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ABSTRACT 

 

Random Item Modeling: An Extension and Generalization of MIRID models 

by 

Yongsang Lee 

Doctor of Philosophy in Education 

University of California, Berkeley 

Professor Mark R. Wilson, Chair 

 

The MIRID (Model with Internal Restrictions on Item Difficulty; Butter, 199) model has been 

useful for investigating cognitive behavior in terms of the processes that lead to that behavior. 

The main objective of the MIRID model is to enable one to test how component processes 

influence the complex cognitive behavior in terms of the item parameters. The original MIRID 

model is indeed a fairly restricted model for a number of reasons. One of these restrictions is that 

the model treats items as fixed and does not fit measurement contexts where the concept of the 

random items is needed. In my dissertation, I propose random item approaches to the MIRID 

model, and conduct both simulation and empirical studies to test and illustrate the random item 

MIRID models. Finally this study explores a multidimensional version of random item MIRID 

models. 
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Introduction 

 

Although educators and psychologists have long recognized that a person’s outcome (e.g., 

behavior, emotion, or achievement on a test) is made up of several component processes, they 

have struggled to model this type of complex thinking.  Often they have ended up only modeling 

the product or the outcome, when they may also be interested in knowing about the processes 

that contribute to it. In order to meet the rising demand for models dealing with the relationship 

between an outcome and its component processes, various item response models have been 

introduced. Such models include the linear logistic test model (LLTM; Fischer, 1973, 1983), the 

multi-component latent trait model (MLTM; Whitely, 1980), the general component latent trait 

model (GLTM; Embretson, 1984), and the model with internal restrictions on item difficulty 

(MIRID; Butter, 1994; Butter, De Boeck, &Verhelst, 1998).  

The MIRID model has been useful for investigating a cognitive behavior in terms of the 

processes that lead to that behavior. For instance, in order to test the process structure of feeling 

guilt, Smits and De Boeck (2003) gave people situations along with two types of questions about 

feeling guilty. The first type of question was about the processes (components) that may lead to 

feeling guilty, and the second type of question was about feeling guilty itself. Since the first type 

of question concerned only one component process (e.g., norm violation, worrying etc.), they 

were named component items. On the other hand, the second type of question was designed to 

cover all the component processes (e.g., feeling guilty), and hence this type of question was the 

most general (e.g. summary item or universal task item) and they were named composite items 

(Butter, De Boeck, &Verhelst, 1998).  
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The main objective of the MIRID model is to enable one to test how component 

processes (e.g., norm violation, worrying, and repair) influence a complex cognitive behavior 

(e.g., feeling guilty) in terms of the item parameters. For this purpose, this model estimates 

component item parameters and their effect on the composite item parameter. I illustrate the 

details  of the MIRID model in Chapter 1. 

The original MIRID model is indeed a fairly restricted model for a number of reasons. 

First, the original MIRID model (i.e., the Rasch MIRID) was designed for only binary responses. 

Its application has been somewhat limited because many measurement instruments in both the 

cognitive and affective domains commonly employ polytomous response items formats. 

However, recent psychometric contributions (Lee & Wilson, 2009; Wang & Jin, 2009) enable us 

to deal with polytomous responses within the MIRID framework.  

Second, the original MIRID model does not allow for any individual differences when 

interacting with items. For example, for some people, guilty feelings may depend mainly on 

whether they feel that they have violated a moral, ethical, religious, or personal code in the 

situation (norm violation) whereas for other people, a norm violation may be a less important 

factor in generating feelings of guilt. Thus, there may be individual differences in the process 

structure of feeling guilty, and it may be reasonable to assume that the effects of components 

vary from person to person. By introducing random weight effects for the item part of the 

MIRID model (e.g., the RW-MIRID; Smits  & De Boeck, 2003; the RW-PC-MIRID; Lee & 

Wilson, 2009), it is now possible to investigate individual differences in the effects of the 

component processes.  

Third, because this MIRID model does not specify any random item effects, it still has 

several limitations. a) It does not include an error term in the linear function for expressing the 
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composite item parameter. Thus, the underlying assumption of this model is that the composite 

item parameter is fully explained by the component item parameters. This assumption implies 

that the explanation of composite items about feeling guilty is perfect, which may not be true.  b) 

Since items are fixed, this model cannot quantify the uncertainty of an item parameter (i.e., 

variance). However, in the context of item banks or automated item generation, the reliability of 

the item parameter is concerned, and the quantification of the uncertainty is needed to provide 

reliability information for an item. c) The fixed item MIRID model also might provide a biased 

parameter estimate of the component items’ effect on the composite item parameter when 

substantial random item variance (e.g., random errors for the composite item) exists. Because the 

main purpose of the MIRID model is to show how component items parameter contribute to the 

composite item parameter, the quality of this component weight parameter is a main concern. 

As described above, the MIRID model is used to test the relationship among a complex 

cognitive behavior and its components in terms of item difficulty. In the psychometric 

perspective, the complex cognitive behavior and its components can be identified as dimensions. 

At this point, the MIRID model adopts a unidimensional approach to the multidimensional data 

structure, and thus in order to reflect the data structure more explicitly and investigate the 

dimensionality, a multidimensional approach to the MIRID model is needed. In fact, Butter 

(1994) introduced a multidimensional version of the MIRID model, which is called MULTI-

MIRID. However, his MULTI-MIRID model might be problematic. In the MULTI-MIRID 

framework, each dimension is analyzed by using the unidimensional Rasch model consecutively, 

and then subsequently the MIRID model is applied to estimate component weights. At this point, 

his model is essentially an example of the consecutive approach to multidimensionality. Previous 

research (Wang, Wilson, and Adams, 1997) has already pointed out the disadvantages of this 
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consecutive approach, and thus a new framework of the multidimensional MIRID model is 

needed. In addition, it is worthwhile to combine the multidimensional approach and the random 

item approach in the same model to combine benefits from both approaches.  

In Chapter 1, I review various extensions of the MIRID model: these extensions include 

the random weight MIRID (Smits & De Boeck, 2003; Wang & Jin, 2009), the partial credit 

MIRID (Wang & Jin, 2009; Lee & Wilson, 2009), and the partial credit random weight MIRID 

(Lee & Wilson, 2009). In Chapter 2, I then introduce the random item MIRID (i.e., RI-MIRID) 

model and illustrate the measurement contexts where items can be considered random. This 

second chapter points out the advantages of the random item approach compared to the fixed 

item approach based on a preliminary simulation study. This chapter also presents the 

multidimensional random item MIRID model (i.e., MULTI-RI-MIRID) and its usability. In 

Chapter 3, I discuss how the RI-MIRID relates to other models. This chapter clarifies similarities 

and differences between the RI-MIRID models and other types of models. In Chapter 4, I 

perform simulation studies to test the RI-MIRID model and explore conditions which may affect 

the quality of parameter estimation. For Chapter 5, using empirical examples, I present various 

situations where the RI-MIRID and the MULTI-RI-MIRID models can be beneficial, and then 

explain how to apply the models and interpret the results. Finally, in Chapter 6, I summarize and 

discuss this study and its findings. 

For the empirical examples, I use three data sets: the verbal aggression, guilt emotion, 

and synonym data.  

The verbal aggression data was originally obtained as a part of the verbal aggressive behavior 

study (Vansteelandt, 2000). In this study, 316 students were asked to respond to 6 reaction 

statements (e.g., want to curse, want to scold, want to shout, curse, scold, and shout) across 15 
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situations in order to investigate verbally aggressive behavior. The example data in my 

dissertation includes 12 situations, and using ‘Behavior mode’, a student’s aggressive reaction to 

each situation is specified in two different ways: (1) whether one wants to display the 

corresponding reaction in that situation (the action tendency) and (2) whether one actually would 

display the reaction (the action). Thus this study uses students’ responses to a total of 24 items 

(see Appendix II) identified in terms of the behavior mode. 

The second data set is from the situational guilt feeling study (Smits & De Boeck; 2003). 

Smits and De Boeck (2003) derived five components of guilt from a literature review 

(responsibility, norm violation, negative self evaluation, worrying and tendency to rectify). After 

preliminary studies, they selected three components (e.g., norm violation, worrying, and 

tendency to rectify) to investigate feeling guilt and its relationship with these three components 

(see APPENDIX I). For collecting data, they sampled 270 students and then gave them four 

questions followed by 10 situations asking them to circle one of four choices (0 to 3). ‘0’ 

indicates ‘no’, ‘1’ indicates ‘not likely’, ‘2’ indicates ‘likely, and ‘3 indicates ‘yes’. 268 students 

between 17 and 19 years old (138 females and 130 males) responded to their questionnaire. 

 The third data set is from the study on synonym tests (Janssen, Hoskens & De Boeck , 

1993). In this study, it is assumed that, in order to get a correct synonym, people first generate 

one or more candidate words, and then evaluate the generated words by comparing them to the 

stimulus word and judging their degree of similarity with that stimulus word. Thus, for the 

research, three types of tasks were given to students: a generation, an evaluation, and an open 

synonym task. In the generation task, students were asked to write down all words that came to 

their mind while searching for a synonym for a stimulus word. In the evaluation task, students 

were asked to choose which of four given words they thought was a synonym of the stimulus 
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word. Finally in the open synonym task, students were asked to write down words that they 

considered to be synonyms.  
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Chapter 1. Extensions of the MIRID model 

 

Since the Rasch-MIRID model was introduced (Be Boeck, 1991; Butter; 1994), there 

have been efforts to extend the model to more complex situations. Thus, before discussing the 

RI-MIRID models in the chapter 2, this chapter briefly reviews the Rasch MIRID model and its 

currently available extensions (e.g., the partial credit MIRID model, the random weight partial 

credit MIRID model, and the multilevel, two-parameter, random-weight MIRID model) and 

clarifies features of each MIRID model. 

 

1.1 The MIRID model for dichotomous data: the Rasch-MIRID model 

The MIRID model for dichotomous data was originally proposed by De Boeck (1991) 

and developed by Butter, De Boeck and Verhelst (1994, 1998) to explore the structure of a 

cognitive or affective construct (or task) in terms of its components. For example, the 

phenomenon of feeling guilty can be explained in terms of a number of components such as 

responsibility, norm violation, negative self-evaluation, worrying and tendency to rectify (Smits 

and De Boeck, 2003). The MIRID model is designed to handle situations in which one wants to 

know the underlying relationship between these components and feeling guilty, but does not 

know the values of its components (i.e., component item difficulty values). Under the MIRID 

framework, feeling guilty is treated as a composite concept while the other concepts (e.g., norm 

violation, worrying and tendency to rectify) are treated as component concepts. In order to 

formulate the MIRID model, two different types of items are required (i.e., component items and 

composite items). 
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The composite item is an item that measures a concept that is composed of components. 

The composite item with its relevant set of component items is named an item family in which it 

is assumed that the composite item effect is expressed as a linear function of the effect of 

component items. The number of item families is decided based on how many situations are 

given to test the concept. For example, in order to test guilt, Smits and De Boeck (2003) gave 

people 10 situations along with a set of items (see Appendix I). Among these 10 situations, Table 

1.1 displays only two situations along with items for illustrative purposes. As can be seen in this 

table, their instrument has three component items (i.e., norm violation, worrying, and repair) and 

one composite item (i.e., guilt) for each situation. Thus the item family is composed of these four 

items, and because 10 situations were given to people, 10 item families can be specified.  
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TABLE 1.1 

The example of guilt items 

Family Item type Items Situations 

Item 

Family 

1 

Component1 

(Norm 

Violation) 

Do you feel like having 

violated a moral, an ethical, a 

religious and/or a personal 

code?  

 

 
You have been dating for some 

time a person you are not really in 

love with. When you break up, 

you find out that he/she was in 

love with you (and was taking the 

relationship very seriously). The 

break-up hurts him/her 

considerably. (Break-up) 

Component2 

(Worrying) 

Do you worry about what you 

did or failed to do? 

Component3 

(Tendency 

to rectify) 

Do you want to do something 

to rectify what you did or 

failed to do? 

Composite 

(Guilt) 

Do you feel guilty about what 

you did or failed to do? 

Item 

Family 

2 

Component1 

(Norm 

Violation) 

Do you feel like having 

violated a moral, an ethical, a 

religious and/or a personal 

code? 

 

 

You have been a member of a 

brass band for some years now. As 

a result, you learned to play the 

trumpet for free. Now that you're 

skilled enough, you leave the band 

because you don't like the 

members of the band any more. 

(Trumpet) 

Component2 

(Worrying) 

Do you worry about what you 

did or failed to do? 

Component3 

(Tendency 

to rectify) 

Do you want to do something 

to rectify what you did or 

failed to do? 

Composite 

(Guilt) 

Do you feel guilty about what 

you did or failed to do? 

 

It is well known that item response models assume local item independence, and that if 

this assumption is violated, estimated item and person parameters can be biased and/or their 

estimated standard errors can be inaccurate. Since item response models are not robust to this 
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violation, the assumption of local item dependence has been frequently addressed in the literature 

and a lot of effort has been made to deal with this issue (Andrich, 1985; Hoskens and De Bock, 

2001; Rosenbaum, 1988; Steinberg and Thissen, 1996; Wilson, 1988; Wilson and Adams, 1995; 

Wang and Wilson, 2005; Yen, 1993). The advantage of the MIRID model is that this model can 

be easily extended to deal with local dependence violation. These extensions (e.g., 

multidimensional and random item MIRID models) are discussed in Chapter 2. 

In the MIRID framework, an item with a fixed effect part can be formulated as the 

product of a item predictor matrix A (see Figure 1.1) and a componential weight matrix Ψ(see 

Figure 1.2). In A and Ψ , β�	 , σ	  and τ  are model parameters where R is the number of 

components ( r=1,…, R) and S is the number of item families(s=1,…, S). 

 

                                 Component1 ��������� 2 … ���������(� − 1)  �������� �  ��!�"�� 

Item family 1
⋮

Item family S +
,-

β.. β./ … β.(01.) β.0 1
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

β2. β2/ … β2(01.) β20 13
45 

FIGURE 1.1 

Item predictor matrix A for dichotomous items 

 

That is, the latent item predictor matrix A specifies R component item parameters across 

S situations represented by item families. Thus β�	 indicates the rth component item in the sth 

item family. In the study of guilt, for instance, β.. indicates the item parameter representing the 

first component (e.g., Norm violation) from the first situation (or item family) and β./indicates 

the second component (e.g., worrying) item parameter from the first situation and so on. 
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Comp.1 Comp.2 … Comp. R-1 Comp. R Composite component. 1 
component. 2 

⋮
component.  R 

intercept +
,,
,,
,-

1 0 … 0 0 σ.
0 1 … 0 0 σ/
⋮ ⋮ … ⋮ ⋮ ⋮
0 0 … 0 1 σ0
0 0 … 0 0 τ 3

44
44
45

 

FIGURE 1.2 

Componential weight matrix Ψ for one item family. 

 

The componential weight matrix Ψ specifies component item weights. In this matrix, σ	 

indicates the rth component weight. In the context of the guilt study, σ. is the weight of the norm 

violation component and it indicates the effect of norm violation items (or component items) on 

the guilt item (or composite item). τ is the additive scaling parameter. Note that Ψ is assumed to 

be known a prior up to the values of the σ	 and τ. 

 

 

Item family 1
⋮

item family S +
,,
-β.. … β.0 < β.	σ	 + τ0

	>.⋮ … ⋮ ⋮
β2. … β20 < β2	σ	 + τ0

	>. 3
44
5

 

FIGURE 1.3 

Item Parameter Matrix AΨ 

 

By multiplying the two matrices A and Ψ, the item parameter matrix is obtained (see 

Figure 1.3). This matrix expresses a composite item parameter as a linear function of component 

Component.1 … Component. R Composite 



 

 12 

  

item parameters, their weights and an intercept. For example, the composite item parameter in 

the sth family is expressed as ∑ β�	σ	 + τ0	>. . 

 The MIRID model for dichotomous responses is given by the following equation: 

 

@ABCD = 1EFCGH = IJKALM1NOH.PIJKALM1NOH    (1.1) 

     

where  FC indicates a person ability parameter for person p, and  FC~R(0, �L/ ), 

           �D indicates an item parameter for item i, that is an element of TU, denoted  [TU]D 
 where i=1,…,S(R+1), and 

           BCD indicates the response of person p, with ability FC to item i. 

 

From the item parameter notation XY, we see that, for the component items,  �D = �Z[, 

where �Z[  indicates the rth component item in the sth item family. For the composite items, 

�D=�Z(\P.)  where  �Z(\P.) indicates the composite item in the sth item family and it would be 

expressed as ∑ �[\[>. �Z[ + ]. Since the composite item parameter is restricted to be a linear 

function of component item parameters (�Z[), a weight for each component (�[) and an intercept 

(]), the MIRID model is in fact a restriction on the simpler Rasch model just as is the LLTM. 

Thus, in general, the MIRID model may not fit as well as a Rasch model. 

In addition to the Rasch-MIRID model, previous researchers (Butter, 1994; Smits & De 

Boeck, 2003) have also described another type of the MIRID model which is the one-parameter 

logistic model MIRID (i.e., OPLM-MIRID). For the OPLM-MIRID model, its only difference 

from the Rasch-MIRID model is that this model allows for different discrimination values. Since 
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these discrimination values are not estimated and set to be fixed, the OPLM-MIRID model is 

essentially the same model as the Rasch-MIRID model. In some circumstances, previous 

research with the same data strongly suggests that there is a specific value of discrimination for 

items. If that is the case, one may want to set a discrimination value other than 1 when analyzing 

that data, and this situation requires the OPLM-MIRID model. Using a similar logic, if one 

believes that the discrimination parameter may vary, the MIRID model with a discrimination 

parameter (i.e., 2PL-MIRID) can also be used. The formulation of the 2-PL MIRID model is 

quite straightforward and one can easily apply that model using SAS NLMIXED (Wang & Jin, 

2009). While there may be psychometric criteria that show which model is best for a given data 

set, in fact model selection is quite dependent on one’s research perspective and questions. Each 

model has pros and cons so the model choice is totally left to researchers. 

 

1.2 The MIRID model for polytoumous data : the partial credit MIRID model 

Since the original MIRID model was designed to deal with only dichotomous responses,  

most of the subsequent work using this model in this area has concentrated on dichotomous 

responses (Bechger, Verhelst, and Verstralen, 2001; Smits and De Boeck, 2003; Smits, De 

Boeck and Verhelst, 2003; Maris and Bechger, 2004). However, many measurement instruments 

in both the cognitive and affective domains commonly employ polytomous response item 

formats. Polytomous items can be more informative than binary responses and hence can form 

more reliable and useful instruments than dichotomous items. If we dichotomize polytomous 

response data, then we might lose significant amounts of information about examinees. For these 

reasons, the MIRID model for polytomous responses (e.g., the Partial Credit MIRID) has been 

proposed (Lee & Wilson, 2009; Wang & Jin, 2009). 
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The MIRID model for polytomous responses is given by the following equation: 

 

@ABCD = _̂EFCGH = IJK ∑ (LM1NO` )àbc∑ IJK ∑ (d̀bcaOdbc LM1NO`),     FC~R(0, �L/ ), _̂ = 0, … , �D  (1.2) 

 

where �De indicates the difficulty of reaching level j in item i, and is formulated  

   for composites and components as in equation (1.1), 

           �D indicates the number of response categories for item i. and 

           exp ∑ (FC − �De)Ge>G = 1. 

 

Since the model is dealing with polytomous responses, the parameters are level specific. 

For the component items, �De would be same as �Z[e, whereas for the composite items, �De would 

be ∑ �Z[e\[>. �[ + ]e. In this expression, it is assumed that the effect of components stays the 

same across levels.  

 

1.3 The Random Weight Partial Credit MIRID model: The RW-PC-MIRID 

In reality, for some people, feelings of guilt may depend mainly on whether they feel like 

having violated a moral, ethical, religious, or personal code in the situation (norm violation) 

whereas for other people, a norm violation may be a less important factor resulting in guilty 

feelings. Thus, there may be individual differences in the process structure of the guilt emotion, 

and it may be reasonable to assume that the effects of components vary from person to person. 

Thus a model should allow individual differences in component weights, and consequently the 
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random weight partial credit MIRID (i.e., the RW-PC-MIRID) can be formulated. In this new 

model, the component weights (�) are treated as random rather than fixed effects. Specifically, 

for the component items, �De would be same as �Z[e, whereas for the composite items, �De would 

be ∑ �Z[e\[>. �C[ + ]e  where  �C[ = �[ + gC[ and  gC[~R h0, �iM/ j. Since more than one random 

effect is included in this model, a multivariate normal distribution should be assumed for 

gC = (λC., … λC\). 

 

1.4 The multilevel, two-parameter, random weight MIRID model 

  As described above, a specific measurement context leads to a specific extension of the 

MIRID model, and consequently each model has its own features.  The multilevel, two-

parameter, random weight MIRID was introduced by Wang and Jin (2009). They addressed the 

needs for this model in three steps: the multilevel IRT model, the discrimination parameter, and 

the random weight. In fact, the needs in these three aspects have already been addressed (Adams, 

Wilson, & Wu, 1997; Andersen, 2004; De Boeck, & Wilson, 2004; Smits, 2003; Smits, & De 

Boeck, 2003; Lee, & Wilson, 2009). As Wang and Jin (2009), and Adams, Wilson and Wu (1997) 

addressed, the multilevel IRT model takes into account measurement errors which ordinary 

regression models do not. At the same time, this model allows one to investigate the effect of 

covariates (e.g., gender) on person proficiency (or ability) within the IRT framework. For 

example, this type of model allows the research question such as “Did men and women respond 

differently to feelings of guilt?” (Wang, Jin, 2009). As discussed in the RW-PC-MIRID model, 

the random weight allows individual differences in the relationship of the most complex 

cognitive behavior and its components. 
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The multilevel, two-parameter, random weight MIRID for dichotomous response data is 

given by the following equation: 

 

log [@(BCZ[ = 1) (1 − @(BCZ[ = 1))] = α�	θK − β�′ Ωm⁄    (1.3) 

  

where β�′  is the component item vector in the sth item family: 

β�′ = [�Z., �Z/ , �Zo, … , �Z\ , 1], 
α�(	) is the slope parameter for rth component item in the sth item family,  

Ψ is the componential weight matrix (see Figure 1.2) and Ψp is column c of Ψ, and 

 @(BCZ[ = 1) is the probability of being correct on item r in family s for person p. 

 

Since responses to each item are nested in each individual respondent,  the item response 

model is indeed a special case of the multilevel model (Adams, Wilson, & Wu, 1997), and at this 

point, Equation (1.3) can be seen as a Level 1 model as the multilevel Rasch model. As described 

in the RW-PC-MIRID, there may be individual differences in the componential structure of the 

emotional construct, and thus the componential weight can be random assuming that the effects 

of components vary from person to person. Hence, in Level 2, person ability parameter θK and 

random componential weight σK	 can be regressed on a set of person background predictors and 

a Level 2 model is given by the following equation (Wang, & Jin; 2009): 

 

Λ = ΧΓ + Ε       (1.4) 

         Ε~uvR(0, Σ) 



 

 17 

  

 

where Λ is an N (sample size)×(R +1) matrix containing one latent trait y and R random 

component weights,  

X is an N ×q matrix containing the observed predictors,  

Γ is a q×(R +1) matrix containing the regression parameters,  

E is an N × (R +1) matrix containing the residuals, and 

Σ is a (K +1)×(K +1) variance–covariance matrix for the latent trait y and R random 

weights.  

 

Since the multilevel, two-parameter, random weight MIRID model provides the most 

comprehensive information compared to other types of the MIRID model, it can be a useful 

model. However, the complexity of the model comes with a cost and its estimation can be 

challenging on the number of items and people. Furthermore, the interpretation can be another 

challenge. 

 

1.5 Estimation 

For parameter estimation of the Rasch-MIRID, a conditional maximum likelihood (CML) 

and a marginal maximum likelihood (MML) approach have been used (Smits & De Boeck, 2003; 

Smits, De Boeck, Verhelst, & Butter, 2001). Currently the MIRID CML program (Smits, De 

Boeck, Verhelst, & Butter, 2001) and PROC NLMIXED of SAS are available for each 

estimation method. The MIRID CML is a program for the estimation of the parameter values of 

the Rasch-MIIRD that uses a conditional maximum likelihood (CML) approach, whereas PROC 

NLMIXED is a procedure of SAS for non-linear mixed models that uses a marginal maximum 
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likelihood (MML) approach. Smits and De Boeck (2003) found that these two programs provide 

somewhat different estimates for the person parameters while they estimate the item parameters 

equally well. They explained that this result might be from the different assumptions about the 

person distribution. Like the Rasch-MIRID, both a CML and a MML formulation can be also 

used for the PC-MIRID parameters estimation. However the MIRID CML program is only 

designed to deal with binary data and cannot be applied to the RW-PC-MIRID model, thus 

PROC NLMIXED was used to investigate the estimatioin of PC-MIRID and RW-PC-MIRID 

parameters as it can be adapted to the polytomous case. In PROC NLMIXED, the integration 

method and the optimization technique were specified with the adaptive Gauss-Hermite 

quadrature and the Quasi Newton-Raphson techniques, respectively. The quasi Newton-Raphson 

optimization technique requires only the first derivatives to be calculated, so it is a time efficient 

method. 
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Chapter 2. The Random item MIRID model 

 

Even though the concept of random item parameters is a relatively new concept, its 

usability has been discussed in various research (Brennan, 2001, Briggs & Wilson, 2007; De 

Boeck, 2008; De Boeck & Wilson; 2004; Janssen, Schepers, & Peres, 2004; Mislevy, 1988). 

