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In recent years, there has been growing interest in modeling volatility as a stochastic process
driven by a non-Markovian process, due to empirical evidence showing that the autocorre-
lation function of volatility decays as a power function. This paper investigates the use of a
time-scaled fractional Ornstein-Uhlenbeck process to model volatility and applies this model
to derive an optimal delta hedging strategy. By incorporating non-Markovian processes into
our model, we aim to provide insights into the behavior of volatility in financial markets and

explore potential benefits for option pricing and risk management strategies.
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Chapter 1

Introduction

In this chapter, we review previous work on option pricing. The Black-Scholes model, in-
troduced in the 1970s, is a major breakthrough in the field, but its major weakness is the
assumption of constant volatility. The local volatility model, which assumes the volatility
is a deterministic function of time and underlying asset price, and the stochastic volatility
model, which assumes the volatility is a stochastic process, are two major approaches to re-
vising the Black-Scholes model. The multiscale stochastic volatility model, introduced in [8]
and [9], assumes the volatility is driven by two diffusion processes, one fast-varying and one
slow-varying. The authors used perturbation methods to find an asymptotic pricing formula
to revise the Black-Scholes model. However, such perturbation pricing results are based on
the Markov property of diffusion processes, which may need certain relaxation according
to some evidence in the market. This brings the idea of using fractional Brownian motion
or fractional Ornstein-Uhlenbeck process to drive the volatility, which will be introduced in

section 1.3.



1.1 Black-Scholes Model

The Black-Scholes model is a seminal contribution to the theory and practice of option
pricing. This model posits a semi-martingale framework for the stock price X;, which is

driven by a standard Brownian motion W; with constant volatility o:

dXt = TXtdt + O'Xtth (1].)

Under a pricing measure P* obtained via the Girsanov theorem, the option price at time ¢
with payoff function h(z) can be expressed as a discounted conditional expectation, given
by

P(t, X;) = e "TIEh(Xr) | F (1.2)

The Feynman-Kac formula is used to solve the partial differential equation subject to the

boundary condition that P(T,z) = h(z):

oP 1 , ,?P 9P B

We note that the use of the Feymann-Kac formula requires the Markov property of such X,
as a diffusion process. This PDE can be solved by Fourier Transform and the solution for
h(z) = maz(x — K,0), where K is the strike price of the option, is the Black-Scholes formula
for call option:

C(X;,t) = X,N(dy) — Ke "T=YN(d,) (1.4)

where N(d) is the CDF of the standard normal distribution, r is the risk-free interest rate,

T — t is the time to maturity, and d; and dy are defined as:

_log(z/K) + (r+0%/2)(T —t) B
dy = —— L de=dy—oVT 1 (1.5)



1.2 Multiscale Stochastic Volatility Model

The multiscale stochastic volatility model, as introduced in [8] and [9], uses asymptotic
analysis with two time scales € and ¢, which are referred to as the fast scale and slow scale,
respectively. The model defines the underlying stock price X; and employs two diffusion

processes Y; and Z; to drive the volatility.

dX, = p(Ys, Z)dt + f(Ys, Z) X dW (1.6)
1 1

dY, = —a(Y)dt + ﬁmmdwt“’ (1.7)

dZ, = 6¢(Z,)dt + 5g(Z)dW,> (1.8)

where the volatility f(y,z) is a positive function, smooth in z and such that f2(-,z2) is
integrable with respect to the invariant distribution of Y. When ¢ is small, Y; represents a
fast-fluctuating volatility process. Such e corresponds to the short mean-reversion time scale
of process Y;. When 0 is small, Z; represents a slow-fluctuating volatility process. Such §
corresponds to the long time scale 1/9 of process Z;. Under the risk-neutral pricing measure

P*, the price evolution X; is determined using the multi-scale Girsanov theorem:

dX; = rXudt + f(Ys, Z) X, dW,” (1.9)
dY, = Ga(Yt) - % (YA (Y5, Zt)) dt + %B(}Q)dwfl)* (1.10)
47, — (&:(zt) —og(Z) A (Vi Zt)> dt +V59(Z,)dW>” (1.11)



where the P*-standard Brownian motions (Wt(o)*, Wt(l)*, Wt@)*) are correlated as follows:

d< WO W >, — pat (1.12)
d< WO W@ >, = p,dt (1.13)
d< WO W2 >, = pdt (1.14)

where |p1] < 1, |p2| < 1, |p12| < 1, and 1 + 2p1pap12 — p3 — p3 — p3y > 0, in order to
ensure positive definiteness of the covariance matrix of the three Brownian motions. By

Ito’s Lemma, we deduce that:

X, = Xoexp{/o (r— %fQ(YS,Zs)) ds+/0 f(Ys,ZS)dWS(“)*} (1.15)

By first-order perturbation expansion, the main result of [8] and [9] is the following: the
option price P(t, Xy, Y;, Z;) depends on variables (r, f, «, 5, ¢, g, A1, Ag) can be approximated
by

- 0 0
P = Pas + (T =0) V() + VEGID: (55 ) + V5 (D + Vi()DAD:| Pos - (L10)

where T is the maturity time for European option, Pgg is the Black-Scholes model price

(1.4), Dy, = a:kaaTkk and VP (2),V(2), Vi(z) are groups of market parameters.

1.3 Fractional Brownian Motion and Fractional Ornstein-

Uhlenbeck Process

Recent empirical evidence suggests that the auto-correlation function of volatility does not

decay exponentially as expected in Markov processes, but rather follows a power decay. To



address this, we introduce two non-Markov processes in this section: fractional Brownian

motion and fractional Ornstein-Uhlenbeck process.

1.3.1 Fractional Brownian Motion

Definition 1.1. A fractional Brownian motion (fBM) is a zero mean Gaussian process B

for H € (0,1), called the Hurst exponent, and og a constant with covariance property:

2
E[Bf'BI'] = “L(£2"| + |s[*" — |t — s*")

where
02 = !
BT (2H + 1) sin(nH)
It has an integral representation:
1 H—1/2 H-1/2
Bl = ———— [ (t— — (= dW
! = s L

where W, 1s a standard Brownian motion.

Fractional Brownian motion has the following properties

B =0 and E[Bff] =0 for all t > 0

BY has homogeneous increments, i.e. B — B has the same law of B for s,t >0

B is a Gaussian process and E[(Bf)?] = *# ¢ > 0 for all H.

BH has continuous trajectories.

Note that the fractional Brownian motion is not a martingale, not a Markov process, nor a

stationary process. Note also that when H = 1/2, it is standard Brownian motion. By using

5



Sample Path of Fractional Brownian Motion, H=0.1
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Figure 1.1: This picture shows a sample path of short-range dependent fractional Brownian
motion.

the fractional Brownian motion, the roughness or the smoothness is described mathematically

as short-range and long-range dependence:
Definition 1.2 (Long-range dependence). A stationary process X, exhibits long-range de-

pendence if the autocovariance functions p(s) := cov(Xy, Xiis) satisfy:

fm P8
s—roo CS™ ¢

for some constant ¢ and o € (0,1).

Definition 1.3 (Short-range dependence). A stationary process X, exhibits short-range de-

pendence if the autocovariance functions p(s) = cov(Xy, Xyys) satisfy:

lim p(s)

s—roo C§T¢

=0

for any constant ¢ and a € (0,1).

For fractional Brownian motion B, the smoothness or roughness of its paths can be char-

acterized by the Hurst exponent H:

e When H > %, the fractional Brownian motion exhibits long-range dependence, and its

6



Sample Path of Fractional Brownian Motion, H=0.9
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Figure 1.2: This picture shows a sample path of long-range dependent fractional Brownian
motion.

paths look smoother than those of standard Brownian motion. We also call such long-

range dependent process long-memory.

e When H < %, the fractional Brownian motion exhibits short-range dependence, and its
paths look rougher than those of standard Brownian motion. We also call such short-
range dependent process rough.

Note that standard Brownian motion corresponds to H = % Moreover, a function f :

[0,7] — R is said to be Hélder continuous with exponent 0 < v < 1 if there exists a constant

K such that:
1f(t) = f(s)] < K[t —s[”

We here note that for H € (0, 1) the fractional Brownian motion B/ admits a version whose

sample paths are almost surely Holder continuous of order strictly less than H.

The roughness of market volatility has been a topic of discussion for many years, and empir-
ical studies have shown that the implied volatility’s correlation function decays as a power
function in offset. This has led to the modeling of volatility based on either long-range
or short-range dependence. Several studies have found evidence of long-memory behavior

in market volatility. For instance, in [1], the authors found that the dependencies of the



implied volatility can be best described as a long-memory stochastic process, which is also
accurate to the generalized long-run risk models. In [4], the authors modeled the price of the
stock using a geometric Brownian motion driven by a fractional Ornstein Uhlenbeck process
with H > 1/2, which corresponds to the long-range dependent case. Moreover, in [5], they
computed the option price based on market data and found a match, particularly when the
market is unstable. Other studies such as [3], [6], and [21] have also provided empirical

evidence and discussed long-range dependence in market volatility.

However, there is also evidence to suggest that market volatility can be rough. For instance,
[17] showed numerically that stochastic volatility often exhibits rough behavior, with a Hurst
coefficient very close to 0 at any reasonable time scale. Similarly, [10] found an asymptotic
expansion result for short-dated at-the-money volatility that contradicts non-rough volatility
models, and argues that non-rough volatility can lead to arbitrage opportunities. Further

discussion of rough volatility can be found in [11].

