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THE GENERALIZED PARTIAL-WAVE DISPERSION RELATION 1. INTRODUCTION 

AND THE N/D * METHOD 

Chih Kwan Chen 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

October 27, 1971 

ABSTRACT 

We show that a meaningful disperSion relation and 

associated N/D integral equations can be formulated for any 

partial-wave amplitude, even though the ordinary partial-wave 

dispersion relation with a finite number of subtractions is 

violated by models like that of Veneziano. It is also shown 

that the arbitrary cutoff of the N/D method, which is often 

introduced to represent the high-energy behavior of the input 

"potential," can be eliminated in some models (including that 

of Veneziano), in terms of Regge parameters. 

The N/D methodl - 3 linearizes the nonlinear integral 

equation derived from unitarity and the partial-wave dispersion 

relation with a finite number of subtractions. Given contribu-

tions from subtractions and unphysical cuts (the "potential") as 

well as the inelastic factor and CDD pole parameters (ifnec-

essary), the N/D integral equations allow calculation of the 

elastic phase shift. Nevertheless, N/D methods have difficulties 

which, if not resolved, destroy their usefulness. In this 

article we resolve some of the difficulties and partially resolve 

the remaining ones. 

The first question about the N/D method is its validity. 

The usual N/D method is based on the partial-wave dispersion 

relation with a finite number of subtractions (throughout this 

article we refer to the latter as "the ordinary partial-wave 

dispersion relation"), which is satisfied if the Mandelstam 

representation4 with a finite number of subtractions can be 

written down. It has become realized recently that both the 

Mandelstam representation and the ordinary partial-wave disper-

sion relation with a finite number of subtractions are violated 

in models with indefinitely rising Regge trajectories, so the 

validity of the N/D method becomes questionable. We will show 

in Sec. 2 and Sec. 3 of this article that the unitarity bound5 

in the physical region guarantees that a generalized partial-

wave dispersion relation can always be formulated, and the N/D 

integral equations can then be derived from the generalized 

partial-wave dispersion relation. 
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A second question about the N/D method is how to deter­

mine the CDD pole parameters. It is known6-9 that the origin of 

CDD poleslO in a one-channel N/D calculation can be interpreted 

as the effect of inelastic,channels. We thus,can expect to ' 

'avoid the appearance of CDD poles by considering a multichannel 

formulation, if the potentials for each channel are given. Thus 

the question of CDD pole"parameters is replaced by the question 

of obtaining potentials from reasonable physical models for 

each channel. In this article we will not consider CDD poles, 

but restrict our attention to a method for obtaining the input 

potentials. 

A physical crucial ,question for the N/D method, evident 

from the previous paragraph, is ,how the input potential is to be 

obtained. The behavior of the input potential in the low-energy 

region can be estimated in a variety of ways (we will dis,cuss 

these briefly in Sec. 2). Our major concern is how to obt~in 

the high-energy behavior of the potential, because the solution 

of N/D equations depends critically thereon even if the low­

energy behavior is given. It is this mathematical property of 

the N/D integral equation together with the difficulty (discussed 

in some detail in Sec. 4) of obtaining the high-energy behavior 

11 
of the input potential that in previous N/D methods has led to , ' 

arbitrary cutoff parameters or to arbitrary assumptions about 

the properties of distant singularities (the high-energy 

behavior of the input potential is closely related to distant 

singularities in crossed channels). We shall resolve this 

difficulty for a certain class of models by expressing the high-

-4-

energy behavior of the input potential in terms of Regge param~ 

eters. The class of model, though not completely general, is 

large enough to contain the Veneziano model. 12-15 These matters 

are discussed in Secs. 4 through 6. 

