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Abstract

Studies in electronic structure theory: Non-orthogonal configuration interaction, oxidation
state analysis, and proton reduction catalysis.

by

Eric Jon Sundstrom

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor Martin Head-Gordon, Chair

In this dissertation, we will investigate two different areas of electronic structure theory.
In the first portion, we shall focus on the study of molecular transition metal systems.
Specifically, we will be modeling oxidation and reduction catalysts, which are potentially
useful in creating new clean energy sources. Secondly, we will develop a wave-function based
method for computing electronic excited states, with a focus on multielectron excitations.
These excitations play an important role in many areas of physics and chemistry, including
photosynthesis, vision, and organic solar cells.

Quantum mechanics tells one how to compute all the properties of a system which corre-
spond to operators, but what if a property of a given system has no corresponding operator
and what if this property provides synthetic chemists a collectively obtained historical intu-
ition about reactivity? This set of questions exactly applies to the case of oxidation state, a
property which represents the hypothetical charge on a given atom. This makes calculating
oxidation states from electronic structure a matter of creating a recipe which respects both
the physics of the system and matches “known” values. We develop one such recipe which we
call the localized orbital bonding analysis (LOBA). This method is based on two standard
electronic structure methods: localization of molecular orbitals and population analysis. We
show that LOBA matches “known” oxidation states of a large set of transition metal sys-
tems, we compare it with other recipes for calculating oxidation states, and use it to show a
ligand reduction in a proposed transition-metal water-oxidation catalyst.

Now that we have a method which allows us to present computational results in a chem-
ically intuitive framework, we applied LOBA and Kohn-Sham Density Functional Theory
(KS-DFT) to study the electro-catalytic generation of hydrogen from protons in an aqueous
solution by a molecular molybdenum-oxo complex. We mapped out the thermodynamics of
the catalytic cycle including both the reduction steps, which by comparison with experimen-
tal evidence were found to be coupled with a proton transfer. We also evaluated the kinetics
of the release of hydrogen gas, using transition state theory. It was found experimentally
that the reduction overpotential would be the limiting factor in using this catalyst for real



2

world applications By analyzing the LOBA results across this cycle, we found that one of
the reductions partially occurred on the ligand, because of this we supposed that substitu-
tions on the ligand could provide changes in the reduction potentials. With this evidence
we calculated the same path for the complex with electron withdrawing (fluorides) and elec-
tron donating (methyl-) groups located on the ligand and found that the fluorides reduced
the potential making the catalyst theoretically more efficient. Additionally, we present an
alternative mechanism for H2 release which has a lower energy barrier by the inclusion of
a bridging water, propose a mechanism for the stoichiometric reaction which produces the
catalyst, and discuss alternative catalytic cycles.

Our second major advance was the development of an excited state method, Non-
orthogonal Configuration Interaction (NOCI). This method has many advantages includ-
ing the ability to treat double excitations at the same level as single excitations and low
computational scaling when compared with other methods. NOCI is a configuration inter-
action method where the basis in which one diagonalizes the Hamiltonian can be any Slater
determinant, each of which may be non-orthogonal with the rest of the basis. To provide
proof of concept, we choose systems for which the character of the wavefunctions of excited
states are known; the linear polyenes and β-carotene. This also showed that NOCI is able
to treat double excitations which are important for these systems. We demonstrate that
NOCI, when applied to systems with extended conjugation, provides a feasible way to ob-
tain a qualitatively correct wavefunction. We also present a new extension to this method
allowing for purification of higher-order spin states by utilizing Generalized Hartree–Fock
(GHF) Slater determinants and the details for computing 〈S2〉 for the ground and excited
states. In order to apply NOCI more straightforwardly to other systems, we develop a pro-
cedure for automatically generating the Slater determinants used in the expansion of the
wavefunction. This method utilizes information from the Hartree–Fock Hessian to generate
the basis for diagonalizing the Hamiltonian. We validate this method by considering a subset
of the systems studied in the previous section, showing that the method performs almost the
same as when prior knowledge of the system is used to choose the basis. We also corroborate
this success by applying the method to a wide range of well-characterized chromophores,
resulting in errors very similar to CIS for single excitations and much improved for double
excitations.
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Chapter 1

Introduction

1.1 Quantum Mechanics and Electronic Structure

In the early twentieth century, physicists were faced with a number of observed phenomena
[1, 2] which were in conflict with the understanding of the time. This conflict resulted in one
of the greatest and most profound scientific paradigm shifts ever, quantum mechanics.[3–11]
One of the principles of quantum mechanics is that both matter and light behave simulta-
neously as both particles and waves.[12] The time-independent wave equation for particles,
the time-independent Schrödinger equation, may be written down as:

Ĥ |Ψ〉 = E |Ψ〉 (1.1)

where Ĥ is the Hamiltonian, the sum of the kinetic and potential energy operators, |Ψ〉 is the
eigenfunction of the operator, known as the wavefunction, which describes all the properties
of the system, and E is the energy of the system. Equation 1.1 and its time-dependent
counterpart may be used to describe any physical system, even classical systems, due to the
quantum-classical correspondence principle. This being said, the Schrödinger equation has
limited applicability for large systems because quantum effects quite often thermally average
out and more critically these equations are too difficult to solve for such systems. These
properties limit the study of quantum mechanics to roughly nanoscale materials.

One of the most successful applications of quantum mechanics is the study of the electrons
in molecules and materials, a field known as electronic structure.[13] In electronic structure,
the most fundamental simplification is the Born-Oppenheimer approximation[14], in which
one solves the time-independent Schrödinger equation for the electrons in the field of fixed
nuclei. Mathematically, this results in a separation of the variables into electronic and
nuclear degrees of freedom. The Born-Oppenheimer approximation may be justified by
invoking the different time-scales of the response of the two type of particles. Electrons
have approximately 2000 times less mass than the nuclei they orbit resulting in much faster
motion per unit force. Nuclear motion occurs on the pico-to-femto-second time scale because
of their large mass, whereas electronic motions occur on the femto-to-atto-second time scale.
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Thus, the nuclear motions may be viewed as responses to changes in the “instantaneous”
movement of the electrons. Another way of saying this is that motions of the electrons only
depend parametrically on the positions of the nuclei. After applying the Born-Oppenheimer
approximation to any system of electrons and nuclei, one may solve the electronic time-
independent Schrödinger equation independent of the nuclei:

Ĥelec |Ψelec〉 = Eelec |Ψelec〉 (1.2)

Ĥelec = −
∑

i

1

2
∇2

i −
∑

i

∑

A

ZA

riA
+
∑

i

∑

i<j

1

rij
(1.3)

where the electronic Hamiltonian is a sum of the kinetic energy of the electrons, i, their
potential energy with respect to the nuclei, A, and the energy associated with the interactions
between electrons. Most, if not all, of electronic structure may be boiled down to the solving
of this equation, which is typically the starting point for many other areas of theoretical
chemistry including descriptions of nuclear dynamics and solutions to the time-dependent
Schrödinger equation.

We have now defined the Hamiltonian, one component necessary for solving Equation 1.2,
but have not yet discussed the other perhaps more important component, the wavefunction
(|Ψelec〉). There are many possible choices to represent the electronic wavefunction, but
the most common is to represent it as an antisymmetrized product of N single-particle
wavefunctions. These single-particle wavefunctions are typically written as a product of a
spatial component, which represents the position of the electron, and a spin component,
which represents the spin angular momentum of the electron:

χα
i (τ1) = χα

i (r1, ξ1) = ψi(r1)α(ξ1) (1.4)

χβ
i (τ1) = χβ

i (r1, ξ1) = ψi(r1)β(ξ1) (1.5)

where r is the position and ξ is the spin angular momentum parameter. α corresponds to
spin up and β corresponds to spin down (the eigenfunctions of Ŝz) and these two functions
are orthonormal:

〈α | α〉 = 1 (1.6)

〈β | β〉 = 1 (1.7)

〈α | β〉 = 0 (1.8)

Electrons are identical fermions and in order to make our wavefunction obey proper
fermionic statistics we need the wavefunction to be anti-symmetric[15] with respect to the
interchange of any two electrons positions.

|χ1(τ1)χ2(τ2)〉 = − |χ1(τ2)χ2(τ1)〉 (1.9)
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A direct product of single-particle wavefunctions does not obey anti-symmetry and thus
is inappropriate to describe more than one electron. Therefore to describe multi-electronic
systems we use a wavefunction which is a determinant of single-particle wavefunctions, known
as a Slater determinant[16, 17]:

|Φ(τ1, τ2, ..., τN )〉 = (N !)−
1
2

∣

∣

∣

∣

∣

∣

∣

∣

∣

χi(τ1) χj(τ1) · · · χk(τ1)
χi(τ2) χj(τ2) · · · χk(τ2)

...
...

. . .
...

χi(τN) χj(τN) · · · χk(τN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

(1.10)

which is commonly written as |χ1χ2...χN〉.

1.2 Hartree–Fock and the Correlation Problem

Combining the time-independent Schrödinger equation and a single Slater determinant as
the wavefunction results in the Hartree–Fock method (HF).[18–22] HF is the mean-field
solution to Equation 1.2 and can be physically understood as an approximation where every
electron interacts with the field created by the charge density of the other electrons. The
expectation value of the Hamiltonian with respect to a single Slater determinant is the HF
energy:

EHF =
〈

ΦHF

∣

∣

∣Ĥ
∣

∣

∣ΦHF

〉

(1.11)

=
∑

i

〈

χi

∣

∣

∣
ĥ
∣

∣

∣
χi

〉

+
1

2

∑

i

∑

j

[〈

χiχj

∣

∣

∣

∣

1

rij

∣

∣

∣

∣

χiχj

〉

−

〈

χiχj

∣

∣

∣

∣

1

rij

∣

∣

∣

∣

χjχi

〉]

(1.12)

with

〈

χi

∣

∣

∣ĥ
∣

∣

∣

χi

〉

=

∫

dτ1χ
∗
i (τ1)

[

−
1

2
∇2

i −
∑

A

ZA

r1A

]

χi(τ1) (1.13)

〈

χiχj

∣

∣

∣

∣

1

rij

∣

∣

∣

∣

χiχj

〉

=

∫

dτ1dτ2χ
∗
i (τ1)χ

∗
j(τ2)

1

r12
χi(τ1)χj(τ2) (1.14)

This is a variational method and therefore the best spin orbitals are the ones that minimize
the energy, keeping the constraints imposed on the wavefunction that the spin-orbitals remain
orthonormal, 〈χi | χj〉 = δij. These best spin orbitals define an integro-differential equation:

ĥ(1)χi(1) +
∑

j 6=i

[∫

dτ2χ
∗
j(2)

1

r12
χj(2)

]

χi(1) −
∑

j 6=i

[∫

dτ2χ
∗
j(2)

1

r12
χ∗
i (2)

]

χj(1) = εiχi(1)

(1.15)
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This equation is typically rewritten using the Coulomb operator:

Ĵj(1) =

∫

dτ2χ
∗
j(2)

1

r12
χj(2), (1.16)

the Exchange operator:

K̂j(1)χi(1) =

∫

dτ2χ
∗
j(2)

1

r12
χ∗
i (2)χj(1), (1.17)

and the Fock operator:

f̂(1) = ĥ(1) +
∑

j 6=i

Ĵj(1) −
∑

j 6=i

K̂j(1), (1.18)

resulting in what is more clearly an eigenvalue equation:

f̂(1)χi(1) = εiχi(1) (1.19)

In order to solve this equation numerically, we expand the spatial component of the
single-particle wavefunctions in a basis of M atomic orbitals (AO), |ωµ(r)〉, which are known
and have been optimized to obtain specific atomic properties:

|φi〉 = |ωµ〉C
µ·
· i (1.20)

In this equation we have employed the Einstein summation convention and the tensor nota-
tion with both covariant (subscript) and contravariant (superscript) indices of Head-Gordon
et al.[23], and the convention that single-particle wavefunctions, henceforth molecular or-
bitals (MOs) will be indexed by Roman letters, i, and AO will be indexed by lower case
Greek letters, µ. By substituting the expansion (Equation 1.20) into Equation 1.19, inte-
grating out the spin components, and multiplying by 〈ων |, the integro-differential equation
becomes a matrix equation:

〈ωµ |f(1)|ων〉C
ν ·
· i = εi 〈ωµ | ων〉C

ν ·
· i (1.21)

∫

dr1ωµ(1)f(1)ων(1)Cν ·
· i = εi

∫

drωµ(1)ων(1)Cν ·
· i (1.22)

FµνC
ν ·
· i = εiSµνC

ν ·
· i (1.23)

FC = SCε (1.24)

This matrix eigenvalue problem, called the Roothaan-Hall equation, is easily solvable on
a computer, but because the Fock matrix (F) depends on the functions of all the electrons,
Equation 1.18, and solving Equation 1.24 gives us those functions, this becomes an itera-
tive non-linear process. The spin integration done to arrive at Equation 1.24 assumes that
each pair of spin functions has the same spatial component, restricted Hartree–Fock (RHF);
these equations may be rederived without this assumption and one arrives at a similar set
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of equations known as the Pople-Nesbet equations yielding the unrestricted Hartree–Fock
(UHF) formalism.[24]

The AO basis is typically larger than the number of electrons in the system and thus
solving Equation 1.24 provides us with functions which are unoccupied (virtual) functions;
these functions will be important later and will be labeled for the rest of the work with
Roman letters starting from a (a, b, c, ...).

Despite HF typically recovering 99% of the total energy of a system and often being
qualitatively correct, the remaining 1% of energy is crucial for understanding interesting
questions in chemical systems including relative energies, bond-breaking processes, and van
der Waals interactions. This missing energy is attributable to the fact that electrons do
not just interact via their charge densities but have interactions that are “instantaneous”
repulsions. The difference between the HF energy and the exact non-relativistic energy is
termed the correlation energy, because it deals with how electronic motions are correlated.
There are many different treatments to obtain approximate correlation energies and most of
electronic structure theory is devoted to calculating this quantity.

1.3 Density Functional Theory

The most commonly used class of methods for solving the correlation problem is known as
density functional theory (DFT); in fact, 80-90% of electronic structure calculations today
use these methods. The Hohenberg-Kohn theorems[25] constitute the theoretical framework
of DFT; they state that the ground state electron density, n(r), uniquely defines the potential
of a system and the ground state energy may be written as the minimum of a functional of
the real space density:

E [n(r)] =

∫

drvext(r)n(r) +
1

2

∫ ∫

drdr′
n(r)n(r′)

|r− r′|
+G [n(r)] (1.25)

(1.26)

Here, vext(r) is the external potential from electron-nuclei interactions, the second term is
the classical Coulombic interaction and G is a universal functional defined as:

G [n(r)] = T [n(r)] + Vee [n(r)] −
1

2

∫ ∫

drdr′
n(r)n(r′)

|r− r′|
(1.27)

where T is a kinetic energy functional, Vee is a functional which represents all electron-
electron interactions (from which we have subtracted the known classical Coulombic inter-
action so as not to double count). The Hohenberg-Kohn mapping is powerful because the
exact wavefunction consists of an exponentially growing number of variables whereas the
density is a function of Euclidean three-space.

Despite the power of these theorems, finding a form of this functional (G) proved difficult
and it was not until the Kohn-Sham equations were introduced that DFT became a viable
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solution to the correlation problem. The Kohn-Sham equations[26] involve expressing the
problem as a system of non-interacting electrons in an effective potential which reproduces
the true density of the system.

E [n(r)] = Ts [n(r)] +

∫

drvext(r)n(r) +
1

2

∫∫

drdr′
n(r)n(r′)

|r− r′|
+ Exc [n(r)] (1.28)

veff = vext(r) +
1

2

∫

dr′
n(r′)

|r− r′|
+
δExc [n(r)]

δn(r)
(1.29)

vxc =
δExc [n(r)]

δn(r)
(1.30)

where Exc is the exchange-correlation functional. This repartitioning allows one to compute
the kinetic energy of the non-interacting electrons exactly:

Ts [n(r)] =
N
∑

i=1

∫

drφ∗
i (r)

(

−
1

2
∇2

)

φi(r) (1.31)

using the Kohn-Sham orbitals φi(r) which define the Kohn-Sham eigenvalue problem:

(

−
1

2
∇2 + veff(r)

)

φi(r) = εiφi(r) (1.32)

and parameterize the electron density as:

n(r) =
∑

i

|φi(r)|
2 (1.33)

Equating the Hohenberg-Kohn equations with those of Kohn-Sham:

EHK = T + Vext + J + (Vee − J) (1.34)

EKS = Ts + Vext + J + Exc (1.35)

Exc = (T − Ts) + (Vee − J) (1.36)

it can be seen that Exc contains the kinetic energy not described by the non-interacting elec-
trons and all non-classical electron-electron interactions. The inability of theG of Hohenberg-
Kohn to be formulated to obtain accurate kinetic energies is the reason Kohn-Sham was such
an important advance; this is because T is the first large unknown term in G where as the
difference T − Ts is very small.

Although both Hohenberg-Kohn and Kohn-Sham present theories that are formally ex-
act, in order to preserve this property they require the exact exchange-correlation functional,
which is unknown and potentially unknowable; thus all currently applied forms of DFT utilize
approximate functionals (in Kohn-Sham this involves formulations for Exc). The creation
and development of new and better functionals has been and continues to be the main
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methodological driving force of DFT.[27, 28] Popular functional forms include (in order of
increasing computational complexity): the local density approximation (LDA)[17, 29, 30],
which depends only on the value of the density at a point, generalized gradient approxi-
mations (GGAs)[31–36], which depend on the value and gradient of the density in space,
meta-GGAs[37–39], which depend on the kinetic energy density, hybrid functionals[40, 41]
(which can be paired with any of the other forms), which contain a fraction of exact exchange,
and range-separated functionals, which divide interactions into both a short and long range
component[42, 43]. Also recently the addition dispersion correction[44] have become common
for all forms of Kohn-Sham DFT.

The most popular forms of DFT, especially for describing chemistry, are the hybrid den-
sity functionals, with B3LYP[40] being the most popular variety of this formulation. As
stated above, hybrid DFT involves adding a fraction of exact exchange as calculated by
Hartree–Fock theory (Equation 1.17), but using the Kohn-Sham orbitals. Different hybrid
DFT functionals include different fractions of exact exchange, where this fraction can be
thought of as a way of tuning the physical content of the functional. This fraction may
be justified by the adiabatic connection formula where one connects the fully interacting
Hamiltonian and the Hamiltonian of the non-interacting electrons by a coupling parame-
ter.[45] In the limit of a linear interpolation between the two Hamiltonians, one finds that
there persists a fraction of exchange with the same form as HF exchange. This provides a
framework for including a fraction of exact exchange but does not give a rigorous number
for what fraction to use. Therefore this fraction is typically taken as a parameter to be
optimized in forming Exc. From a numerical viewpoint, this fraction may be justified by
the fact that it is well known that HF underestimates atomization energies, where as GGA
functionals overestimate these energies and thus a mixture of the two should result in better
energies.[28]

DFT’s ubiquitousness in electronic structure is attributable to its ability to strike a good
balance between accuracy and computational cost. The most common forms of Kohn-Sham
DFT scale at approximately the same cost as Hartree–Fock calculations but because they
are able to include correlation effects, they are much more accurate when applied to real
chemical problems. Despite these favorable features, DFT does have problems. First and
foremost the exact functional is not known and thus one must choose an approximate func-
tional for which there are inherent errors. In typical applications one tries several functionals
and chooses the functional which most accurately represents the known physics of the sys-
tem. Secondly, Kohn-Sham DFT, if not corrected for this deficiency, is poor at describing
dispersions interactions. Third, Kohn-Sham DFT has an issue accounting for what is known
as self-interaction error, a single electron is able to interact with its own density, which is
entirely unphysical. Fourth, the KS framework involves only a single configuration of the
electrons, which may be inappropriate to treat so-called strongly correlated problems, where
multiple configurations make essential contributions.
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1.4 Configuration Interaction

Another approach to tackle the correlation problem is configuration interaction (CI). In
CI theory, the wavefunction is expanded as a linear combination of excited determinants,
determinants where the orbitals from the HF reference are reoccupied (occupied orbitals
become holes and virtual orbitals are filled):

|ΨCI〉 = |Ψref〉 +
∑

ia

cai |Ψ
a
i 〉 +

∑

i<j
a<b

cabij

∣

∣

∣Ψab
ij

〉

+
∑

i<j<k
a<b<c

cabcijk

∣

∣Ψabc
ijk

〉

+ . . . (1.37)

If the wavefunction and energy are calculated by diagonalizing in the basis of the complete set
of these excited determinants (i.e. all possible configurations of the electrons in all orbitals)
then this method is known as full configuration interaction (FCI). The FCI energy is the
exact solution to the electronic problem and thus it accounts for all correlation energy (in a
given finite basis); in fact correlation energy itself is defined as:

Ecorr = EFCI − EHF (1.38)

The reason FCI calculations are not commonly performed is that the number of components
of this wavefunction grows as

(

M
N

)

where M is the number of basis functions and N is
the number of electrons in the system. This means that computing any property of this
wavefunction including the energy requires an exponentially growing number of computations
and is therefore not feasible even for relatively small systems with small basis sets.[46, 47] For
this reason CI is more typically approximated using a truncated expansion[13, 48], usually
based upon a rank of excitation operator:

|ΨCI〉 =
(

1 + Ĉ1 + Ĉ2 + Ĉ3 + . . .
)

|Ψref〉 (1.39)

For example CI singles (CIS) involves building the Hamiltonian in the basis of all deter-
minants created by Ĉ1 and diagonalizing this matrix, and likewise CI singles and doubles
(CISD) includes Ĉ1 + Ĉ2.

An important note about these truncated CIs, beyond CIS and not including FCI, are
that their energies are not size-consistent.[48, 49] Size-consistency is the property that the
energy evaluated on a molecular system made of two non-interacting fragments, A and B, is
the same as evaluating the energy on the two fragments separately:

EA+B = EA + EB (1.40)

If the fragments are truly non-interacting then the Hamiltonian becomes separable:

Ĥ = ĤA + ĤB (1.41)

In Hartree–Fock, the wavefunction may be written as the product of wavefunctions localized
on each fragment.

∣

∣ΨA+B
HF

〉

=
∣

∣ΨA
HF

〉 ∣

∣ΨB
HF

〉

(1.42)
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A wavefunction with this property is known as multiplicatively separable and is always size
consistent:

EA+B =

〈

ΨA+B
∣

∣

∣
ĤA + ĤB

∣

∣

∣
ΨA+B

〉

〈ΨA+B | ΨA+B〉
(1.43)

=

〈

ΨA
∣

∣

〈

ΨB
∣

∣ ĤA + ĤB

∣

∣ΨA
〉 ∣

∣ΨB
〉

〈ΨA| 〈ΨB| ΨB〉 |ΨA〉
(1.44)

=
〈

ΨA
∣

∣

∣ĤA

∣

∣

∣ΨA
〉

+
〈

ΨB
∣

∣

∣ĤB

∣

∣

∣ΨB
〉

(1.45)

The CI wavefunctions for each calculation are:
∣

∣ΨA
CI

〉

= (1 + Ĉ)
∣

∣ΨA
ref

〉

(1.46)
∣

∣ΨB
CI

〉

= (1 + Ĉ)
∣

∣ΨB
ref

〉

(1.47)
∣

∣ΨA+B
CI

〉

= (1 + Ĉ)
∣

∣ΨA+B
ref

〉

(1.48)

The energies for the two fragments are:

EA =

〈

ΨA
CI

∣

∣

∣ĤA

∣

∣

∣ΨA
CI

〉

〈ΨA
CI | ΨA

CI〉
(1.49)

EB =

〈

ΨB
CI

∣

∣

∣
ĤB

∣

∣

∣
ΨB

CI

〉

〈ΨB
CI | ΨB

CI〉
(1.50)

The energy of the combined system is:

EA+B =

〈

ΨA+B
CI

∣

∣

∣
ĤA + ĤB

∣

∣

∣
ΨA+B

CI

〉

〈

ΨA+B
CI | ΨA+B

CI

〉 (1.51)

The numerator of Equation 1.51 is:
〈

ΨA+B
CI

∣

∣

∣
ĤA + ĤB

∣

∣

∣
ΨA+B

CI

〉

=
〈

ΨA+B
HF

∣

∣

∣
ĤA + ĤB

∣

∣

∣
ΨA+B

HF

〉

(1.52)

+
〈

ΨA+B
HF

∣

∣

∣

(

ĈA + ĈB

)(

ĤA − EA
HF

)(

ĈA + ĈB

)∣

∣

∣
ΨA+B

HF

〉

(1.53)

+
〈

ΨA+B
HF

∣

∣

∣

(

ĈA + ĈB

)(

ĤB − EB
HF

)(

ĈA + ĈB

)∣

∣

∣ΨA+B
HF

〉

(1.54)

= EA
HF +

〈

ΨA
HF

∣

∣

∣
ĈA

(

ĤA − EA
HF

)

ĈA

∣

∣

∣
ΨA

HF

〉

(1.55)

+ EB
HF +

〈

ΨB
HF

∣

∣

∣
ĈB

(

ĤB − EB
HF

)

ĈB

∣

∣

∣
ΨB

HF

〉

(1.56)

=
〈

ΨA
CI

∣

∣

∣
ĤA

∣

∣

∣
ΨA

CI

〉

+
〈

ΨB
CI

∣

∣

∣
ĤB

∣

∣

∣
ΨB

CI

〉

(1.57)
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which at first seems to imply that the CI energy is size consistent but we still need to simplify
the denominator of Equation 1.51:

〈

ΨA+B
CI | ΨA+B

CI

〉

= 1 +
〈

ΨAHF

∣

∣

∣ĈAĈA

∣

∣

∣ΨAHF

〉

+
〈

ΨB
HF

∣

∣

∣ĈBĈB

∣

∣

∣ΨB
HF

〉

(1.58)

=
〈

ΨA
CI | ΨA

CI

〉

+
〈

ΨB
CI | ΨB

CI

〉

− 1 (1.59)

Clearly, the numerator and the denominator do not equal the sum of Equation 1.49 and
Equation 1.50 and the energy is therefore not size consistent.

