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1. INTRODUCTION 

The discontinuous deformation analysis (DDA) is a 
numerical method for blocky systems [1]. Since its 
introduction by Shi [1] 2-D DDA has been extensively 
developed in theory and computer codes. However, the 
highly directional nature of jointed rock mass limits the 
application of 2-D DDA to many practical problems, due 
to importance of 3-D effects. As a result there has been a 
significant interest in extending the formulation to 3-D. 
Shi [2,3] presented the 3-D block matrices such as mass 
matrix, stiffness matrix, point load matrix, body load 
matrix, initial stress matrix and fixed point matrix. Jang 
and Lee [4] developed a 3-D DDA technique.  One of 
the challenges is managing contacts in 3-D. Yeung et al. 
[5] and Jiang and Yeung [6] developed a point-to-face 
model for 3-D DDA, but their model did not consider 
the vertex-to-vertex, vertex-to-edge and edge-to-edge 
contact modes. Liu and Kong [7] and Liu et al. [8] 
presented a 3-D DDA framework for dealing with 3-D 
mechanical interactions of blocks, using the ‘common-
plane’ technique. Wu et al. [9] developed a new contact 
search algorithm for frictionless vertex-to-face contact 
problems, and presented the 3-D DDA formulation for 

normal contact force. Wu et al. [10] then applied the 3-D 
DDA to a slope toppling analysis at Amatoribashi-nishi 
in Japan.  Yeung et al. [11] and Wu [12] further 
extended the algorithms to edge-to-edge contacts. More 
recently, Beyabanaki et al. [13] presented a new 
algorithm to search and calculate geometrical contacts in 
the 3-D DDA. 

Computationally, the original 3D-DDA [1,2,3] 
formulation  uses the piece-pair contact detection 
method (brute force method), and the performance 
decreases as the number of blocks increases as O(n2). 
Implicit time-marching scheme is used to integrate the 
equation of motion [1]. This requires that the global 
equations are solved iteratively by repeatedly adding and 
removing contact springs (i.e. open-close iteration) until 
each of the contacts converges to a constant state at each 
time step. If contact convergence is not achieved, 
typically within six iterations, the time step is reduced 
and the analysis is repeated with the reduced time step. 
Also the incremental displacement is restricted by user-
specified displacement limit to enforce infinitesimal 
displacements. If the incremental displacement is greater 
than the threshold, ∆t is decreased and the analysis is 
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repeated. Large values of ∆t may cause large 
penetrations at contact points; which result in more 
iterations to satisfy the penetration threshold. Also, large 
penetrations result in large contact matrices which can 
reduce the diagonal dominance of the global stiffness 
matrix leading to poorly conditioned system of 
equations. Khan [15] concluded that, although a larger 
time step is specified in DDA, the average time-step size 
is much smaller than that of Discrete Element Method 
(DEM) with explicit time integration. Frequent time step 
cuts not only decrease the ∆t but also increase 
cumulative open-close iterations. 

Thus, in order to reduce the amount of collision checks 
by the piece-pair method, we introduce an efficient 
method, the uniform spatial discretization method, to 
accelerate the contact detection based on the Fast 
Common Plane (FCP) method. Neighboring-cell method 
divides the workspace into a grid of cells. Each cell 
maintains a list of the blocks contained within that cell. 
For a given block, it only needs to check for contact with 
other blocks in its own cell and neighboring cells. 

The FCP method was introduced by Nezami et al. [16].  
In this approach, a common-plane is selected as the 
reference plane for vertex-to-vertex, vertex-to-edge and 
edge-to-edge contacts in the 3D DDA. We utilize the 
halfedge (HE), a well-known compact adjacency-based 
topological data structure, to navigate into the 
topological information associated with polyhedral 
object (vertices, edges, faces) more efficiently.  

