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ABSTRACT

.In ordéf ﬁo'dete¥mine the sénsitivity df_éamma—ray ahgulaf éorrelation _
patterné.from'éoluﬁévmaéromolecuiés_labeled ﬁith‘?otafionai:tracéfs such.és”
lllmCd, é theoreficdl study was made of.the’behavibr expected under éertainv'
conditidné.‘:A nuciéus of spin 5/2, acted upon by an éxiaily sjmﬁétric eléctric
fieid gradient;fand bound té‘a ?odlike maCromolécﬁle, was considered. Under
static .conditions (no molecular rdtation); the.timefdepéndent éorrelation pat-
term is quite SenSitive to molécular Orientation and, for»orientgd,molecules,
to the angle between the axis of the fiéld-gradient*ten§§r~and the molecular
axis. A generél equation and results for,éeleqted geometric‘cohfiguﬁatidns are
given., When Qélecular rotation is aliowed, a‘claSsiéal:model is_applicablé'if.
the rotation is éufficienfly slow. This model is used to calculate relaiatioﬁ
curveé for several geometrical configurafions undér the,condition thét the

macromolecules rotate about their long axes. These curves are shown to have

considerable diagnostic’value, Finally, the applicability of rotational tracers -

in the light of these results is discussed.
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I. INTRODUCTION

Gamma-ray angular-correlation patterns from solute molecules labeled

- with radioisotopes--or "rotational tracers'--have been shown to be sensitive

to moleculér pr_c‘.'»perv"ties.l-h The rdtational tracef méthod is of interest because.
bf its:éxtremely'high seﬁsiﬁi?ity, the high'penetrating power bf Y rays, the’ |
relativelyISmail disruption caﬁsed by“biﬁding a,éingle_trécer étém fo a largé
ﬁolecule, énd fhe‘figor‘of angular correiaﬁion theory.. AS‘mofe sophisticaied
éxperiments Become,possible_itfis désirable to.examiné thebreticaily the sénsié
tivity of y-ray.éorrelatioh patterns to molécular orientation and dynamics, and |
to evaluate the various poésible_experimental configurations systématically.
The results of.suéh a study are féported_in‘this'péper.

The ﬁhééfy'of pérturbed angulaf dorrelations ié:b?iéfl&.réviéwed in

Sec. II. It is applied to the caée'of'avs?in-5/2 nucleus in an axially-sym-

‘metric electric field gradient.. This spin was chosen because states of spin

133 andvlllCd have been used in the rotational. tracer work to date.

5/2 in .
Much of the ﬁéterial in Sec. II één be found in the review articles by Sﬁéffen:
and Fraﬁenfeldef.s, itlis>included'héré in order to give a speCifié accouht.of-
the assumptions upon which the results in Secs. III énd IV are baéed, thus
definiﬁg the extent of tﬁeir validity. |

Sectién III deals with'thgfeffects of static electric quadrupole inter-

actions on the angular correlation pattern from a macromolecule lsbeled with a

spin-5/2 rotational tracer. Macromolecules are'considered-whose shapes can be

»characferized,by_a single preferred axis (e.g., rods or dises). An equation is -

derived that relates the correlation pattern to molecular orientation and_locél

properties of the tracer atom. Explicit calculations are presented for several

~experimental configurations.
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Dynamical effects are considered in Sec. IV. A classical relaxation
model is given that is applicable. to solute macromolecules under certéin con-
ditions. Thefmodél is applied to several of the configuraﬁions considered in

Sec. III. Conclusions are drawnvin Sec. V.

T



fII.f TIME;INDEPENDENT QUADRUPOLE PERTUBBATIONS
In thié-sectioﬂ thé theory 6f angular correlatibns perturbed by static

qugdrﬁpolé ihteracfions'is discusséd and applied to a particuiar'case.i Detailed
treaiments‘of ﬁhis.pfoblem were given by Abragam and Pdund6,and bj Alder, éﬁ_g;.
.The devélbpmént givéﬁ'ﬁelow foliowsvthe eipdsitién'and notation of Steffen and
Frauenfelder.sblfhe generaivexpreSSion for perturbed angulér corrélafions

(Eq. (1)) is spé¢ialized in‘sévéral'steps.to an expression (Eq. (16)) for-fé(t);
the rank-two perturbafioﬁ'cbefficiént afising from statié'quadrupole intef—
action of.a spin;S/éinﬁcléus with én axially—symmetric electric field gradient.
The aésumptioﬁs émbodied in each stép ofbspecialization aré states, in order to
facilitaté futﬁre applications to different sysﬁems. | |

The nﬁélear'levei'scheme:for_a perturbed éngular cofreiation experiment

ié illustrated'in fig. i; A nucieugldecays ffom ah inifial nucléar'levél tb

an intermediéteﬂlével'of spin I, émitfing a y quantum (Yl). While in this
intermediate level the nucleus interacts with -extranuclear fields. The ihter—i'
action, déscribed‘by a hyperfiné—structufe Hami;toniaﬁ K, starté acting at the
instant of formation of the intermediate level (time t = 0) and continueé.to |
act until this level decays by eﬁission of the second Y quantum (Yg)- The
nuclear mean life Ty is usually in ‘the lO-8k— 10f6 secifange in cases for
which the rotational tracer method is mosﬁ useful. Both Yl énd Y2 are detected
and recorded,;és in the time-interval between their emissioh}>_The three pro-
cesses involving the'intermediate level-;formation, perturbation; ana decay~-are

separable. The angular correlation between the two quanta Yi'and'yz; emitted in the
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directions Ei and k2, respectively, is given by5
-t/ T
- _ e N Z _1/2 .
w(kl 2,t) by, ((2a, + D)(2r, +1)] AAl(l) AA2(2)
AT TP
2 .
Here Aj and q’j denote tensor rank and components, YX (6j’¢j) is a spherical

harmonic in the angles between kj and an arbitrary co-ordinate frame, which we
shall refer to later as the 'atamic frame", and AA (j) is a nuclear radiation"

