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ABSTRACT OF THE DISSERTATION

Entanglement, Symmetry Factorization, and Topological States of Matter: From Theory
to Applications

by

Pak Kau Lim

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, December 2024
Professor Michael Mulligan, Chairperson

This thesis investigates the intricate relations between entanglement, symmetry factoriza-
tion, and topological states of matter, advancing our understanding from the theoretical
aspects of the emergent behavior of gapped electronic systems to potential applications in

quantum information or computing. Our findings span four key areas.

First, we use the entanglement negativity to measure the multipartite entanglement arising
from cutting and gluing (2 + 1)-dimensional topological fluids. We focus on the entangling
properties of Abelian general Laughlin states and non-Abelian general Moore-Read states,
where we analyze the real-space structure of their ground state wavefunctions. We find that
while the conventional disentangling condition is necessary and sufficient for disentangling
general Abelian Laughlin states and untwisted Moore-Read states, it fails for twisted Moore-

Read states. Even when this condition is met, the twisted Moore-Read states remain

viii



entangled due to the presence of the Ising twisted field, which scrambles the associated
reduced density matrix. We conjecture that such obstruction to disentanglement prevails

among any non-Abelian topological fluids.

Second, we investigate the topological states of matter that emerge from the symmetry
factorization of Eg bosonic integer quantum Hall states. These states are built up on
the exactly solvable coupled-wire formalism. We factorize the Fg Kac-Moody current into
sub-currents that are governed by Lie groups, preserving the total chiral central charge of
the Eg. This technique circumvent the challenges in mathematically describing strongly
interacting bosons, leading to the bosonic analog of fractional quantum Hall states that
conserve charge and momentum symmetries. The resulting states support a rich variety of

emergent topological orders.

Third, we extend our studies of symmetry factorization to classical Lie groups, SU(N) and
SO(N) at level 1. This provides us with a microscopic understanding of the emergence
of quantum Hall states, topological insulators, and quantum spin liquids with non-Abelian
excitations like the Majorana, metaplectic, and Fibonacci types. We discover a theorem of
branching rule from these classical Lie group symmetry embeddings via the coupled-wire
construction. The theorem states that the pairing of various anyons and anti-anyon from
the embedded subgroups can be glued together, forming local chain operators that can be
expressed as products of their parent state’s current operators, which do not appear in the

tensor product of current operators of the embedded symmetries.

X



Finally, we investigate topological defects in quantum Low-Density Parity-Check (qLDPC)
codes. We showed how quantum information encoded by defects paves the way to non-local
quantum error corrections in qLDPC codes. Our analysis reveals the relation between such
qubit-carrying defects and the general topological entanglement entropy, demonstrating that
the non-local error correction feature in the qLDPC is validated by entanglement entropy

that is both finite and nonzero.
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Chapter 1

Introduction

1.1 Quantum Entanglement

The concept of quantum parallelism is based on the foundational of quantum entanglement.
Quantum entanglement describes a non-classical correlation between two quantum systems
even if they are separated in long distance. This phenomenon, known as the quantum non-
locality, implies that the state of a particle or qubit is intrinsically linked to the state of
another. Two particles or qubits are entangled meaning that their combined state cannot
be separated into a product of individual particle or single qubit state. Take for example
the Bell state [¢)) = %(!O(D + |11)). This state cannot be expressed as a product of any
two single-qubit states, such as a|0) + b|1) and ¢|0) + d|1) for a,b,c,d € C. An attempt
to do so would imply that both ad = bc = 0 and ac = bd = 1/+/2, which is impossible.

When information is being encoded in an entangled state like |¢)), measuring one part of



the system (e.g., measuring the first qubit) will immediately inform us about the state of
the other part. For example, if we measure the first qubit and obtain |0), the second qubit
will collapse to |0). Coversly, if the first qubit is measured and found to be |1), the second
qubit will be |1). This characteristic enables us to manipulate information simultaneously
across multiple qubits. The more qubits that can be entangled, the larger the capacity for
performing large-scale computation in a highly correlated manner. This avoids the need to
address the qubits one by one as is required with classical computer bits. Entanglement
allows for the creation of complex, intertwined quantum states that can be used to solve

certain problems more efficiently than classical computers.

1.1.1 Quantum Entanglement Measurement

One convenient way to measure quantum entanglement is by using von Neumann entropy.
The goal is to quantify how entangled qubits are between two subsystems, A and B, or
equivalently expressing [i) = %(]O A0B) + |141p)). This can be done by first computing
the density matrix p = [¢)(¢| of the Bell state and then tracing out qubits in subsystem B

to obtain the reduced density matrix pa:

pa =75 > (i (|00)(00] + [00)(11] + [11)(00] + [11)(11])|). (1.1)
j=0,1

The von Neumann entropy is given by

SA:ftr(pAlnpA):fZ)\jln)\j (1.2)
J



where ); is the eigenvalues of p4. For our Bell state here, it has Sy = In2. This is because
an entangled Bell state cannot be expressed as a tensor product of single qubit whose
reduced density matrix each has a trace of unity. Thus a state that is not entangled will
have zero von Neumann entropy. In a general quantum system, its state can be described
by the density matrix p, a positive semi-definite Hermitian operator by choice of a basis
in the underlying Hilbert space. The von Neumann entropy of the reduced density matrix
pA is thereby a measure of bipartite entanglement. An alternative bipartite measure is the

Renyi entropy of order ¢

(2

Si(pa) = 1L_£1c)g2 T ()] = 1#_5 log, (Z(WF)L’) . (1.3)

When ¢ = 0, Renyi entropy counts the number of non-zero eigenvalues of p4. When ¢
approaches infinity, it measures the largest eigenvalues of p4. As £ — 1, Renyi entropy is
reduced to the von Neumann entropy. Thus, the Renyi entropy provides information about
the entanglement spectrum of the measured state. However, these bipartite entanglement
measures fails to distinguish entanglement arising from classical and quantum correlations

when studying mixed states.

Consider a quantum system divided into three regions A, B, and C. If the ground state
of AU B overlaps with region C, then the reduced density matrix of A U B is mixed. To
quantify the entanglement between regions A and B, one can use the logarithmic measure
of entanglement negativity. But first, we introduce the concept of separability in terms of

mixed state. A pure state |¢)) € Ha ® Hp is separable if it can be decomposed into a tensor



product of two states |1)4) € Ha and [¢p) € Hp. A state is entangled if it cannot be

written in the form of a tensor product as demonstrated in Section 1.1.

Now, a general (or a mixed) state |¥) in Hilbert space Haup = Ha ® Hp after tracing out

C can be expressed as

=Y Dle) @1f;), (1.4)

0,

with some fixed orthonormal bases {e;—1,..m} € Ha and {fj=1,.. .} € Hp, and a m-by-n

matrix €2;;. The reduced density matrix is therefore

pavs = 3 Qled)(erl © 1) (fil, (15)

i7j7k7€

with Q;’z = Q; (QIE)T. We say the state paup € Ha ® Hp is separable, if it can be expressed

as a sum of direct products [Per96]

pAUB = Y _wapar © B (1.6)
X

for some positive weights w) that are equivalent to positive eigenvalues of payp satisfying

> s wx = 1. One can then define a partial transposition of p4up as follows

P =3 Qe erl @ (F) ()T = 3 Qiflei el @ [ £0)(f]. (1.7)

1,5,k,¢ i,5,k,£

It is evident from (1.6) and (1.7) that if the state paup is separable, then its eigenvalues

will remain positive semi-definite. This is the Peres-Horodecki criterion [Per96, HHH96].



Indeed, we can measure the separability using the trace norm || X||; = tr VXX for matrix
X. This operation sums over the singular values of X. If X is the density matrix of state
with only positive semi-definite eigenvalues, ||X||; = 1. To make the measurement more

effective, we compute the entanglement negativity

Ea.s(pauB) = thPijBHL (1.8)

So a state that is separable or disentangled will have zero entanglement negativity. In

addition, if a state is classically correlated, take for example

(100)(00[ + |11)(11]), (1.9)

N

p:

its entanglement negativity will also be zero. This is because the partial transposition
procedure will not affect the positive semi-definiteness of the density matrix of a classical

correlated state.

1.1.2 Roles of Quantum Entanglement Measures

Entanglement entropy has been calculated in (24+1)D topological quantum field theories
TQFTs [KP06a, LW06, DFLNO08a]. For gapped Hamiltonians, the von Neumann entropy
measure can be used to distinguish between short-range and long-range topological orders
by a correction term coined the topological entanglement entropy (TEE). Here in this thesis,
we refer the long-range topological order as those in the fractional quantum Hall (FQH)

states support non-trivial quasi-particle excitations or anyons. In contrast, short-range



topological order includes states like the integer quantum Hall (IQH) states. The term
TEE was first discovered by Kitaev and Preskill [KP06a], and by Levin and Wen [LW06].

The von Neumann entropy takes the general form
S=alL—"7. (1.10)

The first term of the entropy follows the area law, with L being the system circumference

length and « a non-universal constant. The second term is the TEE given by

y=ID=I |) d (1.11)
J

Here, D is the total quantum dimension, and d; are quantum dimensions that character-
ize anyons, and defined rigorously according to (1.20). However, ~ itself cannot separate

Abelian anyons from non-Abelian anyons.

By calculating the entanglement negativity of two adjacent non-contractible regions A and

B on a torus,
EanlpPp) =ala+1p) —InD+1n Z |0 |*d; (1.12)
J

Wen, Matsuura and Ryu [WMR16] shows it can be used to distinguish between Abelian and
non-Abelian theory. v; is a complex amplitude that depends on the choice of ground state
of a Chern-Simons field theory (see also [DFLNO08a]). These complex amplitudes satisfy

> ; |¢j]2 = 1. The subscript j denotes the super selection sector of the associate anyon. «



is again some non-universal constant and /4(p) the open boundary length of region A(B).
The last term of (1.12) vanished in the Abelian theory since d; = 1 for all its supersectors

4, but not for the non-Abelian theory.

Using the exactly solvable coupled-wire model and entanglement negativity [KMLO02, TK14a],
we demonstrate in Chapter 2 how non-Abelian states and their non-trivial quasi-particles
constrain many-body wavefunctions from being disentangled. Our approach utilizes the
cut-and-glue method [CHM15] to partition torus states into multiple cylinder states. In a
separate project, presented in Chapter 5, we also addresses the amount of entanglement is
required to encode logical qubits, enableing non-local quantum error correction in general

quantum low-density parity-check (LDPC) codes [LSP21].

1.2 Topological Order and Quantum Computing

Quantum computers hold the promise of revolutionizing computation by solving problems
that are intractable for classical computers. In computational complexity theory, given
an input, a decision problem provides output of yes or no. The simplest example is to
know whether a given natural number is a prime. A nondeterministic polynomial time
(NP) problem refers to a computational device that can explore many different solutions
simultaneously, with any given solution being verifiable in polynomial time. This is the
NP-complexity class and coined the NP problem. More concretely, such a device can guess
integers that factorize the natural number, and these guesses can then be verified in polyno-

mial time. It is clear that all problems that can be solved in polynomial time (the P class)



must be contained in the NP-class. The hardest NP problem is called NP-complete. An
algorithm that is capable of solving NP-complete problem can therefore solve any problems
in the NP-class. In computational complexity theory, it is often asked whether there exists
a polynomial time algorithm that can solve the NP-complete problem. This is the most
important open problem in computer science, known as the P=NP problem, . We are yet to
learn whether a quantum computer is capable of solving NP-complete problem. However,
while classical computers struggle with NP-hard problems, a quantum computer can indeed

offer a quantum speed up.

1.2.1 The Promise of Quantum Parallelism

Current computing devices utilize parallelism extensively, especially in applications like ar-
tificial intelligence. However, the parallelism achieved in quantum computing is fundamen-
tally different and far more powerful than classical computers. This is due to the coherent
sum of entangled qubits, allowing a quantum computer to perform a massive number of
computations simultaneously. This powerful parallelism was first harnessed by Peter Shor,
who developed a quantum algorithm for prime factorization, now known as Shor’s algo-
rithm [Sho97]. (The same example we previously discussed can also be treated as finding
the prime factorization of a natural number N.) His algorithm demonstrated that quan-
tum computers could solve prime factorization exponentially faster with time complexity of
O((logy N)?(logy logy N)(log, logs logy N)) steps as comparing to the best known classical

algorithm, such as the General Number Field Sieve (GNFS), which have time complexity
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Figure 1.1: Time complexity comparision using upto 17-bit integers between the Shor’s
algorithm and GNFS. The red dashline indicates the comparison starting at integer 1000.

of O (exp ((%logg N)/3(log, log, N)2/3)) as demonstrated in Fig 1.1. Here we demon-
strate Shor’s algorithm by factorizing an integer NV = 15. Number theory tells us that we
can reduce the problem of finding an integer that divides N by finding the periods p of
f(x) =a® mod N. We start with an initial guess of the integer a = 2. Next we apply f(z)

to superposition states. By restricting 2¢ > N2, we have

1

q—1
%ZISEW(?L‘»: (10)[1) + [1)]2) + [2)[4) + [3)[8) + [4)[1) + [5)[2) + [6)|4) +[7)18)) -
=0

=

8

(1.13)

Assume we measured |1) for the second qubit. This leaves us with state (|0) + [4)) /v/2. Tts

Quantum Fourier Transform (QFT) is given by

7
y;) (1 + 627”'41//8) ly) = 14 (10) + [2) + [4) +6)) . (1.14)

=~ =



Supposed we measure |k = 2) in (1.14). The k-root of unity implies that we have k/q =
1/p = 1/4. Thus, we obtain the period p = 4. Number theory tells us that N divides
(a? — 1) = (aP/? = 1)(a"/? 4+ 1). Let the prime factorization in N be N = ijjj, where p;
are prime factors of N. Since N divides the product (a?/? 4 1)(a?/? — 1), there must exist
a prime py that divides a?/2 + 1, or a?/271, or both. So we can write a?/2 + 1 = pk, for
some integer ky. By factoring out py from N, we then consider ky(a?/? —1). If k; # 1, there
must be another prime factor of NV that divides kg(ap/ 2 _1). We can repeat this process for
each prime factor of NV, eventually showing that the product of all prime factors of N must
divide either (a?/? + 1), or (aP/?> — 1), or both. Thus, we conclude that N must be factored

by one of a?/? + 1. Therefore, we have 22 + 1 = 3,5 which factorize 15.

Shor’s algorithm can be adapted to solve other problems, such as the discrete logarithm
problem, which involve finding g in a? = b mod c for some integers a, b, c. His prime factor-
ization algorithm opened up new avenues in information science and led to the development

of many other quantum algorithms that leverage this inherent parallelism.

1.2.2 Scalability Challenges in Quantum Computing

However, to break a RSA encryption, by factoring a K = 2048-bit number, it needs a total
number of 5K + 1 = 10,241 logical qubits that is roughly 10 millions of physical qubits
[BCDPY6]. The biggest obstacle is the susceptibility of encoding qubits to environmental
noise, leading to decoherence and loss of encoded information. Building a practical quantum

computer involves overcoming this decoherence. Technologies like superconducting qubits,
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trapped ions, and laser-based systems have shown promise, but they require sophisticated
quantum error correction techniques to be fault-tolerant. Even with these advancements,
the most coherent devices, such as IBM’s Osprey, currently host a maximum of 433 physical
qubits[IBM22] for fault-tolerant operations. Therefore, they are far from capable of cracking
a 2048-bit RSA encryption. Despite their potential, quantum computers face significant

challenges, particularly regarding scalability.

1.2.3 Non-Abelian Anyons and Topological Quantum Computing

A functional quantum computer will require a set of robust physical qubit to encode infor-
mation and a set of quantum logical gates to operate on qubits. The basic set of quantum

gates for a single qubit include the Pauli matrices, a Hadamard gate

R
H=— (1.15)
2
V2 1 -1
that maps basis |0) — ‘0>\J/F§|1> and |1) — ‘0>\;§|1>, and a phase shift gate

1 0
pP= (1.16)

0 e
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that manipulates quantum phase ¥ of the |1) qubit. Last but not least, we must include

the fundamental control NOT gate, or simply CNOT gate for two qubits

1000
0100
CNOT = . (1.17)
0001
0010

that is used for creating entanglement between qubits and performing conditional opera-
tions. For example, it creates entanglement between the control qubit [+) = %(|0> +11))
and the target qubit |0) by acting on |¥) = |4+) ® |0) and transforming it into maximal

entangled state

9) = 5100} + 1)), (1.13)

Being an entangled state, [¢)) cannot be decomposed into product of single qubits. In

addition, it possesses entanglement entropy of
Sa=—Tr(palnps) =1n2, (1.19)

where p4 = Trp(p) is the reduced density matrix and p = |¢)(?)| the density matrix. The
CNOT gate can be used in conjunction with other single-qubit gates to construct more
complex quantum gates. For example, multiqubit gates can be decomposed into a sequence

of CNOT gates and single-qubit gates. This makes the CNOT gate one of the fundamental
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building blocks for quantum circuits. In general, any quantum gate can be decomposed into

a sequence of gates from a finite set known as universal quantum gates.

One of the most promising aspects of quantum computing is the presence of exotic parti-
cles known as anyons, particularly non-Abelian anyons, such as Fibonacci anyons. Unlike
classical bits or even conventional quantum bits (qubits), anyons exhibit unique properties
that make them particularly useful for quantum computation. The topological nature of

anyons (see Figure 1.2) provides robustness against environmental fluctuations and noise.

- > >
(

Ri2R23R12 = Ro3Ri2Ro3 # Ri2R12Ro3

Figure 1.2: Consider three anyons, labeled 1, 2, and 3. The braiding matrix R;s describes
the exchange of anyons 1 and 2, while Ra3 describes the exchange of anyons 2 and 3. The
braiding pattern between RisRo3R12 and Ro3R19Rs3 are topological equivalent in 2 + 1D
spacetime. This can be seen by noting that anyons in the middle slice of the first braiding
sequence (the very left hand side) can be moved around to resemble the second sequence.
On the other hand Ri9R12Ro3 exhibits a very different braiding pattern compared to the
others.
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This means that the resulting qubits and quantum gates are inherently protected from de-
coherence, making topological quantum computers more scalable and reliable than their
conventional counterparts. Here we assume that readers are familiar with the concept of
anyons, fusion, and braiding [Kit06]. Anyons can be used to build anyon qubits through
their fusion properties. Assume we have anyons a, b. The number of ways a and b fuse into

c can be described in terms of the fusion coefficient or tensor Ng;:

axb=>Y Nge. (1.20)

N& = (N,)j is a matrix that depends on anyon a. The largest eigenvalue of N, defines
the quantum dimension d, of anyon a. An Abelian anyon has quantum dimension one. All

non-Abelian anyons have d, > 1.

A particular interest among anyons is the Fibonacci anyons. Fibonacci anyons 7 obey the
fusion rule of 7 x 7 = 1+ 7 with 1 referring to the vacuum of the theory. Following (1.20),
the quantum dimension of a Fibonacci anyon is given by the golden ratio, d, = % The
fusing behavior of three Fibonacci anyons is particularly useful for building anyon qubits,

and their braiding can be used to construct universal quantum gates.

Here we provide a brief review of Fibonacci anyon model. A three Fibonacci anyons fusion
can be used to construct a qubit system [TTWLO08, Rou20] as shown in Figure. 1.3 Since
braiding preserve anyon charge, one can prepare the state in such a way that the final
outcome is 7. So the non-computational state | NC') in single qubit can be ignored. Braiding

in three Fibonacci anyons can be accomplished by operation of the R-matrix as demonstrate
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Figure 1.3: Qubit |0), |1) encoded in three Fibonacci anyon fusion. |NC) is a non-
computational state.

in Figure.1.4. Any single qubit quantum gates can be constructed through operations
of Rio and Ras, such as the Hadamard gate through a sequence of braiding operations
[Rou20, aFLH™22]:

H = (R12)*(Ra3) %(R12)*(Ra3) *(Ri2)*(Ra3)*(Ri2) 2
(1.21)

X (Ra3)*(Ri2)*(Ra3) " (Ra12) > (Ras)*(Ra2)*.

Therefore, by harnessing non-Abelian anyons, we can create a new class of quantum com-
puters that are not only powerful but also resilient to errors, paving the way for building

scalable and practical quantum computers.
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a T T a T T

Figure 1.4: Braiding three Fibonacci anyons. The Rjs matrix interchanges the first and
second Fibonacci anyons in a counterclockwise mannar. Similary, the Ro3 matrix exchanges
the second and third Fibonacci anyons.

1.3 Exactly Solvable Coupled-Wire Models and Experimen-

tal Motivation

To fully explore the existence of anyons and their potential in quantum computing, it is
crucial to understand their microscopic origins. In Chapter 3 and 4, we introduce a uni-
versal framework: based on symmetry factorization of Lie groups and the exactly solvable
coupled-wire model construction [KML02, TK14a]. By selecting different interactions be-
tween electronic wires, this model can simulate a wide range of electronic systems, such as
spin liquids, superconducting states, quantum Hall states, and even some exotic bosonic
fractional quantum Hall states [LQHT19, SSCT19, TH23, LMT23]. These states exhibit a
variety of topological orders, including emergent Majorana fermions, Dirac fermions, Ising

anyons, Fibonacci anyons, and metaplectic anyons [LMT23]. This framework provides a
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unified approach to understanding the electronic origins of topological states of matter,

which is of significant theoretical interest.

1.3.1 Symmetry Factorization

For example a coupled-wire model based on the parton construction of U(N)i/Zy =
U(1)ny x SU(N); supports parton fractional quantum Hall (FQH) Abelian states at fill-
ing v = 1/6, which emerge from the transition between integer quantum Hall (IQH) and
Laughlin states at filling v = 1/3. The term “parton” loosely refers to the splitting of an
electron or an integral combination of electrons into products of non-local quasiparticles.
Symmetry factorization allows partition of SU(V); into subgroups of SU(m), x SU(n)m,
given N is a product of integers m and n, both greater than one. By constructing a micro-
scopic Hamiltonian associated with Lie algebra factorizations G = GA x QB, we can obtain
various topological states that arise from conformal field theories (CFTs) described by the
Wess-Zumino-Witten (WZW) Kac-Moody (KM) current algebras. This process provides
a pathway to describe strongly interacting electrons and bosons, assuming that current-

current backscatterings within the general WZW KM algebra open up a finite mass gap.

By current algebra [FMS12], we refer to the operator product expansion (OPE) identity

Jo(2) Jy(w) = % + Zz’fﬂbc('zj‘f% + ... (1.22)

satisfied by current operators Jg, defined on a Lie algebra G at general level k. fo€ is

the structure constant of the Lie algebra G. The current Jg is spanned by the Cartan
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generators and roots (ladder operators) of G. An element J, of the current is then either
some p*® Cartan generator labeled by [Hg], or a ladder operator [Eg|q associates with a root
« in G. The number of Carton generator is given by the rank of G, while the number of
roots equals to the dimension of G subtracting off its rank. The CFTs here are considered
on a compactified string of circumference [ along the spatial x-coordinate, and with Wick
rotated time 7 = it pointing at the radial direction. The complex space-time parameters
are explicitly defined by z,w = ¢2™(*7+x)/l_ 5 is the propagating velocity of a chiral mode

in the x-direction.

Symmetry factorization follows from the conformal embedding G O G4 x GP in affine Lie
algebrasb [NS90, NT92, FMS12|. From the exceptional Eg at level 1, we have bipartited

the Fg symmetry [LMT23] into elements given by the set

SU(3) x Fg, SU(2) x E7, SU(5) x SU(5), SO(M)x SO(16 — M),

(1.23)
G2 X F4, U(l)g X SU(8), SU(2)4 X Sp(8)
In the classical regime, we have symmetry factorization of the A, B, and D series:
SU(mn)1 2 SU(m)y, x SU(N)m,
SO(mn)1 2 SO(m)n X SO(n)m, (1.24)

SO(4mn)1 2 Sp(2m), x Sp(2n),.

Under conformal embedding, the WZW KM currents from G4 and GB are orthogonal to

each other, meaning their mutual OPE Jg, - Jg, must contain only nonsingular terms.
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Thus, the energy-momentum tensors of the Lie algebras satisfy Tg(z) = Tga(z) + Tgn(2).

The energy-momentum tensors 7'(z) can be calculated using the Sugawara construction

T(z) = MZ Jada : (2) (1.25)

which sums over all normal-ordered current products labeled by : J,(z)J,(z) :. Here, g is
the dual Coxeter number of the Lie algebra, independent of any level k. Also follow from

the Sugawara construction is the description of the central charge of G:

kdimG
k+g

o = , (1.26)

The dimension of the Lie algebra is denoted by dimG. Evidently, the central charge of G

must equal that of G4 x GP in conformal embedding.

1.3.2 Coupled-Wire Construction

In this thesis, we establish a general edge conformal field theories (CFTs) of (3.1) and (4.1)
using symmetry factorization across the A, B, D, and Ejg classes, all of level 1. This is done
under the assumption that finite energy gap formation is possible due to backscattering in
WZW Kac-Moody current algebras. We construct the edge CFTs from the WZW current
algebras using an exactly solvable coupled-wire model. The WZW KM currents can be
bosonized (as the CFT is prescribed on a ring with periodic boundary conditions) and cast
into vertex operators. The coupled-wire Hamiltonian can then be configured accordingly

through current-current interactions among wires to support either deconfined or confined
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topological phases. For a confined topological phase of G, it is described by a full interwire

backscattering of current J, g:

H[g]edge = HO + Hg

inter’

(1.27)

g _ R L
%inter = Uinter Z J?J:g ’ JerLg'

Y

Ho is the bare Hamiltonian density that originates from electron density-density inter-
actions. Its form will become clear later. For the deconfined phases, the coupled-wire
Hamiltonian is

G =Ho+HI +HI, (1.28)

inter intra*

The current-current backscatterings between adjacent wires of adjacent bundle y and y +
1 (interwire backscattering), and between adjacent wires within a bundle y (intrawire
backscattering) are given by the following Hamiltonian densities

gr R 1L
Hiier = tinter D Jyiga - Jy/1
Y

ge _ R L
Hira = tinira ) Iyign Iy -
)

(1.29)

The construction of the edge CFT described by WZW current algebra GB follows directly
from (1.28) and (1.29) by interchanging the inter and intrawire backscatterings between
the A and B sectors. Conceptually, these intra and inter-wire interactions effectively glue
the compactified 1D wires together, forming a close geometric bulk resembling a torus.

For an open geometry like a cylinder, the intrawire backscattering gaps out the bulk and
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leave us with a gappless edge theory described by the chiral CFT of a Lie subgroup. Edge
theories can be constructed using the vertex operator algebras. The topological phase of
matter in the bulk are facilitated by its unitary modular tensor category. The relationship
between gapped bulk and the gappless edges is established through the bulk-boundary

correspondence[CCM™14].

The assumption of gappability in current-current backscatterings enables the construction
of exactly solvable coupled-wire models. These models allow us to analytically solve for
ground state wavefunctions and study the entanglement properties of various topological
fluids. Consequently, our framework offers us a robust platform for understand the general

disentangling property of topological fluids, as motivated by [LATM21].

1.3.3 Experimental Motivation

The practical implementation of coupled-wire models poses several challenges. The analyt-
ical construction of these models relies on low-energy approximations and strong-coupling
limits, rendering the actual microscopic systems being studied obscure. Consequently, the
precise range of interaction strengths required for the emergence of states such as frac-
tional quantum Hall remains undetermined. However, recent experimental advancement
has provide novel insight to the strong tunneling regime demonstrating the possibility of
probing fractional quantum Hall state using coupled-wire model in ultra cold-atom exper-
iment [CER20]. The investigation shed light on the microscopic relevance and possible

experimental realization of coupled-wire model in cold-atom setups.
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Chapter 2

DISENTANGLING

TOPOLOGICAL FLUIDS

This chapter was previous published as [Pak Kau Lim, Hamed Asasi, Jeffrey C.Y. Teo,
Michael Mulligan, “Disentangling (2 + 1)D topological sttes of matter with entanglement

negativity”, Phys. Rev. B 104, 115155 — Published 27 September 2021]

2.1 Introduction

2.1.1 Background

One of the defining characteristics of a topological phase of matter is the sensitivity of

its ground state to the topology of the space on which it’s placed [WN90] (see [OKST07]
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for a review). For instance, the Laughlin state at filling fraction v = 1/m has ground
state degeneracy m9 where g is the genus of space. Topological phases with robust ground
state degeneracy, such as the Laughlin state at m > 1, are said to be long-range entangled
[Wen13]. On the other hand, short-range entangled (topological) states [CGLW13, LV12],
which occur in the integer quantum Hall effect, have a unique ground state when placed on
any closed manifold, but share other defining topological characteristics such as protected

gapless boundary modes [Wen91a].

The entanglement entropy is a useful diagnostic for these two classes of states. The en-
tanglement entropy between subsystems A and B of a state p € H4 ® Hp equals the von
Neumann entropy Sq = —trg palnpy of its reduced density matrix p4 = trp p. (Here we
are denoting pure and mixed states by p.) In a topological phase, the entanglement entropy

scales with the linear size L — oo of region A as [HIZ05, LW06, KP06a]

Sa=al —7. (2.1)

The coefficient « is nonuniversal and UV divergent, while the topological entanglement

entropy 7 is a universal, geometry-dependent constant that characterizes the phase.!

For instance, if A is a disk, v = % log>", d?, where the sum is over all superselection sectors

of the phase and d, > 1 is the quantum dimension of quasiparticle a [KP06a, LW06].?

Short-range entangled phases have a single superselection sector (corresponding to its unique

'For notational simplicity, we do not indicate the dependence of v on A, B, and the state.
2d, controls the Hilbert space dimension dY of N quasiparticles a as N — oco. Abelian phases have
de = 1 for all a; non-Abelian phases have at least one quasiparticle with d, > 1.
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ground state) with dy = 1; long-range entangled phases, which include both Abelian states
like the toric code [Kit03] and non-Abelian states like the Moore-Read state [MR91al, have
at least two superselection sectors and, consequently, v > 0. There can be additional
“boundary” contributions to v due to interactions localized along the border of A in both
short-range and long-range entangled states [CHM15, SCMH18] (see also [OT15, CKS14]).
Importantly, for long-range entangled states only and when A is non-contractible, v can
receive “long-range” corrections that depend on the amplitude v, to be in the sector a
degenerate ground state [DFLNO8b, ZGT+12]. For example, consider the ground state of
a topological phase on the torus: [¥) = > 1,|V,), where 1, is the amplitude to be in the
ground state |¥,) of sector a. If the torus is divided into two cylinders A and B, then the

topological entanglement entropy of region A is v =log ., d2 — >, || log %%'2.

These different contributions to v reflect distinct types of ground state entanglement,
termed boundary and long-range entanglement in [LV13]. (We will use this terminology
throughout this paper.) To better understand these different forms of entanglement, Lee
and Vidal [LV13], Castelnovo [Cas13], and Wen, Matsuura, and Ryu [WMR16] employed
the entanglement negativity [VWO02]. Unlike the entanglement entropy, which only quan-
tifies the quantum correlations between a subsystem and its complement when p is pure
[PV05, GPWO05], the entanglement negativity is a mixed state entanglement measure [Per96]
that can thereby distinguish multipartite features of entanglement (e.g., [DVCO00]), for in-
stance if p = tro |V apc)(Yapc| obtains by tracing out degrees of freedom in a third sub-

system C.
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The entanglement negativity® is motivated by Peres’ [Per96] necessary condition for a mixed
state p € Ha ®Hp to be separable. This criterion says that a separable state p has positive

partial transpose p’4 with respect to subsystem A, where

(iajplp™|kalp) = (kajp|plials), (2.2)

and [ia),|ka) (|5B), |lB)) are basis states for H 4 (Hp). The negativity Na.z(p) = (||p?4||1 —
1)/2 sums (the absolute value of) any negative eigenvalues of p’4 and, thereby, measures
the degree of nonseparability of p. Here, ||p||1 = tr/pfp is the trace norm of p. The

entanglement negativity £4.5(p) is a closely related measure defined as

Ea:s(p) =log||p™ |1 = log (1 + 2Na.5(p)). (2.3)

In contrast to Na.p(p), the entanglement negativity has an operational meaning as an up-
per bound to the amount of pure state entanglement contained in a general mixed state
[VWO02]. For pure states, £4.5(p) reduces to the ¢ = 1/2 Renyi entropy of p [LV13].
Other situations in which the entanglement negativity has been measured include confor-
mal field theory [CCT12], holography [RR14, DQW21], thermal phase transitions [CCT14,
KFNRT?20, LG20], topological systems with symmetry [CGS18] or at nonzero temperature,
[HC18, LHG20] non-equilibrium systems [CTC14, EZ14, HD15, WCR15, SLKFV21], and

recently at measurement-driven phase transitions [SLZ"20, SDL20].

3This quantity is also known as the logarithmic negativity. See below for the definition of the negativity.
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In this paper, we use the entanglement negativity to study how multipartite entanglement
constrains the structure of the manybody wave function of a topological phase. In partic-
ular, we show how long-range entanglement, due to topological degeneracy, prevents the

disentanglement [HV15] of a topological ground state.

In general, a state p € Ha ® Hp @ Hc is said to satisfy the disentangling condition* with

respect to H 4 and He if

Ea:po(p) = Ea.B(paB), (2.4)

where pap = tro p. To appreciate (2.4), we can heuristically view it as a special case of the

monogamy-like relation,’

Nipc(p) 2 Nip(pas) + Nic(pac), (2.5)

which expresses how entanglement is shared between A, B, and C subsystems [CKWO00,
OV06]. Since the entanglement negativity is a monotonic function of the negativity (2.3),
the disentangling condition obtains when Na.c(pac) = Ea.c(pac) = 0, i.e., there are no
quantum correlations between degrees of freedom in A and C'. In three-qubit systems, for
instance, only product states such as |Vapc) = |Yap) ® |Ve) satisfy the disentangling

condition [OF07]. When the Hilbert space of subsystem B factorizes as Hp = Hp, ® Hpy,

“He and Vidal [HV15] introduced an equality like (2.5) in terms of the negativity N instead of £. These
two forms are equivalent when Na.c(pac) = 0.

®Monogamy-like relations such as these depend on the entanglement measure and aren’t generally satisfied
for all states in a given Hilbert space. For example, this inequality isn’t satisfied generally if A2 is replaced
by N [HV15].
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pure states satisfying (2.4) can be disentangled as

Wapc) =|VaB,) @ |¥pL) , (2.6)

a result known as the disentangling theorem [HV15]. A more general set of states that
fulfill the disentangling condition are those that saturate the strong subadditivity of the
entanglement entropy [GG18], i.e., Ia.pc = Ia.p, where the mutual information I4.p =
Sa+Sp—Sap. Forsuch states, Hayden et al. [HIPWO04] showed there exists a decomposition

of the Hilbert space as
He =D Hy @ Uy, (2.7)
J

such that p is separable:

p= ZPjPABaL‘ ® Ppic (2.8)
J

Here {p;} are probabilities.

2.1.2 Summary of Results

We study the disentangling condition (2.4) for the (Abelian) Laughlin and (non-Abelian)
Moore-Read states at filling fraction v = 1/m and show explicitly how topological states
satisfying this condition can be disentangled according to either Egs. (2.6) or (2.8). To do

this, we use the cut and glue construction of these states [EMSS89b, WEN92a, QKLI12,
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Figure 2.1: (a) (Torus geometry) Decomposition of a torus X into 2M = 4 cylinders
X1, X9, X3, Xy with Xoqq = X1 U X3 and Xeven = Xo U Xy; (b) (Cylinder geometry)
Degrees of freedom in cylinder Y = X, have been traced over; the remaining cylinders
Y = Yoqq U Yeven with Yoqq9 = X7 U X3 and Yoyen = X9 have R = 2 shared interfaces. Inter-
actions between low-energy boundary modes at cylinder interfaces are indicated by dashed
green lines. Superselection sector a is represented by the blue (quasiparticle) threading the
center of the (solid) torus.

LFFO13, TK14b] to calculate the entanglement negativity in two related geometries (see
Figure 2.1). (When there is overlap, our results agree with [LV13, Casl13, WMR16].) In
the first, we partition a torus into 2M cylinders X; (i € {1,...,2M}) and perform partial
transposition with respect to degrees of freedom on the “odd” cylinders Xyqq9 = X1 U X3U
- U Xop—1 (ie., cylinders X; and X3 in Figure 2.1a). We find that the entanglement

negativity is

gXodd5Xeven = 210g Z W}a’C(%M, (29)

where Xeven = Xo U X4 U - U Xops and 1), is the unit-normalized amplitude to be in the

sector a torus ground state. (, is a ratio of sector a edge state partition functions at inverse
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“temperatures” §=1/2 and g = 1:

tr e_Ha/2

Ca = Nry=rn (2.10)

with entanglement Hamiltonian H,. This dependence of the entanglement negativity on
the spectrum of the entanglement Hamiltonian is reminiscent of a similar dependence
(pa o e Ha) of the entanglement entropy, e.g., [LHOS, RBH09, TSRB10, LBH10, PacBR11,
CHRBI11, HCRB11, RDSS13, PTBO10, Fid10, PHB10, FGB13]. In contrast to the entan-
glement entropy, the entanglement negativity measures the system at two different “tem-
peratures” [RR14]. For the fully chiral topological phases that we study, i.e., when all the
edge modes move in the same direction, H, is proportional to the edge state Hamiltonian.
In general, there can be a different H, for each of the 2M interfaces [CHM15]; here we only

consider torus states where the interactions are the same at each interface.

The second geometry that we consider is obtained by tracing over the degrees of freedom on
N < M cylinders Y C X (for example, X in Figure 2.1b). We show that the entanglement

negativity of the resulting state is

gyoddﬁfeven = log Z (‘¢a’<§)2 9 (211)

where R is the number of shared interfaces between the remaining cylinders Y,qq and Yeven
whose degrees of freedom have not been traced over (e.g., R = 2 in Figure 2.1b) and (, is

again given in (2.10).
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Thus, the entanglement negativities (2.9) and (2.11) are determined by ratios of entangle-
ment Hamiltonian partition functions. For the Laughlin and Moore-Read states, we show

that the above entanglement negativities take the form:

Ex

odd:Xeven

= MaL — MlogD? + 2log Y _ |tha|d)’, (2.12)
a

R R
EVaatYowen = 5 0L — 5 log D? +log Y [l *dy, (2.13)

where « is nonuniversal, d, is the quantum dimension of quasiparticle a, and D = \/m
is the total quantum dimension of the phase. The Laughlin state has m Abelian anyons each
with quantum dimension d, = 1; the Moore-Read state has 2m Abelian anyons (d, = 1) and
m non-Abelian anyons with quantum dimensions d, = v/2, corresponding to the Majorana

quasiparticle.

We use these entanglement negativities (2.12) and (2.13) to test the disentangling condition

(2.4) for the geometries in Figure 2.1. For a general topological state on the torus, we find®

(2, [talda)?

—Za a2 (2.14)

Ea:pe(p) — Ea:(pan) = log

Thus, the disentangling condition is only satisfied when long-range entanglement is absent,
i.e., the torus state lies in a specific topological sector with ¢, = 1 for some a and all other
amplitudes equal to zero. For topolotical states on the cylinder, the disentangling condition

is always satisfied. Nevertheless, we find the disentangling condition is generally only a

5In (2.12) we set M = 1 for the two cylinders A = X» and BUC = (X1 U X3) U X4; in (2.13) we set
R = 2 for the two cylinders A = X3 and B = X; U X3; and we use 4.8 = Ep.a-
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necessary condition to disentangle a topological state. Specifically, we show that Laughlin
and untwisted sector Moore-Read states can be disentangled according to Egs. (2.6) and
(2.8); on the other hand, twisted sector Moore-Read states cannot be disentangled. (As we
review later, the Moore-Read state decomposes into so-called untwisted and twisted sectors,
associated to Abelian and non-Abelian bulk quasiparticles.) These results provide a precise
illustration for how long-range entanglement and non-Abelian topological order constrain a

manybody wave function.

2.2 Cut and Glue Approach to Torus Ground States

In this section we review the edge-state theories for the Laughlin and Moore-Read states and
how topological states on the torus can be decomposed into states on the sub-cylinders using
the corresponding edge states. In the next section we study the multipartite entanglement

properties of these torus and cylinder states.

2.2.1 Laughlin Interface Ground State

We start by discussing the construction of the Laughlin state at filling fraction v = 1/m
on the torus. One approach is to “glue” together a collection of parallel 1d wires each
hosting a single, nonchiral electron by suitable sine-Gordon inter-wire couplings [TK14b].
An equivalent approach [EMSS89b, WEN92a, QKL12, LFFO13, TK14b], which we follow

here, is to construct the torus state by “glueing” together a collection of cylinder states
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in the target phase of interest along their shared boundaries by appropriate edge-state

interactions.

In the Laughlin phase, each cylinder X; with ¢ € {1,...,2M} hosts a pair of U(1),, chiral

edge modes ¢Y with Lagrangian density,

Lo = %axqsg (00 — vedy) 6. (2.15)

Here, ¢7 ~ ¢¢ + 2nZ with 0 = L(R) = +1(—1) is a real, boson field that takes values on
a circle of unit radius and v, > 0 is the common” velocity of the edge modes. The charge
density on each edge is pf = 0,¢7/(2m) in units where e = 1. The Lagrangian implies the

equal-time commutation relations,

(67 (), 0] (2')] =

- 5z —a'). (2.16)

The primary fields of the theory are the vertex operators e'?? for a € {0,1,...,m—1}. They
carry charge oa/m and spin® a?/2m. For a > 0, these operators create/destroy for o = L/R
fractionally-charged Laughlin quasiparticles on the edge. The monodromy braiding phase
between bulk quasiparticles, corresponding to operators e? and e”'?, equals €27 /™.
Local quasiparticles correspond to products of the fundamental electronic operator e™™#7
carrying unit charge and integer (half-integer) spin when m is even (odd). The braiding
phase between mutually local quasiparticles is trivial, i.e., equal to one. (For example, when
ima

m is odd, e’ creates/destroys an electron on the edge.)

"This simplification does not affect our conclusions; it merely simplifies the presentation.
8The spin of an operator with left and right scaling dimensions (hr, hr) equals |hr — hr|.
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Take the boundary circles on each cylinder to have circumference L. Then ¢{ has the mode

expansion:

oF = oF 4 QWNRXf%

2 . .

+ Z mT\M (az‘,kem + (ai,k)Te m) )
k>0

(2.17)

oF = dio+ QWNLXi%

R

with integer quantized momenta k = 27j/L and j € Z\{0}. Here, k > 0 (k < 0) corresponds
to a right (left) mover. The superscript “RX;” (“LX;”) refers both to the right (left) edge
and the right-moving (left-moving) edge mode of cylinder X;. The equal-time commutation

relations imply the mode operators in (2.17) satisfy the following commutation relations:

[ai,k, (ai,k/)q = Op.k/, [az‘,kaai,k’] =0,

_ (2.18)
. _ i
[d)z 07NRXZ] = [¢z O’NLXZ] =T
The winding number N°%i measures the total charge of the 0 X; edge state since
L o..%
NoXi = / %97 4y (2.19)
0 2T
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The local operator ™% obeys periodic boundary conditions (in the absence of any addi-

tional fields). For this requirement to be consistent with Eq. (2.19),

eimé7 (@+L) _ oime7 (@) gim2mNoXi (2.20)

the winding number must be quantized as NUXi—U% € Z [SHST20]. Thus,a=0,1,...,m—
1 (mod m) specifies m inequivalent boundary conditions for ¢7. As the notation suggests,
these boundary conditions are in 1:1 correspondence with the different anyon types. In
particular, boundary condition a can be viewed as resulting from threading the flux of anyon
a through the cylinder (see Figure 2.2). Each of these boundary conditions corresponds to
a Wilson line of type a connecting the two edges, obtained by the creation of an anyon of

type a on, say, the left edge and its subsequent destruction on the right edge.

We are interested in “glueing” together the right edge states of cylinder X;_; to the left
edge states of cylinder X; in order to form the torus state. (The subscripts are 2M periodic:
Xo = Xop and therefore Xopr11 = X3.) This means we want to add a suitable interaction
between edge modes on the right edge of cylinder X;_1 and the left edge of cylinder X;
that results in a gapped state along their shared interface i. According to (2.15), before the

interaction is added, the relevant edge modes are controlled by the Hamiltonian,

MU,

1O =" [ g o,00, )7 + 0uh] @:21)

v 47 0
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Figure 2.2: (a) Anyon flux threading continuously across a cylinder with no bulk excitation.
qbf’R refer to bosonic edge modes of the Laughlin and Moore-Read states; XiL’R refer to
fermionic edge modes that only in the Moore-Read state. (b) Wilson string operators in
the x or y directions parallel or perpendicular to interfaces between cylinders A and B.

The edges are “glued” together by an interaction that tunnels a local boson or fermion

between nearby edges. This is accomplished by the sine-Gordon interaction,

L
1 29 R L
HZ( ) — _77/0 dx cos [m (¢it1 + ¢7)] - (2.22)
We take g > 0 to be independent of i. The total Hamiltonian at interface 7 is therefore

H=H"+HY. (2.23)
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The resulting torus Hamiltonian is then H = ), H;. Upon projecting each cylinder X;
into the same topological sector a, i.e., all edge modes obey the same boundary conditions

around L, these decoupled H; may be considered independently.

For large coupling ¢ — oo, we approximate the sine-Gordon potential at quadratic order
in an expansion in (¢£ | + ¢¥) [LFFO13, TK14b]. This is a dramatic simplification that
enables the following exact solution to the approximated H;; it relies on the ability of the
sine-Gordon potential to generate a gapped interface ground state. (We will denote and
refer to the approximated Hamiltonian by H;.) Using the mode expansion (2.17) for the

bosons, the total Hamiltonian decouples into zero and oscillation (osc) mode sectors:

H; = H}"™ + H}'. (2.24)

Defining X; = m (NRXFl - NLXi) /2 and P; = d’fil,o + ¢£0 such that [X;, P;] = i, the zero

mode Hamiltonian is

2
HE© = 22X + P2, (2.25)

where A = 2gm?/7?v. > 0. This has the form of an harmonic oscillator Hamiltonian and a

corresponding ground state,

’bzepo> _ Z @77“627LmN3»i|NRXF1 _ Na,i)RXi,l ® ’NLX«L — _Na,i>LX--

a,t i
a
Na,iez_ﬁ

(2.26)
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RX,;_1 (LX;) labels the Hilbert space of edge modes on the right (left) boundary of cylinder

Xi—1 (X;) with Xy = Xop and v, = %\/% is the “entanglement velocity.”

The oscillation mode Hamiltonian is

A Bil| | ai—1k

icjzc = v, Z |:(ai1,k)T ai,k:| (2.27)
k>0 By Ai| |(a;—k)

with Ay = |k| + 272 and B = D2 Using the Bogoliubov transformation,
mlk| mlk|

Bik cosh 0, sinh 6, i1k
= , (2.28)

('Vi,k:)T sinh 6;, cosh 6y, (ai,—lc)T

where cosh 20, = Ay /E) and sinh 20, = By /E) with Ey = \/|k|? + 4 72 /m, the oscillation

mode Hamiltonian is diagonal,

53 = ve > By (BlBix + 2 in + 1) (2.29)
k>0

The ground state of the diagonalized Hamiltonian is given by the coherent state [SHST20]

‘bg)sc> _ H e*Qk(ai—l,k)T(ai,—k)T’0>’ (230)
k>0

where |0) is the vacuum state annihilated by all a;—; , and a; . |b?*°) satisfies j3; ;|b7*°) =

Y,k |09%°) = 0 for k > 0 with € = tanh@j. In the limit |k| < A, tanh 6 ~ v.k/2. Upon
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expanding the exponential in (2.30), the oscillation ground state can be rewritten as

_ vek . RX,_ .
‘b;)sc> = Z e 2k>0 5 (nz,k+1/2)’{nb’k i—1 __ ni,k‘}k‘>0>RXi71 ® ‘{nli)—(;f = ni,k}k>0>LXi-
{nineZt}

(2.31)

RX;_1
Here, .k

is the eigenvalue of the right-moving number operator (ai_ljk)Tai_lyk on cylin-
der X;_1 and nbL 2(’ the eigenvalue of the left-moving number operator (a; — k)Tai,_ 1 on cylin-

der X;. The coherent state form (2.30) for [69°°) ensures these two eigenvalues coincide in

each interface oscillator state.

Putting together these results, we find the unnormalized torus state in sector a equals

Vo) = Q) 165°) @ [67°°). (2.32)

)

The topological sector label a = 0,1,...,m — 1 coincides with the m-fold ground state
degeneracy of the Laughlin phase on the torus. Notice that each cylinder is in the same
topological sector a. This follows from our assumption that there are no bulk excitations
inside any cylinder. Consequently, all cylinders are threaded by the same anyon flux a
and NBXi = —NIXi = q/m mod 1 for all X; (see Figure 2.2). Using (2.26), N,; =
—NLXi = NRX: — Ngi+1 mod 1 and therefore N,; = a/m mod 1 for all cylinder i. A
general (unnormalized) ground state on the torus is the linear combination of states |¥,)

with different anyon fluxes a.
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2.2.2 Moore-Read Interface Ground State

The Moore-Read state at filling fraction v = 1/m has (U(1),, x Ising)/Zs topological order.
The Zgy symmetry couples together the U(1),, and Ising topological orders. The U(1),,
sector edge states are described by the same bosonic fields ¢¢ used in the construction in
the Laughlin state. In particular, the commutation relations (2.16) and mode expansions
(2.17) still hold. The Ising sector, which has electrically-neutral Majorana fermion edge
states, supports bulk quasiparticles 1, x, and £. Here, 1 labels the identity sector containing
the vacuum; x = x| is the neutral Majorana fermion; and ¢ is the non-Abelian Ising twist
field. The Ising anyon and the Majorana fermion have mutual semionic statistics, so that

the monodromy braiding phase between x and & is —1.

‘ 1 61/2 el 63/2 e’ er+1/2 o em—1 em71/2
x1|0 * i+ * %—0—% * %—i—m;gl *
2r+1)2 2m—1)2
El*x ftes  *  dsTen - ¢ 15t e S R
Table 2.1: The 3m anyon types of the Moore-Read topological order. Occupied entries
are the spins (mod 1) of distinct (deconfined) anyons, I" = e" = €7? x" = xe" and
Ertl/2 = gert1/2 for r = 0,1,...,m — 1. Empty entries (*) are confined fields disallowed

by electron locality.

We set the notion of locality in the Moore-Read theory by taking the fundamental electronic
operator to be g = xe™?. When m is even, 1 is a fermion; when m is odd, 1 is a
boson. Integral combinations of the fundamental electronic operator, such as e=2"?_ belong
to the identity sector. They are mutually local in the sense that the corresponding bulk

quasiparticles have trivial monodromy braiding phases with one another.
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The remaining anyons in the Moore-Read theory correspond to the operators I" = e?,
X" = xe? and €112 = e H1/2)¢ where r € {0,1,...,m —1}. The corresponding anyons
have trivial braiding monodromy with linear combinations of 1),;. The anyons obey the

fusion rules:

I'xI" =x"xx" =1t I'x " =yt
I7 % 712 7 g2 412, (2.33)

/ / !
§r+1/2 > gr +1/2 _ I’I‘+T‘ +1 + Xr—‘rr +1'

The fusion rules imply the quantum dimensions dpr = dyr = 1 and dgri1/2 = V2. The
locality of the electronic operator dictates that fields that differ by .; belong in the same

anyon class, a X ¥ = a. Hence, the anyon types have a m-fold (i.e., charge e) periodicity

Xr—l—m = IT’ rtm = Xr’ £r+m+1/2 = £r+1/2. (234)

In total, there are 3m distinct anyon classes; they are listed in Table 2.1.

Bulk anyonic quasiparticles are non-local excitations that must come in conjugate pairs in
real space, i.e., the total anyon charge contained in a region is conserved. Anyons in the
physical Hilbert space are identified by equivalence classes of particles. Two anyons belong
to the same class if they differ by a multiple of the electronic operator. Different topological
sectors on the torus are obtained by imagining a process in which an anyon-anti-anyon pair
is nucleated at a point and then each is dragged around the y-loop in Figure 2.2 in opposite

directions until they meet again and annihilate. Decomposing the torus into cylinders, edges
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of adjacent cylinders must therefore carry conjugate anyon charge (see Figure 2.1). This

constraint was imposed implicitly when we considered the Laughlin state by requiring each

cylinder to lie in sector a; in the present case, the presence of non-Abelian quasiparticles

makes this more delicate, as we discuss.

The Moore-Read edge-states on cylinder X; are described by the Lagrangian density [MR96],
i

L7 =oxi (Or — ovmOz) X7
(2.35)

+ %8:5(7{)10 (08t - Ucaa?) ¢zg

As before, ¢¢ is a real boson with unit compactification radius and o € {L, R} = {£1}; x7

is a Majorana fermion; and v, (?.) is the velocity of the the boson (Majorana fermion). x¢

satisfies the anti-commutation relations,

{7 (), x7 (2")} = é(x — ). (2.36)

The mode expansion [SHST20] of the Majorana fermion fields are

1 . 1 ,
Xi=—= Zelkxcfkv Xt = VI Zk: elkxcék- (2.37)

The fermionic mode operators cf; obey (C;7 k,)T = ¢]_; since x7 is real, and the anti-

commutation relations

{Fh i} = Ok ks 0iir 077 . (2.38)
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The Moore-Read state is classified into untwisted and twisted sectors [SHST20]. In the
untwisted sector, the Majorana fermions obey anti-periodic boundary conditions (xJ(z +
L) = —x7(x)). Consequently, the fermionic momenta are quantized in half-integers: k =
2T (j + 1/2) with j € Z. This sector consists of Abelian quasiparticles that correspond to
vertex operators {e7 | X;‘e"‘ﬁg}. The boson winding number is quantized as N°Xi —gr /m €

Z.

In the twisted sector, the Majorana fermion is periodic (x7(z + L) = xJ(z)) and the

fermionic momenta are integrally quantized: k = %, J € Z. The change in boundary

conditions is effected by inserting a 7 flux through the cylinder. In addition to the fermion
oscillation modes with nonzero momenta (k > 0), there is an additional Majorana zero mode
(k = 0) ¢, due to the integral quantization of momenta in the twisted sector. The boson

winding number also changes its quantization to N°Xi — € Z in response to the

added 7 flux. The non-Abelian bulk quasiparticles are associated to the vertex operators

{ei(r+1/2)¢;’}.

While the boson and fermion modes are decoupled in the Lagrangian (2.35), physical states
must be invariant under a Z, internal symmetry. This neutrality requirement introduces
correlations between the bosonic and fermionic components of a physical state. To see how
this works, we first observe that the local electronic operator ()7 = x7e™™%7 is neutral
under the following Zo transformation, which is local to a given cylinder X;:

. o 1O o o ino
ZQ(’I/) . Xi’ — (—1)6” Xi” ¢i’ — ¢i’ + F(Sul (239)
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Consequently, any integral combination of electron operators, such as a Wilson string that
creates a conjugate pair of anyons on the two ends of X;, must be even under the local
Zo symmetry. Assuming there are no bulk excitations inside any of the cylinders, the
artifically extended Hilbert space in which the bosons and fermions are decoupled where
(2.35) acts must be restricted to the physical Hilbert space that is invariant under all the
Zo(i) symmetries. The restriction can be achieved by the projection operator P =[], Px;,

where

(1 + (_1)NLXi+NRXi (_1)FLX1'+FRX1') (240)

DN |

Px, =

k3

is the projection operator for cylinder X; that ensures the corresponding edge states are
even under Zs(i). Here N°%i is the winding number defined in (2.19) and F°%i measures

the fermion parity of a state. In particular, (—1)F"" X7 = —X;?(—l)FUXi.

