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A STUDY OF INCOMPRESSIBLE 2-D VORTEX FLOW 

PAST A CIRCULAR CYLINDER 

A. Y. Cheer 

Computer Science and Applied Mathematics Division 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, California 94720 

ABSTRACT 

LBL-9950 

Flow past a circular cylinder, in two space dimensions, of an 

incompressible fluid with high Reynold's number, is simulated using a 

hybrid method resulting from a coupling of Chorin's random vortex sheets 

and blobs method. Here~ the Prandtl boundary layer equations are approx-

imated by the vortex sheet elements<o whereas the flow outside the boundary 

layer is approximated using-the vortex blobs method. These equations 

are coupled at the edge of the boundary layer. This hybrid algorithm 

retains the advantage of being grid-free and produces numerical results 

that are more accurate than when the vortex blobs method is used alone. 

Furthermore, these calculations are in excellent agreement with known 

physical experimental results .. 
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1. INTRODUCTION 

Fundamental to the study of viscous fluid flows is the study of 

the Navier-Stokes equations. These equations are difficult to study 

nurneri"cally, especially for large Reynold's numbers. "For example, any 

method that imposes a grid is not practical because the mesh width must 

decrease as the Reynold's number R increases. This is because we assume 

the boundary layer thickness to be on the order of l/.JR-; . Thus for 

very large Reynold's numbers, an unreasonably fine grid must be imposed. 

Chorin published in 1973 [3] a grid-free method where the inviscid 

part of the equations is studied through interactions of vortex blobs, 

and the effect of viscosity is studied through use of the relationship 

between diffusion and random walk. An outline of this method is presented 

in Section 2. There are, however, some difficulties- with this method. 

Namely, the convergence near the boundary is slow and the interaction 

between blobs are singular. To overcome this problem, Chorin published 

in 1978 [5] the vortex sheet method. Vortex sheet elements could be 

used near the body to solve the Prandtl boundary layer equations, where 

no lower bound to the thickness of the boundary layer is imposed. This 

method is also grid-free and has the advantage that interactions between' 

the vortex sheet elements are not singular. 

can be found in Section 4. 

A more detailed discussion 

In this study, a hybrid algorithm resulting from these two methods 

is considered. Here the solution to the boundary layer equation is linked 

to the mainstream by patching at the edge of the boundary layer, i.e., the 

boundary layer velocity component joins with the corresponding exterior 

to, 
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component at the edge of the boundary layer (see Fig. 1). Section 5 

gives a more detailed description of how this is done and discusses the 

solution process of the problem. 

The numerical results, as presented in Section 6, indicate that 

this is a good model for viscous fluid flow in two dimensions. For the 

case of flow past a circular cylinder, good agreement with experimental 

values of the lift and drag coefficients is obtained. With the aid of 

conformal mapping, the solution can be transformed to give flow past 

an airfoil. The only drawback with any exterior flow problem of this 

type is that calculations become expensive as the number of computational 

elements increase. Hence, to make long-time calculations feasible, a 

method of combining vortices to limit the total number of computational' 

elements should be used. 

2. RANDOM VORTEX BLOBS METHOD IN TWO DIMENSIONS 

The Navier-Stokes equations for an incompressible flow can be 

written: 

u = -'"1)1 
y 

R-1/:,F, 

v 

(1) 

where U = (u,v) represents the velocity field, S = curl!:.!:' is the 

vorticity, t represents time, 1)1 is the, stream function,/:, = ,;2 is the 

Laplace operator, z=(x,y) is the position vector, and R is the 

Reynold's number. 
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To begin, we consider just the inviscid, incompressible flow 

without any boundaries. For this case, the Navier-Stokes equations 

above reduce to 

~ + u~ + v~ - 0 
t x y 

u = -\jJ 
y 

v 

(2) 

(3) 

(4) 

Now consider for the moment, a point vortex of strength ko located 

at some point 

is: 

where Iz-z I o 

z = (x ,y ). 
o 0 0 

The corresponding stream function for this 

\jJ(z) = k • (2n)-1 loglz -z I 
o 0 

(5) 

is the distance between the points z and z . 
o 

From 

relationships (4) we can easily find the induced velocity by taking the 

derivative of the stream function. Thus, 

u(x,y) 

v(x,y) = 

1 
--k 

2no 

+~k 
2n 0 

x -x 
o 

r2 
o 

(6) 

where r 
o 

2 . 2 2 
(x-x ) + (y-y ) . 

o 0 
Hence, the trajectory of the vortex is 

described by dx/dt = u and dy/dt = v. 

In order to solve (2), we start by taking the initial distribution of 

vorticity ~ (0) and partition it into blobs ~., j= 1, •.. ,N such that each 
J 

blob has small support which does not intersect with each other. The 

k. = J~. dxdy, where the integration is taken over the 
J J 

circulation 

support of ~., is a constant function of time for an inviscid fluid. 
J 

" . 
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Now, we visualize our computational elements as point vortices situated 

at points z. = (x. , y . ) with strength k. ~ 
J J J J 

Here z. is the center of 
J 

mass of the corresponding blob ~j' Initially at time t=O, we consider 

N 
the flow corresponding to ~ (0) = ~ k. 0 (z-z.), where 0 is the delta 

J J J . 

function. From (5) we see that the corresponding stream functions are 

given by 

= (2rr)-lLk.loglz.-z.1 
.. J 1 J 

where 

with 

N 

L 1jJ. 
j=l J 

Also, from (4) and (6) we obtain: 

J 

, . 