J
parameter that depends only on the nuclear Splns and multipolarities assoc1ated

Q.Q
with the jth transition. The perturbatlon factors GAlAQ(t) contain a complete
description of the 1ntermed1ate-state ‘perturbations. They are in fact trans-
formation coefficients for statistical tensors pg describing nuclear orien-

tation in the‘intermediate state. If these tensors are defined in terms of the

density matrix,8

:Ei(—l)l'm'+q'* VS Jarjemy o (@)

m

9

then the perturbation coefficients obey the relation

My - qq' A - | | B N
ohi(e) = ) 6, ") o (0) . | o (3)
Aq
An explicit expression. for GAA'(t) may be. wrltten in terms of the tlme-evolutlon
operator At )._ This operator obeys the Schrodlnger Equatlon If XK 1is time-~

independent, A(t) may be written in terms of K as



Aty =e B L - (b)
° Tt follows that’
M
o m,m,
g T I Al' I I A\ o £ .
o o (g | () [m) Mmp|A () fmg ) (5)
o oa) mpom, o

In general K. can be dlagonallzed by a unltary transformatlon U.  If K has
axial symmetry the problem is appreciably s1mp11f1ed because then U =1 and

Am IA(t)lm ) = amm dmm e i/ Bt , vhere E  is the energy of the state
1772

|Im ) in the dlagonal representatlon This relation,- together with Eq. (5)3

requires ql = q2. In the remalnder of this paper K will be taken as axially

symmetrical. The Perturbation factor then takes the,form5 g ‘ ~
! | e 1T N roroa| HeeE)r
6} X () = }E:[(exl +1)(2r, + IYE | ot 1 e , . (6)
12 ' T S m'-m gq m'-m g

Specializing to axially-symmetric quadrupole interaotiohs, the energy eigen-

values may be written

]

| 2 oY% e
m LI 21-1.-[3m - I(I+1)] - 3;'[3? - i(I+l)] e (7)

‘Thus for this caselQ' ‘ y



é3i(m2+m'2)th (8)
PP :

v _ AT V- Y
quqg(t) = [(2r, + 1)(2, + 2)] Z
m

Substitution of.Eq. (8) into'Eq. (1) would yield a general formal expression for

the angular correlation function W(gi;zg,t) in the presence of a static axially-

symmetric qﬁadrupole pérturbation. .In order to use this result in the most
general cases, however, it would be necessary to.know the values of the radia-

tion parameters Akl(l) and AA'(Q) of the two transitions separately. This
5 . : )

information is-usually not available because it cannot be obtained from unper-
turbed'angular correlation stﬁdies on the séme cascade; which yield only pro-

~ducts of the form A, (1) AA (2). Fortunately in many cascades this problem does

Al

not arise because ‘A takes only the values O and 2, and interference terms of

the form Gg% or G%g vanish (Eq. (8)). This leaves only A

1) A (2), which can be written A

o(1) 4,(2) and
A2( 5 oo 2nd A,, for brevity. The unperturbe

correlation for such a cascade is given by

Wk, ,k 5t) = S [1+a,,P,(cos8)] . - - (9)

Here the normelization condition
/ .
27 T o»

Jr J( ;/- w(Ei,fg,t) dt sinf d 6 dp = 1, : (10)

o "o o

- has been used to Set.Aoo = 1. In most casesA22 is determined experimentally from
unperturbed correlation measurements. From Egs. (1), (8), and (9), the angular

correlation for axialiy—symmetric quadrupole perturbations and Amax = 2 can be

written
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> . —t/T ' o
w(k st) = T——[1+A222(k 2, )], (1)

where the response function F2(Ei,§2,t) has the form

-
ct
N
[

ag * |
Z 633(t) ¥3(8,,0,)" Y3(6,,9,)

2

S f1 1 2\¢ 2 2 ' R
= o . _
= ) 3 { o . ' e3l(m m'! )th ( a¢ ) Yq(e a¢ ) . (12)
L./ m'-m qf 2 22t 7
q s
The oscillatibnéfof Ggg( t) in time can be written

G, (t) Z ng COS Mt . | _ _ | (13)

n
The factors

—SZ ,.. . o

have been tabulated by Alder, éﬁ.él}7 The fre@uency w. corresponds to the’

0 .

- smallest energy-level separation in the quadrupble pattern; The‘sum‘in Eq.’(lh)

is taken over all pairs for which m-m' = q. For half-integer sﬁins 'wo = 6wQ,

and the index n in Eq. (13) takes all positive integer values?
n = Ime—m'gl/2.

- ' | 12 SR B & SN

The spin-5/2, T = 8k nsec level™™ at 247 keV in "~ Cd and the spin-5/2,

| 133 |

1/2

T = 6.3 risec_'level12 at 81 keV in Cs have been used in rotational tracer

1/2
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experiments to date. The folldwingvdiscussion wili’be made explicitiy for a
spin—S/é'level, pérturbed by an axially-symmetric field grédient, and detected
by a cascadé,with Xmax = 2. Some generality is lost by this restriction, but
the qualitative coﬁclusiohs reached shéuld épply for otpér spins. The oﬁjéct

- of this paper is to evaluate fhe,sensitivity of perturbed angular,correlati@ns
to molécular propérties for a rgélistic case. . The shortest péth is.takenvto
this end,“usiné felativelj’pedestrian ﬁathematical techniques, at the expense

of developihg»fdrther formalism.

For'spin I= 5/2, n takés.the values n = 0, 1’ 2, 3,.énd7
EEE
G;(t) = G;]é—l(t) = T?{_ééé.'wot +-$— cbs 2wt
G22(t) = G;Q-?(t)iéA%t-coﬁ wé#-+ﬂ%ﬁ cés 2mdt . : - ,(iS)

22" %’ T Fap

Finally, the explicit expression for:the response'function,_which will be the

basic equation for the rest of this paper, is _

> > 1 > 2.
F2(kl’k2’t) élﬂ-[3cos Bl - l] [3cgs 62 _.11v.