'A "restricted" partial-wave dispersion relation is 

defined in Sec. 4, and in Sec. 5 constraints on Regge parameters 

are inferred from assumptions used to formulate this "restricted" 

relation. It turns out that some of our assumptions force Regge 

residues to have nonsense-wrong-signature zeros and also force 

the intercept of the leading Regge trajectory to be less than 

one. In Sec. 6 a definition is given of "partial-wave duality" 

for models which satisfy the 'restricted partial-wave dispersion 

relation; and it 'is shownl6 thatthe high-energy tail ,of the input 

potential can be expressed in terms of Regge parameters if partial-

rmve duality is imposed. Thus for models obeying partial-wave 

duality the N/D integral equations connect low-energy parameters 

(from the solution of the N/D eqtiations and the input low-energy 

behavior of the potential) and high-energy parameters (from the 

, input high-energy tail of the potentials). We ,note that this 
I 

connection between low- and high-energy parameters in the N/D 

method is. based explicitly on the nonlinear content of unitarity, 

whereas the role of unitarity in the finite energy sum rulel7 

is not explicit. 

We only consider spinless, equal mass particles, the 

generalization to include spins and unequal mass particles being 

straightforward, though complicated. 
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2. THE GENERALIZED PARTIAL-WAVE DISPERSION RELATION 

It is shown in this section that a generalized partial-

wave dispersion relation can be defined for any partial-wave 
( 

amplitude even though the ordinary partial-wave dispersion rela.-

tion with a finite number of subtractions is violated in models 

with indefinitely rising trajectories, such as the Veneziano 

model. 12-15 

where 

A partial-wa.ve amplitude Ag(s) is defined as 

pes) 

St(s) - 1 

2ip(s) 

2 1 
[ (s - 4~ ) / s ]2 

1
1 

1 . 

32]( 
-1 

and S£ is the partial wave S-matrix element, A(s,t,u) is the 

scattering amplitude and Zs is the cosine of the s-channel 

scattering angle defined.as 

z 
s 

1 + ---,2::...t=--~ 
s _ 4~2 

-1 __ ;;:2;;:u_::c 
s _ 4~2 

The unitarity bound requires that IStl S 1, s05 

lim 
S-7 +00 

o , 
for some positive 

For simplicity we only consider the case 

o for some positive 

€ • (2.1) 

€ (2.2) 
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in this and the next section; the generalization to partial-wave 

amplitudes 1o/hich sa.tisfy Eqo (2.1) but not (2.2), is straight-

forward. 

The constraint (2.2) allows us to define a function 

~D 
1m Ag(s' ) 

N 

Ag (s) - ds' -2: gi 
s· - s s - s. 

i 
]. 

'-

N being a finite integer, (2~3) 

where the s .. s 
]. 

(0 < s. < 4~2) are the positions of the bound­
]. 

state poles contained in the partial-wave amplitude At(S), and 

thegi's are the pole residues: 

limes - si) A£(S) • 
S-7 si 

The potential function V£(s) is free from poles and also does 

not contain the s-channel normal thresholds, since v£(s) is 

real in the region 2 
s :: 4~ . Transposing the terms of (2.3), 

+; r d,' 
1m A£(s') N 

A£(S) V£(s) L gi 
s· - s + s - s. 

4~2 i 
]. 

(204) 

we call Eqo (2.4) the generalized partial-wave dispersion rela-

tion. We note that Eq. (2.4) may contain one subtraction if the 

asymptotic behavior of Eq. (201) is used. 

The behavior of the potential v£(s) in the low-energy 

s-channel physical region may be estimated from the assumption 



-7-

of the dominance of several nearby singularities of the cross 

channels. The validity of such methods can be checked by 

inserting the experimental phase shift for A£(S) in both sides 

of Eq. (2.4). The above procedure cannot be distinguished from 

that used in the analysis18 of ordinary partial-wave,dispersion 

relation. Therefore these previous analyses can be carried over 

directly to the generalized partial-wave dispersion relation. 

We will see in the next section that the NjD integral 

equations can also be derived from the generalized partial-wave 

dispersion relation. 

