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This dissertation focuses on the extensions of the Markov switching model (both 

univariate and multivariate time series) with applications in financial and macroeconomic 

sectors. Chapter one provides an overview for this dissertation. Chapter two (joint with 

Professor Marcelle Chauvet) proposes a flexible univaritate Markov switching model that 

allows for recent changes observed in the U.S. business cycle in the last six decades. The 

Markov switching model allows three Markov processes to characterize the dynamics of 

U.S. output fluctuations. We consider the possibility that both the mean and the variance 

of growth rates of real GDP can have short run fluctuations in addition to the possibility 

of a long run permanent break. We find that, differently from several alternative 

specifications in the literature, the proposed flexible framework successfully represents 

all business cycle phases, including the Great Recession. In addition, we find that the 

volatility of U.S. output fluctuations has a long run pattern, characterized by a structural 
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break in 1984, as well as business cycle dynamics, in which periods of high uncertainty 

are associated with NBER recessions. 

Chapter three (joint with Professor Marcelle Chauvet) proposes a dynamic joint bi-

factor model to study the nonlinear dynamic relationship between stock and bond markets 

via the covariance structure of the two latent factors and Markov processes. One latent 

factor representing stock market is extracted from three excess stock returns and the other 

unobserved factor displaying the bond market is extracted from 10-Year excess Treasury 

bond returns. Each of these factors follows distinct two-state Markov process 

representing phases of its market. The Markov process for the stock factor represents bear 

and bull stock markets, whereas the Markov process for the bond factor represents low 

and high bond return phases. The empirical results show that there is a mild positive 

correlation between stock and bond factors over the whole sample, which is consistent 

with most related literature. Surprisingly, the comovement between stock and bond 

markets is the strongest during the NBER-dated recessions which implies that investors 

should not use bonds to hedge against stock market risk at that time. The comovement 

between stock and bond markets is the weakest during pre-NBER and post-NBER 

recessions, which shows that the stock and bond portfolio risk is well diversified then.  

Chapter four proposes a generalized impulse response function for joint bi-factor 

model which can be extended to the Bivariate Two-Markov-Chain VAR model, while the 

concept of the generalized impulse response is introduced by Koop, Pesaran and Potter 

(1996) which can be used for both linear and nonlinear multivariate models. Compared 

with current popular generalized impulse response function in Markov-switching vector 
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autoregressive models by Karame (2010, 2012), the joint bi-factor model contains two 

distinct Markov chains which capture two different but related markets well, for instance, 

stock market and bond market. The empirical illustration of this generalized impulse 

response function makes use of estimation of the joint bi-factor model from chapter three. 

The generalized impulse response graphs show that both stock and bond markets react 

most strongly in the Bear market and react to the weakest in the Bull market when a unit 

stock shock occurs; both stock and bond markets react most strongly in the high bond 

return phases and react to the weakest in the low bond return phases when a unit bond 

shock occurs. 
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Chapter 1 Introduction 

This dissertation focuses on the extension of the Markov switching Model. Chapter 

two proposes a flexible univariate Markov switching model which not only captures the 

all business cycle phases very well in six decades, but also detects the long run permanent 

structural break in volatility in 1984. Chapter three proposes a multivariate Markov 

switching model, the dynamic joint bi-factor model to measure the nonlinear asymmetric 

relationship between stock and bond returns which sheds some light on portfolio 

selection and management. Chapter four extends the Generalized Impulse Response 

Function concept by Koop et al. (1996) to the Bivariate Two-Markov-Chain VAR model, 

and use joint bi-factor model in chapter three as an empirical example. 

The second chapter studies the U.S. GDP growth rates with the univariate Markov 

switching model which takes account of a one-time permanent structural break in mean 

or variance. The univariate Markov switching model pioneered by Hamilton (1989) 

makes a great success in modeling nonlinear time series, for example, macroeconomic 

and financial series. However, when the sample period is extended or initial values are 

changed, the empirical results will be unstable due to the presence of potential structural 

breaks. At the same time, some studies show that the Markov chain model can be used to 

detect and capture the potential one-time permanent structural break very well. Therefore, 

we propose a new univariate Markov switching model with three Markov chains to 

measure the GDP growth rates, one for the business cycle dynamics, one for the short run 
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volatility fluctuation and the last one for a potential permanent structural break either in 

mean or variance. The model is estimated for the sample period from 1947Q2 to 2012Q3. 

The empirical results demonstrate that the proposed flexible Markov switching 

model captures all NBER-dated recessions very well, including 2001 recession which is 

underestimated due to the 2007-2009 great recession in related models. It also detects the 

structural break in volatility in 1984, the great Moderation. At last, it shows that the short 

run high volatility phases are closely related with all recessions which imply the NBER-

dated recessions are not only defined by negative mean growth rates, but also associated 

with high uncertainty or volatility in GDP growth rates.   

Chapter three proposes a new multivariate Markov switching model, joint bi-factor 

model to study the nonlinear dynamic relationship between stock and bond markets via 

the covariance structure of the two latent factors and Markov processes. Most current 

researches about multivariate Markov switching models are based on Markov switching 

vector autoregressive model under one Markov chain assumption, which implies that 

only one state variable with multiple regimes or states is used to capture the comovement 

between two or more markets. However, empirical results show that it is not only very 

challenging to define regimes of the state variable, but also provides ambiguous 

investment strategy and risk management suggestions. Therefore, we propose a joint bi-

factor model with two distinct Markov processes; one Markov process for the latent stock 

factor which captures the Bear and Bull markets, and the other Markov process for the 

latent bond factor which captures the low and high bond return phases of the bond 

market. All the data comes from Wharton Research Data Service (WRDS) including 
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excess stock returns of large firms, excess stock returns of small firms, the value-

weighted CRSP excess stock returns and 10-Year Treasury bond returns and the sample 

period is from 1954 January to 2013 December. 

The empirical results indicate that the interrelationship between the stock and bond 

markets varies substantially over time and, most importantly, around phases of the 

business cycle. Standard impulse response analysis shows that a positive shock to the 

bond factor leads to a significant increase in the stock factor in the very short run (up to 

three months) while a positive shock to the stock factor leads to a decrease in the bond 

factor in the medium and long run. The results show that there is a mild positive 

correlation between stock and bond factors over the whole sample period which is 

consistent with most related literature. Surprisingly, the comovement between stock and 

bond markets is the strongest during the NBER-dated recessions which implies that 

investors should not use bonds to hedge against stock market risk at that time. The 

comovement between stock and bond markets is the weakest during pre-NBER and post-

NBER recessions, which shows that the stock and bond portfolio risk is well diversified 

then.  The results of the model can be used as insightful input on portfolio management. 

Chapter four proposes a new Generalized Impulse Response Function for the 

Bivariate Two-Markov-Chain vector autoregressive model, in order to depict the global 

impact of two related markets, for instance, stock and bond markets in this paper, to 

shocks across regimes. The Generalized Impulse Response Function experiment concept 

is introduced by Koop, Pesaran and Potter (1996) which can be used in nonlinear 

multivariate time series. The Bivariate Two-Markov-Chain VAR model is similar with 
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Markov switching vector autoregressive model (MSVAR hereafter) except the constant 

matrices of autoregressive coefficients and two Markov chains assumptions. The joint bi-

factor model is one specific case of the Bivariate Two-Markov-Chain VAR model. The 

data comes from MLE estimation in chapter three. 

The empirical graphs show that both stock and bond markets react most strongly in 

the Bear market and react to the weakest in the Bull market when a unit stock shock 

occurs. Both stock and bond markets react most strongly in the high bond return phases 

and react to the weakest in the low bond return phases when a unit bond shock occurs. 

The generalized impulse response function analysis supports that the impulse responses 

of stock and bond markets are history-dependent and the existence of asymmetry across 

states. 
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Chapter 2 Nonstationarities and Markov Switching Model 

2.1 Introduction 

A large literature has documented that the U.S. business cycle experienced a 

substantial decline in its volatility since the mid-1980s.
1
 The period since has been named 

the Great Moderation era. Changes in the stability of business cycle fluctuations has 

important policy implications since it affects the frequency, duration, and probabilities of 

future recessions and expansions, as shown in Chauvet and Potter (2001) and Koop and 

Potter (2000). The causes and consequences of this recent stability in output fluctuations 

have been the object of study of hundreds of papers, particularly related to monetary 

policy, labor markets, and business cycle modeling and forecasting.  The severe decline 

in economic activity during the Great Recession in 2007-2009, however, has led to 

anecdote evidence of the possibility that output stabilization has ended, although until 

recently there was not enough data to allow more conclusive studies.  

One of the implications of the extended period of increased stability during the 

Great Moderation, and the abrupt decline in economic activity during the Great 

Recession is that models that do not take into account structural changes in the dynamics 

of the economy, as well as potential recurrent changes in parameters, fail to successfully 

represent business cycle phases.  

                                                 
1 Some of the pioneer works are McConnell and Perez-Quiros (2000), Kim and Nelson (1999), Blanchard and Simon 

(2000), and Chauvet and Potter (2001), among others.  McConnell and Perez-Quiros (2000) find a structural break in 

the volatility of US GDP growth and all its major components in the first quarter of 1984. Kim and Nelson (1999) find 

additionally that there had been a narrowing gap between growth rates during recessions and expansions. Blanchard 

and Simon (2000) and Chauvet and Popli (2003, 2013) find that output stabilization was a secular feature that was also 

observed in several other industrialized countries. Chauvet and Potter (2001) and Sensier and Dijk (2004) show that the 

reduction in volatility of US GDP is not specific to aggregate output, but it is shared by several other aggregate series. 
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This paper examines recent changes in the U.S. business cycle and proposes a 

model that is able to account for changing economic conditions in output fluctuations. In 

particular, growth rates of real GDP are modeled allowing for long run structural breaks 

in its mean or volatility as well as short run business cycle dynamics in these moments.  

Since the seminal paper by Hamilton (1989), Markov switching models became 

widespread used with thousands of applications to study macroeconomic and financial 

questions. One of the most popular branches of this literature is the monitoring and 

prediction of business cycles, as Hamilton (1989) shows a striking close representation of 

NBER recessions by the model estimated probabilities of recession. However, later work 

found that Hamilton’s representation of business cycles changed with new information. 

For example, McConnell and Perez-Quiros (2000) extend the sample used in Hamilton 

(1989) and find that the standard version of the model does not characterize business 

cycle phases as closely to the NBER as with previous data. Further examination leads 

them to the important finding of a structural break in the volatility of U.S. GDP growth 

towards stabilization in the first quarter of 1984.
2
  

Kim and Nelson (1999) use Bayesian techniques to examine the possibility of a 

structural break in the volatility of real GDP. As in McConnell and Perez-Quiros (2000), 

they find strong odds of increased stabilization since 1984. Additionally, they also find 

evidence of higher growth rates during recessions, and lower growth rates during 

expansion – that is, a narrowing gap in the growth rates during recessions and 

                                                 
2 Interestingly, this the last year of the sample used in Hamilton (1989) to estimate the business cycle Markov switching 

model. 
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expansions. This evidence also indicates smaller amplitude in business cycle fluctuations 

since the mid-1980s. 

One of the implications of the break in volatility shown in McConnell and Perez-

Quiros (2000) is that when the Markov switching model is applied to the growth rate of 

U.S. real GDP using more recent years, the probabilities of recessions miss the 1990-

1991 recession.
3
  This result was also investigated by other authors such as Chauvet 

(1998), and Chauvet and Potter (2001). The latter authors find that increased stabilization 

implies a reduction in the severity of recessions. Recessions in the U.S. were 

considerably deeper before the break in volatility in the mid-1980s. A more stable 

economy implies dampened fluctuations, and the subsequent 1990-1991 recession was 

relatively milder than the ones before the break. As a consequence, the probabilities of 

recession did not capture its signal when the extended sample was considered. 

