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Abstract

Hidden-color configurations are a key prediction of QCD with important physical consequences. In this work we

examine a QCD color-singlet configuration in nuclei formed by combining six scalar [ud] diquarks in a strongly bound

SU(3)C channel. The resulting hexadiquark state is a charge-2, spin-0, baryon number-4, isospin-0, color-singlet state.

It contributes to alpha clustering in light nuclei and to the additional binding energy not saturated by ordinary nuclear

forces in 4He as well as the alpha-nuclei sequence of interest for nuclear astrophysics. We show that the strongly

bound combination of six scalar isospin-0 [ud] diquarks within the nuclear wave function - relative to free nucleons

- provides a natural explanation of the EMC effect measured by the CLAS collaboration’s comparison of nuclear

parton distribution function ratios for a large range of nuclei. These experiments confirmed that the EMC effect;

i.e., the distortion of quark distributions within nuclei, is dominantly identified with the dynamics of neutron-proton

(“isophobic”) short-range correlations within the nuclear wave function rather than proton-proton or neutron-neutron

correlations.

1. Introduction

A striking feature of the nuclear structure functions

measured in deep inelastic scattering (DIS) is the strong

deviation from nucleon additivity observed by the Euro-

pean Muon Collaboration (EMC) at CERN in the kine-

matic domain of the Bjorken scaling variable 0.3 <

xB j < 0.7 [1, 2]. From a nuclear physics perspective,

the EMC effect is hypothesized to be due to either mean-

field nuclear effects or short-range two nucleon interac-

tions. In this work we take the latter view. The EMC

effect is taken to be a direct measure of strong inter-

nal nucleon-nucleon dynamical interactions related to

short-range correlated (SRC) nucleon pairs within the

nucleus [3] rather than a static modification of the nu-

clear mean field [4, 5]. Nuclear shadowing and anti-

shadowing effects are also observed in the nuclear par-

ton distribution functions (PDFs) at low xB j, but these

effects reflect diffractive processes and the interference

of single and multiple scattering amplitudes [6]. The

EMC effect is observed in deep inelastic scattering DIS

experiments at leading twist, meaning that the quark

structure of the nuclear target is directly measured. In

this paper we analyze the dynamical EMC deviation of

nuclear structure functions from nucleon additivity at a

fundamental level from QCD degrees of freedom.

The CLAS collaboration recently analyzed the de-

tailed dependence of the EMC effect on the composition

of the nuclear target, systematically comparing nuclei

and isotopes with different numbers of protons and neu-

trons, by utilizing simultaneous measurements of DIS

and quasi-elastic scattering [7]. The physical picture

that emerges from their analysis is of high virtuality nu-

cleons in the nucleus fluctuating into strongly interact-

ing SRC pairs, thus distorting their internal quark and

gluon structure. The short-range correlations appear to

be specifically associated with neutron-proton scatter-

ing events versus neutron-neutron or proton-proton in-

teractions within the nuclear domain [7]. This pattern

of SRCs has a remarkably strong isospin dependence

in the nucleon-nucleon interaction. As stated by the

CLAS collaboration, the SRC of nucleons within nu-

clei appear to be ‘isophobic’; i.e., similar nucleons are

much less likely to be correlated than dissimilar nucle-

ons, leading to many more neutron-proton SRC pairs

than neutron-neutron and proton-proton pairs [8]. In-
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deed, the neutron-proton correlated pairs are as much as

20 times as prevalent as the proton-proton and neutron-

neutron pairs [9].1 The isospin structure of nucleon-

nucleon SRC pairs was first described using Alternat-

ing Gradient Synchrotron (AGS) accelerator data from

Brookhaven National Laboratory [11].

2. The hexadiquark model

The hadronic (and nuclear) eigenstates of the QCD

light-front (LF) Hamiltonian HLF |ΨH〉 = M2
H
|ΨH〉 are

built on LF Fock states |n〉, the color-singlet eigenstates

of the free LF Hamiltonian H0
LF

. The coefficients 〈n|H〉
in the Fock state expansion for hadrons are the LF wave

functions ΨH(xi, k⊥i, λi) which depend only on the in-

ternal partonic coordinates: the longitudinal momen-

tum fraction xi, the transverse momentum k⊥i, and the

constituent spin along the z-direction λi. The LF wave

functions underlie hadronic observables such as form

factors, parton distribution functions, transverse mo-

mentum dependent distribution (TMDs), fragmentation

functions and distribution amplitudes [12].

