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Abstract 

The energy and lifetimes of metastable states (equivalently, the 

positions and widths of scattering resonances) are determined by the 

complex poles of the S-matrix, the Siegert eigenvalues. A variational, 

basis set method proposed by Bardsley and Junker for calculating these 

complex eigenvalues has been applied to several examples--a one-

dimensional potential rexonance and several autoionizing states of He 

and H---with encouraging results. The method is seen to converge to 

the correct results as the basis set is increased, and the convergence 

is seen to be well-behaved. It is also significant that results of 

useful accuracy (e.g., lifetimes to~ 10% accuracy) can be obtained 

with reasonably modest basis sets (~ 10 configurations for He, H-), 

of a quality that is attainable for systems with more than two electrons. 
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I. Introduction 

The ability to compute the energies and lifetimes of autoionizing 

electronic states is an important step in describing a number of physical 

phenomena. Collisional ionization and detachment processes, for example, 

(l.la) 

A+B + A+B+e (l.lb) 

can be described to a very good approximation within a Born-Oppenheimer 

framework. The picture is that atoms (or molecules) A and B move infinite-

simally slowly compared to motion of the electrons and that at each inter

* atomic distance the electronic state of the system, A -B say, finds itself 

+ embedded in a continuum of electronic states of the type A-B + e to which 

it can autoionize. To describe these processes from first principles it 

is thus necessary to be able to compute, for fixed nuclear configurations, 

both the electronic energy of the system and its rate of autoionization. 

There is also interest in determining the energy and lifetimes of auto-

ionizing states of isolated atoms and molecules. 

Most calculations to date for the energies and lifetimes of auto-

ionizing states have employed various versions of the Feshbach projection 

operator formalism. 1 Very accurate results have been obtained, for example, 

using this approach for two electron atoms/ions. For more complicated 

atomic and molecular systems, however, it has only been practical to 

employ an approximate version of this method, and difficulties then arise, 

• 
, 

• 
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particularly with regard to determining the autoionizing rate (or 

width) of the. metastable s.tate •. · Qne difficulty:·•has to do with .the 

; i ;ambiguity. of. how the·. projection operators are defined' and another 

., .with the approximate golden .. rule expression for the width. · The golden 

rule expression, for example, usually neglects nonLresonant scattering 

processes; and it is very difficult to go beyond the lowest order theory 

and incorporate these effects withotlt) .. ~ffectiv~ly solving the complete 

quantum mechanical scattering problem • 

. . i . . ' . :, . . . . ·, . ' < ,., , ... ;J ·~ •. ... .. . ' . 
There has thus·been considerable interest recently in developing 

"direct" methods for determining the energy-~nd lff-~1:i.me; of 'nfet'astable 

states (equivalently,. the energies and widths of scattering resonances). 

These "direct" methods aim at calculating theicomplex pole of the Greens 

function, or equivalently, of the S-matrix, the real part of which is 
'. .. ..... ) 

: t.• 

identified as the energy of the metastable state and the imaginary part 
·, ·, 

as its width. The character of these "direct" methods is that they do 

not require that the Hamiltonian be partitioned so as to identify the 

(N-1) electron fragment, i.e., no projection operators of the Feshbach 

variety need by introduced. Also the width of the state is given 

directly as the imaginary part of the. complex energy and thus involves 

none of the approximations inherent in golden rule expressions. 

One such "direct" approach, the method of rotated coordinates, has 

been used successfully· for ;obtaining·resonance energies and lifetimes 

2 for, atomic systems.· This approach, is., particularly well suited to · 

problems with spherical symmetry, although some computational problems 
. ' 'tf 

have been discovered for more than 2-electron systems. 3 It is also not 
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clear how useful it will be for non-spherically symmetric systems, 

i.e. , molecules. 

Another "direct" approach, the one which is the focus of attention 

in this paper, is a vari?tional calculation of the Siegert eigenvalues 

4-6 of the system. . As will be described and illustrated with several 

examples, this approach has a number of desirable features that makes 

it a good candidate for being successfully applied to non-trivial 

examples: (1) the calculation requires little more than standard 

quantum chemistry technology, (2) the complex eigenvalue obtained 

appears to be completely stable with respect to increasing the size 

of the basis set (i.e., bigger is better), and (3) there are no 

approximations--such as neglect of non-resonant phase shifts, the 

assumption of resonance in a single partial wave, etc.,--which are 

involved. 