1.5 Alternative Correlation Methods

In the later chapters, we will be discussing results calculated using both DFT and CI, but
these are not the only methods for calculating correlation energies.

Møller Plesset Perturbation Theory

One popular method in electronic structure is Møller–Plesset perturbation theory (MPPT),
which is derived using Rayleigh-Schrödinger many-body perturbation theory[50], with the
HF wavefunction as the zeroth order wavefunction. The most widely used form of MPPT
is second order Møller–Plesset perturbation Theory (MP2), which contains the second-order
energy correction in the perturbative series. The expression for the MP2 energy is:

E(2) = −
1

4

∑

ijab

|〈ij || ab〉|2

εa + εb − εi − εj
(1.60)

where i, j and a, b are the canonical occupied and virtual orbitals respectively, ε are the
eigenvalues from Equation 1.19, and we have used short hand for the two electron integrals:

〈pq || rs〉 =

∫ ∫

dτ1dτ2φp(τ1)φq(τ2)
1

|r2 − r1|
[φr(τ1)φs(τ2) − φs(τ1)φr(τ2)] (1.61)

Since MP2 is a perturbative treatment, it has difficulty when the mean-field solution is a
poor reference (i.e. the perturbation is large). Also, MPPT lacks a variational principle (the
energy computed is not an upper bound to the exact energy). This can easily be seen as the
denominator of Equation 1.60 approaches zero.

Coupled-Cluster Theory

Another set of methods for computing the correlation energy are the Coupled-Cluster (CC)
family of methods, which were developed first by the nuclear physics community,[51] and
eventually brought to quantum chemistry[49, 52–57], where they transformed what could
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be done in terms of accuracy. In CC, the wavefunction is represented using an exponential
ansatz:

|ΦCC〉 = eT̂ |Φ0〉 (1.62)

where |Φ0〉 is typically the HF wavefunction and T̂ is the cluster operator defined as:

T̂ =
N
∑

κ

T̂κ (1.63)

with

T̂κ =
1

(κ!)2

∑

i,b

tb1,b2,...,bκi1,i2,...,iκ
âtbκ ...â

t
b1
âi1 ...âiκ (1.64)

Here t are amplitudes, the âtb1 represents a creation operator, and âi1 represents an anni-
hilation operator. In order to solve for the t-amplitudes and the energy, one left projects
and solves the resulting system of equations. Just like in CI theory, CC is always truncated
at a given excitation level. Typical truncations are CCD (κ = 2) or CCSD (κ = 1, 2) and
CCSDT (κ = 3), where most often because of its large computation cost the triples op-
erator is handled perturbatively, (T). CC is one of the most accurate electronic structure
methods, CCSD(T) being often referred to as the “gold-standard” in quantum chemistry. In
contrast to the CI expansion shown before, the exponential ansatz of CC theory preserves
size-consistency and size-extensivity, but these methods do suffer from a lack of a variational
principle, just like MP2 does.

Spin-Flip Methods

Another family of methods for solving the correlation problem are the spin-flip (SF) methods,
which have been used in conjunction with configuration interaction (CI)[58], DFT[59], and
CC[60] frameworks. These methods begin with a high-spin reference and then employ linear
combinations of spin-flipping excitations (α → β) to access states with the desired Ms value,
such as the ground state. An important variant of the spin-flipping idea is the restricted
active space spin-flip configuration interaction family of methods (RAS-SF)[61–63]. RAS-SF
include general numbers of spin-flips and uses RAS techniques to include larger active spaces
(a chosen set of occupied and virtual orbitals). In RAS-SF, the orbital space is partitioned
into three sets: RAS I, II and III. The RAS II space contains the singly occupied orbitals
of ROHF and full CI is performed in this space, which is usually limited to a relatively
small number of electrons and orbitals, because of the exponential scaling. Excitations
to and from the three spaces may then performed at a given level of excitation, so called
hole and particle excitations. Despite their success, the RAS-SF methods still suffer from
some deficiencies: the excitation energies can be sensitive to the quality of the high-spin
reference, these methods lack a full treatment of dynamic correlation, and these methods
have exponential scaling with respect to active space size.
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Complete Active Space Self-Consistent-Field

Another important technique for evaluating the correlation energy is the complete active
space self-consistent-field (CASSCF) method[64], and its second-order perturbation-corrected
variant (CASPT2)[65]. CASSCF involves optimizing the orbitals over all the configurations
within an active space and is mathematically equivalent to performing FCI in this space.
In practice, the active space is limited to a few important orbitals and electrons, which
makes the method tractable for much larger systems than FCI, but eventually the exponen-
tial scaling with the size of this active space makes the method computationally infeasible.
The Density Matrix Renormalization Group (DMRG)[66] is the most promising recent de-
velopment for reducing the exponential scaling of CASSCF. DMRG is an algorithm which
replaces the CI solver in the CASSCF problem and is able reduce the scaling with respect
to active space to non-exponential for pseudo-linear systems. The exponential cost does
reappear when DMRG-CASSCF is applied to fully 3-dimensional systems, but still shows
favorable scaling with respect to traditional CASSCF solvers.
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Chapter 2

Localized Orbital Bonding Analysis

2.1 Introduction

Molecular transition metal based catalytic complexes are a ubiquitous motif in modern chem-
istry from biologically inspired catalysts to industrial applications. These catalysts often have
complicated reaction cycles with transitory but important intermediates.

One property commonly used in analysis of these complexes is oxidation state. Oxidation
state while formally defined but not often very useful in main-group elements, is of great
importance in transition metal compounds. The properties of the various oxidation states
are often very different, and being able to determine oxidation states is an important aspect
of electrochemistry, and therefore catalysis.[67] With simple ligands, the oxidation states
of transition metals can be determined from the stoichiometry and electronegativities of
a complex and its salts.[68] However, in cases where there are complex or even bridging
ligands, or when the complex is involved in catalysis, the assignment of oxidation state can
be unclear.

In transition metal complexes, geometry is often indicative of oxidation state; the Bond
Valence Sum (BVS) method has been recently used, particularly in the Cambridge Structural
Database[69, 70], to characterize the oxidation state of metal complexes[71]. This method
uses the distance between the metal and the ligand to determine the oxidation state, but relies
heavily on so called R0 parameters which are empirically determined from bond lengths of
complexes with known oxidation states. The R0 values have two problems: first they depend
on both atoms which make up the bond, which limits their ability to be applied to systems
with new bonding partners, and secondly they do not characterize species with bulky ligands
and low coordination numbers[72], which may be the case for catalytic compounds.

In general both geometry and oxidation state are direct consequences of the electronic
structure of the compound and thus it seems preferable to use the electronic structure to
define the oxidation state rather than the geometry, a correlated observable. However,
computationally and quantum mechanically, oxidation states suffer from a lack of rigorous
definition and thus many different techniques for calculating approximate oxidation states
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have been proposed. One of the earliest and simplest approaches is Mulliken population
analysis[73–76], and the related Mayer Bonding analysis[77–79], but these suffer heavy de-
pendences on the basis sets chosen. As an alternative, Löwdin population analysis[80, 81]
shows reduced basis set dependence with the same essential features. While these total elec-
tron populations can be used to give an indication of oxidation state of a transition metal, as
they do change with oxidation and reduction, the charges given are often much lower than
the formal oxidation states of the metal, and without careful calibration are very difficult
to interpret. Analysis of the spin populations on atoms in the molecule can also be used in
some cases to determine oxidation states, but still requires some calibration, and is prob-
lematic in low spin systems. Recently it was argued that atomic charges should not be used
as a measure of the oxidation state of a metal because this value is highly dependent on the
ligands involved and less to do with oxidation state of the transition metal.[68]

A different route which has developed in order to treat similar problems are bond anal-
yses. These methods typically characterize bonding within molecules and then use those
characterizations to calculate the oxidation state by assigning electrons to the ligand or
the metal. Methods of increasing levels of complexity have been developed, leading to the
Natural Bonding Orbital (NBO) analysis[82–84], methods based on local spin[85–89], and
topological approaches such as Electron Localization Functions[90] and Bader’s Atoms-in-
Molecules[91, 92] and related approaches. These methods require some levels of sophisticated
analysis of the density to extract chemically meaningful information.

Despite these advances, the problem of determining the oxidation state of a metal in such
complexes is still left without a satisfactory solution.

2.2 Localized Orbital Bonding Analysis

We propose an alternative, much simpler, bonding analysis, which accurately predicts the
oxidation state of transition metal complexes. The method is based on the concept of
localized orbitals, stemming from an analysis of Cu-P-Cu-P diamondoids by Rhee and Head-
Gordon[93]. The canonical molecular orbitals, produced by traditional theoretical methods,
are often extremely delocalized, and from them the bonding in even relatively small molecules
can be difficult to interpret. Within single determinant methods like Density Functional
Theory (DFT) and Hartree–Fock (HF) Theory, mixing amongst the occupied orbitals does
not change the density or the energy, and we may produce localized orbitals by this mixing
process. The sets of localized orbitals produced correspond to the lone pairs, non-bonding
orbitals, single, double and triple bonds which make up the language of chemistry.

A number of localization procedures have been applied over the years, among them Boys
orbitals[94], which minimize the radial extent of each orbital, Pipek-Mezey (PM) orbitals[95,
96], which maximize the locality of the projected population, and Edmiston-Ruedenberg
(ER) orbitals[97], which maximize the electrostatic self-interaction of each orbital. In par-
ticular the latter ER orbitals may be thought of as producing the most ‘classical’ orbitals,
as by maximizing the the exchange self-interaction within an orbital, they minimize the
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non-classical exchange between orbitals.1 Each method maximizes a localization metric, Z:

ZBoys =
∑

i

〈

φi(r1)φi(r2)
∣

∣(r1 − r2)
2
∣

∣φi(r1)φi(r2)
〉

(2.1)

ZPM =
∑

I

∑

i

|〈φi |PI |φi〉|
2 (2.2)

ZER =
∑

i

〈

φi(r1)φi(r2)

∣

∣

∣

∣

1

|r1 − r2|

∣

∣

∣

∣

φi(r1)φi(r2)

〉

, (2.3)

where φi are occupied orbitals, I labels atoms and PI is the Mulliken projection operator
on a particular atom. Each of these methods, while differing in computational complexity,
produces sets of localized orbitals, which correspond to the lone pairs, non-bonding orbitals,
single, double and triple bonds which make up the language of chemistry.

By combining these methods with a population analysis, we find that bonds and oxi-
dation states can be easily determined, in accordance with chemical intuition. To extract
chemical information from localized orbitals, it is convenient to decompose each orbital into
contributions upon atoms. The most obvious means of such decomposition are the same
methods discussed before Mulliken and Löwdin population analyses, which are commonly
used for the complete density, but have not been commonly applied to localized orbitals. As
these are linear projections of the density, and the density is additive from the orbitals, the
sum of all orbital contributions will result in the value for the total density.

If a molecule were to consist of ideal covalent bonds, we would expect the localized orbitals
to fall into three categories: core orbitals, which form a complete shell and are fully localized;
bonding orbitals, which contain contributions from two atoms, weighted in some way owing
to differences in electronegativity; and non-bonding orbitals which are again completely local
but formed from valence rather than core electrons. In practice, core electrons are usually
very well localized, and can be easily distinguished, leaving any remaining well-localized
orbitals as non-bonding orbitals.

More complicated bonding situations, such as delocalized electrons and ligand donation
will cause orbitals to be spread over more sites, and so the distinction between these types
becomes blurred. In these complicated situations use of the values of the projections them-
selves can provide additional insight into the bonding. In the subsequent sections we have
applied these methods to a series transition metal complexes to validate the effectiveness of
this analysis and to demonstrate how the method relates to bonding. We conclude with an
application to a potential water oxidation catalyst, showing the location of the successive
oxidations along part of a proposed catalytic cycle.

1The self-interaction energy is an unphysical contribution to the energy from allowing electrons to interact
with themselves. In HF Theory, the Coulomb and exchange self-interactions exactly cancel. The residual
self-interaction in many DFT methods is a well-known problem.
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Computational Details

In this section we detail the computational methods used for calculation on Mn complexes.
All calculations were performed in a customized version of the Q-Chem package[98]. Be-
ginning with the crystal structure of the nitrate salt of X the structure of O was created
by deletion and transmutation of the appropriate atoms. Experimental magnetic measure-
ments[99] indicate a very slight (-36.6 cm−1) antiferromagnetic coupling between the Mn
atoms, resting in a singlet ground state. As the coupling is so slight, calculations were
performed on both high- and low-spin complexes (Ms = 3, 0).

Initial guess densities were produced by the superposition of converged ligand and Mn2O2

fragment calculations with a 3-21G basis set, as the minimal basis STO-3G was not found to
reliably converge to the correct state. Unrestricted SCF calculations were converged with the
Relaxed Constraints Algorithm[100, 101], until a threshold of 10−3, followed by Geometric
Direct Minimization[102]. Functionals were calculated using a grid with 70 radial and 302
Lebedev angular points, as smaller grids led to intolerable inconsistencies between gradient
and energy evaluations, and between Hessian and gradient. Density Functional Theory
(DFT)[25, 103] in its formulation due to Kohn and Sham[26] was used for all calculations.
As the accuracy of DFT functionals is not well-calibrated for systems such as these, we have
used three functionals with differing treatments of exchange, B3LYP[40], BP86[33, 104],
and ωB97X-D[43, 105], and agreement of results from these different functionals gives some
confidence in the transferability of the results. Reliable convergence of the SCF calculations
in these systems was found to be extremely difficult, and sensitive to the initial guess and
convergence method used. Once a stationary point was found, it was subjected to stability
analysis[106] and if a saddle point was found, the SCF was restarted after a step in a downhill
direction. Geometries were then successively optimized with bases of 3-21G[107], 6-31G[108],
and 6-31G*[109], with frequency calculations performed at convergence. Saddle-points were
descended from until a minimum was reached.

Because of the eccentricities of convergence, for the B3LYP functional, SCF Metady-
namics[110] was performed for each optimized geometry, and a number of the excited SCF
solutions had their geometry optimized. The lowest competing geometry and state was
1.6 eV above the minimum found. Localizations were performed with standard Boys and
Pipek-Mezey algorithms, and the Resolution of the Identity Edmiston-Ruedenberg method
of Subotnik et al.[111] using the RIMP2-SVP[112] basis as the auxiliary basis.

Free energies were calculated using the harmonic approximation at 298K. For BP86
and ωB97X-D functionals, there was an imaginary frequency of the order 50cm−1 in the
vibrational analysis, corresponding to a methyl group rotation. We consider this an artifact
of the numerical quadrature, and so the lowest mode of all Mn complexes was removed in the
calculation of the free-energy. The maximum effect of this was a change of 0.05eV, and is not
considered a significant effect. As the charge of the species remains conserved we expect gas-
phase calculations to be sufficient as solvent reorganization energies are likely to be small.
Relative energetics were calculated for reactions such as O2+(g) −→ A12+(g) + H(g), and
using standard experimental values[113, 114] ∆fG

◦
298K(H(g)) = 2.11eV and E◦(Ce3+(aq)
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Table 2.1: Mulliken populations of the metal atom for various transition metal complexes.
“hs” and “ls” indicate the high-spin and low-spin configurations respectively.

Cl− H2O hs H2O ls CN– CO

VII 1.02 1.12 0.05 0.64
MnII 1.10 1.24 1.18 0.10 0.63
MnIII 0.93 1.58 1.52 0.35 0.80
FeII 1.08 1.20 1.09 0.01 0.51
FeIII 0.99 1.63 1.47 0.25 0.67
NiII 0.99 1.04 -0.19 0.31
ZnII 1.02 1.06 -0.03 0.52

−→ Ce4+(aq) + e−) = −1.72V .

2.3 Case Studies

With the Localized Orbital Bonding Analysis, from the number of non-bonding and donating
orbitals it is possible to gain a measure of the oxidation state of a metal. In this section we
compare the Mulliken total and spin population analyses to both NBO analysis and LOBA
for 32 complexes of common transition metals and ligands, spanning the electrochemical
series. In Tables 2.1–2.5 each cell corresponds to a complex formed from the metal and six
octahedrally coordinated ligands. The total charge of the complex was the combination of
the formal metal ion and the charges on the ligands. Cl– complexes were calculated as high
spin, and CN– and CO as low spin. Complexes were optimized with the B3LYP functional
in Unrestricted Kohn-Sham DFT, with a 6-31G* basis.

From Table 2.1 and 2.3 it can be seen that there is no systematic relationship between
Mulliken charge and oxidation state of the metals. As seen in Table 2.2 the spin population
is a better predictor of oxidation state but still requires a priori knowledge of the electronic
structure. For example the spin population of 1.09 as seen in Fe(CN)3–6 only indicates there
are an odd number of d-electrons on the iron: either 1, 3, or 5 corresponding to oxidation
states of V, III, and I respectively. In these simple cases the correct choice is apparent,
but this may not hold for less intuitive systems. Also Table 2.7 shows that for the MnIVO2

species the spin population does not determine the correct oxidation state, rounding to 4
unpaired spins when there are in fact only 3.

This lack of correspondence between oxidation state and these population analyses was
a major driving force for the creation of a new method for oxidation state characterization.
From LOBA results on a series of small molecules, it was seen that a typical homonuclear
covalent bond showed the expected population of 50% on each atom, and a heteronuclear
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Figure 2.1: A calibration plot for all transition metal complexes and MnOx species studied.
On the left are plots of the difference between nominal oxidation state and Mulliken total
charge on the metal. A LOBA oxidation state is based on a minimum population threshold
for an orbital to count as localized on a metal. The errors in the LOBA oxidation states
of the metals are plotted against the threshold used. The wide plateau shows a sensible
choice for this to be in the region 40-75%. Values of minimum and maximum metal orbital
occupations can be found in Tables 2.1–2.6
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Table 2.2: Mulliken spin populations of the metal atom for various transition metal com-
plexes. “hs” and “ls” indicate the high-spin and low-spin configurations respectively.

Cl− H2O hs H2O ls CN– CO

VII 2.97 2.99 2.84 2.79
MnII 4.96 4.88 0.99 1.08 1.07
MnIII 4.25 3.85 2.04 2.10 2.15
FeII 3.93 3.86 0.00 0.00 0.00
FeIII 4.27 4.43 1.00 1.09 1.13
NiII 1.87 1.83 1.69 1.66
ZnII 0.00 0.00 0.00 0.00

Table 2.3: Löwdin populations of the metal atom for various transition metal complexes.
“hs” and “ls” indicate the high-spin and low-spin configurations respectively.

Cl− H2O hs H2O ls CN– CO

VII 0.38 0.51 -0.57 -0.19
MnII 0.53 1.06 0.78 -0.47 -0.11
MnIII 0.25 1.00 0.86 -0.24 0.13
FeII 0.49 0.69 0.45 -0.55 -0.22
FeIII 0.33 1.06 0.78 -0.33 0.01
NiII 0.37 0.52 -0.46 -0.19
ZnII 0.44 0.60 -0.29 -0.03

bond showed polarized populations. This implied that the analysis could also be used to
discuss the nature and strength of the bonds.

In order to use LOBA to count the number of electrons on a metal it was necessary to
define a limit at which any given electron should be considered localized. Figure 2.1 plots
population analyses for all 32 complexes and 4 MnOx species together listed in Tables 2.1–
2.6. The complexes used were cases in which the oxidation state of the metal is well known.
From this calibration plot, it can be seen there is considerable flexibility in the choice of
a threshold for locality, and 60% was chosen to be close to the center of the range. With
this threshold in mind calculation of oxidation states becomes intuitively obvious; take the
nuclear charge and subtract one for each localized electron. Throughout this study all core
orbitals were found to be fully localized and thus will not be discussed.

As a simple example of the method Figure 2.2 shows the LOBA diagram for FeF3, a
D3h compound. In these diagrams each set of shapes, other than stars, represents a single
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Figure 2.2: An example LOBA plot of FeIIIF3. The symbols are explained in the text.

occupied localized orbital, which may be thought of as an electron. Each star represents
an orbital which only has a contribution on one atomic center, e.g. the star above F1 is an
electron primarily localized on that atom. The other shapes, in this case blue circles, green
pentagons, and red diamonds are electrons primarily (∼80%) located on the fluorines, but
with ∼20% donation to the Fe center. The numbers in parentheses to the right of the atomic
symbols are the counts of valence electrons which are totally localized >90% on the atom.
Therefore the oxidation state for Fe is obtained by 8 (sum of charge on nucleus and all 18
core electrons) - 3 (α-space fully localized electrons) - 2 (β-space fully localized electrons)
= 3 or for the fluorines 7 - 1 - 1 (α- and β-space fully localized) - 6 (α- and β-space >60%
localized) = -1.

Using this threshold, LOBA reproduces the oxidation states readily, and in addition pro-
vides information as to further electronic effects. Table 2.4 shows the maximum population
on the transition metal in acceptor orbitals (population significantly less than 50%); the do-
nation from the ligand is greater in the charged, π-donor and π-acceptor ligands. Similarly,
Table 2.5 shows the minimum population on the metal of an orbital which donates to the
ligands. As is chemically intuitive, only the π-acceptor ligand complexes have any significant
metal-ligand donation (back-bonding). None of the complexes contained any metal-ligand
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Table 2.4: Maximum occupations of metal accepting orbitals for various transition metal
complexes calculated with ER/Mulliken LOBA. Where there are no acceptor orbitals (i.e.
metal population < 0.05), a blank has been left. “hs” and “ls” indicate the high-spin and
low-spin configurations respectively.

Cl− H2O hs H2O ls CN– CO

VII 0.19 0.16
MnII 0.20 0.18
MnIII 0.23 0.06 0.13 0.23 0.22
FeII 0.05 0.20 0.19
FeIII 0.14 0.07 0.09 0.24 0.23
NiII 0.07 0.07 0.20 0.18
ZnII 0.12 0.16 0.25

orbitals of a covalent nature (populations close to 50%). Using a Löwdin population anal-
ysis rather than a Mulliken gave very little difference, aside from small changes in atomic
populations of local orbitals.

It is also possible to perform LOBA on top of an NBO analysis, by considering the
contribution on an atom from a natural orbital to be the product of the population of the
natural orbital and its percentage projection on that atom. Such analysis led to somewhat
similar results, with the number of localized orbitals being correctly calculated. The nature
of the metal-ligand bonding differed however, as in a number of systems (notably FeIII and
MnIII complexes with Cl–, CN–, and CO) displayed an asymmetry, with three metal-ligand
bonds and three partially occupied orbitals localized on the remaining ligands. In contrast,
all of the LOBA results exhibited the correct symmetry of the complexes.

We have also investigated the oxidation states of the manganese oxides for later compar-
ison with a Mn-oxo complex. The MnOx species studied behave in a very similar manner
to the transition metal complexes. None of the species had any donor orbitals, all localized
electrons had populations > 99%, and totaling the localized orbitals gave exactly the oxida-
tion state expected, unlike the summed Mulliken charges on the metals (see Table 2.7 and
Ref. [115]). The maximum populations of the acceptor orbitals on Mn is given in Table 2.6.
During this investigation MnO–

3 and MnO–
4 were first found to converge to excited states

corresponding to MnIII and MnV respectively. While the Mulliken charges were not helpful
in determining that this had happened (being 0.53 and 0.86 respectively, compared to the
final results in Table 2.7), LOBA readily detected the wrong oxidation states and enabled
the correct solution to be found.
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Table 2.5: Minimum occupations of metal donating orbitals for various transition metal
complexes calculated with ER/Mulliken LOBA. Where there are no donating orbitals (i.e.
metal population > 0.95), a blank has been left. “hs” and “ls” indicate the high-spin and
low-spin configurations respectively.

