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ABSTRACT OF THE DISSERTATION

Localization and Tracking in Challenging Environments: Particle Flow and Active Planning

by

Wenyu Zhang

Doctor of Philosophy in Electrical Engineering (Computer Engineering)
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Professor Florian Meyer, Chair

Modern estimation theory for engineering applications is increasingly characterized by
multimodal, high-dimensional state distributions and nonlinear, high-accuracy measurements
with complex data associations. In this dissertation, we address the challenges of sampling-based
multi-object tracking (MOT) and localization in complex 3D environments. [ first focus on
enhancing sampling efficiency in passive MOT s cenarios. To this end, I incorporate particle
flow (PFI) techniques into a belief propagation (BP) framework for sequential estimation of an
unknown number of states in the presence of measurement-origin uncertainty. In particular, I
develop a “flow-induced” proposal PDF for importance sampling that consists of a weighted

mixture of parallel flows performed for multiple candidate m easurements. Particle flows are
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either modeled using deterministic or stochastic spatio-temporal processes. The resulting method
for MOT is evaluated with synthetic data and in a challenging passive acoustic undersea tracking
problem where the 6-D state of multiple whales is tracked based on 1-D time-difference of
arrival (TDOA) measurements provided by pairs of hydrophones on a volumetric array. This
thesis also introduces an active planning method for cooperative localization. Here, sensor
positions are dynamically controlled to maximize the information gain of future measurements.
The control policy is derived by minimizing the trace of approximate inverse Bayesian Fisher
information matrices (FIMs). Numerical results demonstrate that particle flow significantly
improves sampling efficiency and estimation accuracy, while active planning leads to enhanced

localization performance.
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Chapter 1

Introduction

1.1 Bayesian Estimation and Engineering Applications

A key task in modern engineering is the estimation of the state of a system. Important
applications include MOT in surveillance [1, 2], underwater localization in applied ocean sciences
[3, 4, 5], simultaneous localization and mapping (SLAM) in machine perception [6, 7, 8, 9],
information seeking and multiagent control in robotics [10, 11, 12], speech enhancement and
restoration [13, 14], health-care monitoring [15], pollution source localization [16], chemical
plume tracking [17], and risk assessment in quantitative finances [18]. In many applications, state
estimation relies on signals recorded by a sensor that provide informations about the environment.
Ubiquitous types of signals include acoustic [19] and radio-frequency (RF) waveforms [20],
LiDAR reflections or “point clouds” [21], as well as camera images [22].

Different types of signals and their corresponding sensors have distinct advantages and
limitations. Camera images typically contain the richest information, making them ideally suited
for large-scale machine learning and driving progress in computer vision. They are the most
straightforward signals for visual-based object detection and environmental monitoring. However,
their quality can deteriorate significantly under poor lighting or visibility conditions. LiDAR
is more robust across a range of weather and lighting environments, which makes it essential
for autonomous driving. Yet, LIDAR sensors are generally expensive and not well-suited for

mass-market applications. Radar [23] and RF antennas serve as the foundation of wireless



communication and are widely used for distance measurement and localization due to their
high-frequency characteristics. With mobile phones, routers, and base stations now ubiquitous,
RF signals offer great potential for large-scale sensing and localization. Although RF signals
carry less detailed information—often limiting them to identity recognition in certain frequency
band—their flexibility makes them well-suited for localization and navigation, particularly
in indoor environments with non-line-of-sight (NLOS) conditions or high-mobility scenarios
such as UAV tracking. Sonar [24], by contrast, is primarily used for underwater detection
and localization. RF signals degrade rapidly in water, and visual sensors are ineffective in the
absence of light in deep-sea environments. Even with artificial lighting, light cannot propagate
far underwater. Sonar remains the best choice for underwater applications because low-frequency
acoustic waves travel long distances through water. Therefore, selecting the appropriate sensing
modality depends on the specific engineering task and the environmental conditions.

In this thesis, I address localization and tracking for environments where global naviga-
tion satellite systems (GNSS) such as GPS[25, 26] have limited performance or are generally
unavailable. Important environments include indoor, aerospace, and underwater. The localiza-
tion task focuses on detecting an unknown number of objects and estimating their positions
in uncertain environments. During localization, the objects are typically assumed to be static.
In contrast, the tracking task aims to sequentially estimate object positions and motions over
time, given a series of measurements sampled at specific time intervals. In standard GPS-based
systems, the position of a target relative to known landmarks or signal patterns is determined by
remote sensing satellites. For more accurate and robust navigation, measurements from inertial
measurement units (IMUs) or odometers can be integrated and fused with GNSS data [27].
However, remote RF communications are severely attenuated underwater and can degrade or be
blocked in indoor environments. Additionally, in scenarios such as tracking a hostile aircraft or
missile, the target is external to the GNSS system used by the detector and does not cooperate
with the navigation infrastructure.

Measurements, which contain information about the system state to be estimated, are



typically derived from signal samples (e.g., image frames or the impulse response of RF signals)
using signal and image processing methods. Although visual estimation has been extensively
studied for tracking object motion and mapping environments in the absence of GNSS (e.g.,
optical flow [28], monocular camera localization [29], or multi-camera tracking [30]), this
thesis focuses on RF and acoustic signal models for measurement generation, primarily using
radar and sonar sensors. Compared to cameras, radar offers significant advantages for indoor
localization: it can detect motion through walls and obstacles, operate in low-light or dark
conditions, and provide velocity information, all while preserving privacy since it does not
capture visual images. These features make radar ideal for environments where visual privacy
is a concern. Radar arrays are also the preferred choice for tracking fast-moving targets such
as aircraft and missiles, which are too fast for standard cameras due to limitations in frame rate
and exposure time. Another drawback of cameras is the difficulty of accurately estimating depth
from 2D images. For underwater localization, sonar is the preferred option due to its ability
to propagate reliably through water. However, because radar and sonar signals are relatively
low-resolution and susceptible to multipath interference, they must be carefully preprocessed
and denoised [4]. Signal preprocessing steps typically include modulation and digital resampling
[31, 32] to extract useful measurements. These measurements carry state information about
the targets of interest. For localization and tracking tasks, this state information often includes
position, velocity, acceleration, and steering angle. Depending on the signal type, commonly
used measurements include time of arrival (TOA), time difference of arrival (TDOA) [33],
direction of arrival (DOA) [32], frequency difference of arrival (FDOA), and joint angle-delay
estimation (JADE) [34]. TDOA measurements are typically extracted from sonar or acoustic
signals, while DOA and JADE are used with RF signals on radar and antenna arrays. Using these
measurements—along with any available prior information about the state—we aim to estimate
or infer the ground truth with minimal estimation error.

Promising approaches to indoor localization include ranging based on received signal

strength (RSS) [35] or ultra-wideband (UWB) [36, 37] measurements. In UWB-based local-



ization, non-line-of-sight (NLOS) conditions can degrade accuracy and robustness. Multipath-
assisted indoor navigation [38] addresses this limitation by incorporating floorplan information
and leveraging additional localization cues provided by NLOS paths and multipath components,
resulting in improved navigation performance. For underwater localization, time-difference-
of-arrival (TDOA) measurements can be obtained through spectrogram analysis of the cross-
correlation of acoustic signals [4]. In tracking applications, remote sensing devices such as
radar or sonar are used to determine the positions of moving objects over time. The position of
the sensing device is typically assumed to be perfectly known if it is fixed, or irrelevant if the

external object or phenomenon is tracked relative to the sensor’s own position [1].

1.2 State-of-the-Art Techniques for Localization and Track-
ing
In this section, we focus on state-of-the-art estimation methods for localization and

tracking and discuss open challenges associated with these techniques.

1.2.1 Tracking with Sequential Bayesian Estimation and Fusion

The core task of tracking is to estimate the state of one or more mobile objects over time.
Sequential Bayesian estimation can be formulated as a Markov chain, where the estimate at
each time step depends on the previous estimate and the current measurement. Various filtering
algorithms have been developed for estimation at each time step. The Kalman filter (KF) [39]
provides a theoretically optimal estimate for linear Gaussian problems. For nonlinear systems,
the extended Kalman filter (EKF) [40, 41] applies linearization of the measurement model around
the prior mean. A more general approach is the particle filter [42, 43], which represents the
probability density function (PDF) of the state using a set of weighted particles. Distributed
particle filters are especially appealing for tracking in arbitrary nonlinear and non-Gaussian
systems; see, for example, [44, 45]. However, particle filters often require a large number of

particles for high-dimensional problems [46]. The unscented Kalman filter (UKF) [47], also



known as the sigma-point filter, is another sequential Bayesian method designed for nonlinear
systems. It generally provides better performance than the EKF while being less computationally

intensive than the particle filter.

1.2.2 Multisensor MOT with Graph-based BP

For multisource localization or MOT, sensors such as radar and sonar receive signals
transmitted or reflected by objects. Of particular interest are multisensor MOT problems,
where inexpensive sensors are employed, and due to the underdetermined nature of sensor
measurements, object tracking in Cartesian coordinates is not feasible using a single sensor. In
such cases, multiple sensors combined with advanced MOT methods are required.

Traditional approaches to MOT include probabilistic data association (PDA) [48],
multiple hypothesis tracking (MHT) [49], and methods based on random finite sets (RFS)
[50, 51, 52, 53]. Most of these classical methods suffer from computational complexity that
grows combinatorially with both the number of measurements and the number of objects. Note
that the dimensionality of the total state (comprising all objects) increases with the number of
objects. Factorizing the joint posterior probability density function (PDF) is significantly more
complex than in standard sequential estimation problems and is often described using a graphical
model [54, 55, 56]. For general loopy factor structures, an iterative message-passing scheme can
be employed to approximately compute the marginalizations required for Bayesian inference
[57]. Under mild assumptions, the factor graph [57, 56] representing the joint posterior PDF re-
flects object-to-object and object-to-measurement dependencies while improving computational
scalability.

Sequential Bayesian estimation without data association (DA) uncertainty in distributed
tracking is a case where the joint posterior PDF forms a tree-structured factor graph. Gaussian
BP [58] and nonparametric belief propagation (BP) [59] are two variants of BP that extend
the Kalman filter (KF) [39] and the particle filter [60], respectively, to general factor graph

structures, depending on how variable distributions are modeled and messages are evaluated on



the factor graph.! Similar to the comparison between the KF and particle filter, Gaussian BP
assumes a linear measurement model with Gaussian-distributed variables, while nonparametric
BP is more general and handles nonlinear, non-Gaussian systems. Since measurement models in
multisensor MOT are typically nonlinear, nonparametric BP is preferred over Gaussian BP in
most scenarios. Message-passing algorithms have been proposed in [59] and [61] for localizing
static and mobile objects, respectively. As an alternative to BP, a message-passing algorithm
based on the mean-field approximation is presented in [62, 63] for static source localization.

In real-world applications, tracking multiple moving objects is often complicated due to

several challenges:
1. The number of objects is unknown and varies over time.
2. The source of each measurement is uncertain and not all measurements are necessarily
related to the objects or phenomena of interest .
3. The object state is high-dimensional and sensor measurements follow a nonlinear model .

4. Sensor measurements follow a nonlinear undetermined model, and due to the undetermined

nature of the model, multiple sensors are required.

Challenges 1 and 2 are addressed by modern MOT methods [64, 65, 48, 66, 50, 67, 49,
68, 69, 70, 71, 72, 73, 53]. Of particular interest in this thesis is a recently proposed method
[64, 65] based on the framework of factor graphs and the BP. The method is highly scalable in
the number of objects, number of measurements, and number of sensors. It uses particle-based
computations to calculate messages that, due to nonlinearities in the system model, can not be

evaluated in closed form. Challenges 3 and 4 will be addressed in Chapters 3 and 4

1.2.3 Curse of Dimensionality and PFI

A major issue for sampling-based estimation—especially in the era of high-accuracy

sensors—is particle degeneracy [46]. This phenomenon arises because predicted PDFs are often

'KFs are parameter-based, relying on the mean and covariance, whereas particle filters are sampling-based and
rely on Monte Carlo approximations.



used as proposal distributions for sampling. However, predicted PDFs can differ substantially
from the posterior PDFs, making this strategy inefficient; few, if any, sampled particles end up
representing the posterior accurately. The problem worsens in high-dimensional settings or when
measurements have low variance. In particular, the likelihood function becomes increasingly
“peaked” under such conditions, making it unlikely that particles drawn from the prior fall within
regions of high likelihood.

Some mitigation strategies include using a very large number of particles or applying
regularization techniques [74, 60, 75]. A more principled solution is to design proposal distribu-
tions that closely resemble the posterior [42, 76, 60]. However, finding a proposal that is both
easy to sample from and similar to the posterior remains a difficult task. Adaptive importance
sampling (IS) techniques [77, 78] have been introduced to improve efficiency. For example,
auxiliary particle filters use a delayed resampling strategy to increase the number of particles
with significant weights after IS [79]. This method improves sampling efficiency but relies on
a prediction step, which may not be available when new object states appear in multi-object
tracking (MOT).

Multiple particle filtering [80], similarly to a particle-based implementation of BP, im-
proves sample efficiency by exploiting factorization in the statistical model [77]. However, its
effectiveness is limited to models with suitable conditional posterior factorizations. Another
general approach for nonlinear sequential Bayesian estimation involves integrating sequential
Markov chain Monte Carlo (SMCMC) methods into particle filters [81, 82], though these are
often computationally prohibitive in high-dimensional spaces.

An alternative to improve sampling efficiency is to use the update step of an unscented
Kalman filter (UKF) [47] to construct a Gaussian proposal PDF for particle filtering. The resulting
unscented particle filter [83] incorporates a Gaussian mixture representation of predicted and
posterior PDFs. However, to the best of our knowledge, this method has not yet been extended
to problems involving multiple unknown objects (MOU) and an unknown number of states to be

estimated.



PFI1 [84, 85, 86, 87, 88] has recently gained attention [89] as a promising strategy for
nonlinear estimation. PFL addresses particle degeneracy by actively transporting particles from
the predicted (or prior) distribution toward regions of high likelihood in the posterior.?

Connections between PFl and variational inference have recently been explored [90],
linking it to particle-based variational inference methods such as Stein variational gradient
descent [91] and diffusion-based approaches [92, 93].

In PFL, a homotopy function defines a smooth transformation from the predicted PDF to
the posterior PDF. A partial differential equation (PDE) for particle velocity is then derived by
combining this homotopy with the Fokker—Planck equation. This PDE is discretized and used to
define a transport equation that governs the migration of particles. After migration, the particle
set represents the posterior distribution.

There are two main variants of PFL: the exact Daum—Huang (EDH) filter and the localized
EDH (LEDH) filter. In the EDH filter, the PFL equations are computed once using the mean
of all particles, while in the more computationally intensive LEDH filter, they are computed
individually for each particle. PFL has demonstrated superior tradeoffs between performance and
computational complexity compared to other approaches that aim to improve sampling efficiency
[89]. Contrary to other particle filtering methods, PFL is highly parallelizable [85, 86, 87] and
therefore well-suited for real-time implementation on graphical processing units (GPUs).

Traditional PFl methods avoid IS and can only provide an approximate representation of
posterior PDFs in general nonlinear systems [84, 85, 86, 87, 88]. Nevertheless, these “proposal-
free” methods often lead to accurate estimation results at a significantly reduced computational
complexity compared to bootstrap particle filter (BPF) [89]. Recently, it has been shown that PFl
can be described by an invertible mapping and can thus be used as a measurement-driven proposal
PDF for IS [89]. The resulting invertible PFI filter [89] is an asymptotically optimal approach to

nonlinear filtering that avoids particle degeneracy and can provide accurate estimation results in

Traditional resampling methods also move particles but do so passively—only those located in high-likelihood
regions survive resampling, often leaving too few particles to represent the posterior adequately.



high-dimensional and nonlinear problems.

A significant limitation of the PFl filter presented in [89] is its assumption that the prior
or predicted PDFs are Gaussian. This makes it unsuitable for problems involving multimodal
PDFs. For cases where the measurement noise follows a Gaussian mixture PDF, [94] introduced
the Gaussian sum PFl filter. In this method, the means of the Gaussian mixture components are
updated using a procedure similar to the localized exact Duam and Huang (LEDH), while the
covariance matrices are updated in parallel by extended Kalman filters. An extension to the case
where both the driving noise and the measurement noise follow Gaussian mixture PDFs was
proposed in [95], where invertible flow is used for particle weight updates in an IS step.

In [90], a variational formulation of the particle flow filter is presented, where the transient
gradient is interpreted as a time-scaled trajectory of the Fisher—Rao gradient flow minimizing the
Kullback—Leibler divergence. This variational approach eliminates the Gaussian assumptions on
the prior and likelihood, thereby providing the flexibility to address estimation problems with
arbitrary prior-likelihood pairs.

For problems where both the driving noise and the measurement noise are multimodal,
[96] combines invertible PFl with an sequential Markov chain Monte Carlo (SMCMC) method
that relies on the Metropolis—Hastings algorithm. Specifically, a Metropolis—Hastings kernel
is constructed using a PFl algorithm based on a GMM. However, these PFl approaches for
multimodal PDFs [94, 95, 96] are not suitable for MOT, since they neither model measurement-
origin uncertainty (MOU) nor handle an unknown number of states to be estimated.

For cooperative localization problems, methods based on invertible PFI have been pro-
posed in [97, 98]. These methods are not suitable for more challenging multiobject tracking
problems, as they assume no measurement origin uncertainty, a known number of states, and
unimodal posterior PDFs. A variant of the PFl filter tailored to MOT was presented in [52],
where the EDH and LEDH variants of the single-sensor 8-Generalized Labeled Multi-Bernoulli
filter [99] are combined with invertible flow. However, these approaches are not applicable to

multiobject tracking scenarios with measurements provided by multiple sensors.



1.2.4 Cooperative Localization and Information-Seeking Control

In the aforementioned multisensor MOT problem, the objects are assumed to be detectable
at all sensors so that all objects are filtered in a centralized way. In addition, the positions
of sensors are assumed to be well known and configured in geometry to ensure an accurate
estimation. However, this is not always the case, especially for sensing in a mobile network. In
such mobile networks, sensors are often referred to a cooperative agents (CAs). For estimation,
each CA measures quantities about its neighboring CAs as well as external objects relative
to its own position (e.g., involving distances or angles). By cooperating with other CAs and
exchanging position-related information, each CA is able to estimate its own position (i.e.,
cooperative localization) while providing measurements of external objects to be tracked. At
each CA, estimates of the object states are cooperatively calculated from all CA measurements
in a distributed way (i.e., distributed tracking). A key challenge in tracking using wireless sensor
networks is the dissemination of data in the network [2]. While most existing work on estimation
methods for cooperative localization assumes that CAs in the network are static, a variety of
emerging networks, e.g., in the context of the Internet of Things (IoT) [8], search-and-rescue
[100], and underwater surveillance [101] and unmanned aerial vehicles (UAV) application [102],
consist of mobile CAs. A smart control (moving CAs to different positions or adapting sensor
characteristics) can be expected to lead to more informative measurements and, consequently, an
improved estimation performance for both localization and tracking. Since the estimation tasks
involve the measurements of all CAs, the smart controller moving and adapting the individual
CAs needs to be derived from a global objective function and implemented in a distributed way
to be effective. This calls for the development of controlled networked sensing approaches for
cooperative localization.

In controlled networked sensing, a control policy is used to maximize the information
gained from observations with respect to the unknown states of interest. The use of information

measures for the control of the movement of a single CA or a network of CAs was introduced
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in [103] and [104], respectively. Here, the CAs’ control objective is to maximize the joint
information about a global state that is carried by the measurements of all CAs about a global state.
Suitable measures of information include negative posterior entropy [105], mutual information
(MI) [105], and scalar-valued functions of the Fisher information matrix (FIM) [41]. In particular,
the determinant, trace, and spectral norm of the FIM are considered in [106], where the control
objective is to maximize the information related to the positions of the CAs and of an object.
The maximization of negative posterior entropy is considered in [107, 108, 102, 109, 110,
111]. In [108], a central controller steers CAs with known positions along the gradient of
negative posterior entropy with the goal of optimally sensing and estimating a static global
state. A distributed solution for global state estimation is proposed in [107] based on a pairwise
neighboring-CAs approximation of MI and in [102, 109] by using a consensus algorithm.
Methods that rely on negative posterior entropy or MI are suitable for nonlinear and non-
Gaussian system models but perform computationally intensive operations based on particle
representations of probability distributions. In case the unknown states are high-dimensional, due
to the curse of dimensionality, these particle-based operations are unfeasible. FIM-based methods,
on the other hand, are more computationally efficient but rely on Gaussian representations
of probability distributions that are typically less accurate [106, 111]. In [110], BP-based
cooperative localization is combined with myopic information-seeking control of some CAs
in the network. Here, information is quantified by the negative conditional differential entropy
[105] of all unknown states conditioned on all measurements collected by the network. For each
controlled node, a myopic control policy based on partial derivatives of the negative conditional
differential entropy is developed. The computation of partial derivatives is performed using
Monte Carlo integration and is thus very costly. In addition, the resulting gradient-based myopic
control policy is unsuitable for receding horizon (RH) control [111].

