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The thermal conductivity of nanoporous amorphous carbon at 300 K was predicted using
equilibrium molecular dynamics simulations based on the Green-Kubo method. The adaptive intermolecular reactive empirical bond order (AIREBO) potential was used to model
carbon-carbon atomic interactions. Nanoporous amorphous carbon was simulated by removing a spherical region of atoms from the amorphous carbon matrix. Pore diameter varied
between 9.76 and 26.0 Å and porosity ranged from 5 to 40%. The predicted effective thermal conductivity of nanoporous amorphous carbon was in good agreement with the Maxwell
Garnett effective medium approximation (EMA) for porosity between 0 and 40%. Furthermore, the effective thermal conductivity was found to be proportional to ρ1.2
ef f where ρef f is
the effective density.
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NOMENCLATURE
aij

limits the interaction with the first neighbor shell in the Tersoff potential

bij

measure of bond order in the Tersoff potential

dp

pore diameter [Å]

dr

thickness of spherical shell

E

intermolecular potential

E2

pair potential in the EDIP potential

E3

three-body potential in the EDIP potential

f

frequency [THz]

fc

smoothing cutoff function in the Tersoff potential

fv

porosity

g(r)

radial distribution function

G(r)

reduced radial distribution function

~

Planck’s constant divided by 2π, ~ = 1.05 ×10−34 J·s

J(t)

heat current [J·m/s]

hJ(0)J(t)i

heat current autocorrelation function

k

thermal conductivity [W/m·K]

kB

Boltzmann constant, kB = 1.38 × 10−23 J/K

kc

thermal conductivity of the continuous phase [W/m·K]

kd

thermal conductivity of the dispersed phase [W/m·K]

Kn

Knudsen number

`

mean free path of gas inside pores [m]

L

system length (Å)

M

Molar mass [g/mol]

n(r)

average number of atoms in a spherical shell of thickness dr

n0

number density of atoms [#/m3 ]

NA

Avogadro’s constant, NA = 6.022×1023 at/mol

viii

hni

average coordination number

p

pressure [Pa]

r

distance of spherical shell from reference particle [m]

rij

distance between atoms i and j

tmax

total simulation time (ns)

T

temperature [K]

Tp

pyrolysis temperature [◦ C]

v`

longitudinal velocity of sound mode [m/s]

vt

transverse velocity of sound mode [m/s]

V

volume [m3 ]

Y

Young’s modulus [Pa]

Zi

effective coordination number of atom i

Symbols
β

coefficient in Equation (10)

θjik

angle between atom j and atom k subtended at atom i [rad]

Θi

cutoff temperature of phonon mode i [K]

ρ

density [g/cm3 ]

σ

diameter of gas molecules represented by hard spheres [m]

τ

correlation time [ps]

∆τmax

maximum correlation time averaging window [ps]

ν

Poisson’s ratio

∆t

time step (fs)

Subscripts
A

refers to the attractive contribution in the Tersoff potential

c

refers to the continuous phase

d

refers to the dispersed phase

d, 0

refers to the bulk property of the dispersed phase

ef f

refers to the effective property
ix

i

refers to polarization (2 transverse and 1 longitudinal)

LJ

refers to the Lennard-Jones intermolecular interactions

R

refers to the repulsive contribution in the Tersoff potential

REBO

refers to the REBO potential

tors

refers to torsional intermolecular interactions
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1

Introduction

Electric double layer capacitors (EDLCs) store energy in electric double layer forming at
the electrode-electrolyte interface by reversible ion adsorption [17]. Unlike typical electrical
energy storage devices, such as batteries or dielectric capacitors, EDLCs exhibit high power
density and long cycle lifetime [18]. They are used in electric and hybrid vehicles [19, 20],
power electronics [21], and industrial power management [22]. Porous electrode materials
with high surface area are typically used to achieve large power and energy densities [17,23].
Amorphous nanoporous carbons are attractive for EDLC electrode materials due to their
large electrical conductivity, surface area, and temperature stability as well as for their
relatively low cost [22,24,25]. They include activated carbon [18], carbon black [25], carbide
derived carbon [26], and carbon aerogels [27]. Under normal operation, EDLCs are charged
and discharged under high currents responsible for heat generation within the electrolyte
and the electrode [19, 28]. High operating temperatures may result in shorter lifespans,
higher pressure within the EDLC, and evaporation of the electrolyte [20]. Thus, thermal
management of EDLCs is crucial for their performance and reliability [19]. Several thermal
models of EDLCs have been developed [19, 20, 28–31]. All of them require the effective
thermal conductivity of the nanoporous carbon electrode as an input parameter.
The thermal conductivity of hydrogenated and hydrogen-free non-porous a-C thin films
has already been measured at room temperature [15, 16] and between 80 and 400 K [6, 7].
However, the effective thermal conductivity of amorphous nanoporous carbons at 300 K has
been investigated by a limited number of studies of carbon aerogels [10, 11].
The present study aims to elucidate the effects of nanoporosity on the thermal conductivity of nanoporous amorphous carbon at 300 K using equilibrium molecular dynamics (MD)
simulations. A wide range of system length, pore diameter, porosity, and effective density
were considered. The results are compared with effective medium approximations (EMAs)
from the literature [34–38].
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2

Background

2.1

Amorphous carbon

Carbon atoms in amorphous carbon exhibit three types of bond hybridization, namely sp3 ,
sp2 , and sp1 [1]. In the sp3 hybridization, four valence electrons form tetrahedrally-directed
σ bonds, the strongest type of covalent bonds. The sp2 configuration is composed of three
valence electrons forming trigonally-directed σ bonds, while the fourth forms a weak covalent
π bond normal to the σ-bonding plane. The sp1 configuration forms two planar σ bonds
and two π bonds in the orthogonal planes [1, 39]. Diamond features solely sp3 hybridization
whereas graphite is comprised of sp2 bonds. Amorphous carbon consists of a mix of sp3 ,
sp2 , and sp1 hybridizations characterized by the average coordination number hni. The
coordination number of a given atom is the number of nearest neighboring atoms. The sp3 ,
sp2 , and sp1 configurations correspond to an average coordination number hni equal to 4, 3,
and 2, respectively [1].
Figure 1 shows the ternary phase diagram of amorphous carbon with sp3 and sp2 hybridization with hydrogenation [1]. Hydrogen-free a-C is categorized as either tetrahedral
amorphous carbon ta-C, sometimes referred to as amorphous diamond a-D, or as graphitelike amorphous carbon (GLC) [39]. The ta-C phase features 65-90% sp3 hybridization compared with 0-35% for GLC [39]. Often, a hydrocarbon precursor is used in the deposition
process resulting in hydrogenated amorphous carbon [1]. Then, hydrogenated amorphous
carbon a-C:H can be classified into four types: (i) polymer-like a-C:H (PLCH) with the
highest H-content between 40 and 60 at. %, and up to 70% sp3 bonds [40], (ii) diamond-like
a-C:H (DLCH) with 20-40 at. % H [40] and 20-60% sp3 bonds [6], (iii) ta-C:H with 25-30
at. % H and 65-90% sp3 bonds [39], and (iv) graphite-like a-C:H (GLCH) with H-content
less than 20 at. % and sp3 content between 0 and 39% [39].
Material properties, such as hardness, optical band gap, density, and thermal conductivity, depend on the bond hybridization of carbon [6, 39, 41]. For instance, Ferrari et al. [41]
determined that the density of ta-C and ta-C:H increased with increasing sp3 hybridization.
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diamond-like

sp3

ta-C:H

ta-C

a-C:H
PLCH

sputtered a-C:H

no films
GLCH
graphitic
sp2

H

Figure 1: Ternary phase diagram for amorphous carbon relating sp2 , sp3 , and hydrogen
content [1].
On the contrary, the authors found that sp3 hybridization in a-C:H increased due to increasing hydrogen content and resulted in decreasing density. Shamsa et al. [6] observed that the
thermal conductivity of a-C and a-C:H increased with sp3 content, or structural disorder,
quantified by Raman spectroscopy.
Deposition methods of amorphous carbon films largely control their sp3 and hydrogen
content. Pulsed laser deposition (PLD) [15], ion-beam sputter deposition (IBSD) [15], direct
ion beam deposition (DIBD) [15], cathodic arc deposition (CAD) [15], filtered arc deposition
(FAD) [7], filtered cathodic vacuum arc (FCVA) [6], and filtered high current pulsed arc
(HCA) [6] have been used to deposit ta-C films. Alternatively, electron cyclotron wave
resonance (ECWR) can be used to deposit ta-C:H films [1, 6]. Sputtering is commonly used
to deposit both hydrogenated and hydrogen-free amorphous carbon [6]. Plasma enhanced
chemical vapor deposition (PECVD) is widely used to deposit hydrogenated amorphous
3

carbon films with low sp3 content [1, 6, 16]. In addition, plasma assisted chemical vapor
deposition (PACVD) [7, 15] and remote-plasma chemical vapor deposition (RPCVD) [7]
generate a-C:H films with significant hydrogen content, typically around 30 at. % H [7, 15].
2.2
2.2.1