This chapter discusses measurement contexts requiring random item effects, and then introduces 

the RI-MIRID models and the multidimensional RI-MIRID models. With a small preliminary 

simulation study, this chapter also clarifies the benefit of the RI-MIRID model compared to the 

fixed item MIRID model. 

 

2.1 Measurement contexts for the random item 

The MIRID model specifies two types of items (component and composite items) and 

accordingly two random effects (the random component items and the random composite 

intercept) can be formulated in the RI-MIRID model. Depending on which random effect is 

incorporated in the model, three different types of the RI-MIRID model can be formulated: (a) 

the fixed component-random composite intercept MIRID (the FR-MIRID), (b) the random 

component-fixed composite intercept MIRID (the RF-MIRID), and (c) the random component-

random composite intercept MIRID (the RR-MIRID) which specifies the random component 

items and the random composite intercept. Note especially that, because the composite items are 

expressed as a linear function of the component items, when the component items are random, 

the composite items become random as well, and thus we must distinguish between the “random 

composite” models and the “random composite intercept” models . Table 2.1 summarizes these 

three models. This dissertation uses the term the FF-MIRID (the fixed component and fixed 



 

 20 

  

composite-MIRID) for the original MIRID model to differentiate it from other RI-MIRID 

models. 

 

TABLE 2.1 

Three types of the random item MIRID models 

 

 

Random effect for the component items 

 

 

No Yes 

Random 

intercept for 

the composite 

item 

No 1) FF-MIRID** 3) RF-MIRID 

Yes 2) FR-MIRID 4) RR-MIRID 

** The original MIRID used by earlier researchers 

 

The first type of random item MIRID model, which is the FR-MIRID, relaxes one 

underlying assumption of the FF-MIRID model. The fixed component-fixed composite intercept 

MIRID (i.e., FF-MIRID) model expresses the composite item parameter as a linear function of 

the component item parameters (�Z[), their weight (�[), and an intercept (]) without any random 

error. This expression implies that component item parameters fully explain the composite item 

parameter, which is not realistic. By adding an error term to this linear function, the FR-MIRID 

model can relax this underlying assumption. Since this model treats component items as fixed 

effects and the composite intercept as a random effect by incorporating the random error term 
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into the composite item, the model is called the fixed component-random composite intercept 

MIRID model (i.e., the FR-MIRID). This model is useful when there is a considerable random 

error for the composite item parameter. Because the main goal of the MIRID model is to 

quantify the effect of component item parameters on the composite item parameter, the 

component weight is a main parameter of interest. In the MIRID model, the estimation of this 

component weight is straightforward as in a regular regression model. If there is considerable 

random error, and if the MIRID model does not take this considerable random error into account, 

the model may inaccurately estimate the component weight parameter. This is a key advantage 

of the FR-MIRID model. 

The random component-fixed composite intercept MIRID (i.e., the RF-MIRID) addresses 

measurement situations where component item effects are random because of randomly sampled 

scenarios without considering any random composite intercept. This measurement situation 

implies that the scenarios (situations or passages) students face can be seen as random subsets of 

the universe of possible scenarios and that they affect students’ responses to an item, and 

therefore the item parameter. For example, in the case of the guilt data, students are given 10 

different scenarios to test each component (e.g., norm violation). Students are asked whether 

they feel like they violated a moral, an ethical, a religious or a personal code given 10 different 

scenarios to test the norm violation feeling.  In fact, their feelings are dependent on the scenario.  

They might feel like they violated a moral much more in a scenario where they break up than a 

scenario where they do not respond to their pen-pal’s letter (see Appendix). Consequently, their 

response to a norm violation item might vary from scenario to scenario, and so would the norm 

violation item parameter. Since one can come up with many different scenarios to test this 

component, it might be reasonable to assume that these scenarios are just a subset of universe of 
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scenarios and in fact sampled from that universe at random. At this point, the norm violation 

item would have a random effect from the randomness of the scenarios. The RF-MIRID model is 

designed to identify this random effect.  

The random component-random composite intercept MIRID (i.e., the RR-MIRID) model 

addresses both random effects in the previous two models: the randomness among scenarios and 

the random error of the composite item. Since the RR-MIRID model considers these two random 

effects, it is a model which covers both issues described in the FR-MIRID and the RF-MIRID 

models. In terms of the random item effect, the RR-MIRID model is the most complex model 

and its complexity pays off when these random effects are considerable. The strength of the 

MIRID model is that it enables us to investigate the relationship among component item 

parameters and a composite item parameter, and thus the parameters of interest are the 

component weights. The estimation of the component weight parameters is essentially the same 

as the estimation of regression coefficients in the regular regression model. If the model does not 

consider any random effects in either the component or composite item parameters, the estimator 

of the component weight might not provide an accurate estimate. This fact is confirmed in the 

preliminary simulation study, and in chapter 4 it is tested under various conditions through 

comprehensive simulation studies. 

 

2.2 Model formulation 

For the RI-MIRID model, the model formulation is the same as the FF-MIRID model: 

 

�ABCD = 1EFC,  �DxH = IJK (LM1NOy).PIJK (LM1NOy), FC~R(0, �L/ )   (2.1) 
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For the component item,  �Dx is β�	, and for the composite item,  �Dx is a linear combination 

of component item parameters (β�	), component weights (σ	) and the intercept(ζ). Since the RI-

MIRID model incorporates random effects for items, the expression of the item parameters will 

be different from the FF-MIRID model, and this expression depends on which random effects 

are considered in the model.  Equations (2.2), (2.3) and (2.4) show the formulations of the 

component and composite items for each model in Table 2.1. In these Equations, β�G indicates a 

composite item parameter and β�	 indicates a component item parameter for rth component in sth 

item family. ζ� and {Z[ indicate the random effect for the composite item and the component item, 

respectively. 

 

FR-MIRID: 

 β�G = ∑ σ	0	>. β�	 + τ + ζ�, ζ� ~R(0, �|/)            (2.2) 

 β�	 = β�	. 

 

RF-MIRID: 

 β�G = ∑ σ	0	>. β�	 + τ            (2.3) 

 β�	 = β	 + {Z[, {Z[~R(0, �N/). 

 

RR-MIRID:  

   β�G = ∑ σ	0	>. β�	 + τ + ζ�, ζ�~R(0, �|/)         (2.4) 

   β�	 = β	 + {Z[, {Z[~R(0, �N/). 
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In the FR-MIRID, the component items are still fixed effects. This model, however, 

allows random errors for the composite items, and thus a composite item is expressed as the 

linear combination of the fixed component item parameters (β�	), the component weights (σ	), 

the intercept (τ ) and the random error of the intercept (ζ�). Since this model uses the random 

error to express the composite item parameter, it treats the composite item parameter as a random 

effect. In contrast to the FR-MIRID model, the RF-MIRID allows us to identify the random 

variation of component item parameters, but not random errors for the composite item 

parameters. For the component items, this model assumes that item parameters are normally 

distributed, and identifies a component item parameter for the rth component in sth item family 

(β�	 ) as a deviation ({Z[ ) from the mean of the rth component (β	 ). The composite item 

parameters are a linear combination of these random component item parameters ( β�	 ), 

component weights (σ	 ) and intercept (τ). Since the composite item parameters depend on  

component item parameters, these composite item parameters are also random. Finally the RR-

MIRID model includes the randomness of both component and composite items. Hence the 

component item parameter is expressed using the mean of component item parameters (β	) and a 

deviation from that mean ({Z[), and the composite item is explained by the random component 

item parameters (β�	), their weights (σ	),  the intercept (τ) and the random error of the intercept 

(ζ�) 

 

2.3 Multidimensional RI-MIRID models 

It is well known that item response models assume local item independence, and that if 

this assumption is violated, estimated item and person parameters can be biased and/or their 
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estimated standard errors can be inaccurate. Since item response models are not robust to this 

violation, the assumption of local item dependence has been frequently addressed in the literature 

and lots of efforts have been made to deal with this issue (Andrich, 1985; Hoskens and De Bock, 

2001; Rosenbaum, 1988; Steinberg and Thissen, 1996; Wilson, 1988; Wilson and Adams, 1995; 

Wang and Wilson, 2005; Yen, 1993). As mentioned above, the MIRID model is designed to deal 

with measurement situations in which component items affect the composite item difficulty. This 

type of situation may cause local item dependence within an item family, and thus if one finds 

item misfit, then it might be appropriate to investigate local item dependence. The RI-MIRID 

models (i.e., the FR-MIRID and RR-MIRID models) are useful when investigating the source of 

this mistfit by seeing if item fit indices improve under these models. 

The misfit issue can also be addressed in terms of dimensionality. In the context of 

componential research, it will be clear that items that are supposed to reflect different cognitive 

components do not always fit a unidimensional model (Butter, 1994). Therefore, it is reasonable 

to incorporate multidimensionality into the MIRID model where item is random to do so. Butter 

(1994) introduced the multidimensional version of the MIRID model, which is called MULTI-

MIRID. However, his MULTI-MIRID model might be problematic. In his MULTI-MIRID 

framework, each dimension is analyzed by using the unidimensional Rasch model consecutively, 

and then subsequently the MIRID model is applied to estimate component weights. At this point, 

his model is essentially an example of the consecutive approach to multidimensionality (Adams, 

Wilson & Wang, 1997). However it is already known that estimation accuracy in the consecutive 

approach is generally lower than it is when all items are estimated simultaneously in 

multidimensional models (Wang, Wilson, and Adams, 1997). Therefore, a new approach to 

multidimensional MIRID model, which is able to estimate all items simultaneously, is needed. 
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Furthermore, considering the advantages of the RI-MIRID models discussed above, the 

multidimensional MIRID models can be extended to the multidimensional random item MIRID 

models: the MULTI-FR-MIRID, the MULTI-RF-MIRID and the MULTI-RR-MIRID. In the 

multidimensional random item MIRID models, it is assumed that each component and composite 

task is associated with a dimension. For example, for the synonym study, the generation, 

evaluation and open synonym tasks are treated as indications of three different dimensions. In 

this context, the multidimensional model that this study pursues is a special case of the 

multidimensional between item approach (Adams, Wilson & Wang, 1997). 

As described above, the RI-MIRID can be formulated in three different ways, and 

accordingly the three different versions of multidimensional RI-MIRID model (i.e., MULTI-RI-

MIRID) are presented in Table 2.2. 

TABLE 2.2 

Three types of the multidimensional random item MIRID models 

 

 

Random effect for the component items 

 

 

No Yes 

Random 

intercept for 

the composite 

item 

No 1) MULTI-FF-MIRID 3) MULTI-RF-MIRID 

Yes 2) MULTI-FR-MIRID 4) MULTI-RR-MIRID 
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For the multidimensional RI-MIRID models, the model formulation for the item part 

stays the same as the unidimensional RI-MIRID models. The difference between the 

unidimensional and multidimensional models lies in the person part, and thus, for simplicity, this 

chapter discusses the multidimensional model with the multidimensional version of the fixed 

item MIRID model (i.e., MULTI-FF-MIRID).  

 For the component items, the MULTI-FF-MIRID is expressed as below 

 

PAYK�	 = 1EθK�, β�	′ H = IJK ((θ��1β��′ ).PIJK (θ��1β��′ ),     d=r   (2.5) 

where  r indicates the component, 

s indicates the item family, 

p indicates the subject, and 

d indicates the dimension. 

 

In the MULTI-FF-MIRID θK� denotes the person parameter associated with a dimension 

d (e.g., generation and evaluation dimensions), and this dimension is evaluated by items from 

each component r, so in Equation 2.5, component r and dimension d are equivalent to each other. 

 

For the composite items, the formulation is: 

 

PAYK�	 = 1EθKG, β�	′ ,σ	, τH = IJK ((θ�c1∑ β����b� σ�P�).PIJK (θ�c1∑ β����b� σ�P�),       (2.6) 
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In Equation 2.6,  θKG indicates the person parameter for a dimension (e.g., open synonym 

task dimension) which is evaluated by composite items. Thus, the number of dimensions in the 

MUTI-FF-MIRID model is R+1. The formulation in the MULTI-FF-MIRID model can be 

applied to the MULTI-FR-MIRID, the MULTI-RF-MIRID and the MULTI-RR-MIRID quite 

straightforwardly. Since the number of items are (S×R)+S and the number of parameters are 

(S×R)+R for the multidimensional MIRID model, number of components (R) should be less than 

number of item family (S) for the model identification. Note the MULTI-FF-MIRID model 

estimates all items simultaneously, which is different from Butter’s multidimensional approach 

where each dimension is analyzed by using the unidimensional Rasch model consecutively. 

 

 2.4 Estimation method: MCMC algorithm 

 Because the RI-MIRID models consider person and item parameters (FC  and �D ) as 

random effects, they are referred to as crossed random effect models. For estimation in these 

models, Markov Chain Monte Carlo (i.e., MCMC) estimation is often applied. The MCMC 

method (Albert, 1992; Gelfand & Smith, 1990; Geman & Geman, 1984; Tanner, 1996) is 

frequently used in these kinds of complex models and many approaches to implement MCMC 

have been introduced (Bernardo & Smith, 1994; Carlin & Louis, 1996; Gelman, Carlin, Stern & 

Rubin, 1995; Gelfand & Smith, 1990; Geman & Geman; 1984). Accordingly various computer 

programs have been developed (Albert, 1992; Patz & Junker, 1999; Spiegelhalter, Thomas, Best 

& Lunn, 2003). Among these programs WinBUGS (Bayesian inference Using Gibbs Sampling, 

Spiegelhalter, Thomas, Best, & Lunn, 2003) is the most popular and accessible, and thus my 

study adopts this software to implement both the simulation and empirical studies. Since 
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WinBUGS adopts Bayesian approach, for parameter estimation, prior must be specified for all 

parameters.  

 In the MCMC methods, unknown parameters are drawn from their posterior distribution 

via the Gibbs sampler. For Gibbs sampling, suppose that F is a person location parameter, � is 

the mean of component item parameters, �N/ is the variance of component item parameters, σ is a 

component weight, and �|/ is the variance of random errors for the composite item parameters.  

Let �=( F., F/, … , FC)’,  �=( �., �/, … , �[)’, ��� =(�N(.),/ �N(/),/ … , �N([)/ )’, and  �=( �., �/, … , �[)’. 

Then  � = (�, �, �, ��� , �|/) be a vector of parameters governing the response of person p to 

item i which is represented by a random variable �CD where p=1,2,…, P and i=1,2,…,I. Y is P×I 

response matrix. As a result, the full posterior distribution of the parameter given the data is 

conditional posterior for parameter �D given the other parameters �(1D),  p(�D |�(1D), Y) where 

i=1,2,…,k. Thus, sampling a parameter in the MCMC algorithm is conditioned on other 

parameters and the data, so the simulated sample of parameters represents a sample from the 

marginalized posterior (Kim, 2001). In fact, over a Markov Chain,  �(�) is updated to �(�P.) and 

the MCMC parameter estimates are obtained by averaging these values for �. 

 

2.5 The preliminary study 

When substantial random errors for composite items exists, the FF-MIRID model might 

provide biased parameter estimates for the component items’ effect on the composite item 

parameter (i.e., the component weight). Because the main purpose of the MIRID model is to 

show how component item parameters contribute to the composite item parameters, the quality 

of the estimator of this parameter is quite critical. At this point, it is important to test how biased 
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are the parameter estimates that the FF-MIRID yields to understand the reason why the RI-

MIRID model is needed. As a preliminary study, this section presents a small simulation study 

before testing various RI-MIRID models across conditions in the next chapter. In this 

preliminary simulation study, the FR-MIRID model is selected to compare with the FF-MIRID 

model.  

For the simulation, this study generated 20 data sets under the FR-MIRID model, where 

300 people respond to 10 item families, and each item family has three component items and one 

composite item. Respondents’ proficiency parameters were generated from a normal distribution 

N(0,1). In order to data realistic, parameters from the empirical example of guilt study were used 

to generate data.  Component item parameters were thus generated from a normal distribution 

and the mean of component item parameters set to be -0.07, -0.5, and -0.6 for the first, second 

and third component, respectively. The composite item parameters were constructed using the 

component weights on the composite item parameter set to be 0.5, 0.55, and -0.025 for the first, 

second and third component, respectively, component item parameters, the intercept set to be 0, 

and random error. Equation 2.7 shows the true model which is used to simulate data sets in this 

simulation study. 

 

β�G = 0.5β�. + 0.55β�. − 0.025β�. + ζ�, ζ�~N(0, 0.5/)  (2.7) 

      β�. = β. + {Z., {Z.~R(0, 0.5/) 

       β�/ = β. + {Z., {Z.~R(0, 0.5/) 

      β�o = β. + {Z., {Z.~R(0, 0.5/) 
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After the data were simulated using R, the FR-MIRID and the FF-MIRID were applied to 

estimate parameters.  For the estimation, this study used WinBUGS. For the convergence check, 

the �� index (Gelman & Rubin, 1992) was used. Since WinBUGS adopts a Bayesian estimation 

method, for parameter estimations, priors should be specified. For the current simulation study, 

the following priors were used for each model. 

 

FF-MIRID: 

σ	~R(1,4) 

FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 

 

FR-MIRID: 

σ	~R(1,4) 

             β�	~R(β	, �N/) 

β	~R(0, 4) 

�N/~�����!� − �"��"(0.001, 0.001). 

FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 

 

 



 

 32 

  

Eventually, the current study evaluated the two models in terms of their parameter 

recovery. For this purpose, this study calculated the root mean square of error (RMSE) and bias 

over estimates. The RMSE and bias were obtained based on the discrepancy between parameters 

and their estimates as follows: 

 

�u�� = � ./G ∑ (@ − @�D)//GD>.      (2.8) 

��"! = ( ./G ∑ @�D − @)/GD>.      (2.9) 

 

where @ is a true generating parameter, and 

          @�D is the estimate of a true parameter from the ith simulated data set. 

  

In Equations (2.8) and (2.9), @�  has an �  subscript because for β�	 , the value changes 

across simulated datasets. Table 2.3 summarizes the RMSE and bias of the component weights 

(σ., σ/ and σo), the intercept (τ) and composite items parameter under the FR-MIIRD and the 

FF-MIRID model. For the composite items, the bias ranges from -0.116 to 0.093 under the FR-

MIRID model, and from -0.116 to -0.099 under the FF-MIRID model. The RMSE ranges from 

0.090 to 0.186 under the FR-MIRID and from 0.076 to 0.205 under the FF- MIRID. These 

results show that reconstructed composite item parameters under these two models are somewhat 

similar to each other. 

However, it appears that under conditions including random composite errors the FR-

MIRID model is more beneficial than the FF-MIRID model when estimating the main parameter 

of interest which is the component weight (�). Under the FR-MIRID model, the bias values are 
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0.351, 0.463, and 368 for the first, second and third component weight, respectively, whereas 

under the FF-MIRID model, they are 0.411, 0.841, and 476. These differences are also can be 

found in RMSE values. Under the FR-MIRID model, the RMSE values for these three 

components are 0.383, 0.504 and 0.414, while under the FF-MIRID models, they are 0.432, 

0.893 and 510. These results suggest that the estimated component weights from the FR-MIRID 

are much more precise than those from the FF-MIRID.   

 

TABLE 2.3 

Summary of the parameter recovery under the RF-MIRID and the FF-MIRID 

 

Bias RMSE 

the FF-MIRID the FR-MIRID the FF-MIRID the FR-MIRID 

Composite 

items 

(�G) 

min -0.1159 -0.1162 0.0763 0.0902 

max 0.0997 0.0939 0.2059 0.1868 

median -0.0070 -0.0159 0.1488 0.1382 

Component weight(σ.) 0.4117 0.3519 0.4327 0.3839 

Component weight(σ/) 0.8411 0.4631 0.8934 0.5040 

Component weight(σ/) 0.4764 0.3680 0.5108 0.4140 

Intercept(τ) 0.4997 0.2703 0.5339 0.3095 

Random error deviation 

(�|/)  
-0.1270 

 
0.1400 

 

 These simulation results suggest that without considering the random composite error, the 

estimated component weights and the intercept tend to be biased under the assumed conditions. 

Since the most interesting parameters in the model are component weights and the intercept, 

these results clearly show that the benefit of the FR-MIRID model compared to the FF-MIRID 

model. Thus a RI-MIRID model such as the FR-MIRID is necessary when there is a substantial 
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composite random error variation. This preliminary study does not include many different 

measurement situations. Thus it is necessary to test whether the RI-MIRID models are still more 

beneficial than the FF-MIRID model under many different conditions and which model is 

working best for which measurement situation. In order to answer these questions, more 

elaborate simulation studies are implemented in Chapter 4. 
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Chapter 3. The relationship between the RI-MIRID and other models 

 

This Chapter discusses how the RI-MIRID models relate to other models.  First, the 

MIRID model has been compared with the linear logistic test model (i.e., LLTM; Fischer, 1973, 

1983) because both models attempt to explain item parameters with item properties. In line with 

this comparison, this chapter compares the RI-MIRID model with the LLTM with random item 

effects (i.e., LLTM-R; De Boeck, 2008; Janssen, Schepers, & Peres, 2004; Mislevy, 1988). 

Second, it can be assumed that each component and composite task is associated with a 

dimension, and thus a multidimensional model can be formulated within the MIRID model 

framework. Furthermore, this multidimensional MIRID model is also a special case of the 

multidimensional random coefficient multinomial logit model (i.e., MRCML). Third, the RI-

MIRID model specifies within component variation. At this point, this model is similar to a 

multilevel model for the items (Janssen, Tuerlinckx, Meulders, & De Boeck, 2000). Fourth, the 

RI-MIRID model considers a general cognitive or affective behavior along with its several 

components. Similarly, the “second-order model” is also designed for measurement situations 

where researchers assess a general construct that comprises several highly related domains 

(Gustafsson, & Balke, 1993; Holzinger, & Swineford, 1937). Fifth, the double structure 

structural equation model (2sSEM; Gonzalez, De Boeck, & Tuerlinckx, 2008) has recently been 

introduced to investigate three-mode data situations where the RI-MIRID model can also be 

applied. Since these two models adopt different approaches to the same measurement situation, 

this chapter also discuss the relationship between these two models.  
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3.1 The LLTM with random item effect: The LLTM-R 

For several decades schools have extensively used large-scale educational assessments to 

inform educational stakeholders about students' academic performance, and have used IRT 

models to utilize the information gleaned from large-scale assessments. Traditional IRT models, 

such as the Rasch model, have provided descriptive information about students’ proficiency and 

item difficulty. IRT’s main concerns have been how to measure students’ proficiency or item 

difficulty and how to estimate them accurately. However, psychometric advancements enable us 

to explain what factors cause certain levels of students’ proficiency and item difficulty, and how 

those factors affect these parameters. One of these advancements is the linear logistic test model 

(LLTM; Fischer, 1973). This model was designed to explain an item difficulty with respect to 

underlying cognitive operations or item properties. One of the main similarities between the 

MIRID and the LLTM is that both models aim to explain item parameters. Within the LLTM 

framework, every item parameter reflects certain item properties to some degree (assumed 

known), so item properties are thus external variables known a priori. In contrast, the MIRID 

model was designed for cases where one believes that certain parameters of certain items are 

dependent on other item parameters, so that those (first) item properties would be predicted by 

other item parameters. Thus, in this framework the composite item properties are internal 

variables. An example of this is where a certain item asks the respondent to summarize their 

views, which have been asked about in previous items. It is reasonable to hypothesize that the 

"summary" item's difficulty will be partially predictable from the parameters of the earlier items.  

At this point, the item predictors in the MIRID are acting as the counterparts of those in the 

LLTM. 
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The LLTM considers items as fixed effects. This implies that item properties can 

perfectly explain item difficulty, which might not be true in reality. This strong assumption has 

been relaxed by incorporating random effects for the items (LLTM-R; De Boeck, 2008; Janssen, 

Schepers, & Peres, 2004; Mislevy, 1988). Thus, in the LLTM-R model, the item parameter (�) is 

expressed by linear combination of the item property variables (�!), their effect (�), an error 

term ({) and an intercept (]e). Note that this model estimates the effect of item property, the error 

term and the intercept rather than individual item parameters, and thus individual item 

parameters are constructed using the value of item properties, and their estimated effect, the error 

term and the intercept. 

The linear logistic test model with random item effect is given by the following equation: 

 

@ABCD = 1EFCH = IJKALM1NOH.PIJKALM1NOH,     FC~R(0, �L/ ) 

�D = ∑ ���D� + {D��>. + ], {D~R(0, � /) 

 

where   FC indicates a person ability parameter for person p, 

�D indicates the ith  item parameter, 

�� indicates the effect of the  kth item property, 

�D� indicates the value of the kth item property for item i and 

{D indicates the error term with a normal distribution. 

 

In the same way, one of the RI-MIRID models (the FR-MIRID) incorporates an error 

term for the composite item parameter. Since only composite item parameters are expressed as a 
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linear combination of internal variables (i.e., component item parameters), the error term in the 

FR-MIRID model is only for the composite item parameters. Just as is the LLTM-R, this error 

term can be seen as the discrepancy between the actual composite item parameter and the 

reconstructed composite item parameter. However, the interpretation of this random error may be 

different from the LLTM-R. In the LLTM-R, the error term can be interpreted as is the error in a 

regular regression model, and thus it presents an amount of information which is unexplained by 

item properties. In the FR-MIRID model, however, this error term can be seen in two ways. The 

first way is that it is the unexplained information of the composite item parameter, as interpreted 

in the LLTM-R. The second way is that it can be seen partly as the effect of the situations 

(scenarios) respondents face. For example, in the case of the guilt study, respondents were given 

10 situations and within given situations they were asked about guilt feeling and its components. 

