dependent part nicely cancels, while the

physical parts add up to

4S(2) 2 x 4%1 (4.3.44)

whence
d—1 B 2(d—1)
o Ylr)drr(d2 + 1)

Ap) = + O(g%) (4.3.45)

We can check this in various special cases. The anomalous dimension vanishes in d = 1,

it equals —=— in d = 2,

—30 32 N; in d = 3, and vanishes in d = 4. The first three agree with
known low—dlmensmnal results. The fourth simply says that our IR CFT becomes free in 4d

which, in a rough sense, corresponds to the logarithmic running e — 0 in QED,.

As another simple check, taking the trace of (4.3.44) gives the O(NY) correction to the vev
(1p). This is easily seen to vanish for all d, including d = 1, in agreement with (1)¢)) = %N ¥

being tree-level exact in d = 1.
Furthermore, the general d answer (4.3.45) also agrees with [316].

Finally, we describe the generalization to non-abelian gauge groups. The first change is

that the effective coupling becomes gqcp = gqep X Furthermore, the gluon propagator

T(R)

becomes Aqcp = Aqepd®, where a, b are color indices, and the vertex acquires a factor of

t%. This gives an extra factor of (t“t%);; = T(R) iﬁg% d;j. Thus the final result in QCD

is equal to the QED one multiplied by Eﬁig%, in agreement with known results in integer

dimensions.

4.3.3 Mesons

In this subsection we study bilinear operators of the form I't), where I is some matrix in

spinor-flavor space. In particular, we will be interested in the correlation function ()I't ¢I't))
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where I', " are in principle distinct matrices, assumed hermitian for concreteness. We begin

with G = U(1), and generalize to QCD afterwards.

To tree level this correlator is given by

(YT (p) YTp(— O Q«O (4.3.46)

The first diagram will show up quite often, so we give it a name: M(I',T'). It evaluates

to

M(D,T) = — / [S(q)TS(g + )T

1 _ 4.3.47
1 1 tr['yo‘l“yﬁl“] —5aﬁp2 + (2 — d)paps ( )

T g20d-2) ufl pi=d

In this notation, the second diagram is equal to

—M(T,v") A (p) M (v, T) (4.3.48)

We note that
1 1 tr[Dy#]p? — p* tr[Tp]
g tr[l] ptd

M(L,4") = (4.3.49)

which vanishes when contracted with p,,, i.e., this structure is transverse. This implies that

the ¢-dependent part in M (I',v*)A,,(p) drops out, and the correlation function is gauge

invariant, as one would expect. So to summarize, to tree level this correlation function is
— — — g _
(YLp(p) YIY(=p)) = M(D, 1) — — = M (T, ") M (7, T') (4.3.50)

Let us evaluate this explicitly for a few special cases. First, when I' = ~+”, the corre-

sponding bilinear is the gauge current ¥y*1; for this, we find
(py*p YTp) = M(47,T) — p—M(y A*YM (4, T) (4.3.51)

which, using (4.3.49), becomes

_ 5pup2 — phpP _
=M@ T) = ————M(,, 1)

p? (4.3.52)

145



Therefore, we learn that the correlation function (17”1 ¢)T'1)) vanishes for any choice of
['. This is in fact the expected result: the gauge current 171 is a null operator, since the

equa.tions Of motion lmply
]' v %

which becomes ¥y”1) = 0 in the low energy limit e? — oco. (If we were to repeat the compu-

2

tation of (¢yP1) 1I'¢) using the full photon propagator ) instead of the low energy one

28,0
P2(1—e2T
—]fg‘—ﬁ, we would find that the correlator decays exponentially (y°1(z)(--)) ~ exp(—pl|z|),
where p ~ (N;e?)Y/@=9 with e the short-distance dimensionful coupling. Therefore, the
gauge current creates the higher-d analogue of the Coleman-Schwinger boson; it defines a

massive operator and it decouples in the low energy effective theory).