Again, r
ij 

is the distance between the points (xi 'Yi) and (xj 'Yj ). 

Let us now consider the structure of a point vortex. The induced 

velocity of any radius vector r, j oiningthe center of the vortex to 

some point .of the fluid, is of magnitude that is inversely proportional 

to r and ,is perpendicular to r. Thus, the induced velocity tends to 

zero at great distances. However, as r tends to zero, the induced 

velocity tends to infinity which is physically unrealistic. These 
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characteristics can be verified from Eqs. (7) with r .. + O. As discussed 
1J 

in: Chorin [3], what we need is a smoother stream function. 1j;°(r) such 

that 
N 

E 
j=l 

o 
k. 1j; (z -z.) 

J J 

where 

-1 
~ (21T). log r r large 

+ 0 as r+O 

In this way, we also revise the motion of the vortices so that we get, 

dx. 
1 

dt 

dy. 
1 

dt 

For this study we introduce . 

= 

L 
j#i 

{ 

(21T) -1 log r 

(21T)-1 rIa. 

(8) 

r .~ (J 

(9) 

r<a 

where· r denotes the distance and a is a cut-off length to be ·determined 

later. For more information on cut-offs, including comparative studies 

and convergence proofs, see RaId [7] and RaId and Del Pret~ [8]. The 

induced velocities using this new stream function are 



<.i -' 
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(21f)-1~ 
y.- y. 

-l~ 
y. - y. 

1 J 1 J 
-u. k. + (21f) kj 1 J 2 ar .. r .. 1J 

r . . >a 1J r . . ~a 
1J 1J 

(10) 

x. - ~{. 

(21T)-1~ 
x. -x. 

(21f)-1~ k. 
1 J + k. 

1 J 
v. = 1 J 2 J arij 

r .. >a 
r ij r . . ~a 

1J 1J 

Next, we consider the diffusion part of the Navier-Stokes 

equation: 

~(x,y,t) 

. with initial condition ~(x,y,t =0) = ~(O). 

Here we use random walks to simulate the,diffusion process as follows: 

First, distribute bver the plane point masses ~. located at z. = (x.,y.) ·1 1 1 1 

. with the condi tion that!: ~. = ~ (0) . Next, move the points according 
i 1 

to the laws: 

n+l 
x. 

1 

where n
1 

and nz are independent random variables with a gaussian distri

bution of mean zero and variance 2 o !J.t/R, where tst represents the time 

step and ( n n th xi ' y i) represents the i . -point at time Let 

n . n . 
u. and v. approximate (10) or equivalently the right-hand side_Q£_(J3), 

1 1 

Le., the induced velocity using the revised stream function (9). Then, 

combining the motion due to the induced velocity and random walk we 

arrive at the following 

n+l 
x. 

1 

(11) 
= 
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As stated in Chorin [3], the vorticity density generated by the motion 

of the vortices according to these laws will approximate the solution 

of Eq. (1). 

Finally, let us place in this fluid a circular cylinder. The 

boundary conditions we need to satisfy are: " 

U-T = 0 

U-n = 0 

on the boundary aD, 
T tangent to dD 

on dD, where n is 
normal to aD 

(12) 

To satisfy the first boundary condition, a vorticity generation algorithm 

will be used. Here, the no-slip condition and the viscosity will create 

a boundary layer next·to the body., The vortex sheet method will be used 

to approximate this and at the same time take care of the induced tangen-

tial boundary condition. For the case of a circular cylinder, the second 

boundary condition can be easily satisfied using the method of images 

which is discussed in the following section. 

3. THE IMAGE SYSTEM FOR A CIRCULAR CYLINDER 

Whenever a body is placed in a field of flow, there is some normal 

velocity induced on the boundary of this object. To satisfy this normal 

. boundary condition we need to add to the solution a potential flow with 

the opposite normal velocity on the boundary. Fot the case of flow past 

a circular cylinder, it is. particularly simple since we can use the 

method of images. 

Consider a vortex k situated at a point zl in the xy-plane, and 

, 
l 
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outside a circular cylinder of radius a, centered at the origin. The 

image system consists of a vortex -k at the inverse point l/zl and a 

vortex k at the origin (see Fig. 2a). The vortex kat zl together 

with its inverse vortex -k at l/zl cancels exactly on the boundary, 

thus giving zero normal velocity. The vortex k at the origin does not 

influence the normal velocity on the bounda~, and exists to satisfy 

conservation of circulation. 

Circle Theorem 

Let there be irrotational 2-D flow of an incompressible invisicid 

fluid in the z-plane. Let there be no rigid boundaries and let the complex 

potential of the flow be Hz) where the singularities of f (z) are all 

at a distance greater than a from the origin. If a circular cylinder 

I z I =a is introduced into the field of flow, the complex potential 

becomes w = Hz) + f(a 2/z), where f denotes the complex conjugate 

of f. For a proof, see Milne-Thomson [11]. 

