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ABSTRACT OF THE DISSERTATION

Some Results On The Topology Of Quasitoric Manifolds And Their
Equivariant Mapping Spaces

by

Michael Gurvich
Doctor of Philosophy in Mathematics

University of California San Diego, 2008

Professor Nitya Kitchloo, Chair

We apply methods of homotopy theory to the study of of quasitoric manifolds.
More specifically, we determine a simple criterion for rational ellipticity of a
quasitoric manifold based on the combinatorics of the orbit polytope. We also
study the topology of some equivariant mapping spaces of the quasitoric mani-
folds and their associated moment angle complexes. In case the image polytope
is a product of simplices we completely determine the homotopy type of the
mapping spaces in question. We also suggest a way to study the topology of the
equivariant mapping spaces for a general simple polytope using the Bousfield-
Kan spectral sequence. As an application we derive some connectivity results

for equivariant mapping spaces of manifolds over 2-dimensional polytopes.
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Chapter 1
Introduction

Quasitoric manifolds are an algebraic topologist’s version of an algebraic ge-
ometer’s toric variety, or a symplectic geometer’s toric manifold. Essentially,
they are 2n-dimension manifolds with a "nice” action of an n-dimensional torus,
whose orbit spaces are n-dimensional simple polytopes. These objects first ap-
peared as "toric manifolds” in the paper of Davis and Januszkiewicz [3] in 1991.
In more recent times they have become known as "quasitoric manifolds”, so as to
avoid confusion with their symplectic cousins.

The definition of a quasitoric manifold lends itsef very well to the study
by an algebraic topologist. In fact, the study of quasitoric manifolds provides
a furtile playground where topology, combinatorics, homological algebra and
homotopy theory are all active participants. The most basic example illustrating
this point is the equivariant cohomology of a quasitoric manifold which is simply
the Stanley-Reisner ring of the underlying polytope. The topological information
(cohomology) is encoded in a combinatorial object (polytope) and is given by a
structure well-established in the realm of homological algebra (Stanley-Reisner
ring).

Another interesting feature illustrating the interplay between the manifold
and its image polytope lies in the fact that the quasitoric manifold may be
viewed as a homotopy colimit of a certain diagram of tori, the shape of which
is the orbit polytope (See [8], [9], or [11] for the case of toric varieties). The

"homotopy colimit” is a kind of a gluing construction akin to a usual colimit, but



best suited for use in homotopy theory.

Let us briefly discuss the main results of this paper. The goal was two-
fold: on the one hand, we wanted to keep with the theme of toric-topology,
which seems to be "combinatorics of the polytope determines the topology of the
manifold”, and investigate what can be said about the homotopy of the manifold
based on the image polytope. Of course, computing homotopy groups of even
the simplest of quasitoric manifolds (which happens to be a 2-sphere), turns out
to be a formidable task, so we focused on rational homotopy groups instead.
Then, one of the natural questions becomes to determine whether a quasitoric
manifold is rationally elliptic or rationally hyperbolic. In keeping with the above
stated theme, it seemed desirable to devise a criterion based solely on the image
polytope. We do develop such a criterion and compute the rational homotopy
groups in the rationally elliptic case. It turns out that a quasitoric manifold is

rationally elliptic if and only if the image polytope is a product of simplicies.

Theorem A. A quasitoric manifold M over a stmple n-dimensional polytope
P with m facets s rationally elliptic if and only i1f P 1s a product of simplices.

Moreover, the rational homotopy of M 1s giwen by

Qw ifj > 2

Wi(M)®@={ .
Qm™ fj=2

where W; represents the number of generating monomials of the Stanley-
Reisner ideal of P of length (j + 1)/2. Equivalently, every i-simplex factor

of P, contributes a generator to My (M) ® Q.

It should be pointed out that we do not claim originality for this result. It
is implicit in the work of Notbohm and Ray [7] and in the literature on rational
homotopy theory. What we have done is combined various results and stated a
simple criterion, which does not seem to be explicit in the literature.

The second goal of this paper, which appears to be somewhat new, is to
study the equivariant mapping spaces of quasitoric manifolds. They are the
spaces of self-maps of a quasitoric manifolds which commute with the acting

torus. The nature of these spaces appears to be quite interesting, and deserving



of some investigation. For example, if we look at the subspace consisting of all
equivariant self maps not permuting the fixed points, then it can be shown that
every such map is a homotopy equivalence, so equivariance seems to impose a
kind of rigidity on the maps in question.

The idea behind studying the topology of the mapping spaces is to use the
homotopy colimit decomposition of the underlying manifold. This allows us to
view the mapping space as a homotopy inverse limit over a P-shaped diagram.
For a special case when P is a product of simplices we use this homotopy limit
decomposition of the mapping spaces to determine their homotopy type which

turns out to be a product of iterrated loop spaces on odd-dimensional spheres.

Theorem B. Let P = A™,M = CP™, Zp = S, Then

(a) maprn+1 (Zp, Zp) H H Qig2itt

100‘l

(b) mapt.(M,M) ~T" x I_II_IQIS21+1

110_1

Above, the second product is taken over all k such that o}, is an i-dimensional
face of P

Note that the '1’ which appears in the superscript of the mapping space
above, indicates that we are only looking at the equivariant maps that do not
move the fixed points.

Another benefit of using homotopy limit decomposition of the mapping spaces
is that the homotopy groups may be computed by means of a certain kind of
a spectral sequence, called the Bousfield-Kan spectral sequence. This involves
computing higher derived functors of lim over P-shaped diagrams. We illustrate
this approach in its entirety for the case when P is a product of simplices.

As an application of this machinery we show that in the case that P is 2-
dimensional, the space of equivariant maps of M that do not move the fixed
points is connected. That is, any equivariant map of a 4-dimensional quasitoric
manifold not moving the fixed points of the action is equivariantly homotopic to

the identity map.



Theorem C. If M 1s a quasitoric manifold over a 2-dimensional polytope

P, then the space mapi.(M, M) is connected

In general, there is no reason to believe that the spaces mapw(Zp,Zp) are
connected (though we do not know of a counterexample). We do believe, how-
ever, that the set of components, m(mapym(Zp,Zp)), forms a group. This is
because the diagonal of the Bousfield-Kan spectral sequence, which gives infor-
mation about 75(mapym(Zp,Zp)), consists of groups except in Eg’o which hap-
pens to be trivial. It should then be possible to show that the group structure in
To(mapyw (Zp, Zp)) is the same as the one given by the spectral sequence, though
we do not pursue this question here.

Let us briefly comment on the contents of the chapters:

In Chapter 2 we give the definition of a quasitoric manifold and show how
they can be reconstructed from their image polytope and a Z™-valued function
of the facets, called the characteristic function. This establishes a one-to-one
correspondence between quasitoric manifolds and a set of characteristic pairs
that consist of a simple polytope and a characteristic function of the facets.

In Chapter 3 we look at how the cohomology of quasitoric manifolds can be
read-off from the polytope and the characteristic function. It turns out that the
betti numbers and equivariant cohomology depend only on the polytope, while
the ordinary cohomology also depends on the characteristic function. We also
introduce the notion of a moment angle complex associated to a polytope. It is
a "universal” toric space that sits over a given polytope. Universality is meant
in the sense that it fibers principally over any quasitoric manifold over the given
polytope. These spaces will be used later in our study of equivariant mapping
spaces.

In Chapter 4 we state the criterion for rationaly ellipticity for quasitoric
manifolds. In the process we also show that in the case when the equivariant co-
homology ring is a complete intersection, the borel construction of the quasitoric
manifold is, rationally, the unique space realizing this cohomology. This result
was obtained previously by Notbohm and Ray in [7], though by different means.

Finally, in Chapter 5 we begin our study of equivariant mapping spaces. In



the first two sections we discuss how on the one hand they arise as homotopy
inverse limits of certain polytope-shaped diagrams of spaces, and on the other,
as a moduli space of maps from the polytope into the manifold satisfying certain
boundary conditions. In section 5.3 we prove that all equivariant maps not
permuting the fixed points are homotopy equivalences. We also relate the space
of equivariant maps of a quasitoric manifold with the equivariant mapping space
of the corresponding moment angle complex by means of a fibration. This will
allow us to later focus on the mapping space of the moment angle complex which
turns out to be a bit easier. In 5.4 we discuss the equivariant mapping space of
CP™. We prove that the space of equivariant maps not permuting the fixed pints
is connected, and show how to compute its higher rational homotopy groups
using the Bousfield-Kan spectral sequence. In 5.5 we extend this result to the
case of an arbitrary rationally eliptic quasitoric manifold. In 5.6 we use the
homotopy limit decomposition to determine the homotopy type of the mapping
spaces when P is a simplex. Chapter 5 is concluded by applying the machinery
of the Bousfield-Kan spectral sequence to show that when the polytope is 2-
dimensional, the equivariant mapping space is connected.

We conclude this introduction by once again bringing up the question of
connected components of mapyw(Zp, Zp). It appears that the set of components
forms a group and we know that these spaces are connected when the image
polytope is 2-dimensional or is a product of simplices. What happens in general,
however, still eludes the author. It would be interesting to either see an example

with multiple components or a way to prove that the space is connected.



Chapter 2
Definitions and Constructions

The study of quasitoric manifolds was initiated by Davis and Januszkiewicz
in [3]. In that paper these objects appeared under the name of "toric manifolds”.
To my knowledge, it was Panov and Buchstaber, that have given them a name
of "quasitoric manifolds”, in order to avoid confusion with corresponding objects
in algebraic/symplectic geometry. Here we will recall basic definitions and con-

structions. Our exposition follows very closely that of Buchstaber and Panov

[2]
Henceforth, T™ will denote a standard n-dimensional torus, considered as the

following subgroup of (C*)™
T ={(ty,...,tn) : t; € C,|t;| = 1}.
The standard action of T™ on C™ is given by
(ty,...htn) - (21, ., zn) = (t121,.. ., thzn)
It is easy to see that the orbit space for this action is
RY ={(x1,...,%n) 1 x4 =0}

This standard action will serve as the model for actions of a torus on quasitoric

manifolds. The following definition makes this notion precise.

Definition 2.0.1. Let M?™ be a manifold with a T™ action. A standard chart
on M is a triple (U, f,1), where U is a T™-invariant open subset of M, { an



automorphism of T™, and f: U — W is a {P-equivariant homeomorphism onto a
T"-invariant open subset W C C™. A T™-action on M is called locally standard,

if every point in M lies in the domain of some standard chart.

Remark 2.0.2. A homeomorphism f : U — W is V-equivariant, means that
ft-u) =1p(t) - f(u)

Example 2.0.3. Consider M = S? with a T!-action, where every t € T! rotates
S? through angle t around a fixed axis. Pictured in the figure are some locally

standard charts.

Figure 2.1: Locally standard charts on S?

It follows from the definition, that the orbit space of a locally standard ac-
tion of T" on M2™ will be an n-dimensional manifold with corners. Quasitoric
manifolds will correspond to the case when such an orbit space will be diffeo-
morphic (as a manifold with corners) to a simple polytope. (Recall that a simple
n-dimensional polytope is one where exactly n codimension-1 faces meet at each

vertex.)

