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ABSTRACT. 

Orbit calculations are carried out to evaluate the effective 

atmospheric densities for geomagnetically trapped 125-MeV protons 

whose guiding·· centers mirror bet~en 200- and 560-km altitude in the 

South Atlantic anomaly. Such orbits are limited to the region of B-L 

space L = 1.38 and 0.2o43 < B < 0.2355 gauss. Calculated are the . m 

effective atmospheric densities and scale heights experienced by the 

particle and its guiding center. Rates of energy loss by ionization 

are also calculated, taking into accow1t atmospheric.composition and 

the ionization energies for each constituent. Atmospheres used in 

the computations are the Harris and Priester S = 100 and S = 200 
I 

models; each diurnally averaged, and the Johnson model for solar mini-

mum. The geomagnetic field is described by the 48-term spherical 

harmonic expansion of Jensen and Cain. 
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INTRODUCTION 

Relevant. to problems that involve particle-loss rates to the 

atmosphere is the evaluation of the effective atmospheric_density 

traversed by geomagnetically trapped particles. In order to limit 

computation time, it is customary to invoke the assumption that particle 

motion is completely described by the leading terms in the asymptotic 

series :for the adiabatically invariant magnetic moment, ~ = <m{ /2B) + ••• , 

and the longitudinal adiabatic invariant, J = j Pjj. ds + • . • . [Northrop, 

1963]. The calculations of Newkirk and Walt [1964], Blanchard and Hess 

[1964], Cornwall, Sims and White [1965], and Hassitt [1965] were 

carried out according to this procedure. The effective atmospheric 
! 

densities that have been calculated pertain, therefore, to an average 

along the particle's guiding-center motion, rather than to the actual 

trajectory of the particle. For low-rigidity particles, the guiding-

center approximation is certainly valid for atmosphere averaging. For 

energetic protons, E ~ 100 MeV, however, the gyroradii become comparable 

to the scale-height of the atmosphere at low altitudes and, as a result, 

the atmospheric densities encountered by the particle may differ 

appreciably from those encountered by its guiding center. 

The need for a more accurate calculation of effective atmospheric 

densities traversed by low-altitvde mirroring protons stems from the 

experiments of Heckman and Nakano [1965]. By measuring the east-west 

asymmetries in the flux of mirroring protons, E > 100 MeV, in the region 

of the Sou·th Atlantic anomaly, Heckman and Nakano have determined 
' 

mirror-point density scale-heights as a function of minimum mirror-i 

point altitudes between 300 and 450 km. The confidence w1 th which 1 
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(19(52).] 

If, in vector notation, Y'(s) = F[s,Y(s)] is a system of first-
¥1"1 M\ .... 

order ordinary·differential equations for Which the solution is known 

at four points s, s-5, s-25, s-35 for some step size 5, then the Adam's 

method consists of using the formula 

for predicting the solution at s + o, and the formulas 

Y'(s + 5) = F[s + 5, Y(s + 5)] 
"'" . ~ !WI 

J..(e + 5) = J,.(s) + 5 [9X.'(s + o} + 19J.,'(s)24 5X!(s - o) + ,k!(s - 2o) i 

for improving the predicted value. A corrected val.ue of J.: ( s + o) is 

then computed from the new val.ue of ]j.s + o). 

The four needed starting values are obtained by four applications 
' 

of the Runge-Kutta method. If the solution is known at a point a, then 

the Runge-Kutta method copsists of use of the formula 

Y(s I+ o) = Y(a) + t> <At+ 211-4: 2,C, + W 
,.,.. N"" 6 . 

where 

.A= t:J.s,J..(s)] 

~ = ,t[s + o/2, ~(s) + 5&/21 

~=:_[s + o/2,J,.(s) + OJ/2] 

~ = .{1 8 + 0 J 1J. s ) + 0~ • 

In order to determine the proper value for the step size o, the 

equations 'Were solved with a dipole field_used as ·an approximation to 

the earth•s magnetic field. The amo\mt that t~e unit velocity dt/ds = 
2 2 2 l. . . 

(x + y + z )2 deviates from one was taken as a measure of the 

c 

t 
., ! 

! 



• 

'•,_ 1. 