Let us now consider I' = I' = 1. Then, we find

(v (p) ¥o(—p)) = M(1,1) — 2%M(L’V”)M(% 1) (4.3.54)

which, using (4.3.49), becomes

- - 1ld—1 1 1 1 1

<¢¢(p) Wﬁ(—p)) = _5 d—9 p2_d - 5’61"[1}2 p4_d (trh//i] trhﬂ“]p2 - pﬂpl/ trh/,u] tl"[’}/,,]) (4355>

From the p scaling we read off A® = d — 1, as expected. But we also encounter the
usual tr[y,] issue. At this point we could just declare that only AO is meaningful, and
the overall coefficient is scheme-dependent anyway, so it doesn’t really matter if we fail to
analytically continue it. But in order to compute A" we will have to divide the O(g°) result
by this O(g~!) one, and therefore we cannot really sweep this issue under the rug. Perhaps
more importantly, unless we manage to simplify the factor p#p” into p?6**, the expression
above seems to be in tension with Lorentz invariance, which requires the correlator of scalar

operators to be a function of p? only.

The simplest way to deal with this awkward structure is to note that, for integer d, the
trace tr[y,] is only non-zero when d = 1. But when d = 1, the two terms in tr[y,] tr[y*]p* —
pHp” tr[y,] tr[y,] are actually equal to each other, and they cancel each other out. Therefore,
this structure vanishes for all d € N, and the correct analytic continuation is that it vanishes

for all d € C.
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If we insist that v, must make sense at fractional d, then we can reach the same conclusion
via a more elaborate argument. In this case, we need the formal identity (4.2.22) (namely
tr[7,]0, = tr[v,]0,, = tr[7,]0,,). Contracting this identity with tr[vy,] yields tr[y,] tr[y,] =
tr[y,] tr[y*]d,,, which again implies that the two terms tr[y,] tr[y*]p* and p*p” tr[y,] tr[7,]

are equal to each other.

Whatever argument one likes best, the end result is very simple:

_ - ld—1 1

(WVY(p) Y(—p)) = Tgd—2pd (4.3.56)

Let us now consider the first non-trivial 1/N; correction. This is given by the diagrams

SHeNo
feie’oNotere

We will call these three lines the “one-loop”, “two-loop”, and “three-loop” diagrams, re-

spectively (even though they are all of order O(NY)).

Our task is to isolate the log divergence in these Feynman integrals. In particular, logs

are associated with scale-less integrals, and we denote those by

1

1 2
L = /kﬁ = mbg(/& ) (4.3.58)

Let us go ahead and evaluate (4.3.57). The first and second one-loop diagrams are the
simplest: they are equal to each other, and also almost identical to the trace of (4.3.31).

Specifically, they both equal

_ /tr[(4.3.31)f‘5(q +p)l =g Fd _(12)2 + 5] & /tr[S(q)Fs(q + )T
q , a (4.3.59)
=g {(d —2) + 51 ZLM(T,T)

d
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The third one-loop diagram is also relatively straightforward: it equals

| lrS(@Sta + TS (a+ b +pn"Sla-+ 2] (k) (4.3.60)

We can extract the log divergence by looking at the limit p — 0; we can do this in two ways,
either we set S(qg+k+p) — S(g+k) or S(¢g+p) — S(q). Adding up these two singularities,
we find

2% _ , i
QTM( Hy 0Ty, T) + g LEM(T,T) + (T & T) (4.3.61)

The one-loop diagrams, after cutting open the photon line, determine the tree-level value
of the four-point function (a, a, ¥y Te). Therefore, they should be gauge invariant by
themselves. And indeed, adding up twice (4.3.59) (for the first two diagrams) plus (4.3.61)

(for the third), the {&-dependent factors cancel out, as required.

Next, we evaluate the two-loop diagrams. As a useful first step, let us cut open the
photon lines and focus on the left half of these diagrams, i.e., let us compute the three-point

function (a, a, ¥T¥), as given by the diagrams

+ (4.3.62)

These evaluate to

/tf[S(q +p)TS(@)"S(q+k +p)y'] + e (4.3.63)
q k< —k—p

This integral is given by some complicated function of the dimensionless ratio p?/k?; we will

consider the limit p?> < k?, in which case we can evaluate the integral analytically:

_ 2i(d-1(d-4) 1ty .
=iy (L OWR) (4.3.64)

Note that this vanishes when contracted with &, as required by gauge invariance. (We also
mention that, being a three-point function, the full p? /k? dependence is determined from this
expression and the general constraints of conformal invariance; this dependence is somewhat
obscured in momentum space, and we will not need it anyway, so this limit p? < k? is enough

for our purposes.)
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We can now evaluate the two-loop diagrams:
/ tr[S(g +p)L'S(g)y"S(q +p + k)y"]
qkt
X tr[S(L+p)y7S(k+p+ )y ST (4.3.65)

X A,p(k 4+ p)Aye (k) + cross-channel
As before, we isolate the log divergence by looking at the limit p — 0; we can do this in
either of the first two lines. When we take p = 0, say, in the first line, we end up with the
same integral as in (4.3.64). Then, the fact that that integral is transverse means that these

two diagrams add up to something &-independent as well.