Definition 2.0.4. A 2n-dimensional manifold M?2" is gquasitoric over a simple
polytope P™, if it is equipped with a locally standard action of T™ and a projection
map 7t : M2™ — P™ such that every k-dimensional orbit is mapped to a point in

the interior of a k-dimensional face of P™



Note that the orbits over points in the interior of the polytope are principal,

while the fixed points correspond to the vertices of the polytope.

Example 2.0.5. S? in the previous example is easily seen to be a quasitoric
manifold over an interval. The endpoints of the segment correspond to the two
fixed points at the poles, and the points in the interior correspond to the principal
T orbits.

Figure 2.2: S? is a quasitoric manifold over a segment

n+1

/—/\ﬁ
Example 2.0.6. There is a locally standard action of T" = —=—=>=—— on
CP™ given by
(ts, oo stny1) s lzize izl = hzn otttz

It is easy to check that the orbit space is an n-simplex. (Above, A ={(t,...,t):
t € T'} is the diagonal subgroup of T! x ... x T?)

Example 2.0.7. If N2™ and M2™ are quasitoric manifolds over, respectively, P™

and Q™, then N x M is a quasitoric T"*"™-manifold over P x Q.

2.1 Quasitoric Manifolds from Characteristic Pairs

It would be very naive to hope for a bijective correspondence between -

equivariant homeomorphism classes of quasitoric manifolds and simple polytopes.



In fact, the quasitoric manifolds CP* x CP! and CP?#CP? are both manifolds over
a combinatorial square, however, they are not diffeomorphic as their cohomology
rings are different. To get a kind of a bijective correspondence, we will need to
introduce additional combinatorial data associated to the quasitoric manifold
and its orbit polytope.

Let M2™ be a quasitoric manifold over P*. By a facet we will mean any
codimension-1 face of P. Suppose Fy,...,F,, are facets of P. It can be shown
that the preimages of any two points in the interior of F; are codimension-1 orbits
that have the same isotropy subgroup. We shall call this subgoup T(F;). This

subgroup is rank one in the torus T", so we can write
T(F) ={(e2™M%, ..., &%) 10 e R, A\ € Z)

We may choose the vector A; = (Ayj,...,An;) to be primitive in Z™, and so it

will be well defined up to a choice of the sign.

Definition 2.1.1. Let F be the set of facets of P". The function
ANTF — 7"

given by A(F;) = A; is called the characteristic function of the quasitoric man-
ifold M2™,

Example 2.1.2. Let M = CP2. The image polytope is shown in the figure
below. Let Fy, Fs, F3 be the facets spanning, respectively, sides [ab], [ac], [bc]. The
inverse image of each facet is a facial submanifold of codimension-2. The facial
submanifolds corresponding to Fi,F,, F3 are [z; : z5 : 0],[z1 : 0 : 23], [0 : 2z : 23]

respectively. Therefore the corresponding stabilizers are
T(F) ={(1,1,*™9))
T(Fy) ={(1,€*™°,1))
T(Fs) ={(e*™°,1,1))

Under the identification (T')3/A = T! x T?, where (ti,ts, t3) — (t—f, :—j) we get
A(F1) = (0,1),A(F2) = (1,0) and A(F3) = (1,1)
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e=[a:1]

(1,0 (1.1)

a=(1.00] 0,1 B=[010]

Figure 2.3: Characteristic function of CP?

We see that given a quasitoric manifold, we obtain a characteristic function
on the facets of the image polytope. The question arises if given some function
defined on the facets of a simple polytope A : ¥ — Z™, we can go in the opposite
direction and find a quasitoric manifold with A as the characteristic function.
Certainly we cannot do that for an arbitrary A. So what is the defining feature
of a characteristic function?

To answer this question let us consider a quasitoric manifold M?2" over P™.
Let G be a codimension-k face of P. Since P is a simple polytope, we can express
G as the intersection of all k facets containing it, that is, G = F;,; N...NF;,_. The
facial submanifolds M;,,..., M;, will intersect transversely in the submanifold
Mg, called the facial submanifold corresponding to the face G. We note that
the group T(F;,) x ... x T(F;, ) can be identified with the isotropy subgroup of

Mg, and so there is an injection
T(Fil) X ... X T(Flk) — T"

This means that the vectors A(Fi,),...,A(F;,) must form a part of a basis of Z™.
This is the so called condition (x) of Davis and Januszkiewicz [3, p423]. It turns
out that this condition is also sufficient for a function A to be a characteristic

function of a quasitoric manifold.

Definition 2.1.3. Let P™ be a simple polytope and A : F — Z™ be a mapping
satisfying the following condition: {A(Fi,),...,A(Fi, )} form a part of an integral
basis of Z™ whenever F;, N...NF;, # (. Then the pair (P™,A) is called a

characteristic pair.
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Note that given a characteristic pair, each facet F; of P defines a rank one

subgroup of T" by
AF) = (Mg Agjy oy Ang) o {(€27200, L e2™Ani9) 2 0 € R}

We will call this subgroup T(F;).

Similarly we can use A to get a map from the facial poset of the polytope P
to the poset of subtori of T". Namely, if G = F;, N...NF;, is a face of P, we
define the corresponding subgroup of the torus T™ as the one corresponding to

the subspace of Z™ spanned by A(Fj,),...,A(F;, ), that is:

k
T(G) :={exp(27i ) 0,A(F;,)): 0, € R}

r=1
Construction 2.1.4. The idea behind reconstructing a quasitoric manifold from
a characteristic pair is to first start with T™ x P™. (Here we think of each point
in P™ as having a principal T™ orbit). Then we use the characteristic function A
to blow down the principal orbits, so as to force T(G) to be the stabilizer of the

face G. More precisely we define
M2 (A) == (T™ x P™)/ ~

where (t,p) ~ (s,q) if and only if p = q and ts~! € T(G(p)). Here G(p) is the
smallest face of P containing p in its relative interior. It is not hard to check

that the resulting quotient is a quasitoric manifold over P [2, p65].

Thus far we saw that starting with a quasitoric manifold over a simple poly-
tope P, we obtain a characteristic function A, which together form a characterstic
pair (P,A). Conversely, we could also start with a characterstic pair, and recover
a quasitoric manifold with the prescribed data. These two operations turn out

to be mutually inverse, and we state this fact as a

Proposition 2.1.5. There 1s a bijection between equivariant diffeomorphism

classes of quasitoric manifolds and characteristic pairs.

The proof can be found in [3]
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Remark 2.1.6. An automorphism 1\ : T™ — T™ induces a translation of the char-
acteristic pair. The corresponding quasitoric manifold will be \-equivariantly

diffeomorphic to the original one.



Chapter 3
Cohomology of Quasitoric Manifolds

The cohomology of quasitoric manifolds is completely determined by its im-
age polytope and the characterstic function. As such it admits a completely

combinatorial description.

3.1 A Perfect Cell Decomposition and Betti Num-

bers

We begin by determining the Betti numbers of a quasitoric manifold M?2"
over P". We will do so by finding a perfect cell decomposition of M using a
Morse theoretic argument. To this end, we position P™ in R™ and choose a
linear height function ¢ : R™ — R in such a way that ¢ is not constant along
any of the edges of P™. (This is always possible, simply define ¢(x) = (x,v) for
a generic choice of vector v.) With such a choice of ¢, each edge of P receives
an orientation in the direction of increase of ¢. Given a vertex v € P, we may
now define its index, ind(v), as the number of incident edges that point toward

v. We are now ready to describe the cell structure of M.

Proposition 3.1.1. M has a perfect cell structure with the number of cells
of dimension 2k equal to the number of vertices of P with index k. Whence,
box (M) = #{v :ind(v) = k}.

For a proof see [2, p66]

13
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Corollary 3.1.2. Any quasitoric manaifold 1s stmply connected

Remark 3.1.3. It follows from the proposition that the Betti numbers of a qu-
asitoric manifold depend only on the combinatorics of the underlying polytope,

and not on its characteristic function.

Example 3.1.4. (Betti numbers of CP™) CP™ is a quasitoric manifold over

an n-simplex. Let e;,...,e, be the standard basis vectors of R™. Realize an
n-simplex as the convex hull of {e; = 0,ey,...,e,}. Define the height function ¢
by

(b(X) = <X,€1 +2e2—|-...—|-nen>

Note that ¢(ei) — dp(e;) =1 —3j, so if i < j then ¢ increases along the edge from
e; to e;. Therefore, ind(e;) =1 and so CP™ has exactly one 2i-cell, for 0 <i < n.

We conclude that by; (CP™) =1, for 0 < 1 < n, as expected.

Example 3.1.5. Let M be a quasitoric manifold over a cube P. We position P
in R® as shown in the figure below. The height function is given by projection
onto the z-coordinate. There is exactly one vertex for each index 0 and 3, and
three vertices for each of the indexes 1 and 2. Thus by(M) = bg(M) = 1 and
ba(M) = by(M) = 3.

Figure 3.1: Betti numbers of a quasitoric manifold over a cube
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The number of vertices of index i in a simple polytope P adimts a more com-
binatorial description as follows: Let f;(P) denote the number of i-dimensional
faces of P. We define h;(P) by the equation

hot" +hit" 14+ ...+ hy qt+hy =t —1)"+fo(t—1)" ... +foy

Then by (M) = #4{v : ind(v) = i} = hy(P). For details see [2, p66].

3.2 Moment Angle Complexes and Borel Construc-

tions

In order to get a deeper insight into the structure of the cohomology of
quasitoric manifolds, we will define a toric space Zp corresponding to a simple
polytope P. It will turn out to be a universal toric space over P in the sense that

for any quasitoric manifold M over P, there is a principal torus bundle
T—2Zp &M

such that if t: M — P is the orbit map then p o 7t is the orbit map for Zp.
Let F ={Fy,..., F..} be the set of facets of a simple polytope P™. We define

1:F-2z™

by L(F;) = e;, where e; is the i*" standard basis vector.
As before, for each face G < P we get a subtorus T(G) < T™. In fact, if
G =Fy, N...NF, then T(G) is the product of the respective coordinate 1-tori
in T™. We then define
Zp = (T™xP")/ ~

where (t,p) ~ (s,q) ifand only if p = q and ts~ € T(G(p))

It turns out that for a simple polytope P, Zp is a smooth manifold of dimen-
sion m+n [2, p85]. It is called the moment angle complez corresponding to P.
We note that Zp depends only on the combinatorial type of the polytope, and

not on the characteristic function of the quasitoric manifold.
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Suppose M?2" is a quasitoric manifold over P™, with a characteristic function
A:F — Z™. We obtain a map g : Z™ — Z" by setting g(e;) = A(F;). Let
H = ker(g). Because of the condition imposed on A in definition 2.1.3, H is an
m — n dimensional subspace of Z™. It is easy to check that the corresponding

subtorus T(H) = T™ ™ will act freely on Zp. The map
exp(g) xid: T™ x P* — T™ x P™

will descend to the quotient

T™x PY TN x Pn
H

~ ~

and give a principal torus bundle:
T - Zp — M
We have shown the following:

Proposition 3.2.1. There 1s a free action of T(H) on Zp, giving a principal
T " bundle T "™ — Zp — M

Example 3.2.2. Let M = CP? with the standard T*-action. The image polytope
P is a 1-simplex. Zp is obtained from T2 x P by collapsing each boundary torus
using the projections onto the coordinate circles. At this point we refer the
reader to the figure below. If we pick a point on the interior of P and cut along
the principal T2-orbit that is above that point, we will get a union of two solid
tori. We glue them together along their boundary via the diffeomorphism that
exchanges longitudinal and meridional circles. The resulting space will be the
three dimensional sphere, so Zp = S%. The associated principal T!-bundle is the
Hopf fibration
St —S% - Cp!