Molecular dynamics simulations
Methods for predicting thermal conductivity

MD simulations model a system of atoms by solving Newton’s equations of motion for each
atom whose interatomic interactions are governed by semi-empirical potential functions.
They can be used to determine the thermal conductivity of a material based on either
the non-equilibrium method [42] or the equilibrium method [43, 44]. Schelling et al. [45]
demonstrated that these two methods were equivalent for bulk silicon at 500 K. In the
non-equilibrium Müller-Plathe method, a heat flux is imposed by swapping the velocities
of atoms in a designated cold slab with those from a hot slab [42]. This known heat flux
and the resulting temperature gradient can be used to compute the thermal conductivity
using Fourier’s law [42]. Alternatively, the equilibrium method relates a system’s thermal
conductivity k to the heat current autocorrelation function (HCACF) hJ(0)J(t)i where J(t)
is the heat current, using the Green-Kubo relation given by [46]
1
k=
3V kB T 2

∞

Z

hJ(0)J(t)i dt

(1)

0

where V is the volume of the system simulated, kB = 1.38 × 10−23 J/K is the Boltzmann
constant, and T is the system temperature. At equilibrium, fluctuations in the temperature of the system induce a time-dependent heat current J(t) (in J·m/s) and the thermal
conductivity dictates the response of the system to these fluctuations. In materials with
large thermal conductivity the fluctuations dissipate slowly, so the HCACF persists for a
relatively long time. In low thermal conductivity materials, fluctuations dissipate quickly so
the HCACF is short lived [12].
In practice, the upper limit of the integral in Equation (1) is replaced by the maximum
correlation time τmax [47]. The latter is chosen to be larger than the required time for the
4

HCACF to decay to zero [45]. Schelling et al. [45] found that, for short correlation times (τ <
0.2 ps), the HCACF decayed quickly. However, extending the correlation time demonstrated
that the HCACF did not decay to zero until τ = 100 ps. Similarly, Che et al. [48] saw an
initial decay after τ = 50 fs and a decay to zero after τ = 30 ps for diamond at 300 K. Earlier
studies [48–50] fitted the HCACF to an exponential decay using a shorter correlation time
than that required for the HCACF to decay to zero. This reduced the overall simulation
time compared to direct integration in Equation (1). However, Schelling et al. [45] showed
that an exponential fit resulted in significant underprediction of the thermal conductivity.
Therefore, the procedure prescribed by Schelling et al. [45] using the direct integration of
hJ(0)J(t)i of Equation (1) was used in this study.
2.2.2

Interatomic potentials

A variety of empirical interatomic potentials have been developed for carbon systems [51].
The Tersoff potential was developed for covalent systems, including silicon and carbon, and
named after its author [5, 52]. It accurately predicted elastic constants and phonon frequencies in diamond as well as defect energies in diamond and graphite [5]. The Tersoff potential
is given by [5]
E=

1X
fC (rij ) [aij ER (rij ) + bij EA (rij )]
2 i =j

(2)

6

where fC is a smoothing cutoff function, ER is a repulsive pair potential, EA is an attractive
pair potential, aij limits the interaction with the first neighbor shell, bij is a measure of bond
order, and rij is the distance between atoms i and j.
The environmental-dependent interaction potential (EDIP) was developed for carbon by
Marks [53]. It accurately predicted elastic constants of diamond and graphite and radial
and angle distribution functions of amorphous carbon. However, it does not predict correct
distances for double and triple carbon-carbon bonds [51, 53]. The EDIP is given by [53]
E=

X
i6 =j

E2 (rij , Zi ) +

X X
i6 =j i6 =k,k>j

5

E3 (rij , rik , θjik , Zi )

(3)

where E2 is a pair potential and E3 is a three-body potential, Zi is the effective coordination
number of atom i, and θjik is the angle between atom j and atom k subtended at atom i.
The reactive empirical bond order (REBO) potential developed by Brenner [54, 55] and
its variants are among the most widely used potentials. The first generation REBO potential
[54,55] was used to model various carbon and hydrocarbon systems such as pyrolitic chars [8],
diamond [48], and graphene [56]. Subsequently, Brenner et al. [57] modified the REBO
potential to more accurately predict energetic, elastic, and vibrational properties of carbons
and hydrocarbons. Stuart et al. [4] introduced intermolecular and torsional interactions
to the REBO potential EREBO to develop the adaptive intermolecular REBO (AIREBO)
potential given by [4]
E = EREBO + ELJ + Etors

(4)

where ELJ represents Lennard-Jones intermolecular interactions and Etors accounts for torsional interactions [4]. The AIREBO potential successfully modeled structural, mechanical,
and energetic properties of diamond and graphite [4]. It was also used to model the structure
of amorphous carbon at 300 K with density ranging from 2.0 to 3.0 g/cm3 [58].
2.2.3

Thermal conductivity of amorphous carbon

Very few MD simulation studies have considered the thermal conductivity of amorphous
carbon [8, 9]. Makeev et al. [8] investigated the dependence of thermal conductivity of
pyrolitic chars on temperature and average coordination number using non-equilibrium MD
(NEMD) simulations. The authors used the first generation REBO potential [54, 55] to
model interatomic interactions. The temperature varied from 25 to 500 K and the average
coordination number hni ranged from 2.93 to 3.10, i.e., the carbon atoms were largely sp2
hybridized. Makeev et al. [8] found their predictions to be in good agreement with the
minimum thermal conductivity model [59] given by [59, 60],
kmin =

 π 1/3
6

2/3
kB n0

3
X


vi

i=1

6

T
Θi

2 Z
0

Θi
T

x2 ex
dx
(ex − 1)2

(5)

where n0 is the number density of atoms, T is the absolute temperature, and i is the index
of the three acoustic phonon modes with group velocity vi and cutoff temperature Θi =
vi (~/kB )(6π 2 n0 )1/3 . Here, ~ = 1.05 ×10−34 J·s is Planck’s constant divided by 2π. The
speed of sound for transverse vt and longitudinal v` phonon modes were expressed as [8]
s
r
Y
2(1 − ν)
v` = vt
(6)
vt =
2(1 + ν)
1 − 2ν
where Y and ν are the Young’s modulus and Poisson’s ratio, respectively. In order to predict
the dependence of thermal conductivity on coordination number using the minimum thermal
conductivity model, Makeev et al. [8] related the density to the average coordination number
hni using a linear relation suggested by Mathioudakis et al. [61] expressed as
ρ = 1.65hni − 3.29.

(7)

where ρ is given in g/cm3 . The density ρ is related to the number density n0 by
ρ = M N A n0

(8)

where M is the molar mass of the atom and NA = 6.022×1023 at/mol is Avogadro’s constant. They found that the thermal conductivity increased with temperature and average
coordination number or increasing density.
Suarez-Martinez et al. [9] investigated the effect of microstructure on the thermal conductivity of amorphous and glassy carbon at room temperature using the environmentdependent interaction potential (EDIP) and non-equilibrium MD simulations [53]. The
density spanned 1.4 to 3.0 g/cm3 and carbon atoms were primarily sp2 hybridized. The
density of amorphous carbon was found to scale linearly with sp3 bond fraction. Thermal
conductivity depended linearly on density. This was in qualitative agreement with thermal
conductivity data predicted by Makeev et al. [8] for pyrolitic chars. However, both of these
MD simulations studies [8,9] predicted thermal conductivities larger than most experimental
measurements [6, 7, 16].