: 

-5-
., 

computational error. Although sane programs for comyuting .charged-

particle orbits use a variable step size [McCracken, Rao, and Shea, 
' ' 

19621, our calculations with the dipole field showed no· advantageous 

reason to do so. We therefore chose, on the basis of these calculations, 

a fixed step size of 5 kilometers of arc length. In the calcUlations 

involving a model of the earth's actual field, the maximum relative 

error of the magnitude of dl/ds was found to be abopt 0.05 per cent. 
. - ~ 

II' 
Guiding-center coordinates. Concurrent with the s1ie1p-wise integration 

,~W 

~~·~·. 
of the equatiolls of motion, we performed an additj,;~~al calculation at 

~~il 
selected points along the particle orbit to determine the polar 

f:j 
~~ 

.coordinates of the instantaneous guiding center of ~be particle orbit •. 
~ 

We define the vector coordinate of the guiding cent~r, ~',by the 

equation r' =·r + p. The position of the particle is denoted by the - -.. -
vector r and the gyroradius vector p = (Bp/B2 )[~ X B], Fig. 1. 

1\11>\ - 0 -

EFFECTIVE ATMOSPHERIC LOSSES AND SCALE HEIGHTS 

Model atmospheres. ' : In our calculations we have used two diurnally 

averaged \nodel atmospheres of Harris and Priester (H and P)[l962] 

appropriate for times near solar maximum (S = 200) and solar minimum 

(S = 100), and the low-density, solar-minimum atmosphere given by 

Johnson [1965]. Because the concentration-vs-altitude relationships for 

the constituents N2, o2, 0, He, and H of these model atmospheres are 

approximately exponential, they were fitted, for computational purposes, 

by the method of least squares to a polYJ?.omial of the form 

4 

[ J 
\' k-1 . 

ln . c1 (R) = ~ Hik R , (3) 

k=l 

where R denotes altitude (km) B.tld c1(R) concentration {number/cm3) 

-, 

. ,. 
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for the ith constituent. The least-squares coefficif~ts, Hik' for 
·~ .; 

each constituent of the H and P and Johnson model a~ospheres for 

altitudes above 150 km are listed in Table 1. Because trapped 

particles on magnetic shell L = 1.4 attain altitudes up to 3500 km, 

it was necessary to extrapolate the fitted He and H concentration 

curves above the maximum altitudes listed by Harris and Priester 

(2050 km) and Johnson (2500 km). The extrapolated ~e and H curves 

exhibit proper functional behavior, and are, therefore, sufficiently 

realistic for atmospheric calculations -- particularly when one notes 

the present uncertainties in the hydrogen densities at these altitudes 

[Cornwall et al., 19651. Whereas the H and P model gives a hydrogen . 

concentration that is less at solar minimum than at solar maximum, the 

Johnson model, as well as that of Anderson and Francis [1965], indicates 

that the concentration is greater at minimum. On the basis of the 

H and P model, hydrogen concentrations at solar minimum can be pre-

dieted that differ by ne~ly an order of magnitude from that based on 

the John~on solar-minimum-atmospheric model (Fig. 2). ·For this reason 

we have chosen these two models for computation and comparison. At 

solar maximum there are no significant differences among the model 

atmospheres, and we have taken the time-averaged H and P 8=200 atmosphere 

as representative for this period of the solar cycle. 

Atmospheric density and stopping power. 'lb.e density and stopping 

power of the atmosphere were computed by a subroutine called AIR, 

which was given the proton's kinetic energy T, altitude R, and 
... 

coefficients Hik. · · .. . ; 
'' 

·. 

• 

.l/ 

i . 

' 
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p(R) = 1.660 x lo-24 · L Ai c1 (R) g/cm3 

1 

i~ 

.. ~~:~ 
'.? 
.\ (4) 

:; (R) = 1.660 X lo-24 L (dT/ds)1 A1c1 (R) MeV/cm. (5) 

i 

The formula for the stopping power for element i, (dT/ds)i, expressed 

-1 . 2 in MeV g em , was obtained by differentiating the range-energy 
I 
l, 

relation given by Barkas and Berger [1964]. The ionization energies; 
- :~\ 

I, that were used to evaluate (dT/ds)i are: nitro~~n, 88 eV; oxygen, 
\'~~; 