This variational calculation of Siegert eigenvalues has been 

proposed earlier by Bardsley and Junker5 and applied by them to the 

2 - 6 2s metastable state of H and by Bain, Bardsley, Junker and Sukumar 
' 2 

to a model one-dimensional problem and to the lowest S resonance of 

He . Whereas their conclusions on this work were somewhat pessimistic 

about the applicability of the approach to more complex electronic 

systems, the results we have obtained (vide infra) for similar problems 

is quite encouraging, and this is the main point of this Letter. 

Section II summarizes the basic ideas of the Siegert eigenvalue 

approach and describes the results of the application to a one-dimensional 

potential resonance. Here the interest is in showing that the method 

• 

• 

\J 
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converges .to the correct result as the size of the basis set is increased 

and also that this convergence is stable, i.e., that the result does not 

deviate from the correct value as the basis set is made exceedingly 

large. Application to some of the well-known autoionizing states of 

He and H- are described in Section III, and here the interest is in 

showing that results of acceptable accuracy can be obtained with quite 

modest variational functions, of a quality that one can expect to attain 

for molecular electronic systems. Section IV summarizes our conclusions. 
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II. Basis Set Calculation of Siegert Eigenvalues 

To illustrate the idea of Siegert eigenvalues and the variational 

5 procedure proposed by Bardsley and Junker for calculating them, consider 

s-wave scattering by a potential V(r), for which the Schrodinger equation 

is (with h = m = 1) 

1 d
2 

1 2 (- -- + V(r) - - k ) 1JJ (r) = 0 
2 dr2 2 k 

(2.1) 

The usual scattering boundary condition is that lJJk(r) is regular at the 

origin and for large r has the asymptotic form 

S(k) being the S-matrix, a number of unit modulus for real k. One then 

looks for complex values of k for which S(k) has a pole; such an energy 

E = ~ k2, a pole of the S-matrix, is also a pole of the analytically 

continued Green's function, and its real part is the energy of the meta-

stable state and its imaginary part gives its width r: 

E = Re(E) 
R 

r = - 2 Im(E) 

(2.3a) 

(2.3b) 

From Eq. (2.2) one sees that for the particular values of k for 

which S(k) have a pole the asymptotic boundary condition for lJJk(r) is 

ikr constant x e (2. 4) 

II 

\) 

J 
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and this is taken as the boundary condition that defines the Siegert 

7 eigenvalues. One thus looks for a solution of the Schrodinger equation 

that is regular at the origin and has only outgoing radial waves for 

large r. 

Proceeding in the spirit of the Ral~igh-Ritz variational method, 

one chooses a variational trial function wt of the form which imposes 

these boundary' conditions: 

c cp ( r) + cNa ( r) 
n n 

(2.5) 

and the coefficients {c }, n = 0, ••• , N are determined by making the 
n 

functional l[Wt], 

(2. 6) 

an extremum. The basis functions {cj> }, n = 0,1, ••• , N-1 in Eq. (2.5) 
n 

are normal square-integrable functions that vanish exponentially, say, 

for larger (e.g., Slater orbitals), while 9(r) is a function chosen 

to impose the boundary condition at large r: 

(2. 7) 

Varying the coefficients {c } to extreme the functional leads in the 
n 

standard way to the following secular equation for the Sieg.ert eigenvalues 
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det [M , (k)] 0 
n ,n 

n.n' = 0,1, •.• N 

k2 
The matrix M, (k) is the matrix of (H- --

2
) over the basis set 

n ,n 

(2. 8) 

(including the basis function 8); it is a complex symmetric matrix. 
k2 

M, (k) depends on knot only because it is the matrix of (H- --2 ), n ,n 

but also because the basis function 8(r) depends on k (cf. Eq. (2.7)). 

A few practical comments on solving Eq. (2.8) for the Siegert 

eigenvalue are in order. 

(1) Given a value for k, the matrix H , (k) of the Hamiltonian 
n ,n 

is constructed and its eigenvalues found. One of the eigenvalues, 

E.(k) say, is identified as the one of interest, and one must find 
l. 

the (complex) value of k such that 

(2.9) 

A straight-forward Newton-secant iteration is able to find the root of 

Eq. (2.9) in only a few iterations. (Note: If one writes Eq. (2.9) in 

the form k = ./2 Ei(k) and uses the iteration k.Q.+l = 12 Ei(k.Q,), .Q. = 0,1,2, ••• , 

convergence is not guaranteed; for the example discussed below, in fact, 

it diverges for some basis sets.) 

