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A NEW MICROFACET NOTATION FOR HIGH-MILLER~INDEX SURFACES 

OF CUBIC MATERIALS ~JITH TERRACE, STEP AND KINK STROCTURES 

M.A. Van Hove and G.A~ Somorjai 

Materials and Molecular Research Division, Lawrence Berkeley 
Laboratory, and Department of Chemistry, University of 

California, Berkeley, California 94720 

Abstract 

The ideal (i.e. unreconstructed and unrelaxed) structure of arbitrary 

high Miller index surfaces of cubic crystals is analyzed in terms of terraces, 

steps and kinks, and a new, simple and useful microfacet notation is proposed. 

The cubic crystals include the simple cubic, face-centered cubic, body-centered 

cubic, diamond, zincblende, NaCl and.CsCl crystals. 
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1. · Introduction Lm'l energy electron diffraction (LEED) studi-es revealed 

that unreconstructed, hiqh Miller index crystal faces have atomic structures 

that exhibit ordered periodic steps of atomic height that separate terraces of 

atoms . The steps often have ledges or kinks as well. 

With the exception of a few low Miller index surfaces it is difficult 

to visualize the atomic surface structure of various crystal surfaces when only 

their Miller indices are given. Inversely, it is difficult to determine the 

Miller indices of a surface from its terrace/step/kink structure or from its re
question of the 

ciprocal lattice (LEED pattern). TheAinterrelation of the atomic surface structure 

and the Miller index notation arises frequently during experimental stOdies of 

high Miller index surfaces. The unique structures of manyofthese surfaces strongly 

influence the chemical activity that is of great importance in heterogeneous 

catalysis and in forming surface chemical bonds. 

The purpose of this paper is to investigate the structure of ideal high 

Miller index surfaces and to propose a nomenclature that permits the deduction of 

the atomic surfaGe structure and easy correlations with other existing notations. 

Nicholas and coworkers(l) have developed a method of obtaining very useful partial 

information about ideal (i.e. unreconstructed, unfacetted, clean) surfaces with 

arbitrary (hkf) Miller indices: this information is the number of surface atoms 

with a given coordination number, i.e. with a given number of unbroken bonds. 

And Nicholas' atlas (2) of surfaces with not-too-high Miller indices has provided 

a valuable source of information for many surface scientists to identify the 

structure of a variety of surfaces. 

A step notation was introduced by Lang, Joyner and Somorjai (3) for 

stepped and kinked sutfaces, which has helped consid~rably in visualizing their 

structure. This step notation has the general form n(hlktet)x(h/s t's), where 
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(htl<tt\) represents the terrace, (h
5

ks"fs) represents the step face and n measures 

the width of the terrace in number of atoms. 

The step notation is exemplified by the fcc (775) surface for which the 

designation 6(lll)x(lfi") shows that 6-atom-wide (111) terraces are separated by 

single-height (111) steps. Likewise the fcc{l0,8,7) surface is denoted 7(lll)x{310), 

~howing that the step itself is a (310) plane, i~~. a kinked step. 

A stepped surface is usually defined as one with terraces of low Miller 

indices [such as (111), (100) or (110) for face-centered cubic (fcc) lattices], 

with constant widths and mono-atomic-height step faces which are also characterized 

by low Miller indices. Kinked surfaces have step faces that are themselves 

higher-index planes, i.e. are not planar but stepped. Each low Miller index piece 

of a surface we shall call a 11 mi crofacet 11
, whether it is a terrace or a step face 

or a low Miller index component of a kinked step. The underlying idea of our an-

alysis is that Mi 11 er indices can be decomposed as any normal vector in terms of 

simple vectors that represent low Miller index microfacets. For example, from the 

vector decomposition (775)=5(111)+1{1ll) one can directly learn that (111) terraces 

and simple steps of (lli) orientation are present on the (755) crystal surface; 

the coefficients 5 and 2 can be interpreted, with rules to be described later, as 

the relative sizes of the terraces and the steps. This vector decomposition will 

also provide our new microfacet nomenclature. 

We shall start out in Section 2 in two dimensions to explore in simple 

cases some of the characteristics of high Miller index surfaces. This will enable 

us to introduce our new microfacet notation in Section 3. We shall then generalize 

our considerations to three dimensions in Sections 4 and 5, concentrating on cubic 

materials with one atom per unit cell. In Section 6 we shall discuss other cubic 



space lattices, and in Section 7 surfaces are classified into groups with common 

characteristics. The inverse problem, that of finding the Mtller indices from 

structural information about the surface will be dtscussed in Section 8, Where 

a table of surface structures that are identified by both the microfacet and Miller 

index notation is included for many surfaces 

2. Examples of One-dim~~sional Surfaces ofTwo-dimensional Crystals 

Figure 1 shows a variety of terminations of two-dtmensional square 

crystals (these are the analogues in two dimensions of two-dimensional surfaces 

of three-dimensional crystals). The surfaces are designated by pairs of Miller 

indices (h,k), using the same conventtons as tn three dimensions. In Figure la 

a (1,2) surface is seen to be composed either of a (1 ,1) microfacet (the step) and 

a (0,1) microfacet (the terrace) , or if one prefers, of one (1 ,0) mtcrofacet and 

a (0,1) microfacet containing two unit cells of a (0,1) surface. There is a cer

tain arbttrariness in the choice of mtcrofacets used for the decomposition; here, 

either the microfacets (1 ,0) and (0,1) or the microfacets (1 ,1) and (0,1) may be 

chosen. 

In the following Sections we shall therefore analyze the decompositions 

without assuming any particular choice of microfacets, since different choices may 

be preferable in different cases. 

The vector (1,2) which is perpendtcular to the (1,2) surface, can be 

vectorially decomposed as (1,2)=(1,1)+(0,1) or as (1,2)=(1,0)+2(0,1); thus, a 

vectorial decomposition produces the microfacet structure described above in 

terms of vectors with simple coefficients, indicating also the correc~ relative 

size of the microfacets. In general, for this type of lattice the following 

simple decompositions can be performed: 



or 

(h,k} = h(l,O) + k(O,l) 

l h (1 ' 1 ) + (k- h) ( 0 ' 1) i f h ~ k 

(h,k) = k(l,l) + (h-k)(l,O) if h' k. 

These equations are already examples of our new mtcrofacet notation, which will be 

slightly extended to provide more information. 

In Figure lb a (2,5) surface is seen to ·decompose into identical units 

consisting of one short terrace followed by one long terrace, with two steps in the 

unit. This is an example of a class of surfaces not usually considered, that of 

high Miller index surface·s that serve as "terraces" for even higher Miller index 

surfaces; here, a high Miller index (1,2) terrace has steps (an additional (0,1) 

unit cell at the edge of every other (0,1) microfacet), as one sees from (2,5) = 

2(1 ,2)+(0, 1). We shall not analyze the structure of these "stepped stepped sur-

faces'' in detail, but we point out that if none of the indices h,k is 1, the surface 

has this type of higher complexity. The complication is introduced as a result 

of requiring the presence of only mono~atomic hei~ht steps. As shown in Figure lc 

one could obtain a simple (2,5) oriented surface with constant terrace width if 

we allowed multiple-height steps. However, we shall not consider multiple-height 

steps since single-height steps seem to predominate on stable high Miller index 

surfaces of fcc metals. 

Since we shall have to deal with both face-centered and body~centered 

lattices in three dimensions, it is useful to consider at this point the effect of 

adding centered atoms to our tvm-dimensional crystals. Fi"gure ·ld shows how the 

vector decomposition (1 ,2)=(1 ,0)+2(0,1) is no longer meaningful in this case, 

while the notation (1,2}=(1,1)+(0,1) is still useful. This is because no useful 

(l ,0) microfacets occur in this case, while the (T, l) microfacet has become by far 

the more natural (close-packed) microfacet to consider. Thus, with different 

. .. ~ 
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types of lattices, different choices of microfacets will be more appropriate. 

Another observation~is important as well: the (1 ,1) microfacet now has double the 

number of atoms as before and so the term (1 ,1) in the decomposition should now be 

interpreted to mean that two unit cells of the (1 ,1) microfacet are present in 

this case. Therefore, the prefactors of the vector decomposition acquire a 

different meaning: as far as counting unit cells on the microfacets is concerned, 

the prefactors should be weighted 2:1 when comparing (l ,l) and (0,1) microfacets. 

Similar weights will apply on the surfaces of three-dimensional crystals. To 

include the numbers of unit cells of each microfacet in our notation, we shall 

insett them as subscripts in the decomposition, e.g. 

3. A New ~omenclature for Arbitrary Surface~ of Cubic Materials 

We propose here a new microfacet notation for high Miller index surfaces 

that is quite general, easy to use and infonnative. The general form will be 

~1 ( s ) - [a~ l u c ( h l k 1 el ) + a~ 2 u c ( h 2 k 2 e2 ) +a~ 3 u c ( h 3 k 3 f3 ) ( 1) 

where M is the chemica 1 element, 

S denotes a stepped (or kinked) surface; 

(h.k.t.), i = 1,2,3 are three appropriate low Miller index microfacets; 
1 1 1 

ai (i=l ,2,3) are the vector decomposition coefficients of the vector 

(hkt) in terms of the three sets of microfacet indices (hikiei); 
i cf. Eqs. 13, 17 and 19; (when one of the coefficients a vanishes, 

the corresponding term in (l) may be dropped); 

uc ni (i=l ,2,3) are subscripts indicating the numbers of unit cells of 

each microfacet in the unit cell of the surface; cf. Eqs. 14-16, 

18 and 20. 
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As will be demonstrated later, the coefficients a; are obtained directly from the 

Miller indices (hke) of the surfaces, while the subscripts n.uc are simply re-, 
lated to the coefficients a; (cf. Section 4.1). 

For example, the Pt(l0,8,7) surface would be described by (Pt has a fcc 

1 atti ce) 

or, alternatively, with other microfacets, 

Pt(S)- [{1
2
5)

15
(111) + (}\ (llT)+22(100)]. 

Similarly, the Pt(775) surface is w~itten as 

Pt(S) - [55(111) + 21(110)]. 

and the Pt(755) surface is written as 

Pt(S) - [55(111) + 21(100)]. 

With this notation, it is also easy to obtain the Miller indices from a known 

microfacet structure. From the nun1bers of microfacet unit cells n;uc one obtains 

directly the coefficients a; and from these one can immediately produce the Mil~er 

indices by vectorial addition (cf. Section 8). 

4. Relative Sizes of Microfacets on Surfaces of Three-dimensional Crystals. 

The considerations of Section 2 generalize easily to the two-dimensional 

surfaces of three-dimensional cubic crystals. Thus, one may write (110)= }(111)+ 

}(llT), which means that a (110) unit cell can be regarded as being composed of a 

(111) and of a (llT) microfacet, both of equal size. In general, the vector de-

compositions hold for any type of cubic lattices, but the interpretation in terms 

of number of unit cells of each microfacet depends on the lattice type. 

Before entering into the detailed analysis of the microfacet decompo-

sition of high Miller index crystal surfaces, it is necessary to point out a 

useful feature of the Miller indices: they can freely be scaled up or down without 
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changing their basi~ property (in cubic lattices) of being vectors perpendicular 

to the plane designated by the same indices (hk2). We shall therefore in the 

following discussions freely scale the Miller indices to suitable integer values. 

However, in manipalating Miller indices one often obtains inconvenient values, such 

1 1 as (~,1 ,~) or (6,10,2) that one prefers to scale up or down to the set of smallest 

integers, such as (142) and (351) in the present examples. It must be stressed 

that some of the formulas that vJill be developed below require the use of the 

samllest set of integral indices: we call this the ''irreducible" set of Miller 

indices. 