Now consider “gluing” the right edge of cylinder X;_1 to the left edge of cylinder X;. The
strategy is similar to that of the Laughlin case. In the absence of any coupling, the edge
modes are described by the free, decoupled Hamiltonians associated to (2.35). The cylinders

can be pieced together at the interfaces by the electron tunneling terms,

L
HO =29 [T ap {(wh) ok +he.
27 /OL { } (2.41)
__29 o R L
=2 [Tanixadt s cos m (681 + 6] |,

where the coupling constant g > 0 is taken to be independent of the specific interface i. We

treat the tunneling term in a mean-field approximation [SHST20] in which the corresponding
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ground state expectation values (up to Zg symmetry) of the bosonic and fermionic operators
are

(m(¢f + #f1)) = 0 mod 27 and (ixfx/*,) >0,
(2.42)

or (m(¢F + ¢ 1)) = 7 mod 27 and (ixFx*,) < 0.
The overall scale of the expectation value of the fermion bilinear is absorbed into g. In
the ¢ — oo limit, we once again employ the quadratic approximation to the sine-Gordon
potential and pin the bosonic fields at the corresponding minima. This allows only neutral
charge (NfXi-1 4 NIXi = 0) at the interfaces. With these approximations, the tunneling

potential becomes

(2.43)
+ vmf]ixfxf-?;l + const. + .. .},

29
VUm T

where g = — < 0 and A > 0. The ellipsis denotes higher-order terms which can be
ignored as g — co. It remains to construct torus ground state of this simplified model. We

treat the untwisted and twisted sectors in turn.

Untwisted Sector

We construct the ground state of the quadratic Hamiltonian discussed in the previous
section and then project the result to the physical Hilbert space. Since the bosonic zero

and oscillation mode Hamiltonians are the same as in the Laughlin case, the bosonic parts
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of the unprojected ground state are given in Egs. (2.26) and (2.31). The Hamiltonian for
the fermionic oscillation modes is
k —ig cﬁ m

O =um Y [(CZR i cgk] (2.44)
k>0 ig —k (CZL_k)T

)

where k = 27(j 4+ 1/2)/L with j a non-negative integer. For suitable ¢y, the following

transformation,

Bi,k cos , —isin cﬁl,k
= (2.45)
(i) singp  dcosgr | | (cfo))T,
diagonalizes the Hamiltonian to
HYY =vm Y <(5~i,k)T3i,k + (i) Fie — 1) : (2.46)

k>0

We take cos 2¢y, = k/eg, sin2¢r = g/ex, and ¢, = \/k? + g2. The ground state is given by

the BCS coherent state,

| FO5°) = H e—iEk(CiLﬁk)T(CfiLk)T|0>7 (2.47)
k>0

where f; 1| f25°) = ;1| f%°) = 0, and CiL—l,—k’0> = cfk|0> =0 for all £ > 0. In the limit of

|k| < |g|, Zx = tan i ~ Uk /2 with 0, = 2/|g| the “entanglement velocity” in the fermionic
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sector. Similar to |b9%¢) in (2.31), the ground state can be rewritten as

oy = S Taotiem Tiso Bt/
{fi,k€{0,1}} (2.48)
RX; 1 _ - .-
{npe ™ = fipdiso) rxi s ® {0y = figdiso)rx,.

1

RX;_ ; . .
where 13" and nJLc)Elk_ are the eigenvalues of the fermion number operators (c k)chi Lk

and (ciLﬁk)Tcﬁfk.

Because the zero mode and oscillation modes are decoupled (in the artificially extended
Hilbert space), the torus ground state for the approximated Hamiltonian can be written as

a tensor product of (2.26), (2.31), and (2.48):

[#a) = @ i) @ 10 @ 17%). (2.49)
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The corresponding physical ground state that is invariant under the internal Zs symmetry

(2.39) is the projection:

’\I/a> =P

\Tfa> (2.50)

= (X) Puilbi5°) @ [b8) @ | £7°°),

i

where the projection operator P is given in (2.40). In the untwisted sector, the projection
operator for each cylinder X; decomposes into the product of left and right edge projection

operators P, ; P, ;11 given by

(1 + (_1)Na,i—7"/m+2k>oﬁi,k) . (2.51)

N |

Pai:

)

(Note that 7; j, denotes one of the fermion number operators (czR_Lk)ch”_Lk or (cf_k)Tc,f_k,

whose eigenvalues coincide at interface i.) These operators restrict the winding number and

fermion parity of the ground state at interface i between X;_; and Xj.

Twisted Sector

In the twisted sector, we must include the Majorana zero mode excitations, which arise
from the 7 flux that threads across all cylinders and results in fermionic momenta that is
integrally quantized as k = 2mj/L. The contributions of the bosonic modes and fermion
oscillator modes to the unprojected torus state have the same form as before and so we

need only discuss the novelty presented by the Majorana zero modes.
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The Majorana zero mode Hamiltonian is

szero =19 Z CiLOCiL,O =9 Z f;fi; (2.52)
i i

where g > 0. This Hamiltonian is essentially the Kitaev chain [GSF21] with quantum states
labeled by the eigenvalues n, = 0,1 of the fermion number operators fZT fi at the interface
between cylinders X; 1 and X;. Here, f; = (cﬁ 10+ icfo) / V/2 is an interface Dirac fermion.
Suppose the torus is divided into four consecutive cylinders X7 U X5 U X3 U X4. Then the
ground state of (2.52) is |f*™) = |0'0'0’0’), where the primes refer to the interface basis

states.

Because the Zo projection operator is not diagonal with respect to this interface basis, we
need to change to an appropriate cylinder basis for the Majorana zero modes. To this end,
we define the cylinder Dirac fermions d; = (cfO + icﬁo) /v/2 on X; and the corresponding
occupation numbers v; = 0,1 of the operators d;-rdi. Notice that fiT fi and d},di/ do not
commute when i = ¢’ or i = ¢’4+1. The F-symbols [Kia06] generate the basis transformation
between cylinder and interface bases. This basis change is depicted in Figure 2.3. For Ising
topological order, the relevant F-move transformation is given by the 2 x 2 matrix,

v
Fs&»:) _
(),

(—1)m (2.53)

Sl

where p,v € {0, 1}, corresponding to the two possible fusion channels of £&. Thus, the F-

moves transform |0'0'0’0’) to a basis written in terms of states labeled by the fusion channels
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Figure 2.3: Basis Change.
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Three F-moves are used to transform from the interface to
cylinder bases. Each |n} = 0) in |0'0'0’0") obtains by fusing two non-Abelian twist fields &
into the vacuum channel; fusion into the y channel is denoted by “1.” The interface fermion
numbers generally satisfy n} 4+ nf 4+ nf + njy = 0 (mod 2).

of pairs of £ belonging to a particular cylinder. The index p is the original internal channel

and v the new internal channel after the F-move. Thus, to transform the ground state

(2.54)



where 74 = 1+ 791 + 72 + 73 (mod 2), with the result:

1

V8

+[1000) + [1011) 4 |1101) + [1110)). (2.55)

| £7°7) = —(]0001) + |0010) + [0100) + |0111)

Each of the un-primed states in | f**"°) is an eigenstate of d;[di. For example, |y1727374) has
eigenvalue (—1)" under djdi. Here, the total fermion parity in the cylinder basis, >, v, is
odd, while the total parity in the interface basis, Y. n/, is even. This is because the two

total parities are exactly opposite,

te
H(—l)fi i = (—1)M22M HCELOQ'L,O

7

1
= —<—1)M22M H CfociL,o
i

- H(_l)dldi_ (2.56)

7

For 2M cylinders, this result generalizes to

1
‘fzero> _ W Z |fyl,72 .. "72M>- (2.57)

’76{0»1}2]\/1 |C

Here, {0, 1}?M| indicates that 7 takes values in {0, 1}? subject to the constraint Zfﬁ i =
1 (mod 2); the overall normalization comes from the fact that there are 22 ~! solutions
to this constraint. Physically, this constraint on 4 means the overall topological charge of

the 2M Majorana fermions on the torus is in the vacuum channel. Similar to Eq. (2.54),
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it will sometimes be convenient to take the sum in (2.57) to be over unconstrained ~; for

ie{l,...,2M — 1} with ~9ps implicitly determined by the constraint.

Thus, the unprojected ground state for the twisted sector is

1

Ta) = (® [bri”) ® [6:7) @ Iffsc>> D [£%7). (2.58)

Here a refers to the Ising twist field £7+1/2 = £e"+1/2)¢ for r = 0,1,...,m—1, and therefore
the winding number N;; of [b75°) takes values in (r + 1/2)/m + Z. The physical ground

state that is invariant under the internal Zy symmetry (2.39) is the projection:

W) =P “i’a> = HPa,Xi

\ifa> (2.59)

where the projection operator P, x, on cylinder X; is defined by

1 _
Pa,Xi = 5 (1 + (_1)Na’xi+Zk>0(nxi*k)+d:{di+ui) )
Na,Xi = *Na,i + Na’ifl, fLXi,k = ﬁi—l,k + ﬁi,ka
0, ifi=1,...,2M —1
Ui = 020 = : (2.60)

1, ifi=2M

Here, the additional ugps accounts for the total odd parity Hi(—l)d;rdi = (—1)Zi% = —1in

the zero mode sector (see (2.56)).
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2.3 Entanglement Negativity

We now study the entanglement negativity of the Laughlin and Moore-Read states at filling

fraction v = 1/m on the torus constructed in the previous section.

2.3.1 v =1/m Laughlin State
Torus Geometry

We begin with the Laughlin state at filling fraction v = 1/m and the torus geometry (e.g.,
Figure 2.1a). The unnormalized torus ground state in sector a € {0, ..., m — 1} factorizes

as

2M
Ta) = @) [Pai), (2.61)
i=1
where i refers to the interface between cylinders X; 1 and X; and

(Wai) = [ba;”) © [67). (2.62)

a,i
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The bosonic zero mode [b;°) and oscillator [b>) states are given in Eqgs. (2.26) and (2.31).

Introducing the collective mode numbers,

NEX = (= NS (b)),
NN = (NP (XY s),

Nai = (Nayi, {nik }r>0)

with domains defined in Egs. (2.26) and (2.31), we write

Wai) = Z AWNG)INFX= = NG ) px, oy @ INEY = Noa)x,s

Na,i

where

VeTM Vek 1
AWNa,i) = exp |— ZL N(ii - Z — (nzk + 2)
k>0

Assembling the preceding together, we have

az RXZ 1 ®|Nal>

||®§

@y

(2.63)
(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

Eq. (2.68) shows how a product of cylinder states glue together to form the unnormalized

torus state in sector a. The norm-squared of |¥,) is

2M
v= (Zrow)
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with mode number N, defined as in (2.65). We identify Z, as the partition function in

sector a at inverse “temperature” 8 = 1 of the entanglement Hamiltonian H,,
Z4(B) = tre PHe, (2.70)

with entanglement spectrum equal to —2log A\(N).

We use Lemma 1 below to calculate the entanglement negativity of the general torus state
|U) = >, ¥a|¥,) with respect to the torus partition (e.g., Figure 2.1a), where the normal-

ized sector a state is
Vo) = Z, M| W,). (2.71)

While the details of the proof of the analogous lemma for the non-Abelian Moore-Read
state differs slightly due to the presence of fermionic zero modes (in the twisted sector),
it turns out that the result of Lemma 1 continues to apply. Readers uninterested in the
details of the straightforward, but tedious proof of Lemma 1, may safely skip it and use the

result.

Lemma 1. The entanglement negativity of p = |¥)(¥| with respect to the torus partition
X = Xoqa U Xeven (€-.9., Figure 2.1) and with partial transposition on “odd” cylinders

Xodd = X1 UX3U---UXopn—1 equals

2M
EX paa: Xoven = 2 logz |Yal (%) ) (2.72)
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where Xeven = Xo U Xq U -+ U Xops and Z,(B) is defined in (2.70).

Proof. We directly evaluate ||pTedd||; = tr \/(pZedd)f pToda in order to compute Ex, 4 Xoven =

log ||pTed4 ||y, where pTedd denotes the partial transpose of p with respect to Xoqq. Define
{J\_/"a} = {(Ng,1,Na2, -, Naan)} with Ny in (2.65) and cq (N, a) Va HQM AN, )/\/Ea
(no sum over a) with A(N;) given in (2.67); we will sometimes denote ¢, = ¢q(Ny) for

brevity. Then we may write

p= Z Z NN AN 9) (Na1Na 2] x,
a,a’ NGMN;/
@ (2.73)

@ W onr 1 Na ang) Nazm—1Na2m [ Xonr

® |Nz;’,2MNc;’,1> <Na,2MNa,1 ‘XQIVI'

Note that |./\/é, Z-/\/é, i+1)<./\fa,i./\fa’i+1\xi denotes the outer product of states on the edges of
cylinder X;: the first entry of each ket refers to states on the left edge of X;, while the

second entry refers to states on the right edge of X;. The partial transpose with Xq4q is

T ! !
P odd = Z Z CZCG/|Na71Na72><Na’,1Na’72’X1
a.a’ N, N,
a

®...
@ N anr—oNar ans—1) Naam—2Nagnr—11x50
® [Na2nr—1Na2m) (No anr— 1Ny 200 Xon

® |Né/72MNé/’1><Na72MNa,1 (274)

95



Next we evaluate

(pTodd )TpTodd

>k
= E E CZ/// Ca// C,Ca’

a7a/7al/ 70‘”/ -/\70, 7~/\_/Z/ 7/\7//11 7/\7HI/II
a a
1" 1" 1/ 1/ / /
X ‘ a1 a///72>< a1 a//72|Na,lNa,2><Na’71Na’,2’X1

...

111 11/

(2.75)

®‘ :",21\/1—2 :”,2M-1>< a 2M—2 a’”,2M—1|N¢;’,2M—2N(£’,2M—1><Na72M—2Na72M—1’XQM—Z

/" 1" 1! 1 / /
& |Nom ani—1Nam anr) N an— 1N aneNa2v—1Na2m ) N onr—1Nos onr Xons -

® NG oniNor 1) N aniNain 1[N aniNar 1) Na,2mNaa

Xon -

(2.76)

Using the orthonormality of states with different quantum numbers in the above overlaps,

" / 11! !
a = Qa . = .
5 a i Na’,z?

"o "o )

a = a, a’i = Na,la

for all 1 < i < 2M, we find that (pTedd)tpToad is diagonal with entries given by

—

[car (N2 Plea(Na) .
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Thus,

\/ (pTodd )t pToad = Z Z lcar||cal
a,a’ Ny N7,

X |N(;’,1N6,L/,2> <Nc/ﬂ,1Nc:',2 X,

(2.79)
® |Na2Na,3) (Na2Na 3] x,

® |Na2mNa,1) Na2mNai | xo0,

and tr \/(pTead)Tploas =37 ZAEN’, |car||cal-

Tracing through our definitions, we find

el = (Y leal)l)
a _/\7'a

oM\ 2 (2.80)

Taking the logarithm of |[p?edd||;, we obtain (2.72) and thereby complete the proof. O
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It remains to calculate Z,(f). We are specifically interested in the L — oo limit. The

partition function of the Laughlin edge states in sector a can be written as

97a/m(mr) ipv
Zo(B) = L—ru—> =ity = — 2.81
)= 2 r=in = (2:81)
where the Jacobi 6 and Dedekind n functions are
o mr) = Y e TN (2.82)
No€Z—7-
— Z q%(n—ﬁ)2, (2.83)
neE”L
) = Z e~ k>0 Bvek(ni k+1/2) (2.84)
n; k€Z+
— g i IT @a-q=s, (2.85)
nl’k€Z+

and ¢ = e*™7. These functions have a useful transformation under the modular transfor-
mation 7 — —1/7 that allows us to easily extract the scaling behavior of the entanglement

negativity as L — oco. Specifically,

an/m(— /mT)

0™ (mr) = Mo (2.86)
n(r) = ’7(\;1/:) (2.87)

Thus, Z,(8) = ﬁexp [1;3%)6} and so
Z1/2) _ L .z (2.88)
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Inserting this expression into (2.72) and taking the L — oo limit, we find the topological

entanglement negativity

T
20,

EX oy Xovn = M ( ) L — Mlogm +2log »  [tha. (2.89)
a

We see that Ex receives 2M boundary entanglement contributions, proportional to

odd:Xeven

log v/m, and a single long-range entanglement contribution, equal to 2log )" |¢4|. Since

the Laughlin phase has only Abelian quasiparticles (d, = 1), Ex takes the form

odd:Xeven

given in (2.12) with o = - and D = \/m.

Cylinder Geometry

Next we consider the entanglement negativity between subsets of Xeyen and Xoqq when
the degrees of freedom on N < M cylinders Y C X have been traced over. We denote
the remaining (2M — N) cylinders by Y and their decomposition into “odd” and “even”
cylinders as Y,qq and Yeven. The resulting entanglement negativity will depend on the
number R of shared interfaces between the remaining cylinders in Yoqq U Yeven. As an
example, Figure 2.1b represents Try, |¥)(¥|, i.e., the X; U X5 U X3 cylinder state when the
degrees of freedom on Y = X, have been traced over; we then consider the entanglement
negativity of Trx, |¥)(¥| between degrees of freedom on Yoqq = X1 U X3 and Yeyen = Xo

with a result that depends on R = 2.

Our calculation of the entanglement negativity will apply Lemma 2 below to the torus

ground state from the previous section. This lemma applies to both the Abelian Laughlin
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and non-Abelian Moore-Read states. We will summarize the appropriate generalization of

its proof in the non-Abelian case in a later section.

Lemma 2. Consider the reduced density matriz py = Try |U)(¥|, where |¥) = > 1a|Va)

is a general state on the torus X =Y UY. Then the entanglement negativity of py equals

2

R
EYaa:Yeven = logz |%al (%) : (2.90)

where R equals the number of interfaces shared between the remaining cylinders Y = Yoqq U

Yeven and Zy(B) is defined in (2.70).

Proof. We use notation introduced in Lemma 1. There are four cases to consider.

(Case I) We remove cylinder Y = Xy, where 1 < 2k < 2M by tracing over its left and right

edge states. Thus, Yoqqa = Xodd, Yeven = XoU---UXop_2UXogyo--- Xoar, and R =2M —2.
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We begin with the torus ground state |¥)(¥|:
p=>>  calNa)eh(Np) x -+
aa’ N, N7,
@ |Naok—2Na2k—1) (N o oNos ok 1] Xoi s
@ [Na2k—1Na2k) N op 1 Nar o1 Xoi s
o (2.91)
® [Na2kNa2k+1) N akNor 2kt 11 X0
® ‘Na,2k+1Na,2k+2><N(;’,2k+1N¢;’,2k+2‘X2k+1

® |Na2kt2Na2k+3) <Né/,2k+2Né/,2k+3‘X2k+2

Tracing over degrees of freedom on Xy sets

/ ! !
a = a, Na’,?k = Na,le Na’,2k+1 = Na,2k+17 (292)

and removes the corresponding outer products involving states on Xof. The first condition
above (a = a’) removes any “interference” in Try,, (p) between states in different topological

sectors.
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Using (2.92) and the definition of ¢,(N,), the partial transpose of Trx,, (p) with respect to
Yodq is
Todd __ 7\ * (N
Pyt = Z Z ca(Na)cp(Ng) x -+
@ NoN

@ |Na2k—2Na2k—1) (NG ok o NG ok 1] Xan_s

® NG o1 Na,2) Na2k—1Na 28 50, (2.93)
X |Na,2k+1 é,2k+2><Na,2k+1Na,2k+2‘X2k+1

& |Na,2k+2Na,2k+3> <Né,2k+2~/\/’;,2k+3 ‘X2k+2

®...7

where

X )\(Nazk*l))\('/\/‘(;,gk‘fl)
X )‘Q(Na,Zk))\Q(Na’gk_i_l) (2.94)
X AM(Na,2k+2)ANG 2 g2) % - -

X )\(NazM))\(NéQM)-

There is no dependence on N/ 5, or N 5, ., above because of (2.92). In what follows, it will

be implicitly understood that N o, N7 5p, are removed in sums over N;. The remainder
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of the proof follows that of Lemma 1. Specifically, we compute

(p odd T Todd = Z Z C;/(/\_/‘(;/’)Ca’(/\?:/)ca( _’a)CZ(/\?ti) o

aa’ No NG N7 N

@ NG oo Nt o 1) Ny ok —oNor o1 Na2k—2Na2k—1) (NG oo NG 251 Xan_s
1! 1 A /

@ N op 1Ny ar) o 2k—1Nar 9k Nz 25— 1Na,2k) Na 2k~ 1Na 2k | X,

® |Né/',2k+1N¢;/',2k+2>< c/L/’,2k+lNci,’/,2k+2 ’Na72k+1N;,2k+2><Na,2k+1Na,2k+2|X2k+1

@ ING oo Nor oni3) Ny arroNar ot 3Na 2k 2Na,26+3) (NG ok 12N ok 3] Xan o

(2.95)

/11 /11

Note that N o, Ny 9111 and /\/'[;N%,/\/'a 2ks1 are absent in the sums over N and N The

above overlaps fix a = a/ and

W= N, N, =N, (2.96)

for 1 <i < 2M. Analogous to (2.79), we may now read off Hpg‘)ddHl =tr (p}T,Odd)TpiT}dd to

find

1oy Iy ZZ\ca )llca(ND)]

@ NaN,

_Zw)a
za2\"Y
—Z |l 50 . (2.97)

ZQM *(1/2) “Z&M—2<1/2> '
Z32(1) ZY(1)
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The second equality follows from (2.94) and the definition of the ¢q(N,). Taking the log-
arithm of ||p§r,°dd||1, we obtain (2.90) and thereby complete the proof of the lemma when

Y = Xo, i.e., a single “even” cylinder has been removed.

This dependence of the entanglement negativity on the number R of shared interfaces of

the remaining cylinders Y not traced over continues in the other cases.

(Case II) If X9 and an additional “even” cylinder Xops are traced out, then the general-
ization of (2.92) will also remove any dependence on N, 472,{, and N, 472,{, 41- Proceeding with
the remaining steps outlined for Case 1, we find R = 2M — 4, reflective of the number
of remaining shared interfaces. In the special case when k' = k + 1, degrees of freedom
on Xop11 become disconnected from those on the remaining cylinders; because Xo1 has
no shared interface with the remaining cylinders, we conclude that it effectively makes no

contribution to the entanglement negativity.

(Case III) The proof proceeds identically if instead Y = Xoz_;. Then (2.92) removes the
dependence on N, , and N!,,,, and the remainder of the proof proceeds as before,

obtaining R = 2M — 2 in this case.

It is straightforward to generalize the above reasoning to the situation when more than
two nonconsecutive cylinders, e.g., a subset of the “even” cylinders, are removed. In this
situation, the generalization of the above arguments gives R = 2M — 2(Q), where @Q equals

the number of cylinders removed.
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(Case IV) The remaining case to discuss involves the removal (by trace) of two consecutive
cylinders, say, Xog—1 and Xog. In this case, (2.92) removes the dependence on Nj o, 1, NV o,

and N c/L,2 k+1- Lhere are only three mode numbers in this case because states at the interface

between Xo5._1 and Xy share J\/:;,Qk. Proceeding then as above we obtain R = 2M — 3.

The above reasoning can then be suitably generalized, as needed, to show (2.90) with R

equal to the number of shared interfaces in Y. This completes our proof of Lemma 2. [

By Lemma 2, the calculation of the entanglement negativity between Y,qq and Yeyen reduces
to the calculation of the ratio of entanglement Hamiltonian partition functions. Making use

of the partition function results from the previous section, we find

R(r R
5Yodd5Yeven = 5 ( ) L - 5 logm + logz |’l7Z}CL|2

20,
R(m R
=3 (27)@) L— 3 log m, (2.98)

where in the last line we used Y, [¢)4|? = 1. This verifies (2.13) with o = 7/2v, and D =
\/m. Similar to the torus geometry, there are R boundary entanglement contributions, equal
to log v/m. However, the long-range entanglement contribution is absent: the trace that is
used to construct the cylinder state removes the correlations between different topological
sectors when the state is Abelian (d, = 1). We show in the next section that a long-range

entanglement term is present for the Moore-Read state.
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2.3.2 v =1/m Moore-Read State
Torus Geometry

We now consider the entanglement negativity of the Moore-Read state on the torus geometry
(e.g., Figure 2.1a). At filling fraction v = 1/m, there are 2m untwisted anyon sectors
a=1" =¢" or Y = ye" and m twisted anyon sectors a = £"11/2 = ge"+1/2 topological
sectors, forr = 0,1,...,m (see table 2.1). For the untwisted sector, much of our presentation
will mirror that of the Laughlin state; in the twisted sector, there are some differences

associated to Majorana fermion zero modes that we will highlight and discuss as they arise.

We begin with the untwisted sectors. The un-normalized torus ground state in sector a can

be factorized as (see (2.50))
2M
|‘11a> = Pa|‘lja> = ®Pa,i|\1ja,i>u (299)
i=1

where i labels the interface between cylinders X; and X;11, P, = ®;F, ; is the decomposition
of the sector a projection operator into projection operators local to each interface, and the

unprojected state:

o) = B5°) © [67) @ [ 7). (2.100)
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The bosonic zero mode and oscillator states are given in Eqgs. (2.26) and (2.31); the fermionic

oscillator states are given in Eq. (2.48). The collective mode numbers are now

NEX = (= NEY g Yo, {n Y beso), (2.101)
NFX = (NF5 {25 Yeso, {nfi 1), (2.102)
Nai = (Nais {ni kb0, {7kt rs0), (2.103)

with domains defined in Egs. (2.26), (2.31), (2.48). When acting on | ¥, ;), we may replace

P, ; with its eigenvalue P, (N, ;) using

(1 + (=1 Naimmt2ns0 "’“) Nai)rx, 1 @ Nai)rx,

N

Poi (Wai)rx, @ Naidrx,) =

= Pa(Na,i)‘Na,»RXi,l ® ‘Na,i>LXi-

(2.104)
Putting this all together, we have
2M
’\Pa> = ® Z PU«(N(Z,Z'))\(NG,Z')|Na,’i>RX7;_1 & |Na,’i>LXia (2105)
=1 Na,i
where
‘ VM o Vek 1 _ Vek [ 1
)\(Na,z) exp 2L, a,t 9 (nz,k + 2) Z 5 (n%k + 5 (2106)
k>0 k>0
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The norm-squared of |¥,) is
2M

(zZgmwimet)™ = <Z P(/\/a)AZ(/\/'a)> | (2.107)
Na

Similar to the Laughlin case, ZtWVisted defines the untwisted sector a partition function at

inverse “temperature” S =1 of the Moore-Read entanglement Hamiltonian H,:
zuntwisted 3y — ty ¢ =FHa (2.108)

with untwisted entanglement spectrum equal to —2log A(N,), subject to the condition on
allowed states imposed by the projection operator eigenvalues in (2.104). (As we have
already done above, we will continue to abuse notation below; however, we will make sure

to specify whether we are dealing with the untwisted or twisted topological sectors.)

We next turn to the twisted sectors. The unprojected sector a torus state is

~ 2M ~
) = (@) @17), (2.109)

where |¥, ;) takes the form in (2.100) and the Majorana zero mode state | %) is given in
(2.57). Note that the domain of N,; € Z + (r + 1/2)/m and oscillator fermion momenta

are shifted by an half-integer.

The presence of Majorana zero modes makes the decomposition of the torus ground states
into cylinder states more delicate. In particular, the twisted sector a projection operator P,

does not factorize in terms of independent projection operators local to each interface (as
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in, e.g., (2.99)); instead, we can at most decompose P, = @M P, x,, where P, x, is the pro-
jection operator for cylinder X;. When acting on a cylinder state ]\if(”> ®|v) € (®z]\if(”)) ®
| f7*°) we may replace the projection operator P, x, with its eigenvalue P,(Ng i, Nai+1,7i)
using

1 N . Ay .
(1 + (_1) a,z+Na,z+l+Zk>0 (nz,k+nz+l,k)+71) ‘Na,iy-/\/a,i—O—la ,.}IZHX

Pa,Xl- ‘Na,iaNa,i-ﬁ-l?’YiHXi = 5

i

= Pu(Nai Najiv1, %) WNajis Najir1,%i) | x; -

(2.110)

Using these eigenvalues, the product of 2M projection operators can be reduced to a product
of (2M — 1) operators, e.g.,
2M—1

2M
[Px %) = ] Paxi|¥a). (2.111)
=1 i=1

Thus, the norm-squared of twisted sector a state |¥,) = P,|¥,) (see (2.59)) equals

2M—1

(Z(‘;wisted) M 22T1—1 >N (Nazu) > I PalNais Nasr, vi) X (Nayi)
N

Yse¥err—1€{0,1} =1
1 2M
= Sanr—1 (Z AQWJ) ,
Na
(2.112)

where A(N,;) is given in (2.106) and we have used 2%6{071} Py(Na,isNaiv1,7) = 1. As
before, we may interpret ZVisted in terms of a twisted sector partition function Z!Visted(3)

of a Hamiltonian H, with spectrum —2log A(N,) at inverse “temperature” equal to one. In
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contrast to the untwisted sector, the projection operator eigenvalues do not appear in the

norm-squared of the twisted sector state |¥,) or the corresponding partition function.

To calculate the entanglement negativity of |¥) = >~ 1,|¥,), where the sum is over all

topological sectors and the normalized sector a state is
’@a> = Z(;M|\I}a>' (2'113)

We will again use Lemma 1. (Here and in the generalized proof below we drop the un-
twisted/twisted superscripts for the normalization factors in (2.107) and (2.112).) The
proof that we previously gave of this lemma was special to the Laughlin state; below we

will sketch how the proof generalizes for the Moore-Read state.

Generalized Proof of Lemma 1. As before, we will directly evaluate
|71 = tr / (pToaa )t pToaa. (2.114)
We begin by writing the torus state as

2M
W) =" calNa) Pa(Xa) Q) [Xasi), (2.115)
a i=1

Xa,i = (Na,i;Na,i+17 3a%’)> (2116)
2M
~ A(Na.i)
ca(Na) = ¢ =, (2.117)
"7z
2M
Pu(Xy) = [ ] Pa(Xar) (2.118)
=1
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where s, = 0 if @ belongs to an untwisted sector and s, = 1 if a belongs to a twisted sector.
The sum over fa is understood to be a sum over J\7a and, when s, = 1, the Majorana fermion
parity eigenvalues 7, (i.e., Z/.\;a = Z/\Ta,sﬁ)' P, (X,,i) = Pa(Na,is Najit1, Sqvi) is defined in
(2.110) for twisted sector a where s, = 1, this eigenvalue is also valid for untwisted a, in

which case s, = 0.

The density matrix p = |¥)(¥| and its partial transpose with respect to X,qq are then

X Pa(Xa,1)| Xa,1 ) (X 1| Par (X 1)
, / (2.119)
® Po(Xa,2)|Xa2) (X o| Par (X )

@ Po(Xa2m)|Xa200)( Xy o0r | Par (X anp),

plodd = Z Z ca(Na)ey (N)

a7a‘/ .X_:a,fl,
X Por (X 1)1 X 1)(Xa,1 | Pa(Xa,1)

, , (2.120)
® Po(Xa,2)|Xa,2) (X o| Par (X )

@ Po(Xa2m) | Xa 200 ) (Xos o0r | Par (X op)-
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Thus,

Toad\T ,Todd
(pes)Tp

= > 3N DTS calNa) el (N ean (N )i (Nt

a’a/7a//7all/ =11 1244

‘X_‘a ‘X-:(:l X " X "
a a

" "

X Pa’”(‘Xa’”,l)Pa”(Xa//,1)|Xa”,1><Xa'",1|Xé’,1><Xa,l|Pa(Xa,l)Pa’(X/',1)

a

1" " "

© Par (Xgn 9) Parr (X )| X ) (X 2| Xa,2) (Xor 2| Par (Xgr 2) Pa(Xa2)

a a

1" i

® Pa’”(Xa’”,?,)Pa”(X(;/”,B)’Xc;/”,3><Xa"',3’X¢;’,3><Xa,3‘Pa(Xa,3)Pa’(X¢;',3)

...

1 " " 1

® Par (Xgn ang) Par (X onn) | Xam ane ) (X anr| Xa2ar ) (X e | Par (Xgr 200) Pa(Xa20)-

(2.121)

The inner products identify:

m ! m ! " !
a =a, Xa”’,?k—l = Xa’,Zk—l? Pa"’(Xa”’,Qk—l) = Pa’(Xa’,Qk—1)7
(2.122)

YZi "

a =a, Xa”,Qk = Xagk, Pa”(Xc/z,”Qk) = Pa(Xa,Zk)a

"

fork € {1,..., M}. From (2.116), we see that X, o, | = &, o, means that N7, , = NV,
for all ¢ = 1,2,...,2M and sgmvh; | = Sarve,_q for k = 1,2,... M. If the projection
operators Py (X 5;.) and Py (&, o) are to be nonzero simultaneously for fixed q:,’,, =N o
then syl = sqy, for k= 1,2,..., M. We conclude the above inner products identify

"

Py (X ;) = P (X, ;) and X, ; = X, for all i. Using similar logic, we likewise find

a/// K
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1"

Xy ;= Xai and Por (X, ;) = Po(Xyy) for all i. Thus, (pTead)tpTodd is again diagonal and
V (pToan) pToda =33 Py (Xa) P (A2l ea( W) llewr (N
G X X, (2.123)
X [ Xaa) (Kot | @ [ X o) (s of @ -+ @ [ Xy o) (X o |-
Consequently,

try/ (pToaa) ! pToas = 3NN " Py (Xy) Pur () ca(Na) e (V)]

a,a’ ¥ 7
’ Xa Xa/

= [ 3 Pu ) caVa)]
a X

) (2.124)

Following the same logic as in (2.80)) and using the definitions in Egs. (2.107) and (2.112)

as well as the identity }_. o1y P(Xai) =1 when s, =1, we find

2
I T I Z el (Z;ntWiSted(1/2)>2M Z " Zgwisted(1/2) 2M
p odd 1= ¢a Ta T + ¢a Za___U/2)
acuntisted 2 ) ] acivited 25 (1)
(2.125)
We obtain Lemma 1 upon taking the logarithm of ||pTedd||;. 0

To finish the computation of the entanglement negativity, we need to evaluate the untwisted

and twisted partition functions in the L — oo limit. The untwisted sector a partition
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function at inverse “temperature” § can be written as [SHST20]

Z;ntwisted(ﬁ) — lxéSing(Q) [X:_/m(Q) + X;/m(Q)]

2 (2.126)
1 Ising / ~ —
+ X1 (D06 (@) = X (@),
where the characters x are
; 1__ 2 1 1
Ising e ~j4+1 4l
0 t(a) =57 H(1+q 2)+H<1 q 2)
7>0 7>0 ]
. 1 A
he@ =a = [T (1+a*) -1 (1-a*)
[7>0 3>0 i (2.127)
+ n m(n—i)2/2
Xy (@) = | D (£ g™
nez

xq e [Ja-d)

7>0

Recall that ¢ = €™ and 7 is defined in (2.81). In addition, we have a new pair of modular
parameters 7 and § defined by 7 = 7/2 = i7, and ¢ = €*™". The characters can be rewritten

in terms of modular functions as

Ising /~\ 1 98('7') 1 0(1)/2(7:)
Xo (d) 0 T\ @
oy 1 B _1 [R5 .
G @=5\5@ e\ e
—r/m e H_T/m(mT)
+ _ b (m7) or 1/2
Xr/m(q) 77(7_) 9 77(7_)
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0? /2(%) goes to zero in the L — oo limit. Therefore, the untwisted 1 and x sector partition

untwisted _ 1 08(7:) ear/m (mT)
7 (B) = 2,/ o R (2.129)

functions both reduce to

In the L — oo limit,

TR CAEES) R

The twisted sector a partition function is

i Ising / ~
Ztwisted _ Xls;ilg(Q)Xa:—‘rl/2)/m(q)’ (2.131)
where the characters are
L T STt
ni$k€Z+
1T i 2y .4
= g2 H(1+q3)7 k:T7j €L
j=1
T | (2.132)
Xrt1/2ym(@) = ¢ 2 [ =)~
j=1
r4+1/2\2
X (qu(n ) ”).
ne”Z
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Ising

X116 produces the d, = v/2 quantum dimension associated to the Majorana quasiparticle

of the Moore-Read state. In terms of modular functions, the characters are

1/2,~
XIs/ing(~) _ 00/ (T)
1/16 =) 0
2)(7) (2.133)
X(r+1/2)/m\4) = 77(7_)
Thus,
1/2 =\ o—(r+1/2)/m
twisted _ 05> (7) 0, " () (2.134)
¢ 2n(7) n(7)
and for L — oo,
twisted
Zni CV) N S LU R | (2.135)
Z&wmted(l) Yo9m 8 Ve 20e

Plugging these untwisted and twisted partition function ratios (2.130) and (2.135) into

Lemma 1, we find

T Z ZuntWiSted(l/Q) M Z thisted(1/2) 20\ 2
o=l = Wl |[Fee 2| ] | L2
a€untwisted Z(;l nwisted (1 ) actwisted Z (tzWISted ( 1)
1 \M  [MzL /1 1 2
T
= R oo o d M .
<<2\/m) exp[ i <v6+2f}e)};’%’< ) > ’
(2.136)
T (1 1
ExXpaaiXewn =M |5 | — + 5= | | L= 2M log Vdm + 21og Y _ [1ha|(da)™. (2.137)
2 \ve 20 e
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In the second identity above, we recovered the quantum dimensions of the quasiparticles
associated to each sector: for the {1, x} untwisted sectors, d, = 1; while for the ¢ twisted
sectors, d, = v/2. In addition to the 2M boundary entanglement contributions, proportional
to log v/4m, in the entanglement negativity, there is a long-range entanglement contribution
is equal to 2log>", [4](ds)*. This recovers (2.12) with the non-universal constant given
by a =73 (i + ﬁ) and the total quantum dimension equal to D = v4m.

Cylinder Geometry

Next we calculate the entanglement negativity between subsets of Xeven and Xyqq when
the degrees of freedom on N < M cylinders Y C X of the Moore-Read state (constructed
in the previous section) have been traced over (e.g., Figure 2.1b). As in §2.3.1, we denote
the remaining (2M — N) cylinders by Y and their decomposition into “odd” and “even”
cylinders as Y,qq and Yeven. The resulting entanglement negativity will depend on the

number R of shared interfaces between the remaining cylinders in Yoqq U Yeven-

To find the entanglement negativity in this cylinder geometry, we will apply Lemma 2.
Before doing so, we describe how the proof of this lemma generalizes to the Moore-Read

state.

Generalized Proof of Lemma 2. The argument follows almost exactly the proof for the Laugh-
lin case upon updating the notation to the Moore-Read state with the replacements: ¢, (A7a) —
Pa(fa)ca (A7a) and [Ny i, Naiv1) — |Xai). Because of this, we will only discuss one case

(Case I) below; the remaining cases (Case II - Case IV) follow straightforwardly using the
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same logic as in the Laughlin case and the manipulations outlined for the generalized proof

of Lemma 1. We will suppress the untwisted /twisted superscripts on Z, when convenient.

(Case I) We remove cylinder Y = Xy, where 1 < 2k < 2M by tracing over its left and right

edge states. Thus, Yoad = Xodds Yeven = XoU---UXop oUXopyo--- Xops, and R = 2M —2.

The density matrix of the Moore-Read torus state in (2.115) is

p=3" 3 e (W) x -

a.al ¥ v
’ Xa7Xa’

X Py(Xa2k—1)1Xa2k—1) (X o1 Par (X 21— 1)

, , (2.138)
® Pa(Xa26)|Xa,26) (Xar ok Par (Xar 1)
@ Pa(Xa2k+1) 1 Xa2k41) (X g1 Par (X 21 41)
The trace over degrees of freedom on cylinder Y = Xy, sets
a =a, Xy op=Xaok, Pu(Xyop)= Pa(Xaok) (2.139)

and removes the corresponding outer products involving states on Xy In particular, Try (p)

is a direct sum over untwisted and twisted topological sectors. The partial transpose of
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py = Try(p) with respect to Yoqq is
P =" ca(Na) el (N P2 (X k) % -+
@ X, X
X Pa(Xa,2k—2)|Xa,2k—2><Xé,2k—2|Pa(Xé,2k—2)
® Pa(Xa,26-1) g 26-15 Na,2ks SaVi—1) (X261 Pa (NG -1, Na 265 Sa¥i—1)
® Pa(Xa2k11) Nazk 11, Na ok v2) Sa¥or41) (Xa 2kt 11 Pa(Na2k 41, NG op 125 SaVort1)
@ Po(Xa2k+2) | Xa2k12) (X op 2l Pa( Xy 2 10)

®...’

(2.140)

where ¢, (N, )¢ (N?) takes the same form as in (2.94). There is no dependence on X " 5 above
because of (2.139). In (2.140), we have expanded out the arguments of two of the projection

operator eigenvalues and kets involved in the outerproducts associated to cylinders Xop_1
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and X1 to make the identifications (2.139) manifest. Next, we compute

T, T,
GEOIE

= Z Z C (/\76/1/’)%’(Néi/)ca(ﬂa)cZ(ﬂé)Pf(Xa,%)Paz’(Xc/Ll,Qk) X

aa’ X, XX X"

P n P X” P X P Xl " " X X/
® a’( a,2k’—2) a/( a,2k—2) CL( (172/€—2) a( a,?k—2)| a/,2k72>< a’,2k72| G,Qk—2>< a,2k—2|
® Por (X3 95 —1) Par (X 2 1) Pa(Xa,25—1) Pa (X 2 1) | Xah 2—1) (X7 21— 1| X k1) (Xa 261
® Por (X7 op41) Par (X7 24 1) Pa(Xa,2001) Pa (X 2o 1) | X 241) (X 21041 | X 21) (X 2041
® Pa’( él,,zkw)Pa/(Xclll,zmz)Pa(Xa,2k+2)Pa(Xé,2k+2)|X!'/,2k+2><XZL/’,21€+2|Xa,2k+2><Xé,2k+2|
K-

(2.141)

Note that X! ,, and X, ,, are absent in the sums over X! and X" and it is to be understood
that we have imposed (2.139) and the analogous constraints for X;"zk above. The above

overlaps fix ¢’ = a and identify

n _ / " — .
a',2i—1 — Xa,Qz‘—la Xa’,2i - Xa,%

(2.142)
Pa’(‘)(z/;/—l) - Pa(‘)(éi—l)v Pa’(XZNi) - Pa(X2z')7

for 1 < 2¢ < 2M. (Recall that 2M + 1 = 1.) As in the generalized proof of Lemma 1,

these identifications imply X/, = X!

00 X(;,ﬂ. = X, and equate corresponding projection

operators for all 7. Thus, (p@Odd)Tpr,Odd is again diagonal and, analogous to (2.123), we may
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read off tr/(pyi)fpledd to find

Pl =32 3 Pal@)lea(N) |PalE) ea(N; )

a Xa,)c'é

2M—2\ 2
- m( Wfﬁ) , (2.143)

where the sum is over all topological sectors and the identifications in (2.139) are understood

Toad ||| we complete

and the corresponding sums are removed. Taking the logarithm of ||y
the proof of Lemma 2 for the Moore-Read state when X " = Xop. As remarked above, the

remaining cases follow similarly. O

By Lemma 2, the entanglement negativity between Y,qq and Yeyen reduces to the calcula-
tion of entanglement Hamiltonian partition functions for the Moore-Read state. Using the

partition functions calculated in the previous section, we find

2 \2 \v. 20,

R 1 1
6Yodd:Yeven =5 (Tr < + = >> L - Rlogm

+1og 3 [ dl, (2.144)

where the sum is over a in the last term is over all topological sectors and the quantum
dimensions d, = 1 for the {1, x} untwisted sectors and d, = v/2 for the ¢ twisted sectors.
This verifies (2.13) with o = g(v—le + 2—1176) and D = v4m. Similar to the torus geometry,

there are R boundary entanglement terms each proportional to logD. In addition and in
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contrast to the Abelian case (where d, = 1), there is a long-range entanglement contribution

equal to log |¢|?dE.

The disentangling condition to 2M cylinders can be calculated by tracing out degrees of
freedom on non-transposed cylinders. Setting R = 2M and subtracting (2.144) from (2.137),

we obtain

(Za Wa’dcjzw)2 (2.145)

SXodd:Xeven - gYodd:Yeven = log W.
a a

2.4 Disentangling

In this section, we discuss how long-range entanglement affects the structure of the Laughlin
and Moore-Read manybody wavefunctions. Specifically, we determine when the disentan-

gling condition,
Ea:sc(p) = Ea:B(paB), (2.146)

holds, for suitable choices of cylinder subsets A, B, and C of the torus, and the implication

of (2.146) for the manybody wavefunction. We focus on two decompositions of the torus:

1. AB1C By geometry: the torus is divided into four consecutive cylinders A, By, C, and
By with disjoint B = By U Bs. In this case, papc = |Yapc) (¥ apc| with [T apc) a

pure ground state on the torus.
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2. ABCD geometry: the torus is divided into four consecutive cylinders A, B, C, and
D. In this case, papc = trp |Yapep)(Yapep| is a mixed state on cylinder AUBUC

and |V 4pcop) is a pure torus ground state.

The entanglement negativity results in the previous section can be used to determine when
the disentangling condition (2.146) is satisfied. Applying Eqgs. (2.12) with M =1 and (2.13)

with R = 2 to the AB1C By geometry, we find

alda)”
Ea:pe(pasc) — Eap(pap) = log W (2.147)

(c.f. (2.145)). Consequently, only torus states in a specific topological sector, i.e., 1, = 1
for a single a with all other amplitudes vanishing, satisfy the disentangling condition. For

the ABC'D geometry, (2.13) with R = 1 implies any mixed cylinder state on AU B U C

satisfies (2.146).

Generally, for a tripartite Hilbert space H 4 ®@Hp®H ¢, the degrees of freedom in subsystems
A and C have no quantum correlations in states that satisfy the disentangling condition.
This allows their corresponding wavefunctions to be disentangled in the following sense. For
pure states |V 4pc), He and Vidal [HV15] showed that (2.146) implies that there exists a
decomposition of the Hilbert space of region B as Hp = Hp, ® Hp, such that the state

can be factorized as

Wapc) =|Pap,) ®|Vp,e) . (2.148)
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The reverse statement is also valid: the disentangling condition (2.146) is implied by states
satsifying (2.148). For mixed states, Gour and Guo [GG18] demonstrated that the disen-
tangling condition (2.146) is satisfied for all states that saturate the strong subadditivity of

the entanglement entropy. The structure of these states follows

PABC =) _DiPapi @ Ppi o (2.149)
: ,

where the Hilbert space of B decomposes into Hp = @j H B RH B, and {p;} are proba-
bilities. The reverse statement of this case is not necessarily true: not all mixed states that

satisfy the disentangling condition have the structure of (2.149).

To what extent does (2.146) relates to (2.148) and (2.149) for topological ground states?
Because the relevant ground state of a topological phase is generally a direct sum over
distinct topological sectors, |¥) = > 1,|¥,), the applicability of the above results is
less clear. For example, the degenerate ground state Hilbert space H = @, H, does not
decompose into tensor product H4 ® Hp ® Hc of local cylinder spaces. (See Ref. [CHR14]
for a related discussion in the context of entanglement entropy in gauge theory.) This
provides an a priori explanation for the necessity of restriction to a single topological sector

a to disentangle a ground state.

In this section, we will show that the Abelian Laughlin and untwisted sector Moore-Read
states can be decomposed according to Eqgs. (2.148) in the AB1C By geometry and (2.149)
in the ABCD geometry. On the other hand, the twisted sector Moore-Read states fails to

decompose according to (2.148) or (2.149). In other words, even when the disentangling
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condition (2.146) is satisfied, the ground state |¥,) cannot be disentangled, if a = £"+1/2 is

an Ising twist field.

The failure to disentangle stems from the non-Abelian nature of the twisted sectors. The
Ising twist field carries the non-trivial quantum dimension d, = v/2 > 1, associated to each
Majorana zero mode ¢f,. The ground state fixes the fermion parity (—1)”9 =iclt 1,ocz'L,0 of
the pair of zero modes to be even at any given interface. However, the two zero modes do
not belong to the same cylinder. When decomposing the ground state in a tensor product
of local cylinder states, the ground state becomes a superposition of states with different
cylinder fermion parities (—1)7 = icfocfo. Since (—1)" and (—1)" do not commute, they
do not share simultaneous eigenstates and the basis transformations between the two basis
are generated by the non-diagonal F-symbol in (2.53). Consequently, the zero mode part
of the ground state, |f”*") in (2.57), is a maximally entangled state where the cylinder

fermion parities (—1) are scrambled. This state |f“*") does not decompose because the

total fermion parity ), v; has a fixed value (see (2.56)).

The main results of this section are summarized as the follows. The ground state of a
fixed Abelian (Laughlin or untwisted Moore-Read) sector |¥,) admits the factorization
(2.152) in the AB1C By geometry. The reduced density matrix Trp [V,)(V,| in the ABCD
geometry also factorizes according to (2.173). These results are in agreement with the
factorizability (2.148) and (2.149) (from [HV15] and [GG18]) as the ground state |¥,) obeys
the disentangling condition (2.146). On the other hand, we show that the ground state |¥,)
(see (2.165)) of a non-Abelian twisted sector a = £"71/2 of the Moore-Read state fails to

decompose. We demonstrate this by focusing on the zero mode sector and seeing that (i)
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the (partially traced) reduced density matrix (2.166) is a mixed state and therefore the
ground state must be entangled and (ii) the (partially transposed) density matrix (2.167)
in the AB1C By geometry does not factorize. Furthermore, we show that (iii) the reduced
density matrix (2.174) in the ABC'D geometry also fails to disentangle. These results serve
as concrete examples where (2.148) and (2.149) both fail to hold despite the disentangling

condition (2.146) being satisfied.

2.4.1 AB;CB, Geometry

We first consider the AB1C By torus geometry with X; = A, Xo = By, X3 = C, and
X4 = Bs. Our discussion below will apply to both the Laughlin and Moore-Read states,
with the understanding that Majorana fermion labels and projection operators are dropped

for the Laughlin and untwisted Moore-Read states.

Since we are interested in measuring the entanglement £4.pc(papc) between A and its
complement in (2.146), we first show how the corresponding four-cylinder state can be
viewed as a two-cylinder state on cylinders A and A = By UC U Bs. The torus state is given
by

Z AN, 1)A(Na2)

) =) FPatp
; ¢ GN Za,lza,Q

a,1,/Va,2

2.150
< 01, ® [NoaNaz), @ (02, (2.150)

@ N2 rxs @ W) © [Nat) rx;-
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The partition functions Z,; = Z, for all i with Z, defined in (2.70) for the Laughlin
state and in (2.108) and (2.112) for the untwisted and twisted sectors of the Moore-Read
state; the additional ¢ indices are bookkeeping devices that associate these factors to their

corresponding cylinders X;. The (unprojected) “bulk” state is

W) = Y H o .3)RX; @ [03)5,
' a,4 1=3,4 ’

Na,3.N (2.151)

b2y ‘Na,SNaA)XS ® |04>ga & |Na,4>LX4-

It is normalized: <\f/bu1k|\ilbulk> = 1. Because of summing over all the internal indexes labeled
by Na3, Naa, |01)5,, and |04); in (2.151), |Wpui) (Wpuk| acts as an identity operator
when computing p = |¥)(¥|. Therefore |¥y) makes no contribution to the measured
entanglement. This is the key observation for relating the four-cylinder and two-cylinder
states. Note that |0;); = [0;)" when s, = 1 in the twisted sector where |0;)" denotes the
parity of the Majorana zero mode states at the interfaces between cylinders. These states
appear before the F-symbol basis change to states labeled by the parity of Majorana zero
mode states on a given cylinder. |0;)], =1 when s, = 0 in an Abelian or untwisted sector.
One can then perform a basis transformation using the F-symbols and shift the labeling of
Majorana fermion parity from the interfaces to the cylinders. The second identity in (2.150)
shows that the above four-cylinder torus state is equivalent to the the two-cylinder torus
state. Thus, we may safely apply the results of the previous section for the entanglement

negativity to conclude that only pure states is a specific topological sector, i.e., those states

without long-range entanglement, satisfy the disentangling condition (2.146).
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In a specific sector a, the unprojected state ]\ifa> can be factorized as

|\]A:ja> = ‘\inl(LXQRX4),a> ® |\]A:J(RX2LX4)X3,CL>7 (2152)

where

‘®X1(LX2RX4),G>

T (Na,lNa,2) T Na,QNa,l
\IJXLCL ‘llLX2RX47

Z
N1, Na a,l a,2
e (2.153)

‘\ij(RXQLX4)X3,a> =

Z A(WNa,3) A(Ng.4)

Na,SyNaA Za73 Za,4

T (Na,SNaA) T Na,SNaA
L:[j)(3,a \IIRXQLX4’

and

~ (Ng N
BeNe) = 10) @ [N N2)x, © (02,

- (NN
B QeaNet) = 103) @ [N 3Naa) x, © (04,

(2.154)

~ Na o N,
U Sors, = WNa1)rx, © Na2)Lx,,

YANY
Uriars, = Naa)rx, ® [Naa)rx,-

Here, ’¢1X1(LX2RX4),a> and “TJ(RXQLX4)X3,¢1> are normalized. (2.152) is the desired factoriza-
tion for the Laughlin state, where there is no projection operator. For a untwisted sector
Moore-Read state, the projection operator P, can be decomposed into cylinder state projec-

tion operators P, x,, which in turn decompose into left and right edge projection operators
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as P, x; = P, Pai+1. Including these factorized projection operators, we find the untwisted

Moore-Read ground state wavefunction in a specific sector a can be disentangled.

In the twisted sector of the Moore-Read phase, the projection operator Py, does not fac-
torize into left and right edge components. Further division of a given cylinder into sub-
cylinders does not appear to help, as the resulting Hilbert space is not a simple tensor
product. Thus, the corresponding manybody wavefunction does not factorize as (2.148).
Although the corresponding pure state density matrix can be written in a form similar to

(2.149), we will show in the following that the factorization of Hp = Hp, ® Hp, fails.

By splitting cylinder B; into sub-cylinders X9, X3 and By into sub-cylinders X5, X¢ (see

Figure 2.4), the torus ground state of a fixed twisted sector a = £"+1/2 is

— —,

6
Wa) = Z ca(Na)Pa(Na,7) ® ‘Na,iNa,i+1’Yi>Xi, (2.155)

—,

Na i=1

where ¢,/ _‘a) = H?Zl )‘ij/\/%i) and the projection operator eigenvalues

6

HPa(Na,ia'Yi) (2.156)

=1

0
&

2
I

are defined in (2.60). We find that under the restricted sum Z?:l vi = 1 mod 2 (see (2.56)),
we can split and restrict the sum over 71, v2, v and the sum over 3, v4, 75 according to the

parity

§ = _(_1)71+’Y2+’76 - (_1)734-744—75 — (2.157)

89



Figure 2.4: A torus is divided by the dashed lines into the AB;C Bs geometry: region A is
the X; cylinder while region C' the X4 cylinder. Region Bj is the union of X9 and X3; and
By the union of X5 and Xg. The collective mode N are defined on the i interface as in
(2.65) or (2.103).