(2) The reader will note that the matrix elements H , (k) with n ,n 

n or n' = N will in general exist only if Im k > 0; this is because the 

basis function 8(r) is not square-integrable otherwise. The value of k 

which satisfies Eq. (2.9), however, has Im k < 0. There are two ways one 

can proceed: (a) If the matrix elements H I (k) are simple algebraic 
n ,n 

\. I v 
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functions of k, then one can use these same. algebraic expressions for 

Im k < 0. For example, the integral 

L ikr 
I(k) = Jodr e 

is clearly finite only if Im k > 0, and it then has the value 

i 
I(k) = k 

(2.10) 

'(2.11) 

Eq. (2.11) is finite and meaningful, however, also for Im k < 0; it is 

the (unique) analytic continuation of I(k), defined by Eq. (2.10) for 

Im k > 0, to the region Im k < 0. In an analogous manner one can obtain 

H , (k) for all k, and thus Ei(k) for all k. (b) If the matrix elements n ,n 

H, (k) cannot be evaluated analytically--i.e., the integrals can only n ,n 

be evaluated by numerical quadrature--then one can compute H , (k}, n ,n 

and thus Ei(~), only for Im k > 0. Values of Ei(k) for Im k > 0 can 

be used, however, to generate a rational fraction for Ei(k) which provides 

the analytic continuation to the region Im k < 0 where the root of Eq. (2.9) 

lies. 

In both methods (a) and (b) above one is analytically continuing 

the eigenvalue Ei (k) to the region Im k < o·, and if both methods are 

applicable they must be equivalent.· For the example described below 

they were both tried and did give the same results. If method (a) is 

applicable--i.e., if one has algebraic expressions for the matrix elements 

H , (k)--then it is easier to use since it allows one to compute Ei(k) n ,n 

for Im k < 0 directly. 
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As an example, we have applied this procedure to the potential 

V(r) 
-r e (2.12) 

6 which was considered by Bain, Bardsley,' Junker, and Sukumar. Their 

"method B" should be equivalent to the calculation we have described, 

but these authors found that their calculation did not appear to 

converge to the correct complex eigenvalue with increasing size of 

basis set, and they were unable to explain this behavior. We observed 

no such lack of convergence. 

Table I shows our results for the complex eigenvalue (for v
0 

= 7.5) 

as a function of the size of the basis set, which was chosen as 

3/2 
~ (r) = a L (2)(ar) 

n J<n+l)(n+2Y r n 
-ar/2 

e (2.13) 

n = 0, .•. , N-1, where L (2) is the generalized Laguerrepolynomial, 8 •9 
n 

together with 8 (r) given by Eq. (2. 7). The real and imaginary parts 

of the Siegert eigenvalue are seen to converge to the exact value quoted 

in reference 6 as the size of the basis set is increased. One also sees 

that this convergence is stable; i.e., the complex eigenvalue does not 

diverge from the correct value as the basis is increased far beyond that 

necessary for practical convergence. Similar behavior was seen for other 

values of v0 for which the resonance was both very narrow and very broad. 

Although there may still be unanswered mathematical questions about 

the nature of the convergence of such a calculation, our experiences is 

that it is a very stable, well-behaved procedure. 

'J 

' I 
·v 
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In concluding this section we note the minor modification that is 

necessary to the above formulation if the outgoing particle experiences 

an attractive coulomb potential, as for the case of autoionization of 

a neutral species. Eq. (2.4) is modified to be the asymptotic form of 

10 
an outgoing coulomb wave, 

1 
i[kr: kin (2kr)] 

<Pk(r) "' e 

i/k ikr 
a: r e 

One thus simply replaces 9(r) of Eq. (2.7) by 

' for the case of s-waves. (The extra power of the cut-off function 

(2.14) 

(2.15) 

(1-e-r) is required to insure that B(r) -+ 0 as r-+ 0 at least as fast 

as r.) It is convenient. that 9(r) still has the form of a sum of Slater 

orbitals so that in atomic problems one can use standard integral formulae 

developed for such basis sets. 
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III. Calculation of Atomic Resonances and Results 

