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ABSTRACT OF THE DISSERTATION

Classical Physics and Complete Gravitational Theories from Scattering Amplitudes

by

Dimitrios Kosmopoulos
Doctor of Philosophy in Physics
University of California, Los Angeles, 2022

Professor Zvi Bern, Chair

Amplitudes methods have been successfully applied to various physical situations. In this
manuscript we present their application to two quite distinct problems: classical gravitational-
wave physics and constraining gravitational theories beyond general relativity. In chapter 1
we develop two methods for simplifying a computationally intense step in amplitudes calcula-
tions, specifically the sum over the physical states of photons and gravitons. These methods,
even though generic, are developed with the application of gravitational-wave physics in
mind. In chapters 2 and 3 we compute novel corrections to the Newtonian gravitational po-
tential experienced by two spinning objects. These corrections originate in general-relativity
effects. In chapter 4 we obtain bounds on Wilson coefficients of four-dimensional gravita-
tional effective field theories. By calculating explicit examples of consistent gravitational
theories and extracting the corresponding Wilson coefficients, we find that they occupy tiny
islands in the Wilson-coefficient space derived. In chapter 5 we extend this analysis to di-
mensions higher than four. We again construct explicit gravitational theories and observe

that the corresponding Wilson coefficients land in similar regions.
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CHAPTER 1

Simplifying D-Dimensional Physical-State Sums in

Gauge Theory and Gravity

We provide two independent systematic methods of performing D-dimensional physical-state
sums in gauge theory and gravity in such a way so that spurious light-cone singularities are
not introduced. A natural application is to generalized unitarity in the context of dimensional
regularization or theories in higher spacetime dimensions. Other applications include squar-
ing matrix elements to obtain cross sections, and decompositions in terms of gauge-invariant

tensors.

1.1 Introduction

The past years have seen remarkable advances to our ability to calculate scattering ampli-
tudes in perturbative quantum field theory. On the one hand, much of this progress relies
on choices of variables that exploit the four-dimensional nature of the kinematics, such as
spinor-helicity [6l [7, [8, @, [10] or momentum-twistor [I1] variables. On the other hand, for cer-
tain problems it is favorable to work in arbitrary dimension D. For example, D-dimensional
methods proved useful in the recent evaluation of the conservative two-body Hamiltonian
for spinless black holes to order G [12, 13|, relevant to gravitational-wave physics studied

by the LIGO and Virgo collaborations [14], [15].

In multiloop calculations, the preferred regularization scheme is dimensional regulariza-
tion [16]. Occasionally, subtleties arise when one combines four-dimensional methods with

dimensional regularization. In these instances D-dimensional methods are necessary, as



was the case for example in the recent reexamination of the two-loop counterterm of pure
gravity [I7]. Furthermore, we are often interested in performing a calculation in a generic
dimension. The calculation of the gravitational potential between two scalar particles in

arbitrary dimension at order G? [I8] is a recent illustration.

A prominent method used in D-dimensional calculations is generalized unitarity. Gener-
alized unitarity was orginally developed for four-dimensional computations [19, 20], but has
since been extended to higher dimensions [21], 22, 23] 24], 25] 26, 27, 28], 29]. D-dimensional
generalized unitarity has been employed in calculations pertaining to phenomenology at the
Large Hadron Collider (LHC) (see for e.g. [30L 31]), as well as in the study of supersym-
metric theories [32]. It meshes well with other modern amplitudes techniques, such as the
double copy [33], 34} 35], and as such is a natural tool for computations in gravitational theo-
ries |30, 37, 38]. Recently, Ref. [39] used generalized unitarity for a worldsheet theory. These
important and diverse results underline the significance of simplifying as much as possible

the implementation of D-dimensional generalized unitarity.

A difficulty we encounter when we work in D dimensions is that physical-state sums for
gluons and gravitons introduce spurious light-cone singularities that complicate the calcula-
tion. If we do not eliminate these spurious singularities at the level of the integrand, we have
to regularize them with the Mandelstam-Leibbrandt [40, 41] or principle-value [42] 43, 44]

prescription for example, which complicates integration.

In this chapter we develop two methods for performing these sums so that we do not
introduce spurious singularities. Refs. [45, 12] 13| 46] showed that in certain four-point
amplitudes by appropriate arrangements the spurious light-cone singularities automatically
drop out in generalized-unitary cuts. Here we provide methods to systematically eliminate
such spurious singularities from any generalized-unitarity cut or any sewing involving gauge-

invariant quantities at any loop order.

We may apply our methods to a variety of situations, some of which we depict in Fig. [I.1]
For calculations based on generalized unitarity [19, 20], while in some cases it is sufficient to

compute the generalized-unitarity cuts in four-dimensions [47, 48], in others we need to know



(a) (b)

Figure 1.1: Examples of calculations where we may apply the techniques of this chapter: (a)
integrand-level generalized-unitarity cut and (b) squared matrix elements for cross sections. The
blobs represent amplitudes. All exposed lines are taken as on shell. The internal exposed lines

indicate gauge-particle legs that we intend to sew.

them in D = 4 — 2¢ dimensions |21} 22, 23], 24], 25, 26], 27, 28, 29]. In some cases, matrix-
element squares, useful in calculations of cross sections, are calculated in D dimensions
[49, 50, 51, 52]. Furthermore, a useful technique that relies on physical-state sums is the

decomposition of an amplitude into gauge-invariant tensors [53], 54, [55] (6], 57, [58].

In this chapter we provide two independent methods of performing the physical-state
sums so that we do not introduce spurious singularities. In the first method we identify
gauge-invariant subpieces (two in gauge theory and three in gravity) of our expression and
perform the physical-state sum for each subpiece separately. This allows us to substitute
the physical-state projectors with replacements rules for the individual subpieces that do
not contain spurious singularities. In our second method we provide a simple systematic
way to make a gauge-invariant quantity obey the generalized Ward identity, such that the
spurious-singularity pieces automatically drop out of the physical-state sum. We find that
there are certain limitations in the applicability of the second approach, which however are

not relevant for many practical purposes.

We focus on theories that contain scalars, photons, gluons and gravitons for concreteness.
However, we may straightforwardly apply our techniques to theories with different matter

content. Some examples are theories that contain fermions or higher-spin fields [46] 59).

We organize the remainder of the chapter as follows. In Sect. we review a few

properties that are useful for our purposes and establish our conventions. In Sect. we



discuss our first method of performing the physical-state sums. We describe how to isolate
the gauge-invariant subpieces of an expression and how to perform the physical-state sum for
each one. In Sect. [I.4 we describe our second method. We explain how to bring an expression
in the appropriate form and how to use that form to remove the spurious-singularity pieces

from the physical-state projectors. We present our conclusions in Sect. [1.5

1.2 Background and definitions

In this chapter we study gauge and gravitational theories. We refer to the particles associated
with these theories, namely the gluon and the graviton, as gauge particles. We describe the
state of a gluon by a null polarization vector €, as appropriate for circular polarization.
We express the polarization tensor that describes the state of the graviton as a product of
two factors of the polarization vector of the gluon, eé*¥ = gte¢”. This polarization tensor is
traceless since the gluon polarization vectors are taken to be null. With this construction

we may collectively describe the gauge particle by its polarization vector .

We analyse the sewing of gauge-invariant quantities. By sewing we refer to performing the
physical-state sum of some gauge-particle legs that belong to these quantities. We denote
gauge-invariant quantities by A and refer to them as amplitudes. Our results, however,
apply to any gauge-invariant quantities. They apply for example to higher-loop generalized-
unitarity cuts [19, 20] or gauge-invariant tensors [53], 54, 55l (6] 57, BS].

When a quantity is gauge invariant, then it satisfies the Ward identity (WI) for each
gauge particle. The WI states that when the polarization vector of a single gauge particle €

is replaced by the particle’s momentum p, then the amplitude vanishes:

=0 (gauge theory), Al =0 (gravity). (1.1)

}5u_>pu EpEv—Puqu

In the gravitational case, one of the two factors of the polarization vector is replaced by the

corresponding momentum, while the other one by an arbitrary vector qlﬂ We emphasize

n practice, it is convenient to formally distinguish the two factors (eg. e*” = e#&") and only set them
equal (E# = &) at the end of the calculation.



that this property is only true upon use of the on-shell conditions. In gravity we have to use
the on-shell conditions both before and after the above replacement. Namely, one must use
the mass-shell condition for every particle (p? = m?), momentum conservation (>, p; = 0,
where we take all particles to be outgoing), and the fact that polarization vectors are null

(2 = 0) and transverse (g; - p; = 0).

When sewing gauge-invariant quantities, one is instructed to sum over the physical polar-
izations of the gauge particles of interest. This sum is equal to the physical-state projector.
We occasionally refer to performing this sum as inserting the projector. In gauge theory we

have

y y , ¢'p" +ptg”
P*(p,q) = > e"(—p)e”(p) = " — Y (1.2)
pols.

while in gravity

P8 (p,q) =) " (=p)e*¥(p) =

pols.

1
(Prpr? 4 Ppt) = g P (13)

DN | —

In both cases p is the momentum of the gauge particle in question, ¢ is an arbitrary null
vector and D is the dimension of spacetime. We observe that insertions of the physical-state
projectors introduce spurious light-cone singularities 1/q - p. We call them spurious because

they drop out from the final expression, appearing only in intermediate steps of calculations.

In this chapter we develop strategies that allow us to effectivelyﬂ make the following
replacement in Eqgs. (1.2)) and (1.3)):
P*(p,q) = n™. (1.4)

Specifically, for gravity we effectively get

Vo 1 2
P ﬁ<pa Q) — 5 (Wa%ﬂ + NusMNva — mnul/naﬁ) y (15)

where on the right-hand side we recognize the de Donder projector. Our methods allow us
to use Feynman-gauge-like and de Donder-gauge-like sewing rules, while at the same time
not introduce any ghost degrees of freedom. We do not achieve this by choosing a specific

gauge. Rather, we phrase the whole discussion in terms of on-shell objects.

2We use the word effectively because the replacement might also need an overall factor. We discuss the
details in the following sections.



Figure 1.2: The scalar-QED generalized-unitarity cut studied in Sect.|1.3.1, The two blobs

are Compton amplitudes in this theory. Solid lines correspond to scalar particles and wiggly
lines correspond to photons. External momenta are taken outgoing while internal momenta

flow to the right. All exposed lines are taken as on shell.

1.3 Spurious-singularity-free replacement rules

In this section we derive a set of replacement rules that may be used to perform the physical-
state sums in gauge theory and gravity. These rules do not contain spurious singularities
while using them is equivalent to using Egs. (1.2) and (1.3). The only requirement for

applying these rules is that the quantities being sewn obey the WI.

As a warm-up to the general case, we consider a simple example in scalar QED that
demonstrates the basic idea. We proceed to discuss our method in general. Then, we
provide a summary of our results. Finally, we conclude this section by studying an involved

example in detail.

1.3.1 Demonstration in a simple example

Here we wish to demonstrate our method with a simple example. In particular, we compute
the one-loop generalized-unitarity cut of Fig. without introducing spurious singularities.
We take the external particles to be massive scalars while the internal particles are photons.
We compute the generalized-unitarity cut in question by sewing two factors of the Compton
amplitude of scalar QED. At the level of the Compton amplitudes, all particles are taken
as on shell. We choose to consider scalar QED due to the compactness of the expression.

Refs. [45] 46] calculated corresponding cuts in gravity.



Figure 1.3: The three Feynman diagrams we need to calculate in order to get the scalar-QED
amplitudes of Eq. (1.6). The solid line represents a scalar particle while the wiggly lines represent

photons. We take all momenta to be outgoing.

We set the couplings to unity for convenience. We denote the two Compton amplitudes
that enter our example by A, and Agr. We have

. - € - € - € - €
A, =2 (p4 1P3 - €2 X Pa - E2P3 - €1 Yo -52) ’
P1 P4 P1- D3

. cE_ -E_ -E_ -E_
Ap = 2i (pﬁ 1Ps5 2 i De 2P5 1 e, _5_2) 7
—P1 - DPe —P1°DPs

(1.6)

where ¢; = e(p;) and e_; = e(—p;). We present the Feynman diagrams needed to calculate
Ay in Fig. [I.3] We use the on-shell conditions to reduce Ay to a basis of Lorentz-invariant
products. Namely, we solve momentum conservation as p, = —p; — p3 — ps and impose
€y-p1 = —&y-p3 — €9+ pgand p3-py = —p1 - P3 — P1 - P4 — M2, where my, is the mass of the
scalar. We obtain Apg by the appropriate relabelling.

We wish to sew both photon-legs 1 and 2, so that we obtain the generalized-unitarity cut
depicted in Fig. 1.2l We start by summing over the physical polarizations of photon-leg 1.
We denote this sum as »_,. We have

S TALAR=CED eue, (1.7)
1 1

where

v D3 - €2 P4 E2 DPs-€—2 DPe-€—2 v
Gy =—4 ( P+ P+ 8‘2‘) ( pg + ps + 5_2) . (1.8)
P1 D4 P1 D3 —P1° Ps —P1°Ps

We build C{” out of the remaining momenta and polarization vectors. Importantly, it does

not contain the metric n*¥. Observe that

0 D1 =Cp1, = 0. (1.9)

7



This is a consequence of the WI for particle 1, obeyed by A; and Ag. We can see this

explicitly as follows. If we define A} by A; = ¢1, A} and similarly for A%, then we have
Cy" = AL A% (1.10)
Then the WI for the two amplitudes (Eq. (1.1))) reads
AL = prAg = 0. (1.11)

We call AY and A%, transverse because they obey the above property. We observe that in

this case we may write C{” as a product of two transverse objects.

Using Eq. ([1.9) we may simplify the insertion of the projector. Focusing on the spurious
singularity piece of the projector (Eq. (1.2))), we have

]‘ v v
(Z ALAR> = ——(Cp1uqy + C§pruq,) = 0. (1.12)
T P1-q

spurious sing.

Then the full expression becomes

Z ALAR = C(I)“/ Z E1pl—1v = C{)Wn,ul/
1 1

_ 4(]94 *PeP3 - E2P5 €2 i D4 - PspP3 - 2P - E—2  P3-E2P4 " E—2

P1 - PaP1 - Po P1 - PapP1 - Ps P1-Pa (1 13)
1 D3 " PeP4 * €2P5 * €2 4 D3 - PsPa - €2D6 " €—2 P4 E2P3 " E—2 '
P1 - P3P1 - Ps P1-P3P1Ps P13
- € -E_ - € -Ee_
+p6 2P5 2+p5 2P6 2 ey .
D1 - Ds P1-Ds

Next, we wish to sew photon-leg 2. Before we proceed, we reduce our expression to a basis
of Lorentz-invariant products. Namely, we solve momentum conservation as p; = —ps+ps+ps

and p3 = —ps —ps —pg. Any other choice would be equally valid. We impose the trasversality



conditions, €45 - po = 0, and the mass-shell conditions. We find

> ALAR = CY
1

o _ (P2Ps P2 ps+ Pa-ps)(Patps +p6) - E2ps -
P2 - Ps P2 - (pa + ps + ps)

n Pa - Ps(pa+ps + ps) - €2D6 - €2 B (Pa+ D5+ D) - €2pa-€2 (1.14)
P2 - P62 (P4 + D5 + De) P2 - (P14 + ps + D)
L Papspaeaps-eon  (P2oPsHProPotPacPs)Pa- a2
D2 - Pap2 - Ps P2 - Pap2 - Pe
4 P 82(174 + s +p6> tE€_9 I D6 - €2P5 - €2 4 D5 - c2P6 - €2 £y - 52>.
P2 - P4 P2 D5 P2 - Ds

Now we may sew particle 2,

ZALAR = ZCS“’UW :CN(’)“’Zé:gue,g,, —4262-5,2, (1.15)
1,2 2 2 2

where

om g _ (P2Ps s ot pa-ps)(Wi + 15 +6) P
0 P2 Ps P2 (Pa+ ps + D)
pe-ps(Ph + 05 +ps)ps (P +p5 +p6) Py

P2 PeP2 - (Pa+Ds+Dps) P2 (Pa+ s+ Ds)

+

]y g (1.16)
L P -pspaPy (P2 Ps + P2 Pe + Pa P5)PADE
D2 - PaP2 - Ps P2 " P4P2 * Do
" v v v Mo v Hn v
+ p: +
4 Py (Y Ps pﬁ) 4 PsPs i P5Dg .
P2 P4 P2 -DP5 P2 De

Again, C~5‘ ” is built out of the remaining momenta and does not contain the metric. One may
verify that
Cl’]“/pgu = ~6Wp2,/ =0. (117)

This time this property does not straightforwardly follow from the WI of the two amplitudes
(indeed, we cannot write ég “ as a product of two transverse objects). We discuss this property
in detail in the next subsection. A hint about why it holds is that the whole expression obeys

the WI for particle 2 and so does the term e, - £€_5 by itself, since 45 - po = 0.



Delaying its explanation, we may use the above observation to simplify the sewing of

particle 2:

Z ApAg =Cy’ Z EouE—2p — 42 ey-e 9=Ch'nu, —4 Z&tg £ 9. (1.18)
1,2 2 2 2
We complete our example by performing the remaining sum,
Y een=D-2 (1.19)
2

where D is the dimension of spacetime. We obtain the above by dotting Eq. (|1.2)) with the

metric 7,,. Finally,

Z .AL.AR = CN(/)WUW, — 4(D — 2)
1,2

:4<_ (P2 - P5 + P2 - o+ Pa - P5)(Pa+ ps + o) - s
p2 - Psp2 - (Pa+ ps + Pe)
Pa - ps(Pa+ps5+ps) Ps  (Pa+P5+ps) - pa (1.20)
P2 pep2 - (pa+ps+ps) P2 (pa+ps+ po)
P1-Pspa-Ps (P2 ps+ P2 Pe+ Pa-ps)pa Do
P2 - Pap2 - Ps P2 - Pap2 - Pe

+p4 (p4 D5 p6)+p6 P5+p5 p6>_4(D_2)_

+

+

D2 - P4 P2-Ps D2 Pe
We conclude that we may perform both sewings without introducing any spurious singular-

ities.

1.3.2 The general case

Now we take up the discussion of the general case of summing over the physical polarizations
of a gauge particle. We denote the polarization vectors and momenta of the gauge-particle
legs being sewn as €, = ¢(p) and p, and e_ = e(—p) and (—p) respectively. We write >

pols.

for the sum over the physical polarizations of the gauge particle.

Claim: Given a quantity C' that obeys the Ward identity (Eq. (1.1])) for both ¢, and e_,

we may perform the sum

pe (1.21)

pols.
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in terms of a set of spurious-singularity-free replacements rules. We collect these rules in
Eq. (1.42)) for gauge theory and Eq. (1.45)) for gravity.

We proceed to prove the above claim in the cases of gauge theory and gravity separately.

1.3.2.1 Proof in gauge theory

In the case of gauge theory, the quantity C' may be written as
C=C{"cipe_y +Cieq - e, (1.22)

where we build CJ and C; out of the remaining momenta and polarization vectors. We note
that C}” does not contain the metric n*. In other words, there is no ambiguity in splitting

C into these two pieces.

At this point we reduce C' to a basis of Lorentz-invariant products using momentum
conservation and the on-shell conditions. Specifically, we impose the transversality condition
(e£ - p =0). For example, if we choose to solve momentum conservation such that p is one

of the independent momenta appearing in our basis, then we may decompose C{" as
Co" = Q" + QYp” + Q" p" + Qop!'p”. (1.23)
Then, due to the transversality condition we have
Cé erpey = Qe e_y. (1.24)
We note that we do not have to choose the above basis.
Next, being gauge invariant, C' obeys the WI for the two legs in question:
Cleyop =0, Cle 5, =0. (1.25)

We observe that so does €, - e_ since €1 - p = 0. We conclude that the last term must also
obey the WI:
Ch"esupy =0, Ct"pue—, = 0. (1.26)

We now argue that the stronger condition
Co'py =0,  Cy'py= (1.27)

11



follows from the above. Indeed, that would not be the case only if we needed to use some of

the special properties of the polarization vectors in Eq. ((1.26)). Those properties are
er-p=0 and &1 =0. (1.28)

The null condition is not required, since C{” does not contain e,.. The transversality condition
is also not required, since we have reduced C)” to a basis of Lorentz-invariant products (this

is most easily seen in a basis where p is one of the independent momenta).

Using this property we may cancel the spurious-singularity piece of the projector

v 1 v v
<C(’f Zaﬂa_l,) = —— (C"puav + €5 pugy) = 0. (1.29)
pols. spurious sing. P
Then we find
D C=C Y et Gy e =l + Ci(D = 2), (1:30)
pols. pols. pols.
where

Y eyee=D-2 (1.31)
and D is the spacetime dimension.

From Eq. (1.30) we see that performing the physical-state sum at hand is equivalent to

using the replacement rule

b w
T Ty E EppE—y = TLTY N, (1.32)
pols.

supplemented by Eq. (1.31) in the individual terms in }

pols. C. By x; we refer to the various

vectors that appear in the problem. In this way, by treating the term ¢, - ¢_ separately we
manage to sum over the physical polarizations of the gauge particle without introducing any

spurious singularities.

1.3.2.2 Proof in gravity

The case of gravity follows in a similar manner. We may write

C=ClPeiperne e g+Cl" e (er - ) +Caoley e )2, (1.33)

12



where we build C4**?, € and C, out of the remaining momenta and polarization vectors.
This splitting is unique, since Ct*” and C!" do not contain any terms proportional to the
metric or combinations of the metric. In writing the above we make use of the fact that the
polarization vectors are null (2 = 0). As before, we must also impose the transversality
condition (e4 - p = 0).

We use the fact that C' and €, -¢_ obey the WI to deduce that all three terms individually
obey the WI. Then, we may show that

Ch Py, = Ct Py, = CPp, = CY**Pps = 0, (1.34)

and
Ci"p, =C%p, = 0. (1.35)

It then follows from Eq. ((1.3) that
14e% ro 1 2
Cg 8 Z Eru€+v€—al—p = CSL ﬁ§ (’I’]ua"’/yﬂ + NusMva — mnuﬂ]aﬁ) ) (136)
pols.
and
D(D —3)/2

c Zg+u5—u(5+ re-) =C" N (1.37)

pols.

D -2

Finally, for (e, -£_)? we get

> (e4 e )*=D(D-3)/2. (1.38)

pols.

Together, our result reads

Z C =ct? Z EtpEqvE—at—p + CI¥ Z (e e2) +Co Z(5+ e )?

pols. pols. pols. pols.
1 2 D(D —3)/2
- vaf v
- Cg 5 (77#06771/5 + 77#5771/01 - m%u%ﬁ) + C{L nﬂvﬂ + CQD(D - 3)/2

(1.39)
Eq. (1.39)) suggests that performing the physical-state sum of the graviton leg in question is

equivalent to using the replacement rules

y y 1 2
xﬁxegxf E :5+M5+V5—045—5 — $lf$2$g$f§ (nuochB + NppMva — D — Qnuunaﬁ) )
pols.

D(D —3)/2 (1.40)

n v K.V
1Ty § EspE-v(Eq - €-) =TT D_9

pols.
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along with Eq. (1.38) in the individual terms in } | . C. By z; we denote the various vectors
that appear in the calculation. In this way, we may avoid introducing spurious singularities

if we treat the various terms separately.

1.3.3 Summary

Here we summarize our results. We emphasize that we need to reduce the gauge-invariant
quantity under study to a basis of Lorentz-invariant products before we use the following
replacement rules. We use the right arrow (—) to indicate that the relation stated is not
true term by term; but rather, when we apply it to each term, we reproduce the whole
expression correctly. We emphasize that our rules are not equivalent to simply dropping the

spurious-singularity pieces. For convenience we repeat Eqs. and ( .

1.3.3.1 Gauge theory

The physical-state projector:

JTnY WV
P (p,q) =Y e"(~p)e"(p) = 1" — %. (1.41)

pols.

Equivalent spurious-singularity-free rules:

131132 Z‘gu _> xleTIuw
pols: (1.42)
> e(-p)-e(p) =D -2,
pols.

where the x; refer to momenta and polarization vectors that appear in the problem.

1.3.3.2 Gravity

The physical-state projector:

1 1
Pred(p.q) =Y e (=p)e(p) = 5 (PHPP + PrOP) — ——— PP (143)
pols.
where
e (—p) = e"(—p)e’(—p), &*’(p) =e*(p)e”(p). (1.44)
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Equivalent spurious-singularity-free rules:

2

vV _«& v, 1
wiasaial Y eu(—p)es(—plealples(p) — 2hahagal 5 (mamﬂ + MusTva — mmﬂm) :

o D(D — 3)/2

ey Y eu(=p)ep) ((-p) - 0) > afagn. =55

pols.

S (s-0) <)) = DD - 3)/2, (1.45)

pols.

where the x; refer to momenta and polarization vectors that appear in the problem.

1.3.4 An example in detail

In this subsection we discuss the computation of the three-loop generalized-unitarity cut
depicted in Fig.[I.4l This is one of the cuts that can be used to construct the conservative two-
body Hamiltonian for spinless black holes to order G* following the methods of Ref. |12, [13].

The solid black lines denote massive scalar particles, while the wiggly lines denote gravi-
tons. The blobs correspond to tree-level amplitudes. We may construct them straightfor-
wardly using the Kawai, Lewellen and Tye relations [33] or the Bern, Carrasco and Johansson
double copy [34, 35] from the corresponding gauge-theory ones. The exposed lines are taken
as on shell. To construct the cut, we have to sew together the tree-level amplitudes, by

summing over the physical states propagating through the internal exposed lines.

We take all external particles to be outgoing. We take the internal momenta to flow
upwards and to the right. The mass of the lower scalar line is m;, while the mass of the
upper one is ms. In what follows, it is important to impose the on-shell conditions for both

external and internal exposed lines.
We avoid introducing spurious singularities by taking the following steps:
e We start by sewing particle 5. To reduce our expression to a basis we, for example,

solve momentum conservation as p1g = —p1 — ps — pg and p1; = —ps — ps and impose

the remaining on-shell conditions. We may then use the rules developed above.

e We continue to sew leg 6. We must use all on-shell conditions. For example, terms of

15



Figure 1.4: A three-loop generalized-unitarity cut relevant in the construction of the con-
servative two-body Hamiltonian for spinless black holes to order G*. The blobs represent
tree-level amplitudes. The solid lines correspond to scalars while the wiggly ones to gravi-
tons. We take the external particles to be outgoing and the internal momenta to go upwards

and to the right. All exposed lines are taken as on shell.

the form ¢; - p; introduced by the above sewing must be set to zero, before applying

the replacement rules.

e We now sew leg 7. Sewing leg 6 introduced 7, with i = 7,8,9, which must be set to
zero before the sewing of leg 7. After we impose all on-shell conditions we may use the

spurious-singularity-free replacement rules.

e In a similar manner we sew successively legs 8 and 9.

We have explicitly verified that this process gives the correct answer, i.e. the one we get
by using the physical-state projectors. However, following our approach we do not have to

introduce spurious singularities in any of the steps taken.

1.4 Generalized Ward identity

In this section we develop an alternative approach to simplifying the physical-state sums.
In this approach we bring the amplitudes we wish to sew in a form in which they obey
the generalized Ward identity (GWI) for the gauge-particle legs of interest. The GWI is
a stronger version of the WI, where the vanishing of the amplitude when we replace a

polarization vector with the corresponding momentum (Eq. |1.1)) happens without using the

16



special properties of the remaining polarization vectors. Namely, we do not need to use the

null (¢2 = 0) and transversallity (g; - p; = 0) conditions.

We organize this section as follows. We start by demonstrating the idea in a simple
example. We proceed to describe how we can manipulate any n-point amplitude into obeying
the GWI for up to (n—2) external gauge particles. If the external gauge particles are (n—1)
or less, then all of them may obey the GWI. Next, we explain how this property allows us to
drop the spurious-singularity pieces when we insert the physical-state projectors (Eqs.
and ) We discuss some implementation details and limitations of our method. Finally,
we conclude by repeating the analysis of the three-loop generalized-unitarity cut of the last

section using this second approach.

1.4.1 Demonstration in a simple example

We wish to introduce the GWI-based approach in terms of a simple example. In contrast
to the procedure described in Sect. [I.3] which targets the sewing step directly, here we
manipulate the amplitude we wish to sew in order to bring it to an appropriate form. As we
discuss in the following subsections, once the gauge-invariant quantity in question satisfies

the GWI, we may insert the physical-state projects with the spurious singularities dropped.

Similarly to Sect. [I.3.1 we demonstrate our method using the Compton amplitude of
scalar QED, due to the compactness of the expression. We show that this amplitude in a
generic form does not obey the GWI. We observe that we may use momentum conservation to
bring it to a form such that it does obey the GWI. Refs. [45] 46] obtained the corresponding
gravitational amplitudes in such a form. That was possible due to the simplicity of the
four-point amplitude at hand. Our methods, however, are systematic and applicable to any

gauge-invariant quantity.

The amplitude is given by

. - € - € - € - €
Ay = 2i <p4 1P3 " €2 I P4 - E2P3 - €1 Y- 52) 7 (1.46)
P1 - D4 P1-DP3

where we set the coupling to unity for convenience. We depict the Feynman diagrams we
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need in order to calculate this amplitude in Fig. [[.3] We reduce the amplitude to a basis
of Lorentz-invariant products, as we discuss in Sect. [[.3.1} Specifically, we use momentum

conservation to eliminate p, and &5 - p; from our basis.

To discuss the GWI, it is convenient to replace the polarization vectors with generic

vectors wy and wy. We do not assume any special properties for w; and wy. We have

SwWyps W S Wops W
AV = 2 (p4 1P3 Wz | patWaps-r -w2> ' (1.47)
D1 P4 D1 D3

Y is equivalent to the off-shell amplitude A}" defined by Ay = A}"e;1,£9,. In terms of this
object the statements of the WI and the GWI for particle 1 take the form:

7|
4 lwy —pP1,W2—€2

=0 (WI), AY| =0 (GWI). (1.48)

w1—p1
We now establish that A4 in this form does not obey the GWI. Indeed,

il
4 lwy—p1

The WI however is satisfied, since €5 - po = 0.

We draw the reader’s attention to the fact that the replacement w; — p; introduces p;-ws,
a Lorentz-invariant product that is not present in our off-shell amplitude (Eq. (1.47))). Once
our basis contains all products that may arise from the replacement w; — p;, then our

amplitude will obey the GWI.

We want to change our basis so that the off-shell amplitude contains p; - wy. To do that

we use py = —p; — p2 — p3 in our on-shell amplitude. We get
“E1p3 - € “E9P3 - €
Ay = 2i ((]92 +p3) - €1p3 - €9 B (p1+p3) - caps - €1 +e _€2> , (1.50)
p1- (p2 +p3) D1 D3

which then gives

Y — 9 ((Pz + p3) - wips - wo B (p1 + p3) - waps - wq +w w2) . (1.51)
p1 - (P2 + p3) P1-P3

We introduce the tilde to differentiate this form from the previous one. We may think of
AY and AZ’ as the off-shell amplitude calculated in different gauge choices. Now, we may

confirm that this form satisfies the GWI. Indeed,

wl _
4 lwy—p1

2i(ps — (p1 + ps) +p1) - we = 0. (1.52)
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We may verify that the analysis is identical for particle 2. Also, the result would be the

same if we were to solve momentum conservation as p3 = —p; — pa — ps.

Let us recap what we just did. We wrote a form of A4 where p; and py are explicit.
We used that form to construct the off-shell amplitude AY. The observation then was that
replacing w; with p; does not introduce Lorentz-invariant products that were not already
in the basis used to write the amplitude. We saw that this property was sufficient for our

amplitude to obey the GWI.

We used the generic vectors w; and wsy in this section for pedantic reasons. Namely,
one may use the special properties of the polarization vectors when putting the on-shell
amplitude in the appropriate form. However, one should not use them in order to check
whether the GWI is satisfied. To alleviate any confusion on that point, we chose to use a

different symbol.

1.4.2 The general case

In this subsection we formulate and prove a claim regarding the GWI in the context of a
general amplitude. We start by obtaining a criterion on whether an amplitude satisfies the

GWI. Subsequently, using this criterion we obtain a constructive proof of our claim.

We express our amplitude in terms of a basis of Lorentz-invariant products. For brevity
we refer to the Lorentz-invariant products that contain at least one polarization vector as
e-products. Observe that if we perform the mapping ; — p;, for a given particle 7, on

the e-products, then the amplitude vanishes according to the WI (Eq. (1.1))). To establish

whether the amplitude obeys the GWI, we may use the following criterion:

1. If, under g; — p; for a given particle 7, we introduce e-products that are not part of
the basis, then the special properties of the polarization vectors are needed to ensure

Eq. (1.1). The amplitude does not obey the GWI for particle i.

2. If, under ¢; — p; for a given particle 7, all e-products introduced are part of the

basis, then Eq. (1.1) is satisfied without the need to use the special properties of the
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polarization vectors. The amplitude obeys the GWI for particle 7.

At this point we want to comment on the gravitational case, where we have two factors of
the polarization vector €. We use the above criterion on the individual e-products, rather
than the amplitude itself. Each e-product contains up to one factor of each polarization
vector since €2 = (. Hence, we do not need to modify our criterion in order to use it in

gravity.

Claim: An n-point amplitude can always be promoted to obey the GWI for up to (n—2)
external gauge particles. If the external gauge particles are (n — 1) or less, then all of them

may obey the GWI.

Proof of claim: Consider first an n-point amplitude where all external particles are gauge
particles. To construct our basis, we write down all possible Lorentz-invariant products and
we restrict them using the on-shell conditions. First, we remove any products of the form
g; - p; or €7, due to the polarization vectors being transverse and null. Next, we choose the
two particles for which the GWI will not be satisfied. Say we choose particles n and (n —1).
We solve momentum conservation in terms of p,. Then, our basis does not include any
products of the form &; - p,. Further, again using momentum conservation, we may eliminate
€n * Pn_1- The on-shell conditions put restrictions on momentum products as well, but those

are not important for our purposes.

Now, we perform the mapping ¢; — p; for a given particle ¢ on our basis elements and
check whether we introduce e-products not included in our basis. Namely, we look for the
elements ¢; - p,, for any j or ¢, p,—1. For particles n and (n—1) we find that we do introduce
such elements:

EnEn—1 7 Pn*En—1 under En —7 Dn;
(1.53)
EnEn—1 > En Pn-1 under &,1 — py1.
Performing a similar check for the rest of the particles we find that all elements map to ones

within the basis. Hence our amplitude obeys the GWI for the first (n — 2) gauge particles.

Finally, consider an n-point amplitude that has at least one particle that is not a gauge

particle. We label the momenta such that this particle is the n-th particle and we solve
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momentum conservation in terms of p,. Further, since this particle is not a gauge particle,
there is no product of the form ¢, - p,_1 to eliminate from our basis. Observe that this was
the element blocking the amplitude with n gauge particles to obey the GWI for particle
(n — 1) in the above setup. Therefore, in this case, the amplitude obeys the GWI for all

gauge particles.

1.4.3 Simplifying the physical-state projectors using the GWI

In this subsection we formulate and prove a claim regarding the use of the GWI to drop the
spurious singularities when inserting the projectors. We refer to the projectors where we
have dropped the spurious-singularity pieces as simplified projectors. For simplicity, we look

at the gauge-theory case. The discussion in gravity follows in the same way.

Claim: Consider the sewing of amplitudes A;, and Agr. Assuming that A;, is an ny-point
amplitude and Ag an ng-point one with ny; < ng, we may use the WI and the GWI to drop

the spurious singularities in up to (n; — 1) insertions of the projector.

Proof of claim: We consider the sewing of n gauge particles with n < ny, —1. We assume
that the n particles in question are labeled particle 1 through particle n. Using the process
described in the previous subsection, we arrange the amplitudes such that they obey the

GWT for particles 2 through n.

We first show how we may use the WI for particle 1 to drop the spurious singularities in
the corresponding insertion of the projector. We then discuss the use of the GWI for particle

2 for the same purpose. Subsequent sewings follow in the same manner.

We sum over the physical polarizations of particle 1, which we denote by > ;. The
amplitude A contains the polarization vector £(p;) = &1, while Ag contains e(—p;) = e_;.

Focusing on the spurious singularity piece of the projector (Eq. (1.2])), we have

1
<¥ AL.AR> = ]?1—61 (AL}EIHMARLAH(] + AL‘SlﬁqAR‘E_l—nn) =0, (1.54)

spurious sing.

due to the WI (Eq. (1.1])) of the two amplitudes. Then the complete sum over the physical
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polarizations of particle 1 gives

(1.55)

ev v’

S Ay = (AAn)]
1

It is convenient to rewrite the above as follows. We introduce D appropriately normalized

vectors e;, such that

D
Z elle =nM. (1.56)
i=1
Then we may write
D
ZAL'AR - Z (AL}al—mi'AR‘a_l—)ei> : (157)
1 i=1

Next, we continue to sum over the physical polarizations of particle 2. We see that
the WI of the two amplitudes is not sufficient to guarantee the vanishing of the spurious
singularities. Indeed, the WI relies on the special properties of all the polarization vectors.
Since the first pair of polarization vectors is replaced by the vectors e;, the WI for the two

amplitudes is not obeyed.

At this point we want to emphasize that the entire expression still obeys the WI for the
remaining gauge particles. However, it is the WI of the individual amplitudes, A; and Ag,

that makes the spurious-singularity pieces vanish.

We may now see why the GWT is helpful. Since it does not rely on the special properties
of the polarization vectors, it still holds after we replace them with the vectors e;. For

example, if Ay, satisfies the GWI for particle 2, we have

Al =0, (1.58)

€1—€j,€2—P2

for any ¢. Therefore, as long as both amplitudes obey the GWI for the particle being sewn, we
may drop the spurious-singularity pieces from the insertion of the projector. This concludes

our proof.

We now comment on a limitation of this approach. If in the above setup we wish to sew
all ny particles, as is the case in some calculations of matrix-element squares for example,

then we cannot avoid introducing spurious singularities in the last insertion of the projector.
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The situation is different however if the n; sewings involve three or more amplitudes. We

take up this discussion in the next subsection.

1.4.4 Implementation details

In this subsection we comment on some details that are important for the implementation
of the method developed above. We start by discussing how can we approach the sewing of
three or more amplitudes, as for example is shown in Fig. Then, we comment on when

exactly should we use the special properties of the polarization vectors.

In a multiloop calculation based on generalized-unitarity we typically need to sew together
multiple amplitudes. To maximize the efficiency of our method in this case we should break
the process in steps. In any given step we should be sewing together exactly two amplitudes.

We recall that by amplitude we refer to any gauge-invariant quantity.

Take for example the case depicted in Fig. [[.LBa. To build the two-loop generalized-
unitarity cut in question we need to sew together three tree-level amplitudes. Given that we
need to sew all legs of the middle four-point amplitude, one might think that we are forced
to introduce spurious singularities in one of the insertions of the physical-state projector.

We circumvent that in the following way:.

We start by sewing the two tree-level amplitudes on the left. We prepare them so that
the legs that carry the momenta +p; and £py obey the GWI. Then we proceed with the
sewing using the simplified projectors. Next, we have to sew the one-loop quantity on the
left with the tree-level amplitude on the right (Fig. [L.5b). Given that both of these objects
are gauge-invariant quantities, we may again use the above method. Namely, we prepare
them so that the legs that carry the momenta +ps and £p, obey the GWI. We do this
by a simple change of basis, just like before. Then, we proceed with the sewing using the
simplified projectors. In this way we may sew multiple amplitudes together, introducing the

minimum number of spurious singularities.

An aspect that this method hinges on is the appropriate use of the special properties of

23



Figure 1.5: An example where we need to break the process into two steps. All exposed lines are
taken as on-shell. Solid blobs represent tree-level amplitudes. In (b) the hollow blob represents the
one-loop quantity we get by performing the physical-state sums for particles 1 and 2 on the two

amplitudes on the left in (a).

polarization vectors. Specifically, we first manipulate the amplitudes into the appropriate
form as discussed above. In doing so we should use all special properties of the polarization
vectors. Then, we sew a number of legs of the amplitudes. Between these sewings we should
not use any special properties of the polarization vectors, as that would interfere with the
GWI of the legs left to be sewn. After all sewings of that step are completed, we should

again use the special properties of the polarization vectors.

For example, referring again to Fig. [1.5] upon sewing particle 1, we introduce &5 - ps and
€3 - p3 among other terms. We should not set these terms to zero before sewing particle 2, as
that would interfere with the GWI for that particle. After we complete the sewings of the
left two amplitudes (i.e. the sewings of particles 1 and 2), we change our basis to make our
amplitudes obey the GWI for particles 3 and 4. We should now use the special properties
of the remaining polarization vectors. In our example, we should set e3 - p3 to zero, among

other terms.

1.4.5 Summary

Here we briefly summarize the method developed above. The problem at hand is to organize
a calculation in gauge theory or gravity where multiple D-dimensional sewings are required,
as is for example typical for generalized-unitarity approaches to multiloop calculations. The

conventional way of performing such a calculation is to use the physical-state projectors,
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Egs. (1.2) and ([1.3), repeated here for convenience,

v v v " P
P (p.q) =Y e'(-p)e“(p) =" — 7 (1.59)
pols.
and
1 1
Pred(p,q) = 37 e (=p)e(p) = 5 (PPUPF 4 PP - PP (160)

pols.

Our proposed method allows one to perform the sewings without introducing spurious
singularities. Specifically, we bring the amplitudes to be sewn in a form such that we may
replace P (p,q) with n*” in the above two equations. We refer to these projectors as

simplified projectors.

To do so we first need to organize our calculation in steps. In each step we are only sewing
two gauge-invariant quantities together. Before the sewing, we use momentum conservation
and the on-shell conditions so that the momenta of the particles to be sewn are some of the
independent momenta appearing in our expression. We may then verify that the amplitudes
at hand obey the GWI for these legs. We proceed with the sewing using the simplified
projectors. During a given step, between sewings, it is important not to use the on-shell
conditions, as that spoils the GWI for the remaining legs to be sewn. Finally, after all
sewings of a given step are completed, we may again use the on-shell conditions. If in any
given step we have to sew all external particles of an amplitude and those particles are
gauge-particles, then we have to introduce spurious singularities in one of the insertions of

the projector.

1.4.6 An example in detail

Here we repeat the discussion of the construction of the three-loop generalized-unitarity cut
depicted in Fig. [I.4] using the GWI approach. To construct the cut of Fig. [I.4] without

introducing any spurious singularities we may follow these steps:

e We start by sewing particle 5. We need to verify that the associated three-point and

four-point tree-level amplitudes satisfy the GWI for that particle. To do so, we choose
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to use momentum conservation to eliminate momenta 10 and 11. Next, we impose
the on-shell conditions. Now our amplitudes obey the GWI for particle 5 and we may

proceed to sew it using the simplified projector.

Next, we choose to sew particle 10. Since that particle is scalar, this simply amounts

to multiplying the corresponding three-point amplitude with the result we got above.

We continue by sewing particles 6 and 7. To do this we must manipulate both the
expression we got so far and the four-point tree-level amplitude to obey the GWI for

particles 6 and 7.

— For the four-point amplitude we choose to solve momentum conservation as pg =
pe+p7—ps. Further, we impose €9-pg = €9-p7r+£9-pg along with the remaining on-
shell conditions. In this way we choose a basis where the momenta pg and p; are
independent, turning the amplitude into obeying the GWI for the corresponding
legs.

— For the expression we got from the previous sewings, we use p3 = —p; — pa — ps —
pe — p7- We impose the on-shell conditions for all exposed lines, even the ones

already sewn (e.g. p?, — m? = pZ = 0).

We may now sew particles 6 and 7 using the simplified projector. It is important not
to use any on-shell conditions between the two sewings. If we do, after sewing particle
6 for example, we spoil the GWI for particle 7. Namely, sewing particle 6 introduces
g7 - pr and 2. We do not set these terms to zero at this point, as they are essential in

reproducing the correct result.

We may now proceed to sew leg 8 and then leg 9, following a similar approach. Al-
ternatively, we may multiply the remaining three-point amplitudes together to build
a four-point quantity, which we then sew to the expression we got so far. We choose
to do the latter in order to emphasize that we may sew any gauge-invariant quantity
with the proposed method. Again, we should make sure that the two quantities obey
the GWI for particles 8 and 9.
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— For the four-point quantity, we choose to solve momentum conservation as p;; =
Pg + Py — P3-

— For the expression we got so far we use p1; = —p1 — p2 — ps — ps — Pg. We should
also choose one of the pg, pr and pig as our loop momentum and solve for the
other two in terms of it. Then we impose the on-shell conditions. A new feature
that appears here is the introduction of €2 and &2 from sewing particles 6 and 7.

At this stage we should use the null condition and set them to zero.

After these manipulations we may sew the final two legs using the simplified projectors.

We comment again on the subtle point that we should not use the special properties of
the polarization vectors between sewings of a given step, but we have to use them in order
to make a quantity obey the GWI. This is why we do not set €% to zero after sewing particle

6 but we do set €2 and &2 to zero after sewing particles 6 and 7.

We have explicitly verified that this process correctly reproduces the answer we get by
using the full projector. We emphasize once more that we do not have to introduce spurious

singularities at any of the steps taken.

1.5 Conclusions

D-dimensional approaches are useful in a variety of problems. Specifically, they are natural
in the context of dimensional regularization [16]. In this setup it is often the case that we
need to perform a physical-state sum of a gluon or graviton leg. An important example where
such sums appear is calculations based on D-dimensional generalized unitarity [19, 20, 21,
22, 23], 24, 25], 26|, 27, 28, 29]. Other examples include D-dimensional matrix-element squares
for cross sections |49, 50, 51], [52], and the decomposition of an amplitude into gauge-invariant

tensors |53, 54, 55 56, 57, [58].

In general, these physical-state sums introduce spurious light-cone singularities. These

spurious singularities unnecessarily complicate the expressions, especially in the gravitational
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case. Further, if we do not eliminate them prior to phase-space or loop integration, the
spurious singularities require nontrivial prescriptions to make them well defined. Hence, with
new generalized-unitarity based calculations [12] 13, 46] pushing the frontier of relativistic
gravitational-wave physics, there is a specific need for methods that avoid introducing these

spurious singularities.