In fact, their response to a question may vary depending on what situation they are looking at. 

The random error partly reflects this variation in the RI-MIRID model. Thus, the size of 

deviation of the random errors can be seen as a function of the size of the random effect from the 

situations (scenarios).  

Once again, in the MIRID model, the prediction of the composite item parameter using 

component item parameters is essentially the same as the prediction in a regular regression 

model, and thus the random error component is quite critical in the predication for both the 

LLTM and the MIRID and should be specified in the model. At this point, the motivation for 

developing the LLTM-R and the RI-MIRID (e.g., both the FR-MIRID and RR-MIRID model) is 

quite similar. However, each model is designed to investigate a different type of relationship 

among the item parameters. The LLTM-R is designed to investigate the relationship between 

item parameter and item properties that are assumed to be known. On contrast, the RI-MIRID 
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model is designed to investigate the relationship among item parameters, and does not consider 

effects of item properties on item difficulties. 

 

 3.2 The multidimensional model 

Modern practice often requires the examination of single performances from multiple 

perspectives (Adams, Wilson and Wang, 1997). If each perspective reflects a unique aspect of 

the examinee, the standard unidimensionality assumption does not hold and multidimensional 

measurement would be appropriate. In order to deal with multidimensional measurement 

situations, various multidimensional measurement models have been introduced and applied 

(Adams, Wilson and Wang, 1997; Ackerman, 1992; Embretson, 1991; Reckase, 1997; 

Kelderman and Rijkes, 1994). To capture characteristics of individual multidimensional Rasch 

models, Adams, Wilson and Wang (1997) developed the multidimensional random coefficient 

multinomial logit (MRCML) model as the most general version of multidimensional Rasch 

models. Suppose that we have I items indexed i=1,…,n and each item has ¡D + 1 response 

alternatives (k=0,1,…, ¡D). Where  

An indicator variable �D� = ¢1 if response to item � is in category ¤,
0 otherwise. §  

 

The probability of a response in category k of item i is expressed as a function of design 

vectors "D�, scoring vectors b©ª, the latent variable θ and item difficulty ξ as below:  

 

@(�D� = 1; ®, ¯, °|F) = ²³C (´OdLPµOdy ¶)∑ ²³C (´OdLPµOdy ¶)·Odb� . 
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For a response vector  ¸, 

¹(¸; ° |F) = U(F, °)�¸� [¸x(�F + T°)] 
with  U(F, °) = º∑ �¸� [»x(�F + T°)]¼∈¾ ¿1.. 

 

where  À is a D-dimensional latent space, 

ΩΩΩΩ is the set of all possible response vectors, 

A is a design matrix, 

B is a scoring matrix. 

 

By introducing design vectors "D� and scoring vectors b©ª (i=1,…, n and k=1,…, K©) into 

the model, Adams, Wilson and Wang (1997) made it possible to develop  and write new types of 

Rasch models. In measurement situations, where items are used to measure more than one latent 

dimension (e.g., multidimensional within-item tests), the design and the scoring matrix are useful 

for specifying the model.  

In order to investigate multidimensionality, one can identify as two types of the 

multidimensional models: the multidimensional between item model (MBIM) and the 

multidimensional within item model (MWIM). The MBIM is designed for the measurement 

situation in which each item indicates only one particular latent dimension. For example, 

suppose that one treats four emotional behaviors (e.g., feeling guilty, norm violation, worry, and 

tendency to rectify) as four different dimensions and does not consider any relationship among 

items. Then items are nested within each dimension and thus the four dimensions do not share 

any items. On the other hand, the MWIM is developed for the measurement situation where 

items indicate more than one dimension. For example, suppose that three cognitive components 
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(e.g., norm violation, worry, and tendency to rectify) describe different aspects of a complex 

cognitive task (e.g., feeling guilty), these components can be treated as dimensions and thus 

component items are nested within each component dimension and the composite items are 

shared by multiple dimensions. Since one can formulate both the multidimensional between-item 

and within-item models by manipulating the design and the scoring matrices, it is relatively 

simple to explore multidimensionality in a complex test design.  

The RI-MIRID models can be applied to similar situations as for the MBIM or MWIM. 

Compared to the multidimensional models, however, the RI-MIRID model is still a 

unidimensional approach, and thus does not specify multiple person parameters, nor can it 

explore the relationship among latent dimensions. Instead it investigates the relationship among 

the dimensions in terms of item parameters. These three approaches are illustrated and compared 

in Figure 3.1. 
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FIGURE 3.1 

The multidimensional IRT(MIRT) and the MIRID approaches 

As shown in Figure 3.1, the nature of the measurement situation in which the 

those of the MBIM and the MWIM, and thus the MIRID model easily 

can be extended to the multidimensional model. As introduced in Chapter 2, three types of the 

MIRID models can be formulated. These three types of models, however, 

adopt the multidimensional between-item model approach and thus it is possible to formulate 

more types of the multidimensional MIRID models considering the multidimensional within

item approach. One might think that the model selection is quite challenging because there are 

many multidimensional models even when using the MIRID models. Once again, there is no 

absolute guideline for that, but one may need to think about two things: (a) one is which 

 

 

which the MIRID 

those of the MBIM and the MWIM, and thus the MIRID model easily 

can be extended to the multidimensional model. As introduced in Chapter 2, three types of the 

se three types of models, however, 

item model approach and thus it is possible to formulate 

more types of the multidimensional MIRID models considering the multidimensional within-

odel selection is quite challenging because there are 

many multidimensional models even when using the MIRID models. Once again, there is no 

absolute guideline for that, but one may need to think about two things: (a) one is which 



 

 43 

  

approaches (i.e., the MBIM and the MWIM) the theory supports given the research questions; (b) 

the other one is whether psychometric properties such as the model fit support each model.  

 

3.3 The multilevel model for the items: The hierarchical IRT model 

The random item effects also enable one to specify the within-group variance when the 

individual items can be partitioned into item groups. In order to deal with this multilevel 

structure of item parameters, Jannssen, Tuerlinckx, Meulders, and De Boeck (2000) introduced a 

hierarchical IRT model. For example, the PISA 2006 science items were developed by adopting 

one of three item formats (open response, multiple choice, and complex multiple choice; OECD, 

2006), and thus items can be partitioned into item format groups. At this point, individual items 

are nested within item groups, and thus the two-level (individual items and item groups) model 

for items (i.e., the hierarchical IRT model) can be formulated by incorporating random effects 

into the item side specifying within-group item variance. This hierarchical IRT model is useful 

when evaluating the item group effect.  

The two-level item model is given by the following equations: 

 

ÂCD� = FC − �D�: 

 

Level-1 model 

�D� = �G� + {D�, {D~R(0, � /); 

 

Level-2 model 

�G� = �GG + ]G�, ]G�~R(0, �Ã/); 
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where  ÂCD� indicates odds of the response of person p to item i  nested in group k, 

 �D� indicates an item parameter for item i nested in group k, 

            �G� indicates the average item parameter for group k, 

 �GG  indicates the grand mean of item parameter, 

 {D� indicates the item deviation within group k, 

 ]G� indicates the group deviation from grand mean item difficulty. 

 

In the level-1 model, item parameters nested within group (e.g., item formats) k are 

explained by the group mean of the item parameters and the item deviation within the group.  In 

the level-2 model, the group mean of item parameters is specified as linear combination of the 

grand mean of item difficulty and the group deviation from the grand mean.  

With respect to the statistical model, the multi-level item model is somewhat similar to 

the RF-MIRID model. In the RF-MIRID model, the component item parameters are also nested 

within each component construct, and each component item is expressed as the mean of the item 

parameters of each component and the item deviation within each component. In the hierarchical 

IRT model, this within group deviation is often used to calculate the group effect, whereas in the 

RF-MIRID model, this within group deviation (e.g., the item parameter deviation within each 

component) is used to detect item dependency within each component.  

At this point, the hierarchical IRT model and the RF-MIRID model show how the model 

can be beneficial when incorporating random item effects. When the effect of item properties 

and item dependency are of concern, these models offer ways to investigate them. Since current 
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solutions to explore  item dependency have focused on the person parameter rather than the item 

parameter, both of these models give us new insights on that issue.  

 

3.4 The second-order or hierarchical factor model 

The measurement situation that the RI-MIRID model considers can be approached using 

the second-order model (Stewart & Ware, 1992) as well. The second-order model was developed 

to apply to situations in which there is a general factor and multiple domain specific factors. For 

example, Smits and De Boeck (2003) hypothesized that the emotion of guilt consists of three 

factors (norm violation, worry, and tendency to rectify) and tested their hypothesis using the 

MIRID model. Within confirmatory factor analysis, this hypothesis can be investigated using the 

second-order model. In the second-order model, the emotion of guilt, which is the most general 

construct here, is formulated as the higher-order factor (i.e., the second-order factor) and the 

other three factors as the lower-order factors (i.e., the first-order factors). By testing the fit of this 

second-order structure, one is able to investigate the hypothesis of this second-order structure. 

Figure 3.2 presents this second-order model approach. In the figure, the curved double 

headed arrows represent a factor variance for each factor and measurement error variance for 

each item.  
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FIGURE 3.2 

The second-order model approach 

 

Even though both the MIRID model and the second-order model are used to test the 

hierarchical structure of constructs, their approaches are distinguished by the following

is the special case of confirmatory factor analysis (CFA) whereas the 

MIRID model is as IRT model. Thus, the distinctions between CFA and IRT (e.g., linear/non

linear approaches, measurement equivalence, etc.) apply (see Reise & Widaman, 1999, Reise, 

an, & Pugh, 199; Raju, Laffitte, & Byrne, 2002). The second-order model specifies a 

linear relationship between items and constructs whereas the MIRID model formulates a non

linear relationship between them. Second, in the second-order model, one of main i

linear relationship, while this is not of central interest in the MIRID model. For 

order model is designed to explain that relationship by identifying items’ 

order model are used to test the 
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loading on the first- or second-order factors. On the other hand, the MIRID model is designed to 

identify component items’ effect on the composite item. Third, the composite and the component 

constructs in the MIRID model are conceptually equivalent to the first and the second order 

factor in the second-order model. Compared to the second-order model, in which items explained 

by the first-order factor may be also explained by the second-order factor as well, the MIRID 

model is looking at a measurement situation where each item is exclusively related to each 

component or composite construct. Fourth, the factor loading in the second-order model is, in 

some ways, conceptually equivalent to what the MIRID calls component weights. However, in 

the second-order model, the factor loadings of the second-order factor on the first-order factors 

are in fact the covariances among them. Compared to the factor loadings, the component weights 

are regression parameters of component item parameters on the composite item parameter. 

 

3.5 The double structure structural equation model 

In order to explore the process structure of emotion, respondents are often asked to 

answer a certain number of questions regarding their emotion in various situations. In these 

situations, the data are the product of interactions of respondents, items, and situations, and 

hence it is referred as three mode data (Cattell, 1946, 1952; Kroonenberg, 2005; Gonzalez, De 

Boeck, & Tuerlinckx,2008).   

According to item response theory, models with internal restrictions on item difficulty 

(e.g., MIRID) provide insight into the process structure of emotions with three mode data (Smits 

& De Boeck, 2003). In this approach, the process structure of an emotion has been explored in 

terms of item difficulties. In contrast, the double-structure structural equation model (e.g., 

2sSEM) introduced recently is designed to investigate emotions by assuming a causal 
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relationship among people’s emotional traits (De Boeck & Smits, 2006; Gonzales, De Boeck, & 

Tuerlinckx, 2008) by considering both individual differences and situational differences in the 

structure of emotion. The 2sSEM model is expressed by the following equations: 

 

Measurement model 

�CZ = ΛÄÅ\ηKÇÈ0+ΛÉÊËη�2ÌÍ + τ + εK� 

 

where �CZ is the magnitude of person p’s response r in situation s, 

ΛÄÅ\  and ΛÉÊË  are loading matrices for latent person variables and latent situation 

variables, respectively. 

 ηKÇÈ0 and η�2ÌÍ are score vectors for person p and for situation s, 

 τ is the effect of responses vector, and 

 εK� is random error for person p in situation s. 

 

Structural model 

 

ηKÇÈ0 = ΒÇÈ0ηKÇÈ0 + ζKÇÈ0 

η�2ÌÍ = Β2ÌÍη�2ÌÍ + ζ�2ÌÍ 

 

where ΒÇÈ0 is Q × Q parameter matrix for regressions among the Q latent person variables, 

Β2ÌÍ is T × T parameter matrix for regressions among the T latent situation variables, and 

 ζKÇÈ0 and ζ�2ÌÍ are residual vectors for latent person variables and latent situation variables,  

respectively. 
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Although both models can be applied to investigate the structure of emotion, their 

approaches are quite different. The 2sSEM identifies the structure of an emotion in terms of 

people’s emotional latent variables whereas the MIRID explains it in terms of item difficulties. 

Furthermore, the relationship among component processes can be formulated in the 2sSEM 

model. The difference of the two approaches is visualized in Figure 3.3. 

 

 

 

FIGURE 3.3 

The 2sSEM and the MIIRID approaches 

η = latent trait; β = item difficulty; σ = component effect; ρ = correlation. 
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Chapter 4. Simulation studies for the model selection 

 

Chapter 2 proposed three different versions of RI-MIRID models depending on which 

random effect is specified in the model. Table 4.1 shows these three different RI-MIRID models 

along with the fixed item MIRID model (FF-MIRID). Following equations display the 

expressions for the composite item (β�G) and the component item (β�	). 

 

TABLE 4.1. 

Three types of the random item MIRID models 

 

 

Random effect for the component items 

 
 

No Yes 

Random 

intercept 

for the 

composite 

item 

No 1) FF-MIRID 3) RF-MIRID 

Yes 2) FR-MIRID 4) RR-MIRID 

 

 FF-MIRID: 

 β�G = ∑ σ	0	>. β�	 + τ      (4.1) 

         β�	 = β�	. 

FR-MIRID: 

β�G = ∑ σ	0	>. β�	 + τ + ζ�, ζ�~R(0, �|/)   (4.2) 
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        β�	 = β�	. 

 

RF-MIRID: 

β�G = ∑ σ	0	>. β�	 + τ     (4.3) 

        β�	 = β	 + {Z[, {Z[~R(0, �N/). 

 

RR-MIRID: 

        β�G = ∑ σ	0	>. β�	 + τ + ζ�, ζ�~R(0, �|/)       (4.4) 

         β�	 = β	 + {Z[, {Z[~R(0, �N/). 

 

Depending on the measurement situation, one of MIRID models (including the FF-

MIRID model) could be a true model, and thus the performance of one model may be better than 

another. In real situations, however, because the true model is not known, one needs information 

about which model is the best choice under certain conditions. 

At this point, it is important to investigate how MIRID models behave under different 

measurement situations, and/or what model is best given conditions. For this purpose, this 

chapter compares the performances of MIRID models across many different conditions based on 

simulation studies, and teases out the effect of each simulated condition, and eventually provides 

guidelines for the model selection. 
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4.1 Simulation Study Design 

 In order to help understand which MIRID model can be the best choice given conditions, 

I conducted comprehensive simulation studies. Previous research showed that the number of 

item families in the MIRID model affects the quality of parameter estimate (Lee, & Wilson, 

2009), and that as the length of test and the sample size increase the model fit improves in 

general (Li, Cohen, Kim, & Cho, 2009; Kang, & Cohen, 2007). This indicates that the parameter 

quality and model fit might always be clear with a large sample and long test. In fact, the large 

sample size and the big test come with cost. Since they are quite challenging to obtain, it is 

important to examine the behavior of the models with a relatively smaller sample and a shorter 

test. Hence it is necessary to vary the number of items (or number of item families) and sample 

size for the simulation studies. Furthermore, depending on the size of the random item effects, 

one MIRID model might be performing better than others, and thus it is also important to explore 

the model performance depending on the relative size of the random effect for the items (e.g., the 

random error of the intercept for the composite item and the random variation of the component 

items). The random effect for the items thus should be considered in the simulation design. 

 The conditions used in data simulation include (a) number of item families: 10 item 

families and 30 item families, (b) item standard deviation within each component (component 

item standard deviation): 0.5 and 1, (c) the standard deviation of random error of the intercept for 

the composite item: 0, 0.5 and 1, and (d) number of examinees: 300 and 600. To make data 

realistic, these simulation studies used the parameter estimates from the empirical study with 

guilt data (Smits & De Boeck, 2003) as parameters for the item mean of each component (-0.07, 

-0.5, and -0.6) and component weights (0.5, 0.55, and 0.025). The intercept is set to be 0 for data 

generation.  A total 24 (2×2×2×3) conditions were simulated by varying the four simulation 
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design factors, and twenty data sets were generated under each of these 24 conditions. Table 4.2 

summarizes these conditions. 

 

TABLE 4.2. 

Simulation conditions 

# of item family 

The standard 

deviation of 

component items 

The standard 

deviation of random 

intercept 

# of examinees 

10, 30 
�Z[~R(�[ , 0.5/ ) 

 �Z[~R(�[ , 1.0/) 

ζ�~R(0, 0/) 

 ζ�~R(0, 0.5/) 
 ζ�~R(0, 1.0/) 

300, 600 

 

After the data were generated, the four different MIRID models (i.e., the FF-MIRID, the 

FR-MIRID, the RF-MIRID and the RR-MIIRD) were applied to the simulated data to estimate 

parameters.  

Since the RI-MIRID models consider more than one random effect (e.g., random effects 

for items as well as person), they become crossed random effect models. For the estimation of 

this kind of model, Bayesian estimation method is typically used. Hence the simulation studies 

adopted R and WinBUGS version1.4.3 (Spiegelhalter, Thomas, Best, & Lunn, 2003) using 

Markov chain Monte Carlo (MCMC) methods for the data generation and parameter estimation, 

respectively. For the iterative procedure of simulation studies, R2WinBUGS (Sturtz, Ligges, & 

Gelman, 2005) was also applied. The appendices show commands for R, WinBUGS and 

R2WinBUGS. For the estimation, the following priors were used for each model. 
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FF-MIRID: 

σ	~R(1,4) 

FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 

FR-MIRID: 

σ	~R(1,4) 

             ζ�~R(0, 1). 

 FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 

 

RF-MIRID: 

σ	~R(1,4) 

             β�	~R(β	, �N/) 

β	~R(0, 4) 

�N/~�����!� − �"��"(0.001, 0.001). 

FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 
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RR-MIRID: 

σ	~R(1,4) 

     β�	~R(β	, �N/) 

β	~R(0, 4) 

�N/~�����!� − �"��"(0.001, 0.001) 

ζ�~R(0, 1). 

 FC~R(0, �L/) 

�L/~�����!� − �"��"(0.0001, 0.0001) 

]~R(0,1) 

 

After simulation studies, this research evaluated the parameter recovery to ensure the 

quality of estimators across conditions based on the root mean square error (RMSE), and 

compared the RMSE values across conditions and models. The RMSE values are based on the 

discrepancy between true parameters and estimated parameters and indicate estimator stability 

and accuracy (see Equation 2.8).  

 

4.2 The comparisons of quality of estimation 

For analyses using the four different MIRID models under 24 conditions, WinBUGS 

version 1.4.3 was run with 3 chains for 3000 iterations each, and the burn-in period was 1000.  

For the convergence check, the �� index (Gelman & Rubin, 1992) was used, and it turns out that 

the ��  values are below 1.1 which indicates estimators converged. Depending on simulation 
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conditions and the model, the time taken to analyze each data in WinBUGS was from 20 minutes  

to approximately 1 hour. 

The current chapter presents the results of the simulation studies, and tries to identify the 

effect of each measurement condition and compare the models across measurement conditions. 

Since the RMSE is calculated based on the discrepancy between the true values and estimates, 

and it incorporates both the deviation of the estimator and its bias, the discussions in this chapter 

are based on the root mean square errors (i.e., RMSE), but the Bias values from simulation 

studies can be found in Appendices V, VI, VII, and VIII. 

 

4.2.1 The component weight 

 First, the present study investigates the recovery of the component weight parameters 

across different measurement conditions. Table 4.3 shows the RMSE values for each component 

weight across simulations. The range of RMSE values is from 0.30 to 6.28 which is quite large, 

and the ranges of RMSE values are also different from model to model and from condition to 

condition. This phenomenon can also be observed in Figure 4.1. The box plots in this Figure 

show the distributions of RMSE values from 24 simulations for the first, the second and the third 

component. The X-axis indicates the model and the Y-axis indicates the RMSE values in the box 

plot. As can be seen in box plots, the RMSE value varies indicating that the quality of the 

component weight parameter estimates is quite dependent on measurement conditions. As shown 

in these box plots, the ranges of RMSE values from the FF-MIRID and the RF-MIRID models 

are bigger than those from the FR-MIRID and the RR-MIRID which indicates that the FR-

MIRID and the RR-MIRID models provide more stable and accurate estimates compared to the 
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FF-MIRID and the RF-MIRID models across simulation studies. Actually, this result is already 

expected because the FR-MIRID and the RR-MIRID models take the random errors into account. 

   

 

FIGURE 4.1. 

RMSE value distribution for the component weight 
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TABLE 4.3. 

RMSE values for the component weights across simulation conditions 

NO 

# 

Item 

famil

y 

# 

people �N �| 
The first component The second component The third component 

FF1 FR1 RF1 RR1 FF2 FR2 RF2 RR2 FF3 FR3 RF3 RR3 

1 10 300 0.5 0 0.113 0.146 0.115 0.183 0.089 0.173 0.111 0.206 0.110 0.210 0.123 0.220 

2 10 300 0.5 0.5 0.433 0.384 0.464 0.430 0.893 0.504 1.128 0.536 0.511 0.414 0.527 0.448 

3 10 300 0.5 1 0.881 0.218 0.889 0.257 1.363 0.248 1.410 0.247 3.427 0.372 2.673 0.324 

4 10 300 1 0 0.047 0.073 0.046 0.067 0.068 0.100 0.070 0.096 0.105 0.144 0.108 0.162 

5 10 300 1 0.5 0.113 0.111 0.123 0.136 0.155 0.140 0.171 0.177 0.263 0.163 0.296 0.203 

6 10 300 1 1 0.600 0.227 0.607 0.251 0.186 0.210 0.216 0.215 0.940 0.311 0.970 0.291 

7 10 600 0.5 0 0.059 0.112 0.063 0.165 0.105 0.237 0.108 0.227 0.114 0.257 0.119 0.337 

8 10 600 0.5 0.5 0.825 0.234 0.227 0.268 1.374 0.356 0.820 0.389 0.756 0.534 0.822 0.404 

9 10 600 0.5 1 1.679 0.797 0.713 0.737 4.177 1.363 3.577 1.245 2.999 1.498 1.025 1.532 

10 10 600 1 0 0.066 0.264 0.098 0.182 0.110 0.546 0.251 0.491 0.129 0.526 0.266 0.457 

11 10 600 1 0.5 0.130 0.141 0.136 0.149 0.221 0.143 0.227 0.183 0.168 0.159 0.168 0.150 

12 10 600 1 1 1.247 0.154 0.513 0.165 5.949 0.489 2.060 0.483 6.281 0.657 2.055 0.708 

13 30 300 0.5 0 0.093 0.143 0.079 0.128 0.112 0.125 0.097 0.126 0.100 0.214 0.118 0.214 

14 30 300 0.5 0.5 0.231 0.158 0.178 0.160 1.175 0.305 0.445 0.235 1.493 0.194 0.924 0.269 

15 30 300 0.5 1 3.877 0.218 2.639 0.218 3.129 0.160 2.836 0.165 3.232 0.344 2.610 0.329 

16 30 300 1 0 0.051 0.046 0.059 0.066 0.063 0.095 0.055 0.083 0.062 0.060 0.064 0.071 

17 30 300 1 0.5 0.072 0.103 0.067 0.082 0.146 0.078 0.169 0.069 0.068 0.108 0.070 0.112 

18 30 300 1 1 0.851 0.114 0.406 0.104 0.643 0.055 0.638 0.060 0.376 0.045 0.223 0.034 

19 30 600 0.5 0 0.152 0.136 0.185 0.168 0.218 0.267 0.208 0.232 0.144 0.192 0.152 0.203 

20 30 600 0.5 0.5 0.484 0.175 0.526 0.131 0.911 0.299 1.016 0.340 0.185 0.137 0.192 0.196 

21 30 600 0.5 1 2.836 0.721 3.144 0.763 0.382 0.161 0.381 0.150 1.330 0.354 1.385 0.342 

22 30 600 1 0 0.091 0.067 0.096 0.099 0.119 0.176 0.117 0.147 0.030 0.100 0.030 0.091 

23 30 600 1 0.5 0.332 0.108 0.341 0.127 0.234 0.068 0.245 0.078 0.210 0.236 0.212 0.242 

24 30 600 1 1 0.638 0.085 0.454 0.084 0.483 0.475 0.557 0.485 0.707 0.402 0.839 0.415 

    Min 0.047 0.046 0.046 0.066 0.063 0.055 0.055 0.060 0.030 0.045 0.030 0.034 

    Max 3.877 0.797 3.144 0.763 5.949 1.363 3.577 1.245 6.281 1.498 2.673 1.532 

   Median 0.281 0.145 0.206 0.163 0.228 0.193 0.248 0.210 0.236 0.225 0.244 0.256 
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Since each simulation was implemented under a different combination of measurement 

conditions, it is still not clear how each simulation condition affects the recovery of the 

component weight parameters in each model. This research thus looks at the change of RMSE 

values as each simulation condition is changing. Figures 4.2, 4.3, 4.4, and 4.5 visualize the effect 

of each condition on the parameter recovery using box plots, and the similarity and distinction of 

these effects among the four different models. In these box plots, the X-axis shows values of 

each simulation condition, and the Y-axis shows the RMSE values.  