Let us take for example two vortices; one vortex k at point zl 

and the other vortex -k at point z: outside the cylinder of radius a 

centered at the origin (see Fig. 2b). The complex potential with the 

(z-z 1) 
absence of the cylinder is ik log __ If we insert the cylinder, 

(z-zl) 

we get by the circle theorem the complex potential 

(z - z 1) (a: - 21 ) 

w ik log - ik log 
(a; (z - z 1) Zl) 

or, after ignoring a constant we derive 

w 

. ( a
2

) (z-zl) z- zl 
ik log (z - zl) - ik log ------a..,,2~--=-

z -
zl 

(13) 
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If we write w = <P + i'\jJ where <P is the velocity potential and '\jJ the z 

stream function, we get: 

= 

1 
zl zl 

k log ----------1--
zlZl'zl~ 

1 

where '\jJ, is the value of '\jJ at zl' It is readily verified that the 
zl ' 

velocity vector of the vortex at zl is 

( 

d,t/I ' 1 zl 
- ---
2 dy 

, 1 

corresponding to Eq. (4). Note that we have here an extra factor of J:2. 

This is because the vortex and its 'inverse vortex together influence 

the velocity at anyone point by exactly a factor of two. 

4. VORTEX SHEET METHOD TO SOLVE BOUNDARY LAYER EQUATIONS IN 2-D, 

AND VORTICITY GENERATION ALGORITHM 

To begin with; let us note that any given curve in the z-plane 

can be seen locally as a straight segment. For theoretical analysis" 

see Chorin, Hughes, McCracken, Marsden [4]. So, in applying the vortex 

sheet method, we need only consider flow past a flat plate. Thus, let 

us consider the flat plate problem in the z-plane, assuming the wall 

to be at y=O and the flow field to be the half space y ~ O. The boundary 

layer equations are: 

= Vs ' yy 

-u y 

o 

(14) 

(15) 

(16) 
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with the following boundary conditions: 

U = ,(u, v) = 0 at y o (17) 

u(x,y = 00) U (x) 
00 

(18) 

where U = (u, v) is the velocity vector with u tangential and v nOrmal 

to the boundary, 1;. is the vorticity, V the viscosity and V = gradient 

operator. 

Now, from Eq. (16) we get 

av 
ay = 

But v(O} = 0 from (17), thus 

v(x,y) = 

au 
ax 

'~ av 

o 

, au 
~ - - dy ax 

y 

~I 
o 

au d ax y 

y 

~ v(y) ~ v(O) = - a: 1 u(x,y) dy • 

o 

y 

a: 1 u(x,y) dy (19) 

Next, from Eq. (15) we derive 

au 
ay -I; ~ du = -I; dy 

y 

'~f du 

00 

y 

-1 I; dy 
00. 

u(x,y) - u(x,oo) 

y 

-I I;(x,y) dy 
00 
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But u(x,oo) Uoo(x) from (18), thus 

y 

u(x,y) Uoo(x) - J ~(x,y) dy (20) 

00 

Hence,. if we know what ~(x.y) is, we can get!:!: = (u,v) from Eqs. (19) and 

(20) above. 

We define our computational elements, the vortex sheets, to be 

surfaces across which the tangential velocity changes abruptly. A vortex 

sheet has strength ~i when the velocity u above and below the sheet 

differs by ~ .. Each sheet is broken up into elements which participate 
1 

in the approxtmationof the flow. 

Consider a collecti.on of vortex sheets S. of intensity ~., 
1· 1 

i = 1, ... ,N, centered at z. = (x.,y.) 
111 

and such that S. is parallel to 
1 

the x-axis. Using a center-difference approximation, we can approximate 

the tangential component by using Eq. (20): 

u. 
1 

U (x.) - ~ ~. - E~. d
J
. 

00 1 1 j J 
(21) 

where the smoothing factor d. = 1 - Ix.-x.l/h and the sum ~ is over 
J 1 J 

all S. such that y.>y. and Ix.-x.1 < h; h=length of the sheet. 
J J 1 1 J 

Similarly, from Eq. (19), for the normal velocity component vi' we get 

.y 

II - Ju(x+~,y) dy 

o 

"" U (x + l!) y. - ~ ~. d :y ~ 
00 i 2 1. "-:-+ J J J 

J 

Y 

12 "" fu(x ~ , y)dy 

0 

U (x. - ~) y. - L Cd-:- * - Yj 00 1 1 .- J J 
J. . 

.. ,-:.. 



" 
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where IXi + ~ - xjl 
1 - -----""--

h 

d. 
J 

Ix. - .!:!2 - x·1 1 _ 1 .. J 
h 

The procedure for approximating the boundary layer equations is 

as follows: First, we consider the corresponding inviscid boundary 

layer equations: 

~ + (~ • :D~ = 0 
t 

~ = -u 
y 

ux + Vy = 0 

The motion of the vortices can be approximated by 

n+l 
x. 

1 

n 
x. + t.t u. 

1 1 

n 
y. + t.t v. 

1 1 

where t.t = time step, (x~, y~) are the ith-point at time t = n·t.t 
1 1 

and (u.,v.) is the velocity which can be computed using Eqs. (21) and (22). 
1 1 
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Next, we include viscosity by adding an independent random variable 

n
i 

with a gaussian distribution of mean zero and variance 2V~t. Adding 

this to the above gives us 

n+l n + ~'t (23) x. x. u. 
1 1 1 

n+l y~ + ~t + (24) Yi = v. ni 1 1 

With this procedure" we see that the boundary conditions u(x,y= 00) 

Uoo and (x,y = 0) o are automatically satisfied. The remaining 

boundary condition u(x,y=O) = 0 will be satisfied through the following 

vorticity creation algorithm. 

Suppose the velocity component tangent to the wall is u(x,O) = Uo:f O. 