The projections P, x, Py x,Fa xs and Py x,FPo x,FPa x5 from (2.60) both require

5(—1)Nes s (2.158)
The density matrix p™t = |¥,)(¥,| from the twisted sector a = £"t1/2 can now be
factorized as
twist j j
P o= ijpl?xl(XQX@) ® pZX3X5)X4' (2159)

J

Here the summation index j is an abbreviation for the collection of quantities

Na,3aNa,6, S s = (—1)Na,37Na,6
7= : (2.160)

1 1 / ’ N N!
a3 a,6’8 s = (_1) a,3"Va,6
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The probabilities in the density matrix are

AN ) AN
ri=]] Wei) AN ) (2.161)
i=3,6 Za,iZa,i
so that ) ;pj =1 The density matrix components are
a 2)
le XaXe) = 2 H \/ﬁ > >
{h} i=1,2 a,ra5t 1572576 VA
5:_(_1)"/1+“/2+’76 ’ / ’
/:—(—1)71+72+76
X Pa,x6Na,6Na176) (Na 6, Na1s 6l Pa,xe (2.162)
® Pa,Xl |Na,1Na,2’Yl><N(;71Né,2’Yi ’X1Pa,X1
® Pa,Xg |Na72Na,372><N(;,27Nc/L,3?f)é|Pa7X2
with {h} = {NaaNg 15 Na2, Ny o}, and
Nai)
(l Z a 1
o, =3 L% \/ﬁ 2 2
{e} i=4,5 V3574575 Vo Vs
5:(_1)“/3+’Y4+75 7 / /
8/ =(=1)3 74+
X Pa,x3|Na,3Na,av3) (NG 3, No a5 5] Pa,xs (2.163)

® Pa,x,|NaaNas7a) Ny aNg 572l Pax,

& Pa,X5 ‘Na,5Na7675><Nz;,67Né,67 'Yé‘Pa,Xy

with {e} = {NaaN 4, Nas, N 5}. All density matrix components p’s are Hermitian and

have unit trace.

We notice that the ground state (2.155) and the density matrix (2.159) of any of the twisted

sectors are not factorizable and cannot be expressed in (2.148) and (2.149). This is because
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the summation index j involves the parities s, s’, which specify the fermion parity of half

of the torus ABiop = X;1(X2X6) and BpottomC = (X3X5)X4. These parity indices cannot

be absorbed entirely into Biop and Bhottom, and therefore the Hilbert space decomposition
bottom

Hp = @j Hpi @Hpg; is not satisfied. We show this failure of decomposition of the
top

ground state below by focusing on the zero mode sector

1
GS) = —= > Inre1muise) (2.164)
W2 T

where the constraint C requires that 2?21 ~v; = 1 mod 2.

Proof. We first see that the ground state can be re-expressed as

1 1 1
|GS) = —= Z 5 Z 71727%) | @ | 5 Z [v3747v5) | - (2.165)
\/i s=+ 2 2

71,72,76 73,7455
s=—(—1)71t72+7% s=(—1)13+74+75

To show that the above ground state does not decompose according to (2.148), we assume

the contrary that |GS) = |GS) aB,,, ® |GS) ¢. This would imply the reduced density

Bbottom

matrix paB,,, = TrB,,..,.c(p) is a pure state, where p = |GS)(GS|. However, from (2.165),

1
TrByouomc [GINGS| = ¢ > ey (bl (2.166)

(_1)71-&-72-&-76
:(_1)vi+w§+wé

has spectrum {1/2,1/2,0,0,0,0,0,0} and is a mixed state. Therefore the assumption

|GS) = |GS)AB,,, ®|GS) ¢ must be false, and the ground state does not disentangle

Bbottom

according to (2.148).
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Furthermore, we consider the density matrix p = |GS)(GS],

1
=550 > 12360 (117236 © hsvavs) (17475

Fle ¥'le

1
T 32 2 eyl | © 2. |¥37475) (V37475 ]
s,8'=% | s=—(—1)71+72F7% s=(—1)13+t7+75
§=—(~1)"12+% §'=(—1)73+71+75
(2.167)

We define the density matrix components

/ 1
Aoy = 7 > IMv276) (V376
5:_(_1)71+72+76
s'=—(—1)"172+7%

(2.168)

’Osésbottomc = Z |737475> <’7§)’7117é|

S:(_l)'vg +v4+75

=

§'=(—1)73 74+

These components have unit trace only when s = s’, and have vanishing trace when s # s’.
Therefore (2.167) does not admit a density matrix decomposition (2.149). Moreover, even
when s = s/, the parity index cannot be absorbed entirely in Biop and Bpottom. To see
this, we assume the contrary that the density matrix components decompose, p% Brop =

pPA R PSBtOp7 where ps and pp,,, have unit trace. This implies p4 = Trp,, (PsABtop) and
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Py = TrA(prXBmp)' By taking the partial traces in (2.168),

1
pa =T, (PhB,,,) = 5 Z ) (Ml
71=0,1

N

P = TralPline,) =7 D 1276) (%6l
(_1)72+'ye
b

The product pa ® pp, = = Trp, (Pip,,) @ Tralpip,,) is

1
3 S v (e,
71n=0,1 (—1)72+7%
—(—1)72%7%6

(2.169)

(2.170)

which contradicts (2.168). Therefore, the assumption szmp =p4A® psBmp must be false.

Similarly, pj,  is also not factorizable.

2.4.2 ABCD Geometry

As we found in the proof of Lemma 2, the trace over degrees of freedom in cylinder D

results in a reduced density matrix papc that is a direct sum over each of the topological

sectors. We may therefore consider the decomposition (2.149) for the Laughlin and un-

twisted Moore-Read states separately from that of the twisted Moore-Read states. We will

show how the latter set of states admits a refinement of the decomposition (2.149). In both
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cases, the reduced density matrices papc saturate the strong subadditivity relation of the

entanglement entropy.

Laughlin and Untwisted Sector Moore-Read States

We begin with a fixed pure torus state with anyon flux a,

X [Na,iNa2) x, @ [Na2Na3)x, @ [N 3N a) xs @ [NagaNa 1) x,-

1=

W) = Y P T A
N, a,i

—

(2.171)

Here we are taking X1 = A, Xo = B, X3 = C, and X4, = D. Pa(J\7'a) is the product of
projection operator eigenvalue for the four cylinders. For the Laughlin state, Pa(ﬁa) =1.
For the untwisted sectors of the Moore-Read state, a cylinder projection operator eigenvalue

can be factorized into a product of left and right edge projection operator eigenvalues for

each cylinder, i.e., Pa,Xi(Na,iaNa,iJrl) = Pa,i(Na,i)Pa,iJrl(Na,iJrl) with Pa,i(Na,i) given in
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(2.104). The density matrix papc = trx, |¥)(¥| obtained by tracing out Xy is

Z N (NG1) A(WNa2) ANG 9)
Na,laNa,27N¢;72 Za,l 1/ Za,2 AV Za,?

X Py x, |NagNa2) (Nag N o] x, Pa,x,

PABC =

®Pa,2

Na2)(Ng2lxs Pa2

/\Z(NaA) A(Na,S) A(N(i,?))
N Z Za:4 Za 3 Za 3

)

(2.172)

)

Naz N 3 Naa

X Pa’3

Na3) (NG 3lRx, Pa3

® Pa,X:s ‘Na,3Na,4><Na,3Né,4‘X1 Pa7X37

where the partition functions Z,; = Z, for all ¢ (for the uniform states we consider) with
Z, defined in (2.70) for the Laughlin state and in (2.108) for the untwisted sectors of the

Moore-Read state. By inspection this admits the decomposition (2.149):

PABC = P%(LB) ® P?RB)C (2.173)

The density matrices associate with (2.173) are,

T ANa2)MNa2) NoaNis Naahi,
pA(LB) - Za2 pA’a pLB’a (2.174)
Na,QaNé,Q ’
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where

N2 N AN2(Naa
pA,a2 = Z (Z Z )Pa7X1 ‘Na,lNaQ)<Na,1Né,2’X1Pa,X17
Nap =% (2.175)
NN
LBa = PaplNa2) WG alnx, Pag:
P(RB)C,a has a similar decomposition,
AWNa3)AN 3) NasN 5 Nash?
lrme = D, —— " Prba  Poa - (2.176)

’ ’
NazNg 3

Twisted Sector Moore-Read States

For the twisted sectors of the Moore-Read state, we need to split B into two consecutive
cylinders By and Byj. Specifically, we take X1 = A, Xo = By, X3 = By;, X4 =C, X5 = Dy

and X¢ = Dy (see Figure 2.5) and begin with the generic twisted sector pure state,

Figure 2.5: A torus is divided by the dashed lines into the ABC' D1 Dy geometry: region A
is the X cylinder while region C' the X, cylinder. Region B is the union of X5 and Xs;
and D the union of X5 and Xg.
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The ground state of a fixed twisted sector a = £7t1/2 is again described by (2.155). We
will show the reduced density matrix ptAWé%, after tracing out subsystem D, cannot factorize
according (2.149). Similar to the previous AB;C By geometry in the last subsection, it

suffice to focus on the zero mode sector. The ground state in the zero mode sector is

IGS) = > (ripe 11 - -76)/(4v/2), where the sum is restricted by Z?:l ~vi = 1 mod 2.

The reduced density matrix is

wis 1
PABe =Trp (IGSHGS) =75 > Il (2.177)
Y1+ +74
=+,

To show that it does not decompose, we follow a similar procedure to before and assume the
contrary that pt}l’%sé = Zj PiP aps ®p B0 where p; are probabilities satisfying > ;i =1

Tracing over subsystem B, the factorization would imply TrB(pQ’VéSé) = pa ® pc. At the

same time, from (2.177),

L
Trp(piEe) = 5 D, )il

Y1+74
=71+74
v1=0,1
pc = Trap (PR5E) = Z |va) (yal-
’Y4 =0,1

However, this would lead to a contradiction because ps ® po = § >+, [1174) (7174], which

disagrees with TrB(pf)l’%sé) in the equation above. Therefore, the assumption that the re-

duced density matrix decomposes, pf)l”ésé E PiPapi Qp BI.C must be false.
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2.5 Discussion and Conclusion

In this paper, we studied multipartite entanglement in the Laughlin and Moore-Read ground
states at filling fraction v = 1/m using the entanglement negativity. Our main results for
the entanglement negativity of these states are summarized in Eqgs. (2.12) and (2.13). We
then showed how the disentangling condition (2.4) (expressed in terms of the entanglement
negativity) can be used to isolate the long-range entanglement (as defined by Lee and Vidal
[LV13]) in these topological ground states. In particular, only states in a definite topological
sector satisfy the disentangling condition. We then studied the implication of these results
for the structure of the manybody ground state wavefunctions, showing explicitly how the
Laughlin and Moore-Read states can be factorized according to Egs. (2.6) and (2.8). This
shows how (topological) long-range entanglement can constrain the structure of a manybody

wavefunction.

Despite satisfying the disentangling condition, a twisted sector Moore-Read ground state
wavefunction on the torus cannot be disentangled (i.e., decompose into an appropriate tensor
product). (The Laughlin and untwisted sector Moore-Read ground state wavefunctions can
be disentangled.) The obstruction is due to the lack of a tensor product decomposition of the
twisted sector torus Hilbert space into appropriate subspaces. It would be interesting to find
a generalization of the disentangling condition, perhaps one that involves the partial time-
reversal [SSR17] or anyonic partial transpose [SRRC19], that is sensitive to this particular

obstruction to wavefunction disentanglement.
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Our results rely on the cut and glue construction of topological ground states. In this
approach, the correlation length is zero. With finite correlation length, we expect expo-
nentially suppressed corrections to appear in the disentangling condition. It would also be
interesting to consider the disentangling condition at phase transitions where the correlation

length is infinite.

We focused on the Laughlin and Moore-Read topological states. We expect that our entan-
glement negativity results hold for more general topological states in 2+ 1 dimensions, such
as those phases hosting metaplectic anyons [HNW13] and Fibonacci anyons [NSST08a]. It
is unclear to us whether the corresponding wavefunctions for such states might disentangle,
as the fusion rule structure of general states is more intricate than the Laughlin and Moore-
Read states. Fracton orders in 3 + 1 dimensions [NH19] have similar entanglement signa-
tures as their lower-dimensional “conventional” topologically ordered counterparts [SSC19].
Recent work has shown how certain types of fracton order obtain from coupled-wire con-
structions [SDC21, SIW21] or from infinite-component (241)-dimensional Chern-Simons
gauge theory [MSC™22]. The multipartite entanglement characteristics of this order are yet

to be understood.
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Chapter 3

BOSONIC FRACTIONAL

QUANTUM HALL STATES

This chapter was previous published as [Pak Kau Lim, Michael Mulligan, Jeffrey C.Y.
Teo, “Partial fillings of the bosonic E8 quantum Hall state”, Phys. Rev. B 108, 035136 —

Published 18 July 2023]

3.1 Introduction

Of all the topological phases of matter in two spatial dimensions, the integer quantum
Hall effect (IQHE) of electrons is particularly special [PG90, SP08]. The IQHE was the
first topological phase to be recognized experimentally; it furthermore provides a basis for

understanding more general topological states, such as the fractional quantum Hall effect
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(FQHE). The IQHE is observed when all single-electron states of an integer number of
Landau levels are occupied; the fractional effect occurs when a Landau level is partially
filled. Due to the extensive degeneracy of a partially-filled Landau level, the FQHE ground
state is determined by the underlying microscopic electron interactions (and disorder in
realistic systems). Empirically, the most “attractive” states are found in the lowest Landau
level at filling fractions v = p/(2p+1) (with integer p) and the particle-hole conjugate filling

fractions 1 — v. Both the IQHE and FQHE are stable against weak external perturbations.

To what extent is this picture unique to electron systems? In particular, what are the
analogous families of states composed out of fundamental bosons? In this paper, we report

progress on answering these questions.

To begin, we first need to understand what it means for a bosonic system to exhibit an
integer quantum Hall effect. The IQHE of electrons is characterized by the absence of
any topological order, i.e., there are no anyonic quasiparticle excitations [Wil90] and the
topological entanglement entropy [KPO06b] vanishes. Furthermore, the IQHE of electrons
has robust gapless edge modes that do not require symmetry for their stabilization. These
properties can only be reproduced by bosonic states with 8% chiral edge modes (k is a non-
negative integer) [Kit, LV12], the simplest example occurring when k& = 1—the so-called
Ey state. We will therefore identify the Eg state as the bosonic analog of the v = 1 IQHE
of electrons. (The primary distinction between the Fg state and the bosonic QH state
proposed in [SL13] is that the edge modes of the Eg state do not require symmetry for their
stability.) As its name suggests, the Eg state is based on the Eg Lie algebra; for instance,

the K-matrix in its Chern-Simons [WZ92] field theory description is the Eg Cartan matrix.
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Unlike the IQHE of electrons, the Eg state does not have a single-particle interpretation.
The bosonic state is inherently interacting. For example, the primitive low-energy exci-
tations, the Eg bosons, are all even combinations of electrons. This makes the general
description, let alone a specific construction, of a bosonic analog of the FQHE of electrons
less clear. We attack this problem following the earlier work of Lopes et al. [LQHT19],
where it was shown: (1) how the Ejg state can be constructed from interacting electrons in a
coupled-wire model (an anisotropic 2d array of coupled Luttinger liquids that serves as the
normal state for a large variety of distinct topological phases, e.g., [KML02, TK14a], among
many others); and (2) within this construction, the Fg state is the parent state of states
with Gy or Fy Fibonacci topological order. (Other constructions of a state with Fibonacci
topological order are given in [MCAT14, SCMA15, GSF21].) These and the other phases
considered in this paper are bosonic in the sense that there is a fermion energy gap, which
can be made arbitrarily large, below which all local excitations in the bulk and on the edge

are even combinations of electrons.

Within this construction [LQHT19], the G2 and Fy symmetries arise from the Lie algebraic
factorization Gy x Fy C Eg. The theory of conformal embeddings [FMS12] allows this sym-
metry factorization to be realized within the Fg edge-state theory. This factorization allows
the Fg quasiparticle excitations (created, for instance, along any boundary by operators in
the edge-state theory) to be decomposed into Gy and Fy Fibonacci components, in such a
way that the product is a boson. This is a generalization of spin-charge separation in the

theory of a 1D spin-1/2 electron [Gia03].
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The bulk-boundary correspondence [EMSS89a, Wen92b| implies this edge-state symmetry
factorization can be used to construct states with either Go or Fj topological order as
follows. The FEg state is equivalent to a collection of wires—each hosting nonchiral conformal
field theories with Eg symmetry—that are glued together via interactions that gap out
nearby counter-propagating modes. The G4 x Fy C Eg conformal embedding allows for an
alternative set of interactions that gap out the nonchiral Fg wires in such a way that at low
energies only chiral G or Fy edge states remain. The relative dominance of the different sets
of interactions can be tuned by an external magnetic field (proportional to v~1) transverse
to the plane of the wires and/or short-ranged density-density interactions between modes
on a finite number of nearby wires. Importantly, the various gap-generating interactions are
local, being constructed from products of the fundamental Eg boson creation/annihilation

operators.
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Here, we show how this picture can be generalized to a large class of conformal embeddings

Ga x Gp C Es [BBS87, SW86:

SU(3) x Eg
SU(2) x Er

SU(5) x SU(5)

GaxGp =1 SO(M)x SO(16 — M) (3.1)
G2 % Fy

U(1)s x SU(8)

SU(2)4 x Sp(8)

for M =1,...,8. Above, SO(1) refers to a state—described in detail in the main text—
with Ising topological order. The levels of the Wess-Zumino-Witten (WZW) [WZ71, Wit83,
Wit84] theories are k = 1 unless specified otherwise. By the mechanism outlined in the
previous paragraph, we show how the above embeddings give rise to states with either G4
or Gp topological order. We refer to the G4 or Gp topological states as bosonic fractional

FEg states.

We catalog the possible bosonic fractional Eg states in Fig. 3.1 according to their filling

number v and chiral central charge c¢. Recall that v and ¢ determine the electrical (o)
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Figure 3.1: Bosonic fractional quantum Hall (bFQH) states with filling number v and chiral
central charge c. Particle-hole conjugation flips (v,¢) <+ (16 — 1,8 — ¢). The particle-hole
symmetric point lies at (v,¢) = (8,4). The metaplectic states and the Abelian states are
overlapping at (v,c) = (0,2), (16, 6).

and thermal (kgy) [KF97, CHZ02] Hall conductance via the relations:

e? w2k
ﬁ’ Ry = CThBT, (32)

Opy =V

where T is the temperature. In general, the chiral central charges c4 and cp of the G4 and
Gp states are not integers; this is the case for the G5 and F} states, for instance. When this

occurs, the G4 and Gp states have non-Abelian topological order.

The filling numbers of the G4 and Gp states associated with the conformal embedding
Ga x Gp C By satisty v4 + vp = vg, = 16. Similarly, the chiral central charges cq4 + cp =
cgs = 8. These constraints are reminiscent to the relations between the filling numbers and
chiral central charges of particle-hole conjugate states in the lowest Landau level, upon the

replacements 16 — 1 and 8 — 1. (The relative factor of 2 between vg, and cgg arises from
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the construction of the Eg state from a collection of electron wires, in which the Fg bosons
are formed from electrons of unit charge.) To emphasize this analogy, we refer to G4 and Gp
topological states—associated with a particular embedding G4 x G C Eg—as particle-hole
conjugates. Indeed, this identification can be made precise with the particle-hole symmetry

operation given in [LQHT19].

It is worth noting that, for a fixed conjugate pair G4 and Gp, there are, in general, multiple
inequivalent ways they can be embedded in Ejg, with distinct electrical responses. In other
words, a bosonic fractional quantum state with G 4,5 topological order can occur at different
filling numbers (see Fig. 3.1) and have distinct quasiparticle charge assignments. In this
paper, we exhaust these charged phases with topological orders appearing in (3.1) (perhaps
except the metaplectic phases SU(2)4 and Sp(8)1). The various bosonic fractional quantum

Hall phases encountered in this paper can be summarized by the family tree in Fig 3.2.

bosonic topological orders

short-range FEyg
entangled ( ) 1

Zs SU(2), | I (Br),
Zs /Z: | SU(3), (Bs), l/Zz
Zs U(1)g l/zﬁ /Zﬁl SU(8),
metaplectic SU(2)4 Sp(8)1

I I
SO(M); SO(16 — M),
R

emergent Dirac
/Majorana fermions

Fibonacci (G2), (Fa),

Zs SU(5)1

Figure 3.2: Family tree of bosonic fractional quantum Hall states that descend from the Fg
state, and their topological orders. States on the same line are pairwise related by particle-
hole conjugation. Vertical down arrows represent Zy gauging (or orbifolding).
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3.2 The bosonic E3 quantum Hall state

In this section, we review [LQHT19] the coupled-wire construction of the Fg quantum Hall

state at filling fraction v = 16.

3.2.1 Review of the Egtate

The Eg state is a bosonic topological state of matter. “Bosonic” means that its fundamental
excitations have bosonic self and mutual statistics. The state is insulating, possessing a
finite bulk excitation gap Eéo) > 0. The topological order of the FEg state is trivial: All
bulk and boundary excitations are local integral combination of the fundamental bosons.
One consequence of this is that the ground state is non-degenerate. These properties are
summarized by saying that the Eg state is a short-range entangled bosonic topological state.
The state supports eight gapless, chiral edge modes. These edge states are responsible
for the quantized (in appropriate units) electric 0., and thermal x;, Hall conductivities
Opy = yEg% and kgzy = cpyg i—:%T , where vg, = 16 and cg, = 8. These conductivities
distinguish the Ejg state from the topologically trivial insulator, for which both o, and rz,
vanish. In contrast to the IQHE of electrons, for which both the filling number and the
chiral central charge equal one, the Fg state has an unconventional Wiedemann-Franz law
[FW53] since cg, # vg,. The Eg state is adiabaticlly connected by stable equivalence to

eight copies of the IQHE of electrons [PMN13, CCM*14].
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In general, the chiral central charge ¢ of a bosonic topological phase is related to its anyon

quasiparticle content through the Gauss-Milgram formula [Kit06],
. 1 :
2mic/8 _ 2 2mihg
e =5 gx dze . (3.3)

Here, the sum is over anyon classes x, with quantum dimensions d, and spins h,, and is
normalized by the total quantum dimension D = \/m For trivial topological order,
the chiral central charge of a bosonic short-range entangled state must be ¢ = 0 modulo
8. Up to the addition of unprotected nonchiral edge modes, the Eg state is therefore the

simplest fully-chiral short-range entangled topological state.

The Chern-Simons theory for the Eg state is [LV12]

1 e
Shulk = / (Kg )IJaIAdaJ+— t[A/\daI. (3.4)
b 47 2+1 8 2T 241
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Here, a; (I =1,...,8) are dynamical U(1) gauge fields; A is the external electromagnetic

gauge potential; (K g, )7y is the Cartan matrix of the Eg Lie algebra:

2 -1
-1 2 -1
-1 2 -1
-1 2 -1
Kg, = , (3.5)
-1 2 -1 -1
-1 2 -1
-1 2
-1 2

with elements not shown equal to zero; t; is the charge vector (in the electron basis);
repeated indices are summed over. The wedge product a! A da’ = e ”aﬁ@l,ag , where e**?

is the totally antisymmetric symbol and p, v, p € {0,1,2} = {t, z,y}.

Positive-definiteness of Kg, implies the topological state is fully chiral, i.e., all 8 edge
modes move in the same direction. The state is bosonic since there are only even entries
along the diagonal. Excitations are defined by 8-dimensional integer vectors Ir,l}: the
self and mutual statistics, ﬂlI(KESI)Ul] and 27rl1(K§81)Ul’1, are integer multiples of 2.
Unimodularity of Kg, i.e., |det Kg,| = 1, ensures Eg is short-range entangled. Kpg, is
the unique 8-dimensional matrix (up to equivalence by GL(8,7Z) similarity transformation)
with these properties. All excitations of the Fg state are even combinations of electrons and

therefore carry even electric charge. Given an 8-dimensional integral vector l;, representing

110



an Eg excitation, its charge is ;G = l[(KESI)IJtJ (in units of e). The charge vector and
K-matrix together determine the filling fraction v = ¢/(K5!);sG’. These considerations

8

imply that v must be an integral multiple of 8.

3.2.2 Coupled-wire construction of the Ey state

The coupled-wire construction of the Eg state given in Ref. [LQHT19] begins with a 2d array
of metallic wires, each consisting of 11 channels of nonrelativistic fermions (electrons). Near
the Fermi level, the electron operator cf,(x) decomposes in terms of left (L) and right (R)

propagating chiral Dirac electrons that can be represented by vertex operators of bosonized

variables @7, (x) [Gia03]:

cga(x) ~ exp [z (CIDZa(x) + k‘Zax)} , (3.6)
where @ = 1,...,11; y is an integer that labels a given wire; x is the continuous spatial

coordinate along the wire; 0 = R, L = +1,—1 signifies the direction of propagation. A
dimensionful factor 1/y/ly (where Iy is a microscopic length scale) that ensures the electron
operators have the correct engineering dimensions is suppressed under the proportionality
sign ~ in (3.6). The Fermi momentum in the x-direction is

o, P

v = e y + UkF,aa (37)

where y = yd is the vertical location of the 3 wire and d is the separation between

adjacent wires. The first term in (3.7) shifts the electron momentum in the presence of
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an out-of-plane magnetic field B = Bz, written in Landau gauge A, = —By. The bare
momentum kg, is model dependent and will be determined by momentum conservation of
backscattering interactions presented below. The filling number, which counts the electron

number per magnetic flux quantum ¢g = hc/e, is

N,  &=3.2kp. ke
fry pr L a ! = Qk as 38
YT Np~  Bdl/éy _ eBd Za: B (38)

where [ is the length of each wire.

The bosonized variables @7, are described by the Luttinger liquid Lagrangian density,

11
L= o0, H (3.9)

y a=1lo=%
and obey the equal-time commutation relations,

B9, (x), O DY (X) | = 270677 80006 (x — X'). (3.10)

Before introducing any backscattering interactions, the Hamiltonian H equals the bare

Hamiltonian density,

11
Ho=Y_ > > v20,05,0,07,. (3.11)

Y a,a’=1o0,0/=%
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Ho includes the single-body massless Dirac Hamiltonian

. v
Hbirac = i00¢], 195, = o (8X®Za)2 : (3.12)

as well as the intra-wire density-density interactions

. _ ,ad o o
Hlnt = uaa/nyanya/, (313)

o =c chga = 00x®],/(2) is the electron number density for given y, a, 0.

where ng, = cj,

On each wire, a non-chiral bosonic Eg Wess-Zumino-Witten (WZW) conformal field theory
(CFT) [FMS12] can be singled out by introducing a set of many-body backscattering inter-
actions within the wire that gaps out all fermionic excitations with odd fermion parity. To
do this, we first perform a basis transformation that decomposes the 11 counter-propagating
pairs of Dirac electrons into Fg bosons and three decoupled “integrated” Dirac fermions

Jyn» for n.=1,2,3. This corresponds to the symmetry decomposition:

U(ll)l = (Eg)l ®U(3)1. (3.14)

The basis transformation from the electron to the “Chevalley” basis,

b0, = UFT®0,, ki => Uik, (3.15)
a0’ a0’
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uses the integral unimodular U matrix,

Uttt yt-
U= , (3.16)
Ut U

Ut = U =

1 1 1

3 =5|-2 -1 -2 2 2 2 -2 2 2

2 1 -1 -1 -1 1 -1 -1 -1 3

where the rows and columns of U are labeled by I,a = 1,...,11. The Lagrangian density

(3.9) in the “Chevalley” basis is

1 —1\"/ 5,0 70
L= Z Z 1’ (KE81> 0Py 0Py
Y I,J=10=% (317)
3
1 - -
XY L)
n=1oc==%

where K g is the Cartan matrix defined in (3.5). Since K, has unit determinant, its inverse

Kgsl is also integral.
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For each chiral sector 0 = R, L = +, —, the first eight bosonized variables &)ZD I=1,...,8,

generate the Eg WZW CF'T at level 1. The vertex operators,
Er (9] = exp [i(B5(x) + k)] (3.18)

correspond to the simple roots of the Eg algebra. These operators all have spin |h| = 1
and are (each the exponential of) integral linear combinations of the bosonized electrons
(3.6). The electric charges ¢, (in units of e) of the simple roots [Ep,(x)];; can be read off

by summing over the entries in each of the first 8 rows of the U matrix:

11
Gr=1..8 = (ULT+UJ7) =(~4,2,0,0,-2,2,0,2). (3.19)

a=1

The last three elements of i)z 7+84n define the “integrated” Dirac fermions:

g _

yn exp Z.((i)g,&f—n + ];Z,n+8x) (320)

, for n = 1,2,3. These bosons generate the U(3); symmetry, which is decoupled from the
(Eg); symmetry. The “integrated” Dirac fermions have spin |h| = 1/2 and carry electric

charges gn=123 = (3,1,1).

The electron density-density interactions uj7,— equivalently, the velocity matrix v5%, in

(3.11)—can be tuned so that the bare Hamiltonian density in the “Chevalley” basis is

- S 3
Ho=—D> | > (KEQ)U 087,087, + 3 (8xci>‘y’7n+8>2] . (321
IJ=1

y o==£ n=1
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At this fixed point, the Fg bosons and the three integrated Dirac fermions are completely
decoupled and their theories are conformally symmetric. The fine tuning of the density in-
teractions can be relaxed after a bulk excitation energy gap is established by backscattering
terms. The 2D topological phase thus constructed is robust against all gap preserving per-
turbations, including small deviations of the density interactions away from their fine-tuned

values.

The three integrated Dirac fermions can be gapped out by the intra-wire backscattering

interactions

3
f
M tra = Uintra > O fi fL + hec.
v (3.22)
= utiniza ), ) COS (‘i)zﬁms - ‘i’ims) :
y n=1

R

These interactions conserve charge because f,,,

and fyLn carry the same charge. In addition,
if the L and R “integrated” Dirac fermions have equal momentum, 12;58 in = l%is 1, then
the x-dependent oscillation factors e’** in (3.22) cancel. The intra-wire interaction strength

sets the fermion gap energy scale Eg1 ~ Uintra- We take this to be the largest energy scale

for all of the bosonic topological states constructed using the coupled-wire models in this

paper.

The (Es)1 Kac-Moody (KM) [Kac68, Moo68] current algebra is spanned by the eight Cartan

generators [Hgg|; and 240 roots [Eg,], (eight of which have already been given in (3.18)).
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On any given wire y and in chiral sector ¢ = R, L, the Cartan generators are
B, (ly; = 0x®7; (%), (3.23)

where I = 1,...,8. These operators, which are proportional to the normal ordered product
Eg TE Ex|7, are bosonic combination of electrons. The roots are spin-1 vertex operators of
811 811

integral combinations of ®;:

[Ery (9] o = exp i (85,(x) + k1) (3.24)

where the root vector & = (&!,...,a%) (in the “Chevalley” basis) has integral entries and

length || = \/Kjala7 = /2. Tt will become clear below that there are 240 root vectors.
Since the eight simple roots in (3.18) are bosonic combinations of electrons, so are all the

240 roots.

27 (0T +ix)/ 2w (0T —ix) /1

Introducing the complex Euclidean spacetime parameters z = e landz =e
(i.e., mapping spacetime to the cylinder), where 7 = it is the Wick rotated time and [ is
the length of a wire, the chiral operators evolve as holomorphic and anti-holomorphic fields
OL(x,7) = ®L(2) and ®f(z, 7) = () at the conformal fixed point H +7—[ij;tra. Focusing

on the L sector on any given wire, the Chevalley bosonized operators obey the operator

product expansion (OPE):

(B1(2)8(w)) = —(Kp)1slog(z — w) + ..., (3.25)
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up to finite non-singular factors, including those that are responsible for the anticommu-
tation between electron operators of different channels. The (Eg); KM currents obey the

OPEs (up to finite non-singular terms):

) (0], = {22205
)y ()] = S o)
. _ (3.26)
B a Bw)) 0 = = * 5y B+
() )] = 2 (Bt -
it (Kgg)r salB? = —1. The cocycle coefficients Zap ensure the last equality is unchanged

under the exchange z +» w and a <> 3. They can be determined from the non-singular
pieces in (3.25) that guarantee electron mutual anticommutation. The exact form of Z,g

is inconsequential to this paper and will not be presented.

The Eg current algebra, as well as its subalgebras discussed in the following sections, is

sometimes more conveniently presented using a non-local Dirac fermion basis

o Vaj—1(x) + itba;(x) 67 (x)+ik? x
B0 = T S e (327

for j =1,...,8, where the “Cartan-Weyl” bosons by; and Fermi momenta k‘gj are defined

by the (non-unimodular) basis transformation:

b7, = Ri¢%., kr = Rik;. (3.28)

yJ>
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The electric charge g; carried by d; is related to the charge g; of the Eg simple roots in
(3.19) using the same transformation: ¢ = quj. The R-transformation obeys R;R@djl =
(Kgg)rs. The vectors ey = (R},..., RS) represent the 8 simple roots of Fg in Euclidean
space, and their entries Rj} are integers or half-integers. It can be shown that, depending
on the choice of the R-matrix, the electric charge vector q = (qi,...,qs) of the non-local

Dirac fermions are entry-wise permutations of one of the following vectors:

(i) (£4,0,0,0,0,0,0,0),
(11) (2515 2525 2537 2547 0, 0, O, 0) for 51,2,3,4 = :I:]_’

(iii) (3s1, S2, 83, S4, S5, S6, 57, 53) for 51, g = £1 and H§:1 sj=—1.

The possible q have the same length squared:

8

JJ’
ve, =la? = Y @ (Kz!)" ar =16 (3.20)
J,J'=1

In cases (i) and (ii), the non-local Dirac fermions all have even electric charges, and in case
(iii), the fermions all have odd charges. The condition on the product of the s; in case
(iii) ensures the FEg current operators, which are even combinations of electrons, have even
charge. Ignoring the integrated fermions that are gapped out by H/ (3.22), the low-

intra

energy parts of the Lagrangian (3.17) and bare Hamiltonian (3.21) densities, which only
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retain the Fg degrees of freedom, become in the “Cartan-Weyl” basis:

8
L5 =SS Lot~ H,

y j=lo==%

~ 8
M= 120203 ()’

y j=lo==%

(3.30)

(Recall the full Hamiltonian # includes ”Héa ® and various to-be-discussed backscattering
interactions.) Although this looks identical to the theory of 8 free Dirac fermions, the
fermion non-locality dictates that the Hilbert space must be changed so that only the
bosonic Eg current operators (and their combinations) are integral and local. Below we

express the 248 Eg currents Jp, as fermion bilinears or spinor combinations.

On each wire y and in chiral sector 0 = R, L, the 8 Cartan generators of (Eg); in (3.23) are

equal to the fermion densities,

Each one of these is a linear combination of Cartan generators in (3.23). The 240 (Es);

roots in (3.24) can be expressed in the Cartan-Weyl basis as

By (0], = ' (109409 _ gio) 659449 (332

)

where the Chevalley and Cartan-Weyl root vectors and momenta are related by of = a! RJI'
and k; = Rfkj. The roots consist of (i) the 112 SO(16); roots and (ii) the 128 SO(16);

even spinors. The SO(16); roots are the fermion bilinears d;, d;,, d;l dj,, djld;, or d}ldzz,
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for 1 <j1 <jo <8

By ()], = /050 (0% 00 +ialkyx (3.33)

where the SO(16) root vectors in the Cartan-Weyl basis are the integral vectors a =
+e; + ej,. Here, e; is the unit 8-vector with a 1 in the j-th entry and 0 elsewhere.
Together with the Cartan generators, they form the SO(16); WZW subalgebra, whose
current operators are Jpq = ithptg, 1 < p < q < 16 (see (3.27)). The (Eg): theory extends

SO(16); by including its even spinors,

[Eiy (%)) = € (30 TRI/2, (3.34)

The FEg root vectors a = /2 here have half-integer entries ¢//2 = +1/2, where H§:1 gl =
+1. Since the root vectors in (3.33) and (3.34) both have length |a| = +/2, they all
correspond to bosonic vertex operators ¢’ with spin |h| = 1. Moreover, (3.33) and (3.34)
are both local integral operators by construction since they both originate from (3.18) and
(3.24), which are even combinations of electrons. The distinction of SO(16) roots and even
spinors is artificial and depends on the choice of the Cartan-Weyl basis R}. The SO(16)
embedding in Fg is not unique. In the physical theory, all Eg bosons, including both SO(16)
roots and even spinors, can be rotated into one another by the Fg symmetry and should be

treated impartially.

The “Chevalley” bosons ® = (®1,...,DPg) take values in the torus R8/27Z8: &; = &; +

2mng, for any integer ny. This equivalence may alternatively be described as an invariance
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(of operators constructed out of the “Chevalley” bosons) under large gauge transforma-
tions. Using the R-transformation, the “Cartan-Weyl” bosons ¢ = (¢1,...,¢s) have the
equivalence ¢; = ¢; + 27r(R_1)JI-n1, where the vector r = R~ 'n lives inside the lattice
R that contains the Fg root vectors a as primitive lattice vectors. R consists of vectors
r = (ry,...,rg) with all integral or all half-integral entries and even trace 25:1 rj. A vertex
operator ™% is local if and only if it is invariant under all large gauge transformations,
i.e., m-r is integral. Since the lattice R is self-dual, ™ %; is local and integral if and only
if m lives in R. Therefore the “Cartan-Weyl” bosons ¢ = (¢1, ..., ¢s) live in the compact-
ified torus T, = R®/27R. If the theory (3.30) were 8 free local Dirac fermions, ¢ would
live in a different torus Ty (q)s = R®/27Z8. Tg, and Ty(1)s are not related by unimodular
transformation and therefore the corresponding Hilbert spaces are different. Consequently,

the bosonic (FEs); theory is inequivalent to the theory of 8 free (local) Dirac fermions, and

the (Eg); Hilbert space is spanned by fermion bilinear or even spinor excitations.

The coupled-wire model of the Eg state is completed by including inter-wire Fg current
backscattering interactions Hinter. Summarizing, the full Hamiltonian density (including
for completeness the “integrated” fermion modes) H = Ho + Hintra + Hinter consists of the
bare Hamiltonian Ho (3.21), the “integrated” fermion gap-generating term #/ (3.22)

intra

that removes all local fermion excitations below the energy scale E; ~ Uintra, and the Fg
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backscattering interactions,

Hinter = Uinter Z J Jy+1 (335)
Yy
8
- uinterz Z HES y,j HES y+1] + Z EEs Y0 EE8]5+1 o
Yy \J=1
[ 8
= Uinter Z Z 8x¢5tjax¢g§+1,j - ZCOS (a : 0y+1/2)
y =1 a

The interactions in (3.35) are analogous to those in the O(NN) Gross-Neveu model [GN74,
SZT16]. The entries of 0, 1/9 = (0y11/2,1;--,0y11/2,8) are the sine-Gordon angle variables
Oytr1/25 = gi)ij — ¢z§+1,j7 and the sum over « ranges over all 240 roots of Eg. Like Hj

and H/

‘ntra Uhe inter-wire interactions are combinations of integral products of electron

operators because [Hp,|;, and [Eg];, are. Because the roots EgT and EZ have opposite

[e 2
electric charge, Hinter conserves charge. The last identity of (3.35) holds when the Fermi
momenta appearing in the Eg roots (3.24), (3.33) and (3.34) cancel, i.e., k?f ky—l—l,j in
the “Cartan-Weyl” basis (or equivalently l%fl = I;:yLH,I in the “Chevalley” basis). These
momentum conservation conditions of Hinter and the ones from Hi];tra, l%fn 8= 155 nag for

n = 1,2,3, require the electron bare Fermi momenta kp, (see (3.7)) to take a particular

form:

1eBd o i
bra= 55— 2 (URT+ U (Kgd) ™ ar, (3.36)
J,J'=1
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where U is the unimodular matrix (3.16) that defines the Fg simple roots, and ¢; are the
electric charges (3.19) of the simple roots. The momentum conservation condition (3.36)

also guarantees that the filling number (3.8) agrees with (3.29).

With uipter > 0, the sine-Gordon potentials in (3.35) are marginally relevant in the renor-
malization group sense at the 1-loop level due to the Eg current OPE (3.26) and generate
a mass gap [LQHT19]. The potentials simultaneously pin the angle variables 8,4 /2 =
(Oys1/2,15- - »0ys1/2,8)- The ground state expectation value (8, /5) sits inside the lattice
27R so that (a - 0,,,/5) are integers multiple of 27, for all Eg roots, and minimize the
sine-gordon potentials. The angle variables can be shifted by the large gauge transforma-
tion qbij — gbij + 27r; for any lattice vector r in R. Therefore, up to the large gauge
transformation, there is a unique potential minimum and ground state. The inter-wire Fg
current backscattering strength sets the finite energy scale Eg ~ Uinter Of bulk excitations of
the Fg state. Throughout this paper, we assume the excitation energy gap is much smaller
than the fermion gap E; ~ Uintra- FOr the Fg quantum Hall state, all excitations between

Eg and E; are bosonic even combinations of electrons.

If the coupled-wire model is defined on a closed torus where x = x+ 1 and y = y + L are
both periodic, the summation of the inter-wire interactions in (3.35) runs over all wires
y = 1,...,L. The unique ground state is separated from all excitations by the bulk gap
Eg ~ Uinter- On the other hand, if the model is defined on a cylinder where the y direction is
open, the summation in (3.35) runs from y = 1,...,L — 1. Hinter leaves behind the gapless
left (right) propagating chiral Eg level 1 WZW CFTs on the open boundaries at y = 1

(resp. y = L). All low-energy edge excitations are bosonic and have even electric charge.
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This can in principle be experimentally verified by shot-noise tunneling at a quantum point

contact.

Lastly, we remark that certain sub-collections of sine-Gordon potentials in the inter-wire
interaction (3.35) are sufficient to introduce the bulk excitation energy gap. For example,
instead of backscattering the entire Fg current algebra, a gap opens if only the eight Fg sim-
ple roots are back-scattered, Z?Zl cos (a 160441 /2). This is because the eight independent
terms obey Haldane’s nullity condition [Hal95], [oq 0y 10,005 9y+1/2] = 0, and com-
pletely gap the eight-component boson theory. Alternatively, instead of summing over all
the 240 Eg roots e in (3.35), one can restrict the sum to include only the 112 SO(16) roots.
Despite only involving the SO(16); currents, the model will still leave behind the chiral Eg
level 1 WZW CFTs on the edges, and the quantum Hall state constructed will still carry
the same short-ranged entangled (Ejg); topological order, i.e., an absence of fractionaliza-
tion. This is because the even spinors of SO(16); are still local operators that are integral
combinations of electrons and extend SO(16); to (Eg);. In other words, the even spinors
are “condensed” in the anyon condensation picture [BS09, Burl8]. The SO(16); topological
order is killed. This is because the odd spinor and odd fermion excitations, which carry
mutual semionic braiding statistics with the even spinor, are confined by the locality of the
even spinor. Moreover, the SO(16); sine-Gordon potentials pin the angle variables 6, /2.5
to the same minimum since the large gauge transformation 0,12 ; = 0,12 ; + 27r;, for
any r in R, are still set by the locality of the (Eg); current operators. Therefore, the ground

state remains unique and is identical to that of the (Eg); state.
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3.3 Fractional bosonic states

We now present a family of bosonic fractional quantum Hall (bFQH) states that “partially
fill” this Eg state. These bFQH states can be viewed as bosonic analogues of the fermionic
fractional quantum Hall (fFQH) states that occur when the Landau level is partially filled.
Examples of fFQH states include the Abelian Laughlin states [Lau83] at filling v = 1/m,
for m odd, and their particle-hole conjugates at filling v = 1 — 1/m, as well as the non-
Abelian Moore-Read Pfaffian state [MR91b, GWW091] at filling v = 1/2 and its particle-hole
conjugate, the anti-Pfaffian state [LHRO7, LRNF07]. These states are topologically ordered
and long-range entangled. They support fractional quasiparticle excitations that are not
local integral combinations of electrons and that must exist non-locally in conjugate pairs
(or multiplets). These excitations can carry fractional electric charge and exhibit anyonic

(i.e., not bosonic or fermionic) statistics.

The bFQH states constructed in this section are also topologically ordered and support
fractionalization. Like the parent Eg state, the bFQH states differ from the fFQH states by
the presence of a fermionic energy gap E;, below which all local bulk and edge excitations
are even (i.e., bosonic) combinations of electrons. Excitations of the bFQH states have a
minimum energy gap 0 < Eg < E; above the ground state energy (taken here to be zero).
As long as the energy of an excited state is below the fermion gap E;, the excitation must
have the same fermion parity as the ground state. This requirement excludes the filled

Landau level, the Laughlin states, and the Pfaffian states from our constructions because
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the gapless edge of these fermionic states (where Eg = 0) support odd-electron excitations

with arbitrarily small energy in the thermodynamic limit.

There are two related senses in which the bFQH states considered in this section “partially
fill” the Fg state. The first is simply that filling fractions of the bFQH states are less than
or equal to the Ej filling fraction vg, = 16. The second is that the bFQH edge states are
described by WZW theories with a KM symmetry G that is a subalgebra of (Eg); symmetry.
This G symmetry is generated by KM current operators Jé, which are even combinations
of electrons and together form a subcollection (of linear combinations) of the Eg currents.
Similar to the Eg algebra (c.f. 3.26), the G subalgebra has a closed OPE (up to non-singular

terms),

TG(2) T (w) = JEw) + ..., (3.37)

where the integer k, known as the level of the WZW algebra, is 1 unless specified otherwise,
f9*% are the structure constants of the Lie algebra of G, and z = e2™(@7+)/ (similarly for
w) is the complex spacetime coordinate along the edge. Since G sits inside Fjg, the filling
number and central charge that determine the electric and thermal transport (3.2) of the

corresponding bFQH state must be less than or equal to the Eg values:

v<vg, =16, c¢<cg, =8. (3.38)

Moreover, we restrict our focus to subalgebras G whose “particle-hole conjugate” coset Eg/G

is also a subalgebra of Eg. In other words, the edge WZW theory G of the bFQH state must
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be one of the two components of a bipartite conformal embedding into Esg,

Ga x Gp C Es. (3.39)

This implies the energy momentum tensors combine as Tg, + TG, = T, and the two
sectors decouple from each other so that the OPE of currents belonging to the A and B
subalgebras J4(z)J/p(w) are non-singular. Eq. (3.39) implies the particle-hole pair have

conjugate electrical and thermal transport:

va+vp =16, ca+cp=28. (3.40)

These relations generalize those in the lowest Landau level of electrons, vx + vg = 1 and
cx +cx = 1, where X is a fFQH state, X is its particle-hole conjugate, and the filling

number and central charge of the filled lowest Landau level are v, = cprp, = 1.
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In this paper, we consider the following (bipartite) conformal embeddings of Eg at level 1:

SU(3) x Eg,
SU(2) x By,

SU(5) x SU(5),

GaxGp =19 SO(M)x SO(16 — M), (3.41)
Gy x Fy,

U(1)s x SU(8),

SU(2)4 x Sp(8),

for M =1,...,8, where all the KM algebras are level 1 except the two orbifold theories,
U(l)s = SU(2)1/Zy and SU(2)s4 = SU(3)1/Zy. The exceptional Eg and Er algebras at
level 1 and their particle-hole conjugates, SU(3); and SU(2);, the D-series D, = SO(2r)
at level 1 for r = 1,...,7, and the orbifold theory SU(8); = (E7)1/Z2 and its particle-
hole conjugate U(1)s = SU(2)1/Zy are Abelian states, where all anyonic excitations have
quantum dimension d = 1 and exhibit single-channel fusion rules. The B-series B, =
SO(2r + 1) at level 1, for r = 1,...,6, have non-Abelian Ising topological orders and
support Ising anyons [NW96] o with quantum dimension d, = /2 and the two-channel
fusion rule 0 x 0 = 1 4+ 9. The Sp(8)1 = (Eg)1/Z2 orbifold theory and its particle-hole
conjugate SU(2)s = SU(3)1/Z2 have non-Abelian topological order and host metaplectic
anyons [HNW13] ¥ with quantum dimension ds = /3 and the multi-channel fusion rule

Y x Y =1+ FE + E? The exceptional G5 and Fy algebras at level 1 host non-Abelian

129



Fibonacci anyons [SB01], whose fusion rule 7 X 7 = 1 4+ 7 and non-Abelian braiding allow

for universal topological quantum computation [NSS*08b].

Given a conformal embedding G4 x Gg C FEg, the G4 bFQH state can be constructed using

the Hamiltonian,

H[Ga] = Ho+H,  +HE . +HA. (3.42)

intra

that only back-scatters the G4 currents between adjacent wires by

Hiiter = Uinter Z Jg]j,A ) Jgjj-s-l,Aa (3.43)
y

and backscatters the Gp currents within each wire by

Hiﬁtra = Uintra Z Jf,B : Jﬁ,B‘ (3.44)
)

In an open cylinder geometry of L wires, while (3.44) sums over all wires, the inter-wire
interaction sum in (3.43) only involves y = 1,...,L—1. The model gaps all bulk excitations,
but leaves behind chiral G4 WZW CFTs on the boundary edges. The particle-hole conjugate

Gp phase can be constructed similarly by exchanging the A and B sectors.

In the following, we construct (i) the conformal embeddings in (3.41) and present the (ii)
the charge assignments of the KM currents and primary fields of the respective WZW
theories. Similar to the Eg state, the coupled wire models are exactly-solvable when the

backscattering interactions preserve momentum conservation. In each model studied below,
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we detail (iii) the the electron Fermi momenta that ensures momentum along the wire is
conserved and connect the edge electric transport o,, = ve?/h to the bulk electron filling
number v = N./Np. We begin with the SU(3) x Eg decomposition of Fg; this construction
is then straightforwardly generalized to all other the Abelian states in (3.41). After this,
we then construct non-Abelian bFQH states of Fg with Ising, Fibonacci, and metaplectic

topological orders.

3.3.1 Abelian states
The Abelian Z3 SU(3) and Ej states

We begin with the G4 x G = SU(3) x Eg decomposition of the Eg WZW algebra at level 1.
We present in detail the inequivalent SU(3) x Eg conformal embeddings in Eg and the cor-
responding SU(3); and (Es); bosonic fractional quantum Hall states. This decomposition
demonstrates most features that appear in general Abelian bipartitions G4 x Gp C FEg using
simpy-laced WZW algebras G,,5. We rely on the Cartan-Weyl representation of Eg using
the eight non-local Dirac fermions d;(x) = 5 R for 5 =1,...,8, defined in (3.27).
Recall the chiral Eg algebra is generated by the eight Cartan generators dx¢; in (3.31) and
the 240 roots e/’ (#()+kx) in (3.32). (The wire index y and chiral sector label ¢ = R, L
are fixed and suppressed.) The Eg root vectors a = (al,..., a®) all have length |a| = v/2.
The set of Eg root vectors Ap, consists of 112 SO(16) root vectors, where o/ = 0,41, and

128 SO(16) even spinors, where o/ = &7/2 = 4+1/2 with H?Zlej = +1. An SU(3) x Eg

131



embedding in Fg is a particular assignment of SU(3) and Eg current operators inside the

Es algebra.
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Figure 3.3: The filling numbers v and central charges ¢ of bosonic fractional quantum Hall
(bFQH) states involving the exceptional Lie algebras Ga, Fu, Eg 78 as well as Ay = SU(5).
We start by choosing a particular subset of Eg current operators that generate an SU(3)
subalgebra. The SU(3) Lie algebra has rank 2 and dimension 8. It is generated by 2 Cartan
generators and 6 roots. It suffices to choose, from the Eg root lattice, 2 simple root vectors
a1 and ag of SU(3), so that the inner products K77 = ay- o are the entries of the SU(3)

Cartan matrix,

Ksy@) = (K17)axs = . (3.45)

Roots a1 and ap generate the SU(3) root lattice Agyy(z), which consists of the 6 root vectors
agy3) = Tar, Tag and +(a; + ag). It can be shown from properties of a root system

that each of these roots is an Eg root vector. For example, a1 + ag = arq — 2 (%) oy is
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the reflection of a1 on the hyperplane normal to . It lies in the Eg root lattice because
a root system, in general, is invariant under the reflection about the hyperplane normal to

any root vector.

In general, the 6 root operators of SU(3) are the vertex operators [ESU(:))) (x)]aSU( =
3

e s (i (X)+ij), corresponding to the 6 SU(3) root vectors. The 2 Cartan generators of
SU(3) are [HSU(g) (X)]a = Bgaxqu, for a = 1,2, where 3, 35 is an orthonormal basis of the
space spanned by aq,as. We take 3; = a1/v2 and By = (a1 + 2a2)/v/6. The Cartan

generators and the real and imaginary parts of the root operators are the current operators

Jsu(3) that generate the (real) SU(3) WZW algebra at level 1 and obey the OPE (3.37).

We choose the 2 simple root vectors of SU(3) to be

o] — €] — eq, Qg = €9 — eg3. (346)

These simple roots define the rows of a 2 x 8 matrix Ag(3). The root operators of SU(3)

are then

[Esus) ()] = ¢/(0abIm b rilka ko) (3.47)

QsyU(3)

133



where agr(3) = €, — € are the 6 SU (3) roots, and a, b are distinct integers that range from

1 to 3. Given the simple roots (3.46), the Cartan generators are

Oxp1 — Ox
[HSU(3) (X)]l = ¢1\/§¢2,

Oy Oy — 204
[HSU(:’))(X)]Q = Pt \%2 ¢3-

(3.48)

It can be shown that any alternative choice of simple root vectors o/ 5 of SU(3) inside the
FEg root lattice is related to the one above, o, = wary, by a rotation or reflection w inside

the automorphism group of the Eg root lattice Ag,,
Aut(Eg) = {w € O(8) : w(Agy) = Apgg}. (3.49)

This automorphism group is identical to the Weyl group [CS13], W (Ejg) of Eg that is gener-
ated by reflections about hyperplanes perpendicular to the Eg root vectors. Consequently,

all SU(3) root embeddings Agrr(3) © Apg are equivalent up to the Weyl symmetry.

The Eg sector is the orthogonal complement of SU(3) in Eg. The Eg Lie algebra has rank
6 and dimension 78. It is generated by 6 Cartan generators and 72 roots. The Cartan
generators [Hgq(x)], = ’yg(?XQSj, for b =1,...,6, can be chosen using an orthonormal basis

Y1,---57Ye of the subspace perpendicular to the SU(3) root system Agr(3). The Eg roots,

By (X)), = € F0 @, (3.50)
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are the Eg roots whose root vectors are perpendicular to those in SU(3): a g, - agy(s) = 0.
Specifically, the set of Eg root vectors Ag, consists of (i) 40 integral vectors of the form
ag, = (0,0,0,a%,...,a%), where two of a8 are 1 and the rest are 0, and (ii) 32 half
integral vectors ap, = (g!,...,e%)/2 where &/ = 41, ¢! = ¢? = &3 and H?:1 el = +1. The
Es root system Apgg can be generated by the 6 simple root vectors aj—i . ¢ that are the

rows of the following matrix,

1 -1
1 -1
1 -1
A, = : (3.51)
1 -1
1101 1 1 1 _1 1
2 2 2 2 2 2 2 2
11

The inner products K;; = ay - ay are identical to the entries of the Cartan matrix of Fg

2 -1
-1 2 -1
Kp, = Ay AL, = o - : (3.52)
-1 2 -1
-1 2
~1 2
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The Cartan generators [Hgg)p=1,.. ¢ and the real and imaginary parts of the root operators
[Egslar, are the current operators Jp that generate the (real) Eg WZW algebra at level
1 and obey the OPE (3.37). Since the SU(3) and Fg root systems are orthogonal, the
current operators have non-singular mutual OPE Jg(3y(2)Jgs(w) and the current modes
mutually commute. Because the SU(3) (Eg) theory is generated by 2 (resp. 6) independent
bosonized variables, their central charges are cgy(3), = 2 and ¢(g,;), = 6. Not only do
the central charges add up to ¢(gy), = 8, the Sugawara energy-momentum tensors obey

Tstr3), + T(Ee), = T(Ey),- Equivalently, the two CFTs are (Eg); coset duals of each other,

(3.53)

Moreover, as all SU(3) root embeddings Agyr3y € Ap, are equivalent up to the Weyl

symmetry (3.49), the same equivalence holds for the Fg root embeddings Ag, = AéU(:,)).