, 

./ 

-8-

3. DERIVATION OF THE NjD INTEGRAL EQ,UATIONS 

We now discuss the possibility of decomposing a partial-

wave amplitude into the NjD form. For simplicity as discussed 

in Sec. 2, we only consider the case 

lim 
s~ +00 

o for some positive E . , 

the generalization being straightforward. The generalized 

partial-wave dispersion relation is 

N 

L + ;f'" ds' 

4 2 j..l . 
, i 

where 

4l > s. > 0 
:L 

(i 1,~··,N) • 

The amplitude. A£(s) can be parametrized as 

where 9£(8) is real. We are aiming at the construction of 

the NjD integral equation from the R-function method. l If we 

want to employ the Frye-warnock19 method, we need to consider 

the phase of S£(s) instead of that of A£(s). In the 

remaining discussion of this article we consider only the 

R-function method. 

'The zeros of A£(S) require attention. Certa~n of the 

10 may correspond to CDD poles,' and certain 

may not. On the other hand, CDD poles can be interpreted 

either as poles of the D function or zeros of the N function 

• 
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~hereverse of this statement is not true). If we have a D 

function with poles, we can always introduce a new set of D 

and N functions, by multiplying the original D and N 

functions by an appropriate polynomial, such that the new D 

function is free from poles but has different asymptotic 

behavior, while the new N function contains additional zeros. 

In this section we concentrate on the D function which is free 

from all poles, and whose zeros are in one-to-one correspondence 

with the bound state poles of A£(s). The CDD poles (if any) 

are represented by zeros-of the N function, the asymptotic 

behavior of the D function having a close connection ther€to. 

We defer further discussion of the CDD ambiguity to the end of 

the section. We first want to show that if a partial-wave 

amplitude A£(s) is given, we can construct a D function, 

under certain assumptions, such that the D function is power­

bounded, has the phase of A£(S) in the region s ~ 4~2, is 

2 real in the region' s < 4~ , and its zeros are in one-to-one 

correspondence with the bound-state poles of A£(S). Assuming 

that 

lim 19£(s)1 < +00 , 

s-> +00 

J we define a function D £ -( s) as 

{ 

N 1 i fco s. - s 
= D£(O)'11 ~)e ; 

1.=1 J 4 2 . ~ 

ds' 
9£(S') 1 

s' (s' - 81' 
(3.3) 

-9a-

where the s. 's are the positions of poles of Ag(s). This function 
1. 

Dg(S) may have some poles at s = si (i=l,"') when 

lim (9.e(Si + E) 
E-> 0 

We assume that 9.e(s) in the asymptotic energy region is determined 

by Regge phase. The Regge phase derived from Regge poles is continuous. 

Thus we may assume that the nUmber of J=ossible poles contained in 

Eq. (3.3) is finite. If such poles appear inEq. (3·3), we multiply 

D£(S) by an adequate polynomial to remove these poles. 
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We c9nsider this new function as the function Dt(S). The 

in the region 2 
s > 4iJ. , 
±-

is real in the region 2 
s < 4iJ., and its zeros are in.one-to-one 

correspondence with poles of At(s). The function Dt(S) is 

.power-bounded, so it satisfies a dispersion relation with a 

finite number of subtractions. If 9t (s) is unbounded as 

s ~+OO, the existence of a function Dt(S), power-bounded, with 

the phase 9t (s±} in the region s± 2 4iJ.2 and real in the 

region s < 4iJ.2, is an open question. We note that this problem 

concerning the existence of Dt(s) is not specially associated 

with the generalized partial-wave dispersion relation but 

already occurs for the N/D method based on the ordinary partial-

wave dispersion relation. We also note that an unbounded 

94(S) implies that the ratio Re Aft(s)/Im Ai(s) oscillates as 

s ~ +00. Here we assume that either 9,e(sT' is bounded or that, 

if unbounded, a function Dt(s), with the properties enumerated 

above, nevertheless,exists. A function N£(S) is next defined 

as 

so we have [note that Im A£(s) 

for s < s1' 

where s1 is the position of the nearest left-hand singularity 

of A£(S). 

./ 

• 
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We consider below for simplicity the case that Dp,(S) 

satisfies a dispersion relation with one subtraction, but no 

poles. The N function may contain zeros. This case corre-

16 sponds to the absence of CDD poles, since it can be shown that 

the solution is completely determined by giving the potential, 

the inelastic function (the R-function), and (if required) the 

subtraction constant in the generalized partial-wave dispersion 

relation. The generalization to include CDD poles is straight-

forward and is discussed briefly at the end of this section. 