1.3.2 Fractional Ornstein-Uhlenbeck Process

We first introduce the standard Ornstein-Uhlenbeck process. The standard Ornstein-Uhlenbeck

process can be defined as the following integral form:
t
7, = / e = qw, (1.17)

for Wy a standard Brownian motion. Naturally, we define the fractional type of Ornstein-

Uhlenbeck Process as the following integral form:

t
zH = / e~ =gt (1.18)

—00



for WH a fractional Brownian motion. It is a zero-mean, stationary Gaussian process with

variance
1
o =E[(ZF)*] = §a_2HF(2H +1)o% (1.19)
and covariance
2sin(rH) [ =2
E(z[Z,) = O'EUT /0 cos(asx) 22 dx (1.20)

Here, stationarity refers to strong stationarity. We observe that the process has a zero mean
and the autocovariance is independent of time, and the second moment is finite for all times,
which means that this is a stationary process in the weak sense. As the process is Gaussian,
it is also strictly stationary. Instead of using the non-stationary and non-martingale integral
form in equation (1.18), we use the following Volterra-type integral form for the fractional

Ornstein-Uhlenbeck process:

ZtHz/t K(t — s)dW, (1.21)

— 00
where

K(t) = m {tH—l/Q — a/ot(t — s)H—l/%—“Sds} (1.22)

For H € (0,1/2) the fOU process possesses short-range correlation properties:

E(Z['Zl| = o2, (1 — m(fw)m + 0((as)2H)> : as < 1 (1.23)

For H € (1/2,1) the fOU process possesses long-range correlation properties:

E(Zz['Zl] = o2, (ﬁ(m)wQ + 0((a3)2H2)> : as>1 (1.24)

And the kernel K has the following important properties.

e K is non-negative, and K € L?(0,00). But K € L'(0,00), only if H € (0,1/2)



e For small times ¢ <« 1:

1

0= v |

=12 4 O(H11/%)) (1.25)

e For large times ¢t > 1:

tH=32 4 O(t17°/%)) (1.26)

10



Chapter 2

Option Pricing by Fractional

Stochastic Volatility

This section presents three corrected price formulas. For a more detailed summary, see [15].
Specifically, [12] proposes a pricing formula based on slow-varying volatility for H € (0,1).
The second paper, [13], assumes a fast-varying volatility with H € (0,1/2), while [14] assumes

H € (1/2,1) as a complement.

For a generalized model that encompasses both slow and fast-varying volatility cases, the

pricing is described by the following stochastic differential equation

dXt = O-tXthVt* (21)

where W} is a process driven by two independent and standard Brownian motions.

Wi = pWi++/1—p?B; (2.3)

11



F is assumed to be 1-1, smooth, positive valued with F(0) = 0 and F’(0) = 1. In option

pricing on slow-varying volatility, we define
t
Zo=7b = / K3t — s)dW,,  KO() = V2K (68) (2.4)

We assume Fis a smooth, one-to-one, positive-valued function with positive valued derivative

such that F/(0) = 0 and F’(0) = 1. In the fast-varying case, we define:

Zi— 76— / DK —syaw. k() = \iﬂqt/e) (2.5)

—00

[

2.1 Fast Varying Volatility Pricing H < 1/2

This is the case when we accepts the volatility is a function of fast-varying rough fOU process
defined by (2.5). We note in advance that the following correction term has e with fixed

power % The following proposition is the main result of paper [13]:

Proposition 2.1. We have
E[h(Xr)|Fi] = M; = Qi(Xy) + o(Ve) (2.6)

where

Qi(x) = Q" (2) + 2Q" (2) (2.7)

ng) (x) is deterministic and given by the Black-Scholes formula with constant volatility &

Lps(@)Q (x) =0, QY (z) = h(x) (2.8)
with
2 = (F?) = /RF(UOUZ)Qp(z)dz (2.9)



p(z) is the standard normal distribution pdf. Q%l)(:v) is deterministic
Q" (@) = (T =)D (20,(2*0)Q)" (@) (2.10)
with coefficient

D=0, /0 h [ / /R F(0u)(FF) (000 e 0 (= z’)dzdz’} K(s)ds (2.11)

Pey(s)(2,2) is the pdf of the bi-variate normal distribution with mean zero and covariance

1 C
matrix and Cz(s) is defined as the following:
C 1
Ssin(rH) [ 1-2H
Cyz(s) = %/0 cos(sx) f—i— dem (2.12)

2.2 Fast Varying Volatility Pricing H > 1/2

This is the case when we accepts (2.5) and H > 1/2. The following proposition is the main

result of paper [14]:

Proposition 2.2. We have
E[h(X7)|F] = My = Qu(Xy) + o(e' ™) (2.13)

where

Qi(x) = Q) (x) + (2202 Q\ (x) 65 + €5 pQ" (x) (2.14)

ng) (x) 1s deterministic and given by the Black—Scholes formula with constant volatility &

Lps(@)Q (x) =0, QY (x) = h(z) (2.15)

13



with

52— (F?) = /R F(002)p(2)d, G (F) = /R Flog2)p(z)dz  (2.16)

p(z) is the standard normal distribution pdf. The random component ¢ is given by

T
¢; =E E/t (09)? — cr%s]]—}} (2.17)
And le)(x) is deterministic
O (@) = (20,2202 (x))) D, (2.18)
where
A / -~ (FF) 1 ,
D, = D(T — t)H+12, D= TH 32 F(H+3/2)00u/RFF (Oouz)p(2)dz (2.19)

We also note that 0, = %(T — t)1=12 " and such variable is introduced in [14]

2.3 Slow Varying Volatility Pricing

In [12], there are two pricing propositions based on slightly different volatility definitions.
Proposition 3.1 has a leading time scale of order 1, while Proposition 6.1 includes a leading
order correction of 8, resulting in improved pricing. The stochastic volatility of Proposition
6.1 is also more consistent with fast-varying volatility. We now introduce the following

proposition:

Proposition 2.3. When ¢ is small, let og = F(Z3), po = F'(Z3), then

E[h(X1)|F] = My = Q:(Xy) + O(5*7) (2.20)

14



where

Qulz) = QP (x) + aopod? (z202) Q" () + 6™ ppoQ}” () (2.21)

ng) (x) is deterministic and given by the Black—Scholes formula with constant volatility o

Lps(00)Q () = 0, QY (z) = h(z) (2.22)

¢ 18 a random term depends on time t,

T
¢ =K V 70 — ngsl]-"t] (2.23)
t

And le)(a:) is deterministic

Wy 2 2 121 (0) (T — )32
Q' (z) = 010, (2°0;) Q¢ (%) Dy Dyr = —F(H +5/2) (2.24)

We also note that 0,7 = (T — t)H+Y2/T(H + 3/2), and such variable will be introduced in

the proof in Appendiz.

The proof of the above proposition is omitted by the authors. However, a thorough proof is
provided in Appendix B. It is important to note that in the case of slow-varying volatility,

D, 1 defines le)(a:), which is dependent on time and the Hurst exponent.

There are four major differences among these three pricing formulas,

e In the case of fast-varying volatility, we can obtain perturbation results by expanding
with respect to the root mean square of the volatility process, which is averaged with
respect to the invariant distribution. On the other hand, for the slow-varying volatility

case, we can expand with respect to the initial volatility at time 0, denoted by oy.

e In both proposition 1 and proposition 3, the corrected pricing depends on the random

15



terms ¢¢ or ¢, while the whole asymptotic pricing is deterministic in proposition 2. For
market data calibration purpose, the existence of such random term requires updating
as time changes. For fast-varying rough volatility, as the coefficient of Qil) does not

depend on ¢, such timely-vary update is not necessary.

In proposition 2, the coefficient D does not depend on Hurst exponent while in the
remaining cases, their analogous coefficients do depend on it. Such power difference is

thoroughly discussed in section 6 [13].

The leading order correction term in proposition 2 has a fixed /e order, while in
the other two cases, the leading order is strictly less than 1/2 and it depends on
Hurst exponent. We argue that the convergence property of kernel function leads such

compromise in proposition 2 and further discussion can be found in [13] section 6.

16



Chapter 3

Optimal Delta Hedging

3.1 Introduction to Delta Hedging

Consider two portfolios: portfolio P(¢, X;) which is the one call option and portfolio V; =
0; X + by, where 0, X; denotes the amount of the underlyings and b; is the amount deposit in

the bank. The replication of these two portfolio gives
P(t, Xt) = 5tXt + bt (31)
Then we define the total hedging cost from 0 to t:
t t
Et = PO + / (dPt — 5tht) = P(t7 Xt) — / 5tht (32)
0 0

The above term we choose such that d, is called Delta in finance Greeks. Besides, such
continuous ¢; we choose to hedge is called a dynamic (DA) hedging strategy. Note that, in the

stochastic volatility modeling, the cost is not zero, since suppose the function Q (¢, X;, o) is

17



the solution to the corresponding Black-Scholes PDE, and Z; is the volatility process, then

1
dEt = dPt — a,tht = (@ + 50‘2(25)(ZE28§)) 1(50) (Xt)dt + 8le(50) (Xt)dXt — 6tht (33)

(02(Z.) — 02) (2202) QO (X,)dt (3.4)

T S

N —

This is non-zero when o(Z) # 0. We remark that this cost is related to Vega: option price
derivative with respect to volatility o: 9,Q\” (). The identity (T — t)o(220?)Q\”(z) =
05 Q) () gives

1 0,Q1" (x)

dE, = 3 (6*(Z,) — 0?) mdt (3.5)

In this paper, we aim to find the optimal delta hedging strategy that minimizes the variance

Of Et-

The history of minimum variance hedging dates back to 1991, when [7] used a stochastic
model with two diffusion stochastic differential equations to find the optimal strategy using
the orthogonal projection method. However, this setting lacked stochastic volatility. In a
follow-up paper [23], a similar approach was used to find a general contingent claim, and the
hedging error was measured discretely in [18], where a non-Markovian model was employed,
and the weak convergence approach was used to find the asymptotic distribution of the cost
function. Hedging error control can also be viewed as an optimization problem related to
the Hamilton-Jacobian-Bell equation, with the related PDE obtained in [19] for some special
cases. Multiple assets delta hedging strategies are discussed in [22], known as the Delta-
Sigma hedging, while the recent work in [2] analyzes the same hedging error for asset prices

driven by n-dimensional Brownian motions and includes simulation results.

In this paper, we first compare the following two delta hedging strategies that were introduced

in [16]:
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e Hull-White Scheme (HW):

57" = 0,Q(t, 7;0%), P = Q(t,z;0%) (3.6)

Q(t,x;0) is the perturbation result for some fixed historical volatility o* that varies
in different situations. In fast-varying volatility case, we choose ¢* = &, the effective
volatility and in slow-varying volatility case, we choose o* = 0y, the initial volatility.
HW scheme uses corrected pricing to model PEW (¢, X;) and take the partial derivative

to each component of the corrected pricing.

e Black-Scholes Scheme (BS):
675 = 0,Q0(t,7;0) | o= (t.0), PPS = Q(t, r;0) (3.7)
with the implied volatility o(t, z) solving

Q(t,x;0) = QO(t, z;0(t,x)) (3.8)

The Black-Scholes strategy uses the corrected price as HW scheme. Instead, the delta
uses the implied volatility computed by using the corrected price. We denote that the
main result in [16] is that when H < 1/2, for fast varying volatility model, the optimal

strategy among all delta hedging strategies is the BS scheme.