Plugging (4.3.64) into our two-loop integral, we find
 2ig (d—1)(d—4) / tr[CA b fq]
kt

tr[S(¢ + p)y Sk +p+ Oy S(OT] + (T < T)

tr[1] d—2 k? (43.66)
The k integral is now elementary:
— 292 (d —1)(d —4) (tr[Fvay[“y”}] — MU tr[TY] + 0¥ tr[Ty*])
tr[l]  d(d—2) (4.3.67)
[ S+ P SO+ o T)
which simplifies to
292 (d—1)(d — 4) tr Ly M (T, Yopu) + (T > T) (4.3.68)

T[] dd-2)
Finally, we evaluate the three-loop diagrams. These are actually the easiest: the left side
of these diagrams is identical to the two-loop diagrams we just computed, with I' — ~*, and
the right side of these diagrams is A,,M(7°,T). But the two-loop diagrams (4.3.68) are
easily seen to vanish when we replace I' — ~”, since both tr[['v**] and M(T, Ya,,) vanish
when we perform this replacement. Therefore, the three-loop diagrams are zero. (One can
reach this same conclusion from charge-conjugation symmetry.)
To summarize, the first non-trivial correction to the (') ¢)I'¥) correlation function is

9Z

d <_(d - 2)2M(F7 f) + M(7N7af7a7u> F)

(4.3.69)

B tr2[1] / _(dl )_(d2>_ 4 tr[Ty ] M(T, %w)) + (T T
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As mentioned earlier, this should vanish if any of the insertions is a gauge current, i.e.,
if, say, I' = 7. And indeed, for this choice of I" the first term is easily seen to cancel against

the second, while the third vanishes on its own.

Let us now take I' = ' = 1. Then, we find

A(d—1)g.Z
d

(2401 + 5= ub ™ (1)

C Ad=1D)ZLd=1 1 (O d—4t [y tr[yau]
B d d—2p2—d d—2 tr[1]2

(4.3.70)

Adding the tree-level result (4.3.56) to the one-loop result (4.3.70), we conclude that

(p(p) i (—p)) o 1 + w (2 . Z — ;mha:;][f;h““”]) FO?)  (4.3.71)

from where we read off AM as

Y g 4(d —1) d — 4 tr[y*"™] tr[Youw]
AR ) = RS ENCID < S d—-2 w12 >

(4.3.72)

As a check, let us consider a few special cases of this. If d = 1, we get AW = 0. If d = 2,
we get AW = —1/N;. If d = 3, we use W = —3! to get AW =128/37%N;. These
agree with known results in integer dimensions. If d = 4 we once again get A = 0, as

expected.

Before we discuss the result above more thoroughly, let us quickly mention the non-abelian
case. As in previous subsections, all diagrams considered here stay the same, and we just
multiply by the usual color factor dim(G)/dim(R). The only exception is that the gluonic
line in (4.3.46) acquires corrections due to ghosts and self-interactions, which contribute
to order (’)(NJ?). But as we argued below (4.3.55), this diagram does not contribute to

Y, so this does not affect our analysis above. Taking our QED result and multiplying by
dim(G)/ dim(R) matches the d = 1,2, 3 expectations.

How should we think of (4.3.72) at fractional d? If we believe equation (4.2.23) for
fractional d, and thus also its implication that (d — 3) tr[yauw] = 0, then we would conclude
that the second term is exactly zero for all d # 3, and this scaling dimension is discontinuous

there.
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This conclusion is not actually precise enough. The correct interpretation of (4.3.72) for
d € C requires us to think about (a regularized version of) Rep(Pin(cc)) more carefully.
Before we do that, we would like to mention the more naive approach which, while ultimately

not well-defined, yields some amusing results.