Our formulation also uses an explicit solution procedure 
to reduce the computational effort and memory 
requirements. In contrast to the implicit time integration 
scheme, the explicit solution scheme eliminates the need 
for assembly of global mass or stiffness matrices and 
inversion of the global matrix.  

The resulting code was programmed in C++ and the 
animation frames were rendered using POVray, a free 
code ray tracing free rendering program. The 
performance of the program is demonstrated through a 
series of examples in 3-D. 

2. CONTACT DETECTION USING UNIFORM 
GRID 

Contact detection and resolution is the most time-
consuming part of DEM/DDA analyses and generally 
takes about 80% of the overall computational time for 
particles [17]. Contact resolution and detection is 
commonly performed in two consecutive phases [18], 
namely, neighbor search and contact detection (Figure 
1). Neighbor search phase develops a neighbor list of all 
potential interacting particles within a neighborhood of 
the target particle. To speed up the contact detection 
process a problem region is divided into a number of 
cells and blocks are "mapped" into cells according to the 

locations of their vertices. The contact detection is 
carried out only between potential block vertices 
contained in each cell (Figure 1). Re-mapping of cells is 
triggered whenever one block moves outside its original 
cell space. For example in Figure 1, block A’s box list 
includes boxes 7,8,12, and 13; and box B’s block list 
includes particles 14, 15, 19, 20, 24 and 25 and block 
C’s box list includes boxes 4, 5, 9, 10, 14 and 15. These 
lists are obtained by defining a cuboid bounding volume 
around each particle and comparing it against the boxes. 
In this paper the faces of the cuboid bounding volume 
are confined to be parallel to coordinate planes of the 
global coordinate system.  

The performance of neighbor search algorithm is 
dependent on the particle shape and the ratio of the box 
size S to the average bounding box size D50 [16]. 
Nezami et al. [16] suggest that contact search optimal 
performance correspond to the approximately S/D50 = 
1.5 [16]. 

 
Figure 1. Cell mapping of block (1,2,3,…-Cell Number and 

A,B,C-Blocks). 

3. CONTACT RESOLUTION USING FCP 
ALGORITHM 

After a search for the colliding objects is made for all the 
discrete blocks, the next step is to find the points of 
intersection on the sides of the home element with the 
sides of the near element. Common-plane (CP) 
algorithm was introduced by Cundall [19] in order to 
reduce the expensive object-to-object contact detection 
problem to a less expensive plane-to-object contact 
problem in DEM. The CP is defined as a plane bisecting 
the space between the objects. After CP has been located 
each object is tested separately for contacts with the 
common-plane. Nezami et al. [16] proposed the fast 
common plane (FCP) method in which they improved 
the original CP algorithm by adding a fast method to 
identify the right candidates for the plane. In FCP, the 
number of iterations is significantly reduced by limiting 
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the search space of the CP to a few candidates. In this 
paper, the idea of the FCP method is applied to the 
contact detection and the common-plane is selected as 
the reference plane for vertex-to-vertex, vertex-to-edge 
and edge-to-edge contacts in the 3D DDA. 

The FCP algorithm to find the CP consists of five steps 
as described below [16]: 

(i) If there is a CP from the previous time step then 
use it as the initial guess for the CP in this time 
step. Otherwise, set the CP as the perpendicular 
bisector (PB) plane of the line connecting the 
centroids of the two blocks. 

(ii) Based on the guess CP, find the closest vertices A 
and B in two contacting blocks. If more than one 
pair of closest vertices have the shortest length 
(i.e., those vertices are equidistant), then any of 
them can be chosen to proceed with the algorithm. 

(iii) For the two closest vertices A and B found in Step 
2, check all candidate planes of and find the one 
with the largest gap or smallest overlap. The 
candidate planes could be on the plane listed 
below: 
(a) Type a: The PB plane of segment AB. 
(b) Type b: The plane passing through the 

midpoint of segment AB parallel to one of the 
faces of particles A or B. For particle A, only 
faces which include the vertex A are 
considered. For particle B, only faces which 
include the vertex B are considered. 