This LF Fock state expansion has led to novel

perspectives for the nonperturbative QCD structure

of hadrons including the quark-antiquark structure of

mesons, the quark-diquark structure of baryons, and the

diquark-antidiquark structure of tetraquarks. One such

theoretical perspective is the light-front holographic

QCD (LFHQCD) approach where the color-confining

interaction is determined by an underlying superconfor-

mal algebraic structure [13].

LFHQCD is based on the gauge/gravity correspon-

dence between classical gravity in five dimensions and

light-front quantization in the physical 3 + 1 space-time

dimensions [14]. It predicts that the three-quark valence

state of the proton is in a quark-diquark configuration

|u[ud]〉 where [ud] is a scalar diquark with color 3C.

LFHQCD gives a systematic accounting of observed

hadron spectroscopy including the massless pion in the

chiral limit. It also predicts supersymmetric 4-plet rela-

tions between the meson, baryon and tetraquark eigen-

states and their Regge trajectories with universal slopes

[13].

For the EMC effect, we propose a novel QCD Fock

state expansion for nuclei – the existence of a B=4, Q=2

spin, isospin and color-singlet configuration, the hexadi-

quark (HdQ),

|ψHdQ〉 = |[ud][ud][ud][ud][ud][ud]〉, (1)

1A recent reanalysis of CLAS data indicates a transition to spin-

independent correlations at very high momenta likely due to universal

N − N repulsion at very short distances [10].

which is composed of a strongly bound set of six scalar

diquarks with the same global quantum numbers as the
4He nucleus, JP = 0+.

Each neutron-proton pair donates three [ud] diquarks

to the HdQ, with the proton donating a valence u and the

neutron a valence d to create the third diquark. Isopho-

bic SRCs are due to the strong QCD interactions of the u

and d bond within each diquark of the six-diquark HdQ

in the nuclear environment, not from nucleon-nucleon

n-p interactions within the nucleus. To illustrate this

point, consider the case of a semi-inclusive DIS exper-

iment on a nucleus where the distribution of two final

state nucleons is measured. The struck u quark and its

recoiling d quark partner in any of the diquarks within

the HdQ will produce outgoing nucleons p = |u[ud]〉
and n = |d[ud]〉 with balancing momenta. This will ap-

pear in such an experiment as an n-p SRC.

The HdQ state is a color-singlet combination of six

I=0, J=0 [ud] diquarks, each in the antisymmetric color

configuration 3C, a remarkable QCD bound state of 12

quarks in a single domain of color confinement. In ad-

dition, we shall show that the six diquarks are corre-

lated as three 6C scalar duo-diquarks (DdQs) [[ud][ud]].

The HdQ state is a manifestation of a “hidden-color”

[15, 16] nuclear state since it matches the quantum num-

bers B=4, A=4, Q=2, I=0, JP = 0+ of the 4He nucleus.

It is thus a viable candidate for the underlying isopho-

bic SRC structure function distortions behind the EMC

effect.

3. Construction of the hexadiquark wave function

The hexadiquark is a JP = 0+, I=0, B=4, Q=2 hadron

constructed in a three-step process. In the first step, two

quarks in the fundamental color representation 3C form

a [ud] scalar diquark which transforms as a 3C color ob-

ject in the product 3C ⊗3C → 6C ⊕3C . The 3C represen-

tation is chosen over the 6C because it is antisymmetric,

and with the scalar diquark transforming as singlet un-

der spin and space, this builds a totally antisymmetric

nucleon wave function in compliance with Fermi statis-

tics. In the second step, two scalar diquarks in the 3C

combine to form a duo-diquark (DdQ) which transforms

in the symmetric color representation 6C in the product

3C ⊗ 3C → 6C ⊕ 3C (Appendix A). It is not possible

to form a DdQ from two identical scalar diquarks in a

relative S -state in the antisymmetric 3C because it van-

ishes identically. On the other hand, it is possible to

construct a DdQ in the 6C which is also a singlet under

isospin and space rotations: Its total wave function is

totally symmetric according to the spin-statistics theo-

rem. For the third and final step, the three DdQs bind
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together to form the color singlet HdQ in the SU(3)