For the naive approach, we assume that v* makes sense for d € C, and that its various
traces are non-zero, analytic functions of d. If this is the case, we must reckon with the
extraneous operators in (4.2.24); these are formally scalars, and have the same tree-level
scaling dimension as 1), and therefore we must solve a (infinite-dimensional) degenerate
perturbation theory problem. We don’t think this is the correct perspective, and therefore
we won’t dwell on this too much. But as an illustration, let us truncate the extraneous
operators to the subset {1, tr[y,0-]t7*"1}. Now, take the general formula (4.3.69) and

plug in I' = ' = 1 + x tr[y,,,]7?°" for some coefficient x, to be chosen below. Then, one

finds
(T (p) YT(—p)) = M(T,T) — % ((d 4 { L t_r[%trm Z - ;}M@, .
{ ! = 6te1] (d — 1)(d — 4) (4.3.73)
—36(d—3)+ = e }M(l,F))

The point of (4.3.73) is the following: if we choose the coefficient y such that the term

proportional to M (1,T') vanishes, namely

1 12

then the two-point function becomes
_ o _ 8(d—1)g.Z
wrowiret-m =01+ =L o) s
from which we can read off AM) ag
. aT _ S(d _ 1)9
A(l) (w(l + Xtrh/[)oﬂ']fyp )1/}) - _d(47r)d/2f(d/2) (4376)

This is now analytic in d. But if we take d = 3, we get —64/37? N, instead of the correct

answer 128/3m2N;. The reason for this is that, if we take d = 3, the operator in parentheses
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in (4.3.76) actually vanishes. Indeed, in d = 3 one has tr[y,,,|7”°" = —6tr[1], and therefore

(_m tf[l]) 1[0 )77 S —1 (4.3.77)

So in this approach, we would conclude that we either work with the operator 11, whose
scaling dimension is discontinuous at d = 3, or with an operator 1 (14 x tr[y,0-]7"°7 )1 whose
dimension is analytic in d, but the operator itself is discontinuous, and it becomes null at
d = 3. Furthermore, there is no scalar operator in QED3 with dimension —64/37?N;, so the
formula (4.3.76) does not match anything in the physical theory!'. This is reminiscent of
various results in the literature, where one observes that continuous families of CF'Ts, when
particularized to concrete values of the parameter, appear to contain operators that are not
present if one began with that choice of the parameter, see e.g. [223, 226, 227| for recent

examples.

We now explain what we believe is a more fruitful perspective — this being that one should
be working in “Rep(Pin(c0))”. In short, we will try to work with stable quantities, namely
we will ignore low d exceptions and only use formulas that are correct for all sufficiently
large d € N. In particular, all traces over the even part of the Clifford algebra are stable,
while the traces over the odd part will be replaced by their stable limit, i.e., they will be
declared to be zero. This last prescription is correct at large enough d, but wrong at small
d € N, and therefore we will have to fix the low rank exceptions by hand, in a systematic
way.

Note that declaring that odd traces are zero is formally equivalent, as we did in the
discussion of ¥(1+x tr[y,ue]7*?)¥, to adding suitable extraneous operators with coefficients

chosen so that these traces cancel out. The notion of a direct limit makes this precise.

In any event, once we declare that all traces with an odd number of gammas vanish, we

Untriguingly, there is one bilinear in QED3 with this scaling dimension: the adjoint scalar ;47 — trace,
which has AN = —64/372 [317, 318]. This is not a flavor singlet, so this operator is distinct from our ).
It is not clear to us if this is just a coincidence, but we do mention that, as explained around (4.2.20), the
notion of flavor quantum numbers is somewhat ambiguous in fractional dimension, so it is conceivable that
the singlet and the adjoint get mixed up somehow. It would be interesting to study the interplay between
flavor symmetries and analytic continuation of d more carefully in the future.
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can easily write down expressions for scaling dimensions that are analytic in d. The issue is
that these formulas will yield the wrong answer for small d, as these expressions are missing
the contribution of these traces that we set to zero by hand. The obvious question is whether
we can harmonize the two approaches and write down observables that are both analytic in

d and correct for all d € N, and not just for large enough d.

A hint toward realizing this goal is to notice that &vul...unw is a rank-n anti-symmetric
tensor only generically, but not always. For example, QZ%“,WB@/) is actually a scalar when
d = 3. More generally, the low-rank exceptions where tr[vy,,..,,] is non-zero are precisely the

situations where these fermion bilinars are actually scalars.

This means that if we want to understand the scalar operator 11 at low d, we must also
consider the higher-rank forms vy,,...,.,1 as well, since the latter are sometimes scalars too.
In a formal sense, in fractional d we must allow for something like mixing of Lorentz tensors

of different spin, since at exceptional values of d, these representations become isomorphic.

