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Abstract

Guarantees for a few structured statistical problems

by

Koulik Khamaru

Doctor of Philosophy in Statistics

University of California, Berkeley

Professor Michael I. Jordan, Co-chair

Professor Martin J. Wainwright, Co-chair

In recent years, we have seen a tremendous interest in applying statistics and ma-
chine learning methods in various areas of science: health, education, drug design,
public policy design to name a few. This immense popularity of statistical methods
comes with challenging new questions which lie in the boundary of theoretical and
methodological aspects of statistics, machine learning and optimization. The aim
of this dissertation is to address some of the these challenges that arise in modern
reinforcement learning, and in modern data science practice and provide new insights
that are helpful to practitioners. The dissertation is divided into four parts. In
Part I we discuss principled way of designing fast algorithms for various reinforcement
learning problems. The Part II of the dissertation is devoted to problems that arise
due to model misspecification. In Part III we discuss how can we perform inference
when the data set is collected in a sequential manner; i.e. the helpful iid structure
is not present in the data. Finally, Part IV focuses on deriving fast algorithms for
structured non-convex problems.
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Chapter 1

Introduction

In recent years, we have seen a tremendous interest in applying statistics and ma-
chine learning methods in various areas of science: health, education, drug design,
public policy design to name a few. This immense popularity of statistical methods
comes with challenging new questions which lie in the boundary of theoretical and
methodological aspects of statistics, machine learning and optimization. During my
Ph.D., my focus has been on addressing some of these challenges that arise in modern
reinforcement learning, and in modern data science practice. A recurring theme in
my research is to understand why some algorithms work well in practice, provide new
methods which are both computationally efficient, are (often) provably optimal, and
most importantly, provide new insights that are helpful to practitioners.

• For some context, starting with a big concern in modern reinforcement learning,
it is a well observed phenomenon that popular reinforcement learning algorithms
behave far better in practice than their worst case theoretical prediction.

What are some plausible reasons behind this theory-practice gap?

In Part I I discuss my works in reinforcement learning, where we consider a
problem-instance specific difficulty measure and propose algorithms that adapts
to this instance-specific difficulty measure. This explains why algorithms should
behave nicely for problems with favorable structure.

• Moving on to problems in modern statistics and data science, a big problem in
statistics practice is choosing a correct model for the data set.

What are the effects of model mis-specification?

In Part II, I discuss my work on model mis-specification in the context of
Gaussian mixture models.



• Once the model is selected, which algorithm do we use to efficiently estimate the
model parameters? Many problems naturally gives rise to non-convex problems,
and simple non-convex optimization algorithms are often used in practice due to
their superior performance compared to methods based on convex-relaxations.
When are these non-convex methods are provably better? Part IV is devoted to
my work on provable guarantees and efficient methods for non-convex problems.

• Once we have estimated the model using our favorite algorithm, can we trust
this estimated model for future predictions? In Chapter 6, I discuss my work
on connections between algorithmic stability and computational and statistical
efficiency.

• Finally, in many modern problems in statistics, data science and machine
learning, the datasets are collected in a sequential manner which violates
the helpful i.i.d. structure. Problems include adaptive trails, multiarm and
contextual bandit experiments, public policy design and so on. Unfortunately,
classical statistical methods and inference techniques provide errornous results
in these scenarios. How do we deign inference methods for sequentially collected
data? In Part III, I discuss my work in developing inference techniques for
linear models with sequentially collected data.

Part I: Instance Dependent Bounds in Reinforcement
Learning
Recently, there has seen tremendous progress in the field of reinforcement learning
(RL), both in theory and practice. But it is fair to say that there is a considerable gap
between theory and practice: many algorithms that are used in practice behave far
better than existing theory would suggest, and often they work in settings where the
current worst case guarantees are completely prohibitive. Part of the thesis uncovers
why worst case guarantees can heavily overestimates the difficulty of reinforcement
learning problems with favorable structure. This motivates us to consider a local
measure of difficulty which is problem instance-specific, and design algorithms that
adapts to instance-specific difficulty measure. This helps explain why the algorithmic
performance can be dramatically different in reinforcement learning problems within
a problem class with a specific worst case performance.

In the classical minimax theory, the difficulty of a problem P is characterized by
the global minimax risk, the risk of the best algorithm at the hardest problem in
a relevant problem class containing the problem P. Thus, the global minimax risk
completely ignores the difficulty of the problem itself and overestimates the difficulty
when the problem is easy. One alternative to this approach is to consider a local
measure of difficulty by considering the risk at the hardest problem in an appropriate
local neighborhood of the given problem P . This local notion of difficulty is related
to the celebrated local asymptotic minimax theory by LeCam and Háyek [Háj72; Le
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72; LeC53], and provides an instance-specific notion of difficulty that depends on the
problem itself.

In chapters 2 and 3, respectively, we discuss instance optimal almgorithms for the
problem of policy evaluation — accessing the quality of a behavioral policy — and
policy optimization — finding the best policy in an environment. Focusing on the
problems with finite number of states and actions, we determine the functionals which
characterizes the difficulty of policy evaluation and policy optimization problems
in a small local neighborhood in a non-asymptotic sense. Our local measure of
difficulty borrows ideas from the celebrated asymptotic local minimax framework by
LeCam and Háyek [Háj72; Le 72; LeC53], and a more recent non-asymptotic local
minimax framework by Cai and Low [CL15b]. The local nature of instance-specific
difficulty measure allows us to distinguish an “easy” problem from a “hard” one;
this also naturally provides an instance-dependent lower bound on the accuracy
on any estimation procedure. Finally, via simple examples, we show that for easy
problems our instance-dependent lower bound can be significantly better than the
global minimax lower bound.

With an instance dependent lower bound for policy evaluation and policy opti-
mization problem at hand, our next goal was to design algorithms that adapts to this
instance-dependent notion of difficulty. In chapters 2 and 3 we also study the problem
of instance-optimal algorithm design. We show, via extensive simulation, that the pop-
ular temporal difference (TD) algorithm for policy evaluation is strictly sub-optimal
in a non-asymptotic sense, even when combined an iterate-averaging (Polyak-Ruppert
averaging) step. Variance reduction based stochastic gradient algorithms are known
to often adapt to the problem difficulty for convex optimization problems, but there
is major difficulty in importing those results to reinforcement learning problems. Re-
inforcement learning problems do not induce convex optimization problems in general,
and consequently, we cannot borrow the proof techniques from convex optimization
literature. Nonetheless, we show that variance-reduction is still helpful, and it is a
key ingredient for designing algorithms which adapts to problem structure. We show,
via a novel analysis, that a variance reduced temporal difference algorithm adapts to
the problem-difficulty and achieves the instance-dependent lower bound for policy
evaluation and policy optimization problem.

3



A general principle for instance-optimal algorithm design: While reinforce-
ment learning problems and convex optimization problems look very different on the
surface, there are some similarities. In both cases the optimal solution can be thought
of the unique fixed point of an appropriate contractive operator ; in reinforcement
learning the operator is the Bellman operator, in convex optimization problem the
operator is the gradient update operator. problem difficulty. It is now natural to ask
a more general question:

Can we design problem-adaptive algorithms for finding fixed points of contractive
operators under noise? Is there a common principle?

In Chapter 4, we study the problem of finding the unique fixed point of a contractive
operator under some norm. The goal is to estimate the unique fixed point using
noisy observation from that operator. We propose a variance reduced stochastic
approximation algorithm which provides an estimate of this unique fixed point, and we
non-asymptotic bounds for the estimation error. Our bounds are instance dependent
in nature, meaning that our bound adapts to the specific problem structure at hand,
and are (often) attains the instance-dependent lower bound. This project provides a
unified tool for understanding adaptive algorithms for fixed point finding problems
under noise, including stochastic shortest path, two player zero sum Markov games.

Part II: Singularity, Stability and the Localization argument
The growth in the size and scope of modern data sets has presented the field of
statistics with a number of challenges, among them is how to deal with various
forms of heterogeneity. Mixture models provide a principled approach to modeling
heterogeneous collections of data. In practice, it is frequently the case that the number
of mixture components in the fitted model does not match the number of components
in the data-generating mechanism. It is known that such mismatch can lead to
substantially slower convergence rates for the maximum likelihood estimate (MLE)
for the underlying parameters. In contrast, relatively less attention has been paid
to the computational implications of this mismatch. In particular, the algorithm of
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choice for fitting finite mixture models is the EM algorithm, a general framework that
encompasses divide-and-conquer computational strategies. We seek a fundamental
understanding of how EM behaves for over-fitted mixture models.

Part II of the thesis aims to shed some light on the performance of the EM
algorithm for over-fitted mixtures. We do so by providing a comprehensive study
of over-fitted mixture models when fit to the simplest possible (non-mixture) data-
generating mechanism, that is a multivariate normal distribution N (0, σ2Id) in d
dimensions with known scale parameter σ > 0. This setting, despite its simplicity,
suffices to uncover some rather interesting properties of EM in the over-fitted context.
We show that the sample-based EM iterates converge to a Euclidean ball of radius
(d/n)1/4 around the true parameter; this is contrary to the standard

√
d/n rate of

parameter estimation in Gaussian mixture models [BWY17]. The n−1/4 component
of the error matches known guarantees for the global maximum of the MLE [Che95].

Our proofs are based on a novel localization-based analysis of the underlying
empirical process. It turns out that the localization argument in our analysis is of
independent interest, and it is quite useful in proving non-standard slower rates.
Another application can be found in the paper [Dwi+20a] where we discuss the
performance of the EM algorithm in estimating both mean and covariance of overfitted
Gaussian mixture models. We do not include this work in the paper due to breviety.
In Chapter 6, we discuss a more general application of the localization argument. We
show that a general version of the localization argument can be used to understand
the interplay between stability of an algoeithm (EM algorithm for instance) and the
statistical rates of estimation.

Part III Inference in adaptive experiments
Adaptive experiments where the treatment assignment probabilities are adapted
during the trial based on accrued responses with the aim of achieving experimental
objectives while ideally preserving inferential validity. These adaptive experiments
are already popular in major internet companies, in public policy design, and recently
gaining traction in clinical research where adaptive experiments can be used to quickly
select a few best treatments from a large number of possible ones, which are then
used to design a more robust RCT. In Chapter 7 we discuss inference techniques
for adaptively collected data. We focus on adaptive linear regression models, which
include multi-armed and contextual bandit models and auto regressive time series
model as a special case. Due to the non i.i.d. nature of the data associated with an
adaptive experiment, even simple methods like ordinary least squares can exhibit
non-normal asymptotic behavior. As an undesirable consequence, hypothesis tests
and confidence intervals based on asymptotic normality can lead to erroneous results.
To remidy this issue, we propose a family of online debiasing estimators for adaptive
linear regression models that corrects the distributional anomalies in least squares
estimation. These estimators are constructed by adding a linear correction term to
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the least square estimator which reduces the bias of the least square estimator and
increases the variance by a small logarithmic factor. We establish an asymptotic
normality property for our proposed online debiasing estimators under mild conditions
on the data collection process, and provide asymptotically exact confidence intervals.
Finally, we show that under an adaptive data collection scheme, the performance of
our estimators and width of our confidence intervals matches the performance of the
minimax optimal estimator up to logarithmic factors.

Part IV: Favorable structures in non-convex problems
A large number of inference and estimation problems in statistics and machine learning
are naturally formulated as non-convex problems. While convex relaxation of these
non-convex problems are available in many cases, simple algorithms on the original
non-convex problem work much better in practice. In what follows, I describe two
instances where my research justifies the statistical accuracy and computational
efficiency of simple methods by identifying structures in these non-convex problems
that are favorable to simple algorithms.

