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Abstract—We report a model that can be used to calculate superconducting transition temperature of a transition-edge sensor
(TES), which is either a normal metal–superconductor–normal
metal trilayer or a normal metal–superconductor bilayer. The
model allows the TC estimation of a trilayer when the normal
metals at the bottom and at the top are different. Furthermore, the
model includes the spin flip time of the normal metals. We use the
TC calculations from this model for selected Ir-based trilayers and
bilayers to help understand potential designs of low TC TESs. A
Au/Ir/Au trilayer can have a low TC because the superconducting

order parameter is reduced with normal metals at both sides. On
the other hand, an Ir/Pt bilayer can have a low TC because the
much larger electron density of states of Pt reduces the superconducting order parameter more effectively. Moreover, the spin flip
scattering of paramagnetic Pt also contributes to the TC reduction.
Index Terms—Superconductivity, proximity effect, transitionedge sensor, Usadel equations.
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N LOW-BACKGROUND experiments exploring fundamental physics, such as cryogenic Neutrino-less Double Beta
Decay (NLDBD) searches [1], [2] and Dark Matter (DM) particle searches [3], [4], the TES can be an ideal thermometer.
First, its large bandwidth can help capture a signal pulse shape
to identify the particle’s type and to provide event position information. Second, low impedance TES can be multiplexed to
tens of thousands of channels, which may improve scaling of the
experimental mass. On the other hand, reproducible fabrication
of a large number of TES with required low TC is not trivial.
We have been making Ir-based bilayer and trilayer low TC TESs
using the proximity effect. Previously it was found that to make
an Ir/Au bilayer TES with TC < 30 mK, the substrate needs to
be heated up to 500 °C during the sputtering deposition of the
Ir film [5]. Recently it was observed that low TC TESs can be
made with substrates at room temperature: a Au(200 nm)/Ir(100
nm)/Au(200 nm) trilayer can have a TC close to 20 mK, and
an Ir(100 nm)/Pt(80 nm) bilayer can have a similarly low TC
[5]. This work is motivated to understand the TC of an Ir-based
trilayer or bilayer.
The proximity effect, with which transition temperature of a
superconductor can be reduced with a normal metal, is historically understood as a boundary effect [6], [7]. But the theory
cannot match data without adding in an artificial factor in the
TC prediction equations [8]. A modern realization is that the
proximity effect can be understood with the Usadel theory [9]
by introducing an interface resistance and by applying proper
boundary conditions [10], [11].
In this paper, we solve the Usadel equations, which are parameterized with a pairing angle in the microscopic superconductivity theory. A comprehensive description of the Usadel
equations and their boundary conditions can be found in references [12]–[14]. In Section II, by solving the Usadel equations
with the thin films approximation, we extend the TC calculation
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In the equation (1), the spin-flip scattering, current (࢚ϕ/࢚x
term) and magnetic field contribute to pair breaking [14]. With a
small current and in absence of an external magnetic field, only
the spin-flip time in paramagnetic metals [15]–[17] needs to be
kept in a proximity effect analysis [18]–[20]. Near the TC of
a trilayer, the pairing angle satisfies |θ|  1 in all three layers.
It’s assumed that each film is thinner than its coherence length.
Therefore, the pairing angle θ is approximately the same (almost
constant) in the film. In the following calculations, we only
include the dependence of θ on x up to quadrature term (∂θ2 /∂x2
is constant) [14]. In the superconductor (0 < x < dS in Fig. 1),
it’s assumed that the electron has no spin-flip scattering. The
equation (1) can then be linearized as

Fig. 1. The amplitude of the superconducting pairing parameter θ vs position
x for a NSN trilayer. The superconductor is from 0 to dS . There are two metals.
One is from −dL to 0 on the left, another is from dS to dS + dR on the right.
The amplitude of θS in the superconductor peaks at d0 , where θS = 0.