product 6C ⊗ 6C ⊗ 6C → 1. This is viable because

6C ⊗ 6C → 6C , and the product 6C ⊗ 6C contains the

color singlet:

{

(

[ud]
3C

[ud]
3C

)

6C

(

[ud]
3C

[ud]
3C

)

6C

(

[ud]
3C

[ud]
3C

)

6C

}

1C

.

(2)

This product of 6C duo-diquark clusters has identical

quantum numbers as the α particle and overlaps with

the usual QCD nuclear bound state

{

(

u3C
[ud]

3C

)

1C

(

d3C
[ud]

3C

)

1C

(

u3C
[ud]

3C

)

1C

(

d3C
[ud]

3C

)

1C

}

1C

,

(3)

expressed in terms of identical quarks but clustered into

nucleons. Isoscalar diquarks in the 6C have been used to

build recently detected hexaquark wave functions [17].

Computing the global quantum numbers and examin-

ing the full configuration for this 12-body bound-state

system is a complex dynamical problem. The discus-

sion is greatly simplified when considered in terms of

the DdQ effective bosonic degrees of freedom, neglect-

ing additional relative coordinates, for example, from

the quarks in a diquark or the excitation between di-

quarks in a DdQ. This reduces the number of indepen-

dent variables and degrees of freedom to a minimum.

Following this procedure, the 12 quarks are organized

into 3 DdQ clusters in the 6C representation of SU(3) as

shown in Eq.(2).

Table 1: Effective SU(3) color factors CF , Eqs. (A.15) and (A.19),

in various formation channels from one-gluon exchange: The minus

(plus) sign in the third column corresponds to short-range attraction

(repulsion). The label C or NC refers to spin-statistics compliant or

non-compliant cluster configurations.

Configuration Channel CF C/NC

Diquark 3 ⊗ 3→ 3 - 2/3 C

3 ⊗ 3→ 6 1/3 C

DdQ 3 ⊗ 3→ 3 - 2/3 NC

3 ⊗ 3→ 6 1/3 C

2 DdQ 6 ⊗ 6→ 6 - 5/3 C

HdQ 6 ⊗ 6 ⊗ 6→ 1 - 5 C

One-gluon exchange is attractive in the 3C ⊗3C → 3C

diquark channel; in contrast, the short-range interaction

in the 3C⊗3C → 6C channel is repulsive (Table 1). Like-

wise, the allowed DdQ formation channel 3C⊗3C → 6C

is repulsive at short distances, but as a counter to this re-

pulsion the DdQ will remain color confined at larger dis-

tances at a radius determined by the QCD scale. Finally,

one-gluon exchange between two HdQs in the cluster-

ing channel 6C⊗6C → 6C leads to short-range attraction.

The HdQ interactions in the color-singlet HdQ channel

6C ⊗ 6C ⊗ 6C → 1 leads to a strong short-range attrac-

tion simply by adding color factors for every two-body

interaction beginning with the diquark. The color factor

for this construction is CF = −5, as compared with the

corresponding factor for the nucleon, CF = −2, in its

color singlet representation.

The short-range repulsion in the second step of the

construction, with two diquarks forming a 6C of SU(3),

should lead to a more extended object, probably having

a larger overlap with the usual nuclear bound state. In

fact, the HdQ hidden-color configuration may be partic-

ularly relevant at large distances where the HdQ should

contribute to alpha clustering in light nuclei [18, 19]

and to the additional binding energy observed in the

alpha-nuclei sequence, e.g., in the ground states for
4He,8Be,12C,16O, . . . , and states not saturated by the

standard nuclear forces.