In Chapter 8 we consider the problem of finding critical points of functions that
are non-convex and non-smooth. Studying a fairly broad class of such problems, we
analyze the behavior of three gradient-based methods (gradient descent, proximal
update, and Frank-Wolfe update). For each of these methods, we establish rates
of convergence for general problems, and also prove faster rates for continuous sub-
analytic functions. We also show that our algorithms can escape strict saddle points
for a class of non-smooth functions, thereby generalizing known results for smooth
functions. Our analysis leads to a simplification of the popular CCCP algorithm, used
for optimizing functions that can be written as a difference of two convex functions.
Our simplified algorithm retains all the convergence properties of CCCP, along with
a significantly lower cost per iteration. We illustrate our methods and theory via
applications to the problems of best subset selection, robust estimation, mixture
density estimation, and shape-from-shading reconstruction.
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Instance dependent bounds in
reinforcement learning
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Chapter 2

Instance-dependent bounds for
policy evaluation

In this chapter we address the problem of policy evaluation in discounted Markov
decision processes, and provide instance-dependent guarantees on the ℓ∞-error under a
generative model. We establish both asymptotic and non-asymptotic versions of local
minimax lower bounds for policy evaluation, thereby providing an instance-dependent
baseline by which to compare algorithms. Theory-inspired simulations show that
the widely-used temporal difference (TD) algorithm is strictly suboptimal when
evaluated in a non-asymptotic setting, even when combined with Polyak-Ruppert
iterate averaging. We remedy this issue by introducing and analyzing variance-
reduced forms of stochastic approximation, showing that they achieve non-asymptotic,
instance-dependent optimality up to logarithmic factors.

2.1 Introduction
Reinforcement learning (RL) is a class of methods for the optimal control of dynamical
systems [Ber95a; Ber95b; BT96; SB18a] that has begun to make inroads in a wide
range of applied problem domains. This empirical research has revealed the limitations
of our theoretical understanding of this class of methods—popular RL algorithms
exhibit a variety of behavior across domains and problem instances, and existing
theoretical bounds, which are generally based on worst-case assumptions, fail to
capture this variety. An important theoretical goal is to develop instance-specific
analyses that help to reveal what aspects of a given problem make it “easy” or “hard,”
and allow distinctions to be drawn between ostensibly similar algorithms in terms
of their performance profiles. The focus of this chapter is on developing such a
theoretical understanding for a class of popular stochastic approximation algorithms
used for policy evaluation.

RL methods are generally formulated in terms of a Markov decision process (MDP).
An agent operates in an environment whose dynamics are described by an MDP but



are unknown: at each step, it observes the current state of the environment, and takes
an action that changes the state according to some stochastic transition function. The
eventual goal of the agent is to learn a policy—a mapping from states to actions—that
optimizes the reward accrued over time. In the typical setting, rewards are assumed
to be additive over time, and are also discounted over time. Within this broad
context, a key sub-problem is that of policy evaluation, where the goal is estimate
the long-term expected reward of a fixed policy based on observed state-to-state
transitions and one-step rewards. It is often preferable to have ℓ∞-norm guarantees
for such an estimate, since these are particularly compatible with policy-iteration
methods. In particular, policy iteration can be shown to converge at a geometric rate
when combined with policy evaluation methods that are accurate in ℓ∞-norm (see,
e.g.,[AJK19; BT96]).

In this chapter, we study a class of stochastic approximation algorithms for this
problem under a generative model for the underlying MDP, with a focus on developing
instance-dependent bounds. Our results complement an earlier paper by a subset
of the authors [PW19], which studied the least squares temporal difference (LSTD)
method through such a lens.

Related work
We begin with a broad overview of related work, categorizing that work as involving
asymptotic analysis, non-asymptotic analysis, or instance-dependent analysis.

Asymptotic theory: Markov reward processes have been the subject of consid-
erable classical study [Dur99; Fel66]. In the context of reinforcement learning and
stochastic control, the policy evaluation problem for such processes has been tackled
by various approaches based on stochastic approximation. Here we focus on past work
that studies the temporal difference (TD) update and its relatives; see [DNP14] for a
comprehensive survey. The TD update was originally proposed by Sutton [Sut88], and
is typically used in conjunction with an appropriate parameterization of value func-
tions. Classical results on the algorithm are typically asymptotic, and include both
convergence guarantees [Bor09; BM00; JJS94a] and examples of divergence [Bai95];
see the seminal work [TV97] for conditions that guarantee asymptotic convergence.

It is worth noting that the TD algorithm is a form of linear stochastic approxima-
tion, and can be fruitfully combined with the iterate-averaging procedure put forth
independently by Polyak [PJ92] and Ruppert [Rup88a]. In this context, the work of
Polyak and Juditsky [PJ92] deserves special mention, since it shows that under fairly
mild conditions, the TD algorithm converges when combined with Polyak-Ruppert
iterate averaging. To be clear, in the specific context of the policy evaluation problem,
the results in the Polyak-Juditsky paper [PJ92] allow noise only in the observations
of rewards (i.e., the transition function is assumed to be known). However, the
underlying techniques can be extended to derive results in the setting in which we
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only observe samples of transitions; for instance, see the work of Tadic [Tad04] for
results of this type.

Non-asymptotic theory: Recent years have witnessed significant interest in
understanding TD-type algorithms from the non-asymptotic standpoint. Bhandari et
al. [BRS18b] focus on proving ℓ2-guarantees for the TD algorithm when combined
with Polyak-Ruppert iterate averaging. They consider both the generative model as
well as the Markovian noise model, and provide non-asymptotic guarantees on the
expected error. Their results also extend to analyses of the popular TD(λ) variant of
the algorithm, as well as to Q-learning in specific MDP instances. Also noteworthy
is the analysis of Lakshminarayanan and Szepesvari [LS18b], carried out in parallel
with Bhandari et al. [BRS18b]; it provides similar guarantees on the TD(0) algorithm
with constant stepsize and averaging. Note that both of these analyses focus on
ℓ2-guarantees (equipped with an associated inner product), and thus can directly
leverage proof techniques for stochastic optimization [BM11; Nem+09a].

Other related results1 include those of Dalal et al. [Dal+18], Doan et al. [DMR19],
Korda and La [KL15], and also more contemporary papers [Wai+19; Xu+20]. The
latter three of these papers introduce a variance-reduced form of temporal difference
learning, a variant of which we analyze in this chapter.

Instance-dependent results: The focus on instance-dependent guarantees for TD
algorithms is recent, and results are available both in the ℓ2-norm setting [BRS18b;
Dal+18; LS18b; Xu+20] and the ℓ∞-norm settings [PW19]. In general, however,
the guarantees provided by work to date are not sharp. For instance, the bounds
in [Dal+18] scale exponentially in relevant parameters of the problem, whereas the
papers [BRS18b; LS18b; Xu+20] do not capture the correct “variance” of the problem
instance at hand. A subset of the current authors [PW19] derived ℓ∞ bounds on
policy evaluation for the plug-in estimator. These results were shown to be locally
minimax optimal in certain regions of the parameter space. There has also been
some recent focus on obtaining instance-dependent guarantees in online reinforcement
learning settings [MMM14]. This has resulted in more practically useful algorithms
that provide, for instance, horizon-independent regret bounds for certain episodic
MDPs [JA18; ZB19], thereby improving upon worst-case bounds [AOM17]. Recent
work has also established some instance-dependent bounds, albeit not sharp over the
whole parameter space, for the problem of state-action value function estimation in
Markov decision processes, for both ordinary Q-learning [Wai19c] and a variance-
reduced improvement [Wai19e].

1There were some errors in the results of Korda and La [KL15] that were pointed out by both
Lakshminarayanan and Szepesvari [LS18b] and Xu et al. [Xu+20].
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Contents of this chapter
In this chapter, we study stochastic approximation algorithms for evaluating the
value function of a Markov reward process in the discounted setting. Our goal is
to provide a sharp characterization of performance in the ℓ∞-norm, for procedures
that are given access to state transitions and reward samples under the generative
model. In practice, temporal difference learning is typically applied with an additional
layer of (linear) function approximation. In the current chapter, so as to bring the
instance dependence into sharp focus, we study the algorithms without this function
approximation step. In this context, we tell a story with three parts, as detailed
below:

Local minimax lower bounds: Global minimax analysis provides bounds that
hold uniformly over large classes of models. In this chapter, we seek to gain a more
refined understanding of how the difficulty of policy evaluation varies as a function of
the instance. In order to do so, we undertake an analysis of the local minimax risk
associated with a problem. We first prove an asymptotic statement (Proposition 1)
that characterizes the local minimax risk up to a logarithmic factor; it reveals the
relevance of two functionals of the instance that we define. In proving this result, we
make use of the classical asymptotic minimax theorem [Háj72; Le 72; LY00]. We
then refine this analysis by deriving a non-asymptotic local minimax bound, as stated
in Theorem 1, which is derived using the non-asymptotic local minimax framework
of Cai and Low [CL04], an approach that builds upon the seminal concept of hardest
local alternatives that can be traced back to Stein [Ste56].

Non-asymptotic suboptimality of iterate averaging: Our local minimax lower
bounds raise a natural question: Do standard procedures for policy evaluation achieve
these instance-specific bounds? In Section 2.3, we address this question for the
TD(0) algorithm with iterate averaging. Via a careful simulation study, we show
that for many popular stepsize choices, the algorithm fails to achieve the correct
instance-dependent rate in the non-asymptotic setting, even when the sample size is
quite large. This is true for both the constant stepsize, as well as polynomial stepsizes
of various orders. Notably, the algorithm with polynomial stepsizes of certain orders
achieves the local risk in the asymptotic setting (see Theorem 1).

Non-asymptotic optimality of variance reduction: In order to remedy this
issue with iterate averaging, we propose and analyze a variant of TD learning with
variance reduction, showing both through theoretical (see Theorem 2) and numerical
results (see Figure 2.3) that this algorithm achieves the correct instance-dependent
rate provided the sample size is larger than an explicit threshold. Thus, this algorithm
is provably better than TD(0) with iterate averaging.
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Notation
For a positive integer n, let [n] := {1, 2, . . . , n}. For a finite set S, we use |S| to
denote its cardinality. We use c, C, c1, c2, . . . to denote universal constants that may
change from line to line. We let 1 denote the all-ones vector in RD. Let ej denote
the jth standard basis vector in RD. We let v(i) denote the i-th order statistic of a
vector v, i.e., the i-th largest entry of v. For a pair of vectors (u, v) of compatible
dimensions, we use the notation u ⪯ v to indicate that the difference vector v − u is
entrywise non-negative. The relation u ⪰ v is defined analogously. We let |u| denote
the entrywise absolute value of a vector u ∈ RD; squares and square-roots of vectors
are, analogously, taken entrywise. Note that for a positive scalar λ, the statements
|u| ⪯ λ ·1 and ∥u∥∞ ≤ λ are equivalent. Finally, we let ∥M∥1,∞ denote the maximum
ℓ1-norm of the rows of a matrix M, and refer to it as the (1,∞)-operator norm of
a matrix. More generally, for scalars q, p ≥ 1, we define ∥M∥p,q := sup∥x∥p≤1 ∥Mx∥q.
We let M† denote the Moore-Penrose pseudoinverse of a matrix M.

2.2 Background and problem formulation
We begin by introducing the basic mathematical formulation of Markov reward
processes (MRPs) and generative observation models.

Markov reward processes and value functions
We study MRPs defined on a finite set of D states, which we index by the set
[D] ≡ {1, 2, . . . , D}. The state evolution over time is determined by a set of transition
functions, {P (·|i), i ∈ [D]}. Note that each such transition function can be naturally
associated with a D-dimensional vector; denote the i-th such vector as pi. We let
P ∈ [0, 1]D×D denote a row-stochastic (Markov) transition matrix, where row i of
this matrix contains the vector pi. Also associated with an MRP is a population
reward function, r : [D] 7→ R, possessing the semantics that a transition from state i
results in the reward r(i). For convenience, we engage in a minor abuse of notation by
letting r also denote a vector of length D; here ri corresponds to the reward obtained
at state i.

We formulate the long-term value of a state in the MRP in terms of the infinite-
horizon, discounted reward. This value function (denoted here by the vector θ∗ ∈ RD)
can be computed as the unique solution of the Bellman fixed-point relation, θ∗ =
r + γPθ∗.

Observation model
In the learning setting, the pair (P, r) is unknown, and we accordingly assume access
to a black box that generates samples from the transition and reward functions. In
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this chapter, we operate under a setting known as the synchronous or generative
setting [KS99]; this setting is also often referred to as the “i.i.d. setting” in the policy
evaluation literature. For a given sample index, k ∈ {1, 2, . . . , N} and for each state
j ∈ [D], we observe a random next state

Xk,j ∼ P (·|j) for j ∈ [D]. (2.1a)

We collect these transitions in a matrix Zk, which by definition contains one 1 in each
row: the 1 in the j-th row corresponds to the index of state Xk,j. We also observe
a random reward vector Rk ∈ RD, where the rewards are generated independently
across states with2

Rk,j ∼ N (rj, σ2
r). (2.1b)

Given these samples, define the k-th (noisy) linear operator T̂k : RD 7→ RD whose
evaluation at the point θ is given by

T̂k(θ) = Rk + γZkθ. (2.2)

The construction of these operators is inspired by the fact that we are interested in
computing the fixed point of the population operator,

T : θ 7→ r + γPθ, (2.3)

and a classical and natural way to do so is via a form of stochastic approximation
known as temporal difference learning, which we describe next.