Based on our computation of the BS scheme, we have found that in order to achieve the
minimum variance of the hedging cost, it is sometimes necessary to add a correction term
to the BS scheme delta, depending on the assumptions made about the volatility. This

corrected version is referred to as the Corrected Black-Scholes scheme (C):

e For fast-varying volatility where H ranging on (1/2,1), the Corrected BS scheme is
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defined as the following:

e HepH —1/2
52 H+1/2

5 (t, x) = 6P5(t, z) + (20%)Q!”(X,)8, (3.9)

for go)(x), g, ¢ and 0, defined in Proposition 2.2.

e For slow-varying volatility where H ranging on (0, 1), the Corrected BS scheme is

defined as the following:

H+1/2

C __ §BS H

(232)Q4" (X)0r.r (3.10)
for ng)(x), 0.7 and py defined in Proposition 2.3.
The main results in this chapter are the followings:

e For the slow-varying volatility model, we find that
Var[EP®|F) < Var[E[Y | F)] (3.11)

and the degree to which the BS scheme outperforms the HW scheme depends on the
Hurst exponent H and the correlation p. The optimal strategy among all is a corrected

BS scheme (5), which we demonstrate through numerical illustration in Section 7.

e For the fast-varying long-memory volatility model, we also find that
Var(EPS|Fy) < Var[EY | F) (3.12)

and the degree to which the BS scheme outperforms the HW scheme depends on not
only the Hurst exponent H and the correlation p, but also the ratio between & and

o. The optimal strategy among all is also a corrected Black-Scholes scheme, which we
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again confirm through numerical illustration in Section 7.

Our main finding in this paper is different from that of [16], where the optimal scheme is the
Black-Scholes scheme without any correction, but it coincides when H = 1/2 in equation
(6). This is because the power of the time-to-maturity adjustment term Q\" (z) in the fast-
varying rough pricing formula does not depend on the Hurst exponent. For a more detailed

comparison of the pricing formulas, see [15].

3.2 Fast-varying Volatility Hedging H < 1/2

In this section, we summarize the main results of [16] where the authors addressed the prob-
lem of optimal hedging in the presence of fast-varying rough fractional Ornstein-Uhlenbeck
volatility. They showed that the BS scheme (3.7)-(3.8) has the minimal variance conditioned
on the filtration F; among all possible DA schemes . They also provided asymptotic com-
putations of HW and BS schemes. The major results of their paper are listed below for

completion of this subject. We omit their proofs.

3.2.1 HW Scheme (HW)
In this case, for (3.2), we take
P = QX)) = Q" () + €pQi" () (3.13)

61 (1, X0) = 0.Q(0)],_y, = 0: (@1 (2) + 200" (1)) |,y (3.14)
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All terms above, we refer to Proposition 2.1. Then we take the financing cost of the portfolio:

t
EfW = pAW _ / sV (s, X,)d X, (3.15)
0

The following proposition shows the asymptotic results of its mean and variance conditioning

Ol’lfo.

Proposition 3.1. The mean extra hedging cost beyond the corrected price is zero:
. ~1/2 HW HW 2]1/2
lim [(e E[EMY — EIY| 7)) } =0 (3.16)

with B = P(0, Xy). The variance of the cost fluctuations satisfies
0

lip E [\e—lvar[EfW ~ EHV| R - Vt(?’)(Xo)ﬂ —0 (3.17)
where
3 = ! 5\/52—52
V) (29) = T2 / dzp(z)/ ds ((J;28§)Qg0) (acoeg‘/g'z*” 5/2)) (3.18)
R 0

Here p(z) is the pdf of the standard normal distribution, T is the parameter

[? = 20%/ / {// FF'(JZZ)FF’(Uzz')pclc(wz)(z,Z’)dzdz’} K(s)K(s")ds'ds  (3.19)
0 s R2

and pe 1s the pdf of the bivariate normal distribution with covariance matriz defined in
Proposition 2.1 and
Cr(s,s") :/ K(s+v)K(s"+ v)dv (3.20)
0
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3.2.2 BS Scheme (BS)
In this case, the rough fast-varying volatility BS scheme is defined as the following.

625 (t,2) = 0,Q (t, 7, 0)|g=o(t.0) (3.21)
with implied volatility o(t, z) solving

Qt,x) = QW (t, x;0(t, x)) (3.22)
The implied volatility o (¢, x) is such that

QU(t,z;0(t,2)) = Q(t.z) = Q) () + €/2pQ{" () (3.23)
Then we take the financing cost of the portfolio:

t
EBS = pPS — / §89(s, X, )d X, (3.24)

0

The following proposition shows the asymptotic results of its mean and variance conditioning

on Fo.

Proposition 3.2. The mean extra hedging cost beyond the corrected price is zero:
. ~1/2 BS BS 2]1/2
lim E [(e E[EES — EPS|F) } —0 (3.25)

with EBS = P(0, Xy). The variance of the cost fluctuations satisfies

lip E [’e_lVar[EtBS — EBS| R = VIV (Xo) — 2V (X)) — VP (Xo)\] =0 (3.26)
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- _ t N _ L 2
Vi (w0) = p* D5 / dzp(z) / ds (Hs(xoe”ﬁz—“ 8/2)) : (3.27)
R 0
t
VP (2o) = p*D? / dzp(=) / A, (woe™ =7 12) ((@202) Q) (woe™ 7)) | (3.28)
R 0
~ _ 3 _ o 2
V0e0) = T2 [ dep(e) [ ds (@202)Q0 (moevoe- 7)) (3.29)
R 0

where T is defined by (3.19) and H, is defined by:

o) = (00 - (295 L2)) s 0

3.2.3 Optimal Delta Hedging on Rough Fast-varying Volatility
Mode

The following proposition proves that the the BS scheme is the optimal hedging strategy

among all possible DA hedging scheme.

Proposition 3.3. For any smooth and bounded a, = A(t, X¢), as the delta hedging strategy

indicating the number of underlyings to hedge, the following cost function:
t
E; = P(t, X}) —/ asd X (3.31)
0
has minimum variance with leading order €'/?:
Ej = P(0, X,), Var|EP®|Fo) < Var|Ef|Fol (3.32)
for any t € [0,T]

It is worth noting that in this section, the pricing formula (3.13) and the asymptotic variance
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terms (3.27)-(3.29) are independent of the Hurst exponent H, despite the assumption of
short-range dependent volatility. However, in the cases of fast-fluctuating long-memory and
slow-varying volatility, the Hurst exponent plays a significant role. The next two sections

will highlight the importance of the Hurst exponent in these cases.

3.3 Fast-varying Volatility Hedging H > 1/2

In this section, we analyze the delta hedging problem for European options under a long-
memory fast-varying volatility model. We derive the asymptotic variances for the HW,
BS, and corrected BS delta-hedging schemes. Our main result is to prove that for all delta-
hedging schemes under fast-varying long-memory volatility, all cost processes are martingales

and the corrected BS scheme achieves the minimum variance.

3.3.1 HW Scheme (HW)

In this case, for (3.2), we take,
HW __ _ N 292y~ (0) € 1-H~  ~(1)
P = Qu(Xy) = Qp () + (270,)Q;  (2)dy + € apQy () (3.33)

51 (1, X,) = 0.Q( )|y, = 0 (@) + (@202)Q ()05 + 500" (@) ) |y,
(3.34)
then we define that
EFW — pHW _ / t "W (s, X,)d X, (3.35)

0
In other words, we use the historical volatility ¢ and the corrected formula. The following

proposition shows the asymptotic results of its mean and variance conditioning on Fj.
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Proposition 3.4. The cost of the HW hedging strategy satisfies:

971/2
lim e\ [(E[E{W — EIY| 7)) ] =0 (3.36)

e—0

where EEW = P(0, Xy). The asymptotic variance of the cost fluctuations satisfies:

li HV&T[EH_l(EtHW LIV ARRYY H —0 (3.37)

where

FF/ 2
(3) _ 292 00+/32—005/2 _ p\2H-1
V! 173 // 2202)QO) (e )) (T —t)*"dsp(z)dz  (3.38)

where p(2) is the pdf of standard normal distribution. We note that such Vt(3) 15 an analogy
to the variance approximation of the HW scheme in [16]. The major difference is that the
power of time-to-maturity depends on the Hurst exponent here. For a numerical illustration,

we refer the Figure C.1
Proof. By (43) in [14], we know that, up to leading order:

d[Q\" (z) + (2202) Q" () 5+ M5 pQiM ()] (3.39)
=dR™ + dR™ + dR® + AN + oopod NV + ¢ H5pd NP
(3.40)

where ng ) are higher order terms and the martingale terms are defined as the following:

AN = (28,)Q" (X)) otawy (3.41)
AN = () Q4 (X)ds + (20, (2°32)) Q1" (Xe)os S5V (342)
dNQ) (20,) ﬁl)(Xt)odet* (3.43)
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By Lemma A.6, we get:

AV — ol ax, = (2*02) Q1" (X,)dy; (3.44)
By defining:
t
N = [ @e)aW (xX.)dus (3.49
0
we get,
EIW — pHW 4 N¢ (3.46)

Thus, by Lemma B.2 and Lemma B.5 in [14], and Lemma A.11 in [16] we have the following

leading order computation

e’Qu*H)Var[NJ]:o] = 2 Hyar {/t(ang)ng) (Xs)d¢§\-7:01 (3.47)
0
- crmg] [ (@ ) @) a7 (345
0
= 20-H { / t (2°0%)QV(X.))" (elfﬂet - 55)2 ds\fo] (3.49)
0

—[ [ (a0 e’ 0y o] (3:50)

where 6, is defined in Proposition 2.2. Then by Lemma A.3, we get up to leading order,

E {/Ot ((z292)QY) (Xs))2 (6,)° ds] = Hng+—}7;>;2)2 /R /Ot ((IZ('?f)QgO)(IerO*/EZ"08/2)>2 (T—)*" "V dsp(=)d=
(3.51)
[
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3.3.2 BS Scheme (BS)
The long-memory fast-varying volatility BS scheme is defined as the following,
6B3(t,2) = 0,Q (¢, 25 0) | s (t.0)
with implied volatility o(t, z) solving
Qt,x) = QU (t,z;0(t,2))

The implied volatility o (¢, x) is such that

QU (t,zi0(t,x)) = Qt.x) = Q" (2) + (2201 Q" (2)¢5 + € H5pQtV ()
Then we have the following computation of its variance

t
EBS = ppS —/ 685 (s, X,)d X,

0

(3.52)

(3.53)

(3.54)

(3.55)

The following proposition shows the asymptotic results of its mean and variance conditioning

on JFy.