This section presents the results for the 21s resonance in H and 

the 21s and 21P autoionizing states of helium. The trial function in 

all three cases is a linear combination of two-electron singlet configura-

tions, ~.,of the form . 1 

1 
~i(l,2) = 2 [~a(l) ~b(2) +~b(l) ~a(2)]•(a.(1) 8(2)- 8(1) 6.(2)] , (3.1) 

where ~ is a one-electron orbital, and a. and 8 are spin functions. The 

bound one-electron orbitals are simple normalized Slater functions 

(3.2) 

with the exception that the 28 orbital is a linear combination of two 

Slater functions which reproduces the hydrogenic 2s orbital. The exact 

form of the Siegert orbital depends on the resonance under consideration. 

The following forms were used: 

- 1 for H (2 S): 

1 for He(2 S): 

1 for He(2 P): 

-+ e (r) 

-+ 
6.{r) = 

ikr e 
r 

-r "' (1-e ) Y
00

(r) 

i/k ikr 
r e -r 3 -+ 

r (1-e ) YlO (r) 

(3.3) 

(3.4) 

(3.5) 

The "cut-off.function", (1-e-r), insures that.the.Siegert.orbital limits 

properly both as r -+ 0 and as r -+ 00 • Only one configuration involving 

the Siegert orbital was employed, i.e., the configuration corresponding 

v 

I 

\/ 
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to a combination of the Siegert orbital with the ground state of ~he 

+ 
remaining one-electron target [H(ls) or He (ls)]. 

Using this configurational basis, the variational calculation to 

find the resonant eigenvalue Ei(k) was p~rformed using a modification 

. 11 
of the atomic configuration interaction program written by Schaefer • 

Equation (2.9) was then solved by a Newton-secant iteration. At first, 

Ei(k) was computed directly for each iteration of the search. Later, 

the calculation was modified so as to compute Ei(k) at a.small number 

of real k points in the region of the correct resonance momentum. The 

resulting set of eigenvalues was then fit to a low order rational 

fraction, which was then continued to find the solution to Eq. (2.9). 

This procedure resulted in a significant savings in time with no . 

apparent loss of accuracy. 

As a test of both the method and the computation, large scale 

calculations were performed on the three atomic resonances listed above. 

The basis sets and results for these calculations are given in Table II, 

where the results are also compared to reliable ones obtained from 

projection operator techniques. In general, the agreement is quite good 

in both the positions and the widths. The small discrepancy in the 

1 position of He(2 P) resonance is probably due to residual correlational 

effects not handled by the basis set. It can also be noted that the 

disagreement in the width is larger for the coulomb resonances than 

for the plane-wave case. This may'indicate that the method depends on 

how rapidly the eigenfunction reaches its asymptotic form. 

Since basis sets large enough to be of comparable accuracy for systems 

with more than two electrons are not feasible, we next studied the accuracy 
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of ·results from small basis sets. The r.esults for the best choices of 

small basis sets are presented in Table III, along with the large scale 

results for comparison. For the S resonances, the positions are quite 

stable even down to 5 configurations, while the widths remain within 10% 

of the accurate value down to 12 configurations. For the P resonance, 

removal of d functions causes a sharp change in the position, due to the 

loss of p..;.d correlation. Except for this (constant) correlation, the 

position is again stable down to 5 configurations, and the width also 

remains within 20% of the accurate value down to 5 configurations. These 

results suggest that this method can be practically applied to larger 

systems while still maintaining a useful degree of accuracy. 

Some comments on the choices of bound basis sets giving the best 

small-scale results are in order. - 1 For the H (2 S) resonance, reasonable 

results were obtained by including just the 2s2 and 2p2 configurations 

needed to describe the bound state, along with a series of lsns configura-

tions, where ns represents a diffuse Rydberg-like orbital (n = 3,4,5,6). 

