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ABSTRACT OF THE DISSERTATION

Real-world High-dimensional Data with Multimodal Distributions: Mode Discovery and

Mode-preserving Generative Models

by

Qiujing Lu
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2022
Professor Vwani P. Roychowdhury, Chair

Recent advances in Artificial Intelligence (AI) have demonstrated extraordinary perfor-
mances in tasks relating to our daily life activities. However, the “intelligence” of the machine
is still far below our expectations, especially when it concerns the ability to model the ob-
servable world in a reliable and predictive fashion. This is a challenging task, as real world
data is not only high dimensional but has distributions with multiple modes and different
modalities. Identifying such hidden modes and developing succinct generative models that
can generalize to unseen scenarios are difficult problems. If one can solve such versatile data
modeling problems, then one could take effective actions to achieve desired goals, enabling

AT to display true cognitive abilities.

In this thesis, we model real world high-dimensional data as having an inherently low
dimensional generative mechanism: a set of computational laws — indexed by a hierarchi-
cal mixture of contexts— project low-dimensional data into the observable high-dimensional
multi-modal data sets. While the ideal goal of reverse engineering such a universal generative

mechanism —purely based on data— is a seemingly impossible task, a spectrum of techniques
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are available for handling cases where partial information about the underlying contexts
and modes are given. The objective of the thesis is to address the problem of discovering
modes and characterizing them along this spectrum of prior information, and demonstrate
the effectiveness of our techniques in several real world applications. For example, as a step
towards discovering low-dimensional modes of high-dimensional data, we propose an efficient
and novel algorithm called eNMF for the non-negative matrix factorization (NMF') problem,
which is used widely for interpretable dimensionality reduction tasks. Then we address a
problem to refine the modes in the Electroencephalogram (EEG) data where ground truth
labels — as assumed in a strictly supervised approach — are not available and only partial and
noisy labels can be inferred. A class of events in EEG data, referred to as High-frequency
oscillations (HFOs), have been found to be a promising biomarker of the epileptogenic zone
in the brains of patients with epilepsy. HFOs, however, can be generated by healthy tis-
sues as well, and further differentiation of the HFOs into epileptogenic HFOs (eHFOs) and
non-eHFOs is needed for more accurate localization of the problematic zone. Going fur-
ther along the spectrum, we address the domain of creating generative models when only
the high-level contexts are given and demonstrate that it facilitates the fine-level discovery
of modes within the given contexts. In particular, we construct context-aware 3D human
motion generation models that enable on-demand sampling of discovered and interpolated
modes within different categories of action types, and customization of motion trajectories
not present in the training data. Finally, we tackle the problem of creating generative models
for scenarios where the observable data is created by an agent that interacts sequentially
with real physical environments. We show how one can create generative models that can
not only imitate diverse behavioral data, but can do so robustly while interacting with an

external environment.
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CHAPTER 1

Introduction

1.1 Overview

Artificial intelligence (AI) already has found wide applications in our daily life, such as the
ubiquitous penetration of search engines provided by Google, recommendation systems guid-
ing our interactions with Amazon, and increasingly, self-driving cars operated by Waymo.
At the cognitive level, we expect the machine to do what we (as thinking entities) can do as
stated by Alan Turing in his paper “Computing Machinery and Intelligence” [2]. A central
characteristic of human intelligence is the ability to model the observable world in a reliable
and predictive fashion, so that reasonable actions can be taken to achieve certain desired
goals. To move towards such a human-like intelligence in machines, well-defined tasks and
effective learning algorithms are essential components. One formal way to define the learn-
ing process for a machine is aptly defined in [3] as, “a computer program is said to learn
from experience E with respect to some class of tasks 7" and performance measure P if its
performance at tasks in 7', as measured by P, improves with experience E”. For current
main stream methods, the experience E mainly consists of data and feedback given by its

associated metric space.

A concrete approach towards achieving these goals is to adopt and replicate a core as-
sumption that has been responsible for the success of the physical sciences in the past couple
of centuries: Assume that there exists underlying low-dimensional generative models that

are indexed by a hierarchical set of contexts to generate high dimensional data with multiple



different modes. Context controls the content and granularity of the generation process.
The goal is to jointly estimate a generative model and a set of contexts that models the
data to achieve the best predictive outcomes. Depending on the exact real world scenario
and how data is collected, context can be defined in countless ways. Therefore, in order
to achieve such a grand challenge task, given a particular environment, a machine must be
able to perform the following minimal set of tasks: (i) mode discovery (ii) mode recognition,
and (iii) mode generation. Functionality wise, the machine must be able to (i) Identify suf-
ficiently many exemplars from each mode in the environment, and (ii) Develop a succinct

discriminative description of the modes from these exemplars.

Following these assumptions and observations, and instead of solving one particular prob-
lem, we applied our core idea—automatically discover modes and train mode-preserving
generative models from real-world high-dimensional data with multimodal distributions —
to different settings in the real world scenario and demonstrated how the corresponding
mode recognition and description tasks can be addressed. We also demonstrate how such
mode discovery and modeling techniques can help in improving the recognition capacities of

machines.

In Section 1.2, we introduce a general computational framework for the underlying gener-
ative models that result in creating the real-world data with multiple modes. In Section 1.3,
we give some more examples of modes present in real-world data and list existing methods
and frameworks for identifying and characterizing modes from data. In Section 1.4, we list
several real world applications with representative scenarios covering a spectrum of cases, for
which we developed our techniques that address the core problem of discovering and char-
acterizing modes. Finally, in Section 1.5, we give an outline of the contents in the following

chapters.



1.2 Data models

The recent developments in artificial intelligence (Al) -spurred by unprecedented growth in
computing power, storage, sensor technology, and their ubiquitous deployment— have enabled
machines to understand the world better and interact with the real world at deeper levels.

2

Data,“a fact given or granted [4],” is what the world gives or generates when one interacts
with the world, and is thus one of the key ingredients in learning how the world works. We

peek into the mysteries of the universe through the lens of data.

In order to be able to plan actions and strategize and control the environment, we also
need to learn succinct generative models for the data that generalize to unseen situations.
Data contains a huge amount of information and undistilled knowledge about how the world,
and the right generative models can serve as the bridge between the real world and a potential
simulated world. The human view has been that there is a small set of universal laws (which
can be stated succinctly) that are responsible for generating the diverse and complex world
we see. The diversity in data statistics is due to different contexts, where a context can
be loosely defined as a set of parameters that govern the spatio-temporal dynamics of a
real-world system. The contexts themselves are expected to be arranged in a hierarchical
fashion: for example, in physics only a certain set of dynamics are permitted when a particle
is confined within a given field distribution; the given potential acts as the general context,
and the initial conditions, and hyper parameters, such as mass and initial velocity, act as
sub-contexts. The behaviors displayed under different settings of the various contexts and
sub-contexts lead to observed data with multiple modes or structured patterns at different

spatio-temporal scales.

A significant outcome of such a generative view of data is that while the observed data
—such as images, videos, flow of liquids and gases, and geographical features — might be very
high dimensional, their generative or description dimensionality —when suitably defined—

is low. For example, one could define the description dimensionality of a data set from



a modified perspective of the well-known concept of Kolmogorov complexity [5] of data
sequence. Consider a computational unit, x = f(z), where f(:) : R — R", maps inputs
lying in a d-dimensional space to outputs in n-dimensional space, where n > d. Let a given
dataset, D, be described by a distribution Py, where x is a random variable in R". Let
us also suppose that there exists a random variable, z € R? with distribution P,, such
that Pj) ~ Px, where ~ stands for the equality relationship of two distributions under
some well-defined metric. We can then say that the computational unit f(-) along with the
distribution P, is a generative model of D, and d is its corresponding latent or description
dimension. The minimum latent dimension of D, dp, is the minimum d for which such a
generative model exists. Usually, d < n and hence the support set of the distribution Pk,
i.e., the set of points where it is non-zero, can only have measure zero in R", and the data

D can only lie on a d-dimensional manifold in R™.

Physics based models aim to define only a few such computational units, formulated
mostly as Partial Differential Equations (PDE’s), and a set of universal constants and a
few additional parameters, such that a hierarchical generative model can be constructed
to explain or emulate all measured data under all possible conditions. Building such an
all-inclusive and constructive generative model, however, is an undecidable problem, and in
recent literature a data-driven black-box approach is adopted. Such an approach adopts
a parameterized deep neural network, fy(-) : R? — R" and in general, a parameterized
distribution function P, (), and aims to learn the parameters (6, §) such that D(Px, Py, (z,5)))
is minimized, where D(p,q) is a distance metric between any two given distributions p and
q.

In this thesis, we adopt this latter data-driven approach, and simplify our modeling
approach into a standard pipeline with black-box and assume that exist underlying generative
models that can be indexed by context to generate high-dimensional data with multiple
modes. Depending on the real world scenarios and observation perspectives, context can be

defined in countless ways controlling the content and granularity of the generation process.
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Figure 1.1: Data generation process.

The generation process might contain pure randomness which can be included as input to
the generation mode; or be deterministic, which can be totally predicted once the generator
is available. Both mechanisms can be captured by a black-box generator model. Specifically,
we denote the context as ¢ € {cy,- -+, cx}, we assume that under each given context ¢, there
would be a different mixture model containing multiple components. For example, data
x ~ ple,0) = Zf; oi(c)F;(B), where Zfil ¢i(c) = 1 and ¢;(c) = 1 for ¢ = ¢;. Fy(p) is
a distribution modeled by parameter 8. F;(8) = Zj\il ;M (), where Zj\il Y; =1 and
M () capturing the distribution of the mode j. Most of the time, x has higher dimension
than the parameter space. It is following our intuition that the world is governed by simplified
laws but produce diverse and ample formats. On the other hand, the essence of science is

via introducing the fundamental laws of the universe to describe and predict it.

1.3 Determining and representing multiple modes in data

1.3.1 What are modes?

As shown in Figure 1.1, data with multiple modes can be generated according to the context.

The concept of modes itself varies depending on the context: it can be the diverse shapes of



sunflower or the diverse types of flowers. Once we specify the context that we are going to
inspect on, data with multiple modes under this context can be collected accordingly. For
example, consider a 3D human motion dataset called HumanAct12[6, 7] which has labeled
example motion data from 12 different action categories. 3D human motion data represented
by skeleton sequences is collected from the real world, as different subjects perform different
types of activities. For each motion sequence, it can be viewed as a N x J x 3 array with N
frames J joints in the skeleton, (x,y, z) coordinates for each joint. An example skeleton with
24 joints is shown in Figure 1.2. In this set up, the known context ¢ is a specific activity type,
for example, the category Warm UP. Different subjects, however, follow different warming
up routines; moreover, different sets of joints are warmed up by following different sequences
of motion. Thus, the set of motion sequences gathered from multiple subjects and labeled
as Warm UP, comprises a distribution with multiple modes, where each mode corresponds

to particular routines followed for stretching different sets of joints and muscles.

In a generative model introduced in Chapter 5, we used the activity type labels to con-
struct a generative model with a 20-dimensional latent space, and a multi-modal prior distri-
bution Py for the HumanAct12 dataset. If one considers the latent codes corresponding to
all the Warm UP motion sequences, then it is again a multi-modal distribution, comprising
of several modes. We used a Gaussian Mixture Model (GMM) with K Gaussians to model
the latent codes, and determined an optimal K using the Silhouette score [8]. Our analysis
yielded 7 such modes, and the time-lapsed visualizations of sample motion sequences in dif-
ferent modes are shown in Figure 1.1. Clearly, the majority of the motion sequences in each
mode corresponds to a particular type of warming up routine. Incidentally, and fortunately,
there are also sub-labels available for the Warm Up action type in the HumanAct12 dataset,
and we can evaluate our modes with respect to the labeled ground truth data. It turns out
that the number of labeled sub-categories is also 7, matching our unsupervised discovery.
There is, however, a couple of differences between the human labels and machine discov-

ered modes: (i) In human labels, the categories of Wrist and Ankle warm up routines are



grouped together, whereas in our automated discovery they are recognized as two separate
modes; and (ii) the warm up routines corresponding to Bow-Right and Bow-Left are grouped
together by our automated mode estimation algorithm, but are grouped into two separate

modes in human labeling.

Humans constantly learn multiple modes present in real world data and are able to
recreate representations of these various modes in the form of textual descriptions and audio-
visual renditions. Furthermore, humans have invented succinct and low-dimensional tools
like physical laws to mimic and predict the diversity of the world we experience. In this
vein while the ultimate goal of Artificial Intelligence (AI) could be difficult to define — for
example, can it be conscious, — the functional goals of Al are much more concrete. One
of them is to be able to model the observable world in a reliably predictive fashion, so
that reasonable actions can be taken to achieve a certain goal. In order to achieve such a
grand challenge task, given a particular environment, a machine must be able to perform
the following minimal set of tasks: (i) mode discovery (ii) mode recognition, and (iii) mode

generation.

A related challenge is that real world data is not only characterized by distributions with
multiple modes, but also by the different modalities or types of data. For example, sea
waves not only have a distribution in physical space that defines its shape, and a temporal
evolution of this shape, but it also has characteristic sound, color, temperature and so on.
Often, data from any of these modalities is sufficient to detect the presence of the object
with high confidence, and can predict how the data would look like for the other modalities
if they were to be collected. For example, a loud and roaring sea, heard from a distance,
immediately generates a visual mental picture of the shape and height of the waves that one
might witness when one is within the line of sight. With the rapid developments in sensor
technology and storage device, more and more modalities of data such as images, video, 3D
maps, and text can be collected and stored in ever larger scales —corresponding to the same

object or concepts or situations— and how they interact with each other. Although we always



observe such data with both multi-modality (as in images, videos, audio, and other sensory

formats) and distributions with multiple modes, how we discover the different modes from

a given set of data is far beyond the obvious.

1.3.2 Different methods for determining modes

In Table 1.1 we provide schematics of different mainstream methods used for determining

and describing modes in datasets.

Scenario

Supervised Weak supervised Unsupervised
Conditions
Mode label availability | Full Partial /Noisy None
Strategy Data Annota- | Weakly- Representation

tion+ Supervised | supervised Classi- Learning +

classification fication Clustering
Key Technique Human  annota- | Soft-labeling Matrix VAE

tion Factoriza-

tion

Table 1.1: Different Methods for identifying and describing multiple modes in data.

Understanding and characterizing multiple modes conceptually includes two minimal
parts: (i) Identify sufficiently many exemplars from each mode, and (ii) Develop a succinct
discriminative description of the modes from these exemplars, e.g. via a classifier, such that
each mode has sufficient generalization capability and one can compute the likelihood that a
given data point belongs to any particular mode. Many efforts have been put in the machine
learning community towards this goal. In the current supervised learning framework, human
labeling is commonly adopted for annotating the data or providing exemplars for the different
modes in the data. Then the discriminative descriptions of the modes are constructed by

training a classifier which learns the decision boundaries around the data points belonging
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to the different modes. There are several classes of classifiers in the ML literature, each with

its own advantages and disadvantages.

For supervised learning, all the training data points are manually labeled with the correct
modes, and models are trained to discriminate the modes. The learnt classifiers are expected
to recognize the mode for new incoming data. In other words, the classifiers are designed
to learn the mode by setting up categorical boundaries in the feature space. However, to
be able to generalize well in complex recognition tasks, like classifying 1000 categories of
everyday objects, large amount of labeled exemplars are needed and the pipeline of solving
such problems is relatively mature in the deep learning community. Thus this type of tasks
is not our main concern for now. Moreover, due to the strict set up of the classification task
in a supervised learning framework —for example, the requirement of the correct and exact
label for each data point— it can only solve a limited number of real world problems. In
most real world scenarios (also, as indicated by our simplified world model), data are not
well separated and might come from overlapping regions of different modes, so the exact
labels for data points are not available. In such situations, one might have weakly labeled
data sets, which cover a spectrum of scenarios ranging from probabilistic or noisy labels, to
only partially labeled data sets. Learning modes while denoising the labels fall under the
category of a task broadly referred to as weak supervision. In Chapter 2 the case of weak

supervision is discussed in more detail.

Data-driven methods are more promising when large labeled datasets are unavailable,
as they attempt to systematically define modes according to patterns in the distribution of
observed data. Typically modes can be discovered by clustering algorithms in an unsuper-
vised way: breaking up the unlabeled data into component distributions, such that each
such component distribution corresponds to a mode. Then, the data samples from each such
mode can be used as exemplars and a discriminative classifier can be designed for all the
modes. In reality, collecting sufficient amount of data from each mode is not guaranteed,

which compounds the difficulty in identifying each mode purely from data without bias. Fur-
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thermore, high-dimensional data such as images, document and 3d human motion sequences
contain sparse and structured information, which are hard to cluster directly. To address
this problem in unsupervised learning, researchers have developed several efficient dimen-
sionality reduction algorithms to reduce the dimension of the raw data. This is based on the
hypothesis that the original high-dimensional data in R" can often be modeled as lying on or
near a low-dimensional, nonlinear manifold [9]. Thus, once the underlying low dimensional
manifolds can be identified, one can find distributions that have support sets only withing

the manifolds, and reduce potential problems introduced by the curse of dimensionality|].

As already introduced in Section 1.2 there is an alternative generative modeling approach
for data analysis. Instead of projecting data into a low dimensional space with the least
loss of information, one searches for low dimensional distributions which can be projected
into a high-dimensional space -using a mapping function— that can accurately approximate
the given high-dimensional data distribution. The framework of variational autoencoder
(VAE) discussed in Chapter 2 is one such approach. It has an encoder-decoder architecture
that is trained jointly: The encoder projects data into a low-dimensional distribution, and
the decoder then projects samples from the low-dimensional distribution back to higher
dimension to approximate the original data point. Once the decoder mapping function is
trained, the data distribution can be reconstructed by sampling the latent space and then
using the decoder to get a generated data point in the original high-dimensional space. There
are several generalizations of the basic VAE model. For example, instead of latent code
distributions that are dense in the latent space, e.g. Gaussian or mixtures of Gaussians,
researchers have introduced models where the latent codes themselves occupy nonlinear

manifolds in the low-dimensional latent space [10].

In Figure 1.3, we list the common scenarios where a model is trained to generate data
with the same distribution as the observed data, while identifying the underlying modes in
the data. As introduced previously, a VAE like framework is able to generate samples of

observed training data with multiple modes. Once the latent codes are determined, these
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can serve as low-dimensional representations of the original data points, and can be clustered
into different modes. In any real world application of generative models — especially when
training data is obtained from spatio-temporal real-world dynamics— being realistic is an
essential requirement. Usually, these are applications where the generative model simulates
or emulates behavior displayed in the training data, without following the actual physical
laws. A physics based simulation is usually computationally much more expensive in such
scenarios. Physics based constraints on the generative model, however, is needed so that the
model generates data that is close to being physically realistic. For example, in generated
motion sequences imitating walking or climbing, it is common to observe foot sliding (instead
of definite steps) and levitating artifacts. In our action-type conditioned motion generation
framework, we added a causal mechanism in the generation process to increase the fidelity
of the generated data. The observed data in such example applications, only lists the spatial
locations of the different joints of a human body as a function of time. There is no physical
environment given for the model to interact with; neither do we have a physical model of
how the joints are being moved. We, thus, extended our work to include scenarios, where
the generative model actually interacts with a real-world environment. Here, the model has
access to a controllable robot’s current state and the actions taken that result in the next
state of the machine, after interaction with the environment. We introduced the framework
of Self Organized Generative (SOG) model that has the potential to imitate expert behavior
and generate robust multi-modal action-conditioned sequential motion while interacting with

a realistic environment.

1.4 Problem Statement and Contributions

The preceding chapter lays out a spectrum of scenarios for mode discovery and computa-
tional descriptions of such underlying modes. Each such scenario, as outlined in Table 1.1

and Figure 1.3, makes specific assumptions about partial information available about the
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contexts and modes in the dataset. The objective of this thesis is to address the problem
of discovering modes and characterizing them along this spectrum of prior information, and
demonstrate the effectiveness of our techniques in several real world applications. In the fol-
lowing subsections, we enumerate the application areas and topics addressed, including the
principles of dimensionality reduction, weak supervision, context-aware generative models
with mode discovery but without a physical environment, and finally, generative models for

scenarios with active interactions with a physical system involving an active environment.

1.4.1 Interpretable Dimensionality Reduction: An Efficient Algorithm for Non-

Negative Matrix Factorization

Extracting low dimensional representations of a data matrix is one of the fundamental steps
for the following data analysis task. Standard methods for finding a low dimensional repre-
sentation include Principal Component Analysis (PCA) [Jolliffe, 2011], Independent Com-
ponent Analysis (ICA)], [Boscolo et al., 2004], and singular value decomposition (SVD).
In many applications, however, the data has special structure, and the factors are more
meaningful and interpretable if they satisfy certain constraints; for example, in Network
Component Analysis (NCA) [Liao et al., 2003], [Boscolo et al., 2005] the zero entries of one
of the factors are predetermined based on a priori information. Non-negative matrix factor-
ization (NMF) is the problem of finding good approximations of a given non-negative matrix
as a low-rank product of two non-negative matrices. This linear dimensionality reduction
technique has been used very successfully for a large variety of machine learning and data
mining tasks, including hyperspectral imaging [Gillis, 2017], topic modeling [Arora et al.,
2012b], audio denoising [Schmidt et al., 2007], and video structuring]..], [Berry et al., 2007],
communication complexity ( [Lee et al., 2009]), probability ( [Carlini and Rapallo, 2010]),
and computational geometry ( [Gillis and Glineur, 2012b]).

Since NMF has been shown to useful in a number of applications, various NMF algo-

rithms have been developed by researchers from different communities. However, all these
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algorithms are interior methods in the sense that they either start with a feasible point (i.e.,
all the entries of the initial factor matrices are non-negative) or obtain the feasibility of the
factors after each iteration. In this thesis, we propose an exterior method that constructs
the nonnegative factor matrices using optimal matrix factors of the unconstrained matrix
factorization problem (e.g., obtained from SVD) which are not necessarily nonnegative. The
proposed algorithm matches or performs better than existing state-of-the-art (SOTA) algo-
rithms in terms of reconstruction error and time complexity, when tested on multiple real
data sets. The boost in performance is significant for synthetic datasets of various signal
to noise ratio (SNR) levels with the performance gap widening with lower SNR levels. The
speed up and low reconstruction errors afforded by our algorithm enabled extensive numerical

explorations of the structure and uniqueness of NMF solutions, as well.

1.4.2 Mode Separation with Weak Supervision: Discovering Epileptogenic HFOs
in the Electroencephalogram (EEG) of Epilepsy Patients

We next address a problem to refine the modes in the Electroencephalogram (EEG) data
where ground truth labels — as assumed in a strictly supervised approach — are not available
and only partial and noisy labels can be inferred. Epilepsy is a common disease around the
world. More than one-third of individuals with epilepsy are medication-resistant, making
them potential surgical candidate. Currently, surgery is primarily guided by neuroimaging
and neurophysiology (such as, interictal spikes and seizure onset zone (SOZ), where interictal
refers to the segment of EEG signal between seizures). However, the seizure-freedom rate of
surgery is suboptimal, ranging from 50 to 85%. Identifying a biomarker that can accurately
delineate the spatial extent of the epileptogenic zone (EZ: brain areas responsible for gener-
ating seizures) will be groundbreaking. The intracranially-recorded interictal high-frequency
oscillations (HFOs) on electroencephalogram (EEG) is one such promising biomarkers. How-
ever, to effectively utilize HFOs to guide epilepsy surgery, one needs to differentiate HFOs
that are generated from the EZ (epileptogenic HFOs: eHFOs) and HFOs that are generated
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from other areas (non-epileptogenic HFOs: non-eHFOs). Although highly desirable, there
has been no systematical way to differentiate eHFOs and non-eHFOs yet. Currently the
most common practice is quite time consuming and subjective as the doctors inspect each

detected HFO visually and make decisions based on personal experience.