For myopic control, the control policy depends only on the current state of CAs and
objects. Due to the uncertainty of object states, a myopic control policy can lead to highly

suboptimal control decisions that also negatively influence estimation and control at future

11



timesteps. This “getting stuck™ at a local minimum often happens at initial timesteps where the
localization uncertainty of the network is significant. To avoid local minima, RH control [112]
uses model-based prediction of future costs within a sliding window that consists of multiple
timesteps. The resulting information-seeking control over a receding planning horizon becomes a
tree-structured path searching and planning problem. To improve searching efficiency, Dijkstra’s
or A* algorithms can be used. One can also train a heuristic function as a predicted cost from
current state to the goal. If the model-based policy is biased, a potential data-based method, such

as reinforcement learning, can be used to keep optimizing the policy [113, 114].

1.3 Motivation, Contribution and Outline

As introduced in Section 1.2.3, the curse of dimensionality is a pervasive challenge in
high-dimensional estimation problems, including belief propagation (BP)-based approaches
for localization and tracking. As discussed in Section 1.2.2, nonparametric BP, also known as
importance sampling (IS)-based BP, is more general and suitable for nonlinear, non-Gaussian
problems. However, a key bottleneck for online estimation using IS-based methods—especially
when working with highly informative measurements from modern sensors—is low sampling
efficiency. This inefficiency arises primarily because a simple prior PDF is often used as the
proposal distribution for sampling particles. As we will demonstrate later in this thesis, traditional
sampling-based estimation methods that perform adequately in 2D scenarios break down in 3D
settings due to severe particle degeneracy. Thus, sampling-efficient estimation techniques are
crucial for state-of-the-art localization and tracking.

The key to improving sampling efficiency is to construct a proposal distribution that is
sufficiently close to, but heavier-tailed than, the true posterior PDF [115, 116]. PFl is a well-
known method for efficiently migrating particles from an uninformative prior to the posterior.
Although PFL has been shown to overcome particle degeneracy in a variety of nonlinear and

high-dimensional problems [84, 85, 86, 117], it does not offer asymptotic optimality guarantees
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when applied directly to the particles [89]. In contrast, IS is asymptotically optimal under
relatively weak conditions [115, 116]. As a result, recent work has explored the use of PFL to
generate proposal distributions within the IS framework [89, 94, 95, 96]. However, most of this
research has focused on improving sampling efficiency and estimation accuracy in single particle
filters.

In contrast, improving sampling efficiency in a BP framework—while maintaining accu-
rate belief approximations, especially under data association (DA) uncertainty in complex multi-
object tracking (MOT) problems—remains an open challenge. Furthermore, information-seeking
control for cooperative localization calls for robust active planning algorithms, particularly using
receding horizon (RH) control policies, to continually enhance estimation accuracy. To the
best of our knowledge, active planning, i.e., RH information-seeking control, in cooperative
localization settings remains an open research problem.

In this thesis, we propose computationally feasible and sampling-efficient estimation
algorithms for 3D localization and multi-object tracking (MOT). In Chapter 2, we formulate the
MOT problem using a statistical framework and graphical model representation. Chapters 3 and
4 present our proposed 3D MOT algorithms with enhanced sampling efficiency, incorporating
deterministic and stochastic particle flow filtering (PFL), respectively. Chapter 5 focuses on
receding horizon (RH) information-seeking control, using the Fisher Information Matrix (FIM)
as a heuristic. An outline of the thesis and a summary of the main contributions are provided

below.

* In Chapter 2, we formulate our MOT problem as a statistical Bayesian estimation problem.
We then introduce a scalable graph-based BP method for data association (DA) uncertainty.

We also present how to approximate BP operations by IS.

* In Chapter 3, we develop a method for multisensor MOT with improved sample effi-
ciency that can be used in scenarios with high-dimensional object states and informative

measurements. Our approach performs BP-based message passing on the factor graph
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for scalable multisensor MOT. To improve sampling efficiency, we embed invertible PFl
for IS and further use it as a “flow-induced” proposal PDF for BP computations. For the
evaluation of particle weights, invertible PFI relies on a Gaussian representation of the
prior or predicted PDF at the onset of the flow. To represent beliefs of object states with
complicated non-Gaussian shapes, we make use of a GMM representation that is known
to be asymptotically optimal [118]. A general proposal PDF that takes MOU into account
and consists of a mixture of PDFs related to different PFls is developed. In particular,
since particles are migrated towards regions of high likelihood, an accurate approximation

of BP messages with a relatively small number of particles is obtained.

We further demonstrate that the proposed multisensor MOT can outperform reference
methods based on conventional (“bootstrap”) [60] and unscented particle filtering [83] in
a 3-D passive source tracking scenario. In particular, in the considered realistic source
tracking scenario, graph-based MOT based on conventional particle filtering [64] cannot
provide acceptable estimation accuracy. The also considered, yet unpublished, implemen-
tation of graph-based MOT based on unscented particle filtering, has a lower estimation
accuracy but a higher runtime compared to the proposed method that embeds invertible

PFl.

In Chapter 4, we focus on design of stochastic PFI for IS to improve performance in
localization and tracking problems. The stochastic PFl outperforms deterministic PFI
for improving the transient dynamics. In some applications, their random nature can
avoid numerical issues, referred to as stiffness of the flow [119]. By using stochastic
differential equation (SDE) to model the particle dynamics, stochastic PFI introduces a
process noise modeled as a Brownian motion, the covariance matrix of which is called
diffusion. However, using a general form of stochastic PFI for IS and further particle
evaluation is still an open problem. We start with a existing popular stochastic PFI called

Gromov’s flow. Then we introduce a IS method using general stochastic flows that include
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optimizable diffusion terms. Our method makes it possible to evaluate a “flow-induced”
proposal PDF after the kernel parameters have been migrated by stochastic PFl. The
resulting IS framework is combined with a GMM and used within a BP framework for
the detection and localization of an unknown number of sources in 3-D. Compared to
conventional stochastic PFl without IS, the resulting processing step is asymptotically
optimal. Within our method, it is possible to optimize the diffusion matrix that describes
the diffusion term of the ordinary differential equation (ODE) to improve the accuracy
computational complexity tradeoff. Our simulation results in a highly nonlinear 3-D source
localization scenario showcase a reduced stiffness of the ODE and an improved estimating

accuracy compared to state-of-the-art deterministic and stochastic PFls.

In Chapter 5, we introduce active planning for cooperative localization networks that
aims at increasing the information gain of future measurements. Contrary to [110], which
develops a control policy based on negative conditional differential entropy, we propose a
control policy that minimizes traces of approximate inverse Bayesian FIMs [120]. In this
way, costly Monte Carlo integration can be avoided, and the computational complexity
related to a myopic control, i.e., a control strategy with a planning horizon of one timestep,
can be strongly reduced. Due to this reduced computational complexity, we can develop
a RH control, i.e., a control strategy with a planning horizon that consists of multiple
future timesteps. In particular, we develop a cost function that accumulates Bayesian FIM
contributions and state the tree search problem that results from cost function minimization.

Approximations for solving the resulting tree-search problem efficiently are also discussed.

In Chapter 6, we summarize our work with conclusion and suggest possible directions for

future research.
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Chapter 2

Background

In general, MOT can be formulated as a multivariable estimation problem. In a typical
machine perception system, as illustrated in Fig. 2.1, a sequence of sensing data (e.g., images,
LiDAR, or radar) is processed to perform object detection, which generates either point mea-
surements [121] or extended measurements [122]. These measurements can be represented by a
conditional likelihood PDF, referred to as the measurement model.

In this chapter, we review a scalable Bayesian probabilistic estimation method for
MOT, formulated within a probabilistic graphical model framework. Specifically, we derive
the posterior PDF of the state sequences of an unknown number of objects given a batch of
measurements over discrete time steps. We then construct a factor graph model in which
factorization and marginalization of the multivariate posterior PDF can be carried out efficiently.

This formulation also enables the quantification of DA uncertainty in a fully probabilistic manner.

Object
Detection

Measurements MOT Trajectories
Sequential Data Zilofs Estimation L1k

Figure 2.1. Diagram of machine perception. The block in red is the topic we focus in this work.
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2.1 Bayesian Estimation

In this section, we formulate the model of Bayesian estimation for MOT. As introduced
in the previous section, we want to estimate the state of an unknown number of objects from
the associated measurements. We denote x € RY the state of an object we want to estimate, and
z € RM as the associated measurement. Then we want to get an optimal estimate % given z. In
statistics, considering the uncertainty of x, if we know the posterior PDF of x given z, i.e., p(x|z),
we can derive the estimate as the mean of x based on p(x|z), i.e., ¥ = E ;) (x) = [, p(x|z)xdx
as well as the uncertainty of x as the covariance matrix P = Cov (|5 (x) = |7, p(x|z) (X —x) (% —
x)Tdx.

Bayes’ rule [123] is probably the most famous theorem for statistical estimation and
learning. Bayes’ rule describes the PDF of a variable, based on prior knowledge of the variable
as well as the likelihood of the given measurement/observation associated with it. Denote the
prior PDF of a variable as p(x), the likelihood of the measurement as p(z|x), and the posterior

PDF of the variable as p(x|z). Bayes’ rule can be written as

p(z]x)p(x)

2.1
v(z) 2.1

p(x|z) =

And if there is no knowledge of the prior PDF of the variable, the Bayes’ rule coordinates
with the maximum likelihood estimation (MLE), of which the prior is a uniform distribution.
Given Bayes’ rule, i.e., the posterior PDF of the variable is well-defined, we can easily get the
minimum mean-square error (MMSE) estimate of the variable Xymvsg(z) = [ xp(x|z)dx or the
maximum a posteriori (MAP) estimate Xpap(z) = argmax, p(x|z). In practice, the likelihood
PDF is given by the measurement model z = h(x,v), where v is the measurement noise.

There are two mainstreams of solving the optimal estimating problem. One is the
parametric method, and the other is the nonparametric method. The parametric method tries

to get the analytical solution of the posterior PDF, i.e., mean and covariance. The benefit is
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obvious, it’s concise and easy for calculation in vector space. This method is preferred for
certain cases. A typically simplified case occurs when the prior PDF of the variable is Gaussian,
i.e. p(x) ~ A4 (u,P) and the likelihood of the measurements is linear with addtive Gaussian
noise, i.e. = Hx-+v where v ~ .4 (0,R). In this case, the posterior PDF of the variable is
also Gaussian. The algorithm to get the mean and covariance of the posterior PDF is given by
the well-known Kalman filter (KF) [124]. The estimate is given as X = 0 + K(z — Hu), where
K = PH" (H PHT +R)~! is the Kalman gain. It’s proved that the KF provides the optimal
estimate of the posterior PDF in this linear Gaussian case. If the prior PDF is non-Gaussian
or the measurement model is not linear, one can still model the PDF by Gaussian and perform
“first-order” approximation of the nonlinear measurement model, i.e., calculating the Jacobian
matrix of the measurment function at the mean of the state as the linear measurement matrix
of KFH ~ % —y with sacrifices of the accuracy. This is known as the extended Kalman
filter (EKF). There are other variants of the KF to handle the nonlinear measurement model. For
example, the unscented Kalman filter (UKF) [47] use sigma points as multiple supports. When
propagated through the true nonlinear measurement model, the sigma points capture the posterior
mean and covariance accurately to the 3rd order (Taylor series expansion) for any nonlinearity
[125]. Another analytic method is the information filter [126], which is a dual of the KF in the
information space, where an information matrix is propagated as the inverse of the covariance
matrix of the state vector.

The nonparametric method, on the other hand, tries to represent the posterior PDF by a
set of weighted samples. The benefit of the nonparametric method is that it’s more general for
theoretically any class of posterior PDF, and can handle the non-Gaussian nonlinear problem,
where an analytic solution is intractable to achieve. The nonparametric method typically relies
on IS [42, 76, 60]. If we sample a set of particles i.i.d. from an arbitrary proposal PDF i.e.,

{x(i) ?ﬁl ~ q(x) in a Monte Carlo simulation, we can approximate the posterior PDF by this
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sample set with weights appended, i.e., {(x(), w(?) 2\21 ~ p(x|z), with

i) — PEx)pe) 2.2)

q(x®)

Here, we embed the Bayes’ rule to replace the posterior PDF at samples with prior times
likelihood. After normalizing the sum of weights to 1, the MMSE estimate of the variable is

N N,
then XMMSE (Z) = Zi:p

| wDx (), Theoretically, the weighted sample set can give an arbitrary close
approximation to the true posterior PDF with arbitrary proposal PDF, if only N, is large enough.
For easy sampling, one usually use the prior PDF as the proposal and hence the weights are just

the measurement likelihood at the sample, and this is the well-known bootstrap particle filter

[60].

2.2 Sequential Bayesian Estimation

In most engineering applications, measurements are generated in time series, i.e., Zx,k €
{1,...,K} or z;,t € (0,T], either in discrete or continuous time. And we want to estimate the
object state at time k or ¢ by the measurements so far, of which the PDF can be represented
as p(xi|z1:x) or p(x¢|zo. ). In general, the discrete way is more challenging for non-continuous
transformation and most continuous case can be derived as a special case of discrete case, not to
say that most digital devices rely on discrete sampling of signals in the time domain. Hence we
focus on a discrete time system in the remainder of the thesis, i.e., the estimation of the joint
posterior PDF p(x;.x|z1.x). We can see that the complexity of this joint PDF is exponential to
k. To reduce computational complexity, a key assumption of sequential Bayesian estimation
is that the estimate of the current state depends only on the state of the last time step and the
measurement of the current time step, as illustrated in Figure 2.2. Hence the system model is

given by the state transition and measurement function as

X = g(xx—1,w) (2.3)
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Zk = h(xy,v) 2.4)

Which is denoted as the Markov process or hidden Markov process [1]. The chained structure as
Fig. 2.2 is denoted as the Markov chain. And indeed, the joint posterior can be decompose as a

chain in that

P(x1klzik) = P(Xk|X 11, 210) P(X1:0—1121:8) (2.5)
o< p(z|xk) p (x| Xe—1) p(X1:%—1|Z1:0—1) (2.6)
o< p(x0) T p (2w |Xi) p (x| %p—1) 2.7)

Note that the transformation from (2.5) to (2.6) 1is exactly Bayes’

P(ZlX1,2k—1) POk X 1:k—1,21:4—1)
P(Zel®rk—1,21:4-1)

rule in that p(xg|lxpi_1,214) = and  p(X14—1]z1k) =

P(zilxk— 1,201 P(X1k—1214-1)
b

D) where p(zelx) = p(zlxix,zie—1) and  plxlx) =

PXk|X 11,214 -1)-

Various sequential estimation methods following system model defined by (2.3) and (2.4)
are also called “filtering” algorithms. Filters generally achieve this through a two-step process:
propagation and measurement update, corresponding to (2.3) and (2.4) respectively. Note that in
Bayes’ statistics, the state transition function g(-) provides relationship between the posterior
knowledge of the last time step and the prior knowledge of the current time step by prediction. If
the state transition model is linear as x; = Gx;_; +w, where w ~ .4"(0,W), and the posterior
PDF is Gaussian, i.e. p(xx_1|21:x—1) = 4 (U;_;,Px—1), the predicted prior of x; is a Gaussian
as p(xx|z1x—1) = A (U, Pr) where u;, = G, and P, = GP;_,G" +W. For sampling-based
estimation method, which fits a more general state transition model, we can propogate the

. ' )\ M ) (i) N
samples from previous {(x;(clzpwl(ﬁl) i:pl ~ P(xk—l |zl:k—1) to {(x](cl)awj((lll) ,':pl ~ p<xk|zl:k—1)

in the prediction step by x,(f) = g(x,(le ,w). By using the predicted posterior p(x;|z1.x_1) as the

prior PDF introduced in Section 2.1, parametric and nonparametric Bayesian methods can be
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Figure 2.2. Sequential Bayesian estimation.

used for posterior estimate of p(xi|z;.x) in a single time step. Specifically, KF has a solution as
X =M, +K(zx —Hu,), where K = PLHT(HP;HT 4+ R)~!, while particle filter updates particle
weights as

wi o p(zelxtywl 2.8)

Note that here for simplicity, we choose proposal ¢(x) as the predicted posterior p(xg|z1:x—1). A
resampling step [60] can be used to generate particles that have even weights, which improves

the sample efficiency for the next time step.

2.3 Multiobject Tracking and Data Association

In Section 2.1 and 2.2, we assume that one measurement z; is known to be generated by
one object x; at time k. However, for MOT, there are typically an unknown number of objects,
and the object number changes by time. What’s more, the measurements received at a sensor is
typically not labeled so that we don’t know which measurement corresponds to which object. In
this section, we introduce the system model of MOT to make the problem tractable. To clarify,

we make the following further assumptions [48]:

(A1) Independency of object’s state transition: The multiobject state at time k (defined as

an ordered or unordered list of all the single-object states x,(f ), j=1,...,Jr, where j is

the label of objects) evolves according to a first-order Markov process. The single-object

states x,(cj ) evolves independently. The evolution of state x](f ) is described by the single
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(A2)

(A3)

(Ag)

object state-transition PDF p(x,(cj ) |x,(€]_) -

MOU: The measurements z,(cm) ;m=1,..., M (denote m the label of measurement) pro-

duced at time k have no order, i.e., they are randomly shuffled. At time k, each measurement
labeled m originates from either an object or from a false positive (FP) (clutter measure-
ment), and it cannot originate from more than one object simultaneously. In contrast, at
time k, an object labeled j can generate at most one measurement labeled m. The prior
probability that a measurement originates from an object (i.e., “object j is detected” at time

k) is independent across j and defined by a known function of the object state x,(f ), denoted
as pq (x,((j )). Consequently, the probability that no measurement originates from object j

(i.e., “object j is missed” at time k) is 1 — pd(x,((j)). We assume that 0 < pqg (x(j)) < 1.

Independency of FPs: The number of FPs at time k is Poisson distributed with mean g,
which is independent of the number of objects that are detected. The FPs at time k are i.i.d.

with PDF fi(z\") # 0.

Conditional independency of object-originated measurements: The object-originated
measurements are conditionally independent of each other and also conditionally indepen-
dent of all the clutter measurements. Furthermore, given that the measurement m originates

from the object j, the conditional PDF of this measurement is defined by f (z,(cm) |x,({j )).

In the remainder of this section, we will first discuss the concept of potential object (PO) states,

then derive the statistical model of MOU, and finally review the BP messages that will later be

calculated based on PFl in Chapter 3. Additional details can be found in [127].

2.3.1 Potential Object States

As in [64, 65], we consider MOT for an unknown, time-varying number of objects

by introducing PO states. Let My be the number of measurements at time k. According to

assumption (Aj3), at time k, a new PO is introduced for each of the M; observed measurements.
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Then the maximum possible number of objects that generated a measurement up to time k is
Jr = Jk_1 + My, where J;_ at discrete time k — 1 > 0 is the maximum possible number of objects
that have generated a measurement up to time k — 1. All POs that have been introduced at
previous time steps are referred to as legacy POs. Hence there are J; legacy POs and My new
POs at time k.

]((j) A [X(j)T r(j)} T

]

We also define the augmented state of PO j € {1,...,J;} is given by y
()

where the state x;”* of PO j consists of the position and possibly further parameters of the

object represented by the PO. Furthermore, the existence variable r,((j ) e {0,1} models the

existence/nonexistence of PO j in the sense that PO j exists at time k if and only if r,((j 1.

For nonexistent POs, i.e., r(j ) =0, the state x,(j ) is obviously irrelevant. Thus, all PDFs of

augmented PO states f (y,((j ) ) =f ( ,({j ), i) ) can be expressed as f (x,((j ) , 0) = fk(j ) is) (x](cj )) , where

/o (x,((j )) is an arbitrary “dummy PDF” and f,ﬁj ) € [0,1] is a constant. To distinguish between

legacy and new POs, we denote by X,(Cj) ,j=1,....Jr_1 and by y,ﬁm) ,m=1,..., M the augmented

state of a legacy PO and a new PO states, respectively. The single-object state transition PDF
f (X,(CJ ) | y,(cjj ;) that models the motion and disappearance of objects and involves the probability

of object survival py is presented in [65, Section VIII-C]. At time k =0, the prior augmented
()

states y, are statistically independent across POs j. Often no prior information is available,

i.e., Jo=0. For new PO at time k, i.e., y,(c’") £ [Y,(Cm)T F,i'n)}T, me {1,...,M}. Here, F,i'n) =1

means that measurement z,((m) originated from an object that never generated a measurement

(m)

before, and ;" = 0 otherwise. After the observation, the joint measurement vector at time k

(DT, 0T,

. T . . .
is fixed and denoted as z; = [zk . The total joint PO state at time k is denoted as

yké MI)T' - X]((Jk_l)T, yl((l)T. . y]({Mk)T] Té [y/(cl)T' B yl(ch)T}T.
2.3.2 Measurement-Object Uncertainty

According to assumption (A;)-(A4) and definition of PO, each measurement can originate
from one of the three sources: (i) a legacy PO, which represents an object that has generated

at least one measurement before; (ii) a new PO, which models an object that generates a
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measurement for the first time; and (iii) FP. For a legacy PO j =1,...,J;_, a discrete and

random “object-oriented” association variable a,(cj ) e {0,1,...,M;} is introduced. Here, a}({j )—0

describes the event where no measurement originated from the object j and a,((j ) = m, me

{1,...,M;} describes the event where measurement 2" was originated from the object. Then

for each legacy PO j = 1,...,J;_1, the joint PDF of z; and a,(f ) conditioned on gl(cj Vis given by

f(zk,a,(cj)!&,(cj),f_’,ﬁj) =1)

< q(x).r)=1,a):z)

)y ¢,y () .
Pd(&k ).f(Zk(m)Mk )’ a]({]):m c {17~--7Mk}

ZN Hip fip(2, ) , forj=1,...,0,1. (2.9)
1- Pd(&;(cj)), a,(f) =0

Here, we define a pseudo likelihood function q(g,(cj ), I_’/((j ), a,(cj ) ; zk) and g (J_c,((j >, 0, a,(cj ); zk) = l(a(j )),

where 1(a) denotes the indicator function of the event a =0 (i.e., 1(a) =1 if a=0 and 0

otherwise).