4,1 Vector De compos it ion of Mi 11 er lnd ices 

To analyze and justify the vector decomposition in more detail, we 
. ~ 

consider an arbitrary surface characterized by the Mi 11 er index vector u
0 

= ( h
0

k
0 
t), 

and decompose it into two microfacets characterized by the sets of Miller indices 
~ ~ 

u1 and u2 . (Each of these mi crofacets may in turn be decomposed into other mi era-

facets, thereby providing a decomposition of the original surface into any number 

of microfacets.) The decomposition can thus be written in general as 
~ 1~ 2~ 
u = a u + a u 

0 1 2" 

Figure 2 shows the relationship between these vectors and the areas S of the surface 

unit cell and the areas F1 and F2 of the microfacets. (By surface unit cell we 

mean the repeating structural unit of the surface (hke): it typically includes a 

terrace and a step, but may be more complicated, namely with stepped stepped 

surfaces.) Using the orthogonality of the vector (hk2) to the plane described 

by the Miller indices (hkf), the similar triangles in Figure 2 yield the propor~ 

tiona 1 iti es 
(2) 

whereby the ratios between surface and microfacet areas are linked to the 
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1 2 decomposition coefficients a and a . It remains to relate these coefficients 

a1 and a
2 

to the unit cell areas A~c, A~c and A~c of each surface or mtcrofacet 

in order to bbtain an easy comparison of the sizes of the microfacets. 

In a simple cubic (sc) lattice, the area of the unit cell of an 

arbitrary surface defined by the Miller indices (h,k,el=u is 

Auc = /h2+k2+e2 = lui . 
sc (3) 

This is because the product of that area and the interplanar spacing 4 

d=(h2+k2+P 2 ).,..~ should be the volume of the bulk unit cell, namely 1; we assume 

here, as implicit in the Miller index notation, that the lattice constant is 1. 

We have to assume here that the Miller indices are scaled to be the smallest 

possible integers. Similarly, for fcc lattices, the unit cell area is 

/h2 +k2 +e2 ili 

=l~e2 
= for h,kf not all odd 2 

Auc (4) fcc = JuJ for h 'k' e a 11 odd 
4 4 

while for bee lattices 
for h+k+€-= odd 

( 5) 
for h+k+€: = even 

The denominators 2 and 4 in Eqs. 4 and 5 reflect the addition of face-centered 

and body-centered atoms; the microfacet unit cell area A~~ for the simple cubic 

lattice can contain 1,2 or 4 atoms when face-centered or body-centered atoms 

are added. 

It is now clear from Eq. 2 how the coefficients a1 and a2 should be 

interpreted to give the number of unit cells n~c of each microfacet: 

( 6) 
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uc the ratios Ju.J/A. being 1, 2 or 4, depending on the faces used. Thus 
1 1 

where 

p. 
1 = 2 

4 

= p : 
0 

f {sc lattices 
or bee lattices, when h.+k.+(. = odd 

1 1 1 

for {fcc 1 atti ces, v.then h., k., (. not all odd 
1 . 1 1 

bee lattices, when h .+k .+{. = even 
1 1 1 

for fcc lattices, when h.k.e. 1' ,,, 1 all odd. 

(Here, h, k,fmust be an irreducible set of integers; for fcc surfaces p. is 
1 

(7) 

(8) 

always even and one may divide all p. 's by 2 in writing proportionalities such 
1 

as in Eq.7.) 

Equation 7 constitutes one of our main results: it tells us that p
0 

unit cells of the surface (hkf) contain a1p1 unit cells of the microfacet ~and 

a2p2 unit cells of the microfacet u2. Thus one unit cell of the surface (hkt<) 

contains a
1
p,/po and a2p2/po unit cells of the microfacets u-, and u2' respectively. 

As mentioned before, one may further decompose individual microfacets 

into other microfacets. Thus with altogether three microfacets, an arbitrary 
··?' ,., 

surface u =(hk~) decomposes as 
0 

and Eq. 7 will take the form 

n uc uc uc uc 1 
o : nl : n2 n3 = Po : a pl 

(9} 

( 1 0) 

with p. as in Eq.8. This is of particular significance for surfaces of three, 
dimensional crystals: one knows that vectors can be decomposed uniquely onto a 

basis set of three linearly independent vectors, and therefore it follows that 
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an arbitrary surface can be decomposed uniquely in terms of three microfacets with 

linearly independent Miller indices. The three microfacets ~l' ~2 and ~3 contain, 

respectively, a1p1/p
0

, a2p2Jp2 and a3p3Jp
0 

unit cells. Our microfacet notation 

(cf. Eq.l) contains these numbers (called n.uc there) and the coefficients a1 ,a2,a3. 
1 

-+ A general method for obtaining the decomposition coefficients a. of u onto the 
1 0 

microfacets ~i (i=l,2,3) is provided by the Cramer relations (which apply for 

arbitrary 1 i near 1 y i n_<;lenpendent vectors u.) : 
1 

-+ -+ -+ 
-+ -+ ->-

a1 = (uo,u2,u3) 

cu-, ,u-
2 

,u
3

) 

-+ -)> -+ 

a2 = (ul ,uo,u3) 

cu-,,u
2
,u

3
) 

a3 = (ul ,u2 ,uo) 

Cu
1 

,u
2 
,u

3
) ( 11) 

where the mixed product is used: 

ca:, "b, c) = -a . n> x c). ( 12) 

3.2 Low Miller Index Microfacets 

We now apply Eqs. 9 and 10 to the decomposition of surfaces of sc, 

fcc and bee lattices in terms of low-Miller-lndex microfacets. It is often 

convenient to consider microfacets of (111), (110) and (100) orientation. If 

we further choose for convenience (without loss of generality) to order the Miller 

indices (hke) in such a way that ,., : h ~ k ~ 9- then 
' 

(hk£) = 9-(111) +{k-9-)(110) + (h-k)(lOO), ( 13 )_ 

which yields for the number of unit cells: 

sc " k-e h.,-k for phkf t sc (14) 

uc uc uc uc fcc 4e 2(k-l} 2(h:.:k) for fcc nhke :nlll :n,lO:nlOO = phk"t. . ( 15) 

bee f 2(k-e) h-k for bee phkt . ( 16) 

'-· 
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where p is defined in Eq. 8 lfor the microfacet notation of Section 3~ the~e 

b uc num ers are normalized to nhkt=l). One may prefer not to use (llD) microfacets 

for surfaces of fcc materials, since they are not close packed, but rather (111), 

(lll) and (100) microfacets. This is simply achieved by decomposin9 Eq. 13 further 

with (110)=!(111) + l(lll), yielding 

(hkf) = k+{' (111) + k-.e (lll) + (h-k)(lOO) (17) 
-2- -2-

and 

uc uc 
nhkt nlll n~~l n~~ = p~~~: 2(k+l):2(k-f):2(h-k) for fcc ( 18) 

With bee surfaces a decomposition according to (110), (100) and (001) microfacets 

may be more convenient, since bee (111) is not a close-packed face. With h ~ k 

we get then 

( hk i ) k(110)+(h-k)(lOO) + t(OOl) 

and therefore 

uc uc uc uc bee e 
nhkC : nll o nlOO nOOl = P hk e. : 2k : h-k: for bee 

The resulting microfacet notation, together with the step 
is illustrated in Table 1 for surfaces of fcc crystals. 

\iJe now give examples of these decompositions. An elementary case for 

surfaces is the decomposition of a(llO) face into its microfacets: 

(110) = !(111) + lenT). This yields from Eq. 18 

uc . uc;; uc 
nllO . nlll nlll = 2 : 2 : 2 l ' 

and with the microfacet notation; 

fcc ( 11 o ) = f c c ( s ) - [ ( ~) 1 ( 111 ) + P2) 1 ( 11 T) 

( 19) 

(20) 
notation, 

the fcc 

Figure 3 illustrates this decomposition and shows how, for each (110) unit cell, 

the (111) and (llT) microfacets contain one unit cell each. 

A surface with a typical step structure is illustrated in Figure 4. 

This fcc (775) surface decomposes as 



(775) = 5(111) + 2(110) 

= 6 ( 111 ) + ( 11 T) , 

~12~ 

yielding from Eqs. 15 and 18: 

uc .uc uc uc n775 : n111 : n111 : n110 = 4:20:0:4 = 1:5:0:1 

or 4:24:4:0 = 1:6:1:0, 

respectively. These ratios can be recognized in Figure 4. The microfacet 

notation is: 

fcc(775) = fcc(S)~[55 (111)+2 1 (110)] 
= fcc(S)~[66 (111)+1 1 (11T)]. 

The face that some numbers n.uc -are zero indicates that we have a non~kinked 
1 

surface. 

For comparison we illustrate the fcc(755) surface in Figure 5. It 

decomposes as (755) = 5(111) + 2(100), 

so that, from Eq.15: 

uc uc uc n755 : n111 n100 = 4:20:4 = 1:5:1, 

and in microfacet notation: 

fcc (755) = fcc (S)~[5 5 (lll) + 2
1

(100)]. 

This is also a non~kinked surface. Note the similar terrace, (111), but different 

step, (100) vs. (110) or (11T) of the (755) surface as compared with the (775) 

surface. 

The fcc (1D,8,7) surface is an example of a kinked surface and is shown 

in Figure 6. This surface decomposes as 

(10,8,7) = 7(111) + (310) 

= 7(111) + (110) + 2(100) 

= 
1 ~ ( 111 } + }( 11 T) + 2 ( 1 oo), 
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and we obtain the followtng ratios of numbers of unit cells: 

nuc uc . uc = 2:28:2 1 : 14: 1 10,8,7 "111. "310 

uc uc uc uc uc 2:28:0:2:4 n "111 "111 "no "100 = 10,8,7 

= 2:30:2:0:4 

The microfacet notatin~ ~iv~s: 

fcc(l0,8,7)~fcc(S)-[7 14 (lll) + 11(310)] 

=fcc(S)-[714 (111) + 11(110) + 22(100)] 

= 1:14:0:1:2 

= 1:15:1:0:2 

15 1 -=fcc(S)-[(y) 15(lll) + { 2)1(111) + 22(100)]. 

We see quite clearly that the terraces have a (111) orientation and we can visual-

ize the step structure as well; the steps of (310) orientation are composed of 

(100) and 2(100) microfacets. Alternatively, thinking in terms of (111), (lll) 

and (100) microfacets, the above decomposition shows that 

15 ) 5( -(10,8,7) = T (111 + 2 511). 

In these terms the steps have a (511) orientation, as is also visible in Fig.6; 

these steps are composed of one unit cell of (lll) microfacet and two unit cells 

of (100) microfacet. 

However, it is not obvious from the above ratios how two successive 

steps are positioned with respect to each other; especially their relative position 

in the direction parallel to the steps is not clear. I•Iithout additional informa

tion it would be difficult to visualize the surface structure unless one adopts a 

trial-and-error method, shifting successive steps with respect to each other until 

the terrace has exactly the required area. Section 5 will help in providing 

additional inform~tion for this purpose. 
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4. Terraces, steps and ~inks 

The numbers of unit cells of each microfacet~ QS given by Eqs 1 9 and 

10, enable us to identify which of the microfacets· is the terrace and allow the 

determination of the numbers of terrace atoms, step atoms and kink atoms. The 

terrace is simply that mi crofacet which has the 1 argest number of unit ce 11 s n~c 
1 

( ) uc uc uc ( ) Thus the fcc 755 surface has n111 ln 11y:n 100=5;0;1 ~and therefore tbe Jll 

microfacet is the terrace, with 5 times as many atoms as the (100) microfacet, 

cf. Figure 5. 

If two of the number niuc are equal and largest, the surface is composed 

of two equal length one.,.atom wide terraces of different orientation, interrupted by 

single-atom microfacets of the third orientation at regular intervals, For example, 

a fcc(ll,lO,l)_surface decomposes as 5(}ll)+5(lll)+(.lOO), exhibiting 10-atom-long 

(lll) and (lll) terraces, i.e. a stretch of CllO) surface, interrupted by (100) 

microfacets representing the start of new rows of atoms in the troughs of the (100) 

surface; we thus have a stepped ( 11 0) su-rf-ace with step edges perpendicular to 

the troughs. 

Given the relative numbers of unit cells of each microfacet, one can 

easilY find the ratio between the different types of surface atoms; terrace atoms, 

step atoms (i'ncluding kink atoms or not) and kink -atoms alone (those atoms 

sticking most out of the surface, i.e. those atoms with the fewest nearest neighbors). 