Proposition 3.5. The cost of the BS hedging strategy satisfies:

. _ 2 1/2
lim 1R [(JE[EES — EPS|R)) } —0

where EFW = P(0, Xy). The asymptotic variance of the cost fluctuations satisfies:

2H
: H-1/pBS _ pBS 2 B R YIC)
lim B HVM[E (B = Eg)[Fo] = (1 e 1/2)2) Vi

| -0

28

(3.56)

(3.57)



. It further implies that with leading order:

Var[EPS|F) < Var|[EFY | F) (3.58)

Proof. Consider the asymptotic expansion of ()

O, z;0(t, 1)):

QU(t,z;0(t,z)) = QO(t,z;00) + (&,Q(O)(t, 250)) |omao (0 (t, 2) — 09) + O(8*7)  (3.59)

We know o(t, ) — o¢ from:

aopody (1202)Q (2, 09) + 67 ppoQt” (w, o) =

(0:Q(t,250)) lo=gy (0 (t, ) — 00) + O(8%)

(3.60)
which implies that
@) Q@)+ 50V (@) o
o(t,x) —op = 0,00t 700 e + O(5°7) (3.61)
Then with leading order
683 (t,2) = 0, (Q(t, x;00) + 0,Q(t, 25 00) (0 — 00)) . (3.62)
o=o(t,x

2
0.0 0) + oI L (220G a0 + 57 )

(3.63)
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By (43) in [14], we get

dEPS =dPP5(t, X,) — 6%% (s, X,)d X, (3.64)

=dN? + AN + e H5pdNP — §75(s, X,)d X, (3.65)

agaQ(O) (ta x; UO)

:dN(l) 1-H ~ dN(Q) _
P T, QU 5 )

((220%) Q" (X0)¢5 + - 5pQf (X,)) Xiortath

(3.66)
where
AN = (@02) Q" (X)) dv§ + (20:(«°07) Q" (X )of S5 (3.67)
AN = (28,)QM (X)) otdWy (3.68)
By Lemma A.6,
dEPS =dPP3(t, X,) — 675 (s, X,)d X, (3.69)
2924 (0) e e Hap 2 524~ (0) € JTi/*
=(2°0;)Q; " (X¢)dyyy — m(z 9;)Q; " (Xi)0yor dW, (3.70)
Then by Lemma A.8, we know that
~2
BS _ HW 20 2H
And it further implies that,
Var [EP®|Fy] < Var [E["™Y|F] (3.72)
]
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3.3.3 Corrected Black-Scholes (C)

Now we consider a corrected BS scheme that is the candidate to be the optimal hedging

strategy. We choose the portfolio to be the corrected price:

Q(t,z) = Q) (x) + (1202)Q ()¢ + € 5pQi" ()

(3.73)
And the delta of this scheme is BS delta plus a corrected term:
1-Hx
c __ ¢BS € TopH —1/2 5 o)
07 (t,x) =077 (t,x) + > I 1/2(95890) L (X460, (3.74)
Then we define:
t
ES = PY —/ §¢(s, X, )d X, (3.75)
0

and the following proposition shows the asymptotic results of its mean and variance condi-
tioning on Fy.

Proposition 3.6. The cost of the Corrected BS hedging strategy satisfies:

. _ 1/2
li ~'E [(E[EE - Eg’|]-“g])2} =0

(3.76)
where E§ = P(0,Xy). The asymptotic variance of the cost fluctuations satisfies:
lim HVar[eH_l(EtC ~ES)F] - (1 - AP H ~0 (3.77)
where p = % It further implies that with leading order:
Var[EC|Fo) < Var[EFY | Fo] (3.78)
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Proof. For similar computation as BS scheme, we get:

dEE =dP(t, X;) — 0%(s, X,)d X, (3.79)
=dEPS — (6%(s, X,) — 0% (s, X,))d X, (3.80)

e HopH —1/2 I
=B T (2202)Q8" (X,) 005 d WV, (3.81)

which implies that with leading order

61—H

t ~
Ef = E§ + oopo / (#20)Q0 (X )dut — — L@ ) QY (X)W (3.82)
0 o
Let p= p%, with a similar computation in Lemma A.8, we get,

Var [EF|Fy] = Var [EFY|F] [1 - 2p° + p*] = Var [EY|F)] [1 - 5] (3.83)

3.3.4 Optimal Delta Hedging on Fast-varying Long-memory Volatil-

ity Model

In the following proposition, we show that under variance with filtration Fy this measure,

the corrected BS scheme is the optimal one among all:

Proposition 3.7. For any smooth and bounded a, = A(t, X;), as the delta hedging strategy

indicating the number of underlyings to hedge, the following cost function:

t
Ef =Pt X,) — / a,dX, (3.84)
0
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has minimum variance with leading order ¢!~ :

E: = P(0, X), Var[EC|Fy) < Var[E;f|Fo) (3.85)
for any t € [0,T]
Proof. Now for the optimal part: We start from

t t t
E = Q(t, X,)— / 51V (5, X,)dX o+ / (6" (s, X,)—a,)dX, = BV + / (67 (5, X,)—a,)dX,
0 0

0

(3.86)
For leading order approximation, we consider
as € Alt,z) = 0,Q\" (z) + T A (t, x) (3.87)
Then by (77?),
t
Ef = EIMW 4+ N, + 78 / A(s, z)osdW; (3.88)
0
Thus, if we define '~ [ A(s,2)o¢dW; = N, and
Var(E;|Fo] = Var[N, + Ni|Fy| (3.89)

Then by Lemma B.2, Lemma B.5, Lemma B.6 in [14], with leading order computation

t
E[N,N,|Fo) = E { / (°2)QY (Xs)el‘H«fl(s,x)aépel‘HOSdS!Fo] (3.90)
0
t
— 22 5 { / (2?02)Q (X,)0.A(s, x)ds\ﬂ] (3.91)
0
t
— 2GR [/ (xzai)ng)(Xs)Gs/l(S,x)dS\]:ol (3.92)
0
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E[N?|Fo) = E ( /0 t(w20§)Q§°)(Xs)dw§>2 IFo] (3.93)
= e [ [ (o0 () sy (3.91)
E[N2|Fo] = E (el_H /0 tA(s,x)agdW:)2|f0] (3.95)

_ 22 [ /0 t (A(s, x)>2 (09)? ds|]—"0} (3.96)
— (2252 [ /0 t (A(s, x)>2 ds|]-“0} (3.97)

Then,

E[N; N | Fo]
VE[R2| FoJE[N?| 7y

o Var[N2|F
pe<lpl= = p, oy = | [ LNl 7o) f2| o (3.99)
o Var[NZ|Fo|

we can achieve the following inequalities

pr = Corr(N,, Nj| Fy) = (3.98)

And, for

Var[Ef|Fo] = Var[N2Fo)(142p00+2) > Var[N2| Fol(1—2pcy+a2) > Var[N2| Fo)(1—p%)
(3.100)

and such minimum is achieve by Corrected BS scheme according to (3.71) [

3.4 Slow-varying Volatility Delta Hedging

This section analyzes the delta hedging problem for European options under a slow-varying
volatility model for all H € (0,1). Asymptotic variances for the HW, BS, and corrected
BS delta-hedging schemes are derived, and the main result is that the corrected BS scheme

achieves the minimum variance for all delta-hedging schemes under slow-varying volatility.
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3.4.1 HW Scheme (HW)

In this case, for (3.2) we take,
P = Qui(Xy) = Q" (X)) + oopod! (1202) Q1" (Xy) + 6™ ppo @) (X0) (3.101)

6 (1, X,) = 0,Q(1,2)],_y, = 0u (Q1(2) + 0opod (#22)QL" (@) + 0" ppoQi" (@) ) |y,
(3.102)

then we define that

t
EFW — pHW _ / "W (s, X,)dX, (3.103)
0

The following proposition shows the asymptotic results of its mean and variance conditioning

on fo

Proposition 3.8. The cost of the HW hedging strategy satisfies:

) _ 1/2
lim 6~'E [(E[EtHW - E§IW|F0])2] =0 (3.104)

where EFW = P(0, Xy). The asymptotic variance of the cost fluctuations satisfies:

lim B Hvar H(GHW _ pHW) 7] 3>H —0 (3.105)
where
o8 o0v/Fz—003/2\)
Ve = XV _(1)_ 30/2 // (2202)Q0) (zpe70V==o0 /2)) (T — t)*dsp(z)dz  (3.106)

where p(z) is the pdf of standard normal distribution. We note that such Vt(g) s an analogy
to the variance approximation of the HW scheme in [16]. The major difference is that the
power of time-to-maturity depends on the Hurst exponent here. For a numerical illustration,

we refer the Figure C.2.