Temporal difference learning and its variants
Classical temporal difference (TD) learning algorithms are parametrized by a sequence
of stepsizes, {αk}k≥1, with αk ∈ (0, 1]. Starting with an initial vector θ1 ∈ RD, the
TD updates take the form

θk+1 = (1 − αk)θk + αkT̂k(θk) for k = 1, 2, . . .. (2.4)

In the sequel, we discuss three popular stepsize choices:

Constant stepsize: αk = α, where 0 < α ≤ αmax. (2.5a)

Polynomial stepsize: αk = 1
kω

for some ω ∈ (0, 1). (2.5b)

Recentered-linear stepsize: αk = 1
1 + (1 − γ)k . (2.5c)

2All of our upper bounds extend with minor modifications to the sub-Gaussian reward setting.
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In addition to the TD sequence (2.4), it is also natural to perform Polyak-Ruppert
averaging, which produces a parallel sequence of averaged iterates

θ̃k = 1
k

k∑
j=1

θj for k = 1, 2, . . .. (2.6)

Such averaging schemes were introduced in the context of general stochastic approxi-
mation by Polyak [PJ92] and Ruppert [Rup88a]. A large body of theoretical literature
demonstrates that such an averaging scheme improves the rates of convergence of
stochastic approximation when run with overly “aggressive” stepsizes.

2.3 Main results
We turn to the statements of our main results and discussion of their consequences.
All of our statements involve certain measures of the local complexity of a given
problem, which we introduce first. We then turn to the statement of lower bounds on
the ℓ∞-norm error in policy evaluation. In Section 7.3, we prove two lower bounds.
Our first result, stated as Proposition 1, is asymptotic in nature (holding as the
sample size N → +∞). Our second lower bound, stated as Theorem 1, provides a
result that holds for a range of finite sample sizes. Given these lower bounds, it is
then natural to wonder about known algorithms that achieve them. Concretely, does
the TD(0) algorithm combined with Polyak-Ruppert averaging achieve these instance-
dependent bounds? In Section 2.3, we undertake a careful empirical study of this
question, and show that in the non-asymptotic setting, this algorithm fails to match
the instance-dependent bounds. This finding sets up the analysis in Section 2.3, where
we introduce a variance-reduced version of TD(0), and prove that it does achieve
the instance-dependent lower bounds from Theorem 1 up to a logarithmic factor in
dimension.

Local complexity measures: Recall the generative observation model described
in Section 2.2. For a transition matrix P , we write Z ∼ P to denote a draw of a
random matrix with {0, 1} entries and a single one in each row (with the position of
the one in row Zj determined by sampling from the multinomial distribution specified
by pj). For a fixed vector θ ∈ RD, note that (Z − P )θ is a random vector in RD, and
define its covariance matrix as follows:

ΣP (θ) = covZ∼P ((Z − P )θ) . (2.7)

We often use Σ(θ) as a shorthand for ΣP (θ) when the underlying transition matrix P
is clear from the context.
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With these definitions in hand, define the complexity measures

ν(P, θ) := max
ℓ∈[D]

(
e⊤
ℓ (Id − γP )−1Σ(θ)(Id − γP )−⊤eℓ

)1/2
, and (2.8a)

ρ(P, r) := σr
∥∥∥(Id − γP )−1

∥∥∥
2,∞

≡ σr max
∥u∥2=1

∥(Id − γP )−1u∥∞. (2.8b)

Note that ν(P, θ) corresponds to the maximal variance of the random vector
(Id − γP )−1(Z − P )θ. As we demonstrate shortly, the quantities ν(P, θ∗) and ρ(P, r)
govern the local complexity of estimating the value function θ∗ induced by the instance
(P, r) under the observation model (2.1). A portion of our results also involve the
quantity

b(θ) := ∥θ∥span

1 − γ
, (2.8c)

where ∥θ∥span = max
j∈[D]

θj − min
j∈[D]

θj is the span seminorm.

Local minimax lower bound
Throughout this section, we use the letter P to denote an individual problem instance,
P = (P, r), and use θ(P) := θ∗ = (Id − γP )−1r to denote the target of interest. The
aim of this section is to establish instance-specific lower bounds for estimating θ(P)
under the observation model (2.1). In order to do so, we adopt a local minimax
approach.

The remainder of this the section is organized as follows. In Section 2.3, we prove
an asymptotic local minimax lower bound, valid as the sample size N tends to infinity.
It gives an explicit Gaussian limit for the rescaled error that can be achieved by
any procedure. The asymptotic covariance in this limit law depends on the problem
instance, and is very closely related to the functionals ν(P, θ∗) and ρ(P, r) that we
have defined. Moreover, we show that this limit can be achieved—in the asymptotic
limit—by the TD algorithm combined with Polyak-Ruppert averaging. While this
provides a useful sanity check, in practice we implement estimators using a finite
number of samples N , so it is important to obtain non-asymptotic lower bounds for a
full understanding. With this motivation, Section 2.3 provides a new, non-asymptotic
instance-specific lower bound for the policy evaluation problem. We show that the
quantities ν(P, θ∗) and ρ(P, r) also cover the instance-specific complexity in the
finite-sample setting. In proving this non-asymptotic lower bound, we build upon
techniques in the statistical literature based on constructing hardest one-dimensional
alternatives [Bir83a; CL15b; DL87; DL91; Ste56]. As we shall see in later sections,
while the TD algorithm with averaging is instance-specific optimal in the asymptotic
setting, it fails to achieve our non-asymptotic lower bound.
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Asymptotic local minimax lower bound

Our first approach towards an instance-specific lower bound is an asymptotic one,
based on classical local asymptotic minimax theory. For regular and parametric
families, the Hájek–Le Cam local asymptotic minimax theorem [Háj72; Le 72; LY00]
shows that the Fisher information—an instance-specific functional—characterizes
a fundamental asymptotic limit. Our model class is both parametric and regular
(cf. Eq. (2.1)), and so this classical theory applies to yield an asymptotic local
minimax bound. Some additional work is needed to relate this statement to the more
transparent complexity measures ν(P, θ∗) and ρ(P, r) that we have defined.

In order to state our result, we require some additional notation. Fix an instance
P = (P, r). For any ϵ > 0, we define an ϵ-neighborhood of problem instances by

N(P ; ϵ) = {P ′ = (P ′, r′) : ∥P − P ′∥F + ∥r − r′∥2 ≤ ϵ} .

Adopting the ℓ∞-norm as the loss function, the local asymptotic minimax risk is given
by

M∞(P) ≡ M∞(P ; ∥·∥∞) = lim
c→∞

lim
N→∞

inf
θ̂N

sup
Q∈N(P;c/

√
N)

EQ
[√
N
∥∥∥θ̂N − θ(Q)

∥∥∥
∞

]
. (2.9)

Here the infimum is taken over all estimators θ̂N that are measurable functions of N
i.i.d. observations drawn according to the observation model (2.1).

Our first main result characterizes the local asymptotic risk M∞(P) exactly,
and shows that it is attained by stochastic approximation with averaging. Recall
the Polyak-Ruppert (PR) sequence {θ̃k}k≥1 defined in Eq. (2.6), and let {θ̃ ωk }k≥1
denote this sequence when the underlying SA algorithm is the TD update with the
polynomial stepsize sequence (2.5b) with exponent ω.

Proposition 1. Let Z ∈ RD be a multivariate Gaussian with zero mean and covari-
ance matrix

(Id − γP )−1(γ2ΣP (θ(P)) + σ2
rId)(Id − γP )−⊤. (2.10a)

Then the local asymptotic minimax risk at problem instance P is given by

M∞(P) = E[∥Z∥∞]. (2.10b)

Furthermore, for each problem instance P and scalar ω ∈ (1/2, 1), this limit is
achieved by the TD algorithm with an ω-polynomial stepsize and PR-averaging:

lim
N→∞

√
N · E

[
∥θ̃ ωN − θ(P)∥∞

]
= E[∥Z∥∞]. (2.10c)

With the convention that θ∗ ≡ θ(P), a short calculation bounding the maxi-
mum absolute value of sub-Gaussian random variables (see, e.g., Ex. 2.11 in Wain-
wright [Wai19b]) yields the sandwich relation

γν(P, θ∗) + ρ(P, r) ≤ E[∥Z∥∞] ≤
√

2 logD · (γν(P, θ∗) + ρ(P, r)) ,
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so that Proposition 1 shows that, up to a logarithmic factor in dimension D, the local
asymptotic minimax risk is entirely characterized by the functional γν(P, θ∗)+ρ(P, r).

It should be noted that lower bounds similar to Eq. (2.10b) have been shown
for specific classes of stochastic approximation algorithms [TP74]. However, to the
best of our knowledge, a local minimax lower bound—one applying to any procedure
that is a measurable function of the observations—is not available in the existing
literature.

Furthermore, Eq. (2.10c) shows that stochastic approximation with polynomial
stepsizes and averaging attains the exact local asymptotic risk. Our proof of this
result essentially mirrors that of Polyak and Juditsky [PJ92], and amounts to verifying
their assumptions under the policy evaluation setting. Given this result, it is natural
to ask if averaging is optimal also in the non-asymptotic setting; answering this
question is the focus of the next two sections of the chapter.

Non-asymptotic local minimax lower bound

Proposition 1 provides an instance-specific lower bound on θ(P) that holds asymp-
totically. In order to obtain a non-asymptotic guarantee, we borrow ideas from the
non-asymptotic framework introduced by Cai and Low [CL15b] for nonparametric
shape-constrained inference. Adapting their definition of local minimax risk to our
problem setting, given the loss function L(θ− θ∗) = ∥θ− θ∗∥∞, the (normalized) local
non-asymptotic minimax risk for θ(·) at instance P = (P, r) is given by

MN(P) = sup
P ′

inf
θ̂N

max
Q∈{P,P ′}

√
N · EQ

[
∥θ̂N − θ(Q)∥∞

]
. (2.11)

Here the infimum is taken over all estimators θ̂N that are measurable functions
of N i.i.d. observations drawn according to the observation model (2.1), and the
normalization by

√
N is for convenience. The definition (2.11) is motivated by the

notion of the hardest one-dimensional alternative [Vaa98b, Ch. 25]. Indeed, given an
instance P , the local non-asymptotic risk MN (P) first looks for the hardest alternative
P ′ against P (which should be local around P), then measures the worst-case risk
over P and its (local) hardest alternative P ′.

With this definition in hand, we lower bound the local non-asymptotic minimax
risk using the complexity measures ν(P, θ∗) and ρ(P, r) defined in Eq. (2.8):

Theorem 1. There exists a universal constant c > 0 such that for any instance
P = (P, r), the local non-asymptotic minimax risk is lower bounded as

MN(P) ≥ c
(
γν(P, θ∗) + ρ(P, r)

)
. (2.12)

This bound is valid for all sample sizes N that satisfy

N ≥ N0 := max
{

γ2

(1 − γ)2 ,
b2(θ∗)
ν2(P, θ∗)

}
. (2.13)
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A few comments are in order. First, it is natural to wonder about the necessity of
condition (2.13) on the sample size N in our lower bound. Our past work provides
upper bounds on the ℓ∞-error of the plugin estimator [PW19], and these results also
require a bound of this type. In fact, when the rewards are observed with noise (i.e.,
for any σr > 0), the condition N ≳ γ2

(1−γ)2 is natural, since it is necessary in order
to obtain an estimate of the value function with O(1) error. On the other hand, in
the special case of deterministic rewards (σr = 0), it is interesting to ask how the
fundamental limits of the problem behave in the absence of this condition.

Second, note that the non-asymptotic lower bound (2.12) is closely connected to
the asymptotic local minimax bound from Proposition 1. In particular, for any sample
size N satisfying the lower bound (2.13), our non-asymptotic lower bound (2.12)
coincides with the asymptotic lower bound (2.10b) up to a constant factor. Thus, it
cannot be substantially sharpened. The finite-sample nature of the lower bound (2.12)
is a powerful tool for assessing optimality of procedures: it provides a performance
benchmark that holds over a large range of finite sample sizes N . Indeed, in the
next section, we study the performance of the TD learning algorithm with Polyak-
Ruppert averaging. While this procedure achieves the local minimax lower bound
asymptotically, as guaranteed by Eq. (2.10c) in Proposition 1, it falls short of doing
so in natural finite-sample scenarios.