Having completed the definition of the conformal embedding SU(3) x Eg C Eg, the SU(3)
and Fjg level 1 quantum Hall states can be constructed using the coupled-wire Hamiltonians
n (3.42). For example, the SU(3); model Hamiltonian H[SU(3)] contains the inter-wire

(intra-wire) backscattering of SU(3) (resp. Eg) currents:

[ 2

SU@3) _ L

Hinter —Uinterz Z Hsy(3) ya SU(3)]y+1,a_ Z cos (aSU(B)'0y+1/2) )
Yy a:l aSU(S)

- (3.54)

[HEs]yb HEG yb ZCOS Qpg J

CXE6

Mm
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Hlntra Uintra
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-
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where the entries of 0, 1/5 = (0y41/2,1,--,0y11/28) and 8, = (0y1,...,0y ) are the inter-

. . . . . - _ R 4L - HR _ 4L
wire and intra-wire sine-Gordon variables 0, 1/5; = ¢y j — Gy, and 0y = Gy — Oy s

/

intra

respectively. With the density interactions in Hg+H that give rise to the conformal Eg

fixed point, the current backscattering interactions in (3.54) are marginally relevant in the
RG sense if Uipier /intra > 0. The sums of roots agy(3) and e, in the sine-Gordon potentials
in (3.54) can be restricted to only include the simple roots aig(B) in (3.46) for the SU(3)

sector and af?il ¢ in (3.51) for the Ej sector. This restricted set of sine-Gordon potentials

SU(3) SU(3)

pins the ground state expectation values of the angle variables @y 1o r=12 = 7 0yi1/2

and 95(}:1,...,6 = a?’"’ -0, to lie at an integral multiple of 2m. Since all roots are integral
combinations of simple ones, the other sine-Gordon potentials in (3.54) with non-simple

roots do not compete, as they share the same minima. On a closed torus geometry, the

SU(3)

angle variables @y+1/2,1=1,2

and @yEt}zl ¢ form a maximal set of independent commuting

geeey

bosonized operators and therefore the sine-Gordon potentials in (3.54) introduce a finite

bulk excitation energy gap.

Unlike the Eg quantum Hall state, H[SU(3)] has three degenerate ground states on a torus.

The bosonized variables are compactified and identified by large gauge transformations

ag — g g __ g (o 3 3 3 3 —
¢y = ¢y j+2mry i, where ry = (g 1,..., 7)) is a vector inside the lattice R = spany(Apy)

generated by the Eg roots. Up to large gauge transformations, all ground state expectation

values <®yE‘f]:1 6> that minimize HZ

inira aTe equivalent. On the other hand, there are three

RO

gauge inequivalent sets of ground state expectation values < y1/2,1=1,2

> that minimize
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25U (3)

inter - They correspond to the three anyon classes of bulk quasiparticle excitations,

Zs ={1,€,E}, (3.55)

and the three primary fields in the chiral edge CF'Ts when the model is defined on an open
cylinder with boundaries. Non-trivial primary fields and anyons £ and £ cannot appear
alone and must come in conjugate pairs & x £ =1, triplets E x ExE=E xE X E =1, or
any multiplets that fuse to the trivial sector 1. On the chiral edge, each non-trivial primary
field £ is a super-selection sector of vertex operators EP that rotate irreducibly under the

SU(3) WZW algebra. Specifically, £ is spanned by three non-local fields

& = span {ei(¢1+¢>272¢3)/37 ei(¢>1*2¢2+¢3)/3’ ei(*2¢>1+¢2+¢3)/3} . (356)

Fields inside the same super-selection sector obey the current OPE

Jy(2)EP(w) = PO gy 4 (3.57)

Z—w

where g is a Lie algebra element, Jy(2) is its corresponding WZW current operator, and

p(g) is a matrix representation of g. For example, the SU(3) root operator [Egy(3)(2)]ay =
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e ($1(2)=92(2)) rotates M — ci(—201+02+¢3)/3 into

[Eu(2)] . €™ ®w) = cilertm)glu)—(a¢(z)mo(w)+..
o

(61 (w) =262 (w) + 63 (w)) /3—Tog(z—w)+.. (3.58)

~ Lei(m(w)72¢>2(w)+¢3(w))/3 +.
zZ— W

(up to non-singular terms and oscillations factors involving /%) using the correlation
(¢i(2)¢;(w)) = —di;log(z —w)+. ... The exact constant phase in “o<” depends on the non-
singular pieces in the above correlator that guarantee the fermion fields &/ = €% mutually
anti-commute. These phases are unimportant in this paper and will be omitted. The
primary super-sector £ transforms under the fundamental 3D irreducible representation of
SU(3), while its conjugate sector £ = E' transforms under the conjugate representation.
They both carry fractional spin (i.e., conformal scaling dimensions) hg = hg = 1/3. Fields
within the same primary sector differ from each other by the local SU(3) currents, which are
integral combinations of electrons. On the other hand, fields belonging to different primary

sectors are not related by any local integral product of electrons.

The particle-hole conjugate coupled-wire model H[FEs] can be constructed by reversing the
role of SU(3) and Eg so that the former (latter) is gapped by an intra-wire (inter-wire)
backscattering interaction. The Eg quantum Hall state also has three degenerate ground
states on a closed torus geometry. They correspond to the three anyon classes of bulk

quasiparticle excitations and primary field super-selection sectors 1, £, € on the chiral edge
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CFT. Specifically, the primary super-sector £ is spanned by 27 non-local fields

& = span {ei2(¢>1+¢2+¢>3)/3}

U {ei<¢1+¢z+¢>3)/6+z?=4 sj¢>j/2} (3.59)

gi=4:s 8=i17H?:4 ei=—1

U {efi(¢1+¢2+¢3>/3i¢j} .
j=4,...8

These fields transform irreducibly under the OPE of the Eg current algebra (see (3.57)).
The conjugate primary super-sector & = ET forms another irreducible representation. They
both carry spin hg = hg = 2/3. The product of primary fields Egr7(3) X £y and ESU(3) x € g
generate the remaining 162 Eg roots in the complement Ag\(Agy(3) U Agg). Therefore,
if both SU(3) and FEs were gapped by inter-wire backscattering interactions, their anyons
would pairwise condense as local bosons and the resulting quantum Hall phase would be

identical to the topologically trivial Fyg state.

We complete the construction of the SU(3) and Eg models by presenting their charge
fractionalization and the momentum arrangement of electrons on each wire. For this, there
are two issues to address in our coupled-wire construction. First, the R matrix used in
(3.28)—that enables the non-local Dirac fermion presentation of Eg in (3.27) by providing
the transformation ® = R¢ between the Chevalley and Cartan-Weyl basis—has not been
specified. Second, the root operators in (3.47) and (3.50) carry oscillation factors elalksx,

Like the Eg model, the exact cancellation of these factors in the sine-Gordon interactions

in (3.54) requires a specific arrangement of electron Fermi momentum.
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The construction of the Fg quantum Hall state in §3.2 did not depend on the choice of
the non-local Dirac fermions &/ = ¢ presented in (3.27). This is because the Eg current
operators in (3.23) and (3.24), and in particular, the simple roots ei®r in (3.18) are fixed
by their electronic origin. Here, however, the SU(3) and Eg models are constructed using
a preferred set of simple roots in (3.46) and (3.51) based on a particular choice of non-local
Dirac fermions, or equivalently, their Cartan-Weyl bosonized variables ¢;. While different
choices are related by symmetries in the Eg Weyl group (3.49), they lead to distinct bFQH
states with inequivalent charge fractionalizations. This is because the fixed electric charges
gr in (3.19) of the Eg simple roots €i®1 are not preserved by all Fg Weyl symmetries. Given
a specific choice of the non-local Dirac fermions d;, their electric charges ¢; define a charge
vector q = (q1,...,¢qg). The collection of charge vectors for the various choices of d; was
exhaustively presented above equation (3.29). Among them, they generate four inequivalent
sets of SU(3) and Eg bFQH states with distinct filling numbers v and quasiparticle charge

assignments.

In general, electric charge splits in the SU(3) x Eg C Eg decomposition. From the electric
response on the edge, o = ve?/h, the filling numbers of the SU(3) and Eg bFQH states can
be read off from the length of the charge vector when projecting it onto the SU(3) and Fs
subspaces (c.f. (3.29) for the Eg state):

_ 2 _  _SU@3 -1 SU(3
vsu@) = |Psu@al” =4a ® Koy ®), (3.60)

2 _
VEG = ’Pqu‘ = qE6 . KE(SlqEG
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Here, Pgy(3) and Pg; = Ig — Pgyr(3) are the projection matrices (each obeying P? = P) onto
subspaces spanned by the SU(3) and Eg roots, respectively:

T —1
Psy(3) = ASU(3)KSU(3)ASU(3)’ (3.61)

Ppy = AL, Kyl A,
where the rows of Agy(3) and Ap, are the the simple roots in the Euclidean 8-space chosen
in (3.46) and (3.51). The electric charge of the simple roots of the two algebras are the
entries of the charge vectors V() = (qf/[U:(:f)g) = Asy(3)q and qfs = (qf,‘izl,_._ﬁ) = Ap,q.

Since the SU(3) and Ep roots are orthogonal, Pgrr(3yq L Pggq. Thus, the filling numbers

in (3.60) obey the particle-hole conjugation relation:

VSU(3) T VEs = !(I|2 = vg, = 16. (3.62)
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Let’s see specifically how this works for the charge vector q = (4,0,0,0,0,0,0,0) of a set of

non-local Dirac fermions chosen using the R matrix

DNO|—
Nl
D[ —

R= . (3.63)
~1 1 1 _1 1 1 1 1
2 2 2 2 2 2 2 2
1 i1 1 _1 1 1 _1
2 2 2 2 2 2 2 2

NI
DN
[N
N~
D=
N|—
D=
D=

In this case, the bFQH models constructed have filling numbers vgy(3) = 32/3 and v, =
16/3. The charge vector q also dictates the charge assignments of a vertex field opera-
tor, Q(e™?) = m - q. This decomposes the SU(3) and Eg WZW current algebras and
their primary field super-selection sectors into subspaces with different electric charges.
For example, with the same charge vector as above, the eight-dimensional SU(3) WZW
algebra—which is spanned by the two Cartan generators (3.48) and the six roots (3.47)—
splits into 8 = 4(0) 2(+4) ®2(—4), a four-dimensional neutral subspace, a two-dimensional
subspace of charge 2 currents and a two-dimensional subspace of charge —2 currents. The
three dimensional SU (3) primary sector € in (3.56) decomposes into 3 = 2(4/3) & 1(—8/3),
a two-dimensional subspace of charge 4/3 fields and a one-dimensional subspace of charge

—8/3 fields. For the particle-hole conjugate Eg state, its 78-dimensional WZW current alge-
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bra splits into 78 = 46(0) & 16(+2) & 16(—2), and its primary sector £ in (3.59) decomposes
into 27 = 1(8/3) & 16(2/3) @ 10(—4/3). As above, the numbers in each term * (%) specify

the dimension * of the subspace consisting of fields with charge .

Under an Eg Weyl symmetry, the set of reflected /rotated non-local Dirac fermions obtain a
new charge vector. The SU(3) and Eg subalgebras are subsequently reflected /rotated and
may lead to different electric responses from before. The four distinct classes of SU(3) and
FEg bFQH states can be represented by the following four charge vectors:

q=(0,0,0,0,0,0,0,4), (4,0,0,0,0,0,0,0),
(3.64)

(2a0505032727270)7 (27*27070’2727070)'
The bFQH coupled-wire models constructed have, respectively, the distinct filling numbers

32
37

Wl oo

vsu(s) = 0, 8, Vg, =16, —, —, 8, (3.65)

as summarized in Fig.3.3 along with central charges of SU(3); and (Es);. The charge
assignments of the WZW current algebras and primary field super-selection sectors are
summarized in Tables A.1 and A.4. The Eg Weyl inversion that flips ¢ — —q corresponds
to the Zy anyonic symmetry [KTH14, Teol6] (also referred to as outer automorphism) of
the topological phases that relabels the anyon classes £ <+ £. Since £ = &, the two
conjugate classes carry fields with conjugate electric charges. The charge assignment pattern
of each primary field sector is invariant (changed) under the Zs inversion flip for the bFQH

states with integral (fractional) filling numbers. Therefore, the Zg symmetry is preserved
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(resp. broken) by the electric charge assignment. Since switching the anyon labels £ <+ £
does not alter the fusion and statistics data, the bFQH states constructed from opposite

charge vectors are indistinguishable in the absence of other physical symmetries.

Next, we address the momentum conservation in the coupled-wire model. The SU(3) and
Eg root operators (3.47) and (3.50) carry oscillation factors ¢’ The same goes for the
integrated fermions f,—123. These factors cancel and do not appear in the sine-Gordong
interactions (3.54) and (3.22) when the bare Fermi momenta kg, of the electron channels
(see (3.7)) take a set of specific values. Given any fixed R matrix (3.28), the momentum

conserving SU(3); model is constructed with bare Fermi momenta,

8
leBd _ NG i
kpa = 2 he Z (Uja+ + Uj—a ) (R 1)?] Pg‘]U(?,)qj/7 (3.66)
53’ J=1

where only the first 8 rows of the UT* matrices in (3.16) are summed. The Eg model
is constructed with a different set of kr,, which are obtained by replacing the projection
matrix Pgy(3) — Ppgg in (3.66). Using these kpq, the filling number (3.8) reproduces the

value (3.60) predicted from the edge-state response.

The Abelian Z; SU(2) and E; states

We now construct the SU(2); and (E7); bFQH states. The construction method is identical
to the SU(3); and (Eg); states presented above. Here, we highlight the essential features
and results. First, these bFQH states rely on the SU(2) x E; conformal bipartition of Eg.

The SU(2); and (E7)1 WZW subalgebras can be chosen by fixing two decoupled subsets of
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current operators inside (Eg);. Using the non-local Dirac fermions d; ~ €% (see (3.27)),

we fix the SU(2); by choosing its generators

_ Oxd1 — 52
[Hsu2) ()] = 2 (3.67)

+ 3 ) — X _ .
[Esue(®)] =e* (61 () =2 (x)+(k1—k2)x)

The SU(2) root system Agy(2) contains the positive root agrr(2) = €1 —e2 and the negative
one —agy(2)- They correspond to the raising and lowering operators [ESU(Q)]j: = eti@su@)®,
The Cartan matrix of SU(2) is Kgy(2) = @sp(2) - ®su(2) = 2. Since the SU(2); WZW CFT
is generated by a single bosonized variable, it is identical to U(1)e. The (E7); theory is
the subalgebra in (Eg); that commutes with the SU(2);. The E; root system Apg. consists
of root vectors in Eg that are orthogonal to gy (p). It is the union of the following three
sets: (i) the 2 vectors 4-(ej + eg), (ii) the 60 integral vectors of the form (0,0,a3,...,a8),
where two of the a3 are £1 and the rest are 0, and (iii) the 64 half-integral vectors

(e,...,€%)/2, where ¢/ = 41, ¢! =% and H§:1 e) = +1. Ag, can be generated by the set

of simple root vectors that form the rows of the following matrix

Ap, = Lot (3.68)
—1/2 —1/2 —=1/2 =1/2 —1/2 —1/2 —1/2 —1/2
1 —1

and produce the Cartan matrix

2 —1
12 <1
12—
_ T _
Kp, = Ap, AR, = -1 _21 31 B 1 (3.69)
102
—1 2
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The (E7)1 WZW subalgebra is spanned by the 126 root operators,
Ep, ()ag, = "B @O ap e Ap, (3.70)

and the 7 Cartan generators [Hg,|,_; . = ’ygf)xcz)j, where vy 7 = (73,..-,75) is an

orthonormal basis of the E~ root subspace.

The coupled-wire Hamiltonians of the SU(2); and (F7); bFQH states are constructed in a

similar fasion as the SU(3); and (Eg); states. The model Hamiltonian (3.42) contains the

f

intra-wire backscattering H: , .

of the integrated fermions defined in (3.22), and the intra-
wire and inter-wire backscattering of the two current algebras (c.f. (3.54) for the SU(3);
state). For the SU(2) state, the inter-wire backscattering interactions involve the SU(2)
currents, whereas the intra-wire ones involve the F~ currents. For the particle-hole conjugate
E; state, the backscattering pattern of the two current algebras are switched. The resulting
topological phases have a finite bulk excitation energy gap and chiral gapless boundary
edges described by corresponding SU(2); or (E7); CFTs. The thermal responses £,y (3.2)

of the bFQH states are determined by the central charges cgyy(2), = 1 and ¢(g,), = 7, which

are identical to the ranks of the simply-laced Lie algebras.

The two bFQH states have a Zs = {1,S} topological order and each supports a semion
quasiparticle excitation S. It obey the fusion rule § x § = 1 and therefore is its own anti-
partner. S has spin h = 1/4 in the SU(2); state or h = 3/4 in the (E7); state. The semion
primary field super-selection sector in SU(2); is spanned by the two non-local vertex fields

etiasu@ ?/2 which together rotate irreducibly under the SU(2); algebra (see (3.57)). The
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semion primary super-sector in (F7); is spanned by 56 non-local fields

5 = span {eorbenrse) ) (371)
3,...,8

. o : )
7=3,..., sJ—3’~-~78=i1,H?=35J=71

which irreducibly represent E7. Like in the previous SU(3) x Eg case, if both the SU(2) and
E~ currents were gapped by inter-wire backscattering interactions, the 2 x 56 = 112 semion
pairs from SU(2) x E7 would anyon condense [BS09, Burl8] to form the remaining Eg root
currents outside of SU(2) x E7. The resulting state would have trivial bosonic topological
order equivalent to (Fg);. We notice in passing that semion primary super-sectors S in
SU(2)1 as well as (E7); are closed under the Zj involution symmetry ¢; — —¢; in the Weyl
group Aut(Eg). The involution acts differently on the SU(3); and (Fg); states where the

non-trivial anyon classes are flipped, £ <+ £, under the symmetry.

The filling numbers and electric charge assignments of the bFQH states depend on the R

matrix that specifies the Eg simple roots ¢i®s = ¢i)95 in Euclidean 8-space and defines the

non-local Dirac fermions d; ~ €% (see (3.27)). The allowed charge vectors q = (gj—1,.s)
of the fermions were presented above (3.29). There are three inequivalent classes of the

SU(2); and (E7); states, where the filling numbers are
VSU(2) = O, 2, 8, VE, = 16 — VSU(2)- (372)
The three classes can be respectively represented by three particular charge vectors

q = 4eg, 2ej+ 2es3+ 2es; + 2e;7, 4de;. (3.73)
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The electric charge assignments of the WZW currents and the primary fields are summarized

in Tables A.1 and A.3.

Lastly, the coupled-wire models are exactly solvable when the bare electron momenta kg,
(see (3.7)) take a set of specific values. These values can be computed by applying the
projection matrix P4 = Pgy(z) or P, on the Euclidean 8-space. Small deviations away
from these fine-tuned values are perturbations that should not alter the topological phases,

assuming they are not strong enough the overcome the bulk excitation energy gap.

The Abelian Z; SU(5) states

Next we consider the Abelian Zs SU(5) bFQH states. These bFQH states are based on
the conformal embedding of SU(5)4 x SU(5)P in Es. Starting with the A sector, the

simply-laced Lie algebra is spanned by its 4 Cartan generators and 20 root operators

b
1
{HSU(B)A(X)} N N SRR Oxa — bax¢b+1] 7
b=1,....4 b(b+ 1
\/m "~ (3.74)
[ESU(5)A (X)} — %50 (5) (@i ()R

Qsy(5)

The SU(5) root system Agy(z)a is composed of root vectors agyr(s) = (e, — €,) where
1 <a < b<5. The simple roots e; — ej;1, for j = 1,...,4, form the rows of the 4 x 8

matrix Agys)a. The Cartan matrix of SU(5) is the Gram matrix

2 —1
Ksu(s) = ASU(5)AA£U(5)A = <_1 Ry —1> : (3.75)
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The SU(5)? algebra is the complement of SU(5)4 in Eg. The Cartan generators

[HSU@B(X)} = 110.; (3.76)

in the B sector can be chosen with orthonormal vectors 4,_; 53,4 perpendicular to the
SU(5)A root system. For example, one can set v, = eg, 79 = €7, v3 = eg and v, =
Z?Zl e;/\/5. The SU(5)” root system Agy sy consists of the Eg roots that are perpendic-

ular to Agy(sya. Agysys contains e, £ e, for 6 <a < b < 8 and £%e,/2 where ¢, = £1,

[[,e* = +1and e! = ... = &5 The simple roots of SU(5)® can be chosen to be the rows of
o

Asusys = < 12 1/2 1/2 1/2 1/2 —1/2 —1/2 1/2 > ; (3.77)
—1/2 —1/2 —1/2 —1/2 —1/2 —1/2 —1/2 —1/2

so that their scalar product recovers Kgy(s5) = Agpy(s)5 Ag 5 in (3.75). The mutual OPEs

U(s)
between current operators in the A and B sectors are non-singular while OPEs within the
same sector obey the SU(5) WZW current algebra at level 1 (c.f. (3.37)). The two sectors are

decoupled. Their Sugawara energy-momentum tensors add up to TSU(5){4 +TSU(5){3 =T k),

and thus the central charges are cgp(5y4 = cgy(s)8 = 4, which is half of that of (Eg):.

The SU(5) bFQH states can be constructed by the coupled-wire Hamiltonians H[SU (5)]

SU(5)B

intra

SU(5)

that contain the inter- and intra-wire current backscattering interactions H, - ! +H
The interactions are analogous to those in (3.54). They are non-competing sine-Gordon in-
teractions that create a finite excitation energy gap in the bulk, but leave behind gapless
chiral edge states on the boundaries described by the SU(5); WZW CFT. Like the previ-

ous Abelian models, the SU(5) bFQH state depends on the choice of the non-local Dirac
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fermions d; ~ e'? and their electric charges ;. These choices give rise to different SU(5),

bFQH states at various fillings with distinct charge assignments.

The topological phase carries |K SU(5 ] = 5 primary field super-selection sectors. Each
sector, labelled by £m==2-1012 forms a C’f,’m‘ = 5!/(|m|!(5 — |m])!) dimensional irreducible
representation of SU(5). £ is the trivial vacuum sector. In SU(5){, for m > 0,

£M — span {e—izy;l ¢jiHim S, ¢>z/5} , (3.78)

1<j1<0.<jm<H

For m < 0, &™ = (£~™)!. The vertex fields in £™ all carry spins (scaling dimensions)
hm = |m|(5 — |m|)/10. Primary fields in the same super-sector can be rotated irreducibly
into one another under the SU(5) current OPE (c.f. (3.57)). These bFQH states have the
Abelian Zs topological order. Their anyon classes follow the fusion rules E™x ™ = glm+m']

where [m + m'] = —2,-1,0,1,2 and [m + m/] = m + m' modulo 5.

The possible Hall conductivities of the SU(5) bosonic states can be exhausted by applying
the projection operator Pgisya = ASU(5)AK_ U5 )ASU(5)A to the possible charge vectors
q = (gi=1,... 8) that were presented above (3.29). The resulting filling numbers of the SU(5);

states are

16 24 56 64
VSU ’PSU Aq|2 ZQJ - = Z C]z‘]g 5 7?)87373716- (379)
1<z<]<5
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Pairs of bFQH states with fillings v and 16 — v are related by particle-hole conjugation. The
SU(5); state at filling v = 8 is particle-hole symmetric. The electric charge assignments of

the SU(5) WZW currents and the primary fields are summarized in Table A.5 and A.6.

Since £™ = (™)1, the primary fields in the conjugate sectors £V2 and £71~2 carry
opposite electric charges. At the same time, the Eg Weyl inversion that flips ¢; — —¢; cor-
responds to the Zy anyonic symmetry (or outer automorphism) [KTH14, Teol6] of SU(5)1
that switches the anyon classes €™ < £7". Similar to the SU(3); and (Fs); states, the
charge assignments of £™ and £~™, for m # 0, are opposite (identical) when the filling
number vgy sy is fractional (resp. integral). Thus, at fractional fillings, the Zy anyonic
symmetry is broken by the primary field charge assignments. Although there are oppo-
site charge patterns in each of these fractional cases, the two bFQH states are physically

indistinguishable and can be identified by relabeling the anyon classes m <> —m.

The fractional filling v = 64/5 is special. There are multiplicities in the charge patterns
of the WZW current operators as well as the primary fields that are not mutually related
by the Zo charge flip. (Similar multiplicities of charge assignments will also later appear in
SU(8); and SO(N)y, for N =9,...,15.) In case (i), the 24 WZW currents decompose into
24 =16(0) @ 4(+4) ® 4(—4), where the numbers inside the parentheses indicate the electric
charge. In case (ii), the charge decomposition is 24 = 10(0) & 4(+2) & 4(—2) ¢ 3(+4) &
3(—4). The charge decompositions of the primary fields of cases (i) and (ii) are also Zs
inequivalent (see table A.6). Despite the charge differences, these two cases belong in the
same bFHQ phase. When juxtaposing states (i) and (ii), the shared 1D edge is gappable by

charge-preserving higher-order interactions. Since the SU(5) currents in (i) and (ii) have

152



unequal charges, they cannot all backscatter on the shared edge without violating charge
conservation. Alternatively, the shared edge can be gapped by the charge-conserving sine-

Gordon interactions

3 4 4
U= S con (6 — ot — oF + oh1r) — ucos (z IS S 4¢>é)  @50)
/=1

/=1 /=1

. . il . . .
Here, we assume the Dirac fermions df ~ €7 in case (i) carries charge

g5 = (0,0,0,-4,0,0,0,0), (3.81)

and the fermions df ~ €% in case (ii) carries

q; = (2,2,2,-2,0,0,0,0). (3.82)

The last sine-Gordon potential back-scatters a non-primitive boson with scaling dimension
h = 10. It becomes relevant in the RG sense given a sufficiently strong density-density

interaction.

The Abelian SO(2r) states and emergent Dirac fermions

We now construct the SO(2r); bFQH states, for r = 1,...,7. The construction relies on
the SO(2r) x SO(16 — 2r) conformal decomposition of Eg. Given a particular choice of
non-local Dirac fermions d; ~ ¢, for j =1,...,8, in each wire (see (3.27)), the splitting

is set by generating the SO(2r); by dj=1,. , and dLl . and its particle-hole conjugate
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Figure 3.4: Bosonic fractional quantum Hall (bFQH) states SO(N);. All SO(2r); states are
Abelian (blue dots); and all SO(2r+1); states have non-Abelian Ising topological orders (red
dots). The bFQH states are related under the particle-hole conjugation (v, ¢) <+ (16—v,8—c)
about the PH symmetric SO(8); at (v,c) = (8,4).

SO(16 — 2r)1 by dim=r41,..,8 and dIn:r+1,...,8‘ The WZW current operators of SO(2r); are
the fermion bilinears d;dy, dld;r,, dzrdl/ and djd;, for 1 <1 <1’ <r. They can be bosonized
into r Cartan generators and 2r(r — 1) root operators:

[Hso@n ()], = di(x) di(x) = i (x),
(3.83)

[ESU(2T) (X)}aso(zr) = elaso@r)(qﬁj(x) JX).

The root system Agp(g,) contains the integral length V2 vectors asopr) = te £ ey,
where 1 < [ < I’ < r. They are integral combinations of a set of simple roots a; =

e —ey,...,a,_1 =e,_1—e., and o, = e,_1 +e, that produce the Cartan matrix by scalar
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product:

(3.84)

The conjugate SO(16 — 2r); sector commutes with SO(2r);. The root system Ago(i6—2r)
consists of Eg root vectors that are perpendicular to Ago(z,). In other words, aego(16—2,) =

te,, e, , wherer +1 <m <m’ <8.

The coupled-wire model of the SO(2r); state is constructed in a similar fashion as the
previous Abelian quantum Hall states. The inter-wire and intra-wire current backscattering
terms in the exactly solvable model Hamiltonian (3.42) involve the SO(2r); and SO(16—27);

sector respectively. Generically, they are the two-fermion backscattering Gross-Neveu-type

interactions:
SO(2r) R ,R,,L L _
Hinter = = Uinter Z Z VypVygVyr1p¥y1,e forr=2,....7 (3.85)
y 1<p<q<2r
T R L
= Uinter Z Z [HSO(2T)]yl [HSO(ZT)LH_LZ - Z Cos (aSO(QT) ' 9y+1/2) )
y |i=1 Qas0(2r)

SO(16—2
HooUO0) —vieer > Y wRgEL gL forr=1,....6  (3.86)
Yy 2r+1<p<q<16

16
= Uintra Z Z [HSO(16—2T)}5m [HSO(16—2T)]5m (3.87)
Y m=r-+1
- Z cos (ago(16-2r) - 0y)

A SO(16—27)
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Here, v are the real and imaginary Majorana components of the complex Dirac fermions
dj = (Yoj—1+1ith2;)/V2; 0y 112 = b — Pl 15 and 0, = @ — Pl Similar to the SU(3); and
(Eg)1 states previously presented in (3.54), the sine-Gordon interactions here are marginally
relevant when » > 0. They introduce a finite excitation energy gap in the bulk and leave
behind the chiral gapless SO(2r); WZW CFTs on boundary edges. The thermal response
Kgy (3.2) is determined by the central charge cgo(or), = 7, which is the rank of the simply-
laced SO(2r) Lie algebra. The model Hamiltonian of the particle-hole conjugate SO(16 —
2r); state can be constructed by interchanging the intra-wire and inter-wire gapping pattern

between the SO(2r) and SO(16 — 2r) sectors.

Cases involving SO(2); when r = 1 or 7 are special. This is because the SO(2) algebra is
Abelian and the SO(2); = U(1)y WZW algebra is generated by a single current operator
Oxp. The current backscattering interaction dy¢®d, " is a density interaction that does not
open an energy gap by itself. Instead, the SO(2); inter-wire or intra-wire gapping potential

is

USO® = ud pFo, oL — ! cos (49), (3.88)

where 260 = qﬁf — ¢§, (the factor of 2 is adopted here to match with the usual convention
in Luttinger liquid theory), and ¢y = y (y' = y + 1) for an intra-wire (resp., inter-wire)
interaction. The sine-Gordon potential here back-scatters the spin-2 local bosons e??¢”
rather than spin-1 currents in (3.85) and (3.86). It becomes relevant when the density

interaction u becomes “repulsive” (i.e., negative) enough so that the Luttinger parameter
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o 1+27u/0
9 =\ 1=2ru/o

is smaller than 1/2, where v is the velocity of the fermions d; appeared
in (3.30). Odd fermion backscattering terms, such as the single fermion backscattering
cos(26) ~ (df)Td* + h.c., are non-local for both the inter- and intra-wire cases, and do not
have an integral electron origin. Higher order even terms cos(4n#), for n > 2, are irrelevant

or less relevant.

The SO(2r); WZW CFT has four primary field super-selection sectors. The non-trivial ones
consist of the spin h = 1/2 fermion sector f spanned by the Dirac fermions dj—; _, and
dLL_._J, and the spin h = r/8 even (+) and odd (—) spinor sector s+ spanned by the vertex
operators eiel¢l/2, where e=b" = 41 and [[,-,e* = £1. Fields within the same super-
selection sector differ from each other by local bosons and can be rotated into each other
by the WZW algebra (c.f. (3.57)). For even r, they follow the Zy x Zy fusion rules, where
(s1)? = f?=1and sy x f = s. For odd r, they follow the Z, fusion rules, s; xsx = f? =1
and sy X f = s¢. Unlike the previously considered SU(2);, SU(3); and (Eg73)1 states,
the non-local Dirac fermions d,—1,. , now emerge as quasiparticle excitations in SO(2r);

and exist in the form of deconfined anyons in the bulk and primary fields on the edge.

The SO(2r); WZW CFT is generically symmetric under a twofold outer automorphism
and the topological phase has the corresponding Z, anyonic relabelling symmetry. The
outer automorphism can be generated by the involution symmetry w in Aut(FEg) that flips
¢r — —¢, and ¢g — —¢g while keeping the rest of the bosonized variables ¢;., g unchanged.
The involution acts as a reflection on the SO(2r) root system. But the mirror plane is not
perpendicular to any SO(2r) root and the reflection falls outside of the Weyl group of

SO(2r). The reflection flips the simple roots a,.—1 <> o, and leaves ay—; 2 unchanged.
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It can be represented by the matrix M = I, _o @0, which commutes with the Cartan matrix
(3.84). The fermion primary sector f of SO(2r); is closed under the Zy symmetry, but the
even and odd spinor sectors are switched, s, <> s_ (c.f. the switching action £ <+ £ in
SU(3); and (Eg)1). The SO(8); theory is special and carries a triality Ss3 symmetry. This
is because, when r = 4, in addition to the w symmetry, the SO(8) x SO(8) root system is
also preserved by another twofold symmetry w’ = (Hy @ Hy4)/2 in Aut(Es), where Hy is the

Hadamard matrix

Hy = . (3.89)

Combining the two, ww’ is a threefold symmetry that rotates the primary field sectors
f— s — sy — f. It is not a coincidence that all three non-trivial primary sectors in
SO(8)1 have identical spin h = 1/2 and interchangeable fusion rules so that the theory is

symmetric under the permutation group S5 of three elements.

The electric response of the SO(2r); bFQH states depend on the choice of the eight non-local
Dirac fermions in (3.27), d; ~ €', which are specified by the R matrix that corresponds
to the Fg simple roots ei&’v’ = eiRJﬂ’j. The allowed charge vectors q = (qj:Lm,g) of the

fermions were presented above (3.29). The filling numbers of the SO(2r); state and its
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particle-hole conjugate SO(16 — 2r); are

r 8
Vso(2ry, = ZQJZ'7 Vso@6—2r), = Z qua (3.90)
j=1 j=r+1

which add up to vg, = 16. Fig.3.4 summarizes the possible filling numbers and central
charges of the Abelian SO(2r); and SO(16 — 2r); bFQH states. The electric charge as-
signments of the WZW currents and the primary fields are summarized in Tables A.12 and
A.13. The SO(2); algebra does not contain any roots. Instead of listing the trivial electric
charge of its only current operator dx¢1, the SO(2) column in Table A.12 counts the electric

charges +q; of the smallest local boson e#2?1,

We highlight two observations in our results. First, there are two distinct states at filling
fraction v = 16 for SO(2r); = SO(10)1, SO(12);, or SO(14)1, where the WZW current
operators either (i) carry electric charges 0,+4 or (ii) carry charges 0,+2,+4 (see Table
A.12). The coupled-wire models of case (i) are constructed with the charge vector q =
(qul,m,g) of non-local Dirac fermions that contains one and only one non-zero entry ¢; = 4
and is within the SO(2r) subspace. Models in case (ii) are constructed with q that contains
four non-zero entries ¢; = +2 in the SO(2r) subspace. The two cases also have unequal
charge assignments for their primary fields. For case (i), the fermion sector f contains
fields with charges 0,+4 and the spinor sectors sy carry charges +2. For case (ii), f has
charges 0,42 and si have charges 0, £2,+4 (see Table A.13). Despite the distinct charge
assignments, the two cases belong in the same bFQH phase at ¥ = 16. When juxtaposing

the two states, the shared edge is gappable. Because the WZW currents in cases (i) and
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(ii) have different charge assignments, current backscattering interactions (that include all
currents) on the shared edge generally violate charge conservation. To gap the shared edge
in a way that preserves charge conservation, an alternative set of interactions needs to be
considered: There exist sine-Gordon potentials that backscatter higher-spin bosons with
the same charges between the (i) and (ii) boundaries. To demonstrate this, we consider
SO(2r); = SO(10); where the shared edge carries 5 counter propagating pairs of non-
local Dirac fermions di_; 5 ~ e'?7. The fermion charges are quzl,...,B = (0,0,0,0,4) and
5 = (2,2,2,2,0). The shared edge can be gapped by the charge-preserving, local

L
d5=1

2y

sine-Gordon potentials:

3 4 4
U=~y cos (8ff = ¢fi1 — of + ¢fy1) — ucos <2¢é + Zqﬁﬁ) — ucos <2¢? - Z¢f> -
=1 =1 =1

(3.91)

U breaks the SO(10) symmetry. The last two terms in U backscatter spin-2 bosons; these
terms are relevant for sufficiently strong density-density interactions. Therefore, the two

states (i) and (ii) are only distinguishable when the SO(10) symmetry is preserved.

Second, in Table A.13, we observe that a SO(2r); state may carry multiple distinct charge
assignment patterns for its anyons or edge primary fields at the same filling number. For
example, for SO(4); at filling ¥ = 2, the charges of the even spinors ¢(s;) = +1 while
the odd ones are neutral ¢(s—) = 0 in one state, but the charge pattern is reversed with
¢(s+) = 0 and ¢(s—) = £1 in another state. For SO(6); at filling v = 3, the charges of

the spinors are g(s+) = F3/2,£1/2 for one state, but are flipped to g(s+) = +£3/2,F1/2

160



for another. This degeneracy stems from the Zs outer automorphism (anyonic symmetry)
of SO(2r); that switches between the sy <+ s_ anyon classes. Each state in the above
examples illustrates a weak Zs symmetry breaking by electric charge in the sense that the
charge assignments of two anyon classes related by the Zs symmetry are not identical (even
up to charge 2 local bosons). In addition, the spinors s are self-conjugate (s+)? = 1 when
r is even, and are anti-partners of each other s; x s_ = 1 when r is odd. This requires
the charges of each of s+ to be closed under ¢ —+ —q when r is even or requires s+ to have
opposite charges when r is odd. For SO(8);, the S3 symmetry that permutes the fermions
f, s+, S gives rise to the three charge patterns for some filling numbers. For example in any
given SO(8); state at v = 4, one fermion class carries odd charges while the other two carry
even charges. The S3 symmetry is weakly broken down by the charge assignments into Zo,
which switches the two even-charged fermion classes. There are filling numbers where the
charge pattern is non-degenerate and the anyonic symmetry of the state is preserved by
electric charge. In particular, the particle-hole symmetric SO(8); state at filling v = 8 fully
preserves its S3 triality symmetry where the three fermion classes f,s;,s_ have identical

charges.

Lastly, we address the momentum conservation of the backscattering interactions in the
coupled-wire models. They conserve x-momentum when the bare electron momenta kg,
(see (3.7)) take a set of specific values. This allows the L and R non-local Dirac fermions to
have the same x-momentum if they are pairwise back-scattered within a wire, or different

momenta that are commensurate with the magnetic field, k% — kL = €Bdg.  if they are
> J he 1

pairwise back-scattered between wires.
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The Abelian orbifold U(1)s and SU(8); states

® Abelian
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Figure 3.5: SU(8); bFQH states with central charge ¢ = 7 and U(1)g with central charge
c=1

We demonstrate the concept of symmetry “gauging” [THF15a, BBCW19a] by constructing

the Abelian orbifold bFQH states

SU(2)1
Zy

SU(8); = (B (3.92)

U(l)g = 7

These are the simplest examples originating from the Zy symmetry that flips the signs of the
eight non-local Dirac fermions, d; — —d;. It is an internal symmetry because all local opera-
tors, including the WZW currents in Eg and any of its subalgebras, are unchanged under the
symmetry. In §3.3.1, we constructed the SU(2); and (E7); bFQH states. The correspond-
ing WZW theories contain U(1)s and SU(8); as subalgebras. Together, U(1)s x SU(8)1
conformally splits (Eg);. The two sectors can be gapped within a wire or in between wires

by sine-Gordon potentials or current backscattering interactions. However, the coupled-wire
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models constructed this way do not carry the U(1)g and SU(8); topological orders. This is
because both subalgebras carry spin-1 bosonic primary field sectors that are local integral
combinations of electrons. These spin-1 local fields “anyon condense” [BS09, Burl8] and
then extend the WZW algebras from U(1)g to SU(2); and from SU(8); to (E7);. Therefore,

the bFQH states still carry the SU(2); and (E7); topological order.

Here, we will construct U(1)g and SU(8); bFQH states by designing a conformal embedding
U(l)s x SU(8); C (FEg); that cannot be extended to SU(2); x (E7); without violating
electron locality. The spin-1 bosonic primary fields will be non-local and therefore will not
be able to “anyon condense.” These bosons will be odd under the Zs symmetry and will
be identified as Zs gauge charges. Deconfined gauge fluxes will emerge in the topological

phases as anyons that exhibit 7 monodromy with the gauge charges.

We begin by defining a mixed set of non-local Dirac fermions. Starting with d; ~ %,
j=1,...,8,in (3.27), we consider the following basis transformation of the Cartan-Weyl
bosonized variables

3 _ 13

Goio1 = o1, du=5 Y (Ha)] pou (3.93)

2
=1

where [ = 1,2,3,4 and Hy is the Hadarmard matrix (3.89). The new bosonized variables
(]3 are still described by the same free theory (3.30) as the old ones, and obey the same
equal-time commutation relations [&;‘-(x),@ng,/(x) = 270677 §;510(x — x'). However, the
basis transformation is not a Weyl group symmetry in Aut(Eg). Not all Eg root vectors « in

Ap, correspond to local vertex operators €i®’%; Tn particular, the Zs gauge transformation
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¢j = ¢; +m (ie., dj - —dj), for all j = 1,...,8, now only alters the signs of the new

fermions d; = eidi (—1)?d; with odd indices because

Lo : bj — ¢ +7g;, (3.94)

for gj—1,..8 = (1,2,1,0,1,0,1,0). Operators such as didy ~ ei(@172) are no longer local
because they are odd under Zs. A root operator €i®’%; is a local integral electronic com-
bination only when « has even product with g, i.e., o/ g; = 0 mod 2. There are 112 such
even root vectors, and they form a root system for SO(16). We caution that the SO(16);
algebra generated by these local roots is a sub-algebra sitting inside the (Eg);. One of the
spinor sectors of the SO(16); contains local fields that extend SO(16); back to the original
(E3)1. Consequently, a coupled-wire model that back-scatters the SO(16); between wires
would still belong in the (Eg); phase with trivial topological order. On the other hand,
if the SO(16); is split by some conformal embedding G4 x G C SO(16);, which we are
going to perform in this subsection, the coupled-wire models of G4 and Gg may exhibit an

orbifold structure in which a deconfined Zs gauge theory emerges.

First, we consider the SU(2) x E7 algebra by replacing ¢ in §3.3.1 by the mixed variables QNS
defined in (3.93). Since ¢ and ¢ are described by the same Lagrangian density, the SU(2)
and FE7 currents still obey the same OPEs. However, only the root operators that are
invariant under Zs are local. The Zs even current operators span the U(1)g and SU(8);
subalgebras of SU(2); and (E7)1, respectively. To see this, we begin with the substitution

¢ — ¢ in the SU(2); currents in (3.67). While the Cartan generator Hy = dx(d1 — ¢2)/v/2
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is even under (3.94), the raising and lowering operators,

ET = eii({)l—ég) — eii[¢1*(¢2+¢4+¢6+¢8)/2]7 (3.95)

are Zo odd and no longer local. Instead, the primitive local bosons are eﬁi(él_&?), which
have spin 4. It generates the U(1)s CFT, which we will later identify as the SU(2)1/Zs

orbifold.

Performing the same substitution ¢ — ¢ for the (F7); currents in (3.70), the Zy symmetric
root operators ¢i%’%; are associated with the even root vectors su(g) that form the root

system,

Asys) = {a € Ap, : alg; =0 mod 2}. (3.96)

A set of simple root vectors a;—1, . 7 can be chosen to be the rows of the rectangular matrix,

1 1
DT
Asye) = | ~1/2-1/2-1/2 1/12 ~1/2 1/12 12172 | . (3.97)
- 1 -1
1 -1
The scalar products,
s
Kp'® = oy ap =200 — 810 — G, (3.98)

W
are the entries of the Cartan matrix of SU(8). The local roots e'*sU ®% and the Cartan

generators Hy = 8X(<z~51 + <z~52)/\/§, Hy = &453, .., Hy = 8X<;~58 span the SU(8); WZW algebra.
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We will identify this CFT with the (F7)1/Z2 orbifold after constructing the coupled-wire

models.

Like all models in this paper, the Hamiltonian begins with Hg + ’Hf;tra that reduces the
electron wires to counter-propagating pairs of Eg CFTs (see (3.11), (3.22) and (3.42)).
Ignoring the gapped integrated fermions f,—1 2 3, the free theory is described by (3.30). Since
the basis transformation (3.93) is orthogonal, the form of the free Lagrangian density (3.30)
is unchanged under the substitution ¢ — ¢. Using the splitting U(1)s x SU(8); C (Ezg)1,

the two decoupled sectors can be gapped by backscattering interactions in different sectors.

To construct the U(1)g state, the interactions are

7
SU(8)1 __ R L J
Hintra = Uintra Z Hl,yHl,y - Z COs (aSU(B) eyvj) )
=1 asU(s) (3.99)

ULs _ R L / U(1)s
Hinter - uinterHO,yHO,y-‘rl — Ujnter COS 29y+1/2 )

where ng(rll)/82 = &51 - qgfg — @5“71 + 455“2 and 6, ; = éf’j — qBZ’L,J The intra-wire SU(8);
current backscattering interaction is marginally relevant when wintra > 0. The sine-Gordon
potential simultaneously pins the ground state expectation values (aSU(g) - 0,) and gaps
the SU(8); sector on all wires. The inter-wire U(1)g sine-Gordon interaction back-scatters

the spin-4 local boson e*2i(1-%2) Because of its higher spin h > 1, this interaction is

only relevant when the density interaction wuinter 1S negative enough so that the Luttinger

parameter g = }323% is smaller than 1/4. Under this condition, the inter-wire sine-
Gordon interaction pins <9in11)/82> and gaps all U(1)g sector modes except the right and left

moving ones on the top and bottom boundary edges. The particle-hole conjugate SU(8);
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state can be constructed by a coupled-wire model that exchanges the inter-wire and intra-

wire backscattering roles of U(1)g and SU(8);.

Next, we justify the orbifold identifications (3.92). From §3.2, we see that electron locality
implies the large gauge invariance is ¢; = ¢; + 27r;, where r = (r1,...,7g) lives inside the
lattice R = spany(Apg,) generated by the Eg root vectors in Euclidean 8-space. This allows
the bosonized variable ¢ — ¢ that generates SU(2); (see (3.67) in §3.3.1) to be shifted
by any integer multiple of 2. The substitution ¢ — ¢ in (3.93) imposes the additional

identification:

$1— b2 =1 — do+ . (3.100)

Hence, the U(1)g bosonized variable ¢1 — by is compactified on the circle R /7Z, which has
half the circumference of the closed circle R/27Z where the SU(2); variable ¢1 — ¢ lives.
A similar distinction of compactifications applies to (E7); and SU(8);. The bosonized
variables (AE7){¢j that generate the simple roots of E; in (3.68), for [ = 1,...,7, are
left unchanged under the large gauge transformation (A E7){ b= (A E7){ ¢j + 2mny, for any
integers n;. However, with the substitution ¢ — ¢~5, the large gauge transformation rules are

modified to include

(Ap,)|d; = (Ap,)id; +, (3.101)

for all [, in addition to the ones above. Thus, while the (E7); bosonized variables (A E7){ o

are compactified on the torus R”/27Z", the new ones (AE7){&]- that generate SU(8); live
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on the torus R7/27BCC of half the size. Here, BCC is the 7-dimensional lattice containing
vectors with all integral or all half-integral entries. The new compactifications (3.100) and
(3.101) are associated with the orbifold CFTs SU(2)1/Zo and (E7)1/Zs, where Zs is the
quotient groups Z/27 and BCC/Z" that differentiate the new large gauge transformations

from the old ones.

The orbifolding of the CFTs corresponds to the gauging of anyon structures. Both the
U(1)s and the SU(8); topological states support eight Abelian anyon classes £™, for m =
—3,...,4. Their total quantum dimension is v/8, which is larger than that of SU(2); and
(E7)1 by a factor of 2, the order of the gauge group Zy. For U(1)g, the anyons correspond
to the the fractional vertex operators £™ = em(91-92)/4 of the edge CFT. They carry
spins h,, = m?/16. The spin-1 vertex £* is exactly the raising operator ET of SU(2)1;
it carries unit Zo gauge charge. For SU(8);, the anyons correspond to 8 primary field
super-selection sectors on the edge. Each super-sector is spanned by a collection of vertex
fields that irreducibly “rotate” under the SU(8); current OPE (c.f. (3.57)). They have
spins h,, = m(8 —m)/16. In particular, the super-sector £* has 70 spin-1 primary fields
that are odd under Z,. They are the Zs gauge charges and are non-local boson fields that
would extend SU(8); to (E7); had they been integral. The anyon classes in both U(1)sg

and SU (8); follow the Zg fusion rules

Em x gM = ghmtm] (3.102)
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where [n] puts n back in the range —3,...,4 by subtracting or adding an integer multiple
of 8. The anyons £ with odd index m = +1,+£3 all carry a Zs flux because of their =

monodromy with the Z, charge £4. The remaining anyons £*2

are semions with spin 1/4
for U(1)g or 3/4 for SU(8);. They have trivial monodromy with the Zs charge and therefore
have a trivial flux component. They are associated with the semions S in the un-gauged
theories SU(2); and (E7);. Each Zs gauge flux must square under fusion into a semion
instead of the trivial vacuum class. This property reflects the “non-symmorphic” nature of
the quantum Zg symmetry [THF15a] and is captured as a non-trivial element in the group

cohomology H?(Za, A) = Zs, where A = Zy = {1, S} is the fusion group of Abelian anyons

in SU(2)1 and (E7)1.

Now we present the electric responses of the U(1)g and SU(8); bFQH states. The coupled-
wire model depends on the particular choice of the eight non-local Dirac fermions in (3.27),
d;j ~ "% which are related to the local Eg simple roots by ¢'®1 = €595 for some R matrix.
The allowed charge vectors q = (gj=1,...8) of the fermions d; were presented above (3.29).
Since the U(1)g is in the ¢1 — (¢2 + ¢4 + 6 + ¢g)/2 direction, its filling number can be
deduced by the length square of the projection the q vector along this direction. The filling
number of SU(8); is the length square of the orthogonal projection. We have:

1
vu(1)s(Q) = §(2Q1 — g2 —q1— g6 — q3)%, : )
3.103

vsu(s), (@) = 16 — vy 1), (q)-

Fig.3.5 summarizes the possible filling numbers and central charges of the Abelian orbifold

U(1)s and SU(8); states. The electric charge assignments of the SU(8); WZW currents are
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summarized in Table A.7. Like the SO(2); algebra in the previous subsection, the U(1)g
algebra also does not contain any roots, and the U(1)s column in the same table counts the
electric charges +(2¢1 — g2 — g4 — g6 — ¢s) of the smallest local boson eTi(201—d2—Pa—d6—¢s)
The electric charges carried by the primary fields £™ of U(1)s and SU(8); are summarized
in Table A.8. In particular, we notice that the charge and anyon data for the U(1)s bFQH
state at v = 1/2 agrees with the strongly paired state that theoretically may occupy the

half-filled Landau level.

We observe that there are multiplicities in the charge assignments. First, primary fields
in the conjugate sectors £™ and £~ carry opposite charges. Therefore, unless the set of
primary fields’ charges within a super-selection sector £ is closed under ¢ — —g, fields in
the conjugate sector £~ must carry unequal charges. This imbalance occurs for all primary
sectors in U(1)g in all filling numbers and in most cases in SU(8);. Thus, the electric
charge assignment weakly breaks the conjugation symmetry £ <> £7™. Conversely, the
conjugation ¢; — —¢; inverts the charge for each individual primary sector and leads to
the double degeneracy of charge assignments in all filling numbers in Table A.8. The same

phenomenon was observed for the previous SU(3)1, (Eg)1, and SO(2r); states.

Second, an additional multiplicity arises for SU(8); at filling numbers 14 and 31/2. Ta-
ble A.7 shows two distinct charge patterns for the SU(8); WZW currents at each of these fill-
ings. The two states also have unequal charge assignments for their primary fields that can-
not be attributed to the conjugation symmetry. Similar degeneracy was seen for SO(10)1,
SO(12); and SO(14); at filling 16. Like the previous cases, the two SU(8); states still

belong in the same bFQH phase. When juxtaposing the two states, the shared boundary
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edge is gappable by interactions that backscatter higher spin bosons and break the SU(8)

Symimetry.

3.3.2 Non-Abelian states

We now construct non-Abelian bosonic fractional quantum Hall (bFQH) states that partially
fill the Fg state. The construction is similar to the previous examples (c.f. (3.42)) and relies
on the bipartite conformal embeddings G4 x Gg C FEg (see (3.41)). Here, the topological
states G4,p support non-Abelian quasiparticle excitations. They exhibit multi-channel
fusion rules and carry non-unit quantum dimensions, d > 1. The anyon braiding operations
do not all mutually commute. We focus on three classes of non-Abelian bFQH states: Ising,
Fibonacci, and metaplectic topological orders. The chiral CFTs on the boundary edges of
all but one of these states are affine WZW simple Lie algebras G at level 1 that are not
simply-laced. The exceptional case is the metaplectic orbifold state SO(3)y = SU(2)4 =
SU(3)1/Z2. Each long root current operator in G is an Eg root, but each short root in
G is a linear combination of multiple Eg roots. Consequently, the inter/intra-wire current
backscattering interactions (3.43) and (3.44) consist of competing sine-Gordon potentials

that collectively gap degrees of freedom carrying fractional central charges c.

The SO(2r + 1) Ising states and emergent Majorana fermions

We now construct the SO(2r + 1); bFQH states, for r = 0,1,...,7. They all carry an

Ising-like topological order [NW96, Kit06]. In the generic range for r = 1,...,6, the bFQH
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state has an edge-state theory described by the SO(2r+1) WZW theory at level 1. SO(15)
and its particle-hole conjugate the Ising CFT, which we denote by SO(1)1, require a special
treatment (because the Ising CFT is not a WZW theory) and will therefore be presented

last.

The generic construction for r =1, ..., 6 relies on the SO(2r + 1) x SO(15 — 2r) conformal
bipartition of Fg. A particular decomposition is chosen by fixing a set of non-local Dirac
fermions dj—1,..8 ~ e’ (see (3.27)) that represent the Fgs WZW CFT in each chiral sector
0 = R, L on each wire. Each Dirac fermion can be formally split into real and imaginary
Majorana components, d; = (91 + ith2;)/v/2. The SO(2r + 1); sector is generated by
the first 2r + 1 Majorana fermions t,—1 . 2,4+1. The (real) WZW algebra is spanned by the
current operators Jpq = ip1),, for 1 < p < ¢ < 2r + 1. Similarly, the SO(15 — 2r); sector

is generated by the remaining fermions ¥p—2,42 .. 16-

The (complexified) SO(2r 4+ 1); algebra can be obtained by first bosonizing the SO(2r);
subalgebra generated by 1,—1, . 2,. The Cartan generators and root operators of SO(2r);
were presented in (3.83). These operators coincide with the Cartan generators and long
root operators of SO(2r+1);. Because the SO(2r 4 1); algebra extends SO(2r)1, we must

also include the following current operators:

[Esor1)(¥)] te; 1oy 1€ (0T 0ITR) (3.104)

which pair the Majorana fermion 9,41 with one of the Dirac fermions dj—, .., or d;=1,.-',r

in SO(2r);. Each of the additional currents in (3.104), referred to as a short root operator,
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is a linear combination of two Eg root operators:

[ESO(QTJFI)(X)]:I:ej — U(FS; ) Fd2ri1(x))Fikyx | ei(:thj(x)fqﬁg,.Jrl(x)):tiij’ (3.105)

because Y41 = (dr41 + d:[ 1)/ V2. In order for the short root current backscattering
to preserve charge and momentum conservation, the two FEg roots must carry identical
charge and momentum; this ensures the linear combination transforms homogeneously.

This requires dy,1 ~ e*®"+1 to be electrically neutral and have trivial momentum:
Gr+1 = kr41 = 0. (3.106)

The conjugate SO(15 — 2r); algebra can be organized in a similar manner. It contains the
bosonized SO(14 — 2r); subalgebra, which is generated by ¢p—2,43.. 16 and is associated
with the long root vectors ago(14—2,) = e £ ey, for r +2 < j < j' <8 SO(15 - 2r);

extends SO(14 — 2r); by including the short roots

[Esoqs—2r) (X)] te; ithor 261 (B30I TR) (3.107)

forj=r+2,...,8.