Then the total vorticity per unit length on the wallis 

interior J < dy = J
' dU d 

dY Y u o 

wall 

Here y is in the direction of the normal. By' antisynunetry ,we continue 

the flow from y>O to y<O, Le.. u(x,-y) -u(x,y). Choose the 

length h. Since ~(x,-y) 

Si~ i = 1, ... ,2£ such that 

~(x,y), 

2£ 
1; s· = 

i=l 1 

is some reasonably small quantity. 

we create at point Qi vortex sheets 

2u with Is. I ~ ~ where ~ , o 1 max max 

As these sheets are being created, they are assigned integer tags. 

'The effects of this tagging is to piece together the vortex elements 

created at different boundary points into a single vortex sheet. Hence, 

the elements of the same sheet will have a unique conunon tag among them. 

Elements with the same tag are assigned the same n. Next, we let these 

. '. 

~ 

.'-..... 
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sheets move according to the laws (23) and (24). On the average, half 

of the sheets on the boundary will flow into the upper half plane. 

However, to reduce the variance of the results, we require that exactly 

one-half of the sheets flow upwards. For this, a rejection technique is 

used which ensures that successive n1 s used have opposite signs, and 

upon application of formulae (23) and (24), exactly one half will flow 

to the lower half plane. It is for this reason that the number of 

vortex sheets created at anyone pOint is an even number = 2t. For 

the vortex sheets in the boundary layer, but not on the wall, the anti-" 

symmetry of the flow is imposed by reflecting the sheets back into the 

fluid if they cross the wall. Using this algorithm, we see that the 

boundary condition is satisfied exactly. For a more detailed description 

of this method, see Chorin [5]. 

5. CALCULATION SCHEME 

Consider a circular cylinder of radius 1, centered at the origin 

and immersed in a fluid of density 1. Partition the boundary of the 

circle into M equal segments each of length h = 27T/M. At time t=O, 

the cylinder is started impulsively with a velocity magnitude of 1, where 

the direction of flow is parallel to the positive x-axis. Since by 

, convention positive flow is in the direction of the negative x-axis, in 

our present frame of reference the velocity at infinity is ('-1,0) and 

the cylinder is at rest. Immediately after time t=O the tangential and 

normal boundary conditions UOT = 0 and Uon = 0 are violated. The total 

vorticity on the boundary when the boundary conditions are satisfied is 

UOT = ~ j 0 per unit length. 
'"' - 0 
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To illustrate the method, let us consider what happens at some 

time t = n·~twhere we have a collection of vortex points (x. ,y. , k.) 
J J J 

centered at (x.,y.) of strength k., j = 1, ... ,NN, and a collection of 
J J J 

vortex sheets (x.,y.,~.) with midpoints (x.,y.) and intensity ~., 
111 11' 1 

i = 1, ... ,N. To satisfy the normal boundary condition induced by the 

flow field, we employ the method of images described in Section 3. 

Furthermore, we will calculate the amount of vorticity on the edge of 

the boundary layer when this condition is satisfied. Here we assume that 

-k 
the boundary layer thickness is of order 0 (R 2) where R is the Reynold's 

number. The resulting complex potential is 

w(z. ) 
1 

where a 

u. 
1 

-U (z.' _a
2 )+ 

00 1 z. 
- 1 

lENN

. '[ --2 1 k. log(z .-z.) 
n J 1 J, 

j=l 

is the radius of the circle and Uoo (-1,0). Evaluating: 

2, 2 
(Yi -Yj) (y.-y.) (x. + y.) 

~Ik ~Ik 1.- 1 1 + + 1 J 

(RAD)2 2n .1 j (RAD2)2 2n . 2 j cr(RAD2) 
J J 

(Yi -
y. ) 

(Yi -
y. ) ~ 

R}2 
12: k. 

RJ2· 
2~~2 k. 

2n . 1 J (RAD3)2 J cr(RAD3) J J 

+ 2~ ~l k. 
Yi 

+ II k. 
Yi 

J (RADl) 2 2'n 2 J cr(RADl) 
J j 
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1 
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= 
2x.y. 

1 1 

(RAD)2 

1 2: 
(X.-x.) 

_ _ k 1 J 

2rr . 1 j (RAD) 2 
1 L 

(x. - x.) 
_ k 1 J 

2rr .. 2 j a(RAD2) 
. J 

+~~k 
2rr ~1 j 

J 

(Xi - ~) + ~ ~ k 
2rr ~2 j 

j (RAD3) 2 

1 2: xi 
2rr k. 2 

1 J (RAD1) 
j 

RADl ";x.2+y.2 
1 1 

RAD 2 2 
Xi + Yi 

RAD2 J (xi -Yi)2 + 
2 

(y i - Yj) . 

V(xi - iAY + (Yi -
y.y 

RAD3 _J 
RJ2 

RJ2 
2 2 

= x. + y. 
J J 

cr cut-off to be determined later 

J . 

(Xi - ~) 
a(RAD3) 

~l is taken over all vortices s.t. RAD1, RAD2, RAD3 > a 

~2 is taken over all vortices s.t. RADl, RAD2, RAD3 ~ cr 

At time t=O, the above formulae yields 

u. 
1 

v. 
1 

= 1 -

-2x.y. 
1 1 

2 2 2 
(x. +y.) 

1 1 

which is _ 0 on the boundary, 

.; 0 and we want this to be zero on aD. 

