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ON n-DEPENDENT GROUPS AND FIELDS II

ARTEM CHERNIKOV AND NADJA HEMPEL

(WITH AN APPENDIX BY MARTIN BAYS)

ABSTRACT. We continue the study of n-dependent groups, fields and related structures,
largely motivated by the conjecture that every n-dependent field is dependent. We pro-
vide evidence towards this conjecture by showing that every infinite n-dependent valued
field of positive characteristic is henselian, obtaining a variant of Shelah’s Henselianity
Conjecture in this case and generalizing a recent result of Johnson for dependent fields.
Additionally, we prove a result on intersections of type-definable connected components
over generic sets of parameters in n-dependent groups, generalizing Shelah’s absolute-
ness of G° in dependent theories and relative absoluteness of G% in 2-dependent
theories. In an effort to clarify the scope of this conjecture, we provide new examples
of strictly 2-dependent fields with additional structure, showing that Granger’s exam-
ples of non-degenerate bilinear forms over dependent fields are 2-dependent. Along the
way, we obtain some purely model-theoretic results of independent interest: we show
that n-dependence is witnessed by formulas with all but one variable singletons; pro-
vide a type-counting criterion for 2-dependence and use it to deduce 2-dependence for
compositions of dependent relations with arbitrary binary functions (the Composition
Lemma); and show that an expansion of a geometric theory T by a generic predicate
is dependent if and only if it is n-dependent for some n, if and only if the algebraic
closure in T is disintegrated.

1. INTRODUCTION

A classical line of research in model theory, both pure and applied, aims to determine
properties of algebraic structures, such as groups and fields, that satisfy certain model-
theoretic tameness assumptions. This is analogous to the study of algebraic or Lie groups
in algebraic or differential geometry, but instead of considering groups definable in a spe-
cific structure like C or R one typically considers groups definable in a class of first-order
structures with some restrictions on the complexity of their definable subsets. Some of
the most striking applications of model theory are based on a detailed understanding of
definable groups in certain specific contexts of this kind (e.g. Hrushovski’s proof of the
Mordell-Lang conjecture for function fields [25] is based on the theory of stable groups,
applied to groups definable in differentially closed and in separably closed fields). But
even if one is only interested in abstract classification of first-order structures, the study
of definable groups unavoidably enters the picture (e.g. through Zilber’s work on totally
categorical structures [47] or Hrushovski’s theorem on unidimensional theories [23]). In
the case of model-theoretically tame fields one often expects not only to deduce some of
their general properties, but in fact to obtain an explicit algebraic classification. Prob-
ably the first result of this type is Macintyre’s proof that all Wy-stable fields (roughly
speaking, fields admitting a Zariski-like notion of dimension on their definable subsets)
are algebraically closed [33], generalized by Cherlin-Shelah to the larger class of super-
stable fields [8]. Some of the longest standing conjectures in model theory that played a
fundamental role in the development of the area are asking for characterizations of this
type, e.g. Podewski’s conjecture whether al]1 minimal fields are algebraically closed [37],
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or the stable field conjecture asking if all stable fields are separably closed (see e.g. [29]),
and we discuss some further examples below.

In this article we continue the study of groups, fields and related structures satisfying
a model-theoretic tameness condition called n-dependence, for n € N, initiated in [22]
and continued in [II]. The class of n-dependent theories was introduced by Shelah in
[40], with the 1-dependent (or just dependent) case corresponding to the class of NIP
theories that has attracted a lot of attention recently (see e.g. [42] for an introduction
to the area). Basic properties of n-dependent theories are investigated in [14]. Roughly
speaking, n-dependence of a theory guarantees that the edge relation of an infinite generic
(n + 1)-hypergraph is not definable in its models (see Definition 2.]). For n > 2, we say
that a theory is strictly n-dependent if it is n-dependent, but not (n — 1)-dependent.

This paper is largely, but not exclusively, motivated by the following conjecture.

Conjecture 1.1. There are no strictly n-dependent fields for n > 2 (in the pure ring
language).

We expect that the same should hold for fields expanded with some natural operators
such as for example derivations or valuations. We also expect a generalization to type-
definable fields: every field type-definable in an n-dependent structure is isomorphic to
a field type-definable in a dependent structure. Some initial evidence towards Conjec-
ture [Tl is given by the results in [22]: every infinite n-dependent field is Artin-Schreier
closed (generalizing [31] for n = 1); every non-separable PAC (i.e. Pseudo-Algebraically
Closed) field is not n-dependent for any n (generalizing [19]). In particular, for fields with
(super-)simple theories, our Conjecture [[T] follows from the well-known conjecture that
all such fields are (bounded) PAC (see e.g. [36]). On the other hand, combined with She-
lah’s conjectures on dependent fields discussed below, Conjecture [Tl leads to a complete
classification of n-dependent fields.

In this paper we obtain some new results about n-dependent groups and fields, in part
providing further evidence for Conjecture [Tl and clarifying its scope, and in part gen-
eralizing the known results about dependent or 2-dependent structures. First, we prove
Shelah’s Henselianity Conjecture for n-dependent valued fields of positive characteristic
in Section [3 (this generalizes Johnson [27] for n = 1 and, towards Conjecture [T} demon-
strates that a known property of dependent fields also holds for all n-dependent fields).
Additionally, we establish a result on intersections of type-definable connected compo-
nents over generic sets of parameters in n-dependent groups in Section Ml generalizing
Shelah’s theorems on absoluteness of G in dependent theories and relative absoluteness
of G for 2-dependent theories. While we do not have any direct application of this
result towards Conjecture [T at the moment, the n = 1 case is a fundamental property of
dependent groups and is used extensively in Johnson’s classification of dependent fields
of finite dp-rank [27, 28], so we expect it to be useful in the future study of Conjecture [[T]
and its aforementioned generalization to type-definable fields in n-dependent structures.
Second, we provide new examples of strictly 2-dependent fields with additional structure
by showing that Granger’s examples of non-degenerate bilinear forms over dependent
fields are strictly 2-dependent in Section [ (demonstrating in particular the necessity
of the pure ring language assumption in Conjecture [[I). Our proof of this relies on
establishing first some general results on n-dependent theories, possibly of independent
interest: a reduction of the n-dependence of a theory to formulas with all but one of
its variables singletons (Section [2), a type-counting criterion for 2-dependence and the
Composition Lemma showing 2-dependence of compositions of dependent relations with
binary functions (Section [l). And third, we show in Section [7 that an expansion of a
geometric theory T' by a generic predicate is dependent if and only if it is n-dependent for
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some n, if and only if the algebraic closure in T is disintegrated (generalizing the n = 1
case from [6]). While not directly related to Conjecture [[I] this gives an example of a
class of structures (expansions of geometric structures by a generic predicate) for which
n-dependence is equivalent to dependence, the behavior predicted for fields by Conjecture
[T and the authors hope that some of the arguments might be useful in the future for
the original question.

In the rest of the introduction, we discuss these results in further detail and overview
the structure of the paper.

One of the results in [I4] gives a characterization of n-dependence in terms of general-
ized indiscernibles (indexed by ordered random partite n-hypergraphs) and demonstrates,
using this characterization, that in order to verify n-dependence of a theory it is enough
to check that every formula p(z;y1,...,y,) with at least one of the tuples of variables
Z,Y1,- ., Yn singleton is n-dependent (generalizing the well-known theorem of Shelah for
dependent theories). In Section 2l we refine and generalize some of these results allowing
indexing structures of larger cardinalities and obtaining a better reduction to singletons:
a theory T is n-dependent if and only if every formula ¢(z,y1,...,yy,) such that all but
at most one of the tuples z,y1,...,y, are singletons is n-dependent (Theorem 2.12]).

In Section B (which is self-contained except for the results in Appendix [A]) we obtain
further evidence towards Conjecture [L1] in the case of valued fields. The question of
classifying dependent (valued) fields is currently an active area of research motivated by
various versions of Shelah’s Conjecture, which in particular predicts that every infinite
dependent valued field is henselian. A recent result of Johnson [27, 28] confirms this for
valued fields of positive characteristic. In Theorem [B.J] we generalize this by showing that
every n-dependent valued field of positive characteristic is henselian, for arbitrary n. Asin
Johnson’s proof, the theorem is deduced by showing that any two valuations on an infinite
n-dependent field of positive characteristic must be comparable. In the case of n = 1, this
lemma can be quickly obtained using Artin-Schreier closedness of dependent fields and
absoluteness of the connected component G (in fact, an application of Baldwin-Saxl is
sufficient). However, replacing the absolute connected component with a weaker condition
for intersections of uniformly definable families of subgroups available in n-dependent
theories (Proposition B.9)) requires a detailed analysis of the effect that the isomorphism
for special linear groups from Kaplan-Scanlon-Wagner [31] has on multiple valuations. We
are able to carry it out, relying in particular on the explicit description of this isomorphism
given by Bays in Appendix [Al Concerning the (open) case of characteristic 0, in Section
we observe that the model completions of multi-ordered and multi-valued fields with
at least two orders (respectively, valuations) as studied in [45] [30] are not n-dependent
for any n.

Given a definable group G and a small set of parameters A (see Section 2] for the
definitions of “small”, “saturated”, etc.), we denote by GOAO the intersection of all subgroups
of G of bounded index type-definable over A (see Section [£.1]for more details). A crucial
fact about definable groups in dependent theories, due to Shelah, is that for every small
set A one has G% = Ggo [39]. This can be viewed as an infinitary analog of the Baldwin-
Saxl condition on intersections of uniformly definable families of subgroups in dependent
theories [2]. In [41I], Shelah established the following result for groups definable in 2-
dependent theories: let M be a sufficiently saturated model, and let b be a finite tuple in
M (and not contained in M in the case of interest), then G , = G% N G, for some
small set C' C M. In Section @] (which is self-contained), we generalize this result from
2-dependent groups to n-dependent groups. Specifically, we show that if T' is n-dependent
and G = G(M) is a type-definable group (over ), then for any small model M and finite



4 ARTEM CHERNIKOV AND NADJA HEMPEL

tuples by, ..., b,_1 sufficiently independent over M in an appropriate sense, we have that
00 _ 00 00
G MU U-Ubpy = ﬂ G MUBLU...Ub;—  Ubi 1 U Ubn—1 (Y G CUBL U Uy
i=1,...,n—1

for some C' C M of absolutely bounded size (Theorem 9 and Corollary EI0). In
other words, the intersection of all subgroups of G of bounded index type-definable over
MUb U---Ub,_1 is already given by the intersection of a (potentially) smaller collection
of subgroups containing only boundedly many groups whose definitions involve all n — 1
of the parameters by,...,b,_1 at the same time. Our independence assumption on the
parameters holds trivially in the cases n = 1,2 giving the aforementioned results for
dependent and 2-dependent groups, and in general can be achieved assuming that the
b;’s appear as the vertices of an amalgamation diagram with respect to the independence
relation of being a r-coheir (see Definition .8 for the precise definition of our independence
assumption). While this result has no direct applications to Conjecture [[.Tlat the moment
(in our proof of Theorem Bl we only needed a chain condition for uniformly definable
families of subgroups from Proposition 3.9), we expect that it will be useful in the future,
in particular for the aforementioned variant of Conjecture [T for type-definable fields.

Next, we consider the limitations of Conjecture [Tl (in terms of the additional structure
allowed on the field) and try to place it in a more general model-theoretic setting. In
[22] it was observed that the theory of a bilinear form on an infinite dimensional vector
space over a finite field is strictly 2-dependent. In fact, all of the previously known
“algebraic” examples of strictly n-dependent theories with n > 2 tend to look like multi-
linear forms over finite fields. E.g., smoothly approximable structures are 2-dependent
and coordinatizable via bilinear forms over finite fields [9]; and the strictly n-dependent
pure groups constructed in [11] using Mekler’s construction are essentially of this form as
well, using Baudisch’s interpretation of Mekler’s construction in alternating bilinear maps
[3]. In Section [6] we show that one can replace finite fields by arbitrary dependent fields
in these examples. Namely, we investigate n-dependence for theories of bilinear forms on
vector spaces with a separate sort for the field, in the sense of Granger [21]. We show
that all such theories are 2-dependent assuming that the field is dependent, and that
the assumption of dependence is necessary (see Theorem [63]). Combined with the fact
that the intersection conditions on the connected components discussed above resemble
modular behavior in the 2-dependent case, this leads one to speculate that n-dependence
of a theory might imply some form of “linearity relative to the dependent part”. While
formulating this precisely appears difficult at the moment, we view Conjecture [LT] as a
specific instance of this general principle. Our proof of Theorem relies on the criterion
for n-dependence in terms of generalized indiscernibles from Section [2, and on some
additional purely model-theoretic results contained in Section [Bl that we now describe.

In [I4] a generalization of the Sauer-Shelah lemma to n-dependent formulas is given,
in particular demonstrating that a formula ¢(x;yi,...,y,) is n-dependent if and only if
the number of ¢-types over an arbitrary large finite set A of parameters is bounded by
214" for some € = £(p) € Rsg. Concerning the number of types over infinite sets of
parameters, a well-known theorem of Shelah [38] Theorem I1.4.11] shows that if ¢(z,y)
is dependent, then the number of p-types over an infinite set of parameters of size k is
at most ded(k), where ded(k) is the supremum over the number of Dedekind cuts in a
linear order of cardinality . In Section [B.1], we show that a theory is 2-dependent if and
only if the following type counting criterion is satisfied. Let ¢ be a finite tuple and I
an indiscernible sequence of size k. Then the number of types over Ic that are realized
cofinally in a sequence mutually indiscernible to I is bounded by ded(x) (see Proposition
for details). In Section this criterion is combined with set-theoretic absoluteness
to obtain a more general version of the following finitary combinatorial statement of
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independent interest, the “Composition Lemma”. Let R C M3 be a ternary relation
definable in a dependent structure, and let f : M? — M be an arbitrary (not necessarily
definable) function. Then the ternary relation R'(z,y,2) = R(f(z,y), f(z,2), f(y, 2))
is 2-dependent (Theorem [£.12). It is interesting to compare this to a line of results
around Hilbert’s 13th problem demonstrating that a function of arbitrary arity can be
expressed as a finite composition of binary functions (in the category of all functions,
or of continuous functions on R — a celebrated theorem of Kolmogorov and Arnold
[1]). Our result can be viewed as saying that in such presentations, the outer relation
is necessarily “fractal-like”. It is worth mentioning that some other connections of n-
dependence to finitary hypergraph combinatorics are considered in [44] (in connection
to hypergraph growth) and in [I7] (which establishes a strong regularity lemma for n-
dependent hypergraphs demonstrating that every n-dependent relation of arbitrarily high
arity can be approximated by relations of arity n up to measure 0). The Composition
Lemma is applied in the proof of Theorem to conclude 2-dependence of certain basic
atomic formulas involving the “generic” binary function given by the bilinear form.

Finally, in Section [7] (which only depends on Section [2) we consider n-dependence for
expansions of geometric theories by generic predicates and relations of higher arity. In
particular, we show that an expansion of a geometric theory T by a generic predicate
is dependent if and only if it is n-dependent for some n, if and only if the algebraic
closure in T is disintegrated (Corollary [.I3]). This generalizes the corresponding result
for dependence in [6]. In Remark [7.8 we give an example showing that geometricity of T
(or some other additional assumption) is necessary even for n = 1. Our proof for relations
of higher arity relies on an infinitary generalization of Hrushovski’s observation [24] that
the random n-ary hypergraph is not a finite Boolean combination of relations of arity
n—1.

Acknowledgements. We are grateful to the referee for many valuable suggestions on
improving the paper. We thank Martin Bays for agreeing to include his result as an
appendix. We thank Itay Kaplan for helpful discussions concerning Section A2} Nick
Ramsey for suggesting the question considered in Section [f] and for a helpful discussion
concerning Section [B} Kota Takeuchi for a discussion concerning Section 5.1} Erik Wals-
berg for a discussion concerning Section [7}
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2. PRELIMINARIES AND SOME GENERAL LEMMAS ON n-DEPENDENCE

2.1. Notation. We will be following standard model-theoretic notation, and refer to
e.g. |43, 34] for an introduction to model theory. Usually 7" will denote a complete
first-order theory in a language £ (possibly multisorted), and M, N will be first-order
L-structures. We recall that, given an infinite cardinal x, a first-order structure M is
k-saturated when for every set of formulas with parameters from a subset of M of size
< Kk in a fixed finite tuple of variables for which every finite subset of these formulas is
satisfied by a tuple in M, the whole set is satisfied by a tuple in M. Given a tuple a
of elements in M and a subset B of M, we denote by tp(a/B) the complete type of a
over b (i.e. the collection of all formulas with parameters in B satisfied by a). We write
a =p o when tp(a/B) = tp(a’/B). A structure M is k-homogeneous if for any two
finite tuples a,a’ and a set of parameters B in M with |B| < k for which a =p d/, there
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exists an automorphism o € Aut(M/B) of M fixing B pointwise and sending a to a'.
We let M |= T be a monster model of T, i.e. a k-saturated and k-homogeneous model of
T for some sufficiently large strongly inaccessible cardinal k = k(M). Once M is fixed, as
usual we will say that a subset of M (or just an arbitrary set/structure) is small if it has
cardinality smaller than x(M). Given an L-structure M |= T and a single variable (of a
prescribed sort of the language L), we write M, to denote the corresponding sort of M.
If x = (z1,...,%,) is a finite tuple of variables, we let M, =[] | My,.

2.2. N-dependent formulas and their basic properties. We begin with the defini-
tion of n-dependent theories and some of the basic properties of n-dependent formulas
and theories.

Definition 2.1. A partitioned formula ¢ (z;y1,...,y,) has the n-independence prop-
erty (with respect to a theory T'), if in some model of T there is a sequence of tuples
(@145 -, an,i)iau such that for every s C w” there is a tuple b with the following property:

=@ (bs;ati, .- ani,) < (i1,...,i,) € 8.

Otherwise we say that ¢ (x,y1,...,yn) is n-dependent. A theory is n-dependent if it
implies that every formula is n-dependent.

We simply say that a theory is dependent if it is 1-dependent. A structure M is
n-dependent if Th(M) is n-dependent.

Fact 2.2. [14], Proposition 6.5]

(1) Let o(z,y1,...,Yn) and Y(z,y1,...,yn) be n-dependent formulas. Then —p, @\
and ¢ V 1 are n-dependent.

(2) Let o(x,y1,...,yn) be a formula. Suppose that (w,z1,...,2,) is any permuta-
tion of the tuple (z,y1,...,yn). Then Y(w,z1,...,2n) = O(T, Y1y, Yn) 1S N-
dependent if and only if o(x,y1,...,Yyn) is n-dependent.

(3) A theory T is n-dependent if and only if every formula o(x,y1, ..., yn) with |z| =1
is n-dependent (see also Section[27).