So, with this insight in mind, let us compute A(¢)v,, ..., %) to leading order in 1/N;. For
this we can just reuse our general formulas (4.3.50), (4.3.69) and simply plug in I' = T =
Yyypn- For generic d these formulas will involve, much like in the case of 1), traces of
an odd number of gammas. The stable limit of these dimensions is easily worked out, the

answer being

< 8d=1) g
Aly) =1-—— (47)/20(d/2)

3(1/‘%@ =0 (4.3.78)
o 8(d — 3) g -
AWup¥) =1+ —— (4)/2T'(d/2)

8(d —4)(d+1) g

3(&7}”#2#31&) =1-

d(d—2)  (4m)421(d/2)

etc. Here, the hat means that this scaling dimension refers to the direct limit d — oo, i.e.,
these expressions are only correct for large enough d, and they fail at small d € N, since
they ignore traces that are actually non-zero sometimes. The vanishing of 3(1/_1%1#) simply
reflects the fact that this bilinear is the gauge current and hence a null operator. We will

forget about this bilinear from now on.
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As a quick check of the result above note that, if we take d = 4 — 2¢ and expand at small

€, we find
A()) =3 — 26 + tr_1[1] (—186 + 1562+ 356% + (8 — 36¢(3))e* + - - )
3(&7#1#27?) =3 -2+ ﬁ (66 — 132 — ge?’ + (?Z + 12g(3))€4 4. ) (4.3.79)

~ - 1
AWV pops) = 3 — 2+ (1] (3062 +13¢® — Bt 4. )

in perfect agreement with the corresponding e expansion. The reason these two computations

match is that the e expansion of [309] uses the 't Hooft-Veltman prescription that is adapted

to a neighborhood of d = 4, in which traces with an odd number of gammas do vanish.

The key point of (4.3.78) is the following. If we take 3(@/3@0) and plug in d = 3, we

find 1 — %, which differs from the correct answer as computed directly in d = 3, namely

1+ 37:221%' On the other hand, in d = 3 the operator &mesw is a scalar and, if we take

A(JWMMWJM and plug in d = 3, we do get the correct answer, i.e., 1 + 3;22]%]0. That being
said, the formula for 3(1/_)%w2“3¢) gives the wrong answer for d = 2, while the formula
for A(1p1)) gives the correct answer in this dimension. So neither A (1)) nor K(zﬁml oz )
matches the honest A(yv) for all d € N, but they do each give the correct answer for some

specific d € N. The graph on page 107 plots the functions (4.3.78).

To leading order in 1/N; the operator ¥1) only picks up the trace tr[y,, uus], Which is why
we find one extra branch adapted to d = 3. To higher orders in 1/Ny one finds higher odd
traces tr[y,,...., ], and therefore there are infinitely many branches for A(¢1)), each adapted to
a neighborhood of a given odd d. The analytic continuation of d for a generic QFT does not
live on C, but rather on some infinite cover thereof; only on such cover are observables truly
analytic. It would be interesting to try and make this statement mathematically rigorous,
especially in relation to analytic continuation of other discrete parameters, like the number

of colors in large N, gauge theories.

An important aspect that should be considered more carefully is that the factor of

in (4.3.78) is ~ 2= sin(md/2)O(1/v/d) at large d. This grows with d and there-

(47r)d/291“(d/2) tr[1]

fore the A correction is larger than the tree-level result A for sufficiently large d, and
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the large-N; expansion breaks down. In other words, our result for A(¢¢)) is only reliable
in the limit 292/ N P> 24 This puts any notion of uniqueness into question since, as we
argued, analytic continuation can only possibly be unique if we impose “nice behavior” at
d — 0o. For fixed Ny, the inequality 2ld/2I ;> 2% is always disobeyed for sufficiently large
d, and therefore it is impossible to establish whether our result is unique or not. It appears
to us that, ultimately, the topic of uniqueness in analytic continuation of QFTs can only be

addressed in non-perturbative settings.

4.4 QED,; Gross—Neveu—Yukawa model at large N;

We now add a Gross—Neveu-Yukawa interaction to large-N; QEDy, as studied in the previous
section. The purpose is to understand how the branch structure discussed above is modified

by the additional interaction. We consider the Euclidean action [319, 320]

_ , _ 1 N
L= [0 +iA)vi+ dvith] + 5 Fp + Q—ltg(augb)? + NG (4.4.1)

i=1

and take the large-N; limit with e Ny, u, and Ay held fixed.