(c) Type c: The plane passing through the 
midpoint of segment AB parallel to one edge 
from particle A and one edge from particle B. 
For particle A, only those edges which share 
the vertex A are considered. For particle B, 
only those edges which share the vertex B are 
considered. 

(d) Type d: The plane passing through the 
midpoint of segment AB parallel to one edge 
from one of the particles. 

(iv) If the CP obtained in Step 3 is the same as the one 
from Step (ii), then it is the correct common plane. 
Otherwise go to Step (ii). This is an iterative 
algorithm, with consisting of steps (ii)–(iv) in each 
iteration. The number of iterations required to find 
the CP is usually very small and the position of the 
selected CP is accurate. This is mainly because the 
iteration is done to locate the two closest vertices, 
rather than the CP itself. 

 
Figure 2. Possible CP for colliding blocks. 

4. COMPACT DATA STRUCTURE 
(HALFEDGE) 

FCP algorithm needs access to topological information 
such as faces and edges sharing the same vertices A and 
B, as explained in section above. The simplest way of 
storing the information is a data structure that explicitly 
stores all topological entities, and all the adjacency 
relationships among them, tends to perform queries very 
efficiently, but this demands high, sometimes 
prohibitive, storage space. Moreover, editing tasks may 
demand high computational efforts because several 
adjacency relationships have to be updated. In this paper, 
authors use the compact adjacency-based topological 
data structure for representing the polyhedral block so 
called HalfEdge (HE). The HE data structure allows 
adjacency information to be found in near real time, 
making it especially useful for FCP algorithm where 
frequent access is needed to different types of adjacency 
information and also reduces the redundancy. 

The main idea of the half-edge is to ”split” each edge 
along its length and store pointers to its previous and 
next edges, see Figure 3. The full implementation in 
C++ can be seen in Algorithm 1 [20].  

A face is not defined explicitly instead it can be found 
by using the next or previous pointers. With this data 
structure, finding neighboring faces of a vertex is O(1) 
and for a complete mesh O(n) and the topological 
queries of the polygon mesh can be performed easily and 
quickly. The time complexity of these queries is linear in 
the amount of information gathered and independent of 
global complexity. For example, iterating over the faces 
adjacent to a vertex is requires the following sequence of 
steps [20]: 

(i) Find an edge connected to the given vertex. 
(ii)  Step out on the edge loop and insert the face 

connected to this edge. 
(iii) Use edge- > next- > pair- > next to traverse to next 

face and insert this face into the temporary vector. 
(iv) Repeat step (iii) until encountering the face 

inserted in step (i). 



 
Figure 3. The half-edge data structure as seen from the bold 

half-edge. 

Algorithm 1: Half-edge data structure. 

class Halfedge  {  // topology 
public: 

Vertex* vert ; 
Halfedge* next ; 
Halfedge* prev ; 
Halfedge* pair ; 
Face* left ; 

} ; 
class Vertex {  //geometry 
public: 

float x , y , z ; 
Halfedge* edge ; 

} ; 
class Face { 
pulic: 

Halfedge* edge ; 
}; 
class Polyhedron { 
public: 

Vertex verts [V] ; 
Face faces [F] ; 
Halfedge edges [3F] ; 

} ; 

5. EXPLICIT TIME INTEGRATION SCHEME  

Let D� and D��� denote the approximation to the values 
D�t� and D�t 	 1� for a time step ∆t, respectively. 
Recall the system of equations Eq. 1 of motion for a 
DDA system [1]: 

MD� ��� 	 CD� ��� 	 KD��� � F���                                  �1� 
with D�0� � 0, D� �0� � D� � as initial boundary 
conditions. In the above M, C, K are the global mass, 
damping and stiffness matrices, F is the time dependent 
applied force vector, and D� , D� , D and denote 
acceleration, velocity and displacement vectors, 
respectively. 