2.3. Generalized indiscernibles. We will often use a characterizations of n-dependence
from [14] in terms of generalized indiscernibles.

Definition 2.3. Fix a language £, = {Rn(z1,...,70), <, P1(7),..., Po(7)}. An or-

)
dered n-partite hypergraph is an Ly -structure A = (4; <, Rp, P, ..., P,) such that:

(1) A is the disjoint union PAU ... PA

(2) Ris a symmetric relation such that if (ay,...,a,) € R then PAN{ay,..., a,}
is a singleton for every 1 <i <mn,

(3) <A is a linear ordering on A with P < ... < PA.

Fact 2.4. (1) [14l, Proposition A.5| Let IC be the class of all finite ordered n-partite
hypergraphs. Then K is a Fraissé class, and its limit is called the generic ordered
n-partite hypergraph, denoted by Gy, .

(2) [14, Remark 4.5 An ordered n-partite hypergraph A is a model of Th(G,, ;) if and
only if:
° (PZ-A, <) is a dense linear order without endpoints for each 1 < i < n,
e for every 1 < j < n, finite disjoint sets Ag, A1 C ngz‘gn,z‘;«éj P;4 and by <

b € PJA, there is some b € PJA such that by < b < by and: Ry (b,a) holds for
every a € Ag and —Ry,(b,a) holds for every a € A;.

We denote by O, the reduct of G, to the language L{, = {<, P1(%), ..., Pu(z)}.
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Remark 2.5. It is easy to see from the axiomatization in Fact 24(2) that given G,
and any non-empty intervals I; C P, for t = 1,...,n, the set I; x ... x [, contains an
induced copy of G, ;.

Definition 2.6. Let T be a theory in a language £, and let M be a monster model of T'.

(1) Let I be a structure in the language Lo. We say that a = (a;),c;, with a; a tuple
in M, is I-indiscernible over a set of parameters C' C M if for all n € w and all
10, -+, in and jo,...,J, from I we have:

aftpz, (G0, - - - in) = aftpz, (Jo, - - - Jn) =

tpz (Gig, - - -5 a4, /C) =tz (ajg, - -, a4,/C).

(2) For Lg-structures I and J, we say that (b;);c; is based on (a;);c; over a set of
parameters C' C M if for any finite set A of £(C)-formulas, and for any finite
tuple (jo,...,jn) from J there is a tuple (ig,...,7,) from I such that:

d qftpllo (jOa s a]n) = qftpllo (io’ s ,Zn) and
® tpA (bjo’ e ?bjn) = tPA (aio, e ,ain).

The following general fact is used to find G, p-indiscernibles.
Fact 2.7. [14, Corollary 4.8] Let C' C M be a small set of parameters.

(1) For any n € w and a = (ag)geon’p, there is some (bg)
indiscernible over C' and is based on a over C.
(2) For any n € w and a = (agy) there is some (bg)

9€0m which is Op p-

9EGnp which is Gy, -

indiscernible over C' and is based on a over C.

9E€Gnp

Using this, we can characterize n-dependence of a formula as follows.

Proposition 2.8. The following are equivalent, in any theory T.

(1) o(x;y1,...,Yyn) is not n-dependent.
(2) There are tuples b and (ag)geq,, , such that
(a) (ag)gea,., is Onp-indiscernible over O and Gy, p-indiscernible over b;

(b) = e(bag,,...,aq4,) < Gnp = Ru(91,...,9n), for all g; € P;.
(8) (2) holds for any small G, , = Gpnyp in the place of G p.

Proof. The equivalence of (1) and (2) is the equivalence of (a) and (c) in [14, Lemma
6.2], and (3) implies (2) is obvious. Given a witness to (2), we can find a witness to (3)
by compactness as every finite substructure of G;up appears as a finite substructure of
Ghp- O

Additionally, we have the following “formula-free” characterization of n-dependence of
a theory.

Proposition 2.9. Let T be a complete theory and let M =T be a monster model. Then
for any n € N, the following are equivalent:

(1) T is n-dependent.

(2) For any (ag)geGn,p and b with ag,b finite tuples in M, if (ag)geGn,p is G p-
indiscernible over b and Oy, p-indiscernible (over ), then it is Oy, p-indiscernible
over b.

(8) For any small G}, , = Gpp, (ag)geG;W and b, if (ag)geG;,p
over b and Oy, ,-indiscernible, then it is Oy, -indiscernible over b (where O, , is

the L7,-reduct 70f Gp)-

is G -indiscernible
n7p
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Proof. The equivalence of (1) and (2) is [14, Proposition 6.3, (3) implies (2) is obvious,
and we show that (2) implies (3). Assume that (3) fails, i.e. there exist some G}, , = G p,

(ag),ec and b small tuples such that (ag) o s O, ,-indiscernible, G, -indiscernible
n,p n,p J. J.

over b, but not O;7p—indiscernible over b. By definition, this is witnessed by some finite
set of formulas and some finite set of indices from G, ,. Restricting all of the a,’s and b
to the corresponding subtuples appearing in those formulas, we may assume that (3) fails
with all of b and a, finite. Moreover, we can choose a countable elementary submodel of
G;zvp containing all of the indices witnessing failure of indiscernibility. It is isomorphic to
Ghnp by Ro-categoricity of Th(G,, ), hence restricting (ag)gear , to the corresponding set
of indices we get a failure of (2). O

2.4. Improved reduction to singletons. In this section we will improve Fact 2.2/(3) by
showing that T is n-dependent if and only if every formula in which all but at most one
of its variables are singletons is n-dependent (as opposed to “at least one of the variables
is a singleton” as in Fact 2.2)(3)).

To do so, we need some auxiliary results. First we refine the equivalence of (1) and
(2) in Proposition making explicit the correspondence between the variables of a
formula that is not n-dependent and the sorts of the tuples in a generalized indiscernible
witnessing it. In the proof below we are following the proof in [14] Proposition 6.3] with
some modifications.

Proposition 2.10. Fizn > 1 and let x,y1,...,yn_1 be some fixed finite tuples of vari-
ables. The following are equivalent:

(1) There exists some (ag)geq, , with ag € My, for all g € P;, 1 <i <n—1 and
ag € My, for some finite tuple of variables y,, and all g € P,,, and b € M such
that (ag)geq,, s Gnp-indiscernible over b and Oy, p-indiscernible over (), but is
not Oy, p-indiscernible over b.

(2) There exists some formula p(T,y1,-..,Yn—1,Yn) which is not n-dependent, with
Yy some finite tuple of variables.

Proof. We obtain immediately that (2) implies (1) by the implication (1) = (2) in Propo-
sition 28 with y!, = y/'.

To prove (1) implies (2), let (ag4)4eq, , and b be as given by (1). We define a, := a,
for all g € U<,y P and aj = agb for all g € P,. We have that (aj)sec,, is not
Oy, p-indiscernible, but is G, p-indiscernible (over @), from the corresponding properties
of (ag)geq,, over b. Namely, by assumption there are some finite subsets VW C Gy
with the Lop-isomorphic induced structures such that (ag)sev #p (ag)gew. Then taking
some h € P, above all of the elements of V UW with respect to the order on P, we have
that Vh =£er Wh. However, since the tuple aj, contains b, we have (ay)gevn # (ag)gewn-

Then by [14] Proposition 5.8] there is an Lopg-substructure G' C Gy, ,, a finite set
V C Gpp and a formula ¢(y1, ..., Yn—1,9n, 2) € L such that g, = y,,x, z is a finite tuple
of variables corresponding to a fixed enumeration (ag)4er of V', and

(1) G/ =2Lope Gn,p,

(2) Gnp = Ru(g1,---,9n) if and only if |= (ay,,...,ay ,(ay)gev), for every g; €
Pi(G/)>

(3) for every finite W, W’ C G’ we have WV =£o» TW'V whenever W =£or 17/,

Let o(z, Y1, Yn—1,Yy)) be the formula ¥ (y1,...,yn—1,y,x,2z) with y! := y/ 2z, and let

ay = ay = ag for g € Pi(G'),1 <i <n—1and let ay := ag(an)rev for g € P,(G’). Then



ON n-DEPENDENT GROUPS AND FIELDS II 9

(ag)gecr 18 Lop-indiscernible (by Lep-indiscernibility of (ay)geq,, and the choice of V)
and ¢(b,ay, ,...,ay ) holds if and only if R, (g1,...,9s) does, for all g; € P;(G’). Then ¢
is not n-dependent by (2)=(1) in Proposition 2.8 O
Lemma 2.11. Let y1,...,yn—1 be some fized finite tuples of variables. If the condition
(1) in Proposition holds for some finite tuple of variables x, then it already holds

with x a single variable.

Proof. We assume that (1) fails for |z| = 1, and prove that then it fails for any tuple of
variables by induction on |z|. So let b € M, with |b|] > 1 be given, say b = b1by
for some tuples 1 < |by],[b2] < n. And assume that (ag)¢eq,, with ay € M, for
g € P,1 <i < n—1is such that (ag)¢eq,, 15 Gnyp-indiscernible over b and O, -
indiscernible over (). We need to show that (ag)geq, , is Onp-indiscernible over b.

In particular (ag)4eq, , is Gnp-indiscernible over b, hence it is Oy, p-indiscernible over
bs by the inductive assumption. Let a’g =agy forge P;,1 <i<n-—1and let a’g = agby
for g € P,. Note that (a;)gegn’p is G, p-indiscernible over by, and is O, p-indiscernible
over () by the previous sentence. Applying the inductive assumption again, we conclude
that (ay)sec, , is Onp-indiscernible over by, hence (ag4)gec,,, i Onp-indiscernible over

b= b1bs. U

Using this, we can finally strengthen Fact 2.2)3).

Theorem 2.12. (1) Assume that the formula o(x,y1,...,yn) is not n-dependent.
Then there exists some formula @' (', y1, ..., Yn—1,Y,,) which is not n-dependent,
and such that @' is a single variable and y), is some finite tuple of variables ex-
tending vy, .

(2) A theory T is n-dependent if and only if every formula ¢(x,y1,...,yn) such that
all but at most one of the tuples x,y1,...,yn are singletons is n-dependent.

Proof. (1) By Lemma [2.11] and the equivalence of (1) and (2) in Proposition 210l

(2) Assume that some formula ¢(x,y1,...,y,) is not n-dependent. Applying (1), we
find some formula ¢'(2',y1,...,Yn_1,¥.) which is not n-dependent, 2’ is a singleton and
yl is a tuple of variables extending y,. Exchanging the roles of 2’ and y; by Fact we
thus obtain a formula ¢1(y1, ¥y}, v2, -+, Yn_1,%L) which is not n-dependent and |y}| = 1.
Repeating the same procedure recursively with y; in the role of y1, for 1 < ¢ <n -1
we find formulas ©;(yi, 1, - - -, Y} Yit1s - - - » Yn—1,9}) which are not n-dependent, lyil =1

for 1 < j < i and y ™ extending v. Finally, taking ©n_1(yn—1, v}, - .. Y,y ) and

n
applying (1) one more time, we obtain the desired formula with all but the last variable

singletons. O

3. N-DEPENDENT VALUED FIELDS

The main result of this section is the following theorem generalizing a recent result of
Johnson [27] from n =1 to all n € N.
Theorem 3.1. If (K, O) is an infinite valued field of positive characteristic and Th(K)
is n-dependent for some n € N, then K is henselian.

From now on, let K be an infinite field of characteristic p > 0 and O; a valuation ring
on K for i =1,2. We additionally fix the following notation.

e For i = 1,2, let m; be the maximal ideal of O;;
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o let J:=my Nmy.

Fact 3.2. |27, Remark 2.1] Assume O1 and Oy are incomparable (i.e. none of them is
contained in the other). Then

(a4+mp)N(b+mg) #0
for any a € O1 and b € O,.

Definition 3.3. We say that b € K is an Artin-Schreier root of a € K if a =b” —b. We
call K Artin-Schreier closed if every element of K has an Artin-Schreier root in K.

Recall the following.

Fact 3.4. (|31] for n =1, [22] for arbitrary n € N) Let K be an infinite field of positive
characteristic, such that Th(K) is n-dependent. Then K is Artin-Schreier closed.

Our main contribution is the following result.

Proposition 3.5. Suppose that (K, O1,02) is n-dependent and char(K) =p > 0. Then
every element in J has an Artin-Schreier root in J.

Being able to find an Artin-Schreier root in both maximal ideals simultaneously forces
the corresponding valuations to be comparable:

Corollary 3.6. If the structure (K, O1,03) is n-dependent and char(K) = p > 0, then
O1 and Oy are comparable.

Proof. Assume not, then by Fact with @ = 0 and b = 1 there exists some w €
m; N (1 +msy). Let y := wP —w. Now, as valy(w) > 0, we have that

val (y) = valy (w) > 0.
Secondly, let z € mg, i.e. vala(z) > 0, be such that w =1+ z. Then
vala(y) = valp(wP — w) = vala (1 + 2)P — (1 + 2)) = vala(z — z) = valy(2) > 0.

Thus y € J. However, the Artin-Schreier roots of y are exactly w,w +1,...,w+p—1,
none of which can lie in m; Nmy = J. This contradicts Proposition ]

Then Theorem [B1] follows from Corollary exactly as in the proof of [27, Theorem
2.8] using that n-dependence is preserved under interpretations. Our proof of Proposition
is given in Section 3.4} but before presenting it we have to develop the following three
main ingredients:

e a chain condition for intersections in uniformly definable families of subgroups in
n-dependent theories, discussed in Section B.1}

e an explicit version of the isomorphism for special linear groups from Kaplan-
Scanlon-Wagner [31] (see Section [3.2] for a discussion and Appendix [Al by Martin
Bays for the proofs);

e a detailed analysis of what happens to the valuations of certain elements in the
field when this special isomorphism is applied (carried out in Section [3.3)).

3.1. A “chain condition” for intersections of definable subgroups in n-dependent
theories. Recall the “chain condition” for definable families of subgroups in n-dependent
theories.
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Fact 3.7. [22] Proposition 4.1] Let G be a definable group, and let ¥(x;yo, ..., Yn—1) be an
n-dependent formula such that ¥(G;bg,...,bn—1) is a subgroup of G for any parameters
bo,...,bp—1. Then there exists some my, € w such that for any d > my and any array of
parameters (b;; 11 <mn,j < d) there is some v € d" such that

N H,= () Hy

nedr nedr n#v

where Hy := 9{(Giboig, .- -3 bn—1,i,_,) for n = (io,-..,in—-1).

We generalize it to simultaneous intersections of several definable families of subgroups.
Before we do so, let us recall the partite version of Ramsey’s theorem.

Fact 3.8. (1) (Infinitary version) For every m,n € w and any function f:w" — m
there exist some infinite sets sg,...,Sn—1 C w such that f syx..xs,_, 1S constant.
(2) (Finitary version) For every l,m,n € w there is some R = R(l,m,n) € w such
that: for any function f : R™ — m there are some sets sg,...,Sp—1 C R with

IS0l - [Sn—1| > 1 and such that f [s;x..xs,_, @S constant.

Proposition 3.9. Let G be a definable group, and fort <k let vy(x;y0, ..., yn—1) be an
n-dependent formula such that ¢(G;bo, ... ,by—1) is a subgroup of G for any t < k and
any parameters by, . ..,b,_1. Then there exists some m = m(o, ..., Yk_1) € w such that:
for any d > m and any array of parameters (b;; : i < n,j < d) there is a single v € d"

such that for all t < k,
t_ t
ﬂ Hn - ﬂ Hn’
nedr nedr n#v

where H; = Ue(G;boigs s bn—1,i,_,) forn=(ig,... in—1).

Proof. We argue by induction on k, the base case k = 1 given by Fact Bl Let my :=
m(¢p) and mo := m(¢1,...,9¥_1) be given by the inductive hypothesis. Let R :=
R(ma, m},n) be given by Fact B.8(2). We take m = m(vyo,...,¢¥r—_1) := Rmy.

Let an array B = (b;; : i < n,j < m) be given. For each v = (v,...,-1) € R",
consider the subarray

B’y = (bO,’yoml-i-n()a s 7bn—1,’yn71m1+7]n71 n= (T’07 s 7”71—1) € m?) .

By the choice of mq, for each v € R" there is some v, € m[ such that

0 _ 0
ﬂ H(Woml+7707---77n—1m1+77n71) - ﬂ H(vonn+7707---Nn71m1+77n71)' (%)
nemy neEMY nFvy
By the choice of R, there are some sets sg,...,s,—1 C R with [sg| = ... = |sp—1] = ma2
such that v is equal to some fixed v/ = (,...,v),_1) € m}, for all v € 59 X ... X $p_1.

Consider the array
I .
B = (b0,70m1+1/6’ c. ,bn,177n_1ml+y;b_1 tye sy XL X Snfl).

By the choice of ms, there is some 7/ € s1 X ... X s,_1 such that

ﬂ - —1
(V()?IL] +V0,...7yn ]711]+Vn )
’YGSOX...XSn_]

t
N ) /H(,mml+V6,___,%_1m1+%_1) forall1<t<k.  (%x)
YESOX ... X Sp—1,YEY



12 ARTEM CHERNIKOV AND NADJA HEMPEL

Let v := (yym1 + v, ..., Y_ym1 + v,_1). By (*) and (xx) we have

() Hy= () H,forall0<t<k,

nemn nemM™ nF#Y

as desired. O

3.2. Special vector groups and their explicit isomorphisms. Let K be a field of
characteristic p > 0. We let K be the algebraic closure of K, I a perfect subfield of K,
and let p(z) be the additive homomorphism z — 2P —x on K. We consider the following
algebraic subgroups of (K, +)":

Definition 3.10. For a singleton a in K, we let G, be equal to (K, +), and for a tuple
a=(ag,...,an—1) € K" with n > 1 we define:

Ga = {(z0,...,2n-1) €K": ap-p(xg) = a; - p(z;) for 0 <i < n}.

Recall that for an algebraic group G, we denote by G the connected component of
the unit element of G (in the Zariski topology). Note that if G is definable over some
parameter set A, its connected component G° coincides with the smallest A-definable
subgroup of G of finite index (in K). We have the following sufficient condition for
connectedness of Gj.

Fact 3.11. [22] Lemma 5.3| Let a = (ag,...,an—1) be a tuple in K* for which the set
{ L 1} is linearly F,-independent. Then Gg is connected.

ap’” an—

Moreover, under the same assumption on a these groups are isomorphic to the additive
group of the field:

Fact 3.12. [22] Corollary 5.4] Let K be a perfect subfield of an algebraically closed field
K, and let a € K™ be such that the set {%, e } is linearly Fp-independent. Then

? an-1

Gg 1is (algebraically) isomorphic to (K,+) over K. In particular, for any field K with
K < K <K, the group Ga(K) is isomorphic to (K,+).

In Appendix [A] Bays provides an explicit description of such an isomorphism that we
now describe to set up the notation.