The unitarity relation can be written as 

where 

and 

r 1 1 
Im1Ap,(s) J 

pes) 
1 2.!. 
'2[ (s - 411 )/s)2 

o;otal(S) 

o~lastic(s) 

From Eqs. (3.4.), (3.5), and (3.6), we have the relation 

for 

for 

2 
s 2: 4~ 

2 
s < 4~ 0 

The dispersion relation for Dp,(s) (only the case with one 

subtraction is considered here) can be written with the help 

of Eqo (3.7) as 
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A function Cp,(s) may be defined as 

From Eqs. (3.5) and (307), we see that 

for 

for 

2 
s 2: 4~ 

2 
s < 4~ • 

As mentioned in Sec. 2 and at the beginning of this section, we 

only consider, for simplicity, the case that the asymptotic 

condition of Eq. (3.1) is satisfied. Therefore 

since 

0, 

, 
Dp,(s) --?> const . 

s~ -hxl 

Np,(S), and Vp,(s) ~ 0. 
s~ -hxl 

At the other asymptotic direction on the s-plane, the function 

Ap,(S) is not necessarily power-bounded, but the function Cp,(s) 

always vanishes at such limits. To see this explicitly, we 

write 

s 
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and suppose at some limit with 

(m = 0,1,2,"'), we have the relation 

° for any positive 

integer n. 

This expression just implies that we are assuming Ae(s) is not 

power-bounded at the direction 9 = '!' f 2mll, lsi ~ too. From 

the definition of V.e(s) 

-~D 
Im A.e(s') N 

V.e(s) A.e(S) ds' L gi 

s' s - s. - il i ~, 

and the constant asymptotic behavior of D.eCs) (we are conside~­

ing this case as mentioned before), we have the relation 

-14-

The above discussion implies that satisfies adispers:i,oI).:' 
.. ~'-' .. ' ; '"":' 

relation with no subtraction, i.e. 
-. "". 

, .. ---. 

" ." 

Substituting Eq. (3.8) into this relation, we have 

where 

N.eCS) = D.e(O)·V.eCs) + f' 00 dil' K.e(S; s' )N.e(S') 

4~2 (3.9) 

1 - pes' )'R (s') 
1l .e, 

I 

s' - s 

: As mentioned before, this N.eCs) may contain. some zeros, but 

these zeros have nothing to do with CDD poles, since the ratio 

N.e(S)/D.eCs) is determined completelyl6 by giving V.e(s)· and 

R.eCs). Equations (3.8) aqd (3.9) are the N/D integral equa­

tions and their form is the same as the N/D integral 

equation2,3 associated with an ordinary partial-wave~dispersion 

relation. 

We have demonstrated the derivation of the N/D integral 

equation for the simplest case, i.e., the case that D.e(S) 

satisfies a dispersion relation with one subtraction and no 

poles. For the case that D.e(S) does not have poles but n+l 

subtractions are required to write down a dispersion relation 

• f 

• 
'I ,. 
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for D£(S), we can go through a similar argument as in the case 

with one subtraction and derive the N/D integral equations. 

In this case the dispersion relation for C£(s) requires n 

subtractions, and we have 2n+l arbitrary parameters (i.e., 

2n+l subtraction constants) in the N/D integral equations. 

Only 2n of 2n+l parameters are nontrivial, since one 

parameter will set the scale. This case corresponds to the 

existence of n CDD poles. 