Additionally, they did not capture the duration of other recessions as inferences from the 

probabilities of recessions display less resolution when the structural break in volatility is 

not taken into account. 

McConnell and Perez-Quiros (2000) propose augmenting the standard Markov 

switching model by considering two independent Markov processes, allowing the 

residual variance to switch between two regimes, and letting the mean growth rate vary 

across the states of the variance. Kim and Nelson (1999) also propose a model with two 

Markov chains: one that captures business cycle patterns in the mean growth rate, and 

another that captures permanent breaks. In particular, the framework considers the 

                                                 
3  The sample used in the study is from 1953:Q2 and 1999:Q2. 
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possibility of a permanent break in the variance. Both these extended Markov switching 

models take into account the structural break in volatility in 1984 and, as a result, the 

probabilities of recession signal the 1990-1991 recession. 

More recently, Bai and Wang (2011) propose a related model in which changes in 

the volatility are considered long run in nature and, therefore, are characterized by a 

permanent structural break. On the other hand, the short run changes in the mean growth 

rate of real GDP are modeled as temporary regime switching. Thus, as in McConnell and 

Perez-Quiros (2000) and  Kim and Nelson (1999), the model assumes two unobserved 

two-state Markov processes, one for the first moment and the other for volatility. 

However, differently from these authors, Bai and Wang (2011) assume that the two 

Markov chains are dependent. In particular, the structural change is assumed to be 

exogenous, while the short run regime switches associated with business cycle phases are 

assumed to be endogenous, with the transition probabilities determined by the exogenous 

state. They find that when the mean growth rate is estimated conditional on the 

subsamples implied by the estimated structural volatility break, there is a narrowing mean 

growth rate gap, as in Kim and Nelson (1999). In addition, they find a change in 

recession duration as measured by the transition probabilities before and after the break 

in volatility, with shorter recessions after the break.
4
 The model successfully represent all 

recessions up to the end of the sample, in 2006. 

However, the advent of the Great Recession brought again the same problem of 

characterizing recessions after a substantial change in the structure of the economy: the 

                                                 
4 The sample studied is from 1947Q2 to 2006Q4, thus excluding the Great Recession, which was one of the longest in 

the post-War period.  
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last recession was so severe that the signals of previous recessions became a lot milder in 

comparison. In fact, when the extended Markov switching models of McConnell and 

Perez-Quiros (2000), Kim and Nelson (1999), and Bai and Wang (2011) are applied to a 

more current sample that includes the Great Recession, these models fail to characterize 

the 2001 recession and the duration of some previous recessions. 

This paper proposes a flexible model that allows for recent changes observed in the 

U.S. business cycle in the last six decades. In particular, there is a large observed 

difference not only in the mean growth rates but also in the variance of output 

fluctuations during expansions and recessions. There is also strong evidence of a 

structural break in the variance towards stabilization in 1984, and this result still holds 

after the Great Recession period. Our proposed model takes into account the possibility 

of all these features. We augment the standard Markov switching model by considering 

three independent Markov processes, which allow for different means and variances 

across recession and expansion phases, as well as potential structural breaks in the first 

and second moments. Thus, while one Markov chain for the variance captures a potential 

endogenous break in 1984, two other Markov processes for the variance and for the mean 

capture their business cycle components.  

The model proposed encompasses previous Markov switching representations and 

the estimation yields some interesting results. First, there is now a clear business cycle 

pattern in the volatility of GDP growth, with probabilities of high uncertainty associated 

with recessions. This dynamic of output volatility is veiled in other models, as the 

behavior of the long run trend in volatility dominates the behavior of short run volatility. 
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In addition, the probabilities of recession from this model successfully represent all 

NBER recessions in the sample, including the 2001 recession. 

This paper is structured as follows. Next section describes the standard Markov 

switching model of Hamilton (1989). Section 3 discusses the effect of nonstationarities in 

Markov switching models. Section 4 presents the proposed flexible Markov switching 

model. Section 5 relates the proposed model with existing literature. Section 6 presents 

the empirical results, and Section 7 concludes. 

 

2.2 The Standard Markov Switching Model 

Hamilton (1989) proposes to model changes in the series ty~  as following an 

autoregressive Markov switching process:  

,)(...)()(
21 2211 tsptpststst ptttt

yyyy  
   (2.1) 

where ,~~
1 ttt yyy  ),0(...~ 2 Ndiit , and tS  is a latent first-order two-state Markov 

process. The drift term 
ts  is state-dependent, taking the value of 0  when 0tS  and 

1 when .1tS   The switches betweens states are governed by the transition probability 

matrix 2P  with elements ]|[ 1 iSjSprp ttij   , which denotes the probability of ty  

moving to regime j  ( thj row) at time t  given that it was in regime i  (
thi column) at time 

:1t   
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Each column of 2P  sums to one, so that ,' 222 11P  where 21  is a column vector of 

ones. If 2P is assumed to be ergodic and irreducible, the Markov chain is serially 

correlated, with the exception of the case that each column of the transition matrix is 

equal to the ergodic probabilities, π , where .2 ππP   In this case, the probability of 

being in a state is equal to the probabilities of returning to this state, given that the 

economy was in any of the other states.  For example, the Markov chain will be serially 

uncorrelated if ,1,0,111  ipp i and serially correlated otherwise. 

It is interesting to study the implications of this modeling approach to the trend of 

the series in question. Hamilton’s model implies that the series ty~  is equal to the sum of 

two integrated components: a Markov trend term, tn~ , and a Gaussian component, tz~ :  

.~~~
ttt zny   (2.2) 

The stochastic Markov trend is: 

,1
~~

tstt nn    (2.3) 

The Gaussian component also follows a stochastic trend, and a zero mean 

ARIMA(r, 1, 0) process: 

trtrtrtttt zzzzzz    )~~(...)~~(~~
12111  (2.4) 

where and t  is independent on ., jn jt   Notice that by taking the first difference of 

(2.2) we get: 

,)~~(...)~~( 1211 trtrtrttst zzzzy
t

    (2.5) 

where ).~~( 1 ttt zzz  Equation (2.5) is then equivalent to equation (2.1), for 
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.)~~( 1 tt ststtt yyyz      

Given that the Markov chain is assumed to follow a first-order process, all relevant 

information for predicting future states is included in the current state: 

),|(),...,,,|( 1211 ttttttt SSprISSSSpr    

where ).,...,,( 11 yyyI ttt   In this case, ty  depends only on the current and r  most 

recent values of ,tS on r  lags of ,ty  and on a vector of parameters :     

);,...,,,,...,,|(),...;,,...,,|( 211211  rtttrttttttttt yyySSSypryySSypr  
 

Hamilton (1989) builds on the approaches of Goldfeld and Quandt (1973) and 

Cosslett and Lee (1985) to propose a nonlinear filter to estimate the Markov switching 

model, and to obtain optimal inferences on the state of the economy based on 

observations of .ty  The nonlinear filter calculates recursively one-step-ahead predictions 

and updating equations of the probabilities of Markov states, and based on them evaluates 

the conditional likelihood of the observable variable. The filter evaluates this likelihood 

function, which can be maximized with respect to the model parameters using a nonlinear 

optimization algorithm. The algorithm yields as outputs filtered probabilities of the 

unobserved Markov states ,1,0),|Pr(  jjs tt I based on the information set at time ,t  

,tI and smoothed probabilities, ),|Pr( Tt js I  based on full sample information .TI  For 

details on the estimation procedure see Hamilton (1989). 
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2.3 Markov Switching Models and Nonstationarities 

Hamilton (1989) fits the proposed Markov switching model to study U.S. business 

cycles. He takes ty  in equation (2.1) as the quarterly change in the log of U.S. real GNP, 

assuming that it follows an AR(4) process ).4( r   In this application, the Markov 

switching model represents switches between positive and negative growth mean rate of 

real GNP from 1952:Q2 to 1984:Q4. That is: 

,)()()()(
4321 44332211 tststststst ttttt

yyyyy  
   (2.6) 

The drift term 
ts  takes the value of 1  when the economy is in a high growth state 

or in an expansion )1( tS and 0 when the economy is in a low growth phase or in a 

recession ).0( tS  One of the notable results of this approach is that the estimated 

probabilities of the Markov states represented well U.S. business cycle phases, and were 

closely related to the NBER dating of recessions and expansions.  

The Markov switching model is widely applied to characterize and predict business 

cycles. However, later work has found that the representation of business cycle phases 

may change with new information. As seen in equations (2.2)-(2.4), Hamilton’s model 

decomposes ty~  into the sum of two unit roots processes that are not identifiable from 

each other. In the application to log U.S. GNP in equation (2.6), the two components are 

set to be equal to each other, as .~~
1 tt ststtt yyyz     Thus, in the presence of 

structural breaks, both terms capture both the business cycle component and the break 

jointly. 
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McConnell and Perez-Quiros (2000) and several other authors show that Hamilton’s 

original model with constant variance fails to simultaneously represent recessions and 

structural breaks, particularly in given a documented volatility break in 1984, as 

discussed in the next section. 

Chauvet (2002) models Brazilian business and growth cycles using a Markov 

switching model. The Brazilian economy has experienced several structural breaks due to 

hyperinflationary regimes and a plethora of stabilization plans in the 1980s and mid 

1990s. Chauvet (2002) proposes handling the problem of structural breaks by modeling 

the change in ty~  as a hidden Markov chain, setting the autoregressive process in equation 

(2.4) equal to zero (r = 0).  In this case, ty~  is a function of a random walk plus drift 

process, tn~ , in which the drift follows a Markov chain, and of a random walk process, tz~ . 

The model is: 

ttt zny ~~~   

tstt nn  1
~~  

ttt zz  1
~~  

(2.7) 

Taking the first difference, we obtain: 

.tst t
y    (2.8) 

Under regular Markov chains, which satisfy the assumptions of ergodicity, non-

periodicity, irreducibility, and homogeneity, the regimes are serially correlated. Thus, the 

serial correlation in the mean growth rate of Brazilian GDP, ty , is captured through the 

serial dependence in the Markov states. Chauvet (2002) finds that this simple structure 

fits well Brazil business cycles notwithstanding the presence of structural breaks – 



15 

 

expansion and contraction phases depicted by the smoothed Markov probabilities are 

consistent with historical events and with the more recent dating from the Brazilian 

Business Cycle Dating Committee (CODACE).  

Several authors have also found that GDP growth in the U.S. and other countries is 

better specified as a low autoregressive process, including Albert and Chib (1993), Bai 

and Wang (2011), among others. 

 

2.4 Flexible Markov Switching Model 

We propose a flexible model that allows for recent changes and features observed in 

the U.S. business cycle in the last six decades. We augment the standard Markov 

switching model by considering three independent Markov processes. The model 

identifies permanent breaks in the variance from business cycle switching in the variance 

by allowing each to follow independent Markov processes. It also allows the same for the 

mean. Thus, while one Markov chain for the variance can potentially capture breaks in 

mean or variance, two other independent Markov processes for the variance and for the 

mean capture their business cycle components. The model is: 

),,0(~,)( 2

,,1, *
11

b
tt

b
tt

b
tt ssttsstsst yy  


  (2.9) 

where tS  is a two-state Markov process for the mean and *

t
S  is a distinct two-state 

Markov chain for the variance, both representing short term business cycle changes. The 

third two-state Markov chain b

tS captures permanent changes in the mean or variance. 

The drift term and the variance are modeled as:  
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ttttS SS
t 10 )1(    

*

1

*

0

2 )1(* ttttS
SS

t

   
(2.10) 

tS  is an unobserved first-order two-state Markov switching variable that takes the value 

of zero during negative mean growth rates (recessions) and one during positive mean 

growth rates (expansions), following the transition probabilities ijp  with 10  ijp .  The 

model is extended to consider *

tS  as an unobserved first-order two-state Markov 

switching variable that takes the value of zero during high volatility states and one during 

low volatility states, with transition probabilities *

ijp  with 10 *  ijp .  