Thus, U. = (u., v.), and the resulting vorticity is U. -'[ = 2~ .; O. 
-1 1 1 -1 -

This is twice the amount induced because of the contribution due to the 
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image points. But this is exactly the factor needed when we use the 

vortex sheet method as described in Section 4. At time t=O, the amount 

to be created at each point on the boundary is exactly -2~ unless o 

1-2C" I < C" In this case, for computational economy, no sheets are 
"'0 "'max· 

created. Immediately, upon applying an appropriate modification of 

the rejection technique for Eqs. (23) and (24), exactly one-half· of 

what has just been created will disappear into the circle. Thus, the 

boundary condition is satisfied exactly except for the q.mes t when 

12~01 < ~max· At time t=n·lIt we create an amount ~diff which is the 

difference between the amount required minus. the amount already existing 

in the boundary layer , i. e. , ~diff = - (2t; amount already existing). 

In this ;'ay, the transition from.2t; on the edge of the boundary layer to 

zero on the boundary is· achieved, and thus also the tangential boundary 

condition. We see from this procedure that the interaction between sheets 

and blobs are treateq as if all are sheets. 
, 

After all the new sheets are created, all the sheets move according 

to the laws (23) and (24) where n is in the normal direction. As stated 

before, exactly one-half of the newly created sheets will walk into the 

circle. As for the rest of the sheets, they become points if they flow 

outside of the boundary layer. Since sheets and points are determined 

by the same parameters, this change is simple and straightforward, i.e., 

(x. ,y . ,t;.) becomes (x., y. ,k.) where k. = he sincecircula tion for a 
111 111 11 

sheet is h~ .• Thus, when a sheet becomes a vortex point, the only change 
1 

is in the intensity of the point to satisfy conservation of circulation. 

To preserve antisymmetry, the sheets in the boundary layer, but not on 

the boundary, that flow into the circle are reflected to their image 
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points. We know, a priori, that the sheets with sharp gradients are 

close to the point of separation. As a programming tool, we can test 

the velocity ratio u/v of the sheets and change them into points if u/v 

is greater than some chosen number . 

Transitions from vortex points to vortex sheets follow a similar 

procedure. A point can become a sheet if it either flows back into the 

boundary layer or if it flows into the circle and its image point lies 

in the boundary layer. In the latter case the point is reflected as a 

sheet. One can argue that if ~t was more refined, this point will end 

up in the boundary layer as it follows its traj ectory. Then when it 

flows into the circle as a sheet, it will automatically be reflected to 

preserve antisymmetry. Note that this cannot be done if the image point 

is not in the boundary layer for we only have this antisymmetry property 

for the boundary layer equations. This procedure, suggested by Chorin, 

is valid and does not violate the boundary conditions. Furthermore, it 

yields a non-trivial improvement on the accuracy of the model. The only 

time any computational elements are lost to the calculations is when they 

flow into the circle, but do not satisfy any of the above mentioned 

conditions. 

The only thing left to do now is choose a value for the cut-off a. 

Consider a collection of points. As they tend to each other and to the 

boundary, their interaction should converge to that of the corresponding 

sheets. Thus, let us consider the following example in determining the 

cut-off. Let the line y=O be a wall, and consider the flow to be in 

the upper half plane~ Assume the boundary layer thickness is of order 
1 

O(R-~) and let there be a vortex sheet of intensity ~ at the edge of the 
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boundary layer. Now, take a vortex point situated at ZI= (x1'Yl) 

with strength sh together with its image point at 'Zl (xl '-Yl)' 

If we choose (J = h/rr, we see using formula (10) that as the point 

approaches the edge of the boundary layer we obtain the following: 

For the point at zl: 
U 

1 

1 
2rr 

1 
2rr 

-!z 
R 

h ,,-k2 - R ' 
rr 

We get the same result for the image point. Thus as the point approaches 

the boundary layer, it behaves just like a sheet. Hence, this value for 

the cut-off (J =h/rr is the natural choice. Furthermore, we can view 

computational elements to act like sheets near the boundary and like 

blobs far away from the boundary. 

6. NUMERICAL EXPERIMENTS 

In all the numerical calculations, the boundary of the circle of 

radius 1 is divided into M=20 pieces, each of length h = 2ir/M. The 

Reynold's number is chosen to be R = 1000 mainly because there are ample 

experimental studies ,to compare the results with. Also, at :this value, 

one can be sure to observe the separating streamlines of the flow quite 

clearly. 

The cylinder is started in motion at time t=O, where t is measured 

in nondimensional units, and !:"t = 0.2. For reasons of economy, we choose 

sas large as possible, but not too large that it would be too crude max 
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to approximate the main effects of the problem. After some experimenta-

tion, l: = 1. 0 was chosen. In order to be able to come very close in max 

predicting the point of separation, we refined the calculation by taking 

C to be 0.1 or 0.2 after some time t =T. A flow started impulsively smax 

goes through a long transitional period before it becomes fully developed. 

T is chosen to be large enough so that the flow is leaving the transi-

tional period and entering into the stage of being fully developed. 

This is seen to be around T = 8. Refinements at this point by redefining 

C to be 0.1 or 0.2 produces a more accurate model. The results smax 

corresponding to l: = 0.1 and ~ = O. 2 after T = 8 differ from each max ' max 

other by a very small percentage. 