101 eV; He, 42
1 
.eV; and H(atoniic)' 15 eV [Fano, 199j~~;r 

. . ~~ 

Specified by the initial conditions for the orqtt calculations 

were the particle's kinetic energy, altitude, co-lat4tude, and longitude 

at its minimum mirror-point altitude. The atmospheric density and 

stopping power were calculated at 40-km intervals along the particle '·s 

traJectory. The atmospheric density was also calculated for the orbit's 

•• ~ guiding-center altitude at these same points. The following quantities 
... -~, 

ifi 
·: 
I 

were evaluated: 
l 

a) the amount of atmosphere traversed by the particle between the J..th 

and (j + l)th conjugate .mirror points, 

j+l . J p(R) de (g/cm
2 ) a.nd. 

j 

b) the resultant energy loss, 

J j+l dT 
j dB (R) de (MeV), 

'; c) the atmosphere traversed by the ~ticle When the atmospheric 

density is equal to that .. at its guiding center, 

., 
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JJ+l 2 
p(R') de (g/cm ); 

J . 

d) the integrated path length 

J J+l 
ds, 

j 
and 

e) the mirror-point coordinates of the guiding center, R', 9', ~,, 

and magnetic-field value B(R'). 
I 

J 
( 
.-. 

Upon completion of the integrations, quantities a)" through d) were 

summed over J.., the number of mirror pointe. 

When the initial conditions of the orbit were chosen to be the po~nt 

'· of maximum atmospheric dens! ty, the atmosphere traversed per bounce .. 

I 

diminished rapidly as the particle drifted away from its starting point· 

in the South Atlantic anomaly. Thus as the integration proceeded, the 

atmosphere traversed by the particle on the ~th bounce was examined, 

and if 

the integration was ended. This· criterion allowed a maximum of 1~ 

error in the integrated atmospheric densities, and significantly 

decreased computation time. The computation was completed by returning 

to the initial ·point and integrating the equations of motion in negative 

time. 

RESULTS AND DISCUSSION 

Figure 3(a) is a representative mirror-point.trajectory obtained 

from the equations o~ motio~ of a 125-MeV proton (13 = 0.470) where : 

• 



~·· 
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B (R') = 0.209 gauss and L = 1-38· m 

' ·~· .; 

Pl,otted are the ('~60) c~nsecutive 
' . 
! ' . 

m.irror-point coordinates, R' vs 4>' , of. the guiding-c~nter trajectory 
~;'II 

during one drift period. The long! tudinal drift velo~i ties of the 

guiding center in the north an.d south hemispheres are· given in Fig. 3(b). 

Here, $• equals At'/At(t'), where A~' is the change in longitude between 

success! ve mirror points in the respect! v.e hemispheres, and At($' ) is 

the bounce period. As first demonstrated by Newkirlt and Wal.. t [1964], 
I 

guiding-center drift velocities of radiation trapped in the earth's 

nondipolar magnetic field can vary as much as 3f1!o from the mean at 

B = 0.237, L = 1.25. For the particular trajectory illustrated in m . . 
Fig. 3, we find t' / 4> = 1.41, with a maximum variation of max mean . ' . ' 
4> / $ mi = 1.65. The minimum and maximum values of the angular 

max 11 

drift velocity occur near -55° longitude in the northern and southern , 

hemispheres, respectively. The length of the longitudinal drift 

period -- 17.5 seconds -- gives a mean angular drift velocity of 0.357 

rad/sec. 

The 1results of our calculations on the atmosphere traversed, in 

units g/cm2 per drift period, are presented in Fig. 4. For each of 

the three atmospheric models are shown (a) the atmosphere traversed 

-by the particle, p(R), and (b) the atmosphere traversed by the particle's 

guiding center p(R') between minimum guiding-center altitudes 200 and 

560 km. For each model atmosphere, curves of the resultant energy 

loss by.ionization per drift period versus altitude are given in Fig. 5. 

The effect of finite gyroradii on the calculated densities, Fig. 4; · 

are most'evident ·at the lowest altitudes, where a 125-MeV proton 

encounters approximately ,twice the density of a.tmosphe~e per driftiperiod 
'·· '. 

•, 



~.· 

·. 