We build a data driven model to discover the modes within detected HFOs, i.e. epilep-
togenic vs non-epileptogenic HFOs via training a binary classifier, but with weak labels
inferred from surgical outcomes. In particular, considering that no ground truth annotation
for eHFOs is available, we use the same channel-wise golden information previously utilized
by the doctors to make manual decisions. For example, in patients where a surgery has
been successful, one can make the following assumptions: (i) Most HFOs detected in the
SOZ channels, and resected during surgery, are eHFOs; (ii) The rest of HFOs in the resected
channels most likely have a significant number of eHFOs; label assignments to HFOs in
these channels are likely to be most noisy ones; and (iii) Almost all the HFOs detected in
the preserved channels are non-eHFOs. Clearly, any labels assigned following this partial in-
formation is noisy. However, with a proper selection of weights and assuming that the eHFOs
and non-eHFOS indeed have different morphological features, one can use the framework of
weak supervision to identify the different classes. As shown in our work, one can then verify
that the discovered eHFOs do indeed have many of the properties that have been manually
observed to be true by physicians, and that in some of the interpretable features (such as
the time frquency plots) the eHFOs and non-eHFOs have distinctly different distributions.
Moreover, the eHFOs do not capture the characteristics of resected vs preserved channels;
significant number of non-eHFOs are also present in the resected regions, when certain re-
gions are resected because of surgical considerations and not because they are suspected to

be epiletogenic in nature.
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1.4.3 Context Aware and Mode Preserving Generative Models (I): Action-type

Conditioned 3D Motion Generation, Mode Discovery, and Customization

Human motion generation has wide applications in machine vision, robotics, video games
and computer animation. While considerable progress has been made in pixel-based video
generation methods [11, 12, 13|, the resulting human appearance is still unsatisfactory [6].
Using 3D human skeleton sequences to guide such video generation is considered to be a
fundamental step to reduce distortions in human appearance. In recent years, forecasting
missing skeleton motion sub-sequences or performing motion completion tasks have been
attempted. However, initial or intermediate motion sub-sequences are still required as inputs,

which limit these models’ applications.

We address the fundamental problem of 3D motion generation without any initial motion
as inputs. Given only the activity type, chosen from among a pool of different activities, and
its characteristic features, the generative model should generate motion sequences that are

physically realistic and diverse in style, reflecting variations across the human population.

Our work has the following distinctive features: 1) Internal causal motion repre-
sentation: Any 3D sample motion is decomposed into two parts: spatial joint movements
relative to a body center (root) — referred to as local movement profile (LMP) and the re-
sulting trajectory of the body center. This key step is rooted in the kinematics of body
movement: We move our body parts relative to each other (as captured in the LMP), and
these movements after interaction with the environment cause our body center to have spa-
tial movement resulting in a particular trajectory. We, thus, first encode the primary causal
factor (the LMP) into a low-dimensional latent code and then train a decoder (that learns
the causal factor of the environment) to reconstruct the resulting trajectory and motion of
body parts. 2)Multi-Modal Latent Code Space and Novel sampling Strategies
for Customization: Additional regularization terms are added to the VAE-type encoder

loss function to enable contrastive learning and separate latent codes belonging to different
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action types (and styles within an action type) into distinct clusters. This preserves the dif-
ferent modes and styles present in real motion, enabling novel sampling strategies to support

motion customization.

1.4.4 Context Aware and Mode Preserving Generative Models (II): Imitation

Learning on a Physical Platform

In the 3D human motion generation scenario, the fidelity of the generated motion sequences
is measured by metrics given by the classifiers trained on ground truth demonstration data.
Although the fidelity metrics can capture some of the relevant quantitative measures for
physical realism, there is no way to check whether the whole motion sequence follows a set
of physical laws in the real world. A more advanced description/understanding capability
would be: the ability to interact with the real environment and generate reasonable outputs
when following a particular mode. An agent in a reinforcement learning (RL) set up can be

considered to be such a generative model.

We narrow ourselves to the domain of imitation learning, where a number of experts
provide exemplar trajectories, where each trajectory is a sequence of (state, action) pairs. In
each trajectory, a sequence of tuples are given - (state of a physical system at ¢, action taken
at time t),— where the the state of the system at time (¢ 4 1) results from the interaction
with the environment, given the action and the state at time ¢. An expert usually picks a
mode, and then follows a policy, i.e., a function that maps the current state and the chosen
mode into an action, which in turn results into a new state in the next time instant. Given
such expert trajectories where experts follow different sets of strategies or modes, one wants
to design a policy function that generates the action to be taken for any given state and an
inferred mode, such that the generated trajectories are close to the expert trajectories. In
an inverse RL (IRL) approach the algorithms attempt to estimate jointly the reward and

the policy functions, often complicating the convergence process and yielding poor results.

Imitation learning is a particular approach, and is a more general task, as it learns the
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policy function without the requirement of any well defined reward functions. Concretely,
Imitation learning is the task of replicating expert policy from demonstrations, without
access to a reward function. This task becomes particularly challenging when the expert
exhibits a mixture of behaviors. Prior work has introduced latent variables to model the
variations of the expert policy. However, our experiments show that the existing works do
not exhibit appropriate imitation of individual modes. To tackle this problem, we adopt
an encoder-free generative model for behavior cloning (BC) to accurately distinguish and
imitate different modes. Then, we integrate it with a Generative Adversarial Imitation
Learning (GAIL) framework to make the learning robust towards compounding errors at
unseen states. We show that our method significantly outperforms the state of the art

across multiple experiments.

1.5 Organization of the rest of the thesis

The rest of the thesis is organized as follows:

e In chapter 2, we introduce some of the background material and related work for a
variety of topics, such as latent dimension reduction, learning with noisy label and
typical generative frameworks. These concepts will allow the reader to better follow

the technical material in the rest of the chapters.

e In chapter 3, we present an efficient dimension reduction algorithm to project high-
dimensional data into low dimension. We show that it works with high efficiency and

low reconstruction error for various types of data.

e In chapter 4, we propose a weakly supervised method which uses clinical clues to refine

noisy clustering in discovered HFOs.

e In chapter 5, we introduce a generative framework for action-type conditioned 3d

human motion generation, which produces realistic and diverse motion sequences, and
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provides abilities such as interpolation between different action types and trajectory

customization.

e In chapter 6, we introduce a generative model in an Reinforcement learning set up for

imitating sequential data while discovering modes automatically.

e Finally, in Chapter 7 we summarize our contributions and discuss several avenues to

extend the work reported in this thesis.
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CHAPTER 2

Background and Related Work

2.1 Latent dimension reduction

With the development of better sensors and storage devices, more and more high-dimensional
datasets are being aggregated spanning multiple domains, such as biological genome se-
quences, video surveillance, and document repositories for search engines. In many cases,
the dimension of variables can be even higher than the number of observations. As already
reviewed in Chapter 1, for most cases the data points reside on a much lower dimensional
manifold, and have a generative process that maps low dimensional causal factors into a
much higher dimensional space. Thus, it is desirable to first reduce the dimension of any
given dataset, and then model the reduced dimensional data to perform predictive tasks.
There are two mainstream methods to reduce input dimensions [14]: 1) feature selection,
where only informative variables are selected, and 2) dimensionality reduction, where the
redundancy in original variables is eliminated to generate fewer new variables from the input

data.

Here we mainly focus on the dimensionality reduction framework using linear transforma-
tions. Given a set of N M-dimensional data points, X = {x;,X»,- - , Xy}, where x; € RM,
it determines a matrix W = [wywy - - - w,,,] € RM*™ swhere m < M and w; € R such that
y; = WTx;, y. € R™ is a lower dimensional representation of every data point, x;. Different
criteria on the projected data points are imposed to obtain the linear transformation matrix,

W. Principal Component Analysis (PCA) is one of the most popular algorithms in this
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genre, and one of the constraints it imposes is that of orthogonality: WTW = I,,.». There

are numerous equivalent ways of describing the PCA optimization framework, and one of

them is to consider w;, i = 1,---m as defining an m-dimensional subspace in R*. Then the
m

projection of any x; onto this subspace is given as X; = Z ((w;,x;)W;), where the inner
j=1

product is defined as (w;,x;) = x!'w;. Then, the optimal projection matrix W* is deter-
N
mined such that the reconstruction error is minimized: W* = argmax Z |x; — %5 |-

(WTWZIme) i=1

An equivalent way to formulate the PCA problem that leads to a computational method
for solving for W is to consider X as a zero-mean random variable, i.e., E[X] = 0, and the
N data points are samples drawn from the underlying distribution. Then, the projected
random variable, Y = W’X, also has zero mean, E[Y] = 0. Next, W is computed by
maximizing the sum of the variances of the m components of Y

W* = argmax Tr(E[YY'])= argmax Tr(W'RxW),
(WTW=Inxm) (WTW=Lnxm)

where Rx = E[XXT] € RM*M is the covariance matrix of X. The solution to this version
of the optimization problem is well-known [15]: w; is an eigen-vector corresponding to the

i'" largest eigen value of Rx. Thus, PCA is equivalent to computing an eigen-decomposition
N

1
of the covariance matrix Rx, which can be empirically estimated as — Z x;x; = —XXT,
N &= N
where X = [x;X5 - - - x| € RM*N is the data matrix.

Variants of PCA have also been proposed: incremental PCA(I-PCA) [16] for handling
streamed data; online algorithms for PCA, where at any time ¢ the PCA projection vec-
tors are computed for the data observed until time ¢[17, 18]; Probabilistic PCA (P-PCA)
[19] based on probability model handling missing values in the data; and, Sparse PCA (S-

PCA)[20] for sparse interpretable results.

A generalization of PCA involves using Truncated Singular Value Decomposition (T-
SVD). It subsumes PCA and is particularly useful for data where both the columns, x;’s €

RM and the rows, z;’s € RY | of the data matrix, X = [x;Xy - Xn]| = (2122 - - zp7]T € RM*V
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can be considered as two correlated sets of data points. For example, given a corpus of text
documents, a Term-Document matrix is a representation where each column corresponds to
a”Term” or a”Word” and the term’s distribution over documents, and each row corresponds
to a document and the distribution of terms in it. The SVD of a matrix can be represented
. X = U Y VI where UTU = Iy, VIV = Iygn, and £ > 0 is in general
MxN MxM MxN NxN
a rectangular, M x N, non-negative diagonal matrix, i.e., ¥(4,7) = 00, and o1 > 0y >
oo > Opinu,ny > 0. It follows that X X' = U ¥? U”, and X'X =V 22 VT Thus U
MxM NxN
are the eigen-vectors of the covariance matrix of the columns of X, and can be used for PCA
and projections to low-dimensional representations. Similarly, V" are the eigen-vectors of the
covariance matrix of the rows of X and can be used for PCA of the data represented by the

rows. The columns of U and V represent orthogonal directions of maximum variances in

the respective data sets.

A different perspective, however, emerges when one considers the T-SVD as an approx-

imate matrix factorization technique. Let )/(\k = U, X V;cT, where all the matrices have
Mxkkxk kx N

been truncated to the first k£ columns. Then jf\k ~ X, especially when £ is large. In general,
one can define an optimal matrix factorization problem for any given rank & < min(M, N):
Let X = Mék gﬁ, then determine A, B such that || X — X\kHF is minimized. It turns out
that the T-SVD is an optimal solution to this matrix factorization problem. Often, one
wants to impose certain constraints on A, B, especially when the data matrix X has a cer-
tain structure to it. For example, the Term-Document matrix, introduced above, has only
non-negative entries. One particular case considered in Chapter 3 is that of the Non-Negative
Matrix Factorization (NMF) problem [21], where X > 0, and A, B are also constrained to

be non-negative. Such NMF solutions provide interpretable factors, which can be used as

features for the following ML tasks.

A widely used method that adopts a nonlinear transformation approach is referred to as
the t-Stochastic Neighborhood Embedding (t-SNE)[22] algorithm. The goal of t-SNE is to

project data points such that the local information for each data point is preserved in the
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Figure 2.1: Demonstration of a PCA transformation: The principal axes found by PCA are

annotated with black arrows and the original data is shown as blue dots.
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points in low dimension). By minimizing the cost function Equation (2.1), low-dimensional

Dbi|y p]|z
2n

points into conditional probabilities: pj;; = where p;; =

high-dimensional original data with n data points) and ¢;; = r (for map

data representations y; (for i = 1...n) can be found to minimize the mismatch between the

two methods of computing similarities.

€= KL(RIQ) Zzpﬂlogpﬂ (2.1)

2.2 Weakly Supervised Learning

Supervised learning with deep neural network has achieved great success with the help of
large scale datasets. However, strong supervision information like the ground truth label for

each data point is required under this framework, which is difficult to obtain or does not
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exist for many real world scenarios. Therefore, learning frameworks with weak supervision

signals are highly desirable.

Weakly supervised learning could refer to a number of situations[23]: 1) Incomplete su-
pervision, where a large-size training dataset is provided, but only a small subset of the
data points are labeled; 2) Inexact supervision, where some supervised labeling information
is given, but not exact, for example, multi-instance learning [24, 25, 26]; and 3) Inaccurate
supervision where the supervision information is not always the ground truth ones, for exam-
ple, data with noisy labels. These situations are not mutually exclusive and can potentially

occur together in one real world scenario.

For the inaccurate supervision case, it usually refers to the noisy label problem. Formally,
we define a dataset D = {(x1,91) - (Zn,Yn)} with n instances and their corresponding
labels. Inside this dataset, g; € {Y, N} might not be the same as the ground truth label y;
and the corruption probability, p(7;! = vi|zi, y;), is usually modeled as instance-dependent

label noise, which depends on the features of the instance, x;, and the ground truth label.

Many efforts have been made to improve the robustness of learning from noisy labels,
and here we mainly introduce the ones from the deep learning community due to their
wide applications in the daily life. As summarized in [27], different modifications such as
sample selection, robust architecture, robust regularization, and loss adjustments have been
proposed in the deep learning framework to mitigate the noisy label problem. We will focus
on a loss reweighting approach, which is one of the most effective methods of loss adjustments.
Inspired by importance reweighing [28], the key idea of loss reweighting is to assign smaller
weights to samples with less confidence in their labels during training phase. Formally, the
final reweighted loss for ith instance can be written as w(z;, ;)I(f(z;0), y;), where w is the

weight term and [(-) is a label mismatch loss.

It depends on the reasonable estimation of label confidence and suitable design of weight,
which are not straightforward. Considering our assumption of the instance-dependent label

noise, data features and label information can be utilized to estimate the confidence of
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each label. For example, confidence can be estimated via clustering over instances [29]
or Bayesian methods applied on graphical models to combine prior information [30]. For
reweighting the loss terms, active bias proposed in [31] assigns the weight as the prediction
variances for instances with inconsistent predictions to emphasize that the labels for such
data points have more uncertainty. DualGraph [32] utilizes graph neural network to generate
distribution-level relation to reweight instance-level loss term. Finally, setting the weight of
loss term for uncertain instances as a hyperparameter and sweeping over candidates to select

the best one is also a common practice.

For inexact supervision, multi-instance learning is one of the typical cases. Formally, we
define a bag as a collection of instances, for example, X; = {x; - x;,} is a bag with m
instances. Then, a dataset is defined as a collection of bags and their corresponding labels,
ie. D={(X1,01) (X, Un)} is a dataset with n bags, and g; € {Y, N} fori =1---n. For

1th bag, its label y; = Y if there is at least one positive instance inside bag X.

The weakly supervised case, introduced in detail in Chapter 4, is a combination of in-
exact and inaccurate supervision, i.e. multi-instance learning and noisy label problems. In
our case, the biomarkers detected inside one particular channel is a bag of instances; the
clinical evidence only says whether the channel as whole (which might contain both types
of biomarkers, epileptogenic and non-epileptogenic) is a problematic one or healthy one.
A problematic channel can have various percentages of epileptogenic and non-epileptogenic
biomarkers. Making the problem more challenging, the labels we are given to each channel
are themselves noisy, since we can’t really define which channels are purely problematic due

to the limitation of current clinic domain knowledge.

2.2.1 A toy example for weighted loss function

A toy example is used here to demonstrate how partial information about noisy labels can be
used to pick a good set of weights in the loss function to reduce the effect of such noise induced

degradation in performance. The particular noise model and the associated terminologies
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Figure 2.2: A toy example for denoising wrong labels with a robust loss function. Up-
per Left (GT-model): Samples are drawn from a two mode GMM with probabilities 2/3
and 1/3, respectively. The prediction probabilities of a supervised classifier based on these
ground-truth labels are shown as a mixture of two colors in the background. Next, as dis-
cussed in Section 2.2.1, the GMM data samples are divided into four channels (or sets of data
points), named as preserved, SOZ, non-SOZ but resected, and resected, respectively. Each
such channel is a mixture of ground truth labeled samples, and all data points in a channel
can be assigned, as a unit, only one label. This leads to weak labels for the ground truth
data. Upper Right (SOZ-model): Only the SOZ channel samples are labeled as 1 and both
the non-SOZ resected and preserved channels are labeled as 0.  Bottom Left (WT-model):
The samples from both the SOZ channels and non-SOZ resected channels (denoted as green)
are labeled as 1 and preserved channels are labeled as 0. Different classifiers are trained by
varying the weights associated with the samples in green. Bottom right (Resect-Model): All
samples from the resected channels (SOZ and non-SOZ in the resected region) are labeled
as 1 and all samples in preserved channels are labeled as 0. The results for the different

scenarios, when evaluated with respect to the ground truth labels, are shown in Figure 2.3.

27



100 4 °
90 1 //k

80 1

70 41 WT_accuracy
Resect_accuracy
SOZ_accuracy
GT_accuracy
WT_balanced_acc
Resect_balanced_acc
SOZ_balanced_acc
GT_balanced_acc
WT_precision
Resect_precision
SOZ_precision
GT_precision
WT_recall
Resect_recall
SOZ_recall

GT_recall b

60 -

50 1

40 A

reetrestios)

301

w=0.0 w=0.1 w=0.2 w=0.3 w=0.4 w=0.5 w=0.6 w=0.7 w=0.8 w=0.9 w=1.0 Resec SOZ GT

Figure 2.3: Performance of various models described in Section 2.2.1. The GT-model, where
no labeling error is introduced, has a precision of 95%, and a recall of 97%. The WT-Model
with weight 0.8, has a balanced precision and recall of 96% each. At weight=1 where the
WT-model becomes the same as the Resect-model has slightly worse performance: precision
95% and recall 96%. On the other hand, and as expected, the SOZ-Model has an overall
poor performance: precision 99%, and recall 32%. Thus even with considerable mislabeling

of ground truth data, classifiers can be designed to purify labels.
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are based on a real-life example as discussed in Chapter 4. We firstly consider two gaussian
distributions with relatively small overlap in 2D space as two modes. To be more precise,
samples are drawn from a two mode GMM. We call the ground truth mode-0 samples as
healthy samples and the ground truth mode-1 as unhealthy samples. See Chapter 4 for
some of the motivations behind using such terms. We further assume that there are three
different kinds of channels that generate ground truth healthy and unhealthy samples in
different proportions. All samples belonging to the same channel can be given either the
label of 1 or 0, thus introducing noise into the ground truth labels. These channels are:
(i) Preserved channels (containing 2,000 samples) where 90% of the samples are healthy
and 10% are unhealthy; (ii) SOZ channel (containing 500 samples) where 90% samples are
unhealthy and 10% samples are healthy; (iii) Uncertain or Resected-but-non-SOZ channel
(500 samples) where 60% of the sample are unhealthy and 40% are healthy; and finally, (iv)
Resected channel, is the union of the SOZ and the Resected-but-non-SOZ channels. Different
classification tasks can be set up by assigning different labels to these channels, and then
performing weighting of the loss terms, when possible. The different cases are illustrated in
Figure 2.2, and are as follows: 1. GT-Model: In this scenario a classifier is trained based
purely on the correct ground truth labels. The performance of this classifier is the best one
expect and is an upper bound on the performance of the other models; 2. SOZ-Model: In
this labeling scenario, only the samples in the SOZ channels are assigned a label of 1 and the
rest are assigned a label of 0. This is the most noisy case, as a lot of the ground truth modes
are mislabeled; for example 60% of the 500 samples (Around 300 samples) in the non-SOZ
channels are actually from ground truth mode-1 and yet is labeled as 0. 3. WT-Model: In
this scenario, both the SOZ and non-SOZ-but-resected channels are given a label 1 and the
preserved channel samples are assigned a label of 0. This gives us the opportunity to vary
the weights of the loss terms in the uncertain channel, assigned a label of 1, from 0 to 1. r.
Resect-Model: Here, all the samples in the resection channel are treated equally and assigned

a weight of 1 in the loss function. Thus, this case corresponds to the WT-model, where the
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weights of the samples in the uncertain channel are assigned a weight of 1.

For each model (including the case of WT-model with varying weights), we trained using
a simple classifier comprising a three layer neural network. The decision boundary inferred
from the classifier can be observed as the boundary of background color in Figure 2.2. The
relative performance of different models is also given in Figure 2.3. As the figure shows, for
the GT-model, the precision and recall are 95% and 97% respectively. For the WT-model,
there are 250 samples that are from mode-0 (healthy) but labeled as 1, where the majority
are unhealthy; similarly 200 samples are unhealthy (mode-1) but labeled as 0, where the
majority is healthy. But as the weight is varied then it starts with high precision but lower
recall, and then reaches a balanced value of 96% for both precision and recall. Thus even
with considerable mislabeled samples (450 in total), a classifier with performance almost

similar to the case where no labeling errors are introduced can be achieved.

2.3 Generative models

2.3.1 Introduction

Compared to a discriminative model which predicts the probability of a label assigned to
the data, generative models learn the training data’s distribution and thus can not only gen-
erate new samples by sampling from the learnt distribution but also give out the estimated
likelihood of each data point. Many generative models have been developed: Gaussian Mix-
ture Model (GMM), Hidden Markov Model (HMM), Latent Dirichlet Allocation (LDA) and
so on. These traditional generative models usually have explicit mathematical expressions
and are learnt with carefully designed algorithms. Therefore, they are not scalable and
with limited learning capacity. With the development of deep learning, neural networks,
as a universal function approximators, have been applied in generative models to model
high-dimensional complex data distributions. Different frameworks have been proposed to

train these deep generative models: Generative Adversarial Network (GAN), Variational
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AutoEnocder (VAE), Normalizing Flows (NF) and so on. Deep generative models have wide

applications in physics, simulations and several real-world applications [33, 34, 35].

Even with the potential modeling capacity of neural networks, the task of training a
deep generative model is not easy. The objective function of the training process is not
straightforward due to the lack of one-to-one correspondence between generative samples
and ground truth data distribution. GAN has shown promising results in generating realistic
images via the novel training mechanism, i.e. training the generator in an adversarial way
and using the discriminator to provide a measure of differences between the distribution of
the generated data and that of the ground truth data, but is notorious for unstable training
and mode collapse problems. NF and VAE train their models in a nonadversarial way, and
thus mostly avoid such training problems. NF, however, assumes an invertible data sampling
and density estimation process, which rarely holds in real world scenarios and greatly limits
the scale of data it can apply to. Therefore, in the following sections, we focus more on VAE
and the variants of VAE considering their wide applications and powerful modeling capacity.
Chapter 5, uses and generalizes some of these concepts for the 3D human motion generation

problem.

2.3.2 VAE and VAE variants

Variational Autoencoder was first proposed in [36]. As introduced in Section 1.2, VAE falls in
the category of generative models where samples from a lower dimensional space are mapped
to the higher dimensional data points. Such an approach adopts a parameterized deep neural
network, fo(-) : R — R", often referred to as the decoder. In general, a parameterized
distribution function P,(9) (where z is the latent random variable of dimension d), and aims
to learn the parameters (6,6) such that D(Px, Py, (s,s))) is minimized, where D(p,q) is a

distance metric between any two given distributions p and gq.