Suboptimality of averaging
Polyak and Juditsky [PJ92] provide a general set of conditions under which a given
stochastic-approximation (SA) algorithm, when combined with Polyak-Ruppert av-
eraging, is guaranteed to have asymptotically optimal behavior. For the current
problem, the bound (2.10c) in Proposition 1, which is proved using the Polyak-
Juditsky framework, shows that SA with polynomial stepsizes and averaging have
this favorable asymptotic property.

However, asymptotic theory of this type gives no guarantees in the finite-sample
setting. In particular, suppose that we are given a sample size N that scales as
(1 − γ)−2, as specified in our lower bounds. Does the averaged TD(0) algorithm
exhibit optimal behavior in this non-asymptotic setting? In this section, we answer
this question in the negative. More precisely, we describe a parameterized family of
Markov reward processes, and provide careful simulations that reveal the suboptimality
of TD without averaging.

A simple construction

The lower bound in Theorem 1 predicts a range of behaviors depending on the pair
ν(P, θ∗) and ρ(P, r). In order to observe a large subset of these behaviors, it suffices to
consider a very simple MRP, P = (P, r) with D = 2 states, as illustrated in Figure 2.1.
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p

1� p
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r = ⌫ r = ⌫ · ⌧

P0(p, ⌫, ⌧)

Figure 2.1. Illustration of the 2-state MRP used in the simulation. The triple of
scalars (p, ν, τ), along with the discount factor γ, are parameters of the construction.
The chain remains in state 1 with with probability p and transitions to state 2 with
probability 1 − p; on the other hand, state 2 is absorbing. The rewards in states 1
and 2 are deterministic, specified by ν and ντ , respectively.

In this MRP, the transition matrix P ∈ R2×2 and reward vector r ∈ R2 take the form

P =
[
p 1 − p
0 1

]
, and r =

[
ν
ντ

]
.

Here the triple (p, ν, τ), along with the discount factor γ ∈ [0, 1), are parameters of
the construction.

In order to parameterize this MRP in a scalarized manner, we vary the triple
(p, ν, τ) in the following way. First, we fix a scalar λ ≥ 0, and then we set

p = 4γ−1
3γ , ν = 1 and τ = 1 − (1 − γ)λ.

Note that this sub-family of MRPs is fully parametrized by the pair (γ, λ). Let us
clarify why this particular scalarization is interesting. It can be shown via simple
calculations that the underlying MRP satisfies

ν(P, θ∗) ∼
(

1
1 − γ

)1.5−λ

, ρ(P, r) = 0 and b(θ∗) ∼
(

1
1 − γ

)2−λ

,

where ∼ denotes equality that holds up to a constant pre-factor. Consequently, by
Theorem 1 the minimax risk, measured in terms of the ℓ∞-norm, satisfies

MN(P) ≥ c ·
(

1
1 − γ

)1.5−λ

. (2.14)

Thus, it is natural to study whether the TD(0) algorithm with PR averaging achieves
this error.

A simulation study

In order to compare the behavior of averaged TD with the lower bound (2.14), we
performed a series of experiments of the following type. For a fixed parameter λ in
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the range [0, 1.5], we generated a range of MRPs with different values of the discount
factor γ. For each value of the discount parameter γ, we consider the problem of
estimating θ∗ using a sample size N set to be one of two possible values: namely,
N ∈

{
⌈ 8

(1−γ)2 ⌉, ⌈ 8
(1−γ)3 ⌉

}
.
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(a) λ = 0.5, N = ⌈ 8
(1−γ)2 ⌉. (b) λ = 1.5, N = ⌈ 8

(1−γ)3 ⌉.
Figure 2.2. Log-log plots of the ℓ∞-error versus the discount complexity parameter
1/(1 − γ) for various algorithms. Each point represents an average over 1000 trials,
with each trial simulations are for the 2-state MRP depicted in Figure 2.1 with the
parameter choices p = 4γ−1

3γ , ν = 1 and τ = 1 − (1 − γ)λ. We have also plotted the
least-squares fits through these points, and the slopes of these lines are provided in
the legend. In particular, the legend contains the stepsize choice for averaged SA
(denoted as αk), the slope β̂ of the least-squares line, and the ideal value β∗ of the
slope computed in equation 2.15. We also include the lower bound predicted by
Theorem 1 for these examples as a dotted line for comparison purposes. Logarithms
are to the natural base.

In Figure 2.2, we plot the ℓ∞-error of the averaged SA, for constant stepsize (2.5a),
polynomial-decay stepsize (2.5b) and recentered linear stepsize (2.5c), as a function
of γ. The plots show the behavior for λ ∈ {0.5, 1.5}. Each point on each curve is
obtained by averaging 1000 Monte Carlo trials of the experiment. Note that from our
lower bound calculations above (2.14), the log ℓ∞-error is related to the complexity
log

(
1

1−γ

)
in a linear fashion; we use β∗ to denote the slope of this idealized line.

Simple algebra yields

β∗ = 1
2 − λ for N = 1

(1 − γ)2 , and β∗ = −λ for N = 1
(1 − γ)3 . (2.15)

In other words, for an algorithm which achieves the lower bound predicted by our
theory, we expect a linear relationship between the log ℓ∞-error and log discount
complexity log

(
1

1−γ

)
, with the slope β∗.
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Accordingly, for the averaged SA estimators with the stepsize choices in (2.5a)-
(2.5c), we performed a linear regression to estimate the slopes between the log ℓ∞-error
and the log discount-complexity log

(
1

1−γ

)
. The plot legend reports the stepsize choices

αk and the slope β̂ of the fitted regression line. We also include the lower bound
in the plots, as a dotted line along with its slope, for a visual comparison. We see
that the slopes corresponding to the averaged SA algorithm are higher compared to
the ideal slopes of the dotted lines. Stated differently, this means that the averaged
SA algorithm does not achieve the lower bound with either the constant step or the
polynomial-decay step. Overall, the simulations provided in this section demonstrate
that the averaged SA algorithm, although guaranteed to be asymptotically optimal
by Eq. (2.10c) in Proposition 1, does not yield the ideal non-asymptotic behavior.

Variance-reduced policy evaluation
In this section, we propose and analyze a variance-reduced version of the TD learning
algorithm. As in standard variance-reduction schemes, such as SVRG [JZ13], our
algorithm proceeds in epochs. In each epoch, we run a standard stochastic approxi-
mation scheme, but we recenter our updates in order to reduce their variance. The
recentering uses an empirical approximation to the population Bellman operator T .

We describe the behavior of the algorithm over epochs by a sequence of operators,
{Vm}m≥1, which we define as follows. At epoch m, the method uses a vector θ̄m
in order to recenter the update, where the vector θ̄m should be understood as the
best current approximation to the unknown vector θ∗. In the ideal scenario, such
a recentering would involve the quantity T (θ̄m), where T denotes the population
operator previously defined in Eq. (2.3). Since we lack direct access to the population
operator T , however, we use the Monte Carlo approximation

T̃Nm(θ̄m) := 1
Nm

∑
i∈Dm

T̂i(θ̄m), (2.16)

where the empirical operator T̂i is defined in Eq. (2.2). Here the set Dm is a collection
of Nm i.i.d. samples, independent of all other randomness.

Given the pair (θ̄m, T̃Nm(θ̄m)) and a stepsize α ∈ (0, 1), we define the operator Vt
on Rd as follows:

θ 7→ Vk
(
θ;α, θ̄m, T̃Nm

)
:= (1 − α)θ + α

{
T̂k(θ) − T̂k(θ̄m) + T̃Nm(θ̄m)

}
. (2.17)

As defined in Eq. (2.2), the quantity T̂t is a stochastic operator, where the randomness
is independent of the set of samples Dm used to define T̃Nm . Consequently, the
stochastic operator T̂t is independent of the recentering vector T̃Nm(θ̄m). Moreover,
by construction, for each θ ∈ RD, we have

E
[
T̂k(θ) − T̂k(θ̄m) + T̃Nm(θ̄m)

]
= T (θ).
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Thus, we see that Vk can be seen as an unbiased stochastic approximation of the
population-level Bellman operator. As will be clarified in the analysis, the key effect
of the recentering steps is to reduce its associated variance.

A single epoch

Based on the variance-reduced policy evaluation update defined in Eq. (2.17), we are
now ready to define a single epoch of the overall algorithm. We index epochs using
the integers m = 1, 2, . . . ,M , where M corresponds to the total number of epochs to
be run. Epoch m requires as inputs the following quantities:

• a vector θ̄, which is chosen to be the output of the previous epoch,

• a positive integer K denoting the number of steps within the given epoch,

• a positive integer Nm denoting the number of samples used to calculate the
Monte Carlo update (2.16),

• a sequence of stepsizes {αk}Kk≥1 with αk ∈ (0, 1), and

• a set of fresh samples {T̂i}i∈Em , with |Em| = Nm +K. The first Nm samples are
used to define the dataset Dm that underlies the Monte Carlo update (2.16),
whereas the remaining K samples are used in the K steps within each epoch.

We summarize the operations within a single epoch in Algorithm 1.

Algorithm 1 RunEpoch (θ̄;K,Nm, {αk}Kk=1 , {T̂i}i∈Em)
1: Given (a) Epoch length K , (b) Recentering vector θ̄ , (c) Recentering sample

size Nm,
(d) Stepsize sequence {αk}Kk≥1, (e) Samples {T̂i}i∈Em

2: Compute the recentering quantity T̃Nm(θ̄) := 1
Nm

∑
i∈Dm

T̂i(θ̄)

3: Initialize θ1 = θ̄
4: for k = 1, 2, . . . , K do
5: Compute the variance-reduced update:

θk+1 = Vk
(
θk;αk, θ̄, T̃Nm

)
6: end for

The choice of the stepsize sequence {αk}k≥1 is crucial, and it also determines
the epoch length K. Roughly speaking, it is sufficient to choose a large enough
epoch length to ensure that the error is reduced by a constant factor in each epoch.
In Section 2.3 to follow, we study three popular stepsize choices—the constant
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stepsize (2.5a), the polynomial stepsize (2.5b) and the recentered linear stepsize (2.5c)—
and provide lower bounds on the requisite epoch length in each case.

Overall algorithm

We are now ready to specify our variance-reduced policy-evaluation (VRPE) algorithm.
The overall algorithm has five inputs: (a) an integer M , denoting the number of
epochs to be run, (b) an integer K, denoting the length of each epoch, (c) a sequence
of sample sizes {Nm}Mm=1 denoting the number of samples used for recentering, (d)
Sample batches {{T̂i}i∈Em}Mm=1 to be used in m epochs, and (e) a sequence of stepsize
{αk}k≥1 to be used in each epoch. Given these five inputs, we summarize the overall
procedure in Algorithm 2:

Algorithm 2 Variance-reduced policy evaluation (VRPE)
1: Given (a) Number of epochs M , (b) Epoch length K , (c) Recentering sample

sizes {Nm}Mm=1, (d) Sample batches {T̂i}i∈Em , for m = 1, . . . ,M , (e) Stepsize
{αk}Kk=1

2: Initialize at θ̄1
3: for m = 1, 2, . . . ,M do
4: θ̄m+1 = RunEpoch

(
θ̄m;K,Nm, {α}Kk=1, {T̂i}i∈Em

)
5: end for
6: Return θ̄M+1 as the final estimate

In the next section, we provide a detailed description on how to choose these input
parameters for three popular stepsize choices (2.5a)–(2.5c). Finally, we reiterate that
at epoch m, the algorithm uses Nm +K new samples, and the samples used in the
epochs are independent of each other. Accordingly, the total number of samples used
in M epochs is given by KM +∑M

m=1 Nm.

Instance-dependent guarantees

Given a desired failure probability, δ ∈ (0, 1), and a total sample size N , we specify
the following choices of parameters in Algorithm 2:

Number of epochs : M := log2

(
N(1 − γ)2

8 log((8D/δ) · logN)

)
(2.18a)

Recentering sample sizes : Nm := 2m42 · 92 · log(8MD/δ)
(1 − γ)2 for m = 1, . . . ,M

(2.18b)

Sample batches: Partition the N samples to obtain {T̂i}i∈Em for m = 1, . . .M
(2.18c)
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Epoch length: K = N

2M (2.18d)

In the following theorem statement, we use (c1, c2, c3, c4) to denote universal constants.