To construct the HdQ wave function we follow the

three-step procedure described above. The scalar di-

quark ψ
[ud]
a is given by the spin-isospin singlet product

ψ[ud]
a = [ud]a (4)

=
1
√

2
ǫabc

(

ub↑dc↓ − db↑uc↓
)

,

where the indices a, b, c = 1, 2, 3 are color indices in the

fundamental SU(3)C representation. The scalar diquark

is a JP = 0+, I = 0 object which transforms as color 3.

In the second step we construct the DdQ, ψ[udud], the

product 3C ⊗ 3C from two scalar diquarks. It is the sum

of a 3C and a 6C represented by the symmetric tensor

(A.3). The DdQ, ψ[udud], is thus given by the symmetric

tensor operator

ψ
[udud]

ab
= ψ[ud]

a ψ
[ud]

b
, (5)

an isospin singlet state which transforms in the symmet-

ric 6 color representation under SU(3)C transformations.

The DdQ itself is also an effective scalar boson since it

is the product of two scalar bosons: It transforms as a

JP = 0+ state under SO(3) rotations.

Lastly, we construct the HdQ which is the color sin-

glet product of three DdQ in the 6C . To this end, we first

construct the symmetric 6C out of the product of two 6C

in the complex conjugate representation: 6C ⊗6C → 6C.

It is given by the symmetric tensor (A.11). The HdQ

wave function, ψHdQ, is thus the color singlet

ψHdQ = ǫ
ac f ǫbdg ψ

[udud]

ab
ψ

[udud]

cd
ψ

[udud]

f g
, (6)
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which, as required, is fully symmetric with respect to

the interchange of any two bosonic duo-diquarks. The

HdQ spatial wave function must also be totally sym-

metric with respect to the exchange of any two DdQs

in order for the total wavefunction to obey the correct

statistics. The HdQ is a JP = 0+, I=0 color singlet

state, matching the quantum numbers of the 4He nucleus

ground state.

The physical alpha particle eigenstate of the QCD

Hamiltonian is a linear combination of both the hidden-

color HdQ and the conventional four-nucleon bound

state of nuclear theory

|α〉 = Cpnpn

∣

∣

∣(u[ud])1C
(d[ud])1C

(u[ud])1C
(d[ud])1C

〉

+ CHdQ

∣

∣

∣([ud][ud])
6C

([ud][ud])
6C

([ud][ud])
6C

〉

. (7)

The mixing of the HdQ with the conventional |npnp〉
nuclear state will also lead to a new JP = 0+ excited

eigenstate which can decay to the ground state by virtual

photon emission. The presence of the HdQ hidden-color

Fock state, which is strongly bound by the QCD color-

confining interactions, can lower the mass of the 4He

nuclear eigenstate, and thus can account for its excep-

tionally strong ∼ 7 MeV binding energy per nucleon.

Nuclei with A = 2Z ≥ 4, which can be identified as

clustered multi-alpha bound states such as 12C and 16O,

have increased binding relative to their neighbours in

the nuclear isotope sequences and can have multi-HdQ

components. In principle, other heavy nuclei with A > 4

can have both multi-HdQ and nucleon degrees of free-

dom.

One might expect nuclear HdQ effects to be small as

nuclear computations based on the nucleon-nucleon in-

teraction and chiral effective field theory give a reason-

able description of binding energies for light nucleons.

In fact, recent lattice simulations using effective nucleon

degrees of freedom to compute the ground state proper-

ties for ∼ 70 isotopes from 3He to 48Ca, give binding

energies and charge radii with a typical NLO error of

10% [20]. However, the physics contained within the

free parameters allows for the possibility of larger ef-

fects.

It is interesting to note that the local scalar four-

nucleon interaction, which obeys Wigner’s approxi-

mate spin-flavor SU(4) symmetry [21], can arise from

the HdQ hadronic state mixing with four nucleons:

(p↑p↓n↑n↓): All quantum numbers are identical: Q=2,

B=4, I=0, J=0. Thus the four-nucleon SU(4) scalar

interaction term in the effective nuclear theory expan-

sion [20] can be related in QCD to the mixing of nucle-

onic degrees of freedom with HdQs. This is particularly

relevant to the study of alpha-like configurations across

the light, medium and heavy mass nuclei.