Figure 4.2 compares the range of RMSE values among four different models under 10 

and 30 item families by using box plots. The X-axis indicates the number of item family. First, 

these box plots display the ranges of RMSE values of the FR-MIRID and the RR-MIRID models 

are relatively small compared to those of the FF-MIRID and the RF–MIRID models. 

Accordingly, the average RMSE values in the FR-MIRID and the RR-MIRID models are 

considerably smaller than those in the FF-MIRID and the RF-MIRID models. For the FR-MIRID 

and the RR-MIRID, the first component RMSE values are 0.20 and 0.21, respectively, the 

second component RMSE values are 0.28 and 0.27, respectively and the third component RMSE 

values are 0.31 and 0.20, respectively. On contrast, for the FF-MIRID and the RR-MIRID, they 

are 0.66 and 0.50 for the first component, 0.92 and 0.70 for the second component and 0.66 and 

56 for the third component, respectively. Because the FR-MIRID and the RR-MIRID models 

consider the random error of the intercept of the composite item parameter (ζ) when estimating 

component weight parameters, it is expected that these two models provide more accurate 

estimate than other models. Second, within each model, the effect of the number of item family 

on the RMSE values is substantial, and it turns out that the increase of the item family does 

improve the component weight parameter recovery. This phenomenon is relatively clear in the 
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FF- and the RF-MIRID models. Third, even though the increase in the number of item families 

improves the component weight parameter recovery, this improvement may not be enough to 

cover the discrepancy among models, As can be seen in these box plots, although the range of 

RMSE values tend to decrease as the number of item families increase in both the FF-MIRID 

and the RF-MIRID models, the ranges of RMSE values from the FF-MIRID and the RF-MIRID 

model under 30 item families are still considerably bigger than those from the FR-MIRID and 

the RR-MIRID models under 10 item families. Thus, it is important to choose the model which 

reflects data features properly. 

 

 

FIGURE 4.2. 

RMSE values by number of item families 
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 Figure 4.3 compares the RMSE values of the four different models with 300 and 600 

people. The X-axis shows number of people. First, within each model, these box plots indicate 

that the number of people is not significant when estimating the component weight parameters. 

When number of people increases from 300 up to 600, the change of RMSE values is not 

substantial and the difference among models is more significant. 

 

 

FIGURE 4.3. 

RMSE values by number of people 
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Figure 4.4 compares the RMSE values of the four different models under the 0.5 and 1 

deviation (�N) of component item parameters. The X-axis shows the size of the deviations. Even 

though the model is still critical to obtain the accurate parameter estimate, Figure 4.4 shows that 

the bigger deviation results in more accurate parameter estimates. The median values and the 

ranges of RMSE under the 1 deviation of component item parameters are consistently smaller 

than those under the 0.5 deviation of component item parameters. 

 

 

FIGURE 4.4. 

RMSE values by the random deviation of component item parameters (�N) 
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Figure 4.5 compares the RMSE values of the four different models under the 0.0, 0.5 and 

1 deviation of the random errors (�) for the intercept of composite item parameters. The box 

plots show the tendency of the RMSE value to increase as the deviation (�| ) increases. As 

expected, this phenomenon is clear under the FF-MIRID and the RF-MIRID models in which the 

random errors are not specified. 

 

 

FIGURE 4.5. 

RMSE values by the deviation of random intercept for the composite item (�|) 

 

 The RMSE values for the component weight parameters and the comparisons across 

simulation conditions clearly show the differences among models and measurement conditions. 
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First, as long as the models (e.g., the FR- and RR-MIRID) consider the random error (�) for the 

composite item parameters, the measurement conditions such as the number of item families, the 

number of people, the random deviation of component items (�N ) and the deviation of the 

random intercept for the composite item (�|) do not significantly affect the quality of component 

weight parameter estimator, and the models provide better estimates compared to those provided 

by the FF- and RF-MIRID models. Second, when models do not specify the random error (�) for 

the intercept of the composite item parameters, the quality of estimator is quite dependent on the 

measurement conditions such as the number of item families, the random deviations of 

component and composite item parameters (i.e., �N and �|). Third, within each model, there is a 

tendency that the quality of estimator becomes better as the number of item families and the 

random deviation of component item parameters (�N) increase, and the deviation of the random 

intercept for the composite item (�|) decreases.  

It is appears that the RMSE values are too big in certain cases, which indicates the model 

does not estimate the component weight parameters at all well. A closer look behind the findings 

described above reveals that the random error for the intercept of the composite item parameter 

(� ) and its deviation (�|) play a major role when estimating the component weight. As explained 

above, when the model does not consider the random error of the intercept of composite item 

parameters (�), the quality of the estimator significantly becomes much poorer, and the effect of 

the deviation of random intercept for the composite item ( �| ) on the component weight 

estimation is considerable. In order to investigate how these two factors eventually cause such a 

big RMSE values, a further investigation was implemented. 
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For the further investigation, one of the combinations of the simulation conditions 

showing high RMSE value was selected, and then more large conditions of �| (e.g., 0.25 and 

0.75) were included. As shown in Table 4.4. in the further investigation, the number of item 

families and people, and the size of random deviation of component item parameters (�N) stayed 

same but the size of random error deviation (�|) varies.  
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TABLE 4.4. 

RMSE values for the component weight parameters when �| is 0.25, 0.50, 0.75 and 1.00 

N

O 

# 

Item 

Famil

y 

# 

people �N �| 
The first component The second component The third component 

FF1 FR1 RF1 RR1 FF2 FR2 RF2 RR2 FF3 FR3 RF3 RR3 

1 30 300 0.5 0.25 0.297 0.219 0.340 0.274 0.061 0.079 0.075 0.094 0.061 0.083 0.063 0.119 

2 30 300 0.5 0.50 0.231 0.158 0.178 0.160 1.175 0.305 0.445 0.235 1.493 0.194 0.924 0.269 

3 30 300 0.5 0.75 0.359 0.160 0.269 0.147 1.809 0.331 2.054 0.421 2.309 0.172 1.384 0.225 

4 30 300 0.5 1.00 3.877 0.218 2.639 0.218 3.129 0.160 2.836 0.165 3.232 0.344 2.610 0.329 
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FIGURE 4.6. 

The change of RMSE values when increasing the deviation of residuals: the first component 

weight 

 

 
FIGURE 4.7. 

The change of RMSE values when increasing the deviation of residuals: the second component 

weight 
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FIGURE 4.8. 

The change of RMSE values when increasing the deviation of residuals: the third component 

weight 

 

As shown in Table 4.4 and Figures 4.6., 4.7 and 4.8, as the value of �| increases, the 

RMSE values in the FF- and the RF-MIRID models become significantly higher, but those in the 

FR- and the RR-MIRID models stay almost same. In fact, under the 0.25 deviation of random 

error (�|), the RMSE values are pretty similar across all four models. As this deviation increases, 

the difference among models in terms of the RMSE values becomes larger. These results clearly 

show that a big RMSE value is mainly caused by the deviation of random error when this 

deviation is not taken into account. 

Finally and interestingly, it appears that the RMSE values are changing depending on 

which random effect is bigger. Based on the relationship between two random effects (�N and 

�|), we can come up with three situations: (A) the deviation of component item parameters is 

bigger than the deviation of random error for the composite item parameters (�N>�|), (B) the 

size of these two deviations are equal (�N = �| ), and (C) the deviation of component item 
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parameters is smaller than the deviation of random error for the composite item parameters 

(�N<�|). The simulation results show that RMSE values under the situation (C) tend to bigger 

than those under the situation (A).This result is consistent with previous findings. As found 

above, as �N increases and �| decreases, the RMSE values tend to increase. In fact, the situation 

(A) includes simulation conditions with the smallest �|  and the biggest �N . On contrast, the 

situation (C) includes simulation conditions with the biggest �| and the smallest �N. Thus, the 

pattern of RMSE values depending on the relationship between  �N and �| can be summarized as 

the RMSE values tend to increase as the deviation of the random error of composite intercept (�|) 

increases and the deviation of the random component items (�N) decreases. 

 

FIGURE 4.9. 

The effect of the deviations of component item parameters and residuals (X axis A: �N>�|; B: �N = �|; C: �N<�|; Y axis: RMSE values) 
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As expected, this tendency is clearer in the FF- and RF-MIRID models than in the FR- 

and the RR-MIRID models. These findings can be confirmed by examining Figure 4.9. 

 

4.2.2 The mean of component item parameters 

 The current research also checks the recovery of the mean of component item parameters 

(β	, r=1, 2, 3) under 24 different measurement conditions. Table 4.5 shows the RMSE values for 

the average item parameter of each component. Since only the RF- and RR-MIRID models are 

designed to estimate these parameters, the study compares the RMSE values of these two models. 

In order to reveal any differences of RMSE values among models or conditions efficiently, box 

plots are presented in Figures 4.10, 4.11, 4.12, and 4.13. In each box plot, the values of Y-axis 

indicate the RMSE values and those of X-axis indicate the values of each simulation condition.  

 As shown in Table 4.5, the range of RMSE values is from 0.033 to 0.755. Again, the 

RMSE values vary across simulation conditions indicating the quality of estimation of β	  is 

affected by these conditions.  With box plots presented in Figures 4.10, 4.11, 4.12, and 4.13, the 

current study teases out the effect of each condition on the quality of estimation. 
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TABLE 4.5. 

RMSE values for the mean of component item parameter across conditions 

NO 

# 

Item 

family 

# 

people 
�N �|  

RF-MIRID RR-MIRID 

�(1) �(2) �(3) �(1) �(2) �(3) 

1 10 300 0.5 0 0.095 0.129 0.075 0.098 0.128 0.075 

2 10 300 0.5 0.5 0.261 0.115 0.129 0.257 0.111 0.125 

3 10 300 0.5 1 0.220 0.082 0.130 0.216 0.080 0.117 

4 10 300 1 0 0.261 0.470 0.484 0.253 0.467 0.489 

5 10 300 1 0.5 0.755 0.095 0.593 0.752 0.092 0.601 

6 10 300 1 1 0.286 0.184 0.555 0.291 0.185 0.587 

7 10 600 0.5 0 0.362 0.076 0.175 0.362 0.076 0.174 

8 10 600 0.5 0.5 0.255 0.166 0.176 0.258 0.168 0.175 

9 10 600 0.5 1 0.152 0.061 0.074 0.156 0.073 0.068 

10 10 600 1 0 0.313 0.161 0.373 0.315 0.159 0.370 

11 10 600 1 0.5 0.211 0.070 0.399 0.208 0.070 0.406 

12 10 600 1 1 0.217 0.097 0.068 0.215 0.108 0.065 

13 30 300 0.5 0 0.092 0.104 0.057 0.097 0.109 0.060 

14 30 300 0.5 0.5 0.072 0.196 0.064 0.074 0.189 0.066 

15 30 300 0.5 1 0.122 0.148 0.071 0.096 0.109 0.103 

16 30 300 1 0 0.060 0.262 0.097 0.065 0.266 0.099 

17 30 300 1 0.5 0.157 0.200 0.236 0.153 0.192 0.239 

18 30 300 1 1 0.102 0.303 0.185 0.110 0.304 0.187 

19 30 600 0.5 0 0.059 0.063 0.073 0.058 0.061 0.073 

20 30 600 0.5 0.5 0.116 0.112 0.141 0.115 0.109 0.139 

21 30 600 0.5 1 0.069 0.065 0.108 0.060 0.056 0.125 

22 30 600 1 0 0.163 0.296 0.319 0.177 0.306 0.319 

23 30 600 1 0.5 0.367 0.060 0.160 0.376 0.062 0.159 

24 30 600 1 1 0.270 0.205 0.036 0.289 0.205 0.033 

    Min 0.059 0.060 0.036 0.058 0.056 0.033 

    Max 0.755 0.470 0.593 0.752 0.467 0.601 

    Median 0.187 0.122 0.135 0.193 0.110 0.132 
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 First, Figure 4.10 compares the RMSE values of two models under 10 and 30 item 

families. The X-axis indicates the number of item families. The box plots show that within each 

model, more item families tends to result in more precise parameter estimate, and this tendency 

can be observed in both of models. Because the number of item families is equal to the number 

of items in each component, the current result shows that the estimation of β	 is affected by the 

number of items which makes sense. The box plots display that there is no difference between 

the RF-MIRID and the RR-MIRID with respect to the quality of estimation, and in fact their 

correlations are 0.998, 0.995, and 0.998 for the first, second and the third component, 

respectively.  

 
FIGURE 4.10. 

RMSE values by the number of item families 
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 Second, Figure 4.11 compares the RMSE values under different numbers of people. The 

X-axis indicates the number of people.  The box plots show that change in the number of people 

does not result in large changes of the RMSE values. As can be seen in Figure 4.11, there is no 

consistent pattern to give us evidence supporting an influence of the number of people on 

parameter recovery. 

 

 

 
FIGURE 4.11. 

RMSE values by the number of people 
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Figure 4.12 compares the RMSE values under different sizes of the deviation of 

component item parameters (�N). The X-axis is the size of �N. The box plots shows that the 

median values and ranges of RMSE for β	 are different depending on the �N size. As can be seen 

in these box plots, when the �N value increases from 0.5 to 1, the median values and ranges of 

RMSE for β	 tend to increase.  These tendencies can be seen in both the RF- and the RR-MIRD 

models and meets our expectation that, given number of items, the deviation of component item 

parameters influence the estimation of the mean of component item parameters. 

 

 
FIGURE 4.12. 

RMSE values by deviation of component item parameters (�N) 
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Figure 4.13 compares the RMSE values under different sizes of the deviation of the 

random error for the intercept of the composite item parameters (�|). The X-axis is the size of �|. 

The simulation results do not give evidence of a consistent change in the RMSE values under 

different values of �|, which can be interpreted that  �| value is not critical when estimating the 

mean of component item parameters (β	). The similar result is observed in both the RF-MIRID 

and the RR-MIRID models.  

 

 
FIGURE 4.13. 

RMSE values by the deviation of random error for the composite intercept (�|) 

 

Finally, the effect of the relationship between the deviation of component item 

parameters (�N ) and the deviation of random error for the intercept of the composite item 
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parameters (�| ) is investigated. Figure 4.14 compares the RMSE values depending on the 

relationship between �N  and �| . In the X-axis, A indicates that the �N  is bigger than �| , B 

indicates that the �N is equal to �|, and C indicates that the �N is smaller than �|. These box plots 

clearly show that when  �N is bigger than �|, the RMSE values are bigger in general compared to 

those under the situation when the �N is smaller than �|. This result is partly explained by the 

previous comparison where the effect of the deviation of component item parameters was 

investigated. In order to meet the second situation where the �N is smaller than �|, the �N values 

always should be 0.5 in this simulation studies, but for the first situation, the �N values can be 

either 0.5 or 1. As shown in the previous comparison, the smaller deviation of component item 

parameters clearly results in better estimates, and thus the RMSE values in the second situation 

should be better than those in the first situation. 
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FIGURE 4.14. 

The effect of the deviations of component item parameters and residuals (X axis A: �N>�|; B: �N = �|; C: �N<�|; Y axis: RMSE values) 

 

4.2.3 The deviation of component item parameters 

Table 4.6 summarizes the RMSE values for the deviation of component item parameters 

(�N) across 24 measurement conditions. Again, since only the RF- and RR-MIRID models are 

designed to estimate these parameters, the study compares the RMSE values under these two 

models. The following box plots visualize the comparisons among models and measurement 

conditions. In each box plot, the values of Y-axis indicate the RMSE values and those of X-axis 

indicate the values of each simulation condition.  

As expected, the RMSE values for �N  vary depending on simulation conditions, and 

Table 4.6 shows that  the highest RMSE value is 0.669 and the lowest RMSE value is 0.014 in 
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current simulation studies. In order to take a closer look at these RMSE values, the box plots in 

Figures 4.15, 4.16, and 4.17 visualize RMSE values from two models by each simulation 

condition. 
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TABLE 4.6. 

RMSE values for the deviation of component item parameter across conditions 

NO 

# 

Item 

family 

# 

people 
�N �| 

RF-MIRID RR-MIRID 

�N(.) �N(/) �N(o) �N(.) �N(/) �N(o) 
1 10 300 0.5 0 0.176 0.114 0.057 0.178 0.117 0.056 

2 10 300 0.5 0.5 0.275 0.115 0.119 0.286 0.098 0.122 

3 10 300 0.5 1 0.143 0.064 0.184 0.153 0.076 0.141 

4 10 300 1 0 0.669 0.602 0.044 0.669 0.596 0.039 

5 10 300 1 0.5 0.065 0.119 0.262 0.068 0.133 0.245 

6 10 300 1 1 0.337 0.097 0.112 0.381 0.096 0.152 

7 10 600 0.5 0 0.288 0.036 0.106 0.285 0.039 0.104 

8 10 600 0.5 0.5 0.051 0.118 0.051 0.057 0.084 0.050 

9 10 600 0.5 1 0.052 0.127 0.112 0.054 0.082 0.136 

10 10 600 1 0 0.034 0.456 0.637 0.034 0.453 0.631 

11 10 600 1 0.5 0.045 0.079 0.213 0.041 0.085 0.214 

12 10 600 1 1 0.127 0.403 0.261 0.147 0.289 0.195 

13 30 300 0.5 0 0.046 0.146 0.152 0.044 0.148 0.151 

14 30 300 0.5 0.5 0.047 0.042 0.096 0.058 0.021 0.049 

15 30 300 0.5 1 0.058 0.084 0.046 0.030 0.031 0.042 

16 30 300 1 0 0.110 0.066 0.142 0.104 0.067 0.140 

17 30 300 1 0.5 0.069 0.165 0.095 0.082 0.126 0.102 

18 30 300 1 1 0.074 0.056 0.181 0.099 0.170 0.179 

19 30 600 0.5 0 0.081 0.036 0.050 0.071 0.036 0.049 

20 30 600 0.5 0.5 0.059 0.107 0.030 0.036 0.044 0.033 

21 30 600 0.5 1 0.143 0.081 0.031 0.014 0.087 0.036 

22 30 600 1 0 0.103 0.193 0.025 0.097 0.201 0.021 

23 30 600 1 0.5 0.038 0.131 0.161 0.048 0.095 0.162 

24 30 600 1 1 0.087 0.078 0.126 0.124 0.091 0.020 

    Min 0.034 0.036 0.025 0.014 0.021 0.020 

    Max 0.669 0.602 0.637 0.669 0.596 0.631 

    Median 0.077 0.111 0.112 0.076 0.093 0.113 
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 First, Figure 4.15 compares the RMSE values between the RF- and the RR-MIRID 

models under different numbers of item families. As can be seen in these box plots, within each 

model, the model with 30 item families estimates the parameter better than the model with 10 

item families does. The median values and the variations of RMSE under 10 item families are 

consistently bigger than those under 30 item families across components. This phenomenon is 

observed in both models. 

 

 

FIGURE 4.15. 

RMSE values by number of item families 
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Second, Figure 4.16 shows the comparison of RMSE values under different numbers of 

people.  The X-axis shows the number of people in the box plots. For the first component, it 

appears that the variation of RMSE values under 600 people is significantly smaller than the 

variation under 300 people, while for other components, the variations of RMSE values under 

two different conditions are pretty similar to each other. The comparisons of median values, 

however, indicate that the number of people does not result in large difference in the RMSE 

value.  

 

 
FIGURE 4.16. 

RMSE values by number of people 

 

 Finally, Figure 4.17 compares the RMSE values under different sizes of deviation of the 

random error for the intercept of the composite item parameters (�|). The box plots show that the 
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distributions of RMSE values in the RF- and the RR-MIRID models are quite similar to each 

other indicating that there is no substantial difference between these two models in terms of 

RMSE values.  

Within each model, the current results show that the distributions of RMSE values are 

somewhat inconsistent across components, and indicate that the estimation of �N is not 

substantially affected by the size of �| . For example, the distribution of RMSE values under 0 

deviation (�|) is quite different from those under 0.5 and 1 deviations (�|) for the first and the 

second components, but not for the third component. Because it is assumed that the � and  {Z[are 

not related to each other, this result is understandable.  

 

 

FIGURE 4.17. 

RMSE values by the deviation of random error for the composite intercept (�|) 
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The findings in the examination of parameter recovery for �N  can be summarized as 

followings: 

First, the number of item families affects the quality of �N parameter estimates, and it 

appears that the greater number of item families results in better quality of parameter estimates. 

Second, it appears that the number of people does not make any significant change in terms of 

RMSE values. Third, the deviation of random errors for the intercept of composite item (�|) does 

not affect the estimation of component item deviation (�N). 

 

4.2.4 The deviation of residuals 

Table 4.7 summarizes the RMSE values for the deviation of the random errors for the 

intercept of the composite items (�|) across 24 measurement conditions. Since only the FR- and 

RR-MIRID models are designed to estimate these parameters, the study compares the RMSE 

values under these two models. Figure 4.18 visualizes the comparisons among models and 

measurement conditions in terms of RMSE values. In Figure, the values of Y-axis indicate the 

RMSE values and those of X-axis indicate the values of each simulation condition.  
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TABLE 4.7. 

RMSE values for the deviation of random error for the intercept of composite item across conditions 

NO 

# 

Item 

family 

# 

people 
�N �| FR-MIRID RR-MIRID 

1 10 300 0.5 0 0.179 0.177 

2 10 300 0.5 0.5 0.140 0.124 

3 10 300 0.5 1 0.365 0.367 

4 10 300 1 0 0.187 0.185 

5 10 300 1 0.5 0.119 0.120 

6 10 300 1 1 0.111 0.110 

7 10 600 0.5 0 0.165 0.188 

8 10 600 0.5 0.5 0.118 0.120 

9 10 600 0.5 1 0.143 0.135 

10 10 600 1 0 0.258 0.229 

11 10 600 1 0.5 0.121 0.122 

12 10 600 1 1 0.119 0.116 

13 30 300 0.5 0 0.191 0.191 

14 30 300 0.5 0.5 0.039 0.039 

15 30 300 0.5 1 0.086 0.085 

16 30 300 1 0 0.242 0.242 

17 30 300 1 0.5 0.076 0.074 

18 30 300 1 1 0.168 0.168 

19 30 600 0.5 0 0.242 0.250 

20 30 600 0.5 0.5 0.035 0.034 

21 30 600 0.5 1 0.043 0.045 

22 30 600 1 0 0.350 0.350 

23 30 600 1 0.5 0.139 0.141 

24 30 600 1 1 0.044 0.044 

    
Min 0.035 0.034 

    
Max 0.365 0.367 

    
Median 0.140 0.130 
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 As can be seen in Table 4.7, the RMSE values for the random errors are from 0.034 to 

0.367 and there is not any substantial difference between the FR- and the RR-MIRID models in 

terms of the RMSE values. However, within each model, the RMSE values are distributed 

differently depending on the simulation condition. In Figure 4.18, Box Plot 1 shows the 

comparison of RMSE values from simulation studies under 10 and 30 item families. This box 

plot shows that under 30 item families the range of RMSE value is bigger than under 10 item 

families indicating that for some cases RMSE values are higher under 30 item families than 

under 10 item families. By looking at Table 4.7 carefully, one can see that they are cases where 

the true model does not have any random errors (i.e., �|= 0). Under the model misspecification, 

the more item families indeed cause the RMSE values to increase. However, if the true model 

has any random errors, the more item families tend to decrease the RMSE values, in general. 

Next, Box Plot 2 shows the effect of the number of people on the RMSE values. Even though 

this box plot displays the upper bound of RMSE values under 600 people is higher than under 

300 people, Table 4.7 shows that there is no large difference between two conditions. Box plot 3 

compares the RMSE values under different sizes of the deviation of the component item 

parameters (�N ). As shown in this box plot, the difference of �N  value does not make any 

significant difference in the RMSE values for �|, and the median RMSE values in two situations 

(�N=0.5 and 1 ) are also similar to each other. 
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Box plot 1                                                                  Box plot 2 

    

Box plot 3 

  

FIGURE 4.18. 

RMSE values by number of item families, people, and by �N  (clockwise) 



 

 87  

    

4.2.5 The component item parameters 

 At last, the current simulation studies check the component item parameter estimation. 

Table 4.8 summarizes the RMSE values of component items under 24 simulation conditions. 

Since the FF-MIRID model and the FR-MIRID models estimate each component item parameter, 

Table 4.8 shows the RMSE values of component items for these models only. In addition, 

because depending the number of item families, the number of component items is from 30 to 

120, this table displays the median, the minimum and the maximum values of RMSE to 

summarize RMSE values of these component items. In order to tease out the effect of each 

simulation condition on the component item parameter estimation, Figures 4.9, 4.20, 4.21, and 

4.22 compare the RMSE values under different conditions using box plots. In these box plots, the 

X-axis indicates the simulation condition number (i.e., total 24 simulations) and Y-axis indicates 

the RMSE values, and thus one can compare the distributions of RMSE values of component 

items across 24 simulations. 

 



 

 

     

8
8
 

TABLE 4.8. 