The coupled-wire model of the SO(2r + 1); bFQH state follows the recipe given in (3.42).
Each 11-channel electron wire is turned into the bosonic Fg CF'T by the intra-wire backscat-
tering interaction 7 from (3.22) that gaps all odd fermion excitations. The (Eg); WZW

intra

algebra is split into SO(2r+ 1) x SO(15—2r), and the two decoupled sectors are gapped by
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inter-wire and intra-wire current backscattering interactions (3.43) and (3.44). Similar to
the SO(2r) theory (c.f. (3.85) and (3.86)), these current backscattering terms are quartic

in the fermions, as in the Gross-Neveu model [GN74, SZT16],

SO@2r+1) _ R, R L L _
Hicer = Uinter E g VypyqVyi1 p¥ys1,y forr=1,...,6
Yy 1<p<q<2r+1

r

R L
= Uinter Z Z [HSO(ZT)]%Z [HSO@T)]ZH‘LZ - Z CoSs (aSO(Qr) . 0y+1/2)

Y =1 Q50(2r)

,
R L
= 200 9 11Uy 1 2041 Z Cos (ej : 9y+1/2) )

j=1
(3.108)
Hiﬁg5_2r) = Uintra Z Z ¢£,¢£]¢£pw5q, for r = 1, e 6
Yy 2r4+2<p<q<16
i R L
= Uintra Z Z [HSO(1472T)]y’m [HSO(1472r)]y’m
o (3.109)
- Z cos (ago(14—2r) - 0y)

QSO (14—27)

8
'R L
= 20 9 oWy 9042 Z cos (e; - 0y)
Jj=r+2

. . . _ R _ L _ 4R _ L
The sine-Gordon vector variables have entries 0, /5 ; = ¢y — &y and 0y = Gy i — Oy s

forj =1,...,8. There is no sum over long roots ago(2,) = Te;te;j (go(14—2,)) Whenr =1

(r = 6) because SO(2) does not have a root system. The second line of (3.108) is identical to

SO(2r)

the inter-wire interactions H; .

encountered in (3.85). They are marginally relevant when
Uinter > 0 and simultaneously pin the ground-state expectation values <9y +1/2,j (x)> = mn;,

for j =1,...,r, where nj—; ., are either all even integers or all odd integers. Terms in the

last line of (3.108) back-scatter the short roots. At low energies, they effectively become
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the single-fermion backscattering interaction,

'
R L
— 2Uinter Z Wy or 1yt 2041 Z <COS (9y+1/2,j)>
y

J=1

= —27Uinter Z(_1)ny+1/2’ji¢£2r+1¢§+1,2r+1a (3.110)
v

which gaps the remaining Majorana fermions, and pins

(10041 ()1 9y (X)) ~ (=1)1720, (3.111)

The intra-wire interactions (3.109) similarly gaps all degrees of freedom in SO(15 — 2r);.
Together, HIOCHD yng 50152 produce a state with a finite bulk excitation energy

inter intra

gap and leave behind the gapless chiral SO(2r + 1); WZW CFT on the edge.

The SO(2r + 1); topological phase has an Ising topological order that corresponds to the
SO2r 4+ 1); WZW CFT on any boundary edge. There are three super-selection sectors of
primary fields (anyons) 1, f, and o. The fermion sector f has spin h = 1/2 and is spanned
by the 2r 4+ 1 Majorana fermions 1,1, ,41. The Ising twist field (also known as Ising

anyon) o has spin h = (2r + 1)/16. The Ising sector consists of spinor fields
RN
0 = span { oo,11 €xp 5 Zlajqu tej=1,. e =E1 2. (3.112)
]:

Here, the vertex field ¢’’%/2 is the spinor field s+ of SO(2r);. There is a m-monodromy
between this field and any of the first 2r Majorana fermions t,—1 . 2,. It corresponds

to a m-kink in (f;(x)) where the ground state expectation value jumps by an odd integer
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multiple of 7 from one side to another. The Majorana mass 2r(—1)" tipter Of 12,41 in
(3.110) therefore changes sign at the kink, and traps a Majorana zero mode at the domain
wall. This corresponds to the Ising twist field o9,41 that has a m-monodromy with 9, 1.
Since the fermion pairs 112,41 are local on any given wire in each chiral sector, the Ising
twist field o9,41 and the spinor field sy = ¢ %i/2 are confined together. 9,41 has spin
1/16 while si has spin 7/8. They add up to the total spin hy = (2r 4+ 1)/16. The three

anyon sectors have the fusion rules:

fxf=1 [fxo=0 oxo=1+Ff (3.113)

Next, we address the charge and momentum conservation of the SO(2r + 1); coupled-wire
model. The model relies on a particular set of non-local Dirac fermions d; ~ €' (see
(3.27)) that are defined using a R matrix that specifies the Eg simple roots s = iR}
in Fuclidean 8-space. Unlike the previous Abelian models, in order for d,;; to split into
Majorana components o,+1 and o-42 that back-scatter in different direction, the R-
matrix must be chosen so that d,; is electrically neutral, ie. ¢,11 = (Ril);]HqNJ =0
where the simple root electric charges ¢; were presented in (3.19). The model conserves
momentum when the electron Fermi momenta kr, are set under the projection Pﬁlj T 1if
1 <j=j"<rand 0 otherwise. This ensures (i) dz}f,j and d5 '+1,; have identical momenta for
j=1,...,r (ii) dij and dzij have identical momenta for j = r +2,...,8, and (iii) dg i1
has vanishing momentum. Since 9,1 is electrically neutral, dj—,. , are responsible for

the charge response of the chiral SO(2r+1); WZW CFT on the boundary edge. Therefore,
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the filling number is

Vso@) = D45 (3.114)
j=1

Moreover, as ¢+1 = 0 and vg, = Z?Zl q]2~ = 16, the particle-hole conjugate SO(15 — 2r)
carries the conjugate filling number vgo(15-2,) = 16 — V502, 41)- Fig. 3.4 summarizes the
possible filling numbers and central charges cgo(2r41) = (2r+1)/2 of the various SO(2r+1);

bFQH states.

The allowed electric charges g; of the non-local Dirac fermions were presented above (3.29).
With the additional charge neutral condition ¢,+; = 0, the electric charge of the WZW
currents and primary fields of SO(2r 4 1); can be read-off from their SO(2r) components.
The charge assignments are summarized in Tables A.10 and A.11. Similar to the Abelian
SO(10)1, SO(12)1, and SO(14)1, we notice that there are two distinct charge patterns
at filling v = 16 for each of SO(9);, SO(11);, SO(13); and SO(15);. The two cases
correspond to the two charge vectors q = (4,0,0,0,0,0,0,0) and (2s1, 252, 253, 254, 0,0, 0,0),
for s; = £1, of the non-local Dirac fermions. When the two states are put side by side so
that they share a boundary, the distinct WZW current charge patterns forbid all currents
to be back-scattered from one state to another without violating charge conservation. On
the other hand, there may exist alternative gapping interactions on the shared edge that
involve the backscattering of higher-spin bosons. For example, this has been seen in (3.91)

for the two SO(10); states at filling 16.
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We now present such an alternative gapping interaction on the shared edge of the two

SO(11); states at filling 16:

U =U + iup(ipl cos (oF + o5 + oF — ¢F — of + L), (3.115)

where the potential U was defined in (3.91). U gaps the SO(10); sub-sector consisting of the

. . L/R it/ B . . . . :
Dirac fermions d; 7" 5 = e*s=1-5. The last term in (3.115) is an integral electronic combi-
nation because it is proportional to the 4-body backscattering (wﬁdgdfdé%)(wfldffdfd?)
and any fermion pair from the same edge is local. The sine-Gordon variable combination
(pF + oF + pF — pk — pL + pF) takes a finite ground state expectation value in 7Z because
it can be expressed as a half-integral linear combination of the five sine-Gordon variables in
potential U defined in (3.91). Therefore, at low energies, the last term of (3.115) is effec-

tively the Majorana fermion backscattering +i)fi¢L;, which gaps the remaining Majorana

sector in SO(11);.

Similar to (3.115), alternative gapping potentials on the shared edges of the two v = 16
SO(13); states and the two v = 16 SO(15); states exist. The two SO(9); states at filling
16 are special. The SO(9); shared edge with distinct charge patterns between the left and
right WZW currents cannot be gapped while preserving charge conservation. There is no
even-body fermion backscattering involving wgf and wé; that preserves charge. However,
the shared edge is gappable under an edge reconstruction that extends SO(9); and includes
additional counter-propagating fermion channels without changing the bulk topological or-

der. For example, the R edge, consisting of %1?21,,,,797 can be extended to wfi, R w{%, wfo,
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where any fermion pair within the set is local. The shared edge can then be gapped after
extending both the L and R edges by a potential similar to (3.115). To summarize, the two
distinct charge patterns at filling 16 for each of the SO(9);, SO(11)1, SO(13); and SO(15);
state belong in the same bFQH phase. They are distinguishable only when the SO(2r 4 1)

symmetry is preserved.
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Figure 3.6: Fermion bilinears take finite ground state expectation values Wﬁ;w;ﬁ in the
(a) SO(1); and (b) SO(15); coupled-wire models. The chiral Majorana fermions in red
near the boundary edges remain gapless.

Lastly, we address the coupled-wire construction of the SO(15); and SO(1); states. Recall
that SO(1); refers to the ¢ = 1/2 Ising minimal model CFT M(4,3) [FMS12], which

consists of a single Majorana fermion. This CFT is not a WZW theory. Although SO(1); x

SO(15); still conformally embeds into (Eg)1, in the sense that the energy-momentum tensor
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decomposes Tr, = T'so(15) + Ts0(1), a coupled-wire model cannot be constructed based on
the splitting. This is because the Ising sector cannot be gapped by backscattering local
currents. Single Majorana fermion backscattering 2 within the same wire or between
wires is not local because the Majorana fermion is not an integral combination of electrons.
Here, we present an alternative construction for the SO(15); bFQH state at filling 16 and
the electrically neutral SO(1); = Ising states. They support anyon quasiparticle excitations
f and o in the bulk that follow the fusion rules (3.113). They have spins hy = 1/2 and

he =15/16 or 1/16 for SO(15); or SO(1); respectively.

The coupled-wire models are based on the same 11-channel electron wire arrays, as before.
The intra-wire backscattering Hij;tra in (3.22) gaps the three integrated fermions and leave
behind the Eg WZW CFTs on each wire. To construct the SO(1); state, the model Hamil-
tonian H[SO(1)1] = Ho +H! + Hinter + Hintra in (3.42) consists of the following inter-wire

intra

and intra-wire backscattering interactions.

R R L L
Hintra = —Uintra Z Z wy’pql}y,qu,pwy,q?

Yy 4<p<qg<l16

Hinter = —Uinter Z [¢51¢52¢5+1,1¢5+1,2
v (3.116)

2 R R L L R L R L
+ A0y 113Uy 41,10y 3y aty a1 4y 4

2R R L L R L R L
+ A0V 2Vy1 38y 1,2V 3VyaVyayi1 a¥y s 14| -

The model preserves charge and momentum conservation when (i) the R-matrix is chosen
so that the Dirac fermion dy = (v3 + i1p4)/+/2 has zero electric charge, o = (R™1)JG; =

0, and (ii) the electron Fermi momenta kr, are set by the projection Pf‘j/ =1if j =
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7" =1 and 0 otherwise. Hintra contains local SO(13); current backscattering terms that

collectively gap the fermions 14 16 within a wire. At low-energy, fermion pairs iwfjp yL,p,
for p = 4,...,16, can be replaced by their ground state (mean-field) expectation values

<i¢£p¢yL7p> = (—1)%v/A. Here, the sign is uniform and independent from p, and A is some

finite positive scalar with units of length.

The inter-wire interactions Hinter are a combination of products of local fermion pairs

g g

oy - The two 4-body terms in (3.116) consist of products of the form:

WE R W8 gl )k vk D(Wlswky), (3.117)

for » = 1,2, where the two fermions in each parentheses have the same wire and chiral
labels and thus the pair is a local integral combination of electrons. The scalar A\g has units
of length so that the two 4-body terms share the same dimension as the two-body one.
Although the 4-body terms are by themselves irrelevant, they become marginally relevant
when uinter > 0 in the presence of Hintra. This is because, at low-energy, the fermion

bilinears wfwf take finite expectation values, and in the mean-field approximation, Hinter
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becomes the two-body interaction,

L-1

_ R L L
Hlnter = —Uinter [ y,l¢y,2¢y+1,1¢y+1,2
y=1

2R /R L L ;R L \/ R L
+ A0V 1 V41,300 1,1 Vy 3 (Vyatby a) (Vg1 a¥yi1,4)

‘1’)\(2)1/} 2¢y+1 3¢y+1,2¢i3<¢§4¢i4><¢5+1,4¢5+1,4>}
L-1

R R L L
—Uinter Z [1/1%17/)3,,2 ¢y+1,1¢y+1,2

y=1

I+sy+ L
+(=1) sy 20 ¢y,1%+13¢y+1,1¢y,3

(3.118)

)\
T8+ 0., R R L L
+(=1)" Sy“p%z%ﬂg%ﬂg%,:ﬂ

It is crucial to recognize that the last two terms in H™ are not local because the four

inter
fermions in each term all have different wire and chirality indices. Therefore, Hmter
not be directly used in the electron-based coupled-wire model, and instead has to orig-
inate from the full many-body interactions in (3.116). The signs (—1)!T$v*Sv+1 depend
on the ground states of Hintra. When (—1)1TsvFsu+1)2/X\2 = 1 the mean-field Hamil-
tonian is identical to the current backscattering Hmter = uinterJIS%O(g)l "]50(3)17 where
the R-chiral (L-chiral) SO(3); currents are generated by fermion pairs within the chi-
ral set ¢£1a¢£27¢5+1,3 (resp. ¢5+171,w?§+172,w;3). It gaps the three counter-propagating

pairs of Majorana fermions. In general, by bosonizing (LZJ&I + Z'ﬂ)ij) /N2 ~ 91 and

(1115_5_171 + i¢5+1’2)/\/§ ~ eid)éﬂ’l, the mean-field Hamiltonian (3.118) can be expressed as

R L
Hlnter Uinter Z [8X¢y,1axd)y+17l

v (3.119)
2

A
1 0. R L
_ (_1) +Sy+Sy+1 szy—&-l,iﬂpyﬁ Cos 0y+1/2,1] ’
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where 0, 1/01 = QSZIfl - <Z>5+1,1. Similar to (3.110), in order to minimize the energy (3.119),
the sine-Gordon angle parameter and Majorana mass must have correlated ground state
expectation values:

<9y+1/2,1(x)> = TMy41/2,
(3.120)

<i¢f+1’3(x)¢£3(x)> ~ (=1)Mvrrz,

where m, /5 is an integer. The sine-Gordon term fixes the same sign (—1)™v+1/2 for

<i¢£1'¢g§:1> and <i¢£2¢g§,2>-

We now see that Hinter + Hintra gaps all bulk Majorana fermions in a closed torus geometry.
On the other hand, in an open geometry with boundary edges at y = 1 and y = L, the
sum of wires in Hinter only runs over y = 1,...,L — 1. There remains gapless Majorana
fermions 1%:1,17 wz§:172’ 1/15:173 on the bottom edge and ¢5:L71, wé%:L,Z’ w5=L,3 on the top
edge as indicated in Fig. 3.6(a). At neutral filling ¥ = 0 when the Dirac fermion dj ; =
(11)571 + 2@0;2)/\/5 is electrically neutral, the edge states are unstable to the local edge
perturbation,

Uedges = —U¢£3¢E4¢1L,2¢1L,4 - U¢E3¢E4wﬁ2¢ﬁ4 (3.121)
121

R L R L R L R L
— uhy 31 2 (V1 a1 a) + w3V o (VAW 4)-
The pair W?fz;%i 4) takes finite ground state expectation values from Hintra. Uedges intro-
duces a Majorana mass for ¢ and 13 on the top and bottom edges. This leaves behind
the single chiral Ising CF'T SO(1); on the boundaries, generated by the lone @byL:Ll on the

bottom edge and 1/)55:'_ , on the top edge.
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On the other hand, at non-zero fillings v = 1,4,9,16 when dy y carries electric charge ¢1 =
+1,+2, +3, +4 respectively, (3.121) does not preserve charge conservation. The edge CFT
U(1)4 x Ising—consisting of the charge carrying forward moving dy = (11 +1itp2)/V2 ~ €1
and neutral backward moving 13—cannot be reduced. The fermions 1,2 and g differs
from each other by local bosons (up to the ground state expectation value (¥F)) and
belong to the same fermion anyon class f. The spinor fields e**1/2 (spin 1/8) and the Ising
twist field &3 (spin —1/16) of 93 are confined together and can only appear simultaneously.
The combinations belong in the Ising anyon class o, which has spin h, =1/8—1/16 = 1/16.
This recovers the SO(1); topological order. Unlike the electrically neutral case, the super-
selection sectors f and ¢ now each contain a collection of fields with mixed chirality and
electric charges, Q = {#q1,0} and Q; = {£qy/2}. These charged SO(1); bFQH states

are not included in Figs. 3.1, 3.4 and Tables A.10, A.11.

Moving on to the construction of the SO(15); bFQH state, we apply the particle-hole
conjugation on the SO(1); state by shifting the wire and chiral labels in the Hamilto-
nian (3.116) from ¢, — ¢ and ff, — [t . The model Hamiltonian H[SO(15);] =

Ho—i-?-[f +Hinter +Hintra consists of the following shifted inter-wire and intra-wire backscat-

intra

184



tering terms (see also Fig. 3.6(b)):

Hintra + Hinter

_ L L R R
__“Z Z ¢y+1,p¢y+l,q¢y,p¢y,q

Yy 4<p<q<16

B “Z [w£1¢i2¢51¢£2 (3.122)
y

2, L L R R L R L R
+ Aowy—‘,—l,1wy+2,3¢y+1,1¢y,3wy+1,4wy74¢)y+2,4’¢y+1,4

2L L R R L R L R
+ )\Oqz)y—&—l,Q¢y+2,3wy-i-l,2'¢y,3wy+174wy74¢y+2,4¢y+1,4 .

The model preserves charge and momentum conservation. Using a similar mean-field analy-
sis as in (3.118), the model gaps all fermions in the bulk but leaves behind gapless Majorana
fermions on the boundary. Since the model involves second nearest wire interactions, the
Majorana fermions that remain gapless near the bottom edge are ¢§:1’p:17m’16, ¢yR=1,p=1,27
and 1/15:27},:3. Two pairs of Majoranan fermions can further be gapped by the edge potential

at y = 1:

uedge = Uaxﬁb{%axﬁb% — ' cos [2 (QZ){?‘ — Qb%)] , (3.123)

30

0= S0 that the sine-Gordon potential

for a sufficiently strong “repulsive” interaction u < —

is relevant. There remains 15 chiral Majoranan fermions 1/)75:1 p=3,..16 and ¢yL:2 p3 (see

Fig. 3.6(b)). They generate the chiral SO(15); WZW CFT on the edge. All 15 fermion fields

L

belong to the same anyon class f. For instance, ¥,_; ,

and ¢yL:2’3 differ from each other by
local bosons and ground state expectation values <¢§:2’4¢§:1’4). The Ising twist fields of

each of the 15 fermions must appear simultaneously due to electron locality. Therefore, the
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bFQH state carries the SO(15); topological order. Although the possible filling numbers
of the SO(15); bFQH models are v = 16,15,12,7,0, depending on the electric charge
q1 = 0,1,2,3,4 of the Dirac fermion d; = (11 + i1)2)/v/2, we only include the filling 16 case
in Figs. 3.1, 3.4 and Tables A.10, A.11. This is because it is the only bFQH state that is

particle-hole conjugate to the neutral v = 0 SO(1); Ising state.

The (G5 and F; Fibonacci states

We now construct bosonic fractional quantum Hall (bFQH) states with Fibonacci topolog-
ical order. These phases support Fibonacci anyon excitations [RR99, SB01]. The gapless
edge modes are described by either the Go or Fy WZW CFT at level 1. These states were
first constructed by the coupled-wire approach in Ref. [LQHT19] at filling v = 8. We begin
by briefly reviewing this construction. Then, we present the following newly-discovered
properties of these (and related) Fibonacci states: (i) the explicit charge assignments of the
G2 and Fy currents and Fibonacci primary fields, (ii) the new Fibonacci states at filling
v = 0 and 16, and (iii) the realization of bulk Fibonacci anyons using an open string of

local boson operators.

The coupled-wire models begin with the embedding of the (G2); and (Fy); WZW subalge-
bras in (Es);. With the help of the 8 non-local fermions d; ~ €% that represent the Eg

(see (3.27)), the embedding makes use of the “parafermion” decomposition of the current
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algebra [Gep87],

(Gg)l ~ SU(3)1 X Zg, (3.124)

where “Z3” stands for the Zg parafermion CFT [ZF85] with central charge ¢ = 4/5. G2
has 2 Cartan generators, 6 long roots, and 6 short roots. The Cartan generators and
long roots of G2 coincide with those of SU(3);, presented in (3.47) and (3.48) in §3.3.1.
The (G2); WZW algebra extends SU(3); by the Zg parafermion CFT, which is the coset
SU(2)3/U(1)¢ (or equivalently, (G2)1/SU(3)1). The Zs parafermion primary field ¥ and
its hermitian conjugate W' carry spin h = 2/3 and obey the 3-nilpotent fusion rule. The
latter means that U3 = (¥1)3 = U x U = 1 belong in the trivial primary sector of local

fields. The parafermion field can be chosen to be the linear combination of vertex operators

U — — e~ 2(b1+d2+03)/3 + 2¢i(@1+d2+63)/3 iy 4 (3.125)

Sl

for each wire y and chiral sector ¢ = R, L. The coefficients of the linear combination are

chosen so that, the parafermion fields obey the OPE

qz(z)w(w):m 1+g(z—w)2TZ3(w) b
U (2)U(w) = (22_/;{?2/3@(@0) +..., (3.126)

where T7,(z) is the energy-momentum tensor of the Zs parafermion CFT. The 6 short

roots of (Gg); are the decoupled products £1¥ and £U', where £ is the SU(3); primary
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field triplet defined in (3.56). We choose the positive short roots to be

[Eg,)1 = e_i(¢1+¢2_2¢3)/3\11,
[Eq,]2 = e*i(¢1*2¢2+¢3)/3\117 (3.127)

[Ec,)s = ei(—201+a+¢3)/3 T

The negative short roots are the Hermitian conjugates of the positive ones. These operators
have spin h = hg + hg = 1/3+2/3 = 1, appropriate for a boson. Moreover, each of them is
a linear combination of three Eg roots and therefore is an even integral combination of local
electrons. The locality of the G short roots means the bosonic pairs E¥T and £1W in the
tensor product (3.124) are “anyon condensed” [BS09, Burl8]. Together with the SU(3);
currents, they span the closed Go WZW algebra at level 1. In the coupled-wire model, in
order for the short root current backscattering to conserve charge and momentum, all three
vertex operator components of each short root must have identical charge and x-momentum.
This requires didaods ~ e“@17¢2+63) and dy ~ €% to both have zero charge and vanishing

momentum.

We define the (Fy); WZW subalgebra as the complement subalgebra of (G2); in (Eg);. The
(F1)1 WZW algebra has 4 Cartan generators, 24 long roots, and 24 short roots. It is an

extension of SO(9)1,

(F4)1 ~ M(5,4> X 50(9)1, (3128)
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where M(5,4) is the tricritical Ising CFT [FMS12] with central charge ¢ = 7/10. Here, we
have taken SO(9); to be generated by s, ..., 1Y16. (F4)1 contains the simply-laced algebra
SO(8)1, which is generated by dj—s5..g = (12;-1 + i¢2j)/\/§ ~ €958 The 4 Cartan
generators of (Fy); are those of SO(8)1: [Hf,|; = Ox¢ayi, for I =1,...,4. The 24 long roots

of (Fy)1 are the SO(8); roots:

Ep, (x)]a = ¢'@s0(s) (P()+hkx) 3.129
4 SO(8)

where the long root vectors are cegpo(s) = {£(ei+e;) : 5 <i < j <8} and ¢ = (¢5,...,¢s).

Majorana fermions 13 and 14, respectively [LQHT19]:

[Er, (X)) = g (x)eF @Gtk 5 —q g,

[Er, ()]ey = ths (x) e (@ars () Hhars)/2. (3.130)

where €. = 1 or —1 and H?:1 e). = +1. The 8 short roots in the first line of (3.130) are
the short roots of SO(9); (c.f. (3.104) in section 3.3.2). The remaining 16 short roots in

the second line extend SO(9); to (F4)1. The Majorana fermions ¢4 are

1 .
be= LG brtosEon)/2 | p o (3.131)

where w; = €7/ and w_ = e/, The Fj short roots are linear combinations of Eg roots.

In the coupled-wire model, the current backscattering conserves charge and momentum
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when all vertex components in a given short root have identical charge and momentum.
Like the G5 case, this condition is satisfied when djdads and d4 both have vanishing charge

and momentum.

The fermions v4 are clearly decoupled from SO(8); because they involve disjoint sets of
bosonized variables. Moreover, 1+ are also decoupled from SU(3);, which is generated by
the traceless combinations ¢ — ¢2, g2 — ¢3 and ¢3 — ¢; that have non-singular correlations
with ¢1 4+ ¢2 + ¢3. The phases w. are chosen so that the OPE ¥(2)¢4 (w) and ¥ (2)y+(w)
with the Zgs parafermion ¥ in (3.125) are non-singular. This ensures the (G2); and (Fy);
currents have non-singular mutual OPE. It is essential to recognize that, although g, ¥+
each has self-fermionic statistics and obeys the 2-nilpotent fusion rules, w% =3 =1, the
three fermions have mutual semionic statistics due to the cross fusion rule, ¥g x 14 = 9,
that is due to the OPE, vg(2)1+(w) ~ (2 — w) Y%z (w) + . ... The short roots [Ex,]e, in

(3.130) can be decomposed in terms of primary fields in M(5,4) and SO(9);:

[Eres ~ [176] ® [196} N (3.132)

[7/16] is the primary field with spin h = 7/16 at position (7, s) = (2, 1) on the conformal grid
of the tricritical Ising CFT M(5,4) [FMS12]. [9/16]c, is the spinor field oo, = agei€i¢4+j/2
with spin A = 9/16 in SO(9)1, where og is the Ising twist field associated to 5. The
locality of [Ef,]e, means the bosonic pairs (3.132) in the tensor product (3.128) are “anyon

condensed” [BS09, Burl§].
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Having defined the WZW algebra embedding (G2)1 x (F1)1 C (Es)1, we are ready to review

the coupled-wire construction of the Fibonacci bFQH states [LQHT19]. Following (3.42),

/

the electron-based models begin with the intra-wire backscattering H; .

of the integrated
fermions (see (3.22)). This gaps all local odd fermion degrees of freedom and leaves behind

the counter-propagating (Fg); bosons on each wire. The Fibonacci states are constructed

by back-scattering the (G2); currents and (Fy); currents in complementary ways.

For example, the (G2); model consists of the inter-wire and intra-wire interactions nger +

HE

intra*

Hitor = tinter Y Toiy - T i1, (3.133)
Y
_ 2,5U(@3) SU®3) 7, RT 1, L
= Hinter + Uinter Z (Oy+1(/2\:[ly \Ily—i-l + hC) ,
y
F
Hiptra = UWintra Z JgI/{:F4 . J?ﬁ& (3.134)
Y

S0(9 r 1 L
- Hintr(a) + Uintra Z Z [EF4]y,ei [EF4]y,ei )
Yy &+

where H2U®) and HU®) \ere defined in (3.54) and (3.109) respectively. The operator

inter inter

OSUB)

1,2 is the combination of the sine-Gordon vertex operators,

e’i(91+92—293)/3 +ei(91—292+93)/3 +€i(—291+92+93)/37

where 6; = HF

v 5“7]». It is the singlet non-chiral product Ef . EyLH/; of SU(3); primary
SU(3)

inter

fields in (3.56); it is pinned at a finite ground state expectation value under H . At low

G2

energies, the short root part of H, 7 .

is approximated by the Zs parafermion backscattering
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terms,

H?

inter

SU(3 T
— Uinter Z <Oy+1(/%> \Ijl];z \I/£+1 + h.c. (3135)
Y

This gaps the counter-propagating Zs parafermion sectors [FAT91].

50(9)

intra

Next, we focus on the Fj sector. The Gross-Neveu interaction H in (3.134) gaps the
counter-propagating SO(9); CFT on each wire (c.f. (3.109) in §3.3.2). On any given wire

1y, the non-chiral singlet combination,

S oR ol =S ofokek Ok ok, (3.136)

E4 €4

takes a finite ground state expectation value [SZT16]. Therefore, using the identification
(3.132), the backscattering terms for the remaining F short roots [Ep,]c, are approximated

at low energy by

F.
Mt = Uinra D [ <055i05*€i> al, (3.137)

Y €+

7 is the diagonal non-chiral product [7/16]%[7/16]". The field o’ is identical

where o’ = @ 7
16’16

to the (subleading) magnetization operator in the tricritical Ising model. Perturbation
by this term is known to deform the model away from its critical point into a gapped

phase [LMC91].

M2+ H

inter intra together introduce a finite excitation energy gap in the bulk of the coupled-

wire model. In an open cylinder geometry, chiral Go WZW CFTs at level 1 are left behind
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on the two boundaries. The particle-hole conjugate Fy bFQH state can be constructed
by switching the inter-wire and intra-wire backscattering patterns between G and Fjy.
Charge conservation requires didsds and d4 to be electrically neutral. Hence, the charge
vector q = (g1, ..., qs) of the 8 non-local Dirac fermions (see above (3.29)) must be further
restricted by ¢1 + g2 + g3 = g4 = 0. This forces (q1,¢2,93) = (0,0,0) or (+2,F2,0). The

filling numbers of the Fibonacci bFQH states are

3
VG, = z:q]2 =0or §,
=1
’ (3.138)

8
VR, = ZQJQ =16 — vg,.
Jj=5

The quantized thermal Hall conductances are determined by the chiral central charges of the
level 1 WZW algebras cg, = 14/5 and ¢p, = 26/5. The G2 coupled-wire model conserves
momentum along the x direction when the Fermi momenta take under the projection matrix

Py = Pgyy(3),- The same goes for the Fy model by substituting P4 = Pgo(g), = O4 @ L4.

Both G5 and F) states have Fibonacci topological order: These states support Fibonacci
anyons that follow the fusion rule 7 x7 = 147 and carry the golden ratio quantum dimension
d; = (1 ++/5)/2. The Fibonacci primary fields of the (G3); and (F;); WZW CFTs can
be found in Ref. [LQHT19]. They can be summarized as follows. The G5 Fibonacci super-

selection sector is the 7-dimensional irreducible representation of the G2 algebra spanned

193



Fl=1en e Eerd e E o)

T, el P1+02-203)/3 1 gt
ei(02+03=201)/3 gt i(P3+01-262)/3 1@ (3.139)
= span

e Ub1102=203) /31y e—id2td3—201)/3 1y

e (@3 +d1-2¢2)/3

Here, the tensor product splits each field in the Zs parafermion CFT sector and SU(3);
sector (see (3.124)). 7 is the spin 2/5 primary field in the Zs parafermion CFT. 7% and
70T are the two primary fields with spin 1/15. The vertex operators are SU(3); primary
fields in £ and ET (see (3.56)). The Fy Fibonacci super-selection sector is the 26-dimensional

irreducible representation of F) algebra spanned by

[ﬂ = ((13(1,3) & 1) ¥ ((1)(172) & f) D (‘I’(Q,Q) X U) , (3.140)

where the fields are split in the tricritical Ising sector and SO(9); sector (see (3.128)).
Here, ®(, ;) are the primary fields located at the (r,s) entry in the conformal grid of the
CFT minimal model M(5,4). ®(; 3) = T, ®(1,9) and @39y have spins 3/5, 1/10 and 3/80,
respectively. f is the SO(9); vector spanned by g and et®i=5...8. g is the SO(9); spinor
spanned by Ugeiaj‘b‘lﬂ‘, for e=1* = £, The electric charges of the fields in (3.139) and
(3.140) are completely determined by their vertex component. The charge assignments of

the G2 and Fy currents and their Fibonacci primary fields are summarized in Tables A.1

and A.2.
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We conclude this section by showing Fibonacci anyon pairs can be created in the bulk by
applying an open string S of electron operators on the ground state. This operator string
makes use of the Fg currents that lie outside of the G5 x Fj subalgebra. The Ejg algebra
has dimension 248, while Go x F; has dimension 14 +52 = 66. The complement (Gg x Fj)~+
is spanned by 182 = 7 x 26 current fields that can be decomposed into the Fibonacci pair
[7][7] from (3.139) and (3.140). The operator string is a product S = [[}2 | Of(xo)ozf(xo),
where O is a current operator in (G x Fy)*. For example, we take O = 0, (¢1 + ¢2 + ¢3).
This operator is a SU(3)1 x SO(9); singlet and has trivial OPE with the SU(3); and SO(9);
currents. Therefore, it splits into the product O ~ 77, where 7 is the primary field with
spin 2/5 in the Z3 parafermion CFT and 7 = ®(; 3) is the primary field with spin 3/5 in

the tricritical Ising CFT. The string operator becomes

S~ ] = x0) 7 (x0) 7 (x0) 7 (x0)- (3.141)
Yy=y1

To demonstrate this, we will now apply this operator to the ground state of the G5 model.
(The F; model has a similar structure.) The inter-wire Zs parafermion backscattering in-
teraction (3.135) introduces the finite ground state expectation value (Tf(xo)TyLH(xo)). At

the same time, the intra-wire ¢’ = ® interaction in (3.137) pins the ground state expec-

11
16’16
tation value <7‘f(x0)7_'; (x0)). To see this, we use the effective Landau-Ginzburg description
of minimal CFT models [FMS12]:
1
Lop = (VO)? + V(o). (3.142)
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The relevant minimal models here are the tricritical Ising model M(5,4) with

V(®) = % — \307, (3.143)

and the 3-state Potts model M(6,5) with

V(d) = &8 — 205, (3.144)

When A3 6 = 0, the models are at their conformal critical points. The A3 term in (3.143) de-
forms the tricritical Ising model by the subleading magnetization operator 3 ~ ¢/ = ® .z
that appears in (3.137). (Here, “subleading” means that ¢’ is the next-most-relevant, in the
renormalization group sense, magnetization operator of the tricritical Ising model [FMS12].
A similar definition of “subleading” applies below.) For nonzero A3 > 0, the Landau-
Ginzburg variable takes a nonzero ground state expectation value, and consequently, so too
does the (tricritical Ising) subleading thermal operator (®4) ~ (&'} = <<I>§%> = (7R7L). The
— yRigL

A8 term in (3.144) corresponds to the Zz parafermion backscattering ®5 ~ @,
3

[MIN]

n (3.135). It pins the Landau-Ginzburg field and introduces the finite ground state expec-

tation value for the (3-state Potts) thermal operator (&%) ~ (g) = (@3 2) = (rF7L).
5

2
5

)

By replacing T, y oy +1 and ff?y’: by scalar ground state expectation values, the operator

string S in (3.141) at low energy becomes

y2—1
S — 7';2(x0)7'?f1 (x0) X H <T y+1 (x0) H <7’ X0)T, >
Yy=y1 Yy=y1
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The Fibonacci field operators T£ (xo)TyL1 (x0) create a pair of gapped excitations, one between

yo and yo + 1 and another between y; — 1 and y;.

The SU(2), and Sp(8); metaplectic states

We construct the non-Abelian orbifold bFQH states

su@n =001 s, = !

E¢)1
Lig

(3.145)

by gauging the Zg outer automorphism symmetry of SU(3); and (Eg);. The concepts of
orbifolding and gauging were introduced in the contexts of CFTs [DHVW85, DHVWS6,
Gin88, DVV88, MS89, CRTR17] and topological field theories [BBCW19a, THF15a]. In
§3.3.1, we discussed the Abelian orbifold bFHQ states, U(1)s = SU(2)1/Zy and SU(8); =
(E7)1/Z2, where the Zs symmetry is an inner automorphism that does not alter the anyon
classes of SU(2); and (E7);. In contrast, the Zy symmetry in SU(3); and (Eg); in (3.145)
is an outer automorphism [TKV16, Teol6] that conjugates the anyon classes £ <+ £T. When
such a symmetry is gauged, the topological phase is promoted to a non-Abelian orbifold
phase, referred to as a twist liquid [THF15a]. The edge-state theory of a twist liquid is an
orbifold CFT. Ref. [TH23] considered the coupled-wire construction of non-Abelian dihedral
twist liquids, such as the SU(2)y = SO(3)2 = SU(3)1/Z; states. Here, we study bFQH

symplectic Sp(8)1 and SU(2)4 states that arise from the Eg state.

The origin of the Zs symmetry is the internal gauge symmetry in the non-local Dirac fermion

presentation (3.27) of the Fg state. The symmetry, for any give wire y and chiral sector
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o = R, L, flips the signs of all eight non-local Dirac fermions, d; — —d;, through a shift
of the bosonized variables ¢; — ¢; + m. All local operators must be even under this Zs
symmetry. This includes, in particular, all Eg current operators. In (3.93) (see section 3.3.1),
we defined a new set of bosonized variables ¢~52l—1 = ¢o_1, QNSQZ = (H4)§/ ¢ar /2, where Hy
is the Hadamard matrix (3.89). These bosons were associated with the non-local Dirac
fermions Jj = (1;2]-_1 + iz/?gj) /2 ~ ¢i%5 that transformed according to the Zo symmetry as

dj — (1) d;. Here, in addition, we assume that fermions d; 23 4 carry zero electric charge

and zero x-momentum. This allows us to introduce a different basis of fermions:

J:%—Hﬂ;l J:@H—i%
1 \/§ ) 2 \/5 ;
gy = L1t is g Vst s (3.146)

V2o v2
J5 :Jf)a Jﬁ :J77 J7:J(57 J8 :J8'

These fermions are bosonized as Jj ~ €% . The local Zy symmetry acts as follows:

B 4 B B
di234 = djos4, P1234 = —01234,

2Ly : dsg = —ds 6, D56 — P56+ T, (3.147)

drg — drg, @78 — @P738.

We now revisit the SU(3); and (Fg); WZW algebras (studied in §3.3.1) to show how the
SU(2)4 and Sp(8); symmetries arise. These algebras are generated by current operators
axgi_)j and ei"‘ja’j, obtained from those in §3.3.1 by replacing the bosonized variables ¢; — gz_Sj.

Not all current operators are local because they may not be even under the internal Zo
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symmetry (3.147). For example, the Cartan generators 8&1,2,374 are now odd under Zo
and therefore are not local integral combinations of electrons. The local (Eg); currents
constructed by electrons are still the original ones associated with the old bosonized variables
¢j. The local sub-algebras of SU(3); and (Es);—consisting of current operators that are
even under the internal Zg symmetry and lie inside the local (Eg); algebra—are SU(2)4 and
Sp(8)1, respectively. To see this, we start with the SU(3); algebra, which is generated by
Hi = O (¢ —<;32)/\/§, Hy = 8X(c131+g52—2g53)/\/6, and the roots eti(®a—=%) for 1 <a<b<3.
Its Zsy even sub-algebra is spanned by J; = 2v/2 cos (g?)g . (133), Jo = 2v/2 cos ((;Eg . (51), and

J3 = 2v/2 cos ((;31 - (52) J12,3 obey the SU(2)4 current OPE,

44, IV 2€abc
b +Z\fEch(w)

(z—w)?2  z—w

Ja(Z)Jb(w) =

., (3.148)

where €. is the Levi-Civita symbol for a,b,c = 1,2,3, and the coefficient of the most

singular term specifies the level k = 4 of the SU(2) WZW algebra.

Next, we consider the (Fg); algebra. Among its Cartan generators H, = yg'aquj, only
8Xg55,6,778 are even under the Zy symmetry (3.147). In addition, there are 32 root operator

combinations of Fg that are even under the Zs. They are

6ﬂti(¢7)5+<2756)7 eii@s*&e)’ eii(¢§7+¢;8)7 6ﬂti(¢7)7*<2758)7

+id +id +id +id
X0e= 7, xoe 1 noeti9s netivs,

(3.149)

8 0 )
npeli=sxi/2 if el = €8,

S8 g ,
Xpel T2l if b — G
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where 5{?5’6’7’8 = +1 with H§:5 g%, = +1. The Majorana fermions are

X0 = V2cosds, 19 = V2sin b,
X+ = V2cos [(d1 + d2 + b3 £ ¢a) /2] , (3.150)

ne = V2sin [(¢1 + d2 + b3 + d4) /2] .

While xo,+ and 79+ have neutral charge and zero momentum, (Z5’677’8 ~ %5678 can carry
charge and momentum, in general. Thus, qgj in the vertex components in (3.149) are really
abbreviations for ¢;(x) + k;x for j = 5,6,7,8. The root operators (3.149) can be put in a

more familiar form using the basis transformation,

X, 1 1 0 01 [¢s

X 111 =10 0] ss1)

X3 0 0 1 1 ¢7

X4 0 0 1 —1) \¢s

after which these operators become

e:thXl’e:tQ’LXQ’ €i22X3, e:thX47

+i(X3+Xy) X1+£X5)
)

Xxoe 7770€ﬂ(

(3.152)

+i(X1£X3) i(XotX4)

+
n+e y X+€ )

p_eFX1EXe) o Fi(XoEXs)
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The Zo symmetry acts as

X1 —>X1+m, Xoza— Xosa,
o : (3.153)

X+ =7 X+, N+ —7 7N+

The vertex components €' X1 are associated with the root vectors o = (al,a?, a3, a*) of
Cy = Sp(8). The operators in the first line of (3.152) corresponds to the 8 long roots,
o = +2eq 234 of length 2. The remaining operators in (3.152) correspond to the 24 short
roots, a = +e; + ey with length /2, for 1 < [ < I’ < 4. Together with the 4 Cartan

generators, H; = /20, X}, these operators span the Sp(8) WZW current algebra at level 1.

The coupled-wire models of the SU(2)4 and Sp(8); states follow the general strategy in
(3.42). The models begin with the intra-wire backscattering Hij;tra of the integrated fermions

(see (3.22)). The remaining counter-propagating modes of the (Eg); CFT on each wire

are gapped by backscattering the SU(2), and Sp(8); currents in opposite directions. For
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example, for the Sp(8); bFQH model, the backscattering interactions are the sum of

Hlsr'l[éa —Uintra Z Z COS (Z) Q_Sfb) Cos (555(1 - éﬁb)

Yy 1<a<b<3

(3.154)
= —Lirgra Z Z (cos 6, + cos %),
y 1<a<b<3
< 4 4
8 —y+1/2
Hini)fer)l = Uinter Z { Z H£IH5+1,Z -2 Z COS (2 y+1/ )
y Ui=1 =1
12 | mytl/2
2my 077y+1 0 Z cos (:ﬁ' / =5 / )
=y+1/2 | cutl/2
—QZXyOXy_HOZCOS(: / y />
SUH/2 | )2
- 2my +ny+1 " Z cos (:‘11’ / =H / ) (3.155)
SUH/2 | ot/
2zxy+xy+1+Zcos (: / y / >
=12 | mutl/2
—2@77y 77y+1_ZCOS(D / y /)
SytLl/2 | mutl)2
—2zxy XyH,Zcos(: / y />},
where 0, = of, — o8 — oL + o = ot — ol + oL and 2VT? = XE _ xL
ab = Fya ya ybr P ya ya yb7 Yl y+1L.l

The gapping of the SU(2)y = SO(3)y sector by current backscattering was shown in

Ref. [TH23]. The interaction (3.154) fixes the finite ground state expectation values,

sy = (sin (¢yr, — o1y sin (P, — L)), (3.156)

for 1 < a < b < 3, where S,, = sin (qga — &b) are non-local spin-1 primary fields that are

odd under the Zy symmetry and thus carry a non-trivial Zs gauge charge. Applying the Zo
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symmetry to one of the two chiral sectors produces a new ground state and flips the sign

of s,. Depending on the sign of the expectation value s,, either ng or gozb is pinned.

sy>0: (cosh”) >0, (cose?)=0, 5157

sy <0: (cos0”) =0, (cosp?)>0.

We now explain the gapping of the Sp(8); sector. The first line of (3.155) introduces

the finite ground state expectation values <E§/+1/ 2> = wni’ﬂ/ 2, where nlyH/ % is an integer.

Subsequently, the second line of (3.155) is approximately proportional to

(R L R L TR 7L
! (X%OX?;H,O + Sy+1/2’7y,077y+1,0) = 2cos (%,4 - 5y+1/2¢y+1,4) ) (3.158)

where the sign is

1/2 1/2
niﬁr / +ng+ / +ng+l/2+nz+1/2 o

Syi1/2 = (1) = +1. (3.159)

The terms in the second line therefore pin either 47/ = OBy — ok, or QU2 = oF, +

q% t14- The Zy symmetry, say in the R sector on wire y, shifts Xfl — X?fl + 7, while

1/2
r

leaving X gfl=2,3, 4 unchanged. Therefore, it produces a new ground state, changes n

n:llﬁl/ 24 1, and switches the sign s, /5. Similarly, depending on the sign s, /o, the last
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two lines of (3.155) at low energies become

. R L R L
t (Xydtxy—s-l,i + 3y+1/277y,i77y+1¢)

— 2cos (9%’;31/2 + <9§f+1/2> /2) (3.160)

or 2cos (9031/;31/2 + <<,OZ+1/2> /2) ,

+1/2 3 (4 y +1/2 3 /7 -
where 9‘11’23 /2 = Yot ((bf,a - ¢5+1,a) /2 and 80?1423/ =2 a=1 (qzbia + ¢5+1,a) /2

The coupled-wire model (3.154) and (3.155) describes a bFHQ state with Sp(8); topological
order. Recall that the model construction assumes 6251677’8 are the only Dirac fermions that
carry electric charge. They are responsible for the charge response of the entire Eg sector.
Since 625’6,7’8 are all within the Sp(8); sector and are decoupled from the SU(2)4 sector, the
Sp(8)1 bFQH state must have the same filling number as the full Eg state, vgys), = 16.
The central charge of the Sp(8); CFT is identical to its parents state (Eg);. Therefore,
csp(s); = 6. The intra-wire and inter-wire current backscattering interactions (3.154) and
(3.155) preserve charge and momentum conservation when the Dirac fermions J1,27374 have

vanishing electric charge and x-momentum.

The coupled-wire model for the particle-hole conjugate state with SU(2)4 topological order
can be constructed by reversing the intra-wire and inter-wire backscattering patterns of
(3.154) and (3.155). It has trivial filling vgg;(2), = 0 because the SU(2)4 sector is electrically

neutral. The chiral central charge is cg/(2), = 3 and is the same as its parent CFT SU(3);.

We now discuss the primary fields and anyon excitations of the Sp(8); and SU(2)4 theory.

We first present the primary field content of SU(2)y = SU(3)1/Z2 state. The 5 primary
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field super-selection sectors [j] can be labeled by the SU(2) “spins” j = 0,1/2,1,3/2,2.
Each primary sector [j] is spanned by 2j + 1 primary fields that irreducibly rotate among
each other under the SU(2)4 current algebra (c.f. (3.57)). The conformal scaling dimensions
(or spins) of the primary fields are h; = j(j + 1)/6, where the denominator 6 = k + hgy ()
is set by the dual Coxeter number hgy(2) = 2 and level k = 4 of the WZW algebra. We
begin with the free field representation of the bosonic Abelian primary fields in [2], which is
identified as the pure Zy gauge charge sector in the orbifold theory. [2] is the complement

of SU(2)4 in SU(3);:

2] = span { 061 — 052 091+ 09 — 2003 }
V2o V6

U {sin (o — ¢p) : 1 <a<b< 3},

(3.161)

which consists of the current operators that are odd under the internal Zy symmetry (3.147).
These fields obey the fusion rule [2] X [2] = [0] because any even combination is even under

Zo and is local.

The SU(3); primary sectors € and £ (by replacing ¢ — ¢ in (3.56)) now becomes the
primary sector [1]. Since £ <+ £' are flipped under the internal Zy symmetry, they are now

the same primary sector in SU(3)1/Zy. They obey the fusion rules

21 < (1] =1}, [t} > [1] = [0] + [1] + [2]. (3.162)

The former originates from the SU(3); current OPE of £ and £f. The latter holds because

(i) operator products from £ x £F produce both local bosons, such as SU(2)4 currents, as
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well as Zy charges in [2]; and (ii) pair products in € x & give fields in £T that now also
belong in [1]. [1/2] and [3/2] are twist fields (also known as Zs fluxes). They have spin 1/8

and 5/8 respectively, and follow the fusion rules

[1/2] > [1/2] = [0] + 1],
[ < [1/2] = [1/2] + 3/2], (3.163)

2] < [1/2] = [3/2].

The twist fields in SU(2)4 do not have free field representations. However, we will see below
that they can be paired with twist fields in Sp(8); to form local Eg currents. Since SU(2)4

is electrically neutral, so are all of its primary fields.

We now present the primary fields of Sp(8)1 = (Eg)1/Z2. Particle-hole symmetry dictates
that Sp(8); and SU(2)4 have the same number of primary field super-selection sectors,
identical fusion rules, and conjugate spins. We label the 5 primary sectors of Sp(8); by
1,0,E, 7,5, which are the particle-hole conjugates of [0],[1/2],[1],[3/2],[2], respectively.
Each sector is spanned by # primary fields that rotate irreducibly under the Sp(8); current
algebra (c.f. (3.57)). The spin h, quantum dimension d, and the number of fields # in each

primary sector are listed in Table 3.1. The fusion rules mirror SU(2)4:

S?2=1, Sxo=7, SxE=E,
ExXxE=14E+S, Exo=oc+r, (3.164)

ocxo=1+E.
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g

E

T

h|3/8 2/3 7/8
V3
48

d | V3
#18

2

27

Table 3.1: The spin A, quantum dimension d, and the number of fields # of each non-trivial

primary sector of Sp(8);.

We begin with the free field representation of the Zo charges in sector S, which is the

complement of Sp(8); in (Eg);. S is spanned by the 42 fields:

dp1 + 0o + O3
V3

e:ti(a_55+$7)7 6:‘:1'(435—(1_)7)7 eii(¢?5+¢38)’ eii(fl—%—@s)’

7a¢_)4a

eFi(P6+é7) 7 eFi(P6—¢7) ’ eFi(d6+¢s) ’ eFi(P6—ds) 7

+ig +id +id +id
Xo€ Z¢57X06 l¢67770€ Z¢77770€ l¢87

.8 i 7. .
Xielzj':ssidh/z’ if 55:|: — 83:,

8§ 7 .
nyel2i=sk%i/2 if el = —€.

(3.165)

The electric charges of these operators can be read off from that of the Dirac fermions

J5,6,7,8 = ¢/$5.6,7.8: one possibility is that all these fermions carry £2 charge; another possi-

bility is to have one carry charge +4 with the remaining fermions neutral. Next, we move

on to the E sector. It originates from the (Eg); primary field sectors & and £T by replacing

¢ — ¢ in (3.59). Like the SU(2), primaries, these fields are flipped and conjugated & « &7

under the internal Zy symmetry, and therefore both £ and £ now belong in the same sec-

tor E. It forms a 27 dimensional irreducible representation of the Sp(8) Lie algebra, and

is invariant under the encompassing Fg, which includes the Zy charges in S. The electric
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charge assignment is identical to the primary field £ of Ej at filling 16. The charge pattern

of the E and S sectors can be found in Table A.9.

In §3.3.1, we noted the decomposition of the 248-dimensional (Eg); algebra into the 8-
dimensional SU(3); algebra, the 78-dimensional (Eg); algebra, and the two tensor product
spaces Egpr(3) @ Ep, and SLU(?)) ® ETG, each with dimension 3 x 27 = 81. Any (FEjg); current
operator is a linear combination of a SU(3); current, a (Eg); current, and primary field pair
product in Egpr(z) ® Egg and EJ;U(:,)) ® 5%6. Here, in this section, the conformal embedding

(Eg)1 2 Sp(8)1 x SU(2)4 of orbifold theories splits the Eg algebra into the direct sum:

(Es)1 2 Sp(8)1 & SU(2)4
(3.166)

deeB/2)e(re[l/2)e (E®[1]).
The first line embeds the Sp(8); and SU(2)4 algebras, which add up to dimension 36+ 3 =
39. The tensor space E @ [1] pairs the spin 2/3 and 1/3 primary fields together and it
contains 27 x 3 = 81 Eg currents that have integral monodromy (i.e., trivial braiding) with
the Zg charges in S and [2]. The twist fields (i.e., Zy gauge fluxes) in the Sp(8); sectors
o and 7 can be paired with those in [3/2] and [1/2] in SU(2)4 to make up the remaining
128 FEg currents that have m-monodromy with the Zo charges. For instance, the spins of
the paired twist fields add up to 1 = 3/8+5/8 = 7/8 4+ 1/8, and the dimensions of the two
tensor spaces of twist fields add up to 8 x 4 4+ 48 x 2 = 128. (While not included in the Fg
algebra, the pair product of Zs charges in S ® [2] are spin-2 local bosons.) Knowing fields in

[1/2] and [3/2] are electrically neutral allows us to read off the electric charge assignments
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of twist fields in o and 7. The charge pattern is listed in Table A.9. The Zy fluxes ¢ and 7

are referred to as metaplectic anyons [HNW13, HNW14].

3.4 Discussion and Conclusion

In this paper, we explored the analogy between the integer quantum Hall state of electrons
and the (bosonic) Es quantum Hall state. In particular, we gave explicit constructions of
the “partially-filled” Eg state—summarized in Fig. 3.1 —using the coupled-wire approach.
The topological orders of the various fractional Fg states include Abelian and non-Abelian
varieties. Our approach in this paper for finding fractional Fg states relied on the theory
of conformal embeddings. This theory details the various possible (bipartite) symmetry
decompositions G4 X Gg C FEg. We then showed how the bulk-boundary correspondence
(through the coupled-wire construction) allowed for the explicit construction of G4 and
Gp fractional Fjg states. These states have edge-state theories with G4 or Gp Kac-Moody
symmetry. Furthermore, the G4 and Gp states are related by a generalized “particle-hole”

symmetry similar to particle-hole conjugate states v and 1 — v in the lowest Landau level.

Our approach, using conformal embeddings, provides for a systematic understanding of the
various possible fractional Eg states. This approach relies on the Eg Kac-Moody symmetry
of the edge-state theory. This conformal embedding approach may be straightforwardly ap-
plied to construct fractional states of topological orders with edge-state theories possessing

other Kac-Moody symmetries, e.g., U(N); for N filled Landau levels of electrons.
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It is unclear whether the conformal embedding approach might provide a complementary
avenue for understanding topological phases in the lowest Landau level. What symmetry
group can be embedded into U(1)? One possibility is to consider a dual description [HS16]
of the v = 1 integer quantum Hall state of electrons. This dual description is in terms of a
U(N)1 xU(1)n+1 Chern-Simons gauge theory (see Appendix B of [HKM19]). Here N is an
arbitrary integer; a physical interpretation of N can be given in terms of partons [Wen91b].
We may then imagine applying the conformal embedding approach to the U(N); Chern-
Simons theory. It would be interesting to know how such constructions might be related
to the composite fermion/boson approach to fractional quantum Hall states (for a recent

review and references therein, [Jai20]).

Related to this is the question of whether there might be a gapless parent state for various
fractional Fg states found in this paper. Here, we (again) have in mind an Ejg state analogy
for the composite fermion theory at v = 1/2. Half-filling of the Fg state occurs at v = 8.
We have shown both Abelian and non-Abelian topological states can exist at v = 8. We do

not yet have a candidate gapless parent state.

The bosonic topological states considered in this paper (summarized in Fig. 3.2 and Eq. (3.1))
do not exhaust all fractional states of F5. Below are some possible examples not studied
in this paper. (i) In this paper, we only considered bipartitions G4 x Gp C (FEg)1 where
the WZW algebras G4 and/or Gp have level k = 1. The Ejg state can be decomposed by
into multi-partitions G4 X Gg X Go X ... of WZW theories with levels £ > 1. This may
produce new bFQH states. (ii) In §3.3.1 and 3.3.2, we constructed SO(N); bFQH states,

where N = 1,...,15. The coupled-wire model construction for SO(15)1, in particular, that
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includes longer-range inter-wire interactions, may allow generalization to SO(N); states

with N > 16.