It is instructive to define a few shorthand notations for the rest of this section. Let py(x)

be the density function of data, given the parameters 6 of the decoder. Also, let py(x,z) be
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the joint distribution of data x and latent variable z. This joint distribution can be factored
as the product of a prior density function, ps(z), and the conditional distribution of the data
given the latent variable: py(x|z). In a standard VAE formulation one assumes that ps(z)
is zero-mean identity-variance normal distribution and thus has no functional dependence
on the parameter . As discussed later, the prior distribution itself can be paramterized in
alternate formulations of VAE. For the rest of the discussions on the original VAE framework,
we shall omit any reference to §. Let, py(z|x) be the posterior distribution of the latent
variable, given the data. In order to learn the decoder function, fy(-), it is important that
we compute this posterior distribution, so that one can train the network parameters, 6,
by sampling from this posterior density. It is, however, a computationally intractable task,
and one approach is to adopt a variational method. That is, pg(z|x) is approximated by a
parameterized density function, g,(z|x). The parameters of g,(z|x) — for example, if g,(z|x)
is assumed to be normal distribution then mean p(x) € R? and covariance o(x)*I454 would
be the required parameters — are obtained by feeding x through an encoder neural network

with parameter set ¢. Such an encoder-decoder architecture is shown in Figure 2.4.

Using a standard variational technique one can express the log-likelihood of the data

given parameters ¢ as follows:

log py(x) = Egng, (21x) [l0g Po(x)] (2.2)
o [ o pQ(X> Z)
~Eeiem o2 (5175 2

— Ererstom :log (pe(& z)  qe(z] X))] (2.4)

9s(2 | %) po(z | x)

S [ ) R )

q4(z | x) po(z | x)
ELBO

[\

The first term is the evidence lower bound (ELBO), which is now a function of both 6
and ¢, and second term is the Kullback-Leibler (KL) divergence between estimated posterior
¢s(2|z) and py(z|z). The idea in a variational approach is to maximize the ELBO, and since

log py(x) is independent of ¢, the KL divergence term will go to zero, if the neural networks
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Figure 2.4: A schematic of the VAE architecture.

have enough expressive power.

To train a VAE for a given dataset D, the loss function, which needs to be minimized, is

the negative of the ELBO, and can be rewritten as

~l06(D) = Y Eangy (ol log (po(x. 2)) —log (4s(z | x))] (2.6)
=D (Eangyaiollog(pa(x | 2))] + Dcrga(z | x) || po(2))). (2.7)

For the standard VAE, we assume the prior p(z) is a Normal distribution with zero mean and
unit variance, and the estimated posterior g,(z|x) is assumed to be a normal distribution
with mean p(x) € R? and covariance 02(x)Ixq. Taking the powerful transformation capacity
of neural networks into consideration, this assumption generally works. With this choice of

¢»(z|x), we have:
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~lo.6(D) = Y (Bang, o ll0g(po(x | 2))] + Drcr(qs(z | x) || po(2)))

zeD

=) " (Byrgy i log (po(x | )

zeD

Z log 07 (x 1)+Zaf(x)+2uf(x)]).

%

(2.8)

To derive the second term in the above equation, we note that given two Gaussian distribu-

tions in RY, P, and P, with mean vectors (u1, u2) and covariance matrices (X, ¥y), their

KL divergence can be expressed as:

Dyi(P, || Po) = (log

4%t (S350 + (2 — )" S5 (i — o)) [37]

Applying this formula to our special case we get:

Dkilas(z | x)||lpe(2z)] =

% | log% — At {5 T} A (e — ) 55 (e — ul)}
% {log% —n+tr {I'S}+(0— )T 70— u)}
%[mgm—n+mgu+uﬂ

: _1oggag_n+;gg+;u§]
%-—Zlogaf—n+Zaf+Zu?]

% _—Z(log03+1)+203+2u?] .

The encoder and decoder networks with parameters, ¢ and 6, respectively can be trained

jointly with the loss function in Equation (2.8).

Instead of assuming that the prior distribution p(z) is a fixed zero-mean unit-variance

Gaussian, researchers have argued that a more flexible model of the prior is required since

it plays an important role training the encoder and decoder pair: 1) mismatch between

prior and the data manifold in a ground truth generative model will lead to the failure of
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Figure 2.5: Graphical models for the Gaussian mixture variational autoencoder(GMVAE)

showing the generative model (left) and the variational family (right).

generative modeling of the real data distribution. 2) Using a non-parameterized prior could
make the latent space less interpretable. For example, it will encourage latent codes to have
a much higher density around the origin, leading to the difficult of clustering and sampling

from codes belonging to the same mode, when the data contains multiple modes.

Mixture of Gaussian prior with learnable hyperparameters (MoG) was proposed in [38, 39|
to provide more modeling capacity in the latent space. It models the latent space as a mixture
of Gaussian which is generated by random variable w and categorical variable ¢. Figure 2.5

shows the generative process and its generative model follows Equation (2.9):

w ~ N(0,1)

c ~ Mult(m)

K
2| ew~ [TN (e (w; B), diag (02, (w; 3)))

k=1

x|z ~N (u(z;0),diag (6°(2;0))) or B(p(z;6)). (2.9)

Similarly as the ELBO in the Equation (2.5), the ELBO for MoG with variational family

shown in Figure 2.5 can be rewritten as Equation (2.10). Following the decomposition
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in q(z,w,c | ) = [[; 9. (zi | ;) g, (Wi | ;) ps (c; | z;,w;), it can be further derived as
shown in Equation (2.11) with reconstruction term, conditional prior term, w prior term

and categorical variable ¢ prior term. More details can be found in [38].

B ppo(x, z,w,c)
Lrrpo = E, { d(zw.c| ) ] (2.10)
»CELBO :Eq(z|a:) [lngg(.’,C ’ Z)] - IEq(w|:c)p(c|z,'w) [KL (Q¢z (Z ‘ :c)||p5(z ‘ w, C))]
— KL (gs,(w | 2)|[p(w)) — Eqzja)g(wlz) [KL (ps(e | 2, w)l|p(c))] . (2.11)

However, as mentioned in [40], although it boosts the performance of vanilla VAE, it
influences the estimated posterior in the same manner as vanilla VAE and the gradient of
ELBO is also similar. Instead, [40] proposed a mixture of Gaussian prior given by variational
posteriors conditioned on learnable pseudo-inputs, which couples the prior and posterior. In
this setting, instead of using standard noraml distribution, the prior is parameterized by
pa(z) and the ELBO can be rewritten with three terms: reconstruction term, posterior
term, and prior term, as shown in Equation (2.12). The prior that optimize this ELBO
can be solved via maximizing the Lagrange function Equation (2.13) and the solution can
be written as p}(z) = & SN 4y (2] x,), i.e, the aggregated posterior. To avoid overfitting
issues, it can be further approximated by a mixture of posterior from pseudo-inputs, i.e

a(z) = % S % 4o (z | ug), where inputs u; are learnable. More details can be found in [40).

L(6,0,2) =Exng) [Egyae) [Inpo(x | 2)]] +
+ Exngx) [H[g9(z | x)]] +

— Esga) [~ Inpa(2)] (2.12)

max —E, o) [~ Inpa(2)] + 8 ( / pa(z)dz 1) (2.13)

pa(2)
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Instead of modeling prior with simple distributions, [10] models the latent space as a

learnable manifold that defined by transport operator to better match the data manifold.

2.4 Imitation learning

In real life applications, a lot of data present in the format of time-series, such as signals
from the domain of heath-care, daily conversations, stock prices and so on. Reinforcement
learning (RL) provides a mathematical framework to model an intelligent agent to learn
from those kinds of sequential data and make wise decisions. However, in the typical RL
setting, it requires well defined reward function which greatly limits the application scenarios
and the learning capacity of the agents since the reward function is not always available.
As a feasible solution to such problems, imitation learning (IL), doesn’t require any reward
functions and learns from expert demonstrations. The goal of imitation learning is to mimic
the expert behaviors in a given task by learning from expert demonstrations without a reward
function. There are two mainstream methods to tackle this problem: behavior cloning (BC)

and Inverse Reinforcement learning (IR) [41].

2.4.1 Reinforcement learning(RL)

Reinforcement learning is concerned with how the intelligent agent takes actions in an in-
teractive environment to achieve a particular goal defined in reward. It is one of the three
machine learning frameworks besides supervised learning and unsupervised learning. It dif-
fers from the other twos in that the training set is not static and updated via the agent’s

interaction with environments.

Formally, it can be modeled as a Markov Decision Process (MDP), which includes several
key components: a set of environment and agent states S, a set of agent actions A and
transition probability which models the probability of transiting from state s, € S at time ¢

to s;41 € S at time ¢+ 1 under action a; € A at time ¢ as p(s;41]8¢, a;), immediate reward for
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transitioning from state s; to s;1 under action a; as R(s, a;, $¢+1). The goal of reinforcement
learning is to find an optimal policy m: A x S — [0,1], i.e. m(a,s) = p(a; = als; = s) which

maximizes the expected accumulated rewards along the trajectories.

2.4.2 Behavior Cloning (BC)

Behavior Cloning focuses on learning the policy from the expert demonstrations using su-
pervised learning [42]. However, it has unavoidable compounding errors which leads unrea-
sonable actions for unseen states in the training dataset. It fails to model the long-range
dependencies in the interactions and lacks generalization ability when the training data is

limited.

2.4.3 Inverse Reinforcement Learning (IR)

Inverse reinforcement learning focuses on recovering the reward function when the expert
demonstrations are available [43]. Once the reward function is available, the optimal policy
can also be inferred for imitation learning task. However, to optimize for the suitable reward
function, it usually involves computing the optimal policy inside the loop, which is compu-
tationally expensive [44]. Generative Adversarial imitation learning [45] is proposed with
better sample efficiency in terms of the number of expert demonstrations required. It learns
the policy and reward function with generative adversarial framework and thus improves the

robustness of the unseen states also.

Although GAIL provides an efficient framework, imitation learning with diverse expert
demonstrations is still a challenging task. This diversity or multiple modes varies according
to the scenarios: such as multiple human experts performing the same task in different ways
or pursuing multiple unlabeled objectives, e.g. a robotic arm moving towards different goals.
In such scenarios, neither BC nor GAIL enjoys any explicit mechanism to capture different

modes of behavior. Particularly, BC averages out actions from different modes. On the

38



other hand, GAIL learns a policy that captures only a subset of control behaviors, because

adversarial training is prone to mode collapse [46, 47].
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CHAPTER 3

Interpretable Dimensionality Reduction: An Efficient

Algorithm for Non-Negative Matrix Factorization

3.1 Introduction

Extracting low dimensional representations of a data matrix is one of the fundamental steps
for many data analysis tasks. Standard methods for finding a low dimensional represen-
tation include Principal Component Analysis (PCA)[48], Independent Component Analysis
(ICA)[49, 50], and singular value decomposition (SVD). In many applications, however, the
data has special structure, and the factors are more meaningful and interpretable if they
satisfy certain constraints; for example, in Network Component Analysis (NCA)[51, 52] the
zero entries of one of the factors are predetermined based on a priori information. Non-
negative matrix factorization (NMF) is the problem of finding good approximations of a
given non-negative matrix as a low-rank product of two non-negative matrices. This linear
dimensionality reduction technique has been used very successfully for a large variety of ma-
chine learning and data mining tasks, including hyperspectral imaging [53], topic modeling
[54], audio denoising [55], and video structuring [56, 57], communication complexity [58],

probability [59], and computational geometry [60].

A standard optimization framework for computing the nonegative factors uses the Frobe-

nius norm, and a non-convex formulation is given by

. 1 T2
minimize f(U,V) = 5 |X - UVl - (3.1)
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There exist other variants of the NMF depending on the distance measure used to quantify
the quality of the approximation. For example, in [21] both the Frobenius norm (as in 3.1))
and the generalized Kullback-Leibler divergence measure are proposed to measure approxi-
mation error, in [61] the author utilizes Itakura-Saito divergence for music analysis and in
[62] total variation norm is designed to extract image patterns. In yet another variation
(see Section 3.5), the approximation error minimization in 3.1 is done only over a subset of
the entries of the data matrix X. In such a case it is referred to as the matriz completion

factorization problem.

3.2 Related work

Several algorithms have been developed to find good local minima of (3.1) and they can be
divided into three general classes: multiplicative update algorithms, gradient descent algo-
rithms, and alternating least squares algorithms. The prototypical multiplicative algorithm
(Mult) originated with Lee and Seung [21] and the algorithm is initialized with non-negative
factor matrices and they remain non-negative throughout the iterations. However, it is no-
toriously slow to converge and requires many more iterations than alternatives such as the
gradient descent and alternating least squares algorithms. To overcome such shortcomings

accelerated versions of the multiplicative algorithm have been proposed [63].

NMF algorithms of the second class are based on gradient descent methods (Grad-
Mult)[64]. These algorithms always take a step in the direction of the negative gradient,
the direction of steepest descent. In order to ensure non-negativity of the factor matrices

after the descent step, a projection step is employed by these algorithms.

NMF algorithms of the third class are based on alternating optimization framework. This
framework exploits the fact that, while the optimization problem of (3.1) is not convex in
both U and V, it is convex in either U or V. Therefore, these algorithms update the factor

matrices in an alternating fashion by solving simpler subproblem. The subproblem that
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arises for each factor is non-negative linear least squares (NNLS). Various algorithms have

been developed to solve NNLS and we list the most popular ones below:

e ALS [65]: Solve unconstrained least squares followed by a simple projection to the

non-negative orthant

e AO-ADMM [66]: Alternating direction method of multipliers (ADMM) is used to solve
NNLS. The algorithm uses cholesky decomposition of the mixing matrix U7 U for an

efficient implementation

o Active set [67]: This algorithm searches iteratively for optimal set of variables to

optimize over by exchanging a variable between active and passive sets

e Hierarchical ALS (HALS) [68]: Each column of left factor matrix (U) or each row of
the right factor matrix (V') are updated by solving an unconstrained least squares and

then projecting them to the non-negative orthant.

The three classes of NMF algorithms have one thing in common: these iterative algorithms

either start with a feasible point or obtain the feasibility of the iterates after each iteration.

3.3 Motivations

3.3.1 Complexity

The complexity of a special case of the optimization problem in (3.1) where one asks whether
there is an exact non-negative solution with a cost function value of 0, has been studied
extensively in the literature. More precisely, the Ezact NMF problem takes as input a
matrix X > 0 € R™ with rank equal to r, » > 1, and asks whether there is a pair of
matrices (U, V), where U > 0 € R™" and V > 0 € R™*", such that X = UV?T. Vavasis [69]
and [70] have shown that this problem is NP hard and there is no (nm)°") time algorithm
for Eract NMF, unless P = NP. For some special cases of the Exact NMF problem,
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namely the separable case, first Donoho [71] and then [70] have developed polynomial time
algorithms in n, m, and r to compute the exact factorization if one exists. Since the exact
factorization scenario is a special case of the general NMF problem, it implies that the
NMF problem is also NP-hard, and we cannot find any provably efficient algorithm unless
P = NP. In order to develop an alternate paradigm for solving (3.1) one will have to define
optimization problems that judiciously exploit geometry or structure inherent in the landscape

of the underlying optimization problem. We next provide one such geometrical framework.

3.3.2 Going from SVD to known Exact NMF factors

Let X = UpVy, where X > 0 € R™™ Uy > 0 € R™" 1y > 0 € R™" and let all the
matrices have rank = r. Let X admit the following SVD: X = UXVT. We define the
scaled SVD factor matrices U* and V* as U* = UE%, and V* = Vs, Then, as shown in
Vavasis [69], there must exist a matrix A € R™" such that Uy = U*A and V = V*A~T.
Thus by considering an SVD of A, A = RyARY, we find that there exist rotation matrices
Ri, Ry € R™*" (RlRlT =] = R2R2T) and diagonal scaling matrix A such that

Up=U*R AR} Vo = V*Ri{A'RY. (3.2)
We can solve for Ry and A using the norm balancing constraint given by
UL = U Ry N RYUT VoV = VR AT2RTVT, (3.3)

(3.3) can be solved by extracting the submatrices of Uy and U* consisting of r linearly
independent rows
Up, UL = UrRiN*RTUT. (3.4)
Linear system in (3.4) has full rank and thus has unique R; and A. After computing R; and
A, the rotation matrix Ry can be computed by solving the optimization problem,
Uo U Ry A

Ry = arg min — Ryl . (3.5)

RTRy=1I Vo V*Ri A1 B
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The problem in (3.5) is known as the Orthogonal Procrustes Problem [72] and admits a

closed form solution given by Ry = C' DT, where C' and D are the factors obtained from the
T

U*R A Uy )

SVD of (
V*Ri A Vo

3.3.3 Going from SVD to unknown Exact NMF factors

To solve the Exact NMF problem, we can first compute the scaled SVD factors, (U*,V*),
of a nonnegative X, and then solve for Ry, Ry € R™" (R{RT = [ = RyRY), and diagonal
scaling matrix A, such that U*R;AR, > 0, and V*R;A"'R, > 0. If X has an exact NMF
solution, then this problem is feasible. One can define the following non-convex optimization
problem to solve for the rotation and scaling matrices:

minimize z”: z”: h((U*R1ARs);;) + zm: z”: h((V*RiA ' Ry) )

R1,Ra,A
1 i=1 j=1 i=1 j=1

subject to RIRy =1, RJRy =1,A>0 (3.6)

where h(q) = max{0, —q}. Clearly the optimization problem in (3.6) has a minimum value
=0 of and only if X admits an Fxact solution. This, however, is an NP Hard problem, and
our ADMM implementations for solving (3.6) (a generalized version of the eNMF algorithm
presented in Section 3.4, and also presented in Appendix) did yield exact non-negative
solutions in reasonable time, only when X has low dimensions. For example for synthetic
datasets (for data generation procedure read Section 3.6.1) with dimensions n = 50,m =
40,7 = 10,s = 0.1 and n = 100, m = 80,7 = 20, s = 0.1 (where s is the sparsity factor) the
ADMM implementation yielded exact non-negative solutions. However, for an X when it’s
dimensions n, m are large, the ADMM implementations yielded factors that are only close to
the positive orthant, which are still external infeasible points (see Figure 3.1 for details)
This computational intractability of finding optimal Ry, A, Ry to move the SVD solutions to
the feasible region (even when such solutions exist), prompted a more approzimate approach,

as described next in the context of the general NMF problem.
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Figure 3.1: Distance to the positive orthant (as defined by the sum of the absolute values of
the negative entries of the factor matrices post optimization; see Equations (3.6) and (3.8))
is plotted for synthetic exact datasets with various dimensions and sparsity levels. For lower
dimensions, ADMM implementation of (6) generates exact non-negative solutions. For larger
dimensions, ADMM implementations for both the general and relaxed version (involving only
a single rotation matrix Ry, and setting Ry = A = I) generate factors that are only close to

the positive orthant (PO), thus requiring further processing.
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3.3.4 General NMF: Going from SVD to the Positive Orthant

The unconstrained optimization version of the problem in (3.1) has a well known global
optimum (the minimum value, however, is no longer necessarily = 0 as in the case of Exact
NMF), given by the truncated singular value decomposition (SVD) of the data matrix X,
(U*,V*), as defined in the previous section. In general, the optimal value of (3.1) is bounded
below by the optimal value of the unconstrained problem. Therefore, solving (3.6) exactly
would still generate factor matrices that are outside the positive orthant and we will have to
find a way to move to the positive orthant from this close exterior point. Hence, to make the
problem of getting an approzimate solution to (3.6) more tractable, we restrict ourselves, to
the case where Ry = I, and A = I. From Figure 3.1 it can be observed that this relaxation
produces factor matrices that are comparable (in terms of distance to the positive orthant
(PO)) to the ones obtained by solving the general problem in (3.6). In the relaxed version,
we search for a closest point to the positive orthant (as defined by the sum of the absolute

values of the negative elements of the point) from the set:
X*={(U'R,V*R) | R"R=1,R € R"™"}. (3.7)

Next, to explain further why such a close point in X'* is a“good” point to start at,
we consider the following scenario: If we do a descent on f(U,V) starting from any local
minimum of the NMF problem, then we will converge to a pair of factor matrices (U, V)
and this external unconstrained global minimum is in some sense “closest” to the boundary
with respect to the local minimum we started at. This external globally-optimal (U, V) is in
the same level-set as (U*, V*) and as shown in [73] this level set of globally optimal solutions
is the set X* (modulo any scaling of the (U,V)). In light of this geometric intuition, we can
“reverse” the above descent process: start with an element of X* that is close to the boundary
(based on suitable distance measures) and then use simple exterior methods to find a local

minimum of the NMF problem. We next present such an algorithm for the NMF.
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3.4 Exterior NMF Algorithm

The main block of our algorithm consists of finding a suitably rotated globally optimal point
which can then be used as an initial point to an exterior method to construct a solution to

the NMF problem. In the following subsections, we describe the stages in detail.

3.4.1 Optimal rotation of unconstrained global optimum

An orthogonal rotation that minimizes the sum of the negative entries in U*R and V*R
can be found by solving the optimization problem in (3.6) with Ry = A = . Although the
problem is non-convex, we can use ADMM as a heuristic method to solve it [74]. In order

to aid the ADMM formulation, we introduce the following notation

W = v e Ritmxr 7 ¢ Rntmxr,
Vv
where Z is the splitting variable. Then, with the above notation we can rewrite the opti-
mization problem in standard ADMM form given by
n+m r
minZi’r]?ize ; ; h(Z;;)
subject to Z —WR =0
R'R=1.

The ADMM for solving (3.8) is given in Algorithm 1.
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Algorithm 1 Rotation
Input: U,V, R°, Y°, p

Stack U,V vertically to get W

Repeat until convergence:
n+m r

Z(k+1) a?“g;m'n( Z Z h(Z;;)+

i=1 j=1
B2 - WRO + 2Ol )
R+ a;ggii;z L|Zz*+) —WR+ %Y(k)H%)
yk+D) oy k) 4 p(Z*+1) — W R(k+D))
k< k+1

Output: UR,VR

3.4.1.1 Updates for Z

We can update each entry of Z independently. The updates can be obtained by solving a

simple quadratic problem:

bZ] bij >0
Zz'(fﬂ) =30 —% <b; <0 (3.9)
1 1
\bij + P bij < >

where b;; = (WR® — %Y(k))ij.

3.4.1.2 Updates for R

We can update R by solving a non-convex problem known as Orthogonal Procrustes Problem

[72]. If we define B = Z*+1) 1 %Y(k), then the update for R is given by
R* D = DT (3.10)
where C' and D are obtained from the SVD W'B = CxDT.
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3.4.2 Exterior penalty method for attaining feasibility

The rotated point returned by Algorithm 1 is expected to be close to the positive orthant
but not necessarily inside it (unless there is an NMF solution which is also globally optimal
for the unconstrained problem; see Figure 3.5 for an example). We use an exterior penalty
method to attain feasibility of the NMF factors starting from the rotated point:
min %HX —OVTIE 48,3 h(U) + 60 3 h(Vi),
2y 2,
where h(q) = max{0, —¢}, and §,, J, are the penalty parameters. We solve the optimization

problem by iteratively updating U and V' using gradient descent.

3.4.2.1 Updating U

Assuming ¢, is large, the partial derivatives of the cost function for negative entries of U are

approximately —d,, and the negative entries can be updated as,
Uij = Uij + pudu, V(i,j) € I, (3.11)

where I_ denotes the set of negative entries and p, is a fixed step size.

Updating the non-negative entries of U in any given row does not affect the gradient of the
cost function for non-negative entries of U in other rows and we can leverage this to update
non-negative entries in the rows of U independently. The updates for all the nonnegative

entries in the ¢ row can be computed as
Uy = (Ui — d; (Vuf)ij)+, Vi, 7) € Iy, (3.12)

where I, denotes the set of non-negative coordinates, Vi f = (UVT — X)V, and the pro-
jection operator, (z); = max{0,z}, retains their nonnegativity, and d} is the optimal step
size. In order to find the optimal step size, we need to formulate an optimization problem.

To aid the formulation, let’s introduce some notation
o B+ — x _ k) )T
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where E*+1) is the error matrix at (k 4 1) iteration. Then with the above definitions, we

can define the optimization problem as min. L = ||[E*+Y(4,:)||2, or
min. [|X(i,3) = [U® (i, 2) = d{ M, © Vo F}(i, 5]V S|P (3.13)

where My, is the binary vector mask over the negative entries of U. The problem given
by (3.13) is an unconstrained quadratic problem and has a global minimum. The global
minimum can be computed by setting the gradient with respect to d; to zero

VoL =Y {2EW(i, j)a; + 2a3d;}
j=1
where a; = {My, o Vi f}(, :)V(k)T(:,j). Solving V4, L = 0, we get
(f:_ZﬁJWWJWj
‘ > j=1 a?