7

2.3

Experimental measurements

Table 1 summarizes thermal conductivity measurements reported in the literature for nonporous amorphous carbon thin films [6, 7, 15, 16] and for carbon aerogels [10, 11].
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9

ECWR

ta-C:H

a-C:H

[6]

[16]

∗

[10]

from resorcinol-formaldehyde aerogel

Room T

Tp = 1050◦ C,

80-400
300- 973

RPCVD, PACVD

[7]

80-400

Room T

Room T

80-400

80-400

80-400

Room T

(K)

T

Tp = 1050◦ C,

PECVD, FCVA,

[6]

[11]

dc-PACVD, DIBD

[15]

Carbon aerogel∗

FCVA, HCA

[6]

PECVD

FAD

PLD, CAD, IBSD,

method

Type

ta-C

Synthesis

Film

[7]

[15]

Ref.
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0.06-0.650

0.381-0.984

0.9-2.1

1.55-2

1.7

1.0-1.4

2.2-2.4

2.59-3.26

2.3-2.8

2.7-3.2

(g/cm )

ρ

1.5 cm

0.6-1.0 mm

120 nm -108 µm

18.5-100 nm

100-300 nm

450-800 nm

18.5-100 nm

18.5-100 nm

20 - 48 µm

69-150 nm

Thickness

transient

laser flash

3ω

3ω

optical

optical

3ω

3ω

3ω

optical

method

Measurement

N/A

N/A

30-80%

<20-70%

N/A

20-80%

70%

–

30-80%

N/A

sp3

0

0

33-50

18-36

0-37

27-42

28-30

0

0

0

at. % H

0.02-0.35

0.35-2.75

0.20-1.1

0.248-0.69

0.28-0.95

0.65-1.4

0.77-1.3

1.41-3.5

1.3-2.5

5.2-9.7

(W/m·K)

k

Table 1: Summary of experimental studies of dense amorphous carbon thin films [6, 7, 15, 16] and carbon aerogels [10, 11]

2.3.1

Nonporous amorphous carbon films

One of the earliest thermal conductivity measurements of amorphous carbon films was performed by Morath et al. [15] on ta-C and a-C:H with film thickness ranging from 100 to
300 nm. The authors estimated thermal conductivity at room temperature using the optical
pump-probe technique. This method requires estimates of density, molecular weight, and
Poisson’s ratio in order to determine the film thermal conductivity [15]. The densities of
the ta-C films were approximately 2.7, 3.0, and 3.2 g/cm3 [63, 64] and the corresponding
thermal conductivity ranged from 5.2 to 9.7 W/m·K. The film with the lowest density had
the smallest thermal conductivity. However, that with the largest density did not have the
largest thermal conductivity. On the other hand, the density of a-C:H films was not measured by Morath et al. [15] but rather was assumed to be 1.7 g/cm3 based on a previous
study of a similar film [65]. Morath et al. [15] measured the thermal conductivity of a-C:H
to be between 0.28 to 0.95 W/m·K. These variations were due to differences in hydrogen
content which ranged from 28 to 37 at. % H. However, it is unclear if the order of magnitude decrease in thermal conductivity between ta-C and a-C:H could be attributed to (i)
difference in density, (ii) hydrogenation, and/or (iii) differences in sp3 hybridization.
Subsequent experimental studies [6, 7, 16] were in good agreement with the thermal conductivity reported by Morath et al. [15] for a-C:H films but reported significantly smaller
thermal conductivity for ta-C films. Bullen et al. [7] measured the thermal conductivity of
a-C and a-C:H films deposited on silicon substrates between 80 and 400 K using the 3ω
method accounting for the contact resistance between film and substrate. The films’ densities varied between 0.9 and 2.8 g/cm3 and their thicknesses ranged from 120 nm to 108 µm.
At 300 K, the thermal conductivity ranged from 0.20 to 2.5 W/m·K. The authors determined
that the thermal conductivity increased with increasing density for both a-C and a-C:H.
Shamsa et al. [6] measured the thermal conductivity of a variety of ta-C and a-C films,
deposited on a silicon substrate, between 80 and 400 K. The film samples featured (i) sp3
content ranging from less than 20% up to 70%, (ii) density between 1.55 and 3.26 g/cm3 ,
and (iii) thickness from 18.5 to 100 nm. Although the films were thin, the authors did not
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correct for interfacial thermal contact resistance between the films and the substrate. The
hydrogen content varied between 0 and 36 at. % H and the thermal conductivity ranged
from 0.25 to 3.5 W/m·K at 300 K. Here also, the thermal conductivity of ta-C and a-C films
increased with increasing film density. Shamsa et al. [6] fitted their experimental data for
thermal conductivity k of a-C at 300 K as a linear function of density ρ according to
k = 1.77ρ − 2.82

(9)

where k and ρ are expressed in W/m·K and g/cm3 , respectively. However, this linear fit
predicts negative effective thermal conductivity for effective density less than 1.59 g/cm3 . In
addition, below 2.0 g/cm3 the dependence of k on ρ was unclear and the thermal conductivity k did not necessarily increase with increasing density ρ. For example, a film with density
of 2.0 g/cm3 and 24 at. % H had a lower thermal conductivity than that with density of 1.8
g/cm3 and 18 at. % H. This suggests that increasing hydrogenation reduces thermal conductivity as demonstrated using MD simulations of hydrogenated graphene [56,62]. Shamsa
et al. [6] also showed that thermal conductivity increased linearly with structural disorder,
measured using Raman spectroscopy and previously shown to increase with increasing sp3
content [40]. Thus, the authors concluded that thermal conductivity was linearly proportional to sp3 content.
Arlein et al. [16] experimentally studied a-C:H films deposited on a silicon substrate with
density between 1.0 to 1.4 g/cm3 and thickness varying from 450 to 800 nm. The films’
thermal conductivity was measured using the optical pump-probe method at room temperature and ranged from 0.65 to 1.4 W/m·K. However, unlike other experimental results [6,15],
the a-C:H film thermal conductivity k was not found to increase with increasing density
and decreasing hydrogen content. In addition, no expression for the thermal conductivity
was derived [16] . The authors reported an overall experimental uncertainty of ±15% in the
thermal conductivity due to characterization and measurements but did not state whether
the contact resistance had been accounted for.
Overall, the above reviewed experimental studies led to contradictory conclusions on the
effects of density and hydrogen content on the thermal conductivity of amorphous carbon.
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However, the thermal conductivity of hydrogen-free amorphous carbon generally increased
with increasing density.
2.3.2

Carbon aerogels

Carbon aerogels are low density nanoporous amorphous carbon materials produced by pyrolysis featuring porosity between 80 and 90% [66] and polydisperse pores with diameter
ranging from 1 to 100 nm [11]. Pyrolysis temperature Tp significantly affects the thermal
conductivity of aerogels for a given density [67]. For example, Wiener et al. [67] found that
the effective thermal conductivity kef f of carbon aerogels with porosity of 85% in a vacuum
at 300◦ C increased from 0.05 to 0.42 W/m·K as the pyrolysis temperature Tp increased from
800 to 2500◦ C. This was attributed to the fact that carbon aerogels pyrolized at high temperatures had less defects and hence larger phonon mean free path and thermal conductivity.
In other words, higher pyrolysis temperatures cured defects responsible for phonon scattering [67]. The effective density was found to be independent of pyrolysis temperature. On
the contrary, pore size decreased and specific surface area increased as pyrolysis temperature
increased from 800◦ C to 1000◦ C. However, it was the reverse for pyrolysis temperature Tp
above 1000◦ C.
Lu et al. [10] measured, at room temperature and under low pressure, the thermal conductivity of carbon aerogels pyrolized at 1050◦ C. For a pressure of 0.02 mbar, the authors
found that the effective thermal conductivity kef f was proportional to ρ1.5
ef f , where ρef f was
the carbon aerogel effective density. Bock et al. [11] also measured the thermal conductivity
of carbon aerogels pyrolized at 1050◦ C for temperatures ranging from room temperature to
700◦ C. The effective density ρef f varied between 0.381 and 0.984 g/cm3 . At room temperature and pressure less than 1 mbar, the effective thermal conductivity ranged from 0.21 to
2.2
1.72 W/m·K and was proportional to ρef
f.
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2.4

Physical modeling

Effective medium approximations (EMAs) from the literature generally describe the effective
thermal conductivity kef f of porous amorphous materials in terms of (i) the porosity fv ,
(ii) the thermal conductivity of the continuous amorphous matrix kc , and (iii) the thermal
conductivity of the dispersed gas phase kd [12, 34–38, 68–70].
The thermal conductivity of the gas phase entrapped in a pore of diameter dp is related
to the Knudsen number Kn according to [12, 71]
kd =

kd,0
1 + 1.5βKn

where

kB T
`
=√
.
dp
2πσ 2 pdp

Kn =

(10)

where, kd,0 is the thermal conductivity of the bulk gas phase, kB = 1.38 × 10−23 J/K is the
Boltzmann constant, ` is the mean free path of the gas at temperature T and pressure p
inside the pores, while σ is the diameter of the gas molecules treated as hardshell particles.
For bulk air at room temperature and atmospheric pressure, kd,0 is taken as 0.026 W/m·K
and the coefficient β is equal to 1.5 for entrapped air [12]. In the experimental studies
previously reviewed [10, 11], the pressure was less than 1 mbar, so Kn was very large and kd
was negligibly small. Note that the contribution of radiation transfer to the effective thermal
conductivity can be neglected due to carbon’s large specific extinction coefficient [10].
The parallel model is a simple and commonly used two-phase effective medium approximation (EMA) given by [34, 35]
kef f = kc (1 − fv ) + kd fv .