The actual quantitative determination of the HdQ

probability, PHdQ = |CHdQ |2, in nuclei with A ≥ 4 is

an important nonperturbative QCD question. Its precise

value is a dynamical question and could, in principle,

be answered by lattice gauge theory (LGTH), just as

LGTH has recently established the importance of non-

perturbative intrinsic heavy quark Fock states in hadrons

[22]. The maximum contribution of the HdQ to the

binding energy of 4He approaches the full 7 MeV per

nucleon. There is a binding energy increase from the

usual dependence on the atomic number A, which is

proportional to the number of nucleon pairs and thus

roughly proportional to A2 for light nuclei below the

saturation point; this implies the binding energy per nu-

cleon should grow at least as A [23]. There is also a con-

tribution to the binding energy from closing the neutron

and proton shells in 4He. The maximum contribution

from the HdQ state may be less than 7 MeV per nu-

cleon.

It is important to notice that in the nuclear shell model

the nucleons move almost freely in an average nuclear

potential, and the shell structure is determined mainly

by the exclusion principle. In contrast, the quarks and

diquarks in the HdQ are strongly correlated in the ex-

tended confinement domain determined by the color

interactions of the six 3C diquarks and three 6C duo-

diquarks as we have discussed above: The confining

HdQ potential includes three- and four-body forces, due

to gluon three- and four-vertex interactions. In total,

the HdQ state has 12 quarks with a different quantum

number labeled by 3 colors, 2 spins, and 2 isospins, the

maximum number in a single spatial domain allowed by

spin-statistics. In this sense, the HdQ has a ‘shell’ struc-

ture that is also determined by the exclusion principle,

but at the quark level.

4. Hexadiquark Configurations in Nuclei and the

EMC Effect

The EMC effect is observed as the difference between

the quark PDF distribution qA(x,Q) measured in DIS of

a lepton beam of energy Q on a nucleus vs. the sum of

quark distributions obtained from the DIS scattering on

the corresponding free nucleons:

∆qA = qA(x,Q) − [Zqp(x,Q) + (A − Z)qn(x,Q)]. (8)

In this picture, the valence structure of the sum of free

nucleons corresponds to A diquarks plus Z up quarks

and A − Z down quarks. However, when the nucleons

4



are in the nuclear bound state, these u and d quarks are

attracted to each other by the QCD color interaction and

can form additional [ud] diquarks. A set of six diquarks

can combine into the color singlet HdQ.

We postulate that all nuclei with A ≥ 4 have an un-

derlying substructure containing one or more strongly

bound hexadiquarks. The EMC effect in DIS then arises

from the lepton scattering on an up or down quark in an

I=0, S=0, Q= + 1
3

[ud] diquark within the Q=2, B=4,

I=0 hexadiquark state. The struck up or down quark

is strongly correlated with a quark of opposite isospin.

The correlation therefore appears as an isophobic short-

range correlation.

More precisely, suppose an u quark struck by the lep-

ton in DIS is in one of the six [ud] diquarks. Its light-

front longitudinal momentum fraction x-distribution is

modified by the strong interactions with its d-quark

partner. Similarly, if the lepton scatters on a d quark in

an [ud] diquark, its LF x-distribution is modified by the

strong interactions with its u-quark partner. The pair-

ing of valence up and down quarks in conjunction with

existing diquarks creates isophobic SRCs at the quark

level.

The difference of the quark distribution ∆qA in nuclei

vs. free nucleons measured by EMC and CLAS can be

attributed to DIS on the quarks of the four extra diquarks

formed from 2 sets of nearest neighbor N-N interactions

in the nuclear eigenstate. Moreover the N-N SRCs aris-

ing from the existence of the set of six scalar diquarks

are automatically isophobic.

5. Additional Consequences of the Hexadiquark

Model

The HdQ component within the 4He nuclear wave-

function may play a crucial role in lowering its mass.