+ 3 cos 6 sin 6, cos 6, sin 6, CQS(¢2‘¢1)[7°QS‘wot + £cos 2wot]
3 2 2 1 i N9 5 e ™
f Ej[l—cqs Gl][lfcos 62]cos 2(¢25¢l)[iﬂcos wot + gycos 3wot] - (16)
: ‘ L . > . .th . .
- Here the angles ei¢i express the kibdlrectlon to the i detector in a coordinate

frame in which the symmetry axis of the electric field gradient tensor serves as
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_ the. z -axis. .This relationsh;_i_p_ is illustrated in Fig.. 2. This will be ‘celled

the atomic frame, and the cart_eéia;in axes in 'th?is_" frame Wlll .be'_deno_'ted‘ by xyz
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;III. STATIC INTERACTIONS IN CRYSTALS AND ORIENTED MOLECULES

-From Eq (16) it is ev1dent that the ch01ce of experlmental geomefry
will strongly-afrect the form of re(ﬁi,ﬁé,t)._ It is‘importent.to choose an.
optimum geometry in which T, iszsensitiVe to the molecular péremeters of inﬁer—
est, The besﬁ‘choice ofvgeometry is offeh.not obvioos howevef particﬁlarly
When stodylng a system for which certain structural 1nformat10n is missing. For
example, in studylng an assembly of molecules.w1th unknowovorlentatlon onevwould
not know the,relatlve orientation of the,atomlc and laboratory coordlnate,Sys-

tems. Thus the angles 61, ¢l, 8., and ¢2-would be unknown (although relations

2
among'them'would be known)._ Before attacking this complicated case it is use-

ful first to consider the well-known case of a crystallinessource.

N

A, Crystalllne Sources

The variety of forms for Fg(t) that are encompassed by Eq. (16) may »
easily be displayed by selecting sets of angles (61, ¢l, 2, ¢2) that emphasize
oscillations of particular frequencies. The set (00 ﬂlﬂ), which will be called

Geometry 1, yields the time-independent result
ry(t); =1 . | | o an

In fact it is well known that orientation of either klnor k2 along the symmetry-
axis of a ‘static Hamiltonian will yield a r,(t) of the "unperturbed" form.’
 For the set of angles (g-o}g-n), which will be. called Geometry 2, the

ffequency 3wo is prominent:

'Ig(t)2 = %- —1-cos W, t + —2

=€ =% oS 3w, £t . o o (18)
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The intermediete frequency 2wo

is best displayed in Geometry 3(3'), with angles

.
(E'O s g-%). For these cases

SR /3 . _ N
F2<t)3 ;'Ig + ggg-cos wot + =5 cos Qth .. o (19)

3t .
Here Geometry 3 takes the + sign, and Geometry 3' the - sign.
In some geometries Fé(t)‘vanishes identically. These geometries may be
useful for normalization. One such case is described by the angles
-1 1 N : ' :
(o, ¢1’ cos vaé; ¢2). For a polycrystalline source, in which the =z axes

. >
are oriented randomly relative to k. , the well-known polycrystalline curve5 is

observed
rg(fg)l, =35 [T + 13 cos wyt + 10 cos 2wyt + 5 cos 3wt] .~ (20)
Here the |l sign denotes paraliel geometry, in which El = -~ EE' This result is-
5=T or it can be derived from Eq. (16) by

easily obteined by general methods,
ensemble-avefaging over the angles under‘the constraints 82 =T - 81,

¢2 = ¢1 +v“° The polyecrystalline response function, ﬁogethef with those for
Geometries 1-3, is plotted in Fig. 3.

I3

B. Oriented Molecules

Let us now consider a sample of macromolecules labeled with rotational

“tracers. If the molecules are randomly oriented; P2(t) will be described by

Eq. (20), and there is nothing more to be said about static interactions.

However, if the molecules are erieﬁtedjpreferentially along some direction in

space, the observed perturbation coefficients can be very informetive. To
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.explore this problem systematically, let ﬁs defime a molecular coordinate frame with
cartesian axes XYZ and_an orientstion directien E.’ The methods by which
macromolecules'cen be_oriehted wiil.net be'discussed; but it will be assumed
that the directionb ﬁ. is}known-relatiye to the_laboratory frame_(E'couid'be‘
the direetiom of anvelectiic'field,'fer example) . N

In thevsimgle-crystal:case the twoj"paraliel"‘geometrieseeGeOmetries 1
and 2~—yielded'fesbonse fmnctions that suffice to describe'the static inter-.
actions. A s1mllar result holds for orlented macromoleeules, but now the detec-'
tor pos1t10ns must be defined ‘in terms of the symmetry axis of the ensemble,

. >
.namely E. The twovgeometries ‘are thus defined by

T =2 (e Yy
E 17 7K Geometry 1 )
E.L_ﬁiv= —Ké v_(Geometfy 2') . .:f :‘ : (21)

This choice.of geometry has a theoretlcal advantaée because calculatlons of

r (t) are relatlvely 51mple at symmetry p01nts of the. system An experlmental :
'advantage is that the two geqmetrles may be‘lnterchanged w1ﬁhomt moving the
detectors, faeilitating normelizetion; Two practical advanﬁages are: .1). The
meesured effect is maximized, and Fé(O)'= 1 for both'geomefries; and 2) If

the directien.zi' is in doubt it-may be‘determined efficiently with parallel
geomefries.