(11)

In addition, Maxwell Garnett [36] developed an EMA for the effective dielectric constant of
inclusions embedded in a matrix. It has since been used to model other effective physical
properties, including the effective thermal conductivity [72]. For a porous matrix, with
kd = 0 W/m·K, the Maxwell Garnett model for the effective thermal conductivity kef f can
be written as [36],

kef f = 2kc

1 − fv
2 + fv


.

(12)

This EMA is equivalent to the Hamilton model [73] for the thermal conductivity of porous
media with spherical pores. Note that Coquil et al. [12] found this model to be in very good
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agreement with the effective thermal conductivity of nanoporous amorphous silica at 300 K
predicted by solving Fourier’s law in a continuous matrix containing ordered spherical pores
with simple cubic packing arrangements. This was also established analytically based on the
method of volume averaging [69].
Landauer [37] developed an EMA for the effective thermal conductivity kef f of spherical
inclusions in a matrix expressed as,
4kef f = (3fv − 1)kd + (2 − 3fv )kc + {[(3fv − 1)kd + (2 − 3fv )kc ]2 + 8kc kd }1/2 .

(13)

In the limiting case when kd goes to zero, Equation (13) simplifies to the so-called coherent
potential model, also equivalent to the symmetric Bruggeman model [70], and given by
kef f = kc (1 − 1.5fv ).

(14)

Cahill [74] found the effective thermal conductivity of Vycor glass, with 30% porosity containing pores approximately 10 nm in size, to be in good agreement with Equation (14)
for temperatures ranging between 30 and 300 K. Moreover, previous MD simulations of the
effective thermal conductivity of nanoporous amorphous silica at 300 K were found to be in
good agreement with Equation (14) for porosity fv ranging from 0 to 35% [12]. However,
note that Equation (14) predicts negative effective thermal conductivity for porosity fv larger
than 67%.
Looyenga [38] developed an EMA for the effective dielectric constant. This EMA has
also been used to model the effective thermal conductivity in porous materials [75, 76]. It
has been referred to as the percolation model and is given by
kef f = kc (1 − fv )3 .

(15)

Note that the effective thermal conductivity of carbon aerogels was generally reported
as a function of effective density ρef f rather than porosity fv [10, 11]. Assuming that the
density of the gas phase ρd was negligible compared with that of the dense matrix phase ρc
the effective density ρef f of a porous medium can be expressed as
ρef f = ρc (1 − fv ).
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(16)

Unfortunately, experimental studies reporting the effective thermal conductivity of carbon
aerogels as a function of their effective density ρef f did not report the density ρc and thermal
conductivity kc of the continuous phase [10, 11]. Therefore, the aforementioned EMAs could
not be compared with experimental measurements [10, 11].
In the present study, equilibrium MD simulations based on the Green-Kubo method were
used to predict the effective thermal conductivity at 300 K of nanoporous amorphous structures with various porosity resulting in different effective density. The AIREBO potential
was used to model C-C atomic interactions. The results were compared with existing EMAs
and thermal models [8, 9] along with experimental data reported for nonporous amorphous
carbon and carbon aerogels [6, 7, 10, 11, 15, 16].

3

Procedure

Figure 2a shows the crystalline diamond precursor from which the amorphous carbon, shown
in Figure 2b, was derived. Figures 2c and 2d show the porous amorphous carbon structure with 30% porosity in 3D and 2D, respectively. The numerical procedures for amorphization, pore insertion, and the corresponding prediction of the thermal conductivity
were implemented using the Large-scale Atomic/ Molecular Massively Parallel Simulator
(LAMMPS) [77]. Simulations were run in parallel on fifty 64-bit nodes with 4000 MB of
RAM. Each structure was simulated seven different times to estimate the average thermal
conductivity and the error bars corresponding to 95% confidence interval.
3.1

Hydrogen-free nonporous amorphous carbon

Amorphous carbon was simulated by first generating a crystalline diamond structure consisting of a diamond cubic unit cell repeated six to eight times in the x-, y-, and z-directions.
A diamond unit cell contains eight carbon atoms and has a density of 3.54 g/cm3 and lattice
constant of 3.57 Å [48]. The previously mentioned AIREBO potential was used to model
C-C interactions [4]. All boundary conditions were periodic to simulate bulk materials. Once
the crystalline matrix was constructed, an energy minimization step was performed to relax
15

(a)

(b)

(c)

(d)

Figure 2: Atomic structures of (a) the crystalline diamond precursor from which amorphous
carbon was derived, (b) the nonporous amorphous carbon, (c) the porous amorphous carbon
with 30% porosity in 3D, and (d) in 2D.
the system.
In order to generate an amorphous carbon structure, the crystalline diamond structure
was heated to 15,000 K and then cooled to 300 K for 300,000 time steps, using a NoséHoover thermostat [78, 79]. For a given amorphous structure, Newton’s equations of motion
for each atom were solved with a time step ∆t and were integrated using a velocity Verlet
integrator [80]. This quench rate of 500 K/ps was previously used by Stuart et al. [58],
although the authors only heated the crystalline structure to 5,000 K. In the present study,
the crystalline structures quenched from 5,000 K featured thermal conductivity one order
of magnitude larger than those quenched from 15,000 K at the same quenching rate of 500
16