In this chapter we achieve this goal by providing two independent methods that allow us
to perform the physical-state sums so that we do not introduce spurious singularities. Our
methods are applicable to any gauge-invariant quantities, at tree or loop level. In our first
method we identify gauge-invariant subpieces in our expression. We observe that we may
perform the physical-state sum for each piece without introducing spurious singularities. In
this way we derive a set of replacement rules that do not contain spurious singularities and
are equivalent to the physical-state projectors. In our second method we use momentum
conservation to bring our gauge-invariant quantities in a form such that they obey the
generalized Ward identity for the legs to be sewn. In this form, the spurious singularities
automatically drop out of the physical-state sums. We identify certain limitations on the

applicability of this approach.

Spurious singularities also appear in physical-state sums of massive vector bosons, spin-
3/2 particles, or other higher-spin fields. We are confident that we can tackle these problems
with methods similar to the ones developed in this chapter. We hope that our methods
will help simplify future calculations involving D-dimensional physical-state sums in gauge

theory and gravity.
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CHAPTER 2

Quadratic-in-Spin Hamiltonian at O(G?) from Scattering

Amplitudes

We obtain the quadratic-in-spin terms of the conservative Hamiltonian describing the in-
teractions of a binary of spinning bodies in General Relativity through O(G?) and to all
orders in velocity. Our calculation extends a recently-introduced framework based on scat-
tering amplitudes and effective field theory to consider non-minimal coupling of the spinning
objects to gravity. At the order that we consider, we establish the validity of the formula
proposed in [46] that relates the impulse and spin kick in a scattering event to the eikonal

phase.

2.1 Introduction

The detection of gravitational waves by the LIGO and Virgo collaborations [60), [61] promises
intriguing new discoveries. The main sources of gravitational waves are binary systems
of compact astrophysical objects. Therefore, the great experimental advances also press
for the development of high-precision theoretical tools for the modeling of the evolution of
such systems. In the present chapter we consider the inspiral phase of the evolution of
the binary. A well-developed theoretical tool to study this phase is the post-Newtonian
(PN) approximation. This approach consists of an expansion in small velocities and weak
gravitaional field. Several methods based on General Relativity (GR) [62, [63] as well as
effective field theory (EFT) [64] have been developed in this direction. We instead choose to

use the post-Minkowskian (PM) approximation, an expansion in Newton’s constant G which
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yields the exact velocity dependence. The PM approximation has a long history in GR
[65] but has gained prominence recently (see e.g. [60] [67, 68]) due in part to the successful

adaptation of modern scattering-amplitudes techniques.

The application of quantum-field-theory (QFT) methods to the study of the two-body
problem dates back to the 1970’s [69]. However, it was recently that Ref. [70] proposed the
application of the well-established scattering-amplitudes toolkit to the derivation of gravi-
tational potentials (see Refs. |71, [72] [73] for reviews on the modern amplitudes program).
Along these lines, Ref. [74] developed an EFT of non-relativistic scalar fields which allowed
the construction of the 2P1\/IE] canonical Hamiltonian from a one-loop scattering amplitude.
This Hamiltonian was equivalent to the one of Ref. [65]. Refs. [12} 13} [75] later implemented
this approach to obtain novel results at 3PM order. Ref. [76] followed up shortly after to
compare these results against numerical relativity in terms of the energetics of the binary.

Very recently, Ref. [77] obtained the conservative binary potential at 4PM order.

Besides making use of a non-relativistic EFT, various approaches have been developed to
extract the dynamics of compact non-spinning objects from scattering data. Refs. [78, [79]
established a formalism to obtain physical observables from unitarity cuts. Refs. [80, 1]
made use of the Lippman-Schwinger equation. Refs. [82], R3] developed a boundary-to-bound
(B2B) dictionary, and Refs. [84, [85] implemented a worldline PM EFT. Ref. [86] introduced a
worldline QFT. Ref. [77] discovered an amplitude-action relation that allows the calculation

of physical observables directly from the scattering amplitude.

The techniques mentioned above have been extended in multiple directions in recent
years. Indeed, Refs. [87, 88 89| applied similar methods to supergravity. Ref. [90] studied
three-body dynamics, while Refs. [91), 92, 93], 04, ©5] incorporated the radiation emitted
by the binary into their analysis. Refs. [96, @7, 08, 99, 100, 10T, 102] considered tidal
deformations of the astrophysical objects. In the present chapter we explore a different

direction and focus on effects due to the spin of the compact objects.

When considering intrinsic angular momentum in the problem of a binary of compact

!The nPM order corresponds to O(G™).
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astrophysical objects, one assumes that the spin of the objects is subdominant to the angular
momentum of the system. In this way, we organize the effects we consider in a systematic
expansion in the spin of the objects. Along these lines, there has been great progress in
incorporating spin effects in the PN approximation. Refs. [103, 104, 105l 106], TO7] approached
these effects with traditional GR techniques. Ref. [I08] extended the worldline EFT methods
of Ref. [64] in this direction, and since then there have been substantial developments [109,
110} 1110 112, 113, [114] [T15] 116l 117, 118|119, 120, 121], 122], 123], [124], [125] (see Refs. [126,

127] for reviews).

The current state-of-the-art results at the 5PN order include the linear-in-spin [I128] and
quadratic-in-spin [129] interactions at next-to-next-to-next-to-leading order and the cubic-in-
spin [I30] and quartic-in-spin [I31] interactions at next-to-leading order. The PM literature
on the other hand is less developed. Refs. [132, 133] recently obtained results at the 1PM
and 2PM orders for effects linear in the spin of the objects via GR considerations. Ref. [134]
treated the black hole (BH) case at 1PM order and exactly in the spin by matching an
effective action to the linearized Kerr solution. Refs. [I35] I36] obtained the 2PM-order
scattering angle in the special kinematic configuration where the spins of the BHs are aligned

to the orbital angular momentum of the binary.

Similarly to the non-spinning case, we may use scattering amplitudes to study the grav-
itational potential between spinning objects. Indeed, Ref. [I37] calculated a one-loop am-
plitude using Feynman rules, which allowed them to obtain a 2PM-order potential by means
of a Born iteration. Following the approach of [70], Ref. [138] reproduced Hamiltonians de-
scribing the interactions between spinning BHs by considering spinning particles minimally
coupled to gravity. Later, Ref. [I39] used the generalization of minimal-coupling amplitudes
of [I40] and the holomorphic classical limit of [I4I] to show that amplitudes encode infor-
mation about BHs that is exact in spin. Refs. [142] [143] used the massive spinor-helicity

formalism of [140] to study 2PM-order gravitational scattering from a one-loop amplitude.

2The nPN order corresponds to O(G%?*S¢) with a +b+c = n+ 1, where v is the relative velocity of the
binary system and S corresponds collectively to the spins of the objects.
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Furthermore, Ref. [144] related classical observables of a scattering process between spin-
ning particles directly to the scattering amplitude, extending the formalism of [78]. Using
this formalism, Refs. [145, 146, [147| obtained a 1PM-order Hamiltonian that reproduced the
result of [I34]. Finally, Ref. [46] obtained the conservative 2PM-order potential that is

bilinear in the spin of the objects and valid for arbitrary spin orientations.

Studies of the classical physics of spinning particles have also revealed double copy struc-
tures. Refs. 148, 149] 150}, 151, 152], 153] applied the definition of minimal coupling of [140)]
to classical solutions. In this way they made contact with the classical double copy of Ref.
[154] and with an effective theory of on-shell heavy spinning particles [I55]. The latter gen-
eralizes the heavy black hole effective theory of Ref. [I56], whose amplitudes are known to

double copy [157].

A suprising structure that emerged from the calculation of Ref. [46] is the expression of the
observables in a scattering event in terms of the eikonal phase [158]. Similar relations already
existed in the non-spinning case [158, 159, 160}, 161, 45, 18, 162, 163, 88, [89]. In the spinning
case there was evidence for such a relation in the special kinematic configuration where the
spins of the particles are parallel to the angular momentum of the system [142, [135], 136]. The
formula of [46] was the first example of such a relation for arbitrary orientations of the spins.
This striking observation potentially implies that all physical observables are obtainable via

simple manipulations of the scattering amplitude.

The goal of the present chapter is to obtain a 2PM-order Hamiltonian that describes
the dynamics between a binary of generic spinning objects in GR including effects that are
up to quadratic in the spin. We take the masses of the two objects to be m; and my and
the rest-frame spin three vectors to be S; and S,. We denote the relative distance between

the objects as r and the momentum three vector in the center-of-mass frame as p. The
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Hamiltonian then reads

L-S L-S
H=\/p? +mi +\/p? + m3 + VO, p?) + VD@2 p*) == + VO (r?, pf) ==

- S - S S-S
r 1251"" 2>+V(2’2)(r2,p2) 1r2 2+V(273)(r2,p2)(

- S1)? S? - 81)?
(’l" 1) + V(2’5) (r2’p2)r_; + V(276) (,’,,27p2) (p 1)

p-S)(p-S,)

r2

+ V(Q’l)(’l“2,p2) (

+ V(2 p?) +..., (2.1)

o r2
where L = r X p is the orbital angular momentum, and the ellipsis stands for terms of higher
order in the spin. Note that we omit terms quadratic in S, as they are obtained from the

ones quadratic in S via appropriate relabeling. The terms in Eq. (2.1)) take the form

VAG?, p?) = %cﬂp?) T (%) A7)+ O(G), (2.2)

where the label A takes the values indicated in Eq. .

Our task is to determine the coefficients ¢! appearing in Eq. . For simplicity, and
since the bilinear-in-spin interactions were given in Ref. [46], we may consider one of the
bodies to be non spinning. This amounts to formally setting S, = 0 in Eq. . We have

explicitely verified that the results of this chapter do not change if we take into account all
the terms in Eq. (2.1)).

Following Refs. [74] [46], we obtain the potential coefficients in question via a matching
calculation. First, we calculate a one-loop scattering amplitude in our so-called full theory.
This is a theory that describes particles of arbitrary spin coupled to gravity. Specifically,
it captures minimal and non-minimal coupling of the particles to gravity. In terms of our
Lagrangian, we include all possible operators that are up to quadratic in the spin of the
massive particle and up to linear in the curvature. Then, we calculate the corresponding
amplitude in an EFT of spinning particles interacting via the Hamiltonian of Eq. . Our
EFT generalizes that of Refs. [74] [46] to consider effects quadratic in the spin of one of the

particles.

In obtaining these amplitudes we restrict to the piece that captures the classical dynamics.
We implement the classical limit by rescaling ¢ — Ag, S; — (1/A)S; and expanding in A,
where q denotes graviton momenta and 57 the covariant spin of the spinning particle. Finally,

we fix the desired coefficients by matching the two computed amplitudes.
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Figure 2.1: The Feynman vertices used to compute full-theory amplitudes. The three-particle
vertex (a) determines the O(G) dynamics. The Compton amplitude, which requires the contact
vertex (b), captures the O(G?) dynamics. The straight lines correspond to the spinning particle,

while the wiggly lines correspond to gravitons.

The remainder of this chapter is structured as follows: In Sec. [2.2] we review some aspects
of the spin formalism introduced in [46] that we use throughout the chapter. Namely, we
describe our field-theory approach to higher spin and its classical limit. We compute the
necessary full-theory tree and one-loop amplitudes in Sec. 2.3 We adopt the method of
generalized unitarity [164) 165, 166] to produce the loop-level amplitude, using tree-level
amplitudes as building blocks. We then express the amplitudes in the center-of-mass frame,
which facilitates the matching to the EFT. Sec. contains the setup of the EFT, along with
the computation of the EFT amplitudes. By equating the full-theory and EFT amplitudes,
we obtain the desired two-body Hamiltonian. We compare our result against PN [I67] and
test-body [I68] Hamiltonians in the literature. Finally, in Sec. ﬂ we use the derived
Hamiltonian to compute scattering observables. We then establish that the conjecture of
Ref. [46], which directly relates these observables to the eikonal phase [I58], holds unaltered

when we include the quadratic-in-spin effects. We present our concluding remarks in Sec.[5.7]

2.2 Review of Spin Formalism

In this section, we review the aspects of the higher-spin formalism that we use in the chapter.

For further details, we refer the reader to Ref. [46].

We identify spinning compact astrophysical objects with higher-spin particles. We de-
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scribe these massive particles of integer-spin s by real symmetric traceless rank-s tensor
fields ¢4. For brevity, we suppress the indices of ¢,, implying matrix multiplication when

necessary.

We use a Lagrangian to organize the interactions of higher-spin fields with gravity. Ref.
[59] obtained such a Lagrangian using auxiliary fields to eliminate all but the spin-s repre-
sentation of the SO(3) rotation group. Here we relax this requirement, and interpret the
theory as a relativistic effective theory that captures all spin-induced multipole moments of

spinning objects coupled to gravity. We write the higher-spin Lagrangian £ and action S as
E = Emin + ﬁnonmin ) S = /d4£ll'v _g‘c . (23)
The minimal Lagrangian contains terms with up to two derivatives,
1 v 1 2
Loyin = —R(e,w) + 59“ V(w),¢sV(w)yds — 5™ DsPs - (2.4)
The covariant derivative is
7; €
V<w)u¢s = u¢s + §W,uefM f¢sa (25)

where w is the spin connection, and M® are the Hermitian Lorentz generators. The gravita-
tional field is described in the vielbein formulation. The non-minimal Lagrangian containing

all the terms linear in the graviton and bilinear in the higher-spin field is

= (—=1)" Cpgen
zmmmZEJ%%rﬁ;vwmw~vwm3mmy@y@$ﬁnywvwﬂm (2.6)
n=1 ’

e (_1)”’ 0352n 1 ab c (f1 font1) d
_Z—;(2n+1)!m2n+1v(w)f2n+1"'V(w)fsi%b(cfﬂ @) £V (@)°0 ST 8BV (W) s

where we use an off-shell analog of the Pauli-Lubanski vector

S = — L etbed ) r V(W) (2.7)

2m

The operators in Eq. (3.3)) are in direct correspondence to the non-minimal couplings in the
worldline spinning-particle action of Ref. [169]. One could, in principle, include terms with

dependence on higher powers of the curvature, but we do not attempt to do so in the present
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chapter. Since our objective is to describe the dynamics up to spin squared, we focus on the
first non-minimally coupled term,

Cgs2

T om?2

Lpg = Ry Vs SUISV0,. (2.8)

Ref. [108] first studied the effects captured by this operator at leading order in the PN
approximation. The extensions to next-to-leading and next-to-next-to-leading orders were
considered in Refs. [ITI] and [167] respectively, while Ref. [I70] studied its contributions to

higher orders in spin. We instead consider its effects in the PM approximation.

To extract Feynman rules, we define the graviton as the fluctuation of the metric around
Minkowski space. We determine the spin connection w as the solution of the vielbein postu-

late, V,(w)e,* = 0. This yields the following expansions for the needed quantities
a a 1 a 1 ap 3
G = Ny + Ny Cp = 5# + §hu - ghuph +O(h”),
1 1 1
W(€)uer = =Opchuy = 10 1eOulup + SH 1cOphiyn — 51Oyl + O(h%). (2.9)

After substituting this expansion into the Lagrangian of Eq. (2.8]), we follow a straightfor-
ward procedure to obtain the Feynman vertices in Fig. 2.1} These are the vertices necessary

to determine the dynamics through O(G?).

We describe the state of the higher-spin particles by their momentum p and polarization
tensor e(p). To take the classical limit of expectation values, we choose “spin coherent states”
[I71], whose defining property is that they minimize the standard deviation of observables.

Following [I72, [I73], we relate the classical spin tensor and Lorentz generators via

e(p)M* ™ e(p) = S(p)e(p) -e(p) +- -,

e(p){ M, MH*22}e(p) = S(p)"*1S(p)H22e(p) - e(p) + ..., (2.10)

where {A, B} = 3(AB+ BA) and p = —p— ¢ (note that we use the all-outgoing convention).
We can also write analogous expressions for products with higher powers of the Lorentz
generator. Throughout the chapter we omit terms that do not contribute to the classical
potential in ellipsis. These include terms that do not survive in the classical limit and terms

that cancel in the matching between full-theory and EFT amplitudes.
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Importantly, one can only interpret the symmetric product of Lorentz generators as a
product of spin tensors. However, it is always possible to decompose a product of Lorentz

generators into a sum of completely symmetric products by means of the Lorentz algebra,

[MFVE DNF2V2] = (s NJHak2 | qials | [RRe _ phai | [HsHz _ plizia | TR (2.11)

We take the spin tensor to obey the so-called covariant spin supplementary condition,
puS(p)* =0. (2.12)
We define the Pauli-Lubanski spin vector by
S°(0) = 5P psS,5(0) (213)
2m ool '
Using the on-shell condition for the spinning particle p?> = m? and Eq. (2.12), we find

1
S (p) = —Eﬁam&pwsa(p)- (2.14)

For this choice of the spin vector we have

p-S p-S
Spt=|—8S+—m— 2.15
) (m, +mw+m¢>, (2.15)
where S is the three-dimensional rest-frame spin of the particle and p = —(E,p). Le. we

obtain the covariant spin vector by boosting its rest-frame counterpart. Finally, by writing

the polarization tensors as boosts of rest-frame coherent states [I71], we have

] L, S }

e(p) - e(p) = exp [_m(E+m) (2.16)

where L, = ip X q, and the ellipsis stand for terms that do not contribute to the classical

potential.

2.3 Full theory amplitudes

In this section we calculate the scattering amplitudes needed to construct the desired Hamil-

tonian. Specifically, we obtain the relevant pieces of the tree-level and one-loop two-to-two
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1 4

Figure 2.2: The tree-level amplitude that captures the O(G) spin interactions. The thick (thin)
straight line represents the spinning (scalar) particle, while the wiggly line corresponds to the

exchanged graviton.

2 3 3 2 2 3 2 3
— N X N—
| | | | /7 N\ \ /
| | | | / \ \N 7

Figure 2.3: The one-loop scalar box integrals In (a) and I, (b) and the corresponding triangle
integrals o (c) and I, (d). The bottom (top) solid line corresponds to a massive propagator of

mass mq (mz). The dashed lines denote massless propagators.

scattering amplitude between a scalar and a spinning particle. For the tree-level amplitudes
we use the Feynman rules derived in the previous section. We use the generalized unitarity
method [164, 165, 166] for the one-loop amplitude. Anticipating the comparison to the EFT

amplitudes, we specialize our results to the center-of-mass frame.

2.3.1 Constructing the full-theory amplitudes

The information to determine the O(G) Hamiltonian is contained in the tree-level amplitude
shown in Fig. 2.2 We take the incoming momentum of the spinning (scalar) particle to
be —p; (—p2) and its outgoing momentum to be py (p3). Using the Feynman rules obtained

above, we find

47 G
e

Mtree — €14 (ago) —+ agl’l)gl —+ O[§2’4) (q . Sl)2> 4+ ... s (217)
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where & = i€"*°p1 ,p2,4,510, and the labeling scheme for o] follows that for ¢! in Eq. (2.2).
In the ellipsis we omit terms that do not contribute to the classical limit, along with pieces
proportional to ¢?, since they cancel the propagator and do not yield long-range contribu-

tions. The coefficients a4 take the explicit form

8m? 2C 12202 — 1
ozgo) = 4m'?(20% — 1), 045171) -7 ; 04(1274) = =T VQ( - ) . (218)
where we use the variables
a:pl.pQ, m=my + mgy, V:ml?z. (2.19)
mime m

In order to construct the O(G?) Hamiltonian we further need the corresponding one-
loop amplitude. We may express any one-loop amplitude as a linear combination of scalar
box, triangle, bubble and tadpole integrals [I74]. Refs. [74, [13] showed that the bubble and

tadpole integrals do not contribute to the classical limit. Dropping these pieces we may write
Z'Ml-loop =dolg+dul+caln + ¢y [V’ (220)

where the coefficients dn, dw, ca and ¢y are rational functions of external momenta and
polarization tensors. The integrals In, I, Ia and I, are shown in Fig. [2.3l The triangle
integrals take the form [74]
Ing = — i 1
32my o \/__(]2

The box contributions do not contain any novel O(G?) information. They correspond to

o (2.21)

infrared-divergent pieces that cancel out when we equate the full-theory and EFT ampli-
tudes [74, 13]. In this sense, the explicit values for the box coefficients serve only as a
consistency check of our calculation and we do not show them. Instead, we give the result

for
IMATY = cpIp + oo Iy (2.22)

We use the generalized-unitarity method [164], [165] [166, [175] to obtain the integral co-
efficients of Eq. (2.20). We start by calculating the gravitational Compton amplitude for
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Figure 2.4: The Compton-amplitude Feynman diagrams. The straight line corresponds to the

spinning particle. The wiggly lines correspond to gravitons.
2 3 2 3 2 3 2 3
) 6 ) 6 D 6 ) 6
1 4 1 4 1 4 1 4
(a) (b) (©) (d)

Figure 2.5: Appropriate residues of the two-particle cut (a) give the triple cuts (b) and (c), and the

quadruple cut (d). The thick straight line corresponds to the spinning particle, the thin straight line

to the scalar, and the wiggly lines to the exchanged gravitons. All exposed lines are taken on-shell.

the spinning particle, using the Feynman rules derived in the previous section. We depict
the relevant Feynman diagrams in Fig. 2.4, Subsequently, we construct the two-particle cut
depicted in Fig. 2.5(a) by gluing the Compton amplitude for the spinning particle with that
for a scalar. The latter is a well-known amplitude. The residue of the two-particle cut on the
scalar-matter pole gives the triple cut in Fig. [2.5(b), while the one on the spinning-matter
pole gives the triple cut in Fig. [2.5(c). Localizing both matter poles gives the quadruple
cut in Fig. [2.5(d). Finally, following Refs. [176, 177, 28], we obtain the box and triangle

coefficients from the quadruple and triple cuts respectively. Our result reads

27T2G2€1 * &4

_q2

(2,5) (2,6) 2

MAEHY = af +as"Ve +al V(g 1) + a8V + VP (pe - S1)?| + .

40



where the coefficients are given by

ozéo) 32507 1), agl’l) _ m?(4my + 3my)(50? — 3)vo ,
my(o2 —1)
(2:4) mj 2 4 2
o = D) [ —4my( = 0> + 1 + Cpg (300" — 2002 4 3))
— mi (350" — 300° = 5 + Cpa(1550" — 1740° + 35)) |
m2
%) = _Wil) [4m2(1504 — 170% + 2+ Cpe (150" — 130% + 2))
+my (950" — 1020% + 7 + Cpge (950" — 10202 + 23))} ,
2,6 1
28 — T [2m2(1504 — 140% — 1 + Cpg (150" — 1007 + 3))
+my (650" — 6602 + 1+ Cpga (650" — 6602 + 17))] L (223)
We note here that the relation aéu) = —0452’5), which was expected following a pattern

observed in Refs. [I56], 46], is broken for generic values of Cpg2. We recover this relation
for Cpgz = 1, which corresponds to the Kerr black hole [I34]. This is in line with a recent
observation in Ref. [07], that this equality fails to hold in the presence of tidal finite-size

effects.

2.3.2 The amplitudes in the center-of-mass frame

In preparation for the matching procedure in the following section, we specialize our expres-

sions to the center-of-mass frame. In this frame, the independent four-momenta read

p=—(E1,p), p2 = —(Es,—p), q=(0,q), p-g=q°/2. (2.24)
Using Eq. (2.15]), we have
2. S
g-Si=q 8- —LP iy poyGpSie = E Ly - Sh

2m1 (El + ml) ’

E
p2-S1=——p- 5. (2.25)
ma

Furthermore, Eq. (2.16)) becomes

L, S (L,-S))’
mq (El + ml) 2m%(E1 + m1)2

€1-64=1— (2.26)
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Using the above expressions, our amplitudes take the form

Mtree 47TG

4FE Ey B q> {QEO) + ang)Lq - S1 + a§2’4)(q : 51)2 ) (2.27)
MAETY ar2GR

AEE, g [aéo) +ay Ly S+ g 81 + 0"V q* ST+ g (p- 81

The coefficients a;' are given in terms of the af* of Eqs. (2.18)) and ([2.23)) b
(0) (1,1) 1 (0)

0 _ % a4 @
Am?>y2¢’ Z dmyg mi(n + 1) 4mPy2E
o) _ R ae .\ Cu) al” (2.28)
' Am292¢ mi(y + 1) 4myE mi(n + 1) 8m?y2¢ ‘
where ¢ = 1,2 and the structure-dependent coefficients are given by
4 5 2 6 Z(4) _ (5 (6 E?
(W = —¢6) = p?, ¢© =1, (W =706 =1, C():_W' (2.29)
1
In addition to the definitions in Eq. (2.19) we use
E E EF.
y==, m=—, E=BE+E, {=—/1372. (2.30)
m my E

2.4 Hamiltonian from effective field theory

We now turn our attention to the task of translating the scattering amplitudes of higher-
spin fields to a two-body conservative Hamiltonian. We do this by matching the scattering
amplitude computed in the last section to the two-to-two amplitude of an EFT of the positive-
energy modes of higher-spin fields. Ref. [74] developed this matching procedure for higher
orders in G and all orders in velocity, while Ref. [46] extended the formalism to include spin
degrees of freedom. We conclude this section by comparing our answer with previous results

in the literature.

3Note that unlike Ref. [46] we do not introduce the coefficients a.,,. This means that factors of the spin
in Eq. li appear both because we specialize in the center-of-mass frame and due to Eq. |i
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2.4.1 EFT scattering amplitudes

The action of the effective field theory for the higher-spin fields &; and &, is given by
5= [ 3 etk (10— VR EmR) &) [ IR VLK S1) & ().
a=1,2 %

(2.31)

where [, = [ (‘;D) 42k and the interaction potential V(K Kk Sl) is a function of the incoming

and outgoing momenta k and k', and the spin operator S1. We consider kinematics in the
center-of-mass frame. As in the full theory side, we choose the field & to be a scalar, while
the asymptotic states of & are taken to be spin coherent states. We obtain the classical
rest-frame spin vector as the expectation value of the spin operator with respect to these

on-shell states.

We build the most general potential containing only long-range classical contributions,
up to quadratic order in spin. In momentum space, a minimal basis of interactions in the

on-shell scheme is given by the operators

~

OO =1, OV =L, 8, OCY=(4.-8), OPV=¢ &, 0=k 3

(2.32)
Whereﬂ g =k — k' and L; =ik x ¢. Their expectation values with respect to spin coherent
states are in one-to-one correspondence with the monomials in the full theory amplitude,
Eq. . The labeling scheme for the operators follows the conventions of Eq. . We

use the following ansatz for the potential operator
V(K k,S:) ZVA (K' k) O (2.33)

where A runs over the superscripts of the operators in Eq. (2.32). VA(k’, k) are free coeffi-

cients with the same structure as the spin-independent potential of Refs. [13] 12],

2m2G?

47TG A(p) + 7 i (p%) + O(G*), (2.34)

VAK k) =

4The three-vectors ¢ and p are not to be confused with unit-norm vectors.
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where p? = (k* + k'?)/2. At the O(G) level, the operators containing a factor of g* can be

ignored, as they lead to contact terms. Therefore we choose
d? = 9 =, (2.35)

However, the factor of ¢? does not cancel out with the O(G?) denominator, so we need to

keep d5*® and d9.

We now evaluate the EFT two-to-two scattering amplitude. To this end we use the

Feynman rules derived from the EFT action (Eq. (2.31)),

—k _k/
(k) - A
T TRV i = V(K k8. (230)
k k'

Using these rules we compute the amplitude up to O(G?) directly evaluating the relevant
Feynman diagrams, omitting terms that do not contribute to long range interactions. The
spin-dependent vertices must be treated as operators, and thus their ordering is important.
After carrying out the energy integration, we obtain an expression for the amplitude

V(p,7k7sl> V(k7p7 Sl)
B+ B~k +mi— /K2 +m3

(2.37)

MEFT = V(p,7p7 Sl) - /
k

Similarly to the full theory, in order to extract the classical limit, one needs to first decompose

products of the spin vector into irreducible representations of the rotation group, by repeated

use of the SO(3) algebra.
At O(G) the EFT amplitude receives a contribution only from the first term of Eq. (2.37),
MEET = ﬁ [a§°> +a"L,- S +a*Y (q-8))*| . (2.38)
The af' are given directly in terms of the momentum-space potential coefficients,
ol = —ah. (2.39)
The EFT amplitude at O(G?) receives contributions from both terms in Eq. and
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can be written as

2m2G?
ML = al ay) +a"VL, - 81 +aV(q- 81 + 0PV q? 8} + a V¢ (p- S1)?
dP-1¢ 2B
4 2 iter )
+( 7TG) Qi /(27T)D—1£2(£+q)2(£2+2p-ﬁ)

(2.40)

where £ = k — p and we only keep terms that are relevant in the classical limit. The above

coefficients are given by

o = 4 4 2%}5 A [(dﬁ”)z} , (2.41)
=gy L ' o),
o2 Z g2 85 A4 ; [d e 4)} 1(I;§EA {(d a, 1))2} N %d?,l)dgu),
Q29 — g2 85EA4 |:d§0)d§2’4):| 82§9EA [(d a, 1))2} N %dgl’l)d§2’4),
ag%) —d (2,6) i iEdo)d(Q A) n 8§EA [(d§1,1)>2] - i_gd§1,1)d(l2,4)’
where we define the function
(2.42)

AjX] = {(1 —3¢) + 95; Y EQ(?]

and the derivative is taken with respect to the square of the center-of-mass momentum

0 = 0/0p*. The second term in Eq. (2.40) is infrared divergent and should cancel out when

we equate the full-theory and EFT amplitudes. We have explicitly verified this cancellation

at leading order in the classical expansion.

2.4.2 Conservative spin Hamiltonian

As mentioned in Sec. our final result is the position-space Hamiltonian
oL -8

= /P2 +mi+\/p2+mi+ VO + VD (r2 p?) =
2 . 2
P51 (2.43)

(r-S S
+ V(2’4)('f‘2,p2)71) + V(2’5)(T'2,p2)r—; + V(Q 6)( , D )(T 4+ ...
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The potentials take the form

A(p2 2 :ECA 2 G\’ 3
VA ) = o)+ () )+ o), (2.44)

We obtain the position-space Hamiltonian by taking the Fourier transform of the momentum-
space Hamiltonian with respect to the momentum transfer g, which is the conjugate of the

separation between the particles . In this way, we express the position-space coefficients

A

¢ in terms of the momentum-space coefficients d# via linear relations dictated by the g-

dependence of the spin operators,

Cgo) _ dgo)7 c51,1) _ —dgl’l), 6524 34 (24) C§2,5) _ d§2’4), ng,ﬁ) _0,

(2.45)

CgO) _ d;O)’ C21,1) _ _ngu)’ c(z4 —8d 24) ng,s) _ 2d§2’4) _ 2d§2’5), (26 —2d (2,6)

We determine the momentum-space coefficients d? in terms of the amplitudes coefficients
ai! by the relations in Eqs. (2.39) and (2.41). We may now obtain a' by demanding that
the EFT amplitude matches the full-theory one,

Ml-loop
AB\E,

tree
MEFT _ M MEFT _
1PM — 2PM T

2.46
BB, (2.46)

where the factors of the energy account for the non-relativistic normalization of the EFT

amplitude. Using Eq. - we relate a! to o', which are explicitly shown in Eqgs. (2.18))

7

and (2.23). Putting everything together, we obtain novel expressions for the position-space

coefficients c:.

2.4.3 Comparison to the literature

In order to ensure the validity of our result, we compare it with existing Hamiltonians
in the General Relativity literature. Specifically, we compare with overlapping results in
Ref. [167], which obtained the next-to-next-to-leading order post-Newtonian Hamiltonian,
and in Ref. [I68|, which calculated the test-body Hamiltonian. Both references included

interactions of up to quadratic order in the spins.

46



One way to establish the equivalence of two Hamiltonians is to construct a canonical
transformation that extrapolates between them. Alternatively, we may compare the gauge
invariant scattering amplitudes calculated from the two Hamiltonians by means of the EFT.
We take the latter approach here. To do so, we promote the spin vector in the classical

Hamiltonians to the spin operator, and we account for the non-isotropic terms according to

the conventions of [74] 12, [13].

In this way we obtain EFT amplitudes in the form of Egs. (2.38)) and ([2.40)). The relevant
coefficients for our purposes obtained using the Hamiltonian of Ref. [167] read

L2 _ myCprs2  8mumg + Tmj — Cpgz (6mf + 16mymy + 6m3)
4 =

2.47
2my 8m3ms (247)
_3m3(Tmi + dmumg — 2m3) + Cpg2(5mi — 18mim3 + 5m§)p4 N
16m3ms o
and
42D _ mimiCrge ma (10m? — Tmyms — 13m3 4+ Cpg2(32m3 + 61mymy + 29m3))
2 4(m1 + mg)p2 16m1 (m1 + mg)
15m{ — 73m3my — 361mIm32 — 343mym3 — 82m3
64m3ma(my + my)
CE52(93m1 + 467m3msy + 7T07m2m3 + 397mym3 + 64m3)
y 2
64m3ma(my + mo)
25 _ mm3Crs2 Mo (22m3 + 19myms + m3 + Crg2(20m? + 35mymy + 15m3))
2 4(m1 + mg)pz 16m1 (m1 + mg)
(2.48)
_5lmj + 115mimy — 53mim3 — 155mym3 — 50m;
64m3ma(my + mo)
Cgs2(57Tmi + 279m3my + 399m3m3 + 209m,m3 + 32m3)
_ 5 Pt
64mima(my + mo)
(2,6) mim3Crge ma (8m3 + 8myms + m3 + Crgz(Tmi + 11myms + 4m3))
a:2 -

2(my + ma)p? 4my(my + me)p?
33m1 +9Tm3my + 13mim3 — 73mym3 — 28mj

32m3ma(my + my)
CE52(39m1 + 185m3my + 245mim3 + 115mym3 + 16ms3) N
32m3ma(my + mo)

where the ellipsis stands for higher orders in p. These coefficients are in complete agreement

with the velocity expansion of our amplitudes. The Hamiltonian of Ref. [168] produces the
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coefficients

L2 _ M2 (Crs2 (273 + 272 =y — 1) =293 =292 + 3y + 1)
1

_ , 2.49
271(71 + 1) (2.49)
and
429 _ my? (Cpge (301* — 29v12 + 3) — 307,* + 59712 — 24+, — 5)
2 16’71 (’)/12 — 1) mq ’
429 _ ~mo® (Cpgz (15m* = 131* +2) — 15m* +437,° — 244, — 4)
2 16’71 (’712 — 1) mi ’
226 _ my” (Cpg2 (15m* = 107> 4 3) — 157" +4671° — 247 — 7) (2.50)
2 16’)/1 (’}/12 — 1)2 m13 ’ '
eI (9571 — 102742 + 15) my JC5) _ 95y, *my — 102y,2my + 15my
? 3271 (112 — 1) ’ ? 3271 — 32713 ’
220 _ 657" — 6671 + 9
2 16")/1 (’)/12 — 1)2 mq ’
(2,9) (2,3

where the coefficients a5 correspond to the spinning particle as the test body, while as
correspond to the scalar particle as the test body. These coefficients exactly reproduce the

test body expansion of our amplitudes.

2.5 Observables from the eikonal phase

The conservative Hamiltonian we obtained in the previous section enables the calculation
of physical observables for a binary of compact objects interacting through gravity. On the
one hand, one may calculate quantities that describe bound trajectories of the binary, as
the bound-state energy. On the other hand, observables pertaining to unbound orbits have
received a surge of attention. The main reason for this is that these observables serve as input
to important phenomenological models, as the effective one-body Hamiltonian [I78, 179,
180], 18T, 182 [183]. Recently, there has been great progress in obtaining these observables
directly from the scattering amplitude |78 [144] 67, [81]. Moreover, in the non-spinning case,

Refs. [82], 83| developed a dictionary between observables for unbound and bound orbits.

One prominent connection between physical observables and the scattering amplitude is

made via the eikonal phase [I58|. There are several studies of this connection, especially
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in the non-spinning case [158, (159, 160, [I61, A5, I8, 162, 163, 88, RI]. Refs. [142, 135, 130]
verified the applicability of this approach for spinning particles in the special configuration
where the spins of the particles are orthogonal to the scattering plane. More recently,
Ref. [46] conjectured a formula that expresses physical observables in terms of derivatives of

the eikonal phase for arbitrary orientation of the spin vectors.

In this section we extend the analysis of Refs. [142, 135, 136] and [46]. Specifically,
we start by obtaining the eikonal phase via a fourier transform of our amplitudes. By
restricting to the aligned-spin configuration we obtain a scattering angle which matches
that of Ref. [142] [135] 136] when we specialize to the black-hole case. Then, we verify the
conjecture of Ref. [46] by solving Hamilton’s equations for the impulse and spin kick, and

relating them to derivatives of the eikonal phase.

The eikonal phase x = x1 + Y2 + O(G?) is given by

X1 = ,1/7 / 4w ()
dmymavo? —1J (2m)? ’

1 d2q iq-b VA Bv4
= ' . 2.51
X2 prsespeey —02_1/(%)26 M (@) (2.51)

Using our amplitudes expressed in the center-of-mass frame (see Eq. (2.27))) we find

¢EG 2a{"" o (2 (Sy. - b)?
e ' —ai" Inb” - (;2 (px 81)-b+al? ﬁsﬁ - 417 ’
mEEG[a)  afHY e [ 1 o (S;1 - b)?
_ 2 _ b N — -3 7 2.52
X2 = [ o] ~ Jop P XS b pESi m 3 g (2.52)
1

where we define S, =S, — %p.

We may now use the eikonal phase to obtain certain classical observables. We start by
considering the aligned-spin kinematics of Ref. [142] 135, [136]. Specifically, we take the spin
to be parallel to the orbital angular momentum, and hence orthogonal to the scattering

plane. This implies the relations
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Since the scattering process is confined to a plane, it can be described by one scattering
angle 6 = 0, + 0, + O(G?), which we obtain as a derivative of the eikonal phase [158]

E
mimav o2 —1

where b = |b|. The novel piece of the 2PM angle we obtain is quadratic in spin and given by

GZ- = — 81,)(1», 1= 1, 2, (254)

3EG2S?
02 52 — 2
P 32mibt(0? — 1)?

{m2 (6(50* — 60 + 1) + 2052 (450 — 4202 + 5))
+my (650" — 660 + 1) + Cps2(1250" — 13807 + 29)) } . (2.55)

By specializing to the black-hole case (Cpg2 = 1) we reproduce the result of Ref. [142].

Ref. [46] conjectured a formula that directly relates observables in a scattering event with
arbitrary spin orientations to the eikonal phase. The observables in question are the impulse

Ap and spin kick AS;, where

p(t=00)=p+Ap, p(t=-o00)=p,
Sl(t = OO) = Sl + ASl, Sl(t = —OO) = Sl . (256)

Specifically, by obtaining the impulse and spin kick through O(G?) using Hamilton’s equa-

tions, we find that they may be written as

Apy = —{p1 v} — 3 {6 paXH — Dsu (v f)) 5 (P Dsi (600}

A8 = ~{81,x} ~ 3 [ (5130}~ Dow (0. (81X + 3 {81 D (00} (257)

In Eq. (2.57) we use the definitions

of of of  dg
= —— = — D = — S == 7
wrf=-G.  Suf=grxs. Dulto=-si (5 <5l
(2.58)
where Ly = b X p. In the above we decompose the impulse as
_ p
Ap = Apnm +Ap, . (2.59)

Eq. (2.57) does not give Apy. Instead, we obtain Apj from the on-shell condition (p+Ap)* =
2
p°.
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Our calculation establishes the conjecture of Ref. [46] at the quadratic-in-spin level. The
fact that the relation holds without modification when we include these higher-in-spin terms
is strong indication for its validity in general. Our calculation further serves as evidence in
favor of the surprisingly compact all-order formula that relates the scattering observables to

the eikonal phase,

AO =ie”"P{O, P} (2.60)

where for our case O = p, or Sy, and xDg = xg + iDsr(x, 9)-

2.6 Conclusions

In this chapter we obtained the 2PM-order Hamiltonian that describes the conservative
dynamics of two spinning compact objects in General Relativity up to interactions quadratic
in the spin of one of the objects. We followed the approach of Refs. [46, [74] which was based
on scattering amplitudes and EFT. Along with the results of [46] for the bilinear-in-the-spins
interactions, this completes the O(G?) analysis of quadratic-in-spin effects not including tidal

effects.

To construct the Hamiltonian we followed a matching procedure. Ref. [74] developed
this procedure for non-spinning particles, while Ref. [46] extended it to the spinning case.
Specifically, we calculated and matched two amplitudes, one in our full theory and one in an
EFT. Ref. [46] introduced the full theory to describe the minimal and non-minimal coupling
of particles of arbitrary spin to gravity. The Lagrangian contains operators that are in one-
to-one correspondence with those of the worldline EFT of [169]. The EFT we used captures
the dynamics of non-relativistic spinning particles interacting via a potential with unfixed
coefficients. This EFT extended the one of [46] to include operators quadratic in the spin of
one of the particles. By matching the amplitudes computed in these two theories, we fixed

these coefficients and hence determined the desired Hamiltonian.

In our calculation we considered effects up to quadratic in the spin of one of the par-

ticles, while we took the other particle to be non-spinning. In terms of our full theory,
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we included the first non-minimal-coupling operator along with the corresponding arbitrary
Wilson coefficient C'gg2. Unlike the linear-in-spin results, the effects of this operator are not
universal and generic bodies are described by different values of C'rg2. As a specific example,
Cgs2 = 1 describes the Kerr black hole. For arbitrary values of Cgg2, we found that the
amplitude depends on ¢?S? and (g - 51)2 independently, rather than on the linear combina-
tion ¢%S% — (¢ - 51)2. The latter was expected based on an observation in Refs. [156], [46].
Recently, Ref. [97] also remarked that finite-size effects spoil the above expectation. Inter-
estingly, for the Kerr black-hole case (Cgg2 = 1) the amplitude indeed depends on the linear
combination ¢*S? — (¢ - S1)°.

The produced conservative Hamiltonian enables the calculation of observables pertaining
to binary systems of spinning black holes or neutron stars. For example, one may study
bound states of the binary by choosing suitable initial conditions. In this chapter we chose to
compute scattering observables instead, which may be used in the construction of important
phenomenological models as the effective one-body Hamiltonian [I78, 179, 180, 181, [182] 183].
Specifically, by solving Hamilton’s equations we obtained the relevant impulse and spin kick.
In this way we verified the conjecture of Ref. [46], which expresses these observables in terms
of the eikonal phase via the simple compact formula in Eq. (2.60). The existence of such
a formula has intriguing implications in classical mechanics. Specifically, it hints towards a
formalism that bypasses using Hamilton’s equations, and directly expresses the observables

in terms of derivatives of a single function of the kinematics.

In order to establish the validity of our result for the quadratic-in-spin two-body Hamil-
tonian, we performed several checks against the literature. We did this by comparing at the
level of the gauge-invariant amplitudes in the regime where they overlap. Firstly, we verified
that our amplitude expanded in velocity matches the one calculated using the Hamiltonian
of Ref. [167], which was obtained in the PN approximation. Secondly, by expanding our
amplitude in the test-body limit we found agreement with the amplitude obtained by the
Hamiltonian of Ref. [168]. As a third check, we computed the scattering angle for the kine-

matic configuration where the spin vector is aligned with the orbital angular momentum of
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the system and confirmed that it reproduces the one of Ref. [142] for the BH case, Cpg2 = 1.
Finally, we compared the impulse in Eq. (2.57) with the one given in Ref. [I84] in covariant

form and found agreement.

Our calculation serves as evidence that the formalism of Ref. [46] can capture the effects
of non-minimal coupling to gravity. Therefore, an obvious future direction is to extend this
analysis to include more powers of spin. Moreover, a number of pressing questions remain
interesting and unanswered. These include the extension of these methods to higher PM
orders, the proof of the relation between classical scattering observables and the eikonal

phase, along with potential extensions of this relation to bound-orbit observables.

23



CHAPTER 3

Binary Dynamics Through the Fifth Power of Spin at
O(G?)

We use a previously developed scattering-amplitudes-based framework to determine the two-
body Hamiltonian for generic binary systems with arbitrary spin S. By construction this
formalism bypasses difficulties with unphysical singularities or higher-time derivatives. This
framework has been previously used to determine the exact velocity dependence of the O(G?)
quadratic-in-spin two-body Hamiltonian. We first evaluate the S® scattering angle and two-
body Hamiltonian at this order in G, including not only all operators corresponding to the
usual worldline operators, but also an additional set due to an interesting subtlety. We then
evaluate S* and S® contributions at O(G?) which we confirm by comparing against aligned-
spin results. We conjecture that a certain shift symmetry together with a constraint on the
high-energy growth of the scattering amplitude specify the Wilson coefficients for the Kerr
black hole to all orders in the spin and confirm that they reproduce the previously-obtained

results through S*.

3.1 Introduction

The landmark detection of gravitational waves by the LIGO/Virgo collaboration [14, [15]
heralds an era of remarkable discoveries in astronomy, cosmology and perhaps even particle
physics. The increasing precision of forthcoming detectors [185, [I86] 187] will demand equally
precise theoretical predictions which include detailed properties of gravitational-wave sources

such as their spin [62].
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In this chapter we use the post-Minkowskian (PM) framework [188] [189, 190, 191, 192,
193, 194, [65., 195, [66], which has been previously applied to the two-body problem of spinning
particles [132] 196, [144) 147, 146, 139 135, 156}, 155, 134], 142] 143, 145 46, 2] 184 197, [198].
This Lorentz-invariant framework, within which we apply amplitudes methods, resums the
velocity expansion present in the post-Newtonian approach [199, 200} 201, 202, 203, 108,
103, 104, 105} 106, 112, 107, 204, 205, 206l 114, 116, 115, 117, 207, 208, 209, 210, 211,
170, 138, 212, 213, 214, 109, 215, 113, 111, 118} 169, 119, 120, 167, 130, 131], 128 129,
216, [121], 122], 217, 218]. Vines [134] obtained the energy-momentum tensor of a Kerr black
hole at O(G) with the full spin and velocity dependence and derived the corresponding
two-body Hamiltonian. This stress tensor was shown [142] [143], 147, [145] to be equivalent
with the minimal amplitudes of Ref. [140]; these amplitudes were used [146] to recover the
Hamiltonian of Ref. [134]. At O(G?), a PM spin-orbit Hamiltonian is known [132] [196].
There has also been progress at this order on obtaining PM higher-spin interactions [142],
143, 147, 145, 139, 135, 156], 155], including the complete quadratic-in-spin interactions for
the inspiral phase of generic compact objects [46] 2, 184]. Recently, quartic-in-spin results
have been given for binary Kerr black holes [198].