Given arbitrary m € N and x1,...,2, € K, the corresponding Moore matriz is the
m X m matrix

A Im
D p
i T
M(z1,...,2m) = ) ) ,
m—1 m—1
¥ ooxh

and the Moore determinant is A(z1, ..., Ty) = det M(21,...,2y,). By Fact [Ad] the set
{z1,...,zm} is linearly independent over F), if and only if A(z1,...,zy) # 0.

1 1
w0

Now, fix @ = (ag, ..., a,) € K™ such that the set {
pendent, and let

} is F-linearly inde-
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1 __1
m pm

Note that {ay " ,...,am

invertible by Fact [A.Dl We define

is still an F)-linearly independent subset of K, hence A is

(7)) 0

a= : =A! )
Ay —1 0
O, 1

that is a; = (A1), € K for 0 < i < m. One still has that (ag,...,an) are linearly
F,-independent (see Claim [A.2)), hence M (ao, ..., ) is invertible. Let §; ; € K be the
entries of the inverse matrix of M (ay,...,a;). Then we have:

Fact 3.13. The map f; : Ga(K) = (K, +) given by
m
fa(@o,. . wm) =Y aja;
=0
is a group isomorphism, and f; ' : (K, +) — Ga(K) given by

=Y gt 0<i<m

J=0

15 1ts 1nverse.

3.3. The effect of the isomorphism f; on the valuation. For the rest of this sub-
section we assume that O is a valuation ring on K, m is its maximal ideal, val is the
corresponding valuation, and we fix some ag, ..., an € K such that val(a;) # val(a;) for
all0 <i#j<m.

1

oyt i} are [F,-linearly independent (as the valu-

This implies in particular that {

ation of any [F)-linear combination is # oco). Throughout this section, we let f := f; =
> itoajz; be the isomorphism G3(K) — (K, +) given by Fact B.I3 Let ag,...,am € K
be as defined in Subsection We will prove several technical lemmas that allow us
to control val(f(x1,...,%m)) in terms of the tuple (val(xy),...,val(x,,)), and vice versa.
To motivate this analysis, the reader might prefer to check how it is used in the proof of
Proposition in the next section before going into the details of the calculations here.

Remark 3.14. Assume (zq,...,T;) € Gz, then
val(a;) + val(z! — ;) = val(a;) + val(a:? —xj)
for all 0 < 4,5 <m.
Additionally note that
val(z;) if val(z;) >0
val(a? —x;) = .
! pval(x;) ifval(z;) <0
and
val(z! — ;) > 0 if val(z;) = 0.
Lemma 3.15. Suppose that 0 < val(ag) < --- < val(ap,). Then the sequence (val(a;) :
i €{0,...,m}) is strictly increasing.

In fact, for any 0 < i < m we have

m—1
1 —1
val(ay) = i val(a;) + Z I;m,j val(ajy1) > 0.
j=i
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Proof. Recall that, by linear algebra, for each 0 < i < m we have:

1
Qy (A )i7m det(A) Cm,u

where Cp, ; is the corresponding cofactor of A. That is,
_1 1 _1 _1
> m m m m
(—1)m+’A<a0p e @ e am” >

1 1
_m —om
A<a0 Y o >

Now, we compute the valuation of the numerator and denominator separately. First,

L _ L __LN\P __LN\P
A(ao m,...,am”m> = Z sign(m) <aﬂ(’67)n> -...-<aﬂ(’1’:)>

w€Sym({0,...,m})

Q; =

m

Let ¢ < j, then
L 1 1 _ L
val <ai P ) =~ val(a;) > ~om val(a;) = val (aj P ) .

1
Thus (Val <ai_P_m :0<1 < m) is strictly decreasing. Using this, we see that
7% pO 7% pm 7% pO 7% pm
val <a0” > -...-<am’7 ) < val <a7r(’6) ) -...-(aﬂ(’;ﬂ)>
for every non-identity permutation 7 € Sym ({ m}). Thus

(5 (a7 o)) - < L))

val
LR

= Z mjval a]
FOp

Now we turn to the numerator:

1 1 1 1
m m m m
A(ao e @ e am” >:
_aN\P P!
. P P
sign(mw a P . I |
Z & ( ) H < w(F) > ( 7r(]) >
7€Sym({0,...,i—1,i+1,...,m}) 0<j<i—1 i+1<j<m

Again,

0<5<i—1 i+1<5<m
P P!
m m
val a r . a l
< 11 ( (i) > I (5
0<5<i—1 +1<5<m
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for every non-identity permutation m € Sym ({0, ..., m}). Thus

1 1 1 1
~m T 7)) =
val<A<a0 e @ L am >>_

_ 1\ N\
P . ' P _
val | | (a] > | | <a] )
0<j<i—1 i+1<j<m

i—1 m

— 1 1
— Z pm*] Val(aj) — Z W Val(aj).

j=i+1

Combining, we get

_ 1 1 1 _1 _ 1 _1
Val(ai):val<A<a0p e @ a e am” >>—Val<A<a0p B o >>

i—1 m m 1
= — Z — val(a;) — Z e val(a;) — Z oy val(a;)
=o? =i P =0
m m 1
= Z 7 val(q;) + val(a;) + Z s val(a;)
Jj=t+1 Jj=i+1
= 1 1
= Tm—i Val(al) + Z (pm—j pm—]-l—l) Val(aj)
j=i+1
= -1
= ——val(a;) + Z o val(a;)
p j=it1
m—1 »
= ——val(a;) + Z v val(ajy1)
p ~p

O

Remark 3.16. Let 0 € Sym ({0, 1,...,m}) be an arbitrary permutation, and let a’ :=
(aa(o), . ,ao(m)). Let & := (o), .., ),) be the tuple given in Fact B3 with respect to
the tuple @, so that the map fz : Gz (K) = (K, +) given by fa (zo, ..., Tm) := Z;‘nzo LT
is a group isomorphism. Then val (o) = val (aa(i)) for all 0 <7 < m.

Proof. As in the proof of Lemma [3.15] for any 0 < i < m we have

val(a}) = val

pm
1 Ao(iy—10 Yo (i)+17

L ;
(~1)sign(@) A <a0 ST ,am"m>

1 _ 1 _ 1 _ 1 _ 1
(—I)Sign(U')A <a0pm,a1pm,... p ...,ampm>

= val

= val (Oég(i)) y
where o/ :== 0 [ {0,...,0(i) — 1,0(i) + 1,...,m}. O

Corollary 3.17. Let 0 < I < m be arbitrary. Suppose that val(as) < val(a;) for all
0 <s#1<m, then val(a;) = val(a;) and val(as) < val(a;) for all 0 < s <m,s #l.
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Proof. Since all of the a;’s have different valuations by assumption, reordering and using
Remark [B.16] we may assume that 0 < val(ag) < --- < val(a,,) and | = m. Then using
Lemma [B.15] we immediately obtain the result. O

Lemma 3.18. Suppose that 0 < val(ag) < --- < val(an,) and let y € K be such that
val(an,) < val(y). Let (zo,...,Tm) € Ga(K) be such that f~1(y) = (x0,...,2m). Then
val(z,,) = val(y) — val(an,). In particular, val(z,,) > 0.

Proof. By the formula for f~! in Subsection B2, we have that
m .
Tm =Y Bngt? s (%)
j=0

where 3, ; is the (m, j)-entry of the inverse of the matrix

D = (a?i)id,o < Z,] <m.

S0 B, = ﬁCj,m, where Cj ,, is the (j, m)-cofactor of D. We determine the valuation
of each of the summands in (%) separately. Fix 0 < j < m, then

val(Bn ) = val(Bm.;) + p val(y),
and
val(Bpm,;) = val(Cj,m) — val(det D).

Again let us compute the valuations on the right hand side of the above equation sepa-
rately. First,

m

val(det D) = val Y. sign(m [[oZ,

meSym({0,...,m}) =0

As val(a;) is strictly increasing with ¢ by Lemma B.I5] note that val (H?io of i(i)) is

strictly minimal if 7 maps ¢ to m — 4 for all 0 < i < m. So

val(det D) = val (H ozf;_i) = Zpi val(Qm—i).

1=0 1=0
Similarly,
j—1 m )
val(Cjm) = ) sign(r) [ | At 11 -1y
7€Sym({0,...,m—1}) =0 1=j+1

Again, as val(qy) is strictly increasing with 4, we conclude that

Jj-1r m .
A p'
val Haﬂ(i) H i)
i=0 i=j+1

is strictly minimal if 7(i) = (m — 1) — 4 for all 0 <7 < m — 1. Hence

-1 m ,
) _ P P
val(Cj,m) = val H o, g H o,
i=0 i=j+1
m

j—1
= Zpl val (m—1-4) + Z p' val(agy—;).
i=0

i=j+1
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Thus

val(Bm,;) = val(Cjm) — val(det D)

.
—

m
p'val (m—1-4) Z p' val(a,_;) Zpival(am_i)

=0 i=j+1
-1 i
= Zpl val (am—1-i) — (Val(am) + sz val(am_1)>
i=0 i=1
Jj—1 Jj—1
= p' val (m—1-i) — val(auy) Zp“'l val(ay,—1-4)
=0 =0
j—1
= —val(am,) — Z (piJrl - pi) val(am—1-4)
=0
J
= —val(ayy,) — Zpiil (p— 1) val(apm—i).

1

7

Note that for any 1 < j < m we have

val(Bm j_19” ) = val(Bmj1) + p] val(y)

a‘l(ﬂm, )+ ( — 1) val(am—j) +pit val(y)
val(
(B

I
<

val(Bm, )—}—pjval( )

val(f3

m.jy” )
Thus val(By,,0y) is strictly minimal amongst them, so
val(xy,) = val(Bm,o0y) = — val(auy,) + val(y) = —val(ap,) + val(y)
using Lemma O
Lemma 3.19. Let (zg,...,xm) € Ga(K) be arbitrary.

(1) Assume that for a fized 0 < 1 < m we have that val(a;) > val(as) for all 0 < s #
I < m and val(z;) > 0. Then for any 0 < s # [ < m, if val(zs) > 0 we obtain
val(oszs) > val(axy).

(2) Suppose that 0 < s # t < m are such that val(as) < val(a;), val(zs) = 0 and
val(z¢) > 0. Then val(asxs) < val(agzy).

Proof. Reordering the a;’s if necessary (relying on Remark [3.10), we may assume that
0 < val(ap) < --- < val(an), so in particular [ = m, s < t and val(z,,) > 0 by assumption.
(1) By Remark B.T4] and assumption val(xs) > 0, we have
val(zs) = val(an,) — val(as) + val(zf, — z,,). (1)

Moreover, in general we have

1 p—1
—+ > iy b ()

m—s
p s+1<5<m
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Then

val(aszs) = val(as) + val(zy)

m

B15 1 p—1
= val(ag) + ———val(a;) + val(a,,) — val(as) + val(z?, — z,
o (as) j;l i val(a) (@m) (as) ( )
517 = -1
(:) val(ay,) + val(z?, — zp,) + Z pmflij(val(aj) — val(as))
* N—_———— . P
>val(zm) J=stl

>0
> val(ay,) + val(z,,)

= val(amTm).

(2) By Lemma the sequence val(a;)’s is strictly increasing. Thus, if val(zs) = 0,
then

val(aszs) = val(ay)
< val(ay) + val(zy)
= val(ayzy).
O
Lemma 3.20. Let y € K be such that val(aj) < val(y) for all 0 < j < m. Now let
(20, .-+ Tm) € Ga(K) be equal to f~(y). Then val(z;) >0 for all 0 < j < m.

Proof. Up to reordering the a;’s (using Remark B.16), we may assume that 0 < val(ag) <
-+ < val(ay,). Then, val(z,,) > 0 by Lemma and (val(aj) : 0 < j < m) is strictly
increasing by Lemma For any 0 < j < m, by Remark B.14] we have

val(a:? —xj) = val(am) — val(a;) + val(ab, — z,,) > 0,

thus val(z;) > 0.

If val(xz;) > 0 for all j, we are done. Otherwise, let I = {1 < j <m:val(z;) =0} #0
and let j, := min{[}.

Claim. val(a;,z;,) is strictly minimal in {val(a;z;): 1 < j < m}.

Proof. Assume first j € I'\ {j.}, then val(z;) = 0 and j > j,. Hence
val(aj,z;,) = val(ay,) < val(oj) = val(oz;).
Otherwise j ¢ I, i.e. val(z;) > 0. Then

3191 31912
val(ajz;) > )Val(amxm) > )Val(aj*xj*).

0

B.I17
Thus val(y) = val <Z;~n:0 ajxj) = val(aj,z;,) = val(ej,) < val(am) < val(y), which
yields a contradiction. Hence val(z;) > 0 for all 0 < j < m. O



ON n-DEPENDENT GROUPS AND FIELDS II 19

3.4. Proof of Proposition We may assume that (K, O, 0s) is Rg-saturated. Let
1

K be the algebraic closure of K and let IC := (), .y K?" be the largest perfect subfield
of K. Let ¢ be the natural number given by Proposition B.9] for the uniformly defined
subgroups zg ... Tp—1 - @(K) and zg - ... - xp_1 - p(J) of (K,+).

Let y € J be arbitrary, we will show that it has an Artin-Schreier root in J. We
stress that this element y will be fixed until the end of the proof, and several additional
parameters depending on this y will be chosen in the course of the proof.

Claim 3.21. There exists an infinite sequence (d;);en of elements of K such that 0 <
k-valy(d;1+1) < valy(d;) < valy(y) holds for all i, k € N and both ¢ € {1,2} simultaneously.

Proof. Let eg := y, and we define the elements e, € J by induction on k € N>; as follows:

Assume e, for k € N is given. As the field K is Artin-Schreier closed by Fact 3.4 we
let e € K be an Artin-Schreier root of é, ie. i = eP —e. For any t € {1,2} we have:

valy(er) > 0 by assumption, hence val, <i) < 0. Consequently val; (e? — e) < 0 as well

as valy(e) < 0, and so val; (e? — €) = pval;(e). Hence, letting ey := 2, we obtain that

1 1
valy(ex) = — valy <—> = —pval(e) = pvaly (—) = pval; (exy1) -
ek e

It follows from the construction that for every & € N>; the elements e, € K satisfy
0 < vali(e) = # val;(y) < vali(y) for both ¢ € {1,2} simultaneously. Let now m,k € N

be arbitrary, and we define d; := e?;n +m for @ € N. Note that

m 1
valy(d;) = vali(ely ) = p™ vali(eipym) = pmw valy(y)

pk m 1 k,m 1
= ﬁp pikm valy(y) = p*p W valy(y)

= p"p" vali(e(i1yham) = D vali (€ 4 1)k m)

= p"valy(di41)

k—1

and p*~1valy(d;) = ppik valy(y) < val(y) for all i € N . Then:

o d;c K forall i € N:
e for each t € {1,2} and all i € N we have: 0 < p*~!-valy(d;11) < valy(d;) < valy(y).

As m, k were arbitrary and K is type-definable over ), the claim follows by saturation of

(K,04,03). O

Now let (d;);en be a sequence in K given by Claim 3211 Then we can choose from it
elements {b;; : j < n,l </} in K such that: for all j < n,l < { we have

° Valt(bn—l,l) < Valt(bOJ—f—l),
e 0< (j+1)-val(b;;) < vale(bjit1),
o n-valy(by_10-1) < valy(y)

for both ¢ € {1,2} simultaneously. For each (lo,...,l,—1) € £" we define

n—1
big,.oly = H ijlj € K.
7=0

Claim 3.22. For each t € {1,2} we have:
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o 0 <valy(by, . 1, ,) <val(y) for all (lo,...,l,—1) € ™
o valy(by,,...1,, 1) < vali(bpy, . p,_,) if and only if (l,—1,...,10) <iex (Pn—1,---,P0)-

Proof. The first item is clear by the choice of b;;, and we check the second one. Assume
(ln=1,---,10) <iex (Pn—1,---,p0), and let 0 < j* < n be maximal such that [;» < pj.
Then by the choice of b;; we have

7" n—1
valy(big,...1,,— Zvalt jil;) ZValt(ijj)—F Z valy(bjp;)
j=0 J=j*+1
n—1 n—1
<G H 1) valbje )+ > vali(byp,) < vali(bjep )+ D vali(byy))
J=j*+1 J=j*+1

< Zvalt(bj7pj) = valy(bpo,...pn_1)-

]
By the choice of ¢ and Proposition 3.9} there must exist some (5, ...,0%_;) € £" such
that
(N bt - 0(T) = N big,..tnr * 9(J),
(loyeeesln—1)€l™ (107---7ln71)6£n\{(la7"'71:1—1)}
(N Yot 9(K) = N big,...l—1 - ().
(107"'7171*1)6[” (107 oln— 1) zn\{(ov 7n 1)}

Let now m := ¢ — 1. The following is straightforward:

Claim 3.23. There exists a tuple (a; : 0 < j < m) enumerating the set

{blo,...,lnfl : (l07 o )lnfl) S En}
so that the following holds:

(1) Mg as9()) = M=’ aplJ);

(2) Mg ajp(K) = N1y ajp(K);

(3) 0 < val¢(ag) < --+ < valy(am—1) and (val¢(a;))y< <, are pairwise distinct, for
both ¢ € {1,2}. o

From now on we fix such a tuple (a; : 0 < j < m) for the rest of the proof. Note that we
still have a; € IC and 0 < val¢(a;) < val¢(y) for any 0 < j < mand t € {1,2} by the choice
of the elements by, ;, , and Claim B:22l Let a := (ao, ..., an) and @’ := (ag, ..., Gm-1),
both tuples satisfy the assumption of Subsection .31 Then the following diagram is
commutative:

Ga(K) —" G (K)

faJN fa/J/N

(K7 +)7

where 7 is the natural projection (zg,...,zm) — (o,...,Zm—1); the maps

fa: Ga(K) = (K, 4),% = (20, ..., Tm) — Zajfﬂj, and
=0
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3
L

fa : Ga(K) = (K, 4+),Z = (0, ..., Tm—1) — aixj
J

Il
o

with @ = (@ : 0 < j <m),& = (a: 0 < j <m—1)in K are the isomorphisms given
by Fact B.I3] for @ and @’ respectively; p is the algebraic morphism over K that makes the
rectangle commute; and p, p' : (K, +) — (K, +) is given by

w(t) == am - t,  p'(t) = plamt).

Note that all these groups and morphisms are defined over X C K, hence the diagram
still commutes with K replaced by K.

We recall the following general fact about additive polynomials.

Fact 3.24. [31, Remark 4.2| Let F' be an algebraically closed fields, and g : F — F an
additive polynomial (i.e. g(t +t') = g(t) + g(t') for all t,t' € F) with ker(g) = F,. Then
g:c-(tl”—t)plc for some k € N and c € F.