Next, we consider the Borel constructions of M and Zp with respect to the
torus actions. We denote ET™ xt» M and ET™ x1m Zp by BtM and ByZp

respectively.
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Figure 3.2: Moment angle complex of a 1-simplex

Proposition 3.2.3. BrM s homotopy equivalent to BtZp
Proof. The proof will rest on two basic facts:

e If G is a group and H is a subgroup, then there is a natural action of G on

E(G/H) such that the stabilizer of every point is H

o If G acts on a space X and H is a subgroup of G acting freely on X, then
EG xy X~ X/H

Let r = m —mn, and let T" be the sbugroup of T™ acting freely on Zp as in the
previous proposition. By the first fact above, we may take E(T™/T") x ET™ as

a model for ET™ with T™ acting diagonally. We then have
E(T™/T") x ET™ X Zp

ET™ xpm Zp = = (3.1)
~E(T™/T7) x (ET™ xpr Zp)
- T (3.2)
E(T™/T7) x (Zp/T")
o (3.3)
= ET" xm M (3.4)
O

Since Zp does not depend on the characteristic function of the facets, the
previous proposition says that the homotopy type of the Borel construction of
M only depends on the combinatorics of P. In particular, this means that the

T-equivariant cohomology of a quasitoric manifold is only a function of its image

polytope.
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3.3 Dayvis-Januszkiewicz Spaces and Equivariant Co-
homology

Our aim at this point is to state what the T-equivariant cohomology of a
quasitoric manifold is. In view of the homotopy equivalence given by Proposition
3.2.3, it is enough to determine the cohomology of B1+Zp. Before we state the
result, however, some prelimenary constructions are needed.

Given a simple polytope P™, we begin by constructing a dual (n—1)-dimensional
simplicial complex Kp. This is done as follows: There is exactly one vertex v; for
each facet F; of P. The set of k vertices {vi,..., v} will span a (k— 1)-simplex if
and only if the intersection of the corresponding facets F; N...NFy is not empty.
This construction defines a simplicial complex Kp with one (k — 1)-simplex for
every codimension-k face of P. In fact, Kp is a simplicial (n—1)-sphere whenever
P is a simple polytope.

Let R be a commutative ring with unit and P a simple polytope with facets

{Fla s :Fm}

Definition 3.3.1. The Stanley-Reisner algebra of P,(also known as the face
ring of P), is a graded polynomial ring denoted by R(P) and given by

RFy, ..., Fil

R(P) =
(P) I
where [p is the homogeneous ideal generated by all products F;, - - - F;, such that

Fi, N...NF;, =0. The grading on R(P) is given by declaring that deg(F;) = 2.

Likewise, given a simplicial complex K with vertex set {vq,...,vin}, we de-
fine R(K) as R[vy,...,vm]/Ix, where Iy is the ideal generated by all products
Vi, - - - Vi, such that the simplex [v;, ...v;, | spanned by these vertices is not in
K. We note that R(P) = R(Kp).

Let K be a simplicial complex with m vertices. Denote by BT; the i*" com-

ponent of the product
BT™ = BT; x...x BT, = (CP*)™

For o € K define BT, as the subcomplex of [ [ BT; given by [[;., BT;.
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Definition 3.3.2. For a simplicial complex K, the Davis-Januszkiewicz space
DJ(K) is defined as DJ(K) = J e BTo € BT™

oekK

Note that, by construction, the cellular cochain algebra C*(DJ(K)) and hence
H*(DJ(K)), are isomorphic to R(K). Moreover, if we identify H*(BT™) with

R[vi,...,Vvml, the inclusion 1: DJ(K) < BT™ induces an epimorphism
1" :Rvy, ..., vin] — R(K)

with kernel Ik.

Remark 3.3.3. Note that DJ(K) is defined for any simplicial complex. There is
a generalization of the moment angle complex Zp of a simple polytope P, to a
moment angle complex Zyx corresponding to an arbitrary simplicial complex K.
The next theorem, the proof of which may be found in [2], holds in this more
general context, but we are only interested in the case when K is a simplicial

sphere (i.e. K is the dual of a simple polytope).

Theorem 3.3.4. There s a deformation retraction BtZx — DJ(K) making

the following diagram commute

B1Zx ——BT™

|

DJ(K) —=BT™

Since p is a fiber bundle with fiber Zy, the theorem implies that Zx is the
homotopy fiber of the inclusion DJ(K) < BT™. As the corollary of this theorem

we obtain the T™-equivariant cohomology of Zp
Corollary 3.3.5. H¥.(Zp) = H*(B1Zp) = R(P)

In view of Proposition 3.2.3, we also get
Corollary 3.3.6. H*,(M) = R(P)

In conclusion, we will describe the ordinary cohomology of a quasitoric man-
ifold M over P. Consider the fibration

M 5 BraM B BT
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and let
H*(BT") = Zlcq, ..., Cn]

By what was said above the equivariant cohomology of M is generated by degree
2 classes corresponding to the facets of P, so we put

ZVi, ..., Vi)

H*(B1aM) = :

As before, I is the Stanley-Reisner ideal of P. We also define linear forms
01,...,0, given by
91 = 7\11\)1 + ..+ Aimvm

where the vectors A; = (Ayj,...,An;) are the characteristic vectors of M. The

proof of the following theorem may be found in [2] or [3]

Theorem 3.3.7. With the above notation, the cohomology of M 1s given by

Zvi, ..., Vml

H' (M) = [+]

where ] 1s the ideal generated by the linear forms 04,...,0,. Moreover

i*(vi) = vi and p*(ci) = 64



Chapter 4

A Criterion for Rational Ellipticity

of Quasitoric Manifolds

In this section we will give a simple criterion for determining whether a
quasitoric manifold is rationally elliptic or rationally hyperbolic. We will prove

the following result

Theorem A. A quasitoric manifold M over P is rationally elliptic if and

only +f P 1s a product of simplezes.

The idea is to study the cohomology of B+M, more precisely the ideal Ip.
It turns out that when trying to build a minimal model for H*(B+M; Q), one
needs only a finite number of generators precisely when the generating mono-
mials of [p are, in some sense "independent”. When there are certain relations
between the monomials, the number of generators required quickly blows up.
The algebraic formulation of "independence” is given by the notion of a regular
sequence. That is, the generating monomials of [p must form a regular sequence
in S = Q[xy,...,xm] in order for M to be rationally elliptic. Equivalently, the
cohomology ring H*(BtM) = Q(P) must be a complete intersection.

We begin by determining when Q(P) is a complete intersection ring.

Definition 4.0.8. Two square free monomials 0 = x4, --- %, and T = x;, - - X5

s

are disjoint, if i, #jqforallI<p<rand1<q<s

21
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Lemma 4.0.9. Suppose Ip = (04,...,0%) 15 a monomzial ideal in S generated
by square free monomaials. Also assume that o4, ..., 0 15 a minimal system
of generators. Then oy,...,0x 1S a regular sequence if and only if oy are

parrwise disjoint for 1 < i< Kk.

Proof. First suppose that {o;} are pairwise disjoint, and assume that o;f =0 in
S/(o1,...,05_1) for some f € S/(04,...,0;_1). Thatis, o5f = fio1+...+f;_105_1.
Let o5 = xj, ...%;,. Since x;,|o5f, but x;, 1 o1 for 1 <1< j — 1 by disjointness,
we see that x; must divide f; for 1 <1< j—1and 1 <p <r. Thus o; must
divide f, for all 1 between 1 and j — 1. Cancelling o; from both sides we get
f=floi+...+f] ;051 Thus f=0in S/(0y,...,05_1) and therefore oj is not
a zero-divisor.

Conversely, suppose 01,...,0x are not pairwise disjoint. That is, we can

find o; and oj, with i < j, such that o; = mt and 05 = mt’, where T and 1’

are disjoint. We may also assume that T ¢ (o0y,...,0;) by minimality of the
generating set of monomials. But then o;T = mtt’ = 031’ € (0y,...,0i), SO Oj
is a zero divisor in S/(o01,..., 05_1). ]

We can also determine when a polytope is a product of simplices using the

following

Proposition 4.0.10. A simple polytope is a product of simplices if and only

if i1ts Stanley-Reisner ideal can be generated by disjoint monomaals

Proof. If P; and P, are simple polytopes, then so is P; x P,. The face ring of the
product is given by [2]

Q(P1 x P2) = Q(P1) ® Q(P2)

Taking A and A to be respectively i and j-simplices we obtain

QAT x A) = Q(AY) © Q(A))
~ Qlvi, -y visa] _ Qlwy, .oy Wyl
= ®
(Vi vig1) (Wi wji1)
~ QIFy, ..., Fiyjol

(F1---Fit1, Figo - Figjen)
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Inductively, we obtain the analogous result for a product of several simplices.
Conversely, if P is a simple polytope with

QlFy, ..., Ful
(my,..., M)

Q(P) =
where m; are disjoint monomials of length |m;|, then we observe that
Q(AM T L x A=) = Q(P)

Because the Stanley-Reisner ideals inside Q[Fy, ..., F,.] uniquely determine sim-
plicial complexes on m vertices [6], the dual simplicial complexes of P and
A= x A=l must coincide, and therefore, the polytopes must coincide

as well. O]

We now get back to topology and consider the following construction:

Suppose P is a simple polytope and Q(P) = S/(04,...,0y) is its face ring.
We identify H*((CP*)™; Q) with S = Q[x4,...,Xn] and think of o; as elements
in HIo!((CP*®)™: Q). We then get the following map, classifying the cohomology

classes oj:
Kk

(cPym™ L2 TTK(Q, o)

i=1
Let F be the homotopy fiber of the above map.
Proposition 4.0.11. F s rationally elliptic.

Proof. We loop back the fibration

k
F— (CP®)™ — [ [K(Q, |ov])
i=1
to get a fibration
k
(™ — [ [X(@Qloi| —1) — F
i=1

Since (S')™ and ]_[]f:l K(Q, |o;| — 1) are rationally elliptic, the result follows from

the homotopy long exact sequence. [

It turns out that in the case when (o0y,...,0x) is a regular sequence, J is

rationally homotopy equivalent to DJ(Kp). To prove this, we will need this
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Lemma 4.0.12. If (041,...,0%) 1S a reqular sequence, then H*(F; Q) = Q(P)

Proof. We will use the Eilenberg-Moore spectral sequence for the fibration

k
F— (CP)™ — [ [ K@, o4)

i=1

The E, page is given by

E5" = Torge, .. 0 (Qx1, ..., xml], Q)

.....

Since o07y,..., 0y is a regular sequence, it is well known that Q[xy,...,x] is then

a free Q[o4, ..., ox]-module. Therefore,

Tor(a*[al okl (Q[Xl) ce )Xm]) Q) - TOI?QE’FGL...,GK} (Q[Xl) e ,Xm]: Q)

- @[Xl, e me] ®Q[cl,...,ck] Q
Qbx1, .oy Xl

(01,...,0%)

.....