Theorem 2. (a) Suppose that the input parameters of Algorithm 2 are chosen
according to Eq. (2.18). Furthermore, suppose that the sample size N satisfies one of
the following three stepsize-dependent lower bounds:

(a) N
M

≥ c1
log(8ND/δ)

(1−γ)3 for recentered linear stepsize αk = 1
1+(1−γ)k ,

(b) N
M

≥ c2 log(8ND/δ) ·
(

1
1−γ

)( 1
1−ω

∨ 2
ω ) for polynomial stepsize αk = 1

kω with 0 <
ω < 1,

(c) N
M

≥ c3
log( 1

1−α(1−γ))
for constant stepsize αk = α ≤ 1

52·322 · (1−γ)2

log(8ND/δ) .

Then for any initilization θ̄1, the output θ̄M+1 satisfies

∥θ̄M+1 − θ∗∥∞ ≤ c4 ·
∥∥∥θ1 − θ∗

∥∥∥
∞

· log2((8D/δ) · logN)
N2(1 − γ)4

+ c4 ·


√

log(8DM/δ)
N

·
(
γ · ν(P, θ∗) + ρ(P, r)

)
+ log(8DM/δ)

N
· b(θ∗)

 ,
(2.19)

with probability exceeding 1 − δ.

See Section 2.4 for the proof of this theorem.

A few comments on the upper bound provided in Theorem 2 are in order. In order to
facilitate a transparent discussion in this section, we use the notation ≳ in order to
denote a relation that holds up to logarithmic factors in the tuple (N,D, (1 − γ)−1).

Initialization dependence: The first term on the right-hand side of the upper
bound (2.19) depends on the initialization θ̄1. It should be noted that when viewed
as a function of the sample size N , this initialization-dependent term decays at a
faster rate compared to the other two terms. This indicates that the performance of
Algorithm 2 does not depend on the initialization θ̄1 in a significant way. A careful
look at the proof (cf. Section 2.4) reveals that the coefficient of ∥θ1 − θ∗∥∞ in the
bound (2.19) can be made significantly smaller. In particular, for any p ≥ 1 the first
term in the right-hand side of bound (2.19) can be replaced by

c4 · ∥θ1 − θ∗∥∞

Np
· logp((8D/δ) · logN)

(1 − γ)2p ,
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(a) Recentered-linear stepsize (b) Polynomial stepsize
Figure 2.3. Log-log plots of the ℓ∞-error versus the discount complexity parameter
1/(1 − γ) for the VRPE algorithm. Each point is computed from an average over
1000 trials. Each trial entails drawing N = ⌈ 8

(1−γ)3 ⌉ samples from the 2-state MRP
in Figure 2.1 with the parameter choices p = 4γ−1

3γ , ν = 1 and τ = 1 − (1 − γ)λ.
Each line on each plot represents a different value of λ, as labeled in the legend.
We have also plotted the least-squares fits through these points, and the slopes of
these lines are also provided in the legend. We also report the pair (β̂, β∗), where
the coefficient β̂ denotes the slope of the least-squares fit and β∗ denotes the slope
predicted from the lower bound calculation (2.15). (a) Performance of VRPE for
the recentered linear stepsize (2.5c). (b) Performance of VRPRE with polynomially
decaying stepsizes (2.5b) with ω = 2/3.

by increasing the recentering sample size (2.18b) by a constant factor and changing
the values of the absolute constants (c1, c2, c3, c4), with these values depending only
on the value of p. We have stated and proved a version for p = 2. Assuming the
number of samples N satisfies N ≥ (1 − γ)−(2+∆) for some ∆ > 0, the first term on
the right-hand side of bound (2.19) can always be made smaller than the other two
terms. In the sequel we show that each of the lower bound conditions (a)-(c) in the
statement of Theorem 2 requires a lower bound condition N ≳ (1 − γ)−3.

Comparing the upper and lower bounds: The second and the third terms
in (2.19) show the instance-dependent nature of the upper bound, and they are the
dominating terms. Furthermore, assuming that the minimum sample size requirements
from Theorems 1 and 2 are met, we find that the upper bound (2.19) matches the
lower bound (2.12) up to logarithmic terms.

It is worthwhile to explicitly compute the minimum sample size requirements
in Theorems 1 and 2. Ignoring the logarithmic terms and constant factors for the
moment, unwrapping the lower bound conditions (a)-(c) in Theorem 2, we see that
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for both the constant stepsize and the recentered linear stepsize the sample size needs
to satisfy N ≳ (1 − γ)−3. For the polynomial stepsize αk = 1

kω , the sample size has
to be at least (1 − γ)−( 1

1−ω
∨ 2

ω ). Minimizing the last bound for different values of
ω ∈ (0, 1), we see that the minimum value is attained at ω = 2/3, and in that case
the bound (2.19) is valid when N ≳ (1 − γ)−3. Overall, for all the three stepsize
choices discussed in Theorem 2 we require N ≳ (1 − γ)−3 in order to certify the
upper bound. Returning to Theorem 1, from assumption (2.13) we see that in the
best case scenario, Theorem 1 is valid as soon as N ≳ (1 − γ)−2. Putting together
the pieces we find that the sample size requirement for Theorem 2 is more stringent
than that of Theorem 1. Currently we do not know whether the minimum sample
size requirements in Theorems 1 and 2 are necessary; answering this question is an
interesting future research direction.

Simulation study: It is interesting to demonstrate the sharpness of our bounds
via a simulation study, using the same scheme as our previous study of TD(0) with
averaging. In Figure 2.3, we report the results of this study; see the figure caption
for further details. At a high level, we see that the VRPE algorithm, with either
the recentered linear stepsize (panel (a)) or the polynomial stepsize t−2/3, produces
errors that decay with the exponents predicted by our instance-dependent theory for
λ ∈ {0.5, 1.0, 2.0}. See the figure caption for further details.

2.4 Proofs
We now turn to the proofs of our main results.

Proof of Proposition 1
Recall the definition of the matrix ΣP (θ) from Eq. (2.7), and define the covariance
matrix

VP = (Id − γP )−1(γ2ΣP (θ) + σ2
rId)(Id − γP )−T . (2.20)

Recall that we use Z to denote a multivariate Gaussian random vector Z ∼ N (0, VP),
and that the sequence {θ̃ ωk }k≥1 is generated by averaging the iterates of stochastic
approximation with polynomial stepsizes (2.5b) with exponent ω. With this notation,
the two claims of the theorem are:

M∞(P) = E[∥Z∥∞], and (2.21a)
lim
N→∞

E
[√
N · ∥θ̃ ωN − θ∗∥∞

]
= E[∥Z∥∞]. (2.21b)

We now prove each of these claims separately.
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Proof of Eq. (2.21a)

For the reader’s convenience, let us state a version of the Hájek–Le Cam local
asymptotic minimax theorem:

Theorem 3. Let {Pϑ′}ϑ′∈Θ be a family of parametric models, quadratically mean
differentiable with Fisher information matrices Jϑ′. Fix some parameter ϑ ∈ Θ, and
consider a function ψ : Θ → RD that is differentiable at ϑ. Then for any quasi-convex
loss L : RD → R, we have:

lim
c→∞

lim
N→∞

inf
ϑ̂N

sup
ϑ′

∥ϑ′−ϑ∥2≤c/
√
N

Eϑ′

[
L
(√

N · (ϑ̂N − ϑ′)
)]

= E[L(Z)], (2.22)

where the infimum is taken over all estimators ϑ̂N that are measurable functions of
N i.i.d. data points drawn from Pϑ, and the expectation is taken over a multivariate
Gaussian Z ∼ N (0,∇ψ(ϑ)TJ†

ϑ∇ψ(ϑ)).

Returning to the problem at hand, let ϑ = (P, r) denote the unknown parameters
of the model and let ψ(ϑ) = θ(P) = (Id − γP )−1r denote the target vector. A direct
application of Theorem 3 shows that

M∞(P) = E[∥Z∥∞] where Z = N (0,∇ψ(ϑ)TJ†
ϑ∇ψ(ϑ)), (2.23)

where Jϑ is the Fisher information at ϑ. The following result provides a more explicit
form of the covariance of Z:

Lemma 1. We have the identity

∇ψ(ϑ)TJ†
ϑ∇ψ(ϑ) = (Id − γP )−1(γ2ΣP (θ) + σ2

rId)(Id − γP )−T . (2.24)

Although the proof of this claim is relatively straightforward, it involves some lengthy
and somewhat tedious calculations; we refer the reader to Section 2.6 for the proof.

Given the result from Lemma 1, the claim (2.21a) follows by substituting the rela-
tion (2.24) into (2.23).

Proof of Eq. (2.21b)

The proof of this claim follows from the results of Polyak and Juditsky [PJ92, Theorem
1], once their assumptions are verified for TD(0) with polynomial stepsizes. Recall
that the TD iterates in Eq. (2.4) are given by the sequence {θk}k≥1, and that θ̃ ωk
denotes the k-th iterate generated by averaging.

For each k ≥ 1, note the following equivalence between the notation in this chapter
and that of Polyak and Juditsky [PJ92], or PJ for short:

xk ≡ θk, γk ≡ αk, A ≡ Id − γP, and ξk = (Rk − r) + (Zk − P )θk.
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Let us now verify the various assumptions in the PJ paper. Assumption 2.1 in the PJ
paper holds by definition, since the matrix Id − γP is Hurwitz. Assumption 2.2 in
the PJ paper is also satisfied by the polynomial stepsize sequence for any exponent
ω ∈ (0, 1).

It remains to verify the assumptions that must be satisfied by the noise sequence
{ξk}k≥1. In order to do so, write the k-th such iterate as

ξk = (Rk − r) + (Zk − P )θ∗ + (Zk − P )(θk − θ∗).

Since Zk is independent of the sequence {θi}ki=1, it follows that the condition

lim
N→∞

E
[
∥θN − θ∗∥2

2

]
(2.25)

suffices to guarantee that Assumptions 2.3–2.5 in the PJ paper are satisfied. We
now claim that for each ω ∈ (1/2, 1], condition (2.25) is satisfied by the TD iterates.
Taking this claim as given for the moment, note that applying Theorem 1 of Polyak
and Juditsky [PJ92] establishes claim (2.21b), for any exponent ω ∈ (1/2, 1).

It remains to establish condition (2.25). For any ω ∈ (1/2, 1], the sequence of
stepsizes {αk}k≥1 satisfies the conditions

∞∑
k=1

αk = ∞ and
∞∑
k=1

α2
k < ∞.

Consequently, classical results due to Robbins and Munro [RM51, Theorem 2] guar-
antee ℓ2-convergence of θN to θ∗.

Proof of Theorem 1
Throughout the proof, we use the notation P = (P, r) and P ′ = (P ′, r′) to denote,
respectively, the problem instance at hand and its alternative. Moreover, we use
θ∗ ≡ θ(P) and θ(P ′) to denote the associated target parameters for each of the two
problems P and P ′. We use ∆P = P − P ′ and ∆r = r − r′ to denote the differences
of the parameters. For probability distributions, we use P and P ′ to denote the
marginal distribution of a single observation under P and P ′, and use PN and (P ′)N
to denote the distribution of N i.i.d observations drawn from P or P ′, respectively.

Proof structure

We introduce two special classes of alternatives of interest, denoted as S1 and S2
respectively:

S1 = {P ′ = (P ′, r′) | r′ = r} , and S2 = {P ′ = (P ′, r′) | P ′ = P} .

In words, the class S1 consists of alternatives P ′ that have the same reward vector r as
P , but a different transition matrix P ′. Similarly, the class S2 consists of alternatives
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P ′ with the same transition matrix P , but a different reward vector. By restricting
the alternative P ′ within class S1 and S2, we can define restricted versions of the
local minimax risk, namely

MN(P ; S1) ≡ sup
P ′∈S1

inf
θ̂N

max
P∈{P,P ′}

EP
[√
N ·

∥∥∥θ̂N − θ(P)
∥∥∥

∞

]
, and (2.26a)

MN(P ; S2) ≡ sup
P ′∈S2

inf
θ̂N

max
P∈{P,P ′}

EP
[√
N ·

∥∥∥θ̂N − θ(P)
∥∥∥

∞

]
. (2.26b)

The main part of the proof involves showing that there is a universal constant c > 0
such that the lower bounds

MN(P ; S1) ≥ c · γν(P, θ∗), and (2.27a)
MN(P ; S2) ≥ c · ρ(P, r) (2.27b)

both hold (assuming that the sample size N is sufficiently large to satisfy the
condition (2.13)). Since we have MN(P) ≥ max {MN(P ; S1),MN(P ; S2)}, these
lower bounds in conjunction imply the claim Theorem 1. The next section shows how
to prove these two bounds.