35



Proof. By the (3.101), we know that:
AP = dQi(X,) = dQ;” (X,) + doopedy (+*02) Q1" (X,) + 6" ppo@i” (X)) (3.107)
By the proof in Appendix B,

d[QY (X;)+00po(z202)Q (X)) + 67 ppoQi (X,)] (3.108)
—dR" + dR® + dR™® + dR™ + dRY® + AN + o4pod N + 6™ ppod N
(3.109)

where ngj ) are higher order terms and the martingale terms are defined as the following;:

AN = (28,)Q" (X)) oldW; (3.110)
oopod N = oopo(1202) Q' (X,)d? + copo(28,(2202)Q\V (X))o b2 AW (3.111)
AN? = (20,)QM (X))ol dW; (3.112)

We then notice that by Lemma A.6, we have:
AE™ = dPW — 6TV aX, = opo(4202)Q\ (X,)diy? (3.113)

We further denote that

¢
Nt = aopo/ (xQ(‘?g)QgO)(XS)d@/)S (3.114)
0

which implies

EIW — EHW L N, (3.115)

As we know 1 is a martingale in Lemma A.1, we can conclude that the first asymptotic

result is true. Now, it suffices to find 627 Var[N;|Fy]. By Lemma A.1 and Lemma A.3, we
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have the following leading order computation:

SV ar[Ny| Fo) = 672" Var { /0 t oopo(220?)QY (Xs)d¢§|}"o} (3.116)
~&[ [ (ooma0)Q0 (X)) 010517 (3117)

= 04 / / t <x283>62§°>(xoe‘W—“@S/Z))2p<z><es,T>2dsdz (3.118)

H"f’g o / / (P2B)QD (e V=) (T — 5P dspl()dz

(3.119)

O

3.4.2 BS Scheme (BS)

We define the BS scheme delta on slow-varying volatility as the following:

625 (t,x) = 0,Q(t, 7, 0) | o= (t.0) (3.120)
with implied volatility o(t, z) solving

PES = Q(t,z) = QU(t, z;0(t, z)) (3.121)
The implied volatility o (¢, x) is such that

QO (t, z;0(t, 7)) = Qt, 2) = Q) (2, 30) + o0pod’ (202) Q" (x, 70) + 87 ppoQ\” (, 00)
(3.122)

and similarly we define:

t
EBS = pps —/ §89(s, X, )d X, (3.123)
0
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The following proposition shows the asymptotic results of its mean and variance conditioning

on JFy:

Proposition 3.9. The cost of the BS hedging strategy satisfies:

) _ 1/2
157 (2 - 5] o

where EBS = P(0, Xo). The asymptotic variance of the cost fluctuations satisfies:

lim E HVar[é_H(EtBS — EB%|F) — (1 —p

2H + 2
) e
—0

(H+3/2)2) "

| -0

which further implies that with leading order:
Var[EP®|Fo] < Var[E[Y| F
Proof. Consider the asymptotic expansion of QO (¢, x; o (t, x)):
QO (t,z;0(t,2)) = QO(t, 7;00) + (0, QO(t,30)) loon (0(t, 2) — 70) + O(8H)

We know o(t, ) — oq from:

(3.124)

(3.125)

(3.126)

(3.127)

aopod? (2202Q4" (z,00)) + 6" ppo @i (2, 00) = (oQO(t, 25.0)) oo (0 (t, ) — 79) + O(5*)

Then it implies that

B oopod) (202) io)(% o0) + 5HPP0Q§1)(907 9)

J(t,x) — 00 = (&TQ(()) (t, T U)) |U:UO + 0(52H)
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Then with leading order computation

§85(t,x) = 9, (Q (¢, 2;00) + 0,Q) (¢, 25 00) (0 — ) . (3.130)
o=o(t,x
92, QO (t,z;0
= 0.0Vt i) + FTT T (02000 0, 0) + 0 el . )
(3.131)
which implies with leading order
§53(t, x)d X, (3.132)
2 QO
= (20,)QO(t, z; 090 dW; + m <aop0xgz5t( 282) (x o0) + 5pr0th (x,00)> o dW;

(3.133)

where we used a shortened notation 8“’@(0) By Lemma A.6, we have
dEPS =dPP5(t, X,) — 675 (s, X,)d X, (3.134)

3 0)
=dE™ (t, X,) + 6" ppod N ~ Q(O (5H pporQ)! (x,ao))

(0)
9;,Q"

oldW;  (3.135)

r=

=oupo(a32)QL" (X )] + 0" ppodNE — oo (67 opoa @i (w,00) | oty
(3.136)
Then by Lemma A.7 the leading order computation gives,
dEPS =dPP5(t, X,) — 0P%(s, X,)d X, (3.137)
2921 ~(0) 5\ sH @ 05,QY [y &) P
=0oopo(x°0;)Q; " (Xy)dwy + 67 ppod N~ — 9,00 (5 PPor (x,00)> - oy dW,
(3.138)
252100y \ g 5y 2 LOVQXD) o
=0opo(2°02)Q;” (Xe)dyy, — 8" ppooy~——3 D, roy dW, (3.139)
os(T — 1)
ot
—oopo(1202) Q" (X)) d — 20 (2202) Q) (X)), rold Wy (3.140)

H+3/2
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which implies:

t 5H t
EPS = oopo / (P2)Q (X )du! - o / (220%)QV(X)0.z0%dW;  (3.141)
0 0

Above shows that EPS is a martingale and hereby the first asymptotic result holds. By

Lemma A.7, we can conclude, up to a leading order:

Var [EP°|Fy| = Var [E'Y|F) {1 —p? ((Hﬂi—;;?ﬂ (3.142)

which further denotes that

Var [EP°|Fy] < Var [EI"Y|F] (3.143)

3.4.3 Corrected Black-Scholes (C)

Now we consider a corrected BS scheme that is the candidate to be the optimal hedging
strategy under the assumption that the volatility is a function of a slow-varying fractional

Ornstein-Uhlenbeck process. We choose the portfolio to be the corrected price:
PY = Q(t,x) = Q) (x,00) + 00pod) (a0 Q)” (x, 00) + 6" ppo Q4 (w,00)  (3.144)

And the delta of this scheme is BS delta plus a corrected term:

H+1/2

m(ﬁ?)@@ (X)0;.1 (3.145)

T

5C(t7 ZE) = 5Bs(ta ZL‘) + 5pr0
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Then we define:
¢
E¢ = P¢ —/ 6% (s, X,)d X,
0

(3.146)

and the following proposition shows the asymptotic results of its mean and variance condi-

tioning on Fy.

Proposition 3.10.
1/2

lin 677E (B - B§|7)°] =0

where E§ = P(0,Xy). The asymptotic variance of the cost fluctuations satisfies:

Jim E [[Varls " (B ~ B§)|F] = (1 =2 V|| = 0

which further implies that with leading order:
Var[EC|F) < Var[EFY|F
Proof. For similar computation as BS scheme, we get:

dEC =dP(t, X;) — 6% (s, X,)d X,

=dEPS — (69(s, X,) — 659(s, X,))d X,

H+1/2
:dEtBS — 5pr0r3/2(l‘a§)621(50) (Xt)gt,TdXs
H+1/2 .
:dEtBS - 5prom(xza§)62go) (Xt)et,TU?th

By BS scheme result, we have

(5H
dEPS = oupo(202) Q) (X,)du} — ng?z@zab@ﬁ‘” (X0)6, 7o) dW;
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(3.148)

(3.149)

(3.150)
(3.151)

(3.152)

(3.153)

(3.154)



which implies that with leading order
t t
Ef = E§ + oopo / (2202) Q) (X, )d? — 5" ppo / (2202)QV(X,)0s roldW;  (3.155)
0 0
We observe that EC is a martingale and with a similar computation in Lemma A.7 we get

Var [EF|Fy] = Var [EfY|F] [L —20° + p*] = Var [EFV|F] [1 - p?] (3.156)

3.4.4 Optimal Delta Hedging on Slow-varying Volatility Model

Now for the optimal part, in the following proposition, we show that under the measure:
variance with filtration Fy, the corrected BS scheme is the optimal one among all possible

DA schemes:

Proposition 3.11. For any smooth and bounded a; = A(t, X;), as the delta hedging strategy

indicating the number of underlyings to hedge, the following cost function:
t
E; = P(t, X}) —/ asd X (3.157)
0
has minimum variance with leading order 6 :
E: = P(0, X)), Var[EE | Fo] < Var[E;|Fo) (3.158)

for any t € [0,T]
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Proof. For

t t t
Ef = Q(t,Xt)—/ 5HW(3,X5)dXS+/ (67 (s, X,)—as)dX, = E{IW+/ (67 (s, X,)—as)dX,
0 0 0

(3.159)
we first consider
as € Alt,z) = 0,Q () + 67 Ay (¢, 2) (3.160)
Then for some A(s, z)
A t A
Ef =Ef + N, + 5H/ A(s, 2)odW (3.161)
0
Thus, if we define 67 [} A(s, 2)o%dW; = N,
Var[Ef|Fo] = Var[N;, + N,| Fo) (3.162)
Then, with leading order computation:
A t A
E[N,N|Fo] = E { / oopo(2202) QY (X )67 0, 76" A(s, :U)agpds]}"o} (3.163)
0
t
= 6" oopopE [/ (£20%)QW (XS)GS,TA(s,x)Jgdﬂfo] (3.164)
0
A t 2
E[N}|Fo] = E ( / oopo(2202)Q" (Xs)dzpfg) |]-“0] (3.165)
0
t
= *" o3 piE { / ((z202)QY) (XS))2 6§’Td5|}"0] (3.166)
0
t 2
E[N?|Fo) =E (5H/ Al(s, x)aide) \]:0] (3.167)
0
t, 2
_ g2Hg [ / <A(s, x)o—g) ds|.7—"0] (3.168)
0
Then,
- E[N,N
pr = Corr(Ny, Ny| Fy) = [NeNil o (3.169)

VEINZ| R EIN? R
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And we can see that |p;]| < |p|. If we let

2
g, = | VerNel ol (3.170)
Var[NZ|Fol
Var[Ef|Fo) = Var[N2|Fol(142piy+a2) > Var[N2| Fol(1=2|p|de+a2) > Var[N2| Fo)(1—|p|?)

(3.171)

And in Proposition 6, we proved such minimum is Var[ES|Fo] O
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Chapter 4

Numerical Illustration

In this section, we assess the effectiveness of various hedging strategies through simulations of
underlying price paths. We analyze the performance of these strategies separately for slow-
varying volatility and fast-varying long-memory volatility. Unlike the hedging simulation and
analysis in [16], both the slow-varying and fast-varying models feature a middle term with a
random component ¢;. Since ¢; has an expected value of zero, we evaluate the performance

of each scheme by taking the expected value of this term.

4.1 Fast-varying Long-memory Volatility Simulation

In this section, we evaluate different hedging strategies under the assumption of fast-varying
long-memory volatility. We use the asymptotic formula (2.14) and assume a middle term of
zero. Specifically, we analyze the performance of the HW, BS, and Corrected BS schemes.