(iii) The exploration of orbifold bFQH states with twist liquid topological orders is incom-
plete. First, in our constructions of the (Eg); wires, we do not find any SO(16); subalgebras
whose even and odd spinors are non-local. Therefore, the SO(16); bFQH state, which is
the orbifold state (FEg)1/Zso is missing in this paper. The construction of this state may be
facilitated by introducing additional electron channels on each wire or allowing longer-range
interactions. Second, in §3.3.2, we may not have exhausted all possible variations of the
metaplectic orbifold embedding SU(2)4 x Sp(8)1 C (Eg);. A more thorough investigation
may discover more filling numbers with vgy(2), > 0 and vg,s), < 16. Third, in this paper,
we only consider Zy orbifold CFTs that are also WZW theories, such as (Eg)1/Z2 = Sp(8)1
and (F7)1/Zy = SU(8)1. There may be orbifold theories with higher-order gauge groups
G that are not WZW theories that decompose (Eg);. Fourth, it is very likely that there
are Zs orbifold CFTs that are also WZW theories but are not covered in this paper. One
probable example is the orbifold state SU(5)1/Zs = SO(5)2 = Sp(4)2. Spin liquid or su-
perconducting SO(5)2 states have been constructed by coupled-wire models in ref. [TH23].
We anticipate charged SO(5)2 bFQH states to occupy filling v = 16. It would be interesting
to see if such state can also occupy the particle-hole symmetric filling v = 8. If so, such
a metaplectic topological state can serve as the bosonic anolog of particle-hole symmetric

Pfaffian state at v = 1/2 that half-fills the Landau level.

Lastly, the Eg state is not the only short-range entangled integer quantum Hall state. For

example, the Di"ﬁ lattice [CS13] at ¢ = 16, the Leech lattice and Niemeier lattices at ¢ = 24
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are even unimodular lattices that can describe other bosonic short-range entangled integer
quantum Hall states with unequal filling numbers and central charges, v # c. Just like
the Fg, they also can be fractionally occupied by long-range entangled states. There can
also be fermionic short-range entangled integer quantum Hall states corresponding to odd
unimodular lattices, such as the Dy, lattice [CS13] at ¢ = 12 and (E7; x E7)" lattice at
¢ = 14. They are postulated [HST] to occupy filling v = 4 and v = 6, which are much closer

to experimentally observable regime than vp, = 16.
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Chapter 4

TOPOLOGICAL ORDER WITH

CLASSICAL LIE GROUPS

This chapter is to be published as [Pak Kau Lim, Michael Mulligan, Jeffrey C.Y. Teo,

”Topological orders with classical Lie group edge symmetries from coupling electron wires”.]

4.1 Introduction

The purpose of this paper is to apply this program to other topological phases with classical
Lie group edge-state symmetries, different from the Fg quantum Hall state. Specifically,

we will consider “parent” G-states with G = SU(mn)1, SO(mn)1, or SO(4mn); edge-state
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symmetries and the symmetry decompositions:

SU(m), x SU(n),, € SU(mn);,

SO(m), x SO(n)m C SO(mn)1, (4.1)

Sp(2m), x Sp(2n)m, C SO(4mn);.

Here, m and n are positive integers. Note that states with SO(N) symmetry group do not
have electrical U(1) symmetry. Following the procedure outlined above for the Eg quantum
Hall state, we will use these symmetry decompositions to engineer quantum Hall liquids,
topological superconductors, or spin liquids with, respectively, SU(N)g, SO(N )k, or Sp(V)g
edge-state symmetry, for some positive integer k. We thereby provide explicit constructions

of various states with Abelian or non-Abelian topological orders.

4.2 A, series and partons

In this section, we show how fractional quantum Hall states with U(1),,, x SU(m),, topolog-
ical order can arise from “partially occupying” the deconfined parton FQH states [SSCT19]

with U(mn)1/Zmn = U(1)mn x SU(mn); topological order.

4.2.1 Generalized Parton Construction

We begin with a description of the parton FQH states. Prior work [SSCT19] constructed

such states with U(3);/Zs topological order; we will generalize this to U(mn)1/Zyy, for
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arbitrary positive integers m,n. The parton phase can be motivated by imagining the
fractionalization of a fundamental or elementary fermion (boson) ¥; into fermionic partons

d*, fora=1,...,mn:

U, =d'd?...d™. (4.2)

A FQH phase of the fundamental fermion (boson) is then realized as a particular topological
ordering of the partons. (In the simplest of instances, a FQH phase can form when the
partons enter an IQH phase.) ¥, is “fundamental” in the sense that it is composed of an
integral combination of electron operators. We will study cases where W.; carries electric
charge e (2¢), when U, is fermionic (bosonic). By “electron operators,” we are referring to
spin-polarized electron creation/annihilation operators for the electrons in the underlying
coupled-wire array that produce the parton FQH phase. The factor of 2 for even mn reflects

the fact that W,; is composed of an even number of electron operators.

One route to the parton phase (used in [SSCT19]) begins with the parton decomposition
(4.2). This decomposition has a Z,, gauge redundancy by which d* — e>™/™7d?% De-
scribing the parton phase by its edge-state theory, we may systematically obtain the correct
edge-state Lagrangian by first treating Z,,, as a global symmetry to obtain a U(mn);
edge-state theory (i.e., an edge-state theory with U(mn); KM symmetry) and subsequently

gauging the Z,,, symmetry to obtain the edge-state theory for the parton FQH phase with
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U(mn)1/Zpmn KM symmetry. The edge-state Lagrangian for the parton FQH phase is
1 1977 L5 iTo 7J
LY(mn)1/Zomn = EKIJ@@ Oxp” — EVU&@ Oxp”. (4.3)

Here, ¢! are chiral (left-moving) bosons, K = (K;) is the mn-dimensional Cartan matrix

of U(mn)l/Zmn = U(l)mn X SU(mn)17

Ku1)mn 0
K = Ky),,, ® Ksu(mn), = (4.4)
0 KSU(mn)1
2 1
12 1
512
Ku()mn =M, Ksu(mn) = . :
T2 1
S

where I, J € {0,...,mn — 1}. Elements of K above, not indicated explicitly, e.g., elements
Ky for p = 2,...,mn — 1, are zero; we will use this notation throughout whenever con-
venient. The Einstein summation convention is assumed, unless otherwise specified. The
positive symmetric velocity matrix Vi can be set to be proportional to K by appropriate
short-ranged density-density interactions, so that the free theory (4.3) has the U(mn) KM
symmetry. The above Lagrangian implies the bosons satisfy the equal-time commutation

algebra:

00 (9, 8 ()] = 2mi (K1) 6(x — ). (4.5)

The bosons d~>1 are 2m-periodic: &I ~ (5[ + 27 N!, where N is an arbitrary integer vector.

This periodicity implies that general quasiparticle creation/annihilation operators along the
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edge are given by vertex operatos of the form e’ ‘Z’I, for arbitrary integer vectors my; local

fermion/boson operators are of the form ein' Kis ‘EJ, for arbitrary integer vectors n!. Local
operators have trivial monodromy with any other operator and may be understood to be a

product of an integral number of elementary fermion/boson operators.

The parton phase has a conserved electric U(1) symmetry and a corresponding characteristic
electrical Hall response. This response is determined by a so-called charge vector ¢;. In the
coupled-wire construction of the parton FQH phase that we will describe later, the charge

vector is

(1,0,...,0), (mn odd)
tr = (4.6)

(2,0,...,0), (mn even).

This charge vector implies that ¢° of the U(1)mn sector carries all of the electric charge
along an edge; the SU(mn); sector is electrically neutral. The fundamental fermion (boson)

operator in the Lauglin charged sector is V., = ¢imn9°  The electrical Hall conductivity is

o2
Tay =V, (4.7)
where v = t;(K~1)!/t;. In the parton phase, v = vy, with
%, (mn odd),
Umn = (4.8)
L (mn even).
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Here, vy, is also the filling fraction that counts the ratio between the number of electric
charge and number of magnetic flux quanta in this FQH phase. In addition to the electrical
response, the parton FQH phase has a thermal response characterized by the thermal Hall

conductivity [KF97, CHZ02],

—BT (4.9)

where c is the chiral central chaerge of the state and T is the applied temperature gradient.

In the parton phase, ¢ = ¢y, = mn, which is the total number of edge modes.

The U(mn) symmetry becomes apparent under the following invertible transformation from

the “Chevalley” basis ¢~) to the “Cartan-Weyl” basis ¢.

¢" = Rid’, (4.10)
where
1 1
1 -1 1
R=11 1 1 : (4.11)
1 -1
Herer=1,...,mnand I =0,...,mn — 1 labels the rows and columns of the matrix. The

columns of R are the simple roots of U(1),,, x SU(mn);, such that the K-matrix in (4.4)
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decomposes into K;; = > R}R’;. Note that R is not unimodular and has determinant

mn. In the Cartan-Weyl basis, the Lagrangian (4.3) becomes

1 s S ]' a S
LO(un)s 2 = 7205008 Ox” = Vit 05" (4.12)

where Vs = (R~1)IV7;(R™1)] = v6,s is diagonal so that the theory is U(mn) symmetric.

The Cartan-Weyl bosons obey the equal-time commutation relation
[0xd" (x), ¢°(X)] = 2mi6" 5 (x — ). (4.13)

The Cartan-Weyl bosons have more complicated compactification conditions that mix var-
ious species ¢! according to the R matrix (¢" ~ ¢" + 27RIN 7). The parton fermions
are the vertex fields d” ~ €. (The ~ symbol here indicates that we are suppressing a
non-universal constant of engineering dimension 1/2.) The fundamental fermion (boson)
operator is now W, = ¢ ... ¢®™"  which recovers the parton decomposition (4.2). The
partons are non-local fractional fields. They transform according to an internal Z,,, dis-
crete gauge symmetry that sends ¢" — ¢" + 27/(mn). Any local vertex operator that is
an integral combination of electrons must be Z,,, neutral and therefore invariant under the

Lo, transformation.

We close this subsection by presenting the U(mn)1/Zpmn = U(1)mn x SU(mn); edge-state
symmetry currents of the parton FQH phase. These currents (and the notation we use to

present them) are used in the coupled-wire construction of the parton FQH phase; analogous
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ideas will be used in constructing the SU(m),, phases (and the other phases considered in

later sections).

Using standard Lie algebra terminology, there are two types of currents: Cartan and root

currents. The Cartan current of U(1),,, is

1 mn
Hu(1)n = D 0" ~ (d) X Dmnde,
vmn
XYWmn — 5. /3 /mn (4.14)
where 7, s = 1,...,mn. The Cartan currents of SU(mn); are
1 P ;
[HSU(mn) ] = T ( 8x¢r _p8x¢p+l> ~ (d )rstds, (415)
Vel + 1)\

1/y/plp+1), forl1<r=s<p
XTs = —-p/\/p(p+1), forr=s=p+1 >

0, otherwise

where p =1,...,mn—1. These Cartan currents form a maximal set of commuting operators
in the affine Lie algebra. They span the operator space generated by diagonal parton

densities (d")Td".

The root currents of SU(mn); are the off-diagonal bilinear parton products

[EsU () Jasumn, = €@ 00 ~d'(d*) = d” X775, (d)]
(4.16)

rs __ ST SS
,r./s/ - TJ s/
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Here, asy(mn), = - — es are the root vectors of SU(mn), where r, s are distinct integers
between 1 and mn. ey is the unit mn-vector whose k" element equals 1 and is zero

elsewhere.

4.2.2 Coupled-Wire Construction of Parton FQH States

In the last subsection, we defined the U(mn)i/Zpy = U(1)mn X SU(mn); parton CEFT.
In this subsection, we present a theoretical model based on electrons where the parton
CFT emerges. In particular, we present the coupled-wire construction of the parton FQH
phase with U(1)y x SU(N); edge-state theory, for integer N = mn > 1. (Recall by
“U(1)n x SU(NV); edge-state theory,” we mean an edge-state theory with U(1)y x SU(N);

KM symmetry.)

Following [SSCT19], we introduce a 2D array of electron wires, aligned parallel to the x axis
and in the presence of a transverse magnetic field B = Bz. We choose the gauge A = — Byx.
The wires are grouped into bundles, each containing N + 2 wires j = 0,1,...,N + 1 and
regularly spaced along the y axis. The vertical positions of the wires are y = yd + d;, where
y € Z labels the bundle, d is the spacing between neighboring bundles, and §; is the relative
vertical position of the j* wire in a given bundle. Each wire (y, j) carries a spin-polarized
electron. At low energies, each electron decomposes into a single Dirac electron, with one

left (L) and one right (R) moving component. We denote by cJ;(x) the o0 = R/L = +1
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chiral component of the Dirac electron of wire j of bundle y at the Fermi momentum point,

, €eB
ky,; = T (yd +6;) + okp. (4.17)

Here krj is the “bare” Fermi momentum that sets the electron number density (per unit

length) n? = 2kp;/(2m) on wire j.

We write the Dirac electrons in terms of chiral bosons (I>Zj as

7:(x) ~ exp [i(®7;(x) + k%)) - (4.18)

Before introducing interactions that couple the wires together, the free Lagrangian is

N+1

L= % SN 00,97,0.25; — Ho, (4.19)

y o==% j=0

where H is the kinetic Hamiltonian including density-density interactions between electrons

within a bundle of wires,

N+1

Ho=> Y. > ol.0.05,09, (4.20)

Yy o,0'==%3,7'=0
.
and Ugjg , is a positive definite symmetric matrix to be specified shaortly.

The parton FQH phase is achieved by coupling together nearby bundles of wires in a par-

ticular way. To motivate the necessary inter-bundle interaction, we first perform a basis
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transformation,

o _ oo’ ;o'
(I)yu - Z qu (I)yj’

o’j
&)0 _NNO',O (i)a — (K. To,J (421)
yp ¢y ) yl — ( SU(N)1)1J¢y )
é)ZC1 = C1 ¢ch7 é)ZCQ = N¢chv

where u = p,c1,¢2,1,2,..., N —1and I,J =1...,N — 1. The K-matrix is the Cartan
matrix of U(N) presented in (4.4). K., = N if N is odd, and K, = 1 if N is even.
Uoo' = (UZ]"/) are (N +2) x (N +2) matrices with integral entries. Since CI:)ZM is an integral

linear combination of the ®7

uj» vertex operators of the form exp (in“cfgu), for arbitrary

integer-vector n,,, are local.

The U transformation allows the embedding of the parton Lagrangian Ly(ny,/z, (4-3)
inside a bundle of N + 2 electron wires. After the basis transformation, the free Lagrangian

(4.19) becomes

> oKr0i6) 0y’
J=

1 7 It ~ ~
+=> >0 (Kclatcbiclaxcbiq - N8t¢gc2ax¢gc2) (4.22)
Yy
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i’
/

where K = Ky(1), © Ksy(y) is the N-dimensional matrix in (4.4). The velocity tensor v,

in (4.20) is tuned so that the free Hamiltonian becomes

N-1
Ho= =S5 3 Vadylady + 0 Y (el 087,08, (423
Y 1,J=0

o=% y o=%[l'=1.2

where V7 is identical to the U(N) symmetric velocity tensor in (4.12), and (VC)Z;, is
chosen so that an intra-bundle gapping interactions defined below in (4.26) are relevant in

the renormalization group sense.

We here present one particular integral U matrix that transforms (4.19) into (4.22). For

odd N,
L;N eN+2 71_2]\7 eN+2
LiN o, LN,
N
Ut = | Zali2a-Neats Ut~ = | Xa=1(N—2a+1)eqts (4.24)
2ez ’ —es—e3 ) .
2éN *eN;eN-H

U™ =U"A, and Ut =U*'"A, where A is the (N + 2) x (N + 2) anti-diagonal matrix

224



e, is the unit (row) vector in RV*2 whose a'"" entry is 1 (where a = j — 1, for j =

0,1,...,N+1). For even N,

%el-‘re[\]_‘_g %el
—ei1t+eny2 N e1
Uttt — Shli(2a=N)ea+1 Ut — Paz1(N—2a+1)eqt1
- 2e2 ) - —eg—es3 9
QéN —eN;eN+1
BN N (4.25)
2 €1 —5eiteni2
eN42 0
U-— — YN (N—2a+2)eqt1 U+ — SN (2a—N-1eqt1
- 2eN+t1 ) - —eN—€eN+1
2é3 —e2.—e3

The “integrated” modes Q:)Zl and &)gQ within each bundle are gapped using the following

charge and momentum preserving sine-Gordon interactions.

Hi(ji;;f) = Z <u1 coS @3(/1) + us COS @;II)> , (4.26)
y
where
I) _ &R L I _ &R _ &L
61(4) :(I)Cl f(I)Cl, @; ) :(I)C2 7¢62' (4‘27)

The remaining boson modes gZ;Z’I, for I =0,...,N — 1, generate the left and right propa-

gating U(N)1/Zy = U(1)n x SU(N); parton CFTs on each bundle.
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The Dirac partons d", » = 1,..., N, and Laughlin quasiparticle A on each bundle y and

each chiral sector ¢ = R, L can be expressed as the vertex operators

dZ’T _ ei(bg’r, )\Z — eiZL ‘z’Z’T/N’ (428)

where ¢7" = R7¢5" (see (4.10) and (4.11)). These operators carry fractional electric charge
1/N. They are non-local operators that can only appears in conjugate pairs of mutiplets.
On any given bundle, the following chiral field combinations are (with a fixed o) are integral
combinations of electrons.

AN~ dgt . dgt ~ e Erma (700 T) (G, 004RG, 1),

(4.29)

i(‘i)fy’yI:r(x)—H;gyrx) )

. s 1 . X 1
dom a1t (67 00=0f T 00) Hi(ky Tk D

This is because the Chevalley bosons ® are integral combinations of the electron bosonized
variables ® from the U transformation in (4.21). The locality of the second identity in
(4.29) implies all parton conjugate pairs de’JT on any given wire and chiral sector are
integral. In addition, the non-chiral conjugate pairs of Laughlin quasiparticles )\f)\g and

2 . :
5 T for any r,r’ = 1,...,N, are effectively local at energies lower

Dirac partons df’rd
than that of the intra-bundle potential. Each of these conjugate pairs operators is a vertex
operator €' o %" whose exponent Zw agr¢y" equals an integral linear combination
of the electron bosonized variable @7, plus a (fractional) combination bIG)ZE,I) + bn@gn)

of the sine-Gordon angle variables in (4.27). Under the intra-bundle potential (4.26), the

sine-Gordon angle variables are pinned to their ground state expectation values <®3(/I)> and
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2l
<®§,”)> at energies < uy, usr. Therefore, the non-chiral conjugate pairs )\5)\5 F and di ’Tdﬁ u

. . ; (I) (I1)
are effectively integral electronic (up to the phase eilbr (@) +brr 0y >)).

By further backscattering the left and right moving U(1)x x SU(NN); currents in oppo-
site directions between neighboring wires, we obtain the parton FQH state with a fully
gapped bulk. The charge and momentum preserving inter-bundle current backscattering
interactions are

H[U(1)y x SU(N)1] = Ho + He) 4 Uy 9,SUN (4.30)

intra inter inter

where
Hinger™ = tinter 9 oy ]y Hoa]ysy
v
+ Uinter ; <[EU(1)N]5LU<1>N [EU(l)N];LaU(l)N + h-c-> (4.31)
= Uinger Z ,;1 Oxyr Oxyi1,s — 2008 (Qur)y - Oys1y2) | -
and

N-1
Hier " = Uinter 3 (Z [HSU(N)Jf, L [HSU(N)JLL,,

Y p=1

+ D [Bsuwl, [ESU(Nh]jH,a)

QSU(N)1

N—1
= Uinter Z ( Z [HSU(N)l]f; [HSU(N)J;_LP - Z COS(aSU(N)1 '9y+1/2)>‘

Yy p=1 QSU(N),

(4.32)
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Above, [HU(I)N]?R, [HSU(N)l]j , and [ESU(N)l]jR are L, R KM currents on bundle y of
the form given in Egs. (4.14), (4.15), and (4.16); [EU(l)N]j’R is a vertex operator of the

form in (4.16) with root vector auy(qy, = N

j=1€j- The arguments of the cosine potentials

are 0, 1/0 = (Oyq1/2,15 -5 0yq1/2,n) Where Oy 10, = ¢fja - 5“7&. The arguments of the
cosine potentials mutually commute and may therefore be pinned. This pinning gaps out

the bulk degrees of freedom, while the modes living on the top (Yymax) and bottom (Ymin)

bundles of wires remain gapless with chiral edge-state Lagrangian of the form (4.12).

We notice in passing that the electrically neutral SU(N); currents carry vanishing x-
momentum and therefore can also be backscattered within the same bundle by an intra-

bundle interaction H?n[gfiv )

b~ [JSU(N)I]Zf . [JSU(N)I]f. In this case, the resulting FQH state
H[U)N] = HI%QN + Hlsn[tjfév " will only carry chiral edge mode for U(1)y, and not for
SU(N);. It will belong in the same FQH phase as the Laughlin v = 1/N state, where
the partons are confined. On the other hand, our current model (4.30) describes a distinct

FQH state where the 1/N-charged partons can emerge as deconfined gapped excitations in

the bulk. The Hlsn[gfiv ) and Hlsnlge(rN ) interactions in general can be present simultaneously

UM | 9/SUN)L 9/ SUNV)

inter intra inter  may provide a platform to

and compete. The complete model H

study the critical transition of parton decomfinement.

4.2.3 Conformal Embedding and Descendant Topological Order

In this subsection, we will use the conformal embedding (also referred to as level-rank

duality) SU(m), x SU(n),, € SU(mn); to demonstrate how FQH states with U(1),,, X
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SU(m)y, or U(1)m, x SU(n),, non-Abelian topological order can arise from partially filling

the parton FQH state U(1),, x SU(mn);.

Symmetry embedding

We first consider the embeddings of matrix tensor products gl(m, C) x gl(n,C) C gl(mn, C).
Let I, be the p x p identity matrix. Then, for any m x m matrix Ay in gl(m,C) and
n X n matrix B in gl(n,C), they can be embedded into matrices of the tensor space
Cm™ = C™ ® C" by the mappings A - (A®L,) and B — (I, ® B). Moreover, the
two embeddings commute because A ® B = (A® L,)(L,, ® B) = (I, ® B)(A®L,). We
adopt the following notation for tensor products: (A ® B),s = AabBcd6£a_1)n+06§b_1)n+d,
where 7, s = 1,...,mn. The counting of rows in (A® B), indexed by (a, ¢), is determined by
r = (a—1)n+c; the counting of columns, indexed by (b, d), is determined by s = (b—1)n+d.
Thus, the matrix embeddings are

(A TLy)rs = AgybogdleDnteg—lintd
(4.33)

(Hm ® B)rs = 5abBcd(57(na_1)n+c(5£b_1)n+d‘

Let’s apply this to SU(m), x SU(n),, C SU(mn);. The SU(m) Lie algebra is spanned
by traceless Hermitian m-dimensional matrices X, and they can be embedded inside the
SU(mn) Lie algebra, X — X4 = (X ®1,,), using the first equation in (4.33). In particular,

the Cartan generators XP and root matrices X defined in (4.15) and (4.16) now lives
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inside SU(mn) using

n P
(X7 = pla—Dntegla=timte _ pgpnegmmte) 134
\/ﬁ (q_zl ) (4.34)
(XA)% (XPII) b5 d(g(a 1)n+c(5(b 1)n+ec _ Zép 1)n+c(5(q 1)n+c (4'35)
c=1

We can apply this matrix embedding technology to the parton edge-state theory described
in Sec. 4.2.1 to define the SU(m),, x SU(n),, currents to be parton bilinears. We begin with
SU(m),. In terms of the partons d®, the Cartan operators are (d")"(X*4)Psd®; the ladder
operators are d’(X4)Pd(d*)t and (d")T(X4)P¢d°. In terms of the Cartan-Weyl bosons ¢,

these Cartan and root operators are:

H m X a—1l)n+c aX m-C
SU( )n Z\/ﬁ(; ¢( ntc — P ¢p +>

(4.36)
[ESU(m)Jab = Z et (ady)? (65 () k%)
=1
Here, p=1,...,m — 1, where m — 1 is the rank of SU(m), and
Ay = £ (€(a—1)n+e — €b—1)nte) (4.37)
for1<a<b<mandc=1,...,n, with n the level of SU(m), and ey are the unit vectors

in R™™,
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The same construction applies to SU(n),,. The matrix representations of Cartan generators

and root operators are

(XB)%?S — 5ab(XP)Cdéﬁafl)n+05gb71)n+d,
(4.38)
(X By = 6ab(XP‘I)Cd(;?(a—l)n+c5§b—1)n+d7

respectively, which can be used to construct the corresponding currents in terms of partons,

as above. Written in terms of the Cartan-Weyl bosons, these operators are:

H ax a n 8X a n
SU(n Z\/q—+1)<z P(a—1)n+b — 40P 1)+q+1>

m (4.39)
[EsU(n),, Z x)+kjx)
=1
Here, ¢ =1,...,n — 1, where n — 1 is the rank of SU(n), and
a?d == (e(afl)n+c - e(afl)n+d) ) (4.40)

forl<c<d<nanda=1,...,m.

Descendant states

We now apply this technology to construct fractional quantum Hall states with U(1),,, X

SU(m)y,, or U(1)mn x SU(n),, topological orders. The starting point is the free Lagrangian of

(C1 ,02) .
intra

the electron wires in (4.22). By introducing H, n (4.26), the integrated fermion modes

@7, and (I)Zq are gapped. On each bundle there remains a non-chiral U(1),,, x SU(mn);
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parton theory into which we embed U(1),,,, X SU(m),, x SU(n),,. Note that the embedded
symmetry currents are local since they are combinations of the integral vertex operators

appearing in (4.29).
The full model Hamiltonians for the U(1),,,, x SU(m),, or U(1),,,, X SU(n),, states, using

current backscattering potentials, is

H[UQ) N x SU(m)n] = Ho + M) 4 ggUmm 4 g UM 9/8U(m)n (4.41)

intra intra inter inter

The intra- and inter-wire potentials of the neutral sectors are defined by

n—1
SU(n)m R L
Hintr(:) = Uintra Z Z[HSU(n)m]g}fL[HSU(n)m]iq + Z [ESU(n)m]y,L [ESU(n)m]y,a ’
Y q=1 QsU(n)
(4.42)
SU(m) s Rt L
U(m)n L
Hoer = Uinterz Z Hsu(m HSU(m) ]y+1,p+ Z ESU(m)n]ya[ SU(m)n ]y o |
p=1 sy (m)
(4.43)

where Hmi eZN is given in (4.31). The U(1),,, x SU(n),, state can be obtained by exchanging
SU(m), + SU(n),, in the formulas above. We conjecture that the SU(m),, and SU(n),
current backscattering potentials gap all neutral degrees of freedom in the bulk. If so, the

model leaves behind an edge-state theory on each boundary with U(1),,, x SU(m), KM

symmetry. The Hamiltonian above preserves momentum and charge conservation. The
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latter follows from the fact that current operators [Eg]Z and [Eg]L carry equal electric

charge.

4.2.4 Topological Order Examples

In this subsection, we will present the topological order carried by the parton FQH states

as well as its non-Abelian descendants.

Emergent Zy gauge theory in the Abelian U(1)y x SU(N);

The topological order of U(1)y x SU(IN); is identical to the Zy orbifold of U(IN); because
of the deconfined partons d* = . Each parton field is rotated by a complex phase e2™/N
under the discrete Zy gauge transformation, whereas the local electronic field operator
Uy = ei(¢'+-+9") ig gauge neutral. The different partons all belong in the same anyon
class [d] = span{d',...,d"}. Because the SU(N); current d*(d) is an integral local field
and belong to the vacuum anyon class. The parton anyon class [d] can be regarded as the
fundamental gauge charge. (It can be made bosonic by combining the fermionic parton

with an electron.) It obeys the fusion rule [d]Y = 1 because ¥y = d'...d" belongs to the

trivial vacuum class 1.

The Laughlin quasiparticle A = ei(¢"+.+oM)/N , which is the primitive non-local field in

U(1)n, carries a gauge flux component. It has non-trivial mutual braiding statistics with
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the gauge charge [d]

. 1
(A(z)d*(w)) = m (4.44)
with the monodromy phase e2™/N . Tt obeys the order N fusion rule AV = 1 and carries
spin hy = ﬁ Combinations of the Laughlin quasiparticle A and the deconfined parton
[d] generate all anyon classes in the U(1)y x SU(N); topological order. For example, the

primitive primary field sector in SU(NN); consists of the vertex fields 19" =i 32521 °/N , for

a=1,...,N. This sector is the fusion of £! = [d] x A71.

Emergent Ising, Fibonacci and metaplectic anyons in SU(2),, x SU(n)s C SU(2n);

Here we consider the example of topological orders that arise from the embedding of
SU(2),, x SU(n)9 in SU(2n);. This is motivated by: (i) the Zy parafermion decomposition
of SU(2),, current operators, where the parafermions CFT is the coset SU(2),/U(1)a,; (ii)

and the emergence of Fibonacci and metaplectic topological orders.

The root operators of SU(2),, in (4.36) are the decomposable raising operators

n
By, = D¢\ =g x ¥, (4.45)
c=1
and the lowering operator E~ = (ET). The second identity above suggests the parafermion

decomposition [Gep87, Gin88], with & a primary field in a U(1)g, sector, and ¥ the Z,
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parafermion primary field in the SU(2),,/U(1)2, coset. For any given level n, we have
1 n
= Vnen o= 2 im0/ 4.46
3 7 2; (4.46)
where 8, =601+ ---+0,, and 0. = ¢. — ¢n4c. To obtain a Z, primary field

n
VCi 1< <..<jr<n

we fuse ¥ k-time with itself, where k = 1,...,n—1. |/C7 is the normalized constant scaled

by CJ' = n!/[k!(n — k)!].

Interactions of the SU(2),, model can be now expressed by backscattering opposite chiral
Z,, parafermion fields and coupling to a sine-Gordon potential. The operator Ogﬁe)% is
introduced through opposite chiral backscattering of ¢ from the U(1) sector. We adopt the

notation that when € = 0, it refers to the intrawire backscattering; and when ¢ = 1 it refers

to the interwire backscattering. Hence,

U =ucy <[HSU<2>J§ MsueJye + (7)) (7)), +he.) )
)

) Rf [ L
= u, Z ([HSU@)n]f”T [HSU(Q)n]5+e + Z [ESU(Q)J y [ESU(2)n]y+E/2> (4.48)
Yy S=+,—
U(1)2n
— Ue E ([HSU(Z)H];;ET [HSU(Q)n:Ié-‘rG + <Oy4(>6)2 > \I/g}/%T\IJ?f'FE) .
Yy

The sine-Gordon potential is pinned at a finite ground state expectation value. Subse-
quently, (4.48) opens up a mass gap for the counter-propagating Z, parafermions sec-

tor [FAT91].
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In the B sector, based on (4.39), the SU(n)a root operator is

g o T o T
[ESU(”)z]y,Cd ~ dy,cd;d + dy,n+cdg,n+d‘ (4.49)

Backscattering opposite chiral root operators gives the gapping potential

UGSU(n)Q = Ue Z ([HSU(H)Q]fT [HSU(n)Q]g,L1+e + < Z [ESU(n)g]iid [ESU(n)Q]j—Fe,Cd + h'c'>>

Y 1<c<d<n

(4.50)

For the rest of the discussion on topological orders, we assume that (4.50) opens up a finite

bulk excitation energy gap.

The topological order in the bulk corresponds to the conformal field theory on the edge.
First, the SU(V); topological phase for general N can be constructed from (4.30) using the
neutral modes in (4.29). The topological phase supports N Abelian anyons superselection

sector £™ each containing C independent primary fields,

gm = span {ei(¢a1 +.otdam _m¢L/N)} , (451)
1<ai<..<am<N

with ¢, = ¢1 + ... + ¢n. They carry spin h(E™) = m(N — m)/2N, and obey fusion
rules £F x &0 = £k and £° = €N = 1. Primary fields within a superselection sector are
closed under the rotation of SU(N); WZW KM algebra. When N = 2n, we here present

the three examples of the decomposition SU(2),, x SU(n)s for n = 2,3,4. They contain
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Ising, Fibonacci, metaplectic anyons respectively. Each one of them is a primary field in

the respective WZW algebras:

(I) SU(2)2 = SO(3)1 = Sp(2)2,
(H) SU(2)3 and SU(3)2,

(HI) SU(2)4 = SO(3)2 = SU(3>1/ZQ and SU(4)2 = SO<6)2 = SU(6)1/Z2.

For case (I), when n = 2, the parafermion W7 has spin 1 /2 and is self-conjugate, i.e. is its own
anti-particle. g = (\pg)T is a Majorana fermion. The SU(2)2 and SO(3); WZW algebras
are identical. The SU(2)2 current interaction (4.48) is the two-fermion backscattering po-
tential i(¢®)T¢LURTL | which under a mean-field approximation becomes the single-fermion
potential mg(E8)TEL + imy WEUL, where me = ((UEWL) and my = ((€%)T¢l). The result-
ing topological phase under (4.41) and (4.48) supports Ising topological order. The edge
chiral SU(2)y CFT carries primary fields superselection sectors 1, [f], [o] corresponding to

the vacuum, the emergent fermion, and the Ising sectors.

Using the parafermion decomposition, the superselection sectors of fermion and Ising twist
field in SU(2)2 (the A-sector, i.e. the first SU(2) in the SU(2)2xSU(2)2 € SU(4); embedding)
are

[f] = span{s, ¢, \D} ¢ = ilO1+0r—05-01)/2,
(4.52)

0] = Span{Ueii(¢1+¢2_¢3_¢4)/4}'
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They form the j = 1 and j = 1/2 irreducible representations of SU(2)2. ¥ is the emergent
Majorana/Zy parafermion. o in the above equation is the Ising twist field of ¥ carrying
spin h = 1/16. It has a m-monodromy with the Majorana fermion W. The vertex fields
eFi(P1+d2-03=01)/4 qre twist fields of the Dirac fermion £. Each one of them carries spin
h = 1/8, and has a m-monodromy with . The two twist fields o and eFi(¢1+d2—¢s—¢a)/4
are bound to each other and cannot be individually present without the other. This is
because each one has a w-braiding phase with the local boson £V, which is the raising
current operator of SU(2)2. Combining them, the total spin of the primary fields in the
superselection sector [o] is hj;) = 3/16. The primary field presentation for the B-sector —
the second SU(2) in the SU(2), x SU(2), C SU(4); embedding — follows a similar structure.

The primary fields satisfy fusion rules

fxf=1 fxo=0 ocxo=1+4+Ff. (4.53)

The spins, quantum dimensions, and dimensions of the superselection sectors are summa-

rized in Table 4.1.

Table 4.1: The spin h, quantum dimension d, and number of fields # of each non-trivial
primary sector of SU(2)s.

f o
h 3 %
d 1 V2
# 3 2

Now we move on to case (II) — the topological phases with SU(2)3 and SU(3)2 edge CFTs

constructed from the SU(2)3 x SU(3)2 € SU(6); embedding. The SU(2)3 theory from
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the A sector can be decomposed into a U(1)g sector and a Zs parafermion CFT, which
is the coset SU(2)3/U(1)g. The primary fields in the U(1) sector can be generated by
2 = el¢1—datd2—¢5+d3—06)/6 The 73 parafermion CFT is connected to the chiral sector of
three-state Potts model at criticality [DF84, Zam90] with central charge ¢ = 4/5. Operators
of the three-state Potts model can be generated by the energy density (7) and spin (o)
operators of the Zs model [DF84]. The spin operators can be obtained from the OPEs of
the energy density operator and the Zs parafermionic primaries, namely, 0+ = 7 x ¥ and
0~ =7 x W2, 7 has conformal dimension of 2/5, and ¢ are of 1/15. The Z3 parafermionic
primaries ¥, U2 has conformal dimension of 2/3 and can be identified with the charged
fields ¥, 3~ in the three-state Potts. Alternatively, these aforementioned primaries are
the scaling fields @, s of the minimal model M(6,5) at central charge 4/5, where ®91 = T,
®33 = 0T, and &4 3 = XF. The locality of the SU(2)3 current (4.45) allows the following
primary fields from the tensor product of U(1)g x Z3, and they are the non-trivial primary

fields of SU(2)s.

[j = 1] = span {T, =20, (52)TU_} , (4.54)
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They obey the following fusion rules [FMS12]:

3/2] < [3/21=1, [3/2] x[1] = [1/2],
[1/2] x [1] = [3/2), [1] x [1] =1+ [1], (4.55)

[ < [1/2] = [3/2] + [1/2], [1/2] x [1/2] = 1+ 1],

where 1 = [j = 0] is the vacuum class. The primary fields [j = 3] and [j = 1] have
the quantum dimension of golden ratio carried by the Fibonacci anyon 7, which has spin
h, = 2/5, quantum dimension d, = (1 +1/5)/2 and lives inside the [1] class. Fields in [3/2]
are Abelian semions and all have free field vertex operator representations. The SU(2)3

primaries are summarized in 4.2.

Table 4.2: The spin h, quantum dimension d, and number of fields # of each non-trivial
primary sector of SU(2)s.

(3] 1] (5]

h 3 2 3
1+29/5 1+5\/5 |

d 5 5 1
# 2 3 4

We now present the anyon classes of SU(3)s. By using the coset identification SU(3)y =

SU(6)1/SU(2)3 (which comes from the conformal embedding SU(2)3 x SU(3)2 C SU(6)1),

the topological order of SU(3)s is identical to the reduced tensor product SU(6); K SU(2)s.

Here SU(2)3 is the time-reversal conjugate of SU(2)3. Its anyons [j] have the fusion rules as

those in SU(2)3, but they have conjugated spins hm = —hy;) (mod 1) and braiding phases.

The tensor product X is relative to the anyon condensation [BS09] of the local bosonic pair

of semions b = 3 x [j = 3/2] in SU(6); x SU(2)3, where £ is the semion class in SU(6);
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(see (4.51) for the primary fields €™ of SU(N);). The anyon selection rule restricts the

deconfined anyons of SU(3)s to be the anyon tensor products £™ x [j] in SU(6); x SU(2)3

that have trivial monodromy braiding with the local boson b. The non-trivial SU(3)2 anyons

are

7] =€ x 1] = & x [1/2], (4.56)
[E]=&*x[1]=&° x [1/2],
[E¥] =& x [1] = £ x [1/2],

where anyon products are equivalent = modulo the local boson b. The spins and fusion
rules of the SU(3)2 anyons can be determined by the product structure. The spins and

quantum dimensions are summarized in table 4.3. The fusion rules are

(4.57)

Table 4.3: The spin h, quantum dimension d, and number of fields # of each non-trivial
primary sector of SU(3),.

[a] or [a”] (7] [E] or [E¥]
h 2 3 ES
; 1+5\/5 1+1§/5
d 1 5 5
# 6 8 3
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Each SU(3)2 primary is a superselection sector of fields that rotate irreducibly under the
SU(3)2 WZW algebra. We begin with the Abelian [a] and [a*] sectors. The primary fields
in [a] are linear combinations of the following six vertex fields

£2,, €2 €2 Ef+ &3 Efs+E3 E3+E3s
b ) b \/5 ) \/5 b \/i 9

(4.58)

where Efm = /(91 7952-201/6) are the vertex fields in the £2 class of SU(6); (see (4.51)).
These six fields are the ones in £2 that are decoupled from the SU(2)3 sub-algebra of SU(6);.
They have trivial OPE with the SU(2)3 currents and therefore solely represent the SU(3)s

sub-algebra. The primary fields in [a*] are spanned by the Hermitian conjugate of the

vertices in (4.58).

Next, we move on to the Fibonacci super-selection sector [7] in SU(3)s. It is spanned by eight
primary fields. To see this, we observe the field products in [7] x [T], — where [7] = [j = 1]
is the Fibonacci primary field sector in SU(2)3 — are the SU(6); WZW currents outside of
those in SU(2)3 x SU(3)2. On each bundle in each chiral sector, the field product pairs
in [7] x [7] are local spin h = 2/5 4 3/5 = 1 bosons that extend the SU(2)3 x SU(3)2
WZW algebra to the full SU(6); WZW algebra. The difference in dimensions of SU(6) and
SU(2) x SU(3) is 35 — (3+ 8) = 24. There are 3 linearly independent fields in [7] = [j = 1].
Therefore, there must be 24/3 = 8 linearly independent fields in [7] so that the product
[7] x [T] accounts for the 24 missing currents outside of SU(2)3 x SU(3)2 in SU(6);. The

eight fields in [7] form the adjoint representation of SU(3). The affine SU(6); Lie algebra,
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as a vector space of the currents, decomposes into

SU(6); = SU(2)3 ® SUB)2 @ ([7] x [7]). (4.59)

We notice this field counting method holds for general SU(m), x SU(n),, € SU(mn);
embeddings. The conformal dimension of a primary field sector (R) in SU(m) at level n is
given by [Gin88, FMS12]:

~ Cw)/2

hry = ntg (4.60)

where C(py is the quadratic Casimir invariant of the irreducible representation (R), and
g the dual Coxeter number of the algebra. g = m for SU(m). In particular, the adjoint
representation A of SU(m) has dimension dim(A4) = dim(SU(m)) = m?—1 and the quadratic
Casimir invariant C(4) = 2m [FMS12]. It corresponds to a primary field sector [A] in the
SU(m), WZW CFT if n > 2. The scaling dimension according to (4.60) is ha = m/(m+n).
Therefore, in the conformal embedding where SU(m),, x SU(n),, € SU(mn)1, the scaling

dimensions of the adjoint primary fields in the two sectors combine to

hiU(m)n " hiU(n)m __mo "y (4.61)
n+m m+n

There are (m?—1)(n*—1) fields in the pair tensor product [Alsy(m), X [Alsu(n),,- This num-
ber equals the difference in the numbers of current operators, dim(SU(mn))—dim(SU(m))—

dim(SU(n)). The spin-1 bosons in the adjoint pair are exactly the currents in SU(mn); out-
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side of SU(m),, and SU(n),,. This is summarized by the branching rule

SU(mn)1 = SU(m)p & SU(n)m & ([Alsum), * [Alsum).) (4.62)

that generalizes (4.59). Since all SU(mn); currents are local bosons in the coupled-wire

constructions, so are the field pair product in [A]sy(my, X [Alsum)

m*

Going back to the case when m = 2 and n = 3, the identification of Fibonacci pairs [7] x [T]
in SU(2)3 x SU(3)2 as local SU(6); currents, Jj ~ 7,77, on each bundle y and in each chiral
sector ¢ = R, L, allows us to write down an explicit string of local boson operators that
creates a Fibonacci anyon excitation at each end.

Y2 Y2 Y2
_ Ly 7R H L_R _L-R
S= H Sy (), (%) Ty Ty y Ty
y=y1 y=y1 y=y1

(4.63)
ya—1 y2—1
at low energy L R_L R ~L_-R
Ty (H (1 7—y+1>) Tya <H {7y Ty >> ’
Y=y Y=y

where JJ can be chosen to be an arbitrary current operator in SU(6); that falls outside

of SU(2)3 x SU(3)2 (see (4.59)), i.e. the most singular terms in the OPE of JJ(z) and

currents from SU(2)3 or SU(3)y are proportional to 1/(z — w) and not 1/(z — w)?. Neigh-

boring Fibonacci field pairs from opposite chiral sectors at low energy are pinned to the

ground state expectation values by the SU(2)3 and SU(3)s current backscattering poten-

tials. In the SU(2)3 phase where SU(2)3 (or SU(3)2) currents are back-scattered between
L

(resp. within) bundles, T;’Tﬁ_l = (7, TﬁH) and fyLT'f — <_yL }f). This leaves behind two

dangling Fibonacci modes 7'yL2 and Tﬁ at the two ends of the string. (See figure 4.1.)
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Figure 4.1: Fibonacci excitation pair created by the string of local operators S in (4.63).
Yellow (blue) brackets are ground state expectation values of Fibonacci pairs as a result of
the inter-wire (intra-wire) potential. The unpaired Fibonacci fields (highlighted in red) 7':51
and 7';;' become anyon excitations at the two ends of the string.
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As for the remaining primary field super-selection sectors [E] and [E*] in SU(3)2, they
correspond to the two fundamental three-dimensional irreducible representations of SU(3).
To see this, under the conformal embedding SU(2)3 x SU(3)2 C SU(6)1, the SU(6); primary

field sector £2 splits into two parts (c.f. (4.56))

€= ([j=0]x[a) @ ([j = 1] x [E]). (4.64)

For instance, the spin of [j = 1] x [E] combines to 2/5 + 4/15 = 2/3, which is identical to
that of £ and [a]. There are C§ = 15 linearly independent primary fields in £2. The six
of them in (4.58) generate [a] = [j = 0] x [a]. The remaining nine generate [j = 1] x [E].
Since [j = 1] is the three-dimensional vector representation of SU(2)3 (see (4.54)), [E] must
be of dimension 9/3 = 3. The same counting holds for [E*] because £* splits into [a*] and
[7 = 1] x [E¥]. Apart from (4.64), the other SU(6); primary field super-selection sectors
split into SU(2)3 x SU(3)2 components according to the branching rules

eh=1j=1/21 x [E"],
(4.65)

= (=32 x1a(i=1/2x[),

and similarly for the conjugates £* = (£2) and £° = (1),

The branching rules (4.64) and (4.65) allow us to write down strings of electron operators
that create the anyon excitations on each end. These open strings are similar to those that

created the Fibonacci anyons in (4.63) and figure 4.1. They are products of local operators
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over a range of consecutive bundles

Y2
§™= [ &FmxEF™ )", (4.66)

y=y1
where m = 1,...,5. On each wire in low-energy, the conjugate pair of SU(6); primaries

EyL ’mc‘/’f mf is effectively an integral product of electrons up to ground state expectation

values <@?(f)) and <®Z(JH)> of the gapped c1 2 modes. Any arbitrary anyon conjugate pair can
be created by choosing an appropriate primary field in £™ and applying the operator string
S™ on a ground state. We here demonstrate the pair creation of the Abelian anyon [a] and
the non-Abelian anyon [E] in a U(1)g x SU(3)2 FQH model. First, we apply the string S?
in (4.66) and choose the SU(6); primary £2 on each chiral sector and bundle to be one (or

any normalized linear combination) of the primary fields in (4.58). Since these fields all

belong in the [a] primary field sector in SU(3)s, the string in low-energy decomposes into

y2—1
92 at low energ L RT L RT
S = (H <ay ay+1>> Ay (4.67)
Y=y

where ag is the chosen primary field £ 2in (4.58) at (y, o). By the inter-bundle backscattering

HSU(3)2

inter > conjugate field pairs between neighboring bundles are pinned to their ground state

expectation values (a{/ﬂag +1), which is a U(1) phase. This leaves behind the unpaired fields
L

a,, and afj;T at the two ends and creates the separated conjugate pair of Abelian anyon

excitations.

Next, we again apply the string S? in (4.66) but instead choose a new SU(6); primary &£

that is orthogonal to the [a] sector (i.e. the most singular term in its OPE with any of the
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fields in (4.58) is at most proportional to 1/(z —w)" but not 1/(z —w)?", where h = 2/3 is
the spin of £2). According to the branching rule (4.64), this field £2 decomposes into the
tensor product 7 X E, where 7 belongs to the [j = 1] sector in SU(2)3 and E belongs to the

[E] sector in SU(3)3. Therefore, in low-energy,

Y2 Y2 Y2 y2—1
2 L_R L pRT at low energy L_R L R oL Rt
ST H Ty Ty H EyE, 5 <H (7y'7y >) x By, (H <Ey Ey+1>> By,

Y=y Y=y Y=y Y=y

(4.68)

where the ground state expectation values are pinned by the intra/inter-bundle current

isn[gr(j)3 and Hlsn[ge(f )2 This leaves behind the separated conjugate

backscattering potentials H
pair of non-Abelian excitations in anyon classes [E] and [E*| at the two ends of the string.
If the same string is applied to the SU(2)3 state instead of SU(3)s, it will create a pair of
Fibonacci anyons 7. All other anyon pairs can be created using different string operators

S™ in (4.66) with appropriate choices of primary fields £™ and branching rules (4.65).

Lastly, we present case (III) — the topological phases with SU(2)4 and SU(4), edge CFTs
constructed from the SU(2)4 x SU(4)2 € SU(8); embedding. The SU(2)4 theory can be
decomposed into a U(1)g sector and a Z4 parafermion CFT, which is the coset SU(2)4/U(1)s.
The SU(2)4 current raising operator can be decomposed according to (4.45). We now define
2 = ¢! Zi-19%/8 where 0; = ¢; — ¢pat;j that generates U(1)s. They carry spin hzs = ¢*/16
for ¢ = —3,...,4. For Uy, the corresponding spin is hy = k(4 —k)/4 with k = 0,1,2,3. The
primary fields of the Z, parafermion CFT was described in [DVVV89, TH23] by identifying

the theory with the U(1)g/Zs orbifold CFT. They are the spin 1/3 vertex operators gb:l)”Q,
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that can be identified with Wy 3; spin 1 operator j that can be identified with Wo; the rest
are the operators ¢ o, twist fields o1 2 and 71 2, which are non-Abelian and do not have free

field expression. Their conformal and quantum dimensions are included in Table 4.4.

Table 4.4: The spin h and quantum dimension d of Z4 parafermion CFT. Notation of
primary fields are based on [DVVV89].

T2 ;
¢35’ J 1 o2 01,2 T

1,2
L 9
16 16
V3 V3

The SU(2)4 topological order can now be obtained from the reduced tensor product U(1)g x
Z4 relative to the anyon condensation of the bosonic product =2 x ¢, which is the raising
current operator EgU(2)4 (along with its conjugate ES_U(2)4 = EgU(2)4T and its square =% x 7).
The primary field superselection sector of SU(2), is labeled by [j], with j =0,1/2,1,3/2,2
with spin h; = j(j+1)/6. Under the parafermion decomposition, each of the SU(2)3 super-

sector is spanned by a set of primary field products in U(1)g x Z4 that rotate irreducibly

+
under ESU(2)4.

[j = 1/2] = span {Zo07, 57102} ,

[j = 1] = span {¢2,=¢1,E %¢1 } ,
(4.69)

1 3

P — = = = =-3
)
[7 = 3/2] = span {_7'1 BT, 2%09,2 01},

[j = 2] = span {E*, 2263, j, 2720}, =7} .

Alternatively, modular data like quantum dimensions and fusion algebras of a WZW KM
algebras are readily encoded in the modular S-matrix. The modular S-matrix can be

obtained from the ribbon identity that relates the 27 braiding phase of anyon j,j’ over a
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fixed fusion channel k [Kit06]. Specifically,

Sij = D deNijTij (4.70)
k (2

where dj, is the quantum dimension of a superselection sector, and D = />, d% is the
total quantum dimension. 6 = €27 is the topological spin of anyone k, where hy, is the
conformal scaling dimension of its corresponding primary field. The general formula for the

modular S-matrix of SU(2),, is given by the formula [FMS12]

2 (2j+1)2f + D
Sjy(n) = n+2sm( n)(—i—2 ) (4.71)

For n = 4, we have

2 @12+ D (4.72)

Sj,j, = ESI 6

where j,j',k =0,1/2,...,2. Using the Verlinde formula [Ver88], one can obtain all fusion

algebra, and quantum dimensions of anyons, by computing the fusion tensor

Si6Si'6S]
ko 70950 kg
Ny = E Son (4.73)

[
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The topological data of SU(2)4 is summarized in Table.4.5. The SU(2)4 anyons obey the

fusion rules

[1] x [1] = [0] + [1] + [2]. (4.74)

SU(2)4 supports metaplectic topologial order [HNW13, CW15, BRU16]. It is identical to
the SO(3)2 WZW algebra and the SU(3);1/Zg orbifold CFT [TH23]. It has two spin 1
bosons, and two metaplectic anyons with quantum dimension of v/3 and one with quantum
dimension of 2. The metaplectic anyon [j = 1], which has integral quantum dimension, is

capable of computing the Kauffman polynomial that is #P-hard [HNW13].

Table 4.5: The spin h, quantum dimension d, and number of fields # of each non-trivial
primary sector of SU(2)4.

(5] 1] 3] 2]
h g 3 : 1
d V3 2 V3 1
H# 2 3 4 5

Now we move on to SU(4)2. From the conformal embedding SU(2)4 x SU(4)2 € SU(8)1, the
SU(2)4 CFT is identical to the coset SU(8)1/SU(2)4. Its topological order is the same as the

reduced tensor product SU(8); X SU(2)4 between SU(8); and the time-reversal conjugate

of SU(2)4. The tensor product is relative to the anyon condensation of the boson pair

E* x [j =2] (see (4.51) for the SU(N); primary fields £™). The SU(4)y primary fields
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are in 1-1 correspondence with the deconfined anyons in SU(8); X SU(2)4 that have trivial

mutual statistics with the condensed boson £* x [j = 2]. The Abelian ones are (up to

the condensed boson) [a] = £* x [j = 0] that has spin h = 1 as well as [b] = &2 x [0]

and its anti-particle [b*] = £5 x [0] that both have spin h = 3/4. Primary fields in these
Abelian superselection sectors have free field expressions. The SU(8); primary field sectors
of £2 and &* consist of vertex operators 5?1]’2 = /@i t0=201/8) for 1 < j; < jp < 8,

and Eﬁhhﬂ = (X 85 —49L/8) for 1 < J1 < J2 < Jj3 < js <8 The 20 dimensional

superselection sector [a] is spanned by the vertex fields combinations

4 4 4 4 4 4
812567 <(‘:13577 814587 823677 824687 834787

£f257+£f356 gil258+gil456 5%2674_53356 6%2684_63456
V2 ’ V2 ’ V2 ’ V2 ’

[a] = ElasntElusr EiaartEassr EiamtEiusr ElaestEiss (4.75)
\/5 Y \/5 9 \/Q 9y \/5 I

Elirs+Ehss Eazes €6y EaarstEier Eqars+Eiues
\/i 9 \/5 9 \/5 ) \/5 Y

ElorstE3u56 € 268057 ElesTEaasrHE a7 E358
2 ) 2

in £% that are decoupled from and have non-singular OPE with the SU(2); WZW sub-
algebra. Similarly, [b] is the 10 dimensional superselection sector spanned by the SU(2)4-

invariant vertex fields

2 02 o2 o2 ER+EL EHLAEL
5157526’5377548’ N V2

[b] = . (4.76)
Efs+EF; E3,1E3s E3stEls EistEiy

Fields within each sector can be rotated irreducibly into one another by the SU(4)s KM

currents. The Abelian supersector [b*] is the Hermitian conjugate of [b].
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For the non-Abelian primary field superselection sectors of SU(4),, we label them by bor-
rowing the notations from table 4.4. First, we label the twist fields to be [71], [T2], [01], and
[62]. They can be identified (up to the condensed boson) with the following pair product

anyons in SU(8); x SU(2)4.

1. [01] = €% x [j = 3/2] and [G2] = £ x [j = 3/2]. Both carry spin h = 5/16.

2. [7] =& x [j =1/2] and [R] = £° x [j = 1/2]. Both carry spin h = 13/16.

Second, we label the remaining metaplectic [CW15, BRU16] primary fields to be [¢2] =

E4x [j = 1], which carries spin h = 2/3, and [¢1] = £2 x [j = 1], which carries spin h = 5/12.