High orders in the spin bring a number of subtleties. Among them is the complete
categorization of all independent interactions. To do so in the worldline-effective-field-theory
formalism [T18, 169, [TT9] 120, 167, 130}, 131, 128 [129], 216] one must systematically eliminate
all terms with higher time derivatives [219, 220, [118] that appear in the Lagrangian. The
amplitudes-based approaches using massive spinor helicity [140] can introduce unphysical
singularities beyond the quartic-in-spin order [I45] T98]. At spin-5/2 and beyond, Compton
amplitudes free of such singularities were constructed in Refs. [221], 222, 223]. With a local
Lagrangian starting point, the amplitudes-based formalism of Ref. [46] bypasses these issues
to all orders in spin. This formalism has been tested for quadratic in spin contributions at
O(G?) in Refs. [46, 2] and confirmed using the worldline [I84] and worldline-quantum-field-
theory [197] formalisms.

Amplitudes-based methods [69] 224], 225], 226], 227, 137, [70], 228, 80, 81, 229, 230, [74, [7§]
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established the state of the art in the PM expansion by producing the first conservative
spinless two-body Hamiltonian at O(G®) and O(G*) [12, [13, [77, 231], with various aspects
confirmed in a number of studies [232] [75], 233, 234], 235, 85, 236, 237, 238]. Such methods
led to new results that include spin [141], 143 142} 147, 145] [135] 156, 155, 198] and tidal
effects [239, 84, 100}, 96, 99| 102, 10T}, O7]. They also led to the discovery of new structures
such as the double-copy relation between gauge and gravity theories [33], 240}, [34) 35, 73] and
a conjecture that a single scalar function—the eikonal phase—determines both spinning and

spinless classical observables [46].

In this chapter we illustrate the applicability of the amplitudes-based field-theory for-
malism of Ref. [46] through the fifth power of spin. As part of this study we present results
for classes of operators at the cubic and quartic-in-spin order, describing arbitrary compact

astrophysical objects including black holes.

The Hamiltonian at O(G) for binary Kerr black holes is known to all orders in spin [134].
Ref. [198] obtained a binary Hamiltonian at O(G?) through S* from amplitudes expected to
describe Kerr black holes. By calculating through fifth order in spin and making use of a
symmetry of the O(G) Hamiltonian of Ref. [I34] and an additional assumption, we formulate
a conjecture for the structure of the two-body Hamiltonian for Kerr black holes to all orders
in spin and determine the Hamiltonian at S®. Here we will consider a variety of independent
interactions sufficient for matching to this conjecture and for illustrating various features,

and leave a systematic study of all possible interactions to future studies.

3.2 Review of Formalism

In the classical limit of a scattering process, the momentum transfer q is much smaller than
the rest mass, |g| < m, while the rest-frame spin is large, ¢ - S/m ~ O(1). Products of

classical spin tensors are related [46] to symmetric products of Lorentz generators,

e(p ) {M@ P M2 M%b Ye(py) (3.1)

= S(p1)™ S (p1)** - S(p1) % e(p1) - e(p2) + -+,

o6



where {...} indicates the symmetric product, £(p;) and £(p2) are boosted spin coherent states
describing the incoming and outgoing polarization tensors of a higher-spin particle, and the
ellipsis stand for subleading terms in the classical limit. Antisymmetric combinations of M
are simplified using the Lorentz algebra. The spin tensor is obtained by boosting the one in
the rest frame, so it respects the covariant spin supplementary condition (SSC) p,S® = 0.

The classical spin vector follows from S% = —e@“dp S, /m, which holds under this SSC.

We work in a field-theory framework with a Lagrangian starting point; causality-based no-
go theorems for the quantum consistency of higher-spin interactions [241], 242] are avoided
by interpreting it as an effective theory, valid only in the classical regime, which simply
gives a covariantization of all the spin-induced multipole moments. See Ref. [243] for a
connection between resolvability of the time delay and the range of validity of an EFT.
We first describe operators that have on-shell three-point vertices. Following Ref. [46] we
separate the Lagrangian into a minimal and non-minimal part, £ = L, + Lionmin. Lhe

former has two or fewer derivatives,

1 1
ﬁmin =—-R+ §nabva¢svb¢s - §m2¢s¢s

H
+ %Rabcd (bsMabMCdes + ... 9 (32)

where we use only tangent-space indices, H, is a free parameter, and the ellipsis stands for
terms that vanish on shell. We take the higher-spin field ¢, to be in a real representation of
the Lorentz group. We do not require it to be transverse, so this representation is reducible
and contains spins ranging from 0 to s [46]. The covariant derivative is V, ¢, = e#(0,¢s +
%wuabM @,), where e/ is the (inverse) vielbein, Wyab 1s the spin connection, and M b are

Lorentz generators in this representation.

We consider two classes of higher-derivative operators in the non-minimal Lagrangian,
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Loonmin = Lo + L. The first one is

> (=1)" Cpgzn
Lo=) (2n)! 77]::;” Vo Vi fapng,

n=1

x Vep, SU1Sf2 . SfnIgbe, (3.3)

o0

(—1)" Cpgoni .
- Z (2n—l—1)! m2n+1 vf2n+1 T vaR(a|f1|b)f2
n=1

x Vg SIS S§Pri)vle,

where S* = Z£e®* M4V, is the Pauli-Lubanski vector, and Rgpeq = 3€q4ij R cq is the dual
Riemann tensor. These operators are in one-to-one correspondence to the non-minimal

operators in the worldline action of Ref. [169].

The second family of higher-derivative operators generalizes the Hs term in the minimal

Lagrangian Eq. E|,

(=1)"(2n—1) Ha, ,
Ly=~— .Va.R@, b
! Zl (2n)!(2n+1) m2n—2vf2” Vi,

n=

x ¢ M, M 2SI ST

o0

(_1)nn H2n+1 ~ b
Vi .. .VR@Y
- Zl (2n+1)!(n+1) m2—1 fanta f3dV f1 7 f2

% ¢5Ma(flef2Sf3 N .Sf2n+l)¢s _ (3.4)

The normalization is such that H; appear as Cy, = Cggen+Hy,, and Cyy,41 = Cpgenv1+Hopi
in three-point amplitudes upon using the covariant SSC. Comparison with Ref. [134] fixes

the values of the C,, combinations to
C,=1, n=203,... (3.5)

for a Kerr black hole. A standard EFT Lagrangian does not include multiple operators with
identical on-shell matrix elements because their difference can be absorbed by higher-point

contact operators. The equality here however relies on the SSC rather than on the equation

'Note that the Hs operator in Eq. 1’ is written in a form different from that in Eq. 1} The
equivalence can be proved by using Bianchi identities.
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of motion. As we will see, Lo and Ly contribute differently to the gravitational Compton

amplitude even in the classical limit.

The covariant SSC is imposed only on amplitudes in the classical limit. We may therefore

introduce in the Lagrangian terms containing V,¢,M® as the off-shell covariantization of

PaS®,
Lssc D Dy .. VoM™ ... ¢, (3.6)

where D,, are their Wilson coefficients and the index n indicates that the ellipsis contain
further (n — 1) Lorentz generators in addition to a single Riemann tensor. In the classical
limit their three-point matrix elements are proportional to p,S®(p) and thus vanish under
covariant SSC. As we will discuss, these operators have nonzero four-point classical matrix
elements starting at S™™!, even after the use of the covariant SSC. Here we will, however,

not include such operators in our Lagrangian. H

The non-minimal Lagrangian L,on.min can be further extended with infinite sequences
of operators with higher powers of the Riemann tensor and its derivatives. They first con-
tribute at S* and can also encode tidal effects. Our conjectured structure of the two-body
Hamiltonian of Kerr black holes suggests that such terms are necessary starting at S°. While
many others exist, for our purposes in order to define the Kerr black hole it is sufficient to
include

L2 =

1

W(El Rafio,V s Regaaps + B2V g5 Ragivgy Regyap) VOV, SU18R2858.18H 70D g,

+ M<E3Raf1bf2vfs ch3df4 + E4vf5 RaflbeECfsdf4)vc¢sMa(flMlb‘fQSfF)Sths)dess

1 ~ L~
+ 1800m,7 (2E5R€abflvf2R edfs T E6Raebf1v Rcfgdf3+

BV g, Reavf, R eap,) VOV $,8™S,, V1828wV ¢, (3.7)

where i, ..., F; are Wilson coefficients. For generic bodies one would need a complete list

of all independent such operators.

2These extra operators are not needed when matching our Wilson-coefficient dependent aligned-spin
scattering angles through S* with those computed from a worldline formalism [244].
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Having specified the Lagrangian, the four-point Compton amplitude is straightforwardly
obtained using Feynman rules. The generalized unitarity method [19, 20] then gives the
one-loop integrand with four external higher-spin states. The relevant generalized cut at

O(G?) is

2
CUtt—channel = ; (38)
1 4

w

where the blobs represent on-shell gravitational Compton amplitudes. By adjusting terms
that vanish on shell, the Compton amplitudes can be chosen to satisfy generalized gauge
invariance, so the physical-state projectors are manifestly Lorentz invariant and independent
of reference momenta [I]. Apart from inclusion of higher powers of the spin vector, the
construction of the integrand follows the discussion in Ref. [46] so we will not detail it
here. We then use FIRE [245] 246] as well as Forde’s method [I76], 177, 28] to extract the

coefficients of the scalar triangle integrals which determine the classical amplitude.

3.3 Results

In general the amplitude is a sum of scalar box, triangle and bubble-integral contributions.
The box integrals correspond to iteration of lower-order terms and carry no new informa-
tion. The bubble integrals contain purely quantum information and are hence dropped.
The new classical information at this order is encoded in the triangle integrals and their

coefficients [230), [74], whose structure is

27’(’ G E1 " E4E2 €3
MA—I—V _ Zza n,i) y(n,i) (39)

Ve 5

Here n is the number of spin vectors and the index 7 labels their independent contractions.
For brevity, we include here explicitly only the STSY terms with n = 2 through n = 5.
The relevant operators O™% are given in Table , while an ancillary file contains the
full amplitudes [247]. We use the shorthand notation & = —ie"* uy,u2,q,0,;, as well as

ut = p_ qu _
Pt Jmy, al = S¥/m; and 0 = ug - us.
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JSONB E? 2 q*(ug-ay)? 3| (g-ar)?

1 511 2 q2(u2-a1)2512 3 q4(u2'<l1)4

4 (Q'a1)2512 5 QQ(C]'G1)2(U2'CL1)2 6 (C]'a1)4

Table 3.1: The independent S7S5 and S{S9 structures are given in the table. The 53S9 and
5759 structures follow from these via OG) = £ 0%) and OG) = £ 0",

We parametrize the coefficients a™? in Eq. (3.9) as

o = 16(T1%T%a2)2‘(7(2’”m1 +38%9my),

al®? = 8(7_71—1% Tgo%)a (v*my + 26 my) |

i) — 1536?1%;7? = (7(4’i)m1 + 25(4’i)m2> )

o™ = 768271%? Eaaz)z (700 + %5(5’”7"2) ! (3.10)

where v*9 and §*% are polynomials in o2. They correspond to the probe limits my < my

and m; < my, respectively. We list the coefficients v in Tablein terms of combinations
Zy,; of Wilson coefficients, which we collect in Table [3.3]

We parametrize the polynomials 6% that govern the limit m; < my as
5 .
gD =3 0 g2 (3.11)
=0

The coefficients 521““ determining 0% and 639 are given in Table [3.4, We note that while
5§2’i) depends only on the combination C5 of Wilson coefficients, 5§3’i) depends separately on
Cy and H,. The coefficients of the polynomials 6+ and 6% are given in Table V of Ref. [3]
and depend separately on C,, H, and E,.

For Kerr black holes, the coefficients C),, = 1 set to zero all the v*% coefficients in the
second column of Tables|3.2|and . The remaining operators in Table With nonzero %)
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7(271)

7(271)

7 + 2302 — 22’10'2(102 - 950’2)

5— 1102 + 5Zgy10'2(6 - 70'2)

1275 5(0% — 1)% (502 — 1)

~(3:9) ~(3:9)
23,1(5 — 90'2)
4Z3‘2(O'2 - 1)(50'2 - 3)
23,1(70'2 — 3)
(49 (49

44C5 + 59245 — Z410%(250—23907)
72C3 — 78745 + Z410%(276—29402)

2803 - 924’2 + 7Z4’10'2(2—3J2)

127, 3(1—0%)(23—10202 + 950%)
127, 3(0%—1)(11-300%+350")

24Z4,4(0'2—1)3(50-2—1)

7(57%')

7(57%')

Z51(7 —130?)
22571(110'2 - 5)

Z571 (30’2 - 1)

Table 3.2: The v(™% polynomials for S{*S3 where the Z; ; are defined in Table .

12Z55(c% — 1)(90% — 5)
1225,2(0'2 - 1)(3 - 70’2)

8Z5’3(O'2 - 1)2(3 - 50’2)

coefficients have, up to quantum-suppressed terms p; - ¢ = +¢?/2 — 0, the shift symmetry

a —al' + &¢" )k, i=1,2,

holds to all orders in G.

This definition is consistent with the vanishing of 6% for C, = 1. Requiring that §(3)

where & are arbitrary constants and ¢? was included so the classical ¢ scaling is uniform.
Inspection of the binary Kerr-black-hole Hamiltonian of Ref. [134] reveals that it exhibits the
same symmetry. We therefore conjecturally define the black-hole limit as the values of the

Wilson coefficients which realize this symmetry. It will be interesting to see if this definition

vanishes further sets Hy = 1, which is consistent with the value for this coefficient fixed
by requiring that the Compton amplitude has good high-energy properties [248], 249, 250].

The worldline formalism fixes this value for general bodies, not just for the Kerr black hole,
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Zo1=Co+1 Zog=Cy—1

Z31 = 3C + Cf Zgo=Cy—Cs
Z471 = 3022 +4C5 + Cy Z473 = 022 - Cy
Z4’2 - 3022 —|— 04 Z474 - 3022 - 403 + 04

Zsy = 205C5 — Cy — Cs

Zs1 = 10C5Cs + 5C4 + Cs
Zs. = 2C5C5 — 3Cy + Cs

Table 3.3: Useful combinations of Wilson coefficients.

; 520 52 52 520

1 871 —(68 + 52C5) 6025, 0

2 43— Cy) —127y, 0 0

3 —47Zy, 6875, —1247,, 6075,

i s 5

1 3(Hy — 2)Hy — (Cy — 8)Ch Co(2C5 — 13) — 2C;5 — 3(Hy — 2) H,

2 Co(4Cy — 5) + 2C5 — 5(Hy — 2) Hy 5(Cy — Hy) (2 — Cy — Hs)

3 (5 —2Cy)Cy — 2C5 + (Hy — 2)H, 2[C5(3Cy — 8) +4C;5 — (Hy — 2) Hs]
58V =68 =0, 8P = (11— 4Cy)Cy — 6C; + (Hy — 2)H,

Table 3.4: Coefficients of the polynomials 6% and §¢*,

by requiring that the equation of motion is invariant under the change of SSC [16§]. See
Ref. [109} 215, 113, I11] for an alternative perspective. In contrast, string theory predicts
state-dependent values for H,, perhaps due to the spectrum containing more than a single

massive higher-spin state [249].

Imposing that §*%, 5% and §*9 vanish fixes H, = 0, which recovers the amplitude
obtained in [I98] and, notably, leaves Hs undetermined. The proposed symmetry Eq. (3.12)
and the resulting values for Wilson coefficients are consistent with the S7S5~™ amplitude

included in the ancillary file [247].
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<

=L S wa(r- 81)? 7St

Lp-8)° L(p-$1)2L-S, L(r-S$)L-8

7 STL- S sx(p- 1) H(r-S1)(p- S1)?

w(r St s (- Syt L(p-51)28?

K(r-s)2si kst Fp-S)'L- S

S1L- S Lo(r-S)'L-S; L(p-81)*SIL- S,
( )

T%(T'Sl)2S%L'Sl ‘Sl 2(p~Sl)2L-Sl

3=

Table 3.5: The Hamiltonian spin structures for the first five orders in Sj.

Requiring the presence of the symmetry Eq. (3.12)), or equivalently that 6% 55 and
6% vanish, determines Hs = 3/2 and shows that Hj is degenerate with R? terms at this
order. It however leaves undetermined certain R? Wilson coefficients. The combination
appearing in the amplitude can be fixed by requiring that, as at lower powers of the spin,
the amplitude does not grow faster than the spin-independent part at large o, where we
take £ 2 ~ o because of its momentum dependence. Equivalently, one may require that
the classical part of the one-loop amplitude does not grow faster at high energies than the

tree-level amplitude. The polynomials 6(>% are then uniquely fixed, given below together

with ),
1
Yo = 16(7 — 1307, =0 = 24(1 — 40%),
1
ey = 32(110% —5). =0 =48(2+ %), (3.13)
1
Yos) =16(30% — 1), 7—55[(551 = 8(12 — 1602 + T0?).

These results are collected in an attached Mathematica text file [247]. It is interesting to
understand if the symmetry Eq. (3.12]) and the high-energy scaling are sufficient to deter-
mine all Wilson coefficients for all powers of the spin at O(G?) and perhaps beyond when

supplemented with other information such as tree-level matching Eq. (3.5).

Following the detailed description in Ref. [46] the amplitude coefficients can be directly

converted to real-space Hamiltonian coefficients, in terms of a set of spin structures. In
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Table[3.5| we display the ones that depend only on S;. We express the real-space Hamiltonian
in terms of 2, 9, 18, 43, 86 S™ structures, keeping both S; and S; for n = 1, 2, 3, 4, 5,
respectively. A list of these as well as the Hamiltonian coefficients are included in the
attached files of this manuscript [247]. Using this Hamiltonian, which depends only on
canonical variables, any physical observable, whether for a bound or unbound system can
be determined straightforwardly using Hamilton’s equations. This Hamiltonian has terms

containing 1/p?, but interestingly all singularities cancel for Kerr black holes.

We compared the scattering angle through S* in the aligned-spin limit with the results
of Ref. [213], 135] for Kerr black holes and found complete agreement. We also found that
our scattering angle for generic bodies is consistent with a generalization of Ref. [I36] that
departs from Kerr geometry [244]. Interestingly, the coefficients of R? operators in the

framework of Ref. [I36] are related to quadratic combinations of our C), coefficients.

Finally, let us comment on the operators in Eq. whose three-point matrix elements
in the classical limit vanish, being proportional to the SSC p,S® = 0. The higher-point
matrix elements of these operators are more subtle, and indeed explicit calculations show
that these operators contribute nontrivial contact terms to the amplitude. More generally,
explicit calculations show that equality upon use of the SSC of three-point matrix elements
of covariant operators does not guarantee equality of four- or higher-point matrix elements,
nor does it guarantee that the difference can be absorbed into curvature-square operators.
Interestingly, all contributions linear in D,, to the classical amplitude are also proportional
to (Hy — 1), which vanishes if Hy = 1; this is however no longer the case for the nonlinear

dependence on D,,.

3.4 Conclusions

In this chapter we constructed the O(G?) 2PM two-body Hamiltonian for general compact
objects, including Kerr black holes. We did so by extracting it from a variety of new ampli-

tudes computed in the field-theory approach of Ref. [46]. Our explicit results are included
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in the ancillary material [247]. Here we comment on two new and unexpected features that

we identified and require further investigation.

We encountered a larger number of operators with independent Wilson coefficients at
each order in spin; they include all those of the worldline approach, and others that either
have fixed coefficients or do not have an obvious counterpart in the worldline approach [244].
An example is the gravitational quadrupole operator, whose coefficient H, is fixed to unity
by requiring that the equations of motion are invariant under change of the SSC [168§]. It is
important to understand the origin of this additional freedom in our formalism, for example,
whether it is a consequence of the unconstrained nature of the higher-spin field we use, and
whether it corresponds to astrophysical phenomena beyond the current worldline description.
To this end it would be very useful to categorize all independent interactions in both the

worldline and field-theory approaches and to systematically compare results.

Based on our explicit results and the observation of a spin shift symmetry, we also con-
jectured that certain spin-dependent structures characterize the Kerr-black-hole interactions
to all orders in spin and perhaps even to all orders in Newton’s constant. We proposed this
together with the requirement that the amplitude grows no worse than the spin-independent
part of M at high energies as a field-theory definition of the Kerr black hole limit. It would
be important to understand the physical interpretation of the shift symmetry and whether
these constraints properly single out an effective field theory that describes the Kerr black

hole of general relativity and study their consequences.

We expect that the issues raised in this chapter will be resolved with further computations
at high orders in spin and a systematic comparison with the worldline and other general-

relativity approaches.
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CHAPTER 4

Gravitational Effective Field Theory Islands, Low-Spin

Dominance, and the Four-Graviton Amplitude

We analyze constraints from perturbative unitarity and crossing on the leading contributions
of higher-dimension operators to the four-graviton amplitude in four spacetime dimensions,
including constraints that follow from distinct helicity configurations. We focus on the
leading-order effect due to exchange by massive degrees of freedom which makes the ampli-
tudes of interest infrared finite. In particular, we place a bound on the coefficient of the R?
operator that corrects the graviton three-point amplitude in terms of the R* coefficient. To
test the constraints we obtain nontrivial effective field-theory data by computing and taking
the large-mass expansion of the one-loop minimally-coupled four-graviton amplitude with
massive particles up to spin 2 circulating in the loop. Remarkably, we observe that the lead-
ing EFT coefficients obtained from both string and one-loop field-theory amplitudes lie in
small islands. The shape and location of the islands can be derived from the dispersive repre-
sentation for the Wilson coefficients using crossing and assuming that the lowest-spin spectral
densities are the largest. Our analysis suggests that the Wilson coefficients of weakly-coupled
gravitational physical theories are much more constrained than indicated by bounds arising
from dispersive considerations of 2 — 2 scattering. The one-loop four-graviton amplitudes
used to obtain the EFT data are computed using modern amplitude methods, including

generalized unitarity, supersymmetric decompositions and the double copy.
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4.1 Introduction

Remarkably, systematic bounds can be placed on possible corrections to Einstein gravity [251],
252), [253] 254], 255], 256, 257, 258, 259, 260l 2611, 262], 263, 264, 265l 266, 267, 268, 269, 270,
271]. Such corrections naturally appear due to the presence of heavy particles in the theory.
To leading order in Newton’s constant G, such particles can be exchanged at tree-level,
as in string theory, or at one-loop, as in the case of matter minimally coupled to gravity.
By expanding such amplitudes at low energies and matching to a low-energy effective field
theory one finds an infinite series of higher-derivative corrections to Einstein gravity. The
coefficients in front of these higher-derivative operators, or Wilson coefficients, satisfy various
bounds due to unitarity and causality of the underlying amplitude [251, 252] 253] 254, 255,
250, 257, 258, 2591 260], 261, 262, 263, 264, 265], 266]. In this paper, we focus on the leading
corrections to Einstein gravity.E] A central question, which we investigate in this paper, is to
understand if there are principles that can greatly restrict the values of physically allowed

Wilson coefficients.

Consistency bounds on the Wilson coefficients received a lot of attention recently in the
context of 2 — 2 scattering, which is also the subject of our paper. The basic tool to derive
such bounds is given by dispersion relations which express low-energy Wilson coefficients as
weighted sums of the discontinuity of the amplitude. Unitarity constrains the form of the
discontinuity of the amplitude which can be further used to derive the bounds. The simplest
examples of this type constrain the sign of Wilson coefficients. More interesting bounds
arise when one accommodates constraints coming from crossing symmetry. Including those
leads to the two-sided bounds on the Wilson coefficients [267, 268, 269, 270]. In this way the
ultraviolet (UV) complete theories form bounded regions in the space of couplings. Ref. [269]
also analyzed a few examples of physical EFTs in the context of scattering of scalars and
noted that they lie near the boundaries of the allowed region due to the importance of

low-spin contributions to the partial-wave expansions (see Sect. 10.3 and Appendix D of

'In particular, higher-loop effects do not affect the discussion in this paper since by assumption gravity
is weakly coupled and we are focusing on the leading-order effect.
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Ref. [269]).

In the context of physical theories, especially gravitational ones, it is then natural to ask

the following question:

Is it possible that the Wilson coefficients of physical theories live in much smaller regions

than the bounds coming from considerations of 2 — 2 scattering suggest?

By physical theories in this paper we mean perturbatively consistent S-matrices that satisfy
unitarity, causality, and crossing for any n — m scattering processes. Constructing such
S-matrices is far beyond the scope of bootstrap methods that focus on 2 — 2 scattering,
but such examples are provided to us by string theory and matter minimally coupled to
gravity.ﬂ We can then imagine that consistency of the full S-matrix is reflected back on the
2 — 2 scattering through more stringent constraints on Wilson coefficients that one would
naively have found by analyzing 2 — 2 scattering. In this paper we present data extracted
from field-theory and string-theory 2 — 2 scattering amplitudes that suggest that the above
assertion is indeed true and we identify a principle behind it. This principle is low-spin
dominance (LSD), which, if fundamentally correct, might be traced back to the consistency
of the full gravitational S-matrix, beyond 2 — 2 scattering. However, demonstrating this is

beyond the scope of the present paper.

The universal nature of gravity together with the strict consistency requirements that
graviton scattering obeys make such an assertion plausible. It is a well-known fact that
scattering of massless spinning particles is very constrained [272]. In fact, massless particles
of spin larger than two do not admit a non-trivial S-matrix [273, 274]. Gravitons, being
massless spin-two particles, are thus expected to have an especially constrained S-matrix,
and the assertion made in the previous paragraph is thus particularly plausible for graviton

scattering which is the subject of the present paper.

2Perturbatively consistent S-matrices occupy a somewhat intermediate position between fully non-
perturbatively consistent quantum gravities (often referred to as landscape) and consistency of 2 — 2
scattering studied by bootstrap methods.
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Firstly, we use the techniques of Ref. [269] to derive bounds between low-energy couplings
of the same dimensionality in gravitational scattering]| We focus on the first few corrections
to Einstein gravity. We then ask where do the Wilson coefficients obtained from string
theory and from the low-energy limit of the one-loop minimally-coupled amplitudes land in
the space allowed by the general bounds. Remarkably, in all cases studied here we find that
both the string and field-theory coefficients land on a small theory island, which to a good
approximation is a thin line segment in the space of EFT coefficients. (See, for example,
Fig. 4.9 and Fig. in Sect. E| The location of this island can be found by assuming that
lowest-spin partial waves dominate the dispersive representation of the low-energy couplings,
which is the LSD principle. See Sect. for the precise mathematical formulation. More
generally, we show how one can combine an assumed hierarchy among the spectral densities
of various spins with crossing symmetry to systematically derive stronger bounds on the

Wilson coefficients. We impose crossing symmetry via the use of null constraints [267), 268].

The idea that LSD is a true property of physical theories can be traced back to causality,
or the statement that the amplitude cannot grow too fast in the Regge limit. Otherwise we
could have simply added a tree-level exchange by a large-spin particle which would contribute
to a given spin partial wave. Due to causality we cannot do this (see e.g. Ref. [241]).
The situation is particularly dramatic in gravity. In this case the only particle that can be
exchanged at tree-level in graviton scattering without violating causality is the graviton itself.
Moreover, its self-coupling has to be the one of Einstein gravity Ref. [241], 276l 277, 278] .
Alternatively, particles of all spins have to be exchanged at tree level to preserve causality,
which is the mechanism realized in string theory. It is important to emphasize that at the
level of 2 — 2 scattering LSD does not follow from causality and we do not prove it in this
paper, rather we use it as a principle to organize the known data, and suggest that it may

hold more generally. It would be interesting to understand if it follows from considerations

3Tt would be very interesting to generalize our analysis to include bounds that relate couplings of different
dimensionality along the lines of Refs. [267] 268, 27T].

4In Ref. [275] the string-theory island was interpreted in terms of unitarity constraints coupled with
world-sheet monodromy constraints.
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on the consistency of n — m graviton scattering.

Alternatively, it is also possible that our finding of LSD could be special for the models
considered here and bears little significance for more general gravitational models. This pos-
sibility, which we cannot exclude, would be still very interesting. Indeed, as we demonstrate,
any such violation is an indication for non-stringy, non-weakly-coupled-matter physics. For
example, it would be very interesting to see if one can somehow violate LSD by making the

matter sector strongly coupled, e.g. by considering large-N QCD coupled to gravity [279].

Curiously, the phenomenon of LSD generates hierarchies between different Wilson coef-
ficients in the absence of any symmetry. We call this phenomenon hierarchy from unitarity
and it is something that could have puzzled an unassuming low-energy physicist. We find
that specific combinations of Wilson coefficients whose dispersive representation does not
involve the lowest-spin partial waves can be much smaller than their counterparts that do

have them in their definitions.

Secondly, we apply the dispersive sum rules [280, 268] to amplitudes with various helicity
configurations of the external gravitonsE] We derive various bounds on the inelastic scattering
(the one in which the final and initial state gravitons have different helicities) in terms of the
elastic one (see e.g. Ref. [281]). We also place a precise bound on the R? coefficient in terms
of the R* coefficient (see Eq. ([£.200)). Such a bound translates the problem of making the
analysis of Ref. [241] quantitatively precise to the problem of the bounding the leading R*
contact coefficient in terms of the gap of the theory. This has been recently done in Ref. [271]
in a similar perturbative setting for D = 10 maximal supergravity; see also Ref. [282] for
the nonperturbative analysis of the same problem. It would, of course, be very interesting

to generalize these studies to more general cases of graviton scattering.

In order to provide data for checking and understanding the derived constraints, we
first compute the one-loop four-graviton scattering amplitude with the gravitons minimally

coupled to massive matter up to spin 2. Amplitudes corresponding to the ones discussed here,

°Flat space superconvergence considered in Ref. [278] is a particular example of these more general sum
rules.
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but with massless particles circulating in the loop were obtained a while ago in Ref. [283] and
corresponding gauge-theory amplitudes with massive particles in the loop were computed in
Ref. [22]. We use the same type of organization of the amplitude in terms of supersymmetric
multiplets as applied in the earlier calculations, since they naturally group contributions

according to their analytic properties.

To evaluate the amplitudes, we make use of standard tools including the unitarity
method [19, 20] and the Bern-Carrasco-Johansson (BCJ) [34], B85 [73] double copy, which
gives gravity integrands in terms of corresponding gauge-theory ones. We build on the D-
dimensional version of the unitarity method of Ref. [22] in order to fix the rational terms
in the amplitudes. At four points gauge-theory tree-level amplitudes automatically satisfy
the duality between color and kinematics, so the associated double-copy relations also hold
automatically on the unitarity cuts. We use this to express the cuts of the gravity loop inte-
grands directly in terms of the corresponding gauge-theory ones. By using the double copy
our computation parallels the corresponding gauge-theory one [22] allowing us to import

many of the same steps into the gravitational amplitude calculations.

A complication with massive amplitudes is that there is a class of terms that depend
on the mass but do not have branch cuts in any kinematic variable. This makes their
construction tricky in the context of the unitarity method. Ref. [284] introduced an approach
to this problem. Here we instead solve the problem differently by making use of a special
property of the scattering amplitudes under study that exploits their simple dependence on
the mass of the particle circulating in the loop. In our case (i.e. a single mass circulating
in the loop) we instead use knowledge of the ultraviolet properties of the amplitudes to
fix all remaining functions in the amplitude not determined by unitarity. This procedure
is greatly aided by arranging the amplitude in terms of integrals that have no mass or
spacetime dependence in their coefficients. To ensure the veracity of our amplitudes we
perform a number of nontrivial checks on the mass dependence, and infrared and ultraviolet
properties. Related to this, we also note a simple relation between ultraviolet divergences

of appropriate spacetime dimension shifts of the amplitudes and the terms in the large-mass
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expansion in four dimensions (see Eq. (4.65])).

We analyze our amplitudes in the large-mass limit and match to a low-energy effective
field theory. In this way we systematically obtain corrections to Einstein gravity due to the
presence of a heavy spinning particle. These corrections are organized in inverse powers of
the particle’s mass. As already noted not only are our results for the Wilson coefficients fully
consistent with the general analysis of bounds on gravitational scattering, but are restricted

to small islands.

Since we focus on the leading effect due to heavy particles in the weakly coupled set-
ting neither IR divergences, nor logarithms due to the loops of massless particles make an
appearance in our analysis. Taking these into consideration is an important task which we

leave for the future.

Our paper naturally consists of two parts: In the first part we explain in detail the
construction of the one-loop massive amplitudes used to provide theoretical data that we
interpret in the second part in terms of bounds on coefficients of gravitational EFTs. Readers
who are interested in the EFT constraints can skip Sect. [£.2] on the construction of the one-
loop amplitudes. Particularly important plots that illustrate the theory islands and the

concept of low-spin dominance in the partial-wave expansion are given in Figs. [4.944.12]

In more detail, the sections are organized as follows: In Sect. we describe our con-
struction of the one-loop four-graviton amplitude with massive matter up to spin 2 in the
loop. In Sect. [£.3] we compute graviton scattering in a general low-energy effective theory.
By expanding our amplitudes in the low-energy limit, we extract the Wilson coefficients of
the effective field theory. In Sect. [£.4] we describe the general properties of the gravitational
amplitudes stemming from unitarity and causality. In Sect. [1.5 we derive two-sided bounds
on Wilson coefficients that follow from a single helicity configuration that describes elastic
scattering; comparing to known data from string theory and our computed one-loop ampli-
tude, we show that the results fall into small islands. We trace the position of these islands
using low-spin dominance of partial waves. In Sect. we obtain bounds that arise from

considering multiple helicities. We bound the low-energy expansion coefficients of inelas-
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tic amplitudes in terms of elastic ones. We also derive a bound for the coefficient of the
R3 operator in terms of the R* coefficient. Finally, we provide our concluding remarks in
Sect. [4.71 We include various appendices. In Appendix [4.A] we describe in some detail our
definition of minimal coupling of gravity to a massive spinning particle. In Appendix we
collect tree-level graviton four-point amplitudes in various string theories. In Appendix
we present details on the derivation of some low-energy bounds that are not listed in the
main text of the paper. In Appendix we analyze an amplitude function with an accumu-
lation point in the spectrum that partially violates low-spin dominance, but show that the
corresponding low-energy coefficients still land on the small islands. Appendix collects
the Wigner d-matrices used throughout the paper. In Appendix we present our results
for the one-loop amplitudes. We give the expressions for one-loop integrals in terms of which
the amplitudes are expressed in Appendix {.G] Finally, in Appendix we expand these

results to high orders in the large-mass expansion.

4.2 Construction of one-loop four-graviton scattering amplitudes

In this section we describe the construction of the one-loop four-graviton amplitudes with
massive matter up to spin 2 in the loop. We collect the results in Appendix {.F] We first
briefly review the methods used to obtain the amplitudes. Then, following the generalized-
unitarity method we build the integrand-level generalized-unitarity cuts. We describe a
natural and efficient organization of the unitarity cuts and the amplitudes motivated by
supersymmetry. This organization also meshes well with the double-copy construction which
we use to obtain gravitational unitarity cuts from gauge-theory ones. Having obtained
the unitarity cuts we describe the necessary integral reduction and cut merging into the
amplitudes. This process fixes all but a few pieces of the amplitudes, which we obtain
by exploiting the known ultraviolet properties of the amplitudes. After calculating the
amplitudes, we comment on some interesting ultraviolet properties we observe. Finally, we

conclude this section by listing the consistency checks we performed on our calculation.
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4.2.1 Basic methods

Spinor helicity

We use the spinor-helicity method [6, [7, [8, O] 0] to describe the external graviton states
of amplitudes (for reviews see Refs. [285, [71], [71]). The natural quantities in this formalism

are two component Weyl spinors
(Ao = [ur(ki)la (Ma = [u—(k)]a (4.1)
which we write in a ‘bra’ and ‘ket’ notation as
K=l =h, Bk =lil=h,  Gl=Gl=A,  F=[il=A (42

where k! refers to the null momentum of the i-th external particle, while the ‘+’ superscript
refers to the helicity of the corresponding state. The spinor inner products are defined using

the antisymmetric tensors € and 5(3“5,
(k7KDY = (i) = e M)aN)ar (KTIR) =[] = = (A)a(Na - (4.3)

These spinor products are antisymmetric in their arguments and we choose a convention
where they satisty (ij)[ij] = 2k; - k;.

In order to construct amplitudes with external gravitons, our starting point is the corre-
sponding ones with external gluons. For calculations involving external gluons the helicity

polarization vectors are defined as

L) — <Qi‘7u|i] e (ke 0)) — [%“%W
= i) P = ol .

where ¢; are arbitrary null ‘reference momenta’ which drop out of the final gauge-invariant
amplitudes. Note that we do not use a shorthand notation for the spinors corresponding to
the reference momenta. The polarization tensors for gravitons are simply given in terms of

products of gluon polarization vectors,
e (kiq) =) (k) ) (ki q), ewk;iq) =¢,(kq)e, (k;q), (4.5)
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which automatically satisfy the graviton tracelessness condition, due to the Fierz identity.
When these polarization vectors are contracted into external momenta k! or loop momenta

(* we define,

+ (@2lk1[2] _ (go[1]2] {oef = (@lf12] _ (al02]

V2(02)  V2(g:2) V2(2)  V2(g2)’
-

where we also use the abbreviation e5 = e (ko; ¢a).

ki-e ete., (4.6)

We note that, in general, for loop calculations some care is needed when using dimensional
regularization. To take advantage of the spinor-helicity formulation in a one-loop calculation
we need to choose an appropriate version of dimensional regularization. Specifically, instead
of taking the external polarization tensors and momenta to be (4 — 2¢)-dimensional as in
conventional dimensional regularization [16], we use the so called four-dimensional helicity
(FDH) scheme [286], 287, 47, 288, 289] where both external and loop state counts are kept
in four dimensions and only the loop momentum is continued to 4 — 2¢ dimensions. Because
the massive one-loop amplitudes that we obtain here are neither ultraviolet nor infrared di-
vergent, the precise distinction between the different versions of dimensional regularization
drops out from the final results for the amplitudes. We do, however, need to regularize inter-
mediate steps because individual loop integrals are ultraviolet divergent, with the divergence

canceling in final results.

Generalized unitarity

In order to construct the loop integrands we use the generalized-unitarity method [19, 20].
This method systematically builds complete loop-level integrands using as input on-shell tree-
level amplitudes. A central advantage is that simplifications and features of the latter are
directly imported into the former. Reviews of the generalized-unitarity methods are found

in Refs. [164] [165].

In general, the task of computing an amplitude is to reduce it to a linear combination
of known scalar integrals. Using standard integral-reduction techniques (see e.g. Refs. [174],

290), 246]) any four-point one-loop amplitude can be written as a linear combination of box,
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Figure 4.1: The (a) s-, (b) t- and (c) u-channel two-particle cuts of a one-loop four-point

amplitude. The exposed lines are all on shell and the blobs represent tree-level amplitudes.

triangle, bubble and tadpole integrals,
MTooP = (dS,tLL(S, t) + csl3(s) + bsla(s) + perms.) + bol2(0) + agly (4.7)

where the permutations run over distinct relabelings of the integrals. At the four-point level
there are a total of 11 coefficients. These coefficients depend on polarization vectors, mo-

menta, masses and the dimensional-regularization parameter e. We define the basis integrals

appearing in Eq. (4.7) by

[ dPL —i(4m)P/
luls,t) = / 2m)P (L% = m?)((L + k1) = m?)((L + Ky + k)? — m?)((L — ky)? —m?)

[ dPL i(4m)Pr?
I3(s) = / 2m)P (L2 — m2)((L + k1)2 — m2)((L + ky + ko)2 — m?) ’

[ dPL —i(4m)P
bls) = / (2m)P (L2 = m?)((L + k1 + kz)? —m?)

[ dPL i(4m)P/?
b= | G )

where D = 4—2¢, s = (ky +ko)?, t = (ka+k3)? and w = (k1 + k3)?>. We obtain the remaining
integrals in Eq. by permuting the external legs. The unitarity method efficiently targets
the coefficients of the integrals in Eq. . The integrals I5(0) and I; are respectively bubble
on external leg and tadpole contributions, and are independent of kinematic variables. As
we discuss below, because they lack dependence on kinematic variables, these latter integrals

require special treatment to determine their coefficients.

Traditionally, unitarity of the scattering matrix is implemented at the integrated level

via dispersion relations (see e.g. Ref. [291]). However, for our purposes, it is much more
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convenient to use an integrand-level version of unitarity [19, 20]. This is based on the concept
of a generalized-unitarity cut that reduces an integrand to a sum of products of tree-level

amplitudes. For example, for the s-channel cut displayed in Fig. [4.1|(a),

iMl_lOOP :/d4_26L 1 1
4 s-cut (271')4726 L% — m2 L% — m2
ZME{ee(l;ZuLlaLQ)MZree(_L17_L27374> ) (49>
s-cut
states
where Ly = L and Ly = —L — ki — ks represent the two cut legs, and MY denote the

tree-level amplitudes. The sum runs over all intermediate physical states that contribute for
a given set of external states. The three generalized-unitarity cuts of the one-loop four-point
amplitude are shown in Fig. 4.1} In this figure the exposed lines are all on shell and the

blobs represent on-shell tree-level amplitudes.

To obtain the full one-loop amplitude we must combine the unitarity cuts. One possibility
is to carry this out prior to integration by finding a single integrand with the correct unitarity
cuts in all channels [292]. Some non-trivial examples where this approach was implemented
are high-loop computations in super-Yang-Mills and supergravity (see e.g. Refs. [293] 294,
295]). On the other hand, in high-multiplicity QCD calculations (see e.g. Ref. [176, 296])
the cuts are usually combined after reducing to a basis of integrals. We apply the latter
approach here. We do so by promoting each cut propagator to a Feynman propagator, and
each cut to a Feynman integral. We then use FIREG [245], 245], 2406] to reduce each Feynman
integral to the scalar integrals appearing in Eq. . In each cut channel we only determine
coefficients of basis integrals with cuts in that channel. By systematically evaluating each
cut we determine all coefficients except for those of integrals without kinematic dependence,
i.e. I3(0) and I;. In the case of gauge theory, the corresponding coefficients are determined
by imposing the known ultraviolet behavior of the amplitudes [22]. Below, we describe an

analogous procedure for the case of gravitational amplitudes.

Double copy
To efficiently obtain the unitarity cuts of the four-graviton amplitude, we use the double-
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Figure 4.2: Example of a color or numerator relation for the one-loop four-point amplitudes.
Here the diagram represent either color or kinematic numerators. We use these relations on
the generalized-unitarity cuts, as indicated by the dashed lines. The relations are effectively

tree-level ones except that the state and color sums on the cut legs are carried out.

copy construction [33, 34, 35] which expresses gravitational scattering amplitudes directly in
terms of gauge-theory ones. Here we use the BCJ form of the double-copy relations [34] [35],

73|, which is more natural when organizing expressions in terms of diagrams.

To apply the BCJ double copy, we start by writing a four-point one-loop gauge-theory

amplitude in the following form:

d*2L 1nc
lloop v 4.10
'S | GrEs (110)

The sum runs over all distinct four-point one-loop graphs with trivalent vertices. We denote

the gauge-theory coupling constant by g. We label each graph by an integer ¢. The S; are
the symmetry factors of the graphs. The color factor ¢; of each graph is obtained by dressing
each vertex by a structure constant f“bc, since we take all particles to be in the adjoint
representation. Our normalization of the structure constants follows that of Ref. [34] [35].
The denominator D; contains the propagators of each graph. Finally, we capture all non-

trivial kinematic dependence by the numerator n;.

The color factors obey color-algebra relations of the type
¢ —cj—cp =0, (4.11)

where ¢, j and k are some graphs. These relations follow from the Jacobi identity obeyed

by the structure constants f®¢. For a representation obeying color-kinematics duality, the
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numerators satisfy the same Jacobi relations, i.e.

The tildes on the numerators signify that these numerators do not have to be the same as the
ones appearing in Eq. , but as noted in Ref. [34], [35] these can be kinematic numerators
from a different theory. Given such a representation we may obtain the corresponding
gravitational amplitude simply by replacing the color factor with the corresponding kinematic

numerator,

so that

4 d*7EL 1 ngng
. 1-loop K 1'%
iMIoor — (—) i 414
=) Gers e
where k is the gravitational coupling constant, which is given in terms of Newton’s constant

by,
K* = 327G (4.15)

The matter content of the resulting gravitational theory is determined by the choice of the

numerators n; and n;. We use this to control the type of particle circulating in the loop.

While the BCJ double copy is usually formulated at the level of the full integrand, since
we extract the final answer directly from the cuts it is more convenient to use it at the level of
generalized-unitarity cuts. In Fig. [£.2] we depict an example of a color relation in terms of cut
graphs. In this way we can ignore duality relations that contain diagrams without support
on the given cut. For duality relations with support on the cut, the particles of each tree-
level amplitude entering the cut remain on the same side of the cut for all three diagrams,
as is the case in Fig. [4.2] Effectively this amounts to using the duality relations for the two
tree-level amplitudes on each side of the cut (see e.g. Fig. 4.3). The tree-level relations are
sufficient to ensure that for the cut diagram, the double-copy replacement formula Eq.
holds.
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Figure 4.3: The tree-level four-point color or numerator Jacobi identity. This can be used

to set the numerator of one of the diagrams to zero.

We also take advantage of a property of four-point tree-level amplitudes noted in the
original BCJ paper [34] [35], which states that we can effectively set one of the three nu-
merators to zero. In this way the duality relation implies that the other two numerators
must be equal (up to a possible sign). In order to achieve that, we absorb the propagator of
the diagram whose numerator is set to zero into the numerators of the other two diagrams.