Starting with Eq.lO, the three decomposition coefficients niuc (i=l,2,3) are re-

named n . , n 'd and n according to their relative size; these three numbers m1n ml max -

then are proportional to the numbers of kink atoms, non-kink step atoms and terrace 

atoms, respectively. Therefore, the following ratios hold for the numbers of 

different types of atoms: 

kink atoms.: non-kink step atoms all step atoms · terrace atoms all atoms 
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0min "mid : "min+"mid : "~ax : "min + "mid + "max (21) 

As an example, we apply Eq. 21 to the fcc(l0,8,7) surface, assuming (111), (110) 

and (100) microfacets: 

Kink atoms : non-kink step atoms : all step atoms : terrace atoms 

all atoms = 1 : 2 : 3 : 14 : 17, 

These numbers can be easily recognized in Figure 6. 

One can of course also obtain absolute surface concentrations of atoms 

of any type. For this purpose the above numbers must be normalized to one unit 

cell of the macroscropic surface and divided by the area of that unit cell. From 

Eq. 10 we must use n . In uc, n .d/n uc and n /n uc which are respectively the 
m1n o m1 o max o 

numbers of kink atoms, step atoms and terrace atoms, so that for example 

kink atom density= (n . /n ~c)/( ju j/p ). m1n o o o (22) 

Here, the unit for the area is the cube edge squared. 

Once the terrace oriantation (htktQt) has been identified, it is 

simple to find the Miller indices (h k e) of the step itself. If at was the s s s 

decomposition coefficient in Eq. 9 for the terrace, then 

(if the indices hs' ks' ts are not all integers, they should be scaled up 

to yield integers). Frequently, this step (h k Q) is a not-so-high Miller s s s 
index microfacet which one likes to identify as such for comparison with 

identical or similar steps on other surfaces. 

5. The surface structure 

( 23). 

Even with the knowledge obtained in Section 3 about the sizes of the 

microfacets composing a surface, it is only possible to visualize the surface 

structure in the simpler cases. Thus one can readily picture the (755) surface 



composed of 5-atom wide (111) terraces and single height (100) steps. But the 

(10,8,7) is not easily pictured without additional information. The most im-

portant such imformation is the shape and orientation of the surface unit cell; 

this will be determined in this Section by giving the two basis vectors of the 

repeating surface structure. Further useful information given in this Section 

include inclination angles and the surface reciprocal lattice. 

One type of information that can be easily obtained about surfaces 

labelled by their Miller indices is the angle between two planes of interest. 

Thus the angle aibetween the surface plant ~0 and any microfacet ~i is given by 

the familiar formula 

(24) 

The terrace width is now a 1 so easily determined, once we know the step 

height d. for the microfacet ~.~d. is just the layer spacing between planes 
1 1 1 

perpendicular to ui (cf. Eq.3 for the case of simple cubic materials): 

where 

1 1 d.----
1 qi ~-~il 

rr 1 for 

for 
q.= 

1 I' or 2 for 

sc 

fcc with 

bee with 

fcc wi.th 

bee with 

h. ' k.' t. all odd 
1 1 1 

h. + k. +e. 
1 1 1 

:: even 

h. ' k.' f. not all odd 
1 1 1 

h.+ k.+f. odd 
1 1 1 

.... 

(25) 

(26) 

(the numbers q. take the addition of centered atoms tothe simple cubic lattice 
1 

into account). Now the terrace width Wt measured parallel to the terrace plane 

is d. 
Wt = 1 

tga. 
1 

(27) 
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with ai given by Eq.24. Thfs terrace width wt is defined as the projection onto 

the terrace plane of the repeat distance w along the macroscopic surface, s 

perpendicular to the terrace edges; thus ws is the shortest distance from one 

terrace edge to the next, namely 

d. w = 1 s -.--sina. 
1 

-+ 

(28) 

We now construct a vector e that describes the edge of the terrace; 
-+ 
e is parallel to the terrace edge and has a length such that it points from one 

atom on the edge to the next equivalent atom (e.g. from one kink atom to the 

next equivalent kink atom along the edge). This vector is one of the two basis 
-+ -+ 

vectors e and w describing the unit cell of the surface structure. Its direction 
-+ is simply given by the cross product of the surface normal u

0 
and the terrace 

-+ 
normal ut. Its length must be such that the surface unft cell has the proper 

area, i.e. \~\ ws= \u
0

\/p
0

, according to Eqs. 3-5, 8 and 28. It follows that 

(29) 

-+ 
To construct the second basis vector w of the surface unit cell, a 

vector which relates one step to the next, we start by finding a surface lattice 

vector in the following manner. -+I -+ -'>-
The vector w =u x e is a lattice vector in 

0 

the surface plane and perpendicular toe, i.e. it has roughly the correct direction 

to relate one step to the next, but it requires proper adjustments in length and 

direction (within the surface plane). The vector~· is normally too large to be 
-+, 

a basis vector and must first be scaled dov.m to ww by the requirement that the 

unit cell area 

that (J.M' give the proper 

number of steps conained 

\u
0

\/pri be obtained, or by the equivalent requirement 

step height, i.e. jrllw' • u \1\u I = n d , 
t t s t 

in one surface unit cell, i.e. nmid/n
0

uc 

where ns is the 

(cf. Section 4; 



n =1 except for stepped stepped surfaces, etc.). However, not every lattice vector s 
-+ -+ 

when scaled down yields another lattice vector, but w' +me for a suitable finite 

integer ri1 wi 11 satisfy that requirement. Thus the procedure for constructing the 

basis vector w = w·(w'tme) is to make this vector satisfy one of the two above 

requirements (this fixes~. but not m) and to scan through a finite number of 

values of m until a lattice vector is obtained ( the number of scanned values of 

m will be at most 1/w). 

Thus the surface basis vectors e and w have been determined. From 

these we can easily generate the two-dimensional reciprocal lattice of the macro-

scopic surface for comparison with Low Energy Electron Diffraction patterns. 

Using u
0 

= (hk~) as the surface normal, the two-dimensional reciprocal lattice 

of the sarface has the following basis vectors: 

-+ w* = 2n (30) 

Here w* is perpendicular to the step edges and therefore gives the "spot splitting" 

often observed in LEED patterns for stepped and kinked surfaces; ~* does not in 

general have a simple direction (it is perpendicular tow, however). 

It is often helpful to express the various vectors of interest in 

terms of basis vectors within the individual microfacets, such as the simple 

interactomic vectors within the (100) or (111) faces. In general, the natural 

choice for these basis vectors is the set of three vectors £i that are parallel to 

the three lines of intersection between the three microfacets under consideration, 

cf. Fig.7. We shall give these a length such that they point from one atom to 

the next on the three edges so defined. (A kink atom can be considered to be at 

the apex of a pyramid whose faces are three microfacets joining at three edqes, 



... 

-19-

cf. Fig.7 ; our basis vectors will point along these three edges), Eq~ 29 
-+ -+ -+ 

provides such vectors by simple exten$ion. If ui ,-·u 2 and ~~ 3 are the microfacet 

normals, then 

(31) 

The signs might be chosen so as to make each ti point into the surface, when 

possible. Any vector can now be decomposed onto £1, £2 and £3 by applying the 

Cramer reations of Eq.ll. 

Our results can be easily programmed for a computer to produce useful 

information about many arbitrary surfaces for compadson of their properties. 

We shall tabulate some of these results in Section 8. 

It remains to put together the various pieces of information obtained 

above to construct the surface. We find that the easiest procedure for doing 

this consists of first drawing a portion of an infinite terrace and then erecting 

the step components on this terrace so that they join properly and produce the 

terrace edge vector ~ of Eq. 29. With fcc meta ria 1 s, for a (111) terrace any 

(100) squares of a step face have to fit with two corners on two terrace atoms, 

and likewise for the (110) rectangles of a step face, where the short side of the 

rectangle fits on the terrace. This is seen in Figs. 4-6. For a (100) terrace 

any (111) parallelograms fit with two corners on two ter~ace atoms, and likewise 

for the (110) rectangles of a step face, where the long side of the rectangle fits 

on the terraces. Note that microfacets do not necessarily have simple shapes. 

For example a (100) microfacet need not be a simple juxtaposition of squares; 

it may be a parallelogram or also have an irregular contour with concave parts. 

See Fig.6, for examples. 

Once a step has been assembled, successive steps are simply obtained 
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~ 

by translation through the terrace width vector w defined above, and thereby 

the surface structure is determined. However, for stepped stepped surfaces, 

(cf. Fig.lb and the discussion in Section 7) one has to be careful to split 

some microfacets into disjoint parts of unequal size. The general guideline for 

doinq this is to assemble a surface that best approximates a plane perpendicular 

to th~ (hkt) vector. 

6. Surfaces of other types of material 

All cubic lattices besides the simple cubic, face-centered cubic and 

body-centered cubic lattices can also be treated exactly as described in the pre-

ceding sections. Thus the diamond structure consists of an fcc lattice with two 

identical atoms in each unit cell. A surface given by Miller indices (hke) 

will have the same microfacet structure as the (hk() surface of a face-centered 

cubic material. The only difference concerns the question of the termination 

of the surface in such cases (i.e. which of the two atoms in the three-dimensional 

unit cell becomes the surface atom); this is a physical problem unrelated to the 

geometrical decomposition into microfacets (we, of course, exclude reconstructions 

and facetting from these considerations). Similarly, the zincblende structure 

and the sodium chloride structure are also face~centered cubic structures with 

two (unidentical) atoms in each unit cell. And the cesium chloride structure is 

a simple cubic structure with two (unidenti~al) atoms in each unit cell. For all 

these cubic lattices, the results of the preceding sections can be applied 

directly, one only needs to imagine that each atom in those results is replaced 

·by a pair of atoms. 

Non-cubic crystals (such as hexagonal-close packed and wurtzite crystals) 
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require a more complicated analysis~ The reason fs that we have used as our 

starting point the orthogonality between a plane with Miller indices (hk~) and 

the vector (hkt) itself (cf. Eq.2). This orthoponality only holds for cubic 

lattices. 

7. Classes of surfaces 

The decomposition described in Sections 3 and 4 for arbitrary surfaces 

of cubic materials enables one to classify surfaces by common characteristics. 

Thus one may consider the surfaces that have no kinks, i.e. the surfaces for 

which one of the three decomposition coefficients vanishes. For example, using 

Eqs. 13 and 15 fcc (hkx) surfaces with k=Q have only the microfacets (111) and 

(100) and therefore have no ~inks. An example fs fcc (755),illustrated in Fig.5~ 

surfaces with h=k similarly have no (100) microfacets and no kinks. An example 

is fcc(775), shown in Fig.4. And when f=O, only (110) and (100) microfacets occur 

with no kinks (the (110) microfacets may still be considered to be composed of 

a mosaic of (111) and (lll) microfacets, of course). An extreme example is the 

fcc(llO) surface itself, cf. Fig.3. 

One may also consider the class of all surfaces (hkt) that have a 

common step orientation (h k ~),but variably-sized terraces of fixed orientas s s 

tion (htkl t). These surfaces are then simply given by 

(hkf) = (h
5
k

5
l

5
) + mt (t'tktet) (32) 

where the arbitrary integer mt represents the size of the terrace and is re

lated to the number of unit cells on the terrace by Eq.lO. This is also the 

family of surfaces with a constant ratio of number of kink atoms to other step 

atoms. Thus, th~ (10,8,7) surface has (310) steps ~fth mt=7) and thus a 2:1 
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ratio of kink atoms to other step atoms; and so do the (976) and (865) surfaces 

(with mt=6 and 5, respectively). 

One may generate a class of fixed terrace size but variable step 

structure. This can be done by using Eq.21. If we require, for example, 

different surfaces with a constant density of step atoms, we obtain the condition 

m . + n "d m1n m1 
n . + n .d + n m1n m1 max 

= constant. (33) 

Given a value a for the constant (such as the value appropriate for one given 

surface), it follows that 

n max (34) 

must be satisfied. Thus we may try to find different surfaces with the same 

step atom density as the fcc(755)· surface. This fixes a=l/6, so that Eq.34 

1 
becomes nmin + nmid = 5 nmax· Thus n must be a multiple of 5. The simpler max 
inequivalent solutions of this equation are 

(20,3,1) .. 
(n , n "d' n.) = {510), (10,1,1), (15,2,l),q25,4,1) (25,3,2), etc. max m1 m1n n 

yielding fcc surfaces with Miller indices 

( 7 55) ' ( 13' 11 '9) ' ( 1 0 ,8 '7) ' ( 27 '21 '1 9) ( 17 '13 '12) ' ( 33 '27 '23) ' ( 332) ' 

(19,17,13), (25,23,17), (31,29,21),(16,14,11), etc. [these results are 

based on (111), (111) and (100) microfacets, the first six correlating 

n , with (llT) and the last five correlating n . with (100); this transition m1n - m1n 

from numbers of unit cells to Miller indices will be explained more fully in 

the next section]. 