Diquarks can form through attractive SU(3)C interac-

tions and diquarks themselves can bind together lead-

ing to the hexadiquark with the spin-color and clustering

structure of Eq.(2). It is the twelve quark color singlet

manifestation of hidden color [15] in the nuclear sys-

tem.

Several questions are raised by the scalar hexadiquark

model.

1. Does this explanation for the EMC effect imply it

is identical for u and d type quarks?

The effect is identical for u and d type quarks. We

have not given a special role to the specific u and d cou-

pling to the virtual photon in the DIS sequence for the

formation of the intermediate HdQ state. Therefore the

basic mechanism would not depend on the u or d active

quark; however the specific composition of the debris in

the final state would depend on the u or d coupling. Nu-

clei with Z < A
2

, i.e., those with more neutrons than pro-

tons as is the case for the majority, will therefore appear

to interact more frequently with up quarks. However the

HdQ treats both u and d on the same footing.

2. Does the model imply that there is an EMC effect

for sea quarks?

A through exploration of hexadiquark dynamics

would be required to answer this question precisely. As

discussed earlier, we do expect larger repulsive forces

at the core from 6 duo-diquarks, which would exceed

the larger distance confinement pressure from gluons

[24]. Therefore the effects from higher Fock compo-

nents would likely be decoupled as compared to the va-

lence contribution of the intermediate hexadiquark.

3. Does the EMC effect depend on the target polar-

ization?

The model proposed is isospin dependent and in fact

is isophobic. Therefore even for n-p pairs there is an

important dependence on the singlet or triplet configura-

tion of the nucleon pair. One could devise a polarization

experiment which could address this critical prediction

of the model.

4. Is the EMC effect the same for DIS charge current;

i.e., neutrino beam vs. neutral current reactions?

The equivalent DIS sequence for the charged current

amounts to replacing the γ∗ virtual photon by a spin-1

W vector boson. Since the W has no isospin assignment,

we expect processes similar to the sequence initiated by

an isospin-0, J=1 photon.

6. Conclusions and Outlook

The existence of a color singlet hexadiquark config-

uration in nuclear QCD eigenstates may have a major

impact on fundamental nuclear structure theory. The

SU(3)C interactions in the nuclear environment allow

the formation of a strongly bound isospin-singlet sex-

tet of scalar diquarks in the attractive channel as a QCD

state of the nuclear system. In this picture, the quark-

diquark model of individual nucleons is modified in the

nuclear wave function by nearest neighbor interactions

creating a set of six diquarks between four nucleons that

form the HdQ configuration.

Furthermore, we have identified a mechanism based

on QCD degrees of freedom that describes the strong

isospin dependence of short-range N-N correlations.

The key point for nuclear structure is the special role of

the color singlet hexadiquark. It consists of six isospin-

singlet scalar diquark structures strongly bound into a

5



hidden-color QCD state in the nuclear system. In this

picture, the quark-diquark model of individual nucleons

is modified during nearest neighbor short-range interac-

tions within the nucleus. Scalar diquarks from neigh-

boring nucleons form through QCD interactions with

valence up and down quarks, with each nucleon do-

nating one valence quark to their shared diquark. The

flavor composition for scalar diquarks requires oppo-

site isospin in order to satisfy the spin-statistics theo-

rem for [ud]. The hexadiquark is formed through inter-

actions occurring between neutrons and protons rather

than neutron-neutron or proton-proton (the definition of

“isophobic”). Thus the HdQ may underlie the phenom-

ena of isophobic SRCs. It has zero internal orbital an-

gular momentum, its constituents are consistent with

Fermi statistics and its quantum numbers are identical

to the α particle. Indeed, hexadiquarks are proposed as

an important degree of freedom within heavy nuclei by

its mixing with nuclear states with A ≥ 4.

The difference between leading twist nuclear and nu-

cleon structure functions in Eq. (8) is sensitive to the

difference of [ud] diquarks in nuclei vs. nucleons, and

thus the isophobic EMC effect is also sensitive to the

HdQ correlations within the QCD nuclear eigenstates.