The Markov switching model is further extended to allow for the possibility of an 

endogenous permanent structural break in the drift parameters ,0t t1  
or in the variance 

.2
t   We model the break as a one-time unknown change point   that follows an 

unobservable Markov state variable b

tS , as in Kim and Nelson (1999) and Chib (1998):  

b

tt S0000             ,0000    

b

tt S1111             ,1111    
(2.11) 

                                    or 

b

tt S0000             ,0000    

b

tt S1111             ,1111    
(2.12) 

 tforSb

t 10  and 11  TtforSb

t 
 

1,01  b

T

b SS
 

b

tS is a first order two-state Markov process, with similar constraints as in the 

transition matrix 2P . However, in the particular case of a one-time structural break, the 
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transition probabilities of b

tS , )|Pr( 1 iSjSp b

t

b

t

b

ij   , are restricted so that there is a 

positive probability bp10  that 0bS  will switch from state 0  at the unknown change 

point   to state 1, 11 

bS  at 1 . On the other hand, once the economy switches to 

state 1, it will stay at this state permanently with probability 1.  The corresponding 

transition probabilities are:  

;01

;1

;1

;10

1110

11

0001

00
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bb

b

pp

p

pp

p

 (2.13) 

In this framework, the Markov processes tS and *

tS  represent business cycle phases, 

and the independent Markov process b

tS captures the permanent structural break in the 

first and/or second moment.  Let: 

0,0,08S
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 (2.14) 

1S  follows an 8-state Markov chain, with transition probability matrix 8P  where

)|Pr( 1 ij tt  SS is given by the row j
th

 , column i
th

: 
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P  (2.15) 

The independence assumption among the three Markov processes for the mean and 

volatility of GDP growth implies constraints in the transition probability matrix. For 

example, for S
21p :  

.)1|1Pr()1|1Pr()0|1Pr()2|1Pr( 1111011

*

1

*

11

* bsssb

t

b

ttttttt pppSSSSSS  SS

 

2.5 Relationship with Related Business Cycle Models 

We compare our model with existing models of business cycles with structural 

breaks. As it is shown, our method is more general and encompasses the existing ones. 

In order to tackle the structural break problem, McConnell and Perez-Quiros (2000) 

propose augmenting the standard Hamilton’s (1989) Markov switching model by 

considering two independent Markov processes tS and b

tS . The residual variance 

switches between two regimes according to b

tS , and the mean growth rate follows tS , 

varying across the states of the variance. The model is: 

).,0(~,)( 2
1 b

ttt SttStSt yy     (2.16) 

where tS  is a two-state Markov process for the mean, and b

tS  is a distinct two-state 

Markov chain for the variance. This framework amounts to estimating four mean growth 



19 

 

rates 1,0,, lkkl  and two variance states: high mean growth rate )1( tS and low mean 

growth rate )0( tS under high )0( b

t
S and low volatility )1( b

t
S states. Let: 

0,0

0,1

1,0

1,1









b

tt

b

tt

b

tt

b

tt

SSif

SSif
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SSif
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1S

4

3

2

1

 (2.17) 

which implies the transition probability matrix 4P : 























44342414

43332313

42322212

41312111

4

pppp

pppp

pppp

pppp

P  (2.18) 

McConnell and Perez-Quiros (2000) do not impose a priori constraints on the 

parameters, but when the model is applied to U.S. GNP growth rates, tS  captures 

business cycle patterns in the mean growth rates, while b

tS  is an absorbing state that 

captures a one-time structural break in the variance. 

Chib (1998) proposes a Bayesian method for multiple change-point models as a 

discrete unobserved Markov process, ,tD which specifies the regime of a particular drawn 

observation. The Markov state takes the values on the integers }.1,...,2,1{ m  In this case, 

the density of ty  given information at 1t  with the vector of parameters 

),...,( 11  m  depends on the parameter :t  
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   (2.19) 

which takes different values at the unknown change points ),...,( 1 mm  , and is 

constant otherwise.  The change-point probability, rather than constant, is a function of 

the regime .tD  The transition probabilities are constrained so that the state variable can 

either remain at the current value or change to a higher next value.  The one-step ahead 

transition probability matrix is: 
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mmmm pp

pp

pp

P  (2.20) 

where )|Pr( 1 iDjDp ttij   is the transition probability as in the previous 

specifications, and transitions from one state to the next identify the change points .m  

Thus, the model is a general version of the change-point model with jump probabilities 

)( mipii   as a function of the state. The 
thk change occurs at k  if kD k  and 

.11  kD k  The model is estimated using Markov chain Monte Carlo methods based 

on Chib (1996).
5
  

Building on Chib (1998), Kim and Nelson (1999) use a Bayesian method to detect 

endogenous structural break in Markov switching models of business cycles. Equation 

                                                 
5 For more details on the model and estimation see Chib (1998). 
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(2.21) is modeled in terms of demeaned real output growth rate, ty , and allowing for 

changing variance as in Engle and Hamilton (1990), and McConnell and Perez-Quiros 

(2000), among others:  

),0(...~,))(( 2
tttst NdiiyL

t
   

ttttS
SS

t 10 )1(    
(2.21) 

where tS  is an unobserved first-order two-state Markov switching variable that takes the 

value of zero during recessions and of one during expansions, following the transition 

probabilities ijp with 10  ijp . Similarly to our model, Kim and Nelson (1999) propose 

a special case of Chib (1998), in which a one-time unknown change point   is modeled 

as following an unobservable Markov state variable b
tS  as in (2.11)-(2.12) with transition 

probabilities: 

;01

;1

;1

;10

1110

11

0001
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 (2.22) 

Differently from our model, Kim and Nelson (1999) propose a specification with 

two Markov chains: one that captures business cycle patterns in the mean growth rate 

only, and another that captures permanent breaks. In particular, the framework considers 

the possibility of a permanent break in the variance, a permanent break in the mean, or a 

simultaneous one-time permanent break in the variance and in the mean.  In contrast, our 

model allows for business cycle pattern in both the mean growth rate and the variance, in 



22 

 

addition to the possibility of a break in the mean independently on a break in the 

variance.  

Perron and Wada (2009) compare several alternative trend and cycle decomposition 

methods for U.S. real GDP, which has been shown in a vast literature to yield very 

different business cycles. However, they find that after taking into account a break in the 

slope of the trend in the mid-1970s, business cycles obtained from unobserved 

component models, the Beveridge-Nelson decomposition, and Hodrick-Prescott filter 

lead to similar cycles. They propose an alternative unobserved component models with 

errors following a mixture of Normal distributions for the cyclical component and the 

slope of the trend.  The idea is to propose a framework that accounts for unknown and 

infrequent break points in the variances, and level shifts and changes in the slope of the 

trend function. The approach is similar to Chib (1998) change-point framework, with the 

state variable following a Markov mixture model. The model is an extended version of 

equations (2.2)-(2.4), setting 2r , adding a stationary cyclical component ,tc  and a 

time-varying drift term to the slope of the trend :t  

),0(~~~ 2
 Niidcny ttttt   

),0(~~~ 2
1 uttttt Niiduunn     

ttt v 1  

(2.23) 

where tv is drawn from a mixture of Normal distributions, one with high variance and the 

other with smaller or zero variance: 

),0(~)1( 2
21 iitttttt Niidv    (2.24) 
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t is a Bernoulli random variable that takes the value 1 with probability 1  and 0  with 

probability .1 1  The cyclical component is: 

tttt ccc    2211  

),0(~)1( 2
21 iitttttt Niid    

(2.25) 

where t is also a Bernoulli variable that takes the value 1 with probability 2  and 0  

with probability .1 2  This specification implies four possible covariance matrices for 

the vector of errors :]',,[ tttt vu ζ  

.2,1,
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in which the components 1 hg  take place with probability 21 ; 2 hg with 

probability );1)(1( 21   2;1  hg  with probability )1( 21   ; and 1;2  hg  with 

probability )1( 12   .  

In order to achieve identification of the parameters 
22

1 21
,,   , the following 

restrictions are imposed: .,0001.0,9.0 2
2

222
1 121     The restrictions on 

2

1 1
and   imply that changes in the trend are rare, although not necessarily one-time 

permanent break.  The goal is to capture low probability events such as the productivity 

slowdown in the mid-1970s. In contrast with the Markov switching model, the 

assumption of mixture of Normal implies that the probabilities that the errors are drawn 

from one of the regimes are independent of past realizations. Occasional changes in the 
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value of the slope also occur when .02

2
  Perron and Wada (2009) find that the 

estimation results support this specification and the presence of a change in the slope of 

the trend function around 1973. 

Bai and Wang (2011) propose a conditional Markov switching model to represent 

nonstationarities in the mean and variance of time series variables. They assume that 

changes in the volatility are long run in nature and, therefore, are characterized by 

permanent structural breaks. On the other hand, the short or medium run changes in the 

mean growth rate of macroeconomic series are modeled as temporary regime switching. 

Thus, as in Chib (1998), McConnell and Perez-Quiros (2000), Kim and Nelson (1999), 

and Perron and Wada (2009), the model assumes two first order two-state Markov 

processes, one for the first moment and the other for the volatility. However, differently 

from these authors, Bai and Wang (2011) assume that the two Markov chains are 

dependent. In particular, the structural change (called structure) is assumed to be 

exogenous. The short run switches associated with business cycle phases (called regime) 

are assumed to be endogenous, with the transition probabilities determined by the 

exogenous state. That is, the “endogenous state” for the mean follows a Markov chain, 

which is conditional on the Markov chain for the variance, or “exogenous state:”  

))(,0(~),( 2 b
ttt

b
ttt SNSSy    (2.26) 

The two long run ‘structure’ states b
tS are high volatility, 2

H
b
HS  , and low 

volatility, 2
L

b
LS  , which switch according to the transition matrix 

)|Pr(),( 1 kSmSmk b
t

b
tSb  P . The two short run ‘regime’ states tS  are high and low 
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mean growth rate, }.,{ LH SS Conditioned on the high volatility structure, there is a high 

and a low mean },,{ H
L

H
H  representing expansions and recessions, respectively, during 

the pre- volatility break period. The transition probabilities for },{ LH SS  under the high 

volatility structure
2

H

b

HS   is given by ).,|Pr(),( 1 iSSjSji t

b

HtH  P  Similarly, 

conditioned on the low volatility structure, there is a pair of high and low mean growth 

rate, },,{ L
L

L
H   capturing expansions and contractions in the Great moderation period. 

The switches between the },{ LH SS  under the low volatility structure 
2

L

b

LS   is given by

).,|Pr(),( 1 iSSjSji t

b

LtL  P    

In the application to U.S. GDP growth, Bai and Wang (2011) assume the following 

transition probabilities: 
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qp
b
tS

P  (2.27) 

That is, the low variance structure is assumed to be an absorbing state, capturing a 

one-time structural change in volatility as in Kim and Nelson (1999). The transition 

probability matrix for the unobserved state tS  conditional on high volatility phase (pre-

volatility break) is: 

,
1

1

11

11
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qp

qp
P  (2.28) 

And the transition probability matrix for the unobserved state tS  conditional on low 

volatility phase (post-volatility break) is: 

 



26 

 















22

22
2

1

1

qp

qp
P  (2.29) 

 

 

2.6 Empirical Results 

2.6.1 Estimated Models 

We consider several of the closest alternatives Markov switching business cycle 

models to the one proposed in this paper. The models are estimated for the sample period 

from 1947Q2 to 2012Q3. The models are:  

 

Model 1 – One Markov Chain: MS-Mean 

),0(~, 2

110  NySy ttttt    or 

),0(~,)( 2

1  NySy ttttt    

This model considers only one two-state Markov chain, ,tS  representing business 

cycle patterns in the mean growth rate of real GDP (Markov switching in mean), as in 

Hamilton (1989). 