Using it, as in the proof of [31, Theorem 4.3|, we get the following explicit expression
for p’ (we include a proof for completeness).

Claim 3.25. p/(t) = ¢(t? —t) for some ¢ € K.

Proof. We have 7 [, (k) is onto Gg (K) by Claim B.22(1), hence p [k is onto as well.
From the diagram we have | ker(p)| = | ker(7)| = p, and p is an algebraic group morphism
of (K,+), hence an additive polynomial. Note that 0 # a,, € ker(p) as f; (o) =
(0,...,0,1) € K™ and 7 ((0,...,0,1)) = (0,...,0) € K™. It follows that p' : K — K
is also an additive polynomial, with ker(p") = F,. By Fact B:224lwe have p/(t) = c-(tP —t)P*
for some some ¢ € K and k € N. In fact, c € K as a,, € K and p is over K. Finally, we
must have k = 0 as the degree of m as an algebraic morphism is p, hence the degree of p’
is also p as the vertical arrows f5, fa/,  are algebraic isomorphisms. O

We fix ¢ € K given by Claim [3.25] for the rest of the proof. The following is a crucial
claim relying on the analysis of the effect of the special isomorphisms f; on the valuation

in Section B.3]

Claim 3.26. Let u € K be arbitrary with val;(u) > max{val(a,,—1), val¢(a,,)} for both
t € {1,2}. Then there exists some w € J with val,(w) < val;(u) for both ¢ € {1,2} and
such that p/(w) = u.

Proof. Let (zg,...,2m_1) = (fa) ' (u) € Ga(K). Note that
0 < val(ag) < ... < valy(am—1) < valy(u)

for both t € {1,2} by Claim 3.23|(3) and assumption, hence by Lemma [3.20] we have that
valy(xz;) > 0 for all t € {1,2} and 0 < j <m — 1. Whence z; € J forall 0 < j <m — 1.
By Claim B23(1) there is some @, € J such that ay,(zh, — zm) = aj(2} — x;) for all
0 < j < m. So there is a preimage of (xq,...,Zy—1) under 7, namely (xq, ..., Tm-1,Tm),

which lies in J™1. Now let
m

—1 -1
w:=a,, f(zo,...,Tm-1,Tm) = Q,, Zajxj,
=0
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thus w is a preimage of w under p’. Then for each ¢ € {1,2} we have

m
valy(w) = val; | o)}t E ;T
i=0

= —val; () + valy Z a;x;
§=0
B.191) —valy(apm) + valy(ap) + valy(z,) if valy(am—1) < valy(am)
- —valy(am) + valy(am—1) + valy(zpm—1) if vali(ay) < valy(am—1)
>0,

where the last inequality is by Remark BI6] Lemma and Lemma BI8 Also, by
Lemma [B.I8 with respect to @', we have valy(z,,—1) = val¢(u) — valy(a;,—1), hence

valy(u) = valg(am—1) + valg(xm,—1) |3zzmvalt(am) + valy ().

If valy(am—1) < valy(an, ), then we have

valy(u) = valy(ay,) + valy(x,,) .17 valy () + valy(z,)
> — valy () + valy(a,) + valy () = val(w).
If valy(am) < valy(am—1), then we have

B.17

valy(u) = valy(am—1) + valy(zpym—1) "= valy(m—1) + valy(zpm—1)

(
(

In either case, we obtain valy(u) > valy(w). O

> — valy(au) + valy(am—1) + valy(zm—1) = valy(w).

Let now w be as given by Claim for u :=y. Then for both t € {1,2} we have
valy(¢) = valy(y) — valy(wP — w) = valy(y) — valy(w) > 0.

Then val;(cy) > max{val;(anm—1), val(an)}. Let w' € J be as given by Claim [3.26 applied
to u := cy, then

ey = o () = (WP — w),
ie.y = (w')P —w'. Thus w' is an Artin-Schreier root of y in J. As y € J was arbitrary,
this finishes the proof of Proposition

3.5. Generic multi-ordered /multi-valued fields. An analog of Corollary for val-
ued fields of characteristic 0 currently appears out of reach. In this section we at least
provide some evidence towards it by demonstrating that the model-companion of the
theory of fields with several valuations and orderings introduced by van den Dries [45]
Chapter III] is not n-dependent for any n. We use Johnson’s PhD thesis [30, Chapter 11|
as our reference.

Fix k € N. For each 1 < ¢ < k, let T; be one of the theories ACVF (Algebraically
Closed Valued Fields), RCF (Real Closed Fields) or pCF (p-adically Closed Fields), and
let £; denote the language of T; and L£; N L; = Lyings (i-e. £; additionally contains a
binary predicate x <; y if T; is RCF, or val;(x) < val;(y) if T; is ACVF or pCF). Let
L=, £, and let Ty := UL, (T}),-

Fact 3.27. |30, Theorem 11.2.3] The theory Ty has a model companion T, and K = Ty
is a model of T if:

(1) K is existentially closed with respect to finite extensions, i.e. if L is a finite alge-
braic extension of K and L =Ty, then L = K;
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(2) For any m, let V' be an m-dimensional absolutely irreducible variety over K. For
1<i <k, let pi(x) be a V-dense quantifier-free L;-formula with parameters from
K. Then N, 0i(K) # 0.
(Where “V-dense” means that @;(K) is Zariski-dense in V (K®8), see [30, Section
11.1.1].)

We use the following result established in the proof of [30, Claim 11.5.2].

Fact 3.28. Let K |=T. For each i, let x;(y) be the formula:

(1) y >; 0 if T; is RCF;
(2) valy(y — 1) > 0 if T, is ACVF or pCF.

Let x(y) = /\/l?:1 Xi(y). Then x(K) is infinite, and there exists some L-formula (x,y)

such that: for any m € N, any ai,...,an € x(K) pairwise distinct and any A C
{1,...,m} there exists some b such that = 1(b,a;) <= j € A.

This immediately implies that T' is not dependent, and we show that the argument can
be generalized to show that T is not n-dependent for any n as follows.

Proposition 3.29. T is not n-dependent for any n > 1.

Proof. Let K = T be a saturated model. Fix n € N. Note that it is enough to find

some sequences (Crln’ s, Ch Qg ..., 0 € w) of elements in K and e € K such that all
elements in the set {cé[1 Cecp Ferar,...,a €w} are pairwise distinct and satisfy
X(y), as then the formula ¢/ (x;y1,...,yn) = ¥(x;y1 - ... - yn + €) with ¥ given by Fact

3.28] is not n-dependent.

Since the formulas val;(} —2) > 0 and z >; 0 are V-dense for V = Al, by Fact B.27/(2)
we can choose e € K such that 0 < Vali(% —e) < oo for all 1 < i < k for which T; is
ACVF or pCF, and e >; 0 for all 7 for which T; is RCF. Let ~; := Vali(i —e).

L a€w)in

By induction on 1 <t < n we choose, using saturation of K, sequences (¢, :

K such that the following holds for each 1 <4 < k:

(1) If T; is ACVF or pCF:
(a) val;(cf, 1) > n-vali(ch) >~ forall 1 <¢ <nand a € w;
(b) val;(ctft) > Vali(ctﬁ) forall1<t<n-—1and o, € w.
(2) If T; is RCF:
a) ct > (ct)*>0and forall1 <t<nanda,f € w;
( ) a+1 «
(b) bt >, ctﬁ forall1<t<n-—1and o, € w.

To chose an element ¢!, € K we only need to satisfy finitely many quantifier-free formulas
with parameters from {cj : s <tV (s =t A B < a)} C K. All of these are implied by a

single condition of the form val;(z) > val;(c) or  >; ¢ for each i and some ¢ € K. Thus
they can be satisfied in K by Fact [B.27(2) since these formulas are V-dense for V = Al.

Assume first that T; is ACVF or pCF for some 1 < ¢ < k. Note that in this case for
any (aq,...,0p) € w" we have val; ([[}, c&,) = Y1 vali(ch,) > v = vali(3 — e) by
1(a). Then val; ([T}, ¢, +€) — %) =val; ([T} b, — (3 —¢)) =val; (1 —¢) =~ >0,
and therefore = x; ([T1_; ¢, +¢).
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As in the proof of Claim B.22] we get that (aq,...,a,) < (51,...,0s) in the lexico-
graphic ordering on w” if and only if

val; <ﬁ cf){t) < val; <ﬁ cgt> )
t=1 t=1

so in particular [}, ¢, Fe# I, c%t + e, hence all these elements are pairwise distinct.

Otherwise T; must be RCF for all 1 <4 < k. Then a similar calculation using 2(a) and
2(b) shows that [}, ¢}, + e |= x4, and that all these elements are pairwise distinct. [J

4. CONNECTED COMPONENTS OF n-DEPENDENT GROUPS

4.1. Connected components of (type-)definable groups. We begin by recalling
some facts about model-theoretic connected components of (type-)definable groups and
state the main theorem of the section.

Definition 4.1. Let T be an arbitrary theory, G = G(M) an (-definable group and A C M
a small set of parameters. Then GY is the intersection of all A-definable subgroups of G
of finite index, and G%O is the intersection of all subgroups of G that are type-definable
over A and of bounded index.

As A is small, G% and G%O are type-definable subgroups of G of bounded index. In
fact we have the following standard results, see e.g. [20, Remark 3.5(2) and Lemma 2.2].

Fact 4.2. If H is a type-definable subgroup of G = G(M) of bounded index, then it can
be written as an intersection of subgroups of G of bounded index each of which is defined
by a partial type consisting of countably many formulas.

Fact 4.3. Let G = G(M) be a type definable group and let H be a subgroup of G of bounded
index which is type-definable over a small set of parameters C. Then [G : H] < 2ATI+ICl,

A fundamental fact about dependent groups is the absoluteness of their connected
components:

Fact 4.4. [39] Let T be dependent. Then G = Ggo for every small set A. In particular,
the intersection of all subgroups of G that are type definable over a small set of parameters
and of bounded index is a normal subgroup type-definable over © and of index < 27

This does not remain true for 2-dependent groups:

Example 4.5. Let G be the group Fgw), where o is the finite field with 2 elements.
Let M := (G,F2,0,+,-) be the structure with + the addition in G and - the bilinear
form (a;) - (b;) = Y_; aib; from G? to Fo. Then Th(M) is simple and 2-dependent, and
G ={g€G:g-a=0forall a € A} (see [22, Section 3]), so the group G gets smaller
as A grows.

However, in this example for any small sets A, B we have G%5 = G N GY¥. The
following theorem of Shelah shows that, up to a “small” error, this holds in an arbitrary
2-dependent group:

Fact 4.6. [41] Let T be 2-dependent, G = G(M) an A-type definable group, k := Ja(|A|+
IT|)", M 2 A a k-saturated model, and b an arbitrary finite tuple in M. Then

00 _ __ ~00 00
Grp =GuNGa
for some C C M with |C] < k.
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In this section, we generalize this result to n-dependent groups for arbitrary n. In order
to state our generalization, we need to introduce an appropriate notion of independence.

Definition 4.7. (k-coheirs) For any cardinal k, any model M, and any tuple a we write

a\LX’fB

if for any set C C B UM of size < k, tp(a/C) is realized in M.

When k = Ry we get a \L?\’jo B if and only if tp(a/BM) is finitely satisfiable in M.
In this case we simply write a J-//l_/l‘\/l B (the usual notation for coheir independence).

Recall that for an infinite cardinal x and n € w, the cardinal 3,, (k) is defined inductively
by Jo(x) = k and I, 11 (k) = 277 Then the Erdés-Rado theorem says that (3,(k))" —
(kT)r+L for all infinite x and r € w.

Definition 4.8. (Generic position) Let M be a small model, A a subset of M and
bi,...,b,_1 finite tuples in M. We say that (M, A,by,...,b,_1) are in a generic position
if there exist regular cardinals k1 < k3 < ... < Kp—1 and models My < M; <X ... =<
M1 = M such that A C Mg, Do(|M;|)" < ki1 for i =0,...,n —2 and

b\Lumb<z n—1
forall 1 <¢<n-—1.

One general method to find elements in a generic position is given in Remark A.14l But
first let us state the main result of the section.

Theorem 4.9. Let n > 1, T an n-dependent theory, A C M | T a small parameter
set and G = G(M) a type-definable group in T over A be given. Let M 2 A be a small

model and by, ..., b,_1 finite tuples in M such that (M, A,by,...,b,_1) are in a generic
position.

Let (Hy : o € 1) be any family of subgroups of G of bounded index, with each H,
type-definable over Mby ...b, 1. Then there is some J C I with |J| < Do(|T| +|A]|) such
that

00 _
ﬂ H A ﬂ GMUb1U Ub;_ 1sz+1U Ubp—1

aecl i=1,....n—1
ﬂ Ham ﬂ GMUb1U Ub;_ 1sz+1U Ubp_1"
aclJ

Before we prove Theorem [£.9] let us observe the following corollary for the connected
components of n-dependent groups.

Corollary 4.10. Let T be a n-dependent theory, A C M =T a small parameter set and
G = G(M) a type-definable group in T over A be given. Let M 2 A be a small model

and by, ..., b,_1 finite tuples in M in a generic position. Then there is some C C M with
|IC| < 3Ja2(|T'| + |A|) such that
00 _ 00 00
GMUb1U Ubn 1 ﬂ GMUblU Ubl 1Ub1+1U Ubn 1 GCUblU Ubn 1
i=1,..,n—1
Proof. By Fact we have
GOO —

MUb U+ Ubp—1

00
ﬂ GMUb1U Ub;—1Ubj1U...Ubp—1 ﬂ{GBUb Uee-Ubp_1 :BC M Countable}.
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By Theorem [£.9 it is already given by some sub-intersection of size at most Ja(|T'| +
|A|). Letting C' C M be the set containing all of the sets B appearing in this sub-
intersection gives the desired result. g

Remark 4.11. Some variant of Corollary .10l is alluded to in [41, Discussion 2.14(2)],
but we are not aware of any followup.

Remark 4.12. (1) For n = 1 the assumptions of Corollary L.10are trivially satisfied
by any sufficiently large model M = M, and the conclusion gives G9\91 = G%) for
some small subset C' of M (since the first intersection on the right hand side is
over the empty set). This easily implies absoluteness of G,

(2) For n = 2, the assumption b; \Lu "1 M is clearly satisfied by any kp-saturated
model M; D A (taking A C ./\/lo =< M; arbitrary), and the conclusion gives
G9\911131 = G9\911 N G%?C — hence Fact follows.

Problem 4.13. In order for our proof of Theorem 4.9 to work, the tuples b1,...,b,_1
are assumed to be in a generic position (which we think of intuitively as “sufficiently
independent from each other over M”). On the other hand, in the extreme opposite
case when one of the tuples is in the algebraic closure of the other ones the result holds
trivially. Thus we ask if any hypothesis on the tuples by, ..., b,—1 is needed for the result
to hold.

The following remark provides a general method for finding tuples in a generic position.

Remark 4.14. Let T be an arbitrary £-theory, A a small subset of Ml and G = G(M)
a group type-definable over A. Let T” := T5% be a Skolemization of T in a language
LD LI = |L]. Let ko := |A| +|£] and k41 = Ja(k;)™, a regular cardinal, for

i =1,...,n— 2. Next, choose mutually L'(A)-indiscernible sequences J; = (b1 : j €
K1+ 1), ..,Jn1 = (bnj : j € kp + 1) in some monster model M’ of T'. Then for
i=1,...,n—1let I; = (bj; : j € ki), bj = bj ;41 (i.e. the last element in the sequence

Ji), and M; = Sk(AI;...I;) (where Sk is the operation of taking the Skolem hull).
Thus A C Mo = My < ... 2 Myq and [M;| = [AU U <,; Is| + [£| = ki, hence
Ty (IM])* < kiqq holds for all 0 < i < n — 2.

We claim that b; \Lu”l beiM,y_1 for every 1 < i < n — 1. To see this, fix 4, and let
C C M,,_1 with |C| < k; be arbitrary. By construction, there exist some S; C k; with
|S;] < r; such that C' C delgr (A(brj)jes, - -- (bn-1;)jes,_1)- As k; > |S;| is regular,
there exists some j* > S; in k;. But then by mutual £'(A)-indiscernibility of Ji, ..., J,_1
we have that

bi,j+ =A(b1,j)jes, - (bn-1,5)jes, _,b<i bi,
hence 5,~7j* =ch., b; and Ei,j* is in M;.

Thus (A, M,,_1,b1,...,b,_1) are in a generic position (both in the sense of T"and T").
4.2. Proof of Theorem 4.9 We are ready to prove the main theorem.

Proof of Theorem [{.9. Assume that the conclusion fails, and let A C Mg < M; <... =<
M;,—1 = M witness the generic position as in Definition m Then, using Fact[£.2] we can
find inductively a sequence of (M,,_1 Ub; U---Ub,_1)-type-definable subgroups H,, o <
k= Jo(|T|+|A])T of G of bounded index such that Hy = (<0 V% (G;Cas b1, - bu—1)

for some countable ¢, from M,,_1, and elements (dy)o<x in G such that:

00
(1) da’ S ni:l,...,nfl G_/\/[n,1Ui)lU...Ui)i_lui)i_FlU...Uanl n nﬁ<a HB’

(2) do & Hy.
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Using compactness, and possibly replacing each 1}, by a finite conjunction of ¥{*’s, we
may assume additionally that the following hold:

(3) ): _'wg(da;éogglrujgn—l)) _ _ B B
(4) {wng»l(x;Ealblr"lbn—1)7¢${n+l(y;éaabl7:-7bn—1)} H T/J%(x'y§5a7bla---abn—1) A
V2 (27180, b1,y bp1) A VS (zy~ L Eq, b1, ..., by1) for all m € w.

As there are only |T'|<®0 many formulas and cf(x) > |T|¥°, by the pigeonhole principle
and after dropping some of the H,’s, we can find (¢, )mew such that for all a < &,

¢% = Ym.
Claim 4.15. In addition to (1)-(4), we may assume that for all 7, j € w, we have that
d; € Hj S0 #E g

Proof. By Fact 3] for each 8 < & there is a partition {gg, Hpg : v < 03} of G, where
05 = [G : Hg] < 2%. Therefore, considering d, for some a < &, there is v, 5 < 03 such
that

o € 98,00 s Hp-
As k= Jy(|T| + |A|)* by assumption, by Erdés-Rado we can find an infinite subset J of
k and v < 2% such that for all & < 8 in J, we have that
da S 957VH5.
We may assume that J = w. Now let i < j < m € w. Then by the above we have that
d; € gm,uHm and dj € gm,uHm,
or in other words
di = gmyhi and dj = gmuh;
for some h;, h;j € Hy,. Thus

di'd; = hi'gy gmuhy = hi'h; € Hy. o (%)
Now for ¢ € w, let
ei = dy; doiy1, Ki= Hoiy Om =0ms1, and f; = .