Any statiCuorientation mechanism cam'be_descrieed by an orientation

Hemiltomian ﬂ: The_observable averageybf a quantity such as Fz(tjeis just its
canonical avemage,ovem-the stationary states ef JC' These states maytbe described,

for the purpose of calculating F2(t), by specifying the relative orientations of



[

N o . S o o .
- E, the molecular frame (XYZ), and the atomic frame (xyz) as Well.as the quadru-

pole frequency Wy It is sometlmes necessary in addltlon to average kl and k2

~over an angle of rotatlon about E ‘and Z This kind of average'w1ll be denoted

by a single bar, e, Fg(t), It is made over states that are;energeticallyv
equivalent buf.differently related to El and_ﬁz. 'The.subseouent canonical

average over states of different energies,

l"2(t

)= QT ) Thte,t) B(E) L
where P(E ) denotes the probablllty of the system hav1ng energy E and Q the
partltlon functlon, will not be con51dered further in thls paper vThe evalua-
tion of Fg(t) from Fg(t)'is straightforward ir X is known.' |

.'In the derivationvof Eq. (16) the electrlc-fleld-gradlent tensor was
assumed'to be cylindrically s&mmetrlcal with z  as the symmetry.ax1s. In the
discussion below a similar assumptlon w1ll be made about the macromolecules.
Spe01f1cally, 1t will be assumed that the energy of the system is essentlally
invariant torrotatlons about a.single molecular ax1s, the 7. axls. This will
be taken in Sec; iI; aslihe axis.abont wnich'rotational relaxation is.fastest,
Thus the following discussion.isvnost readily applicable to rodlike; or perhaps-

disklike, moleCu;eSa This set of assumptions was seleCted.as representing the

'most important single example. For other sets of assumptions the methods for

evaluation of fé(t) would be similar-to those given below.
To evaluate’fé(t) for either geometry (1' or 2') the relative orienta-
tions of the four vectors E, Z, 'z, and kl' must be specified, and angular aver-

ages must be taken where appropriate. For a given labeled molecular species
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and confirmation there is a fixed angle B between Z and E, andvin‘a_givén
state 2 makes-aﬁ_angle S with E. In_Gedmetry 1, represenfed in Fig. 4, .
Ki and ¢ .are pafallel, and Fhe angle of rotation of z about . %'(the angle Y
in Fig. k) éompletes the descfipfion of fhe stationary state that is necessary for
calculating,fé(t)} It reﬁains_only ﬁo express 61,-¢l, 62, and ¢2 in terms of B,
Y,and § in Eq.-(16) and to average ovef‘ Y. In facf ¢2 =‘¢l + ﬁ; thus the
factofs cos(¢2.- ¢1) and cos 2(¢2»_ ¢1) can be reblac¢d'fofthwith by’their
values of -1 and-fl,‘respegtively. 'In,avefaging over 61 and 62 the relation

6, + 62 = T 'must be retained. Thus

: c?s?e2 ‘= ég§261 ‘ ? 
cos2él.cqs26é = coénél .3
sind -cosG'ISihé'tcose = coshé - cosZG'v . o (22)
SHEYy CORFy BN TORY, LT 1 :
The cosine law gives
cos 61 = cos B-cos,é + sin B sin 6 cos Y‘ . . (23)

After Eqs. (16), (22), and (23) are combined and the average over Y taken, the
perturbation factor for geometry 1' is

.9 .2 2T 272 3. 3.1
Ty(t)y = §C°+Cs+ 55 -5C- E—s i
+ [-307 ~ 9c8 - § 8% + 30 + 2 81[Z cos wyt + F cos 2ut]

4 [%—C2 +_%—CS F2_g2 3

tEs -0 2s +\g4[%5 cos f %ﬂ'°°s 390t1- (24)
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" Here C = co‘s28 cas’s and S'= si‘nEB sin26.
In Geometry 2! ki is perpendlcular to E, and spec1f1cat10n of the
. > v
relatlve orlentatlon of k1 and 2z 1involves an addltlonal a21muthal angle n
. N : v ,
and a polar angle' € that relates z to E, as shown in Fig. 5. From the
cosine law | | |
cos 61 = sin € cos n
cos € = cos B cos § + sin B sin 8 cos y . g (25)
 Except for the additional average taken over n, the calculation of fé(t)g' is
similar to that for Fe(t‘)l,. The result is - ' "

15 11

= 27 2 81 o 4 8L 2 15
B R e M AR -
92 2 _2_7_-2'3-';:;.@ 5
+ [- 8 c - 8‘ CS -y ST+ n C +.8 S_+ 81[7 cos wot +‘7 cos 2wot]
+ [9 e + 27 Cs + ——g-sg + —g-c + 2— S + 2—4[—ﬂ-cos Wy t + —E-cos 3w t]. (26

Again C = COSQB cos?s ’aﬁdf S‘= sin28 singé;

The sens1t1v1ty of T. ( )vto molecular geometry and orientation_isjbesf
illustrated by example. Let us consider the four cases that can be constructed
with the macfomolecules orienfed pefellel'or perpendicular to E and the elee-
tric—field-gradieht axis parallel orvperpendiculer to the molecular syﬁmetrf a#is.,

THese will be denoted

L

._) : .
Case I: A

SR

Case II: ill 71
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’ ) > > >
Case III: - el z |l z

Ny

Case IV: EL_EL

By combining these four cases with Geometries 1' and 2'.a total of eight con-
figurations can be constructed. These are designated by the’notation'Il', I2',

etc, Thé-angles describing theséveight configurations are set_out in Table I.

The dependence of Té(t) on B and & in Eqs. (24) and (26) onlyvthrough'

even powers of cos B cos & and sin B sin .S portends cohéiderable‘symmetry in
T, (t). This expectation is realized in the eight configurations I1' - IV2',
which yield only(four distinct éﬁrves. These éurves, labeled A, B, C, and D,

have the forms

re(t)A~= 1

= 127 | 15 o

_ Pz(t)B f H' gg-cos Wyt + SZ cos Bth

———— . 129 oL 15 | b5

P2(t)C.f 32 Eﬂg-cos‘wot + 5g cos 2wyt + [y cos 3wt

T, (t) - b, 1bb3 cos Wyt + vcos 2wyt + cos 3wyt (21)
2\tlp = 358 * 58E Eﬁf 58E o

These four curvéé.A - D are distributed among configurations I1' - IV2' as indi-

cated in the last column of Table I. They are blotted in-Fig. 6Ifor intercom-
parison and for comparlson with the s1ngle—crystal results shown in Fig. 3. In
assessing the diagnostic value of Fg(t), we notevthat either Geometry, 1' or 2',
would suffice to distinguiéh among Céses I, Casés II'Qr I1I, and Casé>Iv; but
that II andFIII are undistinguiéhable because of the B - § symmetry in Eqs.