It is important to note that for all three strategies, we define D = 6(FF')/5*:
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e HW Scheme: By Black-Scholes Greeks computation:

6 (t,2) = 0,Q(t,) = (2.0 (@) + 590,01 (=) )
(T —0)" (3~ 1)(@*R)Q" ()

- 8$Q§0) (z) + e pD

['(H +3/2) T —t
_ 0) (. ¢! "pDK e b 2 o NH-1/2

e BS Scheme:

07,Q"(t,z)
8,Q0)(

= aleEO)(x) + 7 HpD

685t x) = 0,QO(t, x) +

v@k
8
~—r

e~HpDK e~

PN
= %)t e ) T

[3(T — t)H-1/2]

e Corrected BS Scheme:

e~ HepH —1/2
o2 H+1/2
(T — )7 (&3 + H —1/2)(x20%) Q" (x)

F(H+3/2) T — 1t

e~ pDK e~ 1
A2+ H+ 2 )(T —t)11/2
V2rT(H +3/2) oV/T — ¢ (@ )T =)

3% (t,x) = 675 (t,x) + (202)Q" (X,)8,

= 0,Q" (x) + €1 pD

As in Section 6.1, we tune the parameter Dy while keeping other variables fixed. We can

then summarize the three hedging deltas as follows:

—d%

st 1) = 0,00(2) + Dy ———gAN(H,dy, T — 1), A=HW,BS,C (41
( 17) Qt ({lf) 1xmg ( 2 ) ( )
where
1-H 1 K)—Lo2(T -t
D, = e "pDK ’ dy = og(z/K) — 50°( ) (4.2)
V2rT'(H + 3/2) ovT —t
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and

g = (&~ (T 1) = BT g = (B H - (T 1)

(4.3)
Note that in the case of long-memory volatility, the Hurst exponent H is in the range (1/2,1).
So, it is important to note that g#" < ¢ < ¢g©. When H = 1/2, the corrected BS scheme

is identical to the BS scheme, which is consistent with the result in [16] for H = 1/2.

4.2 Slow-varying Volatility Simulation

In this section, we consider hedging strategies under the assumption of slow-varying volatility.
We assume that the middle term is zero. We evaluate the performance of the HW, BS, and

Corrected BS schemes accordingly.
e HW Scheme:

51 (t,2) = 0.Q(t, ) = (0.0 () + 0" ppod Q1" ()

NPT g (T =0T (& - 1)(2?0)Q) (x)
= 0,Q; " (x) + 0 PPOT(H 1 5/2) A

pdtpo K e
V2rooT(H +5/2) a/T — t (@3 = )T =]

= 0,Q" (z) +

e BS Scheme:

2 (0)
i (0"l @)
A0 g (T =) B(2202)QY ()

pdpo I e % [dz( )H+l/2:|
V2rool(H +5/2) av/T —

685 (t,z) = 0,Q0(t,x) +
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e Corrected BS Scheme:

H+1/2
H+3/2

(T — )41 (B + H + 1)(2202)Q («)
T'(H +5/2) T — 1

pdip K e~ % [ 9 1 H+1/2:|
dy+H+-)(T -t
V2rooD(H +5/2) a/T — ¢ (4, T =)

0°(t, ) = 675 (t,z) + 6" ppo (202)Q1” (X)0 7

= 3,Q" () + 6" ppo

= 8,Q" (x) +

In our numerical simulation and optimization, we only consider the optimization on the

variable Dy defined below. Thus, we can summarize three hedging deltas as the following:

—d%

5B (t,2) = 0,00 () + Dy— o gB(H,dy, T —t), B=HW,BS,C (4.4
( 1‘) Qt (.T) meg ( 2 ) ( )
where
Hpo K 1 K)—1L1o2(T -1t
D2 _ p5 Po 7 d2 _ Og(x/ ) 20 ( ) (45)
V2moo'(H +5/2) oVT —t
and

1
g™ = (dy = )T =) T2 g =y (T =) g = (dy o H o )(T — 1)

Note that for any moneyness in our simulation case, ¢’ < ¢#% < ¢¢.

4.3 Numerical Method Interpretation

In this section, our goal is to compare the cost of hedging with the volatility fluctuation by

computing the expression:

Er = h(Xr) — / ' 5(t, X,)dX, (4.7)
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We use the relative measure:

Std|Er]

CC(T, XT) - Q(O)(Xoa 0_)

(4.8)

where o = o0y for the slow-varying case, and o = & for the fast-varying case. We simulate one
path of the fOU process using the kernel introduced in [15]. Based on the resulting volatility
path, we use the ExpfOU process from Section 7 of [16]:

F(z) = G exp (% - w2) (4.9)

0z

Here, w > 0 is the fluctuation parameter that measures the typical amplitude of the relative
fluctuations of the volatility. We then use a step-by-step simulation to obtain independent
price trajectories X; and determine the optimal constant D; or Dy respectively, that mini-

mizes the cost over moneyness.
All Figures 4.1-4.4, we use parameters ¢ = 0.5, p = —0.5 and scale w = 0.4.

Figure 4.1 illustrates the fast-varying standard Ornstein-Uhlenbeck process with ¢ = 0.05,
where the volatility process is neither short-range dependent nor long-range dependent. As
a result, the roughness has no effect on differentiating the two curves, (BS) and (C). This
observation is in line with our theoretical result that when H = 1/2, the two schemes are
essentially the same, and the matching curve lies below the (HW) scheme curve. Specifically,

the variance of EP% and EF conditioned on JFy are given by:
Var [EP®|Fy] = Var [E["Y|F] [1 - (Lﬂ (4.10)

(H+1/2)?

Var [Ef|Fy| = Var [E["|F] [1 - 57 (4.11)

It is worth noting that this is a similar result to Figure 9.1 in [16].
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In Figure 4.2, it can be seen that, as the Hurst exponent is close to 1, there is a trend that
the long-memory property pulls the (BS) scheme out ant from the function ﬁ is a
decreasing function ranging from § to 1 for H € (1/2,1). Figure 3 shows their difference

when H is close to 1.

In Figure 4.3, we can see that for slow-varying volatility rough case, the corrected Black-
Scholes scheme is indeed the optimal one. We can also observe the same optimality in Figure

4.4. We hereby lists the relationship of the conditional variance of three schemes:

Var [El®|Fo| = Var [E["™Y|F] [1 —p? (%ﬂ (4.12)

Var [EF|F] = Var [BFY|F) [1 - p?] (4.13)

2H+2

We further note that function GESE is also a decreasing function on (0,1) ranging from

0.64 to 8/9. We argue that we cannot really see such trends comparing Figure 4.3 and Figure
4.4 because we assumes D; is independent to moneyness and this assumption would slightly

change the picture.

0.3

0.25 | \

01F e

0.05 : : : : :
0.7 0.8 0.9 1 1.1 1.2 1.3

XIK

Figure 4.1: This picture shows the relative error standard deviation when H = 0.5, €=0.05.
In this case, the BS scheme is the same as the corrected BS scheme, and this picture coincides
with Figure 9.1 in [16]
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0.6

0571

0.2r

0.1 ' : : : :
0.7 0.8 0.9 1 1.1 1.2 1.3

XIK

Figure 4.2: This picture shows the relative error standard deviation when H = 0.9, ¢=0.05.
In this case, the corrected BS scheme is the optimal one and slightly better than the BS
scheme

0.35

0371

025t

cCr=1%

0.2r

0.15 . . . . .
0.7 0.8 0.9 1 1.1 1.2 1:3

XIK

Figure 4.3: This picture shows the relative error standard deviation when H = 0.1, 6=0.05.
We observe that the corrected BS scheme is the optimal one of all.
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0.32

0.18 . . . . .
0.7 0.8 0.9 1 1.1 12 1.3

XIK

Figure 4.4: This picture shows the relative error standard deviation when H = 0.5, 6=0.05.
In this case, the corrected BS scheme is the optimal one.

4.4 The Corrected Black-Scholes Scheme and Leverage

Effect

In this section, we discuss the connection of our work to other empirical studies. In previous
sections, we demonstrated the optimality of the corrected Black-Scholes scheme through
simulated volatility and price paths. While this only serves as evidence of the correctness of
our theory, it emphasizes the significance of our findings. The corrected Black-Scholes delta

is the Black-Scholes delta with an added correction term, which is expressed as follows:
6°(t, ) = 675 (t,2) + pClp(205)Q)" (¢) (4.14)
which can be also written as

0,Q\" (x)

0 (t,z) = 655 (t, x) + pCH, (4.15)
oI —t
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The value of C’fT or adjusted C’fT is a positive constant that depends on the Hurst exponent,
time to maturity, and other constants that vary in different cases. From (4.14) we can see that
the constant p determines the corrected Black-Scholes scheme, it shows that the existence

of the leverage effect leads to a correction to the BS scheme.

The leverage effect is typically negative due to the relationship between stock prices and
implied volatility. As stock prices rise, investors may perceive the stock to be less risky,
leading to lower implied volatility, while falling stock prices may lead to higher implied
volatility as investors perceive the stock to be riskier. This correlation between stock prices
and implied volatility results in a negative correlation between the two variables, leading
to the negative leverage effect. In [20], the authors estimated call options with varying

5MV_5BS

moneyness and time to maturity and found that empirically, is negative. Assuming

§¢ — 6P% is also negative, and with the constant éfT being a positive constant, we obtain

p < 0. Our corrected BS scheme bridges the gap between these empirical findings.

4.5 Conclusion and Future Research Directions

This thesis concludes the delta hedging problem for the timely-scaled fractional Ornstein-
Uhlenbeck process volatility in three cases: slow-fluctuating for H € (0, 1), fast-varying for
H < 1/2, and fast-varying for H > 1/2. Our main contribution is demonstrating that
in all cases, the corrected Black-Scholes (BS) scheme achieves minimal variance and is the
optimal delta-hedging strategy. Notably, the corrected BS scheme coincides with the BS
scheme in the special case of fast-varying rough volatility, which was previously solved in
[16]. We validate our results using simulated volatility and underlying price paths. We
provide empirical evidence of the existence of a correction term to the BS delta, even though

we did not conduct experiments with real market data.
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There are several avenues for future research. Firstly, we could explore a more comprehensive
pricing formula by assuming the volatility is driven by two correlated paths, one fast and

one slow. We can set up a multi-scale volatility model similar to (1.6)-(1.8) as the following:

dX;, = o X, dw " (4.16)

oy’ = F(YS, Z)) (4.17)

F' is assumed to be 1-1, smooth, positive valued with F'(0,0) = 0 and F,(0,0) = 1 and

F.(0,0) =1. And

t
1
ye - / Kt —s)dW®, K1) = —=K(t/e) (4.18)
e Ve
t
zi= [ K-, K = e (419
where
d< WO WwW > = pds (4.20)
d<WO W > = pyds (4.21)
d< WO W > = pds (4.22)

Once the multi-scale volatility pricing is determined, the optimality problem of delta hedging

should be very interesting and once solved, it would make a final conclusion to this topic.