This explanation can be tested by diffractively dissoci-

ating relativistic beams of heavy nuclei [16]. The final

state should display the underlying hexadiquark compo-

sition of the nucleus.

The hexadiquark is formed from four nucleons: two

protons and two neutrons. It requires momentum shar-

ing between pairs of u and d valence quarks in nearest

neighbor neutrons and protons, thus leading to the ob-

served ejection of the proton and neutron containing the

struck quark in the SRC pair. A key aspect of the model

is its isospin structure which gives a strong isospin de-

pendence to the correlated pairs. The MARATHON ex-

periment at Jefferson Lab [25] with 3He and 3H targets

should not exhibit strong isophobic SRCs as the hexadi-

quark cannot form in such nuclei. During the revision

process, we’ve been informed of preliminary results in-

dicating that the isophobic nature of SRC may deplete

as predicted by the HdQ model [26, 27, 28, 29, 30].

Predictions for diquarks in A = 3 nuclei are contained

within a companion work on N-N diquark formation

[31]. Any nuclei with A > 3 is predicted to contain the

hexadiquark in its Fock space and will therefore lead

to stronger binding and exhibit strong isophobic SRC, a

further investigation of which we defer to future work

[32].
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Appendix A. Tensor Product Decomposition and

Casimir Invariant Operators

In this appendix we examine the decomposition of

SU(3) tensor products which are particularly useful to

construct the wave function in different representations

of the gauge group. We also indicate the relevant group

factors which determine the sign and strength of one-

gluon exchange between particles in different SU(3)C

representations 2

Appendix A.1. SU(3) Tensor Product Decomposition

We represent a vector component transforming in the

fundamental representation of SU(3) by ψa and its com-

plex conjugate representation by ψa, where the indices

a, b, · · · , f = 1, 2, 3 are indices in the fundamental rep-

resentation. We will specify an irreducible SU(3) repre-

sentation by its tensor components (n,m), where n is the

number of non-contracted upper indices and m the num-

ber of non-contracted lower indices of the irreducible

tensor representation with dimensionality D(n,m)

D(n,m) =
1

2
(n + 1)(m + 1)(n + m + 2). (A.1)

The product 3 ⊗ 3 is

φaχb =
1

2
(φaχb + φbχa) +

1

2
ǫabcǫ

cdeφdχe, (A.2)

the sum of a 6 given by the symmetric tensor

ψab[6] =
1

2
(φaχb + φbχa) , (A.3)

and a 3,

ψa[3] = ǫabcφbχc. (A.4)

Therefore the irreducible tensor decomposition 3 ⊗ 3 =

6⊕3, or using the component notation (n,m) the product

3 ⊗ 3 is given by (0, 1) ⊗ (0, 1) = (0, 2) ⊕ (1, 0).

2Useful references for group-theory model building are [33, 34,

35, 36].
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It is also illustrative to consider the product 3 ⊗ 3

φaχb =

(

φaχb −
1

3
δa

bφ
cχc

)

+
1

3
δa

bφ
cχc, (A.5)

which is the sum of a rank-2 traceless tensor, the 8,

φa
b[8] =

(

φaχb −
1

3
δa

bφ
cχc

)

, (A.6)

and a singlet 1,

ψ[1] = φcχc, (A.7)

the trivial representation. Therefore 3 ⊗ 3 = 8 ⊕ 1 or

(1, 0) ⊗ (0, 1) = (1, 1) ⊕ (0, 0).

As our last example we examine the product 6 ⊗ 3:

φabχ
c = φabχ

c − 1

4
δc

aφbdχ
d − 1

4
δc

bφadχ
d

+
1

4

(

δc
aδ

d
b + δ

c
bδ

d
a

)

φd fχ
f .

(A.8)

It is the the sum of the fifteen dimensional representa-

tion 15

ψc
ab[15] = φabχ

c −
1

4
δc

aφbdχ
d −

1

4
δc

bφadχ
d, (A.9)

and a 3

ψa[3] = φabχ
b. (A.10)

Thus 6⊗3 = 15⊕3 or (0, 2)⊗ (1, 0) = (1, 2)⊕ (0, 1). No-

tice that the 15 dimensional representation (A.9) is sym-

metric in the lower indices and traceless: ψc
ac = ψ

c
cb
= 0.