So

Q[Xl: s )Xm]
(0_1) sy Gk)

Thus, the spectral sequence collapses at the E;-page and

By = and E;"* =0 for i >0

~ Qb xm]

H*(:}H’@) (Gl)"')ck)

]

Proposition 4.0.13. Suppose (04,...,0x) 18 a reqular sequence. If X is a

simply connected space with

o Qe X
H(X’@)_ (011"'7Gk)

then X 1s rationally homotopy equivalent to F

Proof. Consider the following commutative diagram:
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We first note that the map h represents the classes oj in the cohomology of X.
Since these classes are zero, the map h must be null-homotopic. Because h is

null homotopic we can find a lift
g: X—F

We claim that g induces an isomorphism on rationally cohomology groups. To
this end, we observe that the map (xy,...,xm ) classifying the cohomology classes

X1, - .-, Xm, induces a surjection
H?((CP=)™ Q) — H(X; Q)

given simply by

Xi = X

Because the cohomology is generated by elements in degree two, it follows that

g* is also a surjection of Q-vector spaces
g": H*(F;Q) — H*(X; Q)

Because the vector spaces in each dimension are finite dimensional, the map g*
is an isomorphism in each dimension.

Finally, by the universal coefliecients theorem the map g, is an isomorphism
on homology, and since X is simply connected, Whitehead’s theorem implies that

g is a rational homotopy equivalence, which is what we wanted to show. ]

Corollary 4.0.14. If Q(P) s a complete intersection ring, then, rationally,

DJ(Kp) is the unique space that realizes Q(P).

Proof. In fact, any space that realizes Q(P) is rationally homotopy equivalent to

JF by the previous proposition. So DJ(Kp) ~g F and the result follows. O

Corollary 4.0.15. If M is a quasitoric manifold over P and Q(P) s a com-
plete intersection, then BrM (and therefore M) are rationally elliptic.

Proof. Since Q(P) is a complete intersection, BtM ~ DJ(Kp) ~ F by proposition
4.0.13. But ¥ is rationally elliptic by proposition 4.0.11. [
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Let us summarize our discussion so far. If P is a simple polytope that is a
product of simplices, then by proposition 4.0.10, its Stanley-Reisner ideal consists
of disjoint monomials. In turn, by lemma 4.0.9, this means that it defines a
regular sequence in the given polynomial ring. Finally, by the previous corollary
we obtain one of the implications of Theorem A: if a quasitoric manifold lies over
a product of simplices, then it is rationally elliptic.

Our path to proving the converse begins with computing the rational homo-

topy groups of rationally elliptic quasitoric manifolds.

Proposition 4.0.16. If M s a rationally elliptic manifold over P, then

Hiogfj > 2
Q™ fj=2.
Qw ifj>2
2. T[j(M)®Q:{ f
Qm™ fj=2
where y; represents the number of generating monomzials of the Stanley-
j+1

Reiwsner ideal of P of length =

Remark 4.0.17. It follows from the proposition that the even dimensional ra-

tional homotopy of rationally elliptic quasitoric manifolds is concentrated ex-

clusively in dimension two. This is because ‘1! is an integer if and only if j is

2
odd.

Example 4.0.18. Let M be a quasitoric manifold over P = A! x A! x A%, Pis a

4-dimensional simple polytope with 7 facets. The Stanley-Reisner ideal of P is
Ip = (F1F2, FsFy, FsFeFr)

M is rationally elliptic with the monomials of length 2 contributing to 73 and

the monomials of length 3 contributing to 7ts. Thus

mM)®Q = Q*=0Q°
M) @Q = @
(MeQ = Q
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We now prove proposition 4.0.16

Proof. Let J be as above. Since ¥ ~g ByM, to prove (1) we consider the

homotopy long exact sequence for the fibration
k
™ — [[K(@Qloi| 1) — F
i=1
From the long exact sequence it is clear that for j > 2
k
m(F) = [ [ K(Q, los] — 1)
i=1

Every i such that |o;| — 1 =j contributes a factor of Q to m;(F). Thus we get as
many factors as there are monomials of length %

In lower degrees the homotopy long exact sequence looks like
0—mp(F) - m(T™) =0

proving (1) for j =2

To prove (2) we use the homotopy long exact sequence for the fibration
M — BtM — BT

For j > 2 we get
ﬂj(M) = ﬂj(BTM)

The tail end of the homotopy exact sequence is
0 — m(M) — mp(BtM) — m (T™) — 0

Since 7t (T™) is free abelian, this short exact sequence is split, so p(M) = Z™ ™
O

The proof of the following proposition can be found in [4, p447].

Proposition 4.0.19. Let X be a stmply connected space with finite dimen-
stonal rational homology. Let q = dim Tleven(X) ® Q. If X s rationally elliptic

then the following are equivalent:



28

1. x(X) >0

2. H*(X; Q) s the quotient of a polynomial algebra in q variables of even

degree by an ideal generated by a regular sequence of length ¢
8. dim T[even(X) o2 Q = dim T[odd(X) X Q
We can now prove the converse of the main theorem of this section.

Proposition 4.0.20. If M s a rationally elliptic quasitoric manzifold over P

and

H (B @) = 2ot
where Ip = (04,...,0x) s the Stanley-Reisner ideal of P, then oy,..., 0
forms a regular sequence in Q[vy,..., V]

Proof. We first note that M satisfies the hypotheses of proposition 4.0.19. More-
over, since M consists of only even dimensional cells, x(M) > 0.

Next, observe that
Tleven (M) @ Q = 12(M) ® Q = Q™™
and by proposition 4.0.19
m—n = dim Meyen (M) ® Q = dim 7,4¢(M) ® Q

Since every generating monomial of the Stanley-Reisner ideal contributes exactly
one generator to the odd dimensional homotopy, we conclude that, in fact, k =
m—mn.

The cohomology of M is given by

Qv ..y Vil
H*(M; Q) =
(01,. . .,O—m,n,el, .. .,Gn)
Without loss of generality we may assume that v,, n1,...,Vvm correspond to

some n facets of P that meet at a vertex. Since the characteristic function
restricted to these facets gives a basis for Z™, we may use the relations 0,,...,0,

to express Vin_ni1,-..,Vm as linear combinations of vy,...,v;,_ . We can now
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use these linear combinations to eliminate the variables vi,_n1,- .., Vm from the
monomials o01,...,0m_n. Denote the resulting polynomials by
Ti = 0i(V1, -+, Vmn)

We can now rewrite the cohomology of M as

H*(M;Q) — Q[V1:~-')vm] — Q[le---)vm—n]
(Gl)"')cm—n;el)"')en) (Tla"')Tm—n)
By 4.0.19, Ty,...,Tm_n is a regular sequence in Q[vy,...,Vvm_nl. To complete

the proof we argue by contradiction:

Suppose 01,...,0m_n i8 not a regular sequence in Q[vy,...,v,n]. Then for
some 1i, 0; is a zero divisor in Q[vy,...,vml/(01,...,01_1). That is, there exists
a non-zero p such that o;p € (o0y,...,0;_1) Eliminating extraneous variables
in this relation, we see that tip(vi,...,Vvin-n) € (T1,...,Ti_1), SO it is a zero-
divizor. This contradicts the fact that t;,...,Tm_n is a regular sequence and

completes the proof of the proposition O
We can now combine the results of this section in a

Theorem A. A gquasitoric manifold M over a stmple n-dimensional polytope
P with m facets s rationally elliptic if and only i1f P 1s a product of simplices.

Moreover, the rational homotopy of M 1s given by

Qu  fj>2

”j(M)®@={ o
QM ™ fj=2

where y; represents the number of generating monomzials of the Stanley-
Reisner ideal of P of length (j + 1)/2. Equiwvalently, every i-simplex factor

of P, contributes a generator to M1 (M) ® Q.



Chapter 5
Equivariant Mapping Spaces

Let M = M?2™ be a quasitoric manifold over P, and Zp its associated moment
angle complex. In what follows we will consider the mapping space mapyw(Zp, Zp)
of T™-equivariant self maps of Zp. The natural structure of Zp as a homotopy
colimit allows us to study this mapping space by considering it as a homotopy
inverse limit. One of the benefits of this approach lies in being able to use the
Bousfield-Kan spectral sequence to compute the rational homotopy groups of
mapyw (Zp,Zp) when P a product of simplexes.

In taking a more geometric view, we will also interpret the spaces map~» (M, M)
and mapyw(Zp,Zp) as a space of maps out of the polytope P into M (resp Zp)
satisfying certain boundary conditions. This will let us view mapyw(Zp,Zp) as a
tower of fibrations, and when P is a simplex, the fibers have the homotopy type
of iterated loopspaces on odd dimensional spheres.

For the definitions of the homotopy limits and colimits and the results on
the convergence of the Bousfield-Kan spectral sequence used in this chapter, the
reader is directed to Appendix A. Those desiring a more detailed introduction

to these topics are referred to [1] or [5].

30
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5.1 Equivariant Mapping Spaces as Homotopy In-

verse Limits

We first recall how to view M as a homotopy colimit. Let P be the category
obtained from the polytope P as follows:

The objects of P are the faces of P. Thre is a morphism from a face o to a
face T if T C 0. The category P can thus be viewed as simply the barycentric

subdivision of P.

Example 5.1.1. If P is a square, then the category P can be viewed as this

diagram:

|
4

L/ I\

|
4

I\

For a quasitoric manifold M over P, and its moment angle complex Zp we
consider the following covariant functors taking values in the category of T-
spaces:

Orbmp @ P — T-Top
Orbp . P — T-Top
Fixp : PP — T-Top
These functors are defined by:
Orbmp(o) = T/T;
Orbp(0) = T™/T,

Fixp(0) = 2

In the first equation above, T, is the stabilizier of the face ¢ in M, while in the
last two equations T, is the stabilizer of o in Zp.

The induced morphisms for Orby, p are just the projections

Orb,p (0 — 1) = T/ Ty — T"/To)
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The induced morphisms for Orbp are defined similarly, and
Fixp(o — T) = (257 — Z}°)

is just the inclusion of subspaces.

The following proposition can be found in [8] or [9]

Proposition 5.1.2. Let M be a quasitoric manifold over P and Zp its moment

angle complex. Then

M = hoclcg)limOrbM,p

Zp = hocglim Orbp

Remark 5.1.3. As a consequence of the construction of the moment angle com-
plex Zp, the stabilizers of the faces are simply the coordinate subtori of T™, and
in case of M = CP™, P = A™ and Zp ~ §2"*1

We will need the following lemma before we can express the mapping space

mapm(Zp, Zp) as a homotopy inverse limit.