method of a bilayer in [14] to that of a NSN trilayer and include
the effects due to spin flip scattering in the normal metals. We
will estimate transition temperatures of an Ir/Au bilayer, an Ir/Pt
bilayer, a Au/Ir/Au trilayer, and a Pt/Ir/Au trilayer in Section III.
We conclude in Section IV.
II. TRANSITION TEMPERATURE OF A TRILAYER OR A BILAYER
A trilayer consists of a normal metal with a thickness of dL
on the left, a superconductor with a thickness of dS and a transition temperature of TC S in the middle, and a normal metal
with a thickness of dR on the right. See Fig. 1. In the dirty
limit (electron mean free path is less than coherence length), the
properties of a superconductor in contact with a metal can be
described with the Usadel equations [10]–[14]. In microscopic
theory, the superconducting state is described by a function
θ(x, E) called the pairing angle, where x is a position coordinate
and E is energy. The variable θ is complex and ranges in magnitude from 0 to π/2. θ = 0 corresponds to the normal state. The
Usadel equations used to solve for θ(x, E) are

2 

 DS ∂ϕ 2e
DS ∂ 2 θS
+
+ Ax
+ iE sin θS −
2 ∂x2
τ
2
∂x

× cos θS sin θS + Δ (x) cos θS = 0 ,
and
Δ (x) = NS Veﬀ



ω D

0
2

(1)

dE tanh (E/ 2kB T ) Im [sin θS ] , (2)

where DS = σS /NS e is the diffusivity of the superconductor,
NS is the density of states at the Fermi energy, σS is the normal
state conductivity, and e is the electron charge. ϕ is the usual
superconducting phase parameter. Ax is the vector potential. τ
is the electron spin-flip time. Δ(x) is the superconducting order
parameter. Veﬀ is the BCS-like interaction potential.  is the
reduced Plank constant. ωD is the Debye frequency. kB is the
Boltzmann constant. And T is the temperature.

DS ∂ 2 θS
+ iEθS + Δ (x) = 0 .
(3)
2 ∂x2
For the normal metals (−dL < x < 0 and dS < x < dS + dR
in Fig. 1), Veﬀ = 0. By linearizing the equation (1), the paring
angle parameter θL or θR satisfies
DL ,R ∂ 2 θL ,R

+ iEθL ,R −
θL ,R = 0 ,
2
∂x2
τL ,R

(4)

where DL = σL /NL e2 and DR = σR /NR e2 are the diffusivities of the normal metals on the left and on the right respectively,
NL and NR are the density of states at the Fermi energies respectively, and σL and σR are the normal state conductivities
respectively. Electron spin-flip times τL and τR are kept for
potential paramagnetic property in normal metals [15]–[20].
The equations (3) and (4) are complemented with boundary
conditions [10]–[14]. There are two kinds of boundaries. The
first kind of boundary faces a vacuum or a dielectric. There is
no current flowing out. Therefore, ∂θL /∂x = 0 at x = −dL
and ∂θR /∂x = 0 at x = dS + dR in Fig. 1.
The second kind of boundary connects two metals together.
The current across the interface is conserved. Therefore, at the
interface x = 0,
∂θS L
∂θL
= σL
= gL (θS L − θL ) ,
(5)
∂x
∂x
where gL = GL /A. A is the area of the interface. GL =
2tL NC h GK is the interface conductance between the normal
metal on the left and the superconductor, where tL is a free
parameter describing electron transmission coefficient across
the interface, NC h = A/(λf /2)2 is the number of conductance channels, and λf is the Fermi wavelength in the metal
or the superconductor that has fewer conductance channels, and
GK = e2 /h is the conductance quantum. Similarly, at the interface where x = dS ,
σS

∂θS R
∂θR
= σR
= gR (θR − θS R ) ,
(6)
∂x
∂x
where gR = GR /A. GR = 2tR NC h GK is the interface conductance between the normal metal on the right and the superconductor, where tR is a free parameter describing electron
transmission coefficient across the interface.
By applying the boundary condition ∂θL /∂x = 0 at
x = −dL , it’s found that ∂θL /∂x = dL (∂θL2 /∂x2 ) at
x = 0. By applying the boundary condition ∂θR /∂x = 0
σS
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at x = dS + dR , it’s found that ∂θR /∂x = −dR (∂θR
/∂x2 )
at x = dS . By utilizing the equation (4), the pairing angle
θL at x = 0 or the pairing angle θR at x = dS satisfies