Cl− H2O hs H2O ls CN– CO

VII 0.88 0.87
MnII 0.81 0.80
MnIII 0.87 0.90
FeII 0.85 0.86
FeIII 0.90 0.92
NiII

ZnII

Table 2.6: Maximum occupations of metal accepting orbitals for various manganese oxide
ions calculated with Mulliken LOBA for the three localization schemes Boys, ER and PM,
and separately a NBO/LOBA analysis.

Boys PM ER NBO

MnIVO2 0.32 0.39 0.32 0.48
MnVO−

3 0.29 0.36 0.29 0.33
MnVIO2−

4 0.29 0.37 0.33 0.33
MnVIIO−

4 0.34 0.35 0.35 0.34

Table 2.7: Mulliken and Löwdin total population and spin analyses on the Mn atom for
various manganese oxide ions.

Total Spin Löwdin

MnIVO2 1.01 3.88 0.73
MnVO−

3 0.94 2.05 0.51
MnVIO2−

4 0.90 1.10 0.36
MnVIIO−

4 1.22 0.00 0.57
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Figure 2.3: (a) X, a potential catalyst for water oxidation; (b) O, an analogue of X with
bipyridine ligands replaced by ethandiimines.
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2.4 A Model Water Oxidation Catalyst

The design of an efficient water oxidation catalyst is an important goal in the quest for
renewable energy sources.[116, 117] The Oxygen Evolving Complex (OEC) of Photosystem
II contains four oxo-bridged Mn centers and serves this function with four proton-coupled
electron transfers, although the precise mechanism is not known. In particular, the oxidation
states of the active Mn atoms in the latter stages of the catalytic cycle are uncertain[99, 118–
121], and there has been much interest in the accurate modeling of such systems in the protein
environment or in analogous molecules[120, 122–126].

In this section we consider a simpler catalyst with two manganese atoms bridged by two
oxygen atoms, X, following the motifs of the OEC’s structure. We investigate part of a
possible catalytic cycle for water oxidation using this complex, and use LOBA to determine
the location of the oxidations in this cycle.

Figure 2.3 shows the proposed resting state of the catalyst X. For computational conve-
nience, we have replaced the bulky bipyrimidine ligands with ethandiimine ligands as their
role is thought to be primarily that of steric protection. The model complex, O is also
shown in Figure 2.3. The proposed catalytic cycle (Figure 2.4) involves two proton-coupled
electron transfers, followed by an O-O bond formation, and the subsequent oxidation to
form and release O2, and is based on studies of similar complexes[127, 128] We have studied
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Figure 2.4: Proposed catalytic cycle for water oxidation.
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intermediates O to B to elucidate the locations of the initial oxidations.

Table 2.8: Relative free energies in kJ mol−1 of the catalytic cycle at 298K using var-
ious functionals. The first and second oxidations are shown relative to the reduction
Ce4+(aq) + e− −→ Ce3+(aq). The third step is the association of a water molecule, and
is relative to an isolated water molecule.

BP86 B3LYP ω-B97X-D

O 0·0 0·0 0·0
A1 −10·7 70·4 175·6
A 17·7 92·6 129·3
B 12·9 75·3 115·8

The calculated energetics of the catalytic cycle are shown in Table 2.8, and are within
the feasible limits of the catalysis which uses Ce4+ as an oxidant, although, as is common
with transition metal systems, there is considerable dependence upon functional, varying
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Figure 2.5: Relative free energies of the catalytic cycle at 298K using the BP86 functional.
Oxidation states marked in the diagrams are those of the proposed reaction cycle. The first
and second oxidations are shown relative to the reduction Ce4+(aq) + e− −→ Ce3+(aq). The
third step is the association of a water molecule, and is relative to an isolated water molecule.
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with amount of exact exchange included; the A1 intermediate was found to be 0.73 and 1.82
eV higher than O for B3LYP and ωB97X-D functionals respectively.

LOBA calculations showed that the electronic structure changes throughout the cycle
were not simply explainable by metal oxidations. The spectrum of functionals chosen pro-
duced very similar analyses, and so we concentrate on the results of the B3LYP functional
here with systems being high spin. Low-spin calculations gave similar results, with spins in
the appropriate opposite space, although with a slightly more delocalization.

Figure 2.6 shows LOBA plots of compounds O, A1, and A. There is much information
contained within the plots, but we shall explain the key features of the oxidation; the detailed
analysis of further bonding effects is beyond the scope of this paper. Owing to the heavy
polarization from the positive charge on the Mn, we shall refer to all ligand-metal orbitals as
‘donating’, rather than distinguishing covalent orbitals. The nature of the localized orbitals
on nitrogen and acetate ligands does not change significantly, and so they have been not
been plotted. The analysis is displayed as chemical structure diagrams in Figure 2.7.

In O, each Mn has three localized α electrons, which on inspection very much resemble
d-orbitals, and so each Mn is nominally MnIV. Cl may be considered Cl− with a lone-pair
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Figure 2.6: LOBA plots for the ClMnO2MnO core of complexes calculated with unrestricted
B3LYP in a 6-31G* basis using Löwdin/Edmiston-Ruedenberg analysis. O2 and O1 are
bridging oxygens. Mn2 has the Cl ligand and Mn1 the initial water ligand, whose oxygen
is labeled O3. The parenthetical number following each atom is the number of non-core
fully-localized electrons in that spin space which are not shown on the plots. Each symbol
corresponds to a different localized orbital, plotting its population on each atom when larger
than 0.1 electrons. Orbitals with substantial contributions on atoms not shown are omitted.
In H2O and OH they correspond to normal OH bonds, and the remainder are mostly localized
on the other ligands.

(a) O Sz = 6
2 . The Mn2O2

core consists of each oxo do-
nating to each Mn, with fur-
ther donation in the β-space.
σ-bonds from O3 to its two
hydrogen atoms have been re-
moved from the plot. O3 do-
nates a single lone pair to
Mn1.

(b) A1 Sz = 5
2 . With H+ re-

moved from it, O3 donates an
additional β electron to Mn1.
An α electron has been re-
moved from O2.

(c) A Sz = 6
2 . With a fur-

ther H+ removed from it, O3
now has only 3 α electrons,
one of which is heavily donat-
ing to Mn1. The second ox-
idized electron has been re-
moved from the β space of O2
and O1, resulting in a delocal-
ized β-electron bridging both.
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Figure 2.7: An interpretation of the LOBA as chemical structure diagrams. Full lines or
arrow indicate a pair of electrons, dotted indicate single α electrons, and dashed indicate
β electrons. Atoms are labeled with charge or oxidation state derived from the LOBA.
Lines indicate covalent bonds and arrows indicate dative bonds (where the electrons are still
considered localized on the donor). Unpaired localized electrons are indicated by · with the
spin superscript. The remaining localized electrons electrons on the Mn atoms are α-spin.
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Figure 2.8: Isosurface (0.07 a.u.) plots of some of the localized ER orbitals shown in Fig-
ure 2.6. (a) In O: A localized Mn α d orbital. Each Mn has three of these; (b) In O: An
O-Mn α σ bond. There is one of these between each Mn and bridging O; (c) In A: The
Mn-O α donor orbital with π character; (d) In A: The Mn2O2 delocalized β orbital.
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heavily donating to Mn2. Similarly each oxo donates a lone pair to each Mn. The terminal
O from H2O has donated a lone pair to Mn1.

In A1, H+ and an α electron have been removed. The terminal O3 donates a further β
electron to Mn1. The oxidized electron is a localized α electron removed from O2. The α
HOMO of O is delocalized around Mn2 (14%), O1 (23%) and O2 (28%), and so a first guess
that this is ionized might fortuitously arrive at a similar conclusion, although the effects
of geometry relation and the removal of an additional proton are likely to be at least as
significant.

In A, a further H+ and a β electron has been removed. Cl is now donating an additional
β electron to Mn2. O3 now has only 3 α electrons, one of which is donating very strongly
to Mn1. The β space of the bridging O2 and O1 now contains only one electron each, with
a further β electron delocalized between the two. The β HOMO of A1 is mostly localized
on the Cl (82%), and so would not have predicted these electronic effects. Plots of some of
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the relevant localized orbitals are shown in Figure 2.8.
Overall, the nature of the oxidation sites in A1 and A is quite different. However, it is

notable that the oxidation does not occur on the Mn atoms as proposed, but rather on the
bridging oxygens and terminal oxygen. In particular, this is not a disability of the electronic
structure method to describe the high oxidation states of Mn, as they have been seen to be
well described earlier.

2.5 Conclusion

In contrast to Mulliken and Löwdin population analyses, and Mayer bond orders, the bonding
and oxidation states produced by LOBA are very compatible with chemical intuition, and are
relatively insensitive to the population analysis and localization method used. Comparison of
NBO analysis and LOBA gives similar results in most cases, although LOBA does not seem
to produce the undesirable symmetry breaking seen in some transition metal complexes with
NBO analysis. We suggest that, though it is only currently possible for single-determinant
theories, LOBA is to be preferred because of its simplicity. We also note that despite the fact
that there is no quantum mechanical operator for oxidation state LOBA naturally produces
the quantity chemists have been using for over a century to characterize transition metal
chemistry.

A study of a manganese-based potential water oxidation catalyst showed a complex elec-
tronic structure, but revealed a non-intuitive oxidation of the bridging oxo ligands in pref-
erence to a metal oxidation as was proposed.
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Chapter 3

Hydrogen Generation from Water by
a Molecular Molybdenum-Oxo
Electrocatalyst

3.1 Introduction

Due to growing concerns on the impact of anthropogenic climate change, the search for
carbon-neutral sources of renewable energy has become a prominent area of scientific research
[117]. Solar energy capture in conjunction with a chemical energy storage system has been
proposed as one potentially feasible solution to the global energy crisis [129]. One proposed
strategy for chemical storage is the use of hydrogen as a fuel, because of its benign combustion
by-products, large energy density by mass (143 MJ/kg), and the potential to use H2O to
produce the fuel [130].

In order for hydrogen to be useful as a fuel or energy storage technology, it must be
produced sustainably and economically using earth-abundant, inexpensive catalysts. While
naturally occurring hydrogenase enzymes containing iron and nickel cofactors are capable
of significant turnover frequencies and low thermodynamic potentials, [131–135] these en-
zymes suffer from instabilities under industrial conditions which inhibit their deployment
in a commercial setting. On the other hand, heterogeneous precious metal catalysts such
as Pt exhibit high activity at low overpotentials (applied potential beyond the thermody-
namic potential of the reaction) in acidic or basic media, but their high costs prohibit large
scale deployment of these systems. Consequently, significant research has been carried out
on catalysts containing earth abundant elements for the production of hydrogen. However,
many of the resulting molecular H2-evolving catalysts to date require organic solvents and
additives or organic acids to reach high levels of performance [136–142]. For a comprehensive
comparison of some of the latest hydrogen evolving catalysts, see the review by Cook et
al.[130].

An exciting potential candidate for a hydrogen-evolving catalyst is the molybdenum-oxo
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Figure 3.1: [(PY5Me2)MoO]2+. Shown schematically (a) and its 3D computed structure (b).
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complex recently reported by Karunadasa et al.[143]. Specifically the system consists of the
pentadentate ligand-framework 2,6-bis(1,1-bis(2-pyridyl)ethyl)pyridine (PY5Me2) support-
ing a molybdenum-oxo species (Figure 3.1). This complex shows high catalytic activity, a
turn-over-frequency of at least 2.4 s−1, and stability in pH 7 aqueous media and sea water.
Since the catalyst is of molecular origin, the substantial tools of synthetic organic chemistry
may be leveraged to improve upon its performance. Perhaps the most important target
would be lowering the overpotential required for catalysis, which was reported as approxi-
mately -0.5 V. Experimental steps have already been taken in this direction. In particular,
Sun et al.[144] showed that para-substitution of the axial pyridine ring of [(PY5Me2)Co]1+

lowered the catalytic potential significantly in water.
To provide both fundamental understanding and a rational basis for synthetic modifica-

tions of PY5Me2-based catalysts, it is desirable to understand the mechanism of catalysis
in molecular detail and characterize the electronic structure of all intermediate species. The
purpose of this paper is to present computational and experimental studies directed at this
goal. In the original report, a Hg electrode was used as the working electrode due to its
high overpotential for proton reduction. However, a recent report showed that the reduced
Mo species forms an adsorbate on the Hg surface, thereby complicating further characteri-
zation of the active species. It was also reported that the [(PY5Me2)MoO]2+ can catalyze
the reduction of acetic acid to hydrogen in an acetonitrile solution on a glassy carbon disk
electrode where the active catalyst was freely diffusing in solution.[145] Cyclic voltammetry
experiments further showed that a third electron is necessary for proton reduction both in
water and organic media on a glassy carbon electrode. In light of these considerations, the
set of intermediates shown in Figure 3.2 constitute a potentially complete description of the
viable intermediates associated with catalysis, and will be explored herein.

Within the last twenty years, electronic structure calculations have proven useful in
assisting interpretation of experimental results, eliminating high energy reaction pathways,
and providing insight for rational design of synthetic changes in chemical systems. Typically,
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Figure 3.2: Cartoons of the species potentially involved in the electrocatalytic cycle of
[(PY5Me2)MoO]2+ and their reactions. The PY5Me2 ligand is represented by a circle for
clarity. The double dagger symbol, ‡, indicates the species are coupled through a transition
structure. Metal oxidation states are those given by electron counting. The bold letters
labeling species will be used as their designation in the text.

Mo

O

2+H

III

‡

–H2

‡

Mo

O

2+

IV

Mo

O

1+

III

B

A

Mo

O

2+H

H

H

III

Mo

O

1+H

II

Mo

O

0H

I

Mo

O
2+H

H
IV

Mo

O
1+H

H

III

Mo

O

2+HH

II

Mo

O

1+HH

I

e-

‡

H+

–H2

‡

–H2

‡

H+

e-

e-

H+ ‡ H+

e- e-

H+
e-

H+
e-

H+
e-

H+
e-

H+
e-

C

D E

G H I

F

J



CHAPTER 3. HYDROGEN GENERATION FROM WATER BY A MOLECULAR

MOLYBDENUM-OXO ELECTROCATALYST 32

Density Functional Theory (DFT)[25, 26, 103] has been the tool of choice for the computation
of redox potentials[146, 147] and the modeling of catalytic processes[148]. With modern
functionals, sufficient accuracy is obtained to yield useful insight into catalytic cycles without
requiring prohibitive computational effort. However, electronic structure calculations, even
if satisfactorily accurate, are essentially just numerical experiments, requiring other methods
for analysis and chemical insight. For instance, Localized Orbital Bonding Analysis (LOBA)
[149] is useful for the computational description of oxidation states and understanding the
extent of electron or hole localization associated with redox changes.

Very recently, the catalytic cycle originating with [(PY5Me2)MoO]2+ was studied using
DFT calculations by Li and Yoshizawa[150], who showed the energetic validity of H2 gen-
eration by reductive cleavage of water and α-H abstraction and identified a role for three
reductions. The computational and experimental work reported here will validate these ba-
sic conclusions. However some important distinctions will also emerge. First, combining
our calculations with new experiments reported here, we will conclude that the nature of
the reductive steps is quite different from those reported by Li and Yoshizawa[150]. We find
that the first two reductions are proton-coupled, rather than involving multiple intermedi-
ates and the mechanism of the third reduction also differs. Second, we have found a new
mechanism for the α-H abstraction step that involves a bridging water acting as a proton
relay. Third, the calculated kinetics we obtain are in more satisfactory agreement with ex-
perimental values. Additionally we extend the study of the mechanism in several distinct
ways. We examine computationally in some detail the manner in which electrons are added
to the complex in the three reductions. Then, based on this knowledge, we perform computa-
tional experiments on the effect of chemical modifications to the PY5Me2 ligand platform to
explore the effect on the predicted overpotential. Finally, we also explore the stoichiometric
reaction of reacting [(PY5Me2)Mo]2+ with H2O to produce [(PY5Me2)MoO]2+ and H2 and
its possible use as an electrocatalytic pathway.

The rest of this article is laid out as follows: we will begin by describing the computational
tools used to study this system. Next, we will discuss the reductive steps of the catalytic
cycle, followed by the kinetics associated with the steps occurring after the final reduction,
which will include our new mechanism for H2 formation. We will then briefly describe the
stoichiometric reaction, [(PY5Me2)Mo]2++H2O −→ [(PY5Me2)MoO]2++H2, and its possible
use as an electrocatalytic reaction. Finally we will finish by describing substituent effects
and how they may be used to reduce the overpotential of the catalyst.

3.2 Computational Detail

Choice of Density Functional

Three different functionals with differing treatments of exchange were explored: B3LYP[40],
BP86[33, 104], and ωB97[43]. The results necessarily depend on the choice of functional, and
since different approximate functionals perform with different levels of accuracy on different
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problems, an appropriate choice for the systems at hand is important. The energetic results
found with the BP86 functional most closely correspond to the experimental reduction po-
tentials; indeed the B3LYP and ωB97 functionals give the wrong sign for the first reduction.
Throughout the rest of this study, we present BP86 results unless otherwise specified. The
relative energies obtained with all functionals are given as part of the Appendix A in Ta-
ble A.2. The choice of BP86 has many precedents: it has already been widely used in many
successful studies of transition metal containing systems[151–158], including those where
hydrogen binding and release is involved[159–161].

Quadrature Grids and Basis Sets

Exchange-correlation functionals were calculated with a larger than standard numerical
quadrature grid with 70 radial points and 302 Lebedev angular points, in the interest of
keeping energy, gradient, and Hessian calculations numerically consistent. Three basis sets
were used in the calculations. First, a medium-sized basis including the SRSC effective core
potential[162] for the Mo and cc-pVDZ[163] for all other atoms was used for the initial transi-
tion structure searches. Second, a medium-sized basis set consisting of the all electron SV +
polarization of Ahlrichs et al.[164] on Mo and 6-31G*[165] for all other atoms (denoted SV-
P/6-31G*) was used with the B3LYP functional for optimizations and frequencies. Third,
a larger basis denoted as TZV-P/6-311G** was used for single point energy calculations. It
consists of the all electron TZVP basis[164] with the original f function split into two f’s and
a g with contraction coefficients of 0.533380331, 1.60014099, 1.04835114 respectively on Mo
and 6-311++G** functions on H and N, and 6-311G** functions on C and O.

Software and Algorithms

All calculations were performed in a customized version of the Q-Chem package[98], using
unrestricted orbitals. Guess densities for all calculations were produced by superposition
of converged fragments of the ligand and molybdenum-oxo core[166]. Unrestricted SCF cal-
culations were performed using the Relaxed Constraints Algorithm (RCA)[100, 101], until
a threshold of 10−3 or 10−5 Hartrees as necessary, followed by Geometric Direct Minimiza-
tion[102] to a convergence of 10−9 Hartrees; for certain cases where convergence was difficult
to reach RCA alone was used to reach the 10−9 Hartrees target. After stationary points
of the wavefunction were found, a stability analysis [106] was performed on all solutions to
determine its nature; if a saddle point was found, a downhill step was taken and then remi-
nimized. Frequency calculations within the harmonic approximation were used to compute
gas phase free energies G(298.15 K). Since the lowest energy spin state for transition metal
species is not obvious, at least two spin states for each species were calculated, the respective
geometries were minimized, and the lowest energy spin state was then selected. Table A.2
contains the absolute energies of all calculated spin states.
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Localized Orbital Bonding Analysis (LOBA)

LOBA[149] is employed for analyzing the oxidation state of the Mo through-out the catalytic
cycle, and to assess the extent to which Mo electrons are delocalized. It is a combination
of two parts: first a localization of molecular orbitals and then a subsequent orbital-by-
orbital population analysis to determine metal oxidation states. The population value pro-
vides a measure of the density at a metal center for each electron and thus allows one to
count the number of electrons at that center and calculate the oxidation state. The Pipek-
Mezey algorithm[96] was utilized for the localization procedure. LOBA was performed using
Löwdin population analyses[80, 81]. All oxidation states were calculated using LOBA at the
BP86/TZV-P/6-311G** level of theory.

Optimizations and solvation

As a starting point, the solid state structure of the di-cation ([(PY5Me2)MoO]2+) obtained
from single crystal x-ray diffraction studies was optimized so as to relax to its gas-phase
geometry. This relaxation was performed so the species for which crystal structures are un-
available may be be compared consistently. The subsequent species in the cycle were created
by addition of hydrogen atoms and electrons followed by relaxation to their individual gas-
phase geometries. All transition structures were confirmed following the intrinsic reaction
coordinates to products and reactants. While solvation is entirely neglected in the optimiza-
tions, it is manifestly critical in assessing the relative energies of intermediates that have
different charges, and may also be important for the relative energies of intermediates with
the same charge. However, for a hydrogen bonding solvent like water, there are well-known
limitations and ambiguities with even the most useful of polarizable continuum solvation
(PCM) models[167–169]. These models disregard specific solvent-solute interactions, such
as hydrogen bonds, which in our context amounts to disregarding the interactions between
waters and the molybdenum-oxo or hydroxy species, which are potentially significant. There-
fore, as will become clear in Results and Discussion, we instead use experimental information
to infer the change in solvation energy for species with different charges. To briefly introduce
the approach taken in this study: the experimental evidence indicates the protonated species
C exists in solution; therefore it must have a lower free energy than that of the unproto-
nated species B. However because of the reduction in charge, in the gas phase the energy of
B is lower than that of C, and this difference needs to be made up by solvation and thus
sets a lower bound on the differential solvation energies. We neglect any possible change in
solvation energy for species with the same charge (including transition structures), which
is partly justified by the fact that different intermediate species in the catalytic cycle have
roughly the same cavity size and thus solvent reorganization energies are likely to be small.



CHAPTER 3. HYDROGEN GENERATION FROM WATER BY A MOLECULAR

MOLYBDENUM-OXO ELECTROCATALYST 35

Figure 3.3: The thermodynamic cycle of the first reaction used to relate calculations to
experimental E1/2 values. ∆G(sol) is the free energy of solvation. The letter L is used in

place of PY5Me2 for simplicity. Other reactions follow a similar pattern with [(LMoO)]2+

and [(LMo)OH]+ replaced by the pertinent species and the appropriate number of protons
and electrons for the reaction.
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Electrochemical Aspects

In order to compare the results of gas phase electronic structure calculations to solution
phase electrochemical measurements, thermodynamic cycles of the form shown in Figure 3.3
were modeled[170]. The gas phase calculations, including frequency calculations to account
for the thermal and entropic contributions, allow for the computation of the upper portion
of the cycle. The free energy for the reaction is given by Equation 3.1.

∆G◦ = G(g)([(LMo)OH]2+) + ∆G◦
(sol)([(LMo)OH]2+) (3.1)

−
[

G(g)([(LMo)O]2+) + ∆G◦
(sol)([(LMo)O]2+) + ∆G(sol)(H

+)
]

To relate the values calculated to experimental values obtained by cyclic voltammetry, the
reaction free energy must be shifted relative to the absolute potential of the standard elec-
trode used in the given experiment, which is the Standard Hydrogen Electrode (SHE). There
have been many values published for the absolute potential of the SHE (98.7 to 102.4
kcal/mol)[171–174]. We have chosen the value of Isse and Gennaro 98.72 kcal/mol[174],
because this value was computed using the reference state for the electron (0 level for the
electron energy in a vacuum at 0 K), which relates most directly to computational chemistry
calculations. Another piece necessary to compute the free energy of this reaction is a suffi-
ciently accurate reference value for the solvation free energy of the proton (∆G(sol)(H

+)). A
number of values [173–177] were considered, all of which lay in the range of -266.7 to -263.12
kcal/mol and the value of -263.12 kcal/mol reported by Isse and Gennaro’s [174] was chosen
for consistency with the value chosen for the shift with respect to SHE. Finally, a correction
to relate the standard state concentrations (1 M) to the experimental concentration of H+
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(10−7M) must be added (see Equation 3.2 where Q is the reaction quotient)

∆G◦′

(T=298.15K) = ∆G◦ +RT ln

(

Q◦′

Q◦

)

(3.2)

= ∆G◦ +RT ln





1 M [(LMo)OH]2+

1 M [(LMo)O]2+·10−7 M H+

1 M [(LMo)OH]2+

1 M [(LMo)O]2+·1 M H+



 = ∆G◦ + 9.55 kcal/mol (3.3)

Recently, Solis and Hammes-Schiffer[178] have employed isodesmic reactions to compute
reduction potentials and pKas of Cobaloximes participating in hydrogen evolution reactions.
This approach is quite powerful since it accounts for the systematic computational error in
DFT due to approximate functionals and basis set incompleteness. However, in order to be
exploited fully, it is beneficial to have reference reduction potentials for reactions which are
of a similar nature (i.e. oxidation state and ligand species) to those being studied. Reference
reactions similar to the ones studied in this paper are difficult to obtain due to the rarity
of high Molybdenum oxidation states and recent development of the ligand. Therefore,
isodesmic reactions were not utilized in this study.