Specifically, consider the four-point all-gluon tree-level amplitude,

. NsCs nCy men
Atree — 2( 4 + ) ) 416
LAY g S 7 U ( )

Using the color Jacobi identity depicted in Fig. 4.3], ¢; = ¢; — ¢,, we can eliminate ¢, in favor

of the other two color factors, so that

. n,c, nle
A = g? (R T 4.17
4 g ‘ U ( )
where
, t , U
ny :nt—l—ns;, n, :nu—nsg. (4.18)

Demanding that the numerators n; and n, (and n), = 0) satisfy the duality relation of Fig.

then implies that
n,=mn,. (4.19)
The analysis is identical in the presence of matter.
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4.2.2 Setup of the calculation

Our goal is to obtain the four-point one-loop amplitude with external gravitons and with
minimally-coupled massive spinning particles up to spin 2 circulating in the loop. Following
the generalized-unitarity method we first build the integrand-level generalized-unitarity cuts
in Eq. . For the one-loop four-point amplitude there are three independent cuts, labeled
by the Mandelstam invariant that can be build out of the external graviton momenta on the
tree-level amplitudes, i.e. s-, t- and u-channel cuts. We consider all spins up to spin 2 for
the massive particles and we denote their mass by m. While these masses can be different
for each particle since only a single particle at a time circulates in the loop there is no need

to put an index labeling the massive particle. We take the massive particles to be real.

We note that there is an ambiguity in the definition of the minimal coupling of a spin 2
particle to gravity. In this paper, we fix this ambiguity by demanding that we recover pure
gravity in the appropriate massless limit. This choice also preserves tree-level unitarity [297,

248, 2491, 298, 250] and causality [299]. We discuss this ambiguity and the choice we make
in this paper in Appendix [£.A]
For the amplitude in question there exist three independent helicity configurations.

Specifically, we calculate
MTP(1F 27,37, 47), MP(1F 2% 37, 47), MP(1F 27 3% 47) . (4.20)

We refer to these configurations respectively as double-minus, single-minus and all-plus. All

other amplitudes are related to these via relabelings and parity.

We build the generalized-unitarity cuts from four-point tree-level gravity amplitudes.
The double copy implies that these tree-level amplitudes can be directly obtained from the
corresponding gauge-theory ones, which can be described by the three diagrams shown in
Fig. [4.3] As we discussed in the previous section we can use the color Jacobi identity in
the gauge-theory case to remove one diagram, at the expense of other diagrams obtaining
numerators that are nonlocal in the external kinematic invariants. The net effect is that

after multiplying and dividing by appropriate propagators every contribution to the cut can
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Figure 4.4: The (a) s-, (b) t- and (c) u-channel two-particle cuts of a one-loop four-point
amplitude with two negative- and two positive-helicity external gluons or gravitons (double-
minus configuration). The internal lines represent massive spinning particles. The exposed

lines are all on shell and the blobs represent tree-level amplitudes.

be assigned to cut box diagrams. Moreover, on the generalized cuts the four-point tree-level
BCJ numerator relations set the remaining numerators equal to each other, as noted in
Eq. (4.19).

For example, for the four-point gauge-theory amplitude the s-channel cut in Fig. 4.4(a)

is of the form,

d*%L C1234 (1342
iA _ g / Pg.s ( + ) 421
4 s-cut (277)4726 & D1234 D1342 s-cut ( )
The box color factor (see Fig. |4.5) is given by
Caed = s e s s, (122)

where abcd takes in the values indicated in Eq. (4.21)). Asusual, repeated indices are summed.

The denominators are given by products of the usual Feynman propagators,
Diped = (L2 - m2> ((L + ko) — m2) ((L kgt Ky)? — mz) ((L I A L m2) ,
(4.23)

where the £, are external momenta. Finally, ng s is a gauge-theory kinematic factor common

to both box diagrams.

The gravitational cuts are similar. For example, the s-channel cut is of the form,
</<>4/ d*=*L ( 1 N 1 )
=15 “oa—2c "GRs | 7
s-cut 2 (27’(’)4_26 D1234 D1342
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b C

Figure 4.5: Generic box diagram whose color factor and denominator are given by Eqs. (4.22
and (4.23)) respectively. The external momenta are taken incoming while the direction of the

loop momentum is indicated by the arrow.

where nggrs is the single s-channel gravitational kinematic numerator. As we noted in
Sect. [4.2.1] the gravity amplitudes follow from replacing the color factor with a gauge-theory
kinematic numerator. As we describe in more detail below, the particle content circulating

in the loop is determined by the choice of the gauge-theory numerators.

As can be seen from Figs. [1.4a) and [1.4[c), for the indicated helicity configuration,
the u-channel cut is obtained by relabeling the momenta and spinors in the s-channel cut:
ko <> k3 and (2| <> (3|. For the single-minus and all-plus configurations, all three cuts are

given by appropriate relabelings of a single cut.

4.2.3 Supersymmetric decompositions

We are interested in the problem of minimally-coupled massive matter circulating in the loop.
A convenient way to organize this calculation is by following the massless case where each
particle can be described as a linear combination of supersymmetric multiplets circulating
in the loop. Our organization is in direct correspondence to this supersymmetric decom-
position [300], B0T] 283, B02]. This allows us to recycle the results of the calculation of the
lower-spin particles circulating in the loop into contributions for the higher-spin particles. It
also has the advantage of grouping together terms that contain integrals of the same tensor
rank. For the gauge-theory case such a decomposition has already been used to organize the
contributions of massive spin 0, 1/2 and 1 particles circulating in the loops [302] 22]. The

double-copy construction will allow us to import this into minimally-coupled gravitational
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theories with up to spin-2 massive particles.

Gauge theory

We start by examining the corresponding amplitudes in gauge theory. For the case of
one-loop four-point amplitudes with external gluons and massive matter circulating in the

loop, Ref. [302] showed thatf]
Afzo _ A;{LO}
ASEV2 g p 100 | 4012 (4.25)
AT =340 — 4] 4 AR

where the notation .A;{ls} denotes the new piece we need to calculate at spin-S. In this way
we express the amplitudes with a given spinning particle circulating in the loop in terms
of the simpler-to-calculate new pieces. Inverting the above equations, we may think of the
new pieces as amplitudes with multiplets circulating in the loop. These massive multiplets
have the same degrees of freedom as the corresponding massless ones. Hence, in terms of on-
shell supersymmetric representation theory they satisfy the BPS condition [303] 304) [305].
For recent calculations involving massive supersymmetric multiplets in gauge theory see

Refs. [306], 307, 308, 309, 310, 311, 312], 313, [314].

Before turning to the corresponding gravitational decomposition it is useful to first look

at the massless limit. For the gauge theory case we have that as m — 0,

—>./430m_,

AS V2, p5=1/2,m=0 (4.26)

AS:1_>AS:1,m:O+AS:O,m:O
4 4 4 )
where we see that the S = 1 case is nontrivial, which follows from the mismatch in the

number of degrees of freedom in a massive and massless vector boson.

Background field gauge

SWe combine the ‘gauge boson’ and ‘scalar’ contributions of Ref. [302] into the massive S = 1 result.
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A nice way to understand the above supersymmetric decomposition is in terms of back-
ground field gauge [164]. While we do not use background field gauge to compute the
amplitudes, it does offer useful insight into the structure of the amplitude. For the different

particles circulating in the loop we can write the effective action as

Ts—o[A] = Indet ;/*(D? + m?) ,

1
Ts_1/2[A] = Indet [ (D*T+m? I — 950" Fu) (4.27)

-1/2 v —1/2
Ts—1[A] = Indet ,"* (DI + m?I — g% F,,, )+ In det o (D? +m?) + Indet o /*(D? + m?) ,

where I is the identity matrix, 0, /2 is the spin-1/2 Lorentz generator and ¥, is the spin-1
Lorentz generator. Ignoring the F,, terms and focusing on the (D? + m?) term, each state
corresponds to a power to which the determinant is raised: —1/2 for a bosonic state and
+1/2 for a fermionic state. For a massive real scalar there is precisely one bosonic state
corresponding the —1/2 power to which the first determinant is raised. For the S = 1/2
fermion the determinant is raised to the 1/4 power to account for the 4 x4 Dirac determinant,
effectively leaving a single power that corresponds to the two states of a Majorana fermion.
Similarly, for the S = 1 vector, the determinant is over a 4 x 4 Lorentz generator space so
the exponent of —1/2 in the first term in I'g_;[A] corresponds to 4 bosonic states. This is
then reduced to two states by the ghost determinant corresponding to the second term and
increased by one state from the scalar longitudinal degree of freedom required by a massive
vector boson corresponding to the third term. This extra degree of freedom is incorporated
into Eq. as well. To make the supersymmetric cancellations more manifest we rewrite
the Dirac determinant as a product of determinants so that the similarity to the bosonic

case is clear,

1/2 ~ 1/2 - 1/4 ;42
det (/% (D + im) det {7 (D — im) = det [/, (D° +m?)

1
= det [11//42](D2 +m? — gingw) : (4.28)

where D° = H{D, D} + i[D, D]. This corresponds to using the second order formalism for
fermions described in Ref. [315]. The fact that the mass enters into Eq. (4.27) in such a
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simple manner can also be understood in terms of a Kaluza-Klein reduction of the massless

case from five dimensions, truncated to keeping only the lowest massive state in the loop.

The effective-action determinants Eq. can be straightforwardly applied to show
that the supersymmetric decomposition organizes contributions in terms of power counting
of the resulting diagrams. The terms with leading power of loop momenta come from the
D? terms in Eq. , because F},, contains only the external gluon momenta. If we set the
F,, terms to zero then in all supersymmetric combinations the balance between the bosons
and fermions implies the leading powers of loop momentum cancel. Subleading terms in
supersymmetric combinations come from using one or more factors of F,, when generating
a graph; each F},, reduces the maximum power of momentum by one. Terms with a lone F),,
vanish, thanks to Tr(c*) = Tr(X*) = 0. This reduces the leading power in an m-point
one-particle-irreducible diagram from /™ down to ¢™~2. For Al }, a comparison of the traces
of products of two and three o and ¥, shows that further cancellations reduce the leading

behavior all the way down to ¢™~4. In gauges other than Feynman background field gauge,

these cancellations would be more more obscure.

Gravity

Now consider the gravitational case. In the m — 0 limit we again have a mismatch in

the number of degrees of freedom for S > 1 between the massive and massless cases,

ME=0 MS =0,m=0_
/\/lS 1/2 /\/lle/Z’mZO,

ME= > M0 4 pg g0, (429)
MS 3/2 MS 3/2mO+MS 1/2m07

- S=2, m=0 S=1, m=0 S=0, m=0
Mf2—>/\/14 M M

In the massless case with spinning particles circulating in the loop we can again decompose
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the amplitudes in terms of ones with supermultiplets circulating in the loop [283],

Mfzo,m:o _ MiO},sz’
Mf:1/2’m20 _ _QM;{IO},mzo n MZ{L1/2},m:07
Mf:Lm:O _ 2.Mio},m:o B 4Mil/2},m:0 n Mi1},m:o’
Mf:3/2’m:0 _ _2M;{10},m=0 n 9M;{11/2},m=0 B 6M;{11},m=0 n Mi:s/z},m:o’ (4.30)
M0 = o M0 16 M0 om0 - g (PR 0
+ MPEm=0
The {S} pieces in each case are in direct correspondence to the supermultiplets circulating

in the loop, as defined in Ref. [283]] For example,
Mil/Q},sz _ "/\/l{l\/':l,mzo7 (431)

where A = 1 denotes the chiral multiplet consisting of a Weyl fermion and two real scalars.

Using the relation between the massive and massless amplitudes in Eq. (4.29) and the
massless supersymmtric decomposition in Eq. (4.30)), we can organize our computation in a

similar way as for gauge theory in Eq. (4.25]). Specifically, we have

Mfzo _ MZ{LO}
MV = oM M
Mf:1 — 3M;{10} o 4Mil/2} T Mil}7 (432)
ME2 = Zapt® 10007 6+ D,
M52 =5 M = 20V 21 MmiY — sMPT + mEP
The massive multiplets circulating in the loop are ‘short’, i.e. they have the same degrees
of freedom as the corresponding massless ones. Hence, they obey the BPS condition [303),

304, 305]. While we have not tried directly embedding these amplitudes into supergravity

theories, it is an interesting question to do so. Here we use the relation to supermultiplets for

"We use a real scalar while Ref. [283] used a complex one. Hence there is relative factor of 1/2 for that
contribution.
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a more modest aim of reorganizing the contributions, so that as the spin increases the new
pieces become simpler. Examples of supergravity calculations involving massive multiplets
are given in Ref. [316], B17, 318, 319].

We note that in general, care is required when using dimensional regularization in con-
junction with helicity methods and supersymmetric decompositions. To allow for different
choices of regularization scheme, we would need to correct the last line of Eq. to
be [302]

AT = (83— 20m0) [ — 4APP 4 4D, (4.33)

where dgr = 0 in the FDH scheme [286] and 0 = 1 in either conventional dimensional
regularization [16] or the ’t Hooft-Veltman scheme [320]. One may then propagate this
correction to the gravitational amplitudes through the double copy. While the correction is of
O(e), it can interfere with infrared or ultraviolet singularities to give nontrivial contributions.
However, for the massive amplitudes that we are computing here, the distinction between

different schemes is not important because the four-graviton amplitudes with massive matter

in the loop are both ultraviolet and infrared finite (see Sects. 4.2.6[ and [4.2.8)).

We also note that the coefficient of the scalar (/\/l;{lo}) counts the degrees of freedom of
the particle in question, modulo a minus sign for the fermions. Recall that all particles are
taken to be real. Also, given the general setup of our amplitudes (Eqs. (4.21)) and (4.24))),

we get a similar decomposition for the corresponding numerators ng o and ngr,q-

Finally, the supersymmetric decomposition is simplified in the case of the single-minus
and all-plus configurations. In these cases, supersymmetric Ward identities [321], 322] [323),

324 show that only the Mio} piece gives a nonzero contribution for each spin particle in the
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loop. Using this observation, Eq. (4.32)) becomes

MS 0 1i 2+ 3+ 4+

S 1/2 1 2+’3+ +

S 3/2 1ﬂ: o+ 3T 4*

M{O}(li 2+ 3+ 4+)

{0}<1:|: o+ 3+ 4+)

3/\/1{0}(1i 2t 3+ 4%,

_4M{0}(1:|: 2+ 3t 4+)’

(4.34)

( )
( )
“H(1F,27,3%,47)
( 47)
ME=2(1% 2+ 3+ 4T) = s MY (1%, 27, 3% 4.

Therefore for these two helicity configurations, it is sufficient to calculate the S = 0 amplitude

where only a scalar circulates in the loop.

4.2.4 Kinematic numerators through the double copy

Following the double-copy construction we can directly obtain the gravitational unitarity-cut
numerators from gauge-theory ones. We may express the double copy in terms of spinning
particles or new pieces (Eq. (4.32))) circulating in the loop. In the latter case, we find an

especially compact representation for the numerators.

Taking the product of gauge-theory kinematic numerators we decompose them into cut
numerators of the gravitational case. In terms of spin we have

S . 5=0 S

Ny oMo = NCR.a s for S =0,1/2,1,
nS=1/2,,5=1/2 S= S=0
Ny o' "My o _nGRa+nGRa’

(4.35)

S=1, S=1/2 __ _S=3/2 S=1/2
ng,a ng,a =Ng GR,« +n GR,a )

S=1,5=1 __ , S5=2 S=1 S=0

ng,a ng,a - nGR,a + nGR,a + nGR,a )

where o denotes the cut under consideration. These are in direct correspondence to the

Clebsch-Gordan decomposition. In terms of the new pieces in Eq. (4.32)),

ninlo = nésf{a, for $=0,1/2,1,
n {20072 — 1)
. e 4.36)
{12 — 03/2) (4.
g’a ga 047
1 1 {2}
nidnllt =nf .
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Observe that the gauge-theory numerator n =0 along with either nga 2orn S L are suf-

ficient to construct all the gravitational numerators up to spin 2. We explicitly verified that
both constructions yield the same result. Refs. [302, 22] calculated the corresponding ampli-
tudes AJ=° AS /2 and Aj=L from which we may extract the desired kinematic numerators.

As a consistency check, we match A7, which was calculated in Ref. [314].

From the above construction we find a remarkably simple form for the kinematic numer-

ators. For the double-minus gauge-theory numerators we have,
2 _
nish = ([141(23)) (%)%, (4.37)

while for the corresponding gravity numerators we have,

nime = (14(23)) " (a)* 25, (4.38)
where
_ (2le]31el4] _(m® +p?) _ (3le1)(2lel4]
¢32W, thf, wuzm (4.39)

For the single-minus and all-plus configurations it is sufficient to calculate the numerators
for a scalar circulating in the loop. For the single-minus configuration for gauge theory and
gravity we find

s=0 _ (m*+p?) [12] (m? + ) [12]°

_ 4]2 5=0 _ 4] 4.4
ng,s 3 <12> <3|€| ] ’ nGRs 52 <12>2 <3M| ] ’ ( 0)
while for the all-plus configuration we have
2
5=0 _ 2 [12][34] 5=0 2 ooyaf (12][34]
—_— = . 4.41

For these two configurations, we obtain the numerators for the ¢- and wu-channel cuts by

appropriate relabelings.

Following the conventions of Ref. [22], we break the (4 — 2¢)-dimensional loop momentum
L into a four-dimensional part ¢ and a (—2¢)-dimensional part p. We write L = (¢, u1). Using

this notation we have for example

0 =m? 4 12, (4.42)
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when the cut condition L? = m? is satisfied. We take ¢ < 0 so that we can break the
loop momentum in this fashion. Further, whenever a four-dimensional vector v = (v,0)
is contracted with the (4 — 2¢)-dimensional loop momentum, the (—2¢)-dimensional part is

projected out,

v-L=v-(. (4.43)

Ref. [140] (Egs. (5.20) and (5.36)) calculated Compton amplitudes for a massive particle
in four dimensions of up to spin 1 in gauge theory and up to spin 2 in gravity. We find

similar spin dependence in our double-minus numerators as for these Compton amplitudes.

4.2.5 Integral reduction and cut merging

In this subsection we use standard integration-by-parts (IBP) methods to reduce the generalized-
unitarity cuts we calculated in the previous section in terms of a basis of master integrals.
This allows us to fix all integral coefficients in Eq. other than those of the tadpole and
the bubble on external leg. We discuss these remaining pieces in Sect. [£.2.60 We show details
for the double-minus configuration with a scalar in the loop; the remaining helicity config-
urations and particle-in-the-loop contributions are similar. In order to keep the expressions

concise, we do not include the helicity labels.

The general strategy for constructing the full amplitudes is to evaluate the cuts one by one
in terms of the master integrals appearing in Eq. . If a given integral has a generalized cut
in the channel being evaluated then that channel fully determines its coefficient. By stepping
through the three channels in Fig. [4.1| we obtain the coefficients of all master integrals except
I5(0) and I;. The box integrals each have cuts in two channels so consistency requires that

they give the same coefficient.

We start with the s-channel cut of the S = 0 double-minus helicity configuration defined
in Eq. (4.20]). The discussion for the u-channel cut follows in the same way, since it is given
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by a relabeling of the s-channel one. We have

N N o [ AL (2] ElaNt /o1 1
i) =(5) @ g () (Do * Do)
(4.44)
We define
vy = (2[v*[1], vy = (3|v"14] (4.45)

which live in the four-dimensional subspace so that the v; effectively project out the (4 — 2¢)-
dimensional components. This implies that v;-¢ = v; - L, as follows from the prescription [22]
that ¢ < 0 . Next, we lift the cut condition and regard our expression as part of the full

integrand that we would have obtained by Feynman rules,

g (5 oo 4 (Y (L L.

keeping in mind that it is only valid for contributions that have an s-channel cut. We apply

IBP identities [325] in 4 —2¢ dimensions to reduce the above integrals to the master integrals
in Eq. (4.7), using the software FIRE6 [245, 245, 246]. Upon reducing to master integrals

we remove the ones that have no s-channel cut.
Next, we turn to the t-channel cut. We have

IMST| = <g>4(<23>[14])4/ (%4 (;l;l; ((WZ:M2)>4 <D11234 + D11423)

)
t-cut

(4.47)

t-cut

where we subdivide the integration into four- and (—2¢)-dimensional parts

d4—2eL B ﬂ d‘2€u
/(27r)426 - / (2m)* (2m) 2 (4.48)

As for the s channel, we lift the cut conditions and regard our expression as part of the full

integrand,

e (5 o | B (WY (L)

(4.49)
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As we discuss in Appendix [4.G.2] the integrals with the (—2¢)-dimensional components
of loop-momentum g in the numerators can be expressed directly in terms of the master
integrals defined in Eq. (4.8]). After reducing our expression we eliminate master integrals

that vanish on the ¢-channel cut.

As noted above, an important consistency condition arises from the fact that the box
integrals have cuts in two channels, so we can determine their coefficients from either channel.
We explicitly verified that the coefficients we obtain for the box integrals from looking at the
different channels are the same. In this way we are able to extract all coefficients of Eq.
other than ag and by, since the corresponding integrals have no cuts in any channel; we

obtain these remaining two integral coefficients in Sect. [4.2.6]

4.2.6 Ultraviolet behavior and rational pieces

Analyzing the different generalized-unitarity cuts we obtain all the coefficients in Eq.
other than ag and by. Tadpoles and bubbles on external legs (see Fig.|4.6|) vanish on any cut,
therefore their coefficients are not accessible through generalized unitarity. In this subsection
we use the known UV properties of the amplitude to obtain these coefficients. Similarly to
Sect. we discuss the double-minus configuration as a specific example. The other

configurations follow in the same manner.

First, we observe that simply neglecting these two integrals leads to an inconsistent

answer. Expanding to leading order in € we get

4m2Q~(57 tv m)
€

M3 = ((23)[14])

ap—0,bop—0

+ O(€), (4.50)

where Q(s, t,m) is some rational function. We note that we expect no UV divergence to
appear in the four-graviton amplitude since the only counterterm that we could write to
absorb it is the Gauss-Bonnet term, which is evanescent in four dimensions [326]. Also, the

UV divergence not coming out local hints that we neglected to include some integrals.

We use the vanishing of the UV divergence to obtain the remaining coefficients ay and

by. Note that since ay and by are rational functions of €, it seems that we do not have enough
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Figure 4.6: The tadpole and bubble-on-external-leg integrals.

information to fully fix them. We surpass this difficulty by realizing that our problem admits
a second integral basis where the integral coefficients do not depend on ¢ and m. This basis
is overcomplete in that it contains (4 — 2¢)- and higher-dimensional integrals, while the one
introduced in Eq. only includes (4 — 2¢)-dimensional integrals. We discuss this basis in

detail and provide an algorithmic way of switching between the two bases in Appendix[1.G.2

We start by bringing the quantity we get from cut merging to the basis containing higher-
dimensional integrals. In doing so, we remove any integrals that vanish on all cuts. We refer
to this piece expressed in this basis as the ‘on-shell-constructable’ piece. Then, we need to
figure out which integrals without unitarity cuts we need to include in our expression, since

in principle one could add infinitely many higher-dimensional integrals.

We consider the pieces that would arise in a Feynman-rules calculation. For the amplitude
at hand we would find integrals up to quartically divergent. After we IBP reduce them and
express them in the basis that contains the higher-dimensional integrals, we would in principle

find all scalar integrals up to quartically divergent appearing. Hence we need to consider:
[17 ]2(k2) ) 116_26 ) IQG_QE(kQ) ) IQS—Qe(k,Q) ) (451)

where we imagine the limiting case k? — 0. For our definition of higher-dimensional integrals
see Eq. (4.275). These are all the integrals that have no unitarity cuts and are up to
quartically divergent. The reason why we consider the above limiting case is because the

coefficients of these integrals might have a 1/k? pole.

95



Then, the unknown piece in our amplitude up to normalization takes the form

lim (B + Bl (k?) + BT + BIE (k) + B IS (%) ) =l + 121a(0) + 1%
(4.52)
where we use
I (k) = I + %212(0) +OWKY), LR =17+ %211 +O(Y,  (453)

following Appendix B of Ref. [22]. The unknown coefficients +; are rational functions of the
kinematics that do not contain € or m dependence. In writing this expression we assume
that the coefficients of the integrals are at worse divergent as 1/k* and that the expression

is finite in the k% — 0 limit when a massive particle is circulating in the loopﬂ

Upon these considerations, our amplitude takes the form

. . 1 K\ 2 —2e
M = M50 b () ME £ B )+ i), (454)

on-shell-constr.

where the v; are coefficients are determined from the requirement that ultraviolet divergences

cancel, the integrals I; and I, are given in Egs. (4.276]) and (4.278]), and

Mflree = M;clree<1+’ 2—’ 3—’ 4+) — <g)2 % . (455)

The Mandelstam variables are defined below Eq. (4.8). Note that the little-group scaling
for the unknown terms is fixed to be ((23)[14])*. Since the ~; are rational functions of the

kinematics, we are free to multiply and divide by (stu) to introduce M.

Next, demanding that the amplitude has no UV divergence and that all three ~; are
independent of the mass m uniquely fixes v; and 73 to nonzero values while setting v, = 0.
The results for the amplitudes collected in Appendix the values of the v; are all chosen
to make the amplitudes UV finite.

As a simple consistency check, we repeat this analysis adding integrals that have no uni-

tarity cuts and are divergent worse than quartically (namely (8 —2¢)- and higher-dimensional

2
8We drop ill-defined ‘cosmological constant’ tadpole diagrams with a 1/ (Z?:l kl> propagator.
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tadpoles). We verify that the answer is the same, i.e. the coefficients of these new integrals

are set to zero.

We now briefly comment on the m — 0 limit. In this limit, both I; and I5(0) vanish, and
the amplitude has no UV divergence, as can be seen from Eq. . Hence our amplitude
has the correct UV behavior in this limit as well. Moreover, all integrals that have no
unitarity cuts become scaleless and hence zero in dimensional regularization. Therefore,
there are no unfixed coefficients and our construction based on the unitarity cuts captures

the full amplitude.

Finally, we want to clarify why we chose the overcomplete basis with higher-dimensional
integrals. The coefficients ag and by are in principle arbitrary rational functions of € and m,
and of the kinematic variables s and ¢t. The existence of a basis where the integral coefficients
do not contain € or m significantly restricts the functional dependence of ay and by on € and
m. The existence of such a basis is a nontrivial fact that may be understood via analyzing
the calculation in a covariant gauge, as we explain in Appendix [£.G.2] In this way the two
integral bases are not completely equivalent, since the latter one is exploiting more of the

specific properties of the problem at hand.

4.2.7 Further ultraviolet properties

Quadratic and quartic divergence

Next, we want to analyze the quadratic and quartic divergence of our amplitude. In
dimensional regularization, the signature of these divergences are poles around ¢ = 1 and
€ = 2 in the final answer. Since we compute our amplitude to all order in ¢ we may probe
these poles. We tackle this question in the basis that contains only (4 — 2¢)-dimensional
integrals. In the basis that includes higher-dimensional integrals, many of the integrals are
quadratically or quartically divergent, which obscures the analysis. We discuss the double-
minus configuration for a spin-0 particle in the loop; the other cases are similar. As we

demonstrate, our amplitude has no quadratic or quartic divergences.
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We start with the quadratic divergence. In the chosen basis the only quadratically diver-
gent integral is the tadpole. However, the coefficient of the tadpole is linear in (¢ — 1), hence
there is no contribution to the quadratic divergence from it. It then suffices to expand all

coefficients around ¢ = 1 and only keep the divergent piece. We get

M0 = —# (g)Q /\/lffee(ejﬁ(?)s?ﬁ + 10m?stu + 6m*t?) (LQ(S) + LQ(U))
+ (9((6 . 1)0) , (4.56)

where we introduced
1a(s) = s(2m*I5(s) — I»(s)) . (4.57)

Note that I,, = [17%* = 1A appears that our amplitude has a quadratic divergence

which is non local due to the 1/t® factor. However, using Eq. (4.285) with D =2 —2(e — 1)

we get
4-2(c—1 1 2-2(c—1 2-2(c—1
L2 (s) = 2(6_1>(—2m21'3 “D(s) + 172V (s) (4.58)
which gives
1o(s) = —2s(e — 1) I3 2 V(s). (4.59)
Since Iﬁ_z(e_l)(s) is finite as € — 1, we see that there is no quadratic divergence.

The analysis of the quartic divergence follows in a similar manner. In this basis there are

no quartically-divergent integrals. We expand our result around ¢ = 2 to get

_ 1 EN2 | ree  SU
ME=0 = e (5) M gEt 6m>t) (e4(8) + L4(u)> + O((e - 2)0) . (4.60)
where

14(s) = 2sI; + s(s — 6m?)I5(s) + 4m*sls(s). (4.61)
Using Eq. (4.285) two consecutive times we get

La(s) = —4s(e — 2) I3 2 (s) | (4.62)
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which shows that there is no quartic divergence.

In our problem we demonstrated that the coefficients of the integrals which have no
unitarity cuts in Eq. contain no m dependence. This property was crucial in order to
fix them using the vanishing of the (logarithmic) UV divergence. In a more general situation
we expect this property to no longer be true. In such a scenario, analyzing the higher UV
divergences offers an alternative method for obtaining these coefficients. For example, if we
demand the vanishing of the quadratic and quartic divergences along with the logarithmic
one for our problem, we may fix the coefficients ~; to the values we found above, without

needing to impose that they do not contain m dependence.

Ultraviolet divergences in higher dimensions

We can also inspect the ultraviolet properties in higher dimensions. This is straight-
forward because we obtain expressions for the amplitudes valid to all orders in €. In the
calculations we keep the external kinematics and helicities fixed in four dimensions. In addi-
tion, we use the FDH scheme [286), 287] which keeps the number of physical states circulating
in the loop fixed at their four-dimensional values. However, we can still analytically continue
the loop momentum to any dimension and study the divergence properties. We can use this
as a rather nontrivial check on our expressions and also to point out a simple relation be-
tween appropriately defined divergences in higher dimensions and coefficients of terms in the
large-mass expansion. We discuss the double-minus configuration with a scalar in the loop

for concreteness, however our results hold for all cases considered in this paper.

Since our expressions are valid to all orders in the dimensional-regularization parameter
€, we may shift the spacetime dimension of the loop momentum by 20 via € — ¢ — 0. For
example for 0 = 1 the spacetime dimension is shifted to D = 6 —2¢. In the shifted dimension

we define the coefficients of the ultraviolet divergences as

[y

o—

| =

M5 _ 1 1

o (471')0 m c (mz)n (SOI.J":L(S, t) + O (60) s (463)

3
Il
=)

where we choose the normalization in a particular way to account for the angular loop-
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integration in different dimensions. Note that there is no UV divergence for ¢ = 0, corre-
sponding to D = 4 — 2¢, due to the lack of a corresponding counterterm matrix element.
For o = 1 the counterterm is an R3-type operator. In this case, up to a numerical factor
the coefficient of the divergence matches the tree amplitude generated from an R? insertion,
which we describe in Sect. [£.3l For convenience we restrict ourselves to even dimensions
(for € — 0) because in these cases the dimension-shifting formulas (Eq. (4.28F))) bring the
higher-dimensional integrals back to four dimensions. For 2 < o < 6 we have explicitly
confirmed that the divergences are local and therefore correspond to appropriate derivatives
of R*-type operators, as expected. We note that because individual integrals have nonlocal
coefficients the fact that the divergences are local provides a rather nontrivial check on our
expressions. Furthermore, starting at D = 8 — 2¢ all the integrals are divergent, so their

coefficients feed into this check.

Finally, we point out a relation between the ultraviolet divergences in Eq. (4.63) and

terms in the large-mass expansion in four dimensions. Specifically, defining

e IR
M= b ls,t), (4.64)

m2n
n=1

we have explicitly checked through o = 4 or equivalently D = 12 — 2¢ that

ooy =06 (4.65)

Similarly, we find that 5JUX is proportional to 50Ul/n70 = ¢! with a common proportionality

constant for all multiplets. For this correspondence to hold it is important to keep both
the external and internal states at their four dimensional value; only the loop momentum
is analytically continued to higher spacetime dimensions. It is quite remarkable that such
simple relations exist between the coefficients of the divergences in higher dimensions and

the terms in the large-mass expansion of the amplitudes in four dimensions.

4.2.8 Consistency checks

We have carried out a variety of checks on our amplitudes. Basic self-consistency checks are

that ultraviolet and infrared or mass singularities be of the right form.
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Ultraviolet singularities must be local. In general this is nontrivial and happens only
after the ultraviolet singularities are combined. In our case, the coefficient of the divergences
vanishes. We also verified that the 1/(e — 1) pole cancels, consistent with the fact that the
Ricci-scalar counterterm vanishes by the equation of motion. Similarly for the 1/(e—2) pole,
the expression is not only local but it vanishes. Further, we verified that the divergences
obtained by analytically continuing the loop momentum to higher dimensions while keeping

the state counts and external kinematics to their four-dimensional values are also local.

Another nontrivial check comes from looking at the m — 0 limit. Since the internal lines
are massive, there is no IR divergence for our amplitude. However, we may regard the mass
of the internal lines as an infrared regulator for the corresponding massless amplitude and
study the IR divergence as m — 0. In gravity the infrared singularities are quite simple since
there are only soft singularities and no collinear or mass singularities [273, 274, 327, [328].
The soft singularities arise only from gravitons circulating in the loop. This implies that as
m — 0 all contributions must be infrared finite except for the /\/lf} piece (corresponding to
N = 8 supergravity in the massless limit), since this is the only piece that has a graviton

circulating in the loop in this limit.

To carry out this check we start with the on-shell-constructable piece. We start from
the (4 — 2¢)-dimensional integral basis, where only the boxes and the triangles have IR
singularities. The triangles only contain simple logarithms (see Eq. ) while the boxes
contain both logarithms and dilogarithms (see Eq. ) To simplify the check we use
Eq. to trade the boxes for triangles and (6 — 2¢)-dimensional boxes. Importantly,
the latter have no IR singularities. In this form the infrared singularities are all pushed into
triangle integrals, hence it suffices to verify that their coefficients vanish as m — 0, which
we confirm for all but the ./\/lf} piece. Next we look at the contributions with no unitarity
cuts. These pieces are zero if we take m — 0 before we expand in €. On the other hand,
divergent terms appear if we first expand in € and then take m — 0. However, given that
the ultraviolet divergence vanishes in four-dimensions these infrared divergent log(m) pieces

also cancel among themselves. For the Mf} piece there is indeed a infrared singularity that
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develops as m — 0. In this case, we recover the known infrared divergence of pure Einstein

gravity [273, 274, 327, [328].

As another check, we have explicitly verified that as m — 0 our massive results match
the massless ones given in Ref. [283], up to an overall sign in M:"?} as noted in Ref. [329].
One simple way to implement this check is to start with the expressions for the amplitudes
in the (4 — 2¢)-dimensional integral basis, set m — 0 in the integral coefficients, and replace

the massive integrals with massless ones.

Finally, we note that contributions from individual integrals do not decay at large mass
as required by decoupling, while the amplitudes have the required property. This involves

nontrivial cancellation between the pieces, providing yet another check.

4.3 Amplitudes in the low-energy effective field theory

In this section we study four-graviton scattering in a general parity-even low-energy EFT.
Such EFTs start from the Einstein-Hilbert action and extend to systematically include
higher-dimension operators. We include a massless scalar field to our analysis, corresponding

to the dilaton found in string theory.

We match this EFT to the one-loop amplitudes determined in Sect. and collected
in Appendix In this context, the EFT is valid for energies significantly smaller than
the mass of the spinning particle in the loop. In this way we determine the modification to
the low-energy theory of gravity due to the presence of a heavy particle. We take this as a

nontrivial model of ultraviolet physics feeding into low-energy physics.

For the lowest-dimension operators, we calculate the four-point tree-level amplitudes
in this EFT and compare them to the expansion of our one-loop amplitudes in the large-
mass limit in order to obtain their Wilson coefficients. More generally, since we later put
bounds on the coefficients appearing in the amplitudes themselves, there is no need to relate
these back to a Lagrangian. For comparison to the bounds derived in subsequent sections

we also present the one-loop scattering amplitudes expanded in the large-mass limit. In
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Appendix [£.H we present the expansions to much higher orders, which should be useful for
further studies of the bounds.

Finally, we obtain the Regge limits of our one-loop amplitudes. These are useful later in

analyzing low-energy coefficients via dispersion relations.

4.3.1 Setup of the effective field theory

The first few terms of the EFT describing low-energy gravitational scattering are

2 1 2 8 3 2 4
SEFT:/d4xV_g {_PR‘Fgamba‘uﬁb‘i‘%ﬁbC-i-—ﬁR R? + Or

K3 3! K4

C?+ ﬁféﬂ T,
K
(4.66)

where R is the Ricci scalar, x is given in terms of Newton’s constant G via x? = 327G,
and the metric is g, = 1 + Kkhy, in terms of the graviton field . To describe the most
general parity-even theory that captures low-energy four-graviton scattering, we include the
massless scalar field ¢. The factors of % are chosen to normalize the kinetic term canonically
and to remove the factors of x that would appear in the three-point tree-level amplitudes
built out of a single insertion of ¢ C' or R?* and the four-graviton tree-level amplitudes built
out of a single insertion of C? or C2. The Be, Brs, Brs and Bpa are Wilson coefficients that

depend on the details of the UV physics. The composite operators are defined by

R*= R"*Ra R ,,, C=R" Ry, C=-R"% R, (4.67)

where R),,,,, is the Riemann tensor. One can systematically add higher-dimension operators;
we choose not to do so here since our later analysis is at the amplitude level, so the mapping

back to Lagrangian coefficients is not necessary.

In writing the effective action Eq. we apply the equations of motion and integrate
by parts to reduce the number of terms to a minimum independent set. In particular, in
constructing the higher-dimensional operators we replace instances of the Ricci scalar and
tensor, R and R,,,,, with appropriate contractions of the matter stress-energy tensor. We drop

such terms since they give rise to higher-point matter interactions, which do not affect our
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analysis. For example, we do not include R?-type terms because the squares of R and R, do
not contribute due to the equations of motion, while the contraction of two Riemann tensors
C' can be traded for the Gauss-Bonnet contribution, which is equal to a total derivative
in four dimensions [326]. Furthermore, we do not include operators that our calculation
is not sensitive to. Specifically, we do not consider the other possible contraction of three
Riemann tensors, since it does not contribute to four-graviton scattering [330, 33T]. We
restrict ourselves to parity-even interactions and neglect the parity-odd operators ¢ C' and
cC [332] 333]. The possible parity-even contractions of four Riemann tensors were obtained
in Ref. [334]. Recent studies that use similar Lagrangians are found in Refs. [333 [335], 1336,
337, 1338].

4.3.2 Scattering amplitudes in the effective field theory

To describe the amplitudes it is useful to extract overall dependence on the spinors, leav-
ing only functions of s,u with simple crossing properties. Specifically, for the independent

helicity configurations we define,
Ma(1%,27,37,4%) = ((23)[14))" f(s,u),
My(17,2%,37,4%) = ([12][14](13))" g(s,u),

M1+, 2+, 3%, 4%) = <—>)2 h(s,u), (4.68)

corresponding to the double-minus, single-minus and all-plus helicity configurations. As
usual we do not include the overall ¢ that normally would appear in Feynman diagrams. All

other amplitudes are given by permutations and complex conjugation,
My (1 2h2 3ha gha) — Aqr(17h 97he 37hs g-hay (4.69)

where we define the complex conjugation to not act on the ie prescription]] In parity-

preserving theories complex conjugation acts only on the spinors swapping the positive and

*

9More precisely, given complex conjugation 7 : z +— 2*, we define f*(2) as f* =vo fory: 2z (f(z*))".
For identical scalar particles Eq. (4.69) becomes the familiar hermitian analyticity.
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negative helicity spinors,

My (10 2h2 3hs ghay — Aq (170 27h2 3=hs 4=ha) (4.70)

AzHS\z ’
so that the f, g and h functions are unaltered.

In general relativity the leading-order results for the amplitudes above take the form

kK\2 1
far(s,u) = (5) T (4.71)
1 /Nt 1 24242
= (= 4.72
gar(s,4) = 7o (2) SE 360 (4.72)
1 K\ s + 12 + u?
har(s,u) = — (-) LN LR 4.73
ar(s, ) (4m)2 \2 20 (4.73)

Below we do not consider loop effects in general relativity itself (due to gravitons circulating
in the loops) but focus on the properties of the higher-derivative operators in the gravitational
EFT generated by integrating out massive degrees of freedom. For the same reason IR

divergences are not an issue for our analysis since the corrections of interest are manifestly

IR finite.

Permutation symmetry of the amplitudes plays a crucial role in our analysis and manifests

itself in the following crossing relations

f(s,u) = f(u,s), (4.74)
g(s,u) :g(u7 3) :g(s7t)7 (475)
h(s,u) = h(u,s) = h(s,t). (4.76)

where s +t+u = 0.

With our normalizations the three-point amplitude arising from the Einstein term iﬂ

MSR(1+, 2+, 37) = g([z[;f[]m]) . (4.77)

The three-points amplitudes with an insertion of the ¢ C' or the R® operator are [331]

MEC(1H 2 39) = B,[124, ME(1F,2F,3%) = ﬁRs(UQ] 23] [31])2, (4.78)

10We implicitly use complex momenta so that the three-point amplitude does not vanish from kinematic
constraints.
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where 3, and [gs are the Wilson coefficient for these operators appearing in Eq. (4.66).
At four points ¢ C contributes to the double-minus and all-plus configurations,

, ((23)[14])

Mic(1+?2_73_74+) = _<5¢) +

(4.79)

On the other hand, there are two independent helicity configurations, the all-plus and the
single-minus configurations, that contain a single insertion of R*. We obtain these amplitudes

following Ref. [331]. We find

ME (1,27 37, 4%) = ﬁRs(g>$ ([12][14](13))* | (4.80)
and
ME (1%, 2% 3+ 4+) = 10533(g>stu (%) , (4.81)

which is slightly rearranged compared to Ref. [331]. We build a double-minus contribution

out of two insertions of R?® [260],
R3(1+ 9= a— 4+ 2 SU 4
ME(1,27,34%) = (322 (23)[14]) (152)

For the R*-type operators the amplitudes are [337]

ME (1% 2+ 3% 4+ = g, ) < [12] [34]>>2 |

2 (12) (34 (4.83)
M (17,2737, 47) = 81 ((23)[14]) "
where by ME" we refer to the amplitudes build out of both C? and C?, with
B = Brs & Prs (4.84)

Using these four-point amplitudes we may extract the coefficients Bgs, Bps and Br: by
matching to our one-loop calculation in the large-mass limit. Since we did not include the
massless scalar field in the construction of our one-loop amplitudes, we have 84 = 0 in this

case.
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Next, we bring our one-loop amplitudes in a form suitable to compare to the EFT am-
plitudes listed above. We start with the double-minus amplitude. As usual, we organize the

contributions according to the supersymmetric decomposition Eq. (4.32]),
Mt 27 37 4%) = ((23)[14])* F (s, u) . (4.85)

In the large-mass limit, for the double-minus amplitudes we have,

70 _ g L A 81(s? 4+ u?) + 155su  (161(s* + u?) + 324su)t
~ 7\ 6300m*  41580mS 15135120m3 151351200m10 ’
F02 _ 1t 15(s? +u?) +28su . (153(s® + u?) + 313su)t N
© T\ 1120m4  8400mS® 554400m3 30270240m10 ’
1 t 22(s% + u?) + 39 20(s* + u?) + 43su)t
Fri N N (s* 4+ u?) + su+( ( ) ) ).
180m* ~ 1680m® 151200m3 831600m10
2 2 2 2
P2 _ 1 N t +9(s —|—u)+14su+(8(s + u?) + 21su)t ).
24m* ~ 360mS 10080m3 75600m 10
1 s? + su + u? stu
{2} _
JU=k (2m4 T T 0m T B0amo * ) ’ (4.86)
where
1 K\ 4
K= lp (§> . (4.87)

For the all-plus and single-minus configurations it suffices to give the result for the spin-0
contribution since we obtain the remaining amplitudes via Eq. (4.34). For the single-minus

configuration we have

MEZO(1F,27,37,4%) = (12 (13)[14])" g(s,u), (4.88)
where
1 1 (s? + su + u?)

=K ) 4.89
9(s,u) (5O4Om2stu  6306300m° T 441080640m1 ) (489)

Finally, for the all-plus configuration we have,

_ 12][34] \ >
S=0(1+ 9+ 3+ 4+) — [— B 4

M4 ( ’ 73 ) ) <12><34> (S,U) ) ( 90)
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where

stu (s +su+u?)?  (s?+ su+ u?)stu
h =K
(s,u) (5o4m2 T TT3R0mt T 7920m0
N 75(s% + ub) + 225(s°u + su®) + 559(s*u? + s?ut) + 743s%u?
7207200m8
3(s? + su + u?)?stu
400400m10 )

(4.91)

The fact that the highest power of m appearing in the large-mass expansion is m ™2

may be contrasted to the high powers of the m in the coefficients of the integrals in the
(4 — 2¢)-dimensional integral basis (see Egs. (4.264)), and (4.270))). It is a nontrivial
consistency check that our amplitudes vanish in the large-mass limit, as expected from
decoupling. Indeed, the above large-mass behavior hinges on nontrivial cancellations between

all pieces of the amplitude.

Now consider the matching and extraction of the Wilson coefficients Brs, Sr+ and Bra
(or, equivalently, Grs and 6?3:4). Since the relation between the Wilson coefficients and
the amplitudes is linear, the Wilson coefficients satisfy the supersymmetric decomposition
(Eq. (£.32))). Hence, we may organize our results in terms of the multiplets circulating in
the loop. One may then assemble the corresponding coefficients for any spinning particle
circulating in the loop using Eq. (4.32).