K/ps. In addition, a system quenched from 20,000 K was found to have similar thermal
conductivity as those quenched from 15,000 K. This suggests that the carbon structure
generated via heating to 15,000 K was fully amorphous. Thus, all results presented here
have been obtained using the amorphization procedure at 15,000 K. The density of the
amorphous system generated was 3.54 g/cm3 . Three other systems with lower densities of
2.66, 2.05, and 1.61 g/cm3 were generated by isotropically expanding the simulation cell of
the amorphous structure.
The thermal conductivity of the different amorphous structures at 300 K was computed
using the Green-Kubo relation [Equation (1)] for a maximum correlation time averaging
window ∆τmax , total simulation time tmax , and system length L under constant number of
atoms, volume, and temperature (NVT ensemble).
Figure 3 plots the thermal conductivity kc of amorphous carbon with density ρc of 3.54
g/cm3 at 300 K as a function of time step ∆t between 0.05 and 0.2 fs. Here, the maximum
correlation time averaging window ∆τmax was between 4 and 8 ps, the total simulation time
tmax was 4.5 ns, and the system length L was 21.3 Å. The thermal conductivity computed
for a time step of 0.1 fs was nearly identical to that obtained using 0.05 fs. The results for
the different values of ∆t fell within each other’s numerical uncertainty. However, increasing
the time step to 0.2 fs produced large numerical uncertainties. Thus, a 0.1 fs time step was
used for all simulations reported in this study.
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Figure 3: Thermal conductivity kc of hydrogen-free nonporous amorphous carbon with density ρc of 3.54 g/cm3 at 300 K as a function of time step ∆t for a maximum correlation
time averaging window ∆τmax between 4 and 8 ps, total simulation time tmax of 4.5 ns, and
system length L of 21.3 Å.
Figures 4a and 4b respectively plot the normalized HCACF hJ(t)J(0)i/hJ(0)J(0)i and
the thermal conductivity kc of amorphous carbon at 300 K with a density ρc of 1.61 g/cm3
as functions of the correlation time τ ranging from 0 to 10 ps using a time step ∆t of 0.1 fs, a
total simulation time tmax of 4.5 ns, and a system length L of 27.8 Å. Recall, the maximum
correlation time τmax is selected to be larger than the correlation time τ required for the
HCACF to decay to zero [45]. In other words, the thermal conductivity corresponding to
the maximum correlation time τmax is equal to that corresponding to correlation times τ
larger than τmax . Figure 4a indicates that the HCACF decayed to zero when the correlation
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Figure 4: (a) Normalized HCACF and (b) thermal conductivity kc as functions of correlation
time τ for hydrogen-free nonporous amorphous carbon with density ρc of 1.61 g/cm3 at 300
K for a time step ∆t of 0.1 fs, total simulation time tmax of 4.5 ns, and system length L of
27.8 Å.
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time τ was longer than 0.3 ps. However, Figure 4b shows that the thermal conductivity
did not converge until the correlation time was longer than 4 ps. Note that for larger
densities, the thermal conductivity converged for shorter correlation times. Figure 4b also
indicates that after the thermal conductivity had converged (τ > 4 ps), it fluctuated about
an average value. Thus, the average thermal conductivity was obtained by averaging the
results from Equation (1) using a range of maximum correlation times τmax , or a maximum
correlation time averaging window ∆τmax of 4 to 8 ps. As discussed previously, Schelling et
al. [45] determined that for a silicon system at 500 K the HCACF decayed rapidly for short
correlation times (τ < 0.2 ps), while correlations persisted for much longer (τ > 100 ps). To
ensure that correlations did not persist for correlation times longer than 4 ps, a maximum
correlation time of 100 ps was considered. No difference was found between the thermal
conductivity predicted using τmax of 4 ps and 100 ps.
The total simulation time tmax should be much larger than the maximum correlation time
τmax to ensure proper statistical averaging [45]. Figure 5 shows the thermal conductivity
kc for total simulation time tmax ranging from 4.1 to 6.0 ns for hydrogen-free nonporous
amorphous carbon with density of 1.61 g/cm3 , time step ∆t of 0.1 fs, a maximum correlation
time τmax averaging window ranging from 4 to 8 ps, and a system length L of 27.8 Å. It
indicates that the value of thermal conductivity was converged for a total simulation time
tmax of 4.5 ns. For larger densities, convergence was achieved for shorter simulation times
so that a total simulation time tmax of 4.5 ns was used for all MD simulations of nonporous
amorphous carbon.
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Figure 5: Thermal conductivity kc of hydrogen-free nonporous amorphous carbon with density ρc of 1.61 g/cm3 as a function of total simulation time tmax at 300 K for a time step
∆t of 0.1 fs, maximum correlation time averaging window ∆τmax between 4 and 8 ps, and
system length L of 27.8 Å.
Moreover, numerical convergence of the results in terms of system size was evaluated by
considering system lengths ranging from 17.8 to 28.4 Å for a density of 3.54 g/cm3 . Figure 6
plots the thermal conductivity kc of hydrogen-free nonporous amorphous carbon with density
3.54 g/cm3 as a function of system length L at 300 K obtained for a time step ∆t of 0.1 fs, a
maximum correlation time τmax averaging window between 4 and 8 ps, and a total simulation
time tmax of 4.5 ns. It indicates that a simulation cell length of 21.3 Å (i.e., 6×6×6 unit
cells and 1728 carbon atoms) was sufficient to obtain values of thermal conductivity that
were independent of system length. Thus, all systems presented in this study consisted of
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Figure 6: Thermal conductivity kc of hydrogen-free nonporous amorphous carbon with density ρc of 3.54 g/cm3 as a function of system length L at 300 K for a time step ∆t of 0.1 fs,
maximum correlation time averaging window ∆τmax between 4 and 8 ps, and total simulation
time tmax of 4.5 ns.
6×6×6 unit cells. For a density of 3.54 g/cm3 this corresponded to a system length of 21.3
Å. When the 6×6×6 unit cells were isotropically expanded to produce systems with lower
densities of 2.66, 2.05, and 1.61 g/cm3 , the resulting system lengths were 23.6, 25.7, and 27.8
Å, respectively.
3.2

Nanoporous amorphous carbon

In order to simulate nanoporous amorphous carbon a spherical pore was introduced into the
dense amorphous carbon system by removing carbon atoms located in a spherical region
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around the center of the simulation box. The pore diameter dp ranged from 9.76 to 26.0
Å in diameter corresponding to porosity fv varying from 5 to 40% for system length L of
21.3 to 32.0 Å. For the pore size considered, Kn was very large and kd was approximately
zero according to Equation (10). Thus, the pores were simulated as empty. The system was
equilibrated at 300 K using the NVE ensemble. Then, the effective thermal conductivity
kef f was estimated using the Green-Kubo relation for the NVT ensemble. For all structures
considered, a numerically converged solution was obtained with a the time step ∆t of 0.1 fs
and a maximum correlation time τmax averaging window between 4 and 8 ps. In addition,
the total simulation time tmax increased from 4.5 to 6.5 ns as porosity increased from 0 to
40%.

4

Results and discussion

4.1

Hydrogen-free nonporous amorphous carbon

The radial distribution function of atoms represents the number of atoms in a spherical
shell located at a given distance from a reference atom. It can be used to compare the
atomic structures of systems. Moreover, it can be determined experimentally using neutron
scattering [2] or obtained numerically using MD simulations [3]. The radial distribution
function g(r) is defined such that the average number of atoms n(r) in a spherical shell
centered at distance r from a reference particle and with thickness dr and is expressed
as [83]
n(r)dr = 4πn0 g(r)r2 dr

(17)

where n0 is the number density of atoms (in #/m3 ). Generally, the reduced radial distribution function G(r) is reported rather than the radial distribution function and is defined
as [3]
G(r) = 4πrρ[g(r) − 1]

(18)

where ρ is the density in g/cm3 . According to Equation (8), the density is related to the
number density of atoms by the molar mass M and Avogadro’s constant NA . Physically,
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Figure 7: Comparison of the reduced radial distribution function G(r) obtained in the present
study for hydrogen-free nonporous amorphous carbon (ρc = 3.54 g/cm3 ) and for (i) experimentally measured amorphous carbon [2], (ii) diamond simulated using MD simulations [3],
and (iii) amorphous carbon obtained using MD simulations [3] all at 300 K.
positive values of the reduced radial distribution function G(r) represent atom densities
greater than the average, whereas negative values represent atom densities lower than the
average [84]. The peaks observed in G(r) represent distinct distances at which neighboring
atoms are found, in other words, the typical bond lengths of the system [85]. Gaskell et al. [2]
experimentally measured G(r) for tetrahedral amorphous diamondlike carbon using neutron
scattering. In addition, Stephan et al. [3] used the Tersoff potential to model C-C interactions
for diamond and amorphous carbon with density of 2.5 and 3.0 g/cm3 to predict the reduced
radial distribution function G(r) at 300 K.
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Figure 7 compares the reduced carbon-carbon radial distribution function G(r) at 300
K obtained in the present study for hydrogen-free nonporous amorphous carbon (ρc = 3.54
g/cm3 ) with those of amorphous carbon of various density determined experimentally [2] and
of diamond and amorphous carbon determined by MD simulations [3]. It indicates that the
results obtained in the present study agreed well with those reported in the literature [2, 3].
As expected, the reduced radial distribution function of amorphous carbon was significantly
different from that of diamond. The first peak in G(r) of amorphous carbon was split into
two local maxima. The first was centered around 1.34 Å corresponding to the length of a C-C
double bond [85]. The second local maxima was centered around 1.44 Å which is somewhat
smaller than the C-C single bond length of 1.54 Å [85]. Nevertheless, this second peak in
G(r) likely corresponded to sp3 hybridized atoms. Note that the splitting of the first was
peak was previously observed in the radial distribution function of titrated amorphous carbon
predicted using MD simulations [85]. The hybridization of the carbon atoms was determined
by counting the number of neighboring atoms within 1.7 Å of the reference carbon atom [86].
The local minima at 1.4 Å between the first two peaks represents a relatively low density
of neighboring atoms at this distance. Thus, the distance of 1.4 Å was used as the cutoff
distance to differentiate between sp3 and sp2 hybridizations.
Table 2 reports the density ρc and thermal conductivity kc at 300 K of hydrogen-free
nonporous amorphous carbon simulated using MD simulations.
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Table 2: Summary of the density ρc and thermal conductivity kc of hydrogen-free nonporous
amorphous carbon at 300 K predicted using MD simulations.
ρc

kc

(g/cm3 )

(W/m·K)

3.54

5.07

2.66

2.97

2.05

2.46

1.61

1.92

Hydrogen-free nonporous

Figure 8 compares the thermal conductivity kc of hydrogen-free nonporous amorphous
carbon at 300 K as a function of density ρc of the dense amorphous carbon predicted in
the present study with results previously obtained experimentally [6, 7] and by other MD
simulation studies [8, 9]. The amorphization procedure described previously was used to
generate the amorphous carbon precursors for nanoporous carbon. All MD simulations predicted somewhat larger thermal conductivity than recent experimental measurements [6, 7].
The thermal conductivity of amorphous carbon with density of 3.54 g/cm3 was also predicted using the Tersoff potential [52]. However, it was somewhat larger than that predicted
using the AIREBO potential [4]. Thus, the latter was used for the remaining simulations.
Note that the experimentally measured thermal conductivity reported by Morath et al. [15]
for hydrogen-free nonporous amorphous carbon was significantly larger than those reported
by other experimental studies [6, 7] and obtained by MD simulations [8, 9]. As previously
discussed, the measurement method relied on estimates of material properties which may
not be known reliably. Thus, this data was not shown. Finally, MD simulations using the
AIREBO potential predicted slightly larger thermal conductivities than those using EDIP [9]
and the REBO potential [8]. Overall, all MD simulations were in relatively good agreement
with one another regardless of the different interatomic potential considered. All of them
overpredicted the experimental measurements [6, 7].
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Figure 8: Comparison of the thermal conductivity kc of hydrogen-free nonporous amorphous
carbon at room temperature as a function of density ρc obtained (i) in the present study using
the AIREBO [4] and Tersoff [5] potentials, (ii) experimentally [6, 7], and (iii) by previous
MD simulations using the REBO [8] and EDIP [9] potentials.
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4.2
4.2.1