RMSE values for component items across conditions 

NO 
# 

Item family 

# 

people 
�N �| 

FF-MIRID FR-MIRID 

Median Min Max Median Min Max 

1 10 300 0.5 0 0.144 0.102 0.181 0.153 0.104 0.182 

2 10 300 0.5 0.5 0.146 0.099 0.209 0.131 0.099 0.185 

3 10 300 0.5 1 0.179 0.076 0.580 0.138 0.070 0.201 

4 10 300 1 0 0.144 0.097 0.234 0.151 0.108 0.232 

5 10 300 1 0.5 0.208 0.100 0.388 0.154 0.109 0.248 

6 10 300 1 1 0.217 0.130 1.207 0.154 0.101 0.288 

7 10 600 0.5 0 0.099 0.073 0.131 0.102 0.073 0.131 

8 10 600 0.5 0.5 0.131 0.082 0.202 0.110 0.064 0.142 

9 10 600 0.5 1 0.117 0.076 0.308 0.098 0.074 0.132 

10 10 600 1 0 0.095 0.068 0.129 0.100 0.074 0.127 

11 10 600 1 0.5 0.120 0.088 0.317 0.106 0.077 0.171 

12 10 600 1 1 0.145 0.071 0.692 0.103 0.076 0.158 

13 30 300 0.5 0 0.149 0.103 0.816 0.150 0.100 0.930 

14 30 300 0.5 0.5 0.197 0.114 0.884 0.146 0.085 1.151 

15 30 300 0.5 1 0.266 0.121 1.012 0.148 0.098 0.740 

16 30 300 1 0 0.138 0.101 1.250 0.145 0.102 1.467 

17 30 300 1 0.5 0.179 0.097 2.348 0.153 0.092 2.591 

18 30 300 1 1 0.285 0.094 2.284 0.144 0.073 2.858 

19 30 600 0.5 0 0.107 0.065 1.959 0.105 0.077 2.120 

20 30 600 0.5 0.5 0.127 0.079 0.841 0.099 0.073 0.861 

21 30 600 0.5 1 0.130 0.063 0.907 0.098 0.063 0.905 

22 30 600 1 0 0.119 0.063 3.091 0.108 0.074 3.509 

23 30 600 1 0.5 0.152 0.067 2.319 0.111 0.076 2.554 

24 30 600 1 1 0.233 0.083 1.761 0.106 0.061 1.997 
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 First, Figure 4.19 compares the RMSE values under 10 and 30 item families using the 

box plots. As shown in these box plots, for the FF-MIRID model, as the number of item families 

increases from 10 to 30, it appears that the range of RMSE values tend to increase. The increase 

in the number of item families actually causes the increase of number of items, and thus given 

number of people, it can be understood that the FF-MIRID model does not perform very well 

when increasing number of items (e.g., 30 component items to 90 component items). For the FR-

MIRID model, however, it appears that the increase in the number of item families does not 

affect significantly component item estimations. As can be seen in Figure 4.19, the RMSE values 

are quite consistent even though the number of items changes. 

 

 

FIGURE 4.19. 

RMSE values by number of item families 
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 Second, Figure 4.20 explores the effect of number of people when estimating component 

item parameters. Figure shows the performance of the MIRID models with different numbers of 

people.  The simulation results indicate the increase in the number of people from 300 to 600 

does not substantially improve the performance of the FF-MIRID model and in fact its effect is 

not consistent. For the FR-MIRID model, it turns out that more people slightly lead to better 

quality of estimations. 

 

 

FIGURE 4.20. 

RMSE values by number of people 
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 Third, this study investigates how the RMSE values change in each model depending on 

the component item deviation (�N). Figure 4.21 displays the RMSE values of the FF-MIRID and 

the FR-MIRID when the deviation is 0.5 and 1. As shown in this Figure, for the FF-MIRID 

model, as the size of deviation increases, the RMSE values tends to increase indicating that the 

quality of component item estimation become poorer. On contrast, it appears that the RMSE 

values of the FR-MIRID model are quite stable showing that the component item deviation does 

not affect substantially the component item estimations in this model. 

 

 

FIGURE 4.21. 

RMSE values by deviation of component item parameters (�N) 

 



 

 92  

     

 Finally, Figure 4.22 compares the RMSE values of component items under different sizes 

of the deviation of random error for the intercept of composite item (�|). Again, the box plots in 

this Figure show that in the FF-MIRID model, the quality of estimations is quite dependent on 

the random error deviation (�|). In the FR-MIRID model, however, it appears to be stable. The 

results also suggest that the FI-MIRID and the FR-MIRID models provide similar component 

item estimate when the random error deviation (�|) is zero. However this type of situation may 

be very rare, and indeed unrealistic. 

 

 

FIGURE 4.22. 

RMSE values by the deviation of random error for the composite intercept (�|) 
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 For the component item parameters, the current simulation results clearly show that the 

FF-MIRID and the FR-MIRID models are quite different with respect to the quality of 

component item estimation. It turns out that depending on the measurement situations the FF-

MIRID model offers different qualities of estimates, while the FR-MIRID model provides 

relatively better and stable estimates. When applying the FF-MIRID model, the increase in the 

number of item families, the component item deviation and the random error deviation tend to 

cause RMSE values to increase showing relatively poor estimates. When applying the FR-

MIRID model, however, one might get relatively good and stable estimates. 

 

4.2.6 Summary 

The simulation results show that the quality of estimation is substantially affected by the 

simulation conditions which the current study varied and that it also depends on the model. In the 

present study, the parameters of interest are the component weight (�[), the mean of component 

item parameters (β	), its deviation (�N), the random error deviation (�|), and component item 

parameters ( β�	 ), and thus the effect of each condition on these parameter estimations is 

investigated and can be summarized as follow. 

First of all, for the component weight, it appears that (a) more item families, (b) bigger 

component item deviations (�N) and (c) less random error deviation (�|) tend to decrease the 

RMSE values which indicate better estimation. In particular, the random error deviation takes a 

critical role when estimating the component weight. As a result, estimates in the FR-MIRID and 

the RR-MIRID models are quite stable and better regardless the size of random error deviation.  

Second, for the mean of component item parameters, it turns out that more item families and less 

deviation of component item parameters lead to lower values of RMSE. The number of people 
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and the random error deviation, however, do not show any significant effect on this parameter 

estimation. The current simulation studies do not show any difference between the RF-MIRID 

and the RR-MRIID model in terms of the quality of estimation and the effect of each simulation 

condition is similar in both models as well. Third, in the deviation of component item parameter 

(�N), only the number of item families affects the quality of estimation, and the results show that 

more item families tend to result in better estimation. Fourth, in the estimation of random error 

deviation for the intercept of composite item (�|), it appears that the number of item families has 

a positive effect on the quality of estimation in general, but that under the model misspecification, 

it has a negative effect (so the more number of families causes the higher RMSE value). The 

current simulation studies do not provide any significant evidence to show the effect of the 

number of people and the component item deviation (�N) on the estimation of random error 

deviation (�|).  Finally, for the component item parameters, the present simulation studies show 

that the increase in the number of item families, the component item deviation (�N), and the 

random error deviation (�|) negatively influence the quality of estimations. On contrast, the FR-

MIRID model appears to provide the stable and relatively better estimates given simulation 

conditions. 

 

4.3 Model selection  

In reality, however, one might not be sure which MIRID model should be applied for a 

situation one faces. Model selection given a data set is indeed quite challenging especially when 

different indices are in favor of different models. Typically when IRT models are nested, a 

likelihood ratio test statistic has been used to select a model. When models are not nested, 
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Akaike’s information criterion (AIC; Akaike, 1974), and Bayesian information criterion (BIC; 

Schwarz, 1978) can tell us an appropriate model given a data set. However, Kang and Cohen 

(2007) found inconsistencies and inaccuracies of these model selection methods based on their 

simulation studies. BIC penalizes the number of parameters more and thus tends to choose 

models with fewer parameters than does AIC (Li, Cohen, Kim, & Cho, 2009), and these two 

criteria do not necessary agree with each other (Lin & Dayton, 1997). In fact, in general, the 

longer test and the more sample size provide more consistent and accurate model selection, 

which is not often the case in reality. Compared to these criteria, it appears that the cross-

validation log-likelihood (CVLL) is more accurate and consistent across simulated conditions 

(Kang & Cohen, 2007; Li, Cohen, Kim & Cho, 2009). Deviance information criterion (DIC; 

Spiegelhalter, Best & Carlin, 1998; Spiegelhalter, Best, Carlin & van der linde, 2002) also allows 

us to deal with Bayesian posterior estimates of model parameters, and is used to identify a model 

which best explains the observed data with the expectation that it is likely to minimize 

uncertainty about observations.  This section discusses the model selection based on the CVLL 

and DIC. 

 

4.3.1  Cross-validation log-likelihood (CVLL) 

As a Bayesian approach for model selection, a Bayes factor (BF) is commonly used to 

compare item response models (Bolt & Lall, 2003; Gelfand, 1994, 1996; Han & Carlin, 2001; 

Kass & Raftery, 1995; Sahu, 2002; Smith, 1991). For example, when comparing Model 1 and 

Model 2, A BF is expressed as the ratio of the posterior odds of a Model A to Model B 

multiplied by the prior odds of Model A to Model B. When the priors of these two models are 

the same to each other, the BF becomes the ratio of these marginal likelihoods for the two 
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models. If the BF greater than 1 indicates that Model A fit data better than Model B does, and 

vice versa. 

 

�Ò = Ä(ÓÔÕÖ|×ØÙ²Ú Û)
Ä(ÓÔÕÖ|×ØÙ²Ú Ü)     (4.5) 

   

When using BF, the assumption is that one of models being compared is the true model 

(Bolt, Cohen, & Wollack, 2001; Li, Cohen, Kim, & Cho, 2009; Kang & Cohen, 2007). 

Inevitably, this assumption requires much information about prior which might be difficult to 

obtain. If prior information is weak and an improper prior is given to the model, a BF become 

proportional to unspecified constants of improper prior, and its value become useless.  

In order to deal with this problem, O’hagan (1991, 1995) proposed partial Bayes factors, 

known as the cross-validation likelihood (CVL) values. His approach requires one to divide the 

data into two parts, X=(�Ë , �ÝÞ): a training sample and a cross-validation sample. The training 

sample(�Ë) provides information about the parameters (ÂÛ, ÂÜ) of Model A and B, and used to 

update the prior distribution of model parameters ß(Â), and eventually to obtain a posterior 

distribution ß(Â|�Ë). By using this updated prior, the cross-validation sample (�ÝÞ) is now able 

to solve the problem caused by the improper prior, and is used to compute a Bayes factor to 

compare models as follows: 

 

�và = @(�ÝÞ|u�á�â) = ã @( �ÝÞ|ÂD, �Ë , u�á�â)ß(ÂD|�Ë , u�á�â)áÂD (4.6) 

 

 Because this Bayes factor is computed using a part of the complete data set, it is called a 

partial Bayes factor. The log of this partial Bayes factor (log �Ò) is the cross-validation log 
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likelihood (CVLL).  The model with the largest CVLL is treated as the best model (Bolt, Cohen, 

& Wollack, 2001). This study uses MATLAB to calculate the CVLL, and its codes are listed in 

Appendix XII. 

 

4.3.2 Deviance information criterion (DIC) 

DIC is an approach to deal with Bayesian posterior estimates of model parameters. This 

approach can be considered as a Bayesian measure of fit or adequacy, penalized by an additional 

complexity term and it is approximately equivalent to Akaike’s criterion (Spiegelhalter, Best, 

Carlin, and van der Linde, 2002). DIC is composed of the posterior mean deviance ä(Â)ååååååå, and the 

number of free parameters in the model @æ which is a penalty of model complexity. It also can 

be expressed using the deviance at the posterior estimates of the parameters ä(Â̿) and @æ. 

 

äè� = ä(Â)ååååååå + @æ = ä(Â̿) + 2 × @æ    (4.7) 

 

In this method, the model with the smallest DIC value is assumed to be the model that 

best predicts the data set of the same structure as that currently observed, and hence differences 

in DIC are estimates of differences in expected loss in prediction. 

 

4.3.3 Model selection results 

Table 4.9 shows the performance of the CVLL and DIC under 24 simulation conditions. 

First, as shown in this Table, the CVLL consistently choose the RF-MIRID model as the best 

model while the DIC choose different model depending on the simulation condition. Since the 

true model is the RI-MIRID models (e.g., the RF-MIRID and the RR-MIRID), at this point, the 
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CVLL choose a right model but does not necessarily select the true model. Second, DIC tends to 

choose the most flexible model rather than the true model in the relatively short test, but it 

attempts to choose the true model with longer tests. As can be seen in Table 4.9, under 10 item 

families, the DIC tends to choose either the FF-MIRID model or the FR-MIRID model which are 

relatively flexible models with respect to the number of parameters. Under 30 item families, 

however, the performance of DIC shows the transition from the cases where the DIC selects the 

flexible model to the cases where the DIC selects the true model. In fact, these results clearly 

show what one should consider when interpreting the model fit indices for the MIRID model. As 

previous research addressed (De Boeck, 2008; Kang & Cohen, 2007), the most of model indices 

tend to select the most flexible model. Because the RI-MIRID models are quite restricted models, 

it is expected that they do not fit well. At this point, the misfit of the RI-MIRID models in the 

current simulation studies is consistent with previous research (De Boeck, 2008). The summary 

of the CVLL and the DIC also can be found in the Appendix. 
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TABLE 4.9. 

The model selection based on CVLL 

NO 

# 

Item 

family 

# 

people 
�N �|  

CVLL 
 

DIC 

FF-MIRID FR-MIRID RF-MIRID RR-MIRID 

 

FF-MIRID FR-MIRID RF-MIRID RR-MIRID 

1 10 300 0.5 0 0 0 20 0  13 2 5 0 

2 10 300 0.5 0.5 0 0 19 1  1 10 1 8 

3 10 300 0.5 1 6 0 14 0  4 9 0 7 

4 10 300 1 0 0 0 18 2  11 1 6 2 

5 10 300 1 0.5 0 0 20 0  0 13 0 7 

6 10 300 1 1 0 0 20 0  0 14 0 6 

7 10 600 0.5 0 0 0 18 2  15 0 4 1 

8 10 600 0.5 0.5 0 0 20 0  3 10 0 7 

9 10 600 0.5 1 0 0 20 0  0 0 20 0 

10 10 600 1 0 1 0 13 6  14 1 4 1 

11 10 600 1 0.5 0 0 20 0  0 16 0 4 

12 10 600 1 1 3 0 17 0  16 3 0 1 

13 30 300 0.5 0 0 0 20 0  1 0 17 2 

14 30 300 0.5 0.5 6 0 14 0  0 2 2 16 

15 30 300 0.5 1 9 0 11 0  9 1 0 10 

16 30 300 1 0 0 0 20 0  2 9 1 8 

17 30 300 1 0.5 0 0 20 0  0 12 0 8 

18 30 300 1 1 0 0 20 0  1 8 0 11 

19 30 600 0.5 0 0 0 20 0  0 6 0 14 

20 30 600 0.5 0.5 0 0 20 0  0 8 0 12 

21 30 600 0.5 1 1 0 19 0  1 8 0 11 

22 30 600 1 0 0 0 19 1  0 13 0 7 

23 30 600 1 0.5 0 0 20 0  0 14 0 6 

24 30 600 1 1 4 0 16 0  1 14 0 5 
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4.4 Discussion 

As addressed above, the current simulation study results support that the measurement 

condition substantially affects the parameter estimation, and it appears that the number of item 

families and the size of random effects (i.e., �N and �|) are factors one should consider when 

applying the RI-MIRID models.  For the model selection, the CVLL consistently select the RI-

MIRID model as the best model, but the DIC tends to play between the flexible model and the 

true model.  Given results, one may want to use the CVLL index for the model selection, 

however, when one has many items and respondents, the DIC might show the true model as well. 

Under 600 people and 120 items, however, the DIC still show unstable results, thus one might 

need at least more than 600 people and 120 items when using the DIC for the model selection. 

The present simulation results clearly show at least two reasons why the random item 

effects should be specified in the model. As addressed in Chapter 1, 2 and 3, the component 

weight is the most interesting parameter in the MIRID model, and thus the quality of that 

parameter estimation may be the most concern when using the MIRID model. Based on 

simulation studies, however, it is concluded that the FF-MIRID model does not estimate the 

component weight well when substantial random item effects exist. In particular, the results 

suggest that the model which takes into account of the random errors (�) should be used because 

the component weight estimation is very sensitive to the size of random error deviation (�|). 

Since the assumption that item parameters cannot be fully explained without random errors is not 

realistic, the RI-MIRID model may be more useful than the FF–MIRID model as well.  

Second, as discussed above, the component weight parameters are the most interesting 

parameters in the MIRID model, and in order to ensure accurate estimates of component weights, 

the quality of component item parameter estimates should be clear. Note that the component 
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weight is estimated based on the component item parameter estimates. The present simulation 

study results also clearly show the benefit of the RI-MIRID model (i.e., the FR-MIRID) 

compared to the FF-MIRID model. Based on simulation studies, the FR-MIRID consistently 

provides better estimate than the FF-MIRID model does, and furthermore its estimations are 

quite stable given simulation conditions. This result is also quite consistent with the simulation 

results in the estimation of the component weight parameters.  As shown in Table 4.3 and 

following Figures, the FR-MIRID and the RR-MIRID provide better component weight 

estimates compared to the FF-MIRID model, and now that result can be partly understood in 

terms of the quality of the component item estimates. The simulation results show the FF-MIRID 

and the FR-MIRID may provide similar component item parameter estimates when there are no 

random errors, but that situation may not be realistic and thus it can be concluded that the FR-

MIRID which reflects the random error in the model is more useful than the FF-MIRID which 

does not consider any random item effects. 

The current simulation results also show guidelines when using the RI-MIRID models. 

As described above, one might get different quality of estimations depending on measurement 

situations (e.g., number of items and people, etc.), and thus given situations, the strategy in the 

model selection should be different. In fact, the model fit indices (e.g., CVLL and DIC) choose 

the different model in the same measurement situation, and the DIC tends to choose the 

relatively flexible model while the CVLL tends to select the true model or a model close to the 

true model. At this point, one may want to use the CVLL rather than the DIC for the model 

selection. However, more importantly, one might need to consider which model answer research 

question at best if the difference in the model fit is not that big, In this context, the model 

selection among various RI-MIRID models should be made as well. The other issue in the model 
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selection is the quality of estimations. In fact, the good quality of estimations is the basic 

condition the model should meet. As discussed in the simulation results, different measurement 

conditions result in different quality of estimations, but in general the RI-MIRID models 

performs better than the FF-MIRID model. Hence, if the previous research or theories strongly 

suggest the RI-MIRID model, it may be safe to use the RI-MIRID model rather than the FF-

MIRID model. 
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Chapter 5. Illustrations of the RI-MIRID models with empirical data 

 

Chapter 5 presents empirical studies to illustrate the use of the RI-MIRID and the 

MULTI-RI-MIRID models. The first empirical study explores the verbal aggression data 

(Vansteelandt, 2000), and then discusses what benefit one can take and what types of research 

are possible with the RI-MIRID models. The second empirical study investigates the local item 

dependency in the guilt emotion data (Smits & De Boeck, 2003). For this purpose, the testlet 

model (Wang & Wilson, 2005) and the RI-MIRID models are applied to data and their results 

are compared. The second study also illustrates the benefit of unidimensional RI-MIRID models 

compared to the multidimensional model (e.g., MWIM). The third study focuses on the 

application of MULTI-RI-MIRID models. For this purpose, in this study, various MULTI-RI-

MIRID models are applied to synonym data set (Janssen, Hoskens & De Boeck, 1993).  

Because the RI-MIRID assumes that item and person parameters have random effects, it 

is a crossed random effect model. For the parameter estimation, hence, the Bayesian approach 

using Markov Chain Monte Carlo (MCMC) was used with WinBUGS 1.4.3 (Spiegelhalter, 

Thomas, Best, & Lunn, 2003). In MCMC estimation, the parameter estimate is sampled from the 

posterior distribution after each iteration, and then the mean over iterations, which excludes the 

burn-in iterations, is the MCMC estimate. In order to get the MCMC estimate, the number of 

total and burn-in iterations first needs to be decided based on convergence checks (Gelman & 

Rubin, 1992). For the model side, the prior distribution should be specified to derive the 

posterior distribution for each parameter as well. 

In these empirical studies, the burn-in was set to be 1000 and an additional 1000 

iterations were used to get the MCMC estimates. For the convergence check, �� index (Gelman & 
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Rubin, 1992) was used. In three RI-MIRID models, the following priors were used in each 

empirical study. 

 

FR-MIRID: 

σ	~R���"â(1,4) 

       ζ�~R���"â(0, �é/) 

�é/~�����!� − �"��"(0.001, 0.001) 

      ]~R(0,1). 

 

RF-MIRID: 

σ	~R���"â(1,4) 

        β�	~R���"â(β	, �N/) 

β	~R���"â(0, 4) 

�N/~�����!� − �"��"(0.0001, 0.0001) 

        ]~R(0,1). 

 

RR-MIRID 

σ	~R���"â(1,4) 

        β�	~R���"â(β	, �N/) 

   β	~R���"â(0, 4) 

�N/~�����!� − �"��"(0.0001, 0.0001) 

ζ�~R���"â(0, �é/) 
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�é/~�����!� − �"��"(0.001, 0.001) 

       ]~R(0,1). 
 

5.1 Example 1: Verbal aggression study  

5.1.1 Data and methods 

For illustration, the current study first applies the RI-MIRID models to verbal aggression 

data (Vansteelandt, 2000; Dirk, De Boeck, & Vansteelandt, 2004). These data include 316 

respondents and 24 items that were designed in terms of three factors: ‘Behavior Mode’, 

‘Situation type’, and ‘Behavior type’ (see Appendix I). Each item has three categories scored as 

0 (no), 1 (perhaps), and 2 (yes).  

Using ‘Behavior Mode’, a respondent's aggressive reaction to each situation is coded in 

two different ways’: (1) whether one wants to display the corresponding reaction in that situation 

(the action tendency), and (2) whether one actually would display the reaction. The RI-MIRID 

model uses ‘Behavior Mode’ to differentiate items (e.g., composite and component items), and 

thus it first examines whether actually displaying an aggressive reaction (i.e., composite item) 

can be explained by wanting to display that aggressive reaction (i.e., component item). Second, 

the RI-MIRID model provides the item population parameters such as the mean of component 

item parameters and its variance. Because the verbal aggression data has only one component, it 

can be seen that the scenarios mainly cause the variation of component item (i.e., “Want” item) 

parameters.  If the variance of the “Want” item parameters is big enough and the effect of these 

“Want” items on “Do” item is substantial, this means that a “Want” item parameter and a “Do” 

item parameter which is reconstructed using that “Want” item parameter are quite dependent on 

scenarios, and hence that there might be a local item dependency within each scenario. 
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For the sake of simplicity, the study dichotomizes data grouping response categories 1 

and 2 into 1, and then the three RI-MIRID models were applied. Table 5.1 summarizes the 

estimated posterior mean and the standard deviation of each item. Item X1 and X13 are given to 

the first scenario, Item X2 and X14 to the second scenario, and so on. As shown in this table, a 

component item parameter and a composite item parameter within each scenario are somewhat 

similar to each other, but they relatively vary across scenarios.  

 

TABLE 5.1 

Estimated Posterior Means and Standard Deviations for Verbal aggression data 

Item type Item Mean Item type Item Mean 

Component x1 0.71 (0.45) Composite x13 0.71 (0.45) 

(‘Want’ Mode) x2 0.60 (0.49) (‘Do’ Mode) x14 0.57 (0.50) 

 
x3 0.51 (0.50) 

 
x15 0.34 (0.48) 

 
x4 0.79 (0.41) 

 
x16 0.66 (0.48) 

 
x5 0.63 (0.48) 

 
x17 0.49 (0.50) 

 
x6 0.50 (0.50) 

 
x18 0.25 (0.43) 

 
x7 0.59 (0.49) 

 
x19 0.46 (0.50) 

 
x8 0.37 (0.48) 

 
x20 0.24 (0.43) 

 
x9 0.24 (0.43) 

 
x21 0.09 (0.29) 

 
x10 0.69 (0.46) 

 
x22 0.63 (0.48) 

 
x11 0.43 (0.50) 

 
x23 0.43 (0.50) 

 
x12 0.31 (0.46) 

 
x24 0.18 (0.39) 

*( ): standard deviation 
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5.1.2 Results 

 This empirical study first applies three RI-MIRID models to the current data, and then 

compares the results with the previous research. Table 5.2 summarizes the results from three 

different RI-MIRID models and compares them with the previous research using the FF-MIRID 

model (Smits, 2003).  

 

TABLE 5.2 

Analysis results using three RI-MIRID models 

  FF(Smits, 2003 ) FR RF RR 

σ. 1.33 1.20 1.33 1.28 

β. 
 

- -0.17 -0.19 

�N(.)/  
 

- 1.08 1.15 

�L/ 1.89 1.95 1.90 1.93 

τ 0.77 0.70 0.76 0.71 

�|/ 
 

0.18 
 

0.17 

 

This table shows that the analyses results from RI-MIRID models are quite consistent 

with previous research using the FF-MIRID model. The FR-MIRID result shows that the person 

variance (σê/) is estimated as 1.95 and the component weight (σ.) as 1.20. This component 

weight means that as component item difficulty increases by one unit, the composite item 

difficulty increases by 1.20 which is quite substantial.  