3.3 Results and Discussion

Reductions

In order to be able to realistically model the catalytic cycle of [(PY5Me2)MoO]2+ we first
need to prove we are able to obtain accurate geometric structures for these species. The
geometry of the resting state, A in Figure 3.2, was reproduced to serve as a benchmark for
the geometry optimization of the subsequent species in the catalytic cycle. Table 3.1 shows
that the calculated structure is in reasonable agreement with the crystal structure; for an
image of the crystal structures see the Figure A.1 and for images of the calculated structures
see Figure A.3. The same level of theory was then used to compute the geometries for the
rest of the species in Figure 3.2.

The first fork in the reaction pathway occurs at A −→ C or A −→ B in Figure 3.2. Be-
cause the electronic structure calculation favors the reduction of net positive charge, the gas
phase energy of B is much lower than that of C. Therefore, in order to distinguish between
these two pathways, the pH dependence of the first reduction of [(PY5Me2)MoO]2+ over a
pH range of 4.1 to 7.7 was studied at a glassy carbon electrode using cyclic voltammetry,
as shown in Figure 3.4. The plot of the peak potential, Ep, of the first reduction versus
pH shows a linear fit with a slope of 44 mV. If this was a reversible single proton-coupled-
to-electron event, we would expect a slope of 59 mV; however, the deviation in our value
may be a result of the irreversibility of the first redox event. Thus, the experimental evi-
dence indicates that the first reduction involves a protonation, favoring C as the chemically
relevant species. In order to make the experimental and theoretical results consistent, it
is necessary to consider the solvation energy of the B and C species, because the more
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Table 3.1: Averaged values for parameters from two [(PY5Me2)MoO]2+ molecules in the
unit cell of [(PY5Me2)MoO](CF3SO3)2, standard deviations in parentheses, compared to the
calculated geometry of the resting state A.

Bond Lengths (Å) Angles (◦)
Mo-O Mo-Nax Mo-Neq(avg) Nax-Mo-O Nax-Mo-Neq(avg) Mo-Nax-Cax

Experiment 1.685(3) 2.315(3) 2.159(1) 175.9(1) 81.1(4) 178.5
Calculated 1.662 2.385 2.205 179.8 80.5 179.2
Abs. Error 0.02 0.09 0.05 4.0 0.6 0.7

% Error 1.4 3.0 2.2 2.2 0.8 0.4

Figure 3.4: (a) Cyclic voltammogram of [(PY5Me2)MoO]2+ (A) in 1.0 M buffered aqueous
solutions at pH 7.7 (red), 6.9 (green), 6.3 (magenta), 4.9 (blue), and 4.1 (black) on a glassy
carbon disk electrode. (b) Plot of the first and second reduction potential versus pH. Blue
squares are the peak potentials of the first reduction, Ep, with a linear least squares fitted
slope of 44 mV in black and red circles are the E1/2 of the second reduction with a linear
least squares fitted slope of 66 mV. Both these slopes are comparable to 59 mV, which is
indicative of a proton-coupled electron transfer event. For the experimental details see the
Appendix A

(a) (b)

highly charged species, C, will be favored in aqueous media. Using the experimental result (
Gaq.(C) < Gaq.(B) ) as a guide, we find a lower bound on the solvation free energy difference,
(∆G◦

(sol)(C) − ∆G◦
(sol)(B)), of 3.7 eV. The computed reduction potential of A −→ C is 0.48

V, which compared to experiment, Ep = 0.55 V, is quite satisfactory.
Now that the calculated result is consistent with the experiment, the electronic structure

of species B and C may be examined in more detail. By comparing the LOBA result of B
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to that of A (Figure A.2), we are able to say that the additional electron has been added
to an orbital of antibonding character, which reduces the bond order of the Mo−O bond
(based on the LOBA analysis, it changes from 3 to 2.5). This weakening of the bond makes
the oxo ligand more nucleophilic which in turn increases its pKa, explaining why C is the
more thermodynamically stable species. The electronic structure of species C is what one
would expect for a molybdenum-hydroxy species with a LOBA calculated oxidation state of
3+.

For a second reduction starting from C, the possible pathways are either direct reduction,
C −→ D, or a proton-coupled reduction, C −→ E. CV experiments were again employed
with computation to distinguish between these pathways. Experimentally, the second reduc-
tion process is quasi-reversible with a well-defined E1/2 . When the E1/2 is plotted against
pH, a linear fit with a slope of 66 mV was obtained, suggesting a second one-proton, one-
electron coupled process (Figure 3.4). The same logic concerning solvation effects may be
applied, resulting in a lower bound on the solvation energy difference favoring E over D by
4.0 eV. This becomes our sharpened estimate of the differential solvation of the 2+ and 1+
species, and this value was added to the free energies of B, D, H and I to define the relative
energetics. The computed reduction potential of this step is then 0.47 V which is ∼0.3 V
under the experimental E1/2 of 0.76 V. This larger difference may be due to our assumption
that the solvation free energy of A and C are exactly the same. Another source of compu-
tational error comes from the intrinsic errors associated with the density functional[146]. In
addition, these errors may be due to omission of the electrode surface in the modeling.

The next step of the cycle involves either hydride migration, E
‡
−→ F, or the third reduc-

tion, E −→ H. When the free energies of these species are compared, including the solvation
correction discussed above, the energy of H is almost equal that of F, but the pathway to F
is impeded by slow kinetics, which will be discussed later. Furthermore, it is experimentally

known that the electrocatalysis contains three reductions and thus even if E
‡
−→ F were to

occur it would be further reduced to I, where it will rejoin the other pathway. The computed
potential for the reduction of E −→ H is 0.77 V; this is to be compared to the experimental
onset potential of the catalytic wave ∼1.1 V vs. SHE at a glassy carbon electrode. Our
potential is under this experimental value by ∼ 0.3 V, similar to the deviation for the second
reduction, for the same possible reasons listed above. The minimum potential required for
[(PY5Me2)MoO]2+ to be employed electrocatalytically is the same as is required to produce
species H and thus this potential should be most directly related to the overpotential for the
catalyst.

Based on the LOBA analysis, the electronic character of H differs from E by much more
than the addition of an extra electron to Mo. The localized orbitals that are primarily on
molybdenum have much lower populations for species H than those found in E (Table A.3),
indicating the molybdenum electrons in H are partially delocalized. This delocalization
can also be seen visually in the localized molecular orbitals shown in Figure 3.5, where
panel (a) for E is well-localized, while panel (b) for H exhibits clear delocalization onto the
axial pyridine group. An electron-donating group may be able to stabilize these partially
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Figure 3.5: Isosurface (0.07 a.u.) plots of a representative localized orbital of E and one of
the orbitals of H, which by contrast shows substantial delocalization to the pyridine rings.
This indicates functionalization of the pyridine rings may result in changes in the relative
energetics and consequently the overpotential. The delocalization in H is in contrast to I
where the only metal electrons that exhibit delocalization are now forming the Mo−H bond
with a bond length of 1.7 Å.

(a) E (b) H (c) I

delocalized orbitals, which is significant since the stability of H connects to the overpotential
of the catalyst. We shall return to this topic in the subsection on Substituent Effects.

Following the formation of H, either intramolecular hydride transfer to I or proton ad-
dition to J could be the next intermediate in the cycle. We eliminate J as it is substantially
higher in energy (0.5 eV) than I despite inclusion of the solvation correction. I is connected
to H by a transition structure which is discussed in the next section, Kinetics; here, we shall
focus on the electronic structure of the thermodynamically stable I. The LOBA calculated
oxidation state of I is 3+ which agrees with standard electron counting. The d-orbitals on
the molybdenum center no longer show the significant delocalization that they did in species
H, apart from two electrons that yield the metal hydride bond as shown in panel (c) of
Figure 3.5.

Kinetics

The chemical transformations associated with intramolecular hydride transfer, H −→ I, and
subsequent H2 release are likely to have significant barriers, and therefore exert kinetic
control on the overall turnover rate of the catalyst. We shall investigate the kinetics of
proton reduction under the assumption that the electron transfer steps are not rate limiting.

Two transition structures for the evolution of hydrogen by [(PY5Me2)MoO]2+ were found;
one for the transformation from H to I and the second from I to the release of hydrogen
gas shown in Figure 3.6 and energetically summarized in Figure 3.7. Using the standard
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Figure 3.6: Geometries of transition states for (a) the transformation to a metal hydride and
(b) the direct release of H2. The bonds being broken are the dashed lines.

(a) H
‡
−→ I (b) I

‡
−→ B

formulation of transition state theory (TST)[179, 180] (Equation 3.4), the rates in Table 3.2
were calculated. For the overall rate, a steady-state approximation (dI/dt = 0) was made and

the total rate was calculated using ∆G‡ = G( H
‡
−→ I ) − G(H). Some comparison against

experimentally measured kinetics is possible though caution is necessary. We emphasize
that the experimental rate is the lower limit for the catalytic rate[143] which was obtained
under an applied overpotential. Nevertheless, to roughly assess the calculated barriers, the
experimental rate of 2.4 molH2

/molcatalyst · s has been back-converted to a ∆G‡ using the
inverse of Equation 3.4, resulting in a value of ∼ 17 kcal/mol; it should also be noted
that because only one temperature measurement was taken, there are large uncertainties
associated with this computed ∆G‡.

kTST =
kBT

h
e

−∆G†

RT (3.4)

As a hydrogen-bonding solvent, water can play an explicit role in stabilizing transition
structures. We investigated this effect by including a water near I (Figure 3.9), but instead
found a completely new transition structure for the release of hydrogen. The water molecule
acts as a bridge between the two hydrogens of I, reducing the distance between the reacting
hydrogens by 0.2 Å, which in the original computed structure were quite distant, 1.98 Å.
In the transition structure the water acts a proton relay losing one of its hydrogens to form
H2 while simultaneously abstracting the hydrogen from the hydroxy species to regenerate
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Figure 3.7: The Gibbs free energy diagram for the liberation of hydrogen from H and the
reformation of B. The release of H2 is exergonic by 5.0 kcal/mol and the total reaction by
11.5 kcal/mol. All species are treated with the solvation correction from the text, which is
constant for all species with the same net charge.

Table 3.2: Rates from TST, using barriers calculated at the BP86/TZV-P/6-311G** level of
theory using the assumptions described in the text, versus experimental values. a It should
be noted that the experimental rate is for the overall reaction and this value is a lower limit
because it was obtained under an applied overpotential.

H
‡
−→ I I

‡
−→ B+H2 I+H2O

‡
−→ H2 Overall Overall + H2O Experimentala

∆G‡ kcal/mol 20.3 20.1 16.9 28.4 25.1 16.9
kTST (s

−1) 8.22× 10−3 9.86× 10−3 2.62 9.21× 10−9 2.44× 10−6 2.4
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Figure 3.8: The Gibbs free energy diagram for the liberation of hydrogen from H and the
reformation of B. The release of H2 is exergonic by 5.0 kcal/mol and the total reaction by
11.5 kcal/mol. All species are treated with the solvation correction from the text, which is
constant for all species with the same net charge. Rather than spuriously attempt to take
into account the complications involved in calculating the water association energies for a
molecule already solvated in water, the complexation energy was set to zero.
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itself. The energetics for this new mechanism are shown in Figure 3.8 and the rate and
barrier are shown in Table 3.2. The barrier for this new mechanism is ∼3 kcal/mol lower
in energy and the rate is accordingly much higher (2.62 s−1) for this step of the reaction.
p This decrease in the reaction barrier indicates that it is important, if not essential, to
consider explicit interactions between a solvent molecule and the reaction center, especially
when the solvent may catalyze the reaction due to its molecular composition. Using this
new transition structure to compute the overall rate (still assuming a steady-state of I) we
obtain a a barrier of 25.1 kcal/mol. This barrier is only 8 kcal/mol larger than that of
the calculated experimental one. This is likely to be within the errors associated with our
calculations (approximate functionals, simple solvation treatment, and neglect of tunneling)
and the error in determining the experimental barrier.
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Figure 3.9: Geometries of the (a) I in the presence of a water molecule and (b) the transition
state for the release of H2 including the bridging water. The bonds being broken are the
dashed lines.

(a) I+H2O
‡
−→ I (b) I+H2O

‡
−→ B+H2 +H2O

Stoichiometric Reaction

As previously reported, [143] the stoichiometric reaction between [(PY5Me2)Mo(CF3SO3)]
1+

and water leads to the formation of [(PY5Me2)MoO]2+ and evolution of H2. Hydrogen
production was confirmed by mass spectrometry and the oxo was shown to originate from
water by observing the isotopic shift in the infrared spectrum of the Mo−−O bond upon
reaction in H18

2 O. If the triflate is labile and exchanges with a water, the species initially
formed is [(PY5Me2)Mo(OH2)]

2+, E, and the subsequent loss of H2 may be analyzed using
the same computational tools employed for the catalytic cycle above. The experimental
lability of triflate was confirmed when a crystal structure obtained upon crystallization from
a solution of [(PY5Me2)Mo(CF3SO3)]

1+ in acetonitrile showed substitution by a solvent
molecule, as shown in Figure A.1 of Appendix A.

Accordingly, we have found transition structures for the intramolecular hydride migra-
tion, E → F, and for the subsequent evolution of H2, yielding A. The structures are quali-
tatively similar to those discussed previously, as can be seen by comparing Figure 3.10 with
Figure 3.6. The energetics of these reaction are shown in Figure 3.11. Using Equation 3.4
to calculate the rate of reaction for these transition structures leads to the rates shown in
Table 3.3. Again, for the overall rate, a steady-state approximation (dF/dt = 0) was made

and the total rate was calculated using ∆G‡ = G( F
‡
−→ A ) − G(E). Note that a spin

cross-over occurs in this reaction, since the transition structure F
‡
−→ A + H2 is a singlet
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Figure 3.10: Geometries of transition structure involved in the stoichiometric reaction,

[(PY5Me2)Mo(CF3SO3)]
1+ +H2O−−−−−→

−CF3SO
–
3

[(PY5Me2)MoO]2+ + H2 (a) conversion to a metal hy-

dride and (b) release of H2.

(a) E
‡
−→ F (b) F

‡
−→ A

Table 3.3: Rates from TST for the stoichiometric reaction at the BP86/TZV-P/6-311G**
level of theory.

E
‡
−→ F F

‡
−→ A + H2 Overall

∆G‡ kcal/mol 25.5 18.2 36.0
kTST (s−1) 1.4 × 10−6 0.27 2.41 × 10−14

whereas the F itself is a triplet. This spin crossover could also lower the overall rate of this
reaction, though this need not be the case [181]. Finally, it is also possible that water-assisted
transition structures exist, as was shown in the previous section.

Regardless, the calculated rates of E
‡
−→ F

‡
−→ A+H2 are very interesting when compared

to the rates of H
‡
−→ I

‡
−→ B + H2, the species believed to participate in electrocatalysis.

This comparison explains why the third electron is necessary for electrocatalysis, despite the
reduction of hydrogen being a two electron process. The slowest rate of the +1 species is
approximately 4 orders of magnitude larger than that of the +2 species (8.2 × 10−3 s−1 vs
1.4× 10−6 s−1 respectively). Thus on the timescale of a CV experiment (> 20 s), the species
F is unable to form in any significant amount and the system is only a functioning catalyst
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Figure 3.11: The Gibbs free energy diagram for the liberation of hydrogen from E. The release
of H2 is exergonic by 4.9 kcal/mol. All species are treated with the solvation correction from
the text, which is constant for all species with the same net charge.

R
el

at
iv

e 
G

ib
b
s 

F
re

e 
E

n
er

gy
 (

kc
al

/m
ol

)

0

10

20

5

15

30

25

35

–H
2

Mo

O
2+HH

II

Mo

O

2+H

IV
H

‡

40

-10

-5

Mo

O
2+H

IV
H

Mo

O
2+

IV

E

F

A

45

Mo

O
2+H

IV
H

‡

after a third reduction.
However, the stoichiometric reaction opens up an interesting possibility. If the rate of this

reaction could be increased to be comparable to that of H
‡
−→ B + H2, it may be possible to

bypass the third reduction which should significantly lower the overpotential of the catalyst.
The proposed cycle for this reaction is shown in Figure 3.12. Of course such modifications
may be synthetically challenging, or not be possible without undermining some of the positive
properties of the existing catalyst. However, it certainly indicates the potential for further
explorations of this catalyst architecture.
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Figure 3.12: The proposed two electron cycle for [(PY5Me2)MoO]2+, which utilizes the same
mechanism as the stoichiometric reaction.
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Substituent Effects

Let us briefly summarize the implications of the Reductions subsection for tuning the cat-
alyst. The third reduction leads to intermediate H, and the relative energy of this species
versus the prior intermediate, E, formally controls the overall potential bias needed for
catalysis. Stabilizing H by ligand substitutions therefore is a path to reducing the over-
potential associated with catalysis (though overpotential is also influenced by other factors
as well). Comparative LOBA analysis of H and E suggests that such an effect is possible
because Mo electrons in H exhibit delocalization onto the ligand that is not present in E
(see Figure 3.5). Therefore, H may be stabilized and the overpotential reduced by adding
electron-withdrawing groups on the para positions of the PY5Me2 ligand platform.

In order to explore this possibility computationally, electron-withdrawing (fluorine) and
electron-donating (methyl) groups were substituted at the para positions of all the pyridine
rings (Figure 3.13), which are in principle synthetically feasible sites for modification. These
groups were added at the bond lengths and angles equivalent to those found by performing
an optimization (B3LYP/6-31G*) on just a single substituted pyridine ring; the rest of
the structure remained the same as the unsubstituted catalyst. Single point calculations
were then performed at the BP86/TZV-P/6-311G** level of theory. We assumed that the
solvation corrections were unaffected by the substitutions. The shifts in reduction potentials
and reaction barriers are then evaluated by isodesmic cycles, which should lead to favorable
error cancellation.

First, let us summarize the calculations of substituent effects on the reduction potentials.
For the first reduction, there is no change: the relative energy of A and C shifted by
only 0.01 V for both substitutions. Chemically, we expect the change to be small because
the relatively localized d-electrons of both A and C should be unaffected by these distant
substitutions. For the second reduction, the relative energy between C and E increased by
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Figure 3.13: Schematics of the fluorine (a) and methyl (b) substituted species of A.
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0.04 V for the fluorination and 0.10 V for the methyl substitution. Once again these small
shifts can be explained by LOBA; any electron delocalization of E is minor in comparison to
that of species H. For the targeted third reduction, substituent effects stabilized H relative
to E by 0.20 V for the fluorinated complex, while they led to a destabilization of 0.40 V for
the methylated complex. These results demonstrate the utility of the LOBA analysis, and
provide encouragement for further experimental studies.

However, it is possible that chemical substitutions in the ligand support will have impli-
cations for the kinetics of the resulting catalyst. In order to assess if the rate of the reaction is
affected by the substitutions, we applied the same fluorination and methylation modifications
to the transition structures for intracomplex hydride migration and H2 elimination.

These results are interesting in that both the fluorination and methylation slightly stabi-

lize H
‡
−→ I, I, and I

‡
−→ B+H2 relative to H by approximately 0.1 V, as shown in Figure 3.14.

In contrast, the two substitutions had opposite effects on the stability of H relative to the
less reduced species. The stabilization reduces the barrier for the first rearrangement and
thus increases the rate for the first step. The barrier for the α-H abstraction step was unaf-
fected by the substitutions and is still lower than that for H2O cleavage, which implies that
the cleavage step is still rate-limiting. Therefore the reduction of this barrier by these substi-
tutions increases the overall rate. Finally, referring back to the possibility of a two-electron
redox cycle, our fluorination/methylation substitutions did not lower the rate for conversion

from E
‡
−→ F enough to make it a viable pathway, and this remains an interesting challenge

for future studies. A recent report by Solis and Hammes-Schiffer [182] showed for a wide va-
riety of substituted cobaloxime complexes, all the redox couples’ reduction potentials shifted
in the same direction depending on the nature of the substituent (i.e. electron withdrawing
or donating). This is in contrast to this study where we find that the first two reductions
are minimally affected by substitution and only the last shows a significant shift.
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Figure 3.14: The Gibbs free energy diagram for the liberation of hydrogen from H, including
the two new species in Figure 3.13. The fluorinated species is the red line and the methylated
species is a dotted green line; they lie almost on top of each other. The barrier for the first
reaction is lowered and the second remains approximately the same. Again rather than
spuriously attempt to take into account the complications involved in calculating the water
association energies for a molecule already solvated in water, the complexation energy was
set to zero.
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3.4 Conclusions

Based on extensive computational studies and additional experiments, our main findings on
the mechanism of the catalytic generation of hydrogen from water by [(PY5Me2)MoO]2+ are
as follows:

(1) We have identified an experimentally and computationally consistent mechanism in-
volving three electrochemically generated intermediates (i.e. three reductions) and two tran-

sition structures. Referring to Figure 3.2, our overall pathway is A −→ C −→ E −→ H
‡
−→ I+

H2O
‡
−→ B+H2O+H2+H+ −→ C. Based on new experimental data, the first two reductions

are proton-coupled.
(2) We calculated reduction potentials which are in acceptable agreement (± 0.3 V) with
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the experimental values. The two activated steps consist of reductive cleavage of ligated H2O,
which is rate-determining, and an α-H abstraction to yield H2 that occurs most favorably
when mediated by a bridging water molecule. Calculated kinetic barriers are in reasonable
agreement with the barrier inferred from the experimental turnover rate.

(3) We presented a mechanism for the stoichiometric reaction of the triflate precursor,
[(PY5Me2)Mo(CF3SO3)]

1+, to yield A and H2. It differs from the catalytic cycle above
in that no intermediates with +1 charge state are accessed. It is conceivable to run this
mechanism under potential bias as a catalytic cycle with a lower overpotential because this
cycle avoids the third reduction. However, the calculated kinetics are very slow.

(4) We have performed detailed computational analysis of the nature of the three reduc-
tions of the catalytic cycle, showing that the third reduction leads to metal orbitals that
delocalize significantly onto the ligand support in contrast to the earlier intermediates. This
provides a basis for stabilizing the result of the third reduction with the use of electron with-
drawing groups. As a proof of concept, we fluorinated at the para-positions of all the pyridine
rings, which is predicted computationally to lower the potential for the final reduction by
0.2 V. The kinetics are predicted to be slightly enhanced as well.
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Chapter 4

Non-Orthogonal Configuration
Interaction for the Calculation of
Multielectron Excited States

4.1 Introduction

With vital applications in the photophysics of vision, photosynthesis, and solar energy con-
version, proper modeling of molecular excited states is an important challenge for quantum
chemistry. Multielectron excitations are particularly interesting, as they play a significant
role in molecules with extended conjugation, such as those in biology[183] and those used in
organic photovoltaics[184], and are a necessary component for understanding multiexciton
formation[185, 186], which could potentially lead to the enhancement of solar cell efficiencies.
Modeling of multielectron excitations is difficult because the most commonly used and com-
putationally efficient ground-state methods, when applied to excited states, fail to capture
excitations of this character.

The most commonly used electronic structure method to compute excited states is the
time dependent variety of density functional theory (TDDFT)[187, 188], but because the
most computationally tractable solution to the TDDFT equations utilize a linear response
formalism they are unable to treat multielectron excitations.[189, 190] Although there have
been a number of developments toward a DFT-based theory to treat double excitations[191–
193] these methods are not in common use and still suffer from many of the same issues
which plague ground-state DFT: choice of functional, approximate functionals may yield
non-variational energies, etc.

The coupled-cluster formalism is a successful ground state theory which when expanded to
treat excited states is able to capture double excitations. These methods include equation-
of-motion coupled-cluster[194] and linear response theories based upon approximations of
this theory, CIS(D)[195], CC2, and CC3[196]. While coupled cluster is formally exact, in
practice, the excitation level must be truncated at a given number of excited electrons,
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typically single and double excitations (EOM-CCSD). In order to provide a satisfactory
level of correlation for an excited state with an M electron excitation, an M + 1 level of
truncation is required[197]. Using a high-level truncation is problematic because the scaling
of these methods are N5 (CIS(D) and CC2), N6 (EOM-CCSD), N7 (CC3 and perturbative
triples varieties of EOM-CC), and N8 (EOM-CCSDT) where N is the size of the atomic
orbital (AO) basis. Thus even a double excitation requires a 7th or 8th order scaling method.