We now consider the large class of itepped stepped surfaces, of which 

the (2,5) surface in Section 2 was a prototype. The fcc(411). surface also 



belongs to this class; clearly, then, such surfaces need nQt have very high 

Mille~ indices, nor do they necessarily have very large surface unit cells. 

With our description in terms of microfacets, this class subdivides 

into three subclasses: the first, which we call 11 Variable-terrace surfaces 11
, 

has successive terraces of onequal sizes (as in the (2;5) surface of Section 2); 

the second, which we call 11 Variable-kink surfaces 11
, has step faces that can be 

thought to consist of unequal successive terraces (i.e. the kink atoms are 

not evenly spaced along the step and are therefore not all equivalent); the third 

subclass, which we call 11 Variable-terrace-and-kink surfaces 11
, combines both 

features simultaneously. Thus the fcc (411) surface decomposes as 

(411) = 3(100) + (111); 

it is not kinked with 

uc uc 3 2 nlOO nlll = : • 

Norie of the integers of this ratio can be reduced to 1. so that we have a 

stepped steeped surface. Its surface unit cell contains two (100) terraces of 

( uc ) ( ) 2 and l unit cells, respectively 2 + l = n100 separated by two 111 steps of 

( uc ) one unit cell each 1 + 1 = n111 . This is a variable-terrace surface, which 

in projection would have an appearance similar to Fig.2b. 

We can build a surface of the second kind (variable-kink surface) by 

using (411) as the step face on a surface with (llT) terraces, e.g. (retaining 

fcc lattices) 
(964) = (411)+5{llT) = 3(100)+{lll)+5(11T) 

which yields uc uc 
n411 n,,= 1 : 10 · 

Since one of these integers is 1, this is not a variable-terrace surface, and 

thus only a variable-kink surface. Its appearance can be imagined by considering 
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Fig.2b to represent one step edge viewed perpendicularly to the terrace plane: 

The following combination of (~11) and (llT) produces a variable-

terrace-and-kink surface 

since 

{17,8,2) = 3(411)+5(11T) = 9(100)+3(lll)+5(11T), 

uc 
n4ll 

uc 
n11 y = 3 : 10 

cannot be reduced to produce an integer of 1. This surface has three uneqaal 

terraces in the repeating unit and the steps have unequally spaced kink atoms. 

Generally speaking, if (hkt') consists of a terrace (htktf't) and a step 

(hsk/s), which in turn consists of microfacets (hsl'kslesl) and (hs2'ks2,fs2) 

we ~ay write the deco~position as 

(hki) = a~(htktet) + as(h k e) 
I S S s 

=at(htktft)+asl(hsl'ksl'esl) + as2(hs2'ks2'Qs2). 

The coefficients lead to the followinq relevant ratios of numbers of unit cells 

(we assume these ratios to be put in their irreducible form, i.e. written as 

the smallest possible integers): 

uc 
nt 

s p a 
s 

If the first of these ratios contains an integer 1, but the second does not, 

we have a viariable-terrace sruface; if the second ratio contains an integer l, 

but the first does not, we have a variable-kink surface; and if neither ratio 

contains an integer 1, we have a variable-terrace-and-kink surface. 

8, Determination of the Miller indices from the surface structure 

So far we have concentrated on the problem of finding the structure of 
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an arbitrary surface (hk~). The inverse probleM consists of determining the 

Miller indices (hke) from structural information. One frequently wishes to 

perform experiments on surfaces with a particular terrace orientation and 

a particular step density and/or kink density, and perhaps with a given step 

orientation. For example, one may wish to find a stepped fcc surface with (111) 

terraces, (100) steps and a step-to-terrace atom ratio of 1:5. Which are 

the Miller indices of the surface that satisfies these requirements? 

This kind of question is easily solved by using Eq.lO with Eq~8. 

( . . uc d 1qnor1nq n an 
- - 0 

) t d t . 1 2 d 3 d th . 1 2 p
0

. o e erm1ne a ,a an a , an en summ1ng a u1+a u2+ 
3 a u

3
=(hke). Thus for the above example, one may write, from Eq.lO, 

uc . uc . uc 5 0 1 4 1 4 2 2 3 nlll : nlll : nl 00 = : : = a : a : a • 
1 2 3 5 1 which implies (a ,a ,a ) = (4,o,2) a (5,0,2) and so by vector addition 

(hH) = 5(lll) + O(lll) + 2(lll) = (755). 

Although the foregoing reasoning is simple, we include for convenience 

in Table rr a list of results that can help in finding rapidly a non-kinked fcc 

surface with desired characteristics. 

A different problem is the determination of the Miller indices of a 

surface from an observed LEED pattern for that surface. The general solution 

would consist of three parts: measure the reciprocal lattice from the LEED 

pattern invert it to obtain the surface unit cell and then find which Miller 

indices correspond to that unit cell. However, the first and third of these 

parts are difficult. The first part suffers from the fact that usually most 

diffraction spots are too weak to be detected. Only those spots close to the 

positions of the spots for the non-stepped terrace are usually detectable; 

these are the well-known "split spots", which are really only a few of the many 

step superlattice spots that one expects in principle, cf. Fig.7. The 



undetectability of many spots makes the measurement of the reciprocal lattice quite 

imprecise, especially as the spots are usually not extremely sharp and the pattern 

is usually somewhat distorted in the electron optics and in the photography of 

the diffraction pattern. The third part, that of obtaining the Miller indices 

from a given surface unit cell, is difficult, especially when experimental uncer· 

tainties are taken into account, because we do not have a simple invertible relation 

betw~en the surface basis vectors ~and~ spanning the unit cell (cf. Sectirin 5) on · 

the one hand, the the Miller indices (hkf) on the other hand, 

In practice one can more conveniently find the crystal surface orientation 

by combining x.ray diffraction (to determine the bulk orientation) and laser re· 

flection (to determine the surface orientation relative to the bulk). However, LEED 

can still be used to at least check the result by comparing calculated quantities 

with some easily·measured features of the LEEB pattern. These features could be 

the spot·splitting distance and the distance between nearest rows of split spots; 

these distances are shown in Ftg.7 for the case of the fcc (10,8,7) surface~ where 

they are called b and a, respectively. Their ratio also is included in Table n 
for some fcc surfaces (this ratio provides the generalization to arbitrary cubic 

surfaces of the spot·splitting formulas of Henzler5), 
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Table Captions 

Table 1: List of surfaces of fcc crystals, giving the Miller indices, 

the microfacet notation and the step notation. These surfaces correspond to 

.those in Table II (omiting stepped stepped surfaces). The step notation gives the 

number of atoms across a terrace·, including the first and last ones; this number 

is larger by one than the number of unit cells across a terrace, as used in 

the microfacet notation. In addition, for kinked surfaces, such as the (n+3, 
1 

n+l, n) family, the step notation still only counts as one row of atoms across 

the terrace; whereas the microfacet notation counts all terrace unit cells 

that fit inside the unit cell of the macroscopic surface, i.e. the microfacet 

notation counts not only across the terrace, but also along it. 
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Table I. 

( hk9,) microfacet notation step notation 

( n+ 1, n+ 1, n-1) nn(111) + 11 (111) ( n_+l ) ( 111 ) x ( 111 ) 

( 11 0) (~) 1 (111) + (~) 1 (111) 2(111) X (111) 

{331) 22(111) + 11(111) 3(111) X (111) 

(221) (f) (111) + (})1(111) 4(111) X (111) 
3 

( n+2, n ,n) nn(111) + 2
1

(100) (n+1)(111)x(100) 

( 311) 11 ( 111) + 21 ( 1 00) 2 ( 111 ) x ( 1 00) or 
2 ( 1 00) X ( 111 ) 

( 211) 12(111) + 11(100) 3(111) X (100) 

{533) 33(111) + 21(100) 4- ( 111 ) X ( 1 00) 

{n+3,n+1 ,n) n2n(111)+1 1(310) n(111) x (310) 

(421) 12(111) + 11{310) 1(111) X (310) 

(532) 24(111) +1,(310) 2{111) X (310) 

(643) 36(111) + 11(310) 3(111) X (310) 

(2n+l, 1 ,-1) 2nn(100) + 11(111) {n+1)(100)x(111) 

(3,1,-1) 2
1 
(l oo) + 1

1 
( 11 T) 2(100)x(11l) or 

2 ( 111 ) X ( 1 00) 

(5,1,-l) 4
2

(100)+1
1 

(111) 3 ( 1 00) X ( 111 ) 

( n+ 1 , 1 , 0) nn(100) + 11(110) (n+1)(100)x(110) 

(210) 11(100) + 11(110) 2(100) x (110) or 
2(110)x (100) 

( 31 0) 22(100) + 11(110) 3 ( 1 00) X ( 11 0) 

( 41 0) 33(100) + 11(110) 4(100) X (110) 

(continued) 
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Table I (continued) 

( hkt) microfacet notation step notation .. 

( 2n+ 1 , 2n+ 1 , 1 ) 2nn(ll0) + 11(111) (n+l)(llO)x(lll) 
~'! 

(331) 21(110) + ,,(111) 2(110) X (111) 

( 551) 42(110) + ,,(111) 3(110) X (111) 

(771) 63(110) + 11(111) 4(110) X (111) 
I 

(n+l,n,O) nn(110) + 11(100) (n+1)(llO)x(lOO) 

( 21 0) 11(110) + ,,(100) 2(110) X (100) or 
2(100) X (110) 

(320) 22(110) + ,,(100) 3 ( 11 0) X ( 1 00) 

(430) 33(110) + 11(100) 4{110) X (100) 



-31-

Table II: Properties are listed for high Mi'ller index surfaces of 

fcc crystals. The surfaces are groups in classes (a).,.(g) with common terrace and 

step orientation. For each class are indicated: the terrace ori-entation; the 

basis vectors (Eq.31) used for expressing the terrace edge and width vectors; the 

microfacet orientations used in the decomposition. 

For each surface are given: the algebraic microfacet 

decomposition and the number of unit cells for each microfacet (these numbers are 

used in the microfacet notation of Section 3); the step orientation; the relative 

numbers of kink atoms, non-kink step atoms, terrace atoms and a 11 surface atoms~ 

the terrace edge and width victors e and w (defintng the surface unH cell), in 

cartesian coordi,nates and in terms of the basts vectors given at the top of each 

class (the unit of length is the cube edge), together wtth their lengths and the 

angle between them (thts angle also appears in the LEED pattern between the rows 

of spots); the LEED spot splitting in units of 2n divided by the cube edge: the 

ratio of the spaci'ng between nearest rows of split spots Cmeasured perpendicular 

to the splitttng direction) to the spot splitting. 

The classes of surfaces are characterized by; 

a. (111) terraces with (llT) steps 

b. (111) terraces with (100) steps (excluding stepped stepped surfaces) 
c. (111) terraces with (310) steps 
d. (100) terraces with (lll) steps (including some stepped stepped 

surfaces. 

e. (100) terraces with (110) steps 
f. (110) terraces with (111) steps (including some stepped stepped 

surfaces. 

g. (110) terraces with (100) steps 

[Note: the (310) face, although listed among (111) terrace surfaces, has (100) 
terraces and therefore (110) steps.] 