 

Model 2 – Two Independent Markov Chains: MS-Mean, MS-Variance  

b

tSSttttt SNySy b
t

b
t

2

1

2

0

22

110 ),,0(~,     or 

))(,0(~,)( 2

1

b

tttttt SNySy     
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This model considers two independent two-state Markov chains, tS and 
b

tS , the 

former representing business cycle patterns in the mean, and the latter representing 

patterns in the variance. McConnell and Perez-Quiros (2000) and Kim and Nelson (1999) 

assume that tS and 
b

tS are independent, although the latter further impose restrictions on 

the transition probability of 
b

tS  such that it represents a one-time endogenous structural 

change on the variance, on the mean, or simultaneously in both the mean and variance.   

 

Model 3 – Two Dependent Markov Chains: MS-Mean, MS-Variance 

b

tSSttt

b

ttt SNySSy b
t

b
t

2

1

2

0

22

110 ),,0(~,|     or 

))(,0(~,),( 2

1

b

tttt

b

ttt SNySSy     

This model assumes two dependent Markov chains, as in Bai and Wang (2011).  

The mean switches regimes conditional on the Markov state for the variance. That is, tS

and 
b

tS  are assumed to be dependent, with tS  as a function of 
b

tS .  The model applied to 

U.S. real growth rates of GDP result in its mean following business cycle patterns, and 

the variance as displaying a one-time permanent break in 1984. Since the Markov process 

for the mean is conditional on the Markov process for the variance, the business cycle 

pattern in the mean is effectively estimated for two subsamples for the period before and 

after the structural break in 1984.  
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Model 4 – One Markov Chain: MS-Variance  

*2

1

2

0

22

1 ** ),,0(~, tSStttt SNyy
tt

     or 

))(,0(~, *2

1 ttttt SNyy     

This model allows for a two-state Markov switching process, *

tS , in the variance 

only. No constraints are imposed in the transition probability matrix. 

 

Model 5 – Proposed Flexible Model with Three Markov Chains: MS-Mean, MS-

Variance, and MS-Break  

),(,0(~),( 2 b

tttt

b

ttt SSNSSy    

       b

tt S0000  
 

,0000  
 

       b

tt S1111  
 

,1111  
  

                                                                  or 

       b

tt S0000  
  

,0000  
 

       b

tt S1111  
  

,1111  
         

 

This is our proposed model, which considers three Markov chains: one represents 

business cycle patterns in the mean, another represents business cycle patterns in the 

variance, and the third captures potential structural break in the mean or variance. The 

third Markov process is assumed to be absorbing, that is, the transition probability matrix 

is restricted so that once the economy enters in one state, it stays permanently in it, as in 

(2.13). 
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2.6.2 Results 

Statistics for Real GDP Growth 

Table 2.1 shows the sample mean and variance of real GDP growth for the full 

sample from 1947Q2 to 2012Q3, for sub-samples before and after 1973 and 1984, and 

across periods of expansions or recessions as defined by the NBER. These results 

motivate our proposed model.  

Mean. The U.S. GDP grew at an annual average rate of 3.1% between 1947Q2 and 

2012Q3. Economic growth was relatively stable during the period before (3.5%) and after 

(3.1%) the volatility break in 1984 when the Great Recession is excluded. However, the 

sharp decline in GDP during the last recession brought the average annual growth rate 

down substantially to 2.6% since 1984, a difference of 0.87 between the two subsamples. 

There is an extensive literature that finds a break in GDP in 1973. The table reviews that 

a much large difference in the mean growth rate is found when comparing the period 

before and after 1973. The difference in growth rate in these two subsamples is 1.29. 

Kim and Nelson (1999), using sample up to 1997 find that the mean growth rate 

during recession and expansion were decreasing in absolute term. That is, both recessions 

and expansions were found to be milder since 1984, which implies tamer business cycle 

fluctuations.
6
  According to Table 2.1, Kim and Nelson’s (1999) finding is substantiated 

for the period before the Great Recession, but not when this recession is included in the 

sample. The mean growth rate of GDP during recessions went from -1.3% between 1947 

and 1984 to only -0.3% between 1984 and 2007. However, this does not hold when the 

                                                 
6 Kim and Nelson (1999) use output growth demeaned for the subsamples before and after 1973. 
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Great Recession period is included. The severity of the recession led the average mean 

growth rate during recessions to be even smaller for the period after 1984 (-1.5%) 

compared to the period before 1984. 

An interesting finding is the large decrease in mean growth rate of U.S. GDP during 

expansions. This is robust across all subsamples, and to the inclusion of the Great 

Recession. The average GDP growth rate during expansions decreased from 5.3% before 

1973 to 3.5% for the period after, including the Great Recession, and to 3.7% when the 

last recession is excluded. Similar results also hold for the period before and after 1984. 

That is, GDP has been growing at a much lower pace during normal times in the last 40 

years.  

Variance. Table 2.1 shows that the variance of GDP growth decreased substantially 

before and after 1973 and before and after 1984. Interestingly, this decrease in volatility 

holds for the latest period even when including the Great Recession. The variance for the 

period before 1984 was 4.8, and it decreases to only 2.0, less than half for the second part 

of the sample when the Great Recession is excluded, and to 2.5 when this period is 

included. That is, an increased stabilization in the U.S. business cycle is still currently in 

effect for the U.S. economy when comparing to the period before 1984.  

We find that this also the case across recession and expansion periods. However, 

there has been a dramatic decrease in variance during expansions, much more so than 

during recessions. The variance of output fluctuations during expansion phases is 3.8 

before 1984, and it drops to less than half since 1984, including or excluding the Great 
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Recession.  Although there has been a decrease in volatility during recessions as well, 

this decline is less accentuated than during expansions.  

Long Run Volatility and Short Run Business Cycles 

The discussion in the previous section reveals several features of the U.S. business 

cycle. It also sheds lights on recent changes in economic fluctuations. There is a large 

difference in the mean growth rates during expansions and recessions. Variance also 

changes across recession and expansion phases. There is also strong evidence of a 

structural break in the variance towards stabilization in 1984, and this result still holds 

after the Great Recession period. We also find that the mean growth rates have decreased 

over time, particularly since 1973, and this is more accentuated during expansion phases. 

Our proposed model takes into account the possibility of all these features. The three 

Markov chains allow for different means and variances across recession and expansion 

phases, as well as potential structural breaks in the first and second moments. 

In this section we compare the results of the alternative models described above 

extending the sample for the most recent period that includes major changes arising from 

the Great Recession. 

Figure 2.1 shows the smoothed probabilities of recession for Model 1 (Hamilton’s 

MS-Mean). The probabilities of recession represent NBER recessions reasonably well, 

increasing above 50% at the beginning of recessions, and decreasing below 50% at 

around their end. Notice, however, that the probabilities do not rise as much as for the 

1969-1970 recession compared to the other ones. Interestingly, the model also fails to 

capture the 2001 recession. In fact, as shown below, this seems to be a result of most 
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models.  Since the 2007-2009 recession was much more severe than the previous 2001 

recession, the probabilities of recession for the latter only increase to around 20%. As 

discussed earlier, a similar result was found by McConnell and Perez-Quiros (2000) and 

Kim and Nelson (1999), but at that time the probabilities did not capture the 1990-1991 

recession, which was much milder than the recessions prior to this one.  The signal for 

this recession was also less than 20% when the benchmark Hamilton model is used 

without considering a structural break in the volatility of output fluctuations. 

Figure 2.2 plots the smoothed probabilities of recession for model 2 (McConnell 

and Perez-Quiros 2000). The probabilities of recession are more volatile during the 

period before 1984 and a lot smoother for the period after 1984. However, they fail to 

capture the 2001 recession. Figure 2.3 shows the smoothed probabilities of recession for 

Model 3 (conditional Markov chain model of Bai and Wang 2011). The probabilities of 

recession capture NBER recessions well before 1984 but fail to capture both the 1990-

1991 and 2001 recessions. In addition, the smoothed probabilities also detect the long run 

structural break in volatility around 1984. 

The marked changed in the resolution of the probabilities for the period before and 

after the structural break in volatility suggest that there are other features of the business 

cycle that are not being captured by these models. Figure 2.4 plots the smoothed 

probabilities from Model 4, which assumes that only the variance switches between two 

states. Although the model does not impose any constraints on the transition probabilities, 

the estimate smoothed probabilities identify two patterns: a high volatility period before 

1984 and a low volatility period after 1984.  However, after 1984 there is a new pattern 
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not distinguished earlier: the probabilities of high uncertainty are low during expansions, 

but increase to nearly 100% during NBER recessions, including the 2001 recession. This 

indicates that volatility of output fluctuations might have two distinct patterns: a long run 

trend, which shows a break in 1984, and short run cyclical dynamics related to the 

business cycle, as discussed in Chauvet and Popli (2003, 2013).  

This possibility is encompassed in our proposed Model 5, which considers the 

possibility that both the mean and the variance could have short run fluctuations in 

addition to the possibility of a long run permanent break. 

Figure 2.5(a) shows the probabilities of high long-run volatility. As found in earlier 

studies, these probabilities are close to one before 1984, and around zero for the period 

after.  Thus, the probabilities corroborate the structural break in volatility in the mid-

1980s.  

The smoothed probabilities of high short-run volatility from Model 5 are shown in 

Figure 2.5(b). There is now a clear business cycle pattern in the variance of GDP growth. 

As it can be seen, the probabilities of high uncertainty increase around recessions and are 

generally low during expansions. In some recessions, the volatility increase substantially 

towards their end depicting the high uncertainty surrounding transitions from recessions 

to expansions. This dynamic of output volatility is veiled in models that do not allow for 

an independent Markov switching representing business cycle changes for the variance, 

as the behavior of the long run trend in volatility dominates the behavior of short run 

volatility fluctuations, particularly during the high volatility period before 1984 (as in 

Figure 2.4). 
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Interestingly, the estimated results indicate that the business cycle patterns for the 

mean and variance are similar. The probabilities of low mean growth and high short run 

variance are plotted on Figure 2.5(c). The probabilities now represent all recessions in the 

sample, including the 1990-1991, the 2001, and the 2007-2009 recessions. 

In summary, the proposed flexible model successfully represents all observed 

business cycle features with respect to phases of mean growth rate and volatility of U.S. 

GDP. In particular, it characterizes a long run pattern in volatility, which displays a 

structural break towards stability since mid-1980s, and a short-run business cycle pattern 

in both the mean growth rate and volatility. During recessions, the mean growth rate is 

negative and the uncertainty as measured by volatility is substantially higher than during 

economic expansions. 

 

2.7 Conclusions 

One of the implications of a well-documented break in volatility towards 

stabilization since 1984 is that when Markov switching models were applied to the 

growth rate of U.S. real GDP using more recent years, the smoothed probabilities missed 

the 1990-1991 recession. This result was investigated by several authors, who find that 

increased stabilization implies not only a reduction in the severity of recession but also in 

its duration and frequency. Recessions in the U.S. were considerably deeper before the 

break in volatility. A more stable economy implies dampened fluctuations, and the 

subsequent 1990-1991 recession was relatively milder than the ones before the mid 1980s 

break. As a consequence, benchmark models that do not take into consideration structural 
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breaks yield probabilities of recession that did not capture its signal when the extended 

sample was considered. Additionally, they do not capture the duration of other recessions 

as inferences from the probabilities of recessions display less resolution when the 

structural break in volatility is not considered. Several models were proposed that take 

into account structural breaks in volatility 

Several extensions of the Markov switching models were proposed that take into 

account structural breaks in the mid-1980s and that were able to capture all recessions 

phases. However, with the substantial decline in economic activity during the Great 

Recession, these previous models fail to represent recession phases accurately. In 

particular, these models now fail to represent the 2001 recession, when the sample 

includes the Great Recession period. 