The configurations involving the diffuse orbitals seem to be necessary to 

represent the background continuum. However, in order to obtain the good 

results for the width presented in Table III, it was also found necessary 

to include all s-s pairs, i.e., to perform a full CI, among the bounds 

orbitals. This procedure probably corrects, to some extent, for the limited 

choice of s functions. For the He(21s) resonance, good small-scale results 

were obtained only when the orbital basis used for H was augmented with 

diffuse ls and 2s functions. This is probably due to the increased 

nuclear charge of helium. Again, a full CI among the s orbitals was 

required. 1 For the He(2 P) resonance, just the 2s2p configuration was 

( , 
v' 
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used to describe the bound states augmented _by a series of lsnp configurations 

to represent the background continuum. In this case a. full CI among all s-p 

type configurations was not required. 
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IV. Concluding Remarks 

The variational calculation of Siegert eigenvalues appears to be a 

practical approach to determining the energies and lifetimes of auto

ionizing electronic states. The examples in the previous section show 

that useful results can be.obtained in those cases with quite modest 

basis sets (~ 10 configurations or less). 

The advantages of this approach are that (1) it is "direct", involving 

no extraneous approximations; within the limits of the basis set it is 

exact. (2) It appears to be completely stable with respect to increasing 

the size of the basis set. It requires no "stabilization" arguments15 

and is free from the ambiguity in the coordinate rotation method of 

having to look for "stability" with respect to the angle of rotation. 

(3) The computational technology is that of conventional quantum chemistry. 

The only added complication is having to include the "Siegert orbital" 

8(r) in the basis set. 

Work is in progress applying this approach to molecular autoionizing 

systems. 
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Table I. Resonance position and width (E = E - i I_) for res R 2 the potential 

V( ) 
15 2 -r f . h. 1 1 i. d' d · r = :f r e rom t e ca cu at on 1scusse 1n Section II. 

N is the number of square-integrable basis functions (cf. 

Eq. (2.13). with a= 2) used in the expansion of the wavefunction 

(cf. Eq. (2.5)). 

N ER r 

5 3.40822 • 004812 

10 3.42706 .022380 

15 3.42641 .025596 

20 3.42641 .025591 

25 3.42638 .025586 

30 3.42638 .025553 

35 3.42639 .025548 

40 3.42639 .025548 

45 3.42639 .025549 

50 3.42639 .025549 

60 3.42639 .025549 

70 3.42639 .025549 

I \ 
o/ 



Table II. Accurate Atomic Calculations 

Best Result Comparison Value 

System Basis ER (a. u.) t' (eV) ER (a.u.) r (eV) 

- 1 
H (2 S) lls4p3d/72 configs. -.14876 0.0469 -.14878a 0. 0472a 

I 

He(2 1S) -.77804b 0.125b 
N 

10s4p/56 configs. -.77805 0.117 
0 
I 

He(2 \) 6s9p3dlf/76 configs. -.69181 . 0. 0403 -.69316c 0.037c 

a) Reference 12. 

b) Reference 13. 

c) Reference 14. 

•.:..... 
<.... 

' 
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Table III. Small Basis Atomic Calculations 

System Basis ER (a. u.) r (eV) 

\> 
72 configs. -.14876 0.0469 

ls-6s,2p/23 configs. -.14777 0.0522 

ls-5s,2p/17 configs. -.14776 0.0528 

H-(21S) ls-4s,2p/12 configs. -.14598 0.0493 

ls-3s,2p/8 configs. -.14551 0.0542 

ls-2s,2p/5 configs. -.14315 0.0351 

56 configs. -. 77805 0.117 

ls,2s + ls'-6s' ,2p/38 configs. -. 77774 0.110 

ls,2s + ls'-Ss' ,2p/30 configs. -. 77767 0.108 

ls,2s + ls'-4s' ,2p/23 configs. -. 77761 0.110 

He (2
1

S) ls,2s + ls'-3s' ,2p/17 configs. -. 77761 0.114 

ls,2s + ls'-2s' ,2p/12 configs. -. 77757 0.116 

ls,2s + ls',2p/8 configs. -. 77502 0.291 

ls,2s,2p/5 configs. -. 77631 0.053 

76 configs. -.69181 0.0403 

ls,2s,2p + 2p~-6p'/8 configs. -.65833 0.0337 
v 

(,1 ls,2s,2p + 2p'-5p'/7 configs. -.65833 0.0333 
t 

He(2
1
P) ls,2s,2p + 2p',4p'/6 configs. -.65834 0.0332 

ls,2s,2p + 2p'-3p'/5 configs. -.65833 0.0341 

ls,2s,2p + 2p' /4 configs. -.65635 0.0894 
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