The expression for d} can be simplified further to give

dF — H{MU+ OV[]f}(i,i)’P
"My, o Vi [}, ) V@2

(3.14)

3.4.2.2 Updating V

We follow a similar routine to update V. First we update the negative entries of V' as,
Vij = Vij + pus, V(i,5) €1, (3.15)

The non-negative entries in the rows of V' are updated independently. The updates for all

the non-negative entries in the i"* row can be computed as
Vij = (Vig = 65 (Vv f)ij)+, V(i,J4) € L4, (3.16)

where t} is the optimal step size, and Vy f = (UVT — X)TU. The optimal step size compu-

tation is similar as before and is given by

o My, 0 Vv 3G
My, o Vi £} U e 2

(3.17)
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The pseudocode for updating the nonnegative entries is given below:

Algorithm 2 Projected Block Coordinate Descent (PBCD)
1: Input: X, U,V, e, max_iter, My, Mg

2 Vi f ¢ My, o ((Mgo (UVT = X))V)

nit

3: m <= number of rows in U
4: Repeat until projected_grad < € x ||V, ., f|lF or max_iter:

5 fori=1..n

6: d; < Using Eq. 3.14

7 Ui . < Using Eq. 3.12

8 projected_grad < [|[My, o (Mg o (UVT = X)V)||r
9: Output: U

We refer to this attaining feasibility stage as the ascent stage because it leads to a

reconstruction error which is higher than the one attained by the rotated SVD factors.

3.4.3 Descent to the local minima

The ascent stage described in Section 3.4.2 returns factors that are very close to a local
minima and any standard descent algorithm will move the feasible factors to a local minima
of the NMF problem. The PBCD algorithm outlined in the previous section is sufficient
to move the feasible factors to a local minima in a reasonable time complexity but we
use hierarchical alternating least squares (HALS) for the descent stage. The descent stage
terminates once the factor matrices U and V converge to a local minima. The convergence
to a local minima is verified by checking for the KKT optimality conditions of (3.1) given

below:.

o« VIV,W >0

e VIWOW =0
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U
where W = . Having defined the three main blocks of our exterior NMF algorithm

Vv

(eNMF), we are now ready to provide the pseudocode for eNMF

Algorithm 3 eNMF

1: Input: X, r, p, e, max_iter
2: U, V*« SVD(X,r)
3: (U*R,V*R) < Rotation(U*,V* R°, Y p)
4: (U, V)« (U'R,V*R)
5: Repeat until U,V non negative:
6:  Update negative elements in U using Eq. 3.11
7. Compute mask My,
8: U<« PBCD(X,U,V, e maxiter, My, ,1)
9:  Update negative elements in V' using Eq. 3.15
10:  Compute mask My,
11:  V « PBCD(X",V,U, e, max_iter, My, ,1)
12: UV« HALS(X,U,V)
13: Output: U,V
14: Note: 1 is the matrix of all 1’s
3.5 Exterior NMC algorithm

The eNMF algorithm is extended to the case where the data matrix X has missing entries.

We compute a local minimum of the unconstrained problem

. 1
H(}l‘r/l fU, V)= §HME o (X — UVT)H?;,

where Mg is the binary mask over the unknown entries of X, using an alternating least

squares algorithm (softImpute-ALS) proposed in [75]. Once we obtain a local minimum,

then we follow the same sequence (i.e. rotation of (U, V') closest to the positive orthant,
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followed by an exterior penalty method) to obtain a solution to the nonnegative matrix
completion problem. The gradient computations in the exterior penalty method are updated
accordingly: Vi f = (Mgo (UVT — X))V, Vi f = (ML o (UVT — X)T)U. The pseudocode

for eNMC is given below:

Algorithm 4 eNMC
1: Input: X, r, Mg, e, max_iter

2: Uy, Vo < softImpute(X,r, M)
. (UyR, VuR) < Rotation(Uy, Vo, R°, Y, p)
: (U7 V) — (U()R, VE]R)

w

W

5: Repeat until convergence:

6:  Update negative elements in U using Eq. 3.11
7. Compute mask My,

8: U< PBCD(X,U,V, e, max_iter, My, , Mg)

9:  Update negative elements in V' using Eq. 3.15
10:  Compute mask My,
11:  V « PBCD(X",V,U, e, max_iter, My, , M)
12: Output: U,V

3.6 Experiments and results

In this section, we run experiments on synthetic and real datasets and demonstrate the

superiority of the proposed algorithm in terms of reconstruction error and time complexity.

3.6.1 Datasets and algorithms

Exact factorization dataset: Although we developed an algorithm for the NMF problem,
we would also like to evaluate the performance of eNMF when applied to the exact NMF

problem. For this evaluation process, we created a synthetic dataset that admits an exact
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factorization. The dataset was created by following the procedure: i) generate the entries of
the ground truth factor matrices U and V' by sampling randomly from Uniform(0,1), ii) a
binary mask with sparsity s is applied to the ground truth factors and iii) generate the data
matrix using X = UV7.

Synthetic dataset (Dense and High Dimensional X): It is standard in the NMF literature
to use randomly generated matrices to compare the relative performance of algorithms.

RSOOO %1000 ’ and

We generated X as follows: i) generate the entries of two matrices W €
H € R100%500 by sampling randomly from Uniform (0, 1), ii) generate the entries of N €
[R5000x5000 hy sampling randomly from A(0,72), where 7 controls the signal to noise ratio
(SNR) level, and iii) generate the data matrix using X = WH + N. The dense and high
dimensional X allows one to compare both the scalability and accuracy of different algorithms
at various SNR levels.

Verb dataset (Highly Sparse and Moderate Dimensional X): This dataset is comprised
of entity-verb relationships extracted from a corpus of text data [76], where X (i, j) is the
number of times an entity i appears as the object of verb j; X € R*2x1528 and has 97.3%
sparsity.

Face dataset (Highly skewed and High Dimensional X): The data matrix with shape
32256 x 64 contains the pixel values of a person’s image under various levels of illumination
[77]. Part based decomposition of images is widely used in image processing and sparse factor
matrices help to extract the various parts of an image like nose, eyes, etc. This dataset is
useful for comparing the trade offs between reconstruction error and sparsity of the factor
matrices obtained from different algorithms.

Movielens dataset (A popular dataset with 95.5% Missing entries in X): This dataset
contains 1 million ratings by 6040 users on 3706 movies [78]. The rating matrix, X €
[R6040x3706 "hag 95.5% missing (user, rating) entries. The quality of recommendation systems

are often benchmarked based on their performance on this dataset.

Six well-known NMF algorithms were used for performance comparison: accelarated
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multiplicative algorithm (Mult) [63], gradient based algorithm (Grad-Mult) [64], alternating
non-negative least squares (ALS) [65], alternating optimization with ADMM (AO-ADMM)
[66], hierarchical alternating least squares (HALS) [68], and alternating direction method
of multipliers (NMF_ADMM) [79]. However, in [79] a nested ADMM approach (where
subproblems are themselves solved using ADMM) was used and it had difficulty converging.

To alleviate this, we introduced a formulation

minimize || X — ABT||% + I.(A) + I.(B)
vrAB (3.18)

subject to U = A, V = B,
where [, is the indicator function for element-wise nonnegative matrix, and solved (3.18)
using ADMM [74] by alternately minimizing the blocks (U, B) and (V, A). The subproblems
in this ADMM formulation turned out to be simple non-negative least squares problems,
which can be solved efficiently. This NMF_ADMM algorithm performed much better than

the one proposed in [79].

The performance of eNMC algorithm was benchmarked against three widely used NMC
algorithms: multiplicative updates (Mult)[80], sequential coordinate descent (SCD) [80], and
alternating direction method (ADM) [81].

3.6.2 Reconstruction error and run time comparison

We observed an interesting phenomenon: if we run the competing algorithms for a long
enough time (often for days) then they achieve a similar reconstruction error as eNMF

(Figure 3.2).

Therefore, for a meaningful comparison of the relative performance of the algorithms we
perform two experiments: (i) Comparison of equal-time constrained reconstruction
errors (see Figure 3.5, Table 3.1): For any dataset and choice of r, we first run eNMF
until it reaches a local minimum (verified by checking for the KKT conditions, see Table

3.4), and obtain the resulting reconstruction error and note the run time. Then we run the
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Synthetic data (5000,5000) with SNR -28.45dB (r=500)
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Figure 3.2: Given enough run time, all the algorithms converge to local minima with
similar reconstruction error (across all the datasets we used): The above figure illustrates it

for the Synthetic dataset with n = m = 5000, = 500 and SNR of —28dB. Relative error =

| X —Unmr Vel 7
| X—Usvp Vi llr

is plotted as a function of run time (secs). eNMF achieves the minimum (i.e.
unconstrained global minimum in this case) in 106 seconds, compared to hours of run time for
some of the competing algorithms Competitors like AO-ADMM have a fast convergence initially

but slows down as it approaches the minimum, as shown by the long tail.

competing algorithms for a time that is at least as long as eNMF’s (hence, they have a better
chance of lowering their reconstruction error) by interrupting their running iterations right
after the execution time exceeds the run time of eNMF. (ii) Comparison of equal-error
constrained time complexity (see Figures 3.4 and 3.6): We set the reconstruction error
to that of eNMF, and then run the rest of competing algorithms until they reach eNMF’s

reconstruction error.
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Exact NMF (n=500,m=400,r=50)
\

100

80

=& HALS
AO-ADMM
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—o— Grad-Mult
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Reconstruction error

20 4
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Sparsity of factor matrices (s)

Figure 3.3: Exact factorization: eNMF achieves the global minimum for sparsity levels 0.2
through 0.5. Although AO-ADMM and HALS achieves the global minimum for sparsity levels 0.3
through 0.5, but its far away from the global minimum for sparsity level 0.2. For sparsity level
0.1, all the algorithms fail to converge to the global minimum with eNMF achieving the lowest
reconstruction error. Although, competitors like AO-ADMM have a fast initial convergence (for
sparsity > 0.3) but slows down considerably as it approaches the global minimum (Please see Figure
8, where we had to run them for a long time to get to the global minimum). Note: NMF-ADMM

had a very high reconstruction error and hence was dropped from the plot.

3.6.2.1 Performance of eNMF in exact factorization scenarios

The performance of eNMF, in terms of reconstruction error, was benchmarked against the
six existing algorithms listed previously for various sparsity levels. As before, we do an

equal-time constrained experiment by letting the competing algorithms run for at least as
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long as eNMF'. Figure 3.3 plots the reconstruction error as a function of the sparsity levels
s. From the plot, it is clear that eNMF outperforms its competitors by converging to the

exact factors for sparsity levels 0.2 through 0.5 and achieving the lowest reconstruction error

for sparsity level 0.1.

Synthetic data (5000,5000) with SNR -28.45dB (r=500) Synthetic data (5000,5000) with SNR -18.40dB (r=500)
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Figure 3.4: Convergence speed (Synthetic datasets): Relative error = NME— s

| X—UsvbV&pllr

plotted as a function of run time (secs) for various SNR levels. eNMF converges to the global
minimum at the fastest rate for all SNR levels. As the noise level increases (lower SNR), the gap
in the convergence rates of eNMF and AO-ADMM (its closest competitor) widens. Note: For a

zoomed in picture of the scenario, we have dropped the convergence curves of algorithms with a

very slow conver gence.
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Dataset r eNMF HALS NMF-ADMM
5 (18708.23,10~ 24, 18708.23, 18708.23) (18708.23, 1024, 18708.23, 18708.23) (21264.2, 346.43, 21230.2, 21283.9)
Face 10 (12557.48, 10724¢ 12557.48, 12557.48) (12583.28, 166.49, 12557.48, 12589.74) (17317.94, 6347671.75, 15033.09, 22161.31)
15 (9796.13, 1072, 9795.97, 9796.23) (9856.23, 2533.55, 9795.97, 9916.6) (18037.35, 33831261.3, 13829.63, 29479.96)
20 (7916.49, 1074, 7916.46, 7916.53) (7976.74, 1421.07, 7916.46, 8014.39) (29791.24, 51894946.9, 18871.56, 38436.03)
25 (6371.27, 321.47, 6359.1, 6396.98) (6374.11, 348.67, 6359.64, 6405.24) (27566.53, 54187136.4, 14638.89, 36614.78)
10 (14.89, 1072, 14.39, 14.4) (14.39, 1075, 14.39, 14.41) (14.49, 10~4, 14.46, 14.51)
Verb 20 (13.58, 10~6, 13.58, 13.58) (13.6, 10~ %, 13.58, 13.62) (13.98, 1073, 13.94, 14.05)
40 (12.32, 1075, 12.31, 12.33) (12.33, 10~%, 12.31, 12.35) (14.31, 0.1, 14.03, 15.17)
80 (10.47, 1075, 10.46, 10.49) (10.56, 10~3, 10.48, 10.69) (17.68, 2.67, 15.53, 20.06)
100 (9.68, 1075, 9.66, 9.69) (9.84, 0.01, 9.73, 10.08) (18.48, 1.71, 16.15, 20.08)
Dataset r Grad-Mult ALS AO-ADMM
5 (19510.79, 292669.04, 18903.9, 20286.99) (18708.23, 10724, 18708.23, 18708.23) (18708.23,0,0,0)
Face 10 (14051.48, 67444.72, 13782.29, 14503.72) (12605.34, 2979.82, 12558.41, 12709.72) (12580.3,0,0,0)
15 (11529.95, 47398.35, 11227.89, 11893.61) (9954.2, 768.18, 9922.16, 9992.92) (9823.4,0,0,0)
20 (10330.96, 38336.15, 10095.18, 10622.77) (7975.07, 1146.44, 7926.35, 8032.71) (7960.5,0,0,0)
25 (8912.64, 295901.1, 7971.0, 9493.08) (6465.98, 1294.33, 6398.2, 6506.12) (6372.65,0,0,0)
10 (14.41, 1075, 14.39, 14.42) (14.4, 10™%, 14.39, 14.42) (14.39,0,0,0)
Verb 20 (13.61, 1075, 13.6, 13.62) (13.6, 10~ %, 13.59, 13.6) (13.59,0,0,0)
40 (12.39, 10~4, 12.37, 12.47) (12.33, 1074, 12.32, 12.35) (12.34,0,0,0)
80 (10.68, 1074, 10.64, 10.71) (10.49, 1074, 10.47, 10.51) (10.53,0,0,0)
100 (9.95, 10™%, 9.91, 9.99) (9.71, 104, 9.69, 9.73) (9.77,0,0,0)

Table 3.1: Equal-time constrained NMF reconstruction errors (Real datasets): We
tabulated the reconstruction error statistics (mean, variance, minimum, maximum) for 5 runs of
each algorithm. From the table, it is evident that eNMF achieves the lowest mean reconstruction
error with least variance for all latent dimensions and across both the datasets. Note: We didn’t

tabulate the error statistics for Mult because it has a very high reconstruction error.

3.6.2.2 Performance of eNMF on synthetic datasets

The performance of eNMF, in terms of reconstruction error and run time, was benchmarked
against the six existing algorithms listed previously on synthetic dataset with four SNR
levels. Figure 3.5 plots the equal-time constrained relative reconstruction error and as a
function of the latent dimension for various SNR levels. From the plot, it is evident that
eNMF achieves the unconstrained global minimum for all latent dimensions and across all
the four SNR levels. For higher latent dimensions, the gap in relative error of eNMF and its
closest competitor AO-ADMM widens for lower SNR levels (more noise). Figure 3.2 plots
the relative error as a function of run time for various SNR levels. eNMF converges to the

global minimum at the fastest rate for all SNR levels and as the noise level increases the gap
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Figure 3.5: Equal-time constrained NMF reconstruction errors (Synthetic datasets):

| X —Unmr Vil 7
| X=UsvpV&plle

Relative Reconstruction Error (RE) is plotted as a function of the number of
latent dimensions (r) for various SNR levels. eNMF achieves the unconstrained global minimum for
all latent dimensions and across all the four SNR levels. Among its competitors, only NMF-ADMM
attains the global minimum for lower latent dimensions. For higher latent dimensions, the gap in
relative error of eNMF and its closest competitor AO-ADMM widens for lower SNR levels (more

noise). Note: For a zoomed in picture of the scenario, we have dropped the curves corresponding

to the algorithms with a high relative error.

in the convergence rates of eNMF and its closest competitor widens.

3.6.2.3 Performance of eNMF on real datasets

The performance of eNMF, in terms of reconstruction error and run time, was benchmarked

against the six existing algorithms listed previously on two real datasets: Verb and Face.
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Figure 3.6: Equal-error constrained time complexity (Real datasets): Run time is plotted

better than in its competitors in terms of time complexity with the margin widening for higher latent

Table. 3.1 reports the reconstruction error statistics (over 5 runs) as a function of the latent
dimension. From the table, it is clear that eNMF achieves the lowest mean reconstruction
error with least variance for all latent dimensions and across both the datasets. Figure 3.6
plots the equal-error constrained time complexity as a function of the latent dimensions.

eNMF attains the local minima fastest for all latent dimensions with the gap in convergence
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rates of eNMF and its closest competitor widening for higher latent dimensions.

3.6.2.4 Performance of eNMC on movielens dataset
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Figure 3.7: Equal-time constrained NMC errors: Relative reconstruction error (RE)
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e is plotted as a function of the num-

and Relative prediction error
ber of latent dimensions (). eNMC' achieves the lowest reconstruction and prediction error for all

latent dimensions.

NMC is used to predict the ratings that an user would give on an item. The predicted

ratings are then used to make recommendations to the user. Thus, the accuracy of the pre-
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dicted ratings plays a crucial role in recommendation engines. We evaluated the performance
of eNMC in terms of the prediction error: we trained the eNMC algorithm using 80% ratings
of the movielens dataset and then used the factors to predict 20% ratings of the movielens
dataset. Figure 3.7 plots the equal-time constrained relative reconstruction and prediction
error as a function of the latent dimensions. It is evident from the figure that eNMC has a

significant advantage over its competitors for all latent dimensions.

3.6.3 Structural analysis of minima

In the exact factorization scenario, the competing algorithms converged to the global min-
imum and attained a reconstruction error of zero for various sparsity levels. We wanted to
explore the relationships between the factors obtained from various algorithms at the global
minimum. The most intuitive relationship to check for is permutation. If A and B are two
NMF algorithms, then there exists a diagonal scaling matrix > and a permutation matrix P
such that

Ua UgXP

— . (3.19)
Va VBE_lp

We use two steps to determine if the factor matrices U, and Ug are permutations of each
other. In the first step, we find the candidate mappings between the columns of Uy and Ug.

For each column of U4 we repeat the following:
e Compute the cosine similarity between the column of Uy and all columns of Upg

e If the column of Ug with the highest cosine similarity has a similarity value greater
than a certain threshold then we consider it as a candidate mapping and store the
corresponding indices of the column of U4 and U in an array Ua,.,, iy a0d U o

respectively

In the second step we validate the candidate mappings. For the validation process we only

consider the columns of Uy and Up that are in the array Ua,,, jisure. 30d Uiy, visaree- WE
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create the submatrices consisting of those columns and denote them as Uy, , and Ugp,,,.

Then we repeat the following steps for all columns of Uy,

e Compute the cosine similarity between the column of Ugag,[:, 7] and all columns of

Uag,, and store the sorted and rounded to one decimal place result in a vector z;

e Compute the cosine similarity between Uy, [:,7] and all columns of Ug,,, and store

the sorted and rounded to one decimal place result in a vector y;

e Compute the fraction of the entries that are same in z; and y; and store it as a scalar

(rounded to one decimal place) z;

e [f z; is greater than a certain threshold then the candidate mapping is validated and we
say that i"* column of Uy has converged to an unique column of Up and the mapping

is given in the array Ua.,, .00, @a0d U, o0

Once we have the permutation matrix mapping U, to Ug, we check that the same permu-
tation matrix P maps V4 to V. In Figure 3.8, we plotted the percentage of the columns
of the factor matrices that have converged to an unique column of ground truth factors and
the eNMF factors as a function of the sparsity levels. It can be observed from the figure
that when the algorithms converge to the global minimum then the factor matrices obtained
from different algorithms are permuted versions of both the ground truth factors and the

eNMF factors.

The above observation in the context of exact factorization motivated us to check for
permutations in the context of NMF problems. eNMF attained the unconstrained global
minimum on the synthetic dataset for both latent dimensions (r = 100,500) and for all 4
SNR levels. Since the eNMF attained the unconstrained global minimum so the manifold of
orthogonal rotations intersect the positive orthant. In this special case, the eNMF' solution
(Uenmp,Venmr) and the solution from other NMF algorithms (Uyyg, Vayy) are related by the

following generalized rotation:
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Figure 3.8: Factor matrices are permutation of each other at the global minimum
(Exact factorization scenario): Top figure Percentage of the columns of Ug (where B is
any competing algorithm) that have converged to an unique column of ground truth factor
Uy is plotted as a function of the sparsity levels (the percentage comparison between Vg
and V, is also shown). Bottom figure Percentage of the columns of Up (where B is any
competing algorithm) that have converged to an unique column of U, (where A is eNMF) is
plotted as a function of the sparsity levels (the percentage comparison between Vg and Vy

is also shown).

Ualg = eNMFRlARg

Vag = eNMFR1A71R§
where Ry and R, are rotation matrices and A is a diagonal scaling matrix. Table II validates
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T SNR eNMF vs AO-ADMM | eNMF vs HALS | eNMF vs ALS
0.00143 (10710,10710) (N/A,N/A) (N/A, N/A)
100 0.01447 (10710,10710) (N/A,N/A) (N/A,N/A)
0.05705 (10710,10710) (N/A,N/A) (N/A,N/A)
0.09950 (10710,1079) (N/A,N/A) (N/A,N/A)
0.00143 (1075,107%) (N/A,N/A) (N/A,N/A)
500 0.01447 (1079,1079) (N/A,N/A) (N/A,N/A)
0.05705 (10-7,1077) (N/A,N/A) (N/A,N/A)
0.09950 (1075,107°) (N/A,N/A) (N/A, N/A)

Table 3.2: Factor matrices are generalized rotations of each other at the uncon-
strained global minimum (Synthetic dataset): We tabulated the tuple (d,,0,), where
Ou = |Uatg — UnymrRIARY||F and 6, = | Varg — VenmrRiATIRY|| 2. The factors from the com-

peting algorithms are related to the eNMF factors by a generalized rotation (d, ~ 0, d, =~ 0).

the relationship using the synthetic dataset of latent dimensions 100 and 500 and for 4
different SNR levels. Please see the paper appendix for the solution to the above system of

equations.