This paper proposes a flexible model that takes into account several features of the 

U.S. business cycle in the last six decades. In particular, it takes into account the 

possibility of long run structural breaks and short run business cycle dynamics in both the 

mean and volatility of output growth, which are represented by three Markov chains. We 

find that, in contrast with previous models, the probabilities of recession from the 

proposed model represent all business cycle phases in the U.S., including the 1990-1991, 

the 2001, and the 2007-2009 recessions. We also find evidence that the variance of output 

growth switches regimes according to short run business cycle phases, in addition to a 

permanent switch from a high and low volatility states. In particular, recessions periods 

are characterized not only by negative mean growth rates, but also by high uncertainty.  

 



36 

 

 

 
Figure 2.1: Probabilities of Low Mean Growth Rate in Model 1 

 (MS-Mean,  Benchmark Hamilton  1989) 
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Figure 2.2: Probabilities of Low Mean Growth Rate in Model 2 

(Two Independent Markov Chains: MS-Mean, MS-Variance) 
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Figure 2.3: Probabilities of Low Mean Growth Rate in Model 3 

(Two Dependent Markov Chains: MS-Mean, MS-Variance) 
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Figure 2.4: Probabilities of High Variance Phases in Model 4  

(MS-Variance) 
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Figure 2.5: Probabilities of Three Markov Chains in Model 5 

(MS-Mean, MS-Variance, MS-Break) 

 

(a) Probabilities of High Long-Run Volatility 

 
(b) Probabilities of High Short-Run Volatility 

 
(c) Probabilities of Short Run Low Mean (Business Cycle Phases) 
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Table 2.1 Mean and Variance of the Growth Rate of Real GDP 

 
  Mean    Variance   

Period Full 

Sample
 Recession

 
Expansion Gap 

Full 

Sample
 Recession

 
Expansion Gap 

1947Q2-2012Q3 3.11 -1.39 4.23 2.84 3.95 3.60 3.16 0.44 

1947Q2-2007Q4 3.32 -1.16 4.37  3.92 3.55 3.20  

1984 break         

1947Q2-1984Q1
 

3.49 -1.34 5.16 3.82 4.75 3.78 3.83 0.05 

1984Q2-2007Q4 3.11 -0.27 3.42  2.05 2.07 1.76  

1984Q2-2012Q3 2.62 -1.53 3.21 1.68 2.47 3.19 1.68 1.51 

Gap pre-post 1984 0.87 0.19 1.95  2.28 0.59 2.15  

1973 break         

1947Q2-1973Q1 3.89 -1.23 5.35 4.12 4.68 3.83 3.80 0.03 

1973Q2-2007Q4 2.90 -1.08 3.68 2.60 3.18 3.33 2.50 0.83 

1973Q2-2012Q3 2.60 -1.52 3.53 2.01 3.29 3.48 2.44 1.04 

Gap pre-post 1973 
1.29 0.29 1.82  1.39 0.35 1.36  
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Chapter 3 Nonlinear Dynamic Relationship between Stock and Bond 

Returns 

3.1 Introduction 

The investigation of time-varying interrelationship between stock and bond markets 

is crucial for portfolio selection and risk management. However, there is no widespread 

agreement about the sign of the correlation yet. Most empirical studies discover a mild 

positive correlation between stock and bond returns over the long run, and a negative 

relation in the short run. Some studies on both stock and bond markets based on dividend 

discount models (Connolly, Stivers and Sun (2005), Fleming, Kirby, and Ostdiek (2003), 

Li (2002)) conclude that economic growth and volatility as well as inflation are important 

sources of the variation of correlation. The former promotes a positive correlation and the 

latter promotes a negative correlation.  

One important branch of correlation literature focuses on different restrictions on 

the covariance matrix. Kroner and Ng (1998) compare four different multivariate 

GARCH models and propose their generic asymmetric model which nests above four 

cases. Scruggs and Glabadanidis (2003) use this asymmetric dynamic covariance (ADC) 

model to analyze the stock and bond returns as well as the risk premia. However, the 

ADC model only provides a good description of the conditional second moments of the 

two markets. 

Another branch of stock-bond market correlation literature studies different 

economic sources of the comovement of the stock-bond returns under different model 
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frameworks. Baele, Bekaert and Inghelbrecht (2009) find that the liquidity proxies play 

an important role in explaining stock and bond returns correlations instead of macro-

economic fundamentals. Connolly, Stivers and Sun (2005) find a negative correlation 

between the stock market uncertainty and the future correlation of stock and bond returns 

which corroborates cross market hedging with the stock market uncertainty.  

Most empirical researches on stock market explore the dynamic asymmetric 

characteristics of stock returns, especially over the business cycles. Perez-Quiros and 

Timmermann (1998) study the variations in the mean and volatility of stock returns 

around turning points of the business cycle, and find an important asymmetry in the 

conditional distribution of monthly stock returns which predicts the stock volatility and 

controls market risk better. Perez-Quiros and Timmermann (2001) find that besides the 

first and second moments of the stock returns, the higher order moments and conditional 

densities also show the business cycle asymmetries by regime switching models.  

Furthermore, some researches show that the extracted latent stock market factor by 

two-state Markov-switching model not only can be used to predict the turning points of 

the business cycle, but also work as a coincident financial index to measure and predict 

the financial market after the introduction of business cycles, such as Chauvet 

(1998|1999), Chauvet and Potter (1999). The regime switching approach also captures 

well the stock market phases (Bear and Bull markets). The phases of interest rate and 

bond market are well measured in three-state regime-switching model in existing 

literature. 
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This paper proposes a new multivariate Markov switching model to estimate the 

dynamic nonlinear relationship between stock and bond returns without any specification 

of the covariance matrix or micro-foundation. Differently from previous stock and bond 

literature, this paper allows the phases of the stock and bond markets to follow different 

dynamics, then measures their potential time-varying and asymmetric relationship. 

Furthermore, this approach allows analysis across phases of business cycle and phases of 

stock and bond markets. In addition, it provides insights about time-varying lead-lag 

linkage between stock and bond markets, especially around phases of business cycle. 

In order to investigate the interrelationship between stock and bond markets, we 

propose a dynamic joint bi-factor model where the linkage between the stock and bond 

factors is modeled through vector autoregressive process in the transition equations and 

the covariance structure of the factors. This joint bi-factor model made a great success in 

estimating and analyzing the nonlinear interrelationship between two related markets, for 

example, Diebold, Rudebusch and Aruba (2006) find the strong relationship between 

yield curve (including level, slope and curvature) and the economy. Chauvet and Senyuz 

(2009) show that the yield curve forecasts the dating point of business cycle well after the 

introduction of the Industrial Production data. Chauvet and Huang (2010) studies 

interrelationship among housing market, the economy and the monetary policy and find 

that housing market factor becomes more sensitive to interest rates, and the business 

cycle factor becomes less sensitive to interest rates after the 2001 recession. The success 

of joint bi-factor model in measuring dynamics in different markets may shed light on our 

complicate dynamic relationship between stock and bond markets. 
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Our main results are following: First, the smoothed probabilities of stock factor 

from joint bi-factor model depict NBER-dated recessions better, especially the ending 

point of the 2000-2001 recession and the 2007-2009 recession. It shows that the stock 

market signals most recessions better if the bond market is taking into account, which is 

new in stock market and business cycle literature. Secondly, there is a time-varying 

interrelationship between the stock and bond markets despite of a mild positive 

correlation on average. The stock-bond correlation is much stronger during NBER-dated 

recessions than that in expansions, which indicates that the bond assets usually cannot be 

used to hedge stock market risk during recessions. Furthermore, the correlations during 

pre-NBER dated recessions and post-NBER dated recessions are the weakest among the 

whole sample periods that bond assets can hedge against the stock market risk very well 

then. These empirical results can be used as insightful input on portfolio selection and 

risk management for investors. 

The paper is organized as follows. Section 2 introduces the data as well as the 

components of stock and bond factors. Section 3 discusses the multivariate regime-

switching model for the latent stock factor and the univariate regime-switching model for 

the unobserved bond factor. The proposed joint bi-factor model allows the nonlinear 

interrelationship between two markets is presented in Section 4. Section 5 discusses the 

empirical results. The impulse response and correlation analysis are discussed in section 

6. Section 7 concludes. 
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3.2 The Data 

All data is obtained from the Wharton Research Data Services. The stock market 

factor is extracted from three excess stock returns, which represent the portfolios of the 

stock market, the small firm stocks, and the large firm stocks, respectively. The small and 

large firm excess stock returns are the same as in Guidolin and Timmermann (2006), in 

which the average of deciles 1 and 2 portfolios returns are the proxy for small firm stock 

returns, while the average of deciles 9 and 10 portfolios returns are the proxy for large 

firm stock returns. The value-weighted CRSP stock returns (including distributions) on 

the S&P500 index are used to proxy the stock market portfolio. These stock returns come 

from all common stocks listed on the NYSE. To obtain these excess stock returns, we 

subtract the 30 day Treasury bill returns from these stock returns as in Guidolin and 

Timmermann (2006). The bond market factor is extracted from calculated 10-Year excess 

Treasury bond returns which are the differences between the ratio of current 10-Year 

Treasury bond indexes to the 10-Year Treasury bond indexes one year ago and one. The 

sample period is from January 1954 to December 2013, a total of 720 observations. 

 

3.3. Different Single-factor Models for Stock and Bond Markets 

It is of paramount importance to start the stock and bond markets estimation and 

analysis from two different single-factor models. In this section, the paper proposes two 

different regime-switching models to study stock and bond markets, respectively. The 

multivariate dynamic single-factor model is used to extract the latent stock factor and the 

univariate single-factor model is used to extract the latent bond factor. The unobserved 
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stock factor follows a first order two-state Markov process, which represents Bear and 

Bull markets, while the latent bond factor follows a distinct first order two-state Markov 

chain, which represents low and high Treasury bond return phases.  

 

3.3.1 The Multivariate Single-factor Model for the Stock Market 

At a first step, this paper proposes a multivariate regime-switching dynamic factor 

model to investigate the long run movement of stock market due to its high noisy feature. 

We extract the latent stock factor from three excess stock returns, including small firm, 

large firm and market portfolios, and two out of these three series were used to study the 

comovement of stock and bond markets in Guidolin and Timmermann (2006). Figure 3.1 

shows three excess stock returns for small firms, large firms and market portfolios.  

The measurement equation for the single-factor model is: 

           (3.1) 

where    are the      vector of excess stock returns,     is the scalar stock factor which 

measures the long run movement of the stock market,   is the      vector of factor 

loadings that show the sensitivity of each excess stock returns related to the stock market, 

and    is      vector of idiosyncratic terms of different excess stock returns which are 

not captured in the common stock factor. The above measurement equation can also be 

rewritten as: 

                                
(3.2) 

where     ,       and    are the observed excess stock returns, idiosyncratic components 

and factor loading for the     series, respectively (    for market portfolio,     for 
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small  firm portfolio and     for large firm portfolio). Without loss of generality, the 

factor loading of the market portfolio    is set to be one to satisfy the factor identification 

requirement.  