Nanoporous amorphous carbon
Effect of pore diameter

Table 3: Summary of the system length L, the spherical pore diameter dp , and the effective
thermal conductivity kef f of nanoporous amorphous carbon at 300 K for various porosity fv
and corresponding effective density ρef f predicted using MD simulations.
fv

ρef f

L

dp

kef f

(%)

(g/cm3 )

(Å)

(Å)

(W/m·K)

10

3.19

21.3

12.3

4.26 ± 0.41

24.9

14.3

4.23 ± 0.34

28.5

16.4

4.32 ± 0.28

32.0

18.4

3.84 ± 0.24

21.3

16.7

3.12 ± 0.29

24.9

19.5

3.05 ± 0.24

28.5

22.2

2.82 ± 0.19

32.0

25.0

3.06 ± 0.40

21.3

19.5

2.22 ± 0.05

24.9

22.8

2.22 ± 0.12

28.5

26.0

2.04 ± 0.17

25

40

2.67

2.12

Table 3 summarizes the different nanoporous amorphous carbon simulated to investigate
the effect of the pore diameter dp on the effective thermal conductivity kef f . The latter was
predicted at 300 K for effective densities ρef f of 3.19, 2.67, and 2.12 g/cm3 corresponding
to porosities fv of 10, 25, and 40%, respectively. All of these systems were derived from a
hydrogen-free nonporous amorphous carbon precursor having a density ρc of 3.54 g/cm3 . The
system length was varied from 21.3 to 32.0 Å and the pore diameter was adjusted between
12.3 and 26.0 Å to achieve the desired porosity. Note that the effective density ρef f was
computed from the mass and volume of the structure. This effective density agreed with that
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Figure 9: Effective thermal conductivity kef f of nanoporous amorphous carbon at 300 K as
a function of pore diameter dp for porosity fv of 10, 25, and 40%.
computed using Equation (16) within less than 1%. The slight difference in effective density
comes from the finite size of the atoms that were removed to create the pore. Therefore, the
pore was not perfectly spherical, as shown in Figure 2c. However, the pore was assumed to
be perfectly spherical when determining the pore diameter corresponding to a given porosity.
Figure 9 shows the effective thermal conductivity kef f of nanoporous amorphous carbon
as a function of pore diameters dp for different values of porosity fv . It indicates that
the effective thermal conductivity decreased with increasing porosity. More importantly,
it establishes that the effective thermal conductivity was independent of pore diameter for
any given porosity. Note that similar conclusions were reached from MD simulations of

29

nanoporous silica (amorphous) [12].
4.2.2

Effect of porosity

Table 4 summarizes the characteristics of the nanoporous amorphous carbon systems simulated by MD simulations for four different initial matrix density ρc and corresponding to
matrix thermal conductivity kc . It also reports their effective thermal conductivity kef f of
nanoporous carbon and the ratio kef f /kc at 300 K for a wide range of porosity fv , and corresponding effective density ρef f . As in the previous section, the effective density ρef f was
computed from the mass and volume of the structure. Note that the effective density computed using this method agreed with that computed using Equation (16) within 1%. The
uncertainty reported for kc and kef f corresponded to a 95% confidence interval from seven
independent simulations. Additionally, the uncertainty for kef f /kc was determined through
error propagation.
Figure 10a plots the predicted effective thermal conductivity kef f of nanoporous amorphous carbon at 300 K as a function of porosity fv ranging from 0 to 40% for four different
initial continuous phase densities ρc varying between 1.61 and 3.54 g/cm3 . For each initial continuous phase density, the porosity was varied by adjusting the pore diameter, and
keeping the system length constant, to correspond with a given porosity. As expected, for
a given continuous phase density ρc , the effective thermal conductivity decreased with increasing porosity. Figure 10b shows the ratio kef f /kc as a function of porosity fv for the four
different initial densities ρc considered where kc represented the thermal conductivity of the
nonporous amorphous carbon (fv =0%). The scaled data tend to overlap, within numerical
uncertainty, indicating a self-similar behavior in the form
kef f = kc ψ(fv )

(19)

where ψ(fv ) is a function of porosity only. Figure 10b also plots the ratio kef f /kc predicted by
the parallel, Maxwell Garnett, coherent potential, and percolation models given by Equations
(11), (12), (14), and (15), respectively. It indicates that, for porosity ranging from 0 to
40%, both the Maxwell Garnett model and the coherent potential model agreed well with
the predictions from MD simulations. The average relative errors between predictions by
the Maxwell Garnett model and the coherent potential model and the predictions from
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Table 4: Summary of the effective density ρef f , effective thermal conductivity kef f , and ratio
kef f /kc at 300 K of nanoporous amorphous carbon for various porosity fv predicted using
MD simulations.
ρc

kc
3

fv

ρef f

kef f
3

kef f /kc

(g/cm )

(W/m·K)

(%)

(g/cm )

(W/m·K)

3.54

5.07 ± 0.37

5

3.38

4.56 ± 0.45

0.90 ± 0.11

10

3.19

4.26 ± 0.41

0.84 ± 0.10

15

3.00

3.58 ± 0.30

0.71 ± 0.08

20

2.83

3.24 ± 0.22

0.64 ± 0.06

25

2.67

3.12 ± 0.29

0.62 ± 0.07

30

2.48

2.57 ± 0.06

0.51 ± 0.04

35

2.30

2.37 ± 0.25

0.47 ± 0.06

40

2.12

2.22 ± 0.05

0.44 ± 0.03

5

2.53

2.69 ± 0.18

0.91 ± 0.09

10

2.39

2.56 ± 0.28

0.86 ± 0.11

15

2.26

2.29 ± 0.17

0.77 ± 0.08

20

2.13

2.17 ± 0.12

0.73 ± 0.07

25

2.01

1.90 ± 0.16

0.64 ± 0.07

30

1.87

1.78 ± 0.15

0.60 ± 0.07

35

1.73

1.61 ± 0.11

0.54 ± 0.05

40

1.59

1.56 ± 0.25

0.53 ± 0.09

5

1.95

2.05 ± 0.10

0.83 ± 0.06

10

1.84

1.97 ± 0.18

0.80 ± 0.09

15

1.73

1.88 ± 0.15

0.76 ± 0.08

20

1.64

1.74 ± 0.17

0.70 ± 0.08

25

1.54

1.61 ± 0.12

0.65 ± 0.06

30

1.42

1.40 ± 0.16

0.57 ± 0.07

35

1.33

1.27 ± 0.11

0.52 ± 0.05

40

1.24

1.19 ± 0.07

0.48 ± 0.04

5

1.53

1.61 ± 0.11

0.84 ± 0.10

10

1.45

1.63 ± 0.12

0.85 ± 0.11

15

1.39

1.44 ± 0.11

0.75 ± 0.09

20

1.30

1.30 ± 0.10

0.68 ± 0.08

25

1.22

1.29 ± 0.25

0.67 ± 0.15

30

1.13

1.21 ± 0.10

0.63 ± 0.08

35

1.06

1.21 ± 0.15

0.63 ± 0.10

40

0.97

1.13 ± 0.06

0.59 ± 0.06

2.66

2.05

1.61

2.97 ± 0.21

2.46 ± 0.14

1.92 ± 0.19
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Figure 10: (a) Effective thermal conductivity kef f and (b) ratio of kef f /kc as a function
of porosity fv at 300 K for nanoporous amorphous carbon. The solid blue, solid red, solid
black, and dashed blue lines correspond to predictions by the parallel, Maxwell Garnett,
coherent potential, and percolation models, given by Equations (11), (12), and (14), and
(15) respectively.
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MD simulations were 6 and 7%, respectively. Moreover, the relative error increased with
increasing porosity. It reached up to 20% and 32% for fv =40% for the Maxwell Garnett
and the coherent potential models, respectively. Overall, the Maxwell Garnett model was
somewhat better than the coherent potential model at capturing the evolution of the ratio
kef f /kc as a function of porosity fv .
4.2.3