-~ (2k) and (26).

ix2l
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A morebgeneral case of some practical importance, which will be called
Case V, is enequntered when the molecules are completely oriented along E
Co _ ‘ - R | A :
(i.e., 8 = 0) and the electric-field-gradient axis z makes an arbitrary angle

- .' '. - . . -> . )
lB' with the molecular symmetry axis Z. The response functions are

T (t) E—[3 cos B - l] E-31n 28[—-cos w.t + E-cos 20 t]

V1! 0 7 0

'_f %eslﬁhst%t.gos wot + %ﬂ'c9s'3w0t]
L

.fé(t)VQl = §% sin 6 +‘%-sin28'f.% '

[g-sines _ %-elnhg][é-cos wot + %;C§$ QwOf]

T+

+

[%' %-31n B + == sin B][-H-cos W, t + —E;cos 3w t]" ;l ’_l(28)

The'high'eensitivity of T'( )Vl' and F (t)V2' to_the angle B canveasily be
appreclated by referrlng to F1g._6. As B is incfeasea from 0 te n/2, fé(t)vl,
changes continuously from Curve A to Curve B, ﬁhile Fé(t)vé' chaqgee fromeCurve
B to Curve C. | |

Let usiexamine the sensitivity of fé(t) to the degree of molecular
orientetion, for,arbifrafy B. If the molecules are fehdomly orieﬁted, evalua-
tion of the angular avereges cosgé,.sin2§, etc., in Eqs,,(Qh) and (26)vleade to .
the expected random result, Eq. (21), for bothlgeométries; Tegether.with Eq.
(28) descrlblng P (t) for a completely oriented system, this suggests that for

& wide range of - values of B F (t) would be a sen51t1ve ‘indicator of molecular ‘

orlentatlon.- As the molecules in a given experiment become orlented, the observed*
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fé(t) ﬁillivary'goﬁtinuously'ffom the random feéult, Eq.'(Zl),'tb fé(t)vlF,Q'?
Eq. (28). For the extreme cases: B8 = 0 (Case I).of 8 = m/2 (Case II), this
variation is vgry.striking, with F;(t)l‘ and fé(t)2, for'thexcompietély oriented
éystemé fqllo#ing Cur#es_A éna_B'fdf B #>0 and Curves B and. C for B = w/2..
‘Systems with intefmediatev'B- values will show iess sénsitivity to qrientation,
althoﬁgh aﬁy v&iﬁe of B will yield some variation in fé(t)l;lqr ?é(ﬁ)gi with'
orientation. | | | |

. This diécuésion has shown that fé(t) has cpnéiderable sensitivity as é
diagnosticItopi'ih;studying thé'static properties andvdrientaticn of macro-'
molecules labeiéd ﬁith fbtatipnal‘tracersf :Atythe same time the gymmetry éf
bfé(t>vin the apgles B and Gi'limited-this sensitivity.‘ Much of this symmetry
'_ is‘removed, and the sensitiviﬁy bf fé(f)bis conseduenﬁly énhanqed,:if dynamic

properties are considered; as discussed below. -

v



" IV. RELAXATION IN THE CIASSICAL LIMIT

In angular cdrrélation studies relaxation is .observed "directly" as
decay of the fespohse function f%(t) in timé, rather than as a bréadenihg of
spectral lines. In principle fhese fwo manifestationsbof relaxation are equi-
valent, béing.related_by a Féurier transfofmdtion.

Several theoretical discussions of the effect of relaxation on angular
cofrelations. ‘Abragam qha’Poundé considered weak random perﬁurbations and»fouhd
that f&(t) deéayé éxponentiélly.- For strong perturbations, Dillenbufg’and Mgfis%3
predicted multieXpoﬁential decay. Recently Ga.’briellLL has devéloped the for-
malism for a nbn—Markoffian theory.‘ These'approacheé are ail quantum-mechanical
in nature. A quéntum—mechanical deséription of relaxation is necessary ﬁhen
the rotational correlation time is short compared with £he reciprocal interaction

frequehcy, i.e., WaT, << 1. For lllCd in complexes and small molecules this con-

dition obtain‘s:'z’3 Wy is in the 108Hz range, while T, may be lO-lO sec or less.

To >> 1, is often to be

. In macromoleculés, however, the opposite situatién; wo

expectéd, and for this situation a simple classical appfogch,'giveh below, is
simpler and mbrevappropriate.

Let us consider a rotational tracer atom that is bound in a rigid macro-
molecule in such a way as to be efféétively shielded from'tﬁe environment. The
t?acer nucleus is subject to tﬁpvinteractions, the static quadru?ole_intefaction
and rela#ation caused by solvent—mdcromolecule cbllisions. Hoﬁever; since each
collision indﬁcés only a very small rotation in the maCromoleéule; their cqmbinéd
effect on the.fracer site ié a random rotation of'the.coofdinate frame;: If this
rbtation is slow’compared‘to.the frequencies associated with the static inter-

T, >> 1), then the nucleus can follow adiabatically. We may

action (i.e., if wo
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therefore write a formal expression for the ensemble average fé(t) in the presence

of relaxation as'
I‘ (t [ [ p(e 55) c(eg, d>2, eé(vt),'cbé(t)) I,(6.), ¢>",'t)deQ' . (é8)