-16-

4. THE RESTRICTED PARTIAL-WAVE DISPERSION RELATION 

The N/D integral equations are derived in the previous 

section, but such equations are not useful unless we find 

reasonable ways to approximate the input potential. It is a 

mathematical property of the N/D integral equations that both 

the low-energy ~nd high-energy behavior of the input potential 

is important in determining the structure of_the output solution 

at low energy. We should not confuse this statement with the 

principle of nearby singularity dominance in the analysis of 

ordinary or generalized partial-wave dispersion relations., In 

such analysis the ~quired inputs are the low-energy behavior of 

the potential v£(s) and the behavior of Im A£(s) in the 

2 ' 
region s ~ 4~ , and the output is the behavior of Re A£(S) in 

the low-energy region. On the other hand, the outputs of the 

N/D integral equations are both 1m A£(s) and Re A£(s) in 

the low-energy region, and we are saying that the required 

inputs are the behavior of the potential v£(s) in the low-, 

intermediatf-' and high-energy regions, as well as the inelastic 

function R£(S) (and CDD pole parameters if necessary). If 

the behavior of the potential v£(s) in the intermediate- and 

high-energy region can be expressed in terms of high-energy 

phenomenological parameters (e.g., Regge parameters) without 

referring to the knowledge about the low-energy phase shift, 

the N/D method will provide some connection between the low­

and high-energy phenomenological parameters, which cannot be 

obtained fromxhe above mentioned analysis of the generalized 
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partial-wave dispersion relation. One may think that the high­

energy behavior of the potential V£(s) can be expressed in 

terms of Regge parameters from the relation 

s' - s L
'" .1 , 

-;P cdS 

for s» C » 4~2 (4.1) 

-by inserting the partial-wave projected Regge asymptotic behavior 

for Re A£(S) and Im A£(s'). But such high-energy.behavior of 

v£(s) cannot be extrapolated down to the intermediate-energy 

region, since at s = C v£(s) 'of Eq. (4.1) has a spurious 

singularity which should not exist in the potential v£(s) from 

its definition Eq. (2.3). The. intermediate-energy behavior of ' 

v£(s), as can be seen from the more general expression, is 

1 
Re A (s) - - P 

£ n: 
(4.2) 

Which is sensitive to the input behavior of Im A£Cs') in the 

low·energy region. Therefore the N/D. method- gives no useful 

information beyond the generalized partial-wave dispersion. 

relation, if Eqs. (4.1) and (4.2) are used to estimate the 

behavior of v£(s) in. the high- and intermediate-energy region. 

In the remaining part of this article, we shall mainly be 

concerned with the possibility of expressing V£(s) in the high-

and intermediate-energy region in terms of high-energy phenomen-

ological parameters alone. 

-18-

The low-energy behavior of the potential v£(s) is 

dominated by nearby singularities in crossed channels. On the 

other hand,. the intermediate- and high-energy behavior of the 

potential is controlled by both distant and nearby singularities 

of crossed channels, -and only if the distant sing~larities are 

very weak, is the nearby contribution dominant. In previous -

N/D calculations,ll the difficulty of estimating the contribution 

of distant singularities is handled by neglecting them completely 

(e.g., in models that approximate the potential by' several 

nearby poles), by introducing some arbitrary regulating functions 

to approximate the discontinuity across the left-hand cut of 

the partial-wave amplitude A£(s), or by inserting some arbitrary 

cutoff parameters into the calculation. All such approaches, of 
I 

course, lack a profound physical basis. Starting in this section 

we will investigate the possibilities of expressing the inter­

mediate and high-energy behavior of v£(s) in terms ;f high­

energy Regge parameters, and as will be shown in Sec. 6, we 

succeed for a certain class of model, which contains the 

Veneziano model12-15 ,21 with all trajectory intercepts less 

than one. In this Section we begin by formulating "the restric-

ted partial-wave dispersion relation," which applies to a 

certain class of model .( such as that of Veneziano). 

A partial-wave amplitudeA£(s) is said to satisfy 

"the restricted partial-wave dispersion relation" if the follow-

ing four properties are satisfied: 

(1) A scattering amplitude A(s,t,u) is a linear comb ina-

tion of three functions Ast(s,t), At (t,u), and As(U'S), 
u u' 

• 

. -
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each having speci~l properties. Let (x,y,z) be an arbitrary 

cyclic permutation of (s,t,u). The function A (x,y) xy con-

tains the x and y channel normal threshelds and poles, but 

does net contain those for the z channel. Although the function 

is allowed to contain spurious singularities which are 

not contained in the scattering amplitude A(s,t,u) [which will 

be cancelled in the linear combination that constructs A(s,t,u)], 

we assume that such spurious singularities are absent from Axy 

in the regien x < 0 with y fixed and y ~ 0 with x fixed. 

(2) The function Axy has Regge asymptotic behavior in the 

limit x (or y) ~too with y (or x) fixed, but it damps, out 

faster than any pewer at the limit x (or y) ~ too with z fixed. 

We need to consider certain implicatiens of assumption 

(1) before geing en te state assumptiens (3) and (4). The func-
( 

can be written in terms of sand zs' where 

is the cesine .of the scattering angle of the s channel: 

z s 
2u 

-1 - -"';;:":::""""2 • 
s - 41-l 

In the s-channel physical region, i.E., 2 
s ~ 41-l , we look at the 

singularities of Ast(s,zs) in the complex zs-plane with s 

fixed. From assumption (1) all the singularities of Ast with 

s fixed are in the region t > 0, so the singularities of Ast 

in the z plane arE in the region z > 1. We thus can draw a s s 

Lehman, ellipse22 with forces at Sz = ±-l for Ast ' implying that 

Ast has a partial-",'ave expansion in the s-channel physical 

regien. The functions Atu and Aus also have their own 

partial-wave ex?ansions in the s-channel physical 

-20-

region, by a similar argument, and of course the corresponding 

result is true in the t- and u-channel physical regions as well. 

We denete the partial-wave amplitudes of Ast' 

in the s-channel physical region as A,/t(S), 

A£us(s) respectively. Assumptions (3) and (4) 

Atu ' and Aus 

Aetu(s), and 

will no"W be 

fermulated in the s channel, but they, of course, are also true 

in the t and u channels. 

Anst(s) (3) The partial-wave amplitudes ~ 
us 

and Ag are 

power-bounded in the s plane, although such is not required for 

the amplitude A£tu(S). 

(4) The fellowing asymptotic condition holds: 

lim 
s~ -h>o 

< -h>o • 

We nete that models which satisfy the ordinary partial-

wave dispersien relatien are not necessarily special cases of 

the restricted partial-wave dispersion relation, since assumption 

(1) is not required for the .ordinary partial-wave dispersion 

relatien [assumption (2) is rather independent of the partial­

wave dispersion relations]. On the other hand, assumption (3) 

is more general than the ordinary partial-wave dispersion rela-

tion in seme sense, since A£(s) is not required to be power­

bounded in the complex s plane. 

The partial-wave amplitude A£(s) satisfies the unitarity 

bound, as discussed in Sec. 2, 

lim 
s~ -h>o 

E 
S 
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From assumptions (3) and (4) the amplitudes Ap,st(s) and Ap,us(s) 

satisfy dispersion relations with at most one subtraction. We 

only consider the simplest case in this section, i.e., 

o for some positive E, 

but the generalization is obvious. The dispersion relations for 

A, nst(s) and A uSes) r then ~ p, a e 

1 I d,' 
Im A/t(S; ) 

+~r 
Im A/t(s,) 

ds' 
:n: s' - s s' . 2 - s LoR.Co 4j.l 

(4.2) 

1 f dB 

Im A/s(s,) 

+~ r d, 

Im A/s(sl) 

:n: s' s' - s 
4j.l2 

- s L.R.C. 

The amplitude, Ap,(S) can be written from assumption (1) as 

S,4 nce the functl'on Antu(s) d t t· . ul . ~ ~ oes no con aln any slng arlties 

2 in the region s::: 411 and also does not contain any s-channel 

bound state poles [from assumption (1)], the potent~al Vp,(s) 

of the generalized partial-wave dispersion relation is 

st 'us 
Im Ap, (s') + Im Ap, (s') 

ds' 
s' - s 

-22-

It has been shown in the Veneziano model
12

-15 that the 

Anst(S) usC ) 23 . functions ~ and Ap, s satisfy the disperslon rela-

tions of Eqo(4.2), but the function Ap,tu(s) is not power-

24 
bounded at the limits -> -co. Therefore the Veneziano model 

satisfies the restricted partial-wave dispersion relation, but 

violates the orciinary partial-wave dispers,ion relation. " We note 

that if the Pomeranchuk intercept of Wong's version of the 

Veneziano mode121 is less than one, it' satis'fies the restricted 

partial-wave dispersion relation,but Wong's version of the 

Veneziano model with Pomeranchuk intercept one violates our 

condition. 'We also note that the Virasoro mode125 violates the 

restricted partial~wave dispersion relation. We will see these 

points clearly in the next section. 
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5. THE CONSTRAINTS ON REGGE PARAMETERS FROM THE 

RESTRICTED PARTIAL-WAVE DISPERSION RELATION 

Assumption (1) of Sec. 4 is a strong assumption. When 

combined with assumption (2) of Sec. 4, there is implied a set 

of constraints on Regge parameters. We consider only Regge 

poles, although the analysis can be generalized to Regge cuts . 

The Regge asymptotic behavior of the scattering amplitude 

may be parameterized as 

A(s,t,u) 
\ -(3i(x) 

----~>~ L- --------~--------­
r[ex . .(x) + 1] 'sin rrex. (x) 

1 1 
s--> -t«> 
x fixed i 

r ~ s )ex
i 

(x) ~ s )ex
i 
(x) t. a=-+ -a =-

1 X S. X S. 
1. 1 

(5.1 ) 

where at = +1, au = -1, the subscript i denotes the 

different Regge poles, and exi(x) and (3i(x) are the Regge 

trajectory and residue functions respectively, both assumed 

real in the region t:s 4~2. The symbol Ti = ±l is the signa­

ture of the ~th Regge trajectory and si is a real constant. 

Assumption (1) of Sec. 4 says that we can decompose A(s,t,u) 

into a linear combination of Ast ' Atu ' and Aus as 

A(s,t,u) Ast(s,t) + Atu(t,u) + Aus(U'S) 

Assumption (2) means that 

\" -(3. (x) (cr .,,--T (x) A ? 
1 

SX L 
r[exi(x) + 1] 'sin nex. (x) x S. s--> -t«> i 1 

x fixed 1 

(5. 2 ) 

where 

s--> -t«> 

x fixed 
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\" -(3. (x) 
L----=-1-­

r[ex. (x) + 1] 'sin nex. (x) 
i 1 1 ~

. )ex. (x) 
o.~ 1 

X S. ' 
1 

(5.3) 

at = +1 and a = -1. 
u 

The requirement [from assumption 

(1)] about the absence of the spurious singularities of As x 

and Atu in the region x < 0 with s or y fixed (if 

x = t, y u, if x = u, y = t) forces us to choose ex. (x) 
1 

and (3i(x) in Eqs. ( 5.2) and (5.3) such that 

and 

(3. (x) 
lim 1~~1~~~1 
ex. (x)--> 0 sin nexi Cx) 

1 

<-t«> 

(3. (x) 
1 lim 

ex. (x)--> -N r[ex. (x) + 1] 'sin nex. (x) 
111 

(x :s 0) 

< -t«> 

for N = 1,2,3,'··, x < O. 

For the leading trajectory i = P it is obvious from the 

(5. 4 ) 

optical theorem and the experimental total cross section that 

so the constraint of Eq. (5.4) requires that the intercept of 

the leading trajectory should be less than one. If the class 

of models of Sec. 4 contains Pomeranchuk poles, this implies 

that the Pomeranchuk intercept (of this class of models) must 



be less than one. The constraints of Eq. (5.5) imply not only 

the existence of ghost killing factors at the right signature 

points 

0,-2, -4,··., 

but also the existence of zero·s in the residue 

~i(x)/r[ai(x) + 1] at the nonsense wrong signature points, i.e., 

the points 

-1, -3, -5, . .. . 

The argument of this section makes clear why Wong's . 

version
21 

with unit Pomeranchuk .intercept andVirasoro's mOde125 

do not satisfy the restricted partial-wave dispersion relation. 

The function A sx of Wong's version with unit Pomeranchuk 

intercept has a spurious singularity (a pole) at x = 0, which 

partially violates assumption (1). Virasoro's model does not 

satisfy assumptions (1) through (4). 
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6 . PARTIAL-WAVE DUALITY 

We. have introduced in Sec. 4 the restricted partial-

wave dispersion relation, which is satisfied by the Veneziano 

model including Wong's version with the Pomeranchuk intercept 

less than one, but even within a model obeying the restricted 

partial-wave dispersion relation the N/D method still cannot be 

made useful. In this_section we will show that if we add an 

additional assumption (the assumption of "partial-wave duality") 

to assumptions (1) through (4) of Sec. 4, we can express the 

high-energy behavior of the input potential in terms of ~egge 

parameters which can be obtained, in principle, from phenomeno-

logical fitting of the high-energy scattering data, and this 

high-energy behavior of v£(s) can be extrapolated down to ~he 

intermediate energy region without introducing spurious siIigu--· 

larities. The Venez'iano model with all the intercepts of Regge 

tra'jectories les~ than one satisfy the additional requirement. 

We again only consider for simplicity the case 

lim 
s--> +00 ° for some positive E, 

a condition that holds when all Regge trajectories have non-

vanishing slopes and intercepts less than one. Statements (1) 

through (4)-of Sec. 4 are assumed. The partial-wave amplitude 

A£sx(s) (x ~ t,u) satisfies ,a dispersion relation' as shown in 

Eq. (4.1) 

." 
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s' - s 

. ·sx 
1m Ap, (s') ·~1 L.R.C. 

ds' 

··SX 
1m A, (s') 

,(, 

s' - s 

(x t,u). (6.1) 

We now introduce the additional assumption 

(5) that the following asymptotic relations hold, 

f 
sx ) 1m Ap,(s' 

ds' 
s' - s 

lim L.R.C. 
0 (x = t,u) (6.2) 

s ..... -!<Xl 

(~ 
1m A~(s' ) 

ds' 
s' - s 

and 

lim < -!<Xl (x = t,u) . 
s ..... -!<Xl 

The relation (6.3) holds if the Regge trajectories have 

nonvanishing slopes, since then both Ap,sx(s) and Ap,tu(s) 

t t ' b h' l/sl-b"n s have the asymp 0 ~c e av~or h (b is the intercept 

of the leading Regge trajectory), Which are obtained by partial-

wave projecting the Regge asymptotic behavior of Asx and Atu 

respectively. We call the asymptotic behavior of Ap,XY(S)at 

the limit s ..... -!<Xl the partial-wave Regge asymptotic behavior, 

since it is caused by the Regge asymptotic behavior ofAxy 

Equation (6.2) implies 

lim' A/X(s) 
s ..... -!<Xl 
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lim 1 
s ..... -!<Xl rr 

This means that the partial-wave Regge asymptotic behavior of 

A/X(s) is dual to the "pure" s-channel singularities, i.e., the 

right-hand singularities of A/X(S). In this sense we call 

assumption (5) the assumption of partial-wave duality. 

The potential Vp,(s) of the models which satisfy 

assumptions (1) through (4) is defined in Eq. (4.2) as 

If assumption (5) is imposed, we see that 

f Antu(s) Since the asymptotic behavior 0 h can be expressed, by 

partial-wave projecting the Regge asymptotic behavior of Atu ' 

in terms of Regge parameters which can be obtained from phenom-

enological fitting of the high-energy scattering data, so is 

the high-energy behavior of Vp,(s). To obtain the behavior of 

Vp,(s) in the intermediate-energy region, we must assume that 

partial-wave duality holds down to that energy region, i.e., 

then we can write 
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in the intermediate-energy region. This method is used in Ref. 

(16) to express the behavior of the nn p-wave pote~tial in 

terms of Pomeranchuk'parameters in the intermediate'and high-

energy region. 

The Veneziano model satisfies23 the assumption of partial­

wave duality, since the discontinuity of A,/X(S) (x = t,u) 

across the left-hand cut decreases fast enough to allow Eq. 

(6.2) t~ hold, and Eq. (6.3) holds since all the Regge trajec-

tories of that model are linear. These arguments can be 

generalized to Wong's model with the Pomeranchuk intercept less 

than one. 
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