Effective density

As previously reviewed, the effective thermal conductivity of carbon aerogels has often been
reported as a function of effective density ρef f rather than porosity fv [10, 11]. Figure 11
plots the effective thermal conductivity kef f of nanoporous amorphous carbon at 300 K,
obtained from MD simulations, as a function of the effective density, computed from the
mass and volume of the structure, and ranging from 1.22 to 3.54 g/cm3 . It also shows
the experimentally measured thermal conductivity at room temperature of carbon aerogels
1.5
2.2
pyrolized at 1050◦ C [10,11]. The latter was proportional to ρef
f [10] and ρef f [11] for effective

density ranging from 0.06 to 0.65 g/cm3 and 0.381 to 0.984 g/cm3 . Similarly, the effective
thermal conductivity kef f of nanoporous amorphous carbon obtained in this study could be
related to the effective density ρef f by a power-type of law given by
kef f = 0.98ρ1.2
ef f

(20)

where the coefficient 0.98 and power 1.2 were obtained by least squares fitting. The associated
coefficient of determination R2 was equal to 0.95. Figure 11 also indicates that Equation (20)
could also be used as a first-order estimate of the effective thermal conductivity of carbon
aerogels pyrolized at 1050◦ C as a function of effective density. Note however, that the
pyrolysis temperature strongly affected the effective thermal conductivity of carbon aerogels
by curing defects in the carbon matrix while the effective density remained relatively constant
[67]. Defects in aerogels, including micro-cracks, micro-porosity, and impurities, decrease the
phonon mean free path and the effective thermal conductivity [13]. These defects were not
produced in the nanoporous carbon structures investigated in the present study. Defects
in the micro-scale would require larger nanoporous carbon systems than those simulated
presently. However, the systems modeled in the present study were already computationally
expensive and modeling significantly larger systems would not be feasible with the available
resources.
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Figure 11: Effective thermal conductivity kef f of nanoporous amorphous carbon at 300 K
as a function of effective density ρef f obtained using MD simulations with the associated
best fit power law. Experimental results and the associated power law relations for carbon
aerogels are also included [10, 11].
4.2.4

Comparison with nanoporous silica

As previously discussed, Coquil et al. [12] predicted the effective thermal conductivity kef f
of nanoporous silica at 300 K using MD simulations for porosity fv ranging from 10 to 35%
corresponding to effective density ρef f between 1.44 and 2.22 g/cm3 . The authors showed
that kef f could be modeled by the coherent potential approximation. Ng et al. [13] predicted
the effective thermal conductivity of silica aerogels at 300 K using MD simulations for effective density ranging from 0.32 to 0.99 g/cm3 . Note that both of these studies employed
non-equilibrium MD simulations and the so-called BKS potential [12,13]. Furthermore, Jain
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Figure 12: Comparison of the effective thermal conductivity kef f of nanoporous silica at
300 K as a function of effective density ρef f obtained using MD simulations [12, 13] and
experimentally [14]. The solid line represents the best fit power law relation for the MD
simulations data.
et al. [14] measured the effective thermal conductivity of silica aerogels at room temperature for effective density ranging from 0.4 to 1.6 g/cm3 . These aerogels were synthesized
using either the sintering, binary solvent, or single solvent method [14]. Here also, the effective thermal conductivity of low porosity nanoporous silica could be related to the effective
density. In fact, Ng et al. [13] determined that the effective thermal conductivity kef f of
silica aerogels predicted from MD simulations was proportional to ρ1.01
ef f . Similarly, Jain et
al. [14] experimentally determined that the effective thermal conductivity was dependent on
the aerogel synthesis method and related to effective density by the power law kef f ∝ ρnef f .
The coefficient n was equal to 1.04, 1.00, and 1.65 for aerogels synthesized by the sintering,
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binary solvent, and single solvent methods, respectively.
Figure 12 compares the effective thermal conductivity of nanoporous silica predicted
using MD simulations [12, 13] with that measured experimentally [14] as a function of effective density at room temperature. It indicates that the effective thermal conductivity of
nanoporous silica predicted from MD simulations [12, 13] could be related to the effective
density according to a power law expressed as
1.5
kef f = 0.57ρef
f.

(21)

This was valid for effective density ρef f ranging from 0.32 to 2.22 g/cm3 encompassing silica
aerogels [13] and low porosity (10-35%) nanoporous silica [12] predicted using MD simulations with a coefficient of determination R2 of 0.98. Furthermore, the effective thermal
conductivity predicted using MD simulations was in good agreement with measurements for
silica aerogels made by the sintering method. On the contrary, they overestimated experimental measurements for silica aerogels made by single and binary solvent methods. As
noted previously, micro-scale defects were responsible for lowering the effective thermal conductivity of the aerogels [13]. This can be attributed to the fact that these defects were not
accounted for in the MD simulations and that sintering removed many of the defects in the
silica aerogel [12, 13]. This also explains the larger effective thermal conductivity predicted
by the MD simulation studies [12, 13] compared to those measured experimentally [14].
5

Conclusions

The present study investigated the thermal conductivity of nanoporous amorphous carbon at
300 K using MD simulations and the Green-Kubo method. The AIREBO potential was used
to model C-C atomic interactions. First, the simulation method was validated by comparing
the predicted thermal conductivity of hydrogen-free nonporous amorphous carbon with experimental and MD simulation results reported in the literature [6–9,16]. Then, nanoporous
amorphous carbon was generated by introducing a spherical pore into a hydrogen-free nonporous structure. The effective thermal conductivity of nanoporous amorphous carbon at
300 K was computed for pore diameter, porosity, and effective density ranging from 9.76 to
21.7 Å, 5 to 40%, and 1.22 to 3.38 g/cm3 , respectively. The effective thermal conductivity
was found to be independent of pore diameter and dependent on porosity only. Addition36

ally, the ratio kef f /kc was in good agreement with the Maxwell Garnett model for porosity
ranging from 0 to 40%. Alternatively, a power law relation between the effective thermal
conductivity and the effective density of nanoporous carbon was developed. This relation
could also provide a first-order estimate of the effective thermal conductivity of carbon aerogels. Furthermore, the effective thermal conductivity of silica aerogels [13] and low porosity
(10-35%) nanoporous silica [12] obtained in previous studies using MD simulations was also
found to be related to the effective density by a power law.
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Appendices
A

LAMMPS input script for generating amorphous carbon and computing the
thermal conductivity using the Green-Kubo method

#####################################################
# Initialization ####################################
#####################################################
units metal

# Type of units used

# Variables #########################################
variable
variable
variable
variable
variable
variable
variable

T1 equal 15000
T2 equal 300
V equal vol
dt equal 0.0001
p equal 10000
s equal 10
d equal $p*$s

#
#
#
#
#
#
#

Kelvin
Kelvin
Volume
Time step
Correlation length
Sample interval
Dump interval

# Setup #############################################
dimension 3
boundary p p p
atom style charge
lattice diamond 3.57
region box block 0 6 0 6 0 6

create box 1 box
create atoms 1 box
mass 1 12.0107
group carbonatoms type 1

#
#
#
#
#
#
#
#
#
#
#
#
#
#

Defines a 3D simulation
Defines periodic boundary conditions
Defines atom types to be charge
Defines a diamond lattice with unit length
3.57 A
Defines a 3D block region called "box" that
is made up of the unit cell repeated 6 times
in the x-, y-, and z-directions
Creates the simulation box defined by the
previous region command
Creates the atoms within the simulation box
according to the defined lattice
Defines the molar mass of atom type 1
Assigns the name carbonators to atom type 1

# Interatomic potential #############################
pair style airebo 3.0
pair coeff * * CH.airebo C
neighbor 2.0 bin
neigh modify delay 10 every 1 check yes

#
#
#
#
#
#
#
#
#

Defines the pair style for the atomic potential
interactions to be AIREBO
Defines the interactions to be between carbon
atoms
The neighbor distance is given by the potential
cutoff + 2A
Rebuilds the neighbor every 10 time steps only
if an atom has moved at least half the
skin distance

#####################################################
# Equilibration and thermalization ##################
#####################################################
fix 1 all box/relax iso 0.0 vmax 0.001
min modify line quadratic
minimize 0.000001 0.00000001 10000 100000
unfix 1
timestep ${dt}
thermo 500
reset timestep 0
dump 1 carbonatoms xyz 1000 Melt.1.xyz