The scalar field is normalized so that its bare propagator is

Gbare (p) — U2
¢ prz

(4.4.2)

At large Ny, the leading correction to the scalar two-point function comes from the fermion
bubble
p+1L

Y(p)= [t —
0= [ |grme
In d = 3, this gives X(p) = —Ny|p|/8 when tr[1] = 2N;. The effective scalar propagator is

_ —%tr[l] (1, 1)[p] 2 (4.4.3)

therefore .

G (p) = | (GE() " - 2(p)]
(4.4.4)

Nypp* 1 d—2 -
— [ 2 + 3 tr[1] ka(1, 1)|p|
For 2 < d < 4, the fermion bubble dominates in the infrared, and hence
h 2
G = ——4--- hi=——— 4.4.5
o) = trltJea(L. D (49
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Here, the dots denote corrections subleading in the large-Ny infrared expansion. Thus, in
the infrared, the effective scalar propagator has the same large-N; scaling as the gauge-field

propagator.

The Feynman rules relevant for the leading 1/Ny computation are

—— =5 =—i3
_ _ 9 (g 2V
ey = But) = L (0421 o
h
________ =G0 = s

where ¢ is the same effective coupling as defined in (4.3.3). The gauge and scalar vertices

mﬂ< = —7;")/“, ————< =1 (447)

4.4.1 Fermion bilinears

are'?

We now consider bilinears ¢)I'y) and use the notation M(I',T') of Sec. 4.3 for the correspond-
ing fermion bubble. At leading order, the connected two-point function receives one new

contribution, namely scalar exchange. Thus, the connected two-point function is given by

wrviiricm = Yo OO+ was

which combine to give

g —
—5 M@ A M (. 1) + ==

i i vty (1a)

pd2

(VT (p) YTY(—p))tsee = M(T,T) —

As before, M (I",~+*) is transverse, so the ¢-dependent part of the photon propagator drops

out.

For the scalar bilinear I' = ' = 1, one has

M(1,1) = —%tr[l] ka(1,1)|p|*2, M(1,4") = 0. (4.4.10)

12The quartic interaction is irrelevant for d < 4, and we will not include it in the leading large-N; analysis.
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The first and the third terms in (4.4.8) therefore cancel,

(WY () YY(=p))tree = 0 (4.4.11)

Thus, the leading connected correlator of the scalar bilinear vanishes. This is just the
statement that, at the critical point, the inverse effective scalar propagator is generated by

the same fermion bubble that appears in M(1,1).

In what follows, this vanishing connected correlator will not be used as the starting point
for extracting an anomalous dimension. Rather, to compare with the pure QED result for
I' =T = 1, we focus on the logarithmic corrections to the one-particle-irreducible bilinear

two-point function, namely the fermion bubble.'?

At the next order in the large-N; expansion, the logarithmic correction to the 1PI bi-
linear two-point function receives contributions from three classes of diagrams: pure gauge-
exchange diagrams, pure scalar-exchange diagrams, and mixed gauge-scalar diagrams. The
pure gauge-exchange contribution is the same as in the pure QED, calculation above. We

discuss the last two classes in turn.

We first consider the scalar-exchange contribution to the logarithmic part of the 1PI
bilinear two-point function. Equivalently, this is the Gross—Neveu—Yukawa part of the cal-
culation with the gauge field turned off. The relevant diagrams are the scalar analogues of

the diagrams considered in pure QED,

@*@*@*Q:Q+Q:x© 4413

The first two diagrams are self-energy insertions on the fermion lines, the third diagram is
the vertex correction, and the last two diagrams contain two scalar exchanges. Similarly,
the logarithmic terms can be extracted using the same momentum-region argument as in
the pure QED, calculation. Keeping only the relevant large momentum regions gives the

logarithmic contribution to the 1PI bilinear two-point function.

13Since the leading connected correlator in this channel vanishes after scalar exchange is included, the .#
term in the 1PI bubble is not a correction to a nonzero leading two-point function of 17). Therefore, the
usual extraction of an anomalous dimension from a logarithmic correction to a two-point function does not
directly apply.
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The scalar correction to the fermion propagator gives

/k SISk -+ p)SICH) = —hT 22 5() (4.4.13)

Thus, the first two diagrams contribute

—th%ff M(D,T) (4.4.14)

The third diagram gives

—g.,s,ﬂ M(T,~4°Tv,) + (T < T) (4.4.15)

The logarithmic contributions from the last two diagrams cancel. The scalar contribution

to the logarithmic correction is therefore

(—hd%f;f M(,T) - %z M(I‘,vafva)) +( 1) (4.4.16)

For the scalar bilinear I' = I' = 1, this becomes

—L‘[D,%M(l, 1) (4.4.17)

There are also mixed diagrams, with one gauge exchange and one scalar exchange

OO OO s

For general bilinear insertions I" and I, the mixed diagrams are gauge invariant by themselves.