Here Fg(eé, ¢';f) is given by Eq. (l6) (with Gé ¢érin place:of 6, ¢2),VP(92¢2)
is the probabilify.of finding g (t = 0), a vector directed toward the seeOnd'
detector, 1n1t1ally at angles 9 and ¢2 in the atomlc framev Thelcorrelation
function C(62, ¢, (t),’ ( )) expresses the compound ‘probability that the

z axis (in the atomic system)‘will move in time t to an orientation such
that E (t) is.at angles 6', ¢'.‘ Thus P(6.¢2) depends on. the geometry of the
experiment, 1nclud1ng molecular geometry (e.g., the angles B, v, 8§, and n),

c(e ( t), ¢2(t)) contalns the dynamlcs as well as being geometry-sensi- -

os b5 6
tive, and F2(6é, ¢2, t) deserlbes-the static perturbations. The adlabatlclty
of this m'odeliivs ix;anife'st in the dependence of c('eg, 955 eé(t), ¢é(t)) on
angles rather then on spinvoperatore; v |

As written above Eq.-(28) is of formal interest only, because it con-~-
tains no actual mechanism for relaxation. Such a mechanism is discussed below
for the cylindrical molecules treated in Sec. III.

Let usfessume that the‘rofational motion of the molecules is_charec-
terized byifast relaxetion about fheir Z axes and slow relaxafion of the Z-
axial direction. - If the time scales of the two-modes of relaxation are snf-
| ficiently dlfferent that they may be taken as separable, the function

c(s Gé(t), ¢2(t)) may be replaced by the product F(a,t) s (e, @ t)

where F(o,t) and S(0O, @,'t)'describe_tne fast and slow relaxation, respectively.
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The angles © and ¢ in S(@, &, t) give the orientation of ﬁ.’with respect

. — -
. to the orientation axis E. The slow component of relaxation will not be dis-

cussed in detall.

The angle Ko in F(d,t) describes the rotation of the atomic frame about
Z. Referring to Fig. 5, a(t) may be defined by

a(t) =y(t) = y(0) , - (29)
where vy(t) is the value of the angle Y at time t. If S(0, &, t) varies
sufficiently_slbwly compared to F(oa,t), it may be taken as essentially constaﬂt,
and as-having thebvalue unity, during the interval in which fast relaxation
takes place. Thus inzthis_interval Eq. (28) can be approximated by

4o

'1"2(t)'E [ P(8,, ¢2)F(d,t) r[6(a), ¢i(a), tlaqan" .  (30)
B AN | SN

Here thé dependence»of éé'éna ¢é on o 1is indicatéd specifically. .Of course.
eé and ¢é also dependvdn éther angles..

The time-evolution of va(t) can be treated as a random-walk process
around the berimeter'of a ciréle.‘ For a macromolecule‘the step size Ao is

very small and the number of 'steps required to produce a substantial angular

b.displacement is very large, because rotation is caused by collisions with small

solvent molecules. Thus F(a,t) may be taken as having Gaussian form,

T8 S :
. 1/2 - . _ ,
Rla,) = (D) e . o (31)

Here Tc was chosen as the correlation time of cos a(t), i.e.,
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(gos d(O); cos alt) ? = f' cos o Fla,t)do = e—t/iQ : (32)
The normaliZation'coﬁdition is
r Flot)de =1 . . o
i a,t)doa =1 . : = (33)
v . . . L
-—00 .

Even with the approximations entailed in Eq. (30), the. calculation of

Té(t) when relaﬁation is present would be very involved. Rather than attacking this

problem generally let us evaluafe‘Fé(t)_for some of'thevspécific configﬁratigns
discusééd'in Seé.“IIi."The,rélaxﬁtion_caléulations'arevrelétively simple for

these'configurations, and the resultS'niéely illustrate the éffects of relaxa-
tionfon_fhe curves in Fig. (6).
| In configuration Ii'; ei'=:n _,92 = 0 and tﬁese gngles,arelﬁngffectéd'
by rotation_abéﬁﬁ Z. In fact ¢2(t) ='¢2(o) %.a(t),vbut the terms in Eq. (16)
that depend én ¢é have‘vanighing.coefficients.v Thus there are no obserVable

effects of fast relaxation, and

fé(t) = : S | R o (3k)

R

In configuratibn 12';'62 is time—independent in spite of fast relaxation about’

Z, -and the terms in Ol'andveé can be evaluated immediately. From the relation

¢2(t) - @2(0)‘+'u(t), Eq. (16) becomeé‘

:fg(t) é'%.+_%=(cos ?d)[%x-cos Qot:+ %E§cos.3wot] .. | (35)

[
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Integration on F(a,t)do gives

o e | |
f-(t)ié'_# %—+ g-e‘ ?C [%H co§ wbt + %ﬁ-cos 3wot]’ . , (36)

Configufation II1' gave Curve B in Fig. 6 in the absence of relaxation,
as did configufation-I2'.- With_fast.relaxétion about  Z, however, they behave
very differently. Neitherreé nor ¢, is affected by fast relaxation in about Z-

in configuration IIl', and
12t . .15 |

= + + R
E(t)IIl? I * 5¢ cos wot 3¢ cos 3wot : _ - (37)
In fact the‘reSulfs for configuration I1' and II1' aréaexamples of “the general
rule that relaxation about an axis parallel to kl_or Eg is not observable. This
rule is the analogue for dynamic interactions of the well-knowh rule for static
interactions that was mentioned after Eq. (17).