Then, after replacing d; by e;, H; by K;, ¥; by ¢;, and ¢; by f;, (1) and (4) are
still satisfied. To show that condition (3) remains true, assume the opposite, i.e. =
wolei; fiy b, ... ,bn,l),_which_is equivalent to |= ¥1(e;; 2, b1,...,bp—1). By (1), we know
that | Q,Z)l(dgiJrl;EQi,bl,...,f)n,l). _Now, using that dy; = d2i+1e;1 and (4), we can
conclude that = o(da;; €4, b1, ... ,by—1) — contradicting (3) for the original sequence.
Finally,

e if § # j, then
_ by(1) if j<i
ei = dy; dait1 €  Hy = Kj;
by () if i<j

e if i = j, then by (1) and (2), we have that do; ¢ Ha; but doji1 € Haj, so
e; ¢ Hy; = K;. This also shows that condition (2) is still satisfied.

This finishes the proof of the claim. Uelaim
Let ¢ = (¢ : i € w).
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Claim 4.16. There are sequences (b1, : 7 < w),(bay 1 ¥ < w),...,(byo14 17 < w) in
M1 and elements (d; ..~y @ (4,71, .., Yn—1) € w™) in G such that

di,’yl,...,’yn_l € Hj751,...,5n71 = ﬂ ¢m(G7 E_], b1,51, o 7bn—1,5n,1)

m<w

= (2‘7717"' 7771—1) 7& (j7517"' 7571—1)

<:> l: wn—l(di,yl,...,ynfﬁ éj? 61,517 AR 7bn71,5n_1)-

Proof. We will prove the following claim by reverse induction on Il =1,...,n.

There are sequences (Z_’ln/ Fy < w), (EH'L’Y Y <w),. .., (Enq,»y :y < w) in M,,_1 and
elements (diq,,...yn_1 : (8,7, -+, Yn—1) € w""*1) in G such that (11)-(f4) below hold:
divylv“y’yn*l S Hj7517~~~75n—1 = ﬂ wm(Gﬂ Eja 617 s 761717 Bl,él, v 76n71,5n_1)

m<w

<:>(i’ryl,"'alynfl)#(jaél,---,énfl) (Tl)
<~ ’: ¢n—l(di,’yl,...,’yn_1 ; 5]? bla s abl—ly blﬁla ) bn—1,5n71) (T?)
and
00
di7717""%—1 = ﬂ My_18bibp—1beyr.by_1by s, bn1s, (]LB’)

t=1,...,01—1;
(él,___75n_1)€wn_l

for all v,...,%—1,01,.-.,0n-1,1,7 € w (where My < .-+ = M, _1 are given by the
assumption), and

Uma1 (256, b1, ..., b1, l_)lm, . al;nfl,%q) A

V1 (Y3 G, 01y b1, bimyy ooy b1 1)

Fm (T Y3 G b1, oo b2, 1y ooy b1 ymy) A (1)
Y (@158, b1, 01, D1y e ey D1y 1) A

Yz -y 16, b1, ... b1, l_)lm, .. ,Bn,l,%_l) for all i,m € w.

For [ = 1, this completes the proof of Claim
For | = n, this is Claim together with (1), (3) and (4).

Now suppose the claim is true for 1 <1 < n, and we want to prove the claim for [ — 1.
First, as b;_1 J/u/\’/l’?‘ll bei—1Mp—1, we can choose sequences (bj_1~ : 7 < K1) in M;_;

and (diqy,_yoymo1 P (G Y1=15 -+ Yn—1) € WX Kj—1 X w" Y in G such that for any v < k;_q:

(bi—1,7s diyypms = (Vs e oo Y1) € w"_l+1) has the same type as

(l_)l—ly di,'yl...m/n_1 : (i,’Yl, s aanl) € wn_l+1) over (*)
Ml_g,é,gl,...,gl_g U{bl_L(g 10 < ’Y}U{l_)jﬁ i=10....,n—1,0< w}.
Then

(5) By (f3) for t =1 —1 and (%), using that b;_1 ., € M,;_ for all v < ;_1, we obtain
dim—l,---ﬂnfl € ﬂ{Hj75l—17~~~75n—1 : (]7 o1y - - 7571—1) € wnil+175l71 < 'Ylfl}

for all 7 € w.
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(6) By (f1) and (%)
div“flflﬁly---v“/n—l € ﬂ{ij’Yl—175l~~~y5n—1) : (Za Yy a’Yn—l) ?é (]7 5l7 D) ,(5n,1)}.

(7) By (f1) and (x)

iy yeymor & Hiy1poynens
In particular by (f2) and (%)

): _'T/Jnfl(di,’yl_h---f\/n—l; Ci, 617 cee 76l727 Bl*l,’yl,p ey bn—l,’ynfl);
(8) By (f4) and (x) the formula

”l[)m+1($; Cis bl? cee abl—Qa bl—l,’yl_la v ,bn,177n_1)/\

¢m+1(y7 Eia 617 e 761727 Bl*l,’yl,17 e 7bn—1,'yn,1)
implies the formula
V(T Y3 b1,y o b2, b1y s ba 1 )A

71' - 7 7 7
Ibm(.%' 1Ciyb1, ... b9, bl*l,’yl,la e ,bn_17yn71)/\

“1.- 7 - - - )
TJZ)m(,I Y 3G, bl? cee ,bl—Za bl—l,’yl_la v ,bn,177n_1),

(9) By (f3) and (x), and as bj_14,_, are all in M;_1,

) 00 o L _
dl,’ylfl,...,’)/n—l € ﬂ GMZ,QE bl---bt—lbt+1~~~bl72bl71,6l_1 ...bnfl’gn_l :
t=1,...,1—2;
S1—1<m—1, (81,0 0n—1)€wn !
Consider the sequence of countable tuples

(br—1,7 iy © (G705 1) € W71

Note that for any § < k;_1, the group

Ks:=G® s
J M172Cbl---bzf2blfl,5{bz,5l~~~bn71,6n_11(5z7~~~75n—1)€wnfl}

YERI—1"

is type definable over a set of size |M;_s| + Rg = |[M;_2| and has bounded index in
G, hence by Fact 3 its index is at most 2Mi—2l. Tet (g5, : v < 2Mi=2l) be a set of
representatives of its cosets in GG. For each v < § < k;_1, consider a countable tuple

77 Py— ’775 vy
Uysi= <Vi75l7~~~75n—1 28,00, ,0p_1 € w)

listing cosets of the elements (di,'y,'n...,%_1 (4 Yy oy Yn—1) € wn_l‘H) with respect to the

group Kj. There are at most (2‘Ml—2|)NO
Ki—1 > Jo(|M;_2|)* by assumption, applying Erdés-Rado there is an infinite subsequence
such that #, 5 is constant for all v < ¢ from this subsequence. As in the proof of Claim
15 restricting to this subsequence we have that (5)—(9) still hold, and for any fixed
(3,915 Yne1) € W™ we have

1 , 0 B B
di,’y’m,..wn—ldmm'“’%—l € GML—2ébl---bl—2b1—1,5{bl,5l"'bn—l,én—l (810 s0n—1)Ewn L} (t1)

= 2Mi—2| possible choices for this tuple. As

for all v < 9/ < § < w.

n—I+1

Next, for (i,7;,...,Yn-1) € w and v_1 < K1, let

_ g1 )
Cii—1yYn—1 = di,Z’yl_h'yl___,'yn,ld2727l—1+177l---77n—1?

fl*lﬂ/l—l = bl*172'}’l717

Kiy'Yl—ly'Yl---v'Yn—l = Hi72'7l7177l~~~7'7n—1'
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We will show that replacing d; y,_,,....v,—1 BY € 1,ccymo1s 61717%71 by ﬁfl,’nfl’ Hiry i
by Ki~, ,...n_. and restricting to the first countably many elements gives the desired
sequences for [ — 1.

Note first that

00
; r o7 7 r 3 7 . *%
Cim—tym1 € ﬂ My_o€bi...by—1btt1...bi—2bi—125,_,,bi,6)-bn—1,6,_; (%)
t=1,...,01—2;
8115711, (815 s0n—1)€wWn !

by (9).
Now let (j,%-1,--+,Yn-1) # (4,0;-1,...,0n—1). We consider two cases:
Case 1: v;-1 = 0;-1.
In this case (j, v, -, Yn-1) # (4,07, ...,0p—1). Thus
i 2y i1 € Hiz_y,00,..60 1 by (6)
and

di72’7l—1+17"/17~~~7’7n—1 € H'72’W—176l7'“76n*1 by (5)'
So

— g1 ) . - K.
(10) eiv’ylfly"w’yn—l - di,Q’yl_l,'yl,...,'yn,ld2727171+17’7l---7"{n—1 € H372"/l—175l7---,5n—1 - K]7(Sl_1,6l7...,6n717

and in particular

(11) 'Z Yn—i41 (eivyl—lv---vvn—l;6j7 ﬁ*1,51717 blﬁl s 76"*1,%—1) .

Case 2: v;_1 # §;_1.

_ g1 ) .
If 6;—1 < -1, then €1y 1 di,2’yl,1,’yl,...,’yn_1dlyz'Yl—l'i‘ly’Yl---f‘/nfl < H]725l7175l7~~~75n—1

by (5). So without loss of generality v;_1 < d;—1. Then (1) implies in particular that
~1

Ciyi—1y Y1 i,2’yl,1+1,’yl,...,’yn_1diQ'Yl—lv'Yl---y’Yn—l S Hj725zf175z,---,5n—1
and
A 00 o o _ _
Cim—tym1 € ﬂ GMz—zéb1---bt71bt+1---bl—2bl—1,26l_1bz,al_l---bn—l,én,l'
t=1,...,01—2;

Si—1>i—1, (61, 0n—1)€Wn!
Together with (xx), this gives

12) ¢ 00 .
( ) Y —150n—1 € ﬂt:l,...,l—2§ GML_2Cbl...btflbtﬁ»l---bl_2fl_1’6l71bl’6l71---bn_1’6n71
(él,l,...,5n_1)€w><w"*l

On the other hand, for given (4,%_1,...,7m_1) € w" "2 by (7) we have

di,QVz—lm---ﬁnﬂ ¢ Hiyz'Yl—lv'Yl---v'Yn717
and by (5) we have

di72'7l+17'yl---77n71 S Hiyz'Yl—lv'Ylv---v'Yn—l'
Hence

_ g1 ) ) — K.
(13) Ciy—1y 1 i,2’yl,1,’yl...,’yn_1d172"/l—1+17’n---7"/n71 ¢ Hlyz'Yl—lv'Yl---y'Ynfl - sz—h---ﬁnfl'

Suppose towards a contradiction that

): wn*l‘Fl(eiﬁl—lv---ﬁn*l;Ei’ flflmfu blm R bn—l,vnfl)-
By (5), we also have that

’: ¢n—l+1(di,2'yl,1+1,'yl,...,'yn_1+1; G, fl—l,'yl_la bl,’yl sy bnfl,'yn_l)-
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. g -1 .
Since d; 2y, 4,1 = d272w_1+1m___,%71eimih___%_l, using (8) we conclude that

): wnfl(diQW—lm---ﬂn—l; Ci, flflﬂﬂfv bl,’n s 7bn—177n—1)
= wn—l(di,?yl,l,'yl...,'yn_l 7 Ei’ bl—1,2’yl_17 M bnfl,'yn_l),

contradicting (7). Thus

(14) Fé ’liz)n_l'f'l(eiﬁl—lww'}’n—l i Ciy fl—lm—l > blm ce ’anl,%—l)-

Now, for I — 1, we obtain (t1) from (10) and (13), (f2) from (11) and (14), (f3) from
(12)7 and (T4) from (8) by replacing CiYi— 1, Yn—1 by div'Yl—ly---y'Yn717 flflmﬂ by bl*ly')’l—l’
and K~ 1. yn_1 bY Hiy 1. ~n_y- This finishes the proof of the claim. Oelaim

Claim 4.17. For any I C (w)" there is some d € G such that

’: ¢n+1(d; Ci, bl,’yu cee ’bn*L'Yn—l)
if and only if (4,7v1,...,7m-1) ¢ I

Proof. Suppose first that I is finite and let ((i;,v1,,...,7m—1,) : [ < s) be an enumeration
of the elements in I. Define d = dj; 4, 0,....7p_10 - d

If (j,01,...,0n-1) & I, then di ;. .~ € Hjs,,. .5, for all I < s by Claim KT8]
and hence d € Hjs, . s b

15,Y1,850+Yn—1,s"

., and in particular = ¥n41(d; ¢, b1.6,5- -+, bn-14, ,)-

On the other hand, consider (i;,71,...,vn-1,;) € I. Let

€1 = dioﬁl,o,---ﬂnfl,o el diz—1,71,1—1,---,7n—1,z—1
and
€2 = dil,71,1+1,---,’7n71,l+1 : : disﬁl,s,---ﬁn—l,s'
Then dizm,zwwnﬂ,z = el_ldegl. Observe that
': _‘T/Jn—l(diz7“/1,17---ﬂn—1,l » Cig s blv'Yl,l’ s Bn—lﬂ/n—u)a
’: ¢n(651’ Ciys blﬁu’ cee ’l_)nflﬁn—u) and
= Yna(er s G D5 i1 y)
by Claim Using (8), we conclude that
): _'Tzz)nfl(dih%,l,---ﬁnﬂ,l s Ciy s blﬁu’ SRR l_)nflﬁnfu)
= | n(er 'y by s b1, 1))
— ): _‘¢n+1(d7 E'iﬂblﬂ’l,l’ .. 7671—17“/n—1,l)'
The claim follows by compactness. elaim

Finally, Claim [4.17] contradicts n-dependence of 1,41, which finishes the proof. O

5. 2-DEPENDENCE FOR COMPOSITIONS OF DEPENDENT RELATIONS AND BINARY
FUNCTIONS

The aim of this section is prove the following Composition Lemma (Theorem
below): a composition of a relation (of any arity) definable in a model of a dependent
theory with arbitrary binary functions is 2-dependent. This result is crucial in our proof of
2-dependence of non-degenerate bilinear forms over dependent fields in Section[6l Towards
this purpose we first develop a general type-counting criterion for 2-dependent theories
in Section [B.J] and then apply it along with the set-theoretic absoluteness to deduce the
Composition Lemma in Section
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5.1. Characterization of 2-dependence by a type-counting criterion. We first
recall a type-counting criterion characterizing dependent theories. For the following two
facts see e.g. [16] or [I3 Section 6| and references there. We recall that for an infinite
k, ded k is the supremum of the number of Dedekind cuts among all linear orders of
cardinality .

Fact 5.1. (Shelah) Let T' be a theory in a countable language, and for an infinite cardinal
i, let fr(n) = sup{|Sy(M)]| : |M| = 5, M |=T}.

(1) If T is dependent, then fr(x) < (ded )X for all infinite cardinals k.
(2) If T is not dependent, then fr(k) = 2% for all infinite cardinals k.

In a model of ZFC satisfying the Generalized Continuum Hypothesis, ded xk = 2% for
all infinite cardinals k. However, there are models of ZFC in which these two functions
are different:

Fact 5.2. (Mitchell [35]) For every cardinal £ of uncountable cofinality, there exists a
cardinal preserving Cohen extension such that (ded k)®0 < 2%

The combination of Facts [E.1] and tells us that it is possible to detect whether
a theory is dependent by counting types using that dependence of a formula is a set-
theoretically absolute property.

We want to provide a formula-free characterization of n-dependence of a theory which
does not include any assumption of indiscernibility of the witnessing sequence over the ad-
ditional parameters (unlike the characterization in Proposition 2.9 where additional indis-
cernibility over the parameter needs to be assumed). We achieve it here for 2-dependence
by providing an analog of Fact [5.] in this case (which characterizes 2-dependence of a
theory when working in a model of ZFC with ded(x) < 2* for some cardinal x > |T).

Given a set X and a family F of subsets of X and Y C X, one says that Y is shattered
by F if for every Z C Y there exists some S € F such that Z =Y N S. In what follows,
T is a complete theory in a language £ and we work in a monster model M = T.

Lemma 5.3. Let ¢ (z;y1,y2) € L be 2-dependent. Then there is some n € N such that
for any c € M, any I CM,,,J C M,, endless mutually indiscernible sequences, and any
A C I of size > n there is some by € J such that A cannot be shattered by the family
{¢(c,y1,b) : b€ Jb>ba}.

Proof. Assume that I, J are endless mutually indiscernible sequences and ¢ is such that
the conclusion is not satisfied for any n € w. Let D C I x J be any finite set. Let
a; < ... < ayp and by < ... < by, list the projections of D on I and J, respectively.
By assumption, there is some A C I of size n such that for any ¥’ € J, A is shattered
by the family {¢ (¢,y1,b) : b€ J,b>b'}. List A as aj < ... < a),. Then we can choose

some b < ... < b, € J such that | <p(c al b’~> < (ai,bj) € D. As I,J are

s W Vg

mutually indiscernible, taking an automorphism of M sending @) to a; and b;- to b;, for all
1 <i<mn,1<j<m,cissent tosome cp such that = ¢ (cp,a;,b;) <= (a;,b;) € D.
This implies that ¢ (z;y1,y2) is not 2-dependent, a contradiction. Hence the conclusion
holds for ¢, I, J for some n.

By compactness we conclude that n can be chosen depending only on ¢ (and not on
I,Jc). O

We will need the following fact (originally due to Shelah, with simplifications by Adler
and Casanovas, see e.g. [10, Lemma 2.7.1])
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Fact 5.4. If k is an infinite cardinal, F C 2% and |F| > ded k, then for each n € w there
is some S C k such that |S| =n and F | S = 25.

Definition 5.5. Given sets B C M, A C M, and a formula ¢ (z,y) € L, we denote by
So,B (A) the set of all p-types over A realized in B, where by a ¢-type over A we mean a
maximal consistent collection of formulas of the form ¢(z,a), ~¢(x,a) with a € A. And
Sp (A) denotes the set of all complete types over A realized in B.

Proposition 5.6. Let T be 2-dependent, let k > |T'| be an infinite cardinal, and let X > k
be a reqular cardinal. Then for any mutually indiscernible sequences I = (a; 11 € k), J =
(bj : j € \) of finite tuples and a finite tuple c, there is some 3 € X such that

1S5, (I x {c})| < (ded w)/T!.