Since the all-plus and single-minus amplitudes are nonzero only for the {0} piece, we

have

1 /r\3 1 1 1 k41 1
gy b my oL — {0} _ AN
(Brs) (47)2 (2) 5ot Om) (47)2 (2) m* 7560

(Brs) 1170 = (Bp) 1170 = 0. (4.92)

where our notation (Bx )"} means the value of 3x as determined by the data for the new piece

for a given spin S. The double-minus configuration is nonzero for any multiplet circulating
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in the loop. We find

oy _ L syt 11 S N S A S
()™ = (47)2 (2) m4 6300 (Bpa) 7 = (4m)? (2> m* 1120
1 i1 1 1 41 1
" = 5 (3) 7atss G = G (5)
pr_ L oyt 1l
(624) 2= (47T)2 (2> m42' (4'93)

4.3.3 Regge limits of the amplitudes

For our analysis of the amplitudes with dispersion relations in the next sections, we need
the behavior of the amplitudes for ¢ — co and s € R fixed, with |s| < 4m? and for s — oo
and t € R fixed, with [t] < 4m?. We extract these directly from the explicit values of the
amplitudes in Appendix [4.H]

We start with the ¢ — oo limit. For the new-pieces in the supersymmetric decomposition

we have
£ (s,u) ~ 10%5” L S=0,1/2,1,
PO (s )~ B gy L,
g% (s, u) ~ %2, hi% (s, u) ~ 2, (4.94)

where the f, g, and h function are related to the amplitude via Eq. (4.68]). Using Eq. (4.32))

we assemble the contributions for each particle of a given spin,

log(t)

(s, u) ~ ot S=0,1/2,1,
log?(t 1
pra(s,u) ~ B0 sy T
1
(s, u) ~ =, ho(s,u) ~ t2, S=0,1/2,1,3/2,2. 4.95
t2

For the f° functions corresponding to the case of no helicity flips between incoming and

incoming states the spin 2 contribution dominates as expected.
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Next, we consider the s — oo limit. We find

1
s, u) ~ =, S=0,1/2,1,3/2, 2,
s
1
g{o}(s,u) ~ ? ) h{o}(s7u> ~ 527 (496)
which gives
s 1 s 1 s 2
fo(s,u) ~ =, g°(s,u) ~ -, h”(s,u) ~ s°, S=0,1/2,1,3/2,2. (4.97)
S s

Note that the limits of the functions ¢g° and h° in Eqgs. (4.96) and (4.97)) follow from those
in Egs. (4.94) and (4.95)), since these functions are crossing symmetric.

4.4 Properties of gravitational amplitudes

We now turn to the properties of the low-energy effective field theory, arising from taking
the large-mass expansion of the one-loop four-graviton amplitudes calculated in Sect. [4.2]
Here we do not consider loop effects in general relativity itself (due to gravitons circulating
in the loops) but focus on the properties of the leading-order higher-derivative operators in a
weakly-coupled gravitational EFT generated by integrating out massive degrees of freedom.
For the same reason IR divergences are not an issue for our analysis since the corrections
of interest are manifestly IR finite. We also note that we do not need to deal with UV
divergences, since the one-loop four graviton amplitude with polarization tensors restricted

to four dimensions considered here is UV finite [326].

To make the analysis more complete we also include the example of tree-level graviton
scattering in string theory (see Appendix [4.B|). As recently discussed in [339], in this case the
scattering amplitudes have a great degree of universality; e.g. to leading order considered

here they do not depend on the details of the string compactification.

A general question we ask in this paper is the following: where do physical theories land
in the space of couplings that satisfy the bounds from causality, unitarity and crossing? In
this section we review general properties of the gravitational amplitudes relevant for the

derivation of the bounds. In subsequent sections we then proceed with the derivation of
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various bounds on the Wilson coefficients, following the recent developments of Refs. [267),
268, 269, 340, 270]. Finally, we check that the results presented in the paper satisfy the

expected bounds and analyze the region in the space of couplings covered by known theories.

4.4.1 Low-energy expansion

The functions f, g and h defined in Eq. Eq. (4.68]) correspond to the independent helicity

configurations. We consider their low-energy expansionﬂ

0o o (3]
kN2 1 su 1 i i o
f(s,u) = <§> wu |BR3|27 - |@¢|2¥ + Zf?i,is u' + ZZfi,j(S Tu? + sTu'),
i=0 i=1 j=0
K Brs N P 4
g(s,u) = <§> st + Z 92p+3¢,¢7293
p,q=0
K o0
h(s,u) = [10(5)533 — 3f3)stu + Z hop+3q.40504 (4.98)

p,q=0,2p+3q>4

where [z] means the integer part of x, and we introduced

RS+ tF Uk

(4.99)

In Eq. we explicitly write the massless exchange poles and assume that the rest
of the amplitude admits a simple low-energy expansion. This is a structure expected from
integrating out massive degrees of freedom and indeed, the amplitudes analyzed in the present
paper are of this type. It does not however capture correctly the structure of the amplitude
once the loops involving massless particles are included. For example, consider the case
of the one-loop correction due to gravitons circulating in the loop; see Eq. Eq. and
Appendix[4.F.4] In this case, we see that for the all-plus amplitude one-loop Einstein gravity
generates a non-zero hs . Similarly, for the single-minus amplitude g(s, u) the one-loop result
in Einstein gravity has poles in each of the Mandelstam variables. Finally, the double-minus
amplitude f(s,u), see Eq. Eq. , contains IR divergences, logarithms, as well as higher-

order singularities in 1/t compared to the formulas above. In the present paper we focus on

U Here we allowed for parity-odd and parity-violating effects which render certain coefficients in the low-
energy expansion complex.
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the effect produced by integrating out massive degrees of freedom and do not analyze the
effects from one-loop massless exchanges. Mathematically, this is simply due to the fact that
at leading order that we are interested in, the two effects lead to additive contributions to the
scattering amplitude and can be analyzed separately. Moreover, the corrections to graviton
scattering due to integrating out massive degrees of freedom satisfy all the basic properties
that we discuss later in the section and as such the low-energy expansion generated in this
way satisfies consistency bounds. Physically, integrating out massive degrees of freedom
leads to effects that are localized in the impact parameter space b < 1/mg,p, which are
encoded via higher-derivative operators in a gravitational EFT, whereas the one-loop effect
due to graviton exchange contributes at any impact parameter, which also manifests itself
through the fact that such corrections do not admit the representation Eq. . It would
be very interesting to develop a systematic and unified approach to treat both effects in the
context of gravitational scattering, but this is beyond the scope of the present paper and we

leave it for future work.

In writing Eq. we take into account the crossing relations Eq. . Note that o3 =
—stu for u = —s —t. In the expansion Eq. fi; are real. For parity-preserving theories
hi; and g ; are real as well. In the formulas above (s encodes the unique non-minimal
correction to the three-point amplitude of gravitons as defined in Eq. . Similarly By
encodes the non-minimal coupling of a scalar to two gravitons. In parity-preserving theories

these are real.

For completeness we take into account the possibility of non-minimal coupling to a mass-
less scalar in the amplitude above with the three-point amplitude given in Eq. . Curi-
ously the non-minimal correction to the three-point graviton amplitude and the non-minimal
coupling to a massless scalar mix in the first term in the low-energy expansion of A(s,u)

Eq. (4.98). This point was discussed in detail in Ref. [331].

We list the explicit results for these functions obtained for the amplitudes considered in

the present paper as an expansion in large mass in Eqs. Eq. (4.86), Eq. (4.89) and Eq. (4.91]),
as well as in Appendix [£.H| The exact form of the amplitudes is found in Appendix [4.F]
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4.4.2 Unitarity constraints

Here we consider the constraints that arise from unitarity. Since the gravitational EFTs
of interest are weakly coupled, we limit ourselves to perturbative unitarity as discussed for
example in Refs. [140} 269]. It would be of course be very interesting to implement unitarity
nonperturbatively along the lines of Refs. [341] B42]. In four dimensions this would also
require understanding the constraints of unitarity at the level of IR-finite observables; see
e.g. Refs. [343, B42] for a recent discussion. Luckily, for our purpose of investigating the
leading-order corrections to the gravitational EFT these subtle but important issues are
irrelevant. Here we primarily follow the discussion of Ref. [269] but modify it to account for

differing helicity configurations.

To discuss the constraints coming from unitarity we note that the general incoming two-
graviton state is a superposition of amplitudes with different helicities. In total there are
four choices for the incoming and four choices for the outgoing states. We therefore consider

the following matrix of possible amplitudes
M(+7_7_7+) M(+7_7_7_) M(_7_7_7+) M(_v_v_v_)
Mg~y Mg—po) M-y M- -4
M- Maw—o) Mgty Mt

, (4.100)

Mert+s) Mearro) Merr Merro

where we labeled the helicities of the gravitons using an all-incoming convention.

Consider now scattering in the physical t-channel 14 — 23. To describe this situation we

consider the center-of-mass frame and choose helicity spinors as follows [140], 269]

)\1 = t1/4 ! ; )\4 - t1/4 ! ;

0 1
0 i 0
COS 5 S1n 5
Ay = it'/t 1, Mg =itt/! > . (4.101)
sin g — cos g

Since we consider particles 1 and 4 to be incoming we take 5\174 = A],. Particles 2 and 3

are outgoing, therefore Ay 3 = —A5 3. With this choice we get ¢ = (14)[14], s = (12)[12] =
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—t sin? g, so that cosf =1+ % Evaluating the matrix (4.100]) for this kinematics we obtain

thf(s,u)  s*2ulg*(s,u) s*t*ulg*(s,u) h*(s,u)
M(s.t) = s*t?u2g(s, u) utf(s,t) sHf(t,u) s*t?u2g* (s, u) . (4.102)
s*t?u?g(s, u) sHf(t,u) utf(s,t) s*t?u2g* (s, u)

h(s,u) s2t2ulg(s,u)  s*t2ug(s,u) tf(s,u)

Unitarity restricts the form of the discontinuity of various amplitudes. We introduce the

t-channel discontinuity as

M(s,t +ie) — M(s,t — ie)

Disc;M(s,t) = 5
i

(4.103)

Through the optical theorem or unitarity, the discontinuity Eq. is related to the
square of the 2 — n amplitude where we insert a complete set of intermediate states. It
is convenient to decompose intermediate states into the irreducible representation of the
Poincare group, which are therefore labeled by the total energy v/Z, spin J and potentially
other quantum numbers . The simplest example is when we have an exchange by a single
particle of mass v/t and spin J. In this case Eq. produces the square of the corre-
sponding three-point couplings multiplied by a kinematical polynomial[?] A slightly more
general situation is when we have an exchange by multiple particles of the same mass and
spin. In this case the discontinuity produces Eq. a sum over the products of the
corresponding three-point couplings. Finally, we can also have a multi-particle state as an
intermediate state of total energy v/t and spin J. It is convenient to think about it again
as a single-particle state with the continuous label for the species (which corresponds to
the distribution of the total energy among the constituent particles). The result is always
the same: we can write Eq. Eq. as a sum of kinematical polynomials multiplied by
various spectral densities p;(t) which encode the sum over the products of couplings to the
intermediate states of energy v/t and J in a given theory. What we just said is simply a

restatement of the standard partial-wave expansion in a language which is perhaps slightly

12In the case of external scalars these are familiar Legendre polynomials. For spinning particles the
analogous polynomials in D = 4 are Wigner d-functions, which are written explicitly below.
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more intuitive. For a more complete and detailed derivation see Refs. [341],[342]. In this way
we can write the discontinuity in terms of the spectral density. For example,

=1+ (=1)7

DisceM4,— - 1)(s,t) = 5

Pyt (t)dyo(x) - (4.104)

Applying this to all helicity configurations in the matrix of amplitudes Eq. (4.102)) we
get

Disc, M (s, t)

T O do(x) 0 0[5 (0] di(a)
_ 1+ (=17 0 00 0
g 2 0 0 0 0
py (t)dgo(x) 0 0 pjF(t)dye(x)
0 0 0 0
= |0 7 (0)d]y (@) 7 O(=1)7d{_4(x) 0
+Z +—p J ] ' +— J
J=4 | 0 pj (t)(—1) d4’_4(x) P (t)d4,4($) 0
0 0 0 0
0 [0~ (O dio(x) [py (B)]"dio(x) 0
+§:1+(2—1)" ?(t)d%o(l‘) 0 0 [T(t)]:dfo(x) |
J=4 Py (t)d470(x) 0 0 [Py (t)] d4,0(37)
0 py - (O)dio(x)  py(H)d]o(x) 0

(4.105)

where we introduced @ = cos = 1+ 2¢ and we used Wigner d-matrices di/\,(:v) which we
list explicitly in Appendix [L.E| The formula above can be derived by explicitly analyzing
the effect of an exchange by a particle, or equivalently an irreducible representation, of given
mass /¢ and spin J. The relevant three-point amplitudes are fixed up to a number and
their products are encoded in the various spectral densities p;(m?). The indices ++ and

+— denote the helicities of the corresponding incoming gravitons.

To discuss dispersion relations we also need to understand the properties of the u-channel
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discontinuity which is defined as

M(s,—s —t —ie) — M(s,—s —t + i€)

Disc, M(s,t) = 5
i

(4.106)
By the same argument it takes the following formlE

Disc, M (s, t)

0 0 0 [ ()] d3o(7)
LD 0 py " (u)dio(2) 0 0
; 2 0 0 py " (u)dfo(7) 0
Py 0 0 0
Py (w)di (%) 0 0 0
- 0 0 py (uw)(=1)7d]_,(%) 0
+ 3
; 0 py () (=1)7d] _4(%) 0 0
0 0 0 oy (w)d] 4()
0 107~ (w)]*di () [p}~ (w)]*d]o(2) 0
214 (=17 | £7 (w)d]o(7) 0 0 [0~ (w)]*d{ (%)
+ 9
2 71 (u)d] () 0 0 Fi ()] d] ()
0 ;’T}L_(U)dm(@ 5j_(u)d40(5;) 0

where 7 = 1+2—;.

The spectral densities that enter the unitarity relation are given in terms of the product
of the couplings to the corresponding intermediate states. The diagonal terms being given

by the absolute value square of the couplings are nonnegative

it m?) >0, pi(m2) > 0. (4.108)

13We thank Alessandro Vichi for pointing out a typo in Eq. (4.107)) of an earlier version of the paper.
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The off-diagonal terms satisfy simple Cauchy-Schwartz inequalitieq™]

63~ (M) < p3(m?)ps~(m?), |5 (m?)] < pj*(m?). (4.109)

Below we discuss bounds on the possible form of the low-energy coefficients stemming
from unitarity and growth of the amplitude at infinity. In particular, it is convenient for us
to consider combinations of amplitudes that have nonnegative semi-definite discontinuities
both in the ¢- and u-channel. We consider the following convenient choices that are sufficient

for our purposes

t4 ’ + 4 ,t A4 t, h* ’
PP (& (R CU R D (5. o
h(s,u) tf(s,u) +ulf(s,t) — s*f(t,u)
t4 7 + 4 ,t 2 2t2 2 % ,
M, (5.1) = fls,u) +ulf(s,t)  25°t°u g™ (s, u) (4.111)
25%t2u?g(s, u) tf(s,u) +utf(s,t)
These matrices are t—u crossing symmetric
My g(s,t) = My (s, u) . (4.112)

Using the form of the discontinuity dictated by unitarity above together with the Cauchy-
Schwartz inequalities Eq. (4.109)) one can check that

agDiSCt./\/lh,gh:o = a;lDiSCuMh7g|5:0 t 0, n Z O, (4.113)

where the notation ‘> 0’ means that the matrix is positive semi—deﬁnite.ﬁ We obtain these

inequalities from the following properties of the Wigner d-matrices together with Eq. (4.109))

02 dg o(x)]s=0 > 0, (4.114)
0 (df4(x) = (=1)d] _4(2)) ls=0 > 0, (4.115)
o (o (0 () + o} (Oda(@) — 2055 OIdLy(0) o 20, (4116)

1411 terms of couplings to the intermediate state of energy v/t and spin J these inequalities simply state
. 12 .
that [0, AriXi " < (2 At (3, Ae—il?) and [ 30, A3 4] < 32, [A4+il? respectively.

15 A hermitian n x n matrix M is called positive semi-definite if z*Mz > 0 for all z € C™.
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where s = 0 corresponds to z = 1 (see definition of z below Eq. (4.105])). The first property
Eq. is a well-known property of Legendre polynomials. We have not attempted to
prove Eq. and Eq. (4.116)) that rely on the properties of the relevant di v (), however
we checked them explicitly up to J = 30. We also checked using formulas from Appendix[4.E]
the conditions above for any J and n = 0, 1, 2; these are the cases that we consider below in

more detail. For forward scattering a closely related discussion can be found in Ref. [281].
The matrices above admit simple eigenvectors in the parity-preserving case, where we
have g(s,u) = g*(s,u) and h(s,u) = h*(s,u). In this case the matrices above have eigenvalues
My (s,t) = utf(s,t) +t1f(s,u) — s*f(t,u) £ h(s,u),
My i(s,t) = uf(s,t) +t1f(s,u) + 25t u?g(s, u) . (4.117)

Unitarity Eq. (4.113) then becomes the statement about nonnegativity of the discontinuity
of Eq. (4.117). In this case we can apply dispersion relations directly to the functions

Eq. (F117).

4.4.3 Causality

Causality and unitarity put constraints on the high-energy behavior of the amplitude. The
corresponding bounds are well known in the case of gapped QFTs [344], but are on a less-

rigorous footing in gravitational theories.

At tree level the gravitational amplitudes are expected to satisfy

lim [ Miee(s, )] < 2, s<0. (4.118)

[t| =00
This result is very intuitive but hard to establish rigorously. It naturally emerges from

various considerations [241] [345] 346].

The situation is less clear nonperturbatively, however the simple qualitative picture of
high-energy scattering in gravity together with unitarity and causality again imply that a

similar bound exists. The bound is usually assumed to be

lim [Mea(s, )] < 2, 5s<0. (4.119)

[t| =00
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This can be used to write dispersion relations in D > 5 where the amplitudes are IR finite and
make sense nonperturbatively. In D = 4 the situation is less clear due to the IR divergences,
but presumably a similar bound exists for the IR safe observables. It is also possible to
satisfy Eq. at tree level but this requires an infinite number of particles of arbitrary
high spin to be exchanged. A famous example of this type is given by the tree-level string

amplitudes.

In this paper, we are interested in particular in the properties of the one-loop scattering
amplitudes in D = 4. These do not have to satisfy Eq. or Eq. , therefore we
do not use them. Indeed, let us imagine that the bound Eq. is saturated at tree-
level. This corresponds to exchange of a particle of spin 2. When we go to one-loop we can
exchange a pair of spin-2 particles and the resulting amplitude will grow like #3. Therefore
it is natural that the following bound holds at one loop

lm M je0p(s, )| < 2, 5<0. (4.120)

[t| =00

The explicit amplitudes computed in the paper indeed satisfy Eq. . Below, in writing
dispersion relations we assume the Regge bound to be as given in Eq. and choose the
number of subtractions accordingly. Note that since Eq. is weaker than Eq. ,
bounds derived in this way apply both to the tree and one-loop amplitudes. They also apply

to full nonperturbative amplitudes in D > 5.

It is a special feature of gravitational amplitudes that an infinite number of particles has
to be exchanged at tree-level in order for the amplitudes to satisfy Eq. (4.118)). This follows
from the fact that such exchanges at tree-level correspond to non-minimal couplings, which

are known to lead to violations of Eq. (4.118)) [241], 277, 278|. The only exception to this

rule is general relativity, which corresponds to the minimal self-coupling of the graviton.

The tree-level Regge growth bound Eq. (4.118) is the reason why it is so hard to construct
tree-level gravitational amplitudes different from the ones of general relativity. This famous
achievement of string theory leads to causal and unitarity amplitudes with infinitely many

poles that corresponds to exchanges of infinitely many particles of arbitrarily large spin. In
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fact, every such modification must contain strings [347] ]

4.4.4 Dispersive sum rules

Given the gravitational amplitudes that satisfy unitarity and the Regge bounds we can con-
sider various dispersion relations. One class of dispersion relations that we find useful recasts

the vanishing of the (subtracted) amplitude in the Regge limit in terms of its discontinuity.

Such relations are known as superconvergence relations [278|, or dispersive sum rules
[280]. We follow the latter terminology and consider the following integrals
dt 1 1
Bl (s) = —M(s,t)————— =0, k>2, 4.121
e () f{o 2 M G T oy = (4.121)
where the condition k£ > 2 originates from the Regge bound (4.120]) and guarantees that the

arc at infinity produces a vanishing contribution.

By deforming the contour we get the following formula

dt 11
B (s): . %M(s,t)gm

< dt 1 1.
- [, Sy (s

(4.122)

! tDiscu./\/l (s, t)) :

s
where the integrals are depicted in Fig. 4.7]

We evaluate the LHS of Eq. (4.122)) using the low-energy expansion, and we use the
RHS to establish some nontrivial properties that the coefficients of the low-energy expansion

should satisfy. More precisely, we consider the expansion of (4.122]) around s = 0.

A few comments are in order. Firstly, note that the minimal tree-level graviton-exchange
term in f(s,u) ~ —- does not contribute to the sum rules of interest here, B;%,(s). In
particular, we are able to expand the sum rules in powers of s. Assuming a more stringent
Regge bound, B (s) can be studied [271] and used to bound various coefficients in terms

of G. We do not consider this sum rule in the present paper. Secondly, the non-minimal

16Curiously, as explained in some detail in Appendix if we allow for accumulation points in the
spectrum we can consider much simpler amplitude functions. These functions, however, contain an infinite
number of particles of a given mass.

120



Figure 4.7: The vanishing of the arc integral at infinity on the left panel, cf. Eq. (4.121)),

can be restated as an equality of the integrals on the right panel (see Eq. (4.122]).)

coupling (s contributes to By and we utilize this fact in Sect. in order to bound Sgs
in terms of other EFT data.

4.4.5 The theory islands

What is the space of gravitational EFTs that admit a consistent UV completion? Answering
this question nonperturbatively is a formidable task, but we can consider the simpler question
of understanding perturbatively in G possible consistent UV completions of gravity. It is
in this spirit that in this paper we focus on the leading-order-in-G correction to general

relativity.

Imagine that we label all possible perturbatively consistent theories of gravity by an index
1 so that the four-graviton scattering amplitudes in a given theory are given by the matrix

M, (see Eq. 4.100)E It is clear then that by taking a superposition of such amplitudes

"For simplicity we keep the index discrete, but of course it can be continuous, e.g. denoting the mass of
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with non-negative coefficients we again get an amplitude that satisfies all the constraints

discussed in the sections above
Mtheory = Z ciMia Ci > 0. (4123)

By expanding such amplitudes at low energies, as in Sect. [£.4.1 we get a set of higher-
derivative corrections. The low-energy Wilson coefficients then form a convex cone which

we can think of as the theory SpaCGH which is generated by vectors MZH

It has been recently established that causality, crossing and unitarity constrain Wilson
coefficients both from above and from below [267, 268, 269, 270]. In the space of couplings
formed by weakly-coupled theories it is thus natural to talk about the theory island, namely

the region spanned by known perturbative UV completions of gravity. By definition we have
Theory island C EFThedron, (4.124)

where by the EFThedron we call the set of amplitudes satisfying the constraints reviewed
in this section (in particular we only impose perturbative unitarity). It is interesting to ask
to what extent we can populate the space of allowed couplings by known perturbative UV
completions. Recall that by a perturbative UV completion we call an S-matrix that satisfies
unitarity, causality and crossing perturbatively in Newton’s constant G and for any process

m — n.

There are two classes of perturbative UV completions we consider here: tree-level cor-
rected theories and one-loop corrected theories. In tree-level corrected theories the leading-
order correction to general relativity enters at tree-level, in other words the higher-derivative
corrections in the Lagrangian are suppressed by a new scale, e.g. string scale, which can be

much lower than the Planck scale. Perturbative string theories are famous examples of this

the particle exchanged in the loop. It does not affect the discussion.

18 A convex cone is a subset of vector space closed under linear combinations with positive coefficients.

9Nonperturbatively in G, Eq. (4.123) is not necessarily consistent since is can violate nonperturbative

unitarity |Sy| < 1. Since we are interested in the leading-order correction in the regime when gravity is
weakly coupled, this issue is irrelevant.
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type. It is a well-known fact that gravitational amplitudes in string theory have a great de-
gree of universality, as discussed recently in Ref. [339]. In Appendix we review the cases
of superstring, heterotic and bosonic strings at tree level.@ Alternatively, we can consider
theories where the higher-derivative operators come with an extra power of G. The one-loop
amplitudes computed in the present paper are precisely of this type. By choosing the mass

spectrum and spins of the particles propagating in the loop we can get various amplitudes.

Combining these two examples we consider the following set of amplitudes in the present

paper

Mt = Mk + cag Mis + cogMind + > s My . (4.125)
5=0,1,1,32

Obviously, we do not claim that this space is complete. Let us emphasize that in the analysis

below we allow taking arbitrary superpositions of string amplitudes with various tensions

as well as one-loop amplitudes with arbitrary choices of the masses and spins, S < 2, of

particles circulating in the loop.

On the string side, for example we can consider the ¢ deformation of the superstring
amplitude discussed in the conclusions of Ref. [269]. It is not clear however that these
deformations can be promoted to fully consistent perturbative S-matrices. Moreover, we
checked that adding this correction does not affect the theory island considered in the present

paper in a noticeable way.

On the field-theory side we can consider gapped strongly-coupled theories of matter
coupled to gravity. One interesting example is large-N QCD coupled to gravity [279]. In
this case we expect the tree-level corrections due to non-minimally coupled glueballs and
one-loop corrections due to minimally-coupled glueballs to both enter at the same order G2.
Finally, we do not discuss here amplitudes in models with extra dimensions [348] [349] 350].
Of course, it would be very interesting to extend our analysis to include these examples as

well.

20Gtrictly speaking the bosonic string is not part of the theory space due to the presence of the tachyon
in the spectrum, but it is useful to keep it to check various formulas.
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In writing the contribution of matter we can imagine integrating out a multiple number
of particles of given spin with various masses. For the constraints discussed below one can
check that the effect of this freedom can be absorbed into rescaling of the coefficients cg. In
particular, the bounds that we describe below hold for any choice of masses and number of

species for particles that we integrate out.

In the following sections we use these amplitudes to populate the theory island. Surpris-

ingly, we find that
Theory island < EFThedron, (4.126)

in a sense that should become clear below. In other words, the set of known weakly-coupled
theories occupy a much smaller space in the space of couplings than is allowed by the general
constraints coming from the analysis of 2 — 2 scattering. This is, of course, in accord with the
ongoing landscape vs swampland debate but is also different from that. Indeed, the theory
island as defined here does not guarantee the existence of the nonperturbative completion
of gravity. We only study the consistency of the leading-order corrections to the Einstein-
Hilbert theory perturbatively in G and already in this setting we seem to find a much smaller

space of possibilities than follows from general constraints.

4.5 Deriving bounds: elastic amplitude

In this section we analyze bounds on the low-energy expansion of the elastic amplitude
f(s,u) using the techniques of Ref. [269] and [267, 268] /] We focus on couplings of the same
dimensionality and derive two-sided bounds on them by explicitly identifying the facets of

the relevant polytopes and then taking their crossing-symmetric section.

As observed in Ref. [269], identifying the relevant boundaries are particularly simple in

case of the one-channel dispersion relations when the polytopes in question are cyclic/?

21See also Ref. [351} [352] [352] for a closely related discussion.

22We refer the reader to Ref. [269] for the definition of this term.
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In case of the two-channel dispersion relations the cyclicity property is lost. However, as
Ref. [269] observed, a set of new boundaries that appear in this case involve low-spin partial
waves and can be explicitly identified upon inspection. This is indeed what we observed in
the examples below. To the best of our knowledge there is no proof that the list of boundaries
obtained in this way is complete (and therefore that the bounds are optimal), and we do not

attempt such a proof in the present work.

We will not attempt to relate couplings of different dimensionality to each other either.
This problem was recently analyzed in Ref. [267, 268, 270] and the expected dimensional-
analysis scaling of various couplings with order O(1) coefficients was rigorously established. Tt
would be very interesting to apply these techniques to the gravitational amplitudes discussed

here but we defer this to the future.

4.5.1 Strategy

We first briefly describe the basic strategy to derive bounds [269]. We consider the vector
of low-energy couplings of the same dimensionality F which via dispersion relations is given

by the sum of s- and u-channel partial waves
F = Z <CJ7SVJ7S + CJ,uVM) ) Crs,Cru > 0. (4.127)
J

In this formula c;, and c;,, encode spectral densities discussed in Sect. and ‘7]75, ‘7],“
are known functions related to partial waves—see e.g. Eq. for the precise formula.
However for the present discussion we can simply think of VLS and VM as some abstract,
given vectors and c;; , c¢j, being non-negative numbers. We would like to characterize the

space Eq. (4.127]), which is a polytope. A convenient way to do it is by identifying its facets

F-W;>0, (4.128)
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where W is a normal to a given facet. From Eq. (4.127]) we see that all the facets are of the
formP’]

Wi, = 61011_._1dV11...VId

al aq ?

(4.129)

where we assumed that the vectors V,, are (d+ 1)-dimensional and we contracted them using
the (d + 1)-dimensional e-tensor[”?] The index a labels both spin and channel. Therefore, we
can characterize the space Eq. by a set of determinants (F) ay, ....,aq) > 0. The task
is then to find all (ay, ....,aq), such that Eq. holds. In general, this is a formidable
task since the space of vectors in Eq. is infinite dimensional.

As explained in Ref. [269], remarkably, the set of vectors VJ7S defines a cyclic polytope,
which for us simply means that the set of its boundaries can be written down explicitly
very easily. They essentially take the form of determinants built out of pairs of consecutive
vectors in the sum over spins. For example, for d = 4 the relevant determinants take the

form (¢, 4 1,7,7 + 1) with j > 4, where ¢ and j label various spins in the sum Eq. (4.127)).

The cyclicity property is lost when considering the sum of the s- and wu-channel as in
Eq. (4.127). By inspecting the resulting polytope Ref. [269] observed that it is “almost
cyclic” in the sense that the only boundaries which are not of the type (i,7+1, 7,7+ 1) in the
example considered above involve low-spin partial waves in Eq. and can be found by
direct inspection. This is what we also find and this is the strategy of finding bounds that
we follow in this paper. In particular, we do not prove that the set of bounds found in this
way is complete (even though we suspect it to be the case). It would be very interesting to

rigorously demonstrate this.

After the allowed region Eq. (4.128]) is identified we impose crossing symmetry, which is

23Strictly speaking, this statement is only true for finite-dimensional sums in Eq. (4.127). For infinite-
dimensional sums we can also have limiting points. For us the limiting point is J = co. We find, however,
that its existence does not play a role in the analysis in the following sections. The reason for it is that in
practice we search for the boundaries Eq. by first truncating the sum over spins up to some Jy 4z
and then extrapolating to Jyq, = 0.

24Here d has nothing to do with the dimensionality of spacetime. Instead, it is the dimensionality of the
relevant subset of the low-energy couplings that we would like to bound.
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the subspace defined by linear relations between various components of the coupling vector
F. By taking the crossing-symmetric slice of the allowed space of couplings we get two-sided

bounds on the low-energy Wilson coefficients.

4.5.2 Non crossing-symmetric dispersive representation of low-energy couplings

Consider again the double-minus amplitude
My(17,27,37,47) = ((12)[34))* f(t,u). (4.130)
Following Ref. [269], we introduce the expansion]

K\ 2 tu 1 L
Ftu) = f(t, —s —t) = (5) + 182 — 1Bl + Z ap st (4.131)
k>3>0
From Eq. (4.131) we see that for fixed k all a;; have the same dimensionality. Crossing

symmetry f(t,u) = f(u,t) leads to linear relations among ay ; which will play an important

role below.

Of course, in Eq. (4.98) we are expanding the same function, so the f; ; introduced there
and the ai ; in Eq. (4.131]) are all related to each other in a trivial fashion. We get for the

first few coefficients

ao0 = foo, a0 =—fio, arp =0. (4.132)

The vanishing of a;; is a consequence of t—u crossing symmetry of f(¢,u) which is not

manifest in Eq. (4.131])).

The function of interest f(¢,u) admits a simple dispersive representation

ds' o
ft-s—0 = § T2 (5) gt -

271 s—s' 2
/°° dm? i 1+ (1) pi T (m*)dgo(1+ 25) 1
m2 2 m8 s —m?
gap J=0

N Z Pl (L4 5) 1 > o (4133)

t+m2) —s —t—m?

25Note that we performed an s ¢ t transformation compared to Eq. (4.98).
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In deriving (4.133)) we used the Regge bound (4.120)) to drop the arcs at infinity. When
applied to Eq. (4.130) it implies that |f(t, —s — t)] < 1/|s| at large s and fixed ¢. Indeed,

this is the case for all the one-loop amplitudes that we consider.

An important feature of Eq. (4.133) is that crossing symmetry f(t,u) = f(u,t) is not
manifest (hence the title of this section). Therefore imposing it leads to interesting con-

straints. In fact, as we will see below it leads to two-sided bounds on the couplings.

By expanding Eq. (4.133)) at small s and ¢ we get the dispersive representations for the

couplings ay ;. They take the following form

> dm? 1 — 1+ (—=1)7 p " (m?) j 2 - py~(m?) k(2
= /mgap TW (; 2 mB P+ ; TPJF_(j ik

(4.134)

where we introduced the spin Casimir J2 = J(J + 1). We call Eq. (4.134) the dispersive
representation of low-energy couplings. We again emphasize that crossing symmetry leads

to linear relations among aj ; which are not manifest in Eq. (4.134]).

In the formula above we introduced polynomials Pi +(J?) and sz(j %) which have the

following propertie@

P (T =1,  PE(T*) = (=D,
PL (T =0T PINTY) = (-D"N(T*—20—k),

J¥ 4 mwwuw—“wﬂﬂ+ (4.135)
- . () = - L :

: J 2\ _ S
fim Peo(T7) = iy TG+ 1)

J—00 I'(j+1)
Based on the formulas above we see that couplings aj ; written in Eq. roughly probe
the &’th moment of the spectral density with respect to m? and (27)’th moment with respect
to spin. In particular, we expect that higher-j coefficients to be more sensitive to higher-spin
spectral densities and higher-k couplings to have the large % region more suppressed. This

is indeed what we will find in the explicit examples below.

26T the ++ channel the closed-form expression takes the form P/ (J?) = W [T _ (7% = n(n—1)).
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Crossing symmetry leads to the set of sum rules which were dubbed null constraints in
Ref. [268]. Effectively, they express the low-spin partial-wave data in terms of the higher-spin
data. Consider for example the relation a;,; = 0, listed in Eq. (£.132). Using the formulas
above we can write it as follows

/°° dm? pj—(m?) _

e (m2)2 m®

© gm2 (& —1)7 pt( m2

2
Mgap J=2

where all the terms in the RHS of Eq. (4.136)) are non-negative. In other words, crossing

symmetry allows us to express the moment of p} ~(m?) in terms of all other spectral densities.

Let us next describe the first few bounds for £ < 6. We do not attempt to derive the
bounds across the couplings of different dimensionalities as it was done in Ref. [267) 268],
270, 27T1]. Instead we focus on the geometry of couplings of the same dimensionality as was
studied in Ref. [269]. For k = 1,3,5 we do not get any nontrivial bounds. For even k the
results are presented below.

k=0:

We first start with £ = 0. From (4.133) it immediately follows that
ap,o 2 0. (4137)

Moreover, we have

L[ dm? [=1+(-1)7
ak,0 = ;/ T2k 10 <Z TpJ ZpJ m?) | . (4.138)

2
Mgap J=0

This immediately implies that a; o for even k can be interpreted as even moments ji

1 dm? 1+ (=1) 2)

Mgap J=0

As a result the bounds of Ref. [353] apply. For odd &, we obviously have |ax| < puy.

k=2:
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Next consider k£ = 2. Here the couplings of the same dimensionality are ag = (a2, @21, aa2).

One obvious constraint is
2.0 Z 0. (4140)

On top of that we get the following list of constraints which specify the boundary of the

region of allowed couplingsm

{<a27 7;57 7;8 + 2>i522 ) <a27 (Zu + 1)(2)7 Z.u2)>iu24 ) <a27 4;2)7 28)} 2 0. (4141)
Here we follow the notation of Ref. [269], which is defined as
az20 Vio Vjo0
(ag, 1, j) = det ag1 Vi1 V1| (4.142)
Q22 Vio Vj2
where we also define the following vectors

1
— 07 (14 2t) =0, (4.143)

1 1
k) = am
wJm m!at

UL(;)n = (JS)m

k—m 1 diA (1 + Qt)

w S
Ut = (J (k=m)l™ (14+s+t) (1+1¢)*

oo s (4.144)

where in the formula above we set the arbitrary mass scale m? = 1 since it leads to trivial

overall rescaling of the vectors that enter into the determinant Eq. (4.142)) and as such does

not affect the positivity bounds Eq. (4.141]). Note that the vector US,? depends on the order

k of the corrections that we are studying, which we denote by iq(f). For example, to evaluate

(4.141]) we should set £k = 2 in Eq. . The constraints Eq. have an intuitive
explanation. By plugging the dispersive representation of the couplings into the determinant
(ag,1,7) we get a sum over partial waves where the coefficients of partial wave i and j are zero.
The plane (as, i, j) then separates the region in the coupling space where these coefficients

are positive and negative.

2"The constraint Eq. (4.140) can be understood as arising from the limiting point when 4, or i,, — oo .
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Figure 4.8: The allowed region for Z;—; given by Eq. (4.146)) is depicted in black. The explicit

amplitudes that emerge from integrating out the one-loop matter or tree-level string theories
are depicted in various colors. Assuming LSD in the form Eq. (4.152) with o = 102 one can
derive stronger bounds which we depict by the dashed line.

We see that Eq. involves cyclic constraints from the s-channel (ag, iy, i5 + 2);,>2,
similarly from the u-channel (ay, (i, +1)®, iz(f))iuzz;, as well as a mixed constraint (as, 49, 25)
that involves low-spin partial waves. This phenomenon observed in Ref. [269] continues to
hold for higher k as well. It allows us to easily identify the set of conditions that carve
out the region of allowed couplings analytically rather straightforwardly by inspecting the

low-spin boundaries. Of course, in practice we only look for possible boundaries up to some

finite spin J,., and assume that the observed pattern continues all the way to J.. = 00.

In deriving the bounds above we did not impose crossing symmetry. At the level & = 2

we are working it implies that
Crossing : a1 = ass. (4.145)

Taking the crossing-symmetric slice of the constraints Eq. (4.141]) gives the two-sided bound
on the Wilson coefficients

90
B d W2 (4.146)
1]_ (12’0 CLQ’O

It is very striking that for the explicit UV completions studied here we find a much narrow

window of possibilities that we depict in Fig. 4.8 We now try to understand the origin of
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this fact. To do this it will be useful to use the null constraint as; — ag2 = 0 to derive a
bound similar to Eq. (4.146)). By adding the null constraint to the dispersive representations

for as; and ag it is straightforward to show that

108 (p3 ) <021 _ OG22 6(p3 )2 + 2 (pi ) (4.147)

13 {pd Mo+ (o Vo +(p 7)o ~ azo azo ~ (pg )2+ (pf )2+ (037 )2

where we introduced (...) for the relevant integrals over intermediate energies m?

v
mgq

1 [ dm?
(pr)e = —/2 WﬂJ(mQ)' (4.148)

To derive the upper bound in Eq. (4.147) we used the dispersive representation for as; —

2
7

(a2 — ag1). To derive the lower bound we considered as; + %(am —agy).

The bound Eq. is rigorous. Its advantage however is that it only contains low-
spin spectral densities. By adding the null constraint as; — a2 = 0 with an appropriate
coefficient we made sure that all the higher-spin contributions are sign-definite and the bound
Eq. then follows. It is clear then how can we come close to the saturation of the
bounds Eq. . The upper bound saturation requires that (p3 ")y is dominant, whereas
the lower-bound saturation requires that (pd ), dominates. Note that each of these is not

the minimal spin that appears in the corresponding channel, which are (pg*)s and (p; ~)a

correspondingly.

This is not what happens in the known physical theories as we will show in more detail.
In the examples that we analyze in this paper the higher-spin contributions to the spectral
densities are suppressed compared to the minimal spin ones. The fact that at large spin the
spectral densities decay exponentially in spin is something familiar from the fact that the
scattering is local in the impact parameter space. Analyzing the concrete examples we see
that this hierarchy continues all the way to minimal spin. We call this phenomenon low-spin

dominance (LSD) of partial wave and mathematically we can express it as follows:

Low-spin dominance (weak) : (o ) > (050k (P )k = (p10)k - (4.149)

In fact, Eq. (4.149) is very conservative and in the explicit examples the suppression of
higher-spin partial waves is much stronger than Eq. (4.149)). Nevertheless, already using

132



Eqgs. (4.149) and (4.147) we can strengthen the bound Eq. (4.146) to obtain

4
a2 g (4.150)

4.147 4.149)) : - —
+ 13 — CL270 a270 -

We clarify that here we derived Eq. (4.150) to illustrate the point that LSD implies stronger
bounds. We have not tried to find the optimal bound that follows from Eq. (4.149) and
dispersive representations of the couplings. It would be interesting to study this more sys-

tematically.

It is also instructive to see what happens if we assume LSD in the strong form
Low-spin dominance (strong) : (i )& > (p¥o0k (pa )k > (o1 - (4.151)

We will discuss in more detail the expected form of the hierarchy below in the section dedi-
cated to spectral densities, but for now it is sufficient to say that we will find that Eq. (4.151))
correctly captures the region occupied by the known theories. To make Eq. (4.151) more

precise let us introduce its quantitative version

Low-spin dominance (a-factor) :  (pf )& > a3k, (e > alpid)r.  (4.152)

For illustrating bounds, below we choose for concreteness o = 102. This choice is not
accidental as the perturbative examples considered in this paper, tree-level string amplitudes

and one-loop matter amplitudes, happen to be of this type@

Let us now consider the bounds coming from Eq. (4.147]) with the additional assumption
of = 10% LSD Eq. (4.152). In this way we obtain

4147) + (4152 [ocrge : — 0.083 < 221 = P22 <9 955 (4.153)

@20 2.0

It is also interesting to consider what happens if we consider @ — oo. In this case one can
again use the trick of adding a null constraint (as s — as ;) with some non-zero coefficient to
dispersive representation of the couplings to show that

LSD, oo : 0< — =-22<2, (4.154)
2.0 2.0

280ne exception is the heterotic string amplitude where we have (p3 *), ~ ()5
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Remarkably, we find that the region occupied by known theories in Fig. [4.§| lies inside
Eq. (4.153)) and even Eq. (4.154]). We will see below that the phenomenon of the data being

well explained by the strong version of LSD continues for higher k’s as well.
k=4:

For k = 4 we first consider a subset of couplings &4 = (@40, @41, a42). From the dispersive

representation of the couplings it immediately follows that
aso0 > 0. (4.155)
Analyzing the sums over the partial waves we get the following list of constraintﬂ
{{Ag 5,15 + 2)i>2, (A1,1 + 1,455, (A4,5(),25)} > 0. (4.156)

These include the usual cyclic constraints, as well as an extra fixed constraint. We plot the
allowed region in the as shaded (green) in Fig. . A characteristic feature of the allowed

region is that it is unbounded.

In deriving the bounds above we have not used crossing symmetry which leads to im-
proved two-sided bounds. To do that we can consider a complete set of couplings at k = 4,
namely ay = (4,0, 4,1, @42, 043, 044). It is then straightforward to check by inspection that

the following set of constraints define the boundary region in the space of couplings:

{ ay, Zsa Zs + 2 ]sa]s + 2>]>z>2a <a47 24)7 g) + 1 .]1(;,4)7.]1(;,4) + 1>j>l>57

ay, Zsa Zs + 2 ]18 ) + 1 qu )>i24,j25 ) <a4: 287 457.71(14) + 17j£¢4)>j277

A4, 1(14)7511 ’61(1)771(;4)>7 <a4’2 45742)75£)> <a472 48’7u 7 >>

(
(
(26, a4, 00,00+ 2,5 )iza, (557,24, 450, 550 +1,20) 157,
(
(

ay, 40 50 7@ 9y (4 4, 50 6W 4) (41 a, 6 7

7u7u7

9} >0. (4.157)

u u7u7

It is easy to recover the previous constraints Eq. (4.156|) from Eq. (4.157]) by taking some of
the spins to infinity. For example lim;, (2, a4, s, 1542, 51(14)%24 > 0 reduces to (ay, 51(14), 25) >

0.

29By taking i, or i, — oo limit in Eq. (4.156]) we recover the simple bound Eq. (4.155)).
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A somewhat new feature of this case compared to the ones considered above that mixed s—
u channel boundaries come in infinite families. However, these families are again either cyclic,
as in (ay, i, 1s+2, jq(f) +1, j£4))i247 j>5 or involve low-spin partial wave only and therefore easily

identifiable. We find it quite remarkable that the allowed region can be found analytically!

We then consider the section of this region by the crossing symmetry relations that take

the form
CI’OSSiIlg . 43 = 2((14,2 - CL4’1) s Qg4 = Q42 — Q47 - (4158)

As a result we get the region of allowed couplings depicted in red in Fig. 1.9 To gener-
ate the plot we considered bounds Eq. where we truncated the maximal spin to
Tmaz, Jmazs Fmaz = 20. We also checked explicitly that the all determinants obtained in
this way are non-negative given dispersive representation for the couplings truncated to

Jmaz = 200.

The bounds coming from imposing Eq. (4.157)) together with crossing symmetry Eq. (4.158))

are two-sided, both from above and from below. The theory island occupied by the known

theories forms a tiny black slit inside the allowed region.

As we did for £ = 2 we can again understand the structure of the island using the idea
of LSD. To this extent we can use the null constraints coming from crossing Eq. (4.158)) to
derive the following rigorous bounds

7.01(p3 " )a +20.18(pF )4 asy _ 6(p3 ")a+20{ps ") +4.01(pi )4

— <1 ,
(Pg Va+(pd Va+ (o3 )a+(p¢ Ve “aso ~ (oo )a+(pi )a+(p3 )a+ (pi )4
(4.159)
- 20.16(p )4 i
(Ps Va4 (pf Va+ (P )a+ (pd )a ~aap
6<p;+>4 + 90<pi+>4 + 6.43(p;f_>4 + 15.32<pg_>4 (4 160)

(pg )a+of Dat (o3 )a+ (i )a+ (o5 )a
Again we see that the corners of the red regions in Fig. can be obtained from Eq.
by assuming that the sub-leading spins in the corresponding channels are dominant. This
is not what happens in the physical theories and again assuming weak LSD Eq. we

can get a tighter bounds in which physical theories reside. In practice, we see that physical
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Figure 4.9: The allowed region for (@’ ars ). The lightly shaded (green) region corresponds
to the bounds Eq. (4.156). The darkly shaded (red) region corresponds to the bounds
Eq. (£.157). The black theory island (which is so narrow that on this scale it looks like a
line segment) is the region covered by known amplitudes. The small gray-shaded region that

surrounds the black theory island corresponds to the LSD « = 10? bounds.

theories occupy even smaller region which can be understood using the strong version of

LSD Eq. (L151).