The latent stock factor is assumed to be uncorrelated with the idiosyncratic terms at 

all leads and lags. Furthermore, both intercept and volatility of the stock factor are 

assumed to follow one first order two-state Markov process, in which Markov switching 

intercept and volatility are used to represent Bear and Bull markets.  The autoregressive 

equation for the stock factor is 

                  
     

           
   

(3.3) 

where             
       

  is the Markov switching intercept and     
  

    
      

       
   

  is the regime switching variance of the transition shock from 

common stock factor. The state variable,   
  that follows a first order two-state Markov 

process, with transition probabilities    
         

        
     , where         is 

assumed to depict Bear and Bull markets, separately.   is the autoregressive coefficient 

within the unit circle. The idiosyncratic component of each excess stock returns,      is 

also assumed to follow distinct autoregressive process: 

                                     
                 

(3.4) 

where    measures the persistence of the noises from the     series, respectively (    

for market portfolio,     for small firm portfolio and     for large firm portfolio). 
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3.3.2 The Univariate Single-factor Model for the Bond Market 

Before October 1979, the Federal Reserve used to target the price of bank reserves 

in the financial system by changing the federal funds rate. In response to the high 

inflation rate as well as financial market innovation in mid and late 1970s, under 

Chairman Paul Volcker, the Fed started to target the Monetary Aggregate-specifically 

nonborrowed reserves till the fall of 1982, which resulted in high interest rates and 

Treasury bonds returns in 1980s. Figure 3.2 describes the 10-Year Treasury bond rates 

and NBER dated-recessions. Except the 1970s and 1980s high inflation periods in U.S., 

this long term interest rate has some kind of pattern associated with business cycles: it 

usually reaches a trough around recessions, and rises after recessions. Figure 3.3 shows 

the calculated 10-Year excess Treasury bond returns. However, the long term bond 

returns usually rise during recessions and drop after recessions, which are different from 

Treasury bond rates.  

It was very popular to measure interest rates and bond returns with three-state 

regime-switching models in Markov switching literature, because one of the states always 

captures the 1979-1982 monetary policy change period. This paper proposes a new two-

state regime-switching model to measure the low and high Treasury bond return phases 

of the bond market for the following reason. The two-state Markov process representing 

the low and high bond returns phases provides unambiguous portfolio selection and risk 

management strategies. Investors should sell their stocks and buy more bonds during the 

bear markets and high Treasury bond return phases.  

 



52 

 

The 10-Year Treasury bond returns or rates are widespread used to represent the 

long run US bond market in bond literature. In this paper, we at first extract the long run 

bond factor from all 10-Year, 20-Year and 30-Year Treasury bond returns, the same 

method that we do for stock market, and it leads to almost identical results and confirms 

that 10-Year Treasury bond returns can represent the bond market very well. Therefore, 

we use 10-Year excess Treasury bond returns in the remaining paper. 

The measurement equation is given by 

              (3.5) 

where      is the calculated 10-Year excess Treasury bond returns,     is the scalar bond 

factor which measures the long run movement of the bond market, and      is the 

idiosyncratic component which measures the separated short run noise of the bond 

market. The bond factor loading is set to be one to satisfy the factor identification 

requirement. The bond factor is assumed to be uncorrelated with the idiosyncratic term at 

all leads and lags. In addition, it is also assumed to follow the autoregressive process 

whose intercept is specified as following first-order two-state regime-switching process 

to capture the bond market cycles.   

The unified autoregressive equation for the bond factor is 

                  
     

        
  
 
   

(3.6) 

where the regime-switching intercept is              
       

  and the switching 

variance of the transition shock from bond factor is  
  
 
      

      
       

   
 . The 

state variable,   
  that follows a first order two-state Markov process, with transition 
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probabilities    
         

        
     , where         is assumed to capture the low 

and high Treasury bond yields phases.   is the autoregressive coefficient within the unit 

circle,   
   is the transition shock from the bond market, and      is the switching 

intercept which measures the low and high returns phases of the bond market. The 

idiosyncratic component of the measurement equation      is also assumed to follow an 

autoregressive process for the whole periods: 

                                     
   

(3.7) 

where    measures the persistence of the short run noises of the 10-Year Treasury bond 

returns. 

 

3.4 The Joint Bi-factor Model of the Stock and Bond Markets 

In this section, we propose a unified flexible joint bi-factor model which takes into 

account the time-varying interrelationship between two latent factors. One unobservable 

stock factor is extracted from three excess stock returns and the other latent bond factor 

comes from the 10-Year excess Treasury bond returns. The dynamic joint bi-factor model 

is cast in state-space, which allows simultaneous estimation of the two latent factors as 

well as their time varying relationship.  

The measurement equation of the bi-factor model is written as following vector 

autoregressive form: 

          (3.8) 

where                      are the      vector including three excess stock returns 

and one 10-Year excess Treasury bond returns, respectively,               is the     
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vector composed of stock and bond factors,   is the      matrix of factor loadings. The 

factors are assumed to be uncorrelated with the idiosyncratic terms of all four observable 

series,   , with all leads and lags, where    is the      vector. Each idiosyncratic 

component is allowed to be serially correlated, or each idiosyncratic residual follows an 

autoregressive process as in previous section, and vector form is: 

         

where D is the     matrix of autoregressive coefficients,    is the     vector of 

measurement errors with         
   
    

  , where     is the     diagonal 

variance-covariance matrix corresponding to excess stock returns and     is a scalar 

variance of the bond variable. 

Each factor follows one autoregressive process which governs its Markov switching 

intercept; furthermore, the variances of stock factor and bond factor also depend on the 

state of the stock market cycles and the bond market cycles, respectively. The transition 

equation for the joint factors in vector form is: 

                                  (3.9) 

The     matrix of autoregressive coefficients,    
  

  
 , capture the lead-lag 

relationship between the stock factor and the bond factor.   and   are autoregressive 

coefficients for stock and bond factors, respectively,   represents the lead-lag effect of 

previous bond factor on current stock factor, and   represents the lead-lag effect of 

previous stock factor on current bond factor. The stock and bond factors are assumed to 

be independent if the constraint       holds, otherwise, these two factors are 
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correlated to each other. The diagonal variance-covariance matrix of the common shocks 

    
    
  

  
  
 
   depends on both the stock market cycles and bond market cycles. The 

regime-switching intercept,      
       

       
 

       
       

   is governed by two pairs of 

transition probabilities of the first-order two-state Markov processes,    
         

  

      
     for all      ; and      

   
      for all       and      . The Markov 

process    
  represents Bear (  

   ) and Bull markets (  
   ), while the    

  represents 

low (  
    ) and high (  

    ) Treasury bond return phases. The estimation of the joint 

bi-factor model can measure the nonlinear lead-lag relationship between the phases of 

stock and bond markets via flexible autoregressive coefficients matrix which have not 

been done in the existing literature.  

All parameters and latent factors are estimated simultaneously. We first cast these 

models in state space form and then use the nonlinear discrete version of the Kalman 

filter with Hamilton’s (1989) algorithm as well as Kim(1994)’s collapse algorithm. The 

nonlinear Kalman filter is initialized using the unconditional mean and unconditional 

covariance matrix of the state vector. The constraint nonlinear optimization procedure, 

fmincon in Matlab is used to maximize the likelihood function, and the interior-point 

algorithm is used for estimation. The convergence criterion for the change in the step size 

is set to 1e-5. During the maximization process, the autoregressive coefficients matrix of 

joint factors is constrained to be stationary, all variances are set to non-negative, and the 

transition probabilities are set to between 0 and 1.  
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3.5 Estimation Results 

In this section, we at first estimate the regime-switching single factor model for the 

stock market, then estimate the single-factor model for the bond market; finally study the 

time varying interrelationship between latent stock and bond factors via joint bi-factor 

model. 

 

3.5.1 Bear and Bull Market Phases 

Table 3.1 reports the maximum likelihood estimates for the single-factor model of 

the stock market. The Markov process of the latent stock factor captures the Bear and 

Bull markets by allowing regime-switching in both intercept and conditional variance. 

State 0, which is associated with Bear market, displays a negative mean (            

and larger conditional volatility (            , while state 1 representing Bull market, 

shows a positive mean             and smaller conditional volatility      

       . The empirical results corroborate a negative risk-return relationship in the stock 

market at the monthly frequency. The autoregressive coefficient            shows 

that the latent stock factor is not persistent which captures the stock market well. All 

these empirical results are consistent with existing stock market literature. The factor 

loading coefficients show that the small firm stock returns are more volatile compared 

with large firm stock returns on average. 

Figure 3.4 exhibits the smoothed probabilities of Bear markets,     
       with 

NBER-dated recessions (shaded area). The closer the smoothed probability to 1 implies 

that we are more confident that the Bear market occurs. So far there is no agreed-upon 
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definition of a bear market, one widely accepted measure is that a price decline of 20% or 

more over at least two-month period. This two-state Markov-switching model captures 

the Bear market very well from 1955 to 2013. On one hand, at around the date where the 

NBER recessions begin, the smoothed probabilities of the Bear market spike upward and 

remain high until the end of the recession which reflects the widespread opinion that the 

stock market works as a signal for the economy; on the other hand, the remaining Bear 

markets detected by this model can be explained as some kind of stock market crash. For 

example, oil shock in 1976, 1987 stock crash, Asian financial crisis in 1998, dot-com 

bubble in 2000, and stock market downturn of 2002 are all captured in this regime-

switching dynamic factor model. 

 

3.5.2 Low and High Treasury Bond Return Phases 

Table 3.2 reports the maximum likelihood estimates for the single-factor model of 

the bond market. State 0 exhibits a smaller positive mean ( 
 
          and smaller 

conditional volatility (            , depicting the features of low Treasury bond yield 

phases; while state 1 displays a larger mean ( 
 
         and a larger conditional 

volatility (            , associated with high Treasury bond yield phases. The 

estimated autoregressive coefficient            shows that the latent bond factor is 

very persistent in the full sample which is consistent with previous bond literature.  

Figure 3.5 exhibits the smoothed probabilities of high Treasury bond return phases, 

    
        with NBER-dated recessions (shaded area). The closer the smoothed 

probability is to 1, the higher the probability that the Treasury bond yield is high. This 
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figure not only depicts the famous high Treasury bond yield period due to the 1979-1982 

monetary policy change, but also captures other high Treasury bond return periods, for 

example, early 1970s inflation period due to the easy-money policies, 1995, 2001 and 

recent 2009 recession. Unlike the close relationship between yield curve and the 

economy, for example, the inverted yield curve predicted most recessions ahead of time, 

the Treasury bond yields are influenced more by the Federal Reserve’s monetary policy, 

no matter why Fed raised the interest rates, in order to control the high inflation or to 

control the bubble and so on. 

  

3.5.3 Links between the Stock Market and Bond Market 

Table 3.3 reports the maximum likelihood estimates for the joint bi-factor model of 

the stock and bond markets where both factors are allowed to be affected with each other. 

The estimated lead-lag coefficient of the previous bond factor on the current stock factor 

  is positive; while the estimated coefficient of the previous stock factor on the current 

bond factor   is a tiny negative number. First of all, the empirical results show that bond 

market has some influence on the stock market; however, the inverse does not hold. The 

intuition is that Treasury bond rates are predetermined by Federal Reserve, whereas the 

stock market and the economy couldn’t affect the bond market unless the Fed reacts to 

the economy, for example, increase Federal Fund Rates if there is a bubble or decrease 

Federal Fund Rates if a recession is approaching. Secondly, the estimates show that a 

high bond yield period is immediately followed by a Bull market, and a Bull market is 

immediately followed by a low bond yield period in the full sample. The intuition of a 
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positive lead-lag relationship between bond and stock markets is that during expansion, 

the stock market is in boom and Fed tends to increase the interest rate, then the 

expectation of higher interest rate will stimulate the economy as well as the stock market. 

Since the duration of expansion is much longer than that of contraction, so the sign is 

positive on average. The intuition of a tiny negative   is straightforward, when the stock 

market performs well, more investors will allocate more assets in stock market and less 

assets in bond market. 