We can further investigate the empirical relevance of the corrected term in the Black-Scholes
delta and develop a method for market calibration. It is important to note that our for-
mulas, regardless of whether the volatility is fast-varying or slow-varying, rely on accurate
calibration of historical volatility, either oy or . In practice, however, obtaining historical

volatility is difficult, while implied volatility is more readily available. Moreover, while we
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asymptotically expand the implied volatility in the Black-Scholes scheme computation, the
Hull-White scheme is not an effective strategy to implement in practice. Therefore, it is of
interest to determine how to calibrate the corrected BS scheme based on the Black-Scholes
scheme. In [20], the authors found that the difference between the minimum variance delta

and BS delta is approximately a quadratic function of dgg:

0 Q" (@)1
Vi W) (4 + bops + cb%g) (4.23)

Omy = Ops +

where &,QEO) (x)| is Vega based on implied volatility. To explore this further, we can

o=0o(t,x)
investigate how to interpret 8UQ§O)(x) using Black-Scholes delta and Vega. Further research

can be conducted to test the performance of our approach using empirical data.
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Appendix A

Lemma A.1. For slow-varying volatility pricing, we have the following leading order ap-

prozimation, for H € (0,1)

1
T(H +3/2)

(T - t)H+3/2

6 _ ¢H _
bur =0 I'(H +5/2)

(T —8)" 2+ 0(5*), Dy = o" +0(6*) (A1)

Proof. We here compute d < ¢°, W >,= 9,‘557Tdt = 6H0, rdt. We recall the definitions;

T t
U =E U Z? —ngs\ft} , z? —/ K2 (t — s)dW,
0 —00
Consider
T t T
Y =E [/ Zf—ngs‘}}] :/ ngs+/ E [Z|F]ds — TZ (A.2)
0 0 t
For0<t<s

E[Z)|FR] =E [/ Ko (s — u)qu]}"t}

) Ut Ko(s — u)qu’]:t] +E Ut K (s — w)dW,|F,

I
s\
(=%
w
|
£
S
=
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Then

T
A _/ Z‘Sds+/ E[Z)|F]ds —TZ;

// IC5s—udes+// IC‘ss—udes TZ‘S

t
= / / K (s — u)dW,ds + / / K (s — u)dW,ds + / / K (s — u)dW,ds — TZ]
0 J-—o0 t -0 t s

T s t T
= / / K2(s —u)dW,ds + / / K(s —u)dsdW, — TZ}
0 —o0 0 Ju

which implies that

T T—t
d <V W >=0) pdt = (/ Ko (s — t)ds) dt = ( /c*(s)ds) dt
t 0

2

T—t
d <’ >= (/ IC5(S)ds> dt
0

Since for small times at < 1

it implies that

T—t
Hij :/ K (s)ds
’ T—t
— §1/2 / K(0s)ds
0

_ (51/2F(H i 3 /T_t SH-1/2gH-1/2 | o) (5H+1/28H+1/2) ds

H 1 H+1/2 2H
= m(T—t} 2 052

= 0", 7+ O(6*)

(A.3)

(A4)

if we define that 6,1 =t (T — )"*Y/% Then D}y = 5H% + O(6%H) follows
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(T_t)H+3/2

from the fact that 8D2T Jot = —92 r- And we pick the leading order D, =

T(H+5/2)
Lemma A.2. For j=1,....5
(;h_r% (5’HIEHR§Z) _ jo)ml/? -0
where
(1) o 292
dR,”’ = <<709t ) 9 Qt Xi)dt
1

4B = oo [ (07— 00) + 307 — ) } (a202(2202)) Q" (X,

AR = oopop(a0, (202) QL (X,) (0f — 70) 03t

Ry = pogpo(x0,(202)) Q1 (X,)O(8* )dt

1
dRY) = 6" ppq {00 (o7 = 00) + 5 (o7 - 00)1 (a*02Q4") (X, )dt

Proof. Consider
1
g5 = 03— o0 = FI(Z)(Z] = Z5) = 9| < SIF" (2} — Z5)* = O(5*")
and

o2 = 00| = log = ool < 1F]l(Z2 — Z5) + O(6*")

In addition that the deterministic function Q" (x) satisfies:

k (0) 1
‘a )‘SC<1+W)

and the proof is similar to the proof of [12] Proposition 3.1.

]

(A.6)

(A.10)

(A.11)

(A.12)

(A.13)

]

Lemma A.3. Let f(t,z) be smooth bounded and with bounded derivatives. Let X, and X,
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be defined as the followings:

dXt = O'?Xtth*, dXt = O-OXthVt*
Then
. S 211/2
lim B [[E[f(t, X,) — /(t, %) R[]~ =0 (A.14)

Proof. Suppose f(t,z) = h(z) and T" = ¢t and we know that Q(()O)(XO) = E[h(X,)|Fo], we

know that:

E [[Eh(x)17)] - B 1A

1/2
<E [[EIh(X)|Fo] - QF (Xo) — aopod(2202)Q4 (Xo) — 6 ppo@l (Xo) [
1/2
+E [|oopod (2202)08" (Xo) + 8 ppol" (Xo) [’
Take limit for both sides, we get the desired result. O]
Lemma A.4. The solution to
(1) —o2(20.(22°N 09 ()0 My A
Lps(00)Qy " (x) = —04(20,(270;)) Q" ()01, Qp (x) =0 (A.15)
18
_ p\H+3/2
M(X) = =02 (20,(2°0? X,)D JEYPR € k) A.16
QY (X)) = =0 (20:(2202)) Q1 (X)) Dy, = T 4 5/2) (A.16)

Proof. Suppose we define

(X)) = —02 (20,(2202)) Q" (X,)Dyr
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for some deterministic term D; 7.

Las(o0)QL" (@) = Las(o) |0} (20,(2%02)) Q1 (X,) Dy |

0

= 02 (20,(2202)) Lps(00)Q” (Xy) X Dy + 03 (20.(2°92)) Q1" (X)) X = Dir

= 03 (20,(2202)) Q" (X
Then we can conclude that

9t7T — (T - t)

Lemma A.5. Fort e (0,T), define:

t
n = 5H/ 0% — oyds
0

then we have

limsupd~# sup E
te(0,7

§—0

Proof.

E|(1)°] = 0*"E

< PHO|FE |

¢
< SO\ F || E {/ o2 (0s)*H + (9(52H)d3}
0

< C||F'|| o0 + O(5%H)

1) X

0D, 1
ot

Hi1/2 H+3/2
I'(H +5/2)

(/Otag—aodsﬂ
< §ME [ / (o _UO)st}
/t (20 — Zy)* ds

0
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T —
- T(H+5/2)

|

ot

(A.17)

(A.18)

(A.19)



Lemma A.6. By Greeks formulas, we have the following two identities:

92,0 (x)

209 2(2202)Q\ () = (20,(c*92)) Q" () (A.20)
2 0O, . 2262 §0) "
(0.0 20" 0) = S ot - A

Proof. By option Greeks: For

log(z/K) + 10*(T — t) . log(z/K) — 30*(T — t)

h=—""F 2= T (A.22)
We have
(20,(2202)Q” (x) = 2(2?02) Q)" (z) + (2°82)Q\" (x)
2.(0)
= 2(202)Q ) + a? | - O (U f;_tﬂ)
— 2020 0) - (PR 0) (1)
[ ] )0 (2)
o 82 (0)<) 2402 (0)
= —a@“”()( 92Q\" (z))
In fact,
L0 (@) oo 1y 05,01 (@)
" o >< 50 (@) = ey (A.23)

For the second identity:

02,Q\" () 0, 2,00 ,02,0" ) a9, (x)
&,ng)(x) z(20,) (2203 Q,” (v) = Q,ng) = 22 STTh = T 1) (A.24)
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2 (O)x
(20,)(20:)(2°02) Q1" (x) = (0,) <w3?§%%452>

_ © T 5 o0,
- O'(T—t)a ( ) O'(T ) {L‘QUQt ( )
_ B0, 0,0 ()

3T —t)?2  o3(T —t)?
_ 30,0 (x)  (2*2)Q;" ()

o3(T —t)? o(T —t)
(@3- 1)(2202)Q (x)
B oX(T —1t)

Then we conclude:

aianEO) ($) :L‘le)(I) N (ang)ng) ($)

2592\ H)(0) — Zwowt \7)
(20:)(20,)(270;)Q; " () = aant())(m) o?(T —t)

Lemma A.7. For any t € [0,T],

t 5pr t
EBS = ¢4 / 220200 (X,)dyd — — 20 / 2202)Q0 (X )0, 7o’ dW*
t 0Po 0 ( CIJ)QS ( ) ws H—|—3/2 o ( x)Qs ( ) TV s

Then with leading order we know that

Var [B%|F] = Var [E"|F [1 i (%ﬂ

Proof. Consider computing Var [EtBS|.7-"0] and recall that

t
Var [EtHW]]-"O} =Var |:0'0p0/ (33283%)6220) (Xs)dwglfo}

0
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By Lemma A.1:

Var [aopo / (20200 (X,)dy! m} _ PR o2RE { / (@200 (X))} (6ur)’ ds|fo}

(A.29)
On the other hand, we can compute the following leading order term by Lemma A.5:
0" ppo P §2H 22 t
O)(x R _ 0 25200 ( X S
Var [ TR /0 (2°07) Q5" (Xs)0s w0 dW, !fo] 713/ [ /0 (2202)QO) (X,)0, 7o dW7| fo]
0* pPoipi ' 2
H+3/2 |:/(; ((33 a:c)Qs ( S)) (Qt,T) dS’Fo

Same, by Lemma A.5 we can compute the following covariance

e [(oon [ t(a:?ai)czg”(xs)d@wﬁ) <M / t(x?@i)@@<X5>95,Ta§dw;) 7
0 0

H+3/2
e | [ (woa () 00 a7
Thus,
Var [EPS|F| = Var [EfY|F] . 20" L g 2}
: +3/2 " (H+3)2)
~ver ") [t (G ares ~ )
=var(515] [t (G )
O
Lemma A.8. For any t € [0,T],
EBS = / t(x282Q(°))(X Ydy)S — _e o / t(x282)Q(°) (X,)0,0 dW? (A.30)
¢ ; W ST S H 1 1/2) ), e )W s)0tT AWV
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Then with leading order we know that
~2
BS _ HW 20 2H
Var [EPS|Fy| = Var [EfY|F] {1 = (m)} (A.31)

Proof. Then the hedging cost is:

1-H ~

R e e / @QO(X)oota W (A32)

Then we compute Var[EPS|Fy], then with leading order computation by Lemma B.2 in [14]

var | [wora0icciiz] e[ [ (a0’ @) o
—E { /0 t ((2202Q) (X))’ (el—Het + é;)z ds]

= g [ [ (o)) o

By Lemma B.4, we have the following leading order computation:

(Cﬂf;—m / (2202)Q0 (X )HtaedW*)2]

~ re® | [ (a0 ey’ as

Var [02(6;—?1’;2) / (220%)QV (X )0t06dW*|f0] —

And by Lemma B.4 in [14], we have the following leading order computation:

1-H ~

- [(/Ot(ﬁagcgg”)(Xs)dzb;) (w—+‘71p/2> /Ot(xzai)ng)(Xs)QtoédW;k) |]-"o}
:L‘%E K Ot(gszangO))(Xs)di/fﬁ) (/Ot(xzai)ng)(Xs)thWS*) I]-"o}

o2(H +1/2
:ﬂ ' 5172 2 (0) 2 s
52(H + 1/2)IE {/0 ((2°07) Q" (X,)0s)" d ]
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Then,

F2T(H +1/2 F2T(H +1/2)2
Var [EPS| R = Var [EMV|R)] |1 — 22 BT 1/2) QU_M}

a2T(H +3/2)  © 32T(H 1 3/2)?