∂θL ,R

2dL ,R
= ∓ iE −
,
(7)
θL ,R
∂x
τL ,R
DL ,R

where the “−” sign in the equation is for θL at x = 0 and the
“+” sign is for θR at x = dS .
In the superconductor, the calculation is simplified with the
approximation that the small θS near the TC only depends on
x up to the quadrature term. The amplitude of θS peaks at d0 ,
therefore, ∂θS /∂x = 0 at x = d0 . It’s straightforward to find
that ∂θS L /∂x = −d0 (∂θS2 /∂x2 ) at x = 0 and ∂θS R /∂x =
(dS − d0 )(∂θS2 /∂x2 ) at x = dS . By utilizing the equation (3),
the pairing angle θS L at x = 0 or the pairing angle θS R at
x = dS satisfies
∂θS L ,S R
2dX
= ± (iEθS + Δ)
,
∂x
DS

(8)

where the “+” sign with dX = d0 in the equation is for θS L at
x = 0, the “−” sign with dX = dS − d0 is for θS R at x = dS .
Note that the same θS is used in the equation (8) for both θS L
and θS R , which means the θS is approximately constant in the
thin superconducting film. d0 and θS can be found by solving
equations (5)–(8). Both d0 and θS depend on energy E.
An electron coherence length can be defined at a low frequency approximation E = iω, where ω = πkB T is Matsuburu frequency at the lowest order [6], [7]. In the equation (7), the
coherence length
of the normal metal on the left or on the right in
Fig. 1 is ξL ,R = DL ,R /2πkB T (1 + /πkB T τL ,R ) . In the
equation (8), the coherence length of the superconductor
in the

middle without spin-flip scattering is ξS = DS /2πkB T .
The coherence length aids in understanding the material characteristics and calculation results in next section.
To continue the modeling without a low frequency approximation, θS can be written as
θS =

iΔ
(1 − (fA + ifB )) ,
E

(9)

with
fA + ifB =

1
,
1 − iEdS f1 f2 / (f1 + f2 )

(10)

where fA and fB are real numbers. The functions f1 and f2 are
f1 ,2 = aL ,R NS −

NS
1
1
,
iE − / τL ,R NL ,R dL ,R
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TABLE I
PHYSICAL PARAMETERS FOR T C CALCULATIONS
Parameter
Electron phonon coupling constant λ a, b
Electronic specific heat γ in JK−2 m−3 a, b
Fermi wavelength λf in nm c
Resistivity at 300 K ρ 3 0 0 in 10 −8 Ω m d, e
Debye temperature θ D in Kelvin f
Electron coherence length ξ in nm g
a
g

Ir

Au

Pt

0.34
3.70 × 102
0.536
5.2
420
379

0.17
7.15 × 101
0.518
2.2
165
1355

0.60
7.29 × 102
0.609
10.9
240
194

b
Ref. [21];
Ref. [22]; c Ref.[23]; d Ref. [24]; e Ref. [25]; f Ref. [26].

ξ = D /2π k B T = π k B 6e 2 γ ρT [27], where T = 30 mK.

of the NSN trilayer can be found with




 ω D
E
TC
dE
(fA ) tanh
ln
=−
,
TC S
E
2kB TC
0

(13)

where fA is calculated using the equations (10)-(11). The TC
can be calculated with an iterative method.
For a NS bilayer consisting of a normal metal where −dL <
x < 0 and a superconductor where 0 < x < d0 in Fig. 1, we
solve the equation (5), the equation (7) with the “−” sign, and
the equation (8) the “+” sign for θS in the superconductor. We
can write θS in the form of equation (9) with
fA =

f1
,
1 + f2 2

(14)

where
f1 =
and


f2 =

1+

2
(E τ L ) 2
2
S
+ ddL0 N
NL
(E τ L ) 2

1+
1+

2
(E τ L ) 2

1+

d0 NS EaL +
2
(E τ L ) 2

+

d0 N S
dL N L

,

 d0 N S
E τL dL N L

(15)

.

(16)

So, the TC of a NS bilayer can be estimated using the equation
(13), where fA is calculated with the equations (14)–(16).
The calculations above are for the normal metals with a large
electron spin flip rate 1/τL . At a small spin flip rate, /EτL 1,
it can be verified that the equation (13) can be simplified to the
equation (7) in [14], which is for the TC calculation of a nonmagnetic metal superconductor bilayer.