Proof. Let I,J and ¢ be given. We will show that for each ¢ (z;y1,y2) € L there is some
B, € A such that ‘S¢7J>£¢ (I x {c})‘ < ded k. This is enough, as then we can take any
B € X with 8 > B, for all ¢ € L (possible as A = cof (A) > |T), and |Sy_, (I x {c})| <
[pec Seurns, (I x {e})| < (ded )",

So let @(x;y1,y2) € L be fixed, and assume that for any 8 € A, S, 7., (I x {c})| >
ded k. Then by Fact B4l considering F = {f,:p € Sy s, (I x {c})} (where f, € 2°
is given by fp(a) =1 <= ¢(x;aa,¢) € p, for all @ € k), for any n € w there is
some S C I, |S| = n, such that S is shattered by the family {¢ (bj;y1,¢) : j € A\, j > B}.
Using regularity of A\, by transfinite induction we can choose a strictly increasing sequence
(Ba : v € X) with B, € A such that for each o € A there is some S, C I,|S,| = n shattered
by the family {¢ (bj;y1,¢):j € X\, Ba < J < Bat1}. As X > Kk = k" is regular, passing to
a subsequence we may assume that there is some S C I,|S| = n such that S, = S for all
« € A, i.e. this set S can be shattered arbitrarily far into the sequence. Now by Lemma
(3] this contradicts 2-dependence of ¢ if we take n large enough. O

Lemma 5.7. For any cardinal k and any regular cardinal X > 2% there is a bipartite graph
Gi ) = (K, A\, E) (where its parts are identified with the cardinals k and X, and E C k x
is the edge relation) satisfying the following: for any sets A, A’ C k with AN A" =0 and
any b € X there is some b* € X, b* > b satisfying \,c 4 E (a,b*) N N\year E (', 0%).

Proof. Let A > 27 be any regular cardinal. Let
D = {(A,A’,b) CAA Cr,ANA =0, b€ )\}.

Then |[D| < X by assumption, we enumerate it as ((Aq, AL,ba) : @ < A). We define
FE, C kX A by transfinite induction on o < A. On step «, we choose some ¢, € A such that
co > {bg,c5 : B < a} — possible by regularity of A, and we take E, := {(a,cq) : @ € Ay}

Let B :=|],., Eo — it satisfies the requirement by construction. (]

Proposition 5.8. Assume that ¢(x,y,z) is not 2-dependent. Then for every reqular
A > 2" there exist mutually indiscernible sequences I = (a; 11 < k) in My, (bj : j < ) in
M and ¢ € M, such that for every B < X\ we have |Sy j_,(I x {c})| = 2~.

Proof. By assumption, for any x, A we can find some mutually indiscernible sequences
I, J such that the family {¢ (z,y,c) : ¢ € M} shatters I x J. In particular, we can find
c such that M = ¢ (bj,a;,¢) <= Gx ) E E(a;bj), and we can conclude by Lemma
o] O

Propositions (.0 and B.8 together provide an analog of Fact 5.1l for 2-dependent theories
that will be used in the proof of the Composition Lemma in Section 5.1l We conclude this
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subsection with a brief discussion of some questions arising in connection to this criterion
(and not used in the rest of the paper).

Definition 5.9. We say that a theory T is globally 2-dependent if there are a cardinal x
and a regular cardinal A > 2% such that for ¢ and G, ) given by Lemma (.7 the following
holds: for any mutually indiscernible sequences I = (a; : i € k) ,J = (bj : j € A) of finite
tuples there are ¢ € x and j, j' € A such that ca;b; = ca;bjy but E (i,j) A —=E (i,5).

So the idea is that T is globally 2-dependent if on mutually indiscernible sequences we
cannot distinguish the edges from the non-edges of a random graph by a complete type
(as opposed to witnessing the edges with realizations of a single formula). We have the
following connection between 2-dependence and global 2-dependence.

Proposition 5.10. (1) If T is globally 2-dependent, then it is 2-dependent.
(2) Let T be a countable 2-dependent theory and assume that there exists a cardinal k
such that (ded k)Y < 2%. Then T is globally 2-dependent.

Proof. (1) If ¢ (z,y1,y2) is a formula witnessing failure of 2-dependence, then the proof
of Proposition 5.8 shows that T is not globally 2-dependent.

(2) Fix &, and let A be any regular cardinal > 2. Let G, 5 be as given by Lemma 5.7
Moreover, let I, J and ¢ be as in Definition 5.9 By Proposition (.6 there is some 5 € A
such that {SJ>B (I)] < (ded %)™, On the other hand, by definition of G, y, we still have

{SE7{046>\:04>B} (/ﬁ){ = 2% > (ded Ii)NO by assumption. Then we can find some 7,5’ € X such

that tpg (j/k) # tpg (4'/K) but tp (b;/Ic) = tp (bjr/Ic). In other words, there is some
i € k such that E (i,j) <+ =FE (i,j) and still bja;c = bjra;c, as wanted. O

Problem 5.11. Is there an analog of this type-counting criterion for n-dependence? Is
it true that n-dependence implies global n-dependence (defined analogously), in ZFC, or
at least comnsistently for n > 27

Concerning this problem, we remark that at least n-dependence implies global n-
dependence when T is Wy-categorical (since every type in finitely many variables is equiv-
alent to a formula).

5.2. The Composition Lemma. All of the variables below are allowed to be tuples of
arbitrary finite length.

Theorem 5.12 (Composition Lemma). Let My be a dependent structure in a lan-
guage Ly, and let M be an arbitrary expansion of M in some language L O Lg. Let
o(x1,...,2q) be an Lo-formula. For each i € {1,...,d}, fir some s; < t; € {1,2,3} and
let fi: My, x My, — My, be an L-definable binary function. Then the L-formula

V(y13y2,y3) = @ (Frlysi v ), - faWsas Yea))
is 2-dependent (with respect to Thy(M)).

Proof. We work in a monster model M of T' := Thz(M). Note that then the Ly-reduct
My of M is a monster model of Ty := Thr,(Mpy), and T is dependent. Assume that
the formula ¥ (y1;y2,y3) as in the statement of the theorem is not 2-dependent. Let
I = (aq : @ < k) with aq € My,, J = (bg : B < A) with bg € M,, and ¢ € M,,
be as given by Proposition B.8 with A > 2% > |T|, that is for every v < X\ we have
Sy 7on (I X {c})] = 2%,

Let Vig :={i < d: (ti,si)) = (1,2)}, Vig :={i < d: (ti,s;) = (1,3)} and Va3 :=
{i <d: (t;,s:) = (2,3)}, then Vi 2, V13, Vo3 is a partition of {1,...,d}. Let f(bg,aq) :=
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(fi(bg,aa) 20 € Vi2), fbg,c) = (fic,bg) =i € Vi) and f(aa,c) := (fi(aa,bg) : i € Voz).
Then we have
= ¥(bg; aa,0) <= = ¢ (f(bs, aa), f(bs, ), f(aa, ),
where ¢/ € L is obtained from ¢ by regrouping the variables accordingly.
Let A := {f(aq,c) : &« < k}. Consider the rectangular array (f(bg,aq) : @ < k, 5 < A).
It is an indiscernible array by mutual indiscernibility of the sequences (a,) and (bg). In
particular, the sequence of rows ((f(bg,aq) : @ < k) : f < A) is (-indiscernible. As Tj

is dependent, |A| < k and A > (|T'| + k) is regular, there is some v < A such that the
sequence of columns ((f(bg,aq) : @ < k) :y < B < A) is Lo-indiscernible over A.

Fix v < 8 < A. For any tuple e € My, .icv; ,), let

Sf ={a<r:E(f(bs aa) e flaa,c))} C k,

and let Fg := {Seﬁ t e € M(y,.icv, 5)} be the collection of all such subsets of & that can be
realized by some tuple.

We then have that Fz = Fp for any v < 3,5 < A. Indeed, by the Ly-indiscernibility
observed above, there is some o € Aut(Mo/A) sending (f(bs,aa) : @ < k) to (f (b, aa) :
o < k). But then for any e we have that S = Sg ée) (recalling that f(aq,c) € A for
all @ < k), hence Fg C Fp, and vice versa exchanging the roles of § and #’. So let

F := Fga for some (equivalently, any) 8 > . Note that Seﬁ is determined by the Lo-type
tpy(e/(f(bg;aa) : o < K)A). As [f(bg,aa) : @ < K)A| < & and ' is dependent, we get
that |F| < ded(x) by Fact 11

Now we estimate |Sy, 7. (I x {c})| (see Definition £.5). Given v < 8 < A, we have that
tpy(bg/1 x {c}) is determined by the set

iy = {0 < 5= & (F(bg,00), [ (b5, €), f(aa, )} € F.

But as | F| < ded(x), there are only ded (k) choices for this set, hence | Sy, 7. (I x{c})| <
ded(k).
This would imply a contradiction in a model of ZFC with ded(x) < 2" (which exists by

Fact £2)). But the property of a given formula ¢ being 2-dependent is arithmetic, hence
set-theoretically absolute, so we obtain the result in ZFC. O

Example 5.13. Let f : C*> — C be an arbitrary function, and let p(x, v, 2) be a polyno-
mial over C. Consider the relation E C C? given by

E(z,y,2) <= p(f(z,y), f(z,2), f(y,2)) = 0.

Then there is some finite 3-partite 3-hypergraph H such that E does not contain it as an
induced tripartite hypergraph.

Remark 5.14. We will see in the proof of Theorem [6.3(3) that we cannot relax the
assumption My is dependent to just 2-dependent. Generalizations of Theorem [5.12] for
n-dependence and functions of arbitrary arity will be investigated in [12].

6. 2-DEPENDENCE OF BILINEAR FORMS OVER DEPENDENT FIELDS

In this section we consider certain theories of bilinear forms on vector spaces, in a lan-
guage with a separate sort for the field. Their basic model theory was studied by Granger
in [21], and more recently in [I5 18] from the point of view of generalized stability theory.
Here we investigate n-dependence in these structures. As it was already mentioned in
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the introduction, all currently known algebraic examples of strictly n-dependent theories
for n > 2 are closely related to bilinear forms over finite fields. E.g., smoothly approx-
imable structures studied in [9] are 2-dependent and coordinatizable via bilinear forms
over finite fields (see [14, Example 2.2(4)| for a discussion of their 2-dependence); and the
strictly n-dependent pure groups constructed in [11] using Mekler’s construction can be
interpreted in alternating bilinear maps over finite fields as demonstrated in [3]. Here we
show that a more general situation is possible: every non-degenerate (symmetric or alter-
nating) bilinear form on an infinite dimensional vector space over an arbitrary dependent
field is strictly 2-dependent (and the assumption that the field is dependent is necessary,
see Theorem [6.3). Our proof of 2-dependence relies crucially on the Composition Lemma
(Theorem [5.12)) from the previous section. We view these examples as clarifying the scope
of Conjecture [Tl (namely, how much algebraic structure is required for the collapse of
the n-dependence hierarchy) and guiding towards a correct formulation of its abstract
counterpart (“every n-dependent theory is linear over its 1-dependent part”).

We begin by recalling some definitions and results from [21I]. In this section we consider
structures in the language £ consisting of two sorts V' and K, the field language on K,
the vector space language on V', scalar multiplication function K x V' — V and the
bilinear form function [z,y] : V x V' — K. The language Ly is obtained from L by
adding for each n € w a (definable) n-ary predicate 60, (x1,...,z,) which holds if and
only if x1,...,x, € V are linearly independent over K. Let Eg( be a language expanding
Ly by relations on K", n € w definable in the language of rings such that K eliminates
quantifiers in Eé( (e.g. we can always take Morleyzation of K).

Definition 6.1. For K a field, ' € {A4,S} and an arbitrary m € N U {oo}, let T
denote the Eé( -theory expressing that the sort corresponding to K is a field which is
moreover a model of Th(K); V a K-vector space of dimension m; [z,y] : V xV — K isa
non-degenerate bilinear form of type F', where a form of type S is a symmetric form, and
a form of type A is an alternating form; and the predicates 6,, define linear independent
tuples of length n over K.

Fact 6.2. |21, Theorem 9.2.3| Let F' € {A, S}, and let K be an arbitrary field if F = A,
or a field closed under square roots if ' = S. Let m € NU{oo} be arbitrary if F = A,
or even if m € N and ' = S. Then the theory FTﬁ 1s consistent, complete and has
elimination of quantifiers in the language Eé(.

We are ready to state the main result of this section.
Theorem 6.3. Let T := TX be as in Fact[6.2

(1) If m < oo then Th(K) is n-dependent if and only if T is n-dependent, for any
n e Nzl'

(2) If m = oo and Th(K) is dependent then T is strictly 2-dependent.

(3) If n € N>y, Th(K) is not n-dependent and m = oo, then T' is not 2n-dependent.

Corollary 6.4. (1) The case of a finite field K corresponding to extra-special p-
groups was treated in [22), Section 3.

(2) In 4], for each n € N and p, Baudisch constructs a structure D(n) in the language
of groups with n additional constant symbols, with D(1) corresponding to extra-
special p-groups. Since all these examples are interpretable in the bilinear form
with additional constant symbols, they are all 2-dependent.

The rest of the section constitutes a proof of this theorem.
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6.1. Proof of Theorem [6.3](1). If m < oo, then K is n-dependent if and only if T is
n-dependent, for any n > 1. This follows from the fact that any model of zTX can be
interpreted in K using the isomorphism K™ = V for some m € N as follows. Interpreting
the vector space structure is obvious. Now, let B = (ey,..., e, ) be the standard basis
of K™. Then the bilinear form is completely determined by fixing k; ; = [e;,e;] for
all 1 < 4,7 < m. Let m; : K™ — K be the projection map onto the i-th coordinate.
Then for v,w € K™, we have that [v,w] = >71",_ m;(v)m;(w)k; j, which is definable over

6.2. Proof of Theorem [6.3l(3). Assume that K is not n-dependent, then by Theorem
212 it must be witnessed by some Lg-formula ¢(Z;yi,...,y,) with each y; a single
variable. Then by compactness for 1 < k£ < n we can find sequences (c‘élc K (iky Ji) €
w X w) with w x w ordered lexicographically and all ka, ;, Pairwise distinct elements in K,
such that for every A C (w X w)™ there is some €4 satisfying

): (p(é 11,]1) . 7c?@'mjn)) — ((ilajl)a SR (Znajn)) € A

As m = oo, we can choose (a¥ : 1 < k < n,i € w) a tuple consisting of linearly
independent elements in V. For each 1 < k < n and j € w, let fk : V. — K be a linear

function satisfying ff (af) =cF ) for all ¢ € w. Since the bilinear form is non-degenerate,

(4,
there exists some bf € V such that f]k(x) = [x,b?] for all x € V. But then, identifying

(w x w)™ with w?*, for any set A C w?", we have

’ZQD(EA,[ zlabjll] a[ Zlab?n]) — (il,jl,---ain,jn) GA’
hence the formula ¥(Z;y1,%2, -, Y2n—1,%20) = ©(Z,[y1,2)5- - -, [Y2n—1,Y2n]) is nOt 2n-
dependent, witnessed by the sequences (aill,b]ll, ceesap  OF s g i, g € w).

6.3. Proof of Theorem [6.3/(2). Let M |= T be a monster model. If 7' is not 2-
dependent, by Proposition 28 there exists tuples da,l_)g and an Eg( -formula ¢(z; 7, 2)
without parameters such that (da,gg ca, B € Q) is Ogp-indiscernible over @) and it is
shattered by . More precisely, for every A C Q x Q there is some ¢4 such that

E ¢(Ca;da,bg) <= (a,B) € A.

We write z = 2872V, 5 = g%~ yv z = zK72Y for the subtuples of the variables
of the corresponding sorts, where 2% = (2K : i € X&) and 2V = (2} : i € XV)
and X% U XV is a partition of {1,...,|Z|}. We proceed similarly for 5 and z. Let
aq = a~ay, 55 = l_)g ”\l_)g for the corresponding subtuples in the K-sort and the V-sort,

respectively. Let @/ = (axi ieYV), bV (bv i€ ZV), etc.
As a first step towards obtaining a contradiction, we will show that all of the elements
of the sort V in the configuration witnessing the failure of 2-dependence chosen above

may be assumed linearly independent over K. This is achieved by modifying the initial
configuration and the formula as demonstrated in the following four claims.

Claim 6.5. There exist a finite tuple € in V, a formula o(z,w,7,Z2) € Eg( and sequences
of tuples (@q,bs : o, f € Q) such that:

(1) (@q,bs : a, B € Q) is Og-indiscernible over é;
(2) for any o* € Q and i* € YV, we have that

al e ¢ Spam (a1 € YV (7)), (@Y s a € @\ {a™)). (B : f € Q).0)
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(3) for any 8* € Q and j* € ZV, we have that

b+ & Span (b ;15 € ZV \{57}), (b : B€ Q\{B"}), (aq : @ € Q),¢);

(4) ¢(z,€;7,2) shatters (G, bs : o, B € Q), i.e. for every A C Q?, there is some ¢y
such that = ¢(ca, €, aa,bs) < (o, B8) € A.

Proof. Assume that (a@a,bs) chosen in the beginning of the proof do not satisfy (2) with
€ = (). Then there are some o* € Q,i* € YV and finite sets I, J C Q,a* ¢ I such that

ape i+ € Span ((ag. ; 1 € YV \{i"}), (@ )aer, (b) )ger, €) -
Then there is an (-definable function f and some finite tuple k in K such that
ag*vi* = f (k, (agw e YV L)), @)aer, (Bg)ﬁej,é) )

We let

vt i=min{fa € I:a>a*}, v :=max{a €[ :a < a*}, § := max(J),

&= (a’g)ael A (Bg)ﬁej f\é’
(d')z = (axm- ieyV \ {2*}) )
Then
(a5~ (@)% bsrae (77,97) B € (6,+00))

is Oz p-indiscernible over €. Asa* E (v~,~T), it follows that for every o € (y~,~") there
is some tuple ko in K such that a ;. = f (ka, (@)}, €). Let

¢'(z,w,7,2) = ¢ (f§gK7(sz)ieYV,i<i*7f <§{(7(yzv)ieYV\{i*}aw> 7(yiv)i€YV,i>i*72>7

where 7/ (@ K@Y, (@/)K = g7 y% and (7)Y = (v, - i € YV \ {i*}). Let

al, = al ’\(a )Y (so the tuple k@, corresponds to the variables 7').

(e «

Restricting to the set (y~, v ) X (d,00) we may thus assume:

(a) (ah,bs: a, B € Q) is Oy p-indiscernible over & (follows by the choice of y~, 47,4,
definition of a; and Og p-indiscernibility of (aa,bgs : , 8 € Q)),
(b) ¢'(z,e;7y,z) shatters (k;a;,bﬁ ca,B € Q) (as for any ¢ and «, 8 € Q by the

above we have = ¢(¢,dq,bg) < | ¢'(¢, €,k al, bg)).