Spin-flip (SF) methods, which have been utilized in configuration interaction (CI)[58],
DFT[59], and CC[60] frameworks are another set of tools for treating mutlielectron excita-
tions which do not suffer from the high scaling of the CC formalism. These methods begin
with a high spin reference and then employ linear combinations of spin-flipping excitations
(α → β) to access states with the desired Ms value, such as the ground state. The first
of these methods was SF-CIS (spin-flip configuration interaction singles); this method did
not provide spin eigenstates and thus SC-SF-CIS[198] (spin-complete SF-CIS) was developed
to ameliorate this problem. SF-XCIS[199], which we shall apply to systems in this paper,
is an extension to SC-SF-CIS which includes single excitations from the doubly-occupied
space to the virtual space for all occupations of two electrons in the singly-occupied space.
Restricted active space spin-flip configuration interaction variants (RAS-SF)[61–63] are the
natural extension of SF-XCIS, which include larger numbers of spin-flips and use RAS tech-
niques to include larger active spaces. Despite their success, the RAS-SF family of methods
still suffers from some deficiencies: the excitation energies can be sensitive to the quality
of the high-spin reference, these methods lack a full treatment of dynamic correlation, and
these methods have exponential scaling with respect to active space size.

In order to properly treat multielectron excitations, quantum chemists typically resort
to using a multiconfigurational wavefunction; of these, the most popular is the complete
active space self-consistent-field (CASSCF) method[64], and its second-order perturbation-
corrected variant (CASPT2)[65]. CASSCF involves optimizing the orbitals over all the con-
figurations within an active space and thus scales exponentially with the active space size.
This poor scaling limits this method to small basis sets and since appropriate active spaces
generally grow with molecular size, to fairly small molecules. Substantial effort has been
dedicated to reducing the exponential scaling of of CASSCF; one particularly promising
direction is the Density Matrix Renormalization Group (DMRG)[66]. DMRG when paired
with the CASSCF problem, effectively replaces the CI solver of CASSCF with the DMRG al-
gorithm which is then able to solve the the CASSCF problem exactly in an active space with
non-exponential cost for pseudo-linear systems. For 3-dimensional systems DMRG-CASSCF
scales exponentially but still favorably with respect to traditional CASSCF solvers.

In this work we present an alternative multiconfigurational wavefunction for treating
excited states, non-orthogonal configuration interaction (NOCI)[200, 201]. NOCI scales as
O(M2max(n3

e, N
2)), where M is the number of determinants included, ne is the number of

electrons, and N is the size of atomic orbital basis. As we will show, the minimal size of
M required to obtain qualitative results can be remarkably small for interesting molecules
and thus this method is tractable for even large systems. In traditional CI approaches, one
uses excitations out of the reference as the basis for interaction, typically truncating at some
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number of excitations; singles, doubles, triples, etc. This basis is orthogonal because each
state is formed from a combination of the canonical occupied and virtual orbitals which are
mutually orthogonal spaces. Orthogonality is not a necessary requirement to perform CI,
but chosen because of the ease with which one can compute the Hamiltonian matrix and
thus diagonalize it to compute the energies and wavefunctions of the states.

When using different Hartree–Fock solutions as the basis for CI, as is done throughout
this paper, the configurations are non-orthogonal. Non-orthogonality makes computation of
the Hamiltonian in this basis slightly more complicated, but also potentially allows the basis
to span more of the relevant configuration space than a truncated orthogonal one of the same
size would. The NOCI wavefunction is a linear combination of multiple Slater determinants
and thus applicable to both ground-state and excited-state multireference problems. NOCI
may also be used to treat ground-state strong correlation problems, but that will not be our
focus here. In order to provide more spin-pure excited states, we will be utilizing generalized
Hartree–Fock (GHF)[202, 203] solutions. In GHF, the single particle functions are a linear
combination of both up (α) and down (β) spin |χi(r, ξ)〉 = |ψα

i (r)〉 |α(ξ)〉+|ψβ
i (r)〉 |β(ξ)〉[202].

Despite considerable discourse on symmetry breaking in HF[204–208], many of the broken-
symmetry methods (other than simple unrestriction) never gained popularity within the
quantum chemistry community, likely due to complications with interpretation (i.e. bad
quantum numbers) and computational concerns.

Specifically we would like to point to the recent work of Scuseria and collaborators on
the projected Hartree–Fock method (PHF)[209–212] (which is related to both NOCI and the
older EHF)[213]. After being relatively ignored by the electronic structure community, GHF
wavefunctions have been used by Scuseria and collaborators in their work on the projected
Hartree–Fock method (PHF)[209–212]. In PHF, one applies projection operators to a broken-
symmetry determinant to form an effective Hamiltonian which is then diagonalized until
self-consistency. This scheme is a variation after projection (VAP) scheme which allows
one to obtain the variationally minimum energy with respect to these broken-symmetry
determinants. However, the variationally minimized wavefunction obtained only describes
the ground state and thus PHF in the current form is not used to compute excited states for
molecular systems (although research in this area is ongoing)[214]. Despite the recent success
of this method it suffers from two flaws: it is neither size-consistent nor size-extensive[209].
By size-consistency we mean that the energy evaluated on two non-interacting fragments, A
and B, is equal to the sum of their individually evaluated energies: EAB = EA + EB. Size-
extensivity implies that when treating an infinite system, a method calculates a correlation
energy per particle which does not vanish. A final important property of an excited state
method is size-intensivity, which denotes the ability of a method to produce excited state
energies which do not change with the addition of non-interacting fragments.

It is well known that orthogonal varieties of CI truncated at a particular level of exci-
tation beyond singles, e.g. configuration interaction single and doubles excitations (CISD),
are variational but not size-consistent nor size-intensive. On the other hand NOCI or an
orthogonal version of the same method may be made size-consistent and the excitation en-
ergies made size-intensive. This is because a non-interacting fragment which by its very
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nature must not participate in the excitation will not affect the calculation of the excitation
energy i.e. the Hamiltonian will be block diagonal in the fragments. Of course this has
the caveat that the number of excited determinants required to obtain the same accuracy
for the two fragment calculation, assuming the fragments are identical, would be the square
of that required for the independent systems. We should also state that for an interacting
system the number of determinants necessary would also increase, likely in a non-linear way.
NOCI does not provide size-extensive correlation energies for infinite completely interacting
systems, but this limitation does not prevent us from studying the bulk of chemistry.

The remainder of this article is organized as follows: 1) we shall recapitulate the basic
theory of NOCI, 2) describe our new spin-purification scheme and discuss our choice of CI
basis, 3) we shall explore NOCI’s effectiveness in calculating excited states by applying the
method to the first four all-trans linear polyenes and the β-carotene molecule, 4) finally we
shall draw some conclusions about how this theory fits into the current quantum chemistry
toolbelt and discuss some future extensions for the theory.

4.2 Theory

The notation utilized in this work is as follows: NOCI wavefunctions: Φ; Slater determinants:
Ψ with indices w, x to distinguish between different solutions; Spatial Molecular Orbitals
(MO): ψ; Spatial Atomic Orbitals (AO): ω; AO Indices: lower case Greek µ, ν...; Virtual
MO indices: a, b; Occupied MO indices: i, j; Generic MO indices: l, k. Bold case is employed
for matrices. We employ the Einstein summation convention and the tensor notation with
both covariant (subscript) and contravariant (superscript) indices of Head-Gordon et al.[23]

Basics

The general idea of NOCI is to build and diagonalize the Hamiltonian in a basis of Slater de-
terminants, henceforth basis states, which are in general non-orthogonal. The non-orthogonality
of the basis states introduces an overlap metric, S, into the standard CI eigenvalue problem:

HD = SDE (4.1)

where H is the Hamiltonian matrix, D are the expansion coefficients and E is a diagonal
matrix of the energies. Thus NOCI requires one to compute the overlap and Hamiltonian
between two generally non-orthogonal basis states; our method for this is outlined below for
more details see Reference Thom2009a. Let us consider two solutions (Slater determinants):

|wΨ〉 and |xΨ〉 (4.2)
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each formed from n orthogonal occupied molecular orbitals:

|wφi〉 =
∑

µ

|ωµ〉
wCµ·

· i (4.3)

|xφi〉 =
∑

µ

|ωµ〉
xCµ·

· i (4.4)

These orbitals are orthogonal within a given set but non-orthogonal between the sets. We
would like to form two sets of orbitals such that the occupied overlap matrix between the
determinants is diagonal:

〈wφi |
xφj〉 = siδij and 0 ≤ |si| ≤ 1 (4.5)

To obtain these sets we use the corresponding orbitals of Amos and Hall[215, 216], also
known as Löwdin-Paired orbitals[217]. The classic equations (see the appendix of Amos and
Hall[215]) suggest diagonalizing the product wxS†wxS, where wxS = wC∗ ·µ

i · Sµν
xCν ·

· i and Sµν is
the atomic orbital overlap matrix. We found it more numerically stable to use the singular
value decomposition (SVD):

wxS = wC∗ ·µ
i · Sµν

xCν ·
· j (4.6)

wxS = UσVt (SVD) (4.7)
xC̃ = xCVt (4.8)
wC̃ = wCUt (4.9)

where σ is a diagonal matrix of the singular values. It must be noted that in the formula-
tion presented above there is a loss of phase information in the eigenvalues of wxS. Early
proponents of these orbitals computed the determinants of both transformation matrices in
order to preserve the phase. In our implementation, we compute the eigenvalues of the non-
Hermitian matrix, wxS, and compare the product of its diagonal to that of the transformed
set, changing the sign as necessary. After each pair of basis states are made biorthogonal, a
set of generalized Slater–Condon rules[201, 215] may be used to compute the Hamiltonian
matrix elements and then the general eigenvalue problem can be solved.

Extended Spin-Purification Scheme

Here we present a new spin-purification scheme for NOCI utilizing GHF-type determinants.
In prior implementations of NOCI, in an attempt to purify spin-contaminated UHF solutions,
two degenerate configurations, per one original UHF determinant, were included in the
expansion: the excess α configuration and the excess β configuration[201]. When applied
to only one UHF determinant this concept is known as the Half-Projected Hartree–Fock
Method, an approximation to PHF in which one applies a spin projection operator that
selects for either the even or odd quantum number S. Consider a given UHF solution which
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is exactly a linear combination of two spin-pure components such as a singlet and a triplet,
by interacting the excess α and excess β determinants one is able to obtain the two spin-pure
configurations by adding and subtracting the determinants appropriately. Within NOCI, the
diagonalization of the Hamiltonian provides the proper signs to accomplish this.

In order to extend this spin-purification to determinants which are linear combinations of
more than two spin components, we interact non-collinear (GHF) determinants. Applying
the same corresponding orbital treatment as above, one obtains a similar set of Slater–
Condon rules for matrix elements of the Hamiltonian operator in a basis of GHF solutions. In
order to use these wavefunctions for spin-purification, we apply an AO based unitary rotation
parameterized by an angle θ to the coefficient matrix which changes the direction of the Sz

axis without changing the energy. Choosing a rotation angle of π
2

transforms the α component
of each orbital into the β component of each orbital and is exactly equivalent to the UHF
spin-purification scheme discussed above. Although these basis states are degenerate with
their unrotated counterparts, they provide a new set of overlap and Hamiltonian matrix
elements with the other basis states in the expansion and provide more variational flexibility
in the CI. In this work we shall use a quadrature of nq points equidistant between 0 and
π
2

to allow spin-contaminated states to purify. That is if one originally began with 5 UHF
determinants and nq = 5, the NOCI Hamiltonian and overlap would be square matrices of
dimension 25. This idea is very similar to the discretization of the gauge integration used
for spin-projection in the PHF method[209] and thus we suspect that a small number of
quadrature points will remove much of the spin-contamination.

In order to compute 〈S2〉 for a given state we evaluate the 〈S2〉 matrix elements for
each pair of GHF determinants and then use the eigenvectors of the CI diagonalization to
calculate the value of a given state. The matrix element for a pair of determinants (|wΨ〉
and |xΨ〉) is:

〈

wΨ
∣

∣S2
∣

∣

xΨ
〉

=
〈

wΨ
∣

∣S2
x

∣

∣
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〉

+
〈
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∣

∣S2
y

∣

∣

xΨ
〉
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∣
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〉

(4.15)

where σ = x, y, z. Here we inserted the resolution of the identity for each determinant (|wΨ〉)
noting that the occupied and virtual spaces of each determinant are orthogonal, the occupied
spaces between the determinants have been made biorthogonal (corresponding orbitals), and
the virtual spaces remain non-orthogonal between the two determinants. In order to simplify
these resolutions, we have used the property that the spin component operators are one-
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electron operators and therefore only the ground-state and single-excitations couple through
them. In Appendix B, we present a derivation for each matrix element in the above equation,
resulting in a computation of 〈S2〉 for each determinantal pair which scales as N3 where N
is the size of the atomic orbital basis.

Basis States

Below, we present the algorithm used to obtain the set of non-orthogonal Slater determinants
which form the basis for NOCI. We begin by converging a symmetry-preserving RHF solu-
tion. From this “ground-state”, we form some subset of singly- and doubly-excited orthogo-
nal determinants which are of chemical relevance. These explicitly unrestricted determinants
are then allowed to optimize using the Maximum Overlap Method (MOM)[218] combined
with the Direct Inversion of the Iterative Subspace (DIIS) extrapolation method[219, 220]
until the DIIS error vector is less than 1.0 × 10−8. It has been discussed at length[110, 201,
218, 221–223] that these states provide approximations to excited states despite not being
orthogonal to the ground state.

The orbital optimization allows for both valence and core relaxation in the presence of
the constrained occupancy of what would be virtual orbitals. This relaxation is an impor-
tant component of the non-orthogonal expansion of the wavefunction and results in a more
compact representation than its orthogonal counterpart. As we shall show, an orthogonal set
of the same determinants performs poorly in the case of wavefunctions with multireference
character. Admittedly, this relaxation is only occurring at the mean field level and thus
cannot fully account for these correlations. The relaxation in NOCI is not like that of a
CASSCF type wavefunction where all the orbitals are optimized in the presence of all the
configurations included in the active space, but rather is a basis state specific optimization.

A development version of QCHEM 3.2[98] utilizing the Armadillo linear algebra li-
brary[224] and 6-31G*[165] atomic orbital basis was used for all calculations. All geometries
were obtained from optimizations performed with the same basis set using the B3LYP func-
tional[40].

4.3 Results

Polyenes

The linear polyenes have long been used for testing new excited state methods in electronic
structure theory. This is primarily due to the fact that two of the low singlet excited states
are of significantly different character. The 11B+

u state is experimentally “bright” (dipole
allowed) and primarily of single excitation character, while the 21A−

g state is “dark” (dipole
forbidden) and has considerable double excitation character. These two excitations will be
the main focus of this study because they are low in the energy spectrum for the whole range
of systems investigated here. For the longer polyenes, it has been shown that the 11B−

u state
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becomes lower in energy than the 11B+
u state for n = 7, and by n = 11 (where n is defined

by C2nH2n+2), the 31A−
g state is also below the 11B+

u state[225].
Due to the chemical similarities of the systems studied in this work (all-trans polyenes

and β-carotene), the basis states chosen to represent the final wavefunction were the same.
We limited the number of basis states to 10 for two reasons: this allowed us to use a higher
number of quadrature points for the new spin-purification scheme and showed that even in
this greatly reduced space, NOCI performs quite admirably. The set of basis states consisted
of:

1. The symmetric RHF determinant.

2. bg → a∗u (HOMO → LUMO).

3. au → a∗u (HOMO-1 → LUMO).

4. bg → b∗g (HOMO → LUMO+1).

5. au → b∗g (HOMO-1 → LUMO+1).

6. (bg)
2 → (a∗u)2 (HOMO2 → LUMO2).

7. (bg)
2 → (b∗g)

2 (HOMO2 → LUMO+12).

8. (au)2 → (a∗u)2 (HOMO-12 → LUMO2).

9. bgau → (a∗u)2 (HOMO, HOMO-1 → LUMO2).

10. (bg)
2 → a∗ub

∗
g (HOMO2 → LUMO, LUMO+1).

Specifically determinant 6 was included in order to target the known double-excitation char-
acter of the 21A−

g state in the polyenes. For all systems, the excited determinants were
optimized within the UHF framework but despite this some of the double excitation 6-8
were found to be solutions of the RHF equations; the determinants had equal α and β
coefficients.

Butadiene

For theoreticians, even the simplest of the linear polyenes, butadiene, has long been a chal-
lenge. Many theoretical techniques have been applied to butadiene, including configuration
interaction singles (CIS), TDDFT[226], second-order algebraic diagrammatic construction
(ADC(2))[227], equation of motion coupled-cluster (EOM-CC)[228, 229], CC2 and CC3[230],
symmetry adapted cluster configuration interaction (SAC-CI)[231, 232], CASSCF[233, 234],
CASPT2[233, 235], restricted active space SCF (RASSCF)[236], RASCI-SF[63], and mul-
tireference Møller-Plesset (MRMP)[234]. The relative ordering of the 11B+

u and 21A−
g states

in butadiene has a long record of controversy in theoretical work, due to the sheer number of
methods applied. Recently, this controversy has been laid to rest by the work of Watson and
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Table 4.1: Absolute ground state energies (a.u.) and vertical excitation energies (eV) and
〈S2〉 for butadiene with various levels of GHF quadrature (nq).

11A−
g 11B+

u 21A−
g

State a.u. 〈S2〉 eV 〈S2〉 eV 〈S2〉

nq = 2 -154.93643 0.001 7.63 0.007 6.72 0.353
nq = 5 -154.93647 0.000 7.61 0.002 6.63 0.096
nq = 10 -154.93647 0.000 7.61 0.002 6.63 0.095
nq = 30 -154.93647 0.000 7.61 0.002 6.63 0.094

Chan[229]. They applied high-level EOM-CC theory, including extrapolation to the complete
basis set limit and estimates for core excitations. They found that the vertical excitation
energy of the 11B+

u state (6.21 ± 0.02 eV) lies below the 21A−
g state (6.41 ± 0.07 eV) in con-

trast to some previous results. In their work, they conclude that the most cited experimental
value for the 11B+

u excitation, 5.92 eV from electron impact energy loss spectroscopy[237],
is likely not a truly vertical excitation and that the experimental results for the notoriously
difficult dipole forbidden 21A−

g state are not precise enough for comparison.
In order to assess the value of utilizing the non-collinear (GHF) quadrature for spin-

purification, we applied the method with various values of nq to butadiene. In Table 4.1,
we present both the vertical excitation energies and the 〈S2〉 values. The character of all of
the NOCI states were assigned by inspecting the components of the CI eigenvector for large
weights on determinants of the approximately the correct symmetry and character. When
only applying the two state spin-purification scheme (nq = 2), despite having a reasonable
excitation energy, the 21A−

g state is fairly spin contaminated; this is likely due to the fact that
this state contains a linear combination of two open shell singlets i.e. au → a∗u (HOMO-1 →
LUMO) and bg → b∗g (HOMO → LUMO+1), with 〈S2〉 values of 1.07 and 1.14 respectively.
It looks as though increasing the non-collinear basis can only reduce spin contamination to a
finite value without inclusion of more states. Small eigenvalues of the overlap matrix in the
NOCI generalized eigenvalue problem are representative of linear dependencies in our basis
states. If one investigates these values as nq is increased from 10 to 30, the number of these
below a threshold increases by almost the same number as the number of new determinants.
This indicates that for this system, the Hilbert space has been saturated and increasing
the quadrature beyond as nq = 10 will not change the answer greatly. The fact that this
saturation occurs before 〈S2〉 = 0 is interesting and will be investigated in the future.

For butadiene it should be noted that the ordering of the two singlet excited states is
incorrect with respect to the results of Watson and Chan[229]. This can be explained by the
fact that we are primarily targeting static correlation in our basis states, the primary type of
correlation for the 21A−

g state; a proper treatment of the 11B+
u state requires more dynamic

correlation.
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Table 4.2: Absolute ground state energies (a.u.), vertical excitation energies (eV), and
〈S2〉 shown in () for the all-trans polyenes C2nH2n+2 with 2 ≤ n ≤ 11 from different
theories. Here, OCI is a multireference CI where the only included configurations are
the same configurations as those included in the NOCI, albeit their orthogonal unrelaxed
counterparts.

NOCI NOCI CASCI-
n State CIS SF-XCIS (nq = 2) (nq = 10) OCI ∆(OCI-NOCI) MRMP CASPT2

2 11A−
g -154.98077 -154.93643 (0.00) -154.93647 (0.00) -154.93537 0.00110

11B+
u 6.79 7.23 7.63 (0.01) 7.61 (0.00) 7.85 0.24 6.211 6.273

21A−
g 9.24 7.23 6.72 (0.35) 6.63 (0.10) 8.61 1.98 6.31 6.23

3 11A−
g -231.86320 -231.81963 (0.00) -231.81965 (0.00) -231.81768 0.00196

11B+
u 5.69 6.22 6.57 (0.04) 6.51 (0.01) 6.38 -0.13 5.252 5.19

21A−
g 8.12 6.53 6.32 (0.29) 6.23 (0.08) 7.37 1.14 5.10 5.01

4 11A−
g -308.75426 -308.70398 (0.00) -308.70398 (0.00) -308.70264 0.00134

11B+
u 4.97 5.65 5.59 (0.07) 5.52 (0.02) 5.67 0.16 4.57 4.384

21A−
g 7.23 5.36 5.22 (0.48) 5.09 (0.14) 6.69 1.60 4.26 4.42

5 11A−
g -385.63800 -385.58980 (0.00) -385.58982 (0.00) -385.58825 0.00157

11B+
u 4.47 5.11 4.94 (0.09) 4.86 (0.03) 5.10 0.24 4.17

21A−
g 6.54 4.90 4.73 (0.53) 4.59 (0.16) 6.27 1.68 3.68

6 11A−
g -462.52693 -462.47573 (0.00) -462.47575 (0.00) -462.47427 0.00149

11B+
u 4.11 4.83 4.45 (0.12) 4.35 (0.03) 4.70 0.34 3.87

21A−
g 6.00 4.58 4.25 (0.67) 4.10 (0.21) 6.00 1.90 3.19

7 11A−
g -539.41218 -539.36198 (0.00) -539.36201 (0.00) -539.36047 0.00154

11B+
u 3.83 4.52 4.09 (0.14) 3.98 (0.04) 4.25 0.28 3.60

21A−
g 5.55 4.25 3.93 (0.78) 3.77 (0.25) 5.37 1.60 2.80

8 11A−
g -616.29917 -616.24832 (0.00) -616.24837 (0.00) -616.24692 0.00145

11B+
u 3.61 4.34 3.80 (0.17) 3.67 (0.05) 4.05 0.37 3.38

21A−
g 5.19 4.07 3.63 (0.92) 3.46 (0.33) 5.16 1.69 2.50

9 11A−
g -693.18618 -693.13482 (0.00) -693.13488 (0.00) -693.13348 0.00140

11B+
u 3.43 4.17 3.57 (0.21) 3.43 (0.06) 4.02 0.59 3.18

21A−
g 4.88 3.91 3.39 (1.07) 3.19 (0.37) 5.63 2.44 2.25

10 11A−
g -770.07316 -770.02148 (0.00) -770.02157 (0.00) -770.02012 0.00145

11B+
u 3.29 4.06 3.39 (0.24) 3.24 (0.07) 3.89 0.66 3.00

21A−
g 4.62 3.80 3.17 (1.25) 2.94 (0.48) 5.52 2.58 2.04

11 11A−
g -846.96019 -846.90829 (0.01) -846.90844 (0.00) -846.90683 0.00160

11B+
u 3.17 3.96 3.23 (0.29) 3.07 (0.09) 3.80 0.74 2.84

21A−
g 4.40 3.71 3.11 (1.23) 2.83 (0.47) 5.31 2.49 1.86

1 Reference [234]. Basis set:Dunning “QZ3p” (Carbon:5s4p3d,Hydrogen:3s2p), Active Space: (4,8), Geometry:
Experimental

2 Reference [225]. Basis set: cc-pvDZ, Active Space: (10,10) Geometry: Møller-Plesset 2nd Order Perturbation
Theory

3 Reference [238]. Basis set: ANO (Carbon:4s3p2d,Hydrogen:3s2p)+diffuse functions, Active Space: Full π-space,
Geometry: Experimental

4 Reference [233]. Basis set: ANO (Carbon:4s3p1d,Hydrogen:2s1p)+diffuse functions, Active Space: Full π-space,
Geometry: CASSCF
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Linear Polyenes

We shall now test NOCI on the longer polyenes comparing to both reference methods and
methods with similar scaling. In Table 4.2, the vertical excitation energies of the linear
polyenes with NOCI nq = 2 and nq = 10 are shown in comparison with other obtained
theoretical values. We have included CASPT2 because of this method’s popularity in treating
multireference excited states and the more recent CASCI-MRMP results[225] in order to
provide a benchmark. It should be noted that when comparing these results, the excitation
energies will be dependent on many computational parameters such as geometry and basis
set and thus the CASPT2 and CASCI-MRMP results cannot be directly compared with
those calculated in this work. In order to provide a comparison with methods which have
similar scaling and expected accuracy, we have also included results from CI Singles (CIS)
and SF-XCIS[199], calculated using the same geometry and basis set. We have chosen not to
include TDDFT results despite previous work[226] because, as stated early, TDDFT would
not accurately reproduce double excitations and will suffer from the same failings as CIS.
Table 4.2 also includes data for “OCI”, by which we mean an orthogonal version of CI
including the same 10 states as NOCI albeit their unrelaxed counterparts.