The intercept (τ) is estimated as 0.76 in the FR-MIRID. The positive value of the 

intercept indicates that Do-items (i.e., composite items) are consistently more difficult than 

Want- items (i.e., component items), and thus it is interpreted that people are inclined to actually 

do less than what they want to do (at least in this data).   
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The random error variance (σé/) from the FR-MIRID is estimated as 0.18. As discussed in 

Chapter 4, the component weight estimator is quite sensitive to the size of random error variance, 

and any random variance bigger than 0.0625 (0.25×0.25) may result in difference among models 

in terms of the component weight estimator. As shown in this table, the component weight 

estimates from the FF-MIRID and the RF-MIRID model are the same, and they are somewhat 

different from those of the FR-MIRID and the RR-MIRID models.  By looking at the size of 

random error variance and the pattern of component weight estimates across models, one may 

conclude that the true component weight may be close to estimates from the RR-MIRID and the 

FR-MIRID models. Thus as long as the component weight is concerned, one might need to 

choose either the FR-MIRID or the RR-MIRID to answer one’s research questions. 

Compared to the FR-MIRID model, the RF-MIRID model provides the mean and 

variance of the component item parameters instead of the variance of the random error. The RF-

MIRID result shows that the component item parameter mean (β.) and variance (σë(.)/ ) are 

estimated as -0.17 and 1.08, respectively. Considering the person variance (e.g., σê/=1.95), this 

variance is substantial and indicates that people’s reaction to component items are significantly 

dependent on the situations (scenarios) that each component item addresses indicating a local 

item dependency. 

 At this point, the current empirical study shows the benefit of the RI-MIRID models. 

Because using the FF-MIRID model the research is limited in exploring the relationship between 

component and composite item parameters, one of benefits of the RI-MIRID model is to expand 

one’s research opportunities. For example, this model can be used to detect the local item 

dependency. The verbal aggression study using the RI-MIRID models shows that the variation 

among component item parameters is significant and the effect size of the component item 
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parameter on the composite item parameter is substantial. These facts indicate that there might 

be the local item dependency across situations (e.g., scenarios or item families). Note in the 

MIRID model, an item family is constructed by each situation or scenario. Figures 5.1 and 5.2 

confirm a possibility of this local item dependency within each item family.   

 

 

 

FIGURE 5.1 

Item parameter estimates across scenarios (item families): the FR-MIRID 
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FIGURE 5.2 

The comparison of the “Want” item estimates and the reconstructed “Do” item estimates 

 

As can be seen in Figure 5.1, the Want-item and the Do-item parameters are similar to 

each other within each item family. Figure 5.2 shows that they have a linear relationship.  This 

dependency is a typical issue that the model should consider. In fact, it is well known that item 

response models assume local item independence, and if this assumption is violated, estimated 

item and person parameters can be biased and/or their estimated standard errors can be 

inaccurate. Since item response models are not robust to this violation, the assumption of local 

item dependence has been frequently addressed in the literature and lots of efforts have been 

made to deal with this issue (Andrich, 1985; Hoskens and De Bock, 2001; Rosenbaum, 1988; 

Steinberg and Thissen, 1996; Wilson, 1988; Wilson and Adams, 1995; Wang and Wilson, 2005; 

Yen, 1993). The advantage of the RI-MIRID model is that this model allows us to expand our 

usual set of possible tactics for dealing with local item dependence (which includes 
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multidimensionality, item bundling, DIF, etc.) by introducing an item family into the model. 

Other empirical studies in this chapter investigate this issue with more details.  

Another possible issue that can be investigated using the RI-MIRID model is the 

detection of the differential facet functioning (DFF). In this verbal aggression study, Do-items 

are explained by WANT-items, their weights and random residuals. These random residuals are 

the situational effect on the composite item parameter which the WANT-items do not explain. If 

the random residual is significantly different between two groups (say male and female groups), 

the Do item parameters become different between the male and female groups, which also causes 

differential functioning for the DO-items. Thus, by investigating this random residual across 

groups of interest, one can find whether certain situations (scenarios) are functioning differently 

in different groups causing different item parameters for these groups.  

 

5.2 Example 2: Guilt emotion study  

5.2.1 Data and methods 

Smits and De Boeck (2003) investigated the components of guilt. They derived five 

components of guilt from a literature review (responsibility, norm violation, negative self 

evaluation, worrying and tendency to rectify). After preliminary studies, they selected three 

components (e.g., norm violation, worrying, and tendency to rectify) to investigate the guilt 

emotion and its relationship with these three components (see APPENDIX II). For collecting 

data, they sampled 270 students and then gave them four questions followed by 10 situations 

asking them to circle one of four choices (0 to 3). ‘0’ indicates ‘no’, ‘1’ indicates ‘not likely’, ‘2’ 

indicates ‘likely, and ‘3 indicates ‘yes’. 268 students between 17 and 19 years old (138 from 

females and 130 from males) responded to their questionnaire. 
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In this example, once again data is dichotomized for simplicity of illustration, so 0 and 1 

are recoded as 0, and 2 and 3 are recoded as 1. Table 5.3 shows the mean and standard deviation 

for each item after dichotomization.   

TABLE 5.3 

Means and Standard Deviations for Guilt data 

Situation Obs. 

Component 1 Component 2 Component 3 Composite 

(Norm 

violation) 
(Worrying) 

(Tendency to 

rectify) 
(Guilt) 

Break-up 268 0.49 (0.50) 0.77 (0.42) 0.61 (0.49) 0.67 (0.47) 

Trumpet 268 0.09 (0.28) 0.15 (0.36) 0.14 (0.35) 0.14 (0.35) 

Shoes 268 0.35 (0.48) 0.52 (0.50) 0.42 (0.49) 0.49 (0.50) 

Movie 268 0.51 (0.50) 0.57 (0.50) 0.57 (0.50) 0.63 (0.48) 

Discussion 268 0.77 (0.42) 0.84 (0.37) 0.90 (0.31) 0.86 (0.35) 

Secret 268 0.91 (0.28) 0.87 (0.34) 0.84 (0.37) 0.92 (0.27) 

Youth 

movement 
268 0.75 (0.43) 0.84 (0.36) 0.67 (0.47) 0.83 (0.37) 

Pen pal 268 0.48 (0.50) 0.45 (0.50) 0.52 (0.50) 0.49 (0.50) 

Jacket 268 0.51 (0.50) 0.83 (0.37) 0.94 (0.24) 0.75 (0.43) 

Homework 268 0.26 (0.44) 0.23 (0.42) 0.30 (0.46) 0.23 (0.42) 

*( ): standard deviation 

 

As can be seen in this table, the mean of responses for each item varies across situations, 

but within each situation, the means of three component and the composite items are close to 

each other. This descriptive statistics implies that within each situation, items might be 

dependent to each other. Figures 5.3 clearly show this phenomenon. This dependency has been 

modeled in many different frameworks, and the RI-MIRID model can be one of them.  
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FIGURE 5.3 

The mean of students’ responses for each item across situations 

 

In this example, first, three different RI-MIRID models are applied to guilt data and the 

consistency of parameter estimates across models is examined. Second, the testlet model and the 

Rasch model are applied and then compared to the RI-MIRID models in terms of the model fit. 

Since the Rasch model does not reflect the item dependency within situations, it is expected that 

the RI-MIRID models fit this data better, and this study check this expectation. The testlet model 

is, however, designed to deal with the possible local item dependency (Wang & Wilson, 2005), it 

is worthwhile to see which model perform better. As discussed above, in the case of the guilt 

emotion study, items are tested across 10 different situations, and within each situation, items 

share a common stimulus (e.g., Break-up situation). Hence items given the same situation can be 

treated as a testlet (or item bundle), and 10 testlets are formulated with guilt data set. Finally, the 

componential structure of guilt data can be seen as the dimensional structure, and thus one can 

applies the multidimensional model to this data. For example, in the guilt emotion study,  
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previous research (Smits & De Boeck, 2003) identified three components (e.g., norm violation, 

worrying, and tendency to rectify), and the assumption that students’ performances are exactly 

same in these three components may not be true, and actually each component may be associated 

with a latent trait dimension. In this study, one can indeed formulate two types of 

multidimensional models depending on research interests: the multidimensional within item 

model (MWIM) and the multidimensional between item model (MBIM). First, the MWIM is 

possible because the guilt feeling is composed of three emotional behaviors (e.g., norm violation, 

worrying, and tendency to rectify), and thus composite items are assumed to measure the each 

emotional behavior as well as the guilt feeling.  It is also possible to treat the guilt feeling as a 

separate dimension and consequently formulate a four dimensional model. Since the MWIM is 

the more reasonable approach considering assessment design and data structure, the current 

study tests multidimensionality in this data using the MWIM, and then discuss its model fit 

compared to the RI-MIRID models. 

 

5.2.2 Results 

Table 5.4 displays that the results from three RI-MIRID models are consistent with 

previous research using the FF-MIRID model (De Boeck & Wilson, 2004). Again, depending on 

whether or not the model specifies the random error in the composite items, the component 

weights are somewhat different with one another. The results display that the component item 

variances are quite big, showing that component item parameters are substantially different 

across situations.  
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TABLE 5.4 

Analysis results using three RI-MIRID models 

 

MIRID 

(De Boeck & 

Wilson, 2004) 

FR RF RR 

σ. 0.50 0.55 0.50 0.55 

σ/ 0.55 0.59 0.54 0.40 

σo 0.03 -0.05 0.04 0.13 

τ 0.20 0.20 0.20 0.24 

�L/ 1.12 1.14 1.13 1.14 

β. 
  

-0.07 -0.06 

β/ 
  

-0.59 -0.60 

βo 
  

-0.51 -0.55 

�N(.)/  
  

3.02 2.98 

�N(/)/  
  

2.29 2.88 

�N(o)/  
  

3.36 3.24 

�|/ 
 

0.020 
 

0.019 

Deviance 10034.15 10035.33 10036.35 10035.25 

DIC 10302.0 10308.3 10304.4 10308.6 

 

 As described above, these component item variances might indicate the local item 

dependency within situations, and thus the Rasch model may not fit this data well compared to 

the RI-MIRID models which take account of this local dependency by specifying the item family 

in the model formulation. Table 5.5 tests this hypothesis and shows that the RI-MIRID models 

consistently fit better than the Rasch model does. As shown in this Table, AIC values for the FR-

MIRID, the RF-MIRID and the RR-MIRID are 10107, 10050, and 10051, respectively and these 

values are considerably lower than 10628 which the Rasch model offers. In fact, this is quite 

encouraging result considering the RI-MIRID models are fairly restricted models compared to 

the Rasch model.  
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TABLE 5.5 

The comparison of the model fit 

 

The testlet 

model 
The Rasch model FR RF RR 

# parameter 106 41 36 7 8 

Deviance 9320.0 10546.6 10035.3 10036.4 10035.3 

AIC 9532.0 10628.6 10107.3 10050.4 10051.3 

 

The concept of item family in the MIRID model is equivalent to the testlet in the testlet 

model, but the MIRID models do not reflect the testlet structure explicitly and do not identify the 

testlet effect directly. Table 5.5 also shows the comparison of the testlet model to the RI-MIRID 

models in terms of the model fit in the guilt data. As shown in this table, the testlet model fit 

better than the RI-MIRID models. Again, the testlet model is the most flexible model and thus 

the relatively poor fit of the RI-MIRID models compared to the testlet model is not surprising.  

Next, Table 5.6 presents the results from the application of the three and two 

multidimensional models. The correlation among dimensions and the AIC values indicate that 

there may be two dimensions rather than three dimensions in this data set. When comparing the 

model fit of the two dimensional model with the RI-MRIID models, it appears that the 

unidimensional RI-MIRID models still fit better than the two multidimensional model.  

In fact, it is frequently addressed that he advantage of the MIRT approaches is that these 

models explicitly reflects the data structure providing the better model fit than other 

unidimensional models, and consequently it produces the better estimate of the item parameter 

(Adams, Wilson & Wang, 1997).  The current empirical study, however, shows that even though 

the multidimensional model performs better suggesting two dimensions in the current data set 

compared to the Rasch model, this model does not fit as well as the RI-MIRID model which is 
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the unidimensional model. At this point, it is clear that benefit of the random item MIRID 

models for this data is that this model reflects data structure more properly than the 

multidimensional model, and furthermore it enables us to investigate the relationship among item 

parameters.  

TABLE 5.6 

The correlations among dimensions and the model fit 

Dimension Three dimensional model Two dimensional model 

(Norm violation, Worry) 0.829 0.823 

(Norm violation, Tendency to 

rectify) 
0.902 

 

(Worry, Tendency to rectify) 0.921 
 

# of parameter 46 43 

Deviance 10787.06 10666.95 

AIC 10879.06 10752.95 

 

5.3 Example 3: Synonym study  

In order to illustrate three multidimensional RI-MIRID models, this study explores the 

synonym data (Janssen, Hoskens & De Boeck ,1993) and compares the results among the 

unidimensional fixed item MIRID model (e.g., the FF-MIRID), the unidimensional RI-MIRID 

models(e.g., the FR-MIRID, the RF-MIRID, and the RR-MIRID), the multidimensional RI-

MIRID models (e.g., the MULTI-FR-MIRID, the MULTI-RF-MIRID, and the MULTI-RR-

MIRID), and multidimensional between item model (e.g., MBIM). 
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5.3.2 Data 

The synonym data set was originally collected by Janssen, Hoskens and De Boeck (1993). 

As a part of the study on the verbal ability, previous researchers (Janssen & De Boeck, 1994; 

Janssen, Hoskens, & De Boeck, 1993, Janssen, De Boeck, & Steene, 1996) have tested the 

hypothesis that the open synonym task is composed of a generation and an evaluation task. In 

their studies, it is assumed that, in order to get a correct synonym, people first generate one or 

more candidate words, and then evaluate these generated words by comparing them to the 

stimulus word and judging their degree of similarity with that stimulus word. Thus, for their 

research, three types of tasks were given to students: a generation, an evaluation, and an open 

synonym task. In the generation task, students were asked to write down all words that came to 

their mind when searching a synonym for a stimulus word. In the evaluation task, students were 

asked to choose which of four given words that they thought was a synonym of the stimulus 

word. Finally in the open synonym task, students were asked to write down words which they 

considered to be synonyms. Figure 5.4 is an example of these three tasks. 

 

Generation task Which words come to your mind while searching a synonym of foggy? 

Evaluation task 
Which of these words do you consider a synonym of foggy? 

(a) damp       (b) cold       (c) wet       (d) hazy 

Open synonym task Give one or more synonyms of foggy 

FIGURE 5.4 

The synonym item for  “foggy” 
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Altogether 218 students were asked to respond to 66 Dutch stimulus words which were 

composed of 22 nouns, 22 adjectives and 22 verbs. However, seven students were discarded 

because they did not follow the instructions properly. For this study, responses to 22 adjectives 

are used.  Table 5.7 presents the mean and the standard deviation for three tasks (i.e., Generation, 

Evaluation and Open synonym tasks) across these 22 items. In this Table,  “GItem”, “EItem” and 

“TItem” indicate, given stimulus word, a generation task, an evaluation task and an open 

synonym task, respectively. 

TABLE 5.7 

The descriptive statistics for three tasks across 22 items 

Item Mean SD Item Mean SD Item Mean SD 

GItem19 0.755 0.431 EItem19 0.835 0.372 TItem19 0.642 0.481 

GItem20 0.193 0.396 EItem20 0.948 0.222 TItem20 0.349 0.478 

GItem21 0.099 0.299 EItem21 0.925 0.265 TItem21 0.108 0.312 

GItem22 0.019 0.136 EItem22 0.075 0.265 TItem22 0.014 0.118 

GItem23 0.014 0.118 EItem23 0.458 0.499 TItem23 0.033 0.179 

GItem24 0.024 0.152 EItem24 0.250 0.434 TItem24 0.014 0.118 

GItem25 0.118 0.323 EItem25 0.792 0.407 TItem25 0.151 0.359 

GItem26 0.033 0.179 EItem26 0.491 0.501 TItem26 0.047 0.213 

GItem27 0.104 0.306 EItem27 0.816 0.388 TItem27 0.203 0.403 

GItem28 0.259 0.439 EItem28 0.590 0.493 TItem28 0.335 0.473 

GItem29 0.321 0.468 EItem29 0.953 0.213 TItem29 0.373 0.485 

GItem30 0.170 0.376 EItem30 0.594 0.492 TItem30 0.241 0.428 

GItem31 0.160 0.368 EItem31 0.797 0.403 TItem31 0.382 0.487 

GItem32 0.476 0.501 EItem32 0.552 0.498 TItem32 0.439 0.497 

GItem33 0.660 0.475 EItem33 0.759 0.428 TItem33 0.698 0.460 

GItem34 0.274 0.447 EItem34 0.458 0.499 TItem34 0.250 0.434 

GItem35 0.127 0.334 EItem35 0.693 0.462 TItem35 0.222 0.416 

GItem36 0.033 0.179 EItem36 0.571 0.496 TItem36 0.042 0.202 

GItem59 0.104 0.306 EItem59 0.646 0.479 TItem59 0.127 0.334 

GItem60 0.146 0.354 EItem60 0.604 0.490 TItem60 0.165 0.372 

GItem61 0.052 0.222 EItem61 0.127 0.334 TItem61 0.047 0.213 

GItem62 0.429 0.496 EItem62 0.849 0.359 TItem62 0.736 0.442 
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 For exploring the componential structure of the synonym data, this study adopted 

unidimensional MIRID models, and then by applying the MULTI-MIRID models, this study 

investigated the multidimensionality in the synonym data set as well. In order to clarify the 

benefit of the MULTI-MIRID models, the MULTI-MIRID analyses results were compared with 

the unidimensional Rasch and multidimensional between-item analysis results. This investigation 

used ConQuest (Wu, Adams, & Wilson, 1998) for the unidimensional Rasch and 

multidimensional between-item analyses, and the WinBUGS version 1.4.3 (Spiegelhalter, 

Thomas, Best, & Lunn, 2003) for other analyses. 

 

5.3.2 Results 

 First of all, this study examines the effects of the evaluation and generation tasks 

on the open synonym task in terms of item parameters. As can be seen Table 5.8, four different 

models offer reasonably similar estimates for two component weights: the evaluation and the 

generation task. As presented in the table, the evaluation and the generation task weights are 

around 0.23 and 0.90, respectively. These results indicate that the generation task item 

parameters contribute to the open synonym task item parameter around four times more than the 

evaluation task items do for this data suggesting the open synonym item parameters are more 

closely related to the generation item parameters. This result is somewhat consistent with 

previous studies (Janssen & De Boeck, 1994; Janssen, Hoskens, & De Boeck, 1993). Since this 

study investigates the open synonym task and its relationship with other tasks in terms of item 

difficulty with a subset of data, the difference between previous studies and the current study in 

effect sizes is expected. One should keep in mind that the effects of item properties may be 

critical issues when investigating item parameters, and thus be aware that the results might be 
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compounded by that effect. In the case of the current study, the effects of components (i.e., the 

generation and evaluation) may be compounded by the effects of item formats (i.e., open 

response item format for the generation task and multiple choice item format for the evaluation 

task), and needs more investigations, but this topic is beyond the data allowed for this study.  

 

 

TABLE 5.8 

The component weight estimates from MIRID models 

 
FI-MIRID FCRC-MIRID RCRC-MIRID FRI-MIRID 

Evaluation(σ.) 0.237 0.202 0.238 0.232 

Generation(σ/) 0.892 0.949 0.892 0.897 

�N(.)/  
  

2.36 2.52 

�N(/)/  
  

2.59 2.57 

�|/ 
 

0.180 
 

0.178 

�L/ 0.569 0.580 0.571 0.584 

Deviance 11769.86 11713.53 11769.83 11713.34 

DIC 11992.10 11953.50 11993.10 11953.20 

 

Table 5.8 shows the random error variance (�|/) and component item variances (�N(.)/  and 

�N(/)/ ). In the current data set, the random error variance is appeared to be around 1.8. The 

component item variances are around 2.40 and 2.58 for the evaluation (�N(.)/ ) and the generation 

components (�N(/)/ ), respectively.  In fact, they are quite big when considering the person 

proficiency variance (�L/), and thus the RI-MIRID models should be more appropriate than the 

FI-MIRID model. The model fit indicates the RI-MIRID model is preferred in this data as well.  

Since the component item variation is dependent on the scenarios or situations (e.g., the stimulus 
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words in this data), these size of variations may be reasonable when considering various levels of 

stimulus words. 

Next, since each task (i.e., evaluation, generation and open synonym tasks) might be 

associated with a latent trait dimension, the unidimensional assumption might not be appropriate 

for this data, and thus this study investigates the multidimensionality of synonym task using the 

multidimensional models. For this purpose, data is first fit using the multidimensional Rasch 

model and then its result is compared to the unidimensional Rasch model result to see whether 

synonym data is in favour of the multidimensional model in psychometric perspective. Table 5.9 

displays the logliklihood ratio test result which clearly shows that the multidimensional model fit 

the synonym data better than the unidimensional model does.  

 

TABLE 5.9 

The goodness of fit 

 
Deviance # of parameter 

Rasch model 11738.70 67 

MBIM 11703.30 72 

Overall goodness of fit : ì/(5)=35.4, , p<0.000 

 

Since the goodness of fit result suggested that synonym data may be multidimensional in 

the psychometric perspective, for further investigations, the MULTI-MIRID models were 

applied to this data.  

 First and again, the effects of the evaluation and generation tasks on the open synonym 

task were tested and compared across models. Table 5.10 summarizes the component weight 

estimates from the four different MULTI-MIRID models.   
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TABLE 5.10 

The component weight estimates from MULTI-MIRID models 

 

MULTI  

FI-MIRID 

MULTI  

FCRC-MIRID 

MULTI 

RCRC-MIRID 

MULTI 

FRI-MIRID 

Evaluation(σ.) 0.271 0.237 0.246 0.290 

Generation(σ/) 0.875 0.899 0.880 0.825 

 

As shown in this Table, the four MULTI-MIRID models offer similar component weight 

estimates to each other, but compared to the unidimensonal model results in Table 5.8, the first 

component weight is consistently larger. In addition, the second component weight in the 

MULTI-MIRID models is somewhat smaller than in the unidimensional models.  

Second, the relationship among person abilities associated with each dimension was 

compared.  Table 5.11 summarizes the correlations among dimensions obtained from various 

multidimensional models.  

 

TABLE 5.11 

The correlations among dimensions across MULTI-MIRID models and the MBIM 

 
MULTI-FI MULTI-FCRC MULTI-RCRC MULTI-FRI MBIM 

Corr.(E, G) 0.969 0.972 0.97 0.97 0.969 

Corr.(E, T) 0.973 0.973 0.972 0.972 0.972 

Corr.(G,T) 0.978 0.979 0.978 0.978 0.979 

Deviance 11698.69 11701.91 11756.83 11699.90 11703.30 

DIC 11952.6 11955.8 11995.0 11954.6 11962.2 

E: Evaluation task dimension, G: Generation task dimension, T: Open synonym task dimension 
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As shown in this Table, the correlations are consistent across models. Table 5.11 suggests 

that person abilities in generation, evaluation and open synonym task dimensions are highly 

correlated to each other, and the range of correlations is from 0.969 to 0.979.  A closer look at 

these results reveals that the open synonym task dimension tends to be slightly more correlated 

with the generation task dimension than the evaluation task dimension. This result is consistent 

with what Table 5.8 and 5.10 tell us.  

Third, with respect to the model fit, the MULTI-MIRID models except the MULTI-RF-

MIRID model are slightly better than the MBIM, and the DIC values for the MULTI-FF-MIRID, 

MULTI-FR-MIRID, and the MULTI-RR-MIRID are 11952, 11955 and 11954, respectively, but 

for the MBIM, the DIC value is 11962.  In fact, the DIC value of the MBIM is bigger than some 

unidimensional MIRID models. When looking at DIC values of the unidimensional MIRID 

models at Table 5.8, one can realizes that the unidimensional FR-MIRID and RR-MIRID models 

fit the current data better than the MBIM does. These comparisons imply that the model fit is 

decided based on three factors: the random item effect, the multidimensional structure, and the 

componential structure. First, as shown in Table 5.8, this data is in favour of the RI model rather 

than the FF model. The result shows that the assumption which the open synonym item 

parameter are fully explained by the generation and evaluation task items cannot be hold, and 

when holding this assumption the model fit cannot be improved even though the random 

component effect is specified in the model (i.e., the RF-MIRID). Second, for this data, the 

multidimensional model appears to be the better model compared to the unidimensional model as 

shown in Table 5.9. Even though the model fit shows this data may be multidimensional, the 

actual correlations among dimensions are quite high indicating these dimensions may be the 

same. As discussed in the chapter 4, the DIC tends to be in favour of the more flexible model 
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which is the multidimensional model in the current study, and the current result can be 

understood at this point. Third, if the model reflects the componential structure of data, it may fit 

better than other models. As can be seen in Table, 5.11, when comparing the MULTI-MIRID 

models and the MBIM, the FR-MIRID and the RR-MIRD show the better fit than the MBIM. 

Considering the RI-MIRID models are restricted models and the MBIM is the most flexible 

model, the better fit in the RI-MIRID models shows the reason why the MIRID model is needed 

in this data set.  The comparison of the FF-MIRID and the MBIM in terms of the model fit 

shows that which factor between the componential and the multidimensional structures the 

model should reflect when fitting this data, and for this data, the model may need to specify the 

componential structure rather than the multidimensional structure. When referring to the 

correlations among dimensions in Table 5.11, our conclusion is reasonable because this data may 

not be multidimensional. 