·' 

-10-. ~·if;, i 

•>:l. 
as does its guiding center. Above 250 kilometers, h~jever,, the 

·~''' . r ~ 

differences between the effective atmospheres encountered by a particle 
~~ 

and its guiding center are clearly less important than those due to 

solar-cycle changes in the composition and density of the atmosphere. 

The final results of these calculations are given in Fig. 6, 

where the altitude dependence of the density scale q·eight, h, of each 
I 

model atmosphere is compared with (a) hp' the density scale height 

averaged over the particle's trajectory; (b) h6E; ~he energy-loss 
/~: 

scale height; and (c) h ,, the density scale height averaged over the . p 1 

guiding-center trajectory. The scale height, or ~-folding distance, 

h, for the atmospheric density p is calculated from the expression 
!i 

h = - 6R/6lnp, where ~np is the change in lnp over the increment in ' 

altitude 6R. The scale heights, hp' h6E and hp' are similarly defined;. 
t ' 

where 6R = ~ - 1\ is the increment in the minimum g\rlding-center 

altitude. Plotted against the scale height in Fig. 6 is the mean 
I I 

guiding-center altitude, ·~(1\ + R2). 

The 1altitude dependence of the various calculated scale-height 

quantities for each model atmosphere is qualitatively the same. At 

the lowest altitudes, where the important constituents of the atmosphere 

are N2, o2, and 0 (AJz = 2) and the rate of energy loss is proportional 

. to ·the atmospheric density, h6E. is equal to hp. Above 300 km, the 

presence of the helium and hydrogen components becomes increasingly 

evident. Owing to ch_anges in the average A/z ratio and the (increased) 

stopping power of the atmosphere, the ionization energy losses no longer 

are proportional to atmospheric· density. As a consequence, h6E is' 

greater than hp at the higher altitudes. 
.,·.· 

..• 

~-

• 

r 
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Differences in the effective atmospheres averagf,~ ove~ the particle 
*~ .· 

and guiding-center orbits are manifest in the differ~nces between h 
~ p 
i 

and hp, • Because a particle always penetrates the densest. portion 

of atmosphere below its guiding center, it traverses (on the average) 

an atmosphere that has a scale height less than that traversed by the 

guiding center. Hence, hp is less than h , at all altitudes. 
p 

In order to determine the sensitivity of the effective scale­

height curves (Fig. 6) to changes in the concentration of hydrogen, 

we arbitrarily increased the hydrogen concentration in the H and P 

S = 100 atmosphere 2.5 times. We find that the resultant effective 

scale-heights calculated from this modified atmospheric model are 

increased by only 0.75 to 1.4~ (maximum) ·over those calculated with 

the unmodified atmospheric model. 

I 
lj 

' ' 

The possibility for interpreting low-altitude radiation measure­

ments in the region of ttie South Atlantic anomaly in terms of atmospheric 
I . 

losses and their solar_-cycle variations has led us to examine in detail 

the effects of particle motion in the earth's magnetic field on the 

average atmospheric densities and scale-heights encountered by the 

particle and its guiding center. The calculations are specific for 

125-MeV protons that mirror on the magnetic-shell parameter L = 1.38, 

and 0.2o43 < B < 0.2355 gauss, a region geographically centered in m . 

the anomaly, at 200- to 560-km a1 ti tude. 'Ihe numerical results, which 

have relevance to trapped particles whose gyroradii are comparable;to 

the density scale-heights of tha atmosphere, show that for 125-MeV 
·.ol. 

protons: 
- ·.· ... 

.. " 

\ 
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a) The effective atmospheric density averaged over the particle's 

motion is about twice the density averaged over the guiding-center's 

trajectory. 

b) The scale-heights, h and h 1 , evaluated from the above-
P .P 

averaged atmospheric densities, can be 3 to 4 times the vertical density 

scale-height h of the model atmosphere, the number depending on altitude 

and time in solar cycle -- in agreement with the results of Newkirk 

and Walt, [1964). 