#
#
#
#
#
#
#
#
#
#
#
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Zero pressure condition applied to external
bounds of simulation box
Applies a quadratic line search algorithm for
the energy minimization
Iteratively adjusts atom coordinates to
minimize the energy of the system
Stops the zero pressure condition
Sets the time step to 0.1 fs
Outputs thermodynamic data every 500 time steps
Resets the time step counter to zero
Outputs coordinates to Melt.1.xyz

dump 2 all atom 1000 Melt.1.lammpstrj
velocity all create ${T1} 102486 mom yes &
rot yes dist gaussian
fix NVT all nvt temp ${T1} ${T2} 0.09 drag 0.4

run 80000
unfix NVT
fix NVT2 all nvt temp ${T2} ${T2} 0.09 drag 0.4
run 100000
undump 1
undump 2
write restart endNVT.restart
restart $d Melt.*.restart
dump 3 carbonatoms xyz 10000 Melt.2.xyz
dump 4 all atom 10000 Melt.2.lammpstrj

#
#
#
#
#
#
#
#
#
#
#

Outputs coordinates to Melt.1.lammpstrj
Randomly sets initial velocity to correspond
with 15,000 K
Integrates atomic positions using the NVT
ensemble as temperature is decreased from
15,000 K to 300 K
Runs the integration in NVT for 80,000 time
steps
Ends the NVT integration
Integrates atomic positions using the NVT
ensemble for a temperature of 300 K

#
#
#
#
#
#
#

Ends the output of coordinates to Melt.1.xyz
Ends the output of coordinates to
Melt.1.lammpstrj
Writes a restart file to endNVT.restart
Writes a restart file every 100,000 time steps
Outputs coordinates to Melt.2.xyz
Outputs coordinates to Melt.2.lammpstrj

#####################################################
# Green Kubo Method #################################
#####################################################
compute myKE all ke/atom
compute myPE all pe/atom
compute myStress all stress/atom virial
compute flux all heat/flux myKE myPE myStress
variable Jx equal c flux[1]/vol
variable Jy equal c flux[2]/vol
variable Jz equal c flux[3]/vol
fix JJ all ave/correlate $s $p $d c flux[1] &
c flux[2] c flux[3] type auto file &
J0Jt Melt.dat ave running
thermo $d
thermo style custom step temp v Jx v Jy v Jz
run 45000000
write restart end.restart

#
#
#
#
#

Computes the kinetic energy per atom
Computes the potential energy per atom
Computes the stresses per atom excluding
kinetic energy contributions
Computes the heat flux vector

# Calculates the heat current autocorrelation
# function
#
#
#
#
#
#
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Outputs thermodynamic data every 100,000 time
steps
Defines the thermodynamic data to output
Runs the Green Kubo method for 45,000,000 time
steps
Writes a restart file end.restart

B

LAMMPS input script for generating amorphous carbon with lower density
and computing the thermal conductivity using the Green-Kubo method

#####################################################
# Initialization ####################################
#####################################################
read restart endNVT.restart

# Open file created by the script generating
# amorphous carbon

# Variables #########################################
variable
variable
variable
variable
variable
variable

T2 equal 300
V equal vol
dt equal 0.0001
p equal 10000
s equal 10
d equal $p*$s

#
#
#
#
#
#

Kelvin
Volume
Time step
correlation length
sample interval
dump interval

# Interatomic potential #############################
pair style airebo 3.0

change box all x scale 1.3 y scale 1.3 &
z scale 1.3 remap

#
#
#
#
#
#
#
#
#
#
#

print $V

# Print new volume

pair coeff * * CH.airebo C
neighbor 2.0 bin
neigh modify delay 10 every 1 check yes

Defines the pair style for the atomic potential
interactions to be AIREBO
Defines the interactions to be between carbon
atoms
The neighbor distance is given by the potential
cutoff + 2A
Rebuilds the neighbor every 10 time steps only
if an atom has moved at least half the
skin distance
Scale atom coordinates by 1.3 times in all
directions

#####################################################
# Equilibration ##################
#####################################################
timestep ${dt}
thermo 1000
fix NVT all nvt temp ${T2} ${T2} 0.09 drag 0.4
run 500000
write restart D30endNVT.restart
restart $d D30.*.restart

#
#
#
#
#
#
#
#

Outputs thermodynamic data every 1000 time steps
Integrates atomic positions using the NVT
ensemble for a temperature of 300 K
Runs the integration in NVT for 500,000 time
Writes a restart file D30endNVT.restart
Writes a restart file D30.*.restart every d time
steps where the * is filled in by time step at
which the file is written

#####################################################
# Green Kubo Method #################################
#####################################################
compute myKE all ke/atom
compute myPE all pe/atom
compute myStress all stress/atom virial
compute flux all heat/flux myKE myPE myStress
variable Jx equal c flux[1]/vol
variable Jy equal c flux[2]/vol
variable Jz equal c flux[3]/vol
fix JJ all ave/correlate $s $p $d c flux[1] &
c flux[2] c flux[3] type auto file &
J0Jt D30.dat ave running
thermo $d
thermo style custom step temp v Jx v Jy v Jz

#
#
#
#
#

Computes the kinetic energy per atom
Computes the potential energy per atom
Computes the stresses per atom excluding
kinetic energy contributions
Computes the heat flux vector

# Calculates the heat current autocorrelation
# function
# Outputs thermodynamic data every 100,000 time
# steps
# Defines the thermodynamic data to output
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run 45000000
write restart D30end.restart

# Runs the Green Kubo method for 45,000,000 time
# steps
# Writes a restart file D30end.restart
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C

LAMMPS input script for generating porous amorphous carbon and computing the thermal conductivity using the Green-Kubo method

#####################################################
# Initialization ####################################
#####################################################
read restart endNVT.restart

# Open file created by the script generating
# amorphous carbon

# Variables #########################################
variable
variable
variable
variable
variable
variable

T2 equal 300
V equal vol
dt equal 0.0001
p equal 10000
s equal 10
d equal $p*$s

#
#
#
#
#
#

Kelvin
Volume
Time step
correlation length
sample interval
dump interval

# Setup #############################################
lattice diamond 3.57 region pore1 sphere 3 3 3 & # Define spherical region by specifying the center
2.613872345
# coordinates and radius. Here, radius is for 30%
# porosity
# Remove atoms within a spherical region
delete atoms region pore1
# Interatomic potential #############################
pair style airebo 3.0
pair coeff * * CH.airebo C
neighbor 2.0 bin
neigh modify delay 10 every 1 check yes

#
#
#
#
#
#
#
#
#

Defines the pair style for the atomic potential
interactions to be AIREBO
Defines the interactions to be between carbon
atoms
The neighbor distance is given by the potential
cutoff + 2A
Rebuilds the neighbor every 10 time steps only
if an atom has moved at least half the
skin distance

#####################################################
# Equilibration ##################
#####################################################
timestep ${dt}
reset timestep 0
thermo 100000
restart $d D0P3.*.restart

fix rescale all temp/rescale 1 ${T2} ${T2} 50 1
fix NVE all nve
run 100000
unfix rescale
unfix NVE
fix NVT2 all nvt temp ${T2} ${T2} 0.09 drag 0.4
run 100000
write restart D0P3endNVT.restart

#
#
#
#
#
#
#

Resets the time step counter to zero
Outputs thermodynamic data every 100000 time steps
Writes a restart file D0P3.*.restart every d time
steps where the * is filled in by time step at
which the file is written
Rescale temperature to 300 K if temperature is
outside 300 K by 50 K

# Runs the integration in NVE for 100,000 time
# Ends temperature rescaling
# Ends NVE integration
# Runs the integration in NVT for 100,000 time
# Writes a restart file D0P3endNVT.restart

#####################################################
# Green Kubo Method #################################
#####################################################
compute myKE all ke/atom
compute myPE all pe/atom
compute myStress all stress/atom virial
compute flux all heat/flux myKE myPE myStress
variable Jx equal c flux[1]/vol

#
#
#
#
#
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Computes the kinetic energy per atom
Computes the potential energy per atom
Computes the stresses per atom excluding
kinetic energy contributions
Computes the heat flux vector

variable Jy equal c flux[2]/vol
variable Jz equal c flux[3]/vol
fix JJ all ave/correlate $s $p $d c flux[1] &
c flux[2] c flux[3] type auto file &
J0Jt D0P3.dat ave running
thermo $d
thermo style custom step temp v Jx v Jy v Jz
run 45000000
write restart D0P3end.restart

# Calculates the heat current autocorrelation
# function
#
#
#
#
#
#
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Outputs thermodynamic data every 100,000 time
steps
Defines the thermodynamic data to output
Runs the Green Kubo method for 45,000,000 time
steps
Writes a restart file D0P3end.restart

6
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