Lemma 5.1.4. Let G be a group and X, Y be G-spaces. Suppose P be a
small category and F a functor from P to G-Top. If X can be written as a
homotopy colimit
X = hocglim F
then
mapg(X,Y) = mapG(hocP())lim F,Y) = hg&m mapg(F,Y)

Proof. Consider the action of G on map(X,Y) given by

(g-f)(x) =g 'f(g-x)

The fixed points of this action are precisely the G-equivariant maps in map(X,Y),
SO
(map(X, Y))® = mapg(X,Y)

Now let G be a category with one object whose morphims are elements of G.
Define a functor
MX,Y G — G—Top



33
given by

Mx,y(*) = map(X,Y)

The fixed point set of the G-action on map(X, Y) is the equalizer of the functor

Mx y over the diagram G, i.e.
mapg (X, Y) = (map(X, Y))G = 1%11 Mx,y

The result of the lemma can now be obtained as a formal consequence:

mapg (hoclg)hm F’ Y) = ]-lén Mhocolim F,Y =
P
limholim Mgy = holim lim Mgy
G Por pPor G

= hgl}ipm mapg (F,Y)

The second equality holds because we can bring the homotopy direct limit out of
the mapping space as the homotopy inverse limit, while the third equality holds

because we can commute inverse limits with homotopy inverse limits. [

Proposition 5.1.5. mapyw(Zp, Zp) = hlojl,ipm Fixp

Proof.
maprw(Zp,Zp) = mame(hocoéim Orbp(0), Zp)
oc
= mapym (hoco%im T /Ts, Zp)
oc
= holim mapyn (T™/To, Zp)
— holim Z}°
ocPer
— holim Fixp
Pop
where the third equality is justified by the previous lemma. O

5.2 Equivariant Mapping Spaces as Moduli Space
of Maps

An equivariant map is entirely determined by how it acts on each orbit rep-
resentative. Our first task is to identify a convinient set of orbit representatives

inside of Zp
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Proposition 5.2.1. The map

s: P —2Zp
p —I[(1,p)]

defines a continuous section to the projection map Zp — P. Moreover, it 1s

a homeomorphism onto its tmage.

Proof. 1t is easily checked that s is a section. Since s is a composition of con-

tinuous maps

P— TmxP — Zp

p— (Lp) ~I(1,p)]

it is continuous. Finally, since P is compact and Zp is hausdorf, s is a homeo-

morphism onto its image. [

From now on, we will identify the space of orbits P, with the embedded

submanifold of Zp constructed in the proposition.

Remark 5.2.2. Note that the same construction works also for M

Construction 5.2.3. We consider the space map®(P,Zp) (resp. map®(P, M))
of maps {f : P — Zp} (resp. {f : P — M}), subject to the following boundary

conditions:

e The vertices of P are mapped to their corresponding tori in Zp (resp. to

the corresponding T™-fixed points of M)
e A face o C P is mapped into the facial submanifold Z, of Zp (resp. M)

Remark 5.2.4. Since every equivariant map is completely determined by its
action on the orbit representatives, once we identify P with the embedded sub-
manifold of Zp, every element f € map®(P, Zp) gives rise to an equivariant map
f which does not permute the tori lying over the vertices of P. Conversely, every
equivariant map f € mapyw(Zp,Zp) not permuting the tori over the vertices,

defines a map f € map®(P, Zp).
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Example 5.2.5. In this example we consider the space mapy:(CP?,CP!). It
turns out that it admits an especially nice description. To begin with, we can
identify the orbit space of the T!-action on CP! with a great semi-circle connect-
ing the north pole N and the south pole S inside of CP!. Let us call this segment
I. Any Tl-equivariant map f : CP! — CP! is determined by its values on the
orbit representatives inside of I. Thus we can think of f as a map from I to CP*.
Equivariance forces f to map fixed points to fixed points, i.e. the poles must be

sent to the poles. So
mapr: (CPY, CP') = {f € map(I,CP") : f(3I) C 31}

This shows that maps: (CP!, CP!) consists of four connected components: two
components where both poles {N, S} are sent respectively to the north pole N or
the south pole S; one component where N is sent to N and S is sent to S; and
the last component where the poles are interchanged via an equatorial reflection.
Each of these components clearly has the homotopy type of QCP!. So we can

conclude that

map+: (CP, CP?!) ~ ]_[Q(cpl

The component that interests us the most in What follows, is the one where the
poles are fixed. We note that it is identity component of the topological monoid
maps: (CP!, CPY).

Taking the point of view of map:(CP?, CP') as a homotopy inverse limit, in

view of proposition 5.1.5 we obtain a homotopy pullback diagram

mapq: (CPl, (CPl) — {N, S}

| l

{N, S} Cp?
Using the standard model of the homotopy pullback we get

mapy: (CP', CP') = {(a,w,b) € {N, S} x (CP")" x {N,S}: w(N) =a,w(S) =b}

This gives the same four connected components as described in the first half of

this example.
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Remark 5.2.6. Though the homotopy type of the identity component of the
topological monoid maps:(CP?,CP?) is QS?, it can be shown that as a loop

space it is isomorphic to St x QS

5.3 A Fibration

A torus equivariant self-map f of Zp or M gives, after passing to the orbit
space, a self map f of the image polytope. By equivariance, f must map vertices

to vertices, thus giving a self-map of the vertex set of the polytope.

Definition 5.3.1. Define map.(Zp, Zp) to be the space of torus equivaraint self
maps of Zp which descend to the identity map of the vertex set of P. Likewise,
the space map.(M, M) is defined to be the space of torus equivariant self-maps

of M which descend to the identity map of the vertex set of P.

In 5.2.5 we saw that an equivariant self map of a quasitoric manifold M may
descend to map on a polytope P that permutes or collapses the vertices. This
is not the case when we are looking at equivariant selfmaps of a moment angle

complex Zp, as the following proposition shows.

Proposition 5.3.2. Any T™-equivariant map of Zp descends to a vertez pre-

serving map of the image polytope P, that 1s
mapyn (Zp, Zp) = maptn(Zp, Zp)

Proof. Let a and b be two vertices of P. Assume, for a contradiction, that the
map on P induced from f takes a to b. Then f must send the T™-orbit over a
to the T™-orbit over b. Let x and y be two points in the T™-orbits over a and
b respectively such that f(x) = y. By construction of Zp it is evident that the
stabilizers T,, T, of the orbits over, respectively, a and b are distinct. Let t be

an element of T, that is not in Ty,. Then
f(x) =f(t-x)=t-f(x) =t-y

Since t must move y we obtain a contradiction to f(x) = y. Thus f must leave
the vertices fixed. ]
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It turns out that the equivariance of the maps in question together with pre-
scribed behavior on the vertices forces these maps to be quite rigid. In proposi-
tion below we use the notation of Theorem 3.3.7:

Z[Vl; e )vm]

Hy (M) = =2

Zvi, ..., Vi)
I+]
H*(BT) = Zlcy,...,cn)

H*(M) =

where I is the Stanley-Reisner ideal of the image polytope, and | is the ideal

generated by linear forms 0,,...,0,, given by
Gi = 7\11\)1 + ...+ }\imvm

The vectors A; = (Ayj,...,An;) are the characteristic vectors of the manifold M

(c.f. definition 2.1.1). The maps i* and p* are given by
Vlvi) = w
pilci) = 6

Proposition 5.3.3. If f € map}.(M, M), then the induced map * : H*(M) —
H*(M) 1s the identity map.

Proof. Since the ring H*(M) is generated by degree two elements, it suffices to
show that
*: H*(M) — H*(M)

is the identity map. We consider the commutative diagram

M——=ET x;1 M
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where the maps 1 and p are, respectively, the inclusion of the fiber and the
projection maps of the obvious fibration. Passing to cohomology we get the

following diagram:

H* (M) <— H% (M)
We first observe that the map
f*: H*(M) — H*(M)
must be a diagonal map, that is, its matrix A will be of the form

X1

Xm

This is because the generators vi,..., v, of H2(M) are cohomology classes dual
to facial submanifolds M?™ 2 of M. Since the map on the polytope induced from
f preserves the vertices and hence the facets of P, f must map facial submanifolds,

lying over the facets, to themselves. This forces the map
f2 :HZ(M) — HZ(M)

to also be the diagonal map

The map

is given by the matrix
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Commutativity of the diagram then says that

AA=A
that is
XAy = A
for all i and j. Since Ai; # 0 for at least one i, «; = 1 for all j, and hence
A =id ]

Corollary 5.3.4. The maps f € map.(M, M) are self homotopy equivalences

Proof. Given an equivariant self map of M fixing the vertices, the induced map
on cohomology is identity. By the universal coefficient theorem, the induced map
on homology is also identity. Since M is simply connected, Whitehead’s theorem

gives the result. [

Remark 5.3.5. The above result shows that equivariance and fixing of vertices
imposes a kind of a rigidity on the mapping space in question. Namely, all the
elements are forced to be homotopy equivalences. This makes the problem of
counting connected components of map.(M, M) more subtle, as we will not be
able to use standard invariants such as homology and homotopy to distinguish
homotopy classes of maps. Thus a more sensitive way of distinguishing connected

components is desired.

In view of what was said in remark 5.2.4, we have:

Proposition 5.3.6. There are homeomorphisms
mapa(P, Zp) ~ maple(ZP, Zp)
map® (P, M) ~ map}.(M, M)

Remark 5.3.7. In the case when M = CP™, the space map.(M, M) is 0-
connected, as we will see later. It is interesting to see what can be said of

connectivity of mapk.(M, M) for general M.
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We will now relate the spaces mapt.(Zp, Zp) and mapt.(M, M) by means

of a more or less obvious fibration. Namely, we can construct a map
s maple(ZP, Zp) — maplTn(M, M)

as follows:

Let r = m —n. We start with the principal T"-bundle (See proposition 3.2.1)
T —2Zp > M
For f € map}.(Zp,Zp) and x € M, define
() (x) == p(f(z))
where z is some point in p~!(x).

Proposition 5.3.8. 7 : mapk.(Zp, Zp) — mapi.(M, M) is a well defined sur-

jective monoid homomorphism with kernel homotopy equivalent to TT

Proof. (a) where we prove that 7t is well defined:
Let z and z’ both lie in p~!(x). Since z and z’ are in the same orbit over x, there

exists t € T" such that z’ =t - z. Thus,

(mf)(x) =

(b) where we prove that ntf is T™-equivariant:

We view T™ as T™/T", and the action of T™ on M as the residual action of
Tm/T" on Zp/T". Let x be a point in M and take z in Zp such that p(z) = x.
Let [t] € T = T™/T" be the image of t € T™ under the natural projection. We
note that p(t-z) = [t] - x, so that

(mf)([t]-x) = p(f(t-z))
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(c) where we prove that 7t is a monoid homomorphism:

Let f,g € mapt.(Zp,Zp),x € M and z € p*(x).

(rcf) o (mg)(x) = (mtf)(p(g(2)))
= p(flg(z)))
= p(fog(z)
= m(fog)(x)

(d) where we prove that 7t is surjective:

To prove this claim we consider an equivariant map f € mapt.(M, M) as an
element of the space map®(P,M). The question of surjectivity will reduce to
finding a lift

Zp
P 7
P Mm
and checking that it satisfies the boundary conditions.