Proof of the lower bounds (2.27a) and (2.27b):

Our first step is to lower bound the local minimax risk for each problem class in
terms of a modulus of continuity between the Hellinger distance and the ℓ∞-norm.

Lemma 2. For each S ∈ {S1,S2}, we have the lower bound MN (P ; S) ≥ 1
8 ·MN (P ; S),

where we define

MN(P ; S) := sup
P ′∈S

{√
N ·

∥∥∥θ(P) − θ(P ′)
∥∥∥

∞
| dhel(P, P ′) ≤ 1

2
√
N

}
. (2.28)

The proof of Lemma 2 follows a relatively standard argument, one which reduces
estimation to testing; see Section 2.7 for details.

This lemma allows us to focus our remaining attention on lower bounding the
quantity MN(P ; S). In order to do so, we need both a lower bound on the ℓ∞-norm∥∥∥θ(P) − θ(P ′)

∥∥∥
∞

and an upper bound on the Hellinger distance dhel(P, P ′). These
two types of bounds are provided in the following two lemmas. We begin with lower
bounds on the ℓ∞-norm:

Lemma 3. (a) For any P and for all P ′ ∈ S1, we have

∥θ(P) − θ(P ′)∥∞ ≥
(

1 − γ

1 − γ
∥∆P∥∞

)
+

·
∥∥∥γ(Id − γP )−1∆P θ

∗
∥∥∥

∞
. (2.29a)

(b) For any P and for all P ′ ∈ S2, we have

∥θ(P) − θ(P ′)∥∞ ≥
∥∥∥(Id − γP )−1∆r

∥∥∥
∞
. (2.29b)
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See Section 2.7 for the proof of this claim.

Next, we require upper bounds on the Hellinger distance:

Lemma 4. (a) For each P and for all P ′ ∈ S1, we have

dhel(P, P ′)2 ≤ 1
2
∑
i,j

((∆P )i,j)2

Pi,j
. (2.30a)

(b) For each P and for all P ′ ∈ S2, we have

dhel(P, P ′)2 ≤ 1
2σ2

r

∥r1 − r2∥2
2 . (2.30b)

See Section 2.7 for the proof of this upper bound.

Using Lemmas 3 and 4, we can derive two different lower bounds. First, we have
the lower bound MN(P ; S1) ≥ M′

N(P ; S1), where

M′
N(P ; S1) ≡ sup

P ′∈S1

√
N ·

1 − γ ∥∆P∥∞
1 − γ


+

·
∥∥∥γ(Id − γP )−1∆P θ

∗
∥∥∥

∞

|
∑
i,j

((∆P )i,j)2

Pi,j
≤ 1

2N

 . (2.31a)

Second, we have the lower bound MN(P ; S2) ≥ M′
N(P ; S2), where

M′
N(P ; S2) ≡ sup

P ′∈S2

{√
N · ∥ (I − γP)−1 ∆r∥∞

1
σ2
r

∥r1 − r2∥2 ≤ 1
2N

}
. (2.31b)

In order to complete the proofs of the two lower bounds (2.27a) and (2.27b), it
suffices to show that

M′
N(P ; S2) ≥ 1√

2
· ρ(P, r), and (2.32a)

M′
N(P ; S1) ≥ 1

2
√

2
· γν(P, θ∗). (2.32b)

Proof of the bound (2.32a): This lower bound is easy to show—it follows from
the definition:

M′
N(P ; S2) = σr√

2

∥∥∥(Id − γP )−1∆r

∥∥∥
∞

= 1√
2
ρ(P, r).
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Proof of the bound (2.32b): The proof of this claim is much more delicate. Our
strategy is to construct a special “hard” alternativ, P ∈ S1, that leads to a good
lower bound on M′

N(P; S1). Lemma 5 below is the main technical result that we
require:

Lemma 5. There exists some probability transition matrix P̄ with the following
properties:

(a) It satisfies the constraint ∑i,j
((P̄−P )i,j)2

Pi,j
≤ 1

2N .

(b) It satisfies the inequalities∥∥∥P̄ − P
∥∥∥

∞
≤ 1√

2N
, and

∥∥∥γ(Id − γP )−1(P̄ − P )θ∗
∥∥∥

∞
≥ γ√

2N
· ν(P, θ∗).

See Section 2.7 for the proof of this claim.

Given the matrix P̄ guaranteed by this lemma, we consider the “hard” problem
P := (P̄ , r) ∈ S1. From the definition of M′

N(P ; S1) in Eq. (2.31a), we have that

M′
N(P ; S1) ≥

√
N ·

(
1 − γ

1 − γ

∥∥∥P − P̄
∥∥∥

∞

)
+

·
∥∥∥γ(Id − γP̄ )−1(P − P̄ )θ∗

∥∥∥
∞

≥
√
N ·

(
1 − γ

1 − γ
· 1√

2N

)
+

· γ√
2N

· ν(P, θ∗) ≥ 1
2
√

2
· γν(P, θ∗),

where the last inequality follows by the assumed lower bound N ≥ 4γ2

(1−γ)2 . This
completes the proof of the lower bound (2.32b).

Proof of Theorem 2
This section is devoted to the proof of Theorem 2, which provides the achievability
results for variance-reduced policy evaluation.

Proof of part (a):

We begin with a lemma that characterizes the progress of Algorithm 2 over epochs:

Lemma 1. Under the assumptions of Theorem 2 (a), there is an absolute constant c
such that for each epoch m = 1, . . . ,M , we have:∥∥∥θ̄m+1 − θ∗

∥∥∥
∞

≤ ∥θ̄m − θ∗∥∞

4

+ c


√

log(8DM/δ)
Nm

(
γ · ν(P, θ∗) + ρ(P, r)

)
+ log(8DM/δ)

Nm

· b(θ∗)
 ,

(2.33)
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with probability exceeding 1 − δ
M

.

Taking this lemma as given for the moment, let us complete the proof. We use
the shorthand

τm :=
√

log(8DM/δ)
Nm

(
γ · ν(P, θ∗)ρ(P, r)

)
and ηm := log(8DM/δ)

Nm

· b(θ∗) (2.34)

to ease notation, and note that τm√
2 ≤ τm+1 and ηm

2 ≤ ηm+1, for each m ≥ 1. Using
this notation and unwrapping the recursion relation from Lemma 1, we have

∥∥∥θ̄M+1 − θ∗
∥∥∥

∞
≤

∥∥∥θM − θ∗
∥∥∥

∞
4 + c(τM + ηM)

(i)
≤

∥∥∥θM−1 − θ∗
∥∥∥

∞
42 + c

2 (τM + ηM) + c(τM + ηM)

(ii)
≤

∥∥∥θ1 − θ∗
∥∥∥

∞
4M + 2c(τM + ηM).

Here, step (i) follows by applying the one-step application of the recursion (2.33), and
by using the upper bounds τm√

2 ≤ τm+1 and ηm

2 ≤ ηm+1. Step (ii) follows by repeated
application of the recursion (2.33). The last inequality holds with probability at least
1 − δ by a union bound over the M epochs.

It remains to express the quantities 4M , τM and ηM—all of which are controlled
by the recentering sample size NM—in terms of the total number of available samples
N . Towards this end, observe that the total number of samples used for recentering
at M epochs is given by

M∑
m=1

Nm ≍ 2M · log(8MD/δ)
(1 − γ)2 .

Substituting the value of M = log2

(
N(1−γ)2

8 log((8D/δ)·logN)

)
we have

c1N ≤ NM ≍
M∑
m=1

Nm ≤ N

2 ,

where c1 is a universal constant. Consequently, the total number of samples used by
Algorithm 2 is given by

MK +
M∑
m=1

Nm ≤ N

2 + N

2 = N,

where in the last equation we have used the fact that MK = N
2 . Finally, using

M = log2

(
N(1−γ)2

8 log((8D/δ)·logN)

)
we have the following relation for some universal constant
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c:

4M = c · N2(1 − γ)4

log2((8D/δ) · logN)

Putting together the pieces, we conclude that

∥θ̄M+1 − θ∗∥∞ ≤ c2

∥∥∥θ1 − θ∗
∥∥∥

∞
· log2((8D/δ) · logN)

N2(1 − γ)4

+ c2


√

log(8DM/δ)
N

(
γ · ν(P, θ∗) + ρ(P, r)

)
+ log(8DM/δ)

N
· b(θ∗)

 ,
for a suitable universal constant c2. The last bound is valid with probability exceeding
1−δ via the union bound. In order to complete the proof, it remains to prove Lemma 1,
which we do in the following subsection.

Proof of Lemma 1

We now turn to the proof of the key lemma within the argument. We begin with a
high-level overview in order to provide intuition. In the m-th epoch that updates the
estimate from θ̄m to θ̄m+1, the vector θ̄ ≡ θ̄m is used to recenter the updates. Our
analysis of the m-th epoch is based on a sequence of recentered operators {Jm

k }k≥1
and their population analogs Jm(θ). The action of these operators on a point θ is
given by the relations

Jm
k (θ) := T̂k(θ) − T̂k(θ̄m) + T̃N(θ̄m), and Jm(θ) := T (θ) − T (θ̄m) + T̃N(θ̄m).

(2.35a)

By definition, the updates within epoch m can be written as

θk+1 = (1 − αk) θk + αkJm
k (θk) . (2.35b)

Note that the operator Jm is γ-contractive in ∥ · ∥∞-norm, and as a result it has a
unique fixed point, which we denote by θ̂m. Since Jm(θ) = E [Jm

k (θ)] by construction,
when studying epoch m, it is natural to analyze the convergence of the sequence
{θk}k≥1 to θ̂m.

Suppose that we have taken K steps within epoch m. Applying the triangle
inequality yields the bound

∥θ̄m+1 − θ∗∥∞ = ∥θK+1 − θ∗∥∞ ≤
∥∥∥θK+1 − θ̂m

∥∥∥
∞

+
∥∥∥θ̂m − θ∗

∥∥∥
∞
. (2.35c)

With this decomposition, our proof of Lemma 1 is based on two auxiliary lemmas
that provide high-probability upper bounds on the two terms on the right-hand side
of inequality (2.35c).
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Lemma 2. Let (c1, c2, c3) be positive numerical constants, and suppose that the epoch
length K satisfies one the following three stepsize-dependent lower bounds:

(a) K ≥ c1
log(8KMD/δ)

(1−γ)3 for recentered linear stepsize αk = 1
1+(1−γ)k ,

(b) K ≥ c2 log(8KMD/δ) ·
(

1
1−γ

)( 1
1−ω

∨ 2
ω ) for polynomial stepsize αk = 1

kω with
0 < ω < 1,

(c) K ≥ c3
log( 1

1−α(1−γ))
for constant stepsize αk = α ≤ (1−γ)2

log(8KMD/δ) · 1
52·322 .

Then after K update steps with epoch m, the iterate θK+1 satisfies the bound

∥θK+1 − θ̂m∥∞ ≤ 1
8∥θ̄m − θ∗∥∞ + 1

8∥θ̂m − θ∗∥∞ with probability at least 1 − δ
2M .
(2.36)

See Section 2.8 for the proof of this claim.

Our next auxiliary result provides a high-probability bound on the difference ∥θ̂m −
θ∗∥∞.

Lemma 3. There is an absolute constant c4 such that for any recentering sample
size satisfying Nm ≥ 42 · 92 · log(MD/δ)

(1−γ)2 , we have

∥θ̂m − θ∗∥∞ ≤ 1
9∥θ̄m − θ∗∥∞

+ c4


√

log(8DM/δ)
Nm

(
γ · ν(P, θ∗) + ρ(P, r)

)
+ log(8DM/δ)

Nm

· b(θ∗)
 ,

with probability exceeding 1 − δ
2M .

See Section 2.8 for the proof of this claim.