TERRACE ORIENTATION ( 1 1 1) 

MICROFACET EDGE VECTORS TO SERVE AS BASIS v~CTORS ( -,5 ,5 Oo ) ( 0 •. -,5 -,5) C O, -,5 o5) 

SURFACE ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DECOMPOSITION . 
ON MICROFACETS 
( 1 1 1) 

( 1 1-1) 
( 1 0 0) 

1 1 0) .5 .s o. ( 1 1-1) 
1uc 1uc ·ouc 

3 3 1) 2.0 1.0 o. ( 1 1-1) 
2UC 1UC OUC 

2 2 1) 1.5 .s o. ( 1 1-1) 
3UC 1UC OUC 

s 5 3) 4.0 1~0 o. ( 1 1-1) 
4UC 1UC OUC 

( 3 3 2) 2.5 .5 o. ( 1 1-1) 
sue 1uc ouc 

( 7 7 5) 6.0 1.0 o. ( 1 1-1) 
6UC 1UC OUC 

4 4 3) 3.S .5 o. ( 1 1-1) 
7UC 1UC OUC 

9 9 7> 8.0 1.0 o. c 1 1-1> 
sue 1uc ouc 

5 5 4) 4.5 ,5 o. ( 1 1-1) 
9UC 1UC OUC 

(1111 9) 10.0 1.0 o. ( 1 1-1) 
lOUC 1UC OUC 

( 6 6 5) 5.5 .s o. ( 1 1-1) 
11UC 1UC OUC 

(131311> 12.0 1.0 o. ( 1 1-1> 
12UC 1UC OUC 

( 7 7 6) 6.5 .s o. ( 1 1-1) 
13UC 1UC OUC 

C1S1S13) 14.0 1.0 o. ( 1 1-1) 
14UC 1UC OUC 

< B 8 7> 7,5 ,S O. c 1 1~1> 
15UC 1UC OUC 

1171715) 16.0 1.0 o. ( 1 1-1) 
16UC 1UC OUC 

I 9 9 B> 8.5 ,5 O, < 1 1-1> 
17UC 1UC OUC 

(191917) 18.0 1.0 o. ( 1 1-1) 
18UC 1UC OUC 

11010 9) 9.S .5 o. ( 1 1-1) 
19UC 1UC OUC 

ATOM TYPES 
KINK/ 
OTHER STEP/ 

TERRACE/ 
ALL 

.TERR EDGE VECT.E TERR WIDTH VECT W 
IN CART, COORD. IN CART, COORD. 
IN BASIS VECT.S IN BASIS VECT,S 

9 1 1 2 1 .so -.so o. 
1-1.00 Oo 1 Oo 

o 1 2 3 c .so -.so o. 
.1-1.00 o. o. 

o 1 3 4 < .so -.so o. 
(-1.00 o. o. 

o 1 4 s 1 .so -.so o. 
(-1.00 o. o. 

o 1 s 6 < .so -.so o. 
(-1.00 o. o. 

o 1 6 7 c .so -.so o. 
(-1.00 o. o. 

o 1 7 8 1 .so -.so o. 
(-1.00 o. o. 

o 1 8 9 1 .so -.so o. 
<-1.00 o. o. 

o 1 9 10 c .so -.so o. 
(-1,00 Oo 1 Oo 

o 1 10 11 < .so -.so o. 
1-1.00 o •. o. 

o 1 11 12 c .so -.so o. 
C-1.00 O, O, 

o 1 12 13 c .so -.so o. 
C-1,00 o, O, 

0 1 13 14 ( .so -.50 o. 
(-1.00 o. o. 

o 1 14 1s c .so -.so o. 
c-1.00 o.- o. 

o 1 1s 16 c .so -.so o. 
(-1.00 o. o. 

o 1 16 17 c .so -.so o. 
c-1.00 o·. o. 

o 1 17 18 1 .so -.so o. 
(-1.00 o. o. 

o 1 18 19 1 .so -.so o. 
<-1.00 o. o. 

o 1 19 20 1 .so -.so o. 
(-1.00 o. o. 

. ; 

) I o. o. 1.00) 
) I o. -1.00 1.00) 
> c o. -.so 1.so> 
) ( o. -1.00 2.00) 
> 1 -.so -.so 2;oo> 
) ( 1.00-1.00 3.00) 
) I -,S0-1o00 2oS0) 
) ( 1.00-1.00 4.00) 
) (-1,00-1,00 3o00) 
) ( 2.00-1.00 s.OO> 
) (-1.00-1.50 3.50) 
) I 2.00-1.00 6.00) 
) <-1.S0-1.SO 4.00) 
) I 3.00-1.00 7.00) 
) <-1.S0-2.00 4.SO> 
> 1,3.oo-1.oo 8:oo> 
) 1-2.00-2.00-S.OO) 
) ( 4.00-1.00 9.00) 
) (-2.00-2.SO s.SO> 
) ( 4.00-1.0010.00) 
) (-2.S0-2.SO 6.00) 
> c s.oo-1.0011.oo> 
) I-2.S0-3.00 6.50) 
> c s.oo-1.0012.oo> 
) (-3,00-3,00 7o00) 
) ( 6.00-1.0013.00) 
) (-3.00-3.SO 7.SO> 
) ( 6.00-1.0014.00) 
) 1-3.50-3,50 8.00) 
) ( 7.00-1.0015.00) 
) (-3.S0-4.00 8.50) 
) ( 7.00-1.0016.00) 
) (-4.00-4.00 9.00) 
> 1 a.oo-1.0017.oo> 
) 1-4.00-4.50 9.SO) 
> c 8.oo-1.0018.00> 
) 1-4.50-4.5010.00) 
) ( 9.00-1.0019.00) 

LENGTH 
OF E 

LENGTH 
OF W 

.7071 1.0000 

.7071 1.5811 

.7071 2.1213 

.7071 2.7386 

o7071 3o3166 

.7071 3.9370 

.7071 4.S277 

.7071 S.1478 

.7071 5.7446 

.7071 6.3640 

.7071 6.9642 

.7071 7.S829 

.7071 8.18S4 

.7071 8.8034 

.7071 9.4074 

.7071 10.0250 

.7071 10.6301 

.7071 11.2472 

.7071 11.8533 

ANGLE 
BETWEEN 
E AND W 

SPOT 
SPLIT

TING 

SPOT ROW 
SPACING 
TO SPOT 
SPLITTING 
RATIO 

90.0000 1.0000 1.4142 

77.0790 .6489 2.1794 

90.0000 .4714 3.0000 

82.S824 .3682 3.8406 

90.0000 .301S 4.6904 

84.8477 .2SSO s.S453 

90.0000 .2209 6.4031 

_86.0618 .1947 7.2629 

90.0000 .1741 8.1240 

86.81S3 .1S74 8.9861 

90.0000 .1436 9.8489 

87.3276 .1320 10.7121 

90.0000 .1222 11.57S8 

87.6983 .1137 12.4399 

90.0000 .1063 13.3041 

87.9789 .0998 14.1686 

90.0000 .0941 15.0333 

88.1986 .0890 15.8981 

90.0000 .0844 16.7631 

i-~ .. 

I 
w 
N 
I 



'J: 

TERRACE ORIENTATION < 1 1 1) 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS < ~.5 ,5 o, > < 0. -,5 ,S) < O, -,5 ,5) 

SURFACE ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DECOMPOSITION 

3 1 1) 

2 1 1) 

5 3 3) 

3 2 2) 

7 5 5) 

4 3 3) 

9 7 7) 

( 5 4 4) 

(11 9 9) 

ON MICROFACETS 
( 1 1 1) 

( 1 1-1) 
( 1 0 0) 

1.0 o. 2.0 
1UC OUC 1UC 
1.0 o. 1.0 
2UC OUC 1UC 
3.0 o. 2.0 
3UC OUC 1UC 
2.0 o. 1.0 
4UC OUC 1UC 
5.0 o. 2.0 
sue ouc 1uc 
'3.0 o. 1.0 
6UC OUC 1UC 
7.0 o. 2.0 
7UC OUC 1UC 
4.0 o. 1.0 
sue ouc 1uc 
9.0 o. 2.0 ( 
9UC OUC 1UC 

( 6 55) 5.0 o. 1.0 
10UC OUC 1UC 

(131111) 11.0 o. 2.0 
11UC OUC 1UC 

( 7 6 6) 6.0 o. 1.0 
12UC OUC 1UC 

(151313) 13.0 o. 2.0 
l3UC OUC 1UC 

( 8 7 7) 7.0 o. 1.0 
14UC OUC 1UC 

(171515> 15.0 o. 2.0 
15UC OUC 1UC 

' 9 8 8) 8.0 o. 1.0 
16UC OUC 1UC 

(191717) 17.0 o. 2.0 
17UC OUC 1UC 

(10 9 9) 9.0 o. 1.0 
18UC OUC 1UC 

(211919) 19.0 o. 2.0 
19UC OUC 1UC 

0 0) 

1 0 0) 

1 0 0) 

1 0 0) 

0 0) 

1 0 0) 

1 0 0) 

1 0 0) 

1 0 0) 

1 0 0) 

1 0 0) 

0 0) 

0 0) 

1 0 0) 

0 0) 

1 0 0) 

1 0 0) 

0 0) 

0 0) 

ATOM TYPES 
KINK/ 
OTHER STEP/ 

TERRACE/ 
ALL 

TERR EDGE VECT E TERR WIDTK VECT W 
IN CART, COORD. IN CART, COORD. 
IN BASIS VECT.S IN BASIS VECT,S 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 2 ' o. 
( o. 

1 2 3 ( o. 
( 0. 

1 3 4 ( o. 
' o. 

1 4 5 ( o. 
( 0. 

1 s 6 ( o. 
( o. 

1 6 7 ( o. 
( o. 

1 7 8 ( o. 
( 0. 

1 8 9 ( o. 
( 0. 

9 10 ( o. 
o. 

1 10 11 ( o. 
o. 

1 11 12 ( o. 
0. 

1 12 13 ( o. 
0. 

1 13 14 ( o. 
o. 

1 14 15 ( o. 
o. 

1 15 16 ( o. 
( o. 

16 17 ( o. 
( 0. 

1 17 18 ( o. 
( o. 

1 19 19 ( o. 
( o. 

19 20 ( 0. 
' o. 

-.so 
o. 
-.50 
o. 
-.50 
o. 
-.so 
o. 
-.so 
o. 
-.so 
o. 
-.so 
o. 
-.50 
o. 
-.so 
0. 
-.so 
·0. 
-.50 
o. 
-.50 
o. 
-.50 
o. 
-.50 
0. 
-.so 
o. 
-.50 
o. 
-.50 
0. 
-.so 
o. 
-.50 
o. 

.so> < -.so .so 1.oo> 
1.00) ( 1.00-1.00 1.()0) 

.SO> <-1.00 1.00 1.00> 
1.00) ( 2.00-1.00 1.00) 

.50) (-1.SO 1.00 1.50) 
1.00) ( 3.00-1.00 2.00) 

.50) (-2.00 1.50 1.SO> 
1.00) ( 4.00-1.00 2.00) 

.so> c-2.so 1.so 2.oo> 
1.oo> < s.oo-1.00 3.oo> 

.50) (-3.00 2.00 2.00) 
1.00) ( 6.00-1.00 3.00) 

.so> <-3.so 2.oo 2.so> 
1.00) ( 7.00-1.00 4.00) 

.50) (-4.00 2.50 2.50) 
1.oo> < 9.oo-1.oo 4.0o> 

.50) <-4.50 2.50 3.00) 
1.00) ( 9.00-1.00 5.00) 

.50) (-5.00 3.00 3.00) 
1.00) (10.00-1.00 5.00) 

.50) (-5.50 3.00 3.50) 
1.00) <11.00-1.00 6.00) 

.50) (-6.00 3.50 3.SO) 
1.00) (12.00-1.00 6.00) 

.50) (-6.50 3.50 4.00) 
1.00) (13.00-1.00 7.00) 

.50) (-7.00 4.00 4.00) 
1.00) (14.00-1.00 7.00) 

.50) (-7.50 4.00 4.50) 
1.00) (15.00-1.00 8.00) 

o50) (-8,00 4o50 4o50) 
1.00) (16.00-1.00 8.00) 

.SO> <-8.50 4.50 5.00) 
1.00) (17.00-1.00 9.00) 

.so> <-9.oo s;6o s.oo> 
1.00) (18.00-1.00 9.00) 

o50) (-9,SO 5o00 5o50) 
1.00) (19.00-1.0010.00) 

LENGTH LENGTH ANGLE 
Of E Of W BETWEEN 

E AND W 

.7071 1.2247 73.2213 

.7071 1.7321 90.0000 

.7071 2.3452 81.3293 

.7071 2.9155 90.0000 

.7071 3.5355 84.2608 

.7071 4.1231 90.0000 

.7071 4.7434 85.7255 

.7071 5.3385 90.0000 

.7071 5.9582 86.5981 

.7071 6.5574 90.0000 

.7071 7.1764 87.1761 

.7071 7.7782 90.0000 

.7071 8.3964 87.5867 

.7071 9.0000 90,0000 

.7071 9.6177 87.89.33 

.7071 10.2225 90.0000 

.7071 10.8397 88.1309 

.7071 11.4455 90.0000 

.7071 12.0623 88.3204 

.. 