Indeed, the £-dependent part of the photon propagator is proportional to
kuka [M(F7 Wuva) - M(F7 ’7(1’7”)} (4419)

which vanishes. We may therefore keep only the transverse part of the photon propagator.

After extracting the logarithmic contribution, the mixed diagrams give

4(d — 3)gh rqe(1,1)Z

Mmix - d

M (T, 4**) tr[[y,,] + (T <> T) (4.4.20)

For I' = I = 1, this term vanishes by using tr[y,,] = 0. Thus, the mixed diagrams do not

contribute to the scalar bilinear at this order.
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The gauge contribution is the same one found in the pure QED, calculation. Combining
the scalar, gauge, and mixed contributions, the logarithmic correction to the 1PI bilinear

two-point function is

(—hug M(D,T) — gg M(T, ’yaf"ya))

d
+ % <—(d —2)°M (D, T) + M (v"4°T 547, T)
y 11 ) (4.4.21)
~eT o3 tr[Ty ) M (T, Yoy )
n 4(d — 3)gh Kd(l, 1>$M(F,7“a) trﬁ"%;yﬂ] + (F o f)

d
This formula is the QED;~GNY analogue of the logarithmic 1PI meson result in the pure

gauge theory.

For the scalar bilinear I' = I' = 1, the mixed term vanishes, and one finds

e[ D WD )]

Thus, the scalar channel in the QED;~GNY model inherits the same low-rank obstruction
as in pure QEDy,. For generic d the odd trace is absent in the stable limit, while at d = 3 it
is nonzero and changes the logarithmic coefficient. The Yukawa interaction shifts the scalar
part of the 1PI correction, but it does not remove the branch structure associated with the

exceptional identity 7,.,, ~ €., in three dimensions.

We close with a caution about the interpretation of this result. The combination of a
vanishing leading connected correlator and a nonzero logarithm in the 1PI kernel may look
like a logarithmic CFT. This is not the right conclusion yet. In the GNY theory, 17 belongs
to a scalar-singlet sector containing operators such as ¢, ¢, and 9%*¢. These operators are not
all independent, since the scalar equation of motion relates them. Thus, the correct question
is not whether the single object 11/ has a logarithmic two-point function. One must first
quotient by the equation-of-motion relation and then separate descendant directions from
primary directions. Only on this reduced space of independent scalar primaries does it make
sense to ask whether the dilatation operator is diagonalizable, or instead has a Jordan block.

We will not carry out this operator-mixing problem here.
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4.5 Conclusions and future directions

In this paper we have argued that analytic continuation in the number of spacetime dimen-

sions d is a meaningful operation, but one that is also remarkably subtle.

We showed that, if we think of d as living in C, then correlation functions, OPEs, and
scaling dimensions of generic operators are all discontinuous, even in theories as simple as
the free fermion CFT. On the other hand, we provided evidence that analyticity is recovered
if we consider some infinite cover of C, although this last perspective definitely warrants a

much more thorough study.

A simple application of our results is the following. The QCD theory we studied in
section 4.3 is known to be dual to a WZW model when d = 2 (see e.g. [321]). Then,
the analytic continuation in d we constructed can be interpreted as one specific choice for
analytic continuation of this 2d theory (see e.g. [322, 323] for somewhat recent efforts for
such problem). The rank of the WZW model is Ny, so we only have a continuation for
large rank. The question of how to construct a non-perturbative continuation is still open,

of course.

As stressed in the introduction, analytic continuation in d requires a choice of target for
all d € N, i.e., it is not an operation that is intrinsically defined for a QFT that lives in
one specific d. That being said, some families might not have a meaningful continuation if
we insist on having a target for all d € N, but the continuation might exist if we content
ourselves with having a target for some congruence class in N. As a simple illustration, the
integer sequence a, = (—1)" does not have a nice continuation to the complex n € C plane,
but if we unzip N into the even and odd integers, then we do get two healthy continuations,
namely a, = 1 and a,, = —1. In this sense, it might be the case that some QFT that is
naturally defined for d = 3 might fail to have a nice continuation if we insist that we want all

d € N, but the continuation might be well-defined if we only require a target at d € 2N + 1.