HW i 20° 1 20° !
=Var [Et |~7:0} _1_2/0 §m+p Pm}
_ HW [ 0% (2(H +1/2) 1
—V(M“[Et ’FO} _1_05((1{_’_1/2)2_(H+1/2)2)}

~Var [B|7) [1 - 5 ((Q—H)?ﬂ
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Appendix B

In this Appendix B, we prove the Proposition 2.3, where the author omitted the proof in

[12]. We need some asymptotic expansion results for the hedging analysis.

Proposition B.1. When § is small, let 0o = F(Z]), po = F'(Z3), then

E[(X7)|F] = My = Qu(X:) + O(5°")

where
Qi) = Q1" () + oupod} (*02Q1" () + 6" ppo Qi ()
T
¢ =E {/ AR ng5|]:t}
t
and
T — )H+3/2
le)(l’) = U(Q)xax(.§62a§@§0) (x))Dt’T, Dt,T = ﬁ

Proof. Consider

1
dQy" () = 3Q" (Xp)dt + 5 (0] (+*2Q1) (Xo)dt + (20, QL") (Xe)oldW;

= % (00 = 03) (2202Q1") (Xy)dt + (20,Q7) (X ) o dW;
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And as we set up of = F(Z?), 0 = F(Z3), p} = F'(Z0), po = F'(Z)

o) = F(Z}) = F(Z}) + F(Z)(2) — Z0) + o} — o0 — F(Z0)(Z0 - Z))  (B.T)

=00+ po(Z) — Z) + 0} — 00 — po(Z} — Z) (B.8)

Define g0 = 09 — g — po(Z? — Z3) we have

0 =00+ po(Z° — Z0) + ¢ (B.9)
it implies that
(00)* = (00 + po(Z) — Z3) + g})? (B.10)
= (00)? + 200 (po(Z) — Z8) + gf) + (0? — 0¢)? (B.11)
If we define that
(20,Q) (X ) ot dW; = dN,” (B.12)

to simplify the notation. Then

1
AQ" (X1) =3 |200 (po(Z] = Z8) + gf) + (07 — 00)°| (2202Q\") (X, )t + AN
1
=0, (pO(Zf — Zg) + gf) (2202 go))(Xt)dt + 5 (af — 00)2 (2202 go))(Xt)dt + dNt(O)
1 2
=oupo(Z] — Z9)(«*02Q1") (Xo)dt + (oogf +5 (o7 = o) ) (*92Q")(X,)dt + dN,”

—oopo(Z8 — Z0)(z202Q\") (X,)dt + dR + dN©

Here we define

1
dR;" = (Uogf +5 (07 - 00)2) (z02Q)")(X)dt (B.13)
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to simplify the notation. Then we introduce

# =F {/tTZf—ngs‘}}], Y =E {/TZf—ngs{ft} (B.14)
0
where 9¢ is a martingale. Now
(2] = Z)(@* 08" ) (Xo)dt = (304" ) (Xo)dw — (0201 ) (X:)de, (B.15)
It implies that

AL (X) =oupo(Z] — Z3)(@*R2Q4)(Xo)dt + dR( + AN,

—aopo(2202Q4) (X,)dy? — oopo(¢202QV)(X,)do? + dRY + AN

By Ito’s formula

d[(2*02Q") (X)) =(* QL") (X,)des]
+ (20, (2°02) Q" (X 1) ol L d Wy
+ S @) QP (X of ol
+ (22020,)Q” (X)) dt
+ (20,(z202)Q\"(X,)od < ¢°, W* >
=(92Q")(X,)de]
+ (20, (2°02) Q" (X))ol ) AW
1

+ |09 (0} — 00) + i(af —00)?| (2203 (x 282))62 (Xt)gbtdt

+ (20,(220?) QI (X))ol pd < °, W >,
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Then

@ QI(X2) + aopo(202Q) (X,) 6] | =oumo (202" (X, v

+ oopo(z0,(x 2(92))62 (Xt)otgzﬁtdW*

1

+ 0opo {00 (Uf - 00) + 5(‘7? - 00)2 (95232( 282))@ (Xt)¢tdt

+ oopol(20, (1202) Q0 (Xo) ol pd < 49, >,

+dRy" + dN”
As we define the martingale term:

aopod N = o0po(z202Q) (X,)dw! + aopo(2, (2202) Q) (X, ) ol dldW; (B.16)

@ [Q(X) + oopo 0201 (X,)6f | =oupy [ao (0 = 00) + 5 08 = ou)? | (202202 Q" (X,

+ 00po (20, (2202)) QL (X )oppd < v°, W >,

+dRY + dN” + soped NV

To simplify the notation, we furthermore denote that
1
dR,EZ) =00Po {Uo (Uf —00) + 5(02 - 00)2} (2?03 (x 232))@ (Xt)@dt (B.17)
to simplify the notation. Thus,

@ Q7 (X) + oo (a02QL) (X0)68 | =oupo(20. (202 QL (Xe)ofpd < v, W >,

+dRY + dR® + dN + soped N

We first denote this to be d < ¢°, W >,= 92 rdt where Gf,T is deterministic. By Lemma A.1
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we know that 67, = 6”0, 7 + O(6*"). Then we can rewrite by (5):

@7 (X) + oopo (2?02Q1") (X)) | =oumo (20, (+202) QL (X2) (00 + polZ] — Z5) + g7) 0%

+dR" + dRY? + dN” + oypod NV

=03 po(0: (202)) Q1" (X1) p0) rlt
+ 00pop(x0,(2702)) Q1" (X1) (0F — 00) 0yt
+dR" +dRP + dN” + gopedN,"”

=6" o3 po (10,(2202)) Q1" (X1) pby rlt
+ pogpo(xd, (1 0) Q1" (X,) O (6" dt
+dRY + dR? + dRY + dN” + opodN,”

=6" 03 po (20,(2202)) Q1" (X1) pby

+dR" + dR® + dR® + dR™ + AN + oopod NV

where

AR = oopop(20, (2202)Q\" (X,) (02 — a0) 02t (B.18)
AR = po2po(20,(2202))Q\ (X,)O(8*)dt (B.19)
By Ito’s Lemma:
101"(X0) = Las(o0)QS" (Xt + [ (of = ou) + 5 (oF = 00)*| (#202QI") (X0t + (20,04 (X)W
(B.20)
We define that:
Lis(00)Qt" (x) = =03 (20,(2*02) Q1" (x)6s.r, QY (@) =0 (B.21)
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and
AN? = (20,Q") (X))ol dW; (B.22)
Then

4 (X,) = ~a3 (w00 @ ()b rdt+ | 00 (o — 00) + 5 (of — 0u)’ | (PE2Q")(X,)dt+aN
(B.23)

which implies that

5H,0pon§1)(Xt) =5HPP0£BS(UO)Q§1)(Xt)
8% m o0 ((0f = ou) + 3 (o - 00)”| (020" Xt
+ 67 ppod NP
— " ppocr (20, (+°02)) Q1 (2)s

(o 0] ezl

N | — A

+ 6" ppo {Uo (07 —00) +

+ 5pr0dNt(2)
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Then the sum is

d[Q” (X.) + oupo(x?02Q1) (X1) 6] + 6" ppo @) (X))
=6" pogpo(w0, (2202)) Q1 (X1)0; rdt
+dR” + dRY? + dRY + dR" + dN{” + ooped N,V
— 0" ppood (20, (2702)) Q1" ()0, et
om0 ((0f — o) + 3 (3| (P20 (X
+ 67 ppod NP

=+ dR" + dR® + dR® + dR" + dN” + copod N

1

8 o ((of = ou) + 5 (38)"] (021" X

+ 6" ppod N
And we finally arrive that:

5
d[Q\" (X¢)+00pe(a202Q) (X6 +6" ppo@” (X)) = AN +00pod NV +6" ppod NP+~ d Ry

(B.24)
where we define:
AR = 6" ppo | oo ((0f — 00) + % (@)°| (220 (X, )dt (B.25)
Thus, we know that
M, = E[h(X7)|F] = E[Nr|F] + E[Rr|Fi] = Qu(X:) + E[Rr — Ry|F] (B.26)
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In appendix Lemma A.2, we prove that

1/2

T 2
lim E < / d(R{" + R® + R® + RW + RS))) ] =0
t

5—0

Then we can conclude the asymptotic formula (B.2)
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Appendix C

015 7

010 7
0.05 1

0.00 °

05
0.6

0.7
H 08
0.9 0.6

Figure C.1: This plot depicts the asymptotic approximation of the HW scheme (3.51) for the
fast-varying long-memory case, as a function of time ¢ and Hurst exponent H. The option
is assumed to be at the money, and & = 0.2, while all other parameters are set to 1. We
observe that the curves increase as time to maturity approaches, which aligns with market
expectations. It is noteworthy that the roughness of the volatility paths has a diminishing
effect on the approximation.
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Figure C.2: This plot depicts the asymptotic approximation of the HW scheme (3.119) in
the slow-varying volatility case. It shows the function as a plot of time ¢ and Hurst exponent
H, with the option being at the money and oy = 0.2, while all other parameters are set to
1. As expected in the market, we observe that the curves increase as the time to maturity
approaches. Additionally, we can see that the curves decrease for H values between (0, 1),
without splitting the case into H < 0.5 or H > 0.5.
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