(m)

We also introduce the “measurement-oriented” association variable bk S

{0,1,...,Jx_1 } for each measurement m = 1,..., M to obtain a scalable and efficient message

passing algorithm (see [128, 65] for details). The measurement-oriented association variable b,((m)

is j€{1,...,J;_1 } if measurement m originated from legacy PO j and zero if it originated from

a FP or a newly detected PO. Furthermore, the new PO pseudo likelihood function v(ic,((m), 7,(:"),

b,gm); z,(cm)) reads
" b 7= 1)

A =LA

0, bl(cm)E{l,...,Jk_l}

Pd (f,((w)lib o (f/im)f(zlim |fl(<m>) b(m) -0

”fpffp (Z]((m>) 1k

lI>

form=1,..., M. (2.10)
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and v(J_c,(cm),O,b,(cm);zl(cm)) £ b (J_c,(cm)). Here, we model the birth of a new PO as a Poisson point

process with mean L, and prior state PDF f;, (f,(cm)).

2.3.3 Joint Posterior PDF and Factor Graph

. . 29 — T 113
We denote the “object-oriented” vector a; = [a,(cl)T'--a,(cj" I)T] and “measurement-

oriented” vector by = [b,(cl) T b,EMk)T] T As introduced in [64, 65], the joint posterior PDF of

Y1k a1:k» and by.x conditioned on observed and thus fixed z;.x can be obtained as

SV a1 b1k 21

o (ﬁlf(yé’w))) 1 (JH f(z?”bﬁ))

J

M D) O T ) ()
X ( q (’—‘k' 2 g Gy 9Zk/) H ¥ (“k/ by ))

j=1 m'=1

My
x I:Ilv(x,g’,’”,?,((’,"),b,ﬂ’,"’;z,ﬁ',")). @.11)

Here, q()_c,(cj ), z,(cj ), a,(cj );zk) and v(ic,((m),l_f,({m), bl({m);z,((m)) are define in (2.9) and (2.10). The binary
indicator function ¥}, (a,(cj ) b,(cm)) checks association consistency of a pair of object-oriented and
measurement-oriented variables (a”,5™) in that W, (a\’), b)) is zero if a\”) = m,b{"™ +

or b,(cm) =7, a,(cj ) # m and one otherwise (see [128, 65] for details). The joint posterior in (2.11)
can be represented by the factor graph in Fig. 2.3 for each time step k. A detailed derivation of

this joint posterior is provided in [65, Section VIII-G].

2.3.4 Problem Formulation and Sum-Product Message Passing

At each time step k > 1, we consider the tracking of an unknown number of objects based
on measurements z;.;. Object detection is performed by comparing the existence probability

p(r]({j) = 1|z14) with a threshold Py, i.e., PO j € {1,...,Ji} is declared to exist if p(r](cj) =
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Figure 2.3. Factor graph for MOT of an unknown, time-varying number of objects, correspond-
ing to the propagation of the joint PDF f(}’1;k’ ai.;,b :k|zl;k) in (2.11). One time step k is shown.
Messages calculated using particle flow are depicted in red. These messages are calculated based

on messages depicted in blue. The time index k is omitted, and the following short notations

are used: ny, = M, npé./k 1,yféy(j),? 7,(€ ), al & a,(c) A b f] £ ( V) ‘ykj 1)’

([J £ C]( (J ) (1) al(c >,Z ) m A (xl({ )7r]((’71>7b1(<”7) z/({’”))’ \ij Ay ]m( (m ) ,},]gl)( (J ))’
(e, and

( ) ) l((
Bj = ﬁk (ak ) gm - gkm ( ) Gm = gkm> (ylgm )’ «j é ( J )
24" (5").

l‘zlzk) > Py. Note that p(r,(cj): 1‘21;;() = ff(x,(cj),r,((j): l‘zlzk) dx,(cj). For existent POs, state

estimation is performed by calculating the MMSE estimate [129] as
&,E]) = /x,((])f(x,((])]rl(j) =1,214) dx,(j), (2.12)

where f(x,ij)|r,£j) = l,zl;k) :f(x,(cj),rl((j) = 1|zlzk)/p(r]£j) = l}zl;k).

Both object detection and estimation require the marginal posterior PDFs
f(x,(cj),r,((j)‘m:k) = f(y,(f)\zl;k), Jj€A{1,...,Jr}. However, calculating f(x,((j),r,ij)|zl:k) by di-
rect marginalization is infeasible due to the large number parameters in the joint posterior
distribution in (2.11).

As in [64, 65], we consider approximate calculation by performing the loopy BP on the
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factor graph in Fig. 2.3 and passing messages only forward in time. This makes it possible
to efficiently calculate so-called beliefs f (x,((j ) r,((j )) £ f (y,(cj )) ,j €{1,...,J;} which accurately
approximate the marginal posterior PDFs f (x,((j ) r,Ej ) |214), j € {1,...,Ji} needed for object
detection and estimation. To keep computational complexity feasible, at the end of each time
k with all sensors processed, a suboptimal pruning step has to be performed. Here, POs with
probability of existence p,(< i) a p( U) = =1|z1.,) below a threshold P, are removed from the state
space.

Next, we review the message passing procedure for a time step k based on Fig. 2.3. We
will use the BP of factor graph [57] to derive the inference of messages. We will limit our
discussion to messages and beliefs related to legacy PO states. Messages and beliefs related to

new PO states are obtained by performing similar steps. (A complete description of message

passing for MOT is provided in [65, Section IX-A].)

(S1) Prediction: At time k, the “prior messages” of legacy PO states are denoted as

oclgj ) (J_c,(cj ), ;_f,((j )) = (xlgj ) (X,(Cj )). These message are computed by a prediction step

OC,E]) (-E](CJ)7£]((J)) :(') Z /f('xlgj)7£](cj)|x](<])pr]9)1) X f(x](cjjlar]gjjl)dx](cjjl (213)
rk£l€{0,l}

where f (x,(cj_) 1> r,EJ_) 1) is the approximated beliefs of legacy PO’s state at previous time step.

For future reference, we also introduce p;”’ = [ (xk (xk ,r,i )= 1)dx,(€j ) as the predicted

probability of existence for each legacy PO. Note that p )+ J Ock (_ ), ,({j ) :0) dg,(cj =1

(S2) Measurement evaluation: For legacy POs, the messages Bk ( )) passed from factor
) ) () ()

nodes q(J_ck Iy ag ;zk) to variable nodes ak are calculated as

B () = / gV 1,47 2) o0 (=) 1)dxl)

+1(a) (1-piy. (2.14)
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(S3)

(S4)

(Ss)

Similarly, messages of new POs §k(m) (b,(cm)) from factor nodes v(J_c,(Cm),Fl(cm), b,(cm);z,((m)) to

variable nodes b,((m) are calculated as

& (n") = / v(E™, 1,602 dE™ 4 1 (2.15)

Probabilistic DA: Next, probabilistic DA is performed by means of iterative BP message
passing with input messages Bk(j) (a,(cj)), jeA{l,....J;} and ﬁk(m) (b,((m)), me{l,....M}
(see [65, Section IX-A3] for details). After convergence, corresponding output messages
K,Ej) (a,(cj)), je{l,...,Jx} and l,Em) (b,(cm)), m € {1,...,M;} are available for legacy POs

and new POs, respectively.

Measurement update: Here, for legacy POs, messages y,ﬁ? (.1,‘]((] s)>fl(<js)) passed from

q(g(j S), z,gj s) , a,(j s) ;zk7s) to X]((]S) are calculated as

. . My . . . .
W)=Y q@ 1.67:2)" (4) (2.16)

and as y,Ej) (gl(cj) 0) = y,ﬁj) = K,Ej) (0).
For new POs, messages glgm) (J_c,(cm),?,((m)) passed from v()?,(cm),?,((m),b,(cm);z,(cm)) to y,(j”) are

calculated as

g (& 1) = v(E™, 1,0:2" )™ (0). @.17)
and ¢ (x",0) = ¢\ fir (&) with ¢ calculated as g™ = Zng;:o 1 (bM).
Belief update: Finally, beliefs are calculated to approximate the posterior PDFs of POs.

For legacy POs, beliefs f (J_c,(Cj ) , K,({j )) approximating f (J_c,(cj ) , K,({j )‘zl;k) are obtained as

o 1 in N
7 1) = o (6 ) n (60 1) (2.18)
=~k
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and as f(x,((j),()) :f(j)fD (xk ) with f(J = ( E](cj)) y,ﬁf)/g,(j). The constant Q,((j) is given
£ o (@) 1)y (& g + (1-p)n.

Similarly, for new POs we have
7~ (—=\m 1 m) —\m
FE"1) =™ (7" 1) (2.19)

and F(x™,0) = 7" o (™) with 7§m>:+g,§ " where C\" 2 ¢ (") 1)dz™ +

(m)

6 - Note that the combination of f (xk ,r,(c )) j=1,....Jk_1 and f (J_ckm ,?,(cm)),m =

1,...,M,ie. f (xk 7r,(C )) j=1,...,J; are the input messages of next recursion.

2.4 Summary

In this chapter, we introduce the background of sequential filtering for Bayesian esti-
mation. We also introduce the message passing algorithms of MOT based on a graphic model.
Although representing causal relationship by a factor graph makes the probabilistic inference
tractable, the complex integration of equations such as (2.14) (2.15) typically has no closed-form
solution. In the next section, we will use nonparametric filtering methods to approximate the
messages and beliefs for multisensor MOT problem, and embed PFl for IS to significant improve

the sampling efficiency for accurate belief approximation.

29



Chapter 3

Particle Flow for Importance Sampling

In Chapter 2, we noted that parametric filtering in a general MOT problem becomes
intractable when the measurement model is nonlinear and the beliefs in the factor graph are
not guaranteed to be Gaussian. Consequently, nonparametric filtering methods based on IS are
preferred for such MOT problems. IS is a universal approach, applicable to both traditional
Bayesian filtering and belief approximation on graphs, as it provides an asymptotically optimal
representation of arbitrarily complex PDFs or functions. However, IS can easily fail in high-
dimensional estimation problems [130, 46]. We will use particle flow to enable IS in high-

dimensional nonlinear MOT problems!.

3.1 Curse of Dimensionality and Particle Flow
3.1.1 Curse of Dimensionality Revisited

Modern sensors can provide far more accurate measurements for a given object, while the
PDF of the object state is not always Gaussian, either due to the complex shape of the object or
due to the processing of multisensor measurements [132]. In statistics, it is often described by a
high-dimensional, multimodal distribution. The estimation of such a distribution is a challenging

problem.

I'This chapter is based on W. Zhang and F. Meyer, “Graph-based multiobject tracking with embedded particle
flow,” in Proc. IEEE RadarConf-21, (Atlanta, GA, USA), May 2021 [131] and W. Zhang and F. Meyer, “Multisensor
multiobject tracking with improved sampling efficiency,” IEEE Trans. Signal Process., vol. 72, pp. 2036-2053,
2024 [132].
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One of the main challenges for nonparametric estimation with the advent of accurate
measuring instruments is particle degeneracy [46]. The particle degeneracy problem is related to
the fact that the predicted PDFs is used as proposal PDFs for sampling. Since predicted PDFs
can have completely different shapes than the posterior PDFs, this sampling strategy is highly
inefficient, i.e., few or none of the generated particles are suitable to represent the posterior
PDFs. Fig. 3.1 shows an example of particle degeneracy in a 3-D tracking scenario with a single
object and a single TDOA measurement. Particle degeneracy is exacerbated in high dimensional
problems and in problems with low measurement variance. In particular, it can lead to the
unwanted behavior that filter performance degrades as measurement variance is reduced. As
the dimension of the problem increases, or measurement variance is reduced, the likelihood
function becomes “peakier,” and it becomes more unlikely that a particle, sampled from the prior
distribution, is located in a region of high likelihood. In Table 3.1, we use ESS [133] to measure
the efficiency of traditional sampling methods. ESS is a measures the number of particles that
have significant weights when representing a PDF. We will show that the bootstrap IS and AIS
[79] suffers from particle degeneracy badly. For the 2D state dimension, we take the first two
dimensions, i.e., [x; x2]T with the same PDF along each axis as in Fig. 3.1. We can see that
the bootstrap IS suffers from particle degeneracy with ESS approximates to 1 while the AIS
doesn’t with ESS about 1997 from 2000 samples. However, AIS degenerates significantly for
3-D scenario as in Fig. 3.1, of which the ESS is only about 5. What’s more, if we decrease the

measurement noise of the TDOA measurement, the ESS is just 1.

Table 3.1. Particle degeneracy of traditional IS methods with TDOA measurements. ESS of IS and AIS
using 2000 samples and different measurement standard deviations are shown for the tracking scenario in
Fig. 3.1.

Method | Dimension | oy (secs.) | ESS
IS 2D 1x107* | 1.0003
AIS 2D 1x107* | 1997.2
AIS 3D 1 x107* | 5.2029
AIS 3D 1x1073 | 1.0000
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Figure 3.1. Particle degeneracy in a tracking scenario with 3-D object state, x = [x] x x3]",
and a single 1-D TDOA measurement z;. A single time step in considered. The 1-D TDOA
measurement is generated by the sensor shown as gray circle. Assuming no measurement noise,
the 1-D TDOA measurement describes potential 3-D object locations on the hyperboloid shown
in red. The object, shown in black, is located on the hyperboloid. Note that any other location
on the hyperboloid will lead to the same measurement in the case without noise. (a): The prior
PDF, f(x), is Gaussian, with the mean depicted as a big blue dot. 2000 particles, shown as small
light blue dots, are drawn from the prior distribution. On the right, the prior and posterior PDFs
for the case with measurement noise are shown in three separate 2-D plots. Each of these plots is
obtained by depicting the prior and posterior PDFs along the three axes of the coordinate system.
(b): After importance sampling, as performed by the conventional “bootstrap” particle filter, only
a single particle has a nonzero weight. This single particle does not accurately represent the
posterior PDF p(x|z;) for future processing, e.g., of a measurement, z,, provided by a second
Sensor.
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3.1.2 Particle Flow as a Homotopy Transformation

PF1 [84, 85, 86, 87] is an approach that aims at avoiding particle degeneracy. Consider a
random state to be estimated, x € RV, in a Bayesian setting. PFI [84, 85] establishes a continuous
mapping w.r.t. pseudo-time A € [0, 1], to migrate particles sampled from the prior PDF xy ~ f(x)
such that they represent the posterior PDF x| ~ f(x|z). Let us introduce the homotopy function
7, (x) = f(x)I*(x) where I(x) = f(z|x) is the likelihood function. Note that for A = 1, the
homotopy function is equal to the unnormalized posterior PDF, i.e., 7(x) = w1 (x) = f(x)1(x).

The log-homotopy function is then given by [84, 85],

o (x,A) =logf(x)+Alogi(x). 3.1)

The log-homotopy function is a pseudo posterior PDF in the log domain that defines a smooth
and continuous deformation from ¢(x,0) =log f(x) to ¢(x,1) = logz(x). This deformation
describes the PFl process.

This log-homotopy function is used to constrain the Fokker-Plank equation and the

corresponding Langevin SDE of the form
dx = £ (x,1)dA + Q(A)2dw. (3.2)

Here, §(x,A) € RY is the drift vector, @Q(A) € R¥*V is the diffusion matrix, and w € RY is
Brownian motion. The constrained Fokker-Plank equation can be used to derive the functional
forms of §(x,A) and Q(A) [117]. With the diffusion matrix equal to zero, i.e., dx = §(x,1)dA,

a deterministic flow is obtained by solving following partial differential equation (PDE) [87, 86]

Mg(x,/l)—l—logl(x) :—Tr(

2 (x,
ox = )L))

o (3.3)

The detailed derivation of (3.3) is given in Appendix A.
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Since the drift is both time and state-dependent, directly integrating A from O to 1 is
analytically infeasible. Thus, the Euler-Maruyama method [134] is commonly used for numerical
integration. Here, particle migration is performed by evaluating & (x, )u) at N, discrete values of
A,ie.,0=2A <A <...<Ay, = 1. First, Ny particles {x(()i }i: {x , are drawn from f(x).
Next, each particle i € {1,..., N} is migrated sequentially across the discrete pseudo time steps
le{l,....,N; }, ie,

x;l) —xk —}—C x)L DA+ A QA w (3.4)

(i)

where w;” is Gaussian distributed with unit variance and A; = A; —2;_;. In this way, particles
{xl }l = {x/l }Af representing the posterior PDF f(x|z) o< exp (¢(x,A = 1)) are finally
obtained.

3.1.3 Exact Particle Flow for Gaussian Distribution

For problems in which log f(x) and log(x) are polynomials in the components of vector
x (e.g. Gaussian or exponential families), §(x,A) in (3.3) can be solved exactly in a closed-form
[135, 86], which is known as EDH filter. More precisely, let f(x) = .4 (x;x{,P) and z= Hx+v
be a linear measurement model with measurement noise v ~ .4 (v;0,R). The exact flow solution

[135, 86] now reads §(x,A) = A(A)x+ b(A) where we introduce
AL) = —%PHT(QLHPHT +R)"'H (3.5)
and

b(A) = (I+2AA(A)[(I+2A(A))PH'R 2+ A(A)x).

(3.6)
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Here seperation of variable is used to model the formula of §. the drift is described by the
Ornstein-Uhlenbeck process [135]. Note that in (3.6), z is the observed and thus fixed measure-
ment.

For nonlinear measurement model, i.e. z= h(x) + v, Taylor series expansions can be
employed for a suboptimal linearization step. In particular, in a first-order approximation, a

Jacobian matrix is computed, i.e. H(A) = ag&x)
x=x)

where x; is the approximated mean of x at
pseudo time A.

In a practical implementation, we calculate §(x,4) at N; discrete values of A, i.e.,
0=2 <A1 <... <Ay, =1, to perform the PFl. Here, we first sample N, particles {x(()i) }f\gl £
{xglg }i\i’l from f(x). Next, at each discrete pseudo time step / € {1,...,N, }, particles are
migrated according to

ng,) = ng,)_, + 8 ) —A) (3.7)

-1’

forallie{1,...,N,}. Here, the linearized flow solution z (ngl)il ) = Alng])il +b; is computed

based on A; and b; given by (cf. (3.5) and (3.6))

1
A= —EPHZT(AZHZPHIT +R)"'H, (3.8)

b, = (I+ 2/11Al) [(I—i— /llAl)PHlTRil (Z — el) —|—A1x(>§]. 3.9

Note that ¢; = h(x}‘wi1 ,0)—H lxil—l is the error of linear- ization and that the linearized measure-

ment model, H;, is computed based on the mean of the last step / — 1, i.e.,

H, = . (3.10)
% ey,

The mean at which the measurement model is linearized is typically propagated in parallel to the
particles, i.e., x; =x; +&(x; A)(A—Ay).

Pseudocode for the PFI update step is provided in Algorithm 1. PF1 based on a linearized
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model has no optimality guarantees. However, it has been demonstrated numerically to typically
provide an accurate representation of the posterior PDF f(x|z) [84, 85, 86, 87, 88, 89]. In what
follows, the PFl related to the measurement z as defined by (3.7)—(3.9), is denoted as xg — z — x|

or for notational convenience in future derivations as xg — Z — X.

Algorithm 1: PFl Update Step
[{xgi)}Np {Al}?ﬁl} = ParticleFlow({xéi)}j\il,xf)?P,z)

=1

—

2 Define pseudo time steps 0 = A9 <A < ... <Ay, = 1;

3for/=1:N, do

4 Calculate the linearized measurement model H; according to (3.10);
5 Compute A; and b; according to (3.8) and (3.9);

6 fori=1:N,do

7 4 (ngl)_l ES Azxf{l)_l +by;

8 ngl) = ng[)_l + C(ngl)_l,ll)(/ll —N-1);

o | (x5, M) =Ax;  +b

w o | xy=x5 0 80 A (A=A

1

—

NN NN N
Output: {xsl)}i:p1 = {xfll[\)]/1 }l-:pl and {A;},2,

As an alternative to EDH PFI as discussed above, LEDH PFI has been introduced in
[136, 89]. Here, a linearization is performed for each particle location individually instead
of only at the mean particle location, i.e., individual flow parameters H l(i),AEi) , and bl(i) are
computed to migrate the particles along their individual flows. Although the LEDH flow usually
outperforms the EDH flow, it suffers from considerable computational complexity since the main
computational burden is related to calculating the flow parameters.