A striking feature of Fig. is that the known theories align closely with the straight
line with the slope 3/2. To understand this we can derive the bound analogous to Eq. (4.159))

for the difference aso — %a471. It takes the following form

B 3(p3 ")a + 15(p3 " )a L2 = Sasn -
e+ i a3 Ta+ (pI Vs = ase
60(p3 ")a + 0.47(pi " )s + 45.58(p¢ )4
(po " a+(pd )a+ (o3 )a+(pg

We emphasize that at this point the bound Eq. (4.161]) is rigorous and no additional as-

(4.161)

sumptions have been made. To derive an upper bound we have considered the dispersive

1687
7205

of crossing Eq. (4.158)). The lower bound follows directly from the dispersive representation

representation for as o — %a4,1 + (@43—2a44)+ % (a43—2(as2—a41)), where we made use
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Figure 4.10: A scaled version of the theory island from Fig. . The dashed black line
bounds the region which is found from Egs. and using the LSD assumption
Eq. with @ = 10%2. The dashed red line (49 = %a4,1 corresponds to a = oo bound
Eq. . Remarkably, all known theories lie in this small region where they populate a

small region around the o = oo curve.
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3
of Qg2 — 5@471.

To malke use of it, we can now assume o = 10? LSD and apply it to the bounds Eq. (4.159))
and Eq. (4.161)). In this way we get

(L159) + (A160) + (E161) + LSDo_yge :  — 0.27 <AL <401,
4,0

—0.20 <2 < 652,
Q4.0

3
— 5041

_0.15 <442 <0.92. (4.162)

Q4.0
We plot the result in Fig. [£.10] and again observe that the known examples neatly land in

the predicted region. Moreover, it is straightforward to see that if we increase o the bound

Eq. (4.161]) becomes not optimal and instead we get

3
Q42 — 5041

LSDqy_se0 : —0, 0<-2<4 o0<22<s. (4.163)

as,0 a4,0 7 A4,0
which is the line along which our explicit examples cluster. Intuitively, this result can
be understood as follows: We write down explicitly the dispersive representation for the
couplings aq,,
= dm? pyo(m?) | [ dm® py_y(m?)
(4,0 = — g —— V7o
T

. Tn (m2) + higher spin,
x 2 _ 2
gy = 4/ ﬂer4—(m) + higher spin,

m

Mgap
> o (m?)?

Mgap
©  Im? B 2
Qg0 = 6/ ﬂmél—gm) + higher spin, (4.164)
7 m2 m (TTL )9

gap
where ‘higher spin’ denotes infinitely many partial-wave contributions. Suppose that the
lowest-spin partial waves in each channel dominates. Note that the leading spin J = 0
contribution in the p;.; channel drops out from as; and a4>. Notice that if we set the
‘higher-spin’ terms to 0 in the formulas above we get the region Eq. . A priori it is not
clear that this follows from sending @« — oo in Eq. since we still have infinitely many
spins that can potentially compensate for the smallness of 1/a. Crossing symmetry, however,

guarantees that it is indeed the case and higher-spin contributions cannot compensate for
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smallness of 1/« as can be seen from the explicit analysis using the finite number of partial-
wave bounds similar to Eq. (4.161]).

Note that there are two distinct ways in which points can be close to the straight line in
Fig. . First, as explained above by assuming the strong version of LSD in a4; and a4 .
Another mechanism is to have a4 > a4,1, a4 2 which happens when the contribution of py ¢

to a4 dominates over the partial waves that enter to as; and ass. In this case the points

a41 Q42
as,0’ a4,0

) plot and the slope defined by the ratio Zi—Q is

appear very close to the origin on the ( -

not directly visible, nor does it need to be % In fact, ay; and a4 2 have nontrivial higher-spin
corrections in Eq. (4.164)), i.e. p3 ™ is sizable compared to pj~ and contributes ruining the
a4,2

3/2 ratio for ar,- This is precisely what happens for the scalar and fermion contributions in

Fig. 4.10} In this case, by looking at Fig. it is not apparent that Eq. (4.164)) is not an

accurate description of these points since they are close to the origin, which is on the line.
When this happens the simple model of dropping higher-spin contributions in Eq.
is too crude. For example, consider the one-loop massive scalar amplitude which lies very
close to the origin in Fig. .10} In this case to accurately capture a,; we also need to include
py T (m?) (which is comparable to pj~(m?) in this case) in the formulas Eq. (4.164). For
a9 to get 1% precision pf+(m?) required as well. We re-iterate that in deriving the bounds
using LSD we did not make any assumptions about the contributions of infinitely many
higher-spin terms in Eq. and instead used crossing symmetry to derive rigorous and
tight bounds based on Eq. . In contrast, when we use Eq. and try to estimate
the contribution of higher-spin partial waves we observe that depending on the model and
the coupling at hand, the number of terms required to be kept in the expansion to reach

good precision varies.

We observe that the relation Eq. generates a hierarchy ~ 1072 between certain
coefficients in the low-energy EFT. A naive low-energy observer could have been puzzled
by the fact that |aso — %a471] < agp. We see that this hierarchy is generated by unitarity,
namely it appears due to the dominance of the dispersive integrals by the low-spin partial

waves. We discuss this point further in Sect. [£.5.5]
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k=06:
The analysis gets more and more complicated as we go to higher k. For k = 6 we get the
7-dimensional coupling vector ag = (ag,0, @6.1, @6 2, A6 3, U6.4, A6.5, G66). Out of seven couplings

only four are independent due to the crossing-symmetry relations

Crossing :  ag4 = 5(ag1 — as2) + 3a63
ags = 6(as1 — ag2) + 3ae 3,

a6 = 2(ag1 — ag2) + g3 - (4.165)

Working out the boundary of the coupling region is more laborious, but follows the same

pattern that we observed before

{<aﬁ7 isa is + 27j37js + 27 k57 ks + 2>k>j>i22 )
<a67 21(16) + 17 2(6)7j(6)7]1(f) + 17 k£¢6)7 kq(fs) + 1>k>j>i25 )

u u

(ag, 59,4 60 7 8O 9y mixed s—u constraints} >0, (4.166)

w Pt *Mu 2 'u 2 Mu 0 Yu

where we list the explicit mixed constraints that we found in Appendix [£.C] After the
boundaries are identified we take the crossing-symmetric slice Eq. (4.165). The resulting
region of allowed couplings is plotted in Fig. The region covered by the known theories

is again a small island in the space of couplings.

As in the analysis above the island occupied by the explicit examples can be understood
using the idea of strong LSD. As before the first step is to derive a set of rigorous bounds in

terms of the low-spin partial waves. We do not present the complete analysis here but only
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Figure 4.11: The allowed region for couplings (32, 752, 2%2) derived from constraints

Eq. (4.166). The black little island (barely visible) is the space occupied by known per-

turbative amplitudes. The small gray shaded region that surrounds it corresponds to the

LSD a = 10% bound. The details on how the plot was generated can be found in Ap-

pendix

present some of the relevant bounds

9(p3 )6 + 25(p7 )6 <62~ 56,1
(ps e+ (od Do+ (3 e+ (o3 )6~ aso
40{p5 )6 + 315{pg )6 + 32.56{(pd " )6 + 220.41(pT " )s
~ {pd e+ (of )6+ (P Ve + (pd e + (g Ve + (P )6
(4.167)

20(p3 ")6 + 66.67(ps )6 %63~ 1_;)616,1

(P56 + (1 D6+ (p3 )6+ (p3 )6 — a6,0
73.34(p; )6 + 1540(pd )6 + 163.49(pd )6 + 495.64(pT )6

(pd 6+ (i D6+ (1 e + (pg T)e + (pg Ve + (07 )6
(4.168)
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From the formulas above and a similar analysis for ag; we also see that

5 10
Gg,2 — 506,1 (g3 — 35 06,1
LSD,_o : = 2 v 0, 2 32— ,

Q6,0 ae,0
a a

0< <6, 0<—2<15,
Q6,0 Qg0
a

0< 22 <20. (4.169)
Q6.0

As for k = 4 we can understood the result above by simply dropping higher-spin contributions
in the dispersive representations for the couplings and keeping only the lowest-spin partial

waves in each channel

*dm?® pyyo(m?) *dm? py_4(m?) - .
ago = /m2 TW + /m2 TW + higher spin, (4.170)
gap gap
> dm? py_4(m?) . .
ag1 = 6/m§a,, TW + higher spin, (4.171)
* dm? py_4(m?) .
ag2 = 15 /m2 TW + higher spin, (4.172)

gap

oo d 2 B 2
ag3 = 20 /m 2 %pzmél—;)?ﬁ) + higher spin. (4.173)

We emphasize again that while dropping infinitely many terms is not justified, the bound

Eq. (4.169)) is rigorous.
Assuming the strong version of the LSD and using Eq. (4.167)) we again find the small re-
gion around the island occupied by the explicit examples, as shown in Fig. and Fig.[4.12]

k=38:
For k£ = 8 we do not perform the analysis of finding the allowed region but simply

report on the data in the specific theories. There are five independent couplings at this level

which we choose to be ago<j<4. Other couplings ags<;<s can be obtained by crossing. The
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Figure 4.12: The scaled version of the theory island from Fig. 4.11 The gray region is
derived using the bounds Eq. (4.167) (and similar bounds for ag; which we do not write
down explicitly) and the LSD assumption Eq. (4.152) with a = 10%. The dashed black line

= g and Zz—i’ = 13—0 corresponds to LSD,_, bounds given in Eq. (4.169)).

ag,2
ag,1

dispersive representation of the couplings take the following form

Y dm?® pyio(m?) > dm? py_4(m?)
as,0 = iz T 2\13
2o 7 (m?) m2,, (m?)

+ higher spin,

m

00 d 2 B 2
ag1 = 8/ £p+4—(m) + higher spin ,
: T (m2)B

gap

® 2 _ 2
ago = 28/ ﬂm4—2(77113) + higher spin,
T (M)

® 2 _ 2
ags = 56/ ﬂm4—(771) + higher spin,
) e T (m2)B

m

gap

® 2 B 2
ass = 70/ ﬂp+4—(m) + higher spin (4.174)

e, T (m?)13

where we keep the leading spin contributions in both channels. To visualize the data we

consider two 3-dimensional slices of the space of couplings with coordinates (%, Z:—‘i, Z:—f})

and (52,22 “84) Formulas Eq. (4.174) define a line in this space upon neglecting the

higher-spin partial wave contributions. We depict the result in Fig. and it is again
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completely analogous to our observations for lower k’s. It would be interesting to extend the

analysis done for lower k to this case as well.

® Scalar
* Fermion
Vector
® Rarita-Schwinger
® Spin two
Superstring
® Heterotic string

® Bosonic string

ag,;1 asz2 as,s)
ag,0’ ag,0’ as,o

). The dashed line corresponds to the low-spin dominant line

Figure 4.13: A plot for the data for ag ; in various theories. In panel a) we plot (

. ag,2 aGg.3 as4
and in panel b) (a, a, a

defined by Eq. (4.174) upon neglecting the higher-spin contributions to the partial-wave

expansion.

4.5.3 Crossing-symmetric dispersive representation of low-energy couplings

We can also analyze the same amplitude using dispersive representation with a different pair

of channels. We start by recalling that
My (17,27,37,47) = ((23)[14])* f(s,u) . (4.175)

We would like to use dispersion relations at fixed ¢ to derive the dispersive representation
for the low-energy couplings. For this purpose it is natural to introduce the following pa-

rameterization of the low-energy expansion of f(s,u)

2 1 £ _ 2 1
f(z—E —z—z) = <E> t<t2—+|5R3|2M_ |5¢|2¥

2 2 = \2) yE n
N t
Y AU, z=stg kg€ 2Dy (4.176)
k>q>0

Crossing symmetry f(s,u) = f(u,s) acts as z — —z and therefore constrains k — ¢ to be

even.
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To derive the bounds we can try to use dispersive representation for ay,, where we keep

t fixed and deform the z integral

N 1., [dz 1
ak,q—aatj{%m
IR S S VLG ek BTN (1177)

Tt 2 t(%—ﬁ) 1 t AR | P '

where the contour integral encircles the origin and we explicitly subtracted the contributions
that are singular at ¢ = 0. As discussed in the previous section, unitarity constrains the
form of the discontinuity of f(z — %, —z — %) Therefore, in evaluating Eq. (4.177]) we can

open the contour and assuming we can drop the arcs at infinity to arrive at the following

representation
2 > dm? & “m?)  (—1)7d]_, (1+ %)
Ak g = — E : o , k—q€2Z>.
a g /méap T = )h—att t4 =0 1 =0
(4.178)

The factor of 2 originates from the sum over the s-channel and the u-channel discontinuities.
For odd k — ¢ they cancel each other and we get zero. An important factor 1/t originates
from the fact that unitarity constraints are formulated in terms of M, __, which includes
the prefactor ((23)[14])*—see Sect. for details. The factor (—1)7 can be understood
from the fact that with a given choice of helicity the discontinuity is positive for the forward
limit u = 0 (as opposed to t = O)m In using the representation (4.178) we should not forget
that it was derived assuming that the Regge behavior of the amplitude is such that the arcs
at infinity can be dropped. In particular, given that f(z — 5, —z — %) ~ 27 for large |z|, and
taking into account the subtractions of terms that are singular at t = 0 the representation
(4.178) is valid only for k — ¢ > maxz{Jy,2}. As opposed to the previous section all g,

whose dispersive representation is given in Eq. (4.178]), are independent and there are no

extra constraints coming from crossing.

The presence of (—1)” in the sum Eq. (4.178)) prevents us from deriving useful bounds
from the representation Eq. (4.178). We, however, present the data for a;, obtained from

30Consistency between Eq. (4.133) and Eq. (4.178), namely matching of the p¥~ discontinuities, requires
that dy ,(x) = (=1)7d{ _,(—=), which is indeed the case.
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the explicit amplitudes since it reveals an interesting aspect of the discussion in the previous

section.

For example, consider £ = 6. The mapping between a¢ ; and ag ; takes the following form

g0 = 2(asq — apz2) + a3,

1
&672 = Z—l(—l()a&l + 10&6,2 — 3&&3) s
1
16

and we will not need ag ¢ for our purposes. The remarkable fact about ¢ ; is that the dashed

(30@671 - 14@6,2 + 3(16,3) s (4179)

Qg4 =

LSD line from Fig. [4.12/ maps to the point (12, 13) in the (22 %4) plane which can also be

4716 a6.0’ G6.0

found by keeping the lowest-spin contribution in Eq. (4.178))

Qgo Qg4 15 15
LSD, oy : (——) - <—,—> ~ (3.75,0.94) . 4180
- ag0 ae,0 4716 ( ) ( )
Therefore, the plane (22_3’ 32—3) happens to be precisely orthogonal to the line in Fig. 4.12

and it is well-suited to study the fine structure of the distribution of points around the line.

Looking at the plot [£.12] we see that both the scalar and the fermion lie pretty far from
the naive LSD point. The reason we did not detect this on Fig. is that for the scalar
and fermion: ag > a6 1, @62, as3. In this way both points are very close to the LSD line in
Fig. [4.12] but for the trivial reason of being close to the origin. In Fig. [£.14] we resolve the
origin by switching to variables Eq. that do not depend on ag .

Working with aj, emphasizes an important aspect of LSD. While assuming strong LSD
leads to much tighter bounds on ratios Z:—é it does not lead to improved bounds for Z:—g

The reason can be understood as follows: For any large, but finite a;, the admissible range

for Z:—; includes 0 and a small part of the negative axis. It is then easy to see from the

definition Eq. (4.179)) that arbitrarily small vicinity of the origin in the Z:_Z) includes all

“’“Z This precludes using LSD to derive stronger bounds on ZZ—Z This

possible values for .
simple fact highlights the point that not all EFT coupling bases are equally illuminating for
understanding the underlying structure.

A similar analysis can be performed for k¥ = 8. By switching to the (Z:—i,i:—i, Z:—g)

coordinates we note that the line from Fig. maps to a single point. The same point can
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Figure 4.14: The transverse view of the theory island from Fig. 4.12l We indicate various

theories that form the vertices of the island. To reach a particular point inside the UV island

we need to take a superposition of various amplitudes.

be obtained by keeping only J = 4 contribution in (4.178|)

aga Qg4 (gp 35 7

LSDy oo i (=, ——,—) =(7,—,—) = (7,4.375,0.4375) . 4.181

e (2 (7 ) = ( ). @asy

Therefore by plotting the data in these coordinates we can resolve the points close to the

origin in Fig. which were located there due to the fact that agg > ag;~0. One can check
ag,2 Gg.4 Qg6

again that (@’ oo a) is independent of ag and therefore this suppression does not take

place anymore. The result is depicted in Fig. [£.15]

4.5.4 Spectral densities and low-spin dominance

In the discussion above we considered various bounds that follow from the dispersive repre-

sentation of the low-energy couplings and observed the phenomenon of LSD in the known
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as seen from different vantage points. In particular, panel b) makes it clear that the points

essentially lie on a plane.

physical theories. It manifests itself in the fact that the low-energy couplings occupy a very
small region in the space of couplings allowed on general grounds. To see this phenomenon

more clearly it is instructive to look at the spectral densities of the amplitudes directly.

Given a known expression for the amplitude it is not hard to compute various spectral
densities. Indeed, it amounts to taking a discontinuity of the amplitude and integrating it

against the proper Wigner d-function. These satisfy a familiar orthogonality relation
' J J 2
/_1 d.%' d>\7)\/(x)d)\7/\/($) - T_Hd“]’j‘ (4182)

For tree-level amplitudes the spectral density is a sum of delta-functions which correspond
to the masses of exchanged particles. For the one-loop amplitudes the discontinuity has
a continuous support above the two-particle threshold 4m?. In this case we perform the

integration Eq. (4.182) numerically. We focus on the first few spin spectral densities in
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both pi* and p¥~ channels. To go from spectral densities to the coefficients in the low-

energy expansion we need to compute the moments as in Eqgs. Eq. (4.164]), Eq. (4.170), and
Eq. (4.174]).

ms

ps(m?)

P T S S S S R S R P+—6
4 8§ 12 16 20 24 28 32 36 40 44 48 52 56 60
TI’L2

Figure 4.16: Spectral densities for the one-loop minimally-coupled scalar. We observe that
po " > pisy Py, and that pi~ ~ py T close to the two-particle threshold. This is fully

consistent with the features of the plots for various couplings in the previous section.

! ! ! ! ! ! ! ! ! ! ! ! !
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60
’”LZ

Figure 4.17: Spectral densities for the one-loop minimally coupled spin-2 particle. We observe
that pi~ > pj2,,p)3, and that p;~ ~ pg*. Therefore in the space of couplings this

amplitude is expected to lie on the low-spin dominance line.

The results for a few selected cased are listed in Fig. 4.19] In all cases we see that
the minimal-spin partial waves dominate in the corresponding channel. It is also instructive
to plot the moments (p;), which we present in Fig. 4.20, The moments clearly satisfy LSD

used in the previous section to derive stronger bounds.
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Figure 4.18: Spectral densities for the tree-level scattering of gravitons in the superstring
theory. We observe that pf =~ > pi2,, PBLQ and that pj~ ~ pg*. Therefore in the space of

couplings this amplitude is expected to lie on the low-spin dominance line.

In fact the moments of spectral density (p;), in the examples we consider not only exhibit
the dominance of the lowest-spin partial waves but also rapid decay at higher J. This latter
feature is expected to be completely general. Indeed, the convergence of the sum rules

Eq. (4.134) requires that (p;)i decay faster than any polynomial at large J. This latter

decay can be traced to locality of scattering in the impact-parameter space.
Indeed, in the perturbative regime at large J we have

ps(s) ~Imd(s,b), b= f/—é : (4.183)

where (s, b) is the phase shift and b is the impact parameter. For fixed s and large impact

parameters we expect to have
Imé(s,b) ~ e ™" b > 1, (4.184)

which controls decay of p;(s) at large J. In string theory the leading-order behavior is
b2

different and is controlled by the transverse spreading of strings Im d(s, b) ~ e 1058 __gop

Ref. [354].

A priori the large impact parameter discussion is not necessarily relevant for understand-
ing the large-J behavior of (p;), which involves computing the moment Eq. (4.148) over all

energies (as opposed to keeping s fixed as we take the large-J limit). However, in analyzing
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Figure 4.19: Spectral densities for the tree-level scattering of gravitons in the heterotic string
theory. We observe that pf =~ > pi2,, p}r; and that p;~ ~ pg*. Therefore in the space of

couplings this amplitude is expected to lie on the LSD line.

(ps) for the amplitudes considered in the present paper we experimentally observed that

the integral over energies is peaked at energies

Sx

~ . (4.185)

)k :
gap

Plugging this into the formula for the impact parameter Eq. we find that the
dominant impact parameters are mggpb, ~ J 1/2 > 1 and therefore the large-J behavior
of the moments (p;) is still controlled by large impact-parameter physics. We tested this
picture against the data presented in Fig. and found a qualitative agreement. It would be
interesting to study the large-.J limit of (p;); more systematically. Of course, this discussion
does not explain the fact that the hierarchical structure among partial waves continues all
the way to the lowest spins in the examples we analyzed. It is this latter fact was crucial for

the analysis in the previous section.

An important question is to understand how general is the picture that we observed in the
tree-level string amplitudes and one-loop matter amplitudes. A priori these amplitudes look
very different from each other, but at the level of the partial-wave analysis discussed in this
section they exhibit remarkably similar behavior and strong version of LSD. This suggests
that the hierarchical structures we observed in this paper could be a general property of

consistent weakly-coupled gravitational S-matrices, but we do not have a proof yet.
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Figure 4.20: Moments of the spectral density (p;)s Eq. (4.148)) as a function of spin J for

various examples. For the scalar one loop result p}~ with J being odd are negligible and are
not presented in the figure. The line in the corresponding panel is obtained by connecting

the even spin values of the spectral density moments.
4.5.5 A hierarchy from unitarity

The LSD discussion above illustrates an interesting phenomenon of emergent hierarchy be-
tween EFT coefficients in the absence of an underlying symmetry. Consider for example
D8R* type corrections discussed in the k = 4 section above. In writing down the rele-
vant correction to the amplitude an EFT practitioner guided by the considerations of the

supersymmetric decomposition Eq. (4.32)) can write the following ansatz
fosri(t,u) = co (8% + 12 +u?)? + c1 8% + Crest (12 +u?)2. (4.186)

The first term, which is proportional to ¢y, is the completely crossing-symmetric term of the
type that appears in the new spin-2 part of the amplitude given in Eq. (4.298]), correspond-

ing to a massive N/ = 8 supersymmetric multiplet, obtained, for example, by dimensional
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Figure 4.21: Examples of a hierarchy from unitarity. The horizontal axis shows illustrates
that the dominance of low-spin spectral densities naturally introduces a 1072 hierarchy be-
tween various EFT coefficients in the absence of any symmetry. The vertical axis carries no

meaning other than separating the points.

reduction from five dimensions. In the N' = 8 theory the full crossing symmetry of such
terms is a consequence of N' = 8 supersymmetric Ward identities [321, 322} [323], [324]. The
¢1 term corresponds to the additional terms needed in the new spin-3/2 part of the amplitude
Eq. beyond the fully crossing symmetric terms already appearing in the new spin-2
part of the amplitude. Finally, the third term containing ¢, is the remaining independent
term with t—u crossing symmetry. This term is distinguished from the ¢; term by its differing

behavior for t = oo with s fixed.

We then express the coefficient above in terms of more familiar a;, ; defined in Eq. (4.131))
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and used in the discussion of various bounds. We get the following result

1

Co = 4_1( Q4,1 — a472),
1= Z(4a4,o —day + 2a4,2) )
1 3
Crest = §(CL4,2 — §CL4,1) . (4.187)

Remarkably, we see that ¢ vanishes along the low-spin dominance line that follows from
Eq. (4.164). Plugging in the values of ay; for the theories discussed here we find a 1072
hierarchy with ¢,y < ¢1 in the absence of any symmetry, as shown in Fig. [£.21] For spin

S=1, %, 2 particle in the loop we also have ¢, < ¢p.

4.6 Deriving bounds: multiple polarizations

In this section we consider dispersion relations that combine information from the different

helicity configurations. More precisely, we consider dispersive sum rules Eq. (4.121]) which
we apply to the matrices built out of various scattering amplitudes Eq. (4.110)), Eq. (4.111)).

We derive bounds on the inelastic amplitudes (single-minus and all-plus amplitudes) in terms

of the elastic double-minus amplitude.

4.6.1 s=0

The simplest bounds comes from setting s = 0 in Eq. (4.122)). The relevant equation takes

the form

dt 1 1
AP

< dt 2 ,
0 = /n; ?WDZSCch(O,t> t 0. (4188)

By plugging the low-energy expansion of the amplitude in the LHS of the equation above

and requiring that its eigenvalues are non-negative we get
2fok—a0 > |horol, k=2,4,6,.... (4.189)
The combination above for different k& form a set of moments as can be seen from the RHS
of (4.188)). The difference compared to the recent analysis in Ref. [353] is that in our case we
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have a positive semi-definite spectral density matrix instead of a function. By contracting
such matrix moments with an arbitrary polarization vector reduces the problem to the one

considered in Ref. [353].

The situation simplifies in the parity preserving case when h*(s,u) = h(s,u). In this
case the eigenvectors My 1 (s,t) given in Eq. generate the low-energy expansion
that satisfies the moment problem conditions considered in great detail in Ref. [353]. More
precisely, we define a set of moments as pr—1 = 2for—40 — horo and consider the Hankel
matrix Hi; = ftiqyj-1.

Using the results in Appendix for the one-loop amplitude due to minimally-coupled

scalar in the loop the first five moments take the following form

1 1 1
1 4 1 135m4 24024m?8 1969110m12
0= — (&) 1 ! 1 . (4.190)
140 \ 2/ (47)2 24024m® 1969110m™  109745064m10
1 1 1

1969110m'2  109745064m10 4833678850120
In agreement with the general prediction the one-loop moment matrix has nonnegative mi-

nors.

4.6.2 Away from s = 0: first derivative

We can use Eq. (4.113)) to derive the bounds by taking the derivative of B, (s) with respect
to s before setting s = 0. For example let us consider the first derivative with respect to s.

In this way we get

dt 1 1
2§, 00 Ve

= / dr_1 (—(2k + 1)Disci My, 4(0,t) + 2t 0;Disc, My, 4(0,8)) . (4.191)

? $2k+2

s=0

Mgap
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The RHS is not positive semi-definite and therefore we cannot derive the bound on the LHS

in a similar fashion. We can, however, consider the following linear combination

2% +1 [ di 1
2m? ngQ_th’g(s’t)HtsH 7{ o s )((s+t))

gap

< odt 1 t
= / — i ([T — 1} (2k + 1)Disci My, 4(0,t) + 2t OsDiscy My, 4(0, t)) = 0.
mgap m i mgap

(4.192)

We now apply Eq. to My,. By plugging the low-energy expansion (see Egs. (4.98))
and ) in the LHS of the formula above and imposing that the eigenvalues of the resulting
matrix are nonnegative we can derive various bounds. Let us consider for example k£ = 2.
We get the following bound on the inelastic amplitude in terms of the elastic one

(f10+ Joo

gap gap

5 h
‘h51+§ 4,0

) 2B ?. (4.193)

To apply the dispersive sum rule above to the bosonic string amplitude we first subtracted

the contribution of the tachyon exchange to get 6f"%)(s,u) = fO9(s,u) + (§)2 %th and

Sh®P) (s, 1) = R (s,u) + (g)2 <1+S + i+ fjr—4u> The resulting functions satisfy all the

properties needed to apply Eq. (4.192)) for & = 2. We then get, using the formulas from App.

A3,

SfS) = (g)2 (3+2@). oy = (g)2 (—-3),
shiy = (5) 2 and = (5) (-3), lewr= (%) (4.194)

which indeed satisfy Eq. (4.193) where m?,, = 1 in the string case.

For the one-loop minimally coupled scalar |3gs|> ~ k% and appears only at two loops. For

other coefficients that enter into Eq. (4.193)) we get, using Eq. Eq. (4.86)) and Eq. Eq. (4.91),

50_<n>4 1 1 S5=0 (/{)4 1 1
00 \2/) (47)26300m4" M0 \2/ (47)241580m°’

41 1 ! 1
}S=0 _ (E) BS=0 — _ <_> - - 4.195
40 2/ (47)23780m4" ! 2/ (4m)27920m5’ ( )

so that, together with mgap = 4m?, Eq. (4.193) is again satisfied.
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More generally, the formula above bounds the correction to the three-point function of
the graviton [gs from above in terms of the EFT data. To make it more manifest we can

rewrite the above

5 hyyp < 10f0,0

2|8rs|? < 5<f1,0 + f(;’o ) = [hsa 5| < 20 (4.196)
mgap mgap mgap

1
2
gap

from Eqs. (4.132)) and (4.134). We can restate it more succinctly in terms of the Wilson

where in the last inequality we used the fact that |f1o| < —5—foo which readily follows

coefficients of the gravitational EFT

B
2

gap

1Brs|* <5 : (4.197)

where mgap denotes the mass gap at which the massive degrees of freedom that induce
the higher-derivative corrections appear. Recall that foo = ﬁ;&l was defined in Eq. (4.84]).
Bounds similar to Eq. (4.196|) can be derived by considering the superconvergence sum rules

for k£ > 2. We do not list them here.

In fact it is not difficult to strengthen the bound Eq. (4.197)) by considering the following
unsubtracted dispersive sum rule (analogous to k = 0 in Eq. (4.121)))

dt 1
- - —s—1)=0. 4.198
=) (£198)
The universal tree-level gravitational piece (5)2 ﬁ, which is singular at s = 0, does not
contribute to Eq. (4.198)) therefore we can consider
1 +
(T + as> Eq. (4.198 : 5}224 — |Brs|? =
m3a, 5=0 Mg,
> dtl 1 t—m?2,
/ — ([85 + ]Disctf + [65 + —gp] Dz’scuf) >0, (4.199)
m32,, Tt m., mzapt s=0

where nonnegativity of the RHS can be readily checked for each partial wave separately by

plugging the discontinuities of f(s,u), given in Eq. ({.133), into the formula above’] In this

di (1+2%)
(mZ+s)4

31More precisely, it follows from 97 <
formulas from Appendix

o > 0 for n = 0,1 which can be readily checked using

s=
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way we immediately get a bound

2 < B 4.200
R (4.200)

gap

The bound Eq. is a step towards making the analysis of Ref. [241] quantitatively
precise. At least for the R? correction to the graviton three-point coupling which is considered
here, it translates the problem to bounding the coefficient 5}, in terms of G/ mzapﬁ This
problem was beautifully solved recently in Ref. [271] for D = 10 maximal supergravity in
a perturbative setting similar to ours, and it was addressed nonperturbatively in Ref. [282].
The method used in Ref. [271] is not directly applicable in four dimensions due to the IR

divergences, but at least in D > 5 where the 2 — 2 amplitude is nonperturbatively well-

2

defined it is natural to expect that one will be able to get a bound on 3}, in terms of G/mZ,,.

It would be very interesting to demonstrate it explicitly.

Indeed, assuming the nonperturbative Regge bound Eq. (4.119), we can consider the (—2)
subtracted dispersion relations for f(s,u) which expresses —87G/s in terms of the contribu-
tion of heavy states, cf. equation (3.37) in Ref. [271]. Existence of such a dispersion relation
in the absence of supersymmetry is crucially due to the fact that we consider gravitons as

external states.

4.6.3 Away from s = 0: second derivative

Using exactly the same technique as above one can check that

o%? 1 [ dt 11 ok + 1 dt 11
= £ 0y b — ) P —
T 2 M DT G T o g T A vy
dt 11
2 L L 4.201
0, o o Va5, 8)3 (t(s + £))F ls=0 = (4.201)

Consider k£ = 2 and plug the low-energy expansion of M,(s,?) in the formula above.

We get a matrix whose eigenvalues should be non-negative. In this way we can bound the

32Recall from Eq. (4.15) that (1/2)* = 87G.
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constant term in the + + —4 amplitude

7 fOO +55f10_4|BR3|2

4 ( gap) 4 méap

90,0 < 5 (fa0+3f21) - (4.202)

As in the previous section we can check Eq. (4.202]) in the bosonic string theory. The

extra data compared to the previous section takes the form
S Y 2 S R 2
i =(5) (26), o =(5) (3+20),
(bs) _ (K2
S = (2) (2 4C(3) + 24(5)). (4.203)
Plugging Eq. (4.203)) into Eq. (4.202)) we see that it is indeed satisfied.

For the one-loop minimally coupled scalar we get correspondingly

S=0 AN 1 =0 K 1 3
"= (3) - #5=(3) ,
2/ (47)2 6306300m3 ! 2/ (47)2 560560m8
0= (8) e 4.204
21 (2 (47)2 9081072m8 (4:204)

Again, we checked that Eq. (4.202) is satisfied, where we set mZ,, = 4m?.

Using the bounds from the previous section and Eq. (4.202) we can bound gg in terms

of 8}, defined in Eq. (4.60) as follows
815 B,
= 44 mi

gap

In deriving Eq. (4.205]) we first expressed f; ;, defined in Eq. (4.98)), in terms of ay, ;, defined

in Eq. (4.131)), and then used Egs. (4.138) and (4.146)). Assuming LSD we get a stronger
bound

90,0 < (4.205)

LSDaHoo : ‘go 0| < 2&7 (4206>
m

gap

where in deriving this we used the stronger LSD bound Eq. (4.154)).

4.7 Conclusions

Our paper naturally consisted of two parts with the first part providing theoretical data

that we interpreted in the second part in terms of bounds on coefficients of gravitational
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EFTs. In the first part, using amplitudes methods, we obtained the one-loop four-graviton
amplitude with a minimally-coupled massive particle of spin up to S = 2 circulating in the
loop. By series expanding these amplitude in large mass, we obtain theoretical data for
Wilson coefficients which we analyze in the second part. Combining this data with similar
theoretical data obtained from tree-level string-theory amplitudes we found that the Wilson
coefficients fall on small islands compared to the general bounds coming from consistency of
2 — 2 scattering determined along the lines of Refs. [267, 268, 269]. It is quite striking that
the EF'T coefficients derived from both string-theory and one-loop-massive amplitudes land
on the same small islands. Remarkably this can be explained as a consequence of low-spin

dominance in the partial-wave expansions.

4.7.1 Obtaining one-loop amplitudes

In order to compute the one-loop amplitudes used to generate EFT data we applied standard
amplitudes methods, including spinor helicity [6], 7,8, [0 T0], generalized unitarity [19, 20} 22],
the double copy [33], 35, 34] and integration by parts [325, 245] 246]. Using generalized unitar-
ity we obtained all integral coefficients except for a few whose integrals have no unitarity cuts
in any channel. We fixed the coefficients of the latter integrals by using the known ultraviolet
properties of the amplitude. To fully utilize this information we made use of overcomplete
integral basis that contains higher-dimensional integrals, but whose coefficients do not de-
pend on the spacetime dimension or equivalently the dimensional-regularization parameter
€. In addition, we also demonstrated that these coefficients do not depend on the mass m of
the particles circulating in the loops. The existence of such a basis imposes constraints that
makes it reasonably straightforward to determine any pieces not captured by the s, t and u
channel unitarity cuts. In this basis we used the fact that the coefficient of the potential 1/¢
logarithmic ultraviolet divergence is zero [320] to completely fix the remaining integral coef-
ficients. A basis without e-dependent coefficients always exists for one-loop problems [355],
however the lack of m-dependence appears to be special to our case of a closed massive loop

with external massless particles.
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It would of course be interesting whether there is some way to generalize our approach
to more complicated situations with external legs of differing masses. To generalize our
approach to the generic case of a massive one-loop amplitude one could use information from
the higher-than-logarithmic divergences which are accessible in dimensional regularization
by shifting the dimension downwards as discussed in Sect. [£.2.5] We showed that knowledge
of all these divergences is sufficient to fully constrain the remaining ambiguities, something
we expect to be true more generally. We expect constraints from ultraviolet divergences
and from requiring proper decoupling in the large mass limit to be sufficient to remove any
ambiguities in terms that are not fixed by the unitarity cuts, up to the usual ambiguities
tied to scheme choices and renormalization. This may provide an alternative method for

obtaining complete one-loop amplitudes using on-shell techniques [284].

We exposed a useful supersymmetric decomposition for graviton amplitudes with a mas-
sive particle in the loop. A similar decomposition exists in gauge theory [302]. This decom-
position expressed the amplitude with a particle of spin S in the loop in terms of amplitudes
with lower-spin particles and simpler to calculate pieces. These pieces correspond to ampli-

tudes with a massive BPS multiplet circulating in the loop.

Having constructed the one-loop four-graviton amplitudes with massive particles in the
loop, it was then straightforward to expand in large mass, generating amplitudes matching
those from a gravitational EFT. Because the original amplitudes are sensible, satisfying
appropriate Regge behavior and unitarity, this EFT is also sensible and can be used to test

the constraints derived from dispersion relations.

Besides using these results in our study of bounds on EFT coefficients, we also noted a
simple relations between ultraviolet divergences in higher dimensions and the coefficients in
the 1/m expansion. This relation requires a particular analytic continuation of the amplitude
to higher dimensions where we keep the number of physical states at their four-dimensional
values. It would be interesting to see if similar relations hold more generally, including higher

loops, and whether this connection can be exploited in studies of bounds on EFT coefficients.
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4.7.2 EFT bounds

In order to derive bounds on the Wilson coefficients, we first reviewed in Sect. the
basic properties of unitarity, crossing, and bounds on the Regge limit in the context of
perturbative 2 — 2 scattering of gravitons in four dimensions. These allowed us to study

dispersion relations and derive bounds on the Wilson coefficients.

In Sect. .5 we focused on the double-minus amplitude and derived bounds on the Wilson
coefficients along the lines of Ref. [267, 268, 269]. We expressed the low-energy expansion
coefficients as dispersive integrals in Eq. . We then identified the two-sided bounds
on the coefficients following the observation in Ref. [269] that the boundaries of the allowed
region inherit the cyclicity property from the one channel dispersion relation. In this way,
by explicitly extracting the mixed constraints from the mixed s—u channel partial waves we
identified the new boundaries of the allowed region. We do not rigorously prove that our
identification of the bounds is optimal, and we leave filling this gap for future work. We then
introduced the idea of LSD which expresses a relationship between moments of the spectral
functions of various spins, and we used crossing symmetry or null constraints [268] to derive
rigorous bounds in terms of a few low-spin partial waves. We found that all the amplitudes
considered in this paper lie on small islands whose location and shape can be determined

using the low-spin dominance principle.

In Sect. we studied dispersion relations for the graviton amplitudes of various helici-
ties. The key observation is that we can apply dispersion relations to matrices Eq. ,
composed of the different helicity amplitudes, whose discontinuity is positive semi-definite.
Applying dispersive sum rules along the lines of Ref. [268] to these matrices we derived con-
straints on the Wilson coefficients which appear in the single-minus and all-plus gravitational
scattering amplitudes. Notably we placed a bound on the R? coefficient that corrects the
graviton three-point amplitude in terms of the R?* coefficient, making a step towards making

the analysis of Ref. [241] quantitatively precise.

The idea that the set of possibilities to UV complete gravity is much sparser than one

naively would have thought lies at the heart of the swampland program [356], 357, [358], 359,
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360]. Usually this sparseness is associated with non-perturbative aspects of the UV comple-
tion. In the present paper we analyzed the problem in a perturbative setting. By minimally
coupling low-spin matter to gravity we generated S-matrices which we expect should satisfy
the axioms of causality and unitarity up to an arbitrary order in G and in an arbitrary
n-point amplitude. We can ask therefore a weaker version of the swampland question: what
is the set of perturbatively consistent weakly-coupled gravitational S-matrices? It is in the
framework of this question that the analysis of the present work can be placed. Unexpect-
edly, we found that in known examples of perturbatively consistent gravitational S-matrices
the low-energy couplings lie in regions much smaller than predicted on general grounds of
causality and positivity of 2 — 2 graviton scattering. Looking at the amplitudes for tree-level
string theory and minimally coupled one-loop matter it is not a priori obvious at all that
they should be “close” to each other. Dispersive representation of the low-energy expansion
of both makes this similarity apparent. Indeed, as discussed in Sect. both amplitudes
satisfy strong versions of LSD that localizes their low-energy data to regions that are much

smaller than indicated by the general analysis of unitarity and crossing.

An obvious question is: how general is this universality? We motivated it by pointing
out that the examples considered in the present paper define consistent S-matrices for any
n — m scattering, whereas the bounds were derived by considering 2 — 2 scattering only. To
answer this question we would need to better understand the landscape of consistent gravi-
tational amplitudes, including any unitary perturbative or nonperturbative QFT coupled to
gravity, as well as amplitudes in theories with extra dimensions. In particular, it would be
very interesting to understand if and how consistency of n — m scattering can be used to
rigorously establish stronger bounds on 2 — 2 scattering, potentially bringing us closer to
the small theory islands observed in the present work. It would also be very interesting to

understand the example of large-N QCD coupled to gravity [279].

In this paper, we only considered the leading-order effect from integrating out massive
degrees of freedom. We did not address the question of bounds that can be applied to IR-safe

observables in four dimensions, nor have we included the loops of massless particles which
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generate more general logarithmic corrections in the low-energy expansion of the amplitude.
We leave these important questions to future work. The logarithmic running was discussed
in Refs. [353] 281, 269], with the basic idea being that instead of expanding the amplitude
around s,t = 0 one considers dispersive representations of the EFT couplings defined at some
scale. To deal with the IR divergences we may consider dressed states (see e.g. Ref. [343] 342]
for a recent discussion), for which the full implications of unitarity and crossing are still to
be fully understood. Another interesting problem is to repeat the analysis of the present
paper in the context of AdS,;/CFTj3 where the problem of IR divergences does not arise,
but dispersive techniques discussed in the present paper still hold [361] [362] [363] 364, 280].

In summary, motivated by low-energy theoretical data obtained from one-loop field-
theory and tree-level string-theory amplitudes, we put forward the idea that EFTs that
describe sensible weak gravitational theories live on small islands that can be understood in
terms of partial-wave low-spin dominance. It will be important to understand the extent to

which this can be extended to constrain gravitational theories.
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APPENDICES

4.A Minimal Coupling

In this appendix we present in more detail our definition of minimal coupling of gravity
to a massive spinning particle. For massive spinning particles, the requirement of general-
coordinate invariance and mass-dimension-4 operators leaves an ambiguity for integer spin-
particles in defining the minimal coupling to gravity. In this appendix we discuss this ambi-
guity and the choice we make in this paper. Our choice corresponds to the one that does not
violate the unitarity and causality constraints of Refs. [19, 201 299] 365l 276, 242]. We start
by reviewing the case of electromagnetism (EM) where a similar situation exists, before we

move on to consider the gravitational case.

This issue appears only for integer-spin particles. The source of the ambiguity is the
existence of a gauge-invariant operator that has the same mass dimension as the kinetic
term. For half-integer-spin particles, the corresponding operator is of higher-mass dimension
and hence would not count as minimal coupling. Therefore, the cases that require attention
are the coupling of a spin-1 or spin-2 particle to gravity. Since the analysis of the coupling

of a spin-1 particle to EM is similar, we start by reviewing this case.

Here we fix the ambiguity by requiring that the interactions smoothly match onto the
massless limit. To explain our choice, it suffices to evaluate the three-point amplitude be-
tween two massive spinning particles and a photon or a gravitonEg] Specifically, we demand
that by taking the massless limit of these amplitudes and identifying the spin-1 particles as
gauge bosons and the spin-2 particles as gravitons, we recover the corresponding amplitudes
in Yang-Mills and pure gravity. The former is indeed realized for the coupling of the W
boson to the photon [366]. The double-copy construction used in this paper is smooth in the

massless limit, and hence selects the above prescription.

For this discussion, we follow the formalism of Refs. [59 46, 46|, which allows us to

33In calculating this amplitude one implicitly uses complex kinematics.

165



1—22

Figure 4.A.1: The three-point amplitude necessary to study minimal coupling. The straight
lines represent massive spinning particles, while the wiggly line denotes either a photon or a

graviton.

discuss particles of arbitrary spin.lﬂ After obtaining the relevant three-point amplitudes,
we specialize to the cases of interest. The part of the Lagrangian we give is just the one
necessary to obtain the three-point amplitudes relevant for this discussion. We emphasize
that these Lagrangians would need to be modified with auxiliary-field terms in order to

reproduce our one-loop calculation.

For the case of a massive spinning particle ¢ coupled to EM we have
1 - _ _
L= —ZFWFW + DI oDV ) — m*Gd + e(g — 1) Flu oM*™ o+ ..., (4.207)

where e is the charge of the particle, g is the gyromagnetic ratio and the ellipsis denote

possible auxiliary-field terms. For the Lorentz generator M in the representation of ¢ we

may use

(MH) ™) = 2is5 ol o2 (4.208)
where the indices ¢(s) and d(s) stand for the symmetrized sets of vector indices {ci, ..., ¢}
and {di,...,ds} and symmetrizations include division by the number of terms.