The fusion rules of SU(4)2 are generated by

[92] x [05] = [¢2] x [7;] = [6;] + [7] (4.77)

where 4,5 =1, 2.
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The corresponding modular S-matrix is:

1 1 1 1 V3 V3 V3 V3 2 2
1 -1 1 -1 —iV3 i3 —iV3 i3 2 —2
1 1 1 1 —/3 —/3 —/3 —/3 2 2
1 -1 1 -1 iv3 —iV3 iv3 —iV3 2 —2
1 V3 —ivB —v3 i3 \[3-) —\[2a+i) —/2a-) \/2a+) 0 o
S’ = 206 | V3 i3 V3 —i\/§—\/§(1+i) \/g(l—i) \/g(l—&-i) —\/g(l—i) 0o o |+ (478
V3 —ivB —v3 i3 —/30-i) R+ \/3a-) -3+ 0 o
V3 i3 —V3-iv3 \[3+) —\/20-) —/30+) (J2a-) 0 o
2 2 2 2 0 0 0 0 -2 -2
2 -2 2 =2 0 0 0 0 -2 2

with topological sectors label j,j7 = {0,1,2,...,9} = {1,b, a, b*,&l,%g,v"l,&z,qu,qgl}.

The primary fields’ scaling dimensions and quantum dimensions of SU(4), are listed in
table 4.6. The SU(4)z theory and the Z4 parafermion CFT (see table 4.4) share identical
primary field fusion rules. For example, the Abelian anyons 1, [b], [a], [b*] in SU(4)2 and
1, #3, 4, ¢3 both form a Z4 fusion group. The metaplectic super-sector [¢o] forms the adjoint
representation of SU(4)2. Therefore, it carries 15 primary fields since dim(SU(4)) = 15. In
the SU(2)4x SU(4)2 C SU(8); conformal embedding, field products in [j = 1] x [¢2] accounts
for (a) the 45 local SU(8); currents J outside of SU(2)4 x SU(4)2 (see (4.62)), as well as
(b) the 45 non-local spin-1 vertex fields in £* in SU(8); outside of the [j = 2] super-sector

in (4.69) from SU(2)4 and the [a] super-sector in (4.75) from SU(4)z. As vector spaces, we

have the decomposition

(4.79)
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There are 45 fields in both cases because 45 equals dim(SU(8)) — dim(SU(2)) — dim(SU(4))
as well as #E4 —#[j = 2] — #]a]. Since there are 3 fields in [j = 1], there must be 15 = 45/3

fields in [¢pa].

According to the branching rules,

(4.80)

field products in [j = 1] x [¢1] splits into components that belong to (a) the SU(8); vertex
fields in £2 outside of the [b] sector in (4.76) from SU(4)z, and (b) the SU(8); fields in £°
outside of [b*]. There are 18 fields in each case because 18 = #E2—#[b]. Since #[j = 1] = 3,
there are 6 = 18/3 fields in [¢1]. The SU(8); primary field super-sectors £13%7 with odd

powers splits into SU(2)4 x SU(4)2 components according to

el =1[j=1/2] x [71],
&= (i =1/2 x [r]) & (lj = 3/2] x [72]),

(4.81)
e =j=12x[n))e(j=23/2 %)),

£ =[j=1/2] x [o2].

Dimension counting from #&™ = C% and #[j] = 2j + 1 forces #[o1 2] = 4 and #[ry 2] = 20.
The branching rules (4.79), (4.80) and (4.81) allows us to construct strings of electron oper-
ators S™ = [[2 EyL’m(X)Sg)],%’m(x)Jr (c.f. (4.66)) so that when operating on a ground state,

it creates a conjugate excitation pair in an arbitrary anyon class in the SU(2)4 or SU(4),
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topological phase given an appropriate choice of the SU(8); primary field £™ (c.f. (4.63),

(4.67) and (4.68)).

Table 4.6: The spin h, quantum dimension d, and number of fields # of each non-trivial
primary sector of SU(4),.

la]  [bL,[6*]  [G12] (T2l [#2]  [¢4]
h 3 5 13 2 5
4 16 16 3 12
d 1 1 V3 V3 2 2
# 20 10 4 20 15 6

We conclude this section by commenting on a few cases where the electrically neutral
SU(m),, topological sector contains a discrete gauge symmetry and the SU(m), WZW
CFT on the edge can be identified with an orbifold CFT G;/G [THF15b, TH23, LMT23],

for some gauge group G and WZW algebra extension Gy of SU(m),. These examples are

SU(2)s = 50(3), = >0,
SU(1), = S0(6), = SO,
2 (4.82)
SU(8); = (Z)l,
SU(9); = “‘Zl, SU(3)s = Sozf)l

In these examples, the gauge groups are the Abelian cyclic groups Zo or Z3. The WZW
algebra extensions G are simply-laced and have level £ = 1. Therefore, the corresponding
G1 topological order is Abelian and can be described by an Abelian Chern-Simons field
theory whose K-matrix is the Cartan matrix of the G Lie algebra. The SU(m),, topological
order in the bulk is referred to as a twist liquid [THF15b] where the global G-symmetry in

the G; Abelian topological phase is gauged [BBCW19b).

256



The SU(m),, WZW algebras in each example in (4.82) is the sub-algebra in G; consisting
with currents that are unchanged under the G symmetry. Moreover, there are bosonic
SU(m),, primary field(s) in super-selection sector(s) [Z] with spin hz = 1 that carry gauge
charges. They irreducibly and non-trivially represent the gauge group . Since G here is
cyclic, this means they transform according to Z — —2Z if G = Zs, and Z — e*27/3Z if
G = Z3. These spin-1 bosons would extend the SU(m),, WZW algebra to G, if they were
local. This means SU(m),, & [Z] = G; for G = Zs, or SU(m), & [Z] ® [Z2*] = G for G = Zs.

For the examples listed in (4.82),

SU@2), @ [j = 2] = SUGB3)1,

SU(4)s @ [a] = SU(6)1,

SU8), @ & = (E7), (4.83)
SU9) @ & @ £°% = (Eg),,

SU(3)3 ® 10 ® 10 = SO(8)1,

where [j = 2] and [a] are bosonic primary fields in SU(2)4 and SU(4) (see table 4.5 and 4.6),
EmM=35 are the bosonic SU(9); primary fields defined in (4.51), and 10 and 10 are the two
Abelian bosonic SU(3)3 primary field super-sectors [THF15b] that form a ten-dimensional
irreducible representation of the SU(3) Lie algebra. For instance, in each of these cases,
the dimension of SU(m) and the number of fields in the gauge charge(s) [Z] add up to the

dimension of the extended Lie algebra G.
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However, unlike the SU(m),, currents, the primary fields in [Z] are non-local and are not
integral combinations of electrons, despite being bosonic. Consequently, the SU(m),, WZW
CFT on the edge of the electronic topological phase does not extend to G;. The anyon
class corresponding to [Z] does not condense (in the anyon condensation sense [BS09])
and the bulk SU(m),, topological order remains. In particular, there are twist fields [¥]
in the SU(m),, CFT that correspond to deconfined gauge fluxes in the bulk. For SU(2)4,
these gauge fluxes are [j = 3,3] (see table 4.5). For SU(4),, they are [512] and [71 ]
(see table 4.6). For SU(9);, they are Em=124578 (gee (4.51)), and for SU(3)s, they are
3,3,6,6,15,15 (see [THF15b]). These gauge fluxes [X] and gauge charges [Z] have non-

trivial mutual braiding monodromy phases —1 for G = Zy or e=2/3 for G = Zs.

In general, the SU(m),, WZW CFT on the edge of the topological phases constructed in
this section always persists for any m > 2 and n > 1. Even if there are bosonic spin-1
primary fields [Z], they are always fractional. The non-locality is a result of the conformal
embedding SU(m),, x SU(n),, € SU(mn); used in the coupled wire construction. If the
primary fields in [Z] were local and were to extend the SU(m),, algebra, they would either
(a) be currents living inside the SU(mn);, or (b) belong in a spin-1 primary field super-
sector of SU(mn); that extend the SU(m),, algebra. First, case (a) does not apply because
the only SU(mn); currents that live outside of SU(m),, and SU(n),, are in the tensor
product [Alsy(m), X [Alsu(n), between the adjoint representations of SU(m), and SU(n),,
(see (4.62)). None of them are primary fields solely of SU(m),, or SU(n),,. Second, case
(b) is impossible as well. This is because the parton bundle construction dictates that all

the SU(mn); primary fields £/ in (4.51) are non-local. Therefore, even if some of them are
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bosonic, such as the ones in SU(8); and SU(9)1, they will never extend SU(m),, to a larger

local WZW algebra.

On the other hand, there are examples beyond SU(m),, WZW algebras where the anyon
condensation of gauge charges and the extension of WZW algebras occur. In the next
section, we will see that the coupled-wire construction that uses backscattering of the KM
currents in the orthogonal WZW algebras SO(n)s will result in a topological phase with
a different topological order. We will show that the Za gauge charge [S] in SO(n)2 =
SU(n)1/Zy will in fact be local and will be an integral combination of electrons under the
conformal embedding SO(2),, x SO(n)2 € SO(2n);. This is because the primary fields in [S]
are currents in SO(2n);. On the edge, they will extend the WZW algebra to SO(n), @ [S] =
SU(n)1. In the bulk, [S] will anyon condense and reduce the topological order to the Abelian

SU(n)1, where the Zo symmetry is global rather than an internal gauge symmetry.

4.3 B, and D, series, emergent Dirac and Majorana fermions

In this section, we construct and study states with electrically neutral topological phases
with a SO(m),, topological order. These are superconducting or spin liquid phases of elec-
trons. The SO(m), topological phase “partially occupies” the parent bosonic SO(mn);
state where non-local Majorana fermions emerges. The construction relies on the SO(m),, x

SO(n)m, C SO(mn); conformal embedding.
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4.3.1 Coupled-Wire Construction of Topological Superconductors and

Spin Liquids

We construct neutral topological phases with SO(V); topological order and chiral edge
WZW CFT, where N is an arbitrary integer greater than 1. Following the strategy described
previously, we consider a 2D array of bundles, each consisting of A/ wires. Each wire now
hosts a single spinful electron with Rashba spin-orbit interaction, which, at low energies,
decomposes into a Dirac electron ¢j . with chirality o = R/L = +/—, spin s =1 ({) =

+(—), and j = 1,...,N labels a given wire in the bundle y. The spin-orbit interaction,

parameterized by momentum kgo, splits the spin-degenerate Fermi points.

The Dirac electrons can be represented by vertex operators of chiral bosons Py 5; as follows:
cy.55(X) ~ exp [i®] ;(x) + i(oky + skso)x] , (4.84)

where kJ = oky+skgo is the Fermi momentum about which c; sj is defined. The Luttinger

liquid Lagrangian density is

N
1
L= D D od® ;0.8 — Ho, (4.85)

y s,o=% j=1

where the free boson Hamiltonian density, including intra-bundle density-density interac-

tions, is

Y,8J y,8'j""

Ho =Y vl 0,07 0,0 (4.86)
Y

260



Our first objective is to introduce an intra-bundle many-body interaction that gaps all local
fermion excitations and leaves behind a non-chiral SO(N); bosonic CFT on each bundle.
This can be achieved by either an Umklapp back-scattering or superconducting pairing

potential [TH23]. On all bundle y, we impose one of the interactions below:

N
Li R
UUmKlapp = ucostl, ~ u H H cszch + h.c.,

J=1s=1,1
N (4.87)
Usc = Acosp, ~ A H H cSchfj + h.c.,
j=1s=1,4
where the sine-Gordon angle variables are
0,=> (BF —@L), ¢, =) (o + o). (4.88)
sJ sj

When one of these interactions is present and is relevant, the charge degrees of freedom of
each bundle are gapped. (1) In the Umklapp case, the potential is a 2N -body scattering
process that violates momentum conservation. This interaction appears at low energies in
the presence of a charge density wave with commensurate momentum. It can also arise
in a 1D lattice with a commensurate filling so that the total momentum transfer 4Nk is
an integer multiple of 27 /a, where a is the microscopic lattice constant. Uymklapp in (4.87)
leads to a spin liquid state where all excitations with energy below wu are electrically neutral.
(2) In the superconducting case, the pairing potential preserves momentum, but violates
charge conservation. It can be induced via the proximity effect by Cooper pair tunneling
from a bulk superconductor. The U(1) symmetry is broken to Zg by Usc in (4.87) and a

charge () is indistinguishable from ) + 2e because of the Cooper pair condensate.
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Next, we perform a basis transformation of the bosons that isolates ¢, or 8, and decouples
it from the rest of the boson in each bundle. The basis transformation depends on whether
the gapping potential is given by the Umklapp process or the superconducting pairing. In

the Umklapp case, we define

2¢Z = Yo + 09p7 d’? = Yo — Qg[jey (489)

whereas in the superconducting case, we define

200 = pp+obh, ¢f =00 —0P] (4.90)

seje”

In either case, the non-chiral conjugate bosons, in addition to ¢, and 6,, are

po= (O + @}) /2, 0= (f —@]y) /2. (4.91)

The above spin and wire index assignment (sy, jg) for a given ¢ are chosen to account for all

R

the electron modes ®7 . | except (I)Tl and <I>f1. For example, for a given chiral sector o = =+,

seje?

they can be chosen to be

(0,04 1), ifr=1,...,.N—-1
(80, Je) = : (4.92)
(o, 0 —N+1), ifl=N,...2N -1
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The charge boson ¢7 now decouples from the remaining 2N — 1 non-local Dirac fermions

dg ~ e for £ =1,...,2N — 1. In this new basis, the free boson Lagrangian density is

2N -1
1 g g ag (ea
L= Yo lza@pa@p + 3 axwat@] — H,,
o=R,L =1
2N -1

Ho = % Z Z (8x¢2)2 + vy |:gp (ax‘P)g + — (8X0)2:| )
o (=1

(4.93)
1
9p
where 2¢7 = ¢ + o0, ie. (p,0) = (p0,0,) in the Umklapp case, or (¢,0) = (¢,,00) in
the superconducting case. The velocity tensor vff{: ' in (4.86) is tuned so that the boson
velocities in Hg are diagonal and isotropic among the Dirac fermions densities 0x¢7, which
are decoupled from Oyp and 9,0. This fine-tuning can be relaxed once a bulk energy gap
opens up from the current backscattering interactions introduced later in this section. The
Umklapp potential Uymkiapp in (4.87) is relevant in the RG sense, when g, < 4. The pairing
potential Usc in (4.87) is relevant when g, > 1/4. The Luttinger parameter g, in either
case can be tuned to the corresponding desired range by the presence of appropriate density
interactions in the electron wires. In both cases, the potential Uymkiapp Or Usc gaps all local
fermionic degrees of freedom and leaves behind the gapless ¢j modes. Each bundle is now
at a low-energy fixed point described by the bosonic SO(4N —2); WZW CFT whose gapless
excitations are bosonic pairs of Dirac fermions, dgdg,/, dgsz,/, dgng,/T, etc. There is a local

fermion gap Eg ~wu or A below which all odd fermion excitations are forbidden.
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Using the basis transformation ¢f = M ,<I>g]l- from (4.89) or (4.90), we see that Dirac

loo

fermion vertex operators,
; Ao VY o’
dg ~ ezd’e = eZMZUU/(I)Sj7 (494)

are non-local. This is because MZ)}L, M}UlR = +1/2 are fractional (the rest of Mjga, =+1).
In addition, each Dirac fermion carries electric charge Q = 0 and angular spin S = +1/2
in the Umklapp case, or ) = +e (mod 2e) and S = 0,+1 in the superconducting case.
Therefore, they must not be integral combinations of electrons, which has () = —e and
S = +£1. This reflects the fact that there are no longer any low-energy single-fermion
excitations below the fermion gap Eg . On the other hand, all fermion bilinears, such as
dgdg/, dZTdZ/T, d‘fdg,l, dgd‘;T, are local. These Dirac fermions can be decomposed into real

and imaginary Majorana components

7 = (V51 +iv3) /V2, (4.95)

where ¢ f= ¢7. All Majorana fermion bilinears, wgz/),‘;l, for 1 < j <k <4N — 2, are also
local. The momentum of these Majorana fermions are 0 (or 7/a, where a is the microscopic
lattice constant, for the Umklapp case) if kso = k¢ in the Umklapp case or kspo = 0 in the

superconducting case.

Apart from fermion bilinears, conjugate pairs of spinor fields are local operators as well up
to ground state expectation values of 6, or ¢,. Spinor primary fields [s4] in SO(4N — 2);

are generated by vertex operators sJ = e2-¢ 5%27/2, where ¢ = £. The sign [[,e = £
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g o0

sets the parity of the spinor field. A pair of spinor fields sZ sZ, in the same chiral sector

o but with opposite parity (i.e. [], elef = —1) is an even product of fermions and thus

is local. This shows [s7] x [s?] = 1. A pair of spinor fields sZ sL from opposite chiral

sectors but with the same parity (i.e. [[,efeb = 1) is effectively local. It differs from e?»/2
(¢%¢/2) by an integral product of electron operators, and (6,) (resp. {¢,)) is pinned at its
ground state expectation value by the Umklapp (resp. pairing) potential (4.87). This shows

[s5] > [sk] = 1.

The number of helical pairs of Majorana fermions can be reduced from 4\ —2 to any integer

N below by a momentum-preserving local backscattering potential.

AN =2
umass =1m Z %L%R (496)
j=N+1

This gaps out ij’R for j = N+1,...4N — 2, where 4N — 2 > N. The low-energy effective
Hamiltonian density can be written in terms of remaining N gapless non-chiral Majoranas

as

. N
Hot = 5 2D > ovfotf: (4.97)
Y

o j=1

We stress that, despite appearances, (4.97) does not describe a collection of free Majorana

fermions, since single-particle Majorana fermion operators are non-local.

The gapless modes in (4.97) in each bundle of wires are effectively described by the non-

chiral SO(N); WZW CFT, which can now be used to construct the SO(N); coupled-
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wire model for states with spin liquid or topological superconducting order. Within each
bundle, the SO(N); WZW KM algebra for each chiral sector o is spanned by N(N —1)/2
current operators J ;. = iqua(X“b)jkab = ipy Yy, Here, (X% = 5?52 is a matrix
representation of SO(N); with 1 < j < k < N and a,b =1,...,N. Each bundle admits an
internal Zy symmetry:

Oyt
7 = (1) T, ¢, — ¢, + ooy, (4.98)

for each fixed 3’ that labels the bundle where this particular local Zo symmetry applies.
An operator is only local if it is unchanged by the internal Zs symmetries for all y//. This
internal symmetry is referred to as the local Zs gauge symmetry. For example, all single-
fermion tunneling v, 14, between bundles is non-local and forbidden. On the other hand,
single-fermion tunneling within a given bundle, like those in (4.97) are local. Single-fermion
tunneling between bundles is not local, however two-fermion scattering between bundles is
also local. In particular, the current backscattering J 5 -J 5 1=

I in (4.100)

i<k
below is an allowed process. In addition, counter-propagating pairs of spinor twist fields
(with the same parity if N = 0 mod 4 or opposite parity if N =2 mod 4) within the same
bundle is effectively local at low energy because they differ from the local combination sZsZ

of electron operators up to ground state expectation values of operators in the Y41, anv—2

sector, which is gapped by (4.96).
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We construct the chiral SO(V); topological model,

H[SO(N)1] = Heg + HIONL) (4.99)

inter

using the inter-bundle backscattering potential,

Hier " = timer 3 331 T
Y (4.100)
= —Uinter Z Z wﬁjwikﬁbﬁﬂ,ﬁ/}i@ka

y 1<j<k<N
for N > 3. The potential between each neighboring pair of bundles is the SO(N); Gross-
Neveu interaction [GN74], which is known to introduce a bulk excitation energy gap when
Uinter > 0. In terms of the bosonized variables defined by (4.94) and (4.95), the two-body
interactions are

T
SO(2r); R L
Hinter = Uinter Z Z ax(by,aax(byﬂ,a — Uinter Z Z Cos (@erl/?,a + 69y+1/2,b) )
y a=1 y e==%

; (4.101)
SO(2r+1)1 _ ,,50(2r)1 . 'R L
Hinter - Hinter — Uinter Z Z¢y,2r+l¢y+1,2r+l Z COs @y+1/2,a7
Y a=1

where the angle variables are ©, /3, = ¢5,a — (bﬁ t1,4- The sine-Gordon terms are relevant
in the RG sense and do not mutually compete when wuinter > 0. The ground state expectation
values of the sine-Gordon variables are simultaneously pinned at (O, /27,1) ~ My 11/2.47-
My 1/2,, are either all odd or all even integers for all a = 1,...,r. When N = 2r + 1, the
last term in (4.101) introduces a Majorana mass to 9,41 and pins the expectation values

of (i¢£2r+1(x)¢£+1’2,,+1(x)> ~ (—1)Mv+1/2.a. The model (4.99) now has a finite excitation
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energy gap in the bulk and leaves behind chiral SO(N); WZW CFT along the boundary
edges. The bulk carries the corresponding SO(N); topological order, which is explained in

detail in ref. [Kit06, SZT16, TH23, LMT23].

We see that the current backscattering term (4.100) is a gapping potential only when N > 3.

For N = 1, there is no two-fermion backscattering process and (4.100) is an empty sum. For

L

N = 2, the two-fermion backscattering process is a density-density interaction 6X¢58x¢y 15

which only renormalizes the kinetic Hamiltonian without introducing an energy gap. Before
moving on to the next section, here we present the alternative coupled wire models for these

two cases that represent the chiral Ising and SO(2); topological phases.

First, we consider the case when there are N = 2 Majorana fermions on each bundle in
each chiral sector. Instead of the inter-bundle current backscattering potential (4.100), we

consider the sine-Gordon potential,
SO(2
Hjnte(r)l = —Uinter Z COs (2¢5 - 2¢5+1) y (4102)
y

where %7 = (Vg1 + iy 2)/ V2. This term is symmetric under the internal Z, symmetry
(4.98) and is local. With a strong enough repulsive interaction 8ng§f(9x¢f’ 1, the sine-Gordon
potential becomes RG relevant, gaps the bulk and leaves behind the chiral SO(2); WZW

CFT on its edges.

Next, we consider the N = 1 case. This case is special because there is no local inter-
bundle gapping potential if there is only one (non-chiral) Majorana fermion in each bundle.

Instead, we begin with N = 5 gapless Majorana fermions 5, and we now construct

g .
y,J=1,..
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a coupled wire model with a bulk gap that leaves behind a single chiral Majorana fermion

on each edge. The model consists of two sets of backscattering potentials,

H[SO(1)1] = HA> — ttinter D _ cos (205 — 20% )
v (4.103)

R R L L
— Uinter Z Z wy,j y,kwarl,jwy—&-l,kv

Y 3<j<k<5

where %% = ( o1 T 2¢52)/\/§ Here, SO(1); stands for the Ising model, which is a
minimal CFT and not a WZW CFT. The first potential is similar to the SO(2); sine-
Gordon potential in (4.102) except with opposite chirality. The second potential is the
SO(3)1 current backscattering that gaps 1j—345. With these together, the bulk is gapped
and, on each boundary edge, there are three forward propagating fermions %3:3, 45 and two
backward propagating ones Q/JjL:l’z. These two sectors are correlated so that the fermion
pairs ¢]Lw§, for j = 1,2 and k = 3,4, 5, are local and condensed in the anyon condensation

sense. The counter-propagating fermions can be reduced by the edge potential,

Hedge = Uodged (VT VF + V3 UF). (4.104)

This leaves behind a single chiral non-local Majorana fermion wg% and the gapless theory is
described by the chiral Ising CFT. Because of the anyon condensation of the fermion pairs
f:172w,§:374v5, the bulk carries the Ising topological order (o x 0 =1+ and h, = 1/16)

instead of the tensor product SO(3); x SO(2); topological order.
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4.3.2 Conformal Embedding and Descendant Topological Order
Symmetry embedding

In the previous subsection, we constructed the bosonic SO(N); WZW CFT from electrons,
where the chiral current algebra is generated by bilinears of emergent Majorana fermions,
T = z’zp‘yijqu’k = iwg’a(Xjk)abeT?b. The matrix representation of the generators of the

SO(N) Lie algebra, for arbitrary integer N > 2, are
: 1/ . ,
(X7%),s = 5 (870% — oFel) (4.105)

where r,s=1,...,Nand 1 <j <k <N.

Analogous to §4.2.3, we consider the conformal embedding SO(m),, x SO(n),, C SO(mn)1,

where we set N = mn for m,n > 2. We will call SO(m),, the A sector and SO(n),, the

B sector. The m x m matrix generators XP? of SO(m) can be embedded into SO(mn)
; AP — (a—1)n+c c(b—1)n+d

by taking (X4)7d = (XP1®1L,),, = (XP?)0cq40r s , where r,s = 1,...,mn,

1<p<qg<m,ab=1,...,m, and ¢,d = 1,...,n. The SO(m),, current operators (for

each chiral sector o on each bundle y) are

Jiy =1 Z Y (XPT @ T,,), s

r,s=1

y (4.106)
=1 Z w(p—l)n—kcw(q—l)n—f—cv
c=1
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which is a sum of n decoupled copies of the SO(m); currents. Similarly for the B sector,

given any n x n anti-symmetric matrix X?? that generates SO(n), we define (XB)P{ =

(L, ® XP9),_ = 5ab(qu)cd5£a_1)n+65§b_1)n+d, where 1 < p < ¢ < n and a,b,c,d,r,s each

S

has the same range as before. The SO(n),, current operators are the fermion bilinears,

T =1 b (I, ® XP7), 1),

r,s=1

- (4.107)
=1 Z Pla—DntpP(a—1)n+q-
a=1

Descendant states

We now construct the coupled wire models for the SO(m), topological phases. These
are spin liquids or superconducting phases that can be viewed as partially occupying the
SO(mmn); topological phases constructed before, and are descendant states of the SO(mn);
states. This is because SO(m),, is a WZW sub-algebra of SO(mn);. They are the analog of
the fractional quantum Hall U(1),,,, xSU(m),, phases, studied in §4.2.3, that are descendants
of the U(1)mn x SU(mn); FQH state. Except, now there is no U(1) sector that supports

electric charge response.

The coupled wire model begins with the effective Hamiltonian Heg that describes N = mn
non-chiral emergent Majorana fermions on each bundle. The bosonic SO(N); WZW CFT
on each bundle originates from a many-body Umklapp or superconducting pairing potential
introduced in the previous subsection 4.3.1. Unlike the parent SO(NV); state where the

entire current algebra is back-scattered to the neighboring bundle, here SO(N); is split
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into the decoupled SO(m),, and SO(n),, sectors by the level-rank duality, and the two are
separately back-scattered between neighboring bundles or within a bundle. Following §4.2.3,
we consider the Hamiltonian

H[SO(m)n] = Hefr + Hpour ™ + Hootm, (4.108)

inter intra
where the current backscattering potentials are

SO(m)n
Hooum = tinter Y _(Tso(my)a - (Tso@m). )i
Yy

n
_ . R R L L
- —“mterz Z Z TZ}y,(p—1)7H-cwy,(q—1)n+c y+17(13—1)n+6’wy+1,(q—1)n+6"

Yy c,c/=11<p<q<m

SO(n)m
Hoo ™ = tintra (50 )T - (Ts0(m) ) Fia
Yy

m
. R R L L
- —“mtraz Z Z wy7(afl)nerwy,(a*1)n+qu+17(a’*1)n+pwy+1,(a’*1)n+q'

Y a,a’=11<p<q<n

(4.109)

Eq. (4.109) applies for any m,n > 3. Situations when m = 2 or n = 2 requires separate
attention because the SO(2); current back-scattering interaction is not a gapping potential.
We will present the modified model for this specific case in the following subsection. We
conjecture that for m,n > 3, the potentials in (4.109) together create a finite excitation
energy gap in the bulk and leave behind the gapless chiral SO(m),, WZW CFT on each
boundary edge. The presence of the bulk energy gap can be proven with the help of previous

results in parafermions for small m,n < 4.
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The SO(3)3 case was proven in Ref. [SZT16] in the context of gapped topologically ordered
surface states of topological superconductors. The SO(3)s KM current decomposes into
J* = eV where €' is the vertex operator of the SO(2)3 sub-algebra, and ¥ is the Zg
parafermion [ZF85] in the coset CFT SO(3)3/SO(2)3. Subsequently, the current backscat-
tering also decomposes, JI%JIT = cos(¢r — ¢r)WEWL. The sine-Gordon part pins the angle
variable ¢r — ¢, and gaps the SO(2)3 = U(1)12 sector. The parafermion backscattering part
gaps the SO(3)3/SO(2)3 coset CEFT [FAT91]. A similar parafermion decomposition applies
for SO(3); = SO(2) «Zg; for any level | > 2, and the SO(3); current backscattering potential
in general gaps all degrees of freedom. (The level I = 1 case is a particular case of SO(2r+1);
and it was addressed previously below (4.101).) The energy gap of the SO(4); current
backscattering potential can be shown to be finite by identifying SO(4); = SU(2); x SU(2),
and the parafermion decomposition SU(2); = U(1)g x Z; for each of the two SU(2); compo-
nents. The proof of the energy gap for SO(m > 5),, is beyond the scope of this paper and

will be omitted.

4.3.3 Topological Order Examples

SO(2),, x SO(n)2 € SO(2n);: anyon condensation, algebra extension, and Z; gauge

confinement

We present the coupled wire model for the SO(n), and SO(2),, topological phases, for n > 2.

The current back-scattering interactions considered previously in (4.109) are not gapping

SO(2)n

inter/intra USINE 2 sine-Gordon

potentials for SO(2). Here we present a replacement for H
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potential that, together with the current back-scattering HSO0M) n (4.109), opens a

intra/inter

bulk excitation energy gap. Despite the suggestion of the conformal embedding SO(2),, x

SO(2)n
intra

SO(n)2

inter

SO(n)2 C€ SO(2n)1, the coupled wire model H, +H, does not represent the non-
Abelian SO(n)2 topological order. Instead, as a result of a WZW algebra extension and the

anyon condensation of a Zo gauge charge, the topological order is of the Abelian SU(n);

SO(2)n

inter

type. The dual model H: FHSOM): only carries the SO(2),, = U(1)4,, topological order

intra

if n is odd. It reduces to U(1),, when n is even. The reduction of topological orders in these

special cases was previously reported in Ref. [TH23|.

We begin with the bosonic SO(2n); bundles. Each decomposes according to the conformal
embedding SO(2),, x SO(n)2 € SO(2n);. The SO(2),, WZW algebra in the A sector has a

single current operator, which is the Majorana fermion bilinear combination

JSO(Q),L =1 Z ¢awn+a Z axgga, (4110)
a=1

for each chiral sector o = R, L on each bundle y, where e'®* = (1), +it,,14)/v/2. The current
backscattering from (4.109) for SO(2),, consists solely of the density interactions 8%55@&5,,
which only renormalizes the boson velocities and does not generate a mass gap. Instead
we consider the sine-Gordon potential (c.f. (4.102) for SO(2); and similar construction in

ref. [LMT23, SZT16, TH23)),

"HSOE) = uc [Jso } [Jso(2 }L
y+e/2 (2)n (2)n y+e (4111)

— ulcos(i02).
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where € = 0 or 1 represents an intra-bundle or inter-bundle back-scattering interaction,

respectively. The sine-Gordon variable is

Dyre2 =0 (fo,a — <z~55+5,a> : (4.112)
a=1

where ¢ = 1 if e = 0 or nis even, or ¢ = 2 if ¢ = 1 and n is odd. ¢ is the smallest
positive number so that cos /5 is an integral combination of electrons. The sine-Gordon
potential is RG relevant when u. < —v(¢?n? — 4)/[2mn(¢*n? + 4)]. In this case, all SO(2),,
degrees of freedom are gapped. Together with the SO(n)s current back-scattering potential

presented in (4.109), for n > 3, we arrive at the fully gapped topological models

SO(n SO(2)n
UL = Hor +Hoow” + 37 2502,
Yy

(4.113)
H[SU(n)1] = Ho + H

inter

SO(m)z | Z 7—[50@)",
Yy

where [ = n when n is even, or [ = 4n when n is odd.

The topological orders and the WZW CFTs at a boundary are U(1); and SU(n);, respec-
tively. The former is distinct from SO(2),, when n is even. The latter is different from
SO(n)y for all n. We here deduce the topological orders and prove that the result is a
consequence of electron locality. We begin with the first model in (4.113). When n is even,
the primitive local boson on the edge CFT is exp (z Sy &a> It is an integral product of
electrons because it is an even product of the Dirac fermions d, = (Yo + Vnia)/V2 = ¢i%a

The local boson has spin h = n/2, which sets the level of the U(1) CFT to be l = n. When n

is odd, the vertex operator exp (z Sy qga) is now an odd product of fermions and is there-
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fore fractional. The primitive local boson is exp (22’ >y gZ;a> instead. The CFT is U(1)4p,
which is identical to SO(2),,. The distinction between the even and odd n cases depends on
the locality of the vertex operator exp (z Sy q3a> Its anyon condensation [BS09], when n

is even, reduces the topological order from SO(2), to U(1),.

Next, we move on to the second model in (4.113). The KM current algebra of the edge chiral
WZW CFT consists of the SO(n)y currents Jpq = ihpthg + ihnipUniq, for 1 <p < g < n.
They are local operators because they are even products of Majorana fermions. In addition,

the following fermion bilinear are also local:

n
Su =1 YaMapthn s, (4.114)
a,b=1

where M = (Myp)nxn is a real symmetric matrix. The simplest examples of such combi-
nations are Sy = (WVaWn+b + 1WVp¥nta, where 1 < a < b <n. The J and S fields obey the

operator product expansions (including only singular terms)

JSO(Q)n(Z>SM(U)) == m‘i‘, Jpq(Z)SM(w) == o S[qu’M](UJ)+...,
Te(M M) . (4.115)
T i
Sn(2) Sy (w) = GCowf o Z [M, M pgJpg(w) + ...,
1<p<g<n

where Ay, = epeg — eqeg and eg =(0,...,1,...,0) is the n-dimensional unit vector whose
p'h entry is non-zero.
There are two differences in symmetries between Jy,, and Sys. First, J,; = —Jg is anti-

symmetric, whereas Sy, = Spq is symmetric. Second, while both J and S are even under
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the internal Zg symmetry (4.98), they have opposite parities under the following global Zs

Symimetry:

Lo : g — g, wn-&-a — _wn—I—a? (4'116)

for a = 1,...,n. Jp, is even, while Sy is odd under (4.116). The diagonal symmetric
combination Sy = Y| Saq/2 is identical to the SO(2),, current (4.110), where I is the nxn
identity matrix. Subtracting this diagonal component, traceless symmetric combinations

span the primary field super-selection sector,

[S] = span { Sy : M € R MT = M, Tr(M) =0}, (4.117)

that irreducibly represents SO(n)e and has non-singular operator product expansions with
Js0(2),,- Since [S] decouples from the SO(2)y, it is unaffected by the sine-Gordon potential
(4.111) and remains gapless on the edge. The primary fields in [S] are local and, according

to (4.115), they extend the SO(n)2 KM algebra on the edge to SU(n); = SO(n)s @ [S].

In the bulk, the anyon class corresponding to [S] anyon condenses [BS09] because fields in [S]
are local and should belong in the trivial vacuum class. Consequently, the anyon classes in
SO(n)2 that carry a Zsy flux according to the Zg symmetry (4.116) and have a 7 monodromy
braiding phase with [S] are confined. This reduces the non-Abelian SO(n)2 topological order
to the Abelian SU(n); order. We notice in passing that a coupled-wire model with the
SO(n)y topological order can be constructed by starting with emergent Majorana fermion

bundles with the Zs symmetry (4.116) being an internal symmetry rather than a global
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one. In this case, each bundle carries the [SO(n)1]> WZW CFT instead of SO(2n)1, and the
non-Abelian topological model is constructed based on the coset decomposition [SO(n)1]? =
SO(n)a x [SO(n)1]2/SO(n)s instead of the level-rank duality SO(2n); 2 SO(2), x SO(n),.

Such a construction has already been done in Ref. [TH23] and will not be repeated here.

Common primary fields and anyon excitations

We present some common primary field super-selection sectors that generically appear in the
SO(m), WZW CFT. We discuss how they arise from branching rules of primary field sectors
in SO(mn); 2 SO(m), x SO(n),, and subsequently demonstrate how their corresponding
anyon excitations can be created in the topological bulk. We begin with the fermion sector
[¢] in SO(m);. It is spanned by the m Majorana fermions 5 ,, and it forms the vector
representation of SO(m). For SO(m),, with general level n > 1, we label the primary field
sector associating with the vector representation by [V] = span{V, : a = 1,...,m}. The

quadratic Casimir operator of the vector representation of SO(m) is Cyy = m—1. Therefore,

Cv/2 _ m—1

the conformal scaling dimension of [V] of SO(m), is hy = 755 = Smn=2)

For m = 2,
the vector representation is reducible and it decomposes into [V] = [e?] @ [e72], where
et2 = i i1 éa/n 5 the spin h = 5 vertex field in SO(2),, = U(1)4n. For m > 3, the
vector representation is irreducible. For unit level n = 1, the vector [¢f] = [V] is a spin-
1/2 fermion and obeys the Abelian fusion rule [¢)] x [¢)] = 1 because all fermion bilinear

combinations are local SO(m); currents.
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For higher levels n > 2, [V] in SO(m),, obeys the fusion rule [V] x [V] = 1+ [S] + [A4],
where [S] is the traceless symmetric 2-tensor representation and [A] is the anti-symmetric
2-tensor representation of SO(m). [S] has dimension dim[S] = m(m+1)/2—1 and quadratic
Casimir C's = 2m. In SO(m)y, it has conformal scaling dimension hg = m/(m+n—2). [A]
is identical to the adjoint representation. It has dimension dim[A] = m(m —1)/2, quadratic
Casimir C4 = 2(m — 2), and scaling dimension hy = (m — 2)/(m +n — 2) in SO(m)y.
For m = 2, [9] is reducible and decomposes as [S] = [¢?] @ [e™], where eT* is the vertex
operator = 12201 9a/n of SO(2)y. [A4] rotates trivially under SO(2) and is identical to
the vacuum sector 1. Except when m = 4, for which [A] decomposes into the two spin-j = 1
isoclinic rotations of SO(4) = SU(2) x SU(2), [S] and [A] are irreducible representations of

SO(m) when m > 3.

In the conformal embedding SO(mn); 2 SO(m), x SO(n),,, we have the branching rules

(as vector spaces of current operators)

SO(mn)1 = SO(m)n ® SO(1)m ® ([Slsom). X [Alsom)m) @ ([Alsom), X [Slsom)m) -

(4.118)

This means the current operators in SO(mn); that are outside of SO(m), and SO(n),
are combinations of tensor products between the traceless symmetric and anti-symmetric
primary field sectors of SO(m),, and SO(n),,. For instance, there are mn(mn — 1)/2 fields

on both sides of (4.118). Moreover, the conformal scaling dimensions of products in the
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second and third line of (4.118) add up to

m n—2 m — 2 n
= =1. 4.11
m+n—2+m+n—2 m+n—2+m+n—2 ( 9)

In the particular case when n = 2, [A]so(2),, = 1 is trivial. Therefore, [S]so(m), belongs
in the SO(2m); WZW algebra. It is local and extends SO(n)2 to SU(n);. Level n = 2 is
the only situation where WZW algebra extension occurs. When n > 3, the branching rule
(4.118) shows there cannot be local spin-1 primary fields in SO(m),, that can extend the
WZW algebra, and therefore the SO(m),, CFT on the edge as well as the bulk SO(m),

topological order persists.

Similar to the Fibonacci anyon creation by (4.63) (see figure 4.1) in SU(2)3, an anyon pair
belonging to the vector class [V] can be created by acting on the ground state of the SO(m),,

model with the string operator,

S = ﬁ Ty () IR x)T, (4.120)
y=u

where every Ji7 is chosen to belong in either the second or the third component of the
branching decomposition (4.118). If the J’s belong in the second component in (4.118), the

L R R L . .
products <(Aso(n)m)y (Aso(n)m)y> and <(Sso(m)n)y (Sso(m)n)y+1> are pinned to their
ground state expectation values at low energy. Dangling modes from (SSO(m)n); and
(SSO(m)n)Z are left behind on the two ends of the string, creating the anyon pair of the

[S] class. If the currents J in the operator string (4.120) belong in the third component in

(4.118), the string creates an anyon pair of class [A] on both ends.
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The vector representations in the conformal embedding SO(mn); 2 SO(m), x SO(n)m,

follow the single-channel branching rule

[Y]somn): = [VIsom), X [V]som)m- (4.121)

There are mn fermions on both sides, and the scaling dimensions of the tensor product add

up to

-1 —1 1
m TR _— (4.122)
2(m+n—-2) 2(m+n-—-2) 2
Following (4.66), the string of conjugate Majorana pairs,
Y2
Sy =[] ¢iowf), (4.123)

Y=y

is an integral combination of electron operators because ¢yLw5 on each bundle is local. When

applied to the ground state of SO(m),, the bulk of the string takes ground state expectation

L
1

values according to the branching rule (4.121), but the dangling modes (Vso(m)n) and

(VSO(m)n)Z are left behind, creating the anyon pair belonging to class [V].

The WZW CFT also carries spinor primary fields, which are representations of the double
cover Spin(m). However, the properties of these spinor fields are out of the scope of this

paper and will be omitted.
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4.4 (), series and symplectic fermions

We now construct topological models with symplectic WZW symmetry group Sp(2n) on
boundary edges. Previously, Ref. [Chel8] studied surface topological order using the split-
ting of SO(4n?); into two copies of Sp(2n),, where the level and the rank of the algebra in
each copy are identical. We will construct Sp(2m),, spin liquids and topological supercon-
ductor models with arbitrary level and rank. This is achieved by a conformal embedding

Sp(2m), x Sp(2n),, € SO(4mn); on each SO(4mn); wires from the previous section §4.3.1.

We begin with the matrix representation of the symplectic Lie algebra Sp(2n). It consists
of n x n matrices X with quaternion entries that satisfy X + X' = 0. The matrices can be
expressed in the combination X = X, q*, where = 0,...,3 and X, are n X n real matrices.
i=1,2,3

q are the quaternions. g* can be represented in terms of the Pauli matrices

Q0 =loxa, q' = —ioy, q*=—io,, q =—io,. (4.124)

They satisfy the following properties:

(qj)T = —qj, qiqj = —0"Tgyo + Gijkclka
(4.125)

1'0%q> = (¢/)% = —Iaxo,

where 4, j, k = 1,2,3, and €% is the anti-symmetric Levi-Civita symbol.

282



The Sp(2n) Lie algebra is spanned by the following matrix generators X, (pq) (see also

[Bak03]), whose matrix entries are

1

[(Xu(P9)]rs = 4(2)%0al?

(625¢ — 1, 6%07) (4.126)

where r,s = 1,...,n. 1, = diag(l,—1,—1,-1) is the Minkowski metric. For pu = 0,
there are n(n — 1)/2 real anti-symmetric matrices Xo(pg), where 1 < p < ¢ < n. For
p# 0, Xj—123(pq) are real symmetric matrices, where in this case 1 < p < ¢ < n. There
are 3 x n(n + 1)/2 such real symmetric matrices. Together, they generate the n(2n + 1)

dimensional Sp(2n) Lie algebra.

The chiral Sp(2n); WZW algebra can be represented by fermion bilinear KM currents. We

: : =1,..
group 4n Majorana fermions ¢, "

into a collection of symplectic fermions x" = ¢;,q".
Their complex conjugations are (x")! = Nup;,a*. Conversely, the Majorana fields can be
obtained from

r 1 r v
% = inuu TI'[X q ] (4'127)

We are now ready to describe the current algebra of Sp(2n);. The Hermitian current

operators are defined by products of symplectic fermions:

Tr [XTX " (pq)q“x}

3
Q
N | .

(4.128)
= 5 D T X ()

A\, U1, 8
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We refer to T = Tr [q)‘q“q” } as the trace of the product of three quaternions, or simply

the quaternion trace. It takes the explicit form of

T)\,LLI/ — 277)\;151/0 + 2,,7)\u5p0 + 2n,uz/5)\0 o 45A06y05yo o 260)\,ull (4129)

with Greek letters A, u,v = 0,1,2,3 and lowercase alphabets i, j,k = 1,2,3. "M ig the

four dimensional the Levi-Civita symbol.

4.4.1 Conformal Embedding and Descendant Topological Order
Symmetry embedding

We then generalize the embedding of arbitrary levels symplectic current algebras into the
SO(4mn); theory. We refer the A sector to Sp(2m),, and the B sector to Sp(2n),, in
the symmetry or matrix embedding of Sp(2m), X Sp(2n),, € SO(4mn);. The matrix
embedding here is based on the tensor product over a real division algebra of quaternion

that is equivalent to the identity X4 @ XB = (X;?q“) ® (XBg¥) = (X[? ® X2 (q"qY).

The m x m matrix generator X, (pq), defined in (4.126), of Sp(2m),, can be embedded into

SO(4mn) by taking

(X (pa)?],, = (Xpu(pg) @ 1),

— [Xu(pq>]ab 5cd57(na71)n+c5§bfl)n+d (4.130)

1 i / ! / /
OE z_; (55? o — ol o)
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We denote p' = (p— 1)n+ ¢ and ¢ = (¢ — 1)n + ¢, where the indices are subject to the
following conditions: r,s =1,...,mn,a,b=1,...,m,and ¢,d =1,...,n. Additionally, the
indices p and ¢ follow these constraints: 1 < p<g<mwhen p=0;and 1 <p<g<m
when o = 1,2,3. For each chiral sector o, the current operators of the A sector, under

bilinear products of symplectic fermions, are

Thi — Ly [xTXu(pq)Aq“x]

DN | .

(4.131)
Z TN [ X (pg) ], 5,

A\ V,r,S

N | .

as a sum of n decoupled copies of Sp(2m); currents. Similarly for the B sector, given any

n x n anti-Hermitian matrix X, (pg) that generates Sp(2n), we define

(X (p9)"],, = (Ln ® (Xu(pg)),,

= 8 [Xu(pq)] 4 0la—Dntegb=lin+d (4.132)

1 n / / ! /
- S ot )

with p’ = (a — 1)n + p and ¢’ = (a — 1)n + ¢. The indexes are subject to r,s = 1,..., mn,
a,b=1,...,m,and ¢,d =1...,n. Additionally, the indices p and ¢ follow these constraints:
1<p<qg<nwhenpu=0,and 1 <p < q<n when yu =1,2,3. The current operators of

the B sector are symplectic fermions bilinears

B = Ly [xTXu(pq)B q“x}

N | .

S T [0, 02 (4.133)
A\ L[ Xu(pa)®], s

\V,r,Ss

N | .
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We assume that the KM current-current backscatterings in (4.135) and (4.136) generate

finite mass gaps.

Descendant states

We begin with the SO(4mn); wires discussed in Sec.4.3.1. The 4mn chiral Majorana

fermions in each SO(4mn); wire are relabeled, as ¥yy = 7., ., Wwith

g

y7j:17"'74mn
uw=20,1,2,3 and r = 1,...,mn , to fit into Sp(2m),, x Sp(2n),,. For a given bundle y,
According to the discussion in Sec. 4.3.1, an operator is local if it is invariant under the

internal Zy symmetry in (4.98). Consequently, the current operators, given in equations

(4.128), (4.131), and (4.133), are local.

We now use these current operators to build the theories of Sp(2m), or Sp(2n),, spin
liquids and topological superconductor. We recall that the charge sector has previously
been gapped out through Umklapp backscattering or superconducting pairing described by
(4.87). Extra degree of freedom of Majoranas were removed using fermions backscattering
in (4.96). Leaving us with the neutral SO(N = 4mn); theory and 4mn Majoranas. Hence,
the embedded theories inherit two important features, which are the charge neutrality and
the kinetic Hamiltonian #Hg of (4.97). The microscopic Hamiltonian

1 [Sp(2m),] = Ho + HRC™m 4 3(5PEmm (4.134)

inter intra
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supports the edge CFT of Sp(m),, in an open geometry, with current-current backscattering
potentials given by/

Hlsnl;;eim = Uinter Z Z (JSP(2m)n)R"; ( Jsp(gm)n)hu

v 1<pg<m Y,D y+1,pq

— _% > % Tr [Xfir [Xu@q)Sp(zm)an quxgs] (4.135)

Y 1<p,q<m r,5=1

x Tr |:X§+1,7« [Xu(pQ)Sp(zm)n}Ts qqug-‘,-l,s} ;

and

R,u L,
Sp(2n)y 2 : § : Sp(2 Sp(2n)m
Hlnt(ra "= = Uintra (J p(2n) ) (J p(2n) )
Y,rq

v 1<pa<n Y,pq

_ _% S % % Tr [xﬁr [Xu(pq)smn)m]m q“xff,s} (4.136)

Ykt 1<p,q<nr,s=1

x Tr [xﬁ,r {X“(pq)Sp(Q”)m} N q“xﬁ,s} :
4.4.2 Topological Order Examples

In this subsection, we discuss examples of the resulting topological order. The simplest
conformal embedding in the SO(4mn); family is SO(4); = Sp(2)1 x Sp(2)1, where Sp(2); =

SU(2)1. This embedded algebra supports the same Abelian topological order as the SU(2);.

In the remainder of this section, we will examine two interesting examples of non-Abelian
topological orders: SO(8); 2 Sp(2)2 x Sp(4)1, which follows a special branching rule of
(4.137), distinct from the general case of (4.137), and SO(16); O Sp(2)4 x Sp(8)1, which

exhibits orbifold structures.
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SO(8)1 2 Sp(2)2 x Sp(4)1

We begin by considering the conformal embedding of the 3-dimensional Sp(2)s2 algebra and

the 10-dimensional Sp(4); algebra into the 28-dimensional SO(8);.

The emergent topological order of Sp(2), includes of a one-dimensional vacuum sector,
a three-dimensional fermion superselection sector, and a two-dimensional twist field su-
persector, with conformal scaling dimension 3/16. Since Sp(2)s is isomorphic to SO(3)q,
the topological order is Ising-like. The fermion supersector [flsp2), = [flso(s), corre-

sponds to the adjoint representation, or equivalently, the skew-Hermitian quaternion 2-

tensor [A]Sp(2)2 = [f]Sp(2)2 of Sp(2)2.

Similarly, Sp(4); also exhibits Ising-like topological order, as it is isomorphic to SO(5);.
Its anyon structure consists of a vacuum sector, a five-dimensional fermion sector, and
a four-dimensional Ising-like twist field, with conformal scaling dimension 5/16. Unlike
Sp(2)2, Sp(4); lacks a primary field supersector associated with its adjoint representation.
Instead, its fermion supersector [f]sp), = [f]so(s), corresponds to its traceless-Hermitian

quaternion 2-tensor [S]sy), = [flsp(), -

In each chiral sector, the product of the fields [A]sp(2), * [S]gp(), forms local spin 1 bosons
with conformal scaling dimension h = 1/2+ 1/2 = 1. The dimensional difference between
SO(8)1 and Sp(2)2 x Sp(4); is 28 — 3 — 10 = 3 x 5, which is accounted for by all possible
combinations of primary field pairing between [A]g(2), and [S]gp(4),- These resulting bosons

extend the Sp(2)s2 x Sp(4)1 WZW algebra to the full SO(8); WZW algebra, in agreement

288



with the branching rules:

SO(8)1 = SO(3)1 ® SO(5)1 @ ([flsoes).) * ([flsos))
(4.137)

= 5p(2)2 @ Sp(4)1 & ([f1sp2)s) % ([flspea)) -
In Sec. 4.4.2, we will explore how anyon excitations can emerge from the branching rules

and how they can be generated within the topological bulk.

SO(16)1 2 Sp(2)4 x Sp(8)1

We present here another symmetry embedding, Sp(2)4 x Sp(8)1, which again exhibits orb-

ifold structures: Sp(2)4 = SU(3)1/Z2 and Sp(8); = (Fs)1/Zs.

To understand how the orbifold structure arise in Sp(2)4, we must examine whether local
Zg gauge charges exist that could extend the Sp(2)s to SU(3);. Given the isomorphism
between Sp(2)s4 and SO(3)2, we can rewrite the Sp(2)4 current operators in the form of the
SO(3),. Following from (4.115), we derive the corresponding Zs gauge charge for Sp(2)4

from (4.114) and analyze its locality.
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. =1,2,3 . : . .
We start by showing that [JSp(2)4]Zq:11 is equivalent to [JSO(3)2]pq = Wpthg + 1V31pV344¢s

where 1 < p < ¢ < 3. Using the angle sum rules, we obtain:

=1 _ . . .
[Jsp(2)4]’;1 ~ cos(@1) cos(P2) + cos(Pa) cos(Ps)

~ i1 + iy is,
[Jsp(2)4]f1: ~ cos(P1) cos(P3) + cos(@a) cos(Pe)
(4.138)
~ i1z + ihaide,
[Jsp(z)Jfl:g ~ cos(p2) cos(P3) + cos(Ps) cos(Pe)
~ ihorhs + b5,
with angle variables ¢ defined by
. 1 —=P3—Pst+ P . P2— P4 — @6+ P8
Y1 = y P4 = )
2 2
¢2=¢1_¢3—;¢5_¢7, @5:¢2_¢4;¢6_¢87 (4.139)
. 1 —¢s5+P3—d7r . da— P+ b1 — P8
P3 = 5 Y6 = B) .

Here for simplicity, we have temporarily suppressed the y and ¢ indexes. The notation

[13 2

~” indicates equivalence up to a normalization factor after refermionization. In the
refermionization process, given by e'%i = (@B] +¢@Z6+j) /v/2 , we can match 1%- with cos ¢; for
j=1,...,6. This yields the SU(3)s-like current operator, as well as the gapped Hamiltonian

in (4.113).
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We can now write down a Sp(2)4-Z2 gauge charge from (4.114). Take for example the gauge
charge 511 = 2it11ps. This fermion pairs can be expressed using the angle sum rules as:

i1y ~ cos(@1 + Ba) + cos(@1 — Ga). (4.140)

Since ¢ £ @4 are sums involving half-integer multiples of linearly independent bosonized
variables of Dirac fermions defined by (4.94), the cosine terms correspond to pairs of frac-
tional Dirac fermions. Therefore the Zy gauge charge S is non-local and does not condense
in the anyon condensation sense. Consequently, Sp(2)s remains unchanged and does not

extend to SU(3);.

A similar non-local gauge charges construction applies to Sp(8)1 = (Es)1/Z2, which does
not extended Sp(8); to (Es)1. Thus, both WZW algebras exhibit Zg gauge theory with an

orbifold structure.

Common primary fields and anyon excitations

In closing, we discuss the branching rules for SO(4mn); 2 Sp(2m),, x Sp(2n),,, and how
anyon excitations associated with the embedded sub-algebras arise from string operators

within the topological bulk.

In the simplest cases, SO(4); = Sp(2); x Sp(2);. Because Sp(2); is identical to SU(2)y, its
fusion group of Abelian anyons is the vacuum and two semions. The vector representation

of Sp(2); is simply the semion, which obeys the fusion rule [V] x [V] = 1.
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For general Sp(2m), we label the primary field sector corresponding to the vector represen-
tation [V] =span{V, :a =1,...,2m}. The quadratic Casimir of [V] is Cy = 2(2m +1)/4.

The dual Coxeter of Sp(2m) is ¢ = m + 1. Therefore, the scaling dimension of [V] in

Sp(2m), is hy = mcjﬁ/n/il = 4(%71;;1_1). The vector representation of Sp(2m) is irreducible

for m > 1 [FMS12].