Figure 3.6 displays the smoothed probabilities of Bear markets,     
      and 

smoothed probabilities of high Treasury bond return phases,     
        with NBER-

dated recessions (shaded area) from the joint bi-factor model. The closer the smoothed 

probability to 1 implies the higher probability that it is in Bear market or high Treasury 

bond yield phase. Generally speaking, there is an opposite movement of stock and bond 

markets, especially pre and post NBER recessions which indicates that the Treasury 

bonds are good risk diversification instruments for the stock market then. Unlike the 

stock market which almost predicts every recession and fake recessions, the long term 

bond returns are closely related to monetary policy, for example, the high inflation of 

1970, the monetary policy change in 1979-1982. 

 

3.6. Impulse Response Function and Correlation Analysis 

3.6.1 Impulse Response Function Analysis 

In order to explore further the time varying lead-lag relationship between stock and 

bond factors, we report the structural vector autoregressive impulse response function 
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analysis in figure 3.7. The extracted bond factor is put in the first order of the VAR (4) 

process because it is predetermined compared with the latent stock factor. A positive 

shock in the stock factor leads to a decrease in the bond factor in the medium and long 

run (three months and on), whereas a positive shock in the bond factor leads to an 

increase in the stock factor in the very short run (up to four months). In addition, the bond 

factor is highly persistent, but the stock factor is not. This IRF analysis is consistent with 

the estimated lead-lag effect in the previous section.  

 

3.6.2 Correlation Analysis 

Table 3.4 shows the correlations between estimated stock and bond factors during 

different phases of the economy, the stock and bond markets. On average, there is a mild 

positive correlation (0.1908) between stock and bond factors over the whole sample 

periods, which indicates that bond assets are good risk hedge against stock assets on 

average. In addition, the correlation between two markets varies from 0.3636 in NBER 

recessions to a 0.1512 in expansions which verifies that the interrelationship between two 

markets are time varying around business cycles, and it is much stronger during recession 

than in expansion. This empirical results indicate that the current popular investment 

strategy – holding more Treasury bonds during the NBER-dated recessions to reduce 

investment portfolio risk may not as wise as it seems to be. The bond returns usually 

decrease when the Fed decrease the interest rate to stimulate the economy during the 

recession while the stock market also performs badly then. Furthermore, the correlations 

are much smaller during pre-NBER dated recessions (0.1031) and post-NBER dated 
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recessions (0.1022) than correlations in other periods, where pre-NBER dated recessions 

are set to be six months prior the beginning of NBER dated recessions and post-NBER 

dated recessions are defined to be six months after the end of NBER dated recessions. 

When recessions are approaching, stocks already entered a Bear market, anticipating a 

decrease in future potential earnings and dividends. At the same time, interest rates tend 

to decrease as preemptive monetary policy tends to become looser under the prospect of 

near economic contractions. Thus, stock returns are low and bond returns start to 

decrease, and their correlation is low. A small positive correlation is also observed right 

after recessions, particularly the ones associated with slow economic recoveries.  Stock 

market performs well at the end of recessions, but bond returns are still depressed the first 

six months after recessions ended because of the lagged effect of monetary policy by Fed. 

The results of the model can be used as insightful input on portfolio selection and 

management for investors. 

 

3.7 Conclusions 

We propose a new dynamic joint bi-factor model to study the potential asymmetric 

relationship between stock and bond markets. This multivariate bi-factor model allows 

distinct Markov processes to represent phases of stock market and bond market and 

captures the 1979-1982 monetary policy change simultaneously. The joint bi-factor 

model provides the flexible framework to analyze the time varying lead-lag relationship 

between the phases of the stock market and bond market, even over business cycles. 

 



62 

 

There are two major contributions of this paper. First, the smoothed probabilities of 

stock factor from joint bi-factor model depicts NBER-dated recessions better, especially 

the ending point of the latest two recessions. It shows that the stock market can measure 

the recessions better if the bond market is considered which is new in stock market and 

business cycle literature. Secondly, it shed light on the asset allocation strategies for 

investors. Our empirical results show that the stock bond correlation is much stronger 

during NBER-dated recessions than in expansions, which not only supports the time 

varying interrelationship between two markets, but also indicates that the bond assets do 

not perform well in risk diversification during recessions. Furthermore, the correlations 

during pre-NBER dated recessions and post-NBER dated recessions are so small that 

bond assets can hedge the stock market risk very well then. In summary, investors should 

use bonds to hedges against stock market risk during the following periods: pre and post-

NBER dated recessions, bull market periods. 
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Figure 3.1 Three Excess Stock Returns for the Stock Market and NBER-dated Recessions 
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Figure 3.2 The 10-Year Treasury bond Rates and NBER-dated Recessions 

0

2

4

6

8

10

12

14

16

55 60 65 70 75 80 85 90 95 00 05 10

10-Year Treasury bond Rates



65 

 

 

 
Figure 3.3 The 10-Year Excess Treasury bond Returns and NBER-dated Recessions 
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Figure 3.4 Smoothed Probabilities of Bear Markets in the Single-factor Model of the Stock Market 
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Figure 3.5 Smoothed Probabilities of High Bond Return Phases in the Single-factor Model of the Bond Market 
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Figure 3.6 Smoothed Probabilities of Bear Markets and High Bond Return Phases in Joint Bi-factor Model 
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Figure 3.7 Impulse Response Function Analysis (VAR in Bond and Stock Factors) 
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Table 3.1 Maximum Likelihood Estimates of Single-factor Model of the Stock Market 

 

Parameters Estimation Parameters Estimation 

0  

-0.0060 

(0.0090) 0sf  
0.0591 

(0.0048) 

1  

0.0108 

(0.0027) 1sf  
0.0311 

(0.0017) 

1

00

Sp  
0.8753 

(0.0128) 1  
0.0020 

(0.0003) 

1

11

Sp  
0.9481 

(0.0150) 2  
0.0378 

(0.0009) 


 

0.0072 

(0.0087) 3  
0.0029 

(0.0002) 

1  1 
1d

 

0.3076 

(0.0184) 

2  

1.0432 

(0.0131) 2d
 

0.0155 

(0.0186) 

3  

1.0084 

(0.0094) 3d
 

0.0168 

(0.0063) 

Log L 7639.97   

                        Asymptotic standard errors in parentheses 
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Table 3.2 Maximum Likelihood Estimates of Single-factor Model of the Bond Market 

 

Parameters Estimation Parameters Estimation 

0  

0.0045 

(0.0023) 0bf  
0.0001 

(0.0086) 

1  

0.0137 

(0.0063) 1bf  
0.0417 

(0.0032) 

2

00

Sp
 

0.9803 

(0.0114) 4  

0.0224 

(0.0013) 

2

11

Sp
 

0.9525 

(0.0143) 4d
 

0.9370 

(0.0158) 

  
0.8802 

(0.0391) 
  

Log L 1514.82   

                         Asymptotic standard errors in parentheses 
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Table 3.3 Maximum Likelihood Estimates of the Joint Bi-factor Model of the Stock and Bond Markets  

 

Parameters Stock Factor Parameters Bond Factor 

0  

-0.0404 

(0.0220) 0  

0.0034 

(0.0012) 

1  

0.0210 

(0.0089) 1  

0.0094 

(0.0039) 

1

00

Sp  
0.8482 

(0.0722) 

2

00

Sp
 

0.9832 

(0.0093) 

1

11

Sp  
0.9463 

(0.0212) 

2

11

Sp
 

0.9578 

(0.0179) 

0sf  
0.1914 

(0.0136) 0bf  
0.0145 

(0.0047) 

1sf  0.1 1bf  
0.0438 

(0.0036) 

1  
0.3139 

(0.0196) 1  
0.0005 

(0.0002) 

2  

0.3276 

(0.0229) 2  
0.0378 

(0.0011) 

3  

0.3162 

(0.0198) 3  
0.0035 

(0.0001) 

4  
1 

4  

0.0176 

(0.0045) 

1d
 

0.9141 

(0.0455) 
  

-0.0179 

(0.0402) 

2d
 

0.0158 

(0.0407) 


 

0.9195 

(0.0187) 

3d
 

0.0247 

(0.0475) 
  

0.2382 

(0.0847) 

4d
 

0.9365 

(0.0161) 
  

-0.0182 

(0.0078) 

Log L 8749.32   

                      Asymptotic standard errors in parentheses 
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Table 3.4 Correlations during different Phases of the Stock Market and Bond Market 

 

Phases Correlation Phases Correlation 

Whole sample 0.1908   

NBER recession 0.3636 NBER expansion 0.1512 

First-half of 

NBER recession 
0.3200 

Second-half 

NBER recession 
0.2576 

Pre-NBER recession 0.1031 Post-NBER recession 0.1022 

Bear market 0.2603 Bull market 0.1785 

Bear market  

(& Low yields) 
0.2835 

Bear market  

(& High yields) 
0.3108 

Bull market 

 (& Low yields) 
0.1943 

Bull market  

(& High yields) 
0.1774 

Low yield 0.1919 High yield 0.2465 
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Chapter 4 Generalized Impulse Response Function in Bivariate Two-

Markov-Chain VAR Model 

4.1 Introduction 

Since the pioneer work by Sims (1980), the impulse response function (IRF 

hereafter) becomes a popular tool for dynamic investigation in multivariate time series, 

particularly in macroeconomic time series, for instance, GDP, unemployment rates etc. 

The impulse response analysis displays the propagation mechanism of an exogenous 

shock in a given horizon, which is widely used by Fiscal and Monetary policy makers. 

However, the traditional IRF for the vector autoregressive (VAR hereafter) model is 

required to orthogonalize the shocks by Cholesky decomposition; hence different 

orderings of the variables in the VAR will lead to different and confusing results. 

Furthermore, the traditional IRF analysis in VAR models cannot depict the asymmetries 

that may exist around the business cycle, for example, a shock in recession might lead to 

greater output fluctuation compared with the same size shock in expansion. 

Koop, Pesaran and Potter (1996) extended the traditional IRF in linear multivariate 

models to the concept of generalized impulse response function (GIRF hereafter) for both 

linear and nonlinear models. In order to construct GIRF in their way, there are three 

assumptions or questions need to be made or answered. The first decision that researchers 

have to make is that whether they interest in variable-specific or system-wide shocks 

which hits the system at time t. The second assumption is about the history of the system 

before time t or before the targeted shock occurs. The last assumption is about the future 
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shocks which might hit the system after time t or targeted shock occurs. There are many 

different conditional versions of GIRF, for instance, condition on a particular shock, or a 

specific history, or particular subsets of the history or the shock. The most popular 

version of GIRF is the difference between the expected future time series given a history 

under a specific shock and the expected future time series given the same history without 

any shocks. See Pesaran and Shin (1998), Karame (2010, 2012) etc. Pesaran and Shin 

(1998) proposes a GIRF which does not need to orthogonalize the shocks; therefore it is 

invariant to the ordering of the variables in the linear multivariate models. Their GIRF 

can also be extended to vector error correction model, or cointergradted VAR model in 

which the times series show a unit root dynamics.  

In the nineties, Makrov-switching or regime-switching model, pioneered by 

Hamilton (1989, 1990), as one important branch of nonlinear models encountered a huge 

success in modeling most macroeconomic times series. Hamilton applied a univariate 

Markov-switching model to measure the U.S. GDP and it depicted the business cycles, 

especially the recessions very well. Krolzig (1997) extended the univariate Markov-

switching model to Markov-switching vector autoregressive (MSVAR hereafter) model 

later.  