Having verified the observation on the synthetic dataset, we wanted to validate it on the
real datasets. We checked for permutations between the factors obtained from equal-error
constrained experiments on verb and face dataset. That is, we obtain an eNMF solution, and
then let the other algorithms run until the error either becomes the same as that of eNMF or
their reconstruction error doesn’t improve for a long enough time. For permutation checking
purpose, we fix the algorithm A to be eNMF and then compare them with the factors
obtained from the competing algorithms. In Table. 3.3 we compared the percentage of the
columns of the factor matrices that have converged to an unique column of the eNMF factors
along with the error ratio as a function of the latent dimension for the Verb and Face dataset.
From the table , we can make the following claim: the factors from the NMF algorithms
converge to a pair of factor matrices that are unique modulo permutation and scaling only

at the local minima (error ratio = 1), and even a small deviation from the minima leads to
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Permutation results: (% of converged U columns, % of converged V' columns, reconstruction error

difference, equivalence of local minima)

Dataset T eNMF vs HALS eNMF vs AO-ADMM eNMF vs ALS
5 (100,100,0,E) (100,100,0,E) (100,100,0,E)

Face 10 (100,100,0,E) (10,10,32.3,NE) (100,100,0,E)
15 (67,47,0.25,TE) (100,100,0,E) (67,47,0.25,TE)
20 (95,95,0.02,TE) (25,35,78.8,TE) (25,10,33.1,TE)
25 (32,32,63.6,TE) (52,12,19.2,TE) (24,24,67.5,TE)
10 (70,70,0.01,TE) (100,100,0,E) (80,70,0.0096,TE)

Verb 20 (95,95,0.004,TE) (80,80,0.01,TE) (65,65,0.016,TE)
40 | (87.5,87.5,-0.0004,TE) (82.5,82.5,0.01,TE) (80,77.5,0.009,TE)
80 | (71.25,71.25,0.069,TE) | (81.25,81.25,0.01,TE) | (80,78.75,0.02,TE)
100 (69,72,-0.00003,TE) (73,76,0.01,TE) (70,73,2.79,TE)

Table 3.3: Factor matrices are permutation of each other only at local minima
(Real datasets): We tabulated the triplet (up,vp,eq), where up is the percentage of the
columns of Up (where B is any competing algorithm) that have converged to an unique col-
umn of Ucnyar and vp is the percentage of the columns of Vp (where B is any competing al-
gorithm) that have converged to an unique column of Voyap. eq4 is the error difference defined as
ea = |X —UsVE||lp — [|X — Uenmr Vi asrllF- (E: equivalent local minima, TE: tending towards
equivalent local minima, NE: non-equivalent local minima). From the table it can be observed that
the factors from the competing algorithms are approaching to a permuted version of the eNMF
factors (up ~ 100,vp ~ 100) in an asymptotic manner due to the slow convergence of the com-
peting algorithms. Note: The competing algorithms were run until they either reached eNMF’s
reconstruction error or their reconstruction error didn’t improve much for 40,000 iterations. For

the exact run time, please see Figure 3.6.

a large reduction in the number of columns that have converged to an unique column of the

eNMF.
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KKT optimality conditions: (max(VW W), , (VW - W);;, min(W))

Dataset r eNMF HALS AO-ADMM ALS
5 | (1076,107°,10722) (0.06,5.8,10722) (0.087,5.2,0) (107%,4.7,0)
Face 10 | (1077,1075,1072%) (0.01,1.1,10721) (1077,1075,0) 0.0001,1.1,0

20 | (0.34,1.52,10721) | (33.3,1548.98,10-21) (0.02,0.54,0)
25 | (0.98,1.72,10721) | (0.0009,0.02,1072) | (185.6,9675,0)
10 | (107%6,107140) | (10712,1071° 1071%) | (1072,1077,0)
Verb 20 (1071%,10714,0) | (107'2,10710,10713)
40 | (1071%,107'4,0) (0.02,0.2,10713)

80 (1072,1077,0) (10712,1079,10713)

( )
15 | (1076,1073,1072!) | (3.38,220.1,10~2") (107,109, 0) (0.06,158.4,0)
(1077,107°,0)
(

10-7,1073,0)

(1071°.1078,0)
10715,107,0) | (1071°,1079,0)
10-15,10-14,0) | (1071°,1078,0)
10-15,1013,0) | (0.0001,0.008, 0)
10-15,10-13,0) | (0.83,42.3,0)

(
(
(
(

100 | (1076,1075,0) (0.006, 0.16, 10~ 13)

Table 3.4: eNMF satisfies the KKT conditions for all latent dimensions and across
both the datasets: We tabulated the triplet (ow,ow,Aw), where dyy = max(VW - W),
ow = > (VW - W);; and Ay = min(W). As before W is defined as the stacked NMF fac-
tors. eNMF satisfies the KKT conditions (dy = 0,0 =~ 0, Ay > 0) for both the datasets and all

the latent dimensions.

3.7 Concluding remarks

We developed a general framework for the NMF problem that performs significantly better
than the existing ones: From Figure 3.5 and Figure 3.4, it is evident that, eNMF’s perfor-
mance is significantly better than the existing algorithms on both the reconstruction error
and run time metrics with the performance gap widening for lower SNR levels (more noise).
Also, from Figure 3.4 it can be observed that eNMF’s closest competitors (AO-ADMM and
HALS) has a very slow convergence as it approaches the local minimum, depicted by its
very long tail. In the context of real datasets, eNMF achieves the lowest reconstruction error
(Table 3.1) but the performance gap is lower. The long tail property of the competing
algorithms gives eNMF a significant advantage in terms of run time metrics as shown in

Figure 3.6.

68



CHAPTER 4

Mode Separation with Weak Supervision: Discovering
Epileptogenic HFOs in the Electroencephalogram
(EEG) of Epilepsy Patients

4.1 Introduction

More than one-third of individuals with epilepsy are medication-resistant, making them
potential surgical candidates [82]. Currently, surgery is primarily guided by neuroimaging
and neurophysiology (interictal spikes and seizure onset zone). However, the seizure-freedom
rate of surgery is suboptimal, ranging from 50 to 85% [83, 84, 85, 86]. Identifying a biomarker
that can accurately delineate the spatial extent of the epileptogenic zone (EZ: brain areas
responsible for generating seizures) will be groundbreaking. Human and animal studies
of epilepsy have suggested that intracranially-recorded interictal high-frequency oscillations
(HFOs) on electroencephalogram (EEG) is a promising spatial neurophysiological biomarker
of the epileptogenic zone. Many retrospective studies demonstrated that the removal of
brain regions producing HFOs correlated with post-operative seizure-freedom. However, a
recent prospective study [87] could not reproduce these results. One of the most challenging
issues is the presence of HFOs generated in healthy brain regions (physiological HFOs),
which means seizure-freedom may be achieved despite leaving behind some areas displaying
HFOs [88, 89, 90]. In short, to utilize HFOs as a spatial biomarker to guide epilepsy surgery,
one needs to establish a methodology to differentiate HFOs that are generated from the

EZ (epileptogenic HFOs: eHFOs) and HFOs that are generated from other areas (non-
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epileptogenic HFOs: non-eHFOs).

A hypothesis-driven approach to look for eHFOs is quite challenging in practice because
one needs to consider numerous and yet-to-be-identified features. Visual classification of
HFOs with or without spikes along with artificial removal is commonly performed, because
HFOs with spike-wave discharges are considered representative of eHFOs. However, this task
is time-consuming and exhibits poor inter-rater reliability. Semi-automated computational
methods to evaluate HFO characteristics (frequency, amplitude, and duration) do not ap-
pear to be useful for differentiating between eHFOs and non-eHFOs. Fast ripples (250-500
Hz) might more specifically localize epileptogenic zones than ripples (80-250 Hz), but their
detection rate is much lower than ripples [91, 92, 93]. Correcting the HFO detection rate
with region-specific normative values seems a reasonable approach [94, 95] but this does not

determine each HFO event as an eHFO or non-eHFO.

4.2 Related work

Therefore, automated computational methods, such as those developed in the fields of artifi-
cial intelligence, would ideally discover eHFOs, guided purely by large samples of HFOs and
clinical outcomes. Once trained, an ideal model should work robustly for any future patient.
Moreover, these automated models should be interpretable to enable clinical decisions with
high confidence and guide further scientific explorations of biological mechanisms. Indeed,
machine learning has been successfully applied to the problem of classifying HFOs based on a
priori manual engineering of event-wise features, which includes: linear discriminant analysis
[96], support vector machines, decision trees, and clustering [97]. More recently, the deep
learning(DL) framework has been adopted, which directly works with raw data (avoiding
any a priori feature engineering) and yields better performance in the field of neuroimaging.
Leveraging DL’s revolutionary success in the field of computer vision using Convolutional

Neural Networks (CNNs), prior studies [98, 99, 100] explored the use of CNNs in EEG
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analysis, especially converting one-dimensional EEG signal into a two-dimensional image for
CNNs input. The previous DL approaches conducted the HFO classification in a supervised
manner, requiring human annotated labels which constrains the spectrum of usage of their
methods, especially the needs of human expert labeling. In the context of medical image
analysis, recent work [101] has shown that optimized model architectures and loss functions

could mitigate data labeling errors, thus making the DL framework even more applicable.

4.3 Overview

The present study employed innovative analytic approaches to address several challenges
expected in applying DL frameworks to the HFO classification task. As noted above, no
direct observation of eHFOs is currently possible, making the most widely used supervised
framework of DL impractical for our problem. Even if one were to solve this challenging
problem, one still needs to make the DL, models interpretable, which is yet another difficult
task. In this study, we first proved that DL models could reliably emulate experts’ visual
annotations in classifying the HFOs into artifacts, HFOs with spikes, or HFOs without
spikes, without any a priori feature extractions. To mitigate potential labeling errors, we
then generalized this approach to our central task of discovering eHFOs by replacing experts’
inputs with inexact weak labels implied by clinical outcomes and by using the “purification
power” of DL to automatically distill eHFOs. Furthermore, (i) we proved the generalizability
of this approach by using patient-wise cross-validation, implying a DL algorithm trained by
EEG data from a large and diverse enough retrospective cohort is likely applicable to future
patients; and (ii) we reverse engineered interpretable salient features of the DL-discovered

eHFOs and showed that they aligned with current expert knowledge.
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Figure 4.2: Processing workflow. Our study’s overall data processing workflow is shown as

a flowchart.
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4.4 Method

4.4.1 Dataset

Patient cohort: This was a retrospective cohort study. Children (below age 21) with
medically refractory epilepsy (typically with monthly or greater seizure frequency and fail-
ure of more than three first-line anti-seizure medications) who had intracranial electrodes
implanted for the planning of epilepsy surgery with anticipated cortical resection with the Pe-
diatric Epilepsy Program at UCLA were consecutively recruited between August 2016 and
August 2018. HFO detection: Candidate interictal high frequency oscillations (HFOs)
were identified by an automated short-term energy detector (STE) [102, 103]. This detector
considers HFOs as oscillatory events with at least six peaks and a center frequency occur-
ring between 80-500 Hz. The root mean square (RMS) threshold was set at five standard
deviations (SD), and the peak threshold was set at three SD. The HFO events are segments
of EEG signals with durations ranging from 60 to 200 ms (see SI for duration distribution).
We referred to these detected events as candidate HFOs (c-HFOs).

Human expert classification of HFOs: A human expert (HN: board certified in
clinical neurophysiology and epilepsy, with experience in HFO analysis) classified ¢-HFOs
in each patient’s 10-minute EEG segments into three classes: HFOs with spikes (spk-HFO),
HFOs without spikes (non-spk-HFO), and artifacts using RippleLabs graphic user inter-
face, based on three images (unfiltered EEG tracing, filtered EEG tracing [80-500 Hz|, and
time-frequency plot). Artifacts are false-positive events, including ringing (filtering of sharp
transients), as well as muscle and background fluctuations. Another expert with similar qual-
ifications (SH) independently scored c-HFOs from two representative patients, and inter-rater

reliability was examined using Cohen’s kappa statistics.
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4.4.2 Feature preprocessing
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Figure 4.3: Network input images. The network input includes three images constructed
from a one-second raw EEG segment with a detected HFO in the center (500ms before and
after). Left: The time-frequency plot was generated by continuous Gabor Wavelets ranging
from 10Hz to 500Hz. Middle: EEG tracing plot was generated on a 2000 x 2000 image
by scaling the time-series signal into the 0 to 2000 range. Right: amplitude-coding plot
contains the amplitude at every time point; a column of the image represented the signal’s
actual value rescaled with a color gradient. These three images were resized into 224 x 224

in order to fit into the neural network.

Each ¢-HFO was represented by a one-second window, with the c-HFO was located at the
center (0 ms), and including 500ms of EEG signal before and after. To utilize the power
of CNN, we captured the time-frequency domain features as well as signal morphology in-
formation of the c-HFO window via three images in Figure 4.3. The time-frequency plot
(scalogram) was generated by continuous Gabor Wavelets ranging from 10Hz to 500Hz. The
EEG tracing plot was generated on a 2000 x 2000 image by scaling the time-series signal into
the 0 to 2000 range to represent the EEG waveform’s morphology. The amplitude-coding
plot was generated to represent the relative amplitude of the time-series signal: for every

time point, the pixel intensity of a column of the image represented the signal’s raw value
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at that time. These three images were resized into the standard size (224 x 224), serving as

the input to the neural network.

4.4.3 Network architecture
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Figure 4.4: CNN architecture. The architecture of the model was adapted from Resnet-18.
The last layer of the resnetl8 was modified to be three fully-connected layers with
LeakyReLU, BatchNorm, and 10 % dropout in between. The output of the model was
fed into a sigmoid function to bound the output between 0 to 1, representing the probability
of each task. For task 2 (HFOs with spikes vs. HFOs without spikes), the input consisted
of the three images (time-frequency plot, EEG tracing plot, and amplitude-coding plot).
Meanwhile, for task 1 (Real HFOs vs. artifacts), only the time-frequency plot information
was found to be sufficient, and hence three same time-frequency plots were concatenated

together as the input of the model.

Given the expert labeling with three labels (artifacts, spk-HFO, and non-spk-HFO), the

training of the deep neural network (DNN) model was formulated as two binary classifica-
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tion steps. Stepl (artifact detector): we differentiated between artifacts and “Real HFOs”,
defined as the union of spk-HFOs and non-spk-HFOs. All “Real HFOs” were labeled as
the positive samples and the artifacts were the negative samples. Step2 (spk-HFO detector)
classified the “Real HFOs” into spk-HFO and non-spk-HFO; the spk-HFO were defined as
positive samples, and the non-spk-HFO were defined as negative sample. See Figure 4.2 for

the detailed demonstration of the processing workflow.

The artifact detector and spike detector’s architectures are identical and adapted from
ResNet18 [104] with a modification in the last few layers to accommodate the binary clas-
sification tasks. Specifically, the last layer of the Resnet18 was modified to be three fully-
connected layers with LeakyReLU, BatchNorm, and 10 % dropout in between. The output
of the model was fed into a sigmoid function to bound the output between 0 to 1, repre-
senting the probability of each task. The input comprising three image channels and the
architecture of the networks are shown in Figure 4.4. For the artifact detector, only the
time-frequency information was used. Hence time-frequency plots were repeated three times
and concatenated together as the input to the artifact detector. For the spk-HFO detector,
concatenation of the three feature-representing images (time-frequency plot, EEG tracing

plot, and amplitude-coding plot) served as input.

4.4.4 Label assignment for training

We generated a weakly labeled training set with the following assumptions. For those pa-
tients that became seizure-free after resection (9 patients), we assumed that all epileptogenic
tissue was contained in the resection. Similarly, the preserved regions in post-surgery seizure-
free patients could not contain epileptogenic tissue, leading us to assume that the HFOs in
the preserved regions are non-epileptogenic. We thus labeled all of the HFOs from resected
channels as 1 and all HFOs from preserved channels as 0. By doing such weak supervision,
we introduced potential errors in the data labels. Specifically, (1) the epileptogenic zone may

generate non-eHFOs in addition to eHFOs; (2) some tissue was resected based on anatomical
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location (e.g. the channel was located within the same gyrus as the SOZ) and was likely not
epileptogenic, leading to false-positive labels; and (3) in the non-resected region, while the
majority of the HFOs were indeed non-epileptogenic, a few HFOs that are morphologically
similar to epileptogenic HFOs could have been introduced by phenomena such as propaga-
tion. To address (1) and (3), we believed the automatic geometric purification property of
the neural network could denoise the errors introduced by this mislabeling since the clini-
cal outcomes constrain the number of mislabels to be few. To address (2), we introduced
a weight term in the network’s loss function to reduce the noise introduced by the false
positives, which is described in the following section. Note that for patients that were not
seizure-free after surgery, the assumption that all epileptogenic tissue lay within the resected
boundary did not hold. Thus, they were not used for any training. To maximize the training
set size, we used 90 minutes of data from each patient for training. In order to ensure that
our proposed framework generalizes across patients, a patient-specific model was designed for
each patient without using any of its data. Thus, for a post-operative seizure-free patient, a
patient-specific model was trained on data from other patients who became seizure-free after
surgery. For post-operative non-seizure-free patients, a patient-specific model was trained
on data from all post-operative seizure-free patients. Specifically, for training, we used 90
minutes of EEG data from 8 patients (if the target patient is post-surgery seizure-free) or
9 patients (if the target patient is not post-surgery seizure-free). All predictions (inference)

used for the rest of the analysis were generated following this strategy.

4.4.5 The Deep Learning Architecture and Training for REVerse engineering
(DLATREYV)

The training details are as follows. We first used the artifact detector trained on all patients’
10 min EEG data to filter out the potential artifacts in the ¢-HFOs from the 90 min EEG
data. For the sake of convenience, any HFOs that passed this filtering, and hence are ”Real

HFOs,” would simply be referred to as HFOs going forward. The total number of HFOs

78



differed considerably among the patients, and a data balancing process was required to
balance the information introduced from each patient. For each patient, if the number of
HFOs was smaller than a threshold of 2,500 (the median of the HFO distribution among
patients), all of the HFOs were used. Otherwise, 2,500 events were uniformly sampled
from that patient without replacement. There could potentially be many non-eHFOs in the
non-seizure-onset but resected channels that were labeled incorrectly as eHFOs in our weak
supervision process. For each input with a label of y and prediction of x, we introduced a
weight term, w, in the Binary Cross Entropy (BCE) loss. (Loss = wx BCE Loss, where BCE
Loss = —[ylog(z)+ (1 —y)log(1—x)]). If y = 0 (the HFO is from a preserved channel), then
w=1. If y =1 (the HFO is from a resected channel) and the HFO is from a SOZ channel,
then also w = 1. However, if y = 1 and the HFO is not from a SOZ channel, we used a value
of w = 0.5, which was found to be optimal for our dataset. For the model architecture and
training, we used the same setup as the spike detector, except the CNN’s convolution layers

were frozen to only act as feature extractors.

4.4.6 Training and performance analysis

There were two types of training conducted: patient-wise cross-validation and all-patients
training. For patient-wise cross-validation, one patient was selected at a time as the test set,
and the remaining patients were used for model training. All events were pooled across the
rest of the patients, with 10% randomly sampled to serve as a validation set and the remaining
90% used for training. In all-patients training, five-fold cross-validation was conducted across
the pooled data across the full patient cohort. For each fold, 20% of the dataset was selected
as the test set, 70% was selected as the training set, and the remaining 10% was used for

validation.

Since the optimization goal of both detectors is binary classification, we adopted binary
cross-entropy as the loss function and the Adam optimizer with a learning rate of 0.0003.

All of the training was conducted using 15 epochs (training iterations) and validation loss
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was plotted with respect to the number of epochs completed. For the artifact detector, to
improve generalization, we picked the model in the epoch that corresponds to the first local
minima in the plot; this technique is also known as an early stopping regularization. For
the spike detector, we directly picked the model corresponding to the global minima over 15

iterations, i.e., the lowest validation loss.

We calculated the precision, recall, and accuracy of the classification results. To measure
the model performance on an unbalanced dataset like ours, we also calculated the F1-score.
For the patient-wise cross-validation task, we averaged the performance statistics across
patients. For the all-patients training task with five-fold cross-validation, we reported average

model performance over cross-validation folds.

4.5 Experiments and results

4.5.1 Relationship between epileptogenic HFOs and HFOs with spikes

In order to understand the correspondence between the discovered eHFOs or non-eHFOs
and common clinical knowledge about such HFOs (i.e. HFOs with and without spikes), we
let the model classify each HFO event on the 10 minutes annotated data using DLATREV.
We quantitatively analyzed the correlation of classified eHFOs and non-eHFOs with their
corresponding spk-HFO annotation using the chi-square test. We noted 71.1% (4573/6430)
of the eHFOs were HFOs with spikes, and 73.7% (2739/3721) of non-eHFOs were HFOs

without spikes (p < 0.0001, a chi-square test).
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4.5.2 Spatial distribution of epileptogenic and non-epileptogenic HFOs
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Figure 4.5: (A) In each row, individual 3D-reconstructed MRI with spatially coregistered
electrodes is shown. Using a model developed using patient-wise cross-validation, the num-
ber of epileptogenic and non-epileptogenic HFOs (number/90 minutes) are projected onto
the individual 3D MRI as an inference. Seizure onset zones are marked with white squares,
and resected brain regions are marked with orange lines. The first three rows include sub-
jects who achieved seizure-freedom after resection. The last row represents a subject who
did not achieve seizure-freedom after resection. Epileptogenic HFOs localize around the
seizure onset zones, whereas non-epileptogenic HFOs are localized more diffusely in the en-
tire hemispheres. (B) The rate of HFOs (epileptogenic and non-epileptoenic HFOs) in each
patient (n=15) is plotted in box plots based on the location (SOZ vs. non-SOZ). The rate
of eHFOs (eHFOs/min/channel) was higher in SOZ than that in non-SOZ (mean 0.74 vs.
0.28, p = 0.02, paired t-test). The rate of non-eHFOs (non-eHFOs/min/channel) did not

differ between the SOZ and non-SOZ (mean 0.36 vs. 0.29, p = 0.27, paired t-test).
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To visualize the distribution of the eHFOs and non-eHFOs in each patient’s data, we per-
formed inference on HFOs obtained from 90-minute EEG data from 15 patients who un-
derwent resection, using their corresponding patient-specific DLATREV models. Then we
plotted the voltage map on the 3D cortical reconstruction to visualize the performance based
on the number of eHFOs and non-eHFOs using the FreeSurfer-based cortical modeling. The
rate of eHFOs and non-eHFOs was compared in the SOZ and non-SOZ. See Figure 4.5 for

more details.

In general, eHFOs clustered around the SOZ, while non-eHFOs distributed diffusely. The
rate of eHFOs (eHFOs/min/channel) was higher in SOZ than that in non-SOZ (mean 0.74
vs. 0.28, p = 0.02, paired t-test), and the rate of non-eHFOs (non-eHFOs/min/channel) did
not differ between the SOZ and non-SOZ (mean 0.36 vs. 0.29, p = 0.27, paired t-test)

4.5.3 Perturbation analysis to investigate salient features of epileptogenic and

non-epileptogenic HFOs

There exist several potential ways to determine an interpretable function computed by a
blackbox classifier such as a DNN, including (i) training an interpretable model with the
outputs of the classifier [105] and (ii) adversarial perturbations of the inputs so as to effect
maximum changes in the probability of the predicted outcomes such as Grad-CAM [106].
Both of these methods are computationally expensive, and may not yield useful answers
without prior knowledge. The knowledge distilled from the time-frequency plot character-
istics of eHFOs and non-eHFOs and positive correlation between the eHFOs and spk-HFO
was used for the perturbation analysis. We hence conducted the following two perturbations
on all classified non-eHFOs in 90 min data to investigate the salient features that are critical

to the model’s decision.

Perturbation on time-frequency plot: The I(z,y) image provided a template of the
pixels where eHFOs had statistically significantly higher magnitudes than non-eHFOs. Then

we designed an inverted T-shaped mask to approximate this template. We hypothesized that
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if we perturbed the scalogram of a non-eHFO over the template using the maximum value of
the corresponding scalogram (thus making the scalogram similar to that of an eHFO), then
the probability of the classifier output should significantly increase, making it look more like
an eHFO to the classifier. In practice, each new value within this template equals 0.5 *
original value + 0.5 * maximum value. Note that this method perturbed only the scalogram
channel input and kept the other channel inputs unchanged. We summarized the results via
a histogram of the change in probabilities for each patient across all classified non-eHFOs.
Additionally, a one-tailed t-test comparing values of eHFOs and non-eHFOs, was performed
on the change of output probability score to ensure that the change was significant and

generalized well on the population level. See Figure 4.6 for more details.