First, we will consider the NOCI spin-purification scheme, comparing the results of nq = 2
with that of nq = 10 shows that the change in excitation energies increases as n increases,
reaching a final value of ∼ 0.3 eV for the 21A−

g state of 11-ene. These changes in energy
are directly correlated with the amount of original spin-contamination in these states at the
nq = 2 level. Figure 4.1 shows the change in 〈S2〉 for both excited states as a function of
chain length for both levels of quadrature. Again the quadrature is able to reduce spin-
contamination by about a factor of three for all states. It seems it may be beneficial to
increase nq as the amount of spin-contamination increases in the basis states but in order to
maintain a consistent comparison we have remained at nq = 10.

Let us begin now compare the energies of OCI to those of NOCI; Table 4.2 contains a
column for both OCI and energy change with respect to NOCI (nq = 10) (∆(OCI-NOCI))
and Figure 4.2 contains the OCI and NOCI (nq = 10) results plotted with respect to chain
length. Clearly, OCI does not provide an accurate description of the doubly excited 21A−

g

state and the relaxation of the orbitals by NOCI decreases the energy of this state by
greater than 1 eV for the whole set of molecules. NOCI is able to account for substantial
additional correlation energy when compared to an orthogonal CI with the same number of
determinants; i.e. NOCI contains a more compact representation of the true wavefunction
and encompasses more of the relevant configuration space. The difference between OCI
and NOCI is not as pronounced for the 11B+

u state, where the state is primarily a single
configuration and thus treated comparably by both OCI and NOCI. As the chain length
increases (approximately at n = 8), the single configuration picture of the 11B+

u breaks
down and OCI and NOCI begin to diverge. This is an indication that the relaxation in the
determinants which make up the 11B+

u state in NOCI are beginning to take on character of
more than one orthogonal state.

A subset of the results in Table 4.2 are included in Figure 4.3 in order to highlight the
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Figure 4.1: 〈S2〉 values for the linear polyenes for NOCI with a non-collinear (GHF) quadra-
ture (nq) of 2 and 10. Increasing the quadrature decreases the spin-contamination by a factor
of 3 for all states. The ground states are not shown here as they are very close to zero and
remain so with increasing quadrature.

trends of these methods as the chain length increases. Moving on to the results for CIS when
compared to the reference CASCI-MRMP, we see that CIS cannot qualitatively reproduce
the excitation energy of the 21A−

g state. It places the 21A−
g state well above the 11B+

u state for
all systems studied. This is not just an error in the excitation energy; CIS cannot correctly
describe the character of the 21A−

g state, due to a lack of double excitations. This deficiency
also appears in the wavefunction where the two largest CIS amplitudes for the 21A−

g state
are HOMO-1 → LUMO and HOMO → LUMO+1; this same type of behavior would occur
in TDDFT as well. On the other hand CIS treats the 11B+

u state quite well, paralleling the
CASCI-MRMP results.

Unlike CIS, SF-XCIS, by the inclusion of a (2,2) active space treats the doubly excited
character of the 21A−

g excited state appropriately. For all systems, the largest component of
the SF-XCIS wavefunction of the 21A−

g state is the HOMO → LUMO doubly excited state,
with smaller components on other states of the correct symmetry. Although SF-XCIS shows
the two states reversing order twice between 2 ≤ n ≤ 4 (when the correct result is one crossing
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Figure 4.2: Polyene singlet vertical excitation energies (eV), comparing the NOCI (nq = 10)
and OCI results. OCI is a multireference CI where the only included configurations are
the same configurations as those included in the NOCI, albeit their orthogonal unrelaxed
counterparts.

around n = 3 (hexatriene)), the method does recover the correct ordering of these two states
for the longer chains. Comparing NOCI with SF-XCIS, it is amazing that NOCI using
only 10 determinants can compete with SF-XCIS, a method which includes more doubles
excitations than NOCI, some triple excitations, and an increasing configuration space with
molecular size. This again shows the power of using relaxed non-orthogonal configurations
when compared to their orthogonal counter parts. For longer polyenes, the relative energy
of these two states becomes constant in both NOCI and SF-XCIS, which is in contrast to the
behavior of the reference method CASCI-MRMP, which for longer chains shows an increase
in the separation of these two states. For SF-XCIS, this degradation indicates that one may
need to increase the active space and potentially the number of spin-flips. For NOCI, one
should use more than 10 determinants to treat a polyene chain of length n = 11 but for
the purposes of illustrating the applicability of this method and for a fair comparison across
these systems we thought this number of basis states to be sufficient.
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Figure 4.3: Polyene singlet vertical excitation energies (eV), comparing the NOCI (nq = 10)
results with CIS, SF-XCIS, and CASCI-MRMP. Solid lines: 11B+

u . Dashed lines: 21A−
g .

Using CIS is insufficient to treat the 21A−
g excited state. NOCI and SF-XCIS do comparably

well for the shorter chains but NOCI outperforms SF-XCIS in the long chain limit.

β-Carotene

Carotenoids are an important class of biological molecules because they, along with chloro-
phylls, comprise a substantial fraction of the chromophores involved in light-harvesting in
plants and cyanobacteria. Carotenoids provide two functions in photosynthetic organisms:
they directly absorb light energy for use in photosynthesis and also participate in a pho-
toprotection mechanism. For a thorough discussion of experimental and theoretical results
for these systems, including the difficulty in peak assignment, we recommend the review of
Poĺıvka and Sundström.[239] Having been featured in two prior electronic structure studies,
we chose β-carotene (a carotenoid with 11 double bonds) as a sample carotenoid to examine
the performance of NOCI on these biologically-relevant molecules. This is an interesting
test case for NOCI, because the lower symmetry of this molecule lends itself naturally to
the breaking of spatial symmetry within the excited state determinants. Historically the
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Table 4.3: Vertical excitation energies (eV) and 〈S2〉 shown in () for
of the β-carotene with a variety of methods.

State 21A−
g 11B+

u ∆E
(

11B+
u − 21A−

g

)

NOCI (nq = 10) 2.94 (0.53) 3.20 (0.08) 0.26
SF-XCIS 3.87 3.97 0.10
DMRG-CASSCF1 2.99 > 4.31 > 1.32
DFT/MRCI2 1.96 2.42 0.42

1 Reference [240].
2 Reference [242].

excited states of the carotenoids have been labeled S1, S2, etc; here we shall opt to reuse
the polyene excited state nomenclature despite β-carotene having a lower point group sym-
metry. Table 4.3 shows the vertical excitation energies and 〈S2〉 values for β-carotene with
NOCI, SF-XCIS and two other methods: Density Matrix Renormalization Group CASSCF
(DMRG-CASSCF)[240], which was discussed in the Introduction, and DFT/MRCI[241, 242],
which we shall describe briefly now.

DFT/MRCI is a semi-empirical procedure combining DFT for dynamic correlation and
MRCI for strong correlations and excited states. This method involves a number of features
including an efficient parallelization scheme, an extensive configuration selection, and use
of the resolution of the identity (RI) approximation for four-index integrals. Despite these
advantages, DFT/MRCI still possesses drawbacks such as choice of functional, empirical
parameters for forming the effective Hamiltonian and use of an empirical recipe to avoiding
double counting of correlation effects. Even with the considerable configuration selection,
the method requires millions of configuration state functions for a molecule of the size of
β-carotene. Because this method does include dynamic correlation, we will consider it a
possible benchmark, keeping in mind that it is difficult to estimate the errors for a method
which is non-variational.

To our knowledge, these are the only two studies of β-carotene applying modern elec-
tronic structure methods which can qualitatively treat double excitations. TDDFT has been
applied to study the S0 → S2 transition[243], but as stated previously, standard linear-
response TDDFT cannot accurately treat double excitations[189, 190] and thus should not
be trusted for any transitions involving the 21A−

g state, including investigations of potential
energy surfaces.

In the DMRG-CASSCF work, the authors averaged over the four lowest eigenstates and
thus within their calculation were unable to obtain the 1B+

u state. They found a state
ordering of 11A−

g < 21A−
g < 11B−

u < 31A−
g with excitation to the 31A−

g at 4.31 eV, which
gives a lower bound to the 1B+

u state. This ordering is correct within the active space but
CASSCF does not include any dynamic correlation outside of this space (e.g. σ-π) , which
is known to be important for the 1B+

u state. In fact, DFT-MRCI, a method which includes
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these σ-π correlations, orders the states as 11A−
g < 21A−

g < 11B+
u < 11B−

u < 31A−
g . If we

consider DFT/MRCI to include all correlation effects and DMRG-CASSCF to include all
static correlation effects, then the difference between these two methods gives us an estimate
for the total amount of dynamic correlation in each state: the 21A−

g and 11B+
u states have

dynamic correlation of ∼ 1 eV and > 2 eV, respectively. From this estimate, we can see
that neither NOCI nor SF-XCIS (methods designed primarily to treat static correlation)
are truly able to determine the state ordering as neither value is separated by the > 1 eV
difference that would be added by a more complete treatment of dynamic correlation. In
comparison to SF-XCIS, NOCI does provide a better estimate of the gap between these two
states. Considering the difference in the complexity of the wavefunctions of these methods,
it is striking that NOCI is able to achieve the results that it does. Comparing the results of
both NOCI and SF-XCIS on β-carotene to that of the polyenes, we see that these methods
treat this systems as a polyene of approximately length n = 10, which is consistent with the
fact that the conjugation of β-carotene is broken by the slight twist in the polyene backbone
of the molecule. Again the differences between NOCI and the reference could likely be
reduced by the inclusion of more states; specifically one would like to include more double
excitations, which are of known importance to molecules with this length of conjugation.
We want to stress that in this current form of “hand”-picking excited determinants, NOCI
cannot be expected to stand up against DFT/MRCI.

4.4 Conclusions

We have shown that NOCI may be used to calculate excitation energies for double excitations
in conjugated systems. Although the excitation energies presented in this work were not
quantitative, we believe this method shows promise for future use in this direction. NOCI
scales favorably compared to many other multireference methods and could be applied to
systems even larger than those presented here. We applied a new spin-purification scheme
resulting in better 〈S2〉 values and excitation energies for both the ground and excited states.
NOCI also shows promise where orbital relaxation may be important such as singlet-triplet
gaps in transition metal systems. We also feel this method could be applied to excited
states with charge transfer character as the relaxation of the orbitals would allow for charge
redistribution after “excitation”.

Further developments and generalizations of NOCI are possible in many directions. Cur-
rently, the most unsatisfactory portion of NOCI, as it was used in this study, is the selection
of basis states by human input and can lead to biasing of the results. This is only exacerbated
by the reliance of this procedure on the Maximum Overlap Method (MOM) which, because
it involves a non-linear optimization can be difficult to converge to the correct determinants.
A black-box method for selection of basis states and a reduced dependence on MOM is our
next target of research and progress is already underway in this direction. In this work,
we used GHF determinants for spin-purification, but one could also search for non-collinear
GHF determinants to provide more basis states. As a wavefunction based CI theory, NOCI
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would also benefit from many of the known routes to target an improved treatment of dy-
namic correlation, such as that used in CASPT2. Finally, we plan on implementing nuclear
gradients in order to follow the potential energy surfaces of the excited states calculated
above as well as orbital gradients, which would allow for an orbital optimized NOCI; very
related to the resonating Hartree–Fock approach of Fukutome[244].
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Chapter 5

Automatic Generation of Basis States
for NOCI

5.1 Introduction

Molecular excited states play an important role in many areas of physics and chemistry such
as photosynthesis, solar energy conversion, and spectroscopy, and therefore theoretically
modeling these electronic excited states is very important. This is challenging because many
of the methods developed to treat excited states either fail to capture excitations of a spe-
cific character (multielectron excitations, Rydberg states, and charge transfer states) or are
too computationally expensive to treat large systems. Time Dependent Density Functional
Theory[187, 188] (TDDFT) is, by far, the most widely used excited state model, but fails to
properly treat Rydberg excitations and, at least in its most widely used form, is unable to
treat multielectron excitations.[189, 190] The equation-of-motion coupled-cluster (EOM-CC)
formalism[194] provides a formal theory to treat all multielectron excited states but due to
truncation may provide an unbalanced treatment of those states.[197] On top of this, even
with truncation, EOM-CC and cheaper models based on these theories (CIS(D),CC2) have
polynomial scaling O(N5) or greater, which is typically too steep for large applications. The
spin-flip family of methods[58–63, 199] use a high spin reference and employ linear combi-
nations of spin-flipping excitations (α → β) to access states with the desired Ms value, such
as the ground state or doubly excited states. The complete active space self-consistent-field
(CASSCF)[64] and its second-order perturbation-corrected variant (CASPT2) are multicon-
figurational wavefunctions which can properly treat multielectron excitations. These meth-
ods exhibit exponential-scaling with active space size, which typically grows with molecular
size, and therefore are limited to small to medium molecules.

In the previous chapter, we presented work showing how Non-orthogonal Configuration
Interaction (NOCI) may be applied to treat the doubly excited states of the linear polyenes
and β-carotene. In that work, we used a hand selected set of important configurations, hence-
forth called basis states, chosen using knowledge of the system from previous research[225,
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233, 234, 238]. Here, we shall detail an algorithm which automates this process, utilizing
information obtained from calculating the eigenvectors of the Hartree–Fock Hessian.[106]

The remainder of this article is organized as follows: 1) we present a brief overview of
NOCI, 2) we describe our new algorithm for automating the selection of the basis states 3)
we show that the new method reproduces the hand-picking method for the polyenes studied
previously, 4) we test the automated method on a larger test set of Schreiber et al.[245]
consisting of 28 molecules, and 5) we draw some conclusions about where NOCI should be
applicable and discuss future prospects for the method.

5.2 Theory

The notation utilized in this work is as follows: NOCI wavefunctions: Φ; Slater determinants:
Ψ with indices w, x to distinguish between different SCF solutions; Spatial Molecular Orbitals
(MO): ψ; Spatial Atomic Orbitals (AO): ω; AO Indices: lower case Greek µ, ν...; Virtual
MO indices: a, b; Occupied MO indices: i, j; Generic MO indices: l, k. Bold case is employed
for matrices. We employ the Einstein summation convention and the tensor notation with
both covariant (subscript) and contravariant (superscript) indices of Head-Gordon et al.[23]

Basics

Within NOCI, one builds and diagonalizes the Hamiltonian in a basis of Slater determinants,
which we will call basis states, which are, in general non-orthogonal. The non-orthogonality
of the basis states introduces an overlap metric, S, into the traditional CI eigenvalue problem:

HD = SDE (5.1)

where H is the Hamiltonian matrix, D are the expansion coefficients, and E is a diagonal
matrix of the energies.

NOCI therefore requires the computation of the overlap and Hamiltonian between two
generally non-orthogonal basis states; our method for this may be found in Chapter 4. The
most important portion of our NOCI procedure is that we transform each pair of deter-
minants into the corresponding orbital basis[215, 216], also known as Löwdin-Paired or-
bitals[217]. The corresponding orbitals are defined as those in which the occupied-occupied
orbital overlap is diagonal with elements bound between zero and one.

wxS = wC̃tSAO
xC̃ (5.2)

wxSij = δijsi (5.3)

As in our previous work[246] we shall utilize our NOCI spin purification scheme which
relies on using Generalized Hartree–Fock (GHF) determinants. We apply an AO based
unitary rotation parameterized by an angle θ to the coefficient matrix which changes the
direction of the Sz axis without changing the energy. The choice of θ = π

2
transforms the α
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component of each orbital into the β component of each orbital. These degenerate basis states
provide a new set of overlap and Hamiltonian matrix elements with the other basis states in
the expansion and provide more variational flexibility in the CI. In this work, we shall use
a quadrature of nq points equidistant between 0 and π

2
to allow spin-contaminated states to

purify. In order to compute 〈S2〉 for a given state, we evaluate the 〈S2〉 matrix elements for
each pair of GHF determinants and then use the eigenvectors of the CI diagonalization to
calculate the value of a given state.

Automatic Basis State Selection

In order to obtain the basis states for a NOCI calculation, we begin by converging a point-
group symmetric RHF solution. From this solution, we compute the K lowest eigenvectors
of the orbital Hessian[106], which is closely related to both TDHF and RPA[247]. The Hes-
sian may be computed by expanding the wavefunction to second order, with wavefunction
coefficients, χa

i :

|Ψ〉 = |Ψ0〉 +
∑

ia

χa
i |Ψ

a
i 〉 +

∑

ia,jb

χa
i
χb
j

∣

∣Ψab
ij

〉

+ ... (5.4)

and taking derivatives of the energy with respect to either orbital rotations or equivalently
single occupied-virtual excitations:

∂2E

∂χa
i ∂χ

b
j

=
∑

ia,jb

χ∗a
i
χb
j

〈

Ψa
i |Q|Ψb

j

〉

(5.5)

+
∑

ia,jb

[

1

2
χa
i
χb
j

〈

Ψ0 |Q|Ψab
ij

〉

(5.6)

+
1

2
χ∗a

i
χ∗b

j

〈

Ψab
ij |Q|Ψ0

〉

]

(5.7)

Q = H − 〈Ψ0 |H|Ψ0〉 (5.8)

This can then be rewritten in matrix form as:

H =
1

2

(

χ
χ∗

)†(

A B
B∗ A∗

)(

χ
χ∗

)

(5.9)

with:

Aia,jb =
〈

Ψa
i |Q|Ψb

j

〉

= (εa − εi)δ
ab
ij + 〈aj| |ib〉 (5.10)

Bia,jb =
〈

Ψab
ij |Q|Ψ0

〉

= 〈ab| |ij〉 (5.11)

If real molecular orbitals are used and spin integration is taken into account, this matrix
problem may be blocked according to both the symmetry of the reference determinant
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(R/U/GHF) and whether that symmetry is allowed to relax. The process of computing
Hessian eigenvectors may be written as an iterative O(N3) process,[248] which is the same
as the original HF calculation, so we have not introduced a computational bottleneck.

Now that we have a set of K Hessian eigenvectors, we form the natural transition orbitals
(NTOs)[249] for each vector. NTOs are formed by singular value decomposition (SVD):

χai = UσVt (5.12)

C̄occ = Cocc ∗ V (5.13)

C̄vir = Cvir ∗ U (5.14)

The NTOs represent, in some sense, the “best” possible particle/hole picture of an excited
states and the singular values (σ) represent their relative importance. We will therefore use
the σ values to define an “active space” in terms of the NTOs. The conceptual underpinning
is that the NTOs of the Hessian eigenvectors correspond to orbitals which form a set of
excitations which are important, especially for describing low-lying excitations. This is
similar to using the low energy excited states of a cheaper CI (CIS or CISD) to begin a
more complicated MRCI procedure. Procedurally, if there is only one large σ, we substitute
the occupied orbital of C̄ with the virtual orbital of C̄ in the α space corresponding to that
singular value, creating an excited determinant we then save. We then perform a double
excitation of the same orbitals in both spin spaces. If there are two large singular values, we
form all occupations in a (4,4) active space of the four spin-orbitals corresponding to the two
large singular values. This corresponds to FCI in this active space. However, it is important
to note that in the next step we will be transforming these orbitals and thus the properties
that FCI in a space implies will no longer be true.

These determinants, although “different” than the original set, still consist of orbitals
which are orthogonal to the original set. Next we relax these orbitals, by treating them
as unrestricted determinants and allowing them to optimize using the Maximum Overlap
Method (MOM)[218] combined with the Direct Inversion of the Iterative Subspace (DIIS)
extrapolation method[219, 220]. It is well known that these relaxed states provide approx-
imations to excited states despite not being orthogonal to the ground state[110, 201, 218,
221–223]. As shown in our previous work, this relaxation can be very important, providing
a 2 eV shift in the excitation energy for a doubly excited state of the linear polyenes. In
this relaxation procedure, both valence and core orbitals are relaxed in the presence of the
MOM enforced occupancy of what would be virtual orbitals. This mean-field level relaxation
clearly cannot fully account for all correlations of the electrons. It is important to make the
distinction between this SCF type relaxation, which is a basis state specific optimization,
and the relaxation of a CASSCF[64] type wavefunction where all the orbitals are optimized
in the presence of all the configurations included in the active space.

The nonlinear optimization required to relax the basis states may cause complications
to arise. When optimizing, if the state converges back to a previously found solution or is
unable to reach a convergence threshold in a reasonable number of cycles, that state is deleted
from our list of saved solutions. There is no guarantee that each Hessian eigenvector will
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provide unique sets of determinants, because multiple eigenvectors could produce similar sets
of important orbitals. However, by eliminating solutions which have already been located,
these linearly dependent basis states are automatically removed. Finally, after all the basis
states are optimized, these solutions are used as the basis states for a NOCI calculation.

A development version of QCHEM 3.2[98] utilizing the Armadillo linear algebra li-
brary[224] was used for all calculations. All polyene data was calculated using the 6-
31G*[165] atomic orbital basis with geometries having been optimized using the B3LYP
functional[40] in the same basis. The data for the Schreiber test set was computed using the
geometries and basis set (TZVP[250]) from that work.[245]

Identification of the Excitations

In the test set, excitations are labeled with the symmetry of their transitions. In NOCI,
neither basis states nor the final wavefunction if formed from an incomplete determinantal
basis must obey the symmetries of the exact wavefunction but both do retain approximate
symmetries. In order to identify which excitations were being computed, we used two meth-
ods. First, we computed the transition dipole moments and oscillator strengths between the
ground and excited states, which is easy to do (even between non-orthogonal determinants)
because the dipole moment operator is a one-electron operator. Utilizing the generalized set
of Slater–Condon rules, if there are no zeros in the overlap (si) of the corresponding orbital
basis (C̃), the dipole matrix element between two non-orthogonal GHF determinants is:

wxµλ = S̃
∑

i

(

wC̃tµλ
xC̃
)

ii

si
λ = x, y, z (5.15)

where S̃ is the reduced overlap S̃ =
∏

i si with si 6= 0. If there is one zero at position i then:

wxµλ = S̃(wC̃i)
tµλ(xC̃)i (5.16)

If there are two zeros, then the dipole is also zero (one-electron operator). The matrix
formed from these elements (Mλ) is then combined with the NOCI eigenvectors (U) and the
transformation resulting from the overlap metric (X) to form the transition dipole between
the ground and an excited state, n:

µn0
λ = Ut

nX
tMλXU0 (5.17)

Finally, we then compute the oscillator strength for this transition:

fn0 =
2

3

∣

∣~µn0
∣

∣

2
(En − E0) (5.18)

If the basis states used in a NOCI calculation had proper point group symmetry, then
the symmetry of a given NOCI excited state could be deduced from the symmetry of the
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basis states with significant weight. While in general, the basis states used in NOCI do not
have point group symmetry, within the implementation discussed above, they do maintain
an approximate symmetry. Thus, if we had a way to calculate this approximate symmetry,
we could infer the symmetry of the NOCI excited states. In order to do this, we can relate
the excited determinants to a determinant for which we know the symmetry. In our case,
this will be the reference RHF determinant.

For a given excited determinant, x, we form the corresponding orbital basis with the
reference RHF determinant and identify the orbitals (xC̃k) with small overlap (sk < .01), as
those which are important for the transition. In order to relate these orbitals to the original
RHF orbitals, we use the vectors:

Socc = (RHFC̃k)tSAO
RHFCocc (5.19)

Svir = (xC̃k)tSAO
RHFCvir (5.20)

where the index of the maximum value in Socc corresponds to the hole (i) and the index
of the maximum value in Svir corresponds to the electron (a). Now that we have the RHF
orbitals, approximately excited in a given determinant, we use the known orbital symmetries
of the RHF determinant and the product table of the point group to compute the transition
symmetry for that determinant. We use all the values discussed above ~µn0, fn0, sk, Socc

i ,
Svir
a , and the eigenvector weight to evaluate how close these symmetries represent the actual

symmetry of the wavefunction.

5.3 Results

Comparison with Hand-Picked Determinants

As in the prior work, we use the linear polyenes as a testing ground for our automatic
NOCI (aNOCI). In comparison to the previous work, in which the number of basis states
was limited to 10 for all systems studied, here the number of basis states is determined
automatically and is system dependent. For all systems studied in this work we will be using
10 eigenvectors of the Hessian to generate the basis states.