In Fig. 3.2, it is depicted how PFl actively move particles representing a prior PDFs to
locations of high likelihood for the scenario introduced in Fig. 3.1. Active motion of particles
leads to a significantly improved approximation of the posterior PDF compared to conventional
importance sampling shown in Fig. 3.1.

The ESS of the case in Fig. 3.2 is 1999.6, which is close to the limit of 2000 and shows a

significant improvement compared to results in Table. 3.1.
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Figure 3.2. Example of PFl in the tracking scenario with 3-D object state and a single 1-D TDOA
measurement discussed in Fig. 3.1. (a): 2000 particles represent the prior PDF at the onset of the flow,
i.e., at pseudo time A = 0, are depicted. (b): An intermediate flow state corresponding to A =2 x 10~ is
shown. The tracks of 8 selected particles are indicated as red dashed line with arrows. (c): At pseudo
time A = 1, particle migration is completed and the resulting particles represent the hyperboloid-shaped
posterior PDF. (d): The histogram of the flowed particles together with 1-D prior and posterior PDFs is
drawn. The representation of the posterior PDF provided by the particles after the flow is much more
accurate than the single “degenerated” particle resulting from conventional particle filtering discussed in
Fig. 3.1. Due to approximations performed in PFl, there can be a small mismatch of particles after the
flow and the true posterior PDF. Such a mismatch can also be seen in (d) by comparing the posterior
pdf with the histogram of particles at A = 1. Invertible PFl can eliminate such mismatch and provide
an asymptotical optimal representation of the posterior PDF by making it possible to compute particle
weights for importance sampling.
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3.2 Importance Sampling with Invertible Flow

Although it has been demonstrated that PF] can overcome particle degeneracy in a variety
of nonlinear and high-dimensional problems [84, 85, 86, 117], it has no asymptotic optimality
guarantees if directly applied to the particles [89].

For asymptotically optimal estimation?, PFI can be used to develop a proposal PDF for
IS. In particular, the particle flow particle filter (PFPF)[89] embeds an EDH PFl into IS by
introducing a flow-induced proposal PDF. The evaluation of this proposal PDF at the migrated
particles requires an invertible mapping from the predicted/prior PDF at particles before the flow
and the PDF represented by the particles after the flow.

PFI can be used to compute a measurement-driven proposal PDF ¢(x|z) for IS (cf. (2.2))
to perform asymptotically optimal estimation [89]. Here, the mapping as performed by PFl
Xg — Z — X1s invertible, i.e., there exists an invertible mapping of the particles after the flow
{x(i) }i\’:" , to the particles {x(()i) }i\i’ , 1f certain constraints on the differences of consecutive discrete
pseudo times A, — A;_1, [ €{1,...,N, } are satisfied [89].

By exploiting the invertible mapping, the proposal PDF resulting from PFI can be

evaluated at the particles as [89]

. f )
gpr1(x|z) = (90 ). (3.11)
Here, the “mapping factor” 6 is defined as
Ny
0 =[]|det[I+ (A4 —2_1)A]| (3.12)

=1

By plugging (3.11) into (2.2) the weight of the particle x() is obtained as

2IS is asymptotically optimal, assuming weak conditions are satisfied [115, 116], but known to suffer from
particle degeneracy in higher dimensional problems [46].
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L0 o OF(@x ) f)

6 (3.13)
f(xo )

The resulting particle set {x(i) ,wli) }f\gl is an asymptotically optimal sample representation of the
posterior PDF f(x|z) that can often provide accurate estimation results in nonlinear and high-
dimensional estimation problems even if the number of particles is moderate [89]. Pseudocode
for importance sampling with invertible PFl is provided in Algorithm 2. Note that since the PFl
used for the measurement-driven proposal PDF is typically based on the EDH filter update step,

a Gaussian prior PDF is assumed.

Algorithm 2: Importance Sampling with Invertible Flow
1 [{x%i),wgi)}ﬁl} = InvertibleFlow (x* P, z)
2 fori=1:N,do
3 t Draw x(()l) ~ N (x:x5P);

4 Perform PF according [{xsi) }fi’l, {Al}?zl} — ParticleFlow ({x(()i) }5\21 , X5 P, z> ;

5 // see Alg. 1

=)

Compute the mapping factor 6 from {Al};vil following (3.12);
7 fori=1:N, do

. N
8 Perform weight update according to (3.13), i.e., wid = 0f(z|x1 ) : (xl il ’P) :
1 N ( (()l) ;x*,P)

Np
i=1

Output: {x(li) , w(li) }

-

An approximate Gaussian representation of this posterior distribution can be subsequently
obtained by applying Algorithm 3 which calculates a mean x} and a covariance matrix Py from
the unnormalized weighted particles {x(li), ng) }i\il Note that in Algorithm 2, the same mapping
factor 0 is used to calculate all particle weights. If Algorithm 3 is applied after Algorithm 2, this
factor is irrelevant since all weights are normalized in Algorithm 3. However, making use of 0 is
important if multiple flows are performed in parallel, as will be discussed in Section 3.3.

Note that instead of a particle-based covariance matrix computation as performed in Line

7 of Algorithm 3, an extended or unscented Kalman update step can be used [89]. For a large
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Algorithm 3: Computation of Gaussian Representation

1 [x*,P] = GaussianRepresentation<{x(i),a)(")}?ﬁl)

2 Normalize particles, i.e.,
3 fori=1:N,do

. Lw(i)_w_(’);

= Z?//L )

s Compute mean and covariance matrix from particles, i.e.,
6 xF = Zﬁ\ﬁl wdx®

7 P= Zé\i’l wx(Ox (T _ yx x*T

8 Output: x*, P

number of particles NV,, a particle-based computation is more accurate than a computation based

on the extended or unscented Kalman update step.

3.3 Improving Sampling Efficiency for A Single Object with
Measurement-Origin Uncertainty

Although PFI has been applied to particle filter with Gaussian approximation [89],
improving sampling efficiency for a more challenging problem such as nonlinear MOT is still an

open problem. Message passing in multisensor MOT is more complex mainly because

* The state of an object is highly non-Gaussian due to a sequential processing of nonlinear
measurements from an underdetermined model in high dimensions.

* The measurement generated by the object is uncertain since multiple measurements are

observed, while traditional PFl is formulated for a single measurement per sensor .

In this section, we use GMM [137, 138, 139] to represent multi-modal state PDF of an object
for nonlinear estimation in high dimensions. In particular, we developed methods for updating
the parameters of GMMs based on PFl. we further develop an algorithm where PFls are used for
graph-based message passing. To consider MOU, we develop a proposal embedding information
of multiple measurements driven by parallel PFls. This approach is suitable for high-dimensional

PDFs that are multimodal and thus relevant for estimation problems in MOT and SLAM [140].
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3.3.1 GMM Importance Sampling with Invertible Flow

As discussed in Section 3.2, for the evaluations of particle weights, invertible particle
flow relies on a Gaussian representation of the prior PDF at the onset of the flow. In challenging
multisensor MOT problems, the complicated multimodal shapes of prior and posterior PDFs
(see, e.g., the hyperboloid-shaped posterior PDF in Fig. 3.2(c)) can often not be approximated
accurately by a single Gaussian. A GMM aims at representing multimodal distributions based on
an additively weighted combination of multiple Gaussian components. Each Gaussian component
is typically referred to as a “kernel”. Let N be the total number of kernels and let 2 € {1,..., N}
be the kernel index. A multimodal prior PDF that follows a GMM representation can then
be written as f(x) = le Y A (a2 P The corresponding multimodal posterior PDF
f(x|z) can be computed by performing Algorithm 2 and Algorithm 3 Ny times in parallel, i.e.,
one instance of both algorithms is performed for each kernel .4 (x;x*(h),P(h)), he{l,...,Ng}.
To obtain a GMM representation composed of an arbitrary number N of kernels, a resampling
step is then performed, i.e., NV, particles are drawn from the overall NyN,, particles based on their

weights i)

. The resampled particles represent the mean of N new kernels. The covariance of
the new kernels is inherited from the original kernel the mean was sampled from. Pseudocode
for GMM importance sampling with invertible PFI is provided in Algorithm 4. Importance

sampling with invertible PFl makes use of resampling as presented in Algorithm 5.

For Ny = 1 and N,, > 1, this importance sampling approach is equivalent to invertible
PFI based on the EDH update step. Furthermore, if N, = 1, Ny > 1, this importance sampling
approach is equivalent to invertible PF] based on the LEDH update step. Note that for NV, =1, as
performed by the LEDH, an additional extended or unscented Kalman update step needs to be

used to calculate an approximate covariance matrix [89].

3.3.2 PFIl-Based Proposal for Problems with MOU

As discussed in Section 2.3, in a variety of tracking and localization problems, the

measurement model suffers from a deficiency beyond measurement noise referred to as MOU
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Algorithm 4: GMM Importance Samp. with Invertible Flow

1 [{xi(h),PSf) Z}Yil

2 forh=1:Nido
3 [{xgi’h),wgi’h)}lvp ] = InvertibleFlow <x*(h),P(h),z>

i=1

] = InvertibleFlowGMM({x*(h),P Q }1;:’;72)

4 // see Alg. 2

5 [N,Pgh)} = GaussianRepresen‘[ation({xgi’h),wgi’h)}Np )

i=1

6 | // see Alg. 3
7 [ POV |~ Resampling ({ P {212 1 )
8 // see Alg. 5

9 Output: {xi(h),ngl)} hil

Algorithm 5: Resampling

/ ’ / j j N
v [{" P | = Resampling ({ P {xil’h),wgl’h)}ﬁvﬁl}h;)
2 forh=1:Nydo
3 fori=1:N,do

. (i,h)
h
4 wi ) = e TR
U W

s for /' =1: N, do

) . M

6 Sample index (i, 1) using {{ng’h)}f'\il}h:;
7 | Setx) =x{"" and P = P{";

8 Output: {xi(h/),P(fl) ;,\?/(:1
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[48]. To simplify, we first look into the “object-oriented” association problem. Assume there is a
single object but multiple measurements and it is not known which measurement was generated
by the object. Assume the object does exist with state x and measurements z2m me {1,...,M}.
If m’ is the measurement that was generated by the object, the corresponding measurement model
is given by z("') = h(x) +v. Based on this model, the conditional PDF of the object-originated
measurement z") reads fo(z(’”/) |x) All the other measurements are FPs that follow the FP
PDF ffp( ) Under assumptions (A;)-(A4) and following (2.9), for z fixed, one can use this

conditional PDF to directly compute the MOU likelihood function

M
f(zlx) =} f(z,alx)

a=0
paf (2
<l—pg+ ) —/———=~ (3.14)
Z .ufpffp( )
and the marginal probability mass function (PMF)
plalz) = f(a,2)
_ / F(z,alx) f(x)dx. (3.15)

The values of the PMF p(a|z) are also referred to as marginal association probabilities [48], i.e.,
they represent the probability of a particular association event a € {0, ..., M} conditioned on an

observed z.
In principle, the MOU likelihood function in (3.14) can be directly used for importance

sampling as in (2.2). However, in problems with MOU, importance sampling based on invertible
PFl is complicated by the fact that there are multiple measurements, and it is thus not clear which
measurement should be used to compute PF] parameters (3.8) and (3.9), i.e., the PFI proposal

PDF gpgL (xgi) |z) in (3.11) cannot be directly used. To address this problem, we propose the
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combined proposal PDF

M
q(x|z) = pla=0|z)f(x) + Z pla=m|z)qpp (x|z(’”)) (3.16)

m=1

where we used the marginal association probabilities p(a|z) to weight the proposal PDFs
qPF1 (x|z(’")) related to PF1 based on measurements z\"), m € {1,...,M} (cf. (3.11)) and the
Gaussian prior PDF f(x) = .4 (x;x(,P). In particular, recall that the proposal distribution
qpFI (x|z(m)) related to the PFI xg — 2™ — x(™)_ can be evaluated as

) N x(i’m);x*,P
gpr (x0)[2)) = &o__ix0.P) (3.17)

where (™) is the mapping factor.
A total of (M + 1)N,, particles representing the proposal PDF in (3.16) is obtained by
drawing N, particles for each of the M + 1 components in (3.16) and calculating corresponding
marginal association probabilities and weights. For the first component related to association
event a =0, N, particles {x(ivo) }i\l’ , are directly drawn from f (x), the corresponding marginal
association probability is obtained by using (2.9) in (3.15), i.e., p(a =0|z) =< 1 — pq, and the
corresponding combined proposal weights are set to @'("0) = p(a =0|z) A (x (()l o, ;x5,P) (cf.
(3.16)). For each other component related to association event a=m, m € {1,...,M}, first
N, particles {x(()i’m) }i\i’] are drawn from f(x). Next, the PFI xg —z(") — x(") is applied to the
particles {x(()i’m) }f.\i’l and new particles {x(i’m)}i.\il are obtained for each m € {1,...,M}. An
approximation of each marginal association probability p(a = m|z), m€ {1,...,M} is finally
calculated from these particles by using (2.9) in (3.15) and performing Monte Carlo integration
[76] based on the proposal PDF gpp (x(i’m) ]z("’m)) in (3.17), i.e.,
Np (m) £ )|x(i,m)) N (M) xé P)

pla=m|z) =< Z

i=1 p“fpffp( )f/V(x(()i7m);x3’P)

(3.18)

44



The corresponding combined proposal weights are set according to (cf. (3.16) and (3.17))

1(i,m)

N (xg’m) ;x5 P)

@ 0

= pla=m|z) (3.19)
Finally, we reindex the resulting particles and weights { (@'(*@), x(/)) }i.\’:pl, ac{0,....M} to
obtain { (a)(l), x(l)) }lel where [ =i(a+1) and L=N,(M +1).

Following the importance sampling principle, we next aim to compute particles

{(w(l),x(l)) }szl that represent the posterior PDF f(x|z). In particular, by plugging (3.14)

into (2.2) and by using {(a)(l), x(l)) } (cf. (3.19)) to represent g(x|z) in (2.2), we obtain

(1), < _ M pdf(z<'”>|x<”>f(x<’>)>
</I/(x ’x07P) 1 pd+2m:] “fpffp(z<m))

o

wD o

(3.20)

The resulting set of particles { (w(!),x()) }lel is an asymptotically optimal representation of

f(x|z) for scenarios with MOU.

Algorithm 6: GMM Importance Sampling with Invertible Flow and MOU

o [{#" U | = InvertibleFlowGMMwithMOU ({x*(", P}k | 7)
» [{{ x4, @na )% gl }:: B }M_O | =

Evaluation ({x*(h), P gil ,1 ,z)
3 // see Alg. 7
NECETI

Update ({{ {xh) 4} g 1™ i@ 11" )
5 // see Alg. 8

Output: {xi(h), ng) Z}Yi .

=)
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3.3.3 GMM Importance Sampling with Invertible Flow for Problems
with MOU

For problems where the prior distribution is non-Gaussian and potentially multimodal,
GMM PFl with invertible flow discussed in Section 3.3.1 can be directly applied to problems with
MOU. Pseudocode for GMM importance sampling with the invertible flow for MOU problems
is provided in Algorithm 6. Algorithm 6 relies on the measurement evaluation presented in
Algorithm 7 and the measurement update presented in Algorithm 8. Note that in Algorithm 8,
for future reference, we have also introduced extrinsic data association information denoted as
k9, ae {0,...,M}. In the single object tracking considered here, we have k@ =1,

Note that for later use in Section 3.4.5, Algorithm 7 performs measurements evaluation
by also taking a probability of existence, p, into account. Similarly, Algorithm 8 also updates
p- By using p=1 as input for Algorithm 7 (see Algorithm 6, line 2), Algorithm 6 is equivalent
to the estimation method discussed in Sections 3.3.2. Furthermore, note that for consistency
with Section 3.4.5, we introduced the notation @ o j(alz), a € {0,...,M} in Algorithm 6,

Algorithm 7, and Algorithm 8.

3.4 Graph-Based Multisensor MOT with Invertible PFI

In previous section, we focus on using PFls to improve sampling efficiency for the
posterior PDF representation of a single object with multiple measurements observed. In this
section, we move forward to more complex multisensor MOT problems. Here, the usage of PF1
is not limited to represent a PDF, but to more general messages and beliefs in a graph-based
message passing framework. We will first introduce nonparametric approximation of a general
function with complicated integration so that no closed-form of the function can be achieved.
Then we propose a PFl-based multisensor MOT algorithm with improved sampling efficiency

for graph-based message passing algorithms.
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Algorithm 7: GMM Importance Sampling with Invertible Flow and DA — Mea-

surement Evaluation
Ny

NN
Evaluation <{x*(h) PV z)

2 Initialize association variables as () = (1 — pq) p+ (1 — p);
3forhi=1:Nido

4 fori=1:N,do

5 t Draw xg’h) ~ N (x(h),x (h) P(h))'

6 Initialize particles as {x (6:4,0) } {x }l 1

7 Initialize proposal weights accordlng to
8 oth0) = _y (x(i’h’o) x* (), P(h)) Jd=1,...,Np;

Initialized mapping factor 60 = 1;
10 form=1:Mdo
11 for h=1: Ny do

-

12 Perform PFl, i.e.,

s | [y aty ]

14 = PartlcleFlow({x (i.h) }Npl,x (k) P(h),z(’")>

15 // see Alg. 1

16 . Compute mapping factor 6(m) from {A (,m) } 1 asin (3.12);

17 Precompute weights (cf. (3.19) and (3.20)), i.e.,

W (x(i,h.O); x+(0) P(h))

18 o (hm) — i
A (xlham) () pU0) ) g (ham)”

=1,...,Np;
19 Compute approximate association variables following (3.18), i.e.,

B f(z(m) (ihm)) )
ﬁ(m) o Nplljviilfp Z fp( ) (i,h,m) ?

20 Output: {{{x(f’h,a), a)(iahﬂ)}ﬁ’l,G(h’“)}:ilyﬁ(a)}

M

a=0

47



Algorithm 8: GMM Importance Sampling with Invertible Flow and DA — Mea-
surement Update

1 [{xjh)ngf) gkl,p+i|

Update ({ { {x(4), 00 }%, g} g @} )

=1
2 Compute association probabilities p(a|z) = %
3forhi=1:Nido
4 fora=0:Mdo
5 L Update proposal weights (cf. (3.16)—(3.20)), i.e.,

') = p(alz) @M i=1,... Np;

a=0,....M

6

7 Reindex particles and proposal weights using [ = i(a+ 1) to obtain
{(o®0 xMY LT from { (/@) xGha)2V % 4efo,... M},

8 Compute final particle weights according to (cf. (3.20))

9 for/=1:Ldo

(amu_nﬂ+2%1%mmf@wwﬁmg)
10 w(lh) — TN (z(m))

) 5

1 [ ~, P(h)} = GaussianRepresentation ({x(l’h),w(l’h) }IL;1>
12 // see Alg. 3

_ D
13 W_NkLSZ Zl 1w

W Pt = (T pa=0) 7w

[{x:(h)’ ng) 2’21] :Resampling<{P(h)7 {x(l,h)7w(17h)}lLil}Nk >

h=1
16 // see Alg. 5
17 Output: {xi(h),ng') hNk Py

1

wn
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3.4.1 Nonparametric Estimation of General Integral Functions

Assume we want approximate a complex integral function with no closed-form solution

as

E(x) = / a(x)B (x)dx (3.21)

where o, 3 are arbitrary functions of object state x. Without generality, assume f(x) is more
informative (less heavy-tailed) than a(x). If we sample from a proposal {x()} | ~ g(x), we
can approximate the estimate as E (x) ~ Y | a(x))w(®), where w() = % Note that this is
the nonparametric representation of a general function, and it yields to (2.2) if we take a(x) = x
and (x) = f(x|z) the posterior PDF of x, hence E(x) = E(y)(x). For efficient as well as
accurate sampling in the case of (3.21), ¢(x) should be informative enough close to 3 (x) but
more heavy-tailed than f3(x), similar to PF1 as proposal compared with the posterior PDF.
Following the discussion above, in nonlinear MOT scenarios, calculation of integral
functions Bk(J ) (a,(cj )) in (2.14) and f ()_c,(cj ), K}({j )) in (2.18) related to legacy PO states as well as
their counterparts ék(m) (b,((m) ) and f ()?,Em) ,7,(('")), related to new PO states cannot be performed
in closed form. We propose a nonparametric implementation of the message passing algorithm
where a proposal PDF is established using invertible PFl. This makes it possible to implement
multisensor MOT with high dimensional states and nonlinear measurement models. A single
time step of the proposed particle-based implementation is discussed next. At first, we assume
a single Gaussian kernel as the prior knowledge for each PO. An extension to GMM is also
presented. In what follows, we consider a single time step, remove the time index k, and use
the index — short for k — 1. The following Section 3.4.2-3.4.4 correspond to Step (S1)-(S5) in
Section 2.3.4. In particular, Section 3.4.2 corresponds to (S;), 3.4.3 to ($3), 3.4.4 to (S4) and
(Ss). For Section 3.4.3 and 3.4.4, we add the index of sensor s for loopy processing over multiple

Sensors.
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3.4.2 Prediction

It is assumed that the beliefs of legacy POs at time k— 1 are represented by a single
Gaussian distribution, i.e., f(x(_j),r(_j) = 1) :p(_j) J/(x(_j);xﬂi(j),P(_j)), je{l,....J_}. In MOT
problems, the state transition function underlying the state transition model f (x(j ) }x(,j) discussed
in [65, Section VIII-C] is typically linear with additive Gaussian noise, i.e. xg i) = Gx( Iy ul)
where G is the state transition matrix and ul/) is an additive Gaussian noise vector with mean
u* and covariance matrix P,. Consequently, the messages computed in the prediction step are
also represented by a Gaussian distribution, i.e., Ocl(j) (ggj),z(lj)) :ng):/;/()_c(lj);g(j)’ﬁ(j)% JjE
{1,...,J_} with mean, covariance matrix, and existence probability given by x; ) =Gx_ “ ) ,
ng ) = GP(_j)GT+Pu, and B(lj ) — Psu p(_j), respectively. Here, pg, is the survival probability, i.e.,
the probability that an object that exists at time step k— 1, still exists at time step k. If the
state transition function is not linear with additive Gaussian noise, for each je{1,...,J_}, N,
particles are drawn from .4 (x(_j);xi(j ),P(_j)), the prediction step of a conventional particle filter
is performed [60], and a predicted Gaussian representation .4 (J_c(lj ) ;.!T(j ) , ng )) is computed from

the resulting particles using Algorithm 3.