(11)

where aL = 4πGK /gL and aR = 4πGK /gR .
Taking the imaginary part of θS in the equation (9) and inserting into the order parameter equation (2), it’s found that


 ω D
E
1
dE
(1 − fA ) tanh
=
.
(12)
NS Veﬀ
E
2kB TC
0
The first term in the equation (12) is the electron-phonon
interaction in the superconductor film, which defines TC S . The
second term is a modification of the electron-phonon interaction
due to the normal metal and superconductor contact. So, the TC

III. TC CALCULATION OF NSN TRILAYERS AND NS BILAYERS
We calculate the transition temperatures of Ir/Au and Ir/Pt
bilayers using the equations (13) and (14)-(16), and that
of Au/Ir/Au and Pt/Ir/Au trilayers using the equations (13)
and (10)–(11). The input physical parameters from literature
[21]–[26] are listed in Table I. The electron coherence length is
also estimated in the table. We use electron specific heat density
of states, NN ,S = 3γN ,S /π 2 kB2 (1 + λN ,S ) [26] for the normal
metals N and the superconductor S. In addition, we assume the
residual resistance ratio RRR = 3 for all films. The electron
conductivity σ = 1/ρ and ρ = ρ300 /RRR.
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Fig. 2. The T C of Ir/Au and Ir/Pt bilayers normalized to T C S . Ir film is
100 nm thick for all the four curves. t in the legend is for the electron transmission
coefficient across the interface. τ is for electron spin flip time in Pt.

trilayers. By comparing the blue diamonds in Fig. 3 and the blue
triangles in Fig. 2, it’s realized that the Ir film’s TC is suppressed
more effectively when Au films are used at both sides of an Ir
film. This strategy in making a low TC TES is important when an
Ir film’s TC is high. For example, thin Ir films sputtered at room
temperature can have a fairly high TC [33], [34], but there are
advantages in making a TES without substrate heating. By comparing the TC data of Ir/Au and Ir/Pt bilayers in Fig. 2 as well as
the resistivity and specific heat coefficient data in Table I, it may
make sense to use a Pt/Ir/Au trilayer. A Pt film, which has a high
resistivity and a large specific heat (c = γT for a metal. See Table
I for γ data), can be used to control the TC of a TES at the bottom.
A Au film, which has low resistivity and a small specific heat can
be used as a passivation layer on the top. As such, while the low
TC of a TES is well defined, there is an additional adjustability
in its resistance or heat capacity. The transition temperatures as
a function of Pt film thickness for two Pt/Ir/Au configurations
are shown in Fig. 3 as the red circles and black squares.

IV. CONCLUSION
By solving the microscopic Usadel equations with proper
boundary conditions, the TC calculation methods of an NSN
trilayer and a NS bilayer are developed. Material properties
such as electron density of states, electron transmission efficiency across the interface of metals and electron spin-flip time
of normal metals are included in the methods. The transition
temperatures of Ir-based bilayers and trilayers are calculated
with physical parameters available from the literature. There
are several options to make an Ir-based low TC TES without
substrate heating. They can be an Ir/Pt bilayer, a Pt/Ir/Au trilayer and a Au/Ir/Au trilayer respectively.
Fig. 3. The T C of Au/Ir/Au and Pt/Ir/Au trilayers normalized to T C S . The
electron transmission coefficient across the interface is t = 0.1 for all the five
curves. τ is for electron spin flip time in Pt.

Fig. 2 shows the transition temperatures normalized to the
bare superconducting film’s TC S for Ir/Au and Ir/Pt bilayers.
The blue triangles and the green inverse triangles demonstrate
that the TC of a NS bilayer is lower when the electron transmission coefficient across the interface is larger. The result is
consistent with other studies [13], [28]–[30]. It is also observed
that a Pt film suppresses the TC of an Ir film more strongly than a
Au film does. The observation is related to both the large specific
heat coefficient and the strong paramagnetic property of Pt [31],
[32]. First, the one order of magnitude larger electron density of
states (which is calculated with λ and γ data in Table I) in Pt than
in Au enhances the TC suppression. Secondly, the paramagnetic
effect in Pt, whose strength is characterized with a spin-flip time,
suppresses cooper pairs. Note that a spin-flip time τ = 0.08 ns
corresponds to /πkB T τ ≈ 1 at T = 30 mK. A spin-flip time
τ larger than 1 ns, which corresponds to /πkB T τ  1, has a
negligible impact to the TC of an Ir/Pt bilayer.
Fig. 3 shows the transition temperatures normalized to the
bare superconducting film’s TC S for Au/Ir/Au and Pt/Ir/Au
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