c) The changes in atmospheric composition with increasing 

altitude cause the ratio h6E/hp to change from 1 (at low altitudes • 

where 6E a: p) to 1.6 (owing to the increased stopping power of the He , 

and H constituents), the actual number again depending on altitude 

and time in the solar cycle. Because of the averaging effects of · 

particle motion, the effective scale heights hp'' hp' and h6E 

increasingly diverge from h, the vertical density scale-height above 

400 to 500 km. 
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· TABLE 1. Least Squares Coefficient~ H1k (Eq. 3) 
't "'l 

for A1 ti tudes > 150 1on ;. ·':~ 
·!, i 

Model 

H and P 8=200 

T = 1441° K 
av 

H and P 8=100 

T == f!ij9° K 
av 

Johnson 

solar 

minimum 

T == 700° K 
. 0 

TH =·930 K 

N2 02 
ftll'lt 

* 2.e69E 01 2.742E .01 

-3·559E-02 -4.023E-02 

2.578E-05 2·933E-05 

-1.113E-08 .-1.275E-Q8 

3.210E 01 3.127E 01 

-6.210E-02 -?.O?OE-02 

6.188E-05 7.165E-05 

·3·724E-o8 -4.366E-08 

3·o81E 01 3.0o6E 01 

-5.114E-02 -6 .072E-02 

l;-·149E-05 1.698E-05 

-1.898E-09 -3.,364E-09 

. ' 

Constituent 4 

0 

2.473E 01 

. -1. 554E-02 

4.876E-o6 

He H 

1.590E 01 9·34E 00 

-3.761E-03 -8.813E-o4 

8.4f!ijE-07 1.449E-07 · 

-9 .273E-10 l -1.263E-10 -1. 578E-ll 

I 
~-~·· 
•,) 

2 .682E 01 .:~ 1.659E 01 9. 915E 00 

-2. 766E:-02 \ -5. 796E-03 -1.428E-03. 
I' ,, 

1.3o8E-05 .~~,1.139E-o6 2 .240E-07 

-4 .120E-o8 ~0~~1.371E-10 -2 .207E-ll 
:t·~ • 

2.709E 01 " 1.590E 01 L370E 01 

-2.951E-02 ~ -6. 412E-03 -1. 941E-03 

6.698E-o6 l.o67E-o6 4.288E-07 

Ol.098E-09 -1.793E-10 -7.002E-ll 

* . 1 2.&59E 01 = 2.&59 X 10 

.· 

,.. .. _•, 

., . 
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Figure Captions 

Particle and guiding-center coordinates in !~th-centered, 
·' i 

spherical polar-coordinate system. 

Fig. 2. (a) Diurnally averaged Harris and Priester model atmosphere for 

S = 100 (lo-22 W m-2 cps-1 ). I 

Fig. 3• 

(b) Johnson solar-minimum atmosphere. CurVes are least-

(a) 

squares fits to the tabular data for each constituent. 
'I 

1 
Representative data points from each ,todel are shown. 

~~~ 
t), 

Guiding-center mirror-point trajecto!l~es in the northern 
' ;1 ' 
and southern hemispheres for 125-MeV proton (13 = 0.470), 

~ 
1; 

B = 0.209, and L = 1.38. Several sets of conjugate m 

mirror points are identified by larger circles. 

(b) Longitudinal angular-drift velocities of the guiding-center 

for the mirror-point trajectories shown in Fig. 3(a). 

Fig. 4. Calculated "thickness" of atmospheres (g/ cm2 ) traversed per 

drift period by a proton (13 = 0.470) and its guiding center 
• 

1 as a function of the minimum guiding-center altitude • L = 1.38 . 

Fig. 5· Calculated rates of energy loss by ionization versus altitude of 

minimum guiding-center altitude for the model atmospheres of 

Harris and Priester and of Johnson. 

Fig. 6. Atmospheric density and effective scale heights versus altitude 

for the diurnally averaged .Harris and Priester S = 200 and . 

S = 100 atmospheres, and the Johnson solar~minimum atmosphere. 

The density scale-height curve for each model atmosphere is 

labeled h; h is the density scale height averaged over the 
. p ' . 

particle's· trajectory; h6E is . .the energy-loss scale height; 

,.. 
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and hp* is the density_ scale height 

center traJectory. 

. i 

'•. 

f.t ' ...... ; 
average~;~ver 

t ~· 

I 
I 
I 

i 

r· ; 
I •I 

h• 
,~· 

the guiding· 

. I 
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This report was prepared as an account of Government 
sponsored work. Neither the Unit~d States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employ~e or contractor of the Commission, or employee 
of such cont~actor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