The existence of the lift is established by noticing that p : Zp — M is a Serre
fibration, so any map from a topological disk into M has a lift. To check that the
boundary conditions are satisfied we must show that for a face o € P, f(o) lies in
the facial submanifold of Zp over o. To this end, we first note that f(o) C My,
where M, is the facial sibmanifold of M over o. Then, by the commutativity of
the diagram, pf(o) C M. This forces f(o) to lie over My, and hence over o.
Thus f € map?(P, Zp), so it is T™-equivariant. It remains to show that nf = f
Let x € M. We recall that the orbit space P can be viewed as a submanifold of

M. There exists an orbit representative a € P C M of x. That is, there is some
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t € T" such that t- a = x. Thus,

(e)where we prove that ker7t ~ T"

Suppose 7if = idp,. Pick any x € M and take z € p~*(x). Then
(7ef)(x) = pf(z) =x

implies that
flz)=t-z

for some t € T". This means that f maps every orbit a € P to itself, turning it
by some element of the torus t(a) € T". So f is completely determined by the

map t: P — T7, and hence

T

ker 7t ~ map(P, T") ~ T

This completes the proof of the proposition.
O

Proposition 5.3.9. There s a retraction n for a short exact sequence of

topological monoids

;"

1 Tr : mapim (Zp, Zp)

1

7T

map}. (M, M) —> 1

Proof. Pick a vertex o of P. Let T, be the stabilizer of the T™-orbit over ¢ in
Zp. The action of T" on Zp is free, so the intersection T" N T, consists of only

the identity element. Because of this, there is a splitting

T =Ty x T
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with
p:TM™ —T"
the projection map.
Let
f € maptn(Zp, Zp)
be given. We define 1 as follows:
By construction of Zp the orbit over o is just the quotient T™/T,. Since f

fixes the orbits over the vertices, it must map T™ /T, to itself T™-equivariantly.
Take 1 € T™/T, and define

n(f) := p(f(1))

To show 1 is a retraction we must see that
no i= idTT

Take t € T" and let i(t) = h € mapt..(Zp, Zp). Up to homotopy we may assume
that for z € Zp,

Then
(moi)(t) =n(h) =p(h(1)) =p(t-1) =p(t) =t
This proves 1 is indeed a retraction.
Verifying that n is a monoid homomorphism is completely straight-forward:
Take f,g € map}n(Zp, Zp). Denote by t¢ and t, the images of 1 in T™ /T, under

f and g respectively. By equivariance we then have
n(fg) = p(f(g(1)))
t

(

(f(tg))
(tg
(

(I
° o

-f(1))
= pltg - tr)
= ty-tg

= p(te) - p(tg)

= p(f(1)) - p(g(1))

= n(f)-nlg)



44

This completes the proof of the proposition. O
Corollary 5.3.10. There is an 1somorphism of topological monoids
mapt . (Zp,Zp) = T" x mapi. (M, M)
Proof. The isomorphism is given by the map
f = (n(f), 7e(f))

The proof that the map above is injective is the same as in the case of groups.
The only subtle point appears in the proof of surjectivity which we now provide.
Fix (t,g) € T" X mapt.(M, M). Pick f € map}.(Zp, Zp) such that 7(f) = g.

It is easy to see that the element
foim(f)™-t) € maptn(Zp, Zp)

is mapped to (t,g) under (n,n).
We note that above we have taken an inverse of n(f). This is perfectly fine
as the kernel of 7 is an honest group, whereas the spaces mapi.(M, M) and

mapi. (Zp, Zp) are only monoids. O

Corollary 5.3.11. Fizing compatible basepoints, the homotopy groups of

mapi.(Zp, Zp) and mapi.(M, M) are related as follows:

M (map}n (Zp, Zp)) = ZT x m(mapk. (M, M))
7 (maptm (Zp, Zp)) = mj(maph. (M, M)) forj >1

5.4 Equivariant Mapping Spaces of Complex Pro-

jective Spaces

In this section we use the homotopy inverse limit decomposition of the equiv-
ariant mapping spaces mapym (Zp, Zp) and mapy« (M, M) to compute its rational
homotopy groups using the Bousfield-Kan spectral sequence.

For the remainder of this section we let M = CP™ with the usual T™-action.
We let P be the orbit polytope which is just the n-simplex A™. The following
fact can be found in [2, p87]
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Proposition 5.4.1. The moment angle complex Zp corresponding to P = A™

is homeomorphic to S+,

The first order of business will be to settle the question of components of the
space maph.(Zp, Zp). As the result of Proposition 5.3.6 we may as well work
with the space map?(P,Zp). Let P! denote the i-skeleton of the n-simplex P.

We can consider maps
res; : map® (P!, Zp) — map® (P!, Zp)
which are simply the restrictions to the i-skeleton of P.
Lemma 5.4.2. The maps res; : map® (P!, Zp) — map® (P}, Zp) are fibrations.

Proof. Let o be a maximal face of P**! and Z, the corresponding facial sub-

manifold of Zp. The inclusion
P'no— P no
is a cofibration. Therefore the map
map(P*™' N o,2s) — map(P' N o, Zs)

is a fibration. The map res; fits into the pullback diagram below, and is hence a

fibration

map? (P! N o, Zp) —map(P*! No, Zs)

- |

map®(P*N o, Zp)~—map(P' N o, Zs)

From here it is not hard to see that the map
res; : map® (P!, Zp) — map® (P, Zp)

is also a fibration.
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Proposition 5.4.3. The spaces mapt.(Zp, Zp) and mapt.. (M, M) are 0-connected,
and are therefore the identity components of the respective H-spaces mapym(Zp, Zp)
and mapy- (M, M)

Proof. The spaces map® (P, Zp) fit into a tower of fibrations:

Xn

map® (P™, Zp)

resn 1

X1 — IIlEiI)a (})Tlgfl, Zp)

resn_2

X2

mapa (P2: Z’P)

res

X1

Inapa (Pla Z’P)

resg

Ina'pa (PO’ Z’P)

We proceed by induction on the skeleta. The space map?(P% Zp) is home-
omorphic to (T!)™*!, and so is connected. Let us assume that map? (P, Zp) is

connected. We examine the fiber X;,; of the fibration
Xi41 — map®(P***, Zp) — map® (P*, Zp)

Fix a maximal face o of P'*!. Since o is maximal it must be an (i + 1)-simplex.
Let f be a map in map®(P*N o, Zp). The boundary conditions force f to map
each i-simplex of do to the corresponding facial submanifold of Zp. These facial

submanifolds are just the coordinate spheres S?'*1. The fiber over f of the map
map® (P*"' N o, Zp) — map®(P* N o, Zp)

is the space of all maps from o to Zp that restrict to f and satisfy our boundary
conditions. The boundary conditions require that the image of ¢ lie in its facial

submanifold, which is homeomorphic to S?'*3. Thus the fiber is the space of
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maps from an (i + 1)-simplex to S?'*3 that restrict to a given map f on the
boundary. This space is homotopy equivalent to Q!+1521+3,

Now, if we are given a map g € map®(P?, Zp), we can extend it independently
over each maximal face of P'*!, and so the fiber is just the product of iterated

loop spaces on spheres, with as many factors as there are (i + 1)-simplices, i.e.

Xi+1 ~ Q1+1521+3 X ... X Q1+1s21+3

(2 times

Since 7;41(S?'"%) = 0, the space X;, is connected. Applying the homotopy

long exact sequence to
Xi+1 - ma‘pa (Pi+11 Z’P) - mapa(Pi7 ZP)

and looking at the 7, terms, proves the proposition for map?®(P, Zp). The result
for map?(P, M) follows by applying the homotopy long exact sequence to the
fibration in Proposition 5.3.8.

]

Remark 5.4.4. We note that extending a map from the boundary of a simplex
to the whole simplex in the previous proposition is possible precisely because of

high connectivity of $2™*1,
A consequence of the above proposition is this

Corollary 5.4.5. Any torus equivariant map of CP™ not permuting the fized

points 1s equivariantly homotopic to the identity.

We recall from Proposition 5.1.5 that the equivariant mapping space mapw (Zp, Zp)

is the homotopy inverse limit of the fixed point functor
Fixp : P — Top

We need to understand what the values of Fixp are when P is the simplex category.
Let o be a k-dimensional face of P. The value of the functor Fixp on o is given
by

Fixp(0) = 2
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It is the fixed submanifold of Zp under the action of the stabilizer torus of o, T.
But T, is just the coordinate subtorus, with coordinates corresponding to the
n—k facets of P which intersect in 0. Thus, the fixed points of the (2n+1)-sphere

Zp under the action of T, is some coordinate (2k + 1)-sphere. So in fact
Fixp(o) ~ 2ol

It is also not hard to see that if o C T is an inclusion of faces, then Fixp induces

the inclusion of fixed submanifolds Z}° C Z}°
Example 5.4.6. When P = A?, Fixp applied to the category P gives the following

diagram in Top

Sl

SN

§$3——=85—§?

]

St S3 St

Before we begin to apply the machinery of the Bousfield-Kan spectral se-
quence, we will need a prelimenary algebraic result. The set up is as follows:

Let P = A™, and P be the associated simplex category. Let R be a commu-
tative ring with unity and IT: P°® — R-Mod be a functor into the category of
R-modules defined by

R ifo=][0,1,...
H(O—) _ o [ 1 ,TL]
0 else

Lemma 5.4.7. The i-th derwed functor of the inverse limit of Tl 1s given by:

i R i#fi=n
limpe, IT =
0 else
Proof. The idea behind the proof will be to construct an isomorphism

limbe, TT = H-L (bs(dP); R) for i > 0

simp
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The term on the right hand side is the reduced simplicial cohomology of the
barycentric subdivision of the boundary of P.

Let us describe the chain complex
do d
0-Ci—-C,=-Cy—...—-C,,—0

whose i-th homology computes the groups limb., IT. * The generators of the free

R-module Cy are elements
(Gkg...ggozp)

with each oy a face of P.

For k > 0 the differential

dy: Cx — Cyna
is given by
dk(cik g g O, :P) -
k+1
Y1 Y (0, S G0y C.. S oy =P) (5.1)
j=1 (Tk+1,...,1’0)
where the second sum is taken over all tuples (ryy1,...,7j,...,To) such that
(Orey © .00 © ... C0y) = (03, ... C 0y)
For k =0,

do(op =P) = —Z(G C og)

Since ker dy = 0, this shows that lim%., TT = 0. In the future it will be helpful to
think of dy : Cy — C; as a coaugmentation map.

For k > 1, the isomorphism
Cyx = C*1(bs(dP); R)

is simply given by

(04, C ... € 03) o Flore0n]

=

1For a brief discussion of higher derived functors of inverse limits and a way to compute them
the reader is referred to [10, p86]
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Here, [0y,,...,0,] is a (k — 1)-face of bs(0P), where we think of every face oy
of OP as a vertex in bs(dP). The cochain f!%%u! takes the value 1 on the face
[Oiy,---,01,] and O elsewhere.

It remains to check that the differential d, coincides with the simplicial

coboundary operator 6*~!. To this end we note that

K+1
Z(_l))_l Z f[o—rk+17~~'7o—rj7"'1o—r1]
jzl (Tk+1,...,1‘1)
where the second sum is taken over all (ry,...,7:) such that
[C4s -y 0] =[O0y ey Oryy oo ey Oy

But under our identification of C, with C*(bs(dP);R), this is just the differ-
ential dy from (5.1) but with opposite sign.

This shows that for 1 > 1 there are isomorphisms

limbe, TT = HiZL (bs(dP); R)

simp
Since 0P is a simplicial sphere, the result follows. O

Remark 5.4.8. We note that in the course of the proof of the previous proposition
we have not used anywhere that P is an n-simplex. As long as the polytope P has
a polyhedral sphere as the boundary, and the functor IT is modified accordingly,

the lemma remains true.