Original DDA time integration scheme adopts the 
Newmark [21] approach, which for a single degree of 
freedom can be written in the following manner:  

u��� � u� 	 ∆tu� � 	 ��
� � β� ∆t�u� � 	 β∆t�u� ���            (2) 

u� ��� � u� � 	 �1 � γ�∆tu� � 	 γ∆tu� ���                             (3) 

Where u� , u� , and u are acceleration, velocity, and 
displacement respectively, ∆t is the time step, β and γ 
are the collocation parameters defining the variation of 
acceleration over the time step. Unconditional stability 
of the scheme is assured for 2β � γ � 0.5 . DDA 
integration scheme uses β � 0.5 and γ � 1, thus setting 
the acceleration at the end of the time step to be constant 
over the time step. This approach is implicit and 
unconditionally stable. Substituting Eqs. 2 and 3 into Eq. 
1 results in the system of equations for solving the 
dynamic problem: 

� �
∆"# M 	 �

∆" C 	 K� D��� � F��� 	 � �
∆" M 	 C� D� �      (4) 

The solution of Eq. 4 requires assembling the global 
mass and stiffness matrices and solving the coupled 
system of equations using a direct matrix inverse 
operation or an iterative solver. The global stiffness 
matrix, K, includes the sub-matrix representing 
deformability of blocks and contacts, with contact 
matrices as off-diagonal terms. 

In the original DDA program, within each time step, the 
global equations are solved iteratively by repeatedly 
adding and removing contact springs (penalty values) 
until each of the contacts converges to a constant state. 
This procedure of adding and removing contact springs 
(penalty values) is known as open-close iterations in the 
DDA literature [22]. If contact convergence is not 
achieved typically within six iterations, the time step is 
reduced and the analysis is repeated with the reduced 
time step. The incremental displacement is restricted 
also by user-specified displacement limit to enforce 
infinitesimal displacements. If the incremental 
displacement is greater than the threshold, ∆t is divided 
by three and the analysis is repeated. Large values of ∆t 
may cause large penetrations at contact points; which 
results in more iterations to satisfy the penetration 
threshold. Also, large penetrations result in large contact 
matrices which can reduce the diagonal dominance of 
the global stiffness matrix leading to poorly conditioned 
system of equations.  

In the explicit solution procedure presented herein the 
discrete blocks are integrated explicitly by the central 
difference method, which gives 

u��� � u� 	 ∆t���u� ���                                                  (5) 

u� ���/� � u� �%�/� 	 �
� �∆t��� 	 ∆t��u� �                            (6) 



Where i, i 	 1/2 and i � 1/2 refer to the increment 
number and mid-increment numbers 

u� � � M%��F� � I��                                                         (7) 

where M is mass matrix, F	the applied load vector and I 
is the internal force vector. The equations relating these 
values to each other are solved locally for each time-
step. Moreover, since there is no need to solve a 
complete system of equations, the incremental 
calculations for each degree of freedom are done 
independently at the local level. This uncoupling of the 
equations of motion is one of the major advantages of 
explicit integration schemes. In contrast to the implicit 
time integration scheme, the explicit solution scheme 
eliminates the need for assembly of global mass or 
stiffness matrices and inversion of the global matrix. 
However, computations are conditionally stable, i.e., the 
time-step size must be smaller than a certain critical 
value (critical time step, ∆t() for numerical errors not to 
grow unbounded. The time increments must satisfy the 
well-known criterion 

∆t ) �
*+,-

                                                                      (8) 

where ω/01 is the element maximum eigenvalue.  

6. SIMULATIONS 

Three examples are presented to demonstrate the newly 
developed 3-D DDA algorithm. The scenes in the 
following examples have been rendered with POV-ray, a 
free code ray tracing rendering program [23]. 