We may now obtain the three-point amplitude between two massive spinning particles

and a photon, depicted in Fig. [4.AT] Neglecting the overall normalization we find
AV e eaeg pr (g — V)er - Mles, pa] - &2, (4.209)

where labels 1 and 2 denote the massive spinning particles, while particle 3 is a photon. We

34Descriptions of higher-spin particles date back to Pauli and Fierz [367].
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use the notation
A-Mp,q] - B = pugu(M"™) o)™ A By . (4.210)
Plugging in the spin-1 representation for M we find
AMT ~ ey eges i+ (g — 1)<53 "€1€2°P3 — €27 €36 ‘p3> : (4.211)
Identifying all three particles as gauge bosons in the massless limit, i.e. demanding A?M_l =
AM | fixes g = 2.
The case of a massive spinning particle coupled to gravity is similar. In this case, we

have

1 1 H
L= f+50"VuoVi6 — —m 2pp + < R PM™ MM p 4 .. (4.212)

where H is an arbitrary dimensionless coefficient and we again denote possible auxiliary-
field terms by the ellipsis. Plugging in the spin-1 representation we see that the Riemann
tensor in the term proportional to H contracts into the Ricci tensor or scalar which under
the equations of motion is equivalent to a ¢? term. Therefore, the H term may be replaced
by using an appropriate field redefinition by a ¢*-type term, which is not relevant for our
discussion. Looking at the spin-2 representation and taking the massless limit, we recover
the background-field-gauge gravitational Lagrangian of Ref. [368] for H = 1 upon identifying
the spin-2 particle with the graviton.

We may alternatively reach the same conclusions by looking at the three-point amplitude
between two massive spinning particles and a graviton. This amplitude, shown in Fig. [£.AT]
is given by

MGR™ ~ —ey wea(e3 - pr)? +iles - pr)er - Mles, p3] €2 + %51 - Mles, ps] - Mles, ps] - €2
(4.213)

For the spin-1 representation of M we observe that the last term vanishes. For the spin-2

representation we have

M?R‘2 ~ —e1 - ea(eg - )’ — 25§m5l2/,n(53,up3,l/ — €3uD3,) (€3 - P1)

— Hel"ey (53,up3,1/ — €3uD3.)(€3,0P3,8 — €3,8P3,0) - (4.214)
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Identifying the spin-2 particles with gravitons, i.e. setting MSR’Q equal to the three-point
amplitude in pure gravity, we find H = 1.

With this choice our one-loop amplitudes do not violate unitarity or causality con-

straints [19, 20, 276], 242 241]. Hence, they serve as toy models of causal UV completions.

4.B Tree-level string amplitudes

Here we collect the relevant string four-graviton tree-level amplitudes [33]
L(=s)I(=t)I' (=)
1+ M1+ (1 +u)’

00— (2 G R

bs)(1+ 9= 3= 4+) = K2 i (=)=t (—u) su \’
M2 540 = = (5) (@) (1_t+1) |

Mt 27374 = = (5) (23)14) " 5

(4.215)

where we set the closed string tension o/ = 4 and (ss), (hs), (bs) stand for superstring,
heterotic string and bosonic string respectively. In the case of the bosonic string we have

additional independent nonvanishing helicity configurations,

K

MPI(AF 2% 37 4t = - (5)2 (12)14(13))" = L=s)T (=T (—u)

(1+s)F1+ )1 +w)’
(bs) 1+ oF a9+ 4+) — kN2 [ [12][34] ’ 4As*t*u?(1 — StTu)Q

M, 20, 30,47) = - (5) ((12><34)) (1+5)2(1 +£)2(1 + u)?
[(=s)I'(—t)T'(—u)

M1+ s)I1+H)r(1+wu)

(4.216)

In Sect. we considered the dispersive representation of f(s,u) and used it to derive
various bounds on the Wilson coefficients. We focused on the polynomial expansion of the

amplitudes at low energies around s = ¢ = (0 which are generated by exchanges of massive

2

states above a certain gap Mgqp-

To focus on such contributions let us write down explicitly

the part of the amplitude due to the exchange by light states (in the case of strings these
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are tachyon, dilaton, graviton)

s (AN T (=0 (—u) RN s
f& s u) =~ (E) T+ sTA+00(1+u) (E) st T ),

e == ) mprara g () = () G g) woren

1+ PA+6)0(1+u) " t+1 2
. (2 D(=s)T(=)D(~u) su \’
ANCES (5) D(1+s)I'(1+)T(1 +u) (1 i+ 1)
~ () (e i+ =) e )

2
gap

expansion Eq. (4.98]) with the dispersive representation of the couplings Eq. (4.134)).

where Disc § f (s, u) is nonzero only for s,¢t,u > m3,, = 1 and 0 f(s,u) admits the low-energy

To write the dispersive representations for string amplitudes let us recall their Regge

limit behavior. In the ¢-channel we have

lim [fEhsb9)(s 4)| < ——,  s<0. (4.218)

|t|— o0 1.

Therefore, we can write dispersion representation for f(s,u) without subtractions and § f (s, u)

will take the form Eq. (4.133]) and the corresponding bounds of Sect. apply to 0 f(s,u).

The situation is different in the s-channel relevant for Sect. 4.5.3] In this case we have

t
lim |fO)(s,u)| < 2 £<0, (4.219)
|s| =00 |S|
‘l‘im |f89)(s,u)| < const, ¢ <0, (4.220)
S|—00
‘l‘im | £ (s,u)| < const|s]?, ¢t <0. (4.221)
S|—00

Therefore, for the heterotic and bosonic strings we would need to consider dispersion relations

with subtractions. In Sect. instead we directly considered the dispersive representation

of the relevant couplings Eq. in the expansion of §f(s,u). As can be seen from

Eq. the s-channel Regge limit of § f(s, u) coincides with the ones of the corresponding

f(s,u). In particular, the set of couplings that can admit a dispersive representation in the
ss) _

s-channel in the three cases correspond to Jé = -2, Jéhs) =0, Jébs) = 2, where J; is the

Regge intercept see the discussion after Eq. (4.178]).
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In Sect. [4.6) we consider superconvergence relations applied to various helicity amplitudes.
The relevant Regge limits for ¢ (s, u) and h(*) (s, u) can be easily read off from Eq. (4.216))

and take the following form

t
lim |¢®)(s,u)| € ot 5 <0, (4.222)
|t =00 |t|?
lim |[h®)(s,u)| < const|t], s<0. (4.223)

[t| =00

All the Regge bounds discussed in this section are in agreement with the general tree-level

Regge bound Eq. (4.118§).

4.C Bounding the coupling space at £k =6

In the main body of the paper we did not list the complete set of linear constraints that
characterizes the space of admissible couplings in the case of k = 6. For completeness we
list full set of constraints that we did not present in the main text. To reduce cluttering we
avoid writing the subindices that we used in main text and specify which channel should be

used in evaluating the determinant explicitly. The constraints are:
(suuuuu):
{(2,4,5,6, 7,9), (4,4,5,7,8,9), —(6,4,5,6,7,8), —(6,4,5,6,8,9), —(6,4,6,7,8,9),
—(2,5,6,7,k, k+ 1)k>9, —(2,5,7,5 + L, k. k+ 1)ksj>e, —(4,5,7,8,k,k + 1)i>9, (4.224)

—(4,5,8,9,k,k + 1)>10} > 0.

(ssuuuu):
{—<2,4,5, Tk k4 Diso, —(2,4,4,5,6,7), —(2,4,4,5,7,9), —(2,6,4,5,8,9),
—(4,6,4,5,6,7), —(4,6,4,5,7,8), —(4,6,5,6,7,8), (2,4,4,5,8,9), (2,6,4,5,6,9),
(2,6,4,6,7,9), (4,6,4,7,8,9), (4,8,5,6,7,8), (2,4,5,9,k, k + 1)g>10, (2,6,6,7, k, k + 1)k>9,
(2,6,5,6,k, k~+ 1)i>0, (6,8,5,6,k, k+ 1)i>s, (2,4,7,7 + 1k, k+ 1)psj>0,
(4,6,7,7 + L,k k+ 1)psjo7, (6,8,7,5+ 1,k k+ 1)k=j>6,
(

i +2,5, 5+ 1Lk k4 ) isspsjssp > 0. (4.225)
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(sssuuu):

{—(2,4,6,4,5,6), —(2,4,6,4,6,7), —(2,4,6,4,7,9), (2,4,6,4,5,8), (2,4,6,4,8,9),
<2747875767 7>7 <47678757678>7 <47678767 77 8>7 <2747 67 77 k7k+ 1>k297
(

2,10+ 2,55, + Dissyjoe, (44,0 +2,5,7,8)is5} > 0. (4.226)
(ssssuu):

{(27476787576>a _<2747j7j + 27578>6§j§14a <2747j7j + 27577>j28a _<2747j>j + 278a 9>6§j§147
- <2747j7j + 2767 7>8§j§247 _<2767j7j + 27 576>j287 _<2747j7j + 27 k? k + 1>j26,k297

—(4,6,7,7 + 2,k k4 1)jos 06, — (6,0 +2,5,7 + 2,k k+ 1) j5>6k55} > 0. (4.227)
(sssssu):
{—(2,4,6,7,7 +2,6) 55, — (2,5, 4+ 2,5, 5 + 2,5)j56} > 0. (4.228)

In the above formulas, s indicates that in evaluating the determinant one should use i
vectors in the corresponding position, whereas u means that the corresponding vector should
be jq(f). Note also that s take only even integer values. To summarize, the precise meaning

of (sssuuu) : (2,4,6,7,k, k+ 1)5>9 > 0 is

<36>2sa4576577£6)7k3 6)7]6136) + ]->k’29 Z 0. (4229)

u

On the crossing-symmetric slice we found that the strongest constraints arise from the
(ssuuuu) case. To generate Fig. the maximal spin in the (ssuuuu) bounds above is
set t0 ez, Jmaz, kmaz = 20. We used dispersive representations for the couplings truncated
t0 Jmae = 100 to check that all the determinants are non-negative. We found that the final

allowed region for the couplings is not sensitive to the precise value of k4.
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4.D Amplitude with an accumulation point in the spectrum

In this appendix we analyze a toy model that violates the LSD property. Nevertheless, we
find that the model still winds up on the LSD island. Consider the amplitude function

1
(t =mi)(u—m)(s —mj)

f(t7u) =

(4.230)

1 1 1 1
Tt mEmirmitt <s—m% +u—m%)’
where in the second line we rewrote the amplitude in the dispersive representation using
partial fractions. For scattering of external scalars, a similar model with m; = my was
considered in [268]. This amplitude saturates the tree-level Regge bound and it has an
accumulation point in its spectrum, by which we mean that the residue of the amplitude at
either m, or msy involves infinitely many particles of all spins in the partial-wave expansion.
Such models should not be considered physical, but nevertheless it is useful to illustrate

features when LSD is violated.

Expanding the s- and u-channel residues in the corresponding partial waves we find that

the amplitude is unitary for
me > M. (4.231)

Let us therefore set m; = 1 and study the model as a function of my > 1.

It is easy to find p*(m3) explicitly with the following result

1 1 o
N = _pyT(my)dy 4.932
t—11+m3+t t:J”T%(kw) JZ:%)OJ (m3) o,o(x) ) ( )
where
427 +1) 2+ m?
j(m3) = 2 4.233

is determined by projecting the left-hand-side of Eq. (4.232)) onto the Legendre polynomials.

The function @,(z) is the four-dimensional Legendre Q-function™] that can be found in

3°Note that the Mathematica LegendreQ function is defined somewhat differently. The precise relation is
Q(z) = LegendreQlJ, z 4 i0] — 5 LegendreP[J, z] for z > 1.
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Eq. (2.44) of Ref. [369]. By increasing ms we can make the spectral densities of non-minimal
spin dominant. One way to understand this is by noting that the LHS of Eq. (4.232]) develops
a singularity at * = 4+1 when my = oo which translates into enhancement of higher-spin

contributions. Therefore, Eq. (4.230) is an explicit example where LSD does not hold.
In the other channel we have

1 1 p+—(1) S
Ct—11+ m3+t (L{-‘r_x)zl d4,4(75)- (4.234)
2

t:—%(l—r) T
It is then straightforward to check that pt~(1) satisfies LSD with o ~ 10 for any value of

me.

Curiously, if we now consider the values of the couplings ay, ; for various values of mg they
all end up being located at the LSD islands. For my close to 1 it is manifest in the properties
of the spectral densities described above. At large values of my when the s-channel spectral
density pt*(m3) violates the LSD property the reason is that its contribution to the low-

energy couplings ay, ; is suppressed by an extra factor of (#) coming from the expansion
2

of sfmz, at small s, compared to the u-channel contribution that does satisfy o ~ 10 LSD.
2

In other words, for my > 1 we have (pt7 ). > (o3 7).

To summarize, while Eq. with an accumulation point in the spectrum does provide
an example of an amplitude function which violates the LSD assumption at 22 > 1, from
the low-energy couplings point of view it still ends up in the LSD island region because
the p™(m3) spectral function that violates the LSD property ends up being irrelevant.
While this model should not be considered physical, it does illustrate the idea that potential
violations of the LSD principle do not affect the location of the island if there is a separation

of scales between the lowest-mass state and higher-mass physics that sources the violation.
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4.E Wigner d-matrices

Here we list convenient formulas for Wigner d-matrices used in bulk of the paper

1

di4($> = Q—J(ﬂf+ 1)J2F1 (—J— 4,4— J7 1, z——i—l) s (4235)
)= BT syt (a— g g0t ] (4.236)
=T 315 T(J - 3) 20t ’ arr1)’ '
iy = 20 JETAD) G ey, (4o g g Bl (4.237)

4,0’17— 3 F(J—B) r)(r 2471 ) 7’.’174—1 ) .

g 1—=x

dyo(w) = oF1 ( —J, J + 1;1;T . (4.238)

By expanding the formulas above around = = 1 it is easy to check formulas Eq. (4.114)),
Eq. (4.115), and Eq. (4.116) for the first few n’s. In Mathematica notation the dy, ,,(z)
functions are given by WignerD[{J, A2, A1 }, ArcCos|z]]. For a detailed derivation of the

partial-wave expansion for spinning external particles see Ref. [341].

4.F Explicit values of one-loop four-graviton amplitudes

In this appendix we collect the final results for the integrated one-loop amplitudes. For
the double-minus configuration, we give the results for the Mis} defined in Eq. (4.32).
The supersymmetric decomposition Eq. directly gives the amplitude for any massive
particle up to spin 2 circulating in the loop. For the single-minus and all-plus helicity
configurations, we present the amplitude with a scalar particle circulating in the loop. The
amplitudes with a higher-spin particle circulating in the loop are all proportional to this one
as shown in Eq. . In this appendix we give the results for the amplitudes in terms of

scalar integral functions whose values we cite in Appendix [4.G

4.F.1 The double-minus configuration

We first give our results formally to all orders in the dimensional-regularization parameter e.

We write them in terms of an overcomplete basis that contains higher-dimensional integrals
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as we find this form to be the most concise. This basis is chosen so that the coefficients of
the integrals are free of both € and m. As we explained in Appendix {.G.2] using dimension-
shifting relations the higher-dimension integrals are directly expressible in terms of standard
(4 — 2¢)-dimensional ones. We collect the explicit values of the (4 —2¢)-dimensional integrals
to leading orders in e [370) 371, B72, 373|374, 375, B76, 377, 378, 379] in Appendix m
We manifest Bose symmetry under a 2 <> 3 relabeling (which implies s <> «) by writing

the amplitudes as

— — ]‘ K 2 ree
Mt 27,3 ,4*):—W<§> M (P (s, u) + F{ (s, u) + F{ P (u,5)),

(4.239)

where Fl{S}(s,u) = FI{S} (u,s) with kinematics in the Euclidean region, and the tree-level
amplitude MY is given in Eq. (4.55)).

For the Mio} pieces we have

Fl{O}(& ") = 13s* + 52s3u + 75s%u? + 52su? + 13u? I
96¢4
8s* 4+ 40s%u + b5s*u? + 40su® + 8u* Jo-2e
8sut? !
(s? — su+ u?)*t 1 s Tu\ 6.9 45 ¢ o
— Iy(t —(16————)[ “(t) — — L5t
645212 (D) + 35 v S W )
s¥+ sTu + su” + u® 5(8° +u®) 4 o 25(s* — su+u?) ¢ o
53 L(t) = == I3 () + I37%(t)
128s3u 64su 32su
105 19_9 s°u® 7stut o, 105s%u® ¢ o
— “(t) — I 1,7 — 157
1o e (D)7 gpgr Lals )+ g L (s ) = mgs L (s )
105s%u® 1o o, 1058U 19 o
]t4 Iio 2 (S,U) - 1643 IiZ ? (S,U), (4240)
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s3(s% + 2su + 2u?) (s* + 4s3u + 5su? + 2su® + u*)
64u2t6
s3(7s* + 30s3u + 50s%u? + 40su® — 12u) , .
- 1;77(s)
32utd
45s* + 118s%u + 2945*u? + 96su® + 16u?
a 16st4
$5(s8 + 7sPu + 21s'u? + 35s%u® + 3552ut + 21su® + Tu®)
* 128u3t”
s*(5s° + 25s%u + 50s%u? + 50s*u® + 25sut + 32u°)
- 64u2t6
553(5s® 4+ 15s%u + 15su? — 32u?)
+ 32utd
5 4 3
o I, 1) = o I (s 1) — o
105su
16t3

F2{0}<37u> - -

I(s)

I;7(s)

I3(s)

I37(s)

35%(35s + 128u)
16t4

15s?

8t2

I57(s) + 1)

I37%(s,t) —

_ 110—26 t

I;27%(s,t). (4.241)

For the /\/14{11/ 2 pieces we have

4% + Tsu + 4u? (s —u)*t 3 6o (8% +ud)t
B 8¢2 L+ o PO+ L) +
s34+ ud 15 stut 1583u3
16726 t o _18726 t o I
4SU 3 ( ) 8 3 ( ) 64t5 4(S7u)+
45522 15su
16¢3 82

FY (s, )

1372 (s,u) + ot 117 (s,) (4.242)

$3(s + 2u)(s* + 2su + 2u?) 3s® 4+ Tsu + 12su® + 2u?
Ir(s) +
16ut* 4¢3

st(s + 2u)(s? + 3s3u + 45*u? + 2su® + ut)
— 13(5)

32u?t?
$3(2s® + 65%u + 6su® — 5u?) 3s%(5s + 16u)
8t3

6—2¢
B Suitt I3 (s) =
353 952 15su
]’ t _16—26 t _[8—26 t
s )+ oo L (s ) 4 95 L s ) + g

FMY? (s u) = I572%(s)

I37*(s)
4

64“2 Ii0_2€($’t) :

+

(4.243)

For the Mil} pieces we have

s+ 3u 4 sud + ut 3t s3u?
L(t) + — I (t) — ——5 Ta(s,u)

t
Fl{l}(s,u) = ——L(t)+

4
3s*u? o o 35U g o
442 ]E 2 (S,U) - 4_2,: Ij ? (S7u>7 (4244)

8su
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F ) = - AEEBUER) g LI ) PO ooy
- % L(s.4) — SZZ 8725, 1) — ?j—;‘ 52(s,1). (4.245)
For the Mf’/ 2} pieces we have
s = = 1t - S (o) + 2 18 (s, (4:216)
P (s u) = — —82<S; 24 Iy(s) + %t Li(s,t) + 5 157(s, ). (4.247)
Finally, for the Mi2} pieces we have
Fl{Z}(s, u) = — stuly(s,u), (4.248)
F;Q}(s, u) = — stuly(s,t). (4.249)

We note that the progression of the new pieces from more complicated contributions to
simpler ones as the spin increases is a direct consequence of the supersymmetric decompo-
sition Eq. . As the spin increases the new pieces have lower and lower power counts
corresponding to increasing supersymmetry. The final pieces Eq. and Eq.
correspond to D = (4 — 2¢) scalar box integrals with no powers of loop momentum in the
numerator. This may be compared to the Mio} contribution which has 8 powers of loop mo-

mentum in the numerator. This high power count results in, for example, the D = (12 — 2¢)
box integrals appearing in Eqs. (4.240) and (4.241)).

Next we expand the above results to leading order in the dimensional-regularization
parameter €. Using Eq. (4.285) we express the higher-dimensional integrals in terms of
(4—2¢)-dimensional ones whose explicit values through O(e°) are collected in Appendix m

In the following expressions, the integrals are understood as truncated to this order.

Both F I{S} and FQ{S} are ultraviolet divergent. However, when put together in Eq. ,
the ultraviolet divergence cancels as expected [326]. We expose this cancellation by separat-
ing the bubble integral in Eq. into a divergent part I5(0) and a finite part defined in
Eq. . After canceling the 1/e-pole we write the amplitude as

1 2
M (17,2737 49 = = (5) MEUE (5,00 + A7)+ 77 (), (1250)
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where fl{S}(s, u) = 1{5} (u, s) and fl{g} are ultraviolet finite.

For the /\/lio} pieces corresponding to Eqs. (4.240) and (4.241]) we have

0
O (s,u) =

1
3605 (5407“43“152 + su(2s* + 235%u + 2225%u? + 23su® + 2u?)

— 2m*t(8s* + 5s*u — 3665%u* + Hsu® + 8u4)>

— 5—:7 <s4u4 + 8m2s3udt + 20m?* s*t?u” + 16mCsut® + 2m8t4) Iy(s,u), (4.251)

{0 (s, u) = 602;156 <2m4t2(73s3 — 147s*u — 48su® — 8u?)

+ 2m25t(954 4 7853 — 105s%u? — 28su> — 4u4)
25— u)(s" 4+ 95w+ 46577 + 9su’ + u') ) 87 (s)
’ 8

STU m-su
— t—7(su + 2m?2t)(s*u? + 4m>stu + 2m*t?) Is(s) — 3

Lis,t),  (4.252)

where the integrals are defined in Eqs. Eq. (4.277), Eq. (4.280) and Eq. (4.281)). For the
Mil/z} pieces corresponding to Eqgs. (4.242) and (4.243]) we have

(s? + 1dsu + u® + 24m>t)su

1/2
(o, =

243
2 2t 2,,2 4 2 t 4t2
_ (su+2m*t)(s*u” + dmZstu +m )Sul4(s,u), (4.253)
2t°
s ((s —u)(s® + 8su + u?)s + 4m?(—4s> + 2s*u + Tsu® + US))U '
3 (s5,u) = 15"(5)
12¢4
(su + 3m?t)(su + m?t)s?u mSsu
— = I3(s) — v Iy(s,t). (4.254)

For the M;{ll} pieces corresponding to Eqgs. (4.244) and (4.245|) we have

(1} su  (s*u® + 4m?stu + 2mt?)su

V(s u) = — 5 573 Iy(s,u), (4.255)
1 (s —u)su g, (su + 2m?*t)s®u misu
Wi, u) = T Ifin(s) — 3 Iy(s) = = Li(s.t). (4.256)

For the Mf’/ 2 pieces corresponding to Eqs. (4.246)) and (4.247) we have

2m?t
B2 u) = — (3“2;” U (i) (4.257)

2
f2{3/2}(s, u) = — % I3(s) — m2su Iy(s,t). (4.258)
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Finally, for the Mf} pieces corresponding to Eqs. (4.248) and (4.249) we have

P (s,u) = — stuly(s,u), (4.259)
25, u) = — stuly(s,t). (4.260)

4.F.2 The all-plus configuration

As noted in Eq. (4.34]), the result for particles of any spin 0 < S < 2 circulating in the
loop is proportional to the S = 0 case. The all-orders-in-e¢ form of this amplitude using the

higher-dimensional integral basis is

_ 1 e\ [/ [12][34] \* 1
S=0(1+ o+ a+ 4+
1+,2% 3% 4+) = <—) LA 2 st 4.261
M4 ( ) (47_()276 2 <<12> <34> 2( 3(3 U) ( )
+ Fy(s,t) + Fy(t,u) + Fy(u, s)),
where
(82 4+ 12 + u?)? 15 4 5
Fa(s. t = I, — — Jb—= 4.262
s(s:,u) 64stu gt ( )
u?(s3 +3)? u3(7s% — 16st + Tt?) 45u?
F — T ]’6726 [8726
s t) = =g B+ 16522 2 (W4 g (W)
ut(s” +t7) 5uP(s® +1°) 6 o 25u*(s® + %) ¢ o
o Bt T W ey )
105u? sttt s3t3 9s2t2
_ [10726 I t [6726 t ]’8726 t
8$t 3 (u) + 128u4 4(87 ) + 16u3 4 (87 ) + 16“2 4 <S7 )
15st 105
4—2 17 (s, ) 4~ I (s, ). (4.263)

There is no corresponding tree-level amplitude for the all-plus helicity. Instead, we choose
the above spinor-helicity combination to be completely Bose symmetric. Given this choice,
the combination in the parenthesis also has this property. Furthermore, we arrange our

functions such that Fj is completely Bose symmetric, while Fy(s,t) = Fy(t, s).

The expression simplifies significantly if we expand in € and drop the O(e) pieces. We
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have

ME=O(1F, 2%, 3% 4%) :@ (g)4 (—<[1122; E?;iy %( - %(1207714 + 82 £ )

omP(L(s, 1) + Li(t,w) + Lo(u, 5)) + o<e>) . (4.264)

Because the corresponding tree-level amplitude vanishes this amplitude is infrared finite. As
for the other helicities it is ultraviolet finite because of the lack of a viable counterterm [326].
Another interesting property is that for m — 0 it has no logarithms. The all-minus amplitude

follows from parity and is given by swapping angle and square brackets.

4.F.3 The single-minus configuration

As for the all-plus case, for the single-minus configuration we only need the S = 0 case. The
single-minus amplitude in a form valid to all orders in € is
Mt 20,37 4% = o (5) (2008 ) S (B (s 1) (4.265)
(4m)2=< \2 2
+ Fy(s,t) + Fo(t,u) + Fs(u, s)).

We choose the little group combination to have complete Bose symmetry. The function Fj

is completely Bose symmetric, while Fy(s,u) = Fg(u, s). We find

(s + %+ u?)? 246(stu)? — 9(s* + t* + u?)?

F5(s,t,u) =
(5,4, u) 64(stu)® * 4(stu)*

1972 (4.266)
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s8 +ub s* + 283U — 25%u? + 2su® + ut

— 6—2¢
Fo(s,u) = 32s%u° L{t) - 16stu’t L)

3(9s* + 225%u + 425%u® + 22su® + Jut) o .
B 8s3ustt L)

s? + 2s%u + sTu? + s*u” + 2su® + u?

6,,6 I3(t)
645%u
3(s8 + s®u + su® + u) 15-2(1)
32s%ub

318 + 93s°u + 93s*u? + 1265%u® + 93s%u* + 93su® + 31u’® o

+ I37(t)
16stut3
3(29s* + 52s3u — 18s%u? + 52su® + 29u?) s2u?
110726 t T
* 8sPudtt s (D g lals, )
SU - 162 15 g g 15 10 2 105 15 o
~ 165 4 (s,u) — 1644 4 (s,u) — dsut3 4 (s,u) + Qs2t2y2 4 (5,u).
(4.267)
Next, we expand the above amplitude to leading order in €. We write
Mt 20,3740 = o (5) (203 S (ol ) (4.268)
Y J ? (47]_)2 2 2 )

+ f6<57 t) + fﬁ(tv u) + fG(uv S))

As in the double-minus configuration, we extract the ultraviolet poles from the bubble in-
tegrals in order to manifest the ultraviolet-divergence cancellation. In this way we may
express the amplitude in terms of the ultraviolet-finite functions f5 and fs. We choose these

functions such that f5 is completely Bose symmetric and fg(s,u) = fg(u, s). We have

1
f5(s,t,u) :W ((82 + 2 + u?)(stu)? — 15m?(stu)(s* + 2 + u?)?
+m (90(52 2 ud)? — 252O(stu)2>) , (4.269)
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and

4

fﬁ(sau) = =

s3ustd

(254 + 5s%u + Hsu® + 2u4> Ifn (1)
m

+ Sipigl <s7 + 48%u + 65°u? + 4s*u® + 4sPut + 65%u” + 4su’ + u”

—m?(25°u + 6s*u* + 65°u® + 657u’ + 23u5)> I3(t)
4

+ S (s2u2 + 4m?(stu) + 2m4t2> Iy(s,u). (4.270)
As for the all-plus amplitude amplitude, because there is no corresponding tree-level ampli-
tude there are no infrared singularities and again in the m — 0 limit the expression is free

of logarithms. The single-plus helicity configuration follows from parity.

4.F.4 Pure gravity

For completeness, we also give the corresponding one-loop amplitude with a massless graviton
circulating in the loop. We obtain this result by taking the massless limit of the amplitude
with a massive spin-2 particle circulating in the loop, after accounting for the additional

states (see Eq. (4.29))). Our results match the ones previously obtained in Ref. [283].

Referring to this amplitude as M$®, for the all-plus configuration we have

GR( 1+ of ot 40y _—L (F\* [ [12][34] L5 4 1 40
M7, 27,37, 47) = (47)2 (5) (<12>(34>> 120 (4.271)

while for the single-minus configuration we find [368]|

4 82+ 12+ u?
360(stu)?

MER(1+ 9+ 3= 4y = ! (5)4 ([12(13)[14)) (4.272)

(4m)2 \2
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For the double-minus configuration the amplitude takes the form

— o= rr K\ 2 ree
MER(T 27,3 ,4+):W<§> stuM [

2L (Slog(;_;) mog(;_j) T ulog (;_g))
v 2 (ulog<u )io8(=5) + t108( =3 ) g () + stog( = >10g(;u))

45% + 145°u + 28s*u? + 35s%u® + 28s%ut + 14su® + 4ub 9 (S 9
+ <log (—) +7 )

t8
(s — u)(261s* + 809s%u + 1126s5%u* + 809su® + 261u?) s
+ log(—>
30t7
1682s* + 5303s3u + 74225%u? 4+ 5303su® + 1682u*
+ , (4.273)
180¢6
where
I'(1 (1 —
S o e Gt (4.274)

(1 — 2e)

Here p is an infrared dimensional regularization scale. Since massless gravitons circulate
in the loop there is an infrared divergence. On the other hand there is no ultraviolet di-
vergence because there is no available counterterm [326]. In this expression we use the
four-dimensional helicity scheme [286] 287]. For the massless case the analytic continua-
tion from the Euclidean region to the physical one is simple and accomplished by taking
log(—s) — log(s) — im. We have explicitly verified that our results for the graviton in the
loop match the ones calculated in Ref. [283], up to the opposite sign for the Mil/ 2 piece
already noted in Ref. [329).

4.G Values of one-loop integrals

In this appendix we give the values of the integrals appearing in the amplitudes collected in
Appendix . We first present the (4—2¢)-dimensional integrals and then discuss the higher-
dimensional integrals. Furthermore, we provide an algorithmic procedure for obtaining an

expression for the amplitudes with no ¢ or mass dependence in the integral coefficients.
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4.G.1 Explicit values of one-loop integrals

We now collect the values for the integrals appearing in the above amplitudes [370, B71,
372, 1373, 374, 375, 376, 377, 378, [379]. We present the integrals in the unphysical Euclidean
region where s,t,u < 0 and then discuss the analytic continuation to the physical region.
We define a generic D-dimensional n-point integral by

dPp 1

2m)P (p* = m?)((p — p1)* = m?) - ((p — pn-1)® —m?)’

P = i(—l)”+1(47r)D/2/ (4.275)

where the p;’s are linear combinations of the external momenta. The integral I” is also
labeled by the specific choice of the p;’s. For example, we use I (s) for a D-dimensional
bubble integral that has an invariant mass square of s = (k; + k2)? flowing through its
external legs. Similarly, we use I (s) and I (s,t) for a D-dimensional triangle and box
respectively, where we use all scales that may appear in the integral as arguments of the
corresponding function. When dealing with a (4 — 2¢)-dimensional integral we suppress the
superscript writing [17%€ = I,,.

For the purposes of this paper it is sufficient to present the explicit expressions for the
(4 — 2¢)-dimensional, one- through four-point integrals up to O(€®). The tadpole (one-point)

integral takes the form

r(1
I = m22€(—+1€)) : (4.276)

(e —

The bubble (two-point) integral with a kinematic invariant s is given by

Ly(s) = L(0) + I3"(s) + O(e), (4.277)
where
I'(1 1
L(0) = m*zem =-+0(), (4.278)
€ €
and
. (s) 1
fin _ (s) z
I;"(s) =24 2" log (x(s) n 1) : (4.279)



with 2(®) = /1 — 4m?2/s. The triangle (three-point) integral is

1 ) 4+ 1

Finally, the box (four-point) integral is given by
2 9 w(St) + x(s) I(St) — I(S) w(St) — x(t) 7'(‘2
Li(s,t) = ——5 [2 log (,r(st) vl Il wer el R ey mrw ol By

@ _q (st) _ p(0) @) 41
. x . x x 9 A
+ 2 (20 (rgam) 20 (- Gog ) s (m))] /

(4.281)

s = /1 —4m?2/s —4m?/t. To evaluate the expressions in physical regions, e.g.

where !
s > 0, t,u < 0, we need to account for the ie prescription which for all our integrals is

obtained by shifting the mass by m? — m? — ie.

In order to match to the low-energy EFT, we expand the above integrals in the large-mass

limit. It is straightforward to expand the tadpole, bubble and triangle integrals in this limit.
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For the box integral we use

[4(5, t) =

1 s+t 28+ st+2t%  (s+1)(3s* — 2st + 3t?)

6mi | 60ms | sdomE 7560m10

125 + 353t + 25% + 3st3 + 12t (s +1)(10s* — 853t + 9s%t? — 8st3 + 10t?)
+ 166320m12 + 720720m 14

6055 + 10s°t + 4s*t? + 3533 + 45%t* + 10st® + 60t°
+ 21621600m16

10557 + 155% + 555¢% + 3543 4 3534 + 552° 4 15st0 + 105¢7
* 183783600m 18

28058 + 3557t + 1052 + 55°t3 + 4s*t* + 553t° + 10525 + 35st7 + 280t8
+ 2327925600m20

25257 4+ 2858t + Ts™t? + 3553 + 255t% 4 25%° + 35310 + 75%t7 + 28st® 4 252t9
+ 1 9777287520m?22

252 10 252 gt 8t2 21 7t3 12 6t4 1 5t5
" 44975522592om24< 5205 + 25257t 4 5065°t° 4 21s"t” + 125°1° + 10s

412540 + 21537 + 56525 + 252s1° + 2520t1°>

1
* 18739801080001m26

4590 4 TeMT 4 14535 + 42520 + 21050 + 2310t”)

1
oo (277208 4 28108 4 42052 + 126°F° 4 565"
m

+ 355785 + 305%° + 355°t7 + 565 + 12653t°

(2310311 121080 + 425912 + 1453 + TsTt! + 55547

+ 42052410 4 23105t + 27720t12)

+0O(m™). (4.282)

4.G.2 Higher-dimension integrals

In constructing the amplitudes we used an overcomplete basis of integrals containing both

(4 — 2¢)- and higher-dimensional integrals, which as we noted has the advantage of removing

e and m dependence from the integral coefficients. We now explain the construction of

this form of the amplitudes and how one returns to the usual integral basis containing only

the (4 — 2¢)-dimensional scalar integrals introduced in Eq. (4.7). In the (4 — 2¢)-dimension

form the coefficients of the integrals have explicit ¢ and m dependence. As we discussed

in Sect. [£.2.6], the basis including higher-dimension integrals is useful for exploiting known
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properties of the amplitude in order to fix the coefficients ay and by in Eq. (4.7)), which we

cannot obtain from the generalized-unitarity cuts.

Higher-dimension integrals occur naturally in the course of evaluating the loop integrands.
Integrals with powers of the higher-dimensional components of loop momentum g (defined
in Eq. (4.42))) in the numerator may be expressed directly in terms of higher-dimensional

integrals. Following Ref. [22] we have,

d4€ d_2€u (MQ)T d4+2r—25L 1
| G by = PO [ Gy (4:283)

where the loop momentum on the right-hand side is integrated over a (4+2r—2¢)-dimensional

space, Dgpeq is defined in Eq. (4.23), and

P(e,0) =1, Ple,r)=—e(1—€)(2—¢€)...(r—1—¢), r>0. (4.284)

The resulting higher-dimensional integrals may be expressed in terms the (4 — 2¢)-

dimensional ones using the dimension-shifting formula [380} 290, 290]:

1 a :
D+2 __ D D)
1" = —(n DD [QIn ;:1 Cz]n—1] , (4.285)

which holds for any spacetime dimension D and n < 5. I? refers to an n-gon integral in D
dimensions, defined in Eq. (4.275). We use I,i(? for the integral obtained by I” by removing
the propagator between legs (i — 1) and i. The ¢; are combinations of kinematic factors given

by

n n

c=Y_ S; =Y ¢ (4.286)

j=1 i=1

where the matrix S for the cases of interest to us is given by

1 .
Sij =m’ — §p?j7 with  pi; =pic1 —pj1 . (4.287)

For example, a (6—2¢)-dimensional box integral is expressed in terms of a (4—2¢)-dimensional

box and four (4 — 2¢)-dimensional triangles, illustrated in Fig. 4.G.1}

Using Eq. (4.285)), we can reduce an expression that contains higher-dimensional integrals

to one that does not. For the reverse process, i.e. in order to eliminate all ¢ and m dependence
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Figure 4.G.1: The D-dimensional box integral and its four triangle-integral daughters.

in a one-loop amplitude M} we adopt the following strategy: We start by inspecting

the coefficients of the boxes, which take the following schematic form

P(e)Q(s,t,m)
(4—(4—2¢)—1)(4—(6—2¢) —1)(4 — (8—2¢) — 1)(4 — (10 — 2¢) — 1)

1-loop
M4 - I4

+..
(4.288)

where P(€) is at most an order-four polynomial in € that does not cancel any of the poles
of the expression and Q)(s,t,m) is some rational function. The maximum degree in € is
directly tied to the maximal power of loop momentum that can appear in the numerator for
minimally-coupled gravity. Here we assume the highest possible power of loop momentum,
which corresponds to a spin-0 particle circulating in the loop. I in Eq. stands
for a box integral in our amplitude, whose arguments we do not specify since we are being
schematic. This discussion applies to all box integrals in our amplitude. The ellipsis contains

other master integrals and their coefficients. Looking at Eq. (4.285]), we may identify this

term as coming from the ;7% integral,
MP = P(e)Q'(s,t,m) 1272 + ..., (4.289)

where ()'(s, t,m) is some new rational function. Note that the ellipsis also changes as dictated

188



by Eq. (4.285]). Now we may set D = 4 — 2¢ in Eq. (4.285)) and rewrite it as follows,
—2¢ 1 - i —2¢
S 2_00[21n - ; eI — co(n —5)157%] (4.290)
where I'72¢ = [,,. Similarly, setting D = 6 — 2¢ in Eq. (4.285) we get
—2¢ 1 —2¢ - 6—2¢(% —2¢
S 2_60[213 2 Zzlcifnl W _ co(n — 7)1, (4.291)

etc. Combining the two we may trade for example €2I572¢ for an expression containing
I872¢ 1572 [, and lower-point integrals with ¢ dependence only in the coefficients of the

lower-point integrals. In this fashion we turn Eq. (4.289) into
4
MOP =N Qu (s, )T 4 (4.292)
r=0

with some different rational functions @, (s,t). In this way we eliminate all explicit € and m
dependence in the coefficients of the boxes (we discuss the m dependence momentarily). Only
after this step is completed, the poles in € in the coefficients of the triangles have a similar
interpretation, i.e. as coming from higher-dimensional triangles. This is because there is a
feed down from the coefficients of the boxes to those of the triangles due to Eq. . The
fact that the poles of the triangles align correctly is a nontrivial check of our calculation.
We repeat this process sequentially for all lower-point integrals to completely remove the

explicit € and m dependence in the coefficients.

This procedure always succeeds. The reason is that there exists an alternative process of
reducing the integrals to master integrals that does not introduce any explicit € dependence,
but instead introduces these higher-dimensional integrals (for an extensive discussion we
refer the reader to Appendix I of Ref. [355]). The existence of such a process guarantees
the success of a procedure like the one outlined above. In addition, we may understand why
there is no m dependence in the coefficients of the master integrals in this basis as follows:
We imagine performing the calculation in a covariant gauge, in which all propagators in
the integrals have the canonical form (p*> — m?), and there are no other poles in the loop

momentum or the mass. We use

m?=L*—(L*-m?), jpP=-L*+7 (4.293)



to trade all m and p dependence in the coefficients for tensor integrals and lower-point
integrals. Once all m and p dependence has been eliminated in this way, we may reduce the
tensor integrals using the IBP reduction procedure described in Appendix I of Ref. [355].

The resulting expression contains higher-dimensional integrals without € or m dependence.

4.H High-order expansion of the one-loop four-graviton amplitudes

in the large-mass limit

In this appendix, we present the large-mass expansion of our one-loop four-graviton ampli-
tudes through O(m~=2%). We give the amplitudes in terms of loop integrals in Appendix .
We obtain the results of this appendix by expanding the ones of Appendix [£.F]in the large-
mass limit. We give the values and expansion of the integrals in Appendix .G.1] The
present representation corresponds to low-energy effective description of the gravitational

theories under consideration.

The data contained here should be useful for systematic investigations at higher orders in
the 1/m expansion than carried out in this paper. The examples in Sects. based on
low orders in the expansion suggest that Wilson coefficients in physical theories lie on small
islands in the allowed parameter space. Rather strikingly, these islands are one dimensional
to a good approximation, which is due to the LSD property. Rather remarkably the string-
theory data we use also satisfy similar properties, so the Wilson coefficients obtained from
string theory also populate these islands. We hope that the data presented here will facilitate

further investigations of these features.

Using the amplitudes expanded in the large-mass limit one may obtain the low-energy
effective description of the theory, along the lines of Sect. Besides the operators present
in the action of Eq. (4.66), one should include operators of the schematic form D* R*. The
operators D* R* correspond to the terms of O(m~(4+2),

We organize the amplitudes in a supersymmetric decomposition Eq. in terms of

the new contributions for a given spin, M;{LS} . We may then assemble these pieces into
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the contributions for a particle of a given spin circulating in the loop using Eq. (4.32]).
Regarding the double-minus configuration, starting with the spin-0 contribution and moving

to the additional new pieces through spin 2, we have,

f{o}(s, u) = lC(

81(s% + u?) + 155su N t(161(s* + u?) + 324su)
15135120m8 151351200m1°

3556(s* + u?) + 14035(s%u + su®) + 21030s%u?
* 15437822400m12

£(2052(s* + ut) + 8218(s%u + su?) + 12287s%u?)
* 41902660800m 4

4634(s% + u®) 4+ 27650(s’u + su®) 4+ 69026(s*u? + s*u*) + 91987533
+ 4302006508806

t(87780(s® + ) + 526770(s°u + su®) + 1314684 (s*u? + s*u’) + 1752653s°u?)
* 37104806138400m '8

9551824 (s® + u®) + 20357964(s7u + su”) + 71183961 (s5u2 + s2uf)
+ 4823624797992000m2°

142285437(s5u3 + s%u®) + 17782324034u4)

1 t
6300m* * 41580m5

4.294
4823624797992000m2° ( )

1 ¢
{172} _
Jr s u) =K (112Om4 * 3400mS

15(s% 4+ u?) + 28su  t(153(s* + u?) + 313su)
554400ms3 30270240m10
N 665(s* + ut) + 2596 (s3u + su?) + 3890s%u?
605404800m 12

t(581(s* + ut) + 2345(s%u + su®) + 34955%u?)
* 2572970400m 14

29106(s% + ub) + 172676(s°u + su®) + 430955(s'u? + s*u') + 574230s3u3
* 586637251200m16

£(34440(s5 + u®) + 207564 (s°u + su®) + 517436(s*u? + s?u*) + 690109s3u?)
+ 3226504881600m 1

39270(s® + u®) + 312240(s™u + su”) + 1091604 (s%u? + s*u®)
- 16491024950400m20

2181716(s%u® + s3u®) + 2726549s%u?

164910249504001m20 > ’

(4.295)
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f{l}(s,u):IC< ! + !

180m* = 1680mS

22(s* + u?) + 39su N £(20(s? + u?) + 43su)
151200m? 831600m 10

825(s* + ut) + 3125(s3u + su?) + 46845
* 151351200m1'2

t(315(s* + u') + 1308(s%u + su®) + 1930s%u?)
N 302702400m4

1036(s® + ub) + 6027(s°u + su®) + 15036(s*u? + s*u) + 20030s%u?
* 44108064001

N £(7056(s + uf) + 43316(s°u + su®) + 107555(s*u? + s*u?) + 1437155%u?)

146659312800m '8
N 11760(s® + u®) 4 92232(s7u + su”) + 322372(s%u? + s%u®)
1075501627200m20

644205(s°u® + s3u®) + 805O5Os4u4>

1075501627200m20

1 n 13
24m*  360mS

f{3/2}(57 u) =K (

9(s? +u?) + 14su  t(8(s* + u?) + 2Lsu)
10080m8 75600m10

10(s* + ut) + 34(s*u + su?) + 51522
- 332640m12

£(225(s* + u*) + 1075(s%u + su®) + 15185%u?)
* 50450400m14

105(s% + u®) + 558(s%u + su®) + 1391 (s*u? + s?u?) + 1852s%u?
* 86486400m16

N £(224(s% 4+ u®) + 1533(su + su®) + 3729(s"u? + s?u') + 50355°u?)

1102701600m®
5292(s® 4+ u®) + 38416(s"u + su”) + 134211 (s%? + s*u®)
+ 97772875200m2°
268122(s°u® + s3u®) + 335050su?
97772875200m?2° ’
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1 s% + su + u?
{2} —K
fo s u) <2m4 T 0me
N stu N (s? + su + u?)? N (s* + su + u?)stu
504m10 3780m12 7920m14
N 75(s% + ub) + 225(s°u + su®) + 559(s*u? + s?ut) + 743s%u?

7207200m/16
3(s? + su + u?)?stu
400400m 18
N (8% + su + u?)(56(s® + u®) + 168(s°u + su”) + 557(s*u? + s?u) + 834s°u?)
122522400m>2° '

(4.298)

We give the relation between My(17,27,37,4%) and f(s,u) in Eq. (4.68) and define K in
Eq. ([&.87).