The calculation of fast relation effects for configuration II2' is more.

involved.. The anglee2 becomes 62(t) =v62 +‘a(t); and'¢2'— ¢l becomes ¢2(t) - ¢l}
This lafter anglé.presenté.a special problem because it changes aerptly from

0 to m, and'vice;versa, Whenéver.the Z or -z aXis ;rbsses through'fhe Eé
direction. The 6052[¢é(t) ~ ¢i] term isvunaffected,'buf cos[¢2(t)_— ¢i] changes
sign abruptly. In fact - | v

cos[¢2(ﬁ) - ¢l]

~SIGN[sin(6, + a(t)]

‘

The approximation : - _ ) \

cos[¢2(t) - ¢l] = . %gﬂ-sin[62 + &(t)] >
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has been used_in the calculation below in order to retain tLe simple analytical

procedures used for the other configurations. The normalization factor 5%—-was

introduced to give the correct initial value of P2£t). After a rather tedious

calculation the result for configuration II 2' is

fé(t)II2'EE lé + %E-e Te s [%g e_t/TC + %E-eégt/Tc][é-coe wyt + %—cos 2wot]
Uk |
+ [§—¥¥v§—i Tc][ cos w ot * cos 3w, t] ' ' - '(38)

16 32 ° T T : |

This result is of special interestvtecaﬁse an oscillatory term-of‘maximum ampli-
. tude * 3/16 remains after fast relaxatlon is complete, in addition to the con-
stant "fast" hard-core term of magnitude %g'w A fast hard-core value of E

was present for configuration 12" (Eq. (36)),.whiie configurations I1' and II1'
showed.no fast,reiaxation'effects. Slow relaxation ﬁill'always lead tola
limiting value T, (t +> ®) = ', ‘provided that the relaxation is unrestricted
Incidentally the limiting values of Pg(t) are easily checked. "For t = 0 (or

T = »), Egs. (36) and (37) must reduce to Curve B and Eq.'(38) to Curve C.

o]

The limiting.values_after fast relaxation are obtained by taking uncorrelated

averages of Ol,fez, etc., within the constraints set by each configuration.

- ' ' | . 1 1
Thus for configuration II2', (3 c0326 1)(3 005262 -1) = (50(%0 = 1 ete.

The sensitivity of these relaxation curves to the experimental con-
figuration isvétriking. . This sensitivity is illustrated by Cases II and III,
for which T (t) was identical in the absence of relaxation (Table I). The expres-

sions for Pe(t) and P2(t)iI2' in the presence of fast relaxation are given

IIi
above. The two configurations I2' and III1' will give identical forms of fé(t)'

even in the presence of fast relaxation, because they are related by a rotation



-25-

of the entire system. (The same is true of configurations 1T2' and IV1'.) Thus

Té(t)IIIl' is giveh by Eq. (36). Finally, fé(t)IIIQ'lis easily calculated since

only ¢2 - ¢l is affected by fast relaxation (it is also necessary to average‘over

8. ). The result is

1
= 11 03 -t 2 .
P2(t>III2?'= §§-+ ge /TC[7-cos th_+ %-cos 2wot]
f %E-g'vTc [%E-cos wot + %H‘CQS 3wot] T . o {39)

The fast relaxation curves.Fg(t) fpr Cases II and III arevpléttedvin Pig. T.
Their diagnostic value is obvious, With fast relaxation these two cdses give
very'differeht results, whereas.with only static interactions they were undis-
tinguishable.‘ |
Littlé generaiization is possible on thevbasis of the few configurationé
studied abové.. However, it is clear that iﬁ some instances angulafeCOrrelatién-
studies of relaxation in rotationally-labeled macromolecules can yield infor-
mation about the mdlecular geometry at the binding site (specifically W and

the angle B) and about the molecular orientation, as well as elucidating the

dynamical behavior itself.
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V. CONCLUSIONS AND OUTLOOK

It has been shown that, for a particular set ofvcircumétances; rotational
tracer studies should yieid results that are sensitive to moleculér geonetry.
In addition, thié'£echnique,should prove to be a good indicaﬁor of molecular
oriéntation;b'in fact it is an ébsolﬁte indicatbr of orientation, beéause éngu_
lar gprrélation:theofy is:rigordus. Fihally, the response functién measufed
in rotétional tracer experiments is sensitive to the dynamic properties of mdle;
cules. 1In favbréﬁle.caéés it may‘be poésible to study mOlééﬁlaf dynamics in
some detail. For example, differeﬁt relaxation rétes-ébout aiffefent éxes
woﬁld yield results that could be calcﬁléted by a straightforward extension of
the methods uséd’in Séc. IV. These features éf rotatiohal tracers are especially
interesting bécaﬁée.of.thé poééibilitj.of ig;gizg;studiés and‘ofher biological
applicatiOns; vIt'is not difficult; for instance, to fhinkvof biologically inter-
esting problems for whiéh a knowledge of moleculgr oriehtation’is pertinenf.
Let ué thérefore examine'briéfly'the range of‘vglidity of the resﬁlts obtained
in Secs. III anA:IV. Vb | N |

First, although the ébove results were obtained explicitly for a nuclear
level with spin 5/2, similar'calculatiohs could just as.eaéily have been done with
any other spin (a spin‘I =1 is requifed for guadrupole interaCtions);‘ The
= 2 presents ﬁo real préblem eithef:' the appropriate com-

restriction A
- max

‘bination of A
o - , Xl

experiments. ' The restriction to_éXial symmetry in the electric field grédient

(1) and 'AX (2) could if necessary be determined in auxiliary
: o . _ :

was made to simplify the calculation. With an asymmetric field giadient, fé(t)
would bé oscillatory but aperiodic. The calculations are more involved but the

results are qualitatively similar. - The criterion wOTC‘>> 1 thaf'is heceésary7

[

¥,
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ifythe classical relaxation model is to be valid will often not be met, but

6,13,1k

other theoretical appfoaches can be used, and the resulting relaxation

curves should nbt be grossly different.. Thus none of the restrictions made for
the derivations given i_n'Secs7 IIT and IV are qualitatively serious: if dif-
ferent assumptions were made;'the resulting curves would be different, but
similar. |