By Fact 27, let (h; @’ b’ : o, € Q) be an Oy ,-indiscernible over €, based on

(0% O[?
(kyal,bg: a, B € Q) over €. We still have that ¢'(Z, €, 7, z) shatters (h;_g,b’ a, B e
Q). Replacing ¢ by ¢, € by & and the sequences (da, bg :a, B € Q) by (h;\ag, 3 ca,fp €
Q), we have thus reduced the length of the tuples (at the price of increasing the length
of al). Repeating this argument for both a,’s and bs’s at most finitely many times (as

the variables ¢ and z have finite length), we obtain the conclusion of the claim. O

Claim 6.6. There exist finite tuples € in V' and ¢, a formula o(Z,w,y,2) € E? and
sequences of tuples (aq,bs : o, € Q) satisfying (1)-(3) and

(4) | ¢(C,€,a0,bg) <= Gap = Ra(a, 8

) for all «, 5 € Q.
(5) ¢V ¢ Span ((e 540, (a)) g (B

) ,e ) for any i € XV.
BEQ
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Proof. We start with €, ¢ and (@a, bg)a,seo satisfying (1)—(4) of Claim 65l By (4), there
exists a tuple ¢ such that

E (e e, c‘za,l_)ﬁ) < Gp = Ra(a, B) for all o, 8 € Q.

We write ¢ = ¢X¢". Assume that there is some i* € XV such that c}f is in the span
of the tuple

(¢ 1i€ XV \{i"}) " (aq )act (b5 )pes "€
for some finite sets I, J C Q. Then

CZ'V* =f (5{(, (Cz"/)ieXV\{i*}a (ag)aela (B‘B/)BEJ,E)

for some (-definable function f and some tuple éf in K. Let o* := max(I U.J). We

let @ := (5’)K’\g5’)v, where (&) = ¢ and (@)Y = (¢} i€ XV \ {i*}). Let
& = (a¥)acr A(bg)ﬁe‘] ~é. Restricting to a copy of G, contained in (a*,00) x (a*, 00)

(Remark [25]), we thus have:

G2,p ): R2(aa/8) — ): ¥ (E’ €, C_La,l_)ﬁ) —
’: 2 (EK, (5y)i<i*af(5{(a (EI)V? é/)a (Ey)i>i*,é, aa’ l_)ﬁ)
= E¢/(7,€,aq,bp)
for an appropriate £X-formula ¢’. Replacing ¢ by ¢, € by & and ¢ by &, this shows
that (4') is still satisfied. And (1), (2) and (3) still hold as well (follows as € satisfies
(1), (2), (3) and all the new elements in &’ are from (ag,, b3 : a, 8 < a*)). We have thus

reduced the length of the tuple ¢ (at the price of increasing the length of €). Repeating
this argument finitely many times if necessary, we obtain the claim. O

Claim 6.7. There exist finite tuples € in V' and ¢, a formula ¢(z,w,y,2) € Ef and
sequences of tuples (aq,bg : o, B € Q) satistying (1)—(3), (4'), (5) and

(6) e; ¢ Span(ej : j # i) for any i € |e|.

Proof. Start with €, ¢ and (@a,bs)aseco given by Claim As in the previous two
claims, if e;« € Span(e; : i # i*), then e; = f(k, (€;)iz) for some @-definable function f
and a tuple k in K. Replacing & by (€i)iziv, adding k to ¢® and modifying the formula
accordingly, the condition (4') is still satisfied. And (1),(2),(3),(5),(6) still hold as we only
pass to a subtuple of €. Repeating this finitely many times we obtain the claim. O

Let €, ¢, p(z,w,7,2) € LI and (@a,bs : o, B € Q) be as given by Claim 6.7 By (2),
(3), (5), (6) and linear algebra we get that all elements in the tuple

(@) sy~ ) g 7

%4

are linearly independent. Hence adjoining " to ¢ and regrouping the variables of ¢

accordingly, we get:
Claim 6.8. There is an L5 -formula ¢(Z, ¥, 2) and tuples ¢, aq, bg such that:
(1) (@a,bs : a, B € Q) is Os p-indiscernible;
: Vo~ (2V ~ (3v - - )
(2) all elements in the tuple ¢ (a )a cQ <b5 >BEQ are linearly independent;

«

(3) b= ¢(€,da;bg) <= G2y b= Rao(a, ).



40 ARTEM CHERNIKOV AND NADJA HEMPEL

By quantifier elimination (Fact £.2)) every £X-formula is equivalent to a Boolean com-
bination of atomic Eg( -formulas. Since 2-dependence is preserved under Boolean combi-
nations (Fact 2Z22), it is sufficient to check 2-dependence for atomic £} -formulas, which
by the definition of the language Eg( fall into one of the following three cases.

Case 1. The formula ¢(Z,9, z) is of the form ¥(t1(z, 9, 2),...,tq(Z,y, 2)) for some ¢ €
L and some terms t;(z, 7, z) taking values in K and 1 <1 < d.

In this case, for each [ we have the following possibilities:

e the term tl(az 7, Z) has height 1, i.e. it is one of the variables in z8~g& 2K,

d tl(x’y’ ) - tl (m Y, )+Ktl (m Y,z ) or tl(ﬂ?,y, ) - 75l (x’ya ) Ktl ('I’y, )> for some
terms t; ,t2 of smaller height taking values in K;
e 4(%,y,2) = [t} (Z,9,2),t}(Z, 7, 2)] for some terms t;,t7 of smaller height taking
values in V| but then:
— either tl is of helght 1, i.e. it is one of the variables in xv’\yv’\ AR
— or t}(z,9,2) = s} (%, 7, 2) v s}(Z, 7, Z) for some terms s}, s7 of smaller height
taking values in K and V, respectively, in which case ;(z, 9, 2) = s} (Z,¥,2) i
[s(2,9,2), (2, 9, 2)];
— or t}(%,4,2) = s (2,9, 2) +v s2(Z,7, z) for some terms s}, s7 of smaller height
taking values in V, in which case (z,9,2) = [s}(Z,9,2),t3(Z,9,2)] +K

[Sl (m ya ) tl (m ya )]
And similarly for t2

Applying this for each [ and iterating by recursion on the height of terms, we thus conclude
that the formula ¢ (t1(z,9, 2),...,tq(Z, 7, Z)) is equivalent to

(*) 1/’I<([x}/7y;'/])ieXV,jeYV7 ([x}/7z;/])ieXV,jeYVa ([yzyazy])ieYV,jeZVa

([xz"/vx}/])i,jeXVa([yzvay;/])i,jeYV7([ziv7z]"/])i,jeZvaxK7yKazK>
for some L-formula ¢’. As Th(K) is dependent, Theorem [5.12implies that this formula
is 2-dependent. This concludes Case 1.
Case 2. The formula ¢(Z;7, ) is given by
0a(t1(7,7,2), ..., ta(Z,7,2))
for some d € N and terms ¢;(z,y, z) taking values in V.

In this case, by a simple recursion on the height of the terms, we see that for 1 <11 <d
the term ¢; must be of the form

Soth@E gz + > @ u ) + ) th(2.0,2)2)

ieXV jEYV kezV
for some terms thi’ tle, tle taking values in K.

Using linear independence of the set of elements of the tuple ¢V "a V“bV for any «, 8 €
Q established in Claim [6.8] for any «, 8 € Q we have

GQJ, lz RQ(Q,,@) g ): ﬁed(tl(é, @0“65), o ,td(é, @0“65)) <~

d
= (Fer,...,eq € K)(er,. .. eq) # (0,...,00 A [\ (Zel-tfg(a,aa,z‘)ﬁ):()) A

=1
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d d
/\ (Z tl] c, aa,bg) = 0) /\ (Z el -tfk(é, @0“65) = 0) <—

jEYV kezV =1

X(= - 7 Y -~ 7 Z (=~ 7
l: 1/} <(tl,i(c7 Qa; bﬁ)) 1<I<die XV’ (tl,j(ca Qqys bﬁ))lﬁlgd,jeYV ’ (tl,k(c7 Qa; bﬁ))lglgd,keZV)
for an appropriate formula ¢ € L. But this is impossible by Case 1.

Case 3. The formula is of the form ¢(z,y, z) = 0 for some term.

As in the previous case, then t must be of the form

Z ('I y’ x + Z ,I y’ y] + Z tk a_: g 2) 4
iexV jEYV kezV
tY tZ Vf\—Vf\bV

for some terms tZX ;5 , 1y taking values in K. Using again linear independence of ¢

for any o, 8 € Q estabhshed in Claim B.8] we have that
GQJ, lz RQ(Q,,@) < t(@, da,gg) =0 —

/\ tX (2, a0, bg) = 0 A /\ (€, a0, b5) =0 A /\ tZ(¢,a0,b5) =0
ieXV jEYV kezV

— 9 (( (¢, aa,bﬁ))zeXV (ty(c aaabﬁ))]eYV (tk (c, aaabﬁ))kez")
for an appropriate Ly -formula 1 and any «, 8 € Q — which is impossible by Case 1.

This finishes the proof of Theorem (2). O

7. EXPANSIONS BY GENERIC PREDICATES AND n-DEPENDENCE

In this section we will show that an expansion of a geometric theory T by a generic
predicate, in the sense of [6], is dependent if and only if it is n-dependent for some n, if and
only if the algebraic closure in T is disintegrated (Corollary [[13]). In fact, we prove that
any expansion of an n-dependent geometric theory with disintegrated algebraic closure
by generic relations of arity at most n is n-dependent (Proposition [[.12]). While these
results have no direct implication for Conjecture [[I] the authors view it as providing
some further evidence towards it. Namely, we view it as a “toy example” of a situation
in which failure of 1-dependence implies failure of n-dependence for all n, utilizing the
geometric complexity (non-disintegration) of the algebraic closure, similar to the behavior
expected in fields.

We begin by recalling some basics on geometric theories and expansions by generic
predicates from [6]. A theory T is geometric if it eliminates the 3°°-quantifier and the
algebraic closure operator acl satisfies exchange in every model of 7. In this section,
we denote by dim the acl-dimension in a geometric theory, and by | the corresponding
algebraic independence relation (see e.g. [0, Section 2| for details).

Definition 7.1. Let T be an arbitrary theory.

(1) An element a € M is non-trivial if there exist elements b,c¢ € M and a small set
B C M such that a € acl(beB) \ (acl(bB) U acl(cB)).

(2) A theory T is non-trivial if there exists a non-trivial element in M, otherwise we
call T' trivial.

Remark 7.2. It is immediate from the definitions that a geometric theory T is trivial if
and only if it has disintegrated algebraic closure, i.e. if acl(A) = (J,c 4 acl(a) for any set
ACM.
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Let now T be an arbitrary L-theory with quantifiers elimination (for the questions
considered here, we may always assume it replacing T by its Morleyzation) and also
eliminating 3. Let S be a distinguished £((})-definable set in 7. We denote by Ty ¢ the
theory in a language Lp := LU {P(x)} given by T'U {P(z) — S(x)}. When working in
an Lp-structure, we will write tp, and acl; to denote the type and the algebraic closure
of a tuple in the L-reduct (as opposed to its Lp-type tp,, and its algebraic closure acl.,,
obtained using all £p-formulas).

Fact 7.3. (1) 6, Theorem 2.4] The theory Ty s has a model companion Tp,g with the
following axiomatization: M |= Tpg if and only if
(a) MET;
(b) for every L-formula 0(Z,z) with T = (x1,...,2,) and every I C {1,...,n},
M satisfies

Vz<<<3x9(m, Z) A (ZzNaclg(z) = @)) A /n\ S(zi) A /\ T # wj)

i=1 1<i<j<n

— 336(9(36,2) A N@i € PYn N (i € S\P)>>.
i€l it 1
(2) Let M |= Tpg. Assume that a,b are tuples from M and A C M is a set of
parameters. Then the following are equivalent:
(a) tp,(a/A) = tp,, (b/A); -
(b) there is an A-isomorphism of Lp-structures from aclg(A,a) to aclg(A,b)
which carries @ to b.

(3) f M =Tps, ae M and A C M, then a € aclg(A) <= a € aclg,(A).

One typically refers to Tpg as an expansion of T' by a generic predicate on S. If the
predicate S is equivalent to x = x in T', we simply write Tp instead of Tpg.

Our first aim is to show that if 7" is a non-trivial geometric theory, then its expansion
by a generic predicate is not n-dependent for any n. In order to produce a definable rela-
tion witnessing failure of n-dependence for an arbitrary n, we consider certain algebraic
configurations of “higher arity”.

Definition 7.4. [5 Definition 2.6] Let T be a geometric theory and B C M. We say that
a tuple a = (ay,...,a,) € M" is an algebraic n-gon over B if dim(a/B) = n — 1, but any
subset of {ay,...,a,} of size n — 1 is independent over B.

Note that any tuple obtained by permuting the elements of an algebraic n-gon over B
is still an algebraic n-gon over B (by exchange of acl). Due to the following fact, starting
with a non-trivial element we can find an algebraic n-gon for any n.

Fact 7.5. [B, Lemma 2.7| Suppose that T is a geometric theory and a € M is non-trivial.
Then for every n > 3 there exist some finite set B C M and an algebraic n-gon (aq,. .., a,)
over B such that a,, = a.

Proposition 7.6. Assume that T is a geometric theory and there exists a non-trivial
element in S. Then Tp g is not n-dependent for any n > 1.

In particular, if the algebraic closure in T is not disintegrated, then Tp is not n-
dependent for any n > 1.

Proof. Fix n > 1, and let M be a monster model of Tp 5. Note that the L-reduct of M is
a monster model of T'. By Fact [[3/(3) we have aclz, = aclg in M, so we will just write
acl in the rest of the proof. By assumption, there exists a non-trivial a = S(z) in M.
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By Fact [C.5 let ai,...,an+1,an4+2 and a finite set B be such that a,io = a and
(a1,...,any2) is an algebraic (n+2)-gon over B. So in particular a,42 = S(x). Naming B
by constants, without loss of generality we may assume that B = (). Then {ay,...,an4+1}
is an | -independent set. Using extension, symmetry and transitivity we can choose

inductively sequences a; = (a{ :J €w) for 1 < i < n such that:

(1) a J 7L EL<Za< ‘aHl capy forall 1 <i<nandall j€ w;

2 a]:a it an, @ forall 1 <i < mandall j €w.
1- i—1A441---Gn+1

In particular, by basic properties of | and exchange (1) implies that
(3) {ag :1<i<n,j€ew}U{apt1}is an | -independent set,
and (2) implies that
(4) Jll . a%"anJrl =ay...apane for all ji,..., 75, € w.

By assumption we have a,12 € S(M)Nacl(a; ...an4+1). Then we can choose a formula
o(1,...,Tpye) € L and 1 < k € w such that:

(5) @lals- - sty Tnya) = S(ansa) for any af, .. alysy € M;

(6) w(ai,...,ant1, Tnta) isolates tpp(anto/al ... ant1);

(7) le(at, ... ant1,M)| = k and [p(al, ..., a;,,,M)| € {0,k} for any af,...,a;, ;| €
M.

Claim 7.7. The following holds:

(8) for any (j1,...,7n) € w™ we have
|g0(a1 vy @™ any 1, M)| =k and go(al vy @ A, M) Nacl(ay ... a,) = 0;

(9) for any (ji,...,Jn) # (j1s---»Jn) € W™ we have
o, ...l ani, M) M@, ...l ani1, M) = 0.

Proof. (8) Let (j1,-..,jn) € W™ be arbitrary. By the first item in (7), let b be the tuple
listing all k-realizations of p(a1, ..., @n11,Tni2). By (4) we can choose some tuple
b in M such that a{l ) J"an+1b’ =aq. anan+15. Then each of the k pairwise-
distinct elements in b’ is a realization of <p(a1 R ,a%”, (p+1, Tnt2), and these are

all possible realizations by the second item in (7).
Assume now that b € go(al oo, al apy1, M) is arbitrary. By (3) and basic

#j1 ?é]n

properties of algebraic independence we have a,1 \|/ 1 ggn @1 - On Hence

if b € acl(ay...ay), then already b € acl(aj .. a%"). But al' ..l anb =
aj ...apant1an42 by (4) and (6), and a0 ¢ acl( ...ay) since (ay,...,anpt2) is
an algebraic (n + 2)-gon — a contradiction.

(9) Let (j1,---»dn) # (J1,---,J)) in w™ be given, and let J := {1 <t <n:j = j}
Thus |J| < n. By (3) and basic properties of algebraic independence, we have

(W 1) Ly enfal i1 ).
Using this and the second item in (7), if
be go(al vy @ a1, M) N go(al yenn ,aﬁfﬁ,anﬂ,M),

then '
b€ acl ((ait te J)an+1)> .
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Additionally by (4) and (6) we have a{l . ]"ang =a1...0a,0p110n12, hence
anto € acl((ay : t € J)ap41). This is a contradlctlon since (al, . ,Qp42) 18 an
(n+2)-gon and |J| < n. O

Now, consider the formula

V(X1 Tpg1) = FTpg2 € Po(x1, ..o Tpg1, Tni2),
we will show that ¢ is not n-dependent. For this, we show that for an arbitrary m € w,
¢ shatters (af : 1 <i<mn,je€m). Towards this, let I C m™ be fixed. Set a := (af :
1<i<n,1<j<m), with a{ as chosen in the beginning of the proof, and consider the
L-formula

0(z,a) = 9(($§ cjem™1<t<k)a):=

N N S, P

jemn 1<t<k

jem",lgtgk)>,

b\ﬂ

where p is a formula expressing that all of the elements of the tuple (m% cjeEm1<t<
k) are pairwise-distinct. By the first item in (8), for each j € m™ we let l_)j = (bg 1<

t < k) be a tuple of length k enumerating the set go(al L al, ap+1, M) in an arbitrary
order, and let b := (bt :7€m", 1 <t<k). Then we have:

bC S, by (5);

all elements of the tuple b are pairwise-distinct, by (9);
bNacl(a) = ), by the second item in (8);

= 6(b,a), with 3z, 1 realized by a,1 by the choice of b.

Hence, applying Fact [[3] there exists some ¢ = (c% :jem" 1 <t<k)C S such that

e =0(c,a); ~
° gj;:(cg:lgtgk)QPforeverijI;

. EjﬂP:(Dforeverijm"\I.

As = 6(¢, a), all elements of ¢ are pairwise distinct as it realizes p, and there exists some
al ., € M such that

Ji gn T t
=A A 90(“1’--"“n”’“n+1’c(j17...7jn)>-

jemn 1<t<k
In particular, for every j = (j1,...,Jn) € m", every element of the tuple ¢ of length k is
in the set ¢ <a1 Yoo ,aZ{‘,afLH,M). Hence, by the second item in (7), the tuple c; lists
all of the elements of the set ¢ (al yees ,a%", afLH,M). By the choice of ¢ it follows that
for every j € m™,
=(ad,. .. alral ) = iel

As m and I were arbitrary we conclude that v is not n-dependent by compactness.
Finally, the “in particular” part of the proposition is immediate by Remark U

Remark 7.8. The case of n = 1 of Proposition [[.6] is claimed in [6l Proposition 2.10]
without the assumption that 7' is geometric. However, their proof contains a gap and the
claim is false as witnessed by the following example. Let T be the theory of the infinite
branching tree, i.e. the theory of an infinite graph (G, R) such that

(1) for every vertex a € G there are infinitely many b such that aRb,
(2) there are no cycles.