In Table 5.1, we compare the results of CIS, CASCI-MRMP, and both the hand-picked
(NOCI) and the automatically generated (aNOCI) forms of NOCI with two values of quadra-
ture nq = 2&10. In Figure 5.1, we highlight the trends of the results in Table 5.1 (excluding
the nq = 2 results) as the chain length increases. We have included CASCI-MRMP re-
sults[225], not to be directly compared with those calculated in this work, because they were
obtained using different geometries and basis sets but rather to provide a benchmark for
accurate results. The CI Singles (CIS) in Table 5.1 are calculated using the same geometry
and basis set, in order to provide a comparison with methods which have similar scaling and
expected accuracy.

As discussed previously, CIS when compared to CASCI-MRMP is unable to qualitatively
reproduce the excitation energy of the 21A−

g state, because of its double excitation character.
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Table 5.1: Absolute ground state energies (a.u.), vertical excitation energies (eV), and
〈S2〉 shown in () for the all-trans polyenes C2nH2n+2 with 2 ≤ n ≤ 10 from different
theories. Here aNOCI is the automatically generated basis state NOCI.

NOCI aNOCI NOCI aNOCI CASCI-
n State CIS (nq = 2) (nq = 2) (nq = 10) (nq = 10) MRMP

2 11A−
g -154.93643 (0.00) -154.96361 (0.00) -154.93647 (0.00) -154.96372 (0.00)

11B+
u 6.79 7.63 (0.01) 8.23 (0.01) 7.61 (0.00) 8.21 (0.00) 6.21

21A−
g 9.24 6.72 (0.35) 6.89 (0.03) 6.63 (0.10) 6.87 (0.02) 6.31

3 11A−
g -231.81963 (0.00) -231.83637 (0.01) -231.81965 (0.00) -231.83710 (0.00)

11B+
u 5.69 6.57 (0.04) 6.72 (0.09) 6.51 (0.01) 6.62 (0.03) 5.252

21A−
g 8.12 6.32 (0.29) 6.21 (0.20) 6.23 (0.08) 6.11 (0.07) 5.10

4 11A−
g -308.70398 (0.00) -308.71519 (0.01) -308.70398 (0.00) -308.71606 (0.00)

11B+
u 4.97 5.59 (0.07) 5.76 (0.10) 5.52 (0.02) 5.67 (0.03) 4.57

21A−
g 7.23 5.22 (0.48) 5.11 (0.24) 5.09 (0.14) 5.02 (0.07) 4.26

5 11A−
g -385.58980 (0.00) -385.59900 (0.01) -385.58982 (0.00) -385.59980 (0.01)

11B+
u 4.47 4.94 (0.09) 5.12 (0.11) 4.86 (0.03) 5.05 (0.06) 4.17

21A−
g 6.54 4.73 (0.53) 4.63 (0.29) 4.59 (0.16) 4.50 (0.15) 3.68

6 11A−
g -462.47573 (0.00) -462.48352 (0.01) -462.47575 (0.00) -462.48432 (0.01)

11B+
u 4.11 4.45 (0.12) 4.58 (0.18) 4.35 (0.03) 4.45 (0.07) 3.87

21A−
g 6.00 4.25 (0.67) 4.19 (0.44) 4.10 (0.21) 4.05 (0.14) 3.19

7 11A−
g -539.36198 (0.00) -539.36895 (0.01) -539.36201 (0.00) -539.36980 (0.01)

11B+
u 3.83 4.09 (0.14) 4.09 (0.19) 3.98 (0.04) 3.97 (0.09) 3.60

21A−
g 5.55 3.93 (0.78) 3.83 (0.64) 3.77 (0.25) 3.67 (0.21) 2.80

8 11A−
g -616.24832 (0.00) -616.25389 (0.01) -616.24837 (0.00) -616.25473 (0.01)

11B+
u 3.61 3.80 (0.17) 3.94 (0.22) 3.67 (0.05) 3.81 (0.08) 3.38

21A−
g 5.19 3.63 (0.92) 3.53 (0.77) 3.46 (0.33) 3.38 (0.27) 2.50

9 11A−
g -693.13482 (0.00) -693.13985 (0.02) -693.13488 (0.00) -693.14068 (0.01)

11B+
u 3.43 3.57 (0.21) 3.68 (0.27) 3.43 (0.06) 3.54 (0.10) 3.18

21A−
g 4.88 3.39 (1.07) 3.28 (1.00) 3.19 (0.37) 3.11 (0.37) 2.25

10 11A−
g -770.02148 (0.00) -770.02456 (0.02) -770.02157 (0.00) -770.02508 (0.01)

11B+
u 3.29 3.39 (0.24) 3.41 (0.35) 3.24 (0.07) 3.23 (0.14) 3.00

21A−
g 4.62 3.17 (1.25) 2.99 (1.48) 2.94 (0.48) 2.76 (0.59) 2.04

1 Reference [234]. Basis set:Dunning “QZ3p” (Carbon:5s4p3d,Hydrogen:3s2p), Active Space: (4,8), Geometry:
Experimental

2 Reference [225]. Basis set: cc-pvDZ, Active Space: (10,10) Geometry: Møller-Plesset 2nd Order Perturbation
Theory
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Figure 5.1: Polyene singlet vertical excitation energies (eV), comparing the automatic NOCI
results with hand-picked NOCI, CIS, and MRMP (highly accurate results). Solid lines:
11B+

u . Dashed lines: 21A−
g . Clearly the automatic and hand-picked results are quite similar.

CIS places the 21A−
g state well above the 11B+

u state for all systems studied even though
in the benchmark data the two states cross at hexatriene (n = 3). The wavefunction is
also deficient; the two largest CIS amplitudes for the 21A−

g state are HOMO-1 → LUMO
and HOMO → LUMO+1 which are of the correct symmetry but clearly do not have the
character of a double excitation. This is in comparison to the true wavefunction which has
large weight on the double excitation HOMO2 → LUMO2. TDDFT would also have this
same problem because it can only account for single excitations. On the other hand CIS
treats the 11B+

u state quite well, paralleling the CASCI-MRMP results.
If we compare either NOCI method to CIS, we clearly see a marked improvement in

the the excitation energy of the 21A−
g states, up to a whole 2 eV change. We do also see

a difference in the 11B+
u state in the opposite direction this is primarily due to the lack of

dynamic correlation in our model; as even in the automatic generation we are not including
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that many states.
Comparing the results of the automatic NOCI and the hand-picked NOCI, the mean

absolute errors are 0.16 eV and 0.11 eV for the 11B+
u and 21A−

g states respectively for
nq = 10 and 0.17 eV and 0.12 eV for nq = 2. For these systems, the automatic generation
was able to select states important for these excitations without any user input other than
the number of Hessian eigenvectors.

5.4 Excited State Test Set

In order to test our automatic NOCI on a large number of systems, we applied the method
to the 28 small to medium-sized organic molecules benchmark of Schreiber et al.[245]. For
the polyenes we saw little change in excitation energy for the spin purification scheme and
therefore we have only computed the benchmark data at nq = 2. This set includes the most
important classes of organic chromophores, unsaturated aliphatic hydrocarbons, aromatic
hydrocarbons and heterocycles, carbonyl molecules (aldehydes, ketones, and amides) and
nucleobases. The excited states are primarily of singlet valence character, although there
are some Rydberg states and a few doubly excited valance states. Reference [245], includes
singlet and triplet energies calculated by CASPT2, CC2, CCSD, and CC3 although here
we only compare with the singlet energies. By comparing to experiment and using known
disadvantages of the methods, Schreiber et al. make a decision about which energies are
reliable and they call these the “Best” estimates. In this work we shall only compare with
these best estimates although in the future it may be beneficial to do a comparison with each
method in turn. As a note, the benchmark set does include three of the polyenes discussed in
the previous section, butadiene, hexatriene, and octatetraene but these have been completely
recalculated so as to take into account geometry and basis set differences. This benchmark
was also recently used by Liu and Subotnik[251] and we will compare with the results of CIS
and Variationally Orbital-Adapted Configuration Interaction Singles method (VOA-CIS). In
Table 5.2 we compare all the methods listed above where “—” indicates the method was
unable to find a state of that character.

Table 5.2: Comparison of NOCI vertical excitation energies (eV) with results from other
methods.

Name State CASPT2 CASPT2 CC2 CCSD CC3 Best1 VOA-CIS2 CIS NOCI

Ethene 11B1u (π → π∗) 7.98 8.62 8.40 8.51 8.37 7.80 7.64 8.01 8.42

Butadiene 11Bu (π → π∗) 6.23 6.47 6.49 6.72 6.58 6.18 5.90 6.44 7.42
21Ag (π → π∗) 6.27 6.83 7.63 7.42 6.77 6.55 7.76 9.22 6.66

Hexatriene 11Bu (π → π∗) 5.01 5.31 5.41 5.72 5.58 5.10 4.96 5.47 6.34
21Ag (π → π∗) 5.20 5.42 6.67 6.61 5.72 5.09 6.92 8.24 6.02

Octatetraene 21Ag (π → π∗) 4.38 4.64 5.87 5.99 4.97 4.47 6.32 7.50 4.94
11Bu (π → π∗) 4.42 4.70 4.72 5.07 4.94 4.66 4.19 4.83 5.40
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Table 5.2: (continued)

Name State CASPT2 CASPT2 CC2 CCSD CC3 Best1 VOA-CIS2 CIS NOCI

Cyclopropene 11B1 (σ → π∗) 6.36 6.76 6.96 6.96 6.90 6.76 6.21 7.34 8.29
11B2 (π → π∗) 7.45 7.06 7.17 7.24 7.10 7.06 6.59 6.92 6.62

Cyclopentadiene 11B2 (π → π∗) 5.27 5.51 5.69 5.87 5.73 5.55 5.09 5.54 8.49
21A1 (π → π∗) 6.31 6.31 7.05 7.05 6.61 6.31 7.49 8.42 6.65
31A1 (π → π∗) 7.89 8.52 8.86 8.95 6.69 — 8.86 8.92 —

Norbornadiene 11A2 (π → π∗) 5.28 5.34 5.57 5.80 5.64 5.34 5.18 5.67 6.21
11B2 (π → π∗) 6.20 6.11 6.37 6.69 6.49 6.11 6.50 7.25 7.76
21B2 (π → π∗) 6.48 7.32 7.65 7.87 7.64 — 7.70 8.04 8.88
21A2 (π → π∗) 7.36 7.44 7.66 7.87 7.71 — 7.57 8.27 8.51

Benzene 11B2u (π → π∗) 4.84 5.05 5.27 5.19 5.07 5.08 — — 5.65
11B1u (π → π∗) 6.30 6.45 6.68 6.74 6.68 6.54 4.99 6.10 7.64
11E1u (π → π∗) 7.03 7.07 7.44 7.65 7.45 7.13 — — 8.48
21E2g (π → π∗) 7.90 8.21 9.03 9.21 8.43 8.41 — — —

Naphthalene 11B3u (π → π∗) 4.03 4.24 4.45 4.41 4.27 4.24 4.70 5.24 5.20
11B2u (π → π∗) 4.56 4.77 4.96 5.21 5.03 4.77 4.50 5.09 6.11
21Ag (π → π∗) 5.39 5.90 6.22 6.23 5.98 5.90 6.96 7.34 6.64
11B1g (π → π∗) 5.53 6.00 6.21 6.53 6.07 6.00 6.42 6.77 7.32
21B3u (π → π∗) 5.54 6.07 6.25 6.55 6.33 6.07 6.44 7.08 7.51
21B1g (π → π∗) 5.87 6.48 6.82 6.97 6.79 6.48 — — 8.31
21B2u (π → π∗) 5.93 6.33 6.57 6.77 6.57 6.33 6.72 7.27 8.24
31Ag (π → π∗) 6.04 6.71 7.34 7.77 6.90 6.71 — — 8.05
31B2u (π → π∗) 7.16 8.18 8.46 8.77 8.44 — — — 10.64
31B3u (π → π∗) 7.18 7.76 8.85 9.03 8.12 — — — 11.89

Furan 11B2 (π → π∗) 6.04 6.43 6.75 6.80 6.60 6.32 6.26 6.53 8.58
21A1 (π → π∗) 6.16 6.52 6.87 6.89 6.62 6.57 6.57 8.16 6.57
31A1 (π → π∗) 7.66 8.22 8.78 8.83 8.53 8.13 8.97 9.15 9.72

Pyrrole 21A1 (π → π∗) 5.92 6.31 6.61 6.61 6.40 6.37 6.43 7.65 6.28
11B2 (π → π∗) 6.00 6.33 6.83 6.87 6.71 6.57 6.70 6.78 6.74
31A1 (π → π∗) 7.46 8.17 8.44 8.44 8.17 7.91 8.63 8.89 9.20

Imidazole 11A′′ (n → π∗) 6.52 6.81 6.86 7.01 6.82 6.81 6.23 7.21 6.34
21A′ (π → π∗) 6.72 6.19 6.73 6.80 6.58 6.19 6.52 7.07 6.38
31A′ (π → π∗) 7.15 6.93 7.28 7.27 7.10 6.93 7.15 7.96 7.87
21A′′ (π → π∗) 7.56 7.91 8.00 8.15 7.93 — 6.79 7.90 7.94
41A′ (π → π∗) 8.51 8.15 8.62 8.70 8.45 — 8.78 9.33 9.59

Pyridine 11B2 (π → π∗) 4.84 5.02 5.32 5.27 5.15 4.85 5.48 6.19 4.97
11B1 (n → π∗) 4.91 5.14 5.12 5.25 5.05 4.59 5.44 6.13 5.49
21A2 (n → π∗) 5.17 5.47 5.39 5.73 5.50 5.11 8.08 8.61 6.06
21A1 (π → π∗) 6.42 6.39 6.88 6.94 6.85 6.26 6.68 6.51 7.41
31A1 (π → π∗) 7.23 7.46 7.72 7.94 7.70 7.18 7.99 8.42 9.10
21B2 (π → π∗) 7.48 7.29 7.61 7.81 7.59 7.27 7.86 8.44 8.83
41A1 (π → π∗) 7.96 8.70 9.00 9.45 8.68 — — — 11.92
31B2 (π → π∗) 7.95 8.62 9.37 9.64 8.77 — — — 9.42

Pyrazine 11B3u (n → π∗) 3.63 4.12 4.26 4.42 4.24 3.95 4.01 5.13 5.03
11Au (n → π∗) 4.52 4.70 4.95 5.29 5.05 4.81 4.92 7.03 7.35
11B2u (π → π∗) 4.75 4.85 5.13 5.14 5.02 4.64 4.76 5.98 8.32
11B2g (n → π∗) 5.17 5.68 5.92 6.02 5.74 5.56 5.35 6.70 9.53
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Table 5.2: (continued)

Name State CASPT2 CASPT2 CC2 CCSD CC3 Best1 VOA-CIS2 CIS NOCI

11B1g (n → π∗) 6.13 6.41 6.70 7.13 6.75 6.60 6.58 9.81 8.72
11B1u (π → π∗) 6.70 6.89 7.10 7.18 7.07 6.58 6.37 6.65 6.26
21B1u (π → π∗) 7.57 7.79 8.13 8.34 8.06 7.72 7.80 8.75 9.93
21B2u (π → π∗) 7.70 7.65 8.07 8.29 8.05 7.60 7.85 9.07 10.44
11B3g (π → π∗) 8.19 8.47 9.42 9.75 8.77 — — — —
21Ag (π → π∗) 8.26 8.61 9.26 9.55 8.69 — — — —

Pyrimidine 11B1 (n → π∗) 3.81 4.44 4.49 4.70 4.50 4.55 4.88 5.87 5.66
11A2 (n → π∗) 4.12 4.81 4.84 5.12 4.93 4.91 5.52 6.56 6.31
11B2 (π → π∗) 4.93 5.24 5.51 5.49 5.36 5.44 5.87 6.50 5.58
21A1 (π → π∗) 6.72 6.64 7.12 7.17 7.06 6.95 7.15 6.90 7.83
21B2 (π → π∗) 7.32 7.64 8.08 8.24 8.01 — 8.48 8.88 8.34
31A1 (π → π∗) 7.57 7.21 7.79 7.97 7.74 — 8.06 8.61 9.29

Pyridazine 11B1 (n → π∗) 3.48 3.78 3.90 4.11 3.92 3.78 3.59 4.91 —
11A2 (n → π∗) 3.66 4.32 4.40 4.76 4.49 4.32 4.78 6.10 5.81
21A1 (π → π∗) 4.86 5.18 5.37 5.35 5.22 5.18 5.24 6.32 6.03
21A2 (n → π∗) 5.09 5.77 5.81 6.00 5.74 5.77 5.61 7.29 7.13
21B1 (n → π∗) 5.80 6.52 6.40 6.70 6.41 — 7.00 8.43 —
11B2 (π → π∗) 6.61 6.31 7.00 7.09 6.93 — 6.34 6.56 5.24
21B2 (π → π∗) 7.39 7.29 7.57 7.79 7.55 — 7.43 8.32 7.88
31A1 (π → π∗) 7.50 7.62 7.90 8.11 7.82 — 7.83 8.67 9.18

Triazine 11A′
1’ (n → π∗) 3.90 4.60 4.70 4.96 4.78 4.60 — 6.34 5.24

11A′
2’ (n → π∗) 4.08 4.68 4.80 4.98 4.76 4.66 — 6.45 5.57

11E′′ (n → π∗) 4.36 4.71 4.77 5.01 4.81 4.71 — 6.45 5.91
11A′

2 (π → π∗) 5.33 5.79 5.82 5.84 5.71 5.79 — 7.02 6.04
21A′

2 (π → π∗) 6.77 7.25 7.52 7.51 7.41 — — — —
21E′′ (n → π∗) 7.15 7.72 8.04 8.19 7.80 — — — —
11E′ (π → π∗) 8.16 7.49 8.06 6.28 8.04 — — — —
21E′ (π → π∗) 8.03 8.99 9.93 10.24 9.44 — — — —

Tetrazine 11B3u (n → π∗) 1.96 2.24 2.47 2.71 2.53 2.24 1.83 3.52 4.34
11Au (π → π∗) 3.06 3.48 3.67 4.07 3.79 3.48 3.61 5.67 6.49
11B1g (n → π∗) 4.51 4.73 5.10 5.32 4.97 4.73 4.53 6.08 9.07
11B2u (π → π∗) 4.89 4.91 5.20 5.27 5.12 4.91 4.76 6.24 6.09
11B2g (n → π∗) 5.05 5.18 5.53 5.70 5.34 5.18 4.72 6.56 7.67
11B3g (n, n → π∗, π∗) 5.16 5.79 — — — 5.79 — — —
21Au (n → π∗) 5.28 5.47 5.50 5.70 5.46 5.47 5.12 6.65 7.39
21B2g (n → π∗) 5.48 6.07 6.32 6.76 6.23 — 6.12 9.36 9.97
21B1g (n → π∗) 5.99 6.38 6.91 7.25 6.87 — 6.77 9.79 9.73
31B1g (n → π∗) 6.20 6.74 7.64 8.36 7.08 — — — 11.90
21B3u (n → π∗) 6.37 6.77 6.70 6.99 6.67 — 6.97 8.68 —
11B1u (π → π∗) 7.13 6.96 7.60 7.66 7.45 — 6.52 6.88 —
21B1u (π → π∗) 7.54 7.43 7.75 8.06 7.79 — 7.28 8.58 —
21B2u (π → π∗) 7.94 8.15 8.65 8.88 8.51 — 8.35 9.53 —
21B3g (π → π∗) 8.12 8.32 8.97 9.44 8.47 — — — —

Formaldehyde 11A2 (n → π∗) 3.91 3.98 4.09 3.97 3.95 3.88 2.93 4.46 3.43
11B1 (σ → π∗) 9.09 9.14 9.35 9.26 9.18 9.10 9.04 9.62 8.32
21A1 (π → π∗) 9.77 9.31 10.34 10.54 10.45 9.30 9.05 9.67 9.58

Acetone 11A2 (n → π∗) 4.18 4.42 4.52 4.43 4.40 4.40 3.78 5.10 3.66
11B1 (σ → π∗) 9.10 9.27 9.29 9.26 9.17 9.10 9.31 9.77 7.36
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Table 5.2: (continued)

Name State CASPT2 CASPT2 CC2 CCSD CC3 Best1 VOA-CIS2 CIS NOCI

21A1 (π → π∗) 9.16 9.31 9.74 9.87 9.65 9.40 8.89 9.69 9.17

Benzoquinone 11Au (n → π∗) 2.50 2.80 2.92 3.19 2.85 2.80 — 4.16 4.72
11B1g (n → π∗) 2.50 2.78 2.81 3.07 2.75 2.78 — 5.08 4.19
11B3g (π → π∗) 4.19 4.25 4.69 4.93 4.59 4.25 — 4.00 4.69
11B1u (π → π∗) 5.15 5.29 5.59 5.89 5.62 5.29 — 8.31 8.49
11B3u (n → π∗) 5.15 5.60 5.69 6.55 5.82 5.60 — 6.31 6.90
21B3g (π → π∗) 6.34 6.98 7.36 7.62 7.27 6.98 — 9.05 9.20
21B1u (π → π∗) 7.08 7.91 8.31 8.47 7.82 — — — 8.49

Formamide 11A′′ (n → π∗) 5.61 5.63 5.76 5.66 5.65 5.63 5.25 6.42 4.68
21A′ (π → π∗) 7.41 7.44 8.15 4.52 8.27 7.44 6.84 8.82 7.17
31A′ (π → π∗) 10.50 10.54 11.24 11.34 10.93 — 8.37 10.57 8.12

Acetamide 11A′′ (n → π∗) 5.54 5.80 5.77 5.71 5.69 5.80 5.26 6.58 4.71
21A′ (π → π∗) 7.21 7.27 7.66 7.85 7.67 7.27 7.07 9.02 6.83
31A′ (π → π∗) 10.08 10.09 10.71 10.77 10.50 — 7.65 9.86 7.95

Propanamide 11A′′ (n → π∗) 5.48 5.72 5.78 5.74 5.72 5.72 5.20 6.62 4.72
21A′′ (π → π∗) 7.28 7.20 7.56 7.80 7.62 7.20 7.22 9.00 6.71
31A′ (π → π∗) 9.95 9.94 10.33 10.34 10.06 — 7.73 9.82 6.89

Cytosine 21A′ (π → π∗) 4.39 4.68 4.80 4.98 — 4.66 5.26 6.07 4.88
11A′′ (n → π∗) 5.00 5.12 5.13 5.45 — 4.87 5.39 6.85 4.66
21A′′ (n → π∗) 6.53 5.54 5.01 5.99 — 5.26 5.59 7.21 6.40
31A′ (π → π∗) 5.36 5.54 5.71 5.95 — 5.62 6.21 7.45 7.49
41A′ (π → π∗) 6.16 6.40 6.65 6.81 — — 7.30 7.99 8.12
51A′ (π → π∗) 6.74 6.98 6.94 7.23 — — 7.82 9.04 —
61A′ (π → π∗) 7.61 8.23 8.45 8.69 — — — — —

Thymine 11A′′ (n → π∗) 4.39 4.94 4.94 5.14 — 4.82 4.80 6.23 4.08
21A′ (π → π∗) 4.88 5.06 5.39 5.60 — 5.20 5.88 6.31 6.25
31A′ (π → π∗) 5.88 6.15 6.46 6.78 — 6.27 7.17 8.24 7.07
21A′′ (n → π∗) 5.91 6.38 6.33 6.57 — 6.16 6.12 7.67 5.76
41A′ (π → π∗) 6.10 6.52 6.80 7.05 — 6.53 7.45 8.65 7.64
41A′′ (n → π∗) 6.15 6.86 6.73 7.67 — — 8.09 8.88 8.18
51A′′ (n → π∗) 6.70 7.43 7.18 7.87 — — 8.15 8.58 8.45
51A′ (π → π∗) 7.13 7.43 7.71 7.90 — — 8.63 9.59 8.23

Uracil 11A′′ (n → π∗) 4.54 4.90 4.91 5.11 — 4.80 4.81 6.22 3.97
21A′ (π → π∗) 5.00 5.23 5.52 5.70 — 5.35 6.03 6.49 6.08
31A′ (π → π∗) 5.82 6.15 6.43 6.76 — 6.26 7.16 8.36 6.82
21A′′ (n → π∗) 6.00 6.27 6.73 7.68 — 6.10 6.09 7.61 5.63
31A′′ (n → π∗) 6.37 6.97 6.26 6.50 — 6.56 7.13 7.82 8.36
41A′ (π → π∗) 6.46 6.75 6.96 7.19 — 6.70 7.58 8.76 7.93
51A′′ (n → π∗) 6.95 7.28 7.12 7.74 — — 8.83 9.33 8.75
51A′ (π → π∗) 7.00 7.42 7.66 7.81 — — 8.48 9.47 8.79

Adenine 21A′ (π → π∗) 5.13 5.20 5.28 5.37 — 5.25 5.76 6.23 5.74
31A′ (π → π∗) 5.20 5.30 5.42 5.61 — 5.25 5.89 6.37 6.32
11A′′ (n → π∗) 6.15 5.21 5.27 5.58 — 5.12 5.80 7.05 5.56
21A′′ (n → π∗) 6.86 5.97 5.91 6.19 — 5.75 6.78 7.50 5.73
41A′ (π → π∗) 6.24 6.35 6.58 6.83 — — 7.28 7.69 6.48
51A′ (π → π∗) 6.72 6.64 6.93 7.17 — — 7.55 8.16 —
61A′ (π → π∗) 6.99 6.88 7.49 7.72 — — 8.01 8.37 —
71A′ (π → π∗) 7.57 7.56 8.04 8.47 — — — — —
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Table 5.2: (continued)

Name State CASPT2 CASPT2 CC2 CCSD CC3 Best1 VOA-CIS2 CIS NOCI

1 Benchmark molecules and reference data from Reference [245].
2 CIS and VOA-CIS data taken from Reference [251].

In order to compare our data quantitatively with the benchmark data we adopt the same
errors as Liu and Subotnik. For a given molecule m there are n states and for each state
there is an error:

Errm,j = Etrial
m,j − Eref

m,j (j = 1, 2, ..., n) (5.21)

and for each molecule m there is therefore an average absolute error:

Errabsm =

∑nm

j=1 |Errm,j|

nm

(5.22)

We also compute the relative error for each molecule:

Errrelm =

√

∑nm

j,i=1 (Errm,i − Errm,j)
2

n2
m

(5.23)

We use a denominator of n2
m instead of the standard variance nm(nm−1) because nm can be

1. Clearly, the relative error for a certain molecule will be zero if the excitations are different
by a constant shift. Both the absolute and relative errors described above are per molecule
errors and thus we can average these errors over all the molecules(Err

abs/rel
mol ). For absolute

error, it is also possible to ignore which molecule the excitation came from and just average
over all excitations (Errabstotal). In Table 5.3, we have computed these three aggregate errors
for all the columns in Table 5.2.