Ehrmann, Ellison and Valla (2003) propose the regime-dependent impulse response 

function (RD-IRF) in MSVAR model, to study the response of the nonlinear system 

within a finite horizon given the regime in which the shocks occur. Although their 

approach is similar in spirit to the GIRF by Koop et al. (1996), however, they assumed no 

more regime changes after the shocks in that regime occurs, so the RD-IRF only shed 
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light on the dynamics within the regime in which the shock occurs. Karame (2010, 2012) 

following the three exact assumptions made by Koop et al. (1996), proposes the exact 

impulse response function (EIRF hereafter) for the MSVAR, which captures a global 

response of the system within a finite horizon whatever the regime the shocks occur and 

it can be considered as a general tool for MSVAR evaluation. This EIRF not only 

provides the global response of the nonlinear system to identified shocks in any regime, 

but also depicts the unconditional response of the system to this shock. However, one 

shortcoming of EIRF for MSVAR is that the MSVAR only allows one Markov chain to 

measure the nonlinear dynamics of multivariate time series, which results in too many 

parameters needed to be estimated.   

Besides previous literature, there are many other studies about the applications of 

the IRF or GIRF; for example, Krolzig and Toro (2001) proposed the GIRF for Markov-

switching vector-equilibrium-correction model to study the dynamics of output and 

employment. Camacho and Perez-Quiros (2011) applied the GIRF to study the dynamics 

between commodity prices and output growth of the seven greatest Latin American 

countries, and found that the responses of their output growths to self commodity prices 

shocks are dependent on history and size and sign of the shock. Hatemi-J (2014) 

proposed a new method to calculate the sign asymmetry of the impulse response function 

and shows that a negative shock in the world stock market will lead to a negative 

response of the UAE stock market (or local stock market), not vice versa.  

In this paper, I propose a new GIRF for the Bivariate Two-Markov-Chain VAR 

model following Koop et al. (1996) and Karame (2010, 2012). I also use the joint bi-
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factor model in chapter three, which is a specific case of bivariate Two-Markov-Chain 

VAR model, as an empirical example to study the nonlinear dynamics between the stock 

and bond returns. This new GIRF extend Karame (2010, 2012)’s one Markov chain GIRF 

to two Markov chains GIRF, which is designed for cross section time series analysis, 

especially for two related, but not closely linked markets. The empirical results show that 

the response of stock and bond returns to their own stock and bond shocks are 

asymmetric around their history, or state-dependent and history-dependent. Specifically, 

both stock and bond markets react most strongly in the Bear market and react to the 

weakest in the Bull market when stock shocks occur; both stock and bond markets react 

most strongly in the high bond return phases and react to the weakest in the low bond 

yield phases when bond shocks occur.  

The remainder of the paper is organized as follows: Section 2 provides some 

background and theory frameworks of MSVAR model and bivariate two-Markov-chain 

VAR model. Several different generalized impulse response functions for Markov-

switching vector autoregressive model and bivariate two-Markov-chain VAR model 

(joint bi-factor model is a specific case) are discussed and compared in section 3. Section 

4 illustrates the new generalized impulse response function tool for the bivariate two-

Markov-chain VAR model with an empirical example based on stock and bond returns 

from chapter 3. Section 5 concludes. 
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4.2 Methodology  

The focus of this paper is to investigate the expected global response of the 

propagation system which contains different but related markets on unit shock. In this 

section, I at first introduce the traditional MS-VAR model and its RD-IRF by Ehrmann et 

al. (2003), GIRF by Karame (2010, 2012). Then I propose the GIRF for the Bivariate 

Two-Markov-Chain VAR model (Joint bi-factor model from chapter 3 is a simple case) 

which relaxes the one Markov chain assumption of the MS-VAR model to two Markov 

chains model. 

 

4.2.1 The Markov-switching VAR and its RD-IRF and GIRF  

The general standard MS-VAR is following: 

tpttptttttt uySySySSy   )()()()( 2211    (4.1) 

where },...,,{ 2,1 ntttt yyyy   is an 1n  vector of observable dependent variables, )( tS is 

the 1n  Markov-switching intercept vector, )( tS is the pn  matrices of Markov-

switching autoregressive coefficients and tu is ... dii Gaussian random variable with zero 

mean and Markov-switching variance-covariance matrix )( tS . The innovation is 

identified by Cholesky decomposition under assumption ttt SDu  )( where t  is ... dii

N(0, I) and )()()(  ttt SDSDS . )( tSD is not necessarily triangular.  
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Without loss of generality, the unobserved state variable, tS  is assumed to follow a 

first-order S-regime Markov process, which implies that the current regime ts  only 

depends on the previous regime 1ts , and the transition probability is denoted as 

10),|(),,|( 121   ijtttttij piSjSPkSiSjSPp   

The conditional transition probabilities can also be written as SS   matrix P , 

which is 
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The hidden Markov chain tS  controls all parameters, so each parameter is regime-

dependent and each regime is controlled by its own propagation system. The set of all 

unknown parameters }),(),(),({ PSDSS ttt    is estimated by 


 from MS-VAR 

model.  

Ehrmann et al. (2003) proposed their RD-IRF under the restrict assumption that 

there is no regime change during the total impulse response analysis period. 

)ˆ,0,|()ˆ,,|()ˆ,,,( 1111111   sssyEsssyEshRDIRF hhthhty    (4.2) 

2h where h  is the total impulse response analysis horizon, 1 is the unit shock at 

current time t. Although the RD-IRF captures the expected global responses of the 

propagation system on the unit shock across regimes, that the consecutive h regimes are 

identical is almost impossible to be true as horizon h increases.  
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Karame (2010, 2012) relaxed the restrict assumption in RD-IRF and proposed his 

GIRF following the exact GIRF rules by Koop et al. (1996). 

)ˆ,0,|()ˆ,,|()ˆ,,,( 11111  syEsyEshGIRF tty   (4.3) 

2h where h  is the total impulse response analysis horizon, 1 is the unit shock at 

current time t. It is straightforward that the RD-IRF by Ehrmann et al. (2003) is the 

specific case of GIRF by Karame (2010, 2012). 

 

4.2.2 The Bivariate Two-Markov-Chain VAR Model and its GIRF  

The generic bivariate two-Markov-chain VAR model is denoted as 

2,1)()( 1211   kSuyyySy k

ttptptt

k

tt    (4.4) 

where },{ 21 ttt yyy  is a 12 vector of dependent variables, )( k

tS is the 12  Markov-

switching intercept vector which is controlled by two distinct Markov chains, 

respectively.   is the p2  matrix of autoregressive coefficients and )( k

tt Su is ... dii

Gaussian random variable with zero mean and Markov-switching variance-covariance 

matrix )( k

tS . State variable )2,1( kS k

t is a first-order Markov process which governs 

an intercept and variance for one dependent variable. The shock is identified by Cholesky 

decomposition under assumption t

k

t

k

tt SDSu  )()( where t  is ... dii ),0( 2IN and 

)()()(  k

t

k

t

k

t SDSDS . )( k

tSD is not necessarily triangular.  

In this paper, the unobserved state variable, 1

tS  is assumed to follow a first-order 

two-regime Markov process, which represents Bear )1( 1 tS  and Bull markets )2( 1 tS   
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of the S&P 500 stock market, and the transition probability is denoted as 

2,1,2,1,10),|Pr(),,|Pr( 1

1

11

2

1

1

1   jipiSjSlSiSjSp ijtttttij 

The unobserved state variable, 2

tS  is assumed to follow a different first-order two-regime 

Markov process, which represents Low )1( 1 tS  and High )2( 1 tS  yield phases of the 

U.S. Treasury bonds market, and the transition probability is denoted as 

2,1,2,1,10),|Pr(),,|Pr( 2

1

22
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2   jiqiSjSkSiSjSq ijtttttij 

The set of all unknown parameters },),(,),({ ijij

k

t

k

t qpSDS    is estimated by 


 

from the bivariate two-Markov-chain VAR model. 

The GIRF of the bivariate two-Markov-chain VAR model is 

2),ˆ,0,,|()ˆ,,,|()ˆ,,,,( 2

1

1

11

2

1

1

11

2

1

1

1  hssyEssyEsshGIRF tty   (4.5) 

 

4.3. Empirical Results 

It is straightforward that the joint bi-factor model is a specific case of Bivariate 

Two-Markov-Chain VAR model; therefore, I use the estimation of joint bi-factor model 

from chapter 3 as an illustration. The procedure suggested in section 2 is applied to study 

the dynamic nonlinear relationship between the U.S. Treasury bond returns and U.S. 

S&P500 stock market returns from January 1954 to December 2013. Figure 4.1 displays 

the global response of the stock and bond markets on different shocks across regimes 

(aggregate effect) and figure 4.2 captures the response of the system on stock or bond 

shocks in different regimes. Both figures corroborate that the impulse responses of stock 

and bond markets are history-dependent, or state-dependent. Furthermore, the effect of a 
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stock shock on the stock market only lasts two months, but the effect of a bond shock on 

bond market lasts for years. 

Figure 4.1(a) represents the GIRFs of the stock market when stock shocks occur. 

When there is a positive unit shock on the stock market (factor), the stock factor reacts 

most strongly in the Bear market and reacts to the weakest in the Bull market regardless 

of the bond market performance. I define the Bear market as the low or negative stock 

return phases and Bull market as the high stock return phases in this paper. It supports the 

negative relationship between the risk and return in the stock market; low stock returns 

and high stock market fluctuation in the Bear market and high stock returns and low 

stock market fluctuation in the Bull market. The accumulate effect in the Bull market 

from unit stock shock is about two-thirds of that in the Bear market. 

Figure 4.1(b) depicts the GIRFs of the bond market while stock shocks occur. When 

there is a positive unit shock on the stock market (factor), the bond factor reacts most 

strongly in the Bear market and reacts to the weakest in the Bull market. Figure 4.1(c) 

displays the GIRFs of the stock market when bond shocks occur. When there is a positive 

unit shock on the bond market (factor), the stock factor reacts most strongly in the high 

bond return phases and reacts to the weakest in the low yield phases. However, the 

magnitude of effect on stock market is much smaller than that on the bond market. 

Figure 4.1(d) captures the GIRFs of the bond market when bond shocks occur. 

When there is a positive unit shock on the bond market (factor), the bond factor reacts 

most strongly in the high bond yield phases and reacts to the weakest in the low bond 

return phases. It implies the positive relationship between the risk and return in the bond 
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market; low bond returns and low bond market fluctuation in low return phases and high 

bond returns and high bond market fluctuation in the high yield phases. The accumulate 

effect in low yield phases from unit bond shock is about a half of that in high yield 

phases. 

In general, both stock and bond markets react most strongly in the Bear market and 

react to the weakest in the Bull market when stock shocks occur; both stock and bond 

markets react most strongly in the high bond yield phases and react to the weakest in the 

low bond yield phases when bond shocks occur. 

Figure 4.2 demonstrates that the generalized impulse response functions in all 

regimes converge to zero as the horizon increases. The bond factor is highly persistent; 

however, the stock factor is not which corroborates the random walk assumption of stock 

returns. If a positive unit shock occurs on the stock market, the bond factor will drop fast 

in two months, then gradually go up to zero. If a positive unit shock occurs on the bond 

market, the stock market will rise fast in two months, then gradually go down to zero.  

 

4.4. Conclusions 

This paper derives a new generalized impulse response function for the bivariate 

two-Markov-chain VAR model (joint bi-factor model as an example) to investigate the 

global impulse response of the propagation system on shocks across regimes. This GIRF 

allows two distinct Markov chains to represent the phases of stock market and bond 

market, respectively, instead of one Markov chain GIRF based on traditional MS-VAR 

model. The empirical results show that both stock and bond markets react most strongly 
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in the Bear market and react to the weakest in the Bull market when stock shocks occur; 

both stock and bond markets react most strongly in the high bond yield phases and react 

to the weakest in the low bond return phases when bond shocks occur. The investigation 

of size asymmetry, sign asymmetry properties of the generalized impulse response 

function is left for future research. 
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Figure 4.1 Generalized Impulse Response Function Analysis (Aggregate Effect) 
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Figure 4.2 Generalized Impulse Response Function Analysis 
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