Finally Figure 5.5 compares item parameter estimates from 6 different models: the FF-

MIRID, the FR-MIRID, the MULTI-FF-MIRID, the MULTI-FR-MIRID, the MBIM 

(multidimensional between item models). and the Rasch model. As can be seen in this Figure, 

obtained item parameter estimates are quite consistent across models. In fact, these scatter plots 

and Table 5.8, 5.10 and 5.11 indicate that as long as the estimated parameters are concerned, all 

models provide similar results with the different model fit for this data. At this point, the 

extensions of the MIRID models (the RI-MIRID models and the MULTI-RI-MIRID models) 

enable us to investigate various aspects of the current data with similar quality of item parameter 

estimators.  
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FIGURE 5.5 

The comparison of item estimates among five different models 

 

5.4 Summary 

The current chapter presents three empirical studies using the RI-MIRID and the MULTI-RI-

MIRID models, and illustrates possible benefit of these models in the application studies. The 

first empirical study explores the componential structure of verbal aggression data. This study 

shows how various RI-MIRD models fit verbal aggression data and how the parameters in the 

RI-MIRID models can be interpreted, and then discuss possibilities in applications of RI-MIRID 

models to investigate the local dependency.  The second empirical study compares the testlet 

model and the RI-MIRID model when investigating the local dependency in the guilt data set. 
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Since the componential structure of the guilt data can be formulated as a dimensional structure, 

this study applies the multidimensional Rasch models and compares their results with the RI-

MIRID results. For this data, the results show that the model needs to reflect the componential 

structure of item parameters rather than the multidimensionality of person parameters. Finally 

the third empirical study applies the various multidimensional models along with the RI-MIRID 

models. This empirical study illustrates the application of the MULTI-RI-MIRID models as well 

as the RI-MIRID models, and shows the relationship among the random item effects, the 

multidimensionality, and the componential structure of items. For the synonym data set, the 

current result suggests that either the unidimensional RI-MIRID or the multidimensional FI-

MIRID is the best given data set, and points out that the multidimensional model with the 

random item effects (i.e., the MULTI-RI-MIRID) does not improve the model fit for synonym 

data.  
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Chapter 6. General discussion 

 

 The goal of this dissertation is to present the random item modeling of the MIRID. For 

this purpose, the current study first reviewed previous extensions of MIRID models and its 

limitations as a fixed item effect model, and then proposed the RI-MIRID and the MULTI-

MIRID models to expand applications of the MIRID model. The present study compared these 

random item approaches of the MIRID model with other types of the models, and then clarified 

distinctions and similarities between the RI-MIRID models and other types of the models. Since 

various RI-MIRID models can be formulated depending the measurement situations, the current 

study tested performances of RI-MIRID models (i.e., the RF-MIRID, the FRMIRID, and the RR-

MIRID model) along with the FF-MIRID model with simulation studies. For illustrative 

purposes, three empirical example studies using the RI-MIRID and the MULTI-RI-MIRID 

models were presented as well.  

 Through this dissertation, one may still wonder why we need the MIRID models and the 

random item effects in the MIRID models. In order to understand why one needs the MIRID 

model, one may first need to know the previous componential IRT approaches to test the 

cognitive theory. Previous research (Fischer, 1973; Whitely, 1978, 1980; Samejima, 1974) 

frequently addressed that the nature of complex cognitive behavior may not be unidimensional 

but may involve a series of mental operations or processes (or component). In typical research, 

each mental operation or process was identified by dividing the whole task into subtask, and then 

the underlying relationship among the complex behavior and its mental operation process was 

modeled based on each task which represents either the complex task or component task. This 

typical approach does not adequately explain individual differences in cognitive behavior nor 
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show how mental operation processes contribute to item difficulty and person ability on the 

whole task item (Whitely, 1980).  

In order to respond to these needs, the multicomponent latent trait model (i.e., MLTM; 

Whitely, 1980) was developed. This model expresses the probability of success on the whole 

task item as the joint probability of passing the component processes, and the probability of 

success on each component process as a function of item difficulty and person ability on that 

component (Whitely, 980). At this point, the model explicitly addresses a series of underlying 

component processes in cognitive behavior by identifying person and item parameters on each 

component process without dividing the whole task into subtasks, and by doing that, it provides 

the internal validity evidence for the assessments. 

Since the MLTM is designed to deal with multiple abilities corresponding to each 

component process, it is indeed a multidimensional model. When testing a cognitive theory, 

however, the assumption of multidimensionality may not be true, and in fact because the 

assessment may be carefully designed to measure only one latent trait, it may require the 

unidimensional approach rather than the multidimensional approach. Furthermore, the MLTM 

does not specify any parameter indicating the contribution of each component process on item 

difficulties and their relationship. As described above, in the MLTM, the probability of success 

on the whole task is expressed as the product of probabilities of success on a series of subtasks 

representing component processes. This formulation is assuming that the successes on each 

subtask equally contribute to the success on the whole task, which may not be true. The MIRID 

model actually begins with needs to overcome these limitations of the MLTM model.  

At these points, the advantages for the MIRID over the MLTM can be clear. First, like 

the MLTM, the MIRID model can be used to test a cognitive theory and investigate how each 
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component process contribute to item and person parameter, and when an assessment is 

developed based on a certain cognitive theory, the MIRID model can be applied to explore the 

internal evidence.  In fact, these applications are often used to address the needs for the MLTM. 

As addressed above, they are somewhat restricted applications because of several assumptions 

(e.g., multidimensionality, equal contribution of component processes etc.) the MLTM holds. 

The second advantage of the MIRID model can be found when overcoming these limitations. 

Because the MIRID model incorporates the component weight parameters into the model, it 

allows different component processes to have different contribution on the whole task (i.e., the 

composite task in the MIRID). At this point, the MIRID model is dealing with the underlying 

component processes in more realistic way, and it provides the information about a performance 

of each component process in addition to identifying underlying component processes explicitly. 

Third, depending on cognitive theories and empirical evidences, each component process may or 

may not represent a latent dimension, and thus one may need to try both the unidimensional and 

multidimensional models to investigate that issue. Because the MIRID model can be easily 

extended to the multidimensional MIRID model (i.e., MULTI-MIRID), it is a framework which 

can be applied to both multidimensional and unidimensional cases. 

The benefit of the MIRID model may be found in the context of formative assessment as 

well. The nature of assessments can be explained in terms of the formative and summative 

aspects. In the summative perspective, the assessment is to evaluate how well students did or 

how poorly they did in a given subject and judge the students’ performance. In contrast, the 

formative assessment focuses on how students are doing and how teachers can help students to 

improve their learning. It is concerned with how judgments about the quality of student 

responses can be use to shape and improve the student’s competence by short-circuiting the 
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randomness and inefficiency of trial-and-error learning (Sadler, 1989). The traditional item 

response theory (IRT) models (one, two and three parameter logistic models), however, 

characterize students in terms of their proficiency or achievement level only. Consequently, the 

feedback to teachers and students would not be formative as much as we expected. Especially for 

the situation, in which we are concerned with students’ mental processes (component processes) 

to solve a given task, the traditional IRT models are even less satisfactory. Since the MIRID 

model is designed and able to test these processes in terms of item parameter as well as person 

parameter, it certainly can be used to help teachers improve students’ learning.  

When considering the development of the MIRID model started with the substantive 

reasons, the needs for the random item effects may be more theoretical and technical, but still 

substantial.  As described in Chapter 2, it may be more reasonable to treat items as random 

effects rather than the fixed effects in certain situations, and thus the model may need to reflect 

this random item effects. In the application of the MIRID model, items may be random in two 

perspectives. First, items and situations which items address can be seen as a random sample 

from item or situation universe. In fact, this is not a new concept and it is already addressed in 

the Generalizability theory (G-theory; Brennan, 2001) and Genralizability in item response 

model (GIRM; Briggs & Wilson, 2007). Second, a composite item parameter may not be fully 

explained by component item parameters and there should be random errors. Even though theory 

identify major underlying component processes (e.g., components consists  of the composite 

task), there may be still minor processes which the model does not reflect, and perhaps, there 

may be some factors which affect the composite item parameter in addition to the component 

item parameters (e.g., variation of scenarios which items address). These issues suggest that the 

item effect should be random. These conceptual justification may not be enough to incorporate 
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the random item effects when considering the random item model can be a restricted model and 

the complexity of this model may come with difficulties in estimation of parameters. In order to 

address more substantial needs for the random item effect, the current research conducted the 

simulation studies. The present simulation results clearly show an empirical reason why the 

random item effects should be specified in the model. As addressed in Chapter 1, 2 and 3, the 

component weight is the most interesting parameter in the MIRID model, and thus the quality of 

that parameter estimator should be secured when using the MIRID model. Based on simulation 

studies, however, it is concluded that the FF-MIRID model does not estimate the component 

weight well under substantial random item effects. In particular, the results suggest that the 

model which takes into account the random errors (�) should be used because the component 

weight estimator is very sensitive to the size of random error deviation (�| ). Now we have 

theoretical and empirical reasons why the random item model is useful and why one needs the 

RI-MIRID model. Furthermore, the three empirical studies show that the random item modeling 

is quite promising. In addition to needs for the random item MIRID model addressed above, in 

these empirical studies, the random item effects in the model is appears to expand applications of 

the MIRID model into investigation of the local dependency, the differential facet effect and the 

dimensionality.  

Although the random item MIRID models enable us to deepen our understanding of 

students’ cognitive behaviors and assessments, there are still needs for further generalizations of 

the MIRID model. One of them can be found in the learning progression research. In learning 

progression research, one often identifies many different constructs depending on learning 

theories and domains, and qualitatively addresses students’ different learning levels of these 

constructs in the developmental perspective. In fact, there may be links between specific levels 



 

133 

 

of one construct and specific levels of other constructs (Wilson, 2009). At this point, many 

different types of relationship among constructs may need to be modeled to represent students’ 

learning progression. In the measurement perspective, these many different types of relationship 

among constructs can be tested in terms of corresponding item parameters. Although the MIRID 

models have been developed to explore the relationship among item parameters representing 

cognitive constructs, they are still not flexible enough to address various relationships among 

items, and thus there is discrepancy between research needs and current measurement models. At 

this point, future research may need to address the general framework one can use to model 

many different relationships among many different items.  
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Appendices 

Appendix I: Verbal aggression items 

Items Situation type 
Behavior 

type 

Behavior Mode : Want   

A bus fails to stop for me. I would want to curse. Other-to-blame Curse 

A bus fails to stop for me. I would want to scold.  Scold 

A bus fails to stop for me. I would want to shout.  Shout 

I miss a train because a clerk gave me faulty information. I would want to curse.  Curse 

I miss a train because a clerk gave me faulty information. I would want to scold.  Scold 

I miss a train because a clerk gave me faulty information. I would want to shout.  Shout 

The grocery store closes just as I am about to enter. I would want to curse. Self-to-blame Curse 

The grocery store closes just as I am about to enter. I would want to scold.  Scold 

The grocery store closes just as I am about to enter. I would want to shout.  Shout 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

want to curse. 

 Curse 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

want to scold. 

 Scold 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

want to shout. 

 Shout 

Behavior Mode : Do   

A bus fails to stop for me. I would curse. Other-to-blame Curse 

A bus fails to stop for me. I would scold.  Scold 

A bus fails to stop for me. I would shout.  Shout 

I miss a train because a clerk gave me faulty information. I would curse.  Curse 

I miss a train because a clerk gave me faulty information. I would scold.  Scold 

I miss a train because a clerk gave me faulty information. I would shout.  Shout 

The grocery store closes just as I am about to enter. I would curse. Self-to-blame Curse 

The grocery store closes just as I am about to enter. I would scold.  Scold 

The grocery store closes just as I am about to enter. I would shout.  Shout 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

curse. 

 Curse 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

scold. 

 Scold 

The operator disconnects me when I had used up my last 10 cents for a call. I would 

shout. 

 Shout 
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Appendix II: Guilt items 

Situation 1. 

You have been dating for some time a person you are not really in love with. When you break up, 

you find out that he/she was in love with you (and was taking the relationship very seriously). 

The break-up hurts him/her considerably. (Break-up) 

 

Situation 2. 

You have been a member of a brass band for some years now. As a result, you learned to play 

trumpet for free. Now that you're skilled enough, you leave the band because you don't like the 

members of the band any more. (Trumpet) 

 

Situation 3. 

During the holidays, you are working as a salesperson in a clothing and shoe store. One day, a 

mother with four children enters the store. One of the kids wants Samson-shoes (Samson is a 

popular doll figuring in a Belgian TV-series for children). The mother leaves the child with you 

while she goes on to look for clothes for the other children. The child tries on different types and 

sizes of shoes, but after a while the child gets tired of fitting the shoes and refuses to continue. 

She picks a pair she has not tried on before and you sell this pair to the mother afterward. The 

next day, the mother wants to return the shoes because they do not fit. Your boss takes back the 

shoes and reimburses the mother. The shoes have been worn however, and they are dirty. 

Because of this, they cannot be sold anymore. Your boss says that it doesn't matter, and that 

everyone is capable of mistaking the size of shoes. (Shoes) 

 

Situation 4. 

A not so close friend asks you if you want to join him/her to go to the movies. You tell him/her 

that you don't feel like it, and want to spend a quiet evening at home. That evening you do go out 

with a closer friend. (Movie) 

 

Situation 5. 

During a discussion, you make a stinging remark toward one of your friends. You notice that it 

hurts him/her, but you pretend not to see it. (Discussion) 
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Situation 6. 

A friend tells you something in confidence, and adds that he/she would not like you to spread it 

around. Later, you do tell it to someone else.(Secret) 

 

Situation 7. 

You are a member of a youth movement. One day the group leaders hang a rope between two 

trees, so you can glide from one tree to another. Jokingly, some other members make the stop of 

the pulley unclear. You see them doing it, but you do not help them. The following member, who 

wants to glide to the other tree, did not see that the stop was made unclear. You do not warn 

him/her. Halfway he falls from the rope, and he passes out. (Youth movement) 

 

Situation 8. 

You have a pen pal. You get bored of writing with him/her, and suddenly, you stop 

corresponding with him/her. After one and a half year, he/she writes you again, and again, but 

you do not respond. (Pen pal) 

 

Situation 9. 

You borrowed a jacket from a friend to wear when you go out. At the party, you leave the jacket 

on a chair. When you are about to leave, you notice the jacket has disappeared. In all probability, 

it has been stolen. (Jacket) 

 

Situation 10. 

One evening, you do not feel like doing your homework. The following day, you copy the 

assignment of a friend who clearly has gone though a lot of trouble finishing it. You get a good 

grade for your assignment, the same grade as your friend. (Homework) 

 

Items 

1. Do you feel like having violated a moral, an ethic, a religious and/or a personal 

code?(Norm Violation) 

2. Do you worry about what you did or failed to do?(Worry) 
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3. Do you want to do something to rectify what you did or failed to do?(Tendency to rectify) 

4. Do you feel guilty about what you did or failed to do?(Guilt) 
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Appendix III: Summary of the models. 

Model 
Person 

part 
Item part Random effect Reference 

  Component Composite   

The PC-MIRID FC �Z[e − < ��	í
\

[>.
�[ + ]e  FC~RA0, �L/H 

Lee & Wilson, 2009;  

Wang & Jin; 2009 

The RW-PC-

MIRID 
FC �Z[e − < �Z[e

\

[>.
�C[ + ]e 

FC~RA0, �L/H 

�C[~R h�[ , �îM
/ j 

Lee & Wilson, 2009 

The LLTM-R FC − < ���D� + {D
�

�>.
+ ]e 

FC~RA0, �L/H 

{D~R(0, � /) 
De Boeck, 2008 

The Multi-level 

item model 
FC 

Level-1 

�D� = �G� + {D� 
 

Level-2 

�G� = �GG + ]G� 

FC~RA0, �L/H 

{D~R(0, � /) 

]G�~R(0, �Ã/) 

Janssen, Tuerlinckx, 

Meulders, & De 

Boeck, 2000 
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Appendix IV: Summary of the component weight parameter estimates 

[The first component] 

    
 

FF1 
  

FR1 
  

RF1 
  

RR1 
  

   �N  �|  Min Max Median Min Max Median Min Max Median Min Max Median 

1 10 300 0.5 0 0.194 0.696 0.476 0.209 0.677 0.434 0.208 0.734 0.491 0.267 1.048 0.547 

2 10 300 0.5 0.5 0.543 1.167 0.920 0.513 1.138 0.852 0.556 1.216 0.955 0.608 1.269 0.908 

3 10 300 0.5 1 -1.979 1.580 0.621 0.373 0.948 0.618 0.518 1.873 1.338 0.447 1.167 0.693 

4 10 300 1 0 0.414 0.605 0.493 0.345 0.592 0.495 0.416 0.606 0.495 0.357 0.584 0.475 

5 10 300 1 0.5 0.325 0.810 0.529 0.399 0.721 0.561 0.339 0.831 0.543 0.452 0.822 0.560 

6 10 300 1 1 0.866 1.250 1.090 0.565 0.803 0.734 0.847 1.261 1.102 0.638 0.890 0.747 

7 10 600 0.5 0 0.432 0.636 0.521 0.325 0.712 0.527 0.439 0.641 0.527 0.183 0.789 0.576 

8 10 600 0.5 0.5 0.499 3.264 0.779 0.384 1.016 0.636 0.241 0.926 0.637 0.238 1.053 0.621 

9 10 600 0.5 1 1.377 3.065 2.222 0.608 1.701 1.239 -1.620 2.023 0.380 0.337 1.712 1.160 

10 10 600 1 0 0.396 0.617 0.520 0.463 0.970 0.697 0.288 0.622 0.500 0.154 0.663 0.334 

11 10 600 1 0.5 0.502 0.732 0.609 0.507 0.739 0.617 0.507 0.741 0.615 0.417 0.828 0.548 

12 10 600 1 1 -1.815 0.577 -0.540 0.449 0.881 0.613 0.740 1.173 1.024 0.489 0.834 0.633 

13 30 300 0.5 0 0.276 0.543 0.428 0.145 0.542 0.403 0.302 0.594 0.467 0.193 0.652 0.466 

14 30 300 0.5 0.5 0.149 1.003 0.579 0.202 0.535 0.386 0.304 0.871 0.621 0.156 0.553 0.381 

15 30 300 0.5 1 -5.418 2.630 -2.829 0.048 0.925 0.420 1.893 4.299 2.885 0.060 0.893 0.375 

16 30 300 1 0 0.462 0.671 0.527 0.440 0.625 0.501 0.473 0.687 0.540 0.371 0.633 0.495 

17 30 300 1 0.5 0.359 0.544 0.435 0.308 0.517 0.408 0.366 0.559 0.443 0.364 0.516 0.431 

18 30 300 1 1 -0.115 3.993 0.533 0.303 0.514 0.405 -0.694 1.069 0.469 0.306 0.532 0.410 

19 30 600 0.5 0 0.527 0.807 0.621 0.416 0.875 0.544 0.552 0.862 0.655 0.305 0.839 0.571 

20 30 600 0.5 0.5 0.783 1.340 0.928 0.206 0.859 0.571 0.816 1.401 0.969 0.456 0.791 0.605 

21 30 600 0.5 1 1.914 3.999 3.272 0.920 1.549 1.217 3.266 4.289 3.553 1.013 1.468 1.270 

22 30 600 1 0 0.555 0.637 0.589 0.448 0.649 0.556 0.560 0.642 0.592 0.451 0.687 0.580 

23 30 600 1 0.5 0.752 0.915 0.824 0.493 0.712 0.591 0.760 0.923 0.832 0.486 0.758 0.608 

24 30 600 1 1 0.360 1.916 0.782 0.317 0.525 0.436 0.266 1.459 0.585 0.321 0.573 0.451 
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[The second component] 

    
 

FF2 
  

FR2 
  

RF2 
  

RR2 
  

   �N  �|  Min Max Median Min Max Median Min Max Median Min Max Median 

1 10 300 0.5 0 0.419 0.821 0.564 0.352 0.929 0.552 0.438 0.875 0.598 0.187 0.941 0.463 

2 10 300 0.5 0.5 0.981 2.475 1.341 0.711 1.475 0.986 1.096 3.027 1.546 0.611 1.332 1.076 

3 10 300 0.5 1 -1.598 2.325 -0.728 0.045 0.912 0.579 0.997 3.142 1.883 0.397 1.005 0.730 

4 10 300 1 0 0.453 0.687 0.542 0.424 0.731 0.557 0.455 0.692 0.547 0.459 0.795 0.574 

5 10 300 1 0.5 0.532 0.853 0.665 0.497 0.811 0.665 0.551 0.885 0.681 0.506 0.938 0.657 

6 10 300 1 1 0.241 0.885 0.601 0.051 0.609 0.410 0.253 0.986 0.636 0.162 0.575 0.407 

7 10 600 0.5 0 0.373 0.751 0.490 0.070 0.934 0.515 0.372 0.790 0.514 -0.003 1.116 0.666 

8 10 600 0.5 0.5 -4.356 1.434 0.855 -0.049 1.206 0.505 0.784 2.347 1.214 0.141 1.442 0.750 

9 10 600 0.5 1 -4.675 -3.003 -3.587 -1.538 0.600 -0.739 0.960 4.568 4.204 -1.184 0.348 -0.677 

10 10 600 1 0 0.375 0.773 0.537 -0.466 0.465 0.081 0.375 1.078 0.617 0.272 1.520 0.988 

11 10 600 1 0.5 0.667 0.945 0.749 0.516 0.817 0.660 0.672 0.952 0.755 0.479 0.910 0.733 

12 10 600 1 1 -10.143 -1.045 -5.215 0.687 1.285 1.029 1.741 3.630 2.632 0.665 1.337 1.026 

13 30 300 0.5 0 0.323 0.543 0.452 0.230 0.556 0.459 0.338 0.563 0.471 0.242 0.604 0.478 

14 30 300 0.5 0.5 -2.355 0.905 0.659 0.108 0.404 0.259 0.548 1.556 0.961 0.124 0.590 0.355 

15 30 300 0.5 1 -5.144 4.309 -1.663 0.290 0.869 0.572 2.072 5.291 3.115 0.269 0.796 0.593 

16 30 300 1 0 0.443 0.558 0.490 0.369 0.559 0.486 0.452 0.571 0.501 0.400 0.600 0.477 

17 30 300 1 0.5 0.568 0.839 0.657 0.408 0.677 0.494 0.591 0.871 0.682 0.428 0.667 0.532 

18 30 300 1 1 -1.343 1.336 1.007 0.451 0.593 0.527 0.907 1.850 1.090 0.431 0.608 0.515 

19 30 600 0.5 0 0.272 0.407 0.334 0.050 0.460 0.281 0.282 0.423 0.346 0.143 0.692 0.348 

20 30 600 0.5 0.5 1.078 1.800 1.411 0.493 1.126 0.822 1.144 1.957 1.513 0.624 1.247 0.809 

21 30 600 0.5 1 0.170 1.404 0.784 0.302 0.949 0.594 0.254 1.452 0.708 0.173 0.845 0.582 

22 30 600 1 0 0.402 0.471 0.438 0.285 0.452 0.380 0.404 0.472 0.440 0.347 0.505 0.417 

23 30 600 1 0.5 0.698 0.909 0.777 0.373 0.658 0.556 0.706 0.930 0.791 0.396 0.691 0.522 

24 30 600 1 1 -0.268 1.032 0.243 -0.038 0.201 0.089 -0.275 0.910 -0.035 -0.022 0.123 0.066 
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[The third component] 

    
 

FF3 
  

FR3 
  

RF3 
  

RR3 
  

   �N  �|  Min Max Median Min Max Median Min Max Median Min Max Median 

1 10 300 0.5 0 -0.093 0.279 0.063 -0.291 0.503 0.142 -0.116 0.314 0.076 -0.136 0.465 0.143 

2 10 300 0.5 0.5 0.185 0.821 0.501 0.043 0.664 0.381 0.205 0.894 0.528 0.094 0.797 0.444 

3 10 300 0.5 1 -1.342 5.379 3.866 -0.568 0.763 0.126 -4.159 0.716 -2.599 -0.341 0.610 0.150 

4 10 300 1 0 -0.222 0.235 0.062 -0.244 0.243 0.134 -0.229 0.242 0.065 -0.220 0.417 0.123 

5 10 300 1 0.5 -0.437 0.570 0.147 -0.367 0.304 -0.014 -0.494 0.677 0.161 -0.446 0.409 0.029 

6 10 300 1 1 0.713 1.281 0.928 0.028 0.500 0.319 0.722 1.351 0.961 0.136 0.462 0.303 

7 10 600 0.5 0 -0.219 0.243 -0.008 -0.378 0.540 0.132 -0.233 0.229 -0.006 -0.336 1.110 0.138 

8 10 600 0.5 0.5 -1.013 2.124 -0.564 -1.564 0.224 -0.310 -1.240 -0.381 -0.697 -0.770 0.115 -0.279 

9 10 600 0.5 1 2.346 3.652 2.954 0.853 2.050 1.521 -1.981 0.737 -0.676 0.962 2.073 1.507 

10 10 600 1 0 -0.168 0.302 0.045 0.008 0.892 0.452 -0.560 0.343 -0.122 -0.864 0.638 -0.137 

11 10 600 1 0.5 0.081 0.286 0.181 0.011 0.362 0.154 0.076 0.287 0.185 0.037 0.286 0.162 

12 10 600 1 1 0.583 12.210 5.803 -1.109 -0.327 -0.583 -2.806 -1.591 -2.021 -1.077 -0.206 -0.668 

13 30 300 0.5 0 -0.051 0.255 0.087 -0.281 0.395 0.159 -0.055 0.303 0.099 -0.153 0.376 0.143 

14 30 300 0.5 0.5 -3.131 0.847 0.460 -0.086 0.437 0.086 -0.083 1.440 0.814 -0.308 0.541 0.195 