Finally, we consider the product 6 ⊗ 6 given by the

tensor product φabχcd symmetric in the indices a, b and

c, d. It is the product (0, 2)⊗(0, 2) = (0, 4)⊕(1, 2)⊕(2, 0)

which corresponds to 6⊗ 6 = 15
′
⊕ 15⊕ 6. The product

6 ⊗ 6 is thus decomposed into a fully symmetric rank-4

tensor ψabcd[15], a rank-3 mixed tensor ψc
ab

[15] and a

rank-2 symmetric tensor ψab[6]. We are interested in

the 6: It is given by the symmetric tensor

ψab[6] =
1

2

(

ǫac f ǫbdg + ǫbc f ǫadg
)

φcdχ f g, (A.11)

which contracted with two 6 leads to a singlet from the

product 6 ⊗ 6 ⊗ 6→ 6 ⊗ 6→ 1. Equivalently,

(0, 2)⊗ (0, 2)⊗ (0, 2)→ (2, 0)⊗ (0, 2)→ (0, 0), (A.12)

the SU(3) singlet.

Appendix A.2. Effective Color Charges

We consider the color interaction of particles A and B

from the product of color charges T λ
A

and T λ
B
, where the

indices λ = 1, 2, · · · , 8 are indices in the adjoint repre-

sentation of SU(3). The effective color interaction from

one-gluon exchange between particles A and B is given

by the SU(3) invariant T λ
A
T λ

B
,

T λ
AT λ

B =
1

2

(

T λT λ − T λ
AT λ

A − T λ
BT λ

B

)

, (A.13)

where T λ = T λ
A
+ T λ

B
. If particle A is in the color repre-

sentation RA and particle B in RB, the product T λ
A
T λ

B
in

the combined representation R = RA ⊗ RB,

CF ≡ T λ
AT λ

B

∣

∣

∣

∣

RA⊗RB

, (A.14)

is

CF =
1

2
(C(R) −C(RA) −C(RB)) , (A.15)

where C(r), the Casimir operator in a representation r,

is

T λT λ
∣

∣

∣

r
= C(r). (A.16)

For example, if particles A and B are in the 3, as the

two quarks composing a diquark, the relevant Casimir

operators in the 3 ⊗ 3 → 3 and 3 ⊗ 3 → 6 channels

are C(3) = C(3) = 4
3
, and C(6) = 10

3
respectively. The

corresponding effective color charges from (A.15) are

CF = − 2
3

and 1
3
. If particles A and B are scalar diquarks

in the 3, the only available duo-diquark (DdQ) channel

is the 3 ⊗ 3 → 6 (Section 3). Since C(6) = C(6) = 10
3

it follows from (A.15) that CF =
1
3
. Likewise, the color

factor for two DdQ in the 6⊗6→ 6 channel is CF = − 5
3
,

leading to short-range attraction [36].

In closing, we compute the effective color factor for

an n-body configuration in the approximation where the

interaction is the pairwise sum of two-body interactions.

It is given by

∑

i, j

TA
λ
i TA

λ
j =

1

2















T λT λ −
∑

i

TA
λ
i TA

λ
i















, (A.17)

where T λ =
∑

i T λ
i
. We compute the operator (A.17) in

the combined representation R = R1 ⊗ R2 ⊗ · · · ⊗ Rn

CF n ≡
∑

i, j

TA
λ
i TA

λ
j

∣

∣

∣

∣

R1⊗R2⊗···⊗Rn

, (A.18)

thus finding

CF n =
1

2















C(R) −
n

∑

i=1

C(RAi)















. (A.19)
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Since the Casimir operator for the singlet vanishes

in any representation, C(1) = 0, the total short-range

color factor for the Hexadiquark (HdQ) has the value

CF = −5 from (A.19). Notice that this lowest-order

computation does not include three-gluon vertex inter-

actions. The SU(3) color factors in the relevant channels

used to build the HdQ in Section 3 are given in Table (1).
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