With Lemmas 2 and 3 in hand, the remainder of the proof is straightforward. Recall
from Eq. (2.34) the shorthand notation τm and ηm. Using our earlier bound (2.35c),
we have that at the end of epoch m (which is also the starting point of epoch m+ 1),∥∥∥θ̄m+1 − θ∗

∥∥∥
∞

≤ ∥θK+1 − θ̂m∥∞ + ∥θ̂m − θ∗∥∞

(i)
≤
{

∥θ̄m − θ∗∥∞

8 + 1
8
∥∥∥θ̂m − θ∗

∥∥∥
∞

}
+
∥∥∥θ̂m − θ∗

∥∥∥
∞

= ∥θ̄m − θ∗∥∞

8 + 9
8 ·
∥∥∥θ̂m − θ∗

∥∥∥
∞

(ii)
≤ ∥θ̄m − θ∗∥∞

8 + 1
8
{
∥θ̄m − θ∗∥∞ + c4(τm + ηm)

}
≤ ∥θ̄m − θ∗∥∞

4 + c4(τm + ηm),
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where inequality (i) follows from Lemma 2(a), and inequality (ii) from Lemma 3.
Finally, the sequence of inequalities above holds with probability at least 1 − δ

M
via a

union bound. This completes the proof of Lemma 1.

Proof of Theorem 2, parts (b) and (c)

The proofs of Theorem 2 parts (b) and (c) require versions of Lemma 1 for the
polynomial stepsize (2.5b) and constant stepsize (2.5a), respectively. These two
versions of Lemma 1 can be obtained by simply replacing Lemma 2, part (a), by
Lemma 2, parts (b) and (c), respectively, in the proof of Lemma 1.

2.5 Discussion
We have discussed the problem of policy evaluation in discounted Markov decision
processes. The main contribution of this chapter is three-fold. First, we provided
a non-asymptotic instance-dependent local-minimax bound on the ℓ∞-error for the
policy evaluation problem under the generative model. Next, via careful simulations,
we showed that the standard TD-learning algorithm—even when combined with
Polyak-Rupert iterate averaging—does not yield ideal non-asymptotic behavior as
captured by our lower bound. In order to remedy this difficulty, we introduced and
analyzed a variance-reduced version of the standard TD-learning algorithm which
achieves our non-asymptotic instance-dependent lower bound up to logarithmic factors.
Both the upper and lower bounds discussed in this chapter hold when the sample size
is bigger than an explicit threshold; relaxing this minimum sample size requirement is
an interesting future research direction. Finally, we point out that although we have
focused on the tabular policy evaluation problem, the variance-reduced algorithm
discussed in this chapter can be applied in more generality, and it would be interesting
to explore applications of this algorithm to non-tabular settings.

2.6 Proofs of auxiliary lemmas for Proposition 1
In this section, we provide proofs of the auxiliary lemmas that underlie the proof of
Proposition 1.

Proof of Lemma 1
The proof is basically a lengthy computation. For clarity, let us decompose the
procedure into three steps. In the first step, we compute an explicit form for the
inverse information matrix J†

ϑ. In the second step, we evaluate the gradient ∇ψ(ϑ).
In the third and final step, we use the result in the previous two steps to prove the
claim (2.24) of the lemma.
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Step 1: In the first step, we evaluate J†
ϑ. Recall that our data (Z, R) is generated

as follows. We generate the matrix Z and the vector R independently. Each row
of Z is generated independently. Its jth row, denoted by zj, is sampled from a
multinomial distribution with parameter pj, where pj denotes the jth row of P . The
vector R is sampled from N (r, σ2

rId). Because of this independence structure, the
Fisher information Jϑ is a block diagonal matrix of the form

Jϑ =


Jp1 0 0 . . . 0 0
0 Jp2 0 . . . 0 0
0 0 . . . 0 0
0 0 0 . . . JpD

0
0 0 0 . . . 0 Jr

 .

Here each sub-block matrix Jpj
is the Fisher information corresponding to the model

where a single data Zj is sampled from the multinomial distribution with parameter
pj, and Jr is the Fisher information corresponding to the model in which a single
data point R is sampled from N (r, σ2

rId). Thus, the inverse Fisher information J†
ϑ is

also a block diagonal matrix of the form

J†
ϑ =


J†
p1 0 0 . . . 0 0
0 J†

p2 0 . . . 0 0
0 0 . . . 0 0
0 0 0 . . . J†

pD
0

0 0 0 . . . 0 J†
r

 . (2.37)

It is easy to compute J†
pj

and J†
r :

J†
pj

= diag(pj) − pjp
T
j = cov(Zj − pj) for j ∈ [D], and (2.38a)

J†
r = J−1

r = σ2
rI. (2.38b)

For a vector q ∈ RD, we use diag(q) ∈ RD×D to denote the diagonal matrix with
diagonal entries qj.

Step 2: In the second step, we evaluate ∇ψ(ϑ). Recall that ψ(ϑ) = (Id − γP )−1r.
It is straightforward to see that

∇rψ(ϑ) = (Id − γP )−1. (2.39)

Below we evaluate ∇pj
ψ(θ) for j ∈ [D], where pj is the jth row of the matrix P . We

show that

∇pj
ψ(ϑ) = γ(Id − γP )−1ejθ

T . (2.40)

Here we recall θ = ψ(ϑ) = (Id − γP )−1r.
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To prove Eq. (2.40), we start with the following elementary fact: for the matrix in-
verse mapping A → A−1, we have ∂A−1

∂Ajk
= −A−1eje

T
kA

−1 for all j, k ∈ [D]. Combining
this fact with chain rule, we find that

∂ψ(ϑ)
∂Pjk

= γ(Id − γP )−1eje
T
k (Id − γP )−1r = γ(Id − γP )−1ejθ

T ek,

valid for all j, k ∈ [D]. This immediately implies Eq. (2.40) since pj is the vector with
coordinates Pjk.

Step 3: In the third step, we evaluate ∇ψ(ϑ)TJ†
ϑ∇ψ(ϑ). From Eq. (2.37), we

observe that the inverse Fisher information J†
ϑ has a block structure. Consequently,

we can write

∇ψ(ϑ)TJ†
ϑ∇ψ(ϑ) =

∑
j∈[D]

∇pj
ψ(ϑ)TJ†

pj
∇pj

ψ(ϑ) + ∇Rψ(ϑ)TJ†
R∇Rψ(ϑ). (2.41)

Combining Eqs. (2.38b) and (2.39) yields

∇Rψ(ϑ)TJ†
R∇Rψ(ϑ) = σ2

r(Id − γP )−1(Id − γP )−T . (2.42)

Combining Eqs. (2.38a) and (2.40) yields

∇pj
ψ(ϑ)TJ†

pj
∇pj

ψ(ϑ) = γ2(Id − γP )−1ejθ
T cov(Zj − pj)θeTj (Id − γP )−T

= γ2(Id − γP )−1ej cov((Zj − pj)T θ)eTj (Id − γP )−T ,

valid for each j ∈ [D]. Summing over j ∈ [D] then leads to
∑
j∈[D]

∇pj
ψ(ϑ)TJ†

pj
∇pj

ψ(ϑ) = γ2(Id − γP )−1
( ∑
j∈[D]

ej cov((Zj − pj)T θ)eTj
)

(Id − γP )−T

= γ2(Id − γP )−1ΣP (θ)(Id − γP )−T , (2.43)

where the last line uses the definition of ΣP (θ) in Eq. (2.7). Finally, substituting
Eq. (2.42) and Eq. (2.43) into Eq. (2.41) yields the claim (2.24), which completes the
proof of Lemma 1.

2.7 Proofs of auxiliary lemmas for Theorem 1
In this appendix, we detailed proofs of the auxiliary lemmas that underlie the proof
of the non-asymptotic local minimax lower bound stated in Theorem 1.
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Proof of Lemma 2
The proof uses the standard device of reducing estimation to testing (see, e.g., [Bir83a;
Tsy09; Wai19b]). The first step is to lower bound the minimax risk over P and P ′ by
its averaged risk:

inf
θ̂N

max
P∈{P,P ′}

EP
[∥∥∥θ − θ(P)

∥∥∥
∞

]
≥ 1

2
(
EPN

[∥∥∥θ̂N − θ
∥∥∥

∞

]
+ EP ′N

[∥∥∥θ̂N − θ′
∥∥∥

∞

])
. (2.44)

By Markov’s inequality, for any δ ≥ 0, we have

EPN

[∥∥∥θ̂N − θ
∥∥∥

∞

]
+ EP ′N

[∥∥∥θ̂N − θ′
∥∥∥

∞

]
≥ δ

[
PN

(∥∥∥θ̂N − θ
∥∥∥

∞
≥ δ

)
+ P ′N

(∥∥∥θ̂N − θ′
∥∥∥

∞
≥ δ

)]
.

If we define δ01 := 1
2 ∥θ − θ′∥∞, then we have the implication

∥θ − θ∥∞ < δ01 =⇒ ∥θ − θ′∥∞ > δ01, (2.45)

from which it follows that

EPn

[∥∥∥θ̂n − θ
∥∥∥

∞

]
+ EP ′n

[∥∥∥θ̂n − θ′
∥∥∥

∞

]
≥ δ01

[
1 − P n(

∥∥∥θ̂n − θ
∥∥∥

∞
< δ01)

+ P ′n(
∥∥∥θ̂n − θ′

∥∥∥
∞

≥ δ01)
]

≥ δ01
[
1 − P n(

∥∥∥θ̂N − θ′
∥∥∥

∞
≥ δ01)

+P ′n(
∥∥∥θ̂N − θ′

∥∥∥
∞

≥ δ01)
]

≥ δ01
[
1 −

∥∥∥P n − P ′n
∥∥∥

TV

]
≥ δ01

[
1 −

√
2dhel(P n, P ′n)2

]
.

The tensorization property of Hellinger distance (cf. Section 15.1 in [Wai19b]) guar-
antees that

dhel(PN , P ′N)2 = 1 −
(
1 − dhel(P, P ′)2

)N
≤ N dhel(P, P ′)2

.

Thus, we have proved that

inf
θ̂N

max
Q∈{P,P ′}

EQ
[∥∥∥θ − θ(Q)

∥∥∥
∞

]
≥ 1

4
∥∥∥θ(P) − θ(P ′)

∥∥∥
∞

·
(
1 −

√
2N · dhel(P, P ′)2)

+
.

Taking the supremum over all the possible alternatives P ′ ∈ S yields

MN(P ; S) ≥ sup
P ′∈S

1
4 ·

√
N
∥∥∥θ(P) − θ(P ′)

∥∥∥
∞

·
(
1 −

√
2N · dhel(P, P ′)2)

+
. (2.46)

A calculation shows that this bound implies the claim in Lemma 2.
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Proof of Lemma 3
Recall the shorthand ∆P = P − P ′ and ∆r = r − r′, and let θ∗ ≡ θ(P). We prove
that ∥θ(P) − θ(P ′)∥∞ is lower bounded by
∥∥∥γ(Id − γP )−1∆P θ

∗ + (Id − γP )−1∆r

∥∥∥
∞

−(
γ ∥∆P∥∞
(1 − γ)

∥∥∥γ(Id − γP )−1∆P θ
∗
∥∥∥

∞
+ γ ∥∆P∥∞ ∥∆r∥∞

(1 − γ)2

)
. (2.47)

Since θ(P) = (Id − γP )−1r and θ(P ′) = (Id − γP ′)−1r′ by definition, if we introduce
the shorthand MP = (Id − γP )−1 − (Id − γP ′)−1, some elementary calculation gives
the identity

θ(P) − θ(P ′) = MP r + (Id − γP )−1∆r +MP∆r. (2.48)

Now we find a new expression for MP = (Id − γP )−1 − (Id − γP ′)−1 that is easy
to control. Recall the elementary identity A−1

1 = A−1
0 + A−1

1 (A0 − A1)A−1
0 for any

matrices A0, A1. Thus,

MP = (Id − γP )−1 − (Id − γP ′)−1

= γ(Id − γP ′)−1(P − P ′)(Id − γP )−1

= γ(Id − γP )−1(P − P ′)(Id − γP )−1

+ γ2(Id − γP ′)−1(P − P ′)(Id − γP )−1(P − P ′)(Id − γP )−1

= γ(Id − γP )−1∆P (Id − γP )−1

+ γ2(Id − γP ′)−1∆P (Id − γP )−1∆P (Id − γP )−1.

Substituting this identity into Eq. (2.48), we obtain

θ(P) − θ(P ′) = γ(Id − γP )−1∆P θ
∗ + (Id − γP )−1∆r + R01, (2.49)

where the remainder term R01 takes the form

R01 = γ2(Id − γP ′)−1∆P (Id − γP )−1∆P θ
∗ +MP∆r.