Finally;'howevef,vtwo problems fhat could seriéusly affect the usefulness
of rotationai tracers can bé conveniéntiy discussed in connection with the aﬁé&e
curves. First, fhevnﬁcléér lifetime TN’ tdéethef with other éxperimental para-
meters, Will_usuélly limit fhe number of cycles that can be observed in a prac-
tical experiment to ho more than:5~10, and often less. More serious is thé'
problem of the uniqueness of fhe quadrupole coupling constant. Even if the elec-
tric field gradient tenéor is aéymmetfic, which is highly probable at the binding
site of a macromolecule, the response function fé(t) cén exhibit lafge (albeit
aperiodic) oscillations; beéause fhe interactions are temporally coherent in
the ensemble (With all Systems referred to the same'time origin t =0 by yl).'
This coherence is lost, however,.when there is a distribution of quadrupole fre-
quencies at the.binding site. A distribution is theh expected: it -could arisé,
for example, from small conformational changes in neighboring fﬁnctional'groups.
The resultant "inhomogeneous broadening" leads.to a decay in fé(t) that could
(but should not) be mistaken for relaxation. Two features ihat distinguish this
broadening from relaxation are: (1) With inhomogeneous broadening, the maxima
and minima in fé(t) will broaden as t increases; Reiaxation lea#es the widths'
of these features unchanged. (2) With only static interactions, fé(t) ténds to

a finite hard-core value. Even if these two differences enable one to distinguish
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relaxation fromlinhomogeneous broadéning, however, the latter may still modify

F2(t) enough to result in considerable loss of information. ‘ >

ACKNOWLEDGMENTS
This work was inspired by discussions and collaborative eXperiments on
~ rotational tracers with Prof. J. D. Baldeschwieler, Dr; T..K. Leibert, and Mr.
C. F. Méares. Itvﬁas-carried out during the tenure of a National Science
Foundafion Senibr Postdoétorél Fellowship while the author was a Yisitor at
I. and 1IV. Physics Institutes,fFree University, Berlin. The hoépitality of
. Prof. E. Matthias and Prof. S. Hufner is gratefully acknowledged. The manu-
script was typed andvotherwise.prepared for publicatioﬁ'at Lawrence Radiation
Laboratory, Befkeléy,‘under the auspicé§kof the United Stétes Atomic Energy

Commission.

L ¥



P

A

10.

11.

12.

13.

1k,

-29-
FOOTNOTES AND REFERENCES

T, K..Leipert, J. D. Baldeschwieler, and D. A. Shirley,,Nature 220, 907 (1968).
C. F. Mearés, R. G. Bryant, J. Df,Balaeschwieler, and D. A. Shirley, Proc.:‘ |
Nat. Acad. Sci. 6k, 1155 (1969). |

D. A. Shirley, J. Chem..Phys.lﬁgp 465 (1970).

J. C. Glass énd G. dfaf, Nature 226, 635 (1970).

R. M. Steffen and H. Frauenfelder, in'"Perturbed Angular‘cbrfelations"; ed.-

by E. Karlssén, E. Matthias, and K. Siegbahn, (North-Hollénd, 196h).

A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953).

. :K. Alder, H. Albers-Schinberg, E. Heer, and T. B. Novey, Helv. Phys. Acta. 26,

761 (1953).

This definition of-vpgi ishéomewhatrunuéual; It haé advéntageé'for certain
angular corfelation problem. See Ref. 9. |

E. Matthias, B. Olsen,.D. A. Shirley, R. M. Steffen, and J. E. Templeton,
Lawrence Radiation Laborétory'ﬁeporf UCRL-18L413 (submitted to Physical
Review). | | | | |

The sign in the exponent is opposite to that given in Ref. 5, but the sum
is invariént td this sign.. |

In Ref. 5 thié is incorrectly written.as 2‘m2 - m"2 , but the meaning is
obvious. | » .

C. M. Lederer, J. M. Hollander, and I. Perlman, "Table of Isotopes", Sixth
edition (John:Wiley and Soris, New York, 1967).

D. Dillenburg and Th. A. J. Maris, Nuél. Phys. 33, 208 (1962).

H. Gébriel, Phys._Rev; 1§l)'506 (1969).



-30-

Table I. Classification of the Configurations
. . g
Cotgesion 88 e g e
- y
RSN 0 0 0 A Eq. (34)
T2 0 0 m/2 B Eq. (36)
II 1! /2 0 /2. B “Eq. (37.)_
II 2" /2 0 0= c Bq. (38)°
III 1° o_?"' /2 w/2 B Eq. (36)
III 2! 0 /2 o-T C ~Eq. (39)
w1 w2 ﬁ/e o-m c Eq. .(38)°
v 2" m/2 - m/2 o-nb D -
vV 1 any '_O | B Eq '(28): -
V 21 any -0 g—B Eq. ('.2'8) : =
Spast comﬁonént_only;
. and %.

Averaged around both E

cApproximate. See text.

L),
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FIGURE CAPTIONS
ﬁig. l. Typical ﬁuclear level diagram for angular correlatién experiment. Sub- .
states of intermediéte level are shown'schematically; Thé notation is
explainedvinvtext.' |
Fig. é. Relations of fhe‘y—rgy pfopggatidn diréctions gi and Kg £b the atomic
frame, in Which the  ; direction ié taken‘aiong.the symmetry axis of the
| electrié field éradient teﬂsbr.
Fig. 3. Responsé funétionsvf2(t) for crystals, usiﬁg Geometries 1-3, and: for
_ a'polycrystalline source (random geométry), In each case I = 5/2 and the
electfic fieid gradient‘has éxial symmetry.
Fig. 4.’ Orientation of véctors_in Géometry 1.

Fig. 5.1 Orientation of vectors in Geometry 2.

. Fig. 6. The four curves for static interactions, in oriented molecules, for

Cases I - iV and Geometries 1' and 2'. The nuclear spin is taken as 5/2,
and the electric field gradienf has axial symmetfy.
Fig. 7. Calculated response functions for driented macromolecules in the

presence of fast relaxation. ‘See Table I and text.
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