In the next proposition TC()Q will denote the j-th rational homotopy group, i.e.
n;.@ =mQ

Proposition 5.4.9. The Bousfield-Kan spectral sequence for hg%ipm Fixp col-

lapses at the Ey-page

Proof. The E;j term of the spectral sequence is given by

U _ 15l Q ;
E2 — ].].mpop 7-(] O FlXP
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If 0 is a k-dimensional face of P, then

Q ifj=2k+1

T[;-Q(FiXp(O')) = 7[(9(82“1) = {
0 else

Since there is no interaction between the faces, by Lemma 5.4.7, each k-face is
going to contribute a factor of QQ to the i-th derived inverse limit. That is:

N _ Q) ifi=k

limpep 73 4 © Fixp = {

0 else

When j is positive and even, the j-th rational homotopy groups of odd dimen-
sional spheres vanish, therefore, the E;j in this case will be zero. We will not
concern ourselves with the case of j = 0, since the 0-th row of the E;-page cannot
be hit by any differentials, which have bidegree (r+ 1, r). This omission is incon-
sequential, as we already know that the spaces mapt..(Zp, Zp) and mapt.(M, M)
are connected. In view of the above calculations, we can now fill in the relevant
portions of the E, page of the Bousfield-Kan spectral sequence as done in Figure

6 below. Since the r-th differential has bidegree (r,r — 1), it must be trivial and

n+1 0 0 0 0 ---Q
5 0 0 Qv 0
4 0 0 0 0
v/
) 3 0 Qv 0 0
1 Q”°0/7
0 °
0 1 2 3 n
i

Figure 5.1: The E,-page of the Bousfield-Kan spectral sequence. Here v, denote
the number of k dimensional faces in the n-simplex P

hence the spectral sequence collapses at the E, page. O

n+1)

Proposition 5.4.10. rank(m(map}n(Zp, Zp))) = (")
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Proof. Because the Bousfield-Kan spectral sequence collapses at the E;-page, it

satisfies the conditions of lemma A.4.2 with N = 2, and so
Eizj = ﬂj_i(hg})ipm Fixp) forj —1 >0
Recall that in view of proposition 5.1.5

hglipm Fixp = mapym(Zp, Zp)

and by proposition 5.3.2
mapyn (Zp, Zp) = maptw(Zp, Zp)

with map}.(Zp, Zp) having exactly one component by 5.4.3. The E-page of
the Bousfield-Kan spectral sequence obtained in the previous proposition (see

figure), then says that the homotopy groups of this component are given by

n+l)

n2(maptn. (Zp, Zp)) = Q™
which completes the proof of the proposition. O
We state our results so far as a

Proposition 5.4.11. The spaces mapt...(S*" !, $*™*1) and map}.(CP™,CP™)

are connected. Their homotopy groups are related as follows:
(a) mi(mapt...(S*™1, $2" 1)) = 7 (map}. (CP™, CP™)) fori>1
(b) m(mapk... (S, $*nH1)) = Z & m; (map}. (CP™, CP™))
Moreover,

("HY) Fl1<i<n+1

rank(7t; (mapi... (S*" 1, $2 1)) =
0 otherwise
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5.5 Equivariant Mapping Spaces of Rationally El-
liptic Quasitoric Manifolds

In this section we will extend proposition 5.4.11 to the case of an arbitrary

rationally elliptic manifold. We begin with the following

Proposition 5.5.1. Let Zp and 2o be moment angle complexes over P an
Q, respectively. Let Tp and Ty be the tori acting, respectiwely, on Zp and
Z2q. Then

MapT, .7, (2p X 2q,Zp X Zq) ~ mapy,(Zp, Zp) X mapr,(2q, 2q)

Proof. The space Zp x Zg is a moment angle complex corresponding to the
polytope P x Q. The faces of P x Q are simply the products of the faces of P and

Q. Given such a face 0 x T C P x Q, there is this identity between the stabilizers
TO‘XT = TG X TT

By 5.1.2, we may view the product of moment angle complexes as a homotopy

colimit over the product category

Zp x Zg = ?Sfé’%ixr% Orbp (0 x T)

with functor Orbp, o given by

Tp X TQ

Orbpyqlo x 1) = T T

The result of the proposition now follows formally:



maprxTQ(Zp X ZQ,ZP X ZQ)

Tp % TQ
ma hocolim ————=
pTPXTQ(O'XTEPXQ TO- X TT ’

ZP X ZQ)

holim ma
oXTEPOP X QO°P pTPXTQ(

holim  (Zp x 2q)ToxT

oXTEPOP X QOP

holim 257 x 25

oXTEPOP X QOP

holim Z® x holim Z 5
oepop TEQCP

mapr, (Zp, Zp) X mapr, (2q,2q)
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O

Combining the result of the above proposition with 5.3.11 and proposition

5.4.11 we obtain:

Proposition 5.5.2. Let M be a quasitoric manifold over P = Al x ... x Al

and Zp be the corresponding moment angle compler andn = 1;+...+i. The

number of facets m of P is then i;+...4+ix+k. The spaces mapym(Zp,Zp) and

maplTn(M, M) are connected. Their homotopy groups are related as follows:

(a) 7 (mapra(Zp, Zp)) = 7 (maph, (M, M) for j > 1

(b) T (mapyn(Zp, Zp)) = Z¥ & i (maph. (M, M)

Moreover,

i, +1
rank 7;(mapym(Zp, Zp)) = Z ( ]. )

r=1

Remark 5.5.3. In the above proposition, we use the convention that the binomial

coefficient (§) =0, whenever b > a.
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5.6 Homotopy Type of Equivariant Mapping Spaces

of Complex Projective Spaces

In this section we will determine the homotopy type of the equivariant map-
ping spaces of complex projective spaces and their moment angle complexes. It
turns out that these spaces are just the products of iterrated loop spaces on odd
dimensional spheres. In view of the results of the previous section, this will also
give us the homotopy type of the equivariant mapping spaces of quasitoric mani-
folds and the corresponding moment angle complexes over products of simplices.
It will be seen that our calculations of the ranks of the homotopy groups using
the machinery of the Bousfield-Kan spectral sequence are consistent with our
results in this section. As a corollary we also deduce that when P is a product
of simplices, the homotopy type of the space map}.(M, M) depends only on P.

We begin by proving two simple lemmas.

Lemma 5.6.1. If a fiber sequence

QOB F

possesses a section s, so that mos = id, then there is a fiber homotopy

equivalence F ~ E x QB

Proof. We form a pullback diagram of the path-loop fibration

OB=——=0B
F——PB

(]

E——B
Because mo s = id, and PB is contractible, the map E — B must be null-

homotopic. Therefore, the pull-back fibration is trivial, i.e. F ~ E x QB. O

Lemma 5.6.2. If X — Y 1s inclusion of spaces that s null-homotopic, then

the homotopy fiber F of this inclusion 1s X x QY
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Proof. We loop back the fibration

Qy F X Y
-

Because X — Y is null-homotopic, there exists a section s : X — F. By the

previous lemma, F ~ X x QY [

Theorem B. Let P =A™, M = CP", Zp = S?"*1. Then

(a) mapynii(Zp, Zp) =~ H H Qg2+l

'LOO'l

(b) map}.(M, M) ~ T™ x HHfllSzl“

ngl

Above, the second product is taken over all k such that o}, is an i-dimensional
face of P

Proof. For the sake of clarity we prove part (a) of the theorem for n =1 and 2.
The reader should have no difficulties in using induction to prove this claim for
all n.

When n =1 proposition 5.1.5 implies
mapr:(Zp, Zp) = holim(S* — S% « S')

By lemma 5.6.2, the homotopy pullback is St x S' x (OS3. This proves the claim
for n =1.
To prove the claim for n = 2 we need to determine the homotopy limit of the
diagram
Sl

SN

§? =St

]

St S3 St
To this end, we replace it by a slightly fatter diagram whose homotopy limit is

the same. The idea is to pick a vertex, and fatten it up without affecting the

homotopy limit.
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§t——>g3<—s!

L

§3 —S85<—4!

St —83<—4t
We can now take the homotopy limit of the vertical columns obtaining a pullback
dagram

ST x St x 0S® — S¥xS%xQS°— St
Since the map S* — S3 x S® x QOS® is null-homotopic, the homotopy pullback is
given by
S! x St x ST x QS® x OS® x QOS? x O2S°

This proves the claim for n = 2.

To prove part (b), recall that there is a split exact sequence of topological

monoids:

; .
Tl 41> mapyn+1 (Z’P7 ZP) - map'lrn (Ma M)

By part (a) we have

mapyn+: (Zp, Z’P) ~ Tn+1 > H H Qis2i+1

i=1 (e X}
Since 1 is a retraction it must induce a surjection on 7r;. This implies T* must

sit inside T™"!, because the second factor in the product is simply connected.

Thus we have
mapynsi(Zp, Zp) ~ T x f[ Haisml ~ T x map’.(M, M)
i=1 o
Because the circle T! is inside T™*!, the space mapi.(M, M) is just the product
mapi. (M, M) = T /T x ﬁ [[ais*
izl oy

This concludes the proof of the theorem. [
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The next corollary is immediate from the previous theorem and our discussion

in the last section.

Corollary 5.6.3. If P 1s a product of simplices and M 1s a quasitoric manifold

over P, then the homotopy type of mapi.(M, M) depends only on P.

5.7 Equivariant Mapping Spaces of General Qua-

sitoric Manifolds

Computing rational homotopy groups of mapym(Zp,Zp) when P is an ar-
bitrary polytope presents a challenge, as the rational homotopy groups of Zp
quickly blow up if Zp is rationally hyperbolic. What we can say, however, is that
the Bousfield-Kan spectral sequence can still be used to compute the desired ho-
motopy groups. In fact, it collapses at (n + 1)**-page, where n is the dimension
of the polytope. In this section we also touch briefly upon the question of com-
ponents of mapym(Zp,Zp). We learn that all the components have isomorphic
homotopy groups, and that in the case when the polytope is 2-dimensional, the
space mapym (Zp, Zp) is connected.

We begin by proving a couple of lemmas.

Lemma 5.7.1. Let Zp be a moment angle complex corresponding to a simple
polytope P, and o, T be two faces of P. If T, and T, are stabilizers of these
faces, and T, C T; then Tt C 0

Proof. We express o and T as the intersection of facets of P:
o=()Fandt= ()G
FDo GDt
By construction of Zp, the stabilizer of any facet F is just the coordinate subtorus

Tr C T7, where J is the set of facets of P. Consequently, the stabilizer of any

face is the product of the stabilizers of all the facets containing that face. In our

TG:HTFandT :HTG

FDo GDT

case,



59

Now, if T, C T, then
{FIF D o} C {G|G D T}

andsotTC o O]

Lemma 5.7.2. If Zp 15 a moment angle complex corresponding to a simple
polytope P, o a face of P and Z, a facial submanifold lying over o, then
Fixp(0) = Zp° = Zs.

Proof. Clearly Z, C Zg". Conversely, suppose there is a point z € Z,;" that is
contained in some other face, T. Since T, fixes z we see that T, C T.. But by

the preceeding lemma this can only happen if T C o, so z lies over o. O

Proposition 5.7.3. For every face o of P, the fized point spaces Z;‘T are

connected.

Proof. Because of the principal T'-bundle Zp — M, we know that Z, fibers
over M, with connected fiber T'. Since both the base M, and the fiber T" are
connected, then so is the total space Z,. The previous lemma implies that ZE"

is connected. OJ

We can now describe what the Bousfield-Kan spectral sequence for hollgim Fixp

computes for any simple polytope P.

Proposition 5.7.4. If P 1s an n-dimensional simple polytope, then the Bousfield-

Kan spectral sequence for ho%im Fixp collapses at the (n + 1)%-page.