Figures 3a, 3b, 3c and 3d show different stages of the development 

of the flow corresponding to ~ =1.0 until time T=8, then ~ = 0.2, max max 

h = 27f/M, M = 20, 0= h/7f, R = 1000, and !J.T = O. 2. This development 

is comparable to the development of the flow derived by physical experi-

mentation as shown in Batchelor [1]. At time t=2, we see that eddies in 

the wake of the cylinder are just beginning to take form. By the time 

t=5, the eddies are well developed and the points of separation are seen 

clearly on the circle to be about 85° from either side of the forward 

stagnation point. Furthermore, new eddies are being formed while the 

original ones have moved downstream and are less defined due to diffusion. 

By time t=8, the eddies created earlier are being diffused together while 

new eddies keep forming on the boundary. At time t~lO, the asymmetry 

of the flow is clear and the point of separation can be pict:orially 

estimated to be around 78°, and 115° from the forward stagnation point. 

The lift and drag coefficients are calculated using a formula sent 
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to.me by Rogallo [13]. He claims this same formulation could be derived 

by other methods. In Appendix A, a derivation of this formula is presented. 

The equation used is: 

N 

L - iD = P d~ 2: rj (Wj 
j=l 

where L is the lift, 

vortex point situated at 

D is the drag, 

w. = (x., y . ) , 
JJ J 

r. 

w~ 
J 

J 

(25) 

is the strength of .the 

is the image vortex and 

p = density = 1. The values of Land D are averaged overtime. At 

time t=8, the average drag coefficient is D = 1. 0552291 which is less ave 

than 2% off from the experimental value of 1.04. The lift coefficient 

L =-0.0983586 is very close to zero, the desired average value. ave 

Assuming that the flow is developed at t~8, the following momentum 

deflect equation is also used in calculating the dtag coefficient at 

this time: 

(26) 

where the integration is taken from y = -5 to y = +5. See Landau and 

Lifshitz [10]. 

Using the first formula (25) we have, after averaging over time 

t=ll, D 
ave 

1.0110045 and L = -0.147714. See Table I for more details. 
ave 

Formula (26) gives us D2 = 1.012692. This was averag~d over 15 times . ave 

steps from t=8 to t=ll (see Table II). Both methods at t=ll are off by 

less than 3% of the experimental average. The behavior of the drag can 

be seen in Fig. 4. It starts at 1.01, climbs sharply to about 1.4 and 

then oscillates at about 1.0 with a variance of 0.0361302. The lift 

,-
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starts at zero, rises to 0.1, then becomes slightly negative for most of 

the time until t = 5.6. It then oscillates with varying amplitudes staying 

almost always between ±l, with an average which is slightly below zero 

at time = 11, and with a variance of 0.1000197. 

For a run of this duration, it takes on the average between 3.5 

and 4 minutes on the CDC-7600 at Lawrence Berkeley Laboratory. This flow 

at time eight is modeled by a total of 467 elements. After this time, 

a great number of points are generated at each time step correspondi~g 

to the refinement i;max = 0.2. At time eleven, there were 908 points and 

176 sheets. 

7. CONCLUSION 

In general, flow past smooth bodies is very difficult to study. 

But, as we have seen from the above results, random vortex methods of' 

modeling the fluid flow past a circular cylinder is very accurate. 

This gives us hope that, in two dimensions, one can study flow past an 

arbitrarily smooth body; in particular, streamlined airfoils. 

As mentioned earlier, the drawback to exterior flow problems like 

this one is that the cost grows very fast as the number of points and 

sheets increases in, time. Note that this is not inherent in the method 

but in the type of problem. For this method to be feasible for exterior 

flow problems, some method of limiting the number of computational 

elements must be used. 
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TABLE I 

Time Drag Average Lift Average 
drag lift 

,~ 

0.4 1. 0170954 1. 0170954 -0.0006495 0.0006495 

0.6 0.9468507 0.9819731 -0.0469291 -0.0237893 .. 
0.8 1. 4015314 1.1218258 0.0634180 0.0052798 

1.0 1.4066001 1.1930194 0.0894785 0.0263295 

1.2 1. 3296867 1.2203529 -0.1882153 -0.0165795 

1.4 1.3796144 1. 2468965 -0.2444844 -0.0545636 

1.6 1. 3584294 1. 2628297 -0.2779684 -0.0864786 

1.8 1. 2470313 1. 2608549 -0.0726804 --0.0847538 

2.0 1. 2874268 1. 2638074 -0.3198373 -0.1108742 

2.2 1.1037131 1. 2477979 -0.3238770 -0.1321745 

2.4 1.1310412 1. 2371837 -0.1043398 -0.1296441 

2.6 0.9469284 1. 2129957 -0.1060470 -0.1276776 

2.8 0.8866647 1.1878934 -0.1084236 -0.1261966 

3.0 0.9831929 1.1732719 ..,.0.1056322 -0.1247277 

3.2 0.9964375 1.1614829 -0.0607246 -0.1204608 

3.4 1.1158880 1.1586333 0.0317951 -0.1109448 

3.6 0.9437933 1.1459956 0.0994488 -0.1102686 

3.8 1.0645009 1.1414681 -'-0.0858113 -0.1089098 

4.0 1.1107095 1.1398492 0.0073339 -0.1027917 

4.2 1.3098470 1.1483491 0.0017737 -0.0975635 

4.4 0.9616846 1.1394604 -0.1692474 -0.1009770 

4.6 1. 2196844 1.1431069 -0.4368068 -0.1162420 

~-"v 4.8 1. 2246592 1.1466527 -0.2854466 -0.1235987 

5.0 1.0294858 1.1417707 -0.4145875 -0.1357232 
-.~ 5.2 1. 0538866 1.1382553 -0.2437593 -0.1400447 