Perturbation on amplitude-coding plot: We hypothesized that a spike-like pattern
close to an HFO detection in the time domain was a salient feature contributing to the
eHFO discovery. We referred to this pattern as the upgoing or downgoing time-domain
characteristic pattern (TDCP). There were two channels in which we could inject a TDCP:
the EEG tracing plot and the amplitude-coding plot. We picked the amplitude-coding plot
as it contained denser information than the EEG tracing plot, so that the model can have
a more evident response to the perturbation. We mimicked the insertion of a TDCP by
centering it at a particular time step and then replacing the values in the corresponding
columns of the amplitude-coding with that of the TDCP. Furthermore, we scaled the TDCP
such that for an upgoing TDCP, its peak equals the maximum value in the whole plot, and
similarly for the downgoing TDCP, its valley equals the minimum value in the whole plot. In
the perturbation, we kept the value of other input channels the same. If the hypothesis were
true, we would expect the perturbed amplitude-coding input for a non-eHFO to significantly
increase the classifier output probability, making it look more like an eHFO to the classifier.
We searched through all possible placements of the TDCP in the amplitude-coding plot to
determine the location that led to the most perturbation to the model. The column (where

the center of the TDCP was placed) with the maximum change of the probability score
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Figure 4.6: Continued on the following page.
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Figure 4.6: (A) The time-frequency plot characteristics of epileptogenic and non-epilepto-
genic HFOs for Pt 1, 2, 3, and 5. The yellow-colored regions in the figure stood for the
pixels, where the power spectrum of eHFOs is statistically higher than (p-value below 0.005
from one-tailed t-test) non-eHFOs. Panel (B-top) was generated by taking the average of
the individual binary images from each of the 15 patients. It showed the distinguishing
features are also significant at the population level. The inverted T-shaped was designed
to approximate the differentiating region on the time-frequency plot (B-bottom). (C) The
model’s response to the inverted T-shaped perturbation on time-frequency plot. We provide
two examples for perturbation for non-eHFO events in Pt 12. Each row presents one example
and the first column indicates the original time-frequency plot while the second indicates the
perturbed time-frequency plot based on the inverted T-shaped perturbation. The prediction
value of the model changed from below 0.4 (therefore originally labeling it as non-eHFO)
to above 0.8 (thus a change of +0.4) implying that the perturbed HFO would correspond
to an eHFO. (D) The change in model confidence in population level. Each column (along
the y-axis) is a histogram of the change in confidence for one distinct patient. It shows the
frequency distribution of confidence changes after adding the inverted T-shaped perturba-
tion to the time-frequency plot to all classified non-eHFOs for the given patient. The change
in confidence level is significant, with an average of 0.285 noted as the red solid line in the

histogram (a standard deviation noted as the red dashed line)
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was viewed as the optimal time-location of the TDCP. We summarized the results via the
histogram of the change in probabilities for each patient across all the classified non-eHFOs.
A one-tailed t-test was also performed on the change of that output probability score to

ensure that the change was significant and generalized well on the population level.

By utilizing the inverted T-shaped template found in the time-frequency map, we ob-
served that the inverted T-shaped perturbation on the time-frequency plot significantly in-
creased the model prediction probability towards eHFOs (mean probability increase was
0.285, p < 0.001) (Figure 6C, D). Based on the positive correlation between eHFOs and
spk-HFOs, we set our hypothesized TDCP pattern as a spike. Therefore, we analyzed the
effect of introducing a spike-like shape in the amplitude-coding plot. By introducing a down-
going or an upgoing spike close to 0 ms location in a non-eHFOs event, the model confidence
increased towards an eHFO event (Figure 7A, D). On the population level, the time step
with the highest probability increase was around the center location along the time-axis
(Figure 7B, E), where the HFO was detected. Moreover, the prevalent probability increase
in non-eHFO events among all 15 patients who underwent resection (Figure 7C, F) demon-
strated the non-trivial model response by introducing a spike in the time domain (mean
probability increase of 0.438 for a downgoing spike introduction, and 0.465 for an upgoing
spike introduction, both with p < 0.001).
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Figure 4.7: (Continued on the following page.)
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Figure 4.7: The model’s responses to injecting a spike-like feature into the am-
plitude-coding plot. (A,D) Examples of introducing a downgoing (A) and upgoing (D)
spike feature in classified non-eHFO events. These demonstrate that on the introduction of
a spike-like perturbation, the model predicts higher confidence toward eHFOs. Subfigure A
shows the original amplitude encoding image input and the corresponding time-series sig-
nal (top row), and the perturbed amplitude-coding plot, and the corresponding time-series
signal with downgoing spike perturbation (bottom row). Similarly, subfigure D shows the
same information about a different classified eHFO but with upgoing spike perturbation.
(B, C) For each non-eHFO, a downgoing spike perturbation could be introduced at every
point in the time interval. For the perturbation, which resulted in the maximum change
in confidence, its location (relative to the center, thus in the range of +500 to -500 ms)
and the resulting change in confidence (-0.5, 1) are noted. For each patient, we compute a
histogram for the distribution of the change in confidence (C) and a separate histogram for
the location of the spike over non-eHFOs (B). The same steps are repeated for upgoing spike
perturbation, and the results are shown in (E, F). For both up-and-downgoing spikes, the
histograms (B, E) show that the spikes located close to the HFO event lead to maximum
change in confidence. The change in confidence for both up-and-downgoing spike perturba-
tion is significantly greater than zeros, with means downgoing: 0.438 and upgoing: 0.465,
and the locations leading to the max perturbation are close to zeros location with means
downgoing: -25ms and upgoing: +4ms. All of these means are noted as red solid lines in

each histogram (a standard deviation noted as red dashed lines).
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4.5.4 Robust choice of the weight term
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Figure 4.8: Find the optimal weight (w) term for the Binary Cross Entropy Loss.

To find the optimal weight (w) term in the Binary Cross Entropy Loss, we swept the w
from 0.1 to 0.9 (x-axis) and compared the performance of the model trained by each w with
our hypothesis in patients who had resections with post-operative seizure freedom (n=9) in
Figure 4.8. The first criterion for selecting an optimal weight w was based on the following
hypothesis that requires no expert input: For post-surgery seizure-free patients, the majority
of the classified non-eHFOs should be located within the preserved regions, and correspond-
ingly, the majority of the eHFOs should be located within resected regions; moreover, a vast
majority of the HFOs in the SOZ channels should be labeled as eHFOs. Thus, an optimal w
should balance the first two percentages (i.e., % of non-eHFOs in preserved regions and the
% of eHFOs in resected regions, shown in y-axis) and maximize the percentage of eHFOs in
the SOZ channel. As the Left plot shows, w = 0.5 satisfies this criterion: The % of eHFOs
in the resected CHs (orange) equals the % of non-eHFOs in preserved channels (blue), and
the % of eHFOs in SOZ CHs reaches a maximum value. A second criterion for validating an
optimal choice of w was based on the hypothesis that there should be an agreement between

the data-driven predictions and expert knowledge: For all patients, the majority of the de-
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tected eHFOs should also be labeled by experts as pathological HFOs (i.e., spk-HFOs), and
correspondingly, the majority of the detected non-eHFOs should be labeled as physiological
by the experts (i.e., non-spk-HFOs). An optimal w would be at a value where the corre-
sponding percentages are balanced. The Right figure shows that the respective percentages
(orange vs. blue) become equal ( 72%) at w = 0.45 and remain still balanced at w = 0.5
( 78% vs. 68%). Given potential inter-rater variations that could change the percentages,

we considered w = 0.5 to be an optimal choice for our study.

4.6 Discussion

We demonstrated how DL might be used in HFO classification to complement experts at
multiple levels. As a first step, we demonstrated that a DL-based algorithm robustly emu-
lated HFO annotations by human experts in rejecting artifacts and determining if an event is
associated with a spike. Thus, the associated DL models could help experts with their man-
ual verifications and significantly reduce experts’ efforts without compromising performance.
More importantly, in the second step, we showed how DL could create novel computational
models which could define morphological classes of HFOs indicative of eHFOs and non-
eHFOs when guided only by clinical outcomes such as seizure outcomes and resection status
of the channels without any expert EEG labeling. We took advantage of our large dataset
containing more than 30,000 HFOs within 90 minutes of EEG data from subjects with known
post-operative seizure outcomes. The model was trained with a novel weakly supervised ap-
proach that utilized the inexact label of resected and non-resected status to discover eHFOs
and non-eHFOs. We further showed that the DL-defined eHFOs were clinically relevant
and possessed two salient features (HFOs associated with spikes and the inverted T-shaped
pattern in scalogram) that experts had identified as characteristics of eHFOs. The removal
rate of eHFOs correlated to seizure-freedom after resection, but no such relationship was

seen with non-eHFOs. The use of the removal ratio of eHFOs may have an additional value
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on the status of complete removal of the SOZ, but the number of patients may be too small
to conclude this definitively. By comparing the predicted results with expert annotation,
we observed that the most classified eHFOs were spk-HFOs. Similarly, most non-eHFOs
were non-spk-HFOs. At SOZ, we observed a higher rate of eHFOs compared to that of
non-eHFOs. We next elaborated on how the traits of DL-discovered eHFOs compared with
hypothesized traits of so-called pathological HFOs. Pathological HFOs, often seen as fast
ripples (FRs: 250 Hz or above), are believed to be excitatory neuronal activities, such as sum-
mated action potentials from synchronously bursting neurons [107, 108]. Contrarily, physi-
ological HFOs, which often involve ripples (80-250 Hz), are considered to reflect summated
inhibitory postsynaptic potentials[102, 109]. These biological mechanisms are hypothesized
to lead to morphological differences between pathological and physiological HFOs, and hence,
making them discoverable with computer vision. We used the trained DL model to derive
certain signatures of eHFOs in the time-frequency domain that agreed with such common
clinical knowledge. In particular, based on the analysis of time-frequency plots of eHFOs
and non-eHFOs, eHFOs showed stronger signals throughout ripple and fast ripple bands at
the onset of HFOs, which shares the similar observation in HFOs seen at the SOZ [110].
Meanwhile, eHFOs generally showed stronger signals in the low frequency region throughout
the time window, which might represent an inhibitory slow-wave postsynaptic component,
coupled with out-of-phase excitatory fast firing of HFOs [111]. Taking advantage of these
observations, we designed perturbations in the input to probe whether these characteristics
were actually the salient features that the model relied on to make a prediction. The group
analysis on 90 min data demonstrated that both characteristics led to a significant model
confidence increase towards eHFOs. Similarly, we found that the model had automatically
learned the salient characteristics of manually labeled spk-HFOs. In addition, the artificial
introduction of spike-like activity around the HFO onset also increased model confidence
towards eHFOs. Clearly, such expert knowledge was not hard-coded into the DNNs and

was automatically inferred only from the partial clinical outcomes. It is noteworthy that we
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discovered such salient features of epileptogenic HFOs from exploratory approaches utilizing
DL. Clearly, one cannot exhaustively enumerate all the features that the DL model used to
make its predictions, and these features are only some of the salient ones that aligned well
with expert knowledge. As the study grows in scale and the DL models become accurate and
robust in discovering eHFOs, we expect new salient characteristics to be discovered. The
prior studies [112, 113] used DL architecture to classify HFOs using human-annotated data
, however, such approach has constraints including necessity of human experts and its asso-
ciated potentially unfavorable inter-rater reliability among experts. This is the first study to
demonstrate that DL algorithms can learn from clinical outcomes (such as seizure-freedom
after resection) and soft labels (such as resected vs. preserved status) to classify HFOs.
A recent DL study [114] using clinical outcomes as soft labels to classify raw EEG signals
into focal and non-focal seizures in patients with epilepsy was also proven to be feasible.
Our approach expands the spectrum of clinical usage, since there will be no need for expert
annotation and easily applied to a larger dataset. In this study, we determined the resection
status of channels among human experts, by reviewing pre-and post-resection intraoperative
picture and post-operative brain MRI. This subjective approach might provide another type
of labeling error, thus automated and objective determination of channel resection status

might have been considered.

This work indicates that our deep learning approach can overcome issues including poor
inter-rater reliability of HFO classification among human experts and their time constraints
of analysis. Although our inter-rater reliability in this study was favorable as previously
reported [115], we expect the agreement will likely diminish when raters are from different
institutions or have different experience levels. Using HFO analysis, we may identify brain
tissue that needs to be removed during surgery without human experts’ effort if an algorithm
was trained from large enough EEG data from patients with known post-operative outcomes.
Notably, validation was performed using patient-wise cross-validation to maintain general-

izability across patients so that the results may be applicable to new patients. Based on
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our results, the higher standard deviation in the performance of the test set in patient-wise
cross-validation than the 5-fold cross-validation implies that the data distribution for some
specific patients differs in some aspects from the rest (possibly by recording environment,
sex, age, and pathology). This issue will be resolved once we increase the number of patients
in the cohort. The already high performance obtained in patient-wise cross-validation, even
with n=19, is a promising indicator that models trained with retrospective data from a large

enough cohort will generalize well to new and unseen patients.

There are several limitations in our study. Regarding the dataset, we have included only
19 patients, and there were only 14 patients who had resective surgery with known clinical
outcomes at 24 months. Although we analyzed extended EEG data (90 minutes) from nine
patients who achieved seizure-freedom at 24 months after surgery, we did not analyze the
entire EEG recordings. It is of interest to include more patients and EEG data to train
our DL algorithm and evaluate how much the performance could improve. In fact, we are
planning to build a model using EEG data from more than 100 patients who underwent
resection. Also, all the data were from pediatric patients from the same institution. With a
diversified age range and epilepsy pathology, the morphology of HFOs may change, and the

algorithm might be trained differently.

In this work, we proposed an automated tool to analyze HFOs in a large dataset by
using DL to simulate a human expert’s visual verification and to predict seizure-free status
through an outcome-based reverse engineering approach. Future work to further refine this
methodology by examining more datasets from multiple institutions is still needed. By
refining a method to distinguish epileptogenic HFOs from others, we will be better positioned
to confidently use HFOs to guide resection margin in clinical trials to improve the chance of
post-operative seizure-freedom in patients with drug-resistant epilepsy who undergo epilepsy

surgery.
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CHAPTER 5

Context Aware and Mode Preserving Generative
Models (I): Action-type Conditioned 3D Motion

Generation, Mode Discovery, and Customization

5.1 Introduction

Human motion generation has wide applications in machine vision, robotics, video games
and computer animation. While considerable progress has been made in pixel-based video
generation methods [11, 12, 13|, the resulting human appearance is still unsatisfactory [6].
Using 3D human skeleton sequences to guide such video generation is considered to be a
fundamental step to reduce distortions in human appearance. In recent years, forecasting
missing skeleton motion sub-sequences or performing motion completion tasks have been
attempted [116, 117, 118, 119, 120, 121, 122]. However, initial or intermediate motion sub-

sequences are still required as inputs, which limit these models’ applications.

We address the fundamental problem of 3D motion generation without any initial motion
as inputs. Given only the activity type, chosen from among a pool of different activities, and
its characteristic features, the generative model should generate motion sequences that are
physically realistic and diverse in style, reflecting variations across the human population.
Amongst many related works such as [123, 124, 125, 126], the most relevant and recent
ones are two stage GAN [127], MoCoGAN [128], Action2Motion [6] and ACTOR [129].

[6] in particular is a striking recent work that is among the first to propose automated
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Figure 5.1: ODMO motion generation. Top: Sample motion sequences generated for
multiple activities; Bottom: Diverse motion sequences for Walk activity generated by mul-

ti-modal sampling.
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generation of 3D pose sequences for multiple activities from the same generator, including
complex motion such as dancing and animal behavior. A recent follow up work [129], applies
a Transformer-based VAE architecture (instead of being LSTM based) for encoding and
decoding, and avoids a time-dependent latent space embedding as done in [6]; it shows
considerable performance gain over [6]. In both these frameworks addressing our problem
of motion generation based only on action type, different action categories share the same
latent space, and customization capabilities such as the ability to generate different styles on
demand (i.e. in a controllable fashion) within the same category or generating interpolated

motion sequences among different categories are missing.

Our work has the following distinctive features:

e 1) Internal causal motion representation: Any 3D sample motion is decomposed
into two parts: spatial joint movements relative to a body center (root) — referred
to as local movement profile (LMP) and the resulting trajectory of the body center.
This key step is rooted in the kinematics of body movement: We move our body
parts relative to each other (as captured in the LMP), and these movements after
interaction with the environment cause our body center to have spatial movement
resulting in a particular trajectory. We, thus, first encode the primary causal factor
(the LMP) into a low-dimensional latent code and then train a decoder (that learns the
causal factor of the environment) to reconstruct the resulting trajectory and motion
of body parts. We also believe that this decomposition enables us to perform better
than the ezisting models even with the (x,y, z) representations of the skeleton joints,
instead of using more complex representation such as Lie-Group [6] or 6D [129]. This
flexibility has an added advantage: We are able to work with rich datasets where only
3-D representations are available and estimation of the rotation representations are

unstable.

e 2) Multi-modal latent code space engineering: Additional regularization terms
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are added to the VAE-type encoder loss function to enable contrastive learning and
separate latent codes belonging to different action types (and styles within an action
type) into distinct clusters. This preserves the different modes and styles present in

real motion, enabling novel sampling strategies to support motion customization.

e 3) Multiple mode discovery and multi-modal sampling: Since the codes for
action categories are separated, we do a Gaussian Mixture Model (GMM) fitting of
the codes in the same category, where the number of mixture components is determined
adaptively, to discover different styles within an action type. These distributions are

then sampled to generate diverse motions on demand.

e 4) Both intra- and inter-action type motion interpolation: Given the multi-
modal representations of the latent code space for each action type, one can perform
interpolation between modes to generate realistic mixed motion sequences not seen in
the training set. Similarly, our framework allows inter-action category interpolations,

which can be meaningful for action types that are similar enough.

e 5) Trajectory customization via destination location (end-point) specifica-
tion: For action types with significant spatial movement, such as walking, running,
and jumping, our framework enables one to generate motion with different styles (by
varying the code) while keeping end-point the same. Analogously, by varying the des-
tination location, while keeping the same latent code (hence, style) motion sequences
that cover a large spatial domain are generated. Such customized motion can be shown

to be realistic by benchmarking motion quality metrics at the ensemble level.

5.2 Related work

Modeling human motion: As already mentioned, various methods have been proposed to

model and generate motion with widely varying goals and assumptions about prior informa-
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tion. The more traditional models, such as Hidden Markov Models [130], switching linear dy-
namic systems [131], Gaussian processes [132] and random forests [133] have been proposed.
However, some of these methods, like Gaussian processes, are well-known to be computation-
ally intractable, especially for complex datasets. More recently, deep learning frameworks
have also been used for deterministic or probabilistic motion generation: deep recurrent neu-
ral networks (RNNs) for modeling dynamic temporal behavior [134, 135, 136, 137]; Autoen-
coder [138], Normalising Flows [139], VAE [140] and GAN [128]. Additionally, embedding
of motion in a low dimensional latent space is used implicitly or explicitly by several mod-
els to assist their generation tasks, including both time dependent [132, 6] or independent

[138, 129] encodings.

Human motion prediction: Similar to the motion generation task, short and long
term motion prediction tasks also require modeling of human motion. However, they require
additional information as input: the first several motion frames of the desired activity. More-
over, the evaluation metrics are mainly designed to compare the predicted future motion with
ground truth motion. In our setup, the generated motion sequences can only be evaluated at
the population level with the ground truth data. [119] used Residual Graph Convolutional
Network (GCN) blocks to capture spatial-temporal correlation, and focuses on recovering
the accurate future motion based on the historical poses. [121] also uses GCN but trains the
model in a multitask setting to predict future motion, and recover missing joints in the past
at the same time. However, they both rely on history information to generate deterministic
single future motion. [122] introduced a sampling version of motion prediction, and also
considered diversity in the forecast motion. They used learnable mapping functions to map
samples from a single random variable (generated by a given historical information sequence)
to a set of correlated latent codes for further decoding into a set of correlated future motion
sequences. [120] used novel variational autoencoder which preserves the full temporal resolu-

tion of the history motion as condition and samples from the latent frequencies explicitly to
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introduce high-frequency components into the generated motion. However, in such stochas-
tic prediction tasks, the past motion plays an important role (as input and condition). To
illustrate this, we modify the motion prediction model in [122] to suit our generation task

by replacing the past motion information with category label and set it as a baseline algorithm.

5.3 Algorithm
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Figure 5.2: Overview of our model architecture.
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codes and time-lapsed images summarizing the corresponding generated motions are shown.
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5.4 Method

5.4.1 Notations

Given a set of 3D motion sequences, {Mj, Mo, ..., } along with their corresponding activ-
ity categories, our goal is to train a generative model that is able to produce 3D motion
sequences with fixed length T for a specified activity category. Inside a motion sequence
M = [m;,my, ..., my|, the pose m; in the t'* frame is represented by the locations (e.g.
their (z,y,2) coordinates) of J joints: m; = [my(0),...,my(J — 1)]T € R**. One joint,
usually the center of the pelvis is referred to as the root joint. We assume that the body
center can be approximated by the root joint, and its movement in 3D space along time will
be referred as the trajectory of the motion, and denoted as T = [ry,...,ry] , where r; € R3.
The end location ry of the root joint will be referred to as re € R3, and can be used to
guide motion generation in our models. Additionally, each activity class ¢ is denoted by
a one-hot encoded vector. Furthermore, local movement profile (LMP) of a given motion
sequence M is defined as the locations of the joints relative to the root joint position, i.e.
P =[Py, Py - - -, Pr|, where p, € R¥*/ and p,(i) = my(i) -1y, i =0,...,J—1,t=1,...,T.
This decomposition of any motion sequence M into two components, the LMP P and the
resulting trajectory T, is key to the success of our framework, as it enables us to establish a
causal relationship between body movement of the human agent, its environment, and the

trajectory that ensues.

5.4.2 Model Architecture and Loss Functions

There are three main components in our ODMO (On Demand MOtion generator): local

movement profile encoder (LMP encoder), trajectory generator, and motion generator. !:

'For simplicity, the loss functions introduced in this section are defined for a single sampled motion; the
only exception is L.s defined in Equation 5.1, which involves a pair of sampled motions, M; and Ms, whose
corresponding LMPs are P; and Po, and are of class ¢; and co
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i) LMP encoder Esg, parametrized by network parameters 6 which learns a representation
of local movement profiles (P) in a lower dimensional space R”. Style codes z will be sampled
from this space, z ~ N (ug, Xg), where (ug(P),X9(P)) = Esg(P). A contrastive loss is
applied to a pair of LMPs, (P;,P2) following Equation 5.1. The contrastive loss term is
added to ensure that embeddings of motion sequences belonging to different action categories
are well separated and form distinct clusters in the latent space. Moreover, the target
variance of posteriors is set to 0.01 in the KL.D loss terms so that the embeddings of sequences
belonging to the same action category are well separated, preserving the multimodality
inherent in real motion. This loss function creates a multi-cluster distribution in the latent
space where the clusters themselves can be modeled as GMMs, which are then sampled to

generate motion. In Equation (5.1), « is the contrastive margin.

Les(0) = Liey=esy 16(P1) — 1a(P2)I3
+ Loy ery max {0, a — [[g(P1) — po(P2)ll,}
— In(det Xg(P1)) + 100 * Tr(Xe(P1))

— ln(det Z@(PQ)) 4+ 100 x TI‘(E@(PQ)) (51)

ii) Trajectory generator Gr,, which predicts the resulting 3D trajectory 7 via predicting
trajectory velocities for T steps, based on the sampled style code z and one-hot encoded
categorical information c¢. The predicted trajectory 7 will be reconstructed based on the
accumulated velocity predictions, i.e. t, = (Grg(c,z)), + £;—1, where 1, is the predicted
location at time t (ro = 0). The trajectory generator is trained to predict the velocity of

root trajectory r; — r;_; at t' time step (ro = 0) with loss:
T
2
Z (Grg (c,2)), — (ry — rt,1)||2. (5.2)

(iii) Motion generator Gm,, which generates realistic motion sequence M based on style
code z, guidance trajectory ’7A‘, category label ¢. The motion generator is adapted from

Seq2Seq [141] which consists of an encoder module and decoder module. The trajectory

102



encoder encodes the predicted trajectory and sends the compact representation of the tra-
jectory to the full motion decoder (decoder) as the initial hidden state hg. The decoder
predicts the whole motion sequence m;, M, ..., my sequentially, as in Equation 5.3. At '
step of decoding, the decoder employs the code z, class information ¢, the time counter 7,

and the previous step of output my_; (or my_; if teacher forcing is used) to predict the pose

my. In the training process, we apply the reconstruction loss L, on the predicted motion,

T
Lore(V) = Z |lm; — Gmy, (1, 73, , ny')Hg )
t=1
t R mt,l, lf tf = 1
Ty = ?,mtq = (5-3)

m;_;, otherwise.

Finally, we use one combined loss function to jointly optimize the whole network:

L0, 0) = Les(0) + L1(0) + Linre () (5.4)

5.4.3 Sampling the Latent Code Space

We propose two different sampling strategies for the motion generation task, offering users

freedom to customize desired properties of the sampled motion sequences.

Standard GMM sampling: We fit a GMM with the same number of components as
the real motion activity categories (|C|), to all the learned latent codes (i.e. the means)
across all activity types. Thus, each activity type has a Gaussian distribution assigned to it,

which is sampled to generate latent codes for motion generation.

Multi-modal sampling: In real motion, there would be several modalities in each
motion category; for example, in the Jump category, one can have humanoids jumping

forward, or jumping vertically with little horizontal motion.

Our training formalism encodes the modalities of an action category (present in the data)
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as modes in the distribution of latent codes inferred for that category. We fit a GMM with
K components to the codes for each category, where K is chosen adaptively by using the
silhouette score [8]. One can sample these action specific GMMs to generate multi-modal

motion for the same action type.

5.5 Experiment and result

Our base model, ODMO, is trained with the end location information as part of the input
to the trajectory generator and the standard GMM sampling strategy is adopted. An end
location is generated by a k-nearest neighbors (KNN) trained with codes from real motion
and their corresponding end locations. Additionally, we develop another model (ODMOyg)
trained with the same architecture but without end location information as input. The

implementation details can be found in the supplementary material.

5.5.1 Dataset

We evaluated models on three public motion datasets:

HumanAct12: We used the same HumanAct12 dataset as introduced in [6, 7] which

consists of 1,191 motion clips and 12 categories such as: Warm up, Walk and Drink.

UESTC: Compared to HumanAct12 dataset, UESTC [142] uses a finer granularity in
defining action categories, resulting in 40 action types performed by 118 subjects; example
action types include: Squatting, Punching and Left stretching. There are 25,600 video sam-
ples collected from 8 fixed viewpoints. For fair comparison, we used the same preprocessed
data as [129]. Motion sequence samples shorter than a given threshold are filtered. This

results in 10,629 training sequences and 13,350 testing sequences.

CMU MoCap (MoCap): We identified seven action categories such as Walk, Run and

Dance from the CMU MoCap data library consisting of 970 motion sequences in total. For
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fair comparison, we used the same data preprocessing steps as [6] but dropped the Wash

activity, as most of the motion sequences inside this class are mislabeled.

Among these three datasets, MoCap has real motion with longer overall spatial transla-

tions as well as more diversity within each action type making it much more challenging.

5.5.2 Metrics based on classifiers

In this approach, an action-category classifier is designed based on real motion, and then
is used to evaluate different ensemble properties of the generated motion. The classifier
metrics for the real motion then can be used as ground truth. Adopted from [129, 6, 143],
the metrics we used are as follows: Recognition Accuracy (Acc) measures the confidence of
generated motion belonging to a given category. Higher Acc implies better motion quality.
Frechet Inception Distance (FID) [144] computes the distance between the distributions
of the classifier features of the real motion and the generated motion; hence, lower FID
is desirable. The Multimodality (Diversity) is the expected distance between classifier
features of two randomly sampled generated motion sequences belonging to the same action
category (across all categories). Thus, motion samples generated by a better model should

have multimodality/diversity closer to that of the real motion.

We trained such classifiers with real motion sequences as mentioned in [6, 129]. For
MoCap, we re-trained the classifier with the same architecture as in [6] but changed the
number of outputs to 7. For HumanAct12, we directly employ the same classifier as [6, 129].
For UESTC, since the classifier from [129] is in 6D representation, it is not suitable for our
xyz representation. Hence, we followed the train and test split as in [129] and trained our own
classifier in xyz representation (the architecture is shown in the supplementary material).
The metrics obtained from the classifiers are reported in Tables 5.1 and 5.2 as the mean of 10
sets of samples generated from each model with the 95% confidence interval on the top; each
set comprises 400/250/200 samples for each action type in Mocap/HumanAct12/UESTC

dataset.
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5.5.3 Comparison to the state of the art

Table 5.1: Benchmark on HumanAct12 & UESTC Dataset based on classifier. (Note for
UESTC, FID,, and FIDy.s are computed based on train and test split as done in [129].)

HumanActl12 UESTC
Methods Acct FIDJ Diversity MDModality Acct FIDy,] FID¢estd Diversity MDModality
Real motions 99.70%-06 0.02%-01 7.08%:06 2.53%-05 99.79%-05 0.01%-00 0.05%-00 7.20%-06 1.61%+:02
DLow-Gen 8.29%-16 4.87%:03 6.39%-09 6.39%-06 2.71%-11 3.28%:06 3.01%-06 6.39%-06 6.33%-03
Act-MoCoGAN 8.29%-18 34.77%:06 1 g4%F-02 1.63%-04 3.87%-07 25.48%-05 2476105 4.09%-12 2.98%-02
A2M-xyz 69.17%-55 1.73%-06 6.73%:06 4.18%-09 90.25%-21 0.39%-01 0.39%:00 7.08%-05 1.83%:02
A2M-Lie 93.25%-47 0.21%-01 7.02%:05 2.77%-07 91.07%-21 0.24%-01 0.25%-00 7.09%-06 1.91%-04
ACTOR 96.00%-23 0.09%-00 6.97%-08 2.59%-07 91.87%-18 0.23%-01 0.26%-01 7.10%-09 1.89%-04
ODMO 98.57%:32  0,07%-00 . 99*-07 2.50%-05 93.72%-20  ,18%03  .21+.00 7 35+.06 1.80%:03
ODMONE 06.36%-21 0.17%-01 7.07E12 2.52%-05 91.52%-50 0.24%-01 0.26%-01 7.13%-07 1.89%-04
—Les(0) 75.07E1-45 0.82%-11 6.84F-06 4.12%-10 84.04%-45 0.38%:03 0.35%:03 6.97%-10 2.51%-07
—CMD 91.37+117 o 51%-10 6.99%-07 2.87+-08 90.68%-27 0.28%+-01 0.30%-01 7.12%:07 1.78%-04

Table 5.2: Benchmark on CMU MoCap Dataset based on classifier

CMU MoCap
Methods Acct FID| Diversity MDModality
Real motions 98.54% 14 0,02%00 g 57E1L 2.17+:08
DLow-Gen 14.35%17  10.88%:05  513F08 50617
Act-MoCoGAN  14.93%9  37.15%12  0.90F 04  (.84%04
A2M-xyz 76.17F67  1.32%05 633807 39708
A2M-Lie 76.33%:66 14906 o808 3 35+.07
ODMO 97.74%17  0.09%%°  6.63%10 20710
ODMOnEg 87.30%5L  0.87F0%  6.33F10 96808
—L.4(0) 69.90297  201%2*  6.10%1 365t
—CMD 64.27F247  420%36 59708 3311l

5.5.4 Ablation study

We conducted two ablation experiments on the ODMO model as shown in the bottom rows of
Tables 5.1 and 5.2: (1) —L.s(#): removing the contrastive loss. (2) —CMD: removing causal

motion decomposition i.e. feeding the original non-decomposed motion into the encoder; All
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models are trained using the same hyper-parameters as in ODMO.

Contrastive Learning (—L.s(f)): Without contrastive loss applied in the latent space,
ODMO becomes a classic variational auto-encoder and its performance downgrades. Thus,

separating out the codes of different action categories is an essential component of ODMO.

Causal Motion Decomposition (—CMD): Causal motion decomposition is one of the
key designs in ODMO. The decomposition of motion into local motion profile and trajectory
encourages the model to learn the kinematics of body movement. The advantage of causal
decomposition should be more pronounced when a human motion has long spatial transla-
tion: for un-decomposed motion, the loss function will focus more on the spatial translation

while losing details of local movement, leading to unrealistic artifacts like foot skating.

Indeed, HumanAct12 and UESTC lack long spatial translations, and as expected, the
models trained with un-decomposed motion can still achieve acceptable performance. How-
ever, the advantage of the causal motion decomposition is much more pronounced in the

MoCap dataset, where the motions are more spatially dynamic.
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5.5.5 Customization

Inter-Class Interpolation
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Figure 5.4: Inter-Action category interpolations (HumanAct12 and UESTC datasets):
For a chosen category pair (A, B), we sampled two latent codes: one from the category A,
and second from the category B, and interpolated codes between these two. For each such
category pair, the time-lapsed images of motion sequences generated by ODMOyg from the
two originally sampled codes and two other interpolated codes are visualized along a row.

Motion transition is clearly visible in the interpolated codes.
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Figure 5.5: Customization: (A) Walk sequences generated by the ODMOyn MoCap
model with the same end location but with codes sampled from different modes. (B) Gen-
erated Jump motion with the same code but with end locations ranging from left to right

(horizontally).
5.5.5.1 Mode discovery and multi-modal sampling

The ODMO’s latent space enables us to discover modes within each motion category. Fig-
ure 5.3 illustrates a few example modes discovered by our adaptive GMM estimation method-
ology. Once discovered, each mode can be sampled separately to generate motion sequences
of a desired type. In such multi-modal sampling, if we sample the same number of mo-
tion in each mode, then we should expect an increase in the diversity of motion within
each class. This is because, if the same number of codes are sampled directly from the
entire action category (modeled by a single Gaussian) then modes closer to the center of
the Gaussian will be over represented and modes further away will be under sampled, lead-
ing to less diversity. We name our models using such multi-modal sampling as ODMOyp;.
The accuracy and diversity using both (i) the multi-modality of this task using classifier,
and (ii) a more straightforward measurement, Average Pairwise Distance (APD) [122], are
shown in Table 5.3. The APD is computed as the average pairwise Euclidean distance over
N samples belonging to the same category: mzzj\il Z?;Z(ZL ||m§i) - mgj)H?)% and
m i Zﬁéz(Zf:l 1P — p||2)% for undecomposed movements and local movements

profile. The APD of the real motion for different categories differ considerably, potentially
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reflecting the different intensity levels of corresponding movements. We thus normalize each
APD category score with the corresponding APD score of the real motion, and averaged these
normalized scores across categories to obtain APD, APDpyp. As shown in Table 5.3, multi-
modal sampling model demonstrates a clear gap compared to all other models, including the

standard sampling counterpart.

Table 5.3: HumanAct12 Dataset Benchmark: ODMOyn (Multi-modal sampling version
of ODMO) has higher accuracy than baselines, while generating highest diversity when

measured by both metrics: Multimodality in classifier and APD.
Methods Acc T MDModality APD 7T APDpyp T
Real Motions  99.70%06  2.53+04  100%00 1,00+

A2M-xyz 69.17%5°  4.18F99  0.79F00  g1%00
A2M-Lie 93.25F47  277E0T - g7F0L  (gqF 0!
ACTOR 96.00%2% 25907 86T .85+
ODMO 98.57%32  250F05  0.97E0L  .92+00

ODMOy 97.65%30  962F05  1.01F01 .96+

5.5.5.2 Intra-action category interpolation

Once we discover the modes inside one action category, we can interpolate between codes
belonging to different mode clusters to generate new samples not present in the training
dataset. As shown in Figure 5.3, we can observe the styles morphing from one type of Warm
up to another. Motion style transfer [145] itself is an active research area and requires human
labeling of the styles for training. Thus, besides using this customization for animation task,

our systematically generated data can be used as data augmentation for style transfer tasks.
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5.5.5.3 Inter-action category interpolation

We further demonstrate the utility of having distinct code regions for different action cat-
egories by interpolating codes belonging to different categories. Figure 5.4 provides illus-
trations of such interpolations, where motion transition is clearly visible in the interpolated

samples; more examples are shown in the supplementary material.

5.5.5.4 Trajectory customization

Programmable end locations are highly desirable for animation tasks and can be further
combined with route planning for more complex motion generation in any given scenario.
Here we explore the capability to generate motion sequences with programmable end loca-
tions. There are two fundamental requirements for this task: generated motion needs to
be realistic and achieves its end goal, i.e., the generated motion can indeed move to the
target location. We use classifier’s accuracy to measure the goodness of generated motion.
To measure success in reaching the desired end location (r.), we compute the a goal-error

l[re—rm|

metric: AT where ry, is the end location of the generated motion. To allow some spatial

translations, we set ||re|| always greater than 0.2.

We picked the MoCap dataset as it has much longer overall spatial translations than
the other two datasets. Qualitative evaluations of two cases of customization are shown in
Figure 5.5. For quantitative evaluation at the population level, we randomly sampled 20
codes for each motion category, and for each code we randomly sampled 20 r. within that
category. These 400 pairs of code and r. were sent to the downstream modules to generate
corresponding motions. The accuracy of the generated motion sequences is 93.54%*°3 with

an average goal-error (.18%0-004,
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Table 5.4: Motion improvement

Methods Acc 1 FID |
A2M-xyz 69.17F%5  1.73%06
A2M-Lie 93.25547  0.21%F01

ODMOaon vy, 88.55510  0.88%00
ODMO aonirie 98.61730  0.07%00

5.5.5.5 Motion improvement

ODMO can also be utilized to further improve motion sequences produced by other genera-
tive models. By feeding a generated motion through the LMP encoder and the downstream
generators, a refined motion is produced. We conducted a systematic experiment on the
motion sequences generated by the Action2Motion (A2M) models (which have room for im-
provement) with HumanAct12 dataset. UESTC dataset is not challenging since ODMO,
A2M and ACTOR get equally good results, while MoCap dataset is too difficult for A2M
to get recognizable refinements over itself. As shown in Table 5.4, the refined motions from
both models get higher accuracy and lower FID. Visual inspections show that two common
types of artifacts in motion sequences generated by the A2M models —flickering and frozen
feet— are diminished. One explanation can be that our trained LMP encoder denoises input
motion and maps it into a region in the latent space occupied by codes from ground truth
motions that are similar to the noisy input motion. Once mapped, our generator reconstructs

a motion from the mapped code with high quality.

5.6 Concluding Remarks

We propose a novel framework, On-Demand Motion Generation (ODMO), for generating
realistic, diverse and customised long-term 3D human motion sequences conditioned only on
action type. While recent work [6, 129] has focused on this task, customization capabilities

such as the following have not been investigated: (i) ability to automatically discover different
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modes/styles of motion within each action type in the training set, and then generate samples
from these modes on demand; (ii) ability to interpolate modes within an action type and
even across action types to generate diverse motions not seen in the training set, and (iii)
ability to customize body-center’s trajectories and destination locations of generated motion
sequences. Such new capabilities would widen the spectrum of potential applications for 3D

human motion generators.

To meet these objectives we introduce several innovations, including: (i) A causal decom-
position of any 3D sample motion into two parts: spatial joint movements relative to a body
center (root) — referred to as local movement profile (LMP) — and the resulting 3D trajectory
of the root node. (ii) Introduction of contrastive learning with a modified VAE loss function
that produces distinct clusters of latent codes for different action types in the latent space.
With these innovations, ODMO outperforms the SOTA models on three datasets; generates
motion sequences with long spatial translations; enables on-demand multi-modal sampling
of different styles; generates new types of actions via interpolations; enables customization
of trajectories via destination-location manipulations; and improves imperfectly generated

motion sequences. Ertensive examples of customization are included in the appendix.

5.7 Appendix

5.7.1 Overview

In this section, we demonstrate more experimental results in Section 5.7.2. Specifically,
mode discovery and mode interpolations are in Section 5.7.2.2; more qualitative results of
end location customization are in Section 5.7.2.3; and more qualitative results of inter-
action type interpolation are in Section 5.7.2.4. Moreover, the model architectures and more
implementation details in Section 5.7.3. Dataset details are also introduced in Section 5.7.4.
Furthermore, self-organizing and contrastive mechanism in the latent space are introduced

in Sections 5.7.5 and 5.7.6.
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5.7.2 More results

5.7.2.1 MM sampling for three datasets

Table 5.5: Benchmark for MM on three Dataset based on classifier.
HumanAct12

Methods Acct FID|  Diversity MModality

Real motions  99.70F6  0.02+01  7.08+06 2.53%+:05

ODMO 98.5732  0.07F00  6.99+07 2.50%05
ODMO 97.63+30  .15%02 71107 2.66+08

ODMOyEg 96.36+21  0.17=01 7 o7+12 2.59%:05
ODMOxp.vM ~ 94.98F70  0.16+01  7,05+08 2.71%+03

Mocap
Methods Acct FID| Diversity MDModality
Real motions ~ 98.54%  0.,02%00  g57+1t 9 17H08
ODMO 977417 0.09%°0  6.6310  2,07%10
ODMOnmt 94.26F33 102506 .44+ 26309
ODMOng 87.30%51  0.87F0  6.33510  268+08

ODMOngmMm  85.58F90 1 6415 .26+ 07 3.02+04

UESTC
Methods Acct FIDy- |  FIDy4esid Diversity MModality
Real motions ~ 99.79%%  0.01%%0 0.05+00  7.20%06 1.61%02
ODMO 93.72%20 .18+ (.21+00  715+.06 1.80%03
ODMOy 93.01%32  0.16%00 0.17F00  7.12%:0° 1.89%:04
ODMOng 91.52%:50  0.24F01  (.26+01  7.13+07 1.89+04

ODMOng.vM ~ 89.86T16  0.21F00  .22%01 7 7+.06 2.19%:03

5.7.2.2 Examples for mode discovery

Figure 5.4 provided visualizations of an action type for the HumanAct12 dataset. In this

section we visualize the modes discovered inside action category Dumbbell-one-arm-shoulder-
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pressing for the UESTC dataset in Figure 5.6. For this action type UESTC has 3 modes;
for the Warm Up category for HumanAct12 it had 7 modes. In general, compared to the
HumanAct12 dataset, our framework finds that UESTC dataset contains fewer modes per
category. This finding is validated by visual inspection that shows: UESTC dataset has

fewer variations of how the subjects perform any given activity.

5.7.2.3 End location customization

Figure 5.5 provided end location customization for Jump in MoCap dataset. In this section
we visualize, in Figure 5.7, four more examples in different activities, where end locations of

generated motion sequences are customized while keeping the code the same.
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Figure 5.8: Inter-action type interpolation for HumanAct12 Dataset
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Figure 5.9: Inter-action type interpolation for UESTC Dataset

In Figures 5.8 and 5.9, we demonstrate the inter-action type interpolation examples for
both UESTC and HumanAct12 datasets. We took the same procedure as in Figure 5.4:
For a chosen category pair (A, B), we sampled two latent codes: one from the category A,
and second from the category B, and interpolated codes between these two. For each such
category pair, the evenly sampled frames of motion sequences generated by ODMOyg from
the two originally sampled codes and three other interpolated codes are visualized along

rows. Motion transition is clearly visible in the interpolated codes.

5.7.3 Implementation Details

In this section, we introduce the implementation details of ODMO and other baseline algo-

rithms, MM sampling, and metrics.
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5.7.3.1 ODMO Implementation Detail

We implemented the framework of ODMO using PyTorch and trained the models with
TITAN RTX GPU. The detailed architecture for each component is shown in Figure 5.2 and
Table 5.6. Note that the latent space dimension (the output of the LMP encoder) is 20 and
the decoder only relied on this small code space and the one-hot encoded class information
to reconstruct the motion. During training, the contrastive margin « is set to be 5, and the
target variance of posteriors is set to 0.01. In the training of the network, we adopted the
Adam optimizer with the learning rate 1072 for both dataset. Additionally, teacher forcing
(TF) is applied for enforcing the stable and efficiency of the training with the TF rate linear

decayed from 1 to 0.3.

5.7.3.2 Multi modal sampling and silhouette score

Our adaptive approach to find the number of modes in activity category is done by using
the silhouette score. We fit a GMM model with & mixture components and compute the
silhouette score Si. We vary k from 3 to 11 to get S5 ---S1;. Starting from S5, we determine
an ¢ such that S; > 0.95 % .S, 1 for the first time. Then the number of modes is selected as
1. For UESTC dataset we dropped mixture components whose size is smaller than 20 for

denoising propose.

5.7.3.3 Baseline Algorithms

Action2Motion (A2M): We use A2M as one of our major baselines for the three public
datasets. We trained the A2M with joints’ xyz coordinates representation (A2M xyz) and
A2M using Lie group representation (A2M Lie) on MoCap dataset for seven motion categories
with their default parameters. On HumanAct12 dataset, we directly employed their released
model as baseline. On UESTC dataset, we also directly trained A2M xyz and A2M Lie with

their default parameters.
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Table 5.6: Architecture of ODMOQO

Module

Layers

details

LMP encoder

RNN layer

1 LSTM layer with 64 hidden units

Feature layer

2 fully connected layers followed by BN and PReLU activation

Output layer

1 fully connected layer

Trajectory generator

Embedding layer

2 fully conencted layers with PReLU activation in between

RNN layer

2 LSTM layers with 128 hidden units

Feature layer

3 fully conencted layers with PReLLU activation

Output layer

1 fully connected layer

Motion generator

(Trajectory encoder)

Embedding layer

1 fully conencted layer with PReLU activation

RNN layer

2 LSTM layers with 128 hidden units

Motion generator

(Motion decoder)

Embedding layer

1 fully conencted layer with PReLU activation

RNN layer

2 LSTM layers with 128 hidden units

Output layer

1 fully connected layer

Table 5.7:  Architecture of MoCap and HumanActl2 motion classifiers (same as Ac-

tion2Motion)

Layers

Details

RNN layer

2 GRU layers with 128 hidden units

Feature layer

fully connected layer with Tanh activation

Output layer

1 fully connected layer

Table 5.8: Architecture of our UESTC classifier

Layers

Details

RNN layer

Feature layer

3 GRU layers with 256 hidden units

fully connected layer with Tanh activation

Output layer

1 fully connected layer
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ACTOR: We treat ACTOR as the other strong baselines for UESTC and HumanAct12

dataset. We used their released model for final evaluation.

Other baselines: For implementation of Act-MoCoGAN, we followed their default ar-
chitecture while replacing the image generator with pose generator and modified the im-
age, video discriminators accordingly, as introduced in A2M paper. We trained the Act-
MoCoGAN by tweaking the hyper-parameters so that it achieves the best generative results
in the three dataset. As for the Gen-DLow, we adapted it to motion generation task by
replacing the motion history condition as the class one-hot encoding. We trained the Gen-
DLow (both VAE and DLow) in much more epochs (5000,600) than the default parameter

(500, 500) so that it can be better to achieve the generative task.

5.7.3.4 Metrics Computation Details

Our metric computation follows the same procedure as Action2Motion(A2M) which includes
sampling of ground truth and generated motion sequences, as well as computing fidelity
and diversity (Multimodality) metrics based on them. However, since A2M and ACTOR
used slightly different sampling strategies on generating the final evaluation metrics, for fair
comparison, we recomputed their metrics with our sampling setup (400/250/200 samples per
category for MoCap/HumanAct12/UESTC) instead of using the numbers reported in their
papers.

Metrics based on classifier: Frechet Inception Distance(FID), Multimodality and
Diversity are computed based on the extracted features, i.e the output of the feature layer
(see Tables 5.7 and 5.8) in the classifier.

FID: We randomly sample (400/250/200 for MoCap/HumanAct12/UESTC) samples
from ground truth motion and generated motion across all categories indepedently. Then
we calculate the sample mean p and covariance matrix Y of the activation of the extracted

features x € R3® (the feature dimension in classifier according to Action2Motion) from the
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set of real motion sequences as (11, X1) and the set of generated motion sequences as (fia, 3s)

respectively. Lastly, FID is computed as ||y — po||* + Tr(Z; + 2y — 2¢/515).

Multimodality: To measure diversity inside one category, we randomly sample 20 pairs
of motion sequences inside that category and extract their features as set C;, then compute
the average pairwise Euclidean distance among these pairs, i.e, 5 Z(xmj) ce, T — |-

Diversity: To measure the diversity of motion sequences across motion categories, we
randomly sample 200 pairs of motion across all categories and extract their features as set
Cy, then calculate the average pairwise Euclidean distance, i.e.555 2 wieyyecs 1% — @5l

Motion Classifiers: The metrics based on motion classifiers trained on real motion
have been introduced in the A2M paper and we applied the same framework to compare
performance of different models. For HumanAct12 dataset, we used the released classifier
from A2M to make the results we benchmarked comparable. For MoCap dataset, we used 7
action categories instead of 8 action categories as in the A2M paper (Wash activity is dropped
due to the noisy data), and thus we need to train our own classifier for our MoCap dataset.
The architecture is shown in Table 5.7. Similarly, for UESTC dataset, a xyz representaion

based classifier is not avalable from previous works,so we trained our own classifier with

architecture shown in Table 5.8.
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5.7.4 Datasets

Figure 5.10: Human skeleton in the MoCap dataset (top left), HumanAct12 dataset (top

right), and UESTC dataset (bottom) with the joint number annotated in red color.

Table 5.9: MoCap Dataset

Action type Number of sequences

Walk 474

Run 109
Dance 7
Jump 108
Animal Behavior 101
Step 68
Climb 33
Total 970

Table 5.11: UESTC Dataset

Action type Number of sequences

standing-gastrocnemius-calf 345
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single-leg-lateral-hopping
high-knees-running
rope-skipping
standing-toe-touches
front-raising
straight-forward-flexion
standing-opposite-elbow-to-knee-crunch
dumbbell-side-bend
shoulder-raising
single-dumbbell-raising
wrist-circling
punching
pulling-chest-expanders
shoulder-abduction
overhead-stretching
head-anticlockwise-circling
deltoid-muscle-stretching
upper-back-stretching
spinal-stretching
alternate-knee-lifting
knee-to-chest
knee-circling
bent-over-twist
standing-rotation
pinching-back
dumbbell-shrugging

dumbbell-one-arm-shoulder-pressing
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345
345
343
339
285
285
285
285
285
285
285
285
284
281
270
270
270
270
268
255
255
255
255
255
240
240
240




elbow-circling 240
arm-circling 235
raising-hand-and-jumping 225
forward-lunging 225
left-kicking 225
left-lunging 225
punching-and-knee-lifting 225
squatting 225
jumping-jack 225
marking-time-and-knee-lifting 225
rotation-clapping 225
left-stretching 224

Total 10629

We used CMU MoCap dataset, HumanAct 12 dataset, and UESTC dataset, which con-
tain diversified 3D motion sequences with varied lengths for seven, twelve, and forty daily
activities respectively. MoCap dataset represents 3D human skeleton as 21 joints and 20
bones; while HumanAct 12 dataset uses 24 joints and 23 bones; For UESTC dataset, there
are 18 joints and 17 bones as shown in Figure 5.10. The detailed categories and number
of motions belonging to each dataset are shown in Tables 5.9 to 5.11. During the training
phase, in order to balance the training samples from different motion categories, we applied
the stratified sampling strategy. Furthermore, since each real motion sequence from the
training data has different lengths, in each training epoch, we randomly sample a consecu-
tive motion segment with a desired length from each real motion sequence: 100 frames for
MoCap and 60 frames for HumanAct12, and 60 frames for UESTC. If one motion sequence
is shorter than the desired length, we pad it with the last frame until the desired length

is reached. After obtaining the sub-sequences from the original data source, we shift it to
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Table 5.10: HumanAct12 Dataset

Action type

Number of sequences

Warm up 215
Walk 47
Run 20
Jump 94
Drink 88
Lift dumbbell 218
Sit 54
Eat 7
Turn steering wheel 56
Phone 61
Boxing 140
Throw 91
Total 1191
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ensure that the initial frame’s root joint is at the origin.

5.7.5 Self organization effects in the latent space

Here we relax our assumption and assume that we can choose latent code z freely. Then we
study how the latent codes are aligned with data features x to make the network’s output
f(x,2;0) as close to ground truth y as possible. Formally, we shall make the assumption
that the network f is a Lipschitz continuous function with the constant M. We also define
the ¢,-d,-neighborhood of a data point (x,y) as B(x1,¥,:0.,6,) = {(x,¥) | [|[x —x1| <

d./M, |ly —y,|| < é,}. For later convenience, we define 6 = d, + ¢,. Finally, we denote
d(x,y,2;0) = | f(x,2;0) —y)|.

Proposition 1. For any data point (x1,y,), if (X2,¥,) € B(X1,¥1; 6, 6,), then |d(x1,y1,2;6)—
d(X2,y9,2;0)| <0y +0, =6

Proof. From (x2,y,) € B(X1,¥1;0z,0,), follows that ||x; — Xa|| < 6,/M, |ly; — ¥l < 6.

Therefore:

ot

[1f (1,2 0) =yl = |1/ (x2,2,0) = yoll | < [1f(x1,2:0) — y1 — (f(x2,2,0) —y,)[| (558

(5.52)

< I (%1,2;0) — f(x2,2;0)|| + lyr — yol  (5.5b)
)

)

< M [xy = %ol + [lys = ysl| (5.5¢

<0y +6, =0 (5.5d

where Equations (5.5a) and (5.5b) follow reverse triangle inequality and triangle inequality,

respectively. Besides, Equation (5.5¢) follows from the Lipschitz continuity assumption. [J

Proposition 2. Let (x1,y,) be a data point, and z;,z; be two choices of the latent code.
d(x1,y1,2i;6)
d(X17 y17 Zj) 0)
that

If > C > 1 for a constant C, and d(x1,y,,2;;0) is finite, then 30,,6, such

d(Xm Yo, Z;; 9)
d(X27 Yo, Z]a 0)

v(X27yQ> € B(X17YI;6$751U)7 > 1
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Proof. ¥n > 0, 30,6, such that 6, + J, = § < nd(x1,y,,2;;0). Then using proposition 1,

the following sequence of inequalities holds

d(x2,¥9,2;) > d(x1,y,,2;) — 0 (
> Cd(x1,y,,2j) — 6 (5.6b
> Cd(x1,yy,25) — nd(x1,¥1,2;) (
= (€ =n)d(x1,y,,2) (5.6d
> (C = n)(d(x2,y5,2;) — 0) (5.6e

> (C'—n) <1 — 12—77) d(x2,¥,2;) (5.6f)

where the step from (5.6e) to (5.6f) is done by realizing the fact that

nd(x2,y4,2;) > n(d(x1,yy,2;) —0) > (1 —n)d

and therefore § < +1-d(x2,y5,2;).

It can be easily verified that there always exists a small enough value of n — 0T such

(C —n) (1-%) > 1

that

and therefore
d<X2a Yo, Zi) > d(XQa Yo, Z])
O
Proposition 3. Let (x1,y,) be a data point and let z be a choice of the latent code, respec-

tively. Also assume an improvement update of the network parameters 6, to @y that ensures

d(Xb Yi,2; 01) > d(xb Yi,7Z; 02)

Then, there exists 6, and 6, such that

V(x2,¥9) € B(X1,¥1; 00, 6y), d(X2,¥9,2;62) < d(rzia,)gy)(gl)’
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where

a5\ (0) = ma d(x,v.,z: 0
(et (0) () EB(ry1i60.6) (x.,26)

is the largest reconstruction distance for data points in the neighborhood of (x1,y;)

Proof. Let a = d(x1,y;,2;01) —d(x1,y,,2;02) > 0, and again 6 = 0, + 6, then Vd,, 6,, and

V(xa,¥,) € B(x1,¥1; 0z, 0y)

d<X2a Yo, Z; 02) S d(gj)gy)(GZ) (57a
< d(x1,y1,2;62) + 0 (5.7b

< d(xl’YDZ; 01) —a+ 0

—~
ot
=
@]
N~— S— N— N—

< AP (0)) —a+d

—~
ot
~
(oW

where Equation (5.7b) follows from Proposition 1.

Since a is finite, 30,, 0, such that 6 < a, and hence

d(x2,y9,2;02) < d(gla,i;y)(el)-

5.7.6 Contrastive mechanism in the latent space
5.7.6.1 VAE: From variational perspective to prior regularization

As mentioned in 2.3.2, from a Variational Bayesian perspective, the evidence low bound
(ELBO) can be derived from data log likelihood logpp(z) minus KL divergence between
posterior and prior distribution. If we leave the variational framework aside, ELBO can also
be viewed from a quite different optimization perspective: VAE is more like an autoencoder
with additional sampling process in the latent space. We want the encoding decoding process
have good reconstruction results, so a reconstruction loss term should be imposed. At the

same time, we want some regularization on the encoder’s output p(z) and o(z) such that
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there is less overfitting and more generalization. Without regularization of pu, the latent
space can potentially be infinite and too sparse and specific for each datapoint. So we can
rewrite ELBO as a combination of a reconstruction loss and a regularization term on p(x)

and o(z), i.e. the negative of log of prior distribution of these parameters.

We assume that for each data point z, the prior for encoded vector p is independent over
all components. For y, that term would correspond to a prior of 1 under normal distribution,
le.

—1

— Hil@)" = i) ~ N (i) | 0,1).

Similarly, for o, its related regularization term would correspond to a prior of gamma distri-

1
7525)

bution,

%log (0:(2)?) — 03(2)” = oy(a)? ~ T <ai(x)2 la =

DN o
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5.7.6.2 Contrastive mechanism

Figure 5.11: Introducing attractive and repulsive forces among latent codes belonging to the
same or different categories in the dataset. The nodes in yellow are from the same category
and a spring of zero stress length is introduced between them. This generates an attractive
force (the outgoing arrows represent the forces bringing them together) encouraging them
to cluster together. However, between two nodes belonging to different categories a com-
pression-only spring of a finite zero-stress length is introduced. Thus, to minimize energy,
there is a repulsive force when they come close together (the repulsive force is represented
by arrows pointing into the nodes). The energy of the entire spring ensemble is used as a
regularization term along with reconstruction loss to encourage separate clustering of latent

codes for different categories.

Following this point of view, more complex prior of u’s should be constructed to provide
more modeling capacity in the latent space. To automatically form such a structure in the
latent space, we deducted some general principles for the algorithm to follow. First, when
the motion sequences are similar, their latent codes should be nearby, as shown by the light
yellow dots in Figure 5.11. It leads to the assumptions that the latent codes corresponding

to the same mode should cluster in the latent space. At the same time, the low-dimensional
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representation of different motion sequences are far apart in the latent space, which means

that each category should its own cluster.
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Figure 5.12: Energy for two different spring systems. Left: Spring for pairs of points be-

longing to the same class. Right: Compression only spring for points belonging to different

classes.

Instead of using standard distributions, we form a distribution using self contrasting
mechanism. We want to regularize p jointly for n datapoints. The most convenient way is
to view it as a spring ensemble system. The probability of one configuration = : uy,-- -, tn
is modeled as Boltzmann distribution, which is proportional to the exponential of the con-
figurations energy, i.c. p(z) oc e, where E = 37" 3701 Sk(ci, ¢) (ulpa, py) — pus(ei, ¢5))?
In different cases, we specify function k and stress free length u, accordingly.

For encoded two data points corresponding to the same activity, p; and p;, then we assign

a spring whose stress free length is y; = 0 and the dynamic length is p = ||pu; — pjl|. We
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assume the stiffness is 1, so its energy is %(,uf,uS)Q, as shown in the left figure of Figure 5.12.

Higher energy is contained by the pair of points with further distance. A spring like this

is assigned to every pair of p; and p; belonging to the same category for all categories.

Thus if we look at energy from one category, minimizing this part of the energy would be
_ i

equivalent to minimizing the distance of each i to the category center y, = === as shown

in Equation (5.8).

n n

1 1
ZZ§||M_NJ)H2 :2”25\%—#(;”2 (5.8)
=1

i=1 j=1

Considering the encoded two data points y; and p; corresponding to different activities,
we define a compression-only spring with stress free length ps = « (margin size), and the

spring’s dynamic length as p = ||p;—f;||, similarly as in the previous case. For this compres-

1

S(pu—ps)? only if p is less than . The energy with margin

sion only spring, the energy is

a = 2 is shown on the right of Figure 5.12.
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dumbbell-one-arm-shoulder-pressing
: mode discovery

==

Modes Interpolation

| 2= =%

Figure 5.6: Mode discovery in dumbbell-one-arm-shoulder-pressing and interpola-
tion. Latent codes are projected onto a 2D space using t-SNE to illustrate that the codes can
be separated into distinct clusters. For each cluster we sampled a few codes and time-lapsed
images summarizing the corresponding generated motions are shown. These time-lapsed
images are highly consistent within clusters, providing evidence that each cluster represents
a distinct mode of the action type. Together, the modes highlight the different dumbel-
l-one-arm-should-pressing routines present in the training dataset. As the bottom insets

show, interpolations between codes from two modes show smooth morphing.
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Figure 5.7: End location customization on MoCap dataset. In each activity category
we sample a code in that category and determine its corresponding end location using KNN
and use the ODMO model to generate a motion sequence, rendered in the inset No.1 for
that category. Then we linearly vary the end location along the red arrow in the inset No.1.
The generated motion sequences for each such specified end location, while keeping code the
same, are shown in the following insets. The last inset for Walk and Run categories show
the top view of the trajectories corresponding to different end points. It is remarkable to see
how the trajectories for the same code got planned accordingly, in response to different end
locations for the same latent code. In the Walk category, the trajectories changed course —
preferring to split to the right from the humanoid’s perspective — as the end locations were

brought nearer.
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CHAPTER 6

Context Aware and Mode Preserving Generative

Models (IT): Imitation Learning on a Physical Platform

6.1 Introduction

Imitation learning is the task of replicating expert policy from demonstrations, without
access to a reward function. This task becomes particularly challenging when the expert
exhibits a mixture of behaviors. For example, in the case of an expert demonstrations of
a humanoid moving in different directions, the action to be taken are highly diverse based
on the direction that humanoid intends to move along. In the resulting imitation learning
task, the learner has to jointly discover the different modes and the corresponding actions;
this can easily lead to a mode collapse phenomenon, where the learner estimates an average
model for multiple modes, resulting in poor imitation trajectories. This problem relates
to our mode discovery and mode-preserving generation problem, except now it is in a real

physical system.

Prior work has introduced latent variables to model the variations of the expert policy.
However, our experiments show that the existing works do not exhibit appropriate imitation
of individual modes. To tackle this problem, we adopt an encoder-free generative model
for behavior cloning (BC) to accurately distinguish and imitate different modes. Then,
we integrate it with GAIL to make the learning robust towards compounding errors at
unseen states. We show that our method significantly outperforms the state of the art

across multiple experiments [146]. Since it’s an ongoing project, we only demonstrate the
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most related content here.

6.2 Related Work

Imitation of diverse behaviors is addressed in several prior works. [147, 148] use labels of
expert modes in training. These works differ from ours in that we assume expert modes
are unlabeled. InfoGAIL [46] and Intention-GAN [149] augment the objective of GAIL
with the mutual information between generated trajectories and the corresponding latent
codes. This mutual information is evaluated with the help of a posterior network. [47] use a
variational autoencoder (VAE) module to encode expert trajectories into a continuous latent
variable. These latent codes are supplied as an additional input to both the policy and the
discriminator of GAIL. Nevertheless, as we show in our experiments, both InfoGAIL and

VAE-GAIL perform poorly in practice.

Proposing a method for multimodal imitation learning requires finding the correspon-
dence between expert trajectories and a latent variable. [47] suggest learning this corre-
spondence with VAEs. However, this imposes the difficulty of designing an isolated (as
opposed to end-to-end) recurrent module to encode sequences of state-action pairs. More-
over, VAEs are mainly well suited for continuous latent variables. We propose to address
these challenges by removing the recurrent encoder module and instead directly searching
for an optimal latent variable. [150, 151, 152] have recently considered similar encoder-free

models for non-sequential data.

6.3 Approach

We assume there exist a latent variable z ~ p(z), fully capturing the modes in the humanoid
movements in the demonstrations. Following the notations introduced in 2.4.1, we denote

agent’s action at time step ¢ as a;, state as s, and its policy as 7(+|s, z) conditioned on the la-
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tent variable z, with transition probability controlled by enviornment as P(s;y1]ay, $¢). Thus
for the expert with policy 7g, the generative process of the trajectories can be formalized as
2z~ p(z),a0 ~ RSt 2), Se41 ~ P(si11]as, s¢). For the agent to be trained, we implement

its policy 7y by a neural network parameterized by 6.

Given demonstrations from experts, we train our agent under both behavior cloning and
GAIL frameworks. For either approach, inside one training step, we update the agent policy
conditioned on the latent code (the trajectory’s mode) which is inferred by an algorithm
that we refer to as self organized generative (SOG) model [146] at the same time. Detailed

algorithms are shown in Algorithms 5 and 6.

Algorithm 5 our-BC: Multimodal Behavior Cloning

1: Define: Loss function £ (a,a) == ||a — a||?

2: Input: Initial parameters of policy network 6y; expert trajectories 75 ~ 7pg

3: for iteration =0,1,2,... do

4: Sample state-action pairs yg ~ 7 with the same batch size.

5: Sample N, latent codes z; ~ p(z) for each trajectory.

6: Find optimal code zp among the sampled NN, latent codes by our SOG algorithm.
7 Calculate Leoge = By, [£ (fo(2zg,s),a)] and its gradients w.r.t. 6.

8: Update fg by stochastic gradient descent on @ to minimize L.oge-

9: end for

6.4 Experiment and Result

The humanoid modeled by MuJoCo[l] simulator contains a 376-dimensional state space,
describing the position and velocity of each joint, contact forces, and friction of actuator
and a 17-dimensional action space. One example can be seen in Figure 6.1. We trained an
expert in this MuJoCo environment, which made a humanoid walk in 6 different directions.

For each direction, we generate 500 trajectories of 1000 steps. This whole set of trajectories
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Algorithm 6 our-GAIL: Multimodal Combination of BC and GAIL

1: Input: Initial parameters of policy and discriminator networks, 8y, wq; expert trajecto-
ries T ~ g

2: fort=0,1,2,... do

3: Sample a latent code z; ~ p(z), and subsequently a trajectory 7; ~ mg,(-|2;).
4: Sample state-action pairs y; ~ 7; and xg ~ 7 with the same batch size.
5: Update the discriminator parameters from w; to w;,; with the gradient

E., [V log Dy(s,a)] + E., [V log (1 — Dy(s,a))] .
6: Calculate the surrogate loss Lppo using the PPO rule with the following objective
]En [vw lOg DW<Sv a)] - /\HH(’]TGZ)

7 Calculate the loss L.oqe per Algorithm 5.
8: Take a policy step from 6; to 6,1 w.r.t. the objective Lppo + AsLecode-

9: end for
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without any label was made available to our algorithm. In this setting, the task is to learn

all the skills in the training data to make the humanoid move like the expert.

We compared the agent trained by our algorithms with the agents trained by InfoGAIL
[46] and VAE-GAIL [47], two state-of-the-art benchmarks in multimodal imitation learning.
As shown in Figure 6.2, our method is able to recover and distinguish all modes of expert
behavior while other two baseline algorithms failed in this challenging task. Additionally,

our algorithm replicates the expert’s multimodal behavior robustly as shown in Figure 6.3.

Figure 6.1: Example of humanoid in Humanoid-Dir-6 environment simulated via MuJoCo

simulator [1].
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Expert VAE-GAIL InfoGAIL SOG-BC SOG-GAIL (A\g =1)

Figure 6.2: Discrete latent variable: locomotion towards multiple directions. Trajectories
of the imitated policies for the walking task. Different latent codes at inference time are color
coded. Number of modes is 6; the number of trajectories per latent code is 3. Both our-BC and
our-GAIL precisely separate and imitate the modes in all the experiments. However, VAE-GAIL

and InfoGAIL fail to separate the modes and to imitate the expert [146].

Figure 6.3: Sampled frames of Humanoid walking in three different directions (generated by

our trained agent).
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CHAPTER 7

Summary of contributions and future work

In this dissertation, we focus on improving the machine’s intelligence by efficiently learning
from real-world high-dimensional data. We recognize that a core criterion of having intelli-
gence is the ability to model the observable world in a reliable and predictive fashion such
that reasonable actions can be taken to achieve certain desired goals. Humans have been
largely successful in this regard, because a core assumption about the observable world we
make has turned out to be mostly true: The real-world data —however high in dimension and
however many different modes it has— is generated by a set of underlying low-dimensional
world models that are indexed by a hierarchical set of contexts. The premise of this thesis is
that for machine intelligence to be more robust and efficient, one needs to be able to make
machines also think the same way, and one can narrow down the learning tasks for machines
into three key components: (i) mode discovery (ii) mode recognition, and (iii) mode gener-
ation. This thesis has developed techniques to address these problems in different settings
in the real world scenario. Specifically, we focus on automatically discovering modes and
training mode-preserving generative models from real-world high-dimensional data with mul-
timodal distributions and demonstrated how such mode discovery and modeling techniques

can help in improving the recognition capacities of machines.

In the first part of the dissertation, we introduced the modeling of the underlying gen-
erative models that result in creating the real-world data with multiple modes and existing
methods and frameworks for identifying and characterizing modes from data. In Chapter 1,

we introduced the simplified generative model and definition of modes with examples from
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related problems. In Chapter 2, related work for dimensionality reduction techniques, weakly
supervised learning and typical generative frameworks is introduced to assist the reader in

following the rest of the chapters.

In the second part of the dissertation, we tackle two real-world scenarios: (i) Deriving low-
dimensional representations for high-dimensional data: this serves as one of the fundamental
steps for the following data analysis and mode discovery task in an ML pipeline; and ii)
mode separation when only coarse level and noisy labels are available. Such a scenario is
representative of many medical decision making problems currently encountered by clinical
experts. In Chapter 3, we proposed an efficient algorithm for interpretable dimensionality
reduction and demonstrated its usage in various types of real-world data. In Chapter 4,
we performed mode separation in the Electroencephalogram (EEG) of Epilepsy Patients to
discover Epileptogenic HFOs with weak supervision and validated our discovery with clinical

interpretations.

In the last part of the dissertation, we focus on context aware and mode preserving
generative models. We first tackled an action-type conditioned 3D motion generation task
which aims for generating realistic and diverse motion sequences that mimics 3D human
motion data. It has wide applications in entertainment community. Followed by this, we
tackle the problem of creating generative models for scenarios where the observable data is
created by an agent that interacts sequentially with real physical environments. It requires
the learning of long-range dependencies in the data and dynamic modeling of the environ-
ment. In Chapter 5, we proposed a generative model that automatically discovers modes
and allows motion customization such as interpolation between different action types and
trajectory customization. In Chapter 6, we show how one can create generative models that
can not only imitate diverse behavioral data, but can do so robustly while interacting with

an external environment.

Clearly, we have only scratched the surface of the general problem of being able to

efficiently learn compact and integrated models from data distributions with multiple modes
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and under contexts that partially overlap and form a lose hierarchy. Some of the directions

for continuing and future work are itemized below:

e Very concrete extensions of the work in this thesis can be phrased as follows: In the
case of human motion generation task, can the machine generate reasonable trajectories
and movements that are aware of the obstacles of the environment (which is a kind
of context)? Can the generative model become collaborative such that two or more
persons’ trajectories can be planned without obvious conflicts, such as not crashing
into each other or coordinating their motions to achieve a collective task of lifting an

awkwardly shaped object?

e Such concrete problems are special cases of more general scenarios. For example, one
needs to build more complex context models that can capture the organically hierar-
chical generative structure underlying data observed in real world. For example, one

can utilize graphical models to model the hierarchical contexts in multiple scenarios.

e Along similar lines, a key part of natural intelligence is to have an integrated set of
models that share sub-models and use environmental cues to piece together a novel
strategy from existing models to deal with new scenarios. This new model and strategy
then gets its own place in the repertoire of models available to the agent. Thus, instead
of building models separately for each task, one needs to integrate models learned
from different scenarios and structure them into a framework for storing knowledge.
Interpretability, a missing component of the black-box dominated AI/ML scene, can

potentially be achieved by such a knowledge representation layer.

e Similarly, building collaborative generative models involving multiple agents is a key
area of ongoing investigations. Interactions between independent generative models can
be modeled separately to capture the dynamics between agents such that reasonable

actions can be taken for all the agents together.
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