For example, because of Bott periodicity, fermions might have a nicer continuation in d

if we consider the eight cases d € 8N+ k, k € {0, ..., 7} separately. This would allow us, for
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example, to analytically continue Majorana fermions.

An interesting family of QFTs one might want to analytically continue in d is Chern-
Simons(-matter) theories. In the same way we set up the analytic continuation of QED/QCD
via the 1/N; expansion, in CS one can perform a 1/k expansion, which one could use to try
and define a continuation perturbatively. This continuation in d should present all the same
subtleties we explored here'*, and likely many more. As before, defining this continuation
requires a choice of target for an infinite family of d € N; here one natural choice is to take

the d-dimensional Chern-Simons form for all d € 2N 4+ 1.

Although we do not have anything sharp to say about this, it should be useful to think
about the complications induced by tr[y,,..,,] in the language of von Neumann algebras.
Indeed, if Pin(d) for fractional d is morally Pin(oo), then we should perhaps think of the
~v*’s for fractional d as operators acting on some infinite-dimensional space, and their trace
should be regularized somehow (while preserving all the properties required by QFT, namely
Lorentz invariance, linearity and cyclicity). Looking at our various expressions for A (1)),
we see that observables always depend on these traces via the quotient tr[y,,....]/ tr[1], ie.,

these are indeed regularized traces, if only formally.

Another aspect that invites further analysis is the connection between analytic continua-
tion of d and of N. One simple remark in this context is that the difficulty in defining traces
of v* in fractional d can be reformulated entirely in the language of analytic continuation of
flavor symmetries. Indeed, the gamma matrices can equivalently be thought of as Majorana

fermions in an auxiliary 0+ 1d system, in terms of which tr[y,y, ---] = (¥, ---)."" As far

14As we mentioned before, generic operators in a chiral theory should behave similarly to parity-odd
operators in a vector-like theory. For example, we saw that in regular QCD the parity-odd operator 1)
was rather subtle at fractional d, but the gauge sector (Wilson lines) were perfectly well-behaved. Once
we give up reflection symmetry, the gauge sector should become subtle as well. For instance, without
this symmetry, the most general photon two-point function compatible with gauge invariance is II,,, (p) =
(P?0 — pupy )1V (p?) + ip° tr[y,0) 11094 (p?). Therefore, if CS theories admit continuation in d at all, the
gauge sector will acquire a branched structure in d similar to the one in 1t discussed in this paper.

15The fact that tr[y,,...,,] is non-zero only when n = d has a simple interpretation in this language: the
correlation function vanishes due to the d Ramond zero-modes, unless we insert the same number of U’s.
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as these Majorana fermions is concerned, the group Pin(d) is a flavor symmetry.'®

Let us also emphasize that the obstructions to analyticity in d or N are always due
to low rank exceptions. Indeed, the direct limit of a representation is always analytic,
by construction, since this limit is defined by considering only the asymptotic behavior in
d, N — oo, which is smooth. In this sense, the non-analyticity reflects features that are
non-perturbative in 1/d or 1/N. It would be nice to understand this better, specifically
by drawing insights developed in the context of large N. gauge theories. (There, unstable

representations are usually called “heavy” or “large”.)

Let us finally go back to one of the original motivations we mentioned in the introduc-
tion, namely dim-reg in the context of supersymmetry. Our main conclusion is that analytic
continuation in d is very subtle; therefore, if we only care about this operation as a sim-
plifying device for loop computations, then we have nothing to offer: the rigorous way to
analytically continue requires more work than dim-reg saves. Conversely, if one is interested
in this continuation for its own sake (e.g., can we find an interpolation between d = 3 and
d = 4 Seiberg-like dualities?), then unfortunately we also have reasons to be pessimistic:
supersymmetry itself is, in a sense, a low d exception. It is not clear to us how to set up a

healthy SUSY target for all d € N. We leave this possibility open for now.

6More precisely, the flavor symmetry is O(d); the double-cover Pin(d) appears because the vacua of
these fermions realize the symmetry projectively. This is just the statement that this flavor symmetry has
a 't Hooft anomaly. Note that the correlation functions of ¥# present unstable behavior even though this
operator transforms under the vector representation of O(d), which is stable; this happens because the
ground state of the theory is itself unstable.
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