5.4 0.9867342 1.1324276 -0.1078701 -0.1388072 

5.6 0.6746604 1.1154733 0.0489768 -0.1318522 

5.8 0.6855347 1.1001183 -0.1807293 -0.1335978 

continued . . . 
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TABLE I (continued) 

Time Drag Average Lift Average 
drag lift 

" . 
'6.0 0.7744339 1. 0888878 -0.3043689 -0.1394865 

6.2 1. 2038630 1. 0927203 0.5405580 -0.1168184 
.:. 

6.4 0.8954263 1.0863560 0.2747397 -0.1041874 

6.6 0.9884627 1.0832968 -0.0146288 -0.1013887 

6.8 1. 0409053 1. 0820122 -0.1907503 -0.1040967 

7.0 0.9297318 1. 0775334 -0.2585641 -0.1086398 

" 7.2 0.7630164 1. 0685472 -0.2286618 -0.1120690 

7.4 0.9225624 1.0644921 0.1179715 -0.1056790 

7.6 0.8638745 1. 0590700 -0.0369580 -0.1038217 

7.8 1. 2268381 1. 0634849 -0.1509953 -0.1050631 

8.0 O. 7415093 1. 0552291 0.1564119 -0.0983586 

8.2 0.7388675 1. 0473201 0.4551664 -0.0845205 

8.4 0.7763027 1. 0407099 0.2104688 -0.0773256 

8.6 0.9773165 1. 0392005 -0.1158682 -0.0782433 

8.8 0.9778374 1.037714 -0.0683569, -0.0780133 

.9.0 0.8833777 1.0342644 -0.0986291 -0.0784819 

9.2 0.9682199 1. 0327968 0.1508305 -0.0733861 

9.4 0.7926051 1. 0275753 0.0051830 -0.0716781 

9.6 0.9132944 1..0251438 0.0338029 -0.0694338 

9.8 0.8449419 1.0213896 -0.1103754 -0.0702867 

10.0 1. 0617275 1. 0222128 -0.2777761 -0.0745212 

10.2 0.9130276 1. 0200291 -0.2864067 -0.0787589 

10.4 0.9648989 1. 0189481 -0.8379704 -0.0936454 

10.6 0.8796013 1.0162684 -0.8103693 -0.1074286 

10.8 0.8078139 1.0123353 -1. 2167775 -0.1283597 
~' ... 

,11.0 0.9404720 1. 0110045 ~1.1765907 -0.1477714 
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TABLE II 

Drag 
Time coefficient 

8.2 0.9607991 
t. 8.4 0.9756052 '. 

8.6 0.9845784 

8.8 0.9705534 

9.0 0.9802648 

9.2 0.9746541 

9.4 1. 0311509 

9.6 1.0195446 

9.8 1. 0292508 

10.0 0.9861087 

10.2 1. 0291337 

10.4 1. 0727180 

10.6 1. 0726391 

10.8 1.0653742 

11.0 1.0380065 

Average drag coefficient: 1.0126921 

-. 
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APPENDIX A. 

The following derivation of the lift and drag coefficients was sent 

to me by Bob Rogallo. 

Blasius Formula: 

where q 

Now 

lu -ivl 

L 
P 

I d<I>/dzl . 

iD 
P 

constant [Bernoulli] 

The integral f q 2
dz can be evaluated by noting that 

But in view of the tangency condition, d<I> is real at the surface so 

that d4>* = d<I> .. Then we have 

so that 

L - iD p p = 

For steady flow this reduces to the familiar form (Blasius' Formula) 

(AI) 

(A2) 

D - iL 
P P 

[see Karamcheti, p.454] 
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Now Eq. (AI) is not valid for rotational flow in general. The 

general form is 

-IV'" wds n (A3) 

where the right side represents the rate at which vorticity is crossing 

the contour. The contour direction is anticlockwise and ~ is the 

outward normal flow. The inviscid model of the flow is as follows: 

l. vorticity: 
Dw 0 = 
Dt 

+ 
0 2. cOlltinuity: 'l·u = 

3. boundary conditions: 

~ + 
a. u • n + 0 at surface 

b. t+ + . . u • ds = 0 

00 

+ 
c. u,..., Woo' 0) as z+oo 

d. 
+ + d + + 

wu·n + dt (u·s) at surface + e: 

We wish to apply (A3) riear the body (say e: away from the surface), such 

that e:« R, (R, characte:dzes the body), but e:» <5 (the boundary-layer 

thickness. We assume that the pressure at the contour differs from that 

at the body by O(e:) or, at least 0(1) as e: +0. We further assume that, 

++ ++ 
on the contour u·n = O(e:), but that Wu·n = 0(1). All of the terms 

in (A3) contribute. 