For the all-plus and single-minus configurations it suffices to give the result for the spin-

0 contribution since we obtain the remaining amplitudes via Eq. (4.34). For the all-plus
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configuration we have

504m? 3780m*
(82 + su+u?)stu  T5(s% + ub) + 225(s%u + su®) + 559(stu? + s*u?) + 743s3u?
7920mS 7207200m?
3(s? + su + u?)?stu
400400m10
N (s? + su+ u?)(56(s® + u®) + 168(s°u + su®) + 557(s*u? + s*ut) + 834s°u?)
122522400m1?
N (392(s® + u®) + 1176(s°u + su®) + 2481 (s*u? + s?u*) 4 3002s*u®) stu
888844320m14
N (s? + su+ u?)?(105(s% + u®) + 315(s%u + su®) + 1412(s*u? + s*u?) + 22995%u3)
4888643760m 16
N (s? + su+ u?) (150(s% 4 u®) + 450(s°u + su®) 4+ 1049(s*u? + s?u*) 4 1348s%u®) stu
5766092640m '8
1

35640(s'? + u'?
+33731641944000m20< (57 +u”)

+ 213840(s™u + su') 4+ 1174365(s'%u* + s2u'®) + 3911625(s%u® + s3u°)

1S5 14) = IC< stu N (82 + su + u?)?

+ 8797526(s%u* + su®) 4 14072594 (s u® + s°u”) + 1641669636u6>> :

(4.299)
while for the single-minus configuration we find
1 1
5=0
=K
g5 u) <5O4Om23tu * 530630015
(82 + su + u?) stu (2 +su+u?)? (5?4 su+u?)stu

441080640m12 = 2715913200m!* = 22406283900m !¢ = 64250746560m 8

27(s° + 1) + 81(s”u + su”) + 197(s*u® + s”u?) + 259s°u”
+( (s° 4+ u®) (s°u + su’) (s*u® + s*u*) sPu?) ' (4.300)

25057791158400m 20

The relation of My (17,27,3%,4%) and M, (17,27,37,47) to h(s,u) and g(s,u) is found in
Eq. (£69).
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CHAPTER 5

Effective Field Theory Islands from Perturbative and

Nonperturbative Four-Graviton Amplitudes

Theoretical data obtained from physically sensible field and string theory models suggest
that gravitational Effective Field Theories (EFTs) live on islands that are tiny compared to
current general bounds determined from unitarity, causality, crossing symmetry, and a good
high-energy behavior. In this work, we present explicit perturbative and nonperturbative
2 — 2 graviton scattering amplitudes and their associated low-energy expansion in spacetime
dimensions D > 4 to support this notion. Our new results include a first nonperturbative
example consisting of a D = 4, N’ = 1 supersymmetric field theory that is coupled weakly to
gravity. We show that this nonperturbative model lies on the same islands identified using
four-dimensional perturbative models based on string theory and minimally-coupled matter
circulating a loop. Furthermore, we generalize the previous four-dimensional perturbative
models based on string theory and minimally-coupled massive spin-0 and spin-1 states cir-
culating in the loop to D dimensions. Remarkably, we again find that the low-energy EFT
coefficients lie on small islands. These results offer a useful guide towards constraining pos-

sible extensions of Einstein gravity.

5.1 Introduction

The language of effective field theory (EFT) is a widely accepted framework in which to
formulate the physical laws at a certain energy scale (often referred to as the infrared (IR)

scale). Typically, this language is used in the context of current and near-future high-energy
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physics experiments [381], 382], but has also found applications in a variety of topics includ-
ing hydrodynamics [383], inflation [384], the large scale structure of the Universe [385], and
the description of binary motion in general relativity [64], among many others. In EFTs, the
relevant physics is parameterized by independent local operators that capture all relevant
physical degrees of freedom and are consistent with the known symmetries of the problem.
Examples of such symmetries include Lorentz invariance and possibly gauge or global symme-
tries. The unknown physics at high energy or ultraviolet (UV) physics is then systematically
parameterized by successively including higher-dimension operators that capture corrections
to low-energy observables. Naively, the (Wilson) coefficients of such higher-dimension op-
erators are undetermined and can take on arbitrary values. However, desirable properties
of the underlying theory such as causality (analyticity) and unitarity impose nontrivial con-
straints or bounds on the allowed values of the low-energy couplings [252, 241]. A way to
expose these bounds is to study the connection of the 2 — 2 scattering amplitude in the
IR and the UV by means of dispersion relations which relate low-energy Wilson coefficients
to the discontinuities of the UV amplitude by a contour deformation subject to certain as-
sumptions about the Regge growth of amplitudes at large energies in the complex plane, see
e.g. Refs. [386] B87, [345], [388]. In recent years this basic philosophy has been systematized
to extract various nontrivial constraints [353), 269, 4 [389, 390], 391, 392].

It is critical to understand the full implications of these constraints and whether sensible
physical theories must necessarily lie in small regions of the EFT parameter space. Ref. [4]
observed that the Wilson coefficients of two distinct classes of gravitational effective field
theories derived from models of UV physics populate small theory islands in the larger
space allowed by current dispersive arguments. The first class are string theories, which are
ultraviolet complete, and the second class comes from integrating out minimally coupled
matter circulating in loops. In both instances gravity is assumed to be weakly coupled so
that only the leading order contributions are required, corresponding to tree level in string
theory and one loop in the field-theory models. While the field-theory models are not full

UV completions, they can be interpreted as intermediate-scale theories, which satisfy all the
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assumptions used to derive bounds on the EFT coefficients. The fact that such dissimilar
models land on the same small theory island suggests that sensible theories should obey
much stronger constraints than have been found as yet from the general arguments. The
observed small islands were interpreted as being related to low spin dominance—essentially
the property that the spectral density in these models is dominated by the lowest spin partial

waves.

While suggestive, an obvious question is whether the appearance of small islands is an
artifact of the special theories that were considered or whether they are generic for physically
sensible theories. Here we provide evidence towards the latter by obtaining data from two new
classes of theories. The first is a nonperturbative strongly coupled N' = 1 supersymmetric
gauge theory which is then weakly coupled to gravity and the second is matter minimally
coupled to gravity in D > 4 spacetime dimensions. Specifically, we present explicit results
in D = 6,10 dimensions with further data and evaluation routines available in the ancillary
files. The well known string-theory amplitudes in D > 4 provide a third class of EFT data.
We use this data to support the notion that small theory islands are not a special feature of
D = 4 perturbative examples, but indeed generalize beyond the cases analyzed in Ref. [4].
It remains a challenge to find the tightest bounds that physically sensible EFTs must satisfy.

Some recent progress on improving bounds is found in Refs. [390] [391].

One of the key lessons of the modern scattering amplitudes program is to focus on gauge-
and field-redefinition-invariant quantities. In this spirit, as in Refs. [353, 269 [4, B389, 390],
we focus on the low-energy expansions of scattering amplitudes directly, rather than Wilson
coefficients in a Lagrangian that are subject to field-redefinition and integration-by-parts
ambiguities. Assuming that gravity couples weakly, we can work to tree-level accuracy
in the EFT. There is then a one-to-one map between S-matrix elements in the IR and
Wilson coefficients in any given basis of operators, see e.g. [393]. In this way, the low-energy

amplitude can be schematically expanded in the forml[']

!Below, we denote amplitude coefficients by their monomial term, e.g. a[s*~9t7]. For the sake of com-
pactness, here we simply use ay , which will have a different meaning for a particular 4D helicity amplitude.
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Mig(s,t) ~ light exchange + Z Qg S99, (5.1)

k>q>0
where the Mandelstam invariants are s = (p; + p2)?, t = (p1 + psa)?, and u = (p; + p3)?. As
usual, for massless external states, they satisfy the relation u = —s—t. The terms denoted by
“light exchange” correspond to low-energy poles from massless or light (relative to the scale
of Mandelstam invariants) exchange of states that are within the low-energy EFT. Finally,

the ay, parameterize new four-point contact interactions graded by mass dimension k.

In the ultraviolet, it is convenient to parameterize the unknown physics in terms of the
partial-wave expansion of the amplitude, involving the spectral density and some character-
istic polynomial of the scattering angle cos = 1 + 2t/s (for massless external states in the
s-channel center of mass) that encodes the Poincaré-invariance properties akin to conformal
partial waves in conformal-field-theory (CFT) correlation functions [394, 395 396, [397]. For
external scalars, these are the Gegenbauer polynomials (see e.g. [269]) in general D and the

Wigner-d matrices for spinning external states in D = 4, see e.g. Refs. [398] [341].

The simplest incarnation of the bounds on the coefficients ay, in Eq. (5.1)) is relatively
easy to understand. In the presence of some elastic channel where the ‘out’ state is the same
as the ‘in’ state, in the forward limit (i.e. ¢ — 0) the discontinuity of the amplitude becomes

an absolute square which then implies positivity constraints on EFT amplitude coefficients

[252):
aro ~ (in|T1Tin) = |Tin)|* >0 . (5.2)

Such bounds have first appeared in the context of chiral Lagrangians and pion scattering
[399, [400], 401], before experiencing a revival inspired by the seminal works of Refs. [252], 241].
Recently, similar bounds [257, 260, 263], 264], 353, 270, 402, [403| were organized into a novel
geometric structure termed the EFT-hedron [269] (see also Ref. [404, 3911 4]), related to the
Weak Gravity Conjecture [258, [405], [406], the analytic bootstrap in AdS/CFT [280, 389], and
applied to the Standard Model EFT and pion scattering [253] 407, 408, 409]. Furthermore,
these bounds were refined away from the forward limit [268] 271],1390] in order to handle cases

with gravitational couplings where the ¢-channel graviton exchange causes difficulties with
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some of the naive forward limit bounds. Cases with different external helicity configurations,
which individually cannot be considered as elastic scattering, were also considered in Refs. [4],
390, B91]], in a spirit similar to Refs. [410, B51} [41T]. A key feature, common to all presently
known bounds is the appearance of the demarcation of allowed and disallowed regions in the

space of low-energy couplings ay, ,.

As already noted above, in previous four-dimensional studies, explicit string- and field-
theory data suggest that physical EFTs live on small theory islands [4]. In contrast to the
four-dimensional case, and for the D-dimensional scattering of scalar particles, the spin-
ning partial-wave decomposition that enter the UV part of the dispersion relations are not
presently analyzed for the scattering of D-dimensional spinning states (see however our “note
added” below and the upcoming work of Ref. [412]). Nevertheless, independently of the avail-
ability of precise bounded regions, we can ask where do explicit data lie in order to guide
further explorations. Here, we address the question of whether similar islands are observed
for more general models than the ones considered in [4]. We do so by obtaining new ex-
plicit examples of UV models, including nonperturbative matter and cases outside of four
dimensions, from which we extract the low-energy expansion coefficients for gravitational
scattering amplitudes. Our analysis further supports the notion that small theory islands
are a robust feature of gravitational EFTs. Our example of nonperturbative matter in grav-
itational 2 — 2 scattering opens up a new class of possible theories to analyze in the future.
Higher dimensions are interesting for various reasons, including that they allow for analyses
of bounds that avoid complications with IR singularities [271] and because 10 dimensions is
natural for addressing the question of where does string theory lie in the space of possible

UV completions [282].

The remainder of this paper is organized as follows: In section we summarize our
kinematic conventions for D-dimensional graviton scattering including a parametrization of
the center-of-mass momenta and the polarization states of the external gravitons. In sec-
tion [5.3] we use supersymmetric arguments to generate a first four-dimensional example

of nonperturbative matter for gravitational 2 — 2 scattering. In section we discuss the
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straightforward case of tree-level four-graviton string-theory amplitudes in general spacetime
dimensions. Our results for one-loop minimally-coupled graviton amplitudes in D dimen-
sions, from which we extract nontrivial EFT data, is presented in section [5.5] We consider
the cases of minimally-coupled massive spin-0 and spin-1 matter circulating in the loop. We
also briefly summarize the well-known amplitudes techniques such as generalized unitarity
and integration tools used to evaluate and manipulate such expressions. In section we
give a summary of our data by plotting some of the obtained low-energy amplitude coeffi-
cients that should serve as a useful guide for any near-future attempts to place dispersive
bounds on higher-dimensional graviton scattering. We supply the relevant amplitudes and
their low-energy expansion in a computer-readable form as ancillary files to this paper. We

close with conclusions and a future outlook in section [5.7.

5.2 External kinematics

To describe 2 — 2 graviton scattering in D dimensions we introduce external momenta p;,
where ¢ = 1,...,4 labels the external graviton in question, and work in an all-incoming
convention. To capture scattering of all possible external states, we use formal polarization

tensors for the gravitons

e =¢el'e?  with p;-e;,=0 and ¢ -6, =0. (5.3)

[ 151

We express gravitational polarization tensors in terms of transverse, null polarization vectors
et'. Note that there are D —2 such independent null vectors in D spacetime dimensions, while
there are D(D — 3)/2 independent symmetric traceless tensors. The expressions in terms of
the above tensors capture the entire space of states for the D-dimensional gravitons. Indeed,
a generic polarization tensor E* = eté” + éfe¥ may always be written in terms of linear

combinations of factorized tensors, e.g. [413] 339]
e +Ete” = (e + e (e + &) —ele” — erev, (5.4)

where we take € - £ = 0 to ensure tracelessness.
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To study specific examples, we introduce explicit momenta and polarization tensors. We

consider scattering in the center-of-mass frame, where

+1 +1
S -1 S +1
w_ [° w2

GD_3 6)D—3

—1 —1

s | —cos6 s | cos6

Py = 3 , Py = 3 : (5.5)

—sinf sin 6

6D73 6D73

and the scattering angle 6 is related to the Mandelstam invariants via cosf = 1 + %, with
s > 0, and —s < t < 0 for physical s-channel scattering. In all examples analyzed in this
paper, we consider external polarization tensors of the factorized form in Eq. (5.3)). Different

cases can also be obtained straightforwardly as explained above. Focusing on even D, given

a set of spatial unit vectors e = 0¥, with a = 1,..., D, we define (see e.g. Ref. [413])
. W D
Elont = E(GZn—l Tiey,), n=2... bR (5.6)

We obtain the polarization vectors for the other three gravitons using appropriate rotations.
More details on the polarization choices are included in the ancillary files with explicit eval-
uation code for all Lorentz products for graviton polarizations similar to the ones discussed
here. Note that for D = 4 (n = 2) the polarizations in Eq. describe helicity states.
Indeed, for this choice our results reproduce the ones obtained in Ref. [4] using spinor-helicity

methods.

5.3 Non-perturbative data

To gain some direct indication on nonperturbative low-energy effective actions, we consider

a matter-coupled N/ = 1 supersymmetric gauge theory which we couple to gravity. This
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gauge theory confines in flat space at some scale A, whose specific relation to the high-
energy couplings will not be important. We assume that A is relatively high and that the
the low-energy theory is described by the glueball superfield which is much lighter than the
confinement scale. This can be arranged by adjusting the couplings of the high-energy theory.
We then focus our discussion on energies below the mass m; of the glueball superfield. Thus

we can ignore terms O(p*/A?), but we cannot ignore terms O(p™/m%).

The Wilsonian effective action below the confinement scale for an AN/ = 1 supersym-
metric gauge theory with (holomorphic) tree-level superpotential Wisee(, @, Q) depending
on some chiral superfields ¢ in the adjoint representation and other superfields @, Q in the

fundamental representation, has the standard form
L= / d*0 K(S,S,G,G) + / d*0 Wes(S, G) + h.c., (5.7)

where S is the glueball (chiral) superfield, G is the Weyl superfield and K¢ and Weg are
the effective Kéhler potential and superpotential respectively. The latter is completely non-
perturbative [414], while the former receives both perturbative and nonperturbative con-
tributions. The Weyl superfield G, capturing the induced coupling of the effective theory
with gravity, carries left-handed spinor indices and its first two components are the self-dual

gravitino field strength and the self-dual Riemann tensor respectively.

While the effective Kéhler potential is largely unconstrained, the effective superpotential
is stringently constrained by symmetry and holomorphy arguments and instanton calcula-
tions [415] [416], 417]. Refs. [418, 419] argued that the effective superpotential has the form

OFy  0*F

Wer =35 + a5

G Gy + O((GP G (5.8)

where Fy is a holomorphic function of the glueball superfield S E| Given a tree-level super-
potential Wi, the nonperturbative effective potential Weg can be computed algorithmi-

cally, including its gravitational couplings, either via a symmetry and holomorphy analysis

2We do not include a detailed expression of the higher-order terms because they contribute only to
higher-point gravitational amplitudes, so we do not need them.
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[A15, 416], or through matrix-model methods [A18, 419, 420, 421, E22, 423] 424] 425]. For

our purpose here we do not need its detailed form.

In the latter approach most terms in Weg are evaluated perturbatively, and the glueball
superfield S enters initially in the form of the gauge invariant bilinear S o< Tr[W*W,], where
W is the vector superfield, whose lowest component is the gluino. The nonperturbative na-
ture of the superpotential comes from interpreting this superfield as a fundamental field, and
from the inclusion in Fy of the Veneziano-Yankielovicz superpotential [426], which accounts

for the chiral anomaly.

The critical point of the G-independent part of the effective superpotential, which is
a solution of 9?F,/0S? = 0, fixes a vacuum expectation value, S = S,, of the glueball
superfield. This breaks chiral symmetry and determines the non-normalized mass of this
superfield as mg = 0°F)/05%|s—s, [| It also implies that among the terms with two Weyl-
superfields there exists a linear coupling to (S — S.), ms(S — S.)G**'G,p,, which is also
proportional to the mass of these fields. Evaluating the integral over Grassmann variables
in Eq. , integrating out the the auxiliary fields and normalizing the quadratic term for
@ leads to

/ POWegr + h.c. = [ms|*@p + M ¢ Rag s R + M* ¢ Ry s R + fermions ,  (5.9)

where M = 1g/(0s05Ken|s=s,)"?, ¢ = (S — S.)|o=o is the scalar in the glueball superfield
and R and R are the self-dual and anti-self-dual parts of the Riemann tensor, con-
taining the negative- and positive-helicity gravitons respectively. Thus, the nonperturbative
superpotential couples the fluctuation ¢ of the glueball scalar around its expectation value

S, with two gravitons of the same helicity,

G h™
S o

3The mass mg depends on the details of the Kahler potential. On dimensional and holomorphy grounds
one may expect that up to numerical factors, mg Sf/ 37715.
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Setting aside the exchange of gravitons, the leading-order terms in the four-graviton am-
plitude come from tree-level exchange of ¢. There are three possible contributions: two
vertices from the superpotential, two vertices from the Kéhler potential, and a contact term
from the Kéhler potential. Since extracting gravitons out of the G superfield requires only
one Grassmann derivative, it follows that the third field in a vertex with two gravitons is
acted upon by two Grassmann derivatives, so it must be the auxiliary field of the glueball
superfield. Thus, the Kéhler potential can contribute only contact terms at tree level. We
graphically denote superpotential contributions by circles and Kéahler potential contributions

by boxes. The corresponding graphs are:

G G G G G G

: : (5.11)

G G G G G G
We first focus on the superpotential contributions and argue later that under certain cir-

cumstances the Kéhler potential contributions do not affect the conclusions.

Four-graviton tree-level diagrams with vertices from the superpotential are very simple.
Eq. (5.9) implies that, for a fixed graviton helicity configuration, the amplitude receives
contributions from a single exchange diagram. For example, if gravitons 1 and 2 have negative

helicity and gravitons 3 and 4 have positive helicity, the only diagram that contributes is:

2~ 3t
M(17,27,37 4% ~ }}% . (5.12)
1~ 4+

This diagram depends on the scalar-field propagator, which in turn depends on the Kahler
potential | The Kllén-Lehmann representation of massive two-point functions identifies this
propagator as some function f of the momentum with a simple pole at p*> = m% where mg

is the physical mass of the field . In particular, this implies that it has a regular expansion

4A dimensional-analysis-based suggestion was put forth in Ref. [426], K(S) « (S9)'/3.
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around vanishing momentum, i.e.
f(s) = Z%S" : (5.13)
n>0

Then, the amplitude M(17,27,3%,4") is given by
M(17,27,3%,4%) = (12)*[34])* f(s) , (5.14)

with other helicity configurations, M(17,2%,3%7,47) and M(17,2%,37,4%), obtained by

relabeling. This implies that

i 0, forall j>0, (5.15)
an,O

which puts the nonperturbative contributions from the superpotential on the small islands

of physical EFTs and the low-spin-dominance lines in D = 4 discussed in Ref. [4].

Consider now briefly the consequences of including Kéahler-potential contributions to
leading-order gravitational amplitudes. As we saw earlier, these contributions can come
only from contact terms which arise either from terms of the type [ d*0f(S,S)G*G? in Ko
in Eq. , or from terms with two Weyl multiplets in K¢ upon integrating out the auxiliary
field in the glueball superfield.

Nonperturbative contributions to K.g necessarily depend on the confinement scale A;
moreover, if they are dependent on momenta, then dimensional analysis suggests that they
depend on p?/A? which, according to our initial assumption, is negligible at the energy scale
p? < A? that we are focusing on. Thus, the contributions of such Kéhler potential terms to
amplitudes are essentially constant (up to the helicity-dependent factor), and therefore they

affect only a limited number of a,, ; coefficients, perhaps only ag o, leading to effectively no
changes to Eq. (5.15)).

One may wonder if the expansion around the nonvanishing expectation value for the
glueball superfield S may enhance these terms suppressed by the ratio p?/A2. The expec-
tation of a smooth limit in which the high-energy theory is trivial (i.e. that the tree-level

superpotential is zero) suggests that the momentum dependence cannot be enhanced for

205



small values of the parameters of the high-energy theory. While this argument suggests that
the nonperturbative momentum dependence could be enhanced at large values of these pa-
rameters, naively of the order of A?/p?, there remains a comfortable range of parameters of

the high-energy theory for which inclusion of the purely nonperturbative terms in the Kéhler
potential does not affect Eq. (5.15]).

Extension of this discussion to the perturbative and mixed part of the Kéhler potential
is difficult because of their detailed dependence on the parameters of the high-energy theory.

Using however the identity

ay ) )y + )
TS @ SY T TS e S (5.16)
CLn,O an,() an,O + an,O

if all a,; > 0 together with the results of Ref. [4] and those discussed in later sections, we
expect that the complete nonperturbative four-graviton amplitude in the class of theories
discussed here belongs to the EFT island for p?/A? < 1. Further study and explicit calcu-
lations are necessary to fully settle this issue and to extend our analysis to scales p? < A? in

which all nonperturbative contributions to the Wilsonian effective action become important.

5.4 Tree-level graviton amplitudes in string theory

Having analyzed the first nonperturbative data for four-dimensional graviton scattering via
supersymmetric arguments, we now move on to more traditional perturbative amplitudes,
although beyond the commonly considered four-dimensional setup. We expect that this
data will provide useful guidance for any attempts to place dispersive bounds on graviton

scattering in higher dimensions.

To this end, we collect the available tree-level results for the scattering of four external
gravitons in superstring (ss), heterotic-string (hs), and bosonic-string (bs) theory. These
closed-string amplitudes are determined by Kawai-Lewellen-Tye (KLT) relations [33] in terms
of open-string ones. We take the mass of the first excited string level to be m? = 4/a’ for all

string theories and express the string-theory amplitudes in terms of gauge-invariant tensor
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structures 7. We need two such structures,

7;YM = —St(El '83)(52 '52) + - 5

su (5.17)
Thos = —m(& -eq4)(e2-€3) + -1,

which are normalized to have mass-dimension four. The full expression for these structures
is provided in the ancillary file. We may now write the four-graviton amplitudes in a form

that uniformly applies to the three string theories,

Ay CAVEE el Skl ey
M = - (E) (Z) T r[1+%] I [1421] F[1+M}’ (518)

where € {ss, hs, bs} and

Tss = s%(M ) Tus = Tsym Toos Tos = bos * (519)

Newton’s constant G is related to x via k? = 327G. As a consistency check, by specializing
the polarization tensors to describe four-dimensional helicity states we recover the results

collected in Appendix B of Ref. [4].

The bosonic string-theory amplitude contains the tachyon exchange. Following Ref. [4],
we define a modified bosonic string-theory amplitude by subtracting this exchange and
present our data within this definition. In four dimensions, this amplitude is consistent
with the generic bounds and hence we expect the same to be true in higher dimensions as
well. Let us, however, note that none of the conclusions drawn in the present paper change
if we chose to drop the bosonic string-theory amplitude, given the undesired appearance of

the tachyon.

We may also identify the massless exchanges in all three sting theories. Specifically, the
superstring amplitude only contains the minimal-coupling graviton exchange. The heterotic
string-theory amplitude contains both the minimal-coupling and Gauss-Bonnet graviton ex-
changes, as well as the dilaton exchange. Finally, the bosonic string-theory amplitude con-
tains all the heterotic string-theory amplitude exchanges as well as those from an R3-type
coupling. Subtracting these exchange contributions is possible but not necessary in order for

the amplitudes to be physical. We do not perform such a subtraction in the present work.
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Furthermore, we point out that there is an inherent ambiguity in separating the non-
analytic from the analytic part (or equivalently the non-local from the local part) of the
amplitude. This ambiguity is reflecting part of the freedom in writing a Lagrangian. When
there are no R3-type contributions, there is no such ambiguity. In these cases, a simple
powercounting argument shows that dilaton and Gauss-Bonnet contributions do not mix
with D" R*-type (contact) operators. In contrast, when R3-type operators are present, terms
of the form R? x R? and R? x R? contribute at the same order as R*-type and D?R*-type
operators respectively. Hence, in order to obtain the coefficients of the latter, one needs to
calculate the low-energy amplitudes starting from a Lagrangian (or define in a different way
a scheme for separating the non-analytic from the analytic part of the amplitude). For the
complete analysis of the inherent ambiguity in mapping amplitude coefficients to Lagrangian
coefficients one has to also include massless loop effects [353, 403]. In this work we neglect
massless loop effects, and plot coefficients of D" R*-type operators with n > 2 which do not

mix with the massless exchange contributions.

5.5 Loop-level graviton amplitudes in quantum field theory

Besides the tree-level string theory amplitudes discussed in the previous section, we are also
interested in field-theory models where we allow massive states circulating in the loop as a
D-dimensional extension of the four-dimensional analysis of Ref. [4]. Such models should not
be viewed as proper UV completions, but should instead be viewed as intermediate-energy
theories. Because they satisfy all input assumptions used to derive bounds on the low-energy
EFTs they provide useful guidance on where physically sensible theories live. Here we opt
to construct the full amplitudes for a simple reason: In the derivation of EFT bounds one
needs the Regge behavior to determine the validity of bounds which rely on knowing (or
assuming) the high-every behavior. With the exact amplitudes in hand it is straightforward
to extract the high-energy behavior. A side benefit in having the full one-loop amplitudes

computed is that they may be useful for purposes other that studying low-energy EFTs.
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5.5.1 Maximally supersymmetric massive matter in the loop

The simplest loop-level data we can consider originates from a massive deformation of the
maximally supersymmetric gravity amplitude at one-loop, where we give a common mass
to the supermultiplet circulating in the loop. This is accomplished by taking the original

massless one-loop four-point amplitude written in terms of scalar box integrals [427],

K

M= = (Y (1025, 0) + 12 s, w) + 1w, )] (5.20)

2 box box box

and replacing the loop propagators by massive ones. This may be interpreted as dimensionally-
reducing a higher-dimensional maximal supergravity and integrating out a Kaluza-Klein
mode whose mass is the extra-dimensional momentum. The polarization information is
encoded in the tree-level superstring tensor 75 and the integrals are defined e.g. as

dDg 1
box( ) (27T)D =0 (@ + 2?21 pi)z —m?

3

(5.21)

The UV divergences that are present for D > 8 are straightforward to extract. In fact, the
UV expansion of the amplitude and its large-mass expansion are intimately related: both
are equivalent to an expansion around small external momenta yielding massive tadpoles, as
can be easily seen from the interpretation of the mass as Kaluza-Klein momentum. We will

return shortly to the large-mass expansion.

5.5.2 Non-supersymmetric massive matter in the loop

We obtained the four-graviton amplitude with a maximally supersymmetric massive multi-
plet circulating in the loop by simply replacing formerly massless propagators by massive
ones in the known representation of the one-loop amplitude [427]. We are also interested
in D-dimensional one-loop amplitudes with massive scalars and massive spin-1 fields run-
ning in the loop. We do not explicitly consider massive fermions, gravitinos, or massive
spin-2 states here for the sake of brevity even though there is no conceptual problem to con-
struct these amplitudes as well. The workflow of our construction uses a number of modern

scattering-amplitude methods.
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We start by constructing the amplitude’s loop integrand via generalized unitarity |19,
20), 160] from the knowledge of tree-level amplitudes. We find it most convenient to directly

match two-particle cuts
) (5.22)

where the external states are gravitons (denoted by wiggly lines) and the massive states
propagating inside the loop are generically denoted by a solid line (which can represent
either massive spin-0 or spin-1 states). Since we are interested in expressions that are valid
in arbitrary spacetime dimension D, we utilize tree-level gravitational Compton amplitudes
(grey ‘blobs’ in (5.22))) in terms of formal (traceless symmetric) polarization tensors e/ =

M v
€ &

of the gravitons that can be found e.g. in Ref. [46]. The unitarity cuts involve a sum
over physical states. For the massive spin-1 circulating in the loop, the relevant states are
selected out by inserting the physical state projector I[1"(p, m) = n* — ’% for each cut leg.

From the resulting expressions, we extract the kinematic numerators of the cubic diagrams

; , , (5.23)

which are functions of the following Lorentz invariants: €; - p;, s,t, p; - ¢, and ¢; - £. For
the massive spin-1 exchange, it is convenient to split the numerators into a ‘spin-0’ part
and a ‘spin-1’ remainder akin to the supersymmetric decomposition of the four-dimensional

amplitudes in Ref. [4]:

—=spin—1

Nspinfl — N + (Ds o 1)]\[Spin—07 (5'24>

where D = n} is the state-counting parameter. This separation effectively eliminates the

terms of highest degree in the loop momentum ¢ from N®P~1,

At one loop, all contractions between the loop momentum ¢ and the external momenta
pi can be written in terms of inverse propagators, see e.g. [428|, but contractions of the

loop-momentum with polarization vectors €; require the evaluation of tensor integrals. Such
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integrals are well known from e.g. Refs. [429] [430] where one converts tensor integrals into
dimension-shifted [431], 432], [433] scalar integrals, see also Ref. [434]. The relevant dimension
shifts can be derived algorithmically with the help of integration-by-parts relations [435], [436],

437, [438], implemented in modern computer codes such as FIRE [245] [246].

We find it convenient to organize the resulting amplitudes in a special basis of scalar
integrals where all integral coefficients are independent of the mass of the state in the
loop and of the spacetime dimension D. This closely follows the discussion of the four-
dimensional amplitude construction of Ref. [4] and can be likewise achieved by judiciously

using dimension-shifting relations [431], 1432, [433].

The attentive reader might have noticed that our amplitudes construction via the two-
particle cut in Eq. is not yet complete as we could be missing contributions from bubble
integrals with a single massless line on one side (sometimes referred to a ‘snail integrals’),
or from tadpole integrals. These contributions are determined along the lines of Ref. [22] by
demanding that the amplitudes considered here remain IR-finite in the massless limit and by
requiring that the UV divergences are mass—independent.ﬂ At the end of our construction,
we find that all one-loop four-point amplitudes due to massive spin-S exchange considered in
this work can be expressed in terms of 42 independent (possibly dimension shifted) integrals
that are multiplied by gauge-invariant tensors involving only the Mandelstam invariants and

contractions between polarization vectors and external momenta,
MS =T (e, p) Li(s,t,D,m?). (5.25)
k

We include the explicit expressions of the amplitudes in the representation of (5.25)) in
computer readable form with explicit rules for the ’7;(8) in terms of Lorentz products of the

external data.

In view of our goal to provide explicit expressions for the low-energy gravitational EFT

amplitudes once the massive state is integrated out, it is highly advantageous to organize

5The latter requirement is equivalent to demanding that the corresponding counterterm has a local
expression in terms of Riemann tensors.
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the amplitudes as in Eq. . Indeed, since only the scalar (dimension-shifted) integrals,
Ii(s,t, D,m?), depend on the mass, we only need to find their large-mass expansion. This
can be achieved by dimension shifting all integrals back to D = 4 and using the known
polylogarithmic expressions, conveniently collected in Ref. [439], and expanding them for
m? > |s|, |t|. Alternatively, the same expressions can be obtained by expanding the integrand
along the lines of the ‘method of regions’ [440] for |¢| ~ m < |p;|, leading effectively to
tadpole integrals which are known exactly in D. We find the latter method computationally
much more efficient. We provide the expansion of all one-loop integrals that appear in (}5.25))

to sufficiently high order in 1/m? in the attached ancillary file.

As a further consistency check on our computation, we can evaluate our D-dimensional
scattering amplitudes for D = 4 — 2e and for specific choices of polarization vectors !’ that
correspond to four-dimensional helicity states, thereby reproducing all earlier results from
Ref. [4], e.g.

stu (82 + st + t2)?

O (144124342 441) =
M (L 240 B4 dav) 504m? T 3780mt T

(5.26)

where 14+ refers to the polarization vector € ., etc. (See our conventions in Eq. (5.6))).

Using our scattering amplitudes we may now probe the richer space of states of the
graviton in D > 4. We consider examples of elastic amplitudes of the form M (1,-2,-3p+44+)
for various values of a and b.

As mentioned above, generally, in order to ensure the validity of EFT bounds it is crucial
to know the behavior of our amplitudes in the Regge limit, |s| > —t, |s| > m?. Since
our field theory data are only stand-in models for a intermediate UV completion of gravi-
tational scattering, their behavior is generically worse than expected from quantum Regge
bounds [345], 346], [388]. The exact behavior of the amplitudes in the Regge limit depends
on the graviton polarizations, but using the explicit expressions for the amplitudes we have

checked that the worst behavior is saturated by the spin-2 exchange (inside the N' = 8

amplitude) with a scaling (in even spacetime dimension D) of the form
M~ P71 (5.27)
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which recovers the s* behavior in D = 4 explored in Ref. [4].

Similarly to the string-theory cases, the non-supersymmetric examples we consider here
contain massless exchanges that would need to be taken into account in mapping the ampli-

tude coefficients to Lagrangian coefficients.

5.6 Data summary and plots

Having discussed the relevant computations of the new explicit models of UV completions,
we now proceed to explore the associated values of the low-energy couplings in the large-
mass expansion of the amplitudes. Our analysis supports the notion that physical theories
lie on small islands. Interestingly, if we choose the external states to be 44 (which may be
thought of as polarization tensors restricted to a four-dimensional subspace), we find that
the projective data points remain on the same four-dimensional islands independent of the

spacetime dimension.

5.6.1 Sample data in D =4

To confirm our D-dimensional setup, we first reproduce the data points in Fig. 10 of Ref. [4]
by specializing to D = 4. To do so we select four-dimensional helicity states for the external
gravitons corresponding to M (14-24-34+44+) = s f(t,u) (see Eq. for our polarization
conventions), where f(¢,u) admits the low-energy expansion

ft,u) = Z pg 81T (5.28)

k>q>0

Additionally, as explained in section [5.3] we add a new data point for our nonperturbative
results for the four-graviton scattering generated from the effective superpotential of a V' = 1
matter-coupled supersymmetric gauge theory further coupled to gravity. In this special case,
f is a function of s only so that the sum truncates and the only nonzero coefficients are the
a0

In Fig. and the following, our labeling conventions are as follows: NP Matter =
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Figure 5.6.1: The D = 4 EFT data for various models for a4;/aso and asa/aso. A line

with slope 3/2 is added. The data points do not land perfectly on this line.

nonperturbative matter-coupled N’ = 1 supersymmetric gauge theory, Scalar = massive spin-
0 running in the loop, Vector = massive spin-1 running in the loop, mN =8 = massive N' = 8
supermultiplet in the loop. The new data points further emphasize the main observation of
Ref. [4], that explicit data lies on small ‘theory islands’ in the space allowed by unitarity,
causality, and crossing constraints (this larger space is not indicated in Fig. |5.6.1| and is the

red-shaded region in Fig. 9 of Ref. [4]).

5.6.2 Sample data in D =6

To showcase some features of our amplitude data, we generate similar data plots for graviton
polarizations that are outside the four-dimensional helicity setup. To this end, we first
consider scattering of gravitons in D = 6 with the polarization choice M (1g-26-3¢+4¢+)
where all polarizations are outside the four-dimensional subspace. (See Eq. for our
conventions of the graviton polarization states.) We consider the coefficients of the 1/m?
terms in Fig. [5.6.2) which are polynomials in s,¢ of degree four. The particular helicity choice
renders the amplitude ¢ +> u symmetric and we denote the amplitude coefficients by their

corresponding monomial in the Mandelstams. Unlike for the D = 4 examples considered
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previously, it is not always possible to factor out some overall powers of Mandelstams.

I e Scalar
6Ff i
: Vector
- 4._ ] e mN =38
R C "
N 2l _ » DBosonic String
I . e Heterotic String
0+ e _
i . . . , , Superstring
-1 0 1 2 3 4 5
als3t]
als?]

Figure 5.6.2: The D = 6 EFT data for various models for a[s3t]/a[s'] and a[s*t?]/a[s"].
A line with slope 3/2 is added to guide the eye. Here a[z] stands for the coefficient of the

monomial x in the Taylor expansion of the amplitude.

It is fascinating to observe that, similarly to four-dimensional theories, the data points
of the various models lie on an almost straight line and their spread from the line is much
smaller than the extend of the line itself, giving us a concrete first example of small theory

islands beyond D = 4.

We should, however, stress that not all extra-dimensional data falls on such perfect lines.
To see this, let us investigate a three-dimensional section of the coefficient space at mass-
level 1/m% where we have degree-6 polynomials in s and t. We summarize our results in
Fig. As seen in a rotated viewpoint shown in Fig. this data essentially lies in a
plane. While it appears that the virtual scalar EFT lies somewhat off a line formed by the
other models, it is difficult to assess the broader significance of this departure vis-a-vis the
parameter space allowed by causality, unitarity and crossing constraints, which is currently

not known beyond D = 4.
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Figure 5.6.3: The D = 6 EFT data for various models for the ratios of low-energy amplitude

coefficients a[s°t]/a[s%], a[s*t?]/a[s®], and a[s3t%]/a[s®]. We add a straight line to guide the

eye. As illustrated in Fig. from a different viewpoint the data essentially lie in a plane.

Figure 5.6.4: The same data points and line of Fig.

demonstrates that the data essentially lie in a plane.

5.6.3 Sample data in D = 10

0.6.3

e Scalar
Vector
e mN =38
e Bosonic String
e Heterotic String

Superstring

from a different viewpoint that

We proceed to analyze the data provided by perturbative calculations in D = 10, which is an

interesting dimension from a superstring perspective. We observe that, as in lower dimen-
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sions, the ratios of four-graviton amplitude coefficients again lie on a remarkably thin island.
As mentioned in the introduction, this theoretical data should provide crucial guidance for
future dispersive analyses analogous to those carried out in D = 4. Here, we only plot one
particular section through our data in D = 10 which could eventually interplay with the
search for string theory via the analysis of graviton scattering. For concreteness, we consider

the amplitude M (14-219-319+46+)-

Taking the large-mass expansion and evaluating all tensor structures for the specified
graviton-polarization choice we collect, for example, the expansion coefficients similar to
the k = 4 coefficients in D = 4. Notably, in D = 10 it no longer holds that we can
factor out an overall helicity-dependent polynomial of the Mandelstam invariants. Therefore,
the formerly k£ = 4 amplitude coefficients are associated to honest degree-8 polynomials in
s,t. In the particular example we discuss, even though we do not naively have crossing
symmetry due to the polarization choice, the only nontrivial contractions of polarization
vectors that survive are €49 -¢3 and ¢; - 4 which is left invariant under 2 <+ 3 or 1 <> 4. At the
level of the polynomials in Mandelstam invariants, this leaves three independent degrees of
freedom that we can in general bound from unitarity, causality, crossing and Regge-behavior
642 444

considerations. The three independent coefficients are associated to the s%, s%? and s

terms respectively and their ratios are depicted in Fig. [5.6.5|

The data lie on an almost straight line of approximate slope 9/2. We leave to future work
to establish the appropriate bounded regions of allowed parameter space from unitarity and

causality constraints. However, the similarity between Figs. [5.6.1] and [5.6.5] suggests that

many of the interesting features of the four-dimensional theory islands survive in higher

dimensions as well.

Recently, the projective bounds between independent Wilson coeflicients of the same
mass-level £ have been generalized to extremely interesting bounds of Wilson coefficients
against e.g. Newton’s constant [390, [391]. Here, we chose to plot projective data points due
in part to the surprising observation that Fig. in D = 4 does not change significantly
compared to Fig. in D = 10, where in both cases we evaluate the amplitudes for polar-
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Figure 5.6.5: The D = 10 EFT data for various models for the ratios of low-energy amplitude

coefficients a[s%t?]/a[s®] and a[s*t%]/a[s®]. A line with slope 9/2 is added to guide the eye.

I e Scalar
A i
i Vector
3|3 , ,_ ) e Bosonic String
[ o Heterotic String
ol i
[ Superstring
-1 0 1 2 3 4 S
as1
Q4,0

Figure 5.6.6: The D = 10 EFT data with four-dimensional external polarizations 4. Here
we follow the conventions of Eq. 1) A line with slope 3/2 is added to guide the eye.

izations corresponding to four-dimensional helicity states. Specifically, only the “Vector” data
point is D-dependent, and this dependence is solely due to the D, appearing in Eq. .
The net effect of this D-dependence is that the “Vector” data point is closer to the “Scalar” in
Fig. [5.6.6] compared to Fig. [5.6.1] While we do not spell out the details, this relative unifor-
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mity of the data across dimensions can be understood from the analysis of dimension-shifted
scalar integrals. This is consistent with the intuition that extra-dimensional momenta in
the loop can be thought of as a Kaluza-Klein mass which we effectively integrate over. This

integral over the mass then drops out from the projective data.

5.7 Conclusions and Outlook

In this work we studied explicit perturbative and nonperturbative models for UV sensible
four-graviton scattering amplitudes and their respective low-energy expansions. In particu-
lar, as a first example, we studied a nonperturbative N/ = 1 supersymmetric gauge theory
also coupled to gravity in four spacetime dimensions. Moreover, in D dimensions we consid-
ered tree-level four-graviton amplitudes in string theory and computed minimally-coupled

one-loop four-graviton amplitudes with massive matter circulating in the loop.

The crucial output is the low-energy expansion of these amplitudes. As in the four-
dimensional EFTs considered in Ref. [4], the low-energy coefficients of our data populate
rather small theory islands compared to the naive expectation that consistent theories should
fill out the full space of allowed low-energy couplings. Unlike the four-dimensional case where
this feature was attributed to low-spin dominance, in general spacetime dimensions we do not
currently have the same level of understanding. Nonetheless, our explicit analysis suggests
that similar mechanisms are at work and it would be extremely interesting to further explore
it by studying the partial-wave decomposition of our higher-dimensional amplitudes. We also
anticipate that our explicit data will serve as a useful guide for any upcoming analysis of
dispersive bounds on the low-energy Wilson coefficients. Further data can be found by
exploiting the results of Ref. [441], in which one-loop amplitudes in theories deformed by
operators induced by integrating out massive string states are computed. Similarly to the
discussion in section [5.5.1] the states circulating in the loop can be rendered massive through
Kaluza-Klein reduction; then, the resulting amplitudes are interpreted as those of an EFT

-2

of compactified string theory valid at scales p? ~ m¥%, < (/)72 in the same spirit as the

discussion in section B.3]
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There are several further interesting directions to pursue. For one, beyond D = 4, grav-
itational scattering amplitudes are no longer plagued by infrared singularities that hamper
obtaining a number of four-dimensional bounds from various approaches and can show up
in the form of IR-logarithms even beyond the forward limit bounds [390]. Gravitational
scattering in higher dimensions is also interesting in light of the recent attempts to find
string theory [282] from an S-matrix bootstrap point of view. It would be very interest-
ing to narrow down the range of possible extensions of gravitational UV completions in 10
spacetime dimensions beyond string theory. One could also combine the scattering matrix
for different graviton states in higher dimensions into a matrix, on which nontrivial bounds
can be determined, analogous to the ones found for different helicity configurations in four
dimensions [4].

Additionally, the data presented here is primarily deduced from conventional gravitational
scattering amplitudes, although we also presented a first example of data deduced from
nonperturbative amplitudes. Recently, certain more exotic amplitudes with “accumulation
point spectra” have gained some attention in e.g. Refs. [442] [443] and likewise in the
model of Appendix D of Ref. [4] that in turn was inspired by Ref. [268]. It is interesting
to note that while the accumulation-point model of Ref. [4] was designed to violate low-
spin dominance, the associated low-energy EFT still belongs to the same theory island as
the more conventional string- and field-theory data. It would be interesting to study the
ultimate fate of accumulation-point amplitudes and determine whether or not they should

be thought of as physical UV completions.

Along similar lines, it would be interesting to think about additional models that UV-
complete gravitational scattering. Perhaps the most interesting new classes of theories in-
volves nonperturbative physics. Here, we studied only a first example. It is possible to
carry out a controlled non-perturbative analysis in the context of the AdS/CFT correspon-
dence [444] [445],1446], generalized as in e.g. Ref. [447| or with a simple cutoff in the transverse
direction [448|, to describe a confining boundary theory. Indeed, bulk AdSs supergravity

can be used to find the boundary four-dimensional correlation functions of e.g. four stress
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tensors, which in turn can be interpreted as the four-graviton off-shell Green’s functions.
Fourier-transforming to boundary momentum space allows on-shell conditions to be im-
posed and leads to the boundary four-graviton amplitude due to virtual nonperturbative
matter. Naively, the contribution of one bulk-exchange diagram to the amplitude is, up to a
polynomial helicity-dependent factor, a function of the corresponding Mandelstam invariant.
It would be very interesting to explore the consequences of these polynomial factors on the

Taylor coefficients of the expansion of the amplitude at large confinement scaleﬁ

In conclusion, placing bounds on gravitational scattering and analyzing explicit data in
four spacetime dimensions and beyond should give us a fruitful probe of possible extensions
of Einstein gravity. A key question is whether we can constrain sensible theories to live on

islands as small as those suggested by the explicit theoretical data.

6 At high energies the scattering process is localized in AdS space and given, up to external-state factors,
by tree-level string theory amplitudes [448]. This suggests—but does not prove—that we may expect certain
similarities between the properties of flat-space string-theory Taylor coefficients and those of the boundary
graviton amplitudes.
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