Since (1 − γ)(Id − γP ′)−1 is a probability transition matrix, it follows that
∥(1 − γ)(Id − γP ′)−1∥∞ ≤ 1. Thus, the remainder term R01 satisfies the bound

∥R01∥∞ ≤ γ

(1 − γ) ∥∆P∥∞

∥∥∥γ(Id − γP )−1∆P θ
∗
∥∥∥

∞
+ γ

(1 − γ)2 ∥∆P∥∞ ∥∆r∥∞ .

The claimed lower bound (2.47) now follows from Eq. (2.49) and the triangle inequality.
It is clear that Eq. (2.47) implies the claim in the lemma statement once we restrict
P ′ ∈ S1 and P ′ ∈ S2.
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Proof of Lemma 4
Throughout the proof, we use (Z, R) (respectively (Z′, R′)) to denote a sample drawn
from the distribution P (respectively from the distribution P ′). We use PZ, PR
(respectively P ′

Z, P
′
R) to denote the marginal distribution of Z, R (respectively Z′, R′).

By the independence of Z and R (and similarly for (Z′, R′), the joint distributions
have the product form

P = PZ ⊗ PR, and P ′ = P ′
Z ⊗ P ′

R. (2.50)

Proof of part (a): Let P ′ = (P ′, R′) ∈ S1 (so r′ = r). Because of the independence
between Z and R (see Eq. (2.50)) and r = r′, we have that

dhel(P, P ′)2 = dhel(PZ, PZ′)2.

Note that the rows of Z and Z′ are independent. Thus, if we let Zi,Z′
i denote the

i-th rows of Z and Z′, we have

dhel(PZ, PZ′)2 = 1 −
∏
i

(
1 − dhel(PZi

, PZ′
i
)2
)

≤
∑
i

dhel(PZi
, PZ′

i
)2.

Now, note that Zi and Z′
i have multinomial distribution with parameters Pi and P ′

i ,
where P0,i, P1,i are the ith row of P0 and P1. Thus, we have

dhel(PZi
, PZ′

i
)2 ≤ 1

2Dχ2

(
PZ′

i
∥PZi

)
= 1

2
∑
j

(
Pi,j − P ′

i,j

)2

Pi,j
.

Putting together the pieces yields the desired upper bound (2.30a).

Proof of part (b): Let P ′ = (P ′, R′) ∈ S2 (so P ′ = P ). Given the independence
between Z and R (see Eq. (2.50)) and P = P ′, we have the relation dhel(P, P ′)2 =
dhel(PR, PR′)2. Note that R ∼ N (r, Id) and R′ ∼ N (r′, Id). Thus, we have

dhel(PR, PR′)2 ≤ Dkl (PR∥PR′) = 1
2σ2

r

∥r − r′∥2
2 ,

as claimed.

Proof of Lemma 5
We now specify how to construct the probability matrix P̄ that satisfies the desired
properties stated in Lemma 5. We introduce the shorthand notation θ̄ = Pθ∗, and
U = (Id − γP )−1. Let ℓ̄ ∈ [D] be an index such that

ℓ̄ ∈ argmax
ℓ∈[D]

(
e⊤
ℓ (Id − γP )−1Σ(θ)(Id − γP )−⊤eℓ

)1/2
= argmax

ℓ∈[D]

(∑
i

U2
ℓ,iσ

2
i (θ∗)

)1/2
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We construct the matrix P̄ entrywise as follows:

P̄i,j = Pi,j + 1
ν
√

2N
· Pi,jUℓ̄,i(θ∗

j − θ̄i)

for ν ≡ ν(P, θ∗) =
(∑

i U
2
ℓ̄,i
σ2(θi)

)1/2
. Now we show that P̄ satisfy the following

properties:

(P1) The matrix P̄ is a probability transition matrix.

(P2) It satisfies the constraint ∑i,j
((P−P̄ )i,j)2

Pi,j
≤ 1

2N .

(P3) It satisfies the inequalities∥∥∥P − P̄
∥∥∥

∞
≤ 1√

2N
, and

∥∥∥γ(Id − γP )−1(P − P̄ )θ∗
∥∥∥

∞
≥ γ√

2N
· ν(P, θ∗).

(2.51)

We prove each of these properties in turn.

Proof of (P1): For each row i ∈ [D], we have∑
j

P̄i,j =
∑
j

Pi,j + 1
ν
√

2N
Uℓ̄,i

∑
j

Pi,j(θ∗
j − θ̄i) =

∑
j

Pi,j = 1, (2.52)

thus showing that P̄1 = 1 as desired. Moreover, since (1 − γ)U = (1 − γ)(Id − γP )−1

is a probability transition matrix, we have the bound |Uℓ̄,i| ≤ 1
1−γ . By the triangle

inequality, we have
2∥θ∗∥span ≥ |θ∗

j − θ̄i|.

Thus, our assumption on the sample size N implies that ν
√
N ≥ 2

1−γ∥θ∗∥span ≥
|Ul̄,i(θ∗

j − θ̄j)|, which further implies that

P̄i,j = Pi,j

(
1 + 1

ν
√

2N
· Uℓ̄,i(θ∗

j − θ̄i)
)

≥ 0.

In conjunction with the property P̄1 = 1, we conclude that P̄ is a probability
transition matrix, as claimed.

Proof of (P2): We begin by observing that (∆P )i,j = 1
ν

√
2N · Pi,jUℓ̄,i(θ∗

j − θ̄i). Now
it is simple to check that∑

i,j

((∆P )i,j)2

Pi,j
= 1

2Nν2

∑
i,j

Pi,jU
2
ℓ̄,i(θ

∗
j − θ̄i)2 (i)= 1

2Nν2

∑
i

U2
ℓ̄,iσ

2
i (θ∗) = 1

2N , (2.53)

where in step (i), we use σ2
i (θ∗) = ∑

j Pi,j(θ∗
j − θ̄i)2 for each i, as the ith row of our

observation Z is a multinomial distribution with mean specified by the ith row of P .
This proves that P̄ satisfies the constraint, as desired.
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Proof of (P3): In order to verify the first inequality, we note that for any row i,

∑
j

|(∆P )i,j|
(i)
≤
(∑

j

(∆P )2
i,j

Pi,j

)1/2
≤
(∑

i,j

(∆P )2
i,j

Pi,j

)1/2
(ii)= 1√

2N
,

where step (i) follows from the Cauchy-Schwartz inequality, and step (ii) follows by
the previously established Property 2. Taking the maximum over row i yields

∥∆P∥∞ = max
i

{∑
j

|(∆P )i,j|
}

≤ 1√
2N

,

thus establishing the first claimed inequality in Eq. (2.51).
In order to establish the second inequality in Eq. (2.51), our starting point is the

lower bound∥∥∥γ(Id − γP )−1∆P θ
∗
∥∥∥

∞
≥
∣∣∣eTℓ̄ γ(Id − γP )−1∆P θ

∗
∣∣∣ = γ ·

∣∣∣∣∑
i,j

Uℓ̄,i(∆P )i,jθ∗
j

∣∣∣∣.
It is straightforward to check that∑

i,j

Uℓ̄,i(∆P )i,jθ∗
j

(i)=
∑
i,j

Uℓ̄,i(∆P )i,j(θ∗
j − θ̄i) = 1

ν
√

2N
∑
i,j

Pi,jU
2
ℓ̄,i(θ

∗
j − θ̄i)2 (ii)= ν√

2N
.

Here step (i) follows from the fact that ∑j(∆P )i,j = 0 for all i (as ∆P1 = P̄1−P1 = 0);
whereas step (ii) follows from our previous calculation (see Eq. (2.53)) showing that∑

i,j

Pi,jU
2
ℓ̄,i(θ

∗
j − θ̄i)2 = ν2.

Thus, we have verified the second inequality in Eq. (2.51).

2.8 Proofs of auxiliary lemmas for Theorem 2
This appendix is devoted to the proofs of auxiliary lemmas involved in the proof of
Theorem 2.

Proof of Lemma 2:
In this section, we prove all three parts of Lemma 2, which provides high-probability
upper bounds on the suboptimality gap at the end of each epoch. Parts (a), (b)
and (c), respectively, of Lemma 2 provides guarantees for the recentered linear
stepsize, polynomially-decaying stepsizes and constant stepsize. In order to de-clutter
the notation, we omit the dependence on the epoch m in the operators and epoch
initialization θ̄m. In order to distinguish between the total sample size N and the
recentering sample size at epoch m, we retain the notation Nm for the recentering
sample size.
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Proof of part (a)

We begin by rewriting the update Eq, (2.35b) in a form suitable for application of
general results from [Wai19c]. Subtracting off the fixed point θ̂ of the operator J , we
find that

θk+1 − θ̂ = (1 − αk)
(
θk − θ̂

)
+ αk

{
Jk(θk) − θ̂

}
.

Note that the operator θ 7→ Ĵk(θ) is γ-contractive in the ℓ∞-norm and monotonic
with respect to the orthant ordering; consequently, Corollary 1 from [Wai19c] can be
applied. In applying this corollary, the effective noise term is given by

Wk := Jk(θ̂) − J (θ̂) =
{
T̂k(θ̂) − T̂k(θ̄)

}
−
{
T (θ̂) − T (θ̄)

}
.

With this setup, by adapting Corollary 1 from [Wai19c] we have∥∥∥θK+1 − θ̂
∥∥∥

∞
≤ 2

1 + (1 − γ)K

{
∥θ̄ − θ̂∥∞ +

K∑
k=1

∥Vt∥∞

}
+ ∥VK+1∥∞ , (2.54a)

where the auxiliary stochastic process {Vk}k≥1 evolves according to the recursion

Vk+1 =
(
1 − αk

)
Vk + αkWk. (2.54b)

We claim that the ℓ∞-norm of this process can be bounded with high probability as
follows:

Lemma 4. Consider any sequence of stepsizes {αk}k≥1 in (0, 1) such that
(1 − αk+1)αk ≤ αk+1. (2.55)

Then for any tolerance level δ > 0, we have

P
[
∥Vt+1∥∞ ≥ 4∥θ̂ − θ̄∥∞

√
αt
√

log(8KMD/δ)
]

≤ δ

2KM . (2.56)

See Section 2.8 for a proof of this claim. For future reference, note that all three
stepsize choices (2.5a)–(2.5c) satisfy the condition (2.55).

Substituting the bound (2.56) into the relation (2.54a) yields∥∥∥θK+1 − θ̂
∥∥∥

∞
≤ c

{
∥θ̄ − θ̂∥∞

1 + (1 − γ)K + ∥θ̄ − θ̂∥∞

(1 − γ)3/2
√
K

}√
log(8KMD/δ)

≤ c∥θ̄ − θ̂∥∞


√

log(8KMD/δ)
1 + (1 − γ)K +

√
log(8KMD/δ)
(1 − γ)3/2

√
K

 ,
with probability at least 1 − δ

2M . Combining the last bound with the fact that
KM = N

2 we find that for all K ≥ c1
log(8ND/δ)

(1−γ)3 , we have

∥θK+1 − θ̂∥∞ ≤ 1
8∥θ̄ − θ̂∥∞ ≤ 1

8∥θ̄ − θ∗∥∞ + 1
8∥θ̂ − θ∗∥∞,

which completes the proof of part (a).
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Proof of part (b):

The proof of part (b) is similar to that of part (a). In particular, adapting Corollary
2 from the paper [Wai19c] for polynomial steps, we have

∥θk+1 − θ̂∥∞ ≤ e− 1−γ
1−ω (k1−ω−1)∥θ − θ̂∥∞ + e− 1−γ

1−ω
k1−ω

k∑
ℓ=1

e
1−γ
1−ω

ℓ1−ω

ℓω
∥Vℓ∥∞ + ∥Vk+1∥∞.

(2.57)

Recall that polynomial stepsize (2.5b) satisfies the conditions of Lemma 4. Conse-
quently, applying the bound from Lemma 4 we find that

∥θk+1 − θ̂∥∞ ≤ ∥θ̄ − θ̂∥∞

{
e− 1−γ

1−ω (k1−ω−1)

+4
√

log(8KMD/δ)
e− 1−γ

1−ω
k1−ω

k∑
ℓ=1

e
1−γ
1−ω

ℓ1−ω

ℓ3ω/2 + 1
kω/2

 .
It remains to bound the coefficient of ∥θ̄− θ̂∥∞ in the last equation, and we do so

by using the following lemma from [Wai19c]:

Lemma 5 (Bounds on exponential-weighted sums). There is a universal constant c
such that for all ω ