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ABSTRACT

Predictions of the Fermi and Lepore-Neuman statistical theories are

compared with experimenﬁal:results for pion production in 2.7- and 5.3-Bev

. p-p collisions, and for antiproton annihilation. The Fermi theory cannot

'be made to agree with all experiments, but a choice of 0.26 for the Lepore-
Neuman cutoff parameter gives good agreement, subject to uncertainties in

both theory and experiment.

* .
This work was performed under the auspices of the U.S. Atomic Energy

Commission.

T Now at Prinéeton University, Princeton, New Jersey.
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STATISTiCAL CALCULATIONS FOR HIGH-ENERGY PROCESSES
Dan H, Holiand :
Radiation Laboratory

University of California
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INTRODUCTIQN

The statistical model employed here is the‘ope’proposed by Lepore
anvaeumanol This model differs from the Fermi2 model in that a smeared-out
interaction_volume withban energy=dependent radius replaces the constaﬁt»
interaction volume of the Fermi theory. Thus in the Fermi theory the
probability of a reaction leading to a final state cbntaining' n particles

is proportienal to .

_ﬂ_’j‘l S .' 8(2__, P) 8<E-, €) (1)

and in the Lepore-Neuman theory is proportional to

2
G

.7’?; dBp‘i dSX‘i'e- i3 Xi. S(Z j) S(E- , )8(% o
: . o _ : (2),

In both Egs. (1) and (2) the total energy is E,vend total momentum is zero;

-‘in Eq. (1) the interaction volume is designated by L. In Eq. (2) the

configuration space integrals are taken over all space for the ceordinates

. of each of the particles, gubject to the condltion 1mposed by ‘the last

delta’ function, whlch requlres that ‘the center of mass remain at rest.
-2 €2 x,2
determines the effective interaction volume
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for the ith particle. The linear dimensions of this volume are of order.

-4 -1
;{i ® Eﬁ_ , so that each particle has its own effective volume, and the

volume,is‘energy—dependent, ‘The parameters ;21 are assumed to be iﬁdependent.
of energy, but may be different for different particies,_ They are regarded
aé adjuétable parameters of £hé theory; and hence play a role gnalogous to N
_L_in the Fermi theory. We shall always work in a system of units in
which 4 - c;: 1, so that energy has the dimensions of invefsé length, and
| the :li are dimensionless. |

Arguments in favor of the integrals in Eq{ (2) may be found in
Reférence 1, as well as criticisms of the integrals of‘Eq° (l)e Objections
may be raised to both forms of the theory, and fheir relative merits must
be decided by cbmparison with experiment. There is, however, one difficulty
common to Both models that should be discussed: no rea&y interpretation
of the integralé relating to elastic scattering is available. To see this
most clearly, imagine that the integréls héve been pérformed fof'SOme very
high eﬁergy, i.e., some energy well above'threshold for a large number of
. proceéses. The elastic_integral will then be small compared ﬁo’the sum of
the integrals éorresponding to all other processes, which would.indicate a
vanishing elastic.cross section. This cannot be true, however, becauée
associated with the inelastic events there mustbbé elastic diffraétion‘
scattering. The root of the troﬁble'is‘obviously that ﬁhé ﬁheofy is /
'éssentiélly classical, dealihg as it does ohiy with“probabiiitiés,”whereas.
the diffraction scaﬁtering is a purely qdantumvmechénical effeéto

From the last argument it is cleér;thaf the rétio&of'elasfic to
inelastic cross sections is hot contained'ih fhe‘thééry; gherefofé a

separate assumption is required. For scattering at very high energies, it

—
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seems piausible to assume thét the smallness of‘the elastié intégral simply

. indicates that if the pafticles interact at all; the interaction is inelastic,
éo that the interactiqn‘region is ﬁblackﬁ, and ﬁhe elasﬁic cross séction is
equal to the total inelastic cross section.‘

At lower energies_the eléstic integrél.becomes comparable to the
inelastic intégrals, and can no ionger be neglected. One could define in
‘gpme way a aiffraction amplitude and a reaction amplitude, but at ﬁost iny_
‘the magnitudes:of such-duantities could be estimated,_whereas‘theif relative
‘phases must also be kﬁown for prediction Of‘a’cfoss section.. Therefore
it séems.that the most the statistigal theory can say concerning elastic
cross sections is that at high energies the eléstic—to=inelaétic‘fatio
should appreach unity; even this ié only the simplest aséumption‘to make,

and not really a prediction.
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PHASE SPACE INTEGRALS

In the Fermi3 theory the rélétive probability fer producing a final

state containing n particles is

B
P . _n S3(-1) L

LS (2Z7)'_ Sn Tn‘ In - o , (3)
The corresponding proﬁébility of producing the same stéte according to the
Lepofe—Neuman theory is

LN “3("‘1) - . ‘
T TR

n n n

The total energy inLthe center-of-mass rest system is E, and Tn is the

i-spin weight facto_r° If the state contains several kinds of identical

1 particles, say vy of the first kind, A of the second, etc., we have

5, = (vll vzlloon)fl.:.. ’ o | (5) -

If a and b are two members of an isotopicvmultiplet, the states ab -

ﬁand ba are treated as indistinguishable in calculating 'Tn , therefore

members of an isotopic multiplet must be treated as identical particles in .

calculating S.. Finally

I - S 7o, S F) 86 - 51 €) 6)
- i=1 j=1 - k=l |

2

. n Sy €y x - |
"_Tn = 77 §3 Py d3xi e 1 L S(Zr_lfi ?.1) §<E 'Zn: ek> .
. o J= k=l

(3 6%) -
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' The space 1ntegrals in Eq (7) are ea31ly performed and yleld

77’301_1),/2. ’IPT -:2»»3/2 [ Ei | )J»l ]%3/2, :

i:l j=1

n.o, .,3v\ n . n
_§ ™ o € S(S-Fpse- > )

S 4=l L =1

If we define

2 B = |
- o5 ¢ o | 8
/\n_, Tfl N oy )
and
3 n
(@ €7 8% %) S6-52 e
| 9)
then Eq. (L,,) becomes _ - . ' ;C/J -
, V_L& o syss E .//_7;;,*\\
: =o\n= ~3/2 . _
roo=am T E s AT g (10)

'rfables of the integrals I, have been preperedfby Fialho,5vwho used a
lsaddleepoint apprbximationob Al} _In values used here ere taken from
Fialho’s tables. The integral J2 can be performedianalytically; while

JB and Jh have been:redueed_to single.and aepble'integrals, reepectively,
and an exaet:numerical.integretiog_over ﬁhe remainingbvariables‘perfermedo
-Only integrals descfibing four:barticles er_fewer5heve:beeh evaluated
exactlyf »Since higher multipliciﬁies:ane,involved in bpth annihilation and
nucleon-nucleon eollisiqns'at eeveral‘Bey? an approximation to the higher-
‘multiplicity integralsris,desirablef.vA_metth_fer finding a lower limit

to these integrals is described below.
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The.integrals I, and J, differ only by the factor of 77'5;

in the denominator of the integrand of Ip- ‘This factor is a maximum for a

fixed total energy when all the .€. are equal. For nucleon-nucleon collisioné,'

1

this equipartitioh may imply én energy greéterlfhan the'totél availéble-
energy, because of the large nucleon rest mass. In this case the_pfoduct
is a maximum when the kinetic energy is divided equally among the light

particles only; A iowér limit on 'Jn: can be found ﬁy replacing ,ET €i°3 by

it maximum value. We define
ko= (€)% o,
where é%, is the humber of light particles, and

with )ﬁ the number of nucleons, and MN ‘the nucleon rest maés.i Then

as shown above, we have
> 5, - W

Values of ‘S,' T, I, é » and K for'a number of procesé are"p'x"és'énted
in Tables I and II. |

| Froﬁ Table II K, is seen to be always smaller than Jn , as

it must be. In‘annihilation; K ~v J/é‘ for both thrég-pion and four-
pioh annihilation. We expect'the'ratio of J’ tb’zK télinéréésevwith
ihcreaSiﬁg multiplicitj, as{it dbés iﬁ all caées whéfe ajcomparisbnvis
pcésible. Therefdre we assume ﬁhat. J cén'be'eSt{ﬁatéd"fof fiﬁe—,'six>,

~ and seven-pion annihilation also by J‘f\l2K,"and we ékpectlfﬁis.£d 
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Table I. Values of S and T for various states. Nucleons are de-
and I are assumed to have { spin '3, O,

noted by N, K and A,
and 1 respectively.,

s
State i= {=1
2N 1/2 1 1
RN+ 1/2 1 2
N +K +A 1 1 1
N+K +3 1 1 2
2N + 2n 1/4 2 4
2N + 2K 1/4 2 3
28 + 3n 1/12 Lo 9
2n 1/2 1 1
2K 1/2 1. 1
3w 1/6 1 3
K +m 1/2 1 2
4m 1/2, 3 6
2K + 2n 1/4 '2 A
51 1/120 6 15
ém 1/720 15 36




- Table II. Values of L, J_, and K, for -various states. Units are such that M1T 1, except for
collision values of J, and K, where M =1. J, (at 5.3 Bev) has been obtained by 1nterpolatlonal
#Approximate values of J, obtained from Kh by Eqs. (14), (15), and (16)

7 In. ' o » _ : Kn'i
State . 2.7 Bev 5.3 Bev Amihilation|| 2.7 Bev - 5.3 Bev  Annihilation
L at rest . _ at rest
2N 5.76 x 102 | 107
| 2.01x 105 | 1.66 x 106 |l 295 xa0t|  1.07 x 10
NEA | |
NKE. |
ann | 8.88 x 10° | 3,01 x 108 | | 6es1 x 20
<=t 2N2K
2N3m ’ l.54'x 1010 o _ , 6;37 x_lO?
an - 1 3.5 x 102
— x | J' | - | |
3w | 1 1l 1a0xw0S T 1.62 x 107%
— 2Kn | | | |
i . | 1.29 x 207 || | | sus
T 2K2n | | - : -
A e | o 5,36 x 107 | : | 2,09 x10%
1 | | : C8.89x107 || | ' 7.66 x 107

o v - - o _ (Continued) .

-

865 €-THON



Table II, Continued,

o o
T \ | ' , Amnihilation
| State 0.8 Bev 1.5 Bev 2.7 Bev 4o5 Bev 5.3 Bev 7/§03 Bev At Rest 500 Mev
| ax 169 130 | 813207 | 45307 | 5630 2,91x0 | |
v | 1a8aot| 2.16a0t | 2.3mol | 1.88a0t | 1.6oact | 1450t
NKA | 0 0 3.8 | 6.56 6,69 6,70
NKE 0 0 2.26 5,58 5,8 6,03
oNom | 3.66 1.10x10° | 4.28x10° | 4.31x10° | 4.28x10°
2N2K 0 0 5.15x1072 | 1,76 30l 4.63
'21&3% #3,2x10° _
o0 2,91x1073 | 1.83x1073
oK 2,51x1072 | 1.64x1073
3w 2,670 | 1.80:107
2Kn 8.32x1072 | 6,86x107
. 1.05100 | 7,93
2Kéﬂ 1.09 1.27
. #2 X102
bm W, 0’

864£=T40N
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underestimate J. In a-similar way wé find K ~ .6 J for siﬁgle_pion
production, and K ~ J/5 for double pion production. We assume as before
that J~v 5K gives a lower limit on J for triple pion production. The

approximations tised for higher—mﬁltiplicity.integrals aré'then
J(2N 3JF) ~ sK(2n 377) | A (14)

' for production, and

M)~ AT, )
W) ~ XGGT) . - : (16)
‘J(777), ~ 2K(7 7) . _ | (17)

for annihilation. Results obtained from Eqﬁu(lh), (15), and.(lé) are

contained in Table II.
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MULTIPLE PION PRODUCTION

The results of the last section will now be applied to multiple
. 7.8

pion production at 2.7 and 5.8 Bev, Since.the‘Fermi theory céntains‘
only one aajustable-parameter, é comparison of the pfedictéd ratio of double
to single production with experiment at two energies constitutes a test of
the theory. The Lepore-Neﬁman theory depends on two parameters, /QZV and
‘:XNO We reduce the number of parameters by_taking'all the ,}Q equal.
This is the analogue of using a single interaction volume for all payticles
in the Fermi theory.

The<relative.probabilities of éingle, doubie,.and triple productien
are given in Table IIT for p-p‘collisidnsa BrookhéVen experiments at 2075v

Bev yield the ratios

P pzzf'g P37 = 2.25 3 3.25 : 1.

The ratio of>doublé‘to'$ingle production implies a volume of 8.2 Mh: or
an interaction sphere of radius 1,25 pibh Compton wave (lengths., With the
same ;a for all partiéles, thé value ;Z = 0026v'is feqﬁiredo These
parameters then imply ratios. of double to single productioh of 4.8 And 2.5.

for the Fermi and LN theéries,'respectively at 5;3 Bev. The Lorentsz

2 My

‘contractionvfactor‘ - has been_included in deri&ing the ébéve ratio.
for the Fermi theoryf’ _

The p-p data at this enérgy are incomplete, but a ratio of 408 .
seems definitely too large, andqéven_ZQS may be too large. However, we
have overlooked the effect of"fihalmstate interéctions, which are believed

9,10,11

to be.important in the 2 to 3-Bev region. 'If such effects exist,

~and become less important with increasing energy as one would expect,



" Table ITI; Relative probabilitjes of single, double,>and tr;£%e~pion produétion in p—p‘

collisions. A common factor E° has beep'omitted‘from the o
T (Bev) f?ApF(an)'_ | JE 1PF(2N3ﬂ) P (21m) P (2n2n) Pl
2.7 | _3.2911?» 0,578113; 1.1§_x 1dﬁ§45‘3221 3,59 x 15%@1475/2
53 27°_1ﬂ2 | lé°%‘-3 ~3°Qéﬂ4 '9050>x 10;3/1 3_3/2. 4086 x 10;3/_14;3/'2 61013.)‘:.1_0""/1 5—3/2

€1~

865¢-THON
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smaller > and 1arger“,2‘ would be required for the 2.7-Bev data, and
hence the predicted ratio at 5.3 Bev would be decreased. In any case,\the
available data seem to favor the LN theory over the Fermi theory for pion

preoduction.
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ANTIPROTON ANNTIHILATION

The resuits‘of the two-theofies'fof antiprbténbanﬁiﬁilétion into ‘
Aﬁiﬁné.are coliécted in TableS'IV ana‘Vg‘ ih,Téble‘VIthe hdrﬁélized
probabilities for annihilation at rest are given for ﬁhe parametéfs dedﬁced:
fromvthe 2,%-Bev data,. Tﬁe‘obSefved mean multiplicity is about 505012
Clearly with _fl— - 8,2 the Fermiatﬁeory predicts‘tdo small mﬁltiplicities.
With '}2 - 0.26 the LN théory gives multiplicities of about the riéht
order of magnitude;idThe probability of 77 is somewhat smailef thaﬁ the
value one would expect from extrapolation from 1éwer fmaltiplicities. This
is believed to be caused byvthé decrease-iﬁ éccuracy’of the approximation
Jd ~/ 2K, B

In préparing Tables IV and V we have neglecped the conditioné
imposed by -invariance under charge c.:onjugat:"Lonc,lv3 If some special cases'at_
’ low.multiplicities are négleqted,'the main effect of this invariance property
is the requirement that a completely specified state of a nucleon and anti-
nucleon must decay into either an even or an odd ﬁumber of pions, i.e.,
mixtures éf even and odd numbers of pions are fofbidden,' This will ténd'to
decrease tﬁe mulﬁiplicites relative ﬁo the values of Table V if the
probabilities‘of seven- and eight-pion annihilation are émall compared to
those for three and four pions, resﬁectivelyg since, e,g,, a state that can

decay into five pions cannot decay into four or six.



Table IV. Relative prObabiiitiés of variousgannihilation modes for fhe two theories, as functions
of their respective parameters. : -

n pn P m ~Pp ~ plp +1.2n) B(p +1.2n) |
2 | 6owmoa | eumoin | 11600072 | 116105532 | 6amaoin | 1.16a00 K2
3 | .06 7.1 x1070° | 1,30007%° 8. 68100 %3 90010702 | 1,11:07° X2

i | 2™ | 1ewo™ | 3.73a0¢K%2 | 2.80007%%2 | 1.90a0 i | 3.310070%%2
5 1.,(58:3:.10‘"2.!\,[P 7°5$x10’5:(t4 5;723&0"77\"6 N 4,00;;;0”7X6 9, 32}{10‘-%14 4093;;10'7)\“;6

6 | 2.89x07%05 | 2.05007%5 | 7.830 8 252 | 555108 XE2 | 2500075 | 6.80x07 K22

_9Im

865£-THON
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Table V. Normalized probabilities of various annihilation modes.
The parameters N = 8,2 and A= 0,263 are those predicted
from 2.7-Bev scattering. The annihilation is assumed to have
occurred in a nucleus for which the ratio of neutrons to protons
is 1.2, - '

) PF | PLN !

n a=1 L= 8.2 -1 \= 0263
2 36.6 22 43.8 1,6

3 51.9 27.2 ’ 42.0 11.5
4 10.9 41,2 . 12,5 25.4,

5 0.5 19.0 1.9 28.1

6 ~0 42 o3 29,1

7 43

a 3495 4.85
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. REACTIONS INVOLVING .STRANGE PARTICLES

If the assumpt{on is ﬁadé.ﬂhét ail reéétions'théé coﬁéerve
straﬁgeneésiafe govéfned by a conéling comparablé to the pioh;nﬁéieon
coﬁpling, oné would‘eXpect the statistical fheory to be abplicablé to
_these events, at least as far as it is applicéblevat all. On this
assumption, relatlve probabllltles for productlon of straﬁge particles
can. be obtalned from Tables I and IT for the LN theory Thus a83001ated
Knhyperon productlon should be about 15% as probable as 51ngle plon production
at 2 7 Bev, and about 60% as probable at 5.3 Bev° At both energies productlon
of K palrs should be negllglble° | C

" The 150 1nelastlc events at 2 75 Bev contain one deflnite and two
péssible examples_of 335001ate productlonu There are 53 51ngle plon events,
so that the ratio of associated‘production to single pion production is 5%,
lThis ié rather low’compared with the 15%.preaictéd9 but the tﬁo'afe not in
definité disagreement, in view of the very small_numbér of events. At 5.3
Bév three strange—pafticle events are observed in a total of 100, whereas
about‘téﬁ Qould be expected from the theory--again disagreement by a factor‘
of three.

In annihilation two K particles and two pioﬁs are about equally
probable; butvéccording to Table V both are very improbable. Thus ZKZf_‘is
about one-third as probable as 3% , and 2K27 about one-fifth of LT .

" A very crude estimat; based on Fialho's tables indicates that 2K327 and
LK are very improbable, leading to an over-all probability for annihilations
~invelving K nparticles of about 10%. .Thiébespiﬁate is based on Table V

with ;\ = 0.26 5 and the previously mentioned effects arising from
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invariance under charge conjugation have been included If pion\multiplicities
of seven and eight are appr601able, whlch 1s qulte p0351ble in view of the
observed mean multlpllclty of 5 5, the number of K events should be smaller
than that just predlcted Even so. the number should still be between 5%
and 10% of the total.

_In 35 annihilafioe'stars, a total_ef three involvlng ‘K particles
. are obser&ed, éiving a ratio of about 8%. This pfesumably underestimates
the aetual ratie because of-the possibility of neﬁtral K's.and X~ absofptionn
These effects should_not increase'the‘ratio te much-aboveblO%, however, so
that the agreement between statistical theory aﬁd‘exﬁeriment is rather good -
in annihilation;'but again the number"of e&ents is too small to provide a
eﬁringent check. Thue we conclude that the predictions of the theory for
reactlons 1nvolv1ng strange partlcles is not 'in dlsagreement w1th experlment

although the theory appears to predict too much associated productlone
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SUMMARY AND CONCLUSIONS

The Fermi and Lepore—Neuman statistical the&ries haﬁé Eeéh compared
with the expérimental data on p~p collisions at 2.75 and 5.3 Bev, and
antiproton annihilation. Charge independence has beeﬁ assumed throughout.
No aﬁtempt has been made to include conser&ation of anéular momentuﬁ, and
energj distributions have not been invesﬁigatedo No choice of the inter-
action volume /% of the Fermi theory can be found that is consistent with
all the data, If all the cuﬁoff:pafameters ;ki of the LN>thé§r§ are
chosen the same and equal to ~.0.26, theofy and eipefiment are in agreement,
so far as bothbafe complete. The choice )i - 0.26 corresponds to an
‘interaction volumé radius of ~~0.7 ﬁion Compton wave léﬁgths for n = 5,
The results must be regarded as tentative, since oniy prong distributions
are available,at 5.3 Bev, and the calculation has been extended only to pion
multipliéities of six for annihilation, while higher multiplicities are
probably important. FPurthermore; all integrals involving more than'four
particles have been estimated by means of an approximation of unknown
accuracy. Final-state interactions are neglected throughout, but mayvpoint
to a slightly larger value of )a - than 0.,26. No compariéon has been
made here with the pion-production data‘in np col}isions at 2 to 3 Bev,
but agreement would not be expected because of the much larger observed
ratio of double to single pionso. This effect may be due to the final-state
interaction, however, as indicated by Kovacs;o ;nd others. . Thé theory
has also been applied to‘events iﬁvolving K meéons.and hyperoné, and is in
agreement with experiment for annihilation processes, but éppears to

predict too large a probability for associated production. However iﬂ‘
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all cases the number of events is too small for the apparent agreement to

be very significaht.
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