Consider the form of (A3) for point vortices whose velocities are 

0(1). 
+ 

Then u = 'l</> and we have from (A3) 

-..;v (s) w(s) 
n 
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Now ~(s)w(s) is the vorticity source for· the fluid exterior to the 

contour. Since w is in the form of point vortices, 

t+t-t 

f rv:(s)w(s)dt 

t 

c 

where the sum is over those vortices crossing the contour between t and 

t +t-t. It is assumed that the contour location and. time step t-t preclude 

multiple crossings within a time step. 0 is the Dirac function and sk 

is the crossing point of the vortices, and U is the corresponding 

Heaviside function. Then 

so that [as t-t-+O, r k -+ 0, such that 0(1)] , 

Then 

L - iD 
P p 

P {f 2 ····a f . 2 f } - 2 q dz + 2 at $dz + t-t L rkU(s-sk)dz 
. .. k . 

to within 0(£). Now for every vortex between the contour and the body 

there is an image vortex withinO(e:) of it. The potential of the pair is 

i 
w.;...w. 

.i w -w. 
log J log J 

27f 
= 

1 27f 
(wj - -1) w- * w -w. + 

Wj J Wj 

Note: the body is a circle in thew-plane. If the body is a circle in 
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the z-plane, then w = z, 

0(£) for w -w. 
J 

0(1) 

We then ignore all vortices between the body and the contour (and their 

images). Now, 

where both 
dq, 
dw 

and dw 
dz have singularities within the contour. 

assume that the poles of these two functions do not coincide. 

is analytic exterior to the unit circle we transform variations 

so that 

J = 

Now 

dq, 
1 -w 

-2 i 2: r. ( w-tj 1 ) = - -
dw 2'1T J 1 w--

w~ 
J 

~:CX~~; 
-1 

2 i XWj ) 
f. = 1- X - 2'1T -1 J X -w. 

J 

We 

Since dz 
dw 

-1 
X =w 

Then 
1 dq, 
X dw is analytic within the unit circle except at X=O and· 

-1 X = w., j = 1,2, ••• , where it has· simple poles, so that 
] 

= [~- X -
....L .. r . Wj 

( 
* 

2'1T 2: j .. X -w~ 
] 

-1 -1 
has double poles at X = 0 and at X =Wj as well as simple poles at X =Wj 
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(the simple pole at X = 0 is removable) 

J 

where 

= j 1 x~ -
* _ i (1: _ x) ~ r . ( W j 

7T X f J X -wj 

( 

w~ 
~ . r r . J 

47T 2 ~ Lk j k X - w~ 
J J 

wjl ) 
-1 

X -w· 
J 

( 

w~ 

X -w* 
k 

D(w) j}(x) - itC;) 

SUmming Residues: 

-1 
X -w. 

J 

...,1 

Wk :"'1)! ci}(X)dX 
X -W 

k 

The terms independent of r have no residue (D. Alembert's paradox). 

The term linear in r gives 

The quadratic terms give 

- f4~22: 2: W~ wjl ) 
(X -W~) (X _wjl) 

b(X) dX 

j k 

-1 -1 

27Ti 12:r~w~ 
2: 

r
k 

W
k 

D(w
k

) + Irkw~2 
rjWj 

D (Wj ) ~ 
47t2 • J J -1 * -1 * 
. J. k Wk -W. k j Wj -Wk J 

2ni 12: -r.2: r
k 

D(W
k
)! 27Ti 2: r k D(wk ) 2: -r· 

] = 
27T 2 J . 1 27T 2 1 

W -
w~ 

w
k 

-

* j k k k j 
] W. 

] 

u . 
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-1 -1 
Wj W

k J;).(X) dX f __ 1 LL rr 
47T2 •. j k -1 -1 

J k=!j 
(X - W j ) (X - Wk ) 

-1 
rkWk 

D(W
k

) 
2~i {I -1 I - -- r.W. 

-1 -1 4 2 J J 
7T j k=!j W

k Wj 

r
k 

D(w
k

) ! - 27T; lLfj I = 

27T j kfj 
Wj - Wk 

-1 

+2rkw~12 
r.W. D(w.) 

J J J 
-1 -1 

k j=!k W. - Wk J 

27T; 2 r
k 

D(wk ) I -r. 
J 

27T k j=!k 
Wk-Wj 

+~ 
27T 

} 

where Vk is the complex velocity in the z-p1ane at the center of vortex k, 

so that 

Now 

j" ¢dz = ~~z - f zd~ . f d¢ ~~z - z dwdw 

Again, we map to the X plane since the z+ W mapping is analytic exterior 

to the unit circle. Then, 

J 
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f z d<P dX 
dw X 2 

~ ~ r .(. Xwj 
21T ~ j X -w~ 

J J 

Now since Z -Was W -+ 00, Z(X) - l/X as X -+0. 

Summing residues: 

$0 that 

I z d<p dw 
j dw 

J <j>dz = 21Ti + L r 0 (z 0 - z -w 0 + ~) 
o ] J 0 J w

J
0 " 

J 

where z is the "end point of the integration, so that 
o 

a: f <j>dz 

Now we need to evaluate the integral 

J fMz where 

Now 

L -iD p p 

where 

xwj~l .)} 
X - Wo 

J 

Z(X)dX 

X 
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so that 
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f ~Mz = {Qz - f zdQ = i Qz ." f Z ~~. ds 

= {Qz - f z Fn wds 

f ~Wds = ~ L r. 
CIt. J 

a a L T.z. 
t j J J 

. J 

L r.v~ + f z~Wds 
j J J 

we get (for the limit below) 

Lp - iDp a i ( 1) - Pat. r j w j - w~ 
j J 

as r j -+ 0 1 
N-+oo f Nr. 

J 
0(1) 
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Figure 2a 
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