For higher levels n > 2, there exists [V] in Sp(2m),, that obey the fusion rule [V] x [V] =
1+ [A] + [S]. The adjoint representation [A] of Sp(2m) is the skew-Hermitian quaternion
2-tensor with dimension dim[A] = 2m? + m and quadratic Casimir Cy = 2(m + 1). It
has conformal scaling dimension hy = (m + 1)/(m + n + 1) in Sp(2m),. The traceless
Hermitian quaternion 2-tensor [S] has dimension dim[S] = m(2m — 1) — 1 and quadratic
Casimir Cg = 2m. It has scaling dimension hg = m/(m +n + 1) in Sp(2m),. In general,

the conformal embedding SO(4mn); 2 Sp(2m),, x Sp(2n), obeys the branching rule

SO(4mn); = Sp(2m), & Sp(2n)m
@ ([Slspemy, * [Alspen)m) (4.141)

® ([Alspmy, % [Ssp@n)m) -

So there are 2mn(4mn—1) fields on both sides of (4.141). The (2m+1)(2n+1)(2mn—m—n)
current operators of SO(4mn); that lie outside Sp(2m),, and Sp(n),, are constructed form
combinations of tensor products between the skew-Hermitian and the traceless Hermitian

quaternion primary field sectors of Sp(2m),, and Sp(n).,. Additionally, the conformal scal-
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ing dimensions of products in the second and third line of (4.141) sum up to

m+n+1 m+4+n+1 m+n+1 m+n+1

In the special case where m = 1 and n > 2, the isomorphism between Sp(2) and SU(2)
tells us that Sp(2), only has the skew-Hermitian quanternion representation [A], and not

the [S] representation. This reduces the branching rule in (4.141) to

SO(4n)1 = Sp(2)n ® Sp(2n)1 @ ([A]sp2), X [Slspan) ) - (4.143)

as demonstrated in the example of (4.137).

The dimension difference between SO(4n); and Sp(2), x Sp(2m); is accounted for by the
dimension of primary field tensor products [A]gp(2),, X [S]sp(2n), With the conformal scaling

dimensions from these two primary field sectors add up to unity:

Sp(2)n | 5 Sp(2n) 2 n
h h = =1. 4.144
A +hs n-+ 2 + n-+2 ( )

Using the same reasoning as in 4.3.3, an anyon pair of the vector representation [V] in
Sp(m), can be generated by applying a string operator, similar to that in (4.120). How-
ever, each current operator J;7 must be selected from either the second or third component
of the branching rules in (4.141). If the J operators are in the second component of (4.141),

dangling modes from (S Sp(gm)n)jl and (S Sp(Qm)n)Z remain at both ends of the string op-
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erator, leading to the creation of an anyon pair of the [S] class. Conversely, if the currents
J belong to the third component in (4.141), the string operator generates a pair of anyon

excitation of the [A] class.

Moreover, in the conformal embedding of SO(4mn); 2 Sp(2m), x Sp(2n),, the vector

representations obey a single-channel branching rule:

[W]so@mny, = [V1spm), X [V1sp@n)m: (4.145)

with 4mn fermions on both sides. The corresponding conformal scaling dimensions of the

single channel tensor products sum to

2m +1 2n+1 1
= —. 4.146
dm+n+1) 4m+n+1) 2 ( )

Since the operators %577/15 originate from the SO(4mn); family, they remain local within
each wire bundle. Consequently, we can construct an identically local string of conjugate
Majorana pairs, as shown in (4.123). In the lower-energy sector of the Sp(m), model, the
bulk of the string is pinned to its ground state expectation value according to (4.145). This
. . L R .
leaves behind the dangling modes (Vsp(m)n)yl and (VSp(n) )y2 at both ends of the string,

m

creating an anyon pair of the [V] class.
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4.5 Discussion and Conclusion

We construct exactly solvable coupled-wire Hamiltonians for topological phases character-
ized by classical Lie algebras at arbitrary levels. These topological phases include chiral
states of quantum Hall liquids, topological superconductors and spin liquids. We assume
that the current-current backscattering of SU(m),, SO(m),, and Sp(2m),, WZW algebras
opens up a bulk excitation energy gap. These bulk excitations are corresponding to the

chiral CFT primary fields that appear on the edge.

Our construction demonstrates how various Abelian and non-Abelian anyons, associated
with primary field superselection sectors, emerge from string operators. This occurs by
pinning their ground state expectation values according to their branching rules, such as

those in (4.61),(4.64), (4.118), and (4.141), at the lower-energy of the coupled-wire models.

An open question remains as to whether current-current backscattering in WZW KM al-
gebra generally leads to finite bulk excitation gaps. Our assumption is based on a con-
crete mass gap analysis of the SU(2),, model. In this model, current-current interactions
can be expressed through backscattering of opposite chiral Z, parafermions, coupled to
sine-Gordon potential. The sine-Gordon potential is pinned at its finite ground state ex-
pectation values, which subsequently opens up a mass gap for the counter-propagating Z,,

parafermions.

We can extended the analysis of finite mass gaps to models involving SO(3) and Sp(2) at

various level by utilizing their isomorphisms with the SU(2) algebra. Additionally, we can
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determine the presence of a finite excitation gap in the Sp(4); by examining its conformal
embedding as a product of two Sp(2); models, since Sp(4); is equivalent to Sp(2); x Sp(2);.
This approach allows us to generalize the analysis by exploring isomorphisms between

gapped models and their conformal embeddings.

So far in this work, we have applied the coupled-wire construction for topological phases
characterized by classical Lie algebras at arbitrary levels, while the construction for excep-
tional Lie algebras at level-1 was addressed in [LMT23]. It will be of interest to construct
coupled-wire models for exceptional Lie algebras at arbitrary levels and investigate what

topological phases they may represent.

Furthermore, it would be of particular interest to explore coupled-wire construction for
parent symmetries that can host various conformal embeddings among exceptional and
classical Lie algebras at arbitrary levels, characterizing different topological phases. This
exploration may provide a unifying theme, or suggest a classification scheme in the study

of chiral states of matter.

In addition to using coupled-wire models to generate various topological phases, we can
analyze the entanglement properties of these topological states by solving their ground state
wavefunctions for the proposed microscopic Hamiltonians. As demonstrated in our previous
work in [LATM21], this approach could offer new insights into the disentangling behavior of
topological states. By understanding how entanglement manifests and is structured in these
states, we establish a connection between the fields of quantum information and topolgoical

states of matter.
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Chapter 5

Topological Defects in quantum

LDPC codes

This chapter was previous published as [Pak Kau Lim, Kirill Shtengel, Leonid P. Pryadko,
“Topological defects in general quantum LDPC codes”, Memorial Volume for Shoucheng

Zhang, pp. 1-17 (2021)]

5.1 Introduction

One of the many advantages of surface codes is the flexibility they offer in the code param-
eters and the structure of logical operators. To add an extra qubit one may simply create

a hole in the surface. A larger hole, well separated from other defects, offers better protec-

297



tion (larger minimal code distance). Pairs of such holes can be moved around to perform

encoded Clifford gates, etc[DKLP02, BMD09, Bom10].

On the other hand, a substantial disadvantage of surface codes, or any stabilizer code
with generators local on a D-dimensional Euclidean lattice, is that such codes necessarily
have small rates R = k/n whenever the code distance d gets large[BT09, BPT10]. Here
k is the number of encoded qubits and n is the block length of the code. To get a finite
asymptotic rate, one needs more general quantum codes. In particular, any family of w-
bounded quantum LDPC codes with stabilizer generators of weight not exceeding w > 0
and distances divergent as a logarithm or a power of n has a non-zero asymptotic error
correction threshold even in the presence of measurement errors|KP13a, DKP15]. Several
families of bounded-weight quantum LDPC codes with finite rates have been constructed.
Best-known constructions are quantum hypergraph-product (¢qHP) and related codes[TZ09,

KP13b, ZP19], and various hyperbolic codes[Zém09, Del13, GL14, BT16].

The biggest obstacle to practical use of finite-rate quantum LDPC codes is that their sta-
bilizer generators must include far separated qubits, regardless of the qubit layout in a
D-dimensional space[BT09, BPT10]. Error correction requires frequent measurement of
all stabilizer generators, and measuring such non-local generators just isn’t practical if the
hardware only allows local measurements. Nevertheless, there is a question of whether other
advantages of surface codes, e.g., the ability to perform protected Clifford gates by code

deformations, can be extended to more general quantum LDPC codes.
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Such a construction generalizing the surface-code defects and gates by code deformations to
the family of qHP codes[TZ09] has been recently proposed by Krishna and Poulin[KP19).
However, their defect construction is very specific to qHP codes. Second, Krishna and
Poulin do not discuss the distance of the defect codes they construct, even though it is
important for the accuracy of the resulting gates. Indeed, since gates by code deformation

are relatively slow, the distance has to be large enough to suppress logical errors.

The purpose of this work is to give a general defect construction applicable to any stabilizer
code. In the simplest form, one may just remove a stabilizer generator which produces an
additional logical qubit, k — k + 1. However, the distance d’ of such a code will not exceed
the maximum stabilizer generator weight, d’ < w. Given a degenerate quantum LDPC code
with the stabilizer generator weights bounded by w and a distance d > w, we would actually
like to construct a related code encoding more qubits but retaining degeneracy, i.e., with a
distance d’ > w. We propose a three-step defect construction: remove qubits in an erasable
region to obtain a subsystem code, do gauge-fixing to obtain a stabilizer code with some
generators of weight exceeding w, and promote one or more such generators of the resulting
code to logical operators. The choice of the gauge-fixing prescription is easier in the case
of Calderbank, Shor, and Steane (CSS) codes[CS96, Ste96], which makes the construction
more explicit. For such codes, with some additional assumptions, we give a lower bound
on the distance of the defect code. This shows that defect codes with unbounded distances

can be constructed, as is also the case with surface codes.

An interesting and a rather unexpected application of this analysis is the relation of qubit-

carrying capacity of a defect to its (generalized) topological entanglement entropy[KP06b,
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LW06, GTV11] (TEE), denoted ~. Namely, a degenerate defect code with distance d’ > w
can only be created when v > 0. Further, when distance d’ is large, the TEE ~ acquires

stability: it remains non-zero whenever the defect is deformed within certain bounds.

5.2 Defect construction

Generally, an n-qubit quantum code is a subspace of the n-qubit Hilbert space Hg@". A
quantum [[n, k,d]] stabilizer code is a 2*-dimensional subspace @ C H$" specified as a
common —+1 eigenspace of all operators in an Abelian stabilizer group S € P, —1 € S,
where P,, denotes the n-qubit Pauli group generated by tensor products of single-qubit Pauli
operators. The stabilizer is typically specified in terms of its generators, S = (Si,...,S;).
If the number of independent generators is » = rank S, the code encodes k = n — r qubits.
The weight of a Pauli operator is the number of qubits that it affects. The distance d of a
quantum code is the minimum weight of a Pauli operator L € P,, which commutes with all
operators from the stabilizer S, but is not a part of the stabilizer, L ¢ S. Such operators

act non-trivially in the code and are called logical operators.

An n-qubit CSS stabilizer code Q = css(P, @) is specified in terms of two n-column binary

stabilizer generator matrices Hx = P and Hz = Q. Rows of the matrices correspond
to stabilizer generators of X- and Z-type, respectively, and the orthogonality condition

PQT =0 is required to ensure commutativity. The code encodes k = n — rank P — rank Q
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qubits, and has the distance d = min(dx, dz),

dx = min wgt(h), dz= min wgt(c). (5.1)
bECé\Cp CGC}%\CQ

Here Cg € F$" is the binary linear code (linear space) generated by the rows of @, and
Cé is the corresponding dual code formed by all vectors in IF?” orthogonal to the rows of
Q. Matrix @ is the parity check matrix of the code Cé. A generating matrix of Cé, Q*,
has rank Q* = n — rank @ and is called dual to Q. Also, if V = {1,...,n} is the set of
indices and B C V its subset, for any vector b € F ?”, we denote b[B] the corresponding
punctured vector with positions outside B dropped. Similarly, Q[B] (with columns outside
of B dropped) generates the code Cq punctured to B. We will also use the notion of a
binary code C shortened to B, which is formed by puncturing only vectors in C supported
inside B,

Code C shortened to B ={c[B]: c€C A (¢) € B}.

We will denote Qg a generating matrix of the code Cq shortened to B. If G and H = G*
is a pair of mutually dual binary matrices, i.e., GH? = 0 and rank G + rank H = n, then

Hp is a parity check matrix of the punctured code Cgp), and[MS83]

rank G[B] + rank Hp = |B]|. (5.2)

The distance d of a linear code C is the minimal Hamming weight of a non-zero vector in
C. In general puncturing reduces the code distance. More precisely, if d and d’ are the

distances of the original and the punctured code, respectively, they satisfy d —|A| < d’ < d.
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On the other hand, the minimum distance d” of a shortened code is not smaller than that

of the original code, d” > d.

For a quantum code, if A is a set of qubits and B = V' \ A its complement, the stabilizer
group S can also be punctured to B, by dropping all positions outside B. With the exception
of certain special cases[Rai99, Sar08], the resulting group G = S[B] will not be Abelian, and
can be viewed as a gauge group of a subsystem code[Pou05, Bac06] called the erasure code.
A stabilizer code can be obtained by removing some of the generators from G to make it
Abelian; such a procedure is called gauge-fixing. In the case of a CSS code with stabilizer
generator matrices Hy = P and Hyz = @, the punctured group has generators P[B]| and
Q[B], while a gauge-fixed stabilizer code can be obtained, e.g., by replacing punctured
matrix Q[B] with the corresponding shortened matrix, @ p. This latter construction can be
viewed as a result of measuring qubits outside B in the X basis. Qubits in an erasable set
A can be removed without destroying quantum information. In this case, according to the
cleaning Lemma[BPT10], the logical operators of the original code can all be chosen with

the support outside A. From here, with the help of Egs. (5.1) and (5.2), one obtains

Statement 1. Consider a CSS code Q = css(P, Q) on qubit set V' of cardinality |V | = n,
encoding k qubits and with the CSS distances dx, dz. Let A CV be an erasable in O set
of qubits, and B =V \ A its complement. Then, the length-|B| code Q" = css(P[B],QR)

encodes the same number of qubits, k' =k, and has the CSS distances d'y, d', such that:

dx —|A| < dy <dx, dy>dz. (5.3)
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The statement about the number of encoded qubits is true in general: an erasure code and
any of the corresponding gauge-fixed codes encode the same number of qubits as the original
code as long as the set A of removed qubits is erasable. (And, of course, we want to stick to
erasable sets since we do not want to lose quantum information). To construct a code that
encodes k" > k qubits, it is not sufficient to just remove some qubits, one has to also remove
some group generators. If we do not care about the weight of stabilizer generators and start
with a generic stabilizer code, a code with a decent distance may be obtained simply by
dropping one of the existing stabilizer generators. Our general construction below is focused

on quantum LDPC codes with weight-limited stabilizer generators:

Construction 1. Given an original [[n,k,d]] degenerate code with stabilizer generator
weights bounded by some w < d, in order to create a degenerate “defect” code with k' > k
and d' > w, (1) remove some qubits in an erasable set, (ii) gauge fix the resulting subsystem

code, and then (iii) drop one or more stabilizer generators with weights bigger than w.

The gauge group G = S[B] of the erasure code in step (i) has generators of weights w or
smaller; generators of weight greater than w are obtained after gauge fixing in step (ii).
This construction does not guarantee whether we get a degenerate code or not. Below, with
the help of some additional assumptions, we prove several inequalities that guarantee the
existence of not only degenerate defect codes with d’ > w, but also highly-degenerate defect

codes with unbounded distances.
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5.3 Distance bounds for a defect in a CSS code

First, let us get general expressions for the distances d’y, d’, of a CSS code with a removed
Z-type generator. Given the original code css(P, @), we choose a linearly-independent row
of Q, up, as the additional type-Z logical operator, and denote @’ the corresponding matrix

with the row dropped (and of the rank reduced by one). Denote
d(ZO) = minwgt(ug + aQ’), (5.4)
(0%

the minimum weight of a linear combination of uy with the rows of @’. Then, Eq. (5.1)
gives

d'y = min(dy, dY)). (5.5)

The additional type-X logical operator has to be taken from the set of detectable errors
of the original code. Specifically, it has to anticommute with the element of the stabilizer
being removed, but commute with the remaining operators in the stabilizer and all logical
operators of the original code. In addition to the X-type logical operators of the original
code, the logical operators of the new code include all errors with the same syndrome as

the chosen canonical operator. Respectively, the expression for the distance reads:

dy = min(dx,dV), d¥ = min wet(b). (5.6)

b:ughT=1AQ'bT=0

The lower bounds constructed in the following two subsections both rely on geometry in a

bipartite (Tanner) graph associated with the type-Z generator matrix Hzy = @. Namely,
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given its row-set U (check-nodes) and column-set V' (value-nodes), the Tanner graph has
the union U UV as its vertex set, and an undirected edge (u,v) € U x V for each non-zero
matrix element ,,. On a graph there is a natural notion of the distance between a pair
of nodes, the number of edges in the shortest path between them; a ball Qg(ug) of radius
R centered around wug is the set of all vertices at distance R or smaller from wug. Then,
an erasable region A = Qg(up) NV is chosen as a set of value nodes within the radius R
from a check node ug € U, subject to the condition that a row of the shortened matrix Qp

contains ug in its expansion over the rows of Q.

The condition is not a trivial one, as it is actually equivalent to region A being erasable
in the code css(P, Q') formed by the original matrix Hx = P and the matrix @', the
original matrix @ with the row wug (considered linearly independent) dropped, same code as
in Egs. (5.4) to (5.6). As an equivalent but easier to check condition, one may request that
row ug[A] be a linear combination of the rows of the punctured matrix Q'[A] (remember that
the support of ug is a subset of A, while ug is linearly independent from the rows of Q’). In
addition, we use a corresponding sufficient condition as a part of lower X-distance bound
in Statement 2, and formulate a related necessary condition in terms of the topological

entanglement entropy associated with the defect A in Sec. 5.4.

5.3.1 Code with locally linearly-independent generators

We need a condition to guarantee a lower bound on the weight of the operator conjugate to

the row ug removed from the matrix Qp, see Eq. (5.6). Here, we will assume that the set
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of Z-type stabilizer generators forming the rows of the matrix Hz = Q) be overcomplete.
That is, there be one or more linear relations between the rows of @), and that we start with

a row ug which takes part in such a relation.

In the case of the toric code (or any surface code on a locally planar graph without bound-
aries), see Fig. 5.1(a), the linear relation is simply the statement that the sum of all rows
of Hz be zero (necessarily so since each column has weight two). Such a relation exists
for any matrix with even column weights, e.g., qHPs from (¢, m)-regular binary codes with
both ¢ and m even. Further, many such linear relations exist for CSS codes forming chain
complexes of length 3 or more, e.g., the D-dimensional hyperbolic|GL14, Brel8| and higher-

dimensional qHP codes[ZP19] with D > 2.

Statement 2. Given a CSS code css(P, Q) and a natural Ry, consider the bipartite Tanner
graph associated with the matriz Q, and a ball W = Qapg, (uo) of radius 2Ry centered around
the row ug € U. Assume (a) that the row ug is involved in at least one linear relation with
other rows of Q, and (b) there exists Ry > Ry such that all rows within radius 2Ry from
the center be linearly independent of each other. Let Q1 denote a full-row-rank matriz
obtained from @Q by removing some (linearly-dependent) rows outside W. Then weight of
any b € IF?” such that the syndrome Q1b’ has the only non-zero bit at the check node
uo satisfies wgt(b) > Ra, and for the complement B = V \ A of any region A C W,

Wgt(b[B]) > Ry — R;.
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The punctured vector b[B] is a representative of the new X-type codeword in the defect
code css(P[B], Q'z), where @' is obtained from @; by removing ug; the constructed bound

gives dg?) > Ry — Ry for the distance in Eq. (5.6).

We also note that additional, linearly-dependent with ug, rows in ) need not have bounded
weight, as long as on the Tanner graph they are located outside the ball W5. The correspond-
ing requirement is of course equivalent to any of the two conditions above the subsection
5.3.1 title, with A = W N V. In the case of a surface code with smooth boundary, see
Fig. 5.1 (b) and (c), the extra row may be chosen as the product of all plaquette generators,
with the support along the actual boundary. In such a case, the lower distance bound in

Statement 2 is saturated.

(a) (b) ()
Figure 5.1: (a) Homologically trivial hole on a torus. (b) Surface code with a smooth
boundary. Removing qubits (edges) inside of the circle we get a non-trivial defect. (c) This

circle contains a boundary edge with no neighboring plaquette; removing the corresponding
edges we again get a trivial defect.

5.3.2 Stabilizer group with an expansion

Here we construct a simple lower bound on the Z-distance of the defect, in essence, relying
on the monotonicity of the distance dz with respect to X-basis measurement of qubits in

an erasable set, see Statement 1. To make it non-trivial, we assume that Z-type stabilizer
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generators of the original code satisfy an expansion condition, namely, there exists an in-
creasing real-valued function f such that a product IL,, of any m distinct generators has

weight bounded by f(m),

wgt(Ilm) > f(m),  f(m+1)> f(m). (5.7)

Such a global condition on code generators guarantees that the boundary condition is good
for the defect we are trying to construct. For example, in case of the toric code on an L x L
square lattice with periodic boundary conditions, there are L? plaquette generators but
only L? — 1 of them are independent. Namely, the product of all plaquette generators is an
identity, so m — L? —m is a symmetry of the weight distribution. Necessarily, the function
f in Eq. (5.7) has a trivial maximum, f(L?) < 0. Respectively, a single hole in Fig. 5.1(a)
has a homologically trivial boundary—meaning that it can be pushed out and eventually
contracted to nothing by a sequence of single-plaquette steps. On the other hand, for a
planar smooth-boundary surface code configuration as in Fig. 5.1(b), one gets f(m) scaling

as a perimeter of m plaquettes with a non-trivial maximum.

Generally, as one increases the set A of removed qubits, there will be rows in the shortened
matrix (Qp formed as linear combinations of increasing numbers of rows of the original
matrix ). The expansion condition (5.7) with max,, f(m) > 0 guarantees that the cor-
responding rows cannot be contracted to nothing. For example, when we remove a single
qubit corresponding to a weight-¢ column of @), if the corresponding adjacent rows all have

weights w and do not overlap (in the case of a surface code ¢ < 2 and w is the number of
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sides in the corresponding plaquette), the shortened matrix @ p necessarily has Kk = £ — 1
rows of weight 2w — 2. Assuming f(2) = 2w — 2, at any w > 2 this is already sufficient to

guarantee the existence of a degenerate defect code with d’, > w.

With larger defects, combinations of larger numbers of rows may become necessary. If so,
the expansion condition (5.7) will also guarantee that codes with Z-type distances (5.5)

much greater than w can be constructed (assuming big enough original code distance dyz).

Statement 3. Given a code css(P, Q) and a natural Ry, consider the bipartite Tanner graph
associated with the matriz Q, and a ball W = Qapr, (uo) of radius 2Ry centered around the
row ug € U. Denote Q' the matriz obtained by removing uy from Q. Assume (a) that
A=W NV is erasable in the code css(P,Q’), and (b) that the set of Z-generators defined
by the rows of matriz Q) satisfies the expansion condition (5.7) with f(2) > 1. Then, weight
of any linear combination of ug with rows of the matriz Q' supported on the complement

B =V \ A satisfies d(ZO) > f(Ry).

Notice that the condition (a) here is the same as discussed above the Section 5.3.1 title; the

corresponding sufficient condition is a part of Statement 2, where any Ry > R; will do.

5.3.3 Defect codes with arbitrary large distances

Notice that Statement 2 requires a linear dependence between generators of (), while State-
ment 3 requires the expansion condition (5.7) with non-trivial f which is stronger than just
linear independence. Nevertheless, these conditions are not necessarily incompatible. The

condition in Statement 2 only needs to be satisfied for some parent code. For example, in
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the case of a toric code, two distinct holes are needed in order to create a defect code with
distance d’ = min(d’,, d’y) > 4. Here a linear dependence between plaquette operators can
be found in the parent toric code, one hole is needed to satisfy the conditions of Statement

3, while the other one is the actual erasable set in Construction 1.

Generally, suppose we have a parent CSS code css(Hx, Hz) with bounded-weight genera-
tors, sufficiently large distance, and matrix Hz with even-weight columns so that the sum
of all rows be zero. Such a pair of matrices satisfies conditions of Statement 2 but not of
Statement 3. Similar to the toric code, where one needs two holes to create a single-qubit
defect, here we also may need to take an erasable set A formed by two or more disjoint
erasable defects, e.g., balls as in Statement 3; that the set A be erasable can be guaranteed
by the union Lemma (Lemma 2 in Ref. [BT09]). Then, one (or more if needed) balls can be
used to ensure the existence of the function f in Eq. (5.7) with sufficiently large max,, f(m),

while the qubits in the last remaining ball would be used as the erasable set.

Explicitly, as a parent code family, one can use, e.g., gHP codes[TZ09] created from random
matrices with even-valued row and column weights. For example, (4,6)-regular random
matrices would do well, leading to qHP codes with asymptotically finite rates, whose CSS
generator matrices have column weights 4 and 6, regular row weights w = 10, and O(n'/?)
linear relations between the rows of generator matrices with number of non-zero coefficients
in each linear relation scaling linearly with block length n of the resulting code. The distance
of such parent codes grows as (’)(nl/ 2); this is sufficient to ensure that for any dy > 0 one
can choose n large enough so that sufficiently large erasable balls exist to guarantee the

existence of defect codes with d’ = max(d'y,d},) > dp.
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5.4 Relation with topological entanglement entropy

There exists a suggestive parallel between the structure of a large-distance qubit-carrying
defect we discussed, and (generalized) topological entanglement entropy (TEE) which can
be associated with such a defect[KP06b, LW06]. The latter may be defined in terms of
the usual entanglement entropy (EE), which characterizes what happens when some of the
qubits carrying a normalized quantum state |)) € H5™ are erased (traced over). Namely,
if the set of qubits is decomposed into A and its complement B = V \ A, one considers
the binary von Neumann entropy Y(A; B) = —trp pplogs pp, where the density matrix
pp = tra ) (1| is obtained by tracing over the qubits in A. The definition is actually

symmetric with respect to interchanging A and B, Y(A; B) = T(B; A).

When [¢) is a stabilizer state[FCY04], the entanglement entropy has a particularly simple
form. Such a state is just a stabilizer code encoding no qubits, so that its dimension is
20 = 1. With n = |V| total qubits, this requires a stabilizer group with n independent
generators. According to Fattal et al.[FCYT04], the EE of any stabilizer state |¢)) € Q
is uniquely determined by the decomposition of the stabilizer group & = S4 X Sp X Sap,
where non-trivial elements of subgroups S4 and Sp are supported only on A and only
on B, respectively, and those of Sqp are necessarily split between A and B. Namely,
rank S4p = 2p is always even, and it is this p (or, equivalently, the number of EPR pairs

split between A and B) that determines the entanglement entropy,

YT(A;B) =p = —rankSyp. (5.8)

N
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Given a stabilizer code Q with parameters [[n, k, d]] and a stabilizer group S of rank n — k,
a stabilizer state [¢)) € Q can be formed by adding any k& mutually commuting logical
Pauli operators to the stabilizer group. Then, if set A C V is erasable, according to the
cleaning lemma[BPT10], we can select all logical operators with the support in B =V \ A.
With the logical operators in Sg, both S4 and S4p are subgroups of the stabilizer group
S of our original code, and the entanglement entropy is given by the same Eq. (5.8). The
same quantity p can also be expressed in terms of the punctured stabilizer group S[B] =
Sp x Sap[B] (gauge group of the subsystem erasure code), written as a product of its center,
the (shortened) stabilizer group Sp, and p pairs of canonically conjugated “gauge” qubits

which generate the (punctured) subgroup Sap[B].

In the case of a CSS code, such a decomposition exists for both X-type and Z-type subgroups
of the stabilizer, e.g., S = 87 x S x 87 with rank 8% = rank S} = p. These p
independent generators are obtained from the rows of the original generator matrices that
are split between A and B. In a weight-limited LDPC code, the total number of such
rows, e.g., in Hyz, can be called the perimeter L(A; B) of the cut. However, the number of
generators of SﬁlzB) can actually be smaller than L(A; B) since some linear combination(s) of

the generators split between A and B combined with other generators may form an element

of Sy or Sp. Thus, we can write EE as

Y(A;B) =L —~, (5.9)
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with L = L(A; B) the perimeter of the cut and some integer v = vy(4; B) > 0. While this
expression strongly resembles the Kitaev-Preskill definition of TEE [KP06b, LW06], for now

v is just a parameter associated with the particular cut.

)

Let us now consider weights of generators of SJ(BZ . These correspond to the rows of Qp.
Clearly, each row of the original matrix () may be supported in A, or in B, or be split
between the two sets. Rows already supported in B can be moved directly to @p and
preserve their original weights. Thus no more than v > 0 generators of S](BZ) may need to

have larger weights. Necessarily, if we want to construct a defect forming a degenerate code

with the distance d’ > w, the additional number of qubits is bounded by

K=k —k<~. (5.10)

Thus, with v = 0, the defect cannot support a degenerate code with x > 0. However,
whether or not a particular defect does, in fact, support x > 0, also depends on the global

structure of the code, e.g., the boundary conditions.

Now, let us imagine that we have a defect code with a sufficiently large distance d. Then,
such a defect is also stable to small deformations, e.g., when B is changed to some B’ as
a result of up to M < d steps, where at each step a single position is added or removed
from the set. That is, our defect code retains the same number x of additional qubits when
we change the set B to a set B', |[BAB'| < M, where BAB' = (B \ B') U (B’ \ B) is the
symmetric set difference. For deformations such that M +w < d, the inequality v > s must

be satisfied in the course of deformations.
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Now, TEE is normally considered a property of ground-state wave function of some many-
body Hamiltonian, while our focus was on quantum LDPC codes with bounded-weight
but not necessarily local generators. Different terms in a Hamiltonian can be viewed as
generators of the code. However, in the absence of locality, why would we care about

weights of terms in a quantum spin Hamiltonian?

In a physical system, multi-qubit Pauli operators may appear as terms in an n-spin quantum

Hamiltonian, e.g.,

Hg:—AZPa—BZQb, (5.11)
a b

where and A > 0 and B > 0 are the coupling constants, and, to connect with our discussion
of CSS codes, P, and @ could be Pauli operators of X- and Z-type, respectively, specified
by rows of the binary matrices P and ). Then, if all terms in the Hamiltonian commute,
i.e., PQT = 0, the ground state space of Hy is exactly the code with the stabilizer group

generated by these operators.

Any simple spin Hamiltonian (5.11) is usually just the leading-order approximation to a
real problem. Even at zero temperature, additional interaction terms are virtually always
present. Such terms may break the degeneracy of the ground state of the Hamiltonian Hy.
The effect is weak if the code has a large distance, while perturbations be small and local.
The standard example is the effect of an external magnetic field h = (h,, hy, h.), which can

be introduced as an additional perturbation Hamiltonian

1
Hy=—3 > (haXi+ hyYi + h.Z;). (5.12)

(2
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For a code with distance d, only a Pauli operator of weight d or larger may act within
the code. Respectively, assuming the magnetic field small, degenerate perturbation theory
gives the ground state subspace energy splitting scaling as O(h?), where h = |h| is the field

magnitude.

However, the code distance d gives only a part of the story. Large-weight operators appear-
ing in Hy make the ground-state order particularly susceptible to local perturbations such as
the magnetic field. In this case the relevant scale for the magnetic field is Wh ~ max(A, B),
that is, the effect of the magnetic field may be magnified by the operator weight W. In-
deed, if we start with the spin-polarized ground state of Hi, a weight-W Pauli operator
will generically flip W spins, producing a state with the energy increased by O(Wh). The
effect of such a perturbation will be small as long as the corresponding coefficient, A or B
in Eq. (5.11), remains small compared to Wh. Thus, with W large, the ground state of the
spin Hamiltonian Hy gets destroyed already with very small h ~ max(A, B)/W. The same
estimate can be also obtained with the help of an exact operator map similar to that used

by Trebst et al. TWTT07].

5.5 Discussion and Conclusions

To summarize, we discussed a general approach to adding logical qubits to an existing quan-
tum stabilizer code, with the focus on quantum LDPC codes with weight-limited stabilizer
generators. In short, a stabilizer generator needs to be promoted to a logical operator,

which puts a bound on the distance of the obtained code in terms of the generator weight
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w. As in a surface code, a degenerate code can be obtained by removing some qubits in an
erasable set, and gauge-fixing the resulting subsystem code in such a way as to ensure that
stabilizer generators of sufficiently large weight be created. We also constructed some lower
bounds on the distance of thus obtained defect codes which show that construction can in

principle be used to obtain highly degenerate codes with distances much larger than w.

An interesting observation is a relation between the ability of a particular defect (erasable
set of qubits) to support an additional logical qubit in a degenerate code, and a quantity
analogous to TEE, ~. A degenerate defect code can be only created with v > 0. Further,
when a defect code has a large distance d’, a lower bound on > 0 is maintained in the

course of deformations, not unlike for the conventionally defined TEE.

Many open problems remain. First, our lower distance bounds are constructed by analogy
with surface codes. In particular, the lower bound in Statement 2 applies only for a single

qubit. In addition, we do not have good lower distance bounds for defects in non-CSS codes.

Second, the notion of generalized TEE ~ in Eq. (5.9) needs to be cleaned up. Here we
are working with lattice systems, not necessarily local, and the usual expansions in term
of 1/L do not necessarily help. Further, as defined, «y certainly depends of the chosen set
of generators. Redundant sets of small-weight generators imply the existence of higher
homologies, as in higher-dimensional toric codes; it would be nice to be able to interpret

values of v, as, e.g., was done by Grover et al. in a field theory setting[GTV11].

Third, if we start with a finite-rate family of codes, are there defects of size |A| with

v = O(|A])? Coming back to defect codes, it appears that a typical defect with large ~y
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would generically lead to an entire spectrum of operator weights in the generators of Sp.
Is there a situation when there is a large gap in this weight distribution, as in the surface

codes with v = 1, where only one high-weight operator may exist?
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Chapter 6

Summary and Outlook

This thesis investigates four distinct but interconnected studies. One of the focuses is on
disentangling conditions in multipartite Abelian and non-Abelian topological fluids, such as
the general Laughlin and Moore-Read states. By studying the inseparability of the density
of states of Ising twisted fields that arise in multipartite entanglement, we suspect that
such obstructions generally occur in non-Abelian topological states. These obstructions are
likely caused by the scrambling of the density matrix associated with the super-selection

sectors of non-Abelian anyons.

In a separate work, we refines the notion of generalized topological entanglement entropy
(TEE) and its relation to quantum error correction, which enables the addition of logical
qubits to quantum LDPC codes through topological defects. Therefore, advancing our

understanding of how much entanglement is required for non-local quantum error correction.

318



In terms of implications for future applications in topological quantum computing, we have
developed a universal framework using symmetry factorization and the coupled-wire model
construction to predict novel bosonic fractional quantum Hall states, unified spin liquids,
superconducting states, and fractional quantum Hall states. All of these can be traced back
to the electronic origin of 1D quantum wires, which host fractional quasiparticles emerging

from strongly interacting bosonic and electronic states.

Additionally, we discovered branching rules that allow us to construct various anyon chains
explicitly out of local electronic states. These particles consist of emergent non-local Dirac
fermions, Majorana fermions, Ising, Fibonacci, and metaplectic anyons, some of which are

capable of building anyon qubits and universal quantum gates.

It remains unknown whether there exists a single gapless parent state that may host vari-
ous fractional Fg states, spin liquids, and superconducting states. Finding such a gapless
parent state candidate is of significant interest in theoretical physics. Besides, by solving
ground states of such a unified, exactly solvable model, we can prove the conjecture that
non-Abelian topological fluids are generally unable to disentangle due to the presence of
long-range entangled quasiparticle excitations, even if the disentangling conditions (2.4)
are satisfied. Moreover, it is of practical interest to construct various anyon qubits and

topological quantum gates explicitly using the branching rules we discovered.

To make scalable quantum computers a reality, we must look for novel materials and exper-
imental breakthroughs. Promising candidates for realizing the coupled-wire model include

Gallium Arsenide, superconducting thin slab devices, carbon nanotubes, or possible exper-
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iments in cold atom setting. However, it remains crucial and urgent to develop efficient
quantum error correction algorithms or schemes to help reduce the overhead of current

quantum processors.
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Appendix A

Appendix

A.1 Topological data

In this appendix, we collect the charge assignment tables for current operators and quasi-
particle excitations for the conformal embeddings G4 x Gg C Fg studied in the main text.
Except for SU(8); x U(1)s C (Es)1, all conformal embeddings involve algebras at level 1.
Therefore, aside from this case, we will not specify the levels of the algebras in the tables
below to simplify the notation. In these tables, the numbers in each term * (x) specify the
dimension * of the subspace consisting of fields with charge .
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Table A.1: Current operator charge assignments for the conformal embeddings G4 X Gg C
Egs, where G4 or Gp is an exceptional group.

VG, VF, #Qa, #Qr,
0 16 14(0) 22(0),8(£2),7(£4)
8 8 4(0),4(%2),1(£4) | 22(0),14(%2),1(+4)
Vsu2) | VEer #Qsu(2) #Qp,
0 16 3(0) 49(0), 32(x2), 10(+4)
2 14 1(0), 1(£2) 49(0), 35(£2), 7(+4)
8 8 1(0), 1(£4) 67(0), 32(£2), 1(+4)
Vsu() | VEs #Qsu(3) #Q g,
0 | 16 8(0) 30(0), 16(%2), 8(+4)
8/3 |40/3 |  4(0),2(x2) 28(0), 20(£2), 5(+4)
8 8 | 2(0),2(£2), 1(+4) | 36(0),20(2), 1(+4)
32/3 | 16/3 |  4(0),2(%4) 46(0), 16(£2)

Table A.2: Quasiparticle charge assignments for the conformal embedding Go x Fy C FEj.
Below, 7 refers to the nontrivial super-selection sector of the GG topological phase and 7
refers to the nontrivial super-selection sector of the Fy topological phase.

VG, | VFa | #(Qr)a, #(Q7)F,
0 | 16 70) | 8(0),8(x2),1(+4)
8 | 8 |3(0),2(22) | 14(0),6(£2)

Table A.3: Quasiparticle charge assignments for the conformal embedding SU (2) x E; C FEg.
Below, S refers to the nontrivial superselection sectors of the SU(2) and E7 topological

phases.
vsu) | VE. | #(Qs)su(2) #(Qs) B,
0 16 2(0) 20(0),16(£2), 2( 4)
2 | 14 1(£1) 21(i1) 7(+3)
8 8 1(£2) 32(0),12(+4)

Table A.4: Quasiparticle charge assignments for the conformal embedding SU(3) x Eg C Es.
Below, € and & refer to the nontrivial superselection sectors of the SU(3) and Eg topological

phases.
vsu@) | VEs | #(Qc)su) #(Qe) E #(Qg)su) #(Q¢)Es
0 16 3(0) 9(0), 8(%2), 1(+4) 3(0) 9(0), 8(£2), 1(&4)
8/3 40/3 1(_§)a2(§) 5(_§)a10(_§)a10(%)72(% 2(_§)>1(§) 2(_13*0)710(_%%10(%)’5(%)
8/3 | 40/3 | 2(=3),1(3) | 2(—=3),10(=3),10(3),5(3) | 1(—3),2(3) | 5(=%),10(=%),10(3), 2(})
8 8 | 1(0),1(£2) 5(0), 6(+2) 1(0), 1(£2) 15(0), 6(£2)
32/3 | 16/3 1(—%)2(%) 10(—%)716(53),1(%) 2(—%)&(%) 1(—%),16(—%)710(3)
32/3 1163 | 213 | 1960100 [ 1-H.2) | 10-4).16(2).10)
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Table A.5: Current operator charge assignments for the conformal embedding SU(5)4

SU(5)P C Ex.
Vsus)A | Vsu(s)E #(Q)su(s)4 #(Q)su(s)®
0 16 24(0) 8(0), 4(£2), 4(%4)
16/5 | 64/5 16(0), 4(2) 16(0), 4(4)
16/5 | 64/5 16(0),4(£2) | 10(0), 4(£2), 3(£4)
24/5 | 56/5 12(0), 6(+2) 8(0), 6(£2), 2(4)
8 8 | 10(0),6(£2), 1(£4) | 10(0), 6(£2), 1(£4)

X

Table A.6: Charge assignments of the SU(5); primary fields in £m=~2"10:12 Here, £9

is the vacuum and £~ = (£™)1.

m=1,2.

Vsu(s) #(Qe1)su(s) #(Qe2)sus)

0 5(0) 10(0)

16/5 1(—8/5),4(2/5) 4(—6/5),6(4/5)

16/5 4(—2/5),1(8/5) 6(—4/5),4(6/5)

2475 2(~6/5).3(4/5) 1(=12/5), 6(-2/5), 3(8/5)
24/5 3(—4/5),2(6/5) 3(—8/5),6(2/5),1(12/5)

8 3(0),1(2) 4(0), 3(£2)

56/5 | 1(—12/5),2(—2/5),2(8/5) | 2(—14/5), 3(—4/5), 4(6/5), 1(16/5)
56/5 | 2(—8/5),2(2/5),1(12/5) | 1(—16/5),4(—6/5),3(4/5),2(14/5)
64/5 ( 16/5), 4(4/5) 4(=12/5), 6(8/5)

64/5 (—4/5).1(16/5) 6(—8/5).4(12/5)

64/5 1(—14/5) 1(—4/5),3(6/5) | 1(=18/5),3(—8/5),3(2/5), 3(12/5)
64/5 | 3(—6/5),1(4/5),1(14/5) | 3(—12/5),3(—2/5),3(8/5),1(18/5)
16 1(0),2(£2) 4(0),2(£2), 1(+4)
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Table A.7: Current operator charge assignments for the conformal embeddings SU(8); X

Ul <

ries.

(Eg)l and Sp(8)1 X SU(2>4 C
The charge assignment in U(1)s
exp|+i(2¢1 —

is obtained from b =

exp [i%(ﬁf;l )

b2 — P4 — 6 — P8)).

Vsu@), | Yu)s #QSU(8)1 #Qu(1)s
772 | 25/2 49(0), 7(£2) 1(£10)
8 8 31(0), 16(+2) 1(+8)
23/2 | 9/2 | 29(0),15(£2),2(£4) | 1(=6)
14 2 5(0) 16(£2), 3(£4) | 1(4)
14 2 49(0), 7(+4) 1(+4)
31/2 | 1/2 37( J7(£2),6(x4) | 1(£2)
3172 | 1/2 | 25(0),15(2),4(+4) | 1(+2)
16 0 | 23(0),16(%2),4(x4) | 2(0)

Vsp(s), | Vsu (2 #Qsp(8) #Qsu(2),
16 0 14(0),8(i2),3(i4) 3(0)
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(Eg)1 that involve the orbifold theo-



.,4. Here, £° is the vacuum. Because the charge assignments for

(™)t are opposite, we only list the charge assignments of £™ sectors with

4.

Table A.8: Quasiparticle charge assignments for the conformal embedding SU(8); xU(1)g C

(Eg)1. We denote the super-selection sectors of the SU(8); and U(1)s topological phases

by &™ with m = —3,..
E™ and E7™
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Table A.9: Quasiparticle charge assignments for Sp(8);.

#Qo

4(0), 2(£2)

#Qs

16(0), 8(+2), 5(+4)

#Qr

16(0), 12(£2), 4(+4)

#QE

9(0), 8(+2), 1(+4)

VSp(B)l

16
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Table A.10: Current operator charge assignments for the conformal embeddings SO(2r +

1) x SO(15 —2r) C Eg for r = 1,2,3 and Ising x SO(15) C Es.

Vso(r) | Vso(9) #Qs0(7) #Q50(9)
0 16 21(0) 22(0),7(14)
0 16 ( ) 16(0),4(:|:2),6(:|:4)
4 12 11(0), 5(+2) 12( ),9(£2), 3(+4)
8 8 7(0),6(x2), 1(£4) (0) 10(£2), 1(+4)
12 4 9(0), 3(£2), 3(+4) 22(0), 7(£2)
16 0 11(0), 5(+4) 36(0)

Vso(s) | Vso(11) #Qs0(5) #QSO(H)
0 16 10(0) 37(0),9(+4)
0 16 10(0) 19(0) 12(i2),6(i4)
4 12 4(0), 3(£2) 19(0),15(+£2),3(£4)
8 8 4(0),2(i2),1(i4) 25(0) 14(i2),1(i4)
16 0 4(0), 3(+4) 55(0)

Vso@) | Yso(3) #Qs0(3) #Qs0(13)
0 16 3(0) 56(0), 11(+4)
0 16 3(0) 26(0), 20(£2), 6(+4)
4 12 1(0),1(£4) | 30(0), 21(£2), 3(+4)
16 0 1(0),1(£8) 78(0)

Vising | VSO(15) #Qlsing #Qs0(15)
0 16 N/A 79(0), 13(%4)
0 16 N/A 37(0), 28(£2), 6(+4)
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Table A.11: Quasiparticle charge assignments for the conformal embeddings SO(2r + 1) x
SO(15 — 2r) C Eg for r = 1,2,3 and Ising x SO(15) C Eg. Below, f and o denote the
nontrivial super-selection sectors of the SO(2r + 1) and SO(15 — 2r) topological phases.

Vso(r) | Vsow) | #(Qf)som | #(Qf)sow | #(Qs)som) #(Qs)s0(9)
0 16 7(0) 7(0), 1(+4) 3(0) 8(+2)
0 16 7(0) 1(0), 4(2) 8(0) 6(0), 4(£2), 1(:4)
1 12| 5(0),1(2) | 3(0),3(=2) A(£1) 6(%1), 2(3)
8 8 | 3(0),2(£2) | 5(0),2(£2) | 4(0),2(x2) 8(0), 4(£2)
12 4| 1(0),3(22) | 7(0),1(£2) | 3(£1),1(£3) 8(+1)
16 0 | 5(0),1(x4) 9(0) 4(£2) 16(0)
Vso(s) | Vsoan | #(Qf)sow) | #(Qf)soar) | #(Qs)sos) #(Qo)so(11)
0 16 5(0) 9(0), 1(*4) 4(0) 16(x2)
0 16 5(0) 3(0), 4(£2) 4(0) 12(0), 8(£2), 2(<4)
4 12| 3(0), 1(£2) | 5(0),3(=2) 2(+1) 12(1), 4(3)
8 8 | 1(0),2(£2) | 7(0),2(£2) | 2(0),1(%2) 16(0), 8(2)
16 0 | 3(0),1(x4) 11(0 2(£2) 32(0)
Vso@) | Vsoas) | #(Qr)som) | #(Qf)soas) | #(Qs)so3) #(Qo)s0(13)
0 16 3(0) 11(0), 1(+4) 2(0) 32(£2),
0 16 3(0) 5(0), 4(£2) 2(0) 24(0), 16(£2), 4(£4)
4 12| 1(0),1(£2) | 7(0),3(x2) 1(£1) 24(£1), 8(+3)
16 0 | 1(0),1(4) 13(0) 1(£2) 64(0)
VIsing | YSO(15) #(Qf)lsing #(Qf)SO(15) #(Qa)lsing #(QU)SO(IS)
0 16 1(0) 13(0), 1(4) 1(0) 64(£2),
0 16 1(0) 7(0), 4(£2) 1(0) 48(0), 32(%2), 8(+-4)
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Table A.12: Current operator charge assignments for the conformal embeddings SO(2r) x

SO(16 — 2r) C Eg for r =4,3,2,1.

Vso@®) | Vso(s) #(Q)so(s) #(Q)so(s)
0 16 28(0 16(0), 6(:|:4)
4 12 16(0),6(i2) 10(0), 6(i2), 3(:&4)
8 8 10(0),8(:|:2),1(:|:4) 10(0), 8(i2), 1(:|:4)
12 4 10(0), 6(%2),3(+4) 16(0),6(£2)
16 0 16(0), 6(+4) 28(0)

Vso(s) | Yso(o) #(Q)s0(6) #(Q)so(10)
0 16 15(0) 29(0), 8(+4)
0 16 15(0) 17(0), 8(:|:2), 6(:t4)
3 13 9(0), 3(£2) 17(0),10(£2),4(+4)
4 12 7(0),4(i2) 15(0), 12(i2),3(i4)
8 8 5(0), 4(i2), 1(:|:4) 19(0), 12(:|:2), 1(:|:4)
11 5 5(0), 3(i2), 2(:|:4) 25(0), 10(:|:2)
12 4 9(0),3(+4) 29(0), 8(£2)
16 0 7(0), 4(:|:4) 45(0)

Vso) | Yson2) #(Q)sow #(Q)so2)
0 16 6(0) 46(0), 10(+£4)
0 16 6(0) 22(0), 16(£2), 6(%4)
2 14 4(0), 1(£2) 26(0), 15(£2), 5(=£4)
1 12 2(0), 2(2) 24(0), 18(£2), 3(£4)
8 8 4(0), 1(%4) 32(0), 16(£2), 1(£4)
10 6 | 2(0),1(£2), 1(£4) 36(0), 15(2)
16 0 2(0), 2(+4) 66(0)

Vso(2) | Vso(4) #(Q)so) #(Q)soqa)
0 16 2(0) 67(0), 12(£4)
0 16 2(0) 31(0), 24(£2), 6(=£4)
1 15 1(£2) 37(0), 21(£2), 6(-£4)
4 12 1(+4) 37(0), 24(+2), 3(+4)
9 7 1(£6) 49(0), 21(£2)
16 0 1(£8) 91(0)
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Table A.13: Quasiparticle charge assignments for the conformal embeddings SO(2r) x
SO(16 — 2r) C Eg for r = 4,3,2,1. Below, f, s+, and s— denote the nontrivial super-
selection sectors of the SO(2r) and SO(16 — 2r) topological phases.

vsow) | Vsom) | #(Qf)sow) | #(Qr)som #(Qs+)50(8) #(Qs+)50(8) #(Qs-)s0(8) #(Qs=)s0(8)
0 16 8(0) 6(0),1(£4) 8(0) 4(£2) 8(0) 4(£2)
0 16 8(0) 4(£2) 8(0) 6(0),1(£4) (0) 4(£2)
0 16 8(0) 4(£2) 8(0) 4(£2) 8(0) 6(0),1(+4)
4 12 6(0), 1(£2) 2(0),3(+2) 4(+1) 3(£1),1(£3) 4(+£1) 3(£1),1(£3)
4 12 4(£1) 3(£1),1(£3) 6(0),1(£2) 2(0), 3(x2) 4(£1) 3(£1),1(£3)
4 12 4(+£1) 3(£1),1(£3) 4(+£1) 3(£1),1(£3) 6(0),1(£2) 2(0),3(x2)
8 8 4(0),2(£2) 4(0),2(£2) 4(0),2(£2) 4(0),2(£2) 4(0),2(£2) 4(0),2(£2)
12 4 2(0),3(x2) 6(0),1(£2) 3(£1),1(£3) 4(+£1) 3(£1),1(£3) 4(+£1)
12 4 3(£1),1(£3) 4(+£1) 2(0), 3(i2) 6(0),1(£2) 3(£1),1(£3) 4(+£1)
12 4|30, 1#3) | 4(=1) 3(£1), 1(£3) 4(+1) 2(0), 3(+2) 6(0), 1(+2)
16 0 6(0), 1(+4) 8(0) 4(£2) 8(0) 4(£2) 8(0)
16 0 4(+2) 8(0) 6(0),1(+4) 8(0) 4(£2) 8(0)
16 0 4(+2) 8(0) 4(£2) 8(0) 6(0),1(£4) 8(0)
vso) | Vsono) | #(Qf)sow) | #(Qf)soo) #(Qs+)50(6) #(Qs+)s0(10) #(Qs—)s50(6) #(Qs-)s0(10)
0 16 6(0) 8(0),1(+4) 4(0) 8(£2) 4(0) 8(£2)
0 16 6(0) 2(0),4(+2) 4(0) (O) -1(:&2) 1(:&4) 4(0) 6(0), 4(£2), 1(+4)
3 13 3(£1) 4(£1), 1(£3) 1(*%%3(%) *; -3 6( 1(3) 3(*%)1(%) 1(*7%6(*%),5(%),4(?))
3 13 3(£1) 4(£1), 1(£3) 3(—3),1(3) 1(=%).6(=3).5(3 ) 4(3) 1(-3),3(3) 4(—3).5(—3).6(3).1(%)
4 12 4(0),1(£2) 4(0), 3(£2) 2(+1) ( Q(iS) 2(+1) 6(+1),2(£3)
8 8 2(0),2(+2) 6(0),2(£2) 2(0),1(+2) 8(()),4(i2) 2(0),1(+2) 8(0),4(+2)
11 5 | 2(+1),1(£3) 5(+1) 1(=3).1(-3).2(3 5(~3),10(3),1(3) 2(-3). 1(3),1(3) 1(=3),10(~3),5(3)
11 5 2(+1),1(£3) 5(+1) 2(=3),1(3),1(3) 1(=35),10(-1),5(3) 1(=3),1(-3),2(3) 5(—2),10(3),1(2)
12 4 3(£2) 8(0),1(£2) 1(-3),3(1) 8(£1) 3(-1),1(3) 8(x1)
12 4 3(+2) 8(0),1(£2) 3(-1),1(3) 8(+1) 1(-3),3(1) 8(+1)
16 0 4(0),1(+4) 10(0) 2(£2) 16(0) 2(£2) 16(0)
vsow) | Vsonz) | #(Qf)sow | #(Qf)sonz) #(Qs+)s50(4) #(Qs+)s0(12) #(Qs—)s0(4) #(Qs-)s0(12)
0 16 4(0) 10(0), 1(+4) 2(0) 16(+2) 2(0) 16(2)
0 16 4(0) 4(0), 4(+2) 2(0) 12(0), 8(£2), 2(+4) 2(0) 12(0), 8(£2), 2(+4)
2 14 2+1) | 5(E1), 1(&3) 1(£1) 11(21),5(+3) 2(0) 10(0), 10(2:2), 1(4)
2 14 2(£1) 5(%1),1(£3) 2(0) 10(0), 10(£2), 1(:4) 1(£1) 11(£1), 5(£3)
4 12| 200),1(£2) | 6(0),3(x2) 1(£1) 12(£1), 4(£3) 1(£1) 12(£1), 4(+3)
8 8 2(£2) 8(0),2(£2) 1(+2) 16(0), 8(£2) 2(0) 16(0), 8(£2)
8 8 2(+2) 8(0), 2(+2) 2(0) 16(0), 8(+2) 1(£2) 16(0), 8(+2)
10 6 | 1(&1),1(#3) | 6(x1) 1(£2) 20(0), 6(+2) 1(£1) 15(1),1(+3)
10 6 | 1(£1),1(+3) 6(+1) 1(£1) 15(£1), 1(£3) 1(£2) 20(0), 6(£2)
16 0 2(0), 1(+4) 12(0) 1(£2) 32(0) 1(£2) 32(0)
vso() | vsoua) | #(Qf)sor | #(Qr)sons #(Qs+)50(2) #(Qs+)s0(14) #(Qs-)s50(2) #(Qs-)so(14)
0 16 2(0) 12(0), 1(4) 1(0) 32(£2) 1(0) 32(+2)
0 16 2(0) 6(0), 4(+2) 1(0) 24(0), 16(2), 4(+4) 1(0) 24(0), 16(:2), 4(+4)
1 15 1(£1) 6(+1), 1(+3) 1(-3) 6(—7),21(-3),21(3), 15(2) 1(3) 1(3) 1(=35).15(-3), 21(—3),21(3), 6(3)
1 15 1(£1) | 6(£1),1(3) 1(3) 1=, 15(- 3, 21— 1), 21(8),6(3) 1(—3) 6(= 5,21~ ), 21 (1), 15(3), 1(3)
4 12 1(£2) 8(0), 3(£2) 1(=1) 24(i1) 8(+3) 1(1) 24(£1), 8(3)
4 12 1(£2) 8(0), 3(2) 1(1) 24(£1),8(+3) 1(-1) 24(+1), 8(13)
9 7 1(£3) 7(£1) 1(=3) 7(*?),35(*?-21(%%1(%) 1(3) 1(=3).21(-3 3’1(%) (?>
9 7 1(£3) 7(+1) 1(3) 1(-$):21(—3),35(3). 7(3) 1(-3) 7(=3).35(— ) 21(5),1(3)
16 0 1(+4) 14(0) 1(~2) 64(0) 12) 64(0)
16 0 1(44) 14(0) 1(2) 64(0) 1(-2) 64(0)
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