Proof. Since the category P has no more than n composible arrows, the chain
groups Cy, in the complex computing the higher inverse limits [c.f. 5.4.7], lim' 7;0
Fixp, will be zero for k > n, and so

E) =0fori>n

Thus, the differentials d, will be zero for r > n, and the spectral sequence will

collapse at the (n + 1)%*-page. ]
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Proposition 5.7.5. The connected components of maprw(Zp,Zp) have iso-

morphic homotopy groups. Moreover,
E;j = ﬂj—imapi?m(zl’, Zp)

where the term on the left 1s the second page of the Bousfield-Kan spectral
sequence, and the terms on the right are the homotopy groups of the identity

component of mapyw(Zp,Zp).

Proof. A choice of a basepoint in mapyw(Zp, Zp) descends to a set of compatible
basepoints in {Fixp(0)|oc € P}, because mapw(Zp,Zp) is the homotopy inverse
limit of these spaces over the diagram P. Since each Fixp(0) is connected by

5.7.3, the E, page of the spectral sequence, given by
Eizj — lim" 7t (Fixp(0))

is independent of the initial choice of basepoint in map;w(Zp,Zp). Choosing
a basepoint from any of the components gives the same terminal page of the
spectral sequence, and hence the homotopy groups of different components are

isomorphic. [

The number of components of mapm(Zp,Zp) is unknown to the author in
general. We do know, from previous discussion, that the space mapym(Zp, Zp)
is connected when P is a product of simplexes. Below we will prove this also for

the case when P is 2-dimensional.

Lemma 5.7.6. If P is a 2-dimensional polytope, then the facial submanifold

of Zp lying over a one dimensional face o is homeomorphic to S x T 1.
Proof. Consider the part of the diagram P corresponding to the face o:

Vi ¢— 0 — Vg
Applying the functor Orbp, we get

Tm/Tv1 — Tm/TU — Tm/Tvz
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So Z, can be viewed as the homotopy pushout of
Tr - TT+1 SN TT

where the maps are projections onto two different r-dimensional coordinate

subtori. We may think of this as
Trt x SLIEREI Trt o (51 1) MR o1 gl (5.2)
which is the homotopy pushout
S} «— S} xS; — S (5.3)

crossed with the torus T™ .
But the homotopy pushout (5.3) is just the join of two circles S} * S3 = S3,
so the homotopy pushout (5.2) is homeomorphic to S x T™* O

Theorem C. Let P be a simple 2-dimensional polytope, and Zp the cor-
responding moment angle complex. Then the space mapym(Zp,Zp) s con-

nected.

Proof. We will prove this proposition by showing that the diagonal of the Bousfield-
Kan spectral sequence for mapym(Zp, Zp) consists of zeros, that is, we must show
that

lim" 7t; o Fixp = 0
We begin by observing that for any face o, the space Fixp (o) is connected, so the

inverse limit of directed sets
lim® 7y o Fixp = lim 7ty o Fixp = %

Next, we note that since the polytope P is 2-dimensional, the category P will

have no more than two non-identity composible arrows, and hence
lim’ m; 0 Fixp =0forj >3

Since any moment angle complex is 2-connected [2], any sequence of two non-

identity composible arrows will map into the zero group

7o (Fixp(P)) = m3(Zp) = 0
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S0
lim? 715 o Fixp = 0
It remains to show that
lim' 71; o Fixp = 0
First note that if v, o0 and P are respectively a vertex, a facet and the 2-face of
P, then by the previous lemma, the values of the functor Fixp are given by
Fixp(v) = Z,~T"
Fixp(0) = Zo~S3xT" !
Fixp(P) = Zp

Since Zp is simply-connected, the diagram that arises from the composition of

functors and computes lim? 7t; o Fixp is

AL
Oy
/ \

z" A
Zrl—1 Zrl—1
| |
7T —— g1 e gr-l<— 71

In the above diagram all the maps in question are projections, as they are induced
by the maps
T =T'xT 18 xT*
which are inclusions in the first coordinate and identity in the second.
It is easy to see that
lim' 7; o Fixp = @D lUm*(Z" — Z" " « Z7)
facets

so to complete the prove we must show that

lim'(z" 2 7zmt 2 7r) =0
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But [10]
lim*(z" 25 727t 22 77 = coker(ZT x ZT =5 7Y
where
x(a,b) =pi(a) — p2(b)

Since p; and p, are projection maps, « is surjective, so the cokernel is zero,

proving the claim. [
In view of the fibration in 5.3.8, we obtain the following:

Corollary 5.7.7. Let M be a quasitoric manifold over a 2-dimensional poly-

tope P. Then the space mapk.(M, M) is connected.



Appendix A

Homotopy Limits, Homotopy
Colimits and Bousfield-Kan Spectral

Sequence

In this section we review the requisite material concerning homotopy limits
and homotopy colimits. For more details, the interested reader may consult [1]
or [5]

A.1 Simplicial and Cosimplicial Objects

Let A be a category whose objects are finite ordinals n ={0 <1 < ... < n}
and whose morphisms are non-decreasing functions f : n — m. A simplicial
object X, over a category C is a contravariant functor from A to C, ie. a
covariant functor

X:A°? - C

Similarly, a cosimplicial object X® over C is a covariant functor
X:A—-C

Remark A.1.1. Recall that to define a simplicial object X, over C it is enough

64
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to specify objects X,, of C together with face and degeneracy maps

di . Xn—>Xn_1, Oélgn
si : Xn—Xngg,, 0<in
Likewise, to define a cosimplicial object X, over C it suffices to define objects

X™ in C together with co-face and co-degeneracy maps

db X — X1, 0<i<n

~ AN
Xn—>Xn+1; 0o<in

i

S

In the case of both simplicial and cosimplicial objects, these maps must satisfy

a list of simplicial and cosimplicial identities. For details see [1] or [5]

A (co)stmplicial map between (co)simplicial objects X and Y is a natural
transformation of functors. Equivalently, a (co)simplicial map can be given as a
sequence of maps between simplicies of (co)dimension n, which commute with
(co)face and (co)degeneracy operators.

From what was said above, we see that given a category C we can form new
categories sC and cC whose objects are, respectively, simplicial and cosimplicial
objects over C and whose morphisms are respectively simplicial and cosimplicial
maps. The objects of the category sSet are called simplicial sets, and the objects
of sTop are called simplicial spaces. Likewise, we have cosimplicial sets and

costmplicial spaces.

Example A.1.2. The simplicial standard n-simplex is a simplicial set defined

(as a contravariant functor from A to Set) by
A[n] := homa( ,n)
Equivalently, a k-simplex in A[n] is any string of the form
0<a<...<ae<n)
with face and degeneracy maps given by

dolap <...<ax) = (a3 <... <y
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Example A.1.3. Given a small cateory C we can form a simplicial set BC, by

declaring any string of n composible arrows in C

X1 X2 xX
0=C—>C—> ... 53Cn

to be an n-simplex. The face and degeneracy maps are given by

do(0) = ¢c1—Cy— ... —cCn
KO 41
di(0) = ¢g— ... —=Ci.1 —  Cit1...— Cn
+
id
Si(O—) = ¢ —... ¢ —C — ... > Cn

The simplicial set BC, is called the nerve of C

Example A.1.4. A geometric n-simplex A™ is a subspace of R""! given by
A" ={(x0,...,Xn):0<x; <1, Xxg+ - +xp =1}

The sequence of spaces A% Al,... can be made into a cosimplicial space A® by
defining the co-face map &' to be the inclusion of A™! into A™ as the i'" face,
and the co-degeneracy map o' to be the linear projection A™*? — A™ onto the

jth face, identifyin the j*" and the (j + 1)t vertices.

A.2 Geometric Realization and the Total Space

In this section we construct some functors that will be used in defining ho-

motopy limits and colimits. We begin with the realization functors

|-] : sSet — Top
|-] : sTop — Top

For a simplicial set X,, the realization |X,| is obtained by taking a disjoint

HanA”

n>0

union

and making identifications

(dix,u) ~ (x,8')

(Sixx LL) ~ (X) o—iu)
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with A™, 8%, o' as in Example A.1.4. We note that the sets X,, are endowed with
discrete topology.

If X, is a simplicial space, then the construction differes only in that the
spaces X,, now come equipped with a topology, and so the spaces X,, x A™ are

given the product topology.
Example A.2.1. If C is a small category then [BC,| is the classifying space of C

Example A.2.2. The realization |A[n]| of the simplicial n-simplex is homeomor-
phic to A™

In conclusion, we define the Tot functor from cTop to Top that is used to

define homotopy limits. It is given by the space of cosimplicial maps

TOt(X.) — hochop(A.7 X.)

A.3 Simplicial and Cosimplicial Replacements

In this section we construct some simplicial and cosimplicial spaces that arise
from diagrams of spaces. These constructions are then used to define homotopy
limits and colimits.

We start with a finite category I, and a functor
F:I— Top

Such a functor is called a diagram of spaces. We may associate to this data a
simplicial space [ ], F, called the simplicial replacement of F constructed as
follows:

The n-simplices are disjoint unions taken over strings of n composible arrows

[T Fiw

. X1 oan .
g in

The face and degenracy maps are given by

inlI

id

d)- :F(in) — F(in), 0<ji<n
A F(in) % Fi,y)
id

sj:F(in) — Flin), 0<j<n
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With I and F be as above, the homotopy colimit, hoc?lim F, is defined as the

composition of functors:
hocolim : Top' 4., sTop — Top

With I and F as before, we can also construct a cosimplicial space [ [* F, called
the cosimplicial replacement of F. The simplicies in codimension n are given
by products taken over strings of n composible arrows in I:

[] Fo)
ipel...dmy,
The coface and codegeneracy maps are given by

dO:F(iy) % F(ip)
d:Flis) -5 F(ip), 0<j
id 0

n
Sj . F(lo) — F(lo), n

The homotopy limat, ho%im F, is defined as the composition of functors:

holim : Top' 1T, c'Top LA Top

A.4 The Bousfield-Kan Spectral Sequence

The Bousfield-Kan spectral sequence arises from an exact couple obtained
from a tower of fibrations. Under certain conditions it converges to homotopy
groups of the inverse limit of the tower. In the case of homotopy limits of small
diagrams of spaces, a tower of fibrations can be gotten by restricting the maps
out of the infinite simplex to successive skeleta. In this way one gets a Bousefield-
Kan spectral sequence converging, under favorable conditions, to the homotopy
limit of the diagram. The construction of the Bousefield-Kan spectral sequence

can be found in [1] or [5], however we will only be needing these results:

Theorem A.4.1. For a small category I, let D : I — Top, be a diagram
of pointed spaces. Then there exists a spectral sequence, {E.D} called the

Bousfield-Kan spectral sequence with

Ey) =lim'mD for 0 < i<
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and differentials
.l itr,j+r—1
d,: Er - Er+1

Moreover, under the conditions of the following lemma, this spectral se-

quence converges completely to m;_iholimD for j—1>1
The following lemma can be found in [5, p321]

Lemma A.4.2. Suppose D and 1 satisfy the hypotheses of the above theorem.

If for any k > 0 and any wnteger s there exists and integer N such that

s,stk ~ Es,st+k
Eoo - EN

then for j —1i > 1 the Bousfield-Kan spectral sequence converges completely

to m;_iholimD
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