15 30 300 0.5 1 -5.878 1.423 -2.344 0.140 0.531 0.383 1.052 3.610 2.614 0.035 0.527 0.346 

16 30 300 1 0 -0.048 0.129 0.075 -0.048 0.133 0.056 -0.046 0.134 0.080 -0.092 0.158 0.049 

17 30 300 1 0.5 -0.105 0.143 0.073 -0.005 0.199 0.125 -0.109 0.146 0.073 -0.003 0.195 0.140 

18 30 300 1 1 -1.199 0.103 -0.168 -0.077 0.114 0.033 -0.405 0.213 -0.138 -0.022 0.116 0.022 

19 30 600 0.5 0 -0.234 0.035 -0.097 -0.323 0.159 -0.166 -0.243 0.035 -0.107 -0.489 0.414 -0.084 

20 30 600 0.5 0.5 -0.145 0.473 0.135 -0.173 0.322 0.112 -0.137 0.480 0.135 -0.171 0.319 0.199 

21 30 600 0.5 1 -1.441 1.921 1.275 0.049 0.629 0.366 0.835 1.998 1.349 0.102 0.650 0.332 

22 30 600 1 0 0.018 0.088 0.040 -0.042 0.258 0.077 0.017 0.090 0.039 -0.098 0.177 0.097 

23 30 600 1 0.5 0.176 0.289 0.240 0.180 0.352 0.251 0.176 0.295 0.242 0.170 0.333 0.260 

24 30 600 1 1 -0.553 1.130 0.690 0.312 0.513 0.430 0.101 1.200 0.939 0.284 0.600 0.433 
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Appendix V: BIAS for the component weights across simulation conditions 

NO 

# 

Item 

famil

y 

# 

people �N �| 
The first component The second component The third component 

FF1 FR1 RF1 RR1 FF2 FR2 RF2 RR2 FF3 FR3 RF3 RR3 

1 10 300 0.5 0 -0.037 -0.058 -0.014 0.046 0.026 0.029 0.059 -0.028 0.037 0.113 0.043 0.136 

2 10 300 0.5 0.5 0.412 0.352 0.441 0.397 0.841 0.463 1.060 0.497 0.476 0.368 0.490 0.423 

3 10 300 0.5 1 -0.112 0.126 0.825 0.192 -0.754 0.012 1.328 0.149 2.667 0.100 -2.446 0.130 

4 10 300 1 0 -0.006 -0.014 -0.004 -0.026 0.016 0.025 0.021 0.041 0.028 0.064 0.029 0.094 

5 10 300 1 0.5 0.039 0.068 0.051 0.091 0.129 0.111 0.146 0.129 0.028 -0.021 0.035 -0.016 

6 10 300 1 1 0.590 0.218 0.596 0.244 0.045 -0.156 0.078 -0.170 0.928 0.281 0.957 0.278 

7 10 600 0.5 0 0.022 0.037 0.028 0.067 -0.026 -0.032 -0.003 0.059 -0.020 0.091 -0.015 0.116 

8 10 600 0.5 0.5 0.513 0.146 0.122 0.080 -0.221 -0.057 0.725 0.213 -0.329 -0.388 -0.793 -0.308 

9 10 600 0.5 1 1.625 0.745 -0.116 0.647 -4.154 -1.276 3.500 -1.173 2.974 1.464 -0.743 1.504 

10 10 600 1 0 0.009 0.205 -0.024 -0.135 0.002 -0.472 0.128 0.395 0.027 0.453 -0.124 -0.231 

11 10 600 1 0.5 0.118 0.119 0.124 0.091 0.211 0.106 0.216 0.154 0.161 0.131 0.162 0.132 

12 10 600 1 1 -1.022 0.114 0.502 0.136 -5.226 0.458 2.013 0.450 5.287 -0.632 -2.036 -0.676 

13 30 300 0.5 0 -0.064 -0.108 -0.025 -0.041 -0.101 -0.098 -0.083 -0.091 0.063 0.100 0.079 0.123 

14 30 300 0.5 0.5 0.107 -0.127 0.100 -0.119 -0.555 -0.291 0.401 -0.193 -0.478 0.103 0.824 0.171 

15 30 300 0.5 1 -2.679 -0.091 2.540 -0.103 -1.101 0.026 2.728 0.022 -2.237 0.323 2.526 0.297 

16 30 300 1 0 0.027 0.003 0.039 0.006 -0.052 -0.076 -0.041 -0.058 0.047 0.031 0.050 0.022 

17 30 300 1 0.5 -0.056 -0.088 -0.048 -0.072 0.128 -0.043 0.152 -0.026 0.045 0.097 0.046 0.100 

18 30 300 1 1 0.243 -0.096 -0.097 -0.089 0.343 -0.026 0.595 -0.032 -0.265 0.002 -0.164 0.007 

19 30 600 0.5 0 0.134 0.067 0.168 0.080 -0.214 -0.249 -0.204 -0.182 -0.130 -0.147 -0.137 -0.065 

20 30 600 0.5 0.5 0.463 0.085 0.503 0.098 0.892 0.256 0.993 0.294 0.109 0.066 0.117 0.117 

21 30 600 0.5 1 2.805 0.706 3.129 0.757 0.230 0.043 0.218 0.039 1.158 0.316 1.351 0.315 

22 30 600 1 0 0.088 0.053 0.093 0.082 -0.117 -0.171 -0.115 -0.140 0.022 0.060 0.022 0.067 

23 30 600 1 0.5 0.329 0.094 0.338 0.107 0.228 -0.008 0.240 -0.012 0.207 0.231 0.210 0.238 

24 30 600 1 1 0.437 -0.064 0.239 -0.049 -0.247 -0.472 -0.397 -0.483 0.537 0.399 0.755 0.407 

    Min -2.679 -0.127 -0.116 -0.135 -5.226 -1.276 -0.397 -1.173 -2.237 -0.632 -2.446 -0.676 

    Max 2.805 0.745 3.129 0.757 0.892 0.463 3.500 0.497 5.287 1.464 2.526 1.504 

   Median 
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Appendix VI: BIAS for the deviation of residuals across conditions 

 

NO 

# 

Item 

family 

# 

people 
�N �| FR RR 

1 10 300 0.5 0 0.174 0.175 

2 10 300 0.5 0.5 -0.127 -0.115 

3 10 300 0.5 1 -0.360 -0.363 

4 10 300 1 0 0.181 0.181 

5 10 300 1 0.5 0.094 0.098 

6 10 300 1 1 -0.090 -0.093 

7 10 600 0.5 0 0.158 0.181 

8 10 600 0.5 0.5 -0.106 -0.112 

9 10 600 0.5 1 -0.117 -0.112 

10 10 600 1 0 0.244 0.220 

11 10 600 1 0.5 -0.113 -0.112 

12 10 600 1 1 0.111 0.110 

13 30 300 0.5 0 0.190 0.190 

14 30 300 0.5 0.5 -0.028 -0.029 

15 30 300 0.5 1 0.077 0.075 

16 30 300 1 0 0.240 0.241 

17 30 300 1 0.5 0.073 0.071 

18 30 300 1 1 0.166 0.165 

19 30 600 0.5 0 0.240 0.248 

20 30 600 0.5 0.5 0.017 0.014 

21 30 600 0.5 1 -0.028 -0.031 

22 30 600 1 0 0.349 0.349 

23 30 600 1 0.5 0.137 0.139 

24 30 600 1 1 -0.036 -0.036 

    
Min -0.360 -0.363 

    
Max 0.349 0.349 

    
Median 
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Appendix VII: BIAS for the mean of component item parameter across conditions 

NO 

# 

Item 

family 

# 

people 
�N �|  

RF RR 

�(1) �(2) �(3) �(1) �(2) �(3) 

1 10 300 0.5 0 0.034 -0.107 0.000 0.038 -0.106 0.003 

2 10 300 0.5 0.5 0.249 0.090 0.110 0.246 0.084 0.107 

3 10 300 0.5 1 0.207 0.065 0.105 0.203 0.061 0.092 

4 10 300 1 0 0.251 0.467 0.477 0.243 0.462 0.483 

5 10 300 1 0.5 0.752 -0.004 -0.587 0.748 -0.007 -0.594 

6 10 300 1 1 -0.277 -0.174 -0.550 -0.282 -0.176 -0.582 

7 10 600 0.5 0 0.359 0.060 0.164 0.359 0.060 0.165 

8 10 600 0.5 0.5 -0.248 -0.156 -0.163 -0.251 -0.157 -0.163 

9 10 600 0.5 1 -0.139 -0.028 0.063 -0.146 -0.049 0.057 

10 10 600 1 0 0.310 -0.158 -0.371 0.312 -0.156 -0.368 

11 10 600 1 0.5 -0.205 -0.056 0.396 -0.202 -0.058 0.403 

12 10 600 1 1 0.210 -0.084 0.044 0.207 -0.096 0.035 

13 30 300 0.5 0 -0.064 0.078 -0.004 -0.064 0.080 -0.003 

14 30 300 0.5 0.5 0.020 0.183 0.006 0.014 0.175 -0.006 

15 30 300 0.5 1 0.098 0.126 -0.002 0.043 0.066 -0.065 

16 30 300 1 0 -0.007 0.254 0.080 -0.007 0.258 0.078 

17 30 300 1 0.5 -0.138 0.188 0.225 -0.134 0.180 0.228 

18 30 300 1 1 -0.087 0.297 -0.179 -0.095 0.297 -0.180 

19 30 600 0.5 0 -0.008 0.005 0.045 -0.009 0.005 0.046 

20 30 600 0.5 0.5 0.108 0.102 0.135 0.106 0.097 0.132 

21 30 600 0.5 1 0.052 0.049 -0.101 0.036 0.033 -0.117 

22 30 600 1 0 0.158 0.291 -0.315 0.172 0.302 -0.315 

23 30 600 1 0.5 -0.363 -0.035 -0.148 -0.372 -0.041 -0.148 

24 30 600 1 1 -0.268 -0.202 0.013 -0.288 -0.202 0.012 

    Min -0.363 -0.202 -0.587 -0.372 -0.202 -0.594 

    Max 0.752 0.467 0.477 0.748 0.462 0.483 

    Median 
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Appendix VIII: BIAS for the deviation of component item parameter across conditions 

NO 

# 

Item 

family 

# 

people 
�N �| 

RF RR 

�N(.) �N(/) �N(o) �N(.) �N(/) �N(o) 

1 10 300 0.5 0 0.168 0.107 -0.020 0.169 0.109 -0.016 

2 10 300 0.5 0.5 0.268 -0.101 0.113 0.278 -0.081 0.115 

3 10 300 0.5 1 0.137 0.029 -0.179 0.146 0.064 -0.137 

4 10 300 1 0 0.666 0.599 0.012 0.667 0.593 0.012 

5 10 300 1 0.5 0.038 0.113 -0.253 0.042 0.129 -0.236 

6 10 300 1 1 0.329 -0.057 0.050 0.377 -0.072 0.124 

7 10 600 0.5 0 0.286 0.004 -0.098 0.283 0.006 -0.095 

8 10 600 0.5 0.5 0.043 -0.111 0.020 0.047 -0.078 0.026 

9 10 600 0.5 1 0.039 -0.118 0.106 0.041 -0.068 0.130 

10 10 600 1 0 -0.019 -0.454 -0.636 -0.018 -0.451 -0.629 

11 10 600 1 0.5 0.001 0.060 0.210 0.008 0.069 0.211 

12 10 600 1 1 0.121 -0.398 -0.257 0.142 -0.284 -0.191 

13 30 300 0.5 0 -0.041 0.144 -0.150 -0.038 0.146 -0.149 

14 30 300 0.5 0.5 0.040 -0.035 -0.081 0.053 0.003 -0.038 

15 30 300 0.5 1 -0.041 -0.055 -0.018 0.020 0.021 0.035 

16 30 300 1 0 -0.107 -0.057 -0.139 -0.102 -0.057 -0.137 

17 30 300 1 0.5 0.057 -0.163 0.088 0.073 -0.124 0.095 

18 30 300 1 1 0.054 -0.031 0.176 0.094 0.168 0.175 

19 30 600 0.5 0 -0.079 0.032 -0.048 -0.069 0.033 -0.047 

20 30 600 0.5 0.5 -0.054 -0.102 0.022 -0.031 -0.039 0.026 

21 30 600 0.5 1 -0.141 0.079 0.011 -0.003 0.086 0.029 

22 30 600 1 0 0.101 0.192 -0.007 0.095 0.200 -0.006 

23 30 600 1 0.5 -0.028 -0.128 0.159 0.041 -0.092 0.160 

24 30 600 1 1 0.047 0.065 -0.107 0.123 0.086 0.008 

    Min -0.141 -0.454 -0.636 -0.102 -0.451 -0.629 

    Max 0.666 0.599 0.210 0.667 0.593 0.211 

    Median 



 

154 

 

Appendix IX: The summary of CVLL 

NO 
# 

Item 

family 

# 

people �N �| FF FR RF RR 

1 10 300 0.5 0 -7546.0 -7551.0 -7513.7 -7518.0 

2 10 300 0.5 0.5 -7518.4 -7526.7 -7497.8 -7506.4 

3 10 300 0.5 1 -7198.4 -7241.2 -7185.6 -7210.5 

4 10 300 1 0 -9453.5 -9461.5 -9424.3 -9433.5 

5 10 300 1 0.5 -8892.1 -9030.9 -8864.9 -9005.2 

6 10 300 1 1 -8794.6 -8755.9 -8749.0 -8723.6 

7 10 600 0.5 0 -14748.1 -14751.7 -14728.1 -14732.3 

8 10 600 0.5 0.5 -14749.3 -14774.4 -14728.5 -14755.9 

9 10 600 0.5 1 -16037.3 -16028.7 -15875.6 -15997.5 

10 10 600 1 0 -15483.3 -15486.0 -15475.8 -15477.9 

11 10 600 1 0.5 -17269.7 -17332.7 -17240.6 -17305.0 

12 10 600 1 1 -18704.1 -19326.5 -18824.9 -19282.9 

13 30 300 0.5 0 -22185.2 -22204.1 -22087.5 -22106.5 

14 30 300 0.5 0.5 -22610.8 -22796.6 -22557.9 -22697.9 

15 30 300 0.5 1 -23607.6 -23821.9 -23602.6 -23718.4 

16 30 300 1 0 -25099.6 -25159.6 -25003.9 -25062.7 

17 30 300 1 0.5 -25284.3 -25535.0 -25190.2 -25443.0 

18 30 300 1 1 -25591.6 -26507.8 -25475.5 -26421.1 

19 30 600 0.5 0 -44362.5 -44447.6 -44282.4 -44370.1 

20 30 600 0.5 0.5 -45053.0 -45085.6 -44961.9 -44997.8 

21 30 600 0.5 1 -46139.8 -46314.8 -46064.1 -46229.3 

22 30 600 1 0 -51022.7 -51077.1 -50930.6 -50986.3 

23 30 600 1 0.5 -50784.5 -51185.1 -50687.7 -51081.7 

24 30 600 1 1 -49761.8 -50960.7 -49733.1 -50870.5 

        Min -51022.7 -51185.1 -50930.6 -51081.7 

Max -7198.4 -7241.2 -7185.6 -7210.5 

        Mean -24079.1 -24265.1 -24028.6 -24205.6 
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Appendix X: The summary of DIC 

NO 
# 

Item 

family 

# 

people �N �| FF FR RF RR 

1 10 300 0.5 0 13935.2 13940.3 13935.9 13941.5 

2 10 300 0.5 0.5 14016.8 14007.5 14017.8 14008.0 

3 10 300 0.5 1 14016.4 13999.7 13999.7 13999.8 

4 10 300 1 0 12593.6 12599.6 12594.6 12599.9 

5 10 300 1 0.5 12874.9 12799.4 12875.1 12799.7 

6 10 300 1 1 12612.5 12479.1 12613.8 12479.8 

7 10 600 0.5 0 28206.4 28213.3 28207.2 28212.9 

8 10 600 0.5 0.5 27743.8 27713.4 27751.4 27712.8 

9 10 600 0.5 1 27104.9 27066.9 26297.7 27066.9 

10 10 600 1 0 27081.0 27085.9 27082.9 27086.9 

11 10 600 1 0.5 26223.9 26161.7 26224.8 26163.3 

12 10 600 1 1 23871.5 25999.7 26209.8 26001.4 

13 30 300 0.5 0 41796.4 41807.4 41792.3 41803.7 

14 30 300 0.5 0.5 41949.8 41778.4 41912.5 41774.9 

15 30 300 0.5 1 40097.4 40579.3 40849.1 40576.4 

16 30 300 1 0 40269.3 40256.3 40270.5 40256.9 

17 30 300 1 0.5 39494.9 39196.6 39496.2 39196.9 

18 30 300 1 1 38025.1 37081.1 38083.0 37081.2 

19 30 600 0.5 0 83415.7 83348.0 83415.1 83346.8 

20 30 600 0.5 0.5 83217.2 82949.1 83216.6 82948.0 

21 30 600 0.5 1 80618.7 80367.9 80822.2 80368.3 

22 30 600 1 0 77091.7 76930.6 77093.1 76931.6 

23 30 600 1 0.5 76525.1 75952.2 76525.8 75952.9 

24 30 600 1 1 76360.1 75072.2 76645.5 75073.3 

        Min 12593.6 12479.1 12594.6 12479.8 

Max 83415.7 83348.0 83415.1 83346.8 

        Mean 39964.3 39891.1 40080.5 39891.0 
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Appendix XI: WinBUGS codes for the simulation studies. 

[the FF-MIRID model] 

model { 

for (i in 1:nResp) { 

     logit(p[i]) <- theta[student[i]]  - beta[itemfamily[i],component[i]] 

 response[i] ~ dbern(p[i]) 

} 

for (i in 1:S){ 

 beta[i,4] <- sigmaR[1]*beta[i,1]+sigmaR[2]*beta[i,2]+sigmaR[3]*beta[i,3]+intercept 

} 

for (i in 1 : S){  

 beta[itemfamily[i], 1]~dnorm(0, 0.25) 

 beta[itemfamily[i], 2]~dnorm(0, 0.25) 

 beta[itemfamily[i], 3]~dnorm(0, 0.25) 

} 

 sigmaR[1]~dnorm(1, 0.25) 

 intercept~dnorm(0, 1) 

for (i in 1:N) { 

  theta[i] ~ dnorm(0, sigmath)  

}  

sigmath~ dgamma(0.0001,0.0001) 

varth <- 1/sigmath 

} 
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[the FCRC-MIRID model] 

model { 

for (i in 1:nResp) { 

     logit(p[i]) <- theta[student[i]]  - beta[itemfamily[i],component[i]] 

 response[i] ~ dbern(p[i]) 

} 

for (i in 1:S){ 

beta[i,4] <-sigmaR[1]*beta[i,1]+sigmaR[2]*beta[i,2]+sigmaR[3]*beta[i,3]+resid[i]+intercept 

} 

for (i in 1 : S){  

 beta[itemfamily[i], 1]~dnorm(0, 0.25) 

 beta[itemfamily[i], 2]~dnorm(0, 0.25) 

 beta[itemfamily[i], 3]~dnorm(0, 0.25) 

  resid[i]~dnorm(0,sigmaRE) 

} 

 sigmaRE~dgamma(0.001, 0.001) 

 varRE<-1/sigmaRE 

 sigmaR[1]~dnorm(1, 0.25) 

 sigmaR[2]~dnorm(1, 0.25) 

 sigmaR[3]~dnorm(1, 0.25) 

 intercept~dnorm(0, 1) 

for (i in 1:N) { 

  theta[i] ~ dnorm(0, sigmath)  

}  
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sigmath~ dgamma(0.0001,0.0001) 

varth <- 1/sigmath 

} 

 

[the RF-MIRID model] 

model { 

for (i in 1:nResp) { 

     logit(p[i]) <- theta[student[i]]  - beta[itemfamily[i],component[i]] 

 response[i] ~ dbern(p[i]) 

} 

for (i in 1:S){ 

 beta[i,4] <- sigmaR[1]*beta[i,1]+sigmaR[2]*beta[i,2]+sigmaR[3]*beta[i,3]+intercept 

} 

for (i in 1 : S){  

 beta[itemfamily[i], 1]~dnorm(B1, sigmaB1) 

 beta[itemfamily[i], 2]~dnorm(B2, sigmaB2) 

 beta[itemfamily[i], 3]~dnorm(B3, sigmaB3) 

} 

 sigmaB1~dgamma(0.001, 0.001) 

 sigmaB2~dgamma(0.001, 0.001) 

 sigmaB3~dgamma(0.001, 0.001) 

 varB1<-1/sigmaB1 

 varB2<-1/sigmaB2 

 varB3<-1/sigmaB3 

 B1~dnorm(0,0.25) 
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 B2~dnorm(0,0.25) 

 B3~dnorm(0,0.25) 

 

 sigmaR[1]~dnorm(1, 0.25) 

 sigmaR[2]~dnorm(1, 0.25) 

 sigmaR[3]~dnorm(1, 0.25) 

         intercept~dnorm(0, 1) 

for (i in 1:N) { 

  theta[i] ~ dnorm(0, sigmath)  

}  

sigmath~ dgamma(0.0001,0.0001) 

varth <- 1/sigmath 

} 

 

[the FR-MIRID model] 

model { 

 

 

for (i in 1:nResp) { 

     logit(p[i]) <- theta[student[i]]  - beta[itemfamily[i],component[i]] 

 response[i] ~ dbern(p[i]) 

} 

 

 

 



DRAFT2 

160 

 

 

for (i in 1:S){ 

 beta[i,4] <- 

sigmaR[1]*beta[i,1]+sigmaR[2]*beta[i,2]+sigmaR[3]*beta[i,3]+resid[i]+intercept 

} 

 

for (i in 1 : S){  

 

 beta[itemfamily[i], 1]~dnorm(0, 0.25) 

 beta[itemfamily[i], 2]~dnorm(0, 0.25) 

 beta[itemfamily[i], 3]~dnorm(0, 0.25) 

  resid[i]~dnorm(0,sigmaRE) 

 

} 

 sigmaRE~dgamma(0.001, 0.001) 

 varRE<-1/sigmaRE 

 

 

 sigmaR[1]~dnorm(1, 0.25) 

 sigmaR[2]~dnorm(1, 0.25) 

 sigmaR[3]~dnorm(1, 0.25) 

 

 intercept~dnorm(0, 1) 
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for (i in 1:N) { 

  theta[i] ~ dnorm(0, sigmath)  

}  

 

sigmath~ dgamma(0.0001,0.0001) 

varth <- 1/sigmath 

 

} 

 

[the RR-MIRID model] 

model { 

for (i in 1:nResp) { 

     logit(p[i]) <- theta[student[i]]  - beta[itemfamily[i],component[i]] 

 response[i] ~ dbern(p[i]) 

} 

for (i in 1:S){ 

beta[i,4] <- sigmaR[1]*beta[i,1]+sigmaR[2]*beta[i,2]+sigmaR[3]*beta[i,3]+resid[i]+intercept 

} 

for (i in 1 : S){  

 beta[itemfamily[i], 1]~dnorm(B1, sigmaB1) 

 beta[itemfamily[i], 2]~dnorm(B2, sigmaB2) 

 beta[itemfamily[i], 3]~dnorm(B3, sigmaB3) 

 resid[i]~dnorm(0,sigmaRE) 

} 

 sigmaRE~dgamma(0.001, 0.001) 
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 varRE<-1/sigmaRE 

 sigmaB1~dgamma(0.001, 0.001) 

 sigmaB2~dgamma(0.001, 0.001) 

 sigmaB3~dgamma(0.001, 0.001) 

 varB1<-1/sigmaB1 

 varB2<-1/sigmaB2 

 varB3<-1/sigmaB3 

 B1~dnorm(0,0.25) 

 B2~dnorm(0,0.25) 

 B3~dnorm(0,0.25) 

 sigmaR[1]~dnorm(1, 0.25) 

 sigmaR[2]~dnorm(1, 0.25) 

 sigmaR[3]~dnorm(1, 0.25) 

         intercept~dnorm(0, 1) 

for (i in 1:N) { 

  theta[i] ~ dnorm(0, sigmath)  

}  

sigmath~ dgamma(0.0001,0.0001) 

varth <- 1/sigmath 

} 
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Appendix XII: Matlab codes to calculate the CVLL 

** 120 items and 600 people** 

 

load data.csv 

load estimates.txt 

cvloglik=zeros(20,1); 

 

for z=1:20 

a=ones(120,1); beta=estimate(:,z); c=zeros(120,1); cv=zeros(600,1);  

for j=1:600 

 resp=zeros(1,40); 

 resp=data(j,:); 

 ind_cv 

 cv(j)=cvj; 

end  

cvloglik(z,1)=sum(cv); 

end 

 

### ind_cv### 

k=-4:.4:4; K=length(k); prob=zeros(1,K); L=zeros(1,K); 

 

for t=1:K 

   p=0; lik=1; tt=zeros(1,120); 

   for i=1:120 
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      tt(i)=exp(-a(i)*(k(t)-beta(i))); 

      p=c(i)+(1-c(i))/(1+tt(i)); 

      lik=lik*p^resp(i)*(1-p)^(1-resp(i)); 

   end; 

      L(t)=lik; 

   end 

    

   for t=1:K 

      prob(t)=L(t)*normpdf(k(t),0,1); 

   end 

   prob=prob/sum(prob); 

    

   cvj=0; for t=1:K 

      cvj=cvj+prob(t)*log(L(t)); 

   end 

  

 

 

 

 

 