SPOT 
SPLIT

TING 

SPOT ROW 
SPACING 
TO Sf'OT 
SPLITTING 
RATIO 

.8528 1.6583 

.5774 2.4495 

.4313 3.2787 

.3430 4.1231 

.2843 4.9749 

.2425 5.8310 

.2114 6.6895 

.1873 7.S498 

.1681 8.4113 

.1525 9.2736 

.1395 10 .13l>6 

.1286 11.0000 

.1192 11.8638 

.1111 12.7279 

.1040 13.5923 

.0978 14.4568 

.0923 15.3216 

.0874 16.1864 

.0829 17.0514 

I 
w 
w 
I 



TERRACE ORIENTATION < 1 1 1) 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS I -,5 ,5 O, > o. -.5 -.5) ( o. -.5 .5) 

SURFACE ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DE COMPOS IT I ON 
ON MICROFACETS 
( 1 1 1) 

( 1 1-1) 
( 1 0 0) 

3 1 0) .5 .5 2.0 
1UC 1UC 2UC 

4 2 1) 1.5 .5 2.0 
3UC 1UC 2UC 

5 3 2) 2.5 .5 2.0 
5UC 1UC 2UC 

643) 3.5 .52.0 
7UC lUC 2UC 

754) 4.5 .52.0 
9UC 1UC 2UC 

I. 8 6 5) 5,5 ,5 2.0 
11UC lUC 2UC 

( 9 7 6> 6.5 .5 2.0 
13UC 1UC 2UC 

110 8 7> 7.5 .5 2.0 
15UC 1UC 2UC 

(11 9 8) 8.5 .5 2.0 ( 
17UC 1UC 2UC 

(1210 9) 9.5 .5 2.0 
19UC 1UC 2UC 

(131110) 10.5 .5 2.0 
21UC 1UC 2UC 

(141211) 11.5 .5 2.0 
23UC 1UC 2UC 

(151312) 12.5 i5 2.0 
25UC 1UC 2UC 

(161413> 13.5 .5 2.0 
27UC 1UC 2UC 

<171514) 14.5 .5 2.0 
29UC 1UC 2UC 

(181615) 15.5 ·5 2.0 
31UC 1UC 2UC 

(191716) 16.5 .5 2.0 
33UC 1UC 2UC 

1201817) 17.5 .5 2.0 ( 
35UC 1UC 2UC 

1211918) 18.5 .5 2.0 
37UC lUC 2UC 

1222019) 19.5 .5 2.0 
39UC 1UC 2UC 

1 1 0) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1> 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

5 1-1) 

ATOM TYPES 
KINK/ 

TERR EDGE VECT E TERR WIDTH VECT W LENGTH LENGTH 
IN CART, COORD, IN CART, COORD, OF E OF W 

OTHER STEP/ 
TERRACE/ 

ALL 

IN BASIS VECJ,S IN BASIS VECT,S 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 2 4 ( o. o. -1.00) ( .50-1.50 o. ) 
( o. 1.00-1.00) (-1.06 1.00 1.00) 

2 3 6 ( .50-1.50 1.00) ( -.50 .50 1.00) 
(-1.00 o. 2.00) ( 1.00-1.00 1.00) 

2 5 8 ( .50-1.50 1.00) (-1.00 1.00 1.00) 
(-1.00 o. 2.00) ( 2.00-1.00 1.00) 

2 7 10 < .50-1.50 1.oo> c-1.00 -.oo 2.oo> 
(-1.00 o. 2.00) ( 2.00-1.00 3.00) 

2 9 12 I .50-1,50 1oOO> <~1.50 .50 2.00> 
1-1,00 O, 2.00> I 3,00-1 .• 00 3.00) 

2 11 14 ( .50-1.50 1.00) <-2.00 1.00 2.00) 
(-1.00 o. 2.00) ( 4.00-1.00 3.00) 

2 13 16 ( ,50-1,50 1.00) (-2,50 1o50 2o00) 
(-1.00 o. 2.00) ( 5.00-1.00 3.00) 

2 15 18 ( .50-1.50 1.00) (-2.50 .50 3.00) 
(-1.00 o.. 2.00) ( 5.00-1.00 5.00) 

2 17 20 ( .50-1.50 1.00) (-3.00 1.00 3.00) 
(-1.00 o. 2.00) ( 6.00-1.00 5.00) 

2 19 22 ( .50-1.50 1.00) (-3.50 1.50 3.00) 
(-1.00 o. 2.00) ( 7.00-1.00 5.00) 

2 21 24 ( .50-1.50 1.00) (-3.50 .50 4.00) 
(-1.00 o. 2~00) ( 7.00-1.00 7.00) 

2 23 26 ( .50-1.50 1.00) (-4.00 1.00 4.00) 
c-1.00 o. 2.oo> < 8.oo-1.oo 7.oo> 

2 25 28 ( .50~1.50 1.00) (-4.50 1.50 4.00) 
(-1.00 o. 2.00) ( 9.00-1.00 7.00) 

2 27 30 ( .50-1.50 1.00) (-5.00 2.00 4.00) 
(-1.00 o. 2.00) (10.00-1.00 7.00) 

2 29 32 I .50-1.50 1.00) C-5.00 1.00 5.00) 
(-1.00 o. 2.00) 110.00-1.00 9.00) 

2 31 34 ( .50-1.50 1.00) (-5.50 1.50 5.00) 
(-1.00 o. ,2.00) (11.00-1.00 9.00) 

2 33 36 ( .50-1.50:1.00) (-6.00 2.00 5.00) 
(-1.00 o. 2.00) 112.00-1.00 9.00) 

2 35 38 ( .50-1.50 1.00) (-6.00 1.00 6.00) 
(-1.00 o. 2.00) (12.00-1.0011.00) 

2 37 40 ( .50-1.50 1.00) (-6.50 1.50 6.00) 
(-1.00 o. 2.00) (13.00-1.0011.00) 

2 39 42 ( .50-1.50 1.00) <-7.00 2.00 6.00) 
<-1.00 o. 2.00) <14.00-1.0011.00) 

Tco\,fe 2c. 

1.0000 1.5811 

1.8708 1.2247 

1.8708 1.7321 

1.8708 2.2361 

1.8708 2.5495 

1.8708 3.0000 

1.8708 3.5355 

1.8708 3.9370 

1.8708 4.3589 

1.8708 4.8477 

1.8708 5.3385 

1.8708 5.7446 

1.8708 6.2048 

1.8708 6.7082 

1.8708 7.1414 

1.8708 7.5829 

1.8708 8.0623 

1.8708 8.5440 

1.8708 8.9722 

1.8708 9,4340 

ANGLE 
BETWEEN 
E AND W 

90.0000 

90.0000 

107.9753 

68.9877 

83.9827 

95.1111 

103.1075 

82.1969 

90.0000 

96.3305 

81.3622 

87.3334 

92.4687 

96.8646 

85.7075 

90.0000 

93.8015 

84.6153 

88.2930 

91.6234 

SPOT 
SPLIT

TING 

.6325 

.8165 

.6070 

.4791 

.3944 

.3347 

.2904 

.2564 

.2294 

.2075 

.1895 

.1743 

.1613 

.1501 

.1404 

.1319 

.1243 

.1176 

.1115 

.1060 

jo• 

SPOT ROW 
SPACING 
TO SPOT 
SPLITTING 
RATIO 

1.5811 

.6547 

.8806 

1.1157 

1.3553 

1.5972 

1.8406 

2.0849 

2.3299 

2.5754 

2.8212 

3.0673 

3.3135 

3.5600 

3.8065 

4.0532 

4.3000 

4.5468 

4.7937 

5.0407 

I 
w 
..r=:-
1 



TERRACE ORIENTATION < 1 0 01 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS ( -,5 ,5 O, I ( O, -,5 -,5) ( O, -,5 ,5) 

SURFACE ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DECOMPOSITION 
ON MICROFACETS 
( 1 1 1 I 

( 1 1-11 
( 1 0 0 I 

2 1-1) o. 1.0 1.0 ( 1 0 0) 
OUC 2UC 1UC 

3 1-1) o. 1.0 2.0 ( 1 1-1) 
OIJC 1UC 1UC 

4 1-1) o. 1.0 3.0 ( 1 1-1) 
OUC 2UC 3UC 

5 1-1) o. 1.0 4.0 ( 1 1-1) 
OUC 1UC 2UC 

6 1-1) o. 1.0 5.0 ( 1 1-1) 
OUC 2UC 5UC 

7 1-1) o. 1.0 6.0 ( 1 1-1) 
OUC 1UC 3UC 

8 1-1) o. 1.0 7.0 ( 1 1-1> 
OUC 2UC 7UC 

9 1-11 o. 1.0 8.o c 1 1-11 
OUC 1UC 4UC 

(10 1-1) o. 1.0 9.0 ( 1 1-1) 
OUC 2UC 9UC 

(11 1-1) o. 1.010.0 ( 1 1-1) 
OUC 1UC 5UC 

(12 1-1) o. 1.011.0 ( 1 1-1) 
OUC 2UC11UC 

(13 1-1) o. 1.012.0 ( 1 1-1) 
OUC 1UC 6UC 

(14 1-1) o. 1.013.0 ( 1 1-1) 
OUC 2UC13UC 

(15 1-1) o. 1.014.0 ( 1 1-1) 
OUC 1UC 7UC 

(16 1-1) o. 1.015.0 ( 1 1-1) 
OUC 2UC15UC 

(17 1-1) o. 1.016.0 ( 1 1-1) 
ouc 1uc sue 

(18 1-1) o. 1.017.0 ( 1 1-1) 
OUC 2UC17UC 

(19 1-11 o. 1.018.0 ( 1 1-11 
OUC 1UC 9UC 

(20 1-1) o. 1.019.0 ( 1 1-1) 
OUC 2UC19UC 

ATOM TYPES 
KINK/ 
OTHER STEP/ 

TERRACE/ 
ALL 

TERR EDGE VECT E TERR WIDTH VECT W 
IN CART, COORD. IN CART. COORD. 
IN BASIS VECT.S IN BASIS VECT.S 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 2 3 ( o. 
( o. 

1 1 2 ( o. 
( 0. 

2 3 5 ( o. 
( o. 

1 2 3 ( o. 
( 0. 

2 5 7 ( o. 
( 0. 

1 3 4 ( o. 
( o. 

2 7 9 ( o. 
( 0. 

1 4 5 ( o. 
( 0. 

2 9 11 ( o. 
( 0. 

1 5 6 ( o. 
o. 

2 11 13 ( o. 
o. 

1 6 7 ( o. 
o. 

2 13 15 ( o. 
o. 

7 8 < 0 • 
o. 

2 15 17 ( o. 
o. 

8 9 < 0. 
o. 

2 17 19 ( o. 
o. 

9 10 ( o. 
o. 

2 19 21 ( o. 
o. 

.50 .501 (-1.00 1.00-1.00) 
-1.00 o. I ( 2.00 1.00-1.001 

.so .so1 c -.so 1.oo -.so> 
-1.00 o. I ( 1.00 o. -1.001 
-.so -.so> c 1.oo-2.oo 2.001 
1.00 O, ) C-2.00-1.00 3.001 
-.so -.so> c .so-1.so 1.oo> 
1.00 0. I C-1.00 O. 2.001 
-.so -.so1 c 1.oo-3.oo 3.oo> 
1.00 O, I C-2.00-1.00 5.00) 
-.so -.so1 c .so-2.oo 1.so> 
1.00 O. > C-1,00 O, 3.001 
-.50 -.50) ( 1.00-4.00 4.00) 
1.00 o. ) (-2.00-1.00 7.00) 
-.50 -.50) ( .50-2.50 2.00) 
1.00 O, > C-1.00 o. 4.001 
-.so -.sol c 1.oo-s.oo s.oo> 
1.00 O, ) C-2.00-1.00 9.001 
-.so -.so1 c .so-3.oo 2.so> 
1.00 o. ) (-1.00 o. 5.001 
~.so -.so1 c 1.oo-6.oo 6.ool 
1.00 O. I C-2.00-1.0011.001 
-.so -.so> c .so-3.50 3.oo> 
1.00 O. > C-1.00 O, 6,001 
-.50 -.50> ( 1.00-7.00 7.001 
1.00 0. > C-2.00-1.0013.001 
-.50 -.501 ( .50-4.00 3.50) 
1.00 o. I (-1.00 o. 7.001 
-.so -.so> < 1.oo-9.oo 9.001 
1.00. o. ) (-2.00-1.0015.00) 
-.50 -.501 ( .50-4.50 4.00) 
1.00 o. I (-1.00 o. 8.00) 
-.50 ·-.50) ( 1.00-9.00 9.001 
1.00 o. ) (-2.00-1.0017.001 
-.50 -.50) ( .50-5.00 4.501 
1.00 o. I (-1.00 o. 9.001 
-.so -.so1 < 1.oo-1o.o1o.oo1 
1.00 o. I (-2.00-1.0019.001 

T .. l.le ~.1 

LENGTH LENGTH ANGLE 
OF E OF W BETWEEN 

E AND W 

.7071 1.7321 90.0000 

.7071 1.2247 73.2213 

.7071 3.0000 90.0000 

.7071 1.8708 79.1066 

.7071 4.3589 90.0000 

.7071 2.5495 82.0288 

.7071 5.7446 90.0000 

.7071 3.2404 83.7360 

.7071 7.1414 90.0000 

.7071 3.9370 84.8477 

.7071 8.5440 90.0000 

.7071 4.6368 85.6270 

.7071 9.9499 90.0000 

.7071 5.3385 86.2027 

.7071 11.3578 90.0000 

.7071 6.0415 86.6451 

.7071 12.7671 90.0000 

.7071 6.7454 86.9955 

.7071 14.1774 90.0000 

~ 

SPOT SPOT ROW 
SPLIT- SPACING 

TING TO SPOT 
SPLITTING 
RATIO 

.5774 2.4495 

.8528 1.6583 

.3333 4.2426 

.5443 2.5981 

.2294 6.1644 

• 3961 '3. 5707 

.1741 8.1240 

.3105 4.5552 

.1400 10.0995 

.2550 5.5453 

.1170 12. 0830 

.2163 6.5383 

.1005 14.0712 

.1877 7.5333 

.0880 16.0624 

.1658 8.5294 

.0783 18.0555 

.1485 9.5263 

.0705 20.0499 

I 
w 
(J'1 
I 



TERRACE ORIENTATION ( 1 0 0) 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS C -,5 ,5 O, ) C O. O, -1,0) C 0~ -,5 ,5) 

SURFACE ALGEBRAIC STEP 

2 1 0) 

3 1 0) 

4 1 0) 

5 1 0) 

6 1 0) 

7 1 0) 

8 1 0) 

9 1 0) 

(10 1 0) 

( 11 1 0) 

( 12 1 0) 

( 13 1 0) 

( 14 1 0) 

<15 1 0) 

(I. 6 1 0) 

( 17 1 ·0) 

(18 1 0) 

(19 1 0) 

c:~o 1 o> 

AND UNIT CELL NORMAL 
DE COMPOS IT I ON 
ON MICrWFACETS 
( 1 1 1 ) 

( 1 1 0) 
( l 0 0) 

o. 1.0 1.0 ( 
OUC 1UC 1UC 
o. 1.0 2.0 
OUC 1UC 2UC 
o. 1.0 3.0 
OUC 1UC 3UC 
o. 1.0 4.0 
OUC 1UC 4UC 
o. 1.0 5.0 
OUC 1UC 5UC 
o. 1.0 6.0 
OUC 1UC 6UC 
o. 1.0 7.0 
OUC 1UC 7UC 
o. 1.0 a.o 
ouc 1uc sue 

1 0) 

1 1 0) 

1 1 0) 

1 0) 

1 1. 0) 

1 1 0) 

1 1 0) 

1 1 0) 

o. 1.0 9.~ ( 1 1 0) 
OUC 1UC 9UC 
o. 1.010.0 ( 1 1 0) 
OUC 1UC10UC 
o. 1..011.0 ( 1 1 0) 
OUC 1UC11UC 
o •. 1.012.0 
OUC 1UC12LJC 
o. 1.013.0 
OUC 1UC13LJC 
o. 1.014.0 
OUC 1UC14UC 

1 0) 

0) 

1 1 0) 

o. 1.015.0 ( 1 1-0) 
OUC 1UC15UC 
o. 1.016.0 ( 1 1 0) 
OUC 1UC16UC 
o, 1.017.0 ( 1 1 0) 
OUC 1UC17UC 
o. 1.018.0 ( 1 1 0) 
OUC 1L1Cl.BUC 
o. 1.019.0 
OUC 1UC19UC 

1 1 0) 

ATOM TYPES 
KINK/ 

TERR EDGE VECT E TERR WIDTH VECT W LENGTH LENGTH 
IN CART, COORD, IN CART. COORD, OF E OF W 

OTHER STEP/ 
TERRACE/ 

ALL 

IN BASIS VECT.S IN BASIS VECT.S 

0 1 1 2 ( o. 
0. 

0 1 2 3 ( o. 
(), 

0 3 4 0. 
o. 

0 1 4 5 ( o. 

0 5 6 
0. 
o. 
0. 

o 1 6 7 c ·o. 
o. 

0 1 7 8 ( o. 
o. 

0 1 8 9 ( o. 
o. 

0 1 9 10 ( o. 
o. 

0 l 10 11 ( o. 
o. 

0 1 11 12 ( o. 
o. 

0 11213(0, 
( 0. 

0 1 13 14 ( o. 
( o. 

0 1 14 15 ( o. 
( o. 

0 1 15 16 ( o. 
( o. 

0 1 16 17 ( o. 
( o. 

0 1 17 18 ( o. 
o. 

0 1 18 19 ( o. 
0. 

0 l 19 20 ( o. 
o. 

o. 1.oo> c -.so 1.oo .so> 
-1.00 o. ) ( 1.00-l.00-1.00) 
o. -1.oo> c .so-1.so o. > 
1.00 o. ) <-1.00 1.00 2.00) 
o. -1.00) ( .50-2.00 ~.50) 
1.oo o. > c-1.00 2.oo i.oo> 
o. -1.00) ( .50-2.50 o. ) 
1.00 o. ) (-1.00 2.00 4.00) 
o.' -1.00) ( .50-3.00 -.50) 
1.00 O, ) C-1.00 3.00 5.00) 
o. -1.00) ( .50-3.50 o. ) 
1;00 o. ) (-1.00 3.00 6.00) 
o. -1.00) ( .50-4.00 -.50) 
1.00 o. ) (-1.00 4.00 7.00) 
o. -1.oo> c ;so-4.50 o. > 
1.00 o. ) (-1.00 4.00 8.00) 
o. -1.00) ( .50-5.00 -.50) 
1.00 o. ) (-1.00 s.oo 9.00) 
o. -1.oo> < .so-s.so o. > 
1.00 o. ) <-1.00 5.0010.00) 
o. -1.00) ( .50-6.00 -.50) 
1.00 o. > C-1.00 6.0011.00) 
o. -1.00) ( .50-6.50 o. ) 
1.00 o. ) (-1.00 6.0012.00) 
o. -1.00> c .so-7.oo -.5o> 
1o00 Oo ) (-1,00 7o0013.00) 
o. -1.00) ( .50-7.50 o. ) 
1.00 o. ) (-1.00 7.0014.00) 
o. -1.oo> < .5o-8.oo -.so> 
1.00 o. ) (-1.00 8.0015.00) 
o. -1.00> < .5o-8;5o o. > 
1.00 o. > C-1.00 8.0016.00) 
o. -1.oo> c .so-9.oo -.50> 
1.00 o. ) (-1.00 9.0017.00) 
o. -1.00) ( .50-9.50 o. ) 
1.00 o. > C-1,00 9.0018.00) 
o. -1.00) ( .50-10.0 -.50) 
1.00 o. ) <-1.0010.0019.00) 

To.ble '1e 

1.0000 1.2247 

1.0000 1.5811 

1.0000 2.1213 

1.0000 2.5495· 

1.0000 3.0822 

1.0000 3.5355 

1.0000 4.0620 

1.0000 4.5277 

1.0000 5.0498 

1. 0000 5. 5227 

1.0000 6.0415 

1.0000 6.5192 

1.0000 7.0356 

1.0000 7.5166 

1.0000 8.0312 

1.0000 8.5147 

1. 0000 9. 0277 

1.0000 9.5131 

1.0000 10.0250 

ANGLE 
BETWEEN 
E AND W 

65.9052 

90.0000 

76.3670 

90.0000 

80.6641 

90.0000 

82.9294 

90.0000 

84.3176 

90.0000 

85.2527 

90.0000 

85.9247 

90.0000 

86.4306 

90.0000 

86,8251 

90.0000 

87.1412 

SPOT 
SPLIT

TING 

SPOT ROW 
SPACING 
TO SPOT 
SPLITTING 
RATIO 

.8944 1.1180 

• 6325 1. 5811 

.4851 2.0616 

.3922 2.5495 

.3288 3.0414 

.2828 3.5355 

.2481 4.0311 

.2209. 4.5277 

.1990 5.0249 

.1811· 5.5227 

.1661 6.0208 

.1534 6.5192 

.1425 7.0178 

.1330 7.5166 

.1248 8.0156 

.1174 8.5147 

.1109 9.0139 

.1051 9.5131 

.0999 10.0125 

'"· 

I 
w 
m 
I 



i, 

TERRACE ORIENTATION < 1 1 Ol 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS ( -,5 ,5 o, > ( O, O, -1,0) ( O, -,5 ,5) 

SURFACE 

2 2 1) 

3 3 1) 

4 4 1) 

5 5 1) 

6 6 1) 

7 7 1) 

8 8 1) 

9 9 1) 

( 1010 1) 

(1111 1) 

(1212 1) 

( 1313 1) 

( 1414 1) 

(1515 1> 

(1616 1) 

(1717 1) 

<1818 1) 

(1919 1) 

(2020 1) 

ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DE COMPOS IT I ON 
ON MICROFACETS 
( 1 1 1) 

( 1 1 0) 
( 1 0 0) 

1.0 1.0 o. 
2UC 1UC OUC 
1.0 2.0 o. 
1UC 1UC OUC 
1.0 3.0 o. 
2UC 3UC OUC 
1.0 4.0 o. 
1UC 2UC OUC 
1.0 5.0 o. 
2uc sue ouc 
1.0 6.0 o. 
1UC 3UC OUC 
1.0 7.0 o. 
2UC 7UC OUC 
1.0 s.o o. 
1UC 4UC OUC 
1.0 9.0 o. 
2UC 9UC OUC 
1.010.0 o. 
1uc sue ouc 
1.011.0 o. 
2UC11UC OUC 
1.012.0 o. 
1UC 6UC OUC 
1.013.0 o. 
2UC13UC OUC 
1.014.0 o. 
1UC 7UC OUC 
1.015.0 o. 
2UC15UC OUC 
1.016.0 o. 
1uc sue ouc 
1.017.0 o. 
2UC17UC OUC 
1.018.0 o. 
1UC 9UC OUC 
1.019.0 o. 
2UC19UC OUC 

1 1 0) 

1 1 1) 

1 1 1) 

1 1 1) 

1 1 1) 

1 1 1) 

1 1 1> 

1 1. 1) 

1 1 1> 

1) 

1 1 1) 

1 1 1) 

1) 

1 1 1 ) 

1 1) 

1 1 1) 

1 ) 

1 1) 

1 1 1.) 

ATOM TYPES 
KINK/ 

TERR EDGE VECT E TERR WIDTH VECT W LENGTH LENGTH ANGLE 
IN CART, COORD, IN CART. COORD. OF E OF W BETWEEN 

OTHEt( STEP I 
TERRACE/ 

All 

IN BASIS VECT.S IN BASIS VECT.S 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 2 3 .50 -.50 o. 
(-1.00 o. o. 

1 2 < .so -.so o. 
(-1.00 o. o. 

2 3 s < -.so .so o. 
( 1.00 o. o. 

1 2 3 < -.so .so o. 
( 1.00 o. o. 

2 s 7 < -.so :.so o. 
( 1.00 o. o. 

3 4 < -.so .so o. 
( 1.00 o. o. 

2 7 9 c -.so .so o. 
( 1.00 o. o. 

1 4 5 

2 9 11 

-.50 .so o. 
1.00 0'· o. 
-.50 ; .so o. 
1.00 o. o. 

s 6 < -.so .so o. 
1.00 o. o. 

2 11 13 

1 6 7 

2 13 15 

1 7 8 

2 15 17 

8 9 

2 17 19 

1 9 10 

2 19 21 

-.50 .50 o. 
1.00 o. o. 
-.so .so o. 
1.00 o. o. 
-.50 .50 o. 
1.00 o. o. 
-.50 .so o. 
1. 00 0. 0. 
-.50 .so o. 
1.00 o, o. 
-.so lso o. 
1.oo o.'i o. 
-.so ·\so o. 
1. 00 0.' 0. 
-,50 .so o. 
1.00 o. o • 
-.50 .so o. 
1.00 o. o. 

-.so -.so 2.oo> 
) ( 1.00-1.00 2.00) 
> < o. -.so 1.50) 
) ( o. -1.00 1.00) 
) ( .50 .50-4.00) 
) (-1.00 3.00-2.00) 
) ( o. .50-2.50) 
) ( o. 2.00-1.00) 
) ( .50 .50-6.00) 
> c-1.00 s.oo-2.oo> 
) ( o. .50-3.50) 
) ( o. 3.00-1.00) 
) ( .so .50-8.00) 
) <-1.00 7.00-2.00) 
) ( o. .50-4.50) 
) ( o. 4.00-1.00) 
) ( .so .50-10.0) 
) (-1.00 _9.00-2.00) 
) ( o. .50-5.50) 
> < o. s.oo-1.oo> 
) ( .50 .50-12.0) 
) (-1.0011.00-2.00) 
> < o. .so-6.50> 
) ( o. 6.00-1.00) 
) ( .so .50-14.0) 
) (-1,0013.00-2.00) 
) ( o. .50-7.50) 
) ( o. 7.00-1.00) 
) ( .so .50-16.0) 
) (-1.0015.00-2.00) 
> < o. .so-8.so> 
> < o. 8.oo-1.oo> 

( .50 .50-18.0) 
(-1.0017.00-2.00) 
( o. .50-9.50) 

. ) ( o. 9.00-1.00) 
) ( .so .50-20.0) 
) (-1.0019.00-2.00) 

T.,.\.le ~{ 

E AND W 

.7071 2.1213 90.0000 

.7071 1.5811 77.0790 

.7071 4.0620 90.0000 

.7071 2.5495 82.0288 

.7071 6.0415 90.0000 

.7071 3.5355 84.2608 

.7071 8.0312 90.0000 

.7071 4.5277 85.5214 

.7071 10.0250 90.0000 

.7071 5.5227 86~3295 

.7071 12.0208 90.0000 

.7071 6.51~2 86.8912 

.7071 14.0178 90.0000 

.7071 7.5166 87.3040 

.7071 16.0156 90.0000 

.7071 8.5147 87.6202 

.7071 18.0139 90.0000 

.7071 9.5131 87.8701 

.7071 20.0125 90.0000 

SPOT 
SPLIT

TING 

SPOT ROW 
SPACING 
TO SPOT 
SPLITTING 
RATIO 

.4714 3.0000 

.6489 2.1794 

.2462 5.7446 

.3961 3.5707 

.1655 8.5440 

.2843 4.9749 

.1245 11.3578 

.2215 6.3836 

.099814.1774 

.1814 7.7942 

.0832 17.0000 

.1536 9.2060 

.0713 19.8242 

.1332 10.6184 

.0624 22.6495 

.1175 12.0312 

.0555 25.4755 

.1052 13.4443 

.0500 28.3019 

I 
w ....... 
I 



., 

TERRACE ORIENTATION ( 1 1 0) 

MICROFACET EDGE VECTORS TO SERVE AS BASIS VECTORS -.s .s o. > < o. o. -1.o> < o. -.s .s> 

SURFACE 

2 1 0) 

3 2 0) 

(. 4 3 0) 

s 4 0) 

< 6 5 O> 

7 6 0) 

8 7 0) 

9 8 0) 

(10 9 0) 

(1110 0) 

<1211 0) 

(1312 0) 

(1413 0) 

(1514 0) 

(1615 0) 

(1716 0) 

(1817 0) 

(1918 0) 

(2019 0) 

ALGEBRAIC STEP 
AND UNIT CELL NORMAL 
DECOMPOSITION 
ON MICf~OFACETS 
( 1 1 1) 

( 1 1 0) 
( 1 0 0) 

o. 1.0 1.0 ( l 0 0) 
OUC 1UC lUC 
o. 2.0 1.0 ( 1 0 0) 
OUC 2UC 1UC 
o. 3.0 1.0 ( 1 0 0) 
OUC 3UC 1UC 
o. 4.0 1.0 ( 1 0 0) 
OUC 4UC 1UC 
o. s.o 1.0 < 1 o o> 
ouc sue 1uc 
o. 6.0 1.0 ( 1 0 0) 
OUC 6UC 1UC 
o. 7.0 1.0 
OUC 7UC 1UC 
o. 8.0 1.0 
ouc sue 1uc 
o. 9.0 1.0 
OUC 9UC lUC 
o. 10.0 1.0 
OUC10UC 1UC 
o. 11.0 1.0 
OUC11UC 1UC 
o. 12.0 1.0 
OUC12UC 1UC 
o. 13.0 1.0 
OUC13UC 1UC 
O, 14.0 l.O 
OUC14UC 1UC 

0 0) 

1 0 OJ 

1 0 0) 

1 0 0) 

0 0) 

1 0 0) 

0 0) 

1 0 0) 

o. 15.0 1.0 ( 1 0 0) 
OUC15UC 1UC 
o. 16.0 1.0 ( 1 0 0) 
OUC16UC 1UC 
o. 17.0 1.0 ( 1 0 0) 
OUC17UC 1UC 
o. 18.0 1.0 ( 1 0 0) 
OUC18UC 1UC 
o. 19.0 1.0 ( 1 0 0) 
OUC19UC 1UC 

ATOM TYPES 
KINK/ 

TERR EDGE VECT E TERR WIDTH VECT W LENGTH LENGTH 
IN CART. COORD, IN CART. COORD, OF E OF W 

OTHER STEP/ 
TERRACE/ 

ALL 

IN BASIS VECT,S IN BASIS VECT,S 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-··- ·, 

1 

1 

1 

1 

1 

1 

1 

2 

3 

4 

5 

6 

7 

8 

2 ( o. 
( o. 

3 ( o. 
( o. 

4 ( o. 
( o. 

s ( o. 
( o. 

6 ( o. 
( o. 

7 

8 

0. 
o. 
o. 
o. 

o. 1.00) 
-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 
0. 1. 00) 

-1.00 o. ) 
0. 1. 00) 

-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 
0. 1. 00) 

-1.00 o. ) 
o. 1.00) 

-1.00 0. ) 
9 ( 0. 0. 1. 00) 

9 10 

1 10 11 

( o. -1.00 o. ) 
( o. o. 1.00) 
( o. -1.00 o. ) 
( o. o. 1.00) 
( o. -1.00 o. ) 

1 11 

12 13 

12 ( o. o. 1.00) 
( o. -1.00 o. ) 
( o. o. 1.00) 
( o. -1.00 o. ) 
( o. o. 1.00) 
( o. ·-1.00 o. ) 
( o. o. 1.00) 
( o. -1.00 o. ) 
( o. o. 1.00) 

1 13 14 

14 15 

1 15 16 

1 16 17 

1 17 18 

1 18 19 

1 19 20 

o. 
o. 
0. 
o. 
o. 
o. 
o. 
o. 
o. 

-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 
o. 1.00) 

-1.00 o. ) 

c -.so 1.oo .so> 1.oooo 1.2247 
( 1.00-1.00- .00) 
(-1.00 1.50 .50) 1.0000 1.8708 
( 2.00-1.00- .00) 
c-1.so 2.oo .so> 1.oooo 2.549s 
( 3.00-1.00-1.00) 
c-2.oo 2.so .• so> 1.oooo 3.2404 
< .4.oo-1.oo-1~bo> 
<-2.50 3.oo .so> 1.oooo 3,9370 
< s.oo-1.00-1.00> 
(-3.00 3.SO .50) 1.0000 4.6368 
( 6.00-1.00-1.00) 
<-3.50 4,00 .SO> 1,0000 5.3385 
( 7.00-1.00-1.00) 
(-4.00 4.50 .50) 1.0000 6.0415 
< 8.oo-1.oo-1.oo> 
(-4.50 s.oo .50) 1.0000 6.7454 
( 9.00-1.00-1~00) 
(-5.00 5.50 ~50) 1.0000 7.4498 
(10.00-1.00-1.00) 
<-S.SO 6.00 .50) 1.0000 8.1S48 
(11.00-1.00-1.00) 
(-6.00 6.50 .50). 1.0000 8.8600 
(12.00-1.00-1.00) 
<-6.50 7.oo .so> 1.oooo 9.5656 
(13.00-1.00-1.00) 
(-7.00 7.50 .50) 1.0000 10.2713 
(14.00-1.00-1.00) 
<-7.so 8.oo .so> 1.oooo 10,9772 
(15.00-1.00-1.00) 
(-8.00 8.SO .50) 1.0000 11.6833 
(16.00-1.00-1.00) 
(-8.50 9.00 .50) 1.0000 12.3895 
<17.Q0-1.00-1.00) 
(-9.00 9.50 .50) 1.0000 13.0958 
(18.00-1.00-1.00) 
c-9.so1o.oo .so> 1.oooo 13.8022 
(19.00-1.00-1.00) 

To.bl .. '2._, 

ANGLE 
BETWEEN 
E AND W 

65.9052 

74.4986 

78.6901 

81.1236 

82.7037 

83.8096 

84.6259 

85.2527 

85.7491 

86.1517 

86.4848 

86.7649 

87.0037 

87.2098 

87.3893 

87.5472 

87.6871 

87.8119 

87.9239 

SPOT 
SPLIT

TING 

.8944 

.5547 

.4000 

.3123 

.2561 

.2169 

.1881 

.1661 

.1487 

.1345 

.1229 

.1130 

.1047 

SPOT ROW 
SPACING 
TO SPOT 
SPLITTING 
RATIO 

1.1180 

1.8028 

2.SOOO 

3.2016 

3.9051 

4.6098 

5.31S1 

6.0208 

6.7268 

7.4330 

8.1394 

8.8459 

9.5525 

.0975 10.2591 

.0912 10.9659 

.0857 11.6726 

.0808 12.3794 

.0764 13.0863 

.0725 13.7931 

) y 

I 
w 
00 
I 
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Figure Captions 

Fig.l: 

Fig.2: 

Fig.3: 

Fig.4: 
Fig.5: 

Fig.6: 

Fig.7: 

Some one-dimensional surfaces of two~dimensional crystals and their 

decompositinn into microfacets, 

Relating surface areas and Miller ind~x vectors. The vectors ~0 - ~l 
and rr2 are perpendicular to the macroscopic surface and the two 

indicated microfacets, respectively. (The terrace and step are both 

shown perpendicular to the plane of the figure.) 

The fcc (110) surface. The heavy lines indicate the surface unit cell. 

The fcc (775) stepped surface. 

The fcc (755) stepped surface. 

The fcc (10,8,7) kinked surface, decomposed with two choices of 

microfacets. For each set of microfacets, the corresponding basis 

vectors of Eq.31 (the microfacet edge vectors) are shown to the left. 

The (10,8,7) surface unit cell (Heavy lines) is shown connecting kink 

atoms. 
Reciprocal lattice of a fcc (10,8,7) surface. Only those lattice points 
near the terrace diffraction spots. (say, within the drawn ellipses) 

have appreciable intensity. The quantities a and b are discussed in 

the text. 
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