From this table it is apparent that NOCI with the automated procedure has roughly the
same errors as CIS with slightly lower aggregate absolute errors and a slightly higher relative
error. CIS consistently overestimates excitation energies, a positive aspect of the method,
where as NOCI under and overestimates them, which explains why it has larger relative
error.

In Figure 5.2 we show both absolute and relative errors for NOCI and for CIS in com-
parison to the “Best” estimates of Schreiber et al.. As one can see the errors between CIS
and NOCI look comparable except for a two systems (pyrazine and tetrazine) which have
absolute errors above 2 eV. These large errors seem to be primarily in the systems with
n → π∗ type transitions for which the accuracy of NOCI requires further assessment. It is
possible that for these systems the excited states are being overcorrelated with respect to
the ground state as is seen in CISD.

CIS includes many more states than NOCI and thus one would expect the errors in CIS
and NOCI to be comparable for single excitations. For double excitations, which CIS can
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Table 5.3: Aggregate errors (eV), as defined in the text, with respect to the “Best” column
for all the methods included in Table 5.2.

Method Errabstotal Errabsmol Errrelmol

CASPT2 0.32 0.29 0.25
CASPT2 0.10 0.11 0.08

CC2 0.30 0.34 0.27
CCSD 0.49 0.51 0.35
CC3 0.24 0.26 0.19

VOA-CIS 0.49 0.54 0.52
CIS 1.27 1.15 0.74

NOCI 1.18 1.03 0.81

Figure 5.2: Absolute (upper) and relative (lower) error in vertical excitation energies (eV),
as defined in the text, with respect to the “Best” estimates from the benchmark set for each
of the 28 molecules.
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not accurately compute, one would expect NOCI to outperform CIS. The double excitations
in the benchmark data may be identified by a low %T1 of either EOM-CCSD or CC3 theory.
%T1 is a diagnostic which is the norm of coefficients of the singles excitations in the CC
wavefunction. If we look at just the excitations from the benchmark data for which %T1 < 75
we will be looking at primarily double excitations. For these 5 excitations (the 21A−

g of
butadiene, hexatriene and octatetraene, the 21E2g state of benzene, and the 31Ag state of
naphthalene), CIS was unable to find excitations of this character for both benzene and
naphthalene. The average error in CIS for these states is 2.95 eV (3 states) and for NOCI is
0.71 eV (5 states). This is another example where NOCI shows strength computing double
excitations.

5.5 Conclusions

We have detailed an approach for automatically generating the basis states for a NOCI
calculation. Our method relies upon the utilizing the eigenvectors of the NOCI Hessian
matrix to produce active spaces to generate new basis states. We have shown that this
automatic NOCI performs well on the linear polyenes and is able to include doubly excited
states. We have also tested this procedure on the benchmark data of Schreiber et al.[245]
showing results at approximately the same error as CIS. Examining Table 5.3, it is clear that
if one can computationally afford to run CC3 or CASPT2 one should do so, but when these
methods are infeasible and double excitations play an important role NOCI may be a good
option.

In the future, we will investigate possible adjustments of the automatic procedure to
ameliorate some of the errors, with the aim of providing a more balanced treatment of the
excitations. In this search for balance, it would be helpful to study the patterns of the
energies of the states before and after MOM relaxations and their importance in the final
wavefunctions. We will also be calculating the result of the NOCI spin purification scheme
on the benchmark systems, but we expect little difference in error.

Further developments and generalizations of NOCI are possible in many directions. NOCI
shows promise where orbital relaxation may be important such as singlet-triplet gaps in
transition metal systems and charge transfer states. Applying the current theory, to these
systems, leads to difficulties due to spin contamination and potentially would benefit from
a reinterpretation of NOCI with a focus on spin purity and spin completeness. NOCI is
a wavefunction based CI theory and thus would benefit from an improved treatment of
dynamic correlation, such as that in CASPT2. Analytic nuclear gradients would allow one
to follow the potential energy surface of the excited states.
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Appendix A

Experimental and Calculated Data for
Catalyst

Cyclic Voltammetry

Aqueous electrochemical experiments were conducted under a N2 atmosphere in a 1.0 M
buffered potassium acetate or phosphate solutions at ambient temperature and carried out
using BASi’s Epsilon potentiostat. All voltammetry experiments used a glassy carbon disk
working electrode (3.0 mm diameter), a platinum wire counter electrode, and a Ag/AgCl
reference electrode (BASi). All potentials were converted to SHE by adding 0.198 V to the
measured potentials.

Crystal Structure Determination

The crystal was coated with Paratone-N oil, attached to a Kapton loop, transferred to a
Siemens SMART APEX diffractometer, and cooled in a nitrogen stream. A full hemisphere
of data was collected, and the unit-cell parameters were refined against all data. The crystal
did not show significant decay during data collection. Data were integrated and corrected for
Lorentz and polarization effects using SAINT 7.07b, and were corrected for absorption effects
using SADABS 2.10. The space-group assignment was based upon systematic absences,
E-statistics, agreement factors for equivalent reflections, and successful refinement of the
structure. The structure was solved by direct methods and expanded through successive
difference Fourier maps. It was refined against all data using the SHELXTL 5.0 software
package. Hydrogen atoms were inserted at idealized positions and refined using a riding
model with an isotropic thermal parameter 1.2 times that of the attached carbon atom (or
1.5 times for terminal methyl groups). Thermal parameters for all non-hydrogen atoms were
refined anisotropically, except for the disordered atoms in the triflate counter ions and the
acetonitrile molecules.
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Table A.1: Crystallographic dataa for [(PY5Me2)Mo(MeCN)](CF3SO3)2·MeCN

Identification code hk216a

Empirical formula C73H50F12Mo2N16O12S4

Formula weight 1891.41

Temperature 100(2) K

Wavelength 1.54178Å

Crystal system, space group Monoclinic, P21/n

Unit cell dimensions a = 12.4356(6) Å α = 90◦

b = 15.7501(8) Å β = 90.681(2)◦

c = 20.2185(10) Å γ = 90◦

Volume 3959.8(3) Å3

Z, Calculated density 2, 1.586 mg/m3

Absorption coefficient 4.448 mm−1

F(000) 1904

Crystal size 0.35 × 0.20 × 0.18 mm

Theta range for data collection 3.56 to 68.16◦

Limiting indices −14 ≤ h ≤ 12,−16 ≤ k ≤ 18,−24 ≤ l ≤ 21

Reflections collected / unique 26907 / 7239 [Rint= 0.0139]

Completeness to theta = 68.16 91.7%

Absorption correction Empirical

Max. and min. transmission 0.7530 and 0.4802

Refinement method Full-matrix least-squares on F 2

Data / restraints / parameters 6642 / 0 / 522

Goodness-of-fit on F2 2.139

Final R indices [I > 2sigma(I)]b R1 = 0.0794, wR2 = 0.3049

R indices (all data) R1 = 0.0816, wR2 = 0.3253

Largest diff. peak and hole 1.916 and −1.404e−/Å−3

a Obtained with HELIOS multilayer mirror monochromated Cu Kα (λ = 1.5418Å) radiation

b R1 =
∑

||Fo| − Fc||/
∑

|Fo|, wR2 = {
∑

[w(F 2
o − F 2

o )2]/
∑

[w(F 2
o )2]}1/2
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Table A.2: Absolute energies with three functionals at the TZV-P/6-311G** basis of
all species and ∆Gvib

(T=298.15K) = ∆Htranslation + ∆Hrotational + ∆Hvibrational − (298.15K) ∗

(∆Stranslation + ∆Srotational + ∆Svibrational) (B3LYP/TZV-P/6-311G**) in Hartrees.

Species A B C
Multiplicity 1 2 2 4

B3LYP -5,446.783781 -0.259024 -0.583680 -0.620252
BP86 -5,447.167265 -0.274416 -0.574846 -0.584205
ωB97 -5,446.712850 -0.235381 -0.585440 -0.621088

∆Gvib
(T=298.15K) 0.435545 0.432399 0.445109 0.445458

Species D E
Multiplicity 1 3 1 3

B3LYP -0.855330 -0.865037 -1.165465 -1.176327
BP86 -0.862506 -0.870186 -1.154347 -1.166211
ωB97 -0.836189 -0.848002 -1.164639 -1.174553

∆Gvib
(T=298.15K) 0.441349 0.443420 0.454983 0.452959

Species F G H2

Multiplicity 3 2 4 1
B3LYP -1.166247 -1.003094 -0.979054 —

BP86 -1.140344 -1.026417 -0.998338 -1.177465
ωB97 -1.157474 -0.967223 -0.946157 —

∆Gvib
(T=298.15K) 0.455456 0.437805 0.436528 0.020908

Species H I
Multiplicity 2 4 2 4

B3LYP -1.431907 -1.396265 -1.423501 -1.396995
BP86 -1.442940 -1.401435 -1.431334 -1.403241
ωB97 -1.399619 -1.379520 -1.411031 -1.383765

∆Gvib
(T=298.15K) 0.452446 0.448278 0.453949 0.450067

Species J H2O H
‡
−→ I I

‡
−→ C

Multiplicity 2 1 2 2
B3LYP -1.740281 — -1.791604 -1.778098

BP86 -1.736175 -76.447789 -1.408120 -1.394615
ωB97 -1.736108 — -1.862535 -1.849030

∆Gvib
(T=298.15K) 0.458366 0.001867 0.449972 0.449405

Species I + H2O I + H2O
‡
−→ C + H2O F

‡
−→ A E

‡
−→ F

Multiplicity 2 2 1 3
B3LYP -78.278236 -78.247847 -1.509342 -1.492102

BP86 -77.894752 -77.864363 -1.125859 -1.108618
ωB97 -78.349167 -78.318778 -1.563033 -1.580273

∆Gvib
(T=298.15K) 0.474128 0.470645 0.453172 0.452786
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Figure A.1: A crystal structure of [(PY5Me2)Mo(CH3CN)]2+ in which an acetonitrile has
displaced the triflate of [(PY5Me2)Mo(CF3SO3)]

1+ demonstrating the lability of the triflate.

Table A.3: LOBA populations for E and H. H has an extra electron.

E H
0.94, 0.89, 0.83, 0.67 0.91, 0.69, 0.73, 0.53, 0.55

LOBA

It is important to note that in the LOBA of H two orbitals in the β-space as shown in the
article are below the threshold (0.60) used by Thom et al.[149] to define when to subtract one
from the atomic number while calculating oxidation state. Despite the choice made in that
paper, allowing 0.50 to be considered localized could also be justified from the thresholding
done within the previous work. If 0.50 is chosen though a difficulty arises when analyzing
I because in this case both bonding orbitals are greater than 0.5 and would be considered
localized resulting in an oxidation state of +1 for the metal hydride. This is not to say that
the analysis is broken but is more an indication of the fact that this method is quite new
and needs to be used carefully with systems for which it was not previously applied.



APPENDIX A. EXPERIMENTAL AND CALCULATED DATA FOR CATALYST 86

Figure A.2: LOBA diagrams for species A and B. Each set of shapes (i.e. blue circles)
represents a single molecular orbital. The y-axis is the LOBA population value for the atom
given on the x-axis. For A three molecular orbitals are shared between Mo and O, in both
the alpha (up spin) and beta (down spin) space; these are the 6 electrons making up the
triple bond. For B one of the orbitals in the alpha space is missing thus 2.5 bond order. In
both figures only orbitals involved in bonding are shown.

(a) A (b) B
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Figure A.3: Geometries of all species.

(a) A (b) B (c) C

(d) D (e) E

(f) F (g) G (h) H

(i) I (j) J
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Appendix B

Calculation of
〈

S2
〉

for two
Non-Orthogonal GHF Determinants

The equation for computing 〈S2〉 between two non-orthogonal determinants may be written
as:

〈

wΨ
∣

∣S2
∣

∣

xΨ
〉

=
〈

wΨ
∣

∣S2
x

∣

∣

xΨ
〉

+
〈

wΨ
∣

∣S2
y

∣

∣

xΨ
〉

(B.1)

+
〈

wΨ
∣

∣S2
z

∣

∣

xΨ
〉

(B.2)
〈

wΨ
∣

∣S2
σ

∣

∣

xΨ
〉

= 〈wΨ |Sσ|
wΨ〉 〈wΨ | xΨ〉 〈xΨ |Sσ|

xΨ〉 (B.3)

+
∑

ia

〈wΨ |Sσ|
wΨa

i 〉 〈
wΨa

i |
xΨ〉 〈xΨ |Sσ|

xΨ〉 (B.4)

+
∑

jb

〈wΨ |Sσ|
wΨ〉

〈

wΨ | xΨb
j

〉 〈

xΨb
j |Sσ|

xΨ
〉

(B.5)

+
∑

ia,jb

〈wΨ |Sσ|
wΨa

i 〉
〈

wΨa
i |

xΨb
j

〉 〈

xΨb
j |Sσ|

xΨ
〉

(B.6)

where σ = x, y, z. We shall now show how to compute each matrix element for GHF Slater
determinants in the above equation. The equations for the spin components for a given
ground state determinant with itself are given by:

〈Ψ |Sz|Ψ〉 =
1

2
(tr (SAOPαα) − tr (SAOPββ)) (B.7)

〈Ψ |Sx|Ψ〉 =
1

2
(tr (SAOPαβ) + tr (SAOPβα)) (B.8)

〈Ψ |Sy|Ψ〉 =
1

2
(tr (SAOPαβ) − tr (SAOPβα)) (B.9)

where Pαβ etc. are the blocks of the GHF density matrix and SAO is the atomic orbital over-
lap. These are obtained by applying the the Pauli spin matrices to our non-collinear (GHF)
wavefunction.[202, 252] To compute 〈wΨ | xΨ〉 we use the fact that in the corresponding
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orbital basis the inter-determinantal overlap matrix wxS is diagonal, which gives us:

〈wΨ | xΨ〉 = det (wxS) =
∏

i

si (B.10)

where si are the elements of that diagonal. To compute 〈wΨ |Sσ|
wΨa

i 〉 we recall that each
individual Slater determinant maintains orthogonality between their respective occupied and
virtual subspaces, therefore:

〈Ψ |Sz|Ψ
a
i 〉 =

∑

µν

αC ·µ
i · 〈ωµ | ων〉

αCν ·
·a − βC ·µ

i · 〈ωµ | ων〉
βCν ·

·a

〈Ψ |Sx|Ψ
a
i 〉 =

∑

µν

βC ·µ
i · 〈ωµ | ων〉

αCν ·
·a + αC ·µ

i · 〈ωµ | ων〉
βCν ·

·a

〈Ψ |Sy|Ψ
a
i 〉 =

∑

µν

βC ·µ
i · 〈ωµ | ων〉

αCν ·
·a − αC ·µ

i · 〈ωµ | ων〉
βCν ·

·a (B.11)

To compute 〈wΨa
i |

xΨ〉 and
〈

wΨ | xΨb
j

〉

we recognize that in the corresponding orbital basis a
single substitution in the coefficient matrix replaces either a row or column of wxS, changing
the determinant of that matrix by one value:

〈wΨa
i |

xΨ〉 =
det (wxS) 〈wφa |

xφi〉
wxSii

(B.12)

〈

wΨ | xΨb
j

〉

=
det (wxS) 〈wφj |

xφb〉
wxSjj

(B.13)

In order to compute the final element,
〈

wΨa
i |

xΨb
j

〉

, we will utilize the matrix determinant
lemma which states:

det
(

A + UV†
)

= det
(

I + V†A−1U
)

det (A) (B.14)

where A is an n-by-n invertible matrix and U and V are n-by-m matrices and are not
related to the U and V of the SVD. The lemma becomes useful when we notice that, akin
to the element 〈wΨa

i |
xΨ〉 computed above, the element

〈

wΨa
i |

xΨb
j

〉

involves replacing a row
and a column of wxS. In our case the matrix A will be the corresponding orbitals overlap
matrix wxS, the determinant of which is 〈wΨ | xΨ〉 which we have already computed above.
Recalling this matrix is diagonal the inverse may also be computed easily. The U and V must
be constructed so that they replace the elements of the wxS appropriately; in our case because
we are replacing a row and a column of this matrix U and V will be n-by-2 matrices making
the so far unknown determinant on the right hand side the determinant of 2-by-2 matrix.
The construction of U and V involves recognizing that the substitutions in |wΨ〉 make for
rows consisting of elements 〈wφa |

xφi〉, substitutions in |xΨ〉 make for columns consisting of
elements 〈wφj |

xφb〉 and both substitutions make a point of intersection 〈wφa |
xφb〉. Utilizing
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Kronecker deltas to take into account when to add and subtract the values, we can write
down U and V:

U1,k = δki (B.15)

U2,k = (1 − δki)(〈
wφk |

xφb〉 − δkjsj) (B.16)

Vl,1 = (1 − δlj)(〈
wφa |

xφl〉 − δlisi) + δlj(〈
wφa |

xφb〉 − δlisi) (B.17)

Vl,2 = δlj (B.18)

where i represents the occupied orbital substituted by a, the virtual orbital, of |wΨ〉 and j
and b likewise for |xΨ〉, and the indices k and l represent dummy occupied orbital indices
(the n rows of these skinny matrices). After some algebra we arrive at:

det
(

I + V†wxS−1U
)

= (B.19)

= det

(

♣ ♥
♦ ♠

)

(B.20)

♣ =
〈xφi |

wφa〉

si
+ δji

(

〈xφb |
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si
−

〈xφi |
wφa〉

si

)

(B.21)
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∑

l

〈wφa |
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wφl |
xφb〉

sl
−

〈wφa |
xφi〉 〈

wφi |
xφb〉

si
(B.22)

+
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xφb〉
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(

〈wφa |
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si
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♦ = δijs
−1
i (B.25)

♠ =
〈wφj |

xφb〉

sj
− δji

(

〈wφi |
xφb〉

si
+ 1

)

(B.26)

det
(

I + V†wxS−1U
)

=
〈wφa |

xφi〉 〈
wφj |

xφb〉

sisj
(B.27)

+ δji

(

〈xφb |
wφa〉

si
− s−1

i

∑

l

〈wφa |
xφl〉 〈

wφl |
xφb〉

sl

)

(B.28)

This expression can then be split up into the on and off diagonal terms, combined with
Equation B.11, and contracted appropriately to form an evaluation of 〈S2〉 which scales as
N3 per determinantal pair where N is the size of atomic orbital basis.
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(167) Miertuš, S.; Scrocco, E.; Tomasi, J. Electrostatic interaction of a solute with a contin-
uum. A direct utilizaion of AB initio molecular potentials for the prevision of solvent
effects. Chemical Physics 1981, 55, 117–129.
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(200) Malmqvist, P. Å. Calculation of transition density matrices by nonunitary orbital
transformations. International Journal of Quantum Chemistry 1986, 30, 479–494.



REFERENCES 105

(201) Thom, A. J. W.; Head-Gordon, M. Hartree–Fock solutions as a quasidiabatic basis
for nonorthogonal configuration interaction. The Journal of Chemical Physics 2009,
131, 124113.

(202) Löwdin, P.; Mayer, I. Some Studies of the General Hartree–Fock Method. Advances
in Quantum Chemistry 1992, 24, 79–114.
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(217) Löwdin, P.-O. Band Theory, Valence Bond, and Tight-Binding Calculations. Journal
of Applied Physics 1962, 33, 251.

(218) Gilbert, A. T. B.; Besley, N. a.; Gill, P. M. W. Self-consistent field calculations of
excited states using the maximum overlap method (MOM). The Journal of Physical
Chemistry A 2008, 112, 13164–71.

(219) Pulay, P Convergence Acceleration of Iterative Sequences. The Case of SCF Iteration.
Chemical Physics Letters 1980, 73.

(220) Pulay, P. Improved SCF convergence acceleration. Journal of Computational Chem-
istry 1982, 3, 556–560.

(221) Besley, N. A.; Gilbert, A. T. B.; Gill, P. M. W. Self-consistent-field calculations of
core excited states. The Journal of Chemical Physics 2009, 130, 124308.

(222) Peng, B.; Van Kuiken, B. E.; Ding, F.; Li, X. A Guided Self-Consistent-Field Method
for Excited-State Wave Function Optimization: Applications to Ligand-Field Transi-
tions in Transition-Metal Complexes. Journal of Chemical Theory and Computation
2013, 3933–3938.

(223) Yost, S. R.; Kowalczyk, T.; Van Voorhis, T. A multireference perturbation method
using non-orthogonal Hartree–Fock determinants for ground and excited states. The
Journal of Chemical Physics 2013, 139, 174104.

(224) Sanderson, C. Armadillo: An open source C++ linear algebra library for fast proto-
typing and computationally intensive experiments. Technical Report 2010, NICTA,
1–16.

(225) Kurashige, Y.; Nakano, H.; Nakao, Y.; Hirao, K. The π → π* excited states of long
linear polyenes studied by the CASCI-MRMP method. Chemical Physics Letters
2004, 400, 425–429.

(226) Hsu, C.-P.; Hirata, S.; Head-Gordon, M. Excitation Energies from Time-Dependent
Density Functional Theory for Linear Polyene Oligomers: Butadiene to Decapen-
taene. The Journal of Physical Chemistry A 2001, 105, 451–458.

(227) Starcke, J. H.; Wormit, M.; Schirmer, J.; Dreuw, A. How much double excitation
character do the lowest excited states of linear polyenes have? Chemical Physics
2006, 329, 39–49.

(228) Watts, J. D.; Gwaltney, S. R.; Bartlett, R. J. Coupled-cluster calculations of the exci-
tation energies of ethylene, butadiene, and cyclopentadiene. The Journal of Chemical
Physics 1996, 105, 6979.



REFERENCES 107

(229) Watson, M. A.; Chan, G. K.-L. Excited States of Butadiene to Chemical Accuracy:
Reconciling Theory and Experiment. Journal of Chemical Theory and Computation
2012, 8, 4013–4018.

(230) Lehtonen, O.; Sundholm, D.; Send, R.; Johansson, M. P. Coupled-cluster and density
functional theory studies of the electronic excitation spectra of trans-1,3-butadiene
and trans-2-propeniminium. The Journal of Chemical Physics 2009, 131, 024301.

(231) Kitao, O.; Nakatsuji, H. Cluster expansion of the wavefunction: Valence and Rydberg
excitations of trans- and cis-butadiene. Chemical Physics Letters 1988, 143, 528–534.

(232) Saha, B.; Ehara, M.; Nakatsuji, H. Singly and doubly excited states of butadiene,
acrolein, and glyoxal: Geometries and electronic spectra. The Journal of Chemical
Physics 2006, 125, 014316.

(233) Serrano-Andrés, L.; Lindh, R.; Roos, B. O.; Merchán, M. Theoretical study of the
electronic spectrum of all-trans-1,3,5,7-octatetraene. The Journal of Physical Chem-
istry 1993, 97, 9360–9368.

(234) Nakayama, K.; Nakano, H.; Hirao, K. Theoretical study of the π → π∗ excited states
of linear polyenes: The energy gap between 11B+

u and 21A−
g states and their character.

International Journal of Quantum Chemistry 1998, 66, 157–175.
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