3.4.3 Measurement Evaluation

The following steps are performed sequentially for each sensor s =1,...,S. First, a

particle representation { (xo ; J) , Qo : ) } P is obtained by drawing particles x(() Jie{l,....Np}

from A (J_c§ );J_cg .)*,Bﬁ )) and setting the corresponding weights to a)( /N Next, we

compute an extended set { { (gsl’a” ) @b )) }i\[:pl 1:[ o
for each value of a/) € {0,...,M;} and je{1,...,J5_1}. (Note that measurement gating [48]
() _

can be employed to reduce the number of measurements used for PFl.) For a;” =0, we perform

that consists of NV, partlcles and weights

no flow, i.e., we set { (&l’o’]), ng,o,])) }i:"l ={ ()_c(()i’sj), Q(()i;])) }l - For d =me {1,...,M}, the

(Jm)

i) } P , by migrating the particles

PF1 x(()jz — z§’”) — x¢'" 1s applied to obtain new particles {x

{x bm.J) } . By making use of the invertible PFI principle (cf. (3.11)) [89], the weights @™
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corresponding to the migrated particles g”’"’f ) are obtained as

with mapping factor Q,(,{)S (cf. (3.12)). Note that the sets of weighted particles

{:_cﬁ’*’”d ) gl )}é\i’l, m € {1,..., My}, despite all being based on a different proposal PDF

qPFI (&gj) |z§m)) ,me{l,..., M}, still represent Oﬂs(j) (J_C‘gj ) 1). The result of this particle migration

along the flow defined by a measurement zﬁm), m € {1,...,My}, is that the particles are now

at locations where the evaluation of the corresponding likelihood function f (zﬁ’") ‘.&gl )) will
produce a significant particle weight. Particle degeneracy and thus approximate message-passing
operations accurately even if the dimension of the state is high [64].

The measurement evaluation step can now be performed on weighted particles

{{ (Egi,a,j)’ @i’“’j)) }5\21 2/1:‘ o by calculating an approximation Bs(j ) (a) of the messages ﬁs(j ) (a)

in(2.14) forall je{1,...,Js_1},a€{0,...,M,} as

30 () _ :Np (i) 1 o (i) ()
Bs” (a5’ =a) Zq()_cs Jdazzg) @ +1(a) (1-pY)).

Iy
i=1

For the computation of a particle representation of new PO states, we first draw particles

j(()i)s’ ie{l,...,Np} from f; (J_c) as introduced in [Sec. 1.1][127]. Next, for eachnew PO j =J; |+
id) —(m.i) }N

m,mée{l,..., M}, new particles and corresponding weights {xEm , Wy P are obtained from

i=1
{J_cg)s}ii’l by performing the invertible PF1 o ;— z§’") — zﬁ’"). Note that this flow relies on the

mean X and covariance matrix Py of o (J_c) Finally, for each m€ {1,..., M} approximate

messages &) (bﬁm)) are calculated from {;—cﬁ’"’i),wﬁm’i) }5\21 by performing the same steps as

()

described above for the calculation of ﬁs(j ) (as ) These messages are used as an input for the

iterative BP for data association [128, 64, 65] performed next (see [65, Sec. VI] for details).

51



3.4.4 Measurement Update and Belief Calculation

After the iterative loopy BP for data association has been converged, the messages
fcs(j) (agj)) ,je{l,....Js_1} and is(m) (bﬁ’")) me{l,..., M} are available. These messages are
used to obtain an approximation 7.’ )(gﬁj), 1) of the messages e (;_c@, 1), je{l,....Js_1} in
(2.16) as well as an approximation gs( )( § ), 1) of the messages gs(m) (:—c§’"), 1), me{l,... M}
in [65, Section IX].

Beliefs approximating the posterior PDF of POs are now computed by means of
importance sampling. As in Section 3.3.2, we use the marginal association probabilities

(as |z5) to weight the proposal PDFs qul( |zs ) related to PFI based on measurements z.",
me{1,...,M}. Note that in MOT scenarios, accurate approximations of p(agj ) |z5) can be ob-

tained as p (agj ) |z5) o< ﬁS(J ) (agj )) fcﬁj ) (agj )) (see [65, Section IX] for details). Consequently, we ob-

Np

tain a new set of reindex particles and weights { (.&gl’] ) ) } 2, from { (x(bed), @U@y} |

acf{0,...,M;} by using [ = i(a+1), o) = plia)) /ﬁ(as =al|zs), and Ly = N, (M +1).
Next, based on (2.18), we update the particle weights of the legacy POs j€{1,...,Js_1}

by first computing

WD gD 1ol re 1 n)

and then calculating normalized weights as

| (1.4)
wil) = m = e{l L} (3.22)
Lo w +(1_ )%

Note that denominator of (3.22) is a particle-based approximation of C ) in (2.18). The re-

sulting particles and weights {(&El’] ), MZ’J )} ,—, represent the belief f (551 , 1) of legacy PO

Jjed{l,... Js,l }. These particles can be used to calculate an approximation of the existence prob-

ability as ps Z ). A Gaussian representation of the belief f (xT ,rEJ )) =4 (JLEJ ), ng )) is

furthermore obtained by applying Algorithm 3, which calculates a mean xﬁj )* and a covariance
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Algorithm 9: Gaussian Mixture Implementation of Multisensor MOT — Single
Sensor Update Step

x(h,j hj)\ M s
{0 P ,l;,p@}_j -
SingleSensorUpdate({{x hp), piJ) }h PV } l,zs)

—m M, .
(e ;f;w}m:]] = NewObjces(z)
3 // see Alg. 10

g for j=1:J;,do
H { {xliha) y(iha)) }{V:P | Ohad) }:k B }fo} =

Evaluat10n<{x (h.)), plh.j) }h P ), )
6 // see Alg. 7

[[{xn} 2t froy | =
8 DataAssocnann({{ﬁ ’f} 0f = 17{5 } )

9 // see [65, Sec. VI]

(5]

wn

|

_ () _ 1), (m)
10 Compute p(+’") = (é(gn)—lﬁ’ me{l,..., M}

u forj=1:J_1do

b [{E:(hd P! pii) }h o } Update<{{{£(i,h,a,j),

.’h’ ? i N h7 ) k 9 ] b i M i

1 wliha) N glha.) }h B, e }azo,gm)

14 // see Alg. 8

15 Forj=1,...,Js_1, reindex legacy object state information according to

{0 p N golhd) VN g o) )

16 For j Js— 1 —|—1 ..Js, reindex new object state information following

{ X, ’], + 2"‘1 = J_ci(h’m,l_’(f’m) gil and pg) :ﬁSLm) using m = j — J;_1 and
J —Js 1+M
x(h,j i Y s
17 Output: {{xfh’]),PSfl’]) Ihvil,pg)} 1
J:

53



matrix ng ) from {(ggl’j ), @”f ) / ﬁgj )) ZL; .

For new POs j€ {J;_1+1,...,J5}, approximate existence probabilities 15§f ) and a Gaus-
sian representation of the beliefs f (xgj ), rU )) L7 (xﬁ’”), fﬁ’")), for m = j — J,_; are calculated
by performing similar steps as discussed above for legacy POs. Existence probabilities and
Gaussian representations of the beliefs related to PO that have not been pruned are then used as
input for processing measurements of the next sensor s+ 1 or, in case s = §, for processing at
the next time step.

For POs that have been declared to exist after the last sensor update, i.e., ﬁgj ) > Py, an
approximate MMSE state estimate is directly given by the mean of the Gaussian representation,

i.e., ) zxi;(]).

Algorithm 10: Gaussian Mixture Implementation of Multisensor MOT — Genera-
tion of New POs

. [{ x () plim) ’hvil,g("ﬂ}:_]] = NewObjects (zy)

2 Draw J_c;;(h),h: 1,...,Ng from f,(X);

3 Compute covariance matrix Py, from f;(X);
4 form=1:M;do

5 for h=1: Ny do

6 |:{x1hm) (zhm)}].vpli| _

7 InvertibleFlow (x;(h)7 ﬁb,zgm)> :

s // see Alg. 4

? [ N,T’(h’mq = GaussianRepresentation({j(th’m)w(mm) }i\ial>
10 L // see Alg. 3

NkNp.ufpffp (ng )

12 [{jj_( }

‘ ih nm) N 1M
3 Resamphng({P {x’ m) (i )}i:pl}hzl)’
w | // see Alg. 5

M
15 Output: {{_*hm’ + hkl’é(m)}

m=1
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3.4.5 The Proposed Multisensor MOT Method

In multisensor MOT problems with nonlinear measurement models, object beliefs are
non-Gaussian and potentially multimodal. Here, graph-based multisensor MOT with invertible
PFI has to be combined with a GMM discussed in Section 3.3.1. Pseudocode for a single time
step of the resulting multisensor MOT method is provided in Algorithm 11. Algorithm 11 relies
on the single sensor update step provided in Algorithm 9 which, in turn, relies on the introduction
of new POs presented in Algorithm 10, measurement evaluation presented in Algorithm 7 and
measurement update presented in Algorithm 8. Note that at time k = 0, Algorithm 11 is typically
initialized by setting J_ = 0. However, if prior information is available, it can be incorporated in
the form of the set {{x (i) plhd) } P Y }j . Note that in a GMM, an approximate MMSE

estimate can be obtained as £\ Zh—l S

Note that for the execution of the proposed method, for each time step and each ob-
ject, we need to update each particle per kernel, pseudo-time, measurement, and sensor. The
asymptotic complexity with respect to these parameters, per object and time step, thus reads
O (N3 NkNp (X3_ My)). The complexity of a conventional bootstrap implementation per object
and time step is &' (N, (X5_; M;) ), where N}, is the number of particles. The improved runtime-
complexity tradeoff of the proposed method is due to the fact that, in challenging problems as
the one considered in Sections 3.4, for Ny NN, = Ny, the proposed method strongly outperforms
graph-based MOT that relies on conventional particle filtering. Since memory requirements per
time step and object are NN, for the proposed method, and M, for bootstrap particle filtering,
and since Nj > 1, for Ny NyN, = N, the memory requirements of the proposed method are
significantly lower compared to conventional particle filtering. And as we will show in the
next section, traditional particle filter typically requires Ny, > Nj NyN, to achieve an acceptable

estimation accuracy in 3D multisensor MOT.
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Algorithm 11: Single Time Step of Multisensor MOT with GMM and Invertible
Flow

; H{x*(h,J h.j) }h l’p } J:

MultisensorMOT H{x_hj ) }h 1,p /) } ,Z}

2 Perform prediction step according to

sfor j=1:J_do

4 for h = 1 : Ny do

6 22 ) — GP(_h’j)GT+Pu

7| ng) _ psup(_J)

8 Perform single sensor update steps sequentially, i.e.,

9 fors=1:S5do
#(hj) plhj) M N
" H{xs( A)_plid) hprgj)}j_l] _

, . s
SingleSensorUpdate H {g(h’f ), pi"J) gi T p§] ) } . i, zs}
L

11 // see Alg. 9

. . Y
12 Set{{x*(h7f),P(h’J)}ilvil?p(])}. = {{xﬁ(hd py }h 17pS }_S where J = Jg
j= Jj=1

13 Output: {{x*(h’]),P(h ) _I,P( )}j_l
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3.5 Experiments and Numerical Results

Next, we report simulation results assessing the performance of our method and compar-

ing it with that of two reference methods for multisensor-multiobject tracking .

3.5.1 Tracking Scenario and Reference Methods

We consider an underwater 3-D surveillance scenario where eight objects are tracked
by two static sonar hydrophone arrays. 200 time steps are considered. The hydrophones are

deployed about 1300 m below sea level. The object states at time k consist of 3-D position

and velocity, i.e., ) = [xgj,)( xéj,)( ng])( xgjl)c ng])( kgj)]T, j=1,...,8 and evolve according to a

constant-velocity model [1, Sec. 6.3.2], where the dynamic noise has the physical interpretation
as an acceleration with variance 2. The region of interest (ROI) is [—1000m, 1000m] x
[—1000m, 1000m] x [—1500m, —500m]. Objects appear at k € {1,10,20,30,40,50,60,70} and
disappear at k € {130, 140,150, 160,170, 180,190,200}. To simulate a tracking scenario with
challenging data association, we generate the initial state of the objects as follows. The initial state
of the first object is randomly generated by setting its position at a circle centered at the origin

with a radius of 50 m and a depth of 1000 m, i.e., for its position, we have X(l}())z + Xg())z =50

m and xgl()) = —1000 m. The velocity is obtained by setting the vertical speed to zero and the

(1%32 + ).(gl())z =0.3m/s. For the

horizontal velocity vector pointing to the circle center with 4/x
appearance of each further object j = 2,...,8, an initial position is randomly generated near
the initial position of the previously appeared object, i.e., around a circle with radius 50 m
centered at [xi{,?l) xé{;l) xé{;l)]. The initial velocity vector is set with respect to the center circle,
as discussed above. As a result of this initialization procedure, tracks start in close proximity in
time and space. This makes it challenging to perform data association and declare the existence
of newborn objects. The times when objects appear and disappear, as well as the states of

appearing objects, are unknown to all simulated tracking methods. All methods aim to detect

the presence of a new object and sequentially estimate its state across time merely based on
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TDOA measurements and the statistical model. The prior intensity of object birth is modeled
at each timestep by a Poisson point process with mean uy = 0.05. The prior PDF for newborn
object, fp (ik), is uniform on the ROI for the 3-D position and Gaussian with zero mean and
covariance matrix Sm?/s?I3 for the 3-D velocity. The survival probability is ps, = 0.95. The

object declaration threshold is set to P, = 0.5 and the pruning threshold to P, = 1074,

The two hydrophone arrays have the geometry of the array described in [141] and
are located at [519m 137m —1300m|T and [~519m —137m —1300m]T, respectively. Each
hydrophone array consists of 4 receivers. Hence, there are six receiver pairs at each array.
Each receiver pair generates TDOA measurements and is considered a sensor for MOT. This
means that multisensor measurements z,(:;) ,me {1, ooy M, s} and s € {1, e, 12} are obtained
by the two arrays at time k. At each sensor s, a random number of My ; measurements are

generated. In particular, the TDOA measurement z,({ms) of a detected object with state x,(cj )

is modeled as st = (H [ X {k ngk} —py || [ ) /)c nglz] _pSRH) +V/E]Z) where p,

and p are the paired receiver positions of sensor s, ¢ = 1500m/s is the propagation speed,
and v,(cm) i1s additive zero-mean Gaussian noise with standard deviation o, that is assumed
statistically independent across s, k, and m. The PDF of FP measurements, ffp( (m )) is uniform
on ¢ [ =[Py, = Pl [Py — Py l]-

We compare the proposed BP-based MOT with the embedded particle flow sampling
strategy (“BP-PF”) with two reference sampling strategies. The first (“BP-PM”) follows the
sampling strategy of the bootstrap particle filter [42, 60] and uses predicted beliefs as proposal
PDF [64]. The second (yet unpublished) (“BP-UT”) follows the sampling strategy of the
unscented particle filter [83], i.e., it uses a Gaussian mixture representation and the unscented
transformation to calculate an informative proposal PDFs. For BP-PM, we use N, = 10° particles
for newborn POs and Ny, = 6- 10* particles for legacy POs. For all other simulated methods, we

use Ny = 100 kernels. For each kernel representing a newborn PO, we set N, = 500 for BP-UT

and BP-PF and for each kernel representing a legacy PO, we se N, = 30 for BP-UT and BP-PF.
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Since Ny, /NpNy = 20 the memory requirements of BP-PM are 20 time higher compared to BP-PF
and BP-UT.

We also simulate two variants of the second reference method to obtain a similar runtime
for BP-PF. In particular, for “BP-UT-1", we set N, = 4000 for kernels representing newborn
POs and N, = 250 for kernels representing legacy POs. Furthermore, for “BP-UT-2”, we set
Np = 6000 for kernels representing newborn PO and N,, = 30 for kernels representing legacy PO.
Note that the memory requirements of BP-UT-1 and BP-UT-2 are higher than the ones of BP-UT
and BP-PF due to their higher values of N,. Finally, we also simulate a method (“BP-PF-H”)
that uses the sampling strategy of BP-PF for kernels representing newborn POs and the sampling
strategy of BP-PM for kernels representing legacy POs. Using fewer samples for the kernels
representing legacy PO, or even using the strategy of BP-PF, is motivated by the fact that the
beliefs of legacy POs are typically unimodal and quite informative. We set N = 20 for BP-PF.
For all considered methods, 100 simulation runs are performed. All methods are implemented in
MATLAB, and each simulation run is processed on a single core of a 2.6GHz Intel Xeon Gold
6240 processor.

The performance of the six MOT methods is evaluated w.r.t. to changes in four system
parameters (i) object driving noise standard deviation Gy, (i1) mean number of FPs pg,, (iii)
detection probability p4 and (iv) measurement noise standard deviation o,. Note that for the
setting 6, = 5x 1077 s, the number of samples Np was doubled for all methods to yield high
tracking performance. The tracking accuracy of the various methods is measured by the Euclidean

distance-based OSPA metric with cutoff parameter C =50 [142].

3.5.2 Performance Comparison

In what follows, we discuss two scenarios where particle degeneracy is particularly
pronounced. Particle degeneracy can be caused by uninformative prior information or a very
informative likelihood function. To obtain a scenario with uninformative prior information, we

consider the case o,, = 1 m/s2. In addition, to obtain a scenario with an informative likelihood
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function, we consider the case 6, = 5x 10~ s. Fig. 3.3 and Fig. 3.4 show the MOSPA error—
averaged over 100 simulation runs—of all methods versus time k for these two scenarios. It
can be seen that all methods yield error peaks at time steps where the objects appear. This is
because the MOT methods do not know when a new object appears and often need few time
steps after the appearance of an object to declare its existence based on TDOA measurements
and the statistical model. However, the proposed methods, i.e., BP-PF and BP-PF-H, have lower
error peaks at the time steps when objects appear, i.e., BP-PF and BP-PF-H can often declare the
existence of an object faster. In addition, BP-PF and BP-PF-H can outperform the other reference
methods at almost all time steps. BP-PM, in particular performs very poorly due to particle
degeneracy. It can be noted that BP-UT-1 and BP-UT-2 have improved performance compared to
BP-UT but are still outperformed by BP-PF and BP-PF-H despite their more extensive memory

requirements.

507 T T T

—&— BP-PM
BP-UT
—{~ BP-UT-1
40 —-{-- BP-UT-2
—O— BP-PF (Proposed)
—(O- BP-PF-H (Proposed)

OSPA

0 50 100 150 200
time steps k

Figure 3.3. OSPA performance for high uncertainty of prior with o,, = 1 m/s?. Other parameters
are set as U, =5, 0, = 10 s, pa=0.9.
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Furthermore, the MOSPA error and the runtime per time step of the six methods for
different system parameter values are shown in Table 3.2. The default value of the four parameters
are 6, = 0.1 m/s?, 6, = 1x107%s, Uep = 5 and pg = 0.9. For each row corresponding to a
particular system parameter value, the value of the other three parameters is set to the default
value. For each system parameter value corresponding to one row, the MOSPA and runtime are
averaged over 100 simulation runs and 200 time steps. The best and the second best MOSPA
value corresponding to each system parameter value is marked by an underline and dashed
underline, respectively. As can be noted, the performance of BP-PM significantly degrades
when measurement noise standard deviation is reduced to 6, = 5x 10~ s. This unwanted and
counterintuitive behavior is a clear indicator of particle degeneracy in BP-PM. Only with the
proposed method is it possible to yield improved tracking performance as measurement noise

variance is reduced.

50 x w w

—B8— BP-PM
BP-UT

—{~ BP-UT-1 |

—-{-- BP-UT-2

—O— BP-PF (Proposed)

—(O~ BP-PF-H (Proposed)

40

OSPA

0 50 100 150 200
time steps k

Figure 3.4. OSPA performance for informative measurement model with 6, = 5x10~7 s. Other
parameters are set as g =5, o, = 0.1 m/s?, pg = 0.9.

It can be seen that for almost all system parameter values, the proposed BP-PF and
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BP-PF-H outperform the reference methods. At the same time, their runtime is comparable with
BP-UT-1 and BP-UT-2, which yield higher memory requirements. The only scenario where
BP-PF and BP-PF-H do not result in the lowest MOSPA is when o, = 2x 10~ %s. In this case,
since measurements are not very informative, BP-PM does not suffer from particle degeneracy.
It can also be seen that BP-PF-H outperforms BP-PF both in terms of MOSPA and runtime,
while both BP-PF and BP-PF-H typically outperform BP-UT. We can thus conclude that the
main challenge for the sampling method is the initial time step after a new object appears in the
scene. Here, beliefs of new POs are highly uninformative and have complicated shapes. At later
time steps, beliefs become informative and unimodal and can thus be computed accurately with
fewer samples and the sampling strategy of the bootstrap particle filter. For real-time processing,
it is expected that an adaptation of the proposed method for execution on graphical processing
units (GPUs), can strongly reduce runtimes by exploiting the highly parallelizable nature of PFI.

In what follows, we numerically investigate the effect of the number of kernels N, on sys-
tem performance. In particular, we set the number of kernels as Ny € {1,5,10,50,100} in BP-PF-
H and compare BP-PF-H for these different values of Ny with BP-PM. The parameters oy, U, Ow,
and py are set as dicussed above. For comparable runtimes of all BP-PF-H variants, we set
N, € {100000,20000,8000, 1300,500} for newborn object and N, € {15000, 1000,400,70,30}
for legacy objects. As expected, it can be seen in Fig. 3.5 that the accuracy of BP-PF-H improves
with increasing Ny. While BP-PF-H performs very poorly for Ny = 1, notably, it can already
outperform BP-PM for Ny = 5. The average runtime per time step of BP-PF-H is 27.14s, 15.06s,
10.85s, 11.35s, and 12.72s for Ny = 1,Ny = 5, Nx = 10, Ny = 50, and N = 100, respectively, as
well as 22.66s for BP-PM.

3.5.3 Real Data Experiment: Echolocation in Oceanography

We further validate our proposed MOT method in an underwater acoustic tracking
scenario. The acoustic signals “clicks” emitted by two Cuvier’s beaked whales are recorded by

two high-frequency acoustic recording package (HARP)[143], each of which is equipped with
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Figure 3.5. OSPA performance of BP-PM and BP-PF-H for different number number of kernels, N.

four hydrophones. HARPs are deployed at a depth of 1330 m and approximately 1 km apart.
Preprocessing of acoustic data is described in [4]. Each pair of hydrophones on each HARP acts
as a sensor that provides TDOA measurements every 7s. Since there are 6 pairs of hydrophones
on each HARP, there are a total of § =12 sensors providing TDOA measurements. We use a
dataset that consists of 172 time steps and has a total duration of roughly 20 minutes. It was
recorded on July 1st, 2018, in Southern California. Tracking results are shown in Fig. 3.6. The
red solid lines show the estimated tracks of two whales provided by BP-PF-H. The two whales
were initially detected at depths of about 450 m and then kept diving until a depth of 1300 m.
For obvious reasons, no ground truth information exists for this scenario. However, we have
added reference tracks of the two whales that are the result of a trained operator hand-annotating

preprocessed acoustic data.

In Figure 3.7, we show the estimated tracks of BP-PF-H compared with BP-PM in 2-D.

BP-PM does break and merge tracks, which makes it very difficult to determine how many
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Figure 3.6. Underwater acoustic tracking scenario with two Cuvier’s beaked whales.

whales are actually there. Most importantly, BP-PF-H can potentially replace the human operator,
while BP-PM cannot. The overall number of particles of BP-PM is 20 times that of BP-PF-H.
The runtime per time step of BP-PM is 4.65 s while 2.35 s of BP-PF-H, i.e., BP-PF-H is faster
than BP-PM. Since the measurement interval is 7 s, both BP-PF-H and BP-PM can be used in
real-time. For larger scenarios with more than two whales, a GPU implementation is required for

real-time processing.

3.6 Summary

In this chapter, we propose a sampling efficient nonparametric method for multisensor
MOT that can achieve a superior runtime—estimation accuracy tradeoff in nonlinear and high-
dimensional problems. The improved tradeoff is obtained by carefully embedding invertible
PFl. In particular, to address MOU, association probabilities are computed by performing

parallel flows, one for each component of the GMM and each possible measurement-to-object
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Figure 3.7. A comparison between the estimated tracks provided by BP-PF-H and BP-PM. The hand-
annotated tracks of the two whales are marked for reference (gray dashed line). Each axis of the 3-D
domain is shown individually.

association. The particles of the parallel flows are weighted based on association probabilities
and combined into a mixture of flows. The mixture of flows provides samples of the proposal for
importance sampling. Since all flows are invertible, it is possible to evaluate the proposal PDF
represented by the mixture of flows at each particle. Thus, the resulting BP-based computation
of beliefs is asymptotically optimal in the sense that the resulting particle representation of the
beliefs provided by the BP is arbitrarily accurate for an increasingly large number of Gaussian

components and a number of particles. Our method, for the first time, performs MOT with

probabilistic data association based on PFI.
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Chapter 4

Stochastic Particle Flow

In Chapter 3, we propose to use PFIl to improve sampling efficiency for multisensor MOT
problem. In this chapter, we focus on the design of PFls with improved transient dynamics. More
specifically, we aim to reduce the stiffness of PDE or SDE defined by the homotopy function!.

Existing work on applying PFI for IS is mainly limited to a specific closed-form solution,
while designing a general stochastic PFI for IS is still an open problem. We start by introducing
the general form of stochastic PFl. Then we propose an invertible method to evaluate the
proposal based on the general stochastic PFl. Furthermore, we discuss methods to improve the
transient dynamics of PFI by optimizing the diffusion term of the stochastic PFIl. The resulting
IS framework is combined with a GMM and used within a BP framework for the detection and
localization of an unknown number of sources in 3-D. The main contributions of our work are

summarized as follows.

* We develop efficient IS where the parameters of a GMM are migrated by stochastic PFls

that rely on an SDE with an optimizable diffusion term.

* We evaluate our method in a challenging 3-D multi-source localization problem and

demonstrate significant improvements compared to state-of-the-art methods.

IThis chapter is based on W. Zhang, M. J. Khojasteh, N. A. Atanasov, and F. Meyer, “Importance sampling
with stochastic particle flow and diffusion optimization,” IEEE Signal Process. Lett., 2025 [144] and W. Zhang, M.
J. Khojasteh, and F. Meyer, “Particle flows for source localization in 3-D using TDOA measurements,” in Proc.
FUSION-24, (Venice, Italy), 2024 [145].
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4.1 Stochastic PFI

Let’s rewrite the Langevin SDE of the form in (3.2)
dx = & (x,A)dA + Q(A)"2dw.

Here, §(x,A) € RV is the drift vector, @(1) € R¥*V is the diffusion matrix, and w € R" is
Brownian motion. The constrained Fokker-Plank equation can be used to derive the functional
forms of §(x,4) and @Q(A) [117]. In Chapter 3, we use EDH PFI, which is a well-known solution
of the deterministic PFI by setting diffusion matrix as zero.

Recent results demonstrate that, based on an appropriate choice of the diffusion term
Q(A), stochastic PFI can provide a strongly reduced number of integration steps and computa-
tional complexity compared to deterministic PF1 [146]. A popular stochastic flow is Gromov’s

flow [117], given by the drift
—1
Co(x,2) =—(VaVy0)  Vilogl (4.1)

and the diffusion matrix

Q,(A) = —(VxVi9) ' (VaVilogl) (VaVig) . 4.2)

Here, we used the short notation ¢ = ¢ (x,A) and [ = [(x) as originally defined in (3.1).

For a linear measurement model z = Hx + v with zero-mean additive Gaussian noise
v and covariance matrix R, we have Vylog/ = HTR! (z—Hx), VXVE logl = —HTR_IH, and
V,Vi¢ = P ' —“AH'R"'H.

We can now rewrite drift (4.1) and diffusion (4.2) of Gromov’s flow as

L (x,A)=(P"' +AH"R"'H) 'H"R"'(z— Hx)
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Q,(A)=(P"'+AH'R"'H) '(H'R 'H)

x(P'4+AH'R'H)". (4.3)

For a nonlinear measurement model z = h(x) + v, one can use the solution of Gromov’s flow in
(4.3) based on a local linearization of the measurement function A(-). Gromov’s flow applied
to linearized measurement models has been demonstrated to outperform deterministic flows

[147, 145, 148].

4.2 IS With Stochastic PFI

To get asymptotic optimal solution, we want to use PFl to develop a “flow-induced”
proposal PDF similar to what we did in Section 3.2. However, existing work to use PFI for
IS typically limited to deterministic flow, or more specifically EDH flow since it satisfies an
invertible mapping between PDF before and after the flow. However, for stochastic PFl it’s
intractable to get an invertible mapping due to the non-zero diffusion term. In [88] particles
are drawn at each flow step from a different proposal PDF, which leads to a computationally
expensive weights computation for IS. The work in [149, 147] utilizes auxiliary variables and
their filtering for IS with embedded PFI. In particular, [147] extended this framework to the
stochastic Gromov’s flow. Although the method in [147] is computationally less expensive than
[88], it has twice computational complexity of PFIl due to an additional auxiliary variable for
each particle. Furthermore, it relies on heuristic and suboptimal diffusion matrix selections
without optimization. Hence it’s still an open question for stochastic PFI to be applied to IS to
improve sampling efficiency. In the remaining of this section, we propose a more computationally
affordable method to evaluate the proposal using a general form of stochastic PFI.

Let us first transform the drift of Gromov’s flow to an affine function, i.e, C g(x, A)=

Ag(A)x+bg(A), with
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—1
Ag(A) = — (P—l +;LHTR—1H) H'R'H

by(2)

Z1
(P_l +AHTR—1H> H'R 7.

Next, consider a single Gaussian f(x) = .4 (x; iy, Po) with mean f, and covariance matrix Py
as predicted/prior PDF. Based on the affine form introduced above, we can migrate the mean

and covariance of this Gaussian predicted/prior PDF based on PFL, i.e.,

py=p g+ 81y, s A)A 4.4)

P; = T+AMA() P [T+MAM)] T+ A Q(A) 4.5)

for/=1,...,N, and by setting { (1;, ,4)=E,(My, ,,A) and A;=Ag. The resulting g(x)=
N (x; Uy, Pl) can be used as a “flow-induced” proposal PDF for asymptotically optimal IS. This
principle can be extended to GMMs in a straightforward way. Assuming a prior/predicted PDF
represented by a GMM, i.e., f(x) = ZnNil w(”),/V(x;u(()"),P(()n)), one can use (4.4) and (4.5) to
perform N, PFls, one for each GMM component. The resulting proposal still follows a GMM as
q(x)= er:]il w(”)ﬂ(x;ugn)7Pgn)).

For an accurate numerical implementation of the PFl as (3.4), the step sizes, A;, need to
be adapted to the stiffness of the flow. A flow with reduced stiffness can be implemented with
larger step sizes, i.e., fewer steps, and thus yields reduced computational complexity. Next, we
investigate how to develop stochastic PFls with reduced stiffness. Recently, it has been shown

that a solution to (3.2) can be obtained by choosing Q(A) arbitrarily and computing § (x, 1)

according to [146]
1
Cs(x,A) = Calx,4) +5Q(4) Vad(x,2) (4.6)

where §4(x,A) is the drift of a deterministic flow, i.e., dx = {(x,A)dA. Based on this result, one
can choose a deterministic PF] and then design a diffusion matrix to get a stochastic PFl with

reduced stiffness.
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Consider Gromov’s flow with stochastic drift and diffusion as in (4.1) and (4.2). Based

on (4.6), the corresponding deterministic drift can be obtained as

Cargv.2) = ,(x,2) ~ 10, (1) Vi (x.2). @)

By using an arbitrary diffusion matrix @(1) and by substituting £,(x, 1) in (4.6) by {4, (x, 1)

in (4.7), a new stochastic drift can be developed as

1

CoxA) = Ey(x,2) + 5 (Q(A) = Qg (4)) Vx 9 (x, 1) (4.8)

By considering a linearized measurement model, which results in Vy¢ (x,A) = P! (Uo—

x)+ AHTR! (z— Hx), we can transform (4.8) to an affine function, i.e.,

-1
AA) =— % (P*1 +7LHTR*1H) H'R'H

- %Q()L) (P'+AH'R'H) 4.9)

-1
by(1) :<P’1 +AHTR’1H) H'R 'z

1

+5(Q(2) = Qu(1)) (P~ o+ AH"R '2).

Based on (4.4) and (4.5), this affine function can again be used to migrate the means and
covariances of a GMM representing a predicted/prior PDF based on PFI.

The arbitrariness in the choice of the diffusion matrix in (4.8) enables us to design
a diffusion matrix such that stiffness is reduced and numerical efficiency is improved. In
particular, the transient dynamics of the PFl are measured by the condition number x(-) of the
nonsingular matrix Ag(A) in (4.9), i.e., the ratio of the largest singular value to the smallest

singular value of nonsingular Ag(A). A small condition number close to one usually implies
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a reduced stiffness of the SDE [134]. Consider the following function form of Q(A) in (4.9),
ie, Q=c(P'+AHTR'H)™! where c is a constant. We can get lim. . k(As) = 1 for
lim,_,o || Q|| = e. However, we cannot make || Q|| too large, since it defines an upper bound of
the numerical integration error using the Euler-Maruyama method [146].

To balance the stiffness reduction and the error of numerical evaluation of the SDE,
we adopt the objective function [146] J(Q) = k(A) + ac where « is a hyperparameter. The
optimal solution Q* obtained by minimizing J(Q) is Q* = ¢*(P~' + AH'R™'H)~!, with ¢* =
max {/kmax — Kmin/ /0 — kimin, 0}, where kmax and ki, are the absolute values of the largest
and smallest eigenvalue of the negative Jacobian matrix of § d-g (x,A) in (4.7), i.e., —Adgg =
J(P~'+AH'R'H)"'"H"R 'H. For a detailed proof, see [146]. The resulting flow induced
proposal PDF can be used for IS in a traditional particle filter [60], for Monte Carlo integration

[76], or for the computation of messages in BP-based estimation framework [150].

4.3 Numerical Experiments and Results

In this section, we evaluate our flow-induced proposal PDF in a 3-D source localization
scenario where a volumetric array of receivers provides TDOA measurements [33]. Note that
this problem can be solved similarly using the nonparametric message passing algorithm of
multisensor MOT as proposed in Section 3.4. The main difference is that in this problem we
have to detect and localize sources with measurements collected in only one time step while the
multisensor MOT keep estimating the objects’ state in a series of time steps. Since it is hard to
detect the new birth of objects in the very first time step (c.f. Figure 3.3), the source localization
scenario is challenging.

Similarly to the multisensor MOT problem, this scenario is complicated by (i) the highly
nonlinear TDOA measurement model, (ii) MOU, and (iii) an unknown number of sources to be
localized [131, 132]. For the algorithm development of this problem, we follows Algorithm 9

in Section 3.4, but use the proposal induced by a stochastic PF] and evaluate it as introduced
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in this chapter. As expected from the discussion in Section 4.2, we will demonstrate that the
GMM stochastic flow outperforms the other reference methods. In Section 4.3.1, the parametric
setting of our 3-D source localization problem is specified. For performance analysis, we will
first use Gromov’s flow as a canonical closed-form solution of stochastic PFIl to compare with
deterministic EDH and LEDH flow in Section 4.3.2. We will further show the improvement of

numerical performance by optimizing the diffusion term in Section 4.3.3.

4.3.1 Simulation Parameters of Source Localization Scenario

We consider the localization of an unknown number of static sources in a 3-D ROI. There
are V receivers. Pairs of receivers provide TDOA measurements, e.g., obtain by cross-correlation.
In particular, the source-originated TDOA measurement model related to measurement with
index m provided by receivers with indexes a and b, can be expressed as ng) = hyp (x(j )) + VSZ).
Here, hapy(x)) = 1/c(||x) — p@|| — [|x1) — p®)||), p(@) and p'®) are the 3-D positions of the

receivers, c is the propagation speed in the considered medium, and v%) is the additive white

(m)

noise with variance 62. The noise v . 18 statistically independent across m and across all receiver

(m)

., on the source-location xU) is described by

pairs (a,b). The dependence of a measurement z
the likelihood function f (z%) |x(/)) that can be directly obtained from the TDOA measurement
model. This likelihood function has the shape of a hyperboloid (cf. Fig. 4.1). For unambiguouse
source localization, the measurements of multiple receiver pairs have to be used. Our scenario is
further complicated by (ii) and (iii) discussed above.

Each receiver pair is considered one of S sensors indexed by s € {1,...,S}. The receivers
of sensor s are indexed (s,,s,) and the number of measurements at sensor s is M;. We consider a
topology with V =6 receivers and S =9 sensors is shown in Fig. 4.1-b. Furthermore, we set 6, =
0.5ms and ¢ = 1500m/s. The clutter measurements at sensor s follow a uniform PDF on Hq(sa) —
q(s/’) ||/c. The mean number of clutter measurements is . = 1 and the probability of source

detection, py, is set to 0.95. The ROI is defined as [—1000m, 1000m] x [—1000m, 1000m] x
[—1000m, 1000m].
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Figure 4.1. (a). Source position and hyperboloids resulting from the TDOA measurements
of two sensors. Each sensor consists of two receiver pairs. A dashed red line indicates the
intersection of the two hyperboloids. (b). Receiver and sensor topology used in our simulation.
There are six receivers located at the center of each face of the ROI cube. Three sources are
randomly placed in the ROI.

Following [65, 132], TDOA measurements are processed sequentially across sensors.
More precisely, let f(x|z1.s—1) be the multimodal posterior PDF after sensor update s — 1. This
PDF is represented by Ny Gaussian mixture components. For each component k and each TDOA
measurement, z,(;,v), of sensor s, we perform PFIl and update each kernel mean and covariance
matrix based on (4.4) and (4.5). The resulting Ny X M Gaussian components will be used for IS
and Monte Carlo integration within BP-based message passing [65]. The result is an approximate
posterior PDFs f(x|zj.s) represented by Ny Gaussian mixture components.

For a single realization, Fig. 4.2 shows simulation results for a scenario with three
static sources. For each source, the GMM consists of Ny = 100 kernels; each is importance
sampled using a EDH flow. The particle size is N, = 1000 for previously detected sources and
Np = 1000 for newly detected sources at the current sensor. In Fig. 4.2, particles are shown in

different colors to represent the spatial PDFs of the potential sources (PSs) j with the existence

probabilities f (rgj )= 1|z;.5) larger than Py, = 0.5 (hence regarded as existence) by sensor s, i.e.,
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f (xgj ) ‘rgj )= 1,21 S) fors =1,2,4,9 in Fig. 4.2(a)-(d) respectively. Some observations regarding

the evolution of particles between sensor pairs are as follows.

* The first receiver pair (s = 1) has one missed detection and one clutter measurement. Two
sets of particles (pink and orange) meet the true locations of two sources, while the other
set (grey) corresponds to the clutter. Spatial PDFs are approximated hyperbolas in Y-Z
and X-Z planes. The particles in the X-Y plane have not been updated effectively since the

first sensor pair is at unfavorable locations for localization in that plane.

* The second receiver pair (s = 2) has no missed detection. The two components with the
highest existence probabilities are the legacy components generated from the measurements
of the first receiver pair (pink and orange). The third existing component (blue) is regarded
as the third source, which is newly detected. Note that the clutter source shown as a grey
particle in the first receiver pair no longer exists since there is no measurement matching

that clutter in the current receiver pair.

* The number of sources has been correctly determined after the first two sensors. After the
fourth sensor had been updated, spatial PDFs of the three sources were still multimodal
but more concentrated around the true source locations than the s = 2 result. Their spatial
PDFs have modes that correspond to the intersection points of the hyperbolas related to

previous measurements and current measurements.

* After the update step has been performed for all receiver pairs, all three existing components
have a single mode well localized around the actual locations of the three sources.
4.3.2 Performance of Gromov’s Flow

We first compare Gromov’s flow with some reference methods. The baseline method
under comparison is the bootstrap particle filter, wherein the prior message is utilized for particle

sampling (abbreviated as “PM” for later notation). Apart from the Gromov’s flow, we also
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Figure 4.2. Particle-based representation after the EDH flow of the spatial PDFs by GMM model.
There exist three signal sources in a 3-D environment with clutters, and the state is sequentially
filtered by sensor: (a) s =1, (b) s =2, (c) s =4, and (d) s = 9 = n,. Filled diamonds indicate
the locations of receivers involved in the current update step; the locations of other receivers are
indicated by empty diamonds. X-marks indicate the sources’ ground truth positions.
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implement GMM with deterministic flows embedded as a reference, such as the EDH flow [86]
(abbreviated as “EDH”) and the LEDH flow (abbreviated as “LEDH”).

To investigate how the performance of our method depends on GMM parameters and
sampling size, we simulated scenarios with different numbers of kernels and particles per kernel.

Table 4.1 shows the mean OSPA error [142] (with a cutoff threshold at 50) and runtime
per run for different algorithms and system parameters. Note that for PM, we have N, = N;. All
methods are simulated on a single core of an Intel Xeon Gold 5222 CPU. The runtime is averaged
over 100 Monte Carlo runs, each with five static sources randomly placed in ROL. It can be seen
that the PM performed the worst in terms of OSPA error. This is expected since the PM is based
on bootstrap sampling, which suffers particle degeneracy in the considered scenario. In contrast,
the implementation based on deterministic flow, such as EDH, can achieve a much smaller OSPA
error with much fewer particles and reasonable runtime. The implementation based on the LEDH
has a slightly better performance than EDH, but the runtime has been increased significantly
(see ID 3 vs. ID 4). Further increasing particle size N,, and Np can improve the localization
accuracy (see ID 5 and 6 vs. ID 3) but limited to a bottleneck with OSPA around 20. The
implementation based on stochastic flow such as Gromov’s flow can significantly reduce the
OSPA error compared with EDH flow using same particle size (see ID 7 vs. ID 3, and ID 8 vs.
ID 5), whereas three times in runtime. Overall, Gromov’s flow with parameter setting as ID 7 is
best among all tested methods with a trade-off between localization accuracy and runtime.

The statistical box plot of the 100 OSPA samples for each algorithm is shown in Fig. 4.3
for further comparison. Here, the box with a blue boundary has its lower and upper bound as
the first and third quartile of the 100 samples, respectively. The vertical range of the box is the
interquartile range (IQR). The red line in the box is the median. The black lines that extend from
the box are the expected variation as either the minimum/maximum value of the samples or the
whiskers (i.e., 1.5x IQR extension from the box boundary) if there are outliers. If the second
case, the outliers are marked as red ‘+’s. Notably, the median of Gromov’s flow is much lower

than that of EDH flow, which means it has a much higher chance of detecting all five sources.
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Table 4.1. Simulated mean OSPA error and runtime per run for different algorithms and system

parameters.
ID | Method (Nk, Np) OSPA | Runtime(s)
1 | Bootstrap (— ,266 266) 43.90 75.4
2 | Bootstrap (—, 1e7,1e7) 32.07 443.3
3 | Det. PFI (100,500, 30) 25.17 196.9
4 | Det. PFl (100,3e3,500) 20.57 379.6
5 | Det. PFl (100, 1e4, 1e4) 19.58 2586.8
6 | Sto. PFl (100,500,30) 10.43 568.8
7 | Sto. PFl (100, 3e3,500) 8.75 1356.1
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Figure 4.3. Statistics of the OSPA error for different algorithms. Each column corresponds to
the algorithm with the same ID as in Table 4.1.
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4.3.3 Performance of General Stochastic PF] with Diffusion Optimiza-
tion

We further look into the performance of a general stochastic PF] with diffusion optimiza-
tion. As a reference methods for the proposed IS with optimized stochastic PFl1 (“PF1-OS”),
we consider bootstrap IS (“PM”), the “flow-induced” proposal PDFs using the deterministic
EDH PFI1 (“EDH”)) and the stochastic Gromov’s PFl (“Gromov™)). Since every method yields
different stiffness, for numerical integration, every method requires a different resolution of
the pseudo-time. This resolution is defined as the inverse of the time-interval A;. In addition,
for every method, a higher resolution is typically needed at the first few steps of the numerical
integration. We use an exponentially increasing ratio of the time-interval, i.e., A; = BA;_1, where
B is a fixed ratio for / = 2,...,N; — 1. Then, we control the interval by two parameters, the initial
difference A; and the increasing ratio 3. Note that a larger A and f result in fewer discrete
steps N, and thus to a reduced runtime. For each method, we choose A; and f3 to obtain a good
runtime-accuracy tradeoff.

Table 4.2 shows the mean OSPA error (with a cutoff threshold at 30) and runtime per run
for the different methods and different parameters settings. OSPA and runtime are averaged over
100 Monte Carlo runs, for each run three sources are randomly place in the ROI. We also list the

number of Gaussian components, Ny, as well as the number of samples per component, N,,.

Table 4.2. Simulated mean OSPA error and runtime per run for different methods and system
parameters.

ID | Method (N, Np) (B,A)) OSPA | Runtime(s)
1 | bootstrap | (—,2e6) (—,—) 25.89 47.0

2 | bootstrap | (—,4e7) (—,—) 14.73 718.8

3 | EDH | (100,5¢3) | (1.5,1e—7) | 11.1 202.2

4 Gromov | (100,5e3) | (1.5,1e—7) 8.36 612.7

5 | PFLOS | (100,5¢3) | (1.5,1e—5) | 6.33 490.9

6 | PFLOS | (100,5¢3) | (2,1e—4) | 6.70 295.2
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PM suffers from particle degeneracy and thus yields the highest OSPA. In addition, the
large number of 4e7 particles results in the largest memory requirements. In contrast, PFl-based
methods required much fewer particles. It can be seen that, for the same N, value, Gromov has a
smaller OSPA error compared to EDH while its runtime is three times larger. PFI-OS relies on a
diffusion matrix @Q optimized as discussed in Section 4.2, by setting &« = 0.1. Notably, PFI-OS
yields the lowest OSPA error and, at the same time, has a low runtime.

To better understand the influence of o on the estimation error for different step sizes,
we compare the proposed methods for different values of o and different resolutions of pseudo
time. Results are shown in Table 4.3. EDH and Gromov results are also listed. When the step
size is small, PF] can lead to accurate results despite the stiffness of the underlying differential
equation. In this case, traditional methods such as EDH and Gromov’s flow also perform well.
However, the small step size comes at the cost of a strongly increased runtime. As the step size
increases, only PFI-OS with carefully chosen parameter o results in a good estimation accuracy.
Importantly, our results indicate that PFI-OS has a significantly improved complexity accuracy

tradeoff compared to EDH and Gromoyv.

Table 4.3. Mean OSPA error of different PFl-based IS method and different integration step sizes.

(B.A1) (1.3,1e—13) | (1.5,1e=5) | (2,1e—4)
Method
EDH 6.29 30 30
Gromov 8.70 24.51 28.4
PFI-OS (a = 0.01) 479 30 30
PFI-OS (ot = 0.1) 10.28 6.33 6.70
PFI-OS (ot = 0.5) 10.32 9.36 12.85

The tradeoff between the condition number of the Jacobian matrix A and the norm of the
diffusion matrix Q is analyzed numerically for different values of ¢. Fig. 4.4 shows the condition
number of the Jacobian matrix A and the norm of the diffusion matrix Q for the stochastic PFlIs.

Different values of a are compared. The time resolution is set to (1.5,1e—5). For efficient
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particle transition and small process noise, k(A) and ||Q|| have to be small. However, there is an
inherent traded off between these two parameters [146]. As can be seen in Fig. 4.4, compared to
IS with Gromov’s flow, the proposed IS with diffusion optimization can significantly reduce the
condition number while at the same time avoiding large process noise peaks. A smaller value
of « results in a stronger reduction of the condition number (i.e., a stronger effort to reduce
stiffness), which, in turn, leads to an increased process noise variance (i.e., a larger norm of Q).
Since a too-large process noise variance also reduces the accuracy of the flow, carefully selection

of « is crucial for the success of the proposed method.
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Figure 4.4. Log condition number of the Jacobian matrix (a) and log 2-norm of the diffusion
matrix (b) of the drift term of different stochastic particle flows. The x-axis of the plot consists of
a concatenation of pseudotimes across different sensors. The numerical integration parameters
(B,A1) = (1.5,1e—5) were used across different sensor update steps.
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4.4 Summary

In this chapter, we propose a IS method with a general stochastic PFl. The flow-induced
proposal can be evaluated in a form of GMM. The method is general for arbitrary choice
of diffusion matrix, which can be designed to improve the transient dynamics of a PFl. The
numerical results shows significant improvement of estimation performance in a 3-D multisource
localization problem compared to deterministic EDH flow. Further research includes applying our
stochastic PF1 IS methods for real tracking problems and algorithms to automatically optimize

parameters for the diffusion model.
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Chapter 5
FIM-Based Active Planning

In Chapter 3 and 4, we focus on improving sampling efficiency for nonparametric
estimation of object states with application to 3-D tracking and localizing problems. We denote
the sensing scenario “passive” since the sensors are assumed to be static during the tracking
process. As introduced in Section 1.2.4, smart control of sensors is crucial for cooperative
localization in certain types of mobile networks.

In this chapter, we introduce “active” planning for cooperative localization networks.
Active planning aims at increasing the information gain of future measurements'. Contrary to
[110], which develops a control policy based on negative conditional differential entropy, we
propose a control policy that minimizes traces of approximate inverse Bayesian FIMs [120].
In this way, costly Monte Carlo integration can be avoided, and the computational complexity
related to a myopic control, i.e., a control strategy with a planning horizon of one timestep, can
be strongly reduced.

Due to this reduced computational complexity, we can develop a RH control, i.e., a
control strategy with a planning horizon that consists of multiple future timesteps. In particular,
we develop a cost function that accumulates Bayesian FIM contributions and state the tree search
problem that results from cost function minimization. Approximations for solving the resulting

tree-search problem efficiently are also discussed. The key contributions of this work are as

I'This chapter is based on W. Zhang, B. Teague, and F. Meyer, “Active planning for cooperative localization: A
Fisher information approach,” in Proc. Asilomar-22, Pacific Grove, CA, USA, 2022, pp. 795-800. [151]
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follows.

* We introduce the trace of the inverse Bayesian FIM as the cost function for active planning

in cooperative localization.
* We develop a cost function that accumulates Bayesian FIM contributions for RH control.

* We demonstrate that the proposed method can improve localization performance in a

numerical case study.

5.1 System Model and Estimation Problem

We consider a wireless network for cooperative localization in 3-D. The network consists
of agents with unknown positions and anchors with known positions. An example network
is shown in Fig. 5.1. The agents and some anchors are mobile. The neighborhood of an
agent is defined by its communication range. Mobile agents communicate with other mobile
agents and anchors in their neighborhood to exchange position information and perform pairwise
measurements of the distance. The goal of each mobile agent is to sequentially estimate its
location by using all available pairwise distance measurements and the position information
of anchors and mobile agents in its neighborhood. While the motion of agents is arbitrary, it
is assumed that the motion of the mobile anchors can be controlled and planned to improve
localization accuracy in the network. In what follows, we introduce the system model, formulate
the joint estimation and control problem, and review the estimation layer of the proposed

estimation and control method.

5.1.1 System Model

We consider a wireless network that consists of M anchors and N mobile agents. There
are M, mobile anchors indexed j € {1,...,M;} and M, = M — M) static anchors indexed by

JeE{M;+1,...,M}. The state of agent i€ {1,...,N} at discrete timestep k is denoted as x,(f)
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Figure 5.1. Cooperative localization scenario with mobile agents, mobile anchors, and static
anchors.

and consists of the agent’s 3-D position as well as further motion-related parameters. The 3-D
position of anchor j € {1,...,M} at discrete timestep k is denoted as p,(cj )= [pgjll pgj ,)C pgj,)(]T.

Agent motion is described by a potentially nonlinear state-transition model, i.e.,

A= ) v, e () &b

(i)

where f (x,(;)) is the state transition function and vkl is zero-mean Gaussian driving noise with
standard deviation o,,.

Anchor motion is described by the velocity control vector u,(cjﬁl cY,ie.,

P =p 4l je{1,... M} (5.2)

where Ty is the duration of a discrete timestep. Note that 7%/ is a dictionary that consists of
a finite number of possible control vectors. The position of static anchors remains fixed, i.e.,
p = p\) je{Mi+1,... .M}, VE.

The set of all anchors that are in the neighborhood of agents i is denoted as .#; C
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Figure 5.2. Block diagram of the proposed estimation and control framework for cooperative
localization.

{1,...,M}. Agent i performs pairwise distance measurements with all anchors j € .#;, i.e.,

z](ciJ) — H’CIEl) _pl(c])” T w]§i7j)7 ] c % (53)
@ _ 0 0 ()T s ; (i.J) ; .
where x; " = [xl % X3 k] denotes the position of agent i, and @, " is zero-mean Gaussian

)

measurement noise with standard deviation 6./, We also introduce the set of all agents that are

in the neighborhood of anchor j € {1,..., M}, i.e., &; = {i|j € 4}.

The set of all agents that are in the neighborhood of agents i is denoted as .4; C

{1,...,N}\{i}. Agent i performs pairwise distance measurements with all agents i’ € .4},
Le.,
2 = | = e, e (5.4)

(i,i')

where 1, * is zero-mean Gaussian measurement noise with standard deviation o;

(5.J) Typically,
neighborhood sets can be assumed symmetric, i.e., ' € 4] <= i€ ;. At time k = 0, it is

assumed that prior PDFs of all agent states f (x(()i)), ie€{l,...,N} are known.
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5.1.2 Estimation for Cooperative Localization

Fig. 5.2 shows a block diagram of the proposed estimation and control framework for
cooperative localization. The “dynamics” block represents the state transition model of the
agents in (5.1) and the control update model of the mobile anchors in (5.2). The “measurement”
block represents the measurement models in (5.3) and (5.4).

The “measurement” and “estimation” blocks constitute the localization layer. The main
goal of the localization layer is to estimate the state of each agent based on all measurements
collect up to the current time k. Let x; = [x,(cl)T fe x,((N)T} T be the joint vector that consists of
all agent states at time k and let z; be the joint vector that consists of all measurements at time
k, as defined in (5.3) and (5.4). From the statistical model discussed in Section 5.1.1, the joint
posterior PDF f(x|z;.x;u1.%) can be derived (see [152] and [111] for details). Note that here we
do not explicitly denote the known anchor positions.

State estimation of the agent i can be performed by calculating the MMSE estimate [129]

according to

) 2 /x,(j)f(x,(f)|21:k;u1:k>dxk 55

where f (x,(f) |Z1.x;u1.) is the marginal posterior PDF of agent state i. Direct computation of
this marginal posterior PDF from the joint posterior PDF f(x;|z1.x;u1x) by marginalization
is typically unfeasible. However, using common assumptions [152, 111], by exploiting the
factorization structure of f(xy|z1.x;%;.), it is possible to compute an accurate approximation of
f (x,(:) |Z1.;u1.) in a fully distributed way. In particular, for distributed estimation of JAC/(:), agent i
only needs measurements that involve its state as well as position information from agents and
anchors in its neighbor sets [152, 111].

Distributed estimation is typically performed using loopy BP [152, 111]. There is a
wide range of BP variants, which can be roughly classified into methods that represent marginal

posterior PDFs by Gaussians and methods that represent marginal posterior PDFs by particles.

Particle representations are typically more accurate compared to Gaussian representations but
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Figure 5.3. 3-D range direction vector between position of anchor j and position of agent i.

suffer from the curse of dimensionality [130]. Using a particle representation in the considered
3-D cooperative localization scenario would lead to an unfeasible computational complexity. For
this reason, we make use of sigma point BP [153], which computes a Gaussian representation of

marginal posterior PDFs based on the unscented transformation [47].

5.2 Active Planning

In this section, we will introduce the main contribution of this chapter, namely, active
planning based on the FIM. The active planning method is represented by the “searching &
planning” block in Fig. 5.2. For active planning, a control policy is designed to move anchors
such that future measurements increase the trace of the FIM also know as the Cramér-Rao
bound (CRB). In particular, the trace of the FIM for the considered problem is reviewed and then
used to develop an accumulated cost function for RH control. Finally, a near-optimal control

vector is computed for each anchor by performing a tree search.

5.2.1 Equivalent FIM and Myopic Control Policy

At time k, for each mobile anchor j = 1,..., M), we want to determine the control vector

()

u:

; in (5.2), that maximizes the overall information provided by the anchor measurements

(i.J)

performed at the next timestep, i.e., g, 7},

i€ 42%1 As a measure of information, we use the

equivalent Bayesian FIM as derived in [120] that will be reviewed next.
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Let us consider the range vector q,(ci’j ) = [ gj ) _ pgjl)c xéj,)c — péj ,){ xgj ,)C — pgj,)c}T and the
corresponding range direction vector q,((i’j )= g,(f’j )/ I q,(f’j ) || from the position p,((j ) of anchor jto

the position 7(,50 of agent i, as shown in Fig. 5.3. The ranging direction matrix (RDM) [120] of

agent i with anchor j can now be obtained as
i 7)) ¢ (L )NT
alpl") 2 ) 5o

Based on the RDMs of agent i with all anchors j € ., an equivalent FIM [120] for the position
of agent i is given by

19.p) = ¥ 5 () (5.7)

Il

(i.j) (i.J)

where we recall that 64, is the measurement standard deviation of the measurement noise @, o/
in (5.3).

Let us assume that a Gaussian representation of the predicted posterior PDF for the
(i) (i) y(0)

. | is available, i.e., f(x,§21|zlzk;u1;k) =N (M1, E; ;). This Gaussian

agent state position x

representation can be provided by sigma point BP [153] performed in the estimation layer. Now,

we can obtain an approximate Bayesian FIM [120] based on the predicted mean [,L,(grl and

(i)

covariance X, | of the agent position ’C/Eil , as
. o .
1) (piyr) =19 piyy) + 27, (5.8)

Note that in this preliminary work, we use an approximation of the Bayesian FIM in (5.8), which
does not take the measurements among agents into account.
T -
Next, let w1 = [u,(;r)l fe u,(:/r[l])} be the joint control vector and let uy.1 = [u; 0§M2]T be

the augmented joint control vector. By using (5.2) in (5.8), we can now rewrite the approximate

Bayesian FIM as a function as of u 1, i.e.,
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C(upyr) =1 (Pt Tarer1 ). (5.9)

Here, we make use of the fact that at time &, all anchor positions p; are known and only the first
M anchors are mobile, i.e., the anchor topology only depends on the joint control vector uy. 1.
To obtain a cost function for all agents states, we compute the sum of all traces of the

individual approximate Bayesian FIMs, i.e.,

Cr (uk+1) =

=

T <C,(f)(uk+1)_1>. (5.10)
1

1

This sum is an approximation of the Bayesian CRB of the joint agent position xxy| =

[ ()T (N)T

L1 e }T The myopic control policy finally reads

ﬁk—b—] = argmin Ck(uk+1). (511)
ukHE%Ml

5.2.2 RH Control Policy and Tree-Search

Due to uncertain agent states, a myopic control policy as introduced in (5.11), can lead to
highly suboptimal control decisions that also negatively influence estimation and control at future
timesteps. This “getting stuck™ at a local minimum often happens at initial timesteps where the
localization uncertainty of the network is significant. To avoid local minima, we make use of RH
control [112] which uses model-based prediction of future costs within a sliding window that
consists of 7' timesteps.

For RH control, at the current time k, we aim to develop an accumulated cost function that
considers r€{1,...,T} future timesteps. First, for all T future timesteps and all agents, Gaussian
representations for the predicted posterior PDFs of the agent state positions ’Clg?-r are obtained, i.e.,
we calculate f(?(,gt]zlzk;ul;k) = JV([L,((ZZ,Z,((?), te{l,...,T},ie{l,...,N}. These Gaussian
representations can be computed by the prediction step of a Kalman filter or a sigma point filter

[47]. Note that ”'1(:)1 and Zlgi)l are equal to [.L,(;)Ll and 2,((21 in (5.8). Next, based on (5.8), we
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introduce the approximate Bayesian FIM of agent state i for future timestep k + ¢, predicted at

current timestep %, i.e.,

i i) (g0 i)~!
1) (pes) =19y prs) +Z) (5.12)

where p; , is given by p; , = pi+1a Y _y t+y. We can now rewrite the predicted approximate

Bayesian FIM in (5.12) as a function of uy 1.5, 1.€.,

R . t
c,ﬁfi(uk+1;k+,) - 1,(3 <pk +T Y w H,) . (5.13)

=1

To obtain a cost function that consists for all agents states, as in (5.10), we again compute

the sum of all traces of the individual predicted approximate Bayesian FIMs, i.e.,

N

Cha (i 100) = Y, Tr (€040 ™"). (5.14)
i=1

Note that for t = 1, (5.14) is equal to (5.10).
To simplify the notation, we now drop the time index k. In particular, we write u;.; for

Uit 1+ and G (ugsuy—1) for Cyy (g 1:44,) The accumulated cost function for a horizon 7' > 1

based on the control sequence uy,...,ur, is now expressed as
q 1
Clur.r) =Y ¥ 'C(upur—1) (5.15)
t=1

where 0 < y< 1 is the discount factor [154]. The discount factor is motivated by the fact that
at timesteps that are far in the future, predicted agent states are less certain, and thus the cost
contributions related to these timesteps should have lower weights in the accumulated cost
function. The discount factor also helps to motivate a choice for the length of the horizon T

[154]. The optimal control sequence #.7 can finally be obtained based on the RH control policy
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i,y = argmin  C(uy.r). (5.16)

ul,.‘.,uTGW/Ml

Note that for 7 = 1, the RH control policy is equal to the myopic control policy in (5.11).

The so-called forward propagation defined by the accumulated cost function in (5.15)
naturally leads to a tree search, where a new level of the tree is introduced for every ¢. Thus,
every possible sequence of control vectors u;,;_1 up to time 7, leads to |% [ possible sequences
of control vectors at time ¢. This implies that the computational complexity of the tree search
scales as 0 (|% |[TM ) , 1.e., exponentially in 7 and M;. To reduce the complexity of the search,

a suboptimal control sequence can be obtained by determining, at each timestep ¢, the control

() 0 for all the other

sequence of each mobile anchor j € {1,...,M;} individually, assuming u,’

mobile anchors j' € {1,...,M;}\{j}. In particular, there are M, parallel searches and for every
()

search, every possible sequence of control vectors u;:

;_; up to time ¢, leads to |%| possible

sequences of control vectors at time 7. The computational complexity of this approximate search
thus only scales as &(M;|% |"). To further reduce computational complexity, a pruning strategy
can be used. Here, after processing at every tree level 1 € {1,...,T} the number of possible
sequences of control vectors in every parallel search is limited to V. In particular, we only keep
the V sequences with different final anchor positions, which yield the largest accumulated cost
C(uyy). It can be easily verified that the computational complexity of the approximated search

with the additional pruning strategy only scales as &(VM;|% |T).

5.3 Results

Next, we will present a numerical case study to demonstrate that active planning can
significantly improve the localization accuracy in a 3-D scenario at a reasonably computational

cost.
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5.3.1 Simulation Setup and Example Realization

We consider a network that consists of one static anchor, one mobile anchor, and one
mobile agent, i.e., M =2, M| =1, and N = 1. All initial positions are random and uniformly
distributed on the ROI. The mobile agent represents a pedestrian that moves in the X-Y plane
and has a constant Z-coordinate equal to 0. Hence, the state of the agent at time k can be

(i) _ [ () () () () ()

represented by the vector x; X7 % X 1 X3 X1 & X k]T. At time k = 0, the prior covariance

of x(()i) is set to E(()i) = diag(102,10%,502,0.1,0.1), and the prior mean [,L(()i) is sampled from a

(i)

Gaussian distribution that has the true agent state as the mean and X’ as the covariance matrix.

The state transition function in (5.1) is defined as follows. The substate [xgi)k xg)k xgl)k )'cg)k}T

follows a constant velocity motion model [48] with driving noise variance 63 =0.001m?/s*
while the Z-coordinate xgl)k remains constant.

The initial positions of the anchors are determined by drawing samples from the PDF
that is uniform on the 3-D ROI defined as [—100m, 100m] x [—100m, 100m] x [—100m, 100m].
The mobile anchor moves in 3-D according to (5.2). The dictionary % consists of |2 | =19
possible control vectors that all have a constant norm ||u|| = 2m/s. The control vectors are
chosen such that their angles form a uniform grid of spherical coordinates. The duration of a
discrete timestep is 7h = 1s.

Range measurements are performed between each anchor and the agent following (5.3).
The standard deviation of the measurement noise is G(E,l’l) = 66(01’2) =0.1m.

In addition to the proposed RH control in (5.16), denoted “FIM-RH”, we simulate
the proposed myopic control in (5.11), denoted “FIM-Myopic”, and two additional reference

approaches. In “static”, both anchors do not move. In “random”, the mobile anchor moves

(1)

randomly, i.e., at each timestep k, a control vector u; )

is randomly chosen from % . For “FIM-
RH”, planning horizon is set as 7 = 20, the pruning threshold to V = 1000, and the discount
factor to Yy = 0.9 For estimation, all methods rely on sigma point BP [153].

Fig. 5.4 shows an example realization that consists of 200 timesteps. Fig. 5.4(a) shows

93



E 50 -
o m
g0
Z 50 \\/
o
Q
2100

-150-100 -50 0

y-coordinate [m]
th
=

o
S

=)

y-coordinate [m]

=)

x-coordinate [m]

N
o )

Llh
S

z-coordinate [m]

2100

0 50 -50
y-coordinate [m]

)]
o

S

O
S

i z-coordinate [m]

—_
e
(e}

(a) Initial agent and anchor positions.

-50 0
x-coordinate [m]

’_‘50 /"I

30 +

=

£

§-50

3

100650 50

y-coordinate [m]

.50 25
x-coordinate [m]

_ 50
=

% O P e — — o
=

:

§-50

g]100

Y50 25 0 25

x-coordinate [m]

(b) Two static anchors: True and estimated agent track.

x-coordinate [m]

m _ 50 /,
______________ s o 4
£
i a2
AR a5 ©-50
o
50 50 o0 990 50 50

y-coordinate [m]

ﬁSO |

£

8 0 /":ﬁ.—e

£

o

‘g-so

Q

&100

7550 0 50 -100

x-coordinate [m]

(c) Myopic anchor control: True and estimated agent track.
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(d) MSE of the agent state estimate versus time.

Figure 5.4. Example realization of the simulated 3-D localization scenario. The 3-D environment
is mapped onto three planes. The two anchor positions are shown as green and blue squares,
respectively. The red dot denotes the true position of the agent. The blue dot denotes the
estimated position of the agent. The true and estimated agents tracks are shown as red and
blue solid lines, respectively. The agent track is shown as a black dotted line. Error ellipses

corresponding to the prior covariance matrix are also shown in the X-Y plane of (a).
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initial agent and anchor positions. In Fig. 5.4(b), where “static” has been used, we can see
that the localization accuracy is low and time-varying. In Fig. 5.4(c), FIM-Myopic” has been
used to control the mobile anchor. Here, we can see that the agent position estimate converges
quickly to a position close to the true agent position and that the mobile agent can be tracked
accurately. Fig. 5.4(d) shows the MSE of the agent state estimates versus time for this example
realization that results from the different control methods. We can see that the proposed methods,
i.e., “FIM-Myopic” and “FIM-RH”, significantly outperform the two reference approaches.
More specifically, we can see that the estimation accuracy is poor and time-varying for both
the “random” and the “static”” approach. On the contrary, the “FIM-Myopic” and “FIM-RH”
methods, after a quick initial convergence, can accurately track the agents at all times. It can
be noted that the “FIM-RH” method converges quicker and has a higher estimation accuracy
compared to “FIM-Myopic”. This is because “FIM-RH” can compute more effective control

vectors by performing optimization over a receding planning horizon.

5.3.2 Numerical Results and Computational Complexity

To statistically validate the localization accuracy, we performed 100 simulations that

consist of 300 timesteps in the scenario discussed in Section 5.3.1.
Estimation Performance

Fig. 5.5 shows the average base-10 logarithm of the MSE versus timestep for the different
control strategies and the different RH parameters. We can see that active planning significantly
reduces the MSE. More specifically, neither the “static” nor the “random” approach works in this
scenario, in the sense that the average logarithm of the MSE resulting from these two approaches
is huge. On the contrary, “FIM-Myopic” and “FIM-RH” can accurately localize and track the
agent. As expected, “FIM-RH” yields an improved accuracy compared to “FIM-Myopic”.

To better understand the influence of the different RH parameters in this scenario, we

compare three different RH parameter sets, i.e., T =2; T =5,V = 100; and T = 20,V = 1000.
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Figure 5.5. Logarithmic MSE of agent position versus time. The proposed active planning
methods result in a significant reduction of the MSE.

The resulting estimation performance curves are shown in Fig. 5.5. These results indicate that
in the considered scenario, high localization accuracy can already be achieved for T = 2, while
T =5,V =100and T =20,V = 1000 perform very similarly. In this rather simple scenario,
a planning horizon of 7' = 2 is enough to leverage the full estimation performance, and thus
increasing T does not lead to improved accuracy. Longer planning horizons T are expected to

help in larger scenarios with more anchors and more agents.
Lost Tracks

In the simulated scenario, we sometimes observe lost tracks, i.e., the agent position
estimate deviates from the true agent position and thus the MSE grows with time. These track
losses are related to the fact that we initialize the agent and anchor positions randomly, which

can lead to geometries that are not favorable for estimating the position of the agent. This results
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in a large MSE at initial time steps and the possibility that the estimation error grows with time.
We declare a track loss if the MSE exceeds a value of 1000 at any timestep between timestep 3
to 50.

To determine the track loss percentage, we simulated 10000 random trails with 5 different
methods, i.e., “static”, “random”, “FIM-Myopic”, “FIM-RH (T = 2,y=0.9)” and “FIM-RH
(T =5,V =100,y=0.9)". Note that we have not simulated “FIM-RH (T =20,V =1000,y=0.9)”
since this would result in an excessive runtime as discussed below. Table 5.1 shows the track
loss ratio of all methods. While the reference methods “Static” and “Random” result in more
than 40% of lost tracks, the proposed methods can reduce the lost tracks to less than 1%. This
demonstrates that the use of active planning can counteract initial network topologies that are

unfavorable for agent localization

Table 5.1. Percentage of lost tracks for all simulated methods.

Setting Lost Tracks (%)
Static 44.24

Random 46.02
FIM-Myopic 13.72

FIM-RH (T =2,y=0.9) 0.66

FIM-RH (T =5,V =100,y=0.9) || 0.62

Computational Complexity

The simulation is implemented using MATLAB on a 2017 MacBook Pro with an Intel
Core-i5 processor. The runtime for a single run in the considered simulation scenario with 200
timesteps is 1.1 seconds for “FIM-Myopic”, 4.8 seconds for “FIM-RH (T =2,y =0.9)", 23
seconds for “FIM-RH (T =5,V =100,y = 0.9)”, and 1964 seconds for “FIM-RH (T =20,V =
1000,y = 0.9)”. This demonstrates the low computational complexity of our method for short
planning horizons 7. However, as also analyzed in Section 5.2.2, the complexity increases

rapidly with increasing 7', which makes the current approach unsuitable for large networks.
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Chapter 6

Conclusion

In this dissertation, we address two significant challenges in multiobject tracking (MOT)
and localization in complex environments.

In Chapters 3 and 4, we tackle particle degeneracy in multisensor MOT and localization
with high-dimensional object states. We improve the efficiency of IS by performing operations
on the graph using PFI, while ensuring asymptotic optimality. Our contributions make it
possible to evaluate the proposal PDF of IS using either deterministic or stochastic PFl, yielding
accurate approximations of target beliefs in BP. Compared to deterministic PFl, stochastic
PFI introduces a diffusion term into the PDE to model randomness in particle dynamics. A
carefully chosen diffusion term reduces stiffness in this PDE, allowing PFl to operate with fewer
numerical integration steps than traditional deterministic PFl. Our method, in particular, enables
optimization of the diffusion matrix to improve the trade-off between accuracy and computational
complexity.

Our numerical results show that:

* The proposed PFl-embedded IS and BP method achieves favorable tracking perfor-
mance—both in estimation accuracy and computational complexity—compared to state-of-
the-art methods in a highly nonlinear 3-D tracking and localization scenario using TDOA

measurements.

* The main challenge for IS in 3-D MOT lies in representing the posterior distribution at
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the initial time step after a new object appears, when the prior state PDF is much less

informative than the high-accuracy, sharply peaked likelihood PDF.

* Using stochastic PFl (Chapter 4) reduces stiffness and improves estimation accuracy
compared to deterministic PF1 (Chapter 3). However, the trade-off between stiffness and
accuracy depends on a heuristic hyperparameter that must be carefully tuned for optimal

performance.

In Chapter 5, we present an active planning method for controlling mobile anchors in a
localization network to maximize the information gain of future measurements. We use the trace
of approximate inverse Bayesian FIMs as an efficient cost function for active planning suitable
for RH control. Minimizing this cost function can be formulated as a tree-search problem. We
also propose simple approximation strategies to solve the resulting tree-search efficiently. A
numerical case study demonstrates that active planning with RH control can outperform myopic
control.

For the proposed IS and BP methods with improved sampling efficiency, future research
directions include flow-induced IS for various measurement models, such as extended object
tracking [155, 69], simultaneous localization and object tracking [75], and information-seeking
control. We also aim to demonstrate real-time processing capabilities on graphical processing
units (GPUs), exploiting the high parallelizability of PF1 [156]. Improving sampling efficiency
is a fundamental problem not limited to MOT. Incorporating measurement information into
sampling has broad implications for contextual robotics and cyber-physical systems, particularly
when DA uncertainty must be quantified.

Further research opportunities include developing PFl methods both forward and back-
ward in time with multimodal uncertainty quantification to enhance scalability. Probabilistic
data association methods [157] may also prove useful for fusing information from multiple
measurements into a flow process. Another promising direction involves innovative stochastic

differential methods with reversibility for continuous-time state estimation [158], especially in
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autonomous dynamic systems with multiple agents. In addition, learning-enhanced probabilistic
inference with heterogeneous sensor fusion is an exciting frontier. With sufficient data about
open-world environments, it is worth unifying reasoning-based and learning-based inference
methods in complex cyber-physical systems, particularly for multi-sensor fusion. The integration
of LiDAR, radar, and camera measurements can provide rich environmental information, and it
is crucial to incorporate such heterogeneous data into a probabilistic inference framework using
both signal/image processing and multimodal learning.

For the active planning method, the main limitation is that the current Bayesian FIM
approximation does not incorporate measurements from other agents. Moreover, the present
search strategies are expected to be highly suboptimal in large networks. Future work will address
these limitations. In particular, we anticipate that advanced learning methods could enable near-
optimal RH control for autonomous collaboration and distributed information collection in large
sensing networks. Designing control policies that adapt to both the network structure and the
sensing environment remains an open challenge. To be effective, smart robot controllers must
be derived from global objective functions and implemented in a distributed fashion. We also
plan to extend active planning to estimation problems with DA uncertainty. Another interesting
direction is the integration of planning and learning [114] to improve scalability. Reinforcement
learning is already widely used for search and planning problems, and future research should
explore policy learning over infinite horizons using deep neural networks.

From a broader perspective, my research focuses on establishing scalable methodolo-
gies for high-dimensional, highly nonlinear machine perception and decision-making problems,
especially for tracking and navigation in multi-agent dynamic systems with unknown interre-
lationships. By integrating statistical signal processing with probabilistic graphical models, I
aim to develop inference frameworks that estimate the spatio-temporal state of multiple agents
from unstructured sensor measurements. With prior knowledge of the system state, robot control
methods can be designed for active sensing, thereby collecting informative measurements to

refine estimation. Ultimately, my goal is to unify estimation and control optimization in order to
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approach the theoretical performance bounds of autonomous systems.
With advances in semiconductor technology and precision instrumentation, and in the

era of the IoT, tracking and localization are trending toward:

Large-scale network localization and tracking [8, 159], where scalability and adaptability

in complex data association are critical.

* Migration of tracking tasks from ground to low-altitude air/space intelligent transporta-
tion. This extends state dimensionality from 2-D to 3-D with nonlinear rotation (SE(3)),

introducing additional degree of freedom (DoF) for perception and control in robotics.

* Multifunctional sensing devices capable of joint communication & perception, joint

estimation & control, and joint planning & learning.

* Data-driven Al techniques that enhance parametric tracking/localization models, enabling
seamless fusion of multimodal, heterogeneous sensor measurements with close coordina-

tion between physical and tracking layers.

Key thrusts for future research include:

1. developing fundamental signal and channel models for efficient spatial perception;

2. designing multi-robot cooperative localization algorithms with network-structure aware-

ness; and

3. advancing actor—critic algorithms with explicit exploration—exploitation balance.

In summary, future tracking and localization in challenging environments will require
a deep understanding of underlying statistical-physical models combined with flexible envi-
ronmental adaptivity, creating new opportunities for iterative algorithm optimization. A good
estimation method should advance the fundamental theory of autonomous systems operating in

fast-evolving environments, with potential model enhancement through machine learning. Novel
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methods for statistical estimation and active sensing will substantially improve perception and
decision-making capabilities of autonomous systems, leading to tangible benefits across multiple
sectors that deploy robots in unstructured environments. The nonlinear, high-dimensional es-
timation and control problems arising in dynamic, uncertain environments are closely aligned

with emerging trends in autonomous transportation and scientific exploration.
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Appendix A
Derivation PDE of PFl

A.1 Review of Fokker-Planck equation
A.1.1 Kramers-Moyal Expansion

The original aim of the Fokker-Planck and Langevin equations is to describe the Brownian
motion. But in general, they could also explain the behavior of a system in presence of a random
noise and its evolution toward a stationary state. We introduce a statistical method to describe
the continuous evolution of a time-dependent probability distribution of a random variable x at
time ¢, denoted as p(x;¢). This evolution is governed in terms of the moments w.r.t. the transition
probability of particles p(x;+z|x:;¢, 7). This describes the forward transition of a particle with
position x; at time ¢ drawn from density p(x;t) to a new position x;; at time ¢+ 7, with T a
minor time interval.

The probability density of the particle x; is given by

p(Xpy73t +7) :/p(x;;t)p(xt+f\x,;t,‘L')dx,. (A.1)

where the integral is carried over the whole space of f(x;¢). Note that (A.1) describes the forward
evolution of this time dependent probability density.

Similarly, the nth-ordered moments around x; at time ¢ with minor 7 can also be defined
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as

M, (x;5t,7) = /(xtﬂ —x0)" p(Xppz|Xest, T)d X s 1 (A.2)

Theorem 1 (Kramers-Moyal Expansion) In stochastic processes of a scalared random vari-
able x, under general assumptions that the system density exists and is continuously differentiable

with respect to time t and the state x,

pxt+1)—plxt) = %T—l— 0(1?) (A.3)

Kramers-Moyal expansion refers to a Taylor series expansion of the master equation, i.e.

(—1)" 9" My(x;t,7)

| (-1 o
n!  oJx" T

n!  ox"

D" (sn)plsn)]. (A4

where M, (x;t,7T) is the nth-order moments of p(x;t) and D"(x;t) = limfﬁow is the

Kramers-Moyal coefficients.

Note that the Kramers-Moyal expansion approximates the time evoluation of a distribution
by differential series of the state moments. Fokker-Planck equation or Kolmogorov’s forward
equation is introduced by keeping only the first two terms of the series in which D! (x;¢) is the

drift and D?(x;?) is the diffusion coefficient.

A.1.2 Fokker-Planck Equation

Note that the K-M expansion can be extended to vectorized x. Now let’s revisit the

drift’s physical meaning in 3D Euclidean space R?, which is exactly the migrating velocity of

particle at position x and time ¢, i.e. lim;_ w = x(r) = §(x;t). Now the deterministic

! A master equation is a phenomenological set of first-order differential equations describing the time evolution
of (usually) the probability of a system to occupy each one of a discrete set of states with regard to a continuous

time variable. Here it refers to %
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(zero-diffusion) vectorized Fokker-Planck equation can be written as

P g mnploen)
_ _<ap§z;t),€(x;t>> )Vl
_ _<ap(§z;t) , C(x;t)> —p(x;t)Tr(%)- (A.5)

Here, the scalar derivative is replaced by the divergence on a vector field.

With chain rule we get

dpwr) _ oplxir)  dplxr) dx
d ot dx dr

(A.6)

Since ?i—’t‘ = {(x;1) the drift vector and subsequently combining (A.5) and (A.6), we get the total

derivative of the PDF as
d¢

= —px1)Tr(5 ) (A7)

dp(x;1)
dr

A.2 PDE of Bayesian Particle Flow

Denote the state of an object of interest as x, the environmental observation w.r.t. x as
z, denote f(-) the PDF, e.g., prior as f(x), the conditional likelihood as f(z|x), the posterior as

f(x|z). Given an observation z, the Bayes’ rule shows the posterior PDF as

flalx)f(x)

A8
f(2) (A8)

flxlz) =

Since z is given and fixed, the denominator f(z) is a constant. We have f(x|z) o< f(z|x)f(x).
Bayes’ rule in a Markovian process can be used to identify an unnormalized marginal

posterior density as

Fxelzix) = f(xlzin—1) f(zelxx) (A9)
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In particle based filter algorithms, particles are usually drawn from a density call proposal.
The BPF simply sampling from the prior distribution. However, it suffers particle degeneracy
in high dimensional state space of x. A good sampling strategy should be approximatelly
posterior, whose analytical solution is typically hard to achieve. Inspired by A.1, we try to
describe the evolution of a sampling density from prior to posterior as a stochastic process driven
by the likelihood function w.r.t. a pseudotime . This method is introduced as particle flow
[88, 84, 85, 86, 87]. We dismiss the time index k by denoting 7(x) = f(x;|z1.x) the posterior,
g(x) = f(xx|z1.k—1) the prior/prediction and /(x) = f(zx|xx) the likelihood, Duam and Huang

introduce a log-homotopy function [84, 85]
o (x;t) =logg(x) +tlogl(x) (A.10)

where ¢ € [0, 1] is the pseudo-time to describe the flow process. The homotopy defines a con-
tinuous and smooth deformation of the topological space of vector x, from log-predictive
distribution ¢ (x;0) =1logg(x) to log-posterior (unnormalized) distribution ¢ (x;1) =logm(x).
With f(x;t) = exp¢(";’ ) the probability density in the stochastic process, the zero-diffusion total

derivative of the log-homotopy using (A.7) is derived as

d(x;r) _ dlog (f(x:1))
dr dr
1 df(x;e)
C flxt)  dt
d¢

= -Tr(52) (A.11)

With (A.10), using chain rule on ¢ (x;7), we get

() d0dx 90 39,
o _$E+E_$C(x,t)+logl(x) (A.12)

with ¢ in abbrevation of ¢ (x;¢). Combining (A.11) and (A.12), the exact particle flow [86] is
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derived in form of PDE as

99 £ (et + g (x) = ~Tx(22) (A13)

The solution of § according to (A.13) specifies the exact flow of the probability density. In [135],

several methods to get solutions of (A.13) are given.
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