6.1. Example 1 
In this simulation, the modified DDA code is used to 
simulate a sliding wedge problem typically encountered 
in rock engineering (see Figure 4). The model consists of 
four rigid blocks. Three blocks are fixed with only one 
wedge being allowed to move under gravity. The 
following discontinuities (rock joints) are present: 

A: dip=45° dip direction = 5° 

B: dip=55° dip direction = 135° 

The slope face angle is 65° and the slope height is 10 
meter. Unit weight of the block is 2.6 t/m3. In this 
simulation cohesion and friction angle of the both joints 
are 0 and 25° respectively. The critical friction angle at 
which the free wedge starts sliding was sought. To 
simulate the problem numerically, a high coefficient of 
friction was first assigned to the discontinuities. Once 
the wedge reached static equilibrium, the friction is 
reduced by a small fraction. This process is repeated 
until static equilibrium is lost and the wedge starts 
sliding. The critical friction angle at which sliding 
occurs in the simulation is 19.6 °. The factor of safety of 
the wedge block can be calculated using Eq. 9. 

   
(a) 

  
(b) 

   
(c) 

 
(d) 

Figure 4. Sliding wedge example. 



2. 3. � "0�	�45�

"0�	�46�
�

"0�	��7�

"0�	��8.9�
� 1.31                                 (9) 

In which ;< and ;= are initial and reduced friction 
angles respectively. The analytical solution [24] for this 
problem estimates the factor of safety to be 1.302 which 
is in good agreement with the DDA result.  

6.2. Example 2 
This example models a projectile that collides, 
penetrates and collapses a simulated brick wall. The 
brick wall stands on the floor (the ground). A block-like 
projectile slides on top of inclined block and impacts the 
wall. The wall consists of 10 layers and each layer has 
13 bricks as shown in Figure 5. 

  
(a)  

 
(b) 

 
(c) 

 
(d) 

  
(e) 

 
(f) 

Figure 5. impact of single block with brick wall. (a) after 0 
time step (b) after 1000 time steps (c) after 2000 time steps (d) 

after 3000 time step (e) after 4000 time steps (f) after 5000 
time steps. 

6.3. Example 3 
The robustness of the algorithms was tested by 
simulating a variety of contact conditions for 3-D 
blocks. A loose packing of 1500 polyhedra was 
generated as shown in Figure 6. Each block was given 
an initial random orientation and shape (i.e. tetrahedron, 
pyramid, cube and octahedron). Then the blocks were 
allowed to fall under gravity to impact on a surface. This 
exercise is suitable to test the robustness of the 
algorithms of contact detection, since it involves 
particles colliding under free gravitational fall (dynamic 



conditions). The particles then bounce against each other 
until they reach a final configuration at rest (quasi-static 
conditions). During the simulations, all types of contacts 
(e.g. face–face, edge–face, etc.) were encountered. 
Figure 5 shows the simulation after 0, 7000, 14000, 
21000, 28000, and 35000 time steps. The computational 
time for this simulation was almost 20 minutes for 1 
second of real time on a PC with 2.4 GHz CPU.   

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 6. 1500 polyhedral blocks falling under gravity. (a) 
after 0 time steps (b) after 7000 time steps (c) after 14000 time 
steps (d) after 21000 time steps (e) after 28000 time steps (f) 

after 35000 time steps. 

7. CONCLUSION 

We present new explicit time integration procedure for 
the solution of 3D-DDA algorithm in order to reduce the 
computational effort and memory requirement. A 
uniform spatial discretization method is utilized to 
eliminate the unnecessary contact computations. The 
contact resolution is been handled by FCP approach and 
HalfEdge data structure is used to handle the frequent 
navigation into the topological information associated 



with polyhedral blocks.  The algorithms are programmed 
in C++. The presented simulations demonstrate the 
performance of the proposed algorithms under a variety 
of conditions and show that dynamic 3-D problems with 
significant number of blocks can be solved using typical 
desktop CPU’s 
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