ON n-DEPENDENT GROUPS AND FIELDS II 45

It is not hard to see by back-and-forth that T is complete and admits quantifier elimi-
nation after adding distance predicates (which are definable in the graph language using
quantifiers). Then Tp is stable, e.g. since by [26, Theorem 1.4| every expansion of a planar
graph by unary predicates is stable. However, acl is not disintegrated (for any a € G and
two elements b, ¢ connected to it, we have that a € dcl(bc), but a ¢ acl(b) U acl(c). Note
that acl doesn’t satisfy exchange in this example since b ¢ acl(ac).

Remark 7.9. In a recent erratum [7] to [6], it is observed that T’p g is not dependent
assuming the following stronger variant of the failure of disintegration of acl in T": there
exist a small model M < M = T and tuples a,b such that acl(M,a,b) NS C acl(M,a)U
acl(M,b), and moreover tp(a/Mb) is finitely satisfiable in M.

Next we will show a converse to Proposition if the algebraic closure in a geometric
theory is disintegrated, then n-dependence is preserved after adding a generic predicate.
More generally, we consider expansions by “generic” relations of arity at most n.

The following is an analog of Fact [Z.3]in this more general setting. It is essentially from
[46], though we refer to [32] here. Namely, let 7" be a complete theory in a language £ with
a distinguished L£({))-definable set S(z) and let £ O £ be a language such that £'\ £ =
{R; : i € I'} only contains relational symbols. Then we let Ly := LU{S*(z)}, where S*(x)
is a new unary predicate symbol, and let Ty be the (complete) Lo-theory axiomatized by
TU{S(z) < S*(x)}. Let Tn be the reduct of Ty to the language Ln := {S*(z)} (so a
complete theory of a unary predicate). And for i € I, we let £; := {S*(x)} U{R;} and let
T; be the model companion of the £;-theory {Vz1 ...V, Ri(21, ..., 20) = Ni<j<, S (25)}
(which exists by [46, Theorem 5], or by [6, Remark 2.12.2]). In the next fact, the existence
of a model companion T" of the theory T, := |J,c; T; is given by [32, Theorem 5.50], the
description of types in 7" by [32, Proposition 6.11] and the description of the algebraic
closure acly = acly by [32] Theorem 6.3]).

Fact 7.10. Let T be a theory in the language L eliminating quantifiers and 3°°, and fix
an L((0)-definable predicate S. Let L 2 L be a language such that L'\ L only contains
relational symbols, and consider the L -theory

T):=TUS R(xq,...,x,) — /\ S(x;)): Re L'\ L

1<i<n

Then T admits a model companion T, and working in a monster model of T' we have
the following: for any tuples a,b and a subset A,
tpe(a/A) = tpp(b/A) if and only if there is an A-isomorphism of L'-
structures from aclg (A, a) to aclg(A,b) which carries a to b.

()

We sometimes refer to T as the expansion of T' by generic relations in L'\ L.

In [24) Lemma 2.1] Hrushovski observes that the random n-ary hypergraph is not a
finite Boolean combination of relations of arity n—1. In order to demonstrate preservation
of n-dependence in expansions of disintegrated theories by generic n-ary relations we will
use the following infinitary generalization of this fact.

Proposition 7.11. For each n € w,n > 1 and an infinite cardinal x there exists some
cardinal A > k satisfying the following: Let Gln,p be a A\-saturated model of Th(G, ), let £
be an arbitrary relational language with |L| < k containing only relations of arity at most
n—1, and let O;“p be an expansion of O;up obtained by adding arbitrary interpretations
for all the relations in L. Then the following holds:
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there are g;,h; € PG/”” 1 < i < n, such that oftps(g1,...,9n) = (+)
aftps(hi,..., hy) and G' np E Ralg1, - 90) AoRy(ha, .. hy).

Proof. We show this result by induction on n (the base case n = 1 obviously holds with
A:= k). Now fix n > 2 and a cardinal . Let A = \,,_1 satisfy the proposition for n — 1

and k. We will show that A = \,, := 3,,_2 (2>‘"*1)+ satisfies the proposition for n.
Towards a contradiction, assume that some \,-saturated G’n’p = G, p, some language
5 . ~ . . G, .
|£| < k and some expansion Oy, , do not satisfy (), i.e. for all g;,h; € P;""",1 <i <mn,

if qftpi(gla s 7gn) - qftpi(h17 s 7hn) A G;%,p ): Rn(gh cee 7gn) then
G;’Lp ’:Rn(hl,’hn) (T)

n—1

By the choice of A,, and Erd&s-Rado we have \,, — ((2An_1)+) Pt hence we can find
G/ .
some sets A; € P,™",1 < i <n—1such that |4;] > (2)‘"—1)Jr and qftpz(g1,...,9n-1) =
aftpz(hi, ..., hp_1) for all g;,h; € A;,1 <i <n—1. Next, we can find a \,_;-saturated
G/
structure G/, _ 1p = = Gp_1,p with |G) _ 1p| < 2*-1 and such that P, P C A1 <a <
n—1. As G, , is Ap-saturated and A, > 2*-1, by the axioms of Th(Gp ;) there exists
! G/
some ¢ € PnG"”’ such that for all g; € P, "1 <4< n—1 we have
“1p ): Rn—1(g1, ... ,gn_l) — GI n,p lz R (gl, ... ,gn_l,c).

Without loss of generality, we may assume that all relations in £ are of arity exactly n—1.
We consider the language £,,_; containing, for each F € £ and T € P({1,. —1}) \(7)
an (n — 1 — |Y|)-ary relational symbol Fy. We define an expansion O/, , » of (04
which we interpret each such Fy € En 1 as I’ with each of the variables z;,7 € T fixed by

c and restricted to the universe of G, _; , (e. g if T = {2,n—1}, then Fy is interpreted as

nlp

F(zi,c,@3,. ., an-2,¢) N [Licpio, noipr D G- L) Hence |L£,_1] < r and all relations
in £,_1 have arity at most n — 2. Note that by the ch01ce of A;,1 < i< n-—1we
automatically have that for any F' € £ and any g¢;, h; € P TP 1 <i<n—1,

np ):F(gla-'-agnfl) — O;hp ):F(hl,...,hnfl).

G/
By the choice of the Fy’s, we have that for any g;,h; € P, """, 1 <i<n-—1,
aftpz (915, gn—1) = dftps _ (h1,... hy1) =
qftpi(gla <y 9n—1, C) = qftpi(hla ey hnfla C)-

Since (1) holds for O, p» by the choice of ¢ this implies

aftpz, (91, gn—1) = aftpz,_ (b1, 1) NGy, [ Roca(g15- -+, gn1) =
iy E Ruci(ha, . ).

That is, O;Lfl,p and L£,,_1 satisfy (f) for n—1 — contradicting the induction hypothesis.
O

Using Proposition [Tl we can prove preservation of n-dependence.

Proposition 7.12. Let T be a theory in the language L eliminating 3°° (not necessarily
geometric), and assume that all elements in S are trivial. Fix n > 1, and let T' be a
generic expansion of T in a language L' such that L'\ L only contains relational symbols
of arity at most n living on S. Then T is n-dependent if and only if T is n-dependent.
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Proof. Assume that T is n-dependent, but that there is some £'-formula @(z;y1,...,Yyn)
which is not n-dependent in 7”. Let T5% be a Skolemization of 7" with a distinguished
constant symbol 0, in the language £5% D L', |£5%| = |£'|. Let s := |£'|, and let A be as
given by Proposition [[.11] for n and k.

Let G}, , be a A-saturated model of Th(G), ). Working in a monster model M of TSk
(which we may assume to be |G}, |T-saturated in particular), @(z;y1,...,¥s) is still not
n-dependent, hence by Proposition 2Z8(3) there exist tuples (ag)gec, , and b such that:

(1) (ag)geqy,, is Oy, -indiscernible over () and Gj, -indiscernible over b, both in the
sense of T5K:
(2) ): Qp(b;agu- .. ’agn) <~ G/ n,p ): R (gla e agn)7 for all g S Pz

First we would like to replace each a4 and b by their algebraic closures. In order
to preserve indiscernibility, we have to enumerate these algebraic closures in a coherent
manner, which can be done as follows. Let (f4(Ja) : @ € k) be an arbitrary enumeration
of all £ (())-definable functions. Given an arbitrary tuple ¢ = (¢j)jer in M, we let
J. := k x I=% be ordered lexicographically with respect to the ordering on the ordinal s
and the ordering on I. Then we consider the tuple Sk(c) = (Skj(c) : j € J.), where for
J=(o,p) € k x I=¥, Skj(c) is fa ((cr 2 t € B)) (or 0 if the sort of the parameter doesn’t
fit the sort of the variables of the function).

. . G, .
Now for each 1 < ¢ < n we fix an arbitrary g; € P, ™". The set of elements appearing
in the tuple Sk(ay,) is an elementary L£5%-submodel of M by Tarski-Vaught. In particular,
we can choose some .J; C J,, so that the tuple ay, := (Skj(ay,) : j € J;) enumerates

aclg(ag;) without repeated elements. Now for an arbitrary 1 < i < n and g € PZ.G;”J
we let ay = (Skj(ag) : j € J;). Similarly, we choose some Jy C Jj so that the tuple
v = (Sk;(b) : j € Jo) lists aclg(b) without repeated elements. Since we have both
indiscernibilities in (1) in the sense of TS, it follows that:

(3) b enumerates aclz(b) (by definition);

(4) for any g € G, ,,, the tuple a; enumerates aclz(ay) without repetitions (as g €
Gl

P = agE£Sk ag, by (1) = d, =~

(5) (b, lag| < k;
(6) (ag)gecy, , is Oy, p-indiscernible over §) and G, -indiscernible over V', both in the

ag, );

/
g9

sense of T (and hence in the sense of T' as well; again by (1) and definition of
ay and b).

As T is n-dependent, it follows from (6) by Proposition 2.9(3) that

(7) (ag)gecy, , is Oy, y-indiscernible over b’ in the sense of T'.

Next we consider the £’-isomorphism type of the structure induced on the tuple
b a;h . a'gn as g varies, and demonstrate that it cannot reflect exactly the hyper-edge
relation R, of G’mp. Without loss of generality we may assume that all relations in £\ £

are of arity exactly n. By O;, ,-indiscernibility in 7" in (6), for any F' € L'\ £ we have

(8) = Flag,,...,aq,) <= F(ap,,...,ap,) for all g;,h; € PZ-G"’P,l <i<n.

We consider an expansion C?;% of Gy, , where for each F(xy,...,2,) € L'\ L, each
1<i<mnand each jt € Ji,t €{0,.. n}\{ } we add a new (n — 1) ary relation Rp; 5 C

Gn
Hte{l, AN } P defined as follows: for any (gt)te{l, Wi} € Hte{l, i } P we
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have

/ / /
(gt)te{l,---,n}\{i} GRFJ'J — ’;F( Qgyjis- Qg g 1’bJo’ Git1:Ji+17 "’agn,jn)’

where ay ; is the jth element of the tuple ay (i.e. aj ; = Sk;j(ay)).

Note that taking
L:={Rp;;:Fel/\L1<i<nj€Jifor 0<t<n}UL

we have |E| < k by (5). Then, by Proposition [[.TT] and the choice of A, there exist some
gi»h; € P, Cn.p for 1 < i <n such that:

(10) G;L7p ’:Rn(gly---,gn),
(11) G, , E ~Ry(hy, ..., hy).

By (7) ay, ... ay, =5 ay, ---aj . Taking any L-automorphism o of M sending the tuple

on the left-hand side to the right-hand side over b’ we have:

(12) o fixes b’ pointwise, and o(ay,) = @}, (preserving the ordering of the tuples) for
all 1 <7< n;
(13) o (aclg(b'al,

.ay))) = aclg(Vaj, ...aj) ) setwise;
(14) o (aclg(V'al, ...a

!/
9n
) NS) =acle(Vaj, ...ap )N S setwise.

Let now an element e € aclg(b'ag, ... ay, ) NS be arbitrary. As all elements of S are
trivial (in 7') by assumption, we have e € aclg(b) = b’ or e € aclg(ay,) = aj, for some

; /! / ! ! / /1 /!
1 <i<n. Henceaclg(b'ay, ...a; )NS CVay, ...ap ,and so also aclg(bay, ...a) )NS C

Vajy, ...aj . Given any tuple c of elements from aclg(b'ay, ... ay, ), by definition of T
it can satisfy a relation ' € L'\ £ only if ¢ is entirely contained in S, hence only if

c is contained in the tuple d'ay ...aj . But by (8) and (9) (unwinding the definition

of £ and using (12)), for any tuple cin bVagy, ...ay and F € L'\ L, c satisfies F' if

and only if o(c) satisfies F. And of course ¢ and o(c) agree on all L-formulas. We thus

4 3 / /! /
conclude that o [, L(al ..ay,) 15 a0 automorphism of £’-structures aclz (b Agy - agn) and
/! / : /! /
aclg(b'ay,, ... a) ) sending b'ag, ...ag,

Hence by Fact [L.T0(T) we have

/ ! /
to bahl...ahn.

tper(ag, ... ag,/b) =tpp(an, ... ap,/b).
But this contradicts the choice of ¢ in view of (10) and (11).

Finally, the converse implication of the proposition is obvious. O

Combining Propositions and [C.12] we thus have the following “baby case” of the
relationship of the collapse of n-dependence to dependence and complicated geometry of
algebraic closure that we expect to happen for fields.

Corollary 7.13. Let T be a geometric theory. The following are equivalent:

(1) Tp is dependent.
(2) Tp is n-dependent for some n € w.
(3) T has disintegrated algebraic closure.

Problem 7.14. It should be possible to generalize these results on preservation of n-
dependence to interpolative fusions of theories as studied in [32].
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APPENDIX A. AN EXPLICIT ISOMORPHISM IN KAPLAN-SCANLON-WAGNER,
BY MARTIN BAYS

Let k be a perfect field of characteristic p > 0. Let ¢ be the Frobenius automorphism,
¢(z) := P, and let p be the Artin-Schreier map, p(z) := ¢(x) —x = 2P — x. Let
@ = (ag,...,am) € k™. Let G := {T | app(x0) = ... = amp(zm)}, considered as
an algebraic subgroup over k of the Cartesian power of the additive group G™*!. A
crucial step in the proof in [31] of Artin-Schreier closedness of dependent fields is to show
that if @ is an algebraically independent tuple, i.e. trd(Fy,(a)/F,) = m + 1, then Gg is
isomorphic over k to the additive group, as algebraic groups. Hempel [22] improves this by
showing that the same holds when the assumption is weakened to F,-linear independence
of (aal, ...,a>1). In both cases, the proof is rather indirect, going via showing that Gz is
connected and then referring to some standard theorems characterising vector groups in
positive characteristic. The purpose of this appendix is to exhibit such an isomorphism.
Thanks to Mohammed Bardestani and Pierre Touchard for helpful discussion.

First we need the following fact about the Moore matrix, being the analogue of the
Wronskian matrix with Frobenius in place of differentiation. For completeness, we include
a proof.

Fact A.1. Let k be a perfect field of characteristic p > 0. Let ¢ = (coy--.yCm) € K™TL.
Then the Moore matriz M := (¢'(¢;))o<ij<m is singular if and only if € is Fp-linearly
dependent.

Proof. Suppose € is Fj-linearly dependent, say Z;{L:o Aje;j =0 with X € F}T‘H \{0}. Then
Yo Aot (cj) = 0 for all 4, so M is singular.
The converse is clear for m = 0. So suppose m > 1, and ¢ is F,-linearly independent

but M is singular, say Ag<i<;n 2250 widt(c;) = 0 with o € k\ {0}. Since (c1,...,cm)
is Fp-linearly independent, we may inductively assume that the m x m matrix M’ :=

(6%(c;))o<ij<m is non-singular. It follows that ug # 0. Now, let o := % # 0. Then for
0 < i <m we have

$(10)9' (co) + Y du)¢'(c;) = > d(j)¢' (c;)

j21 J=0

= ¢ (> e e)
Jj=20
=0
=a-Y ()
Jj=0
= 6(10)'(co) + D apd' (¢).
Jj=1
Consequently .-, (i)t (cj) = doi>1 ap;d'(c;). By non-singularity of M’, we deduce
that Ag<j<m (1) = apy. Let B (in an extension of k) be such that (B)P~! = a and set
Aj = % Then either A\; = p; =0 or

p—1

J 51)71

Hence ; € Fyti\ {0} But 35,50 Aj¢; =

independence of €.

oz,uj

%Zpo pjc; = 0, contradicting F-linear
a U
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Now let @ = (ag,...,an,) € k™, and suppose b := (aal,...,a,gl) is Fp-linearly
independent.

Write d; ; for the Kronecker delta. By Fact [Ad] applied to ¢=™(b), (¢7%(b;))o<i.j<m
is non-singular. Since k is perfect, ¢(b;) € k. So there exists @ = (ag,..., ) €

km+1\ {0} such that /\OSiSm ijo gzb_i(bj)aj =00,
Claim A.2. @ is Fp-linearly independent.

Proof. Suppose not, so (permuting if necessary) we have ag = ijl Aja with A; € [Fp.
Then for 1 < i < m, we have ¢%(b) dois1 A+ D ¢ (bj)aj = o = 0, and so
> j>10¢7 " (b + Ajbo) = 0.

But a; # 0 for some j > 1, since @ # 0. So by Fact [Ad] (b; + Ajbg)j>1 is Fp-linearly
dependent and consequently so is b, contrary to assumption. O

We proceed to define an algebraic isomorphism over k of Gz with the additive group.
So let K > k be an arbitrary field extension, and let T € Gz(K), i.e. agp(xg) = ... =

am (). Set
t:= Zajxj.
Jj=0

Claim A.3. For i > 0, we have ¢'(t) = >2i>0 o' (aj)z;.

Proof. This holds by definition for ¢ = 0. For ¢ > 0 we have

>0 >0

Using this, induction, and the equations of Gg, we find

o) =0 D o ey

>0
= ¢'(a)(x;)
>0
= ¢'(oy) ((x5) + ;)

=0

-y ¢' ()

=0

= ¢'(ay)x;.

720

ajp(z;) + Y ¢ ()

Jj=0

0

Now by Claim [A2] and Fact [A] the matrix (¢%(;))o<ij<m is non-singular, so say
(Bij)o<i,j<m is the inverse, where §;; € k.

Then by Claim [A3] z; = Y50 Bij¢” (t)-
So we have defined an isomorphism over k of affine varieties

Ga — Ga

x = ijo Q5T 5

(Xm0 Bt (1)i t
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between G4 and the additive group G,; since the polynomials involved are additive poly-
nomials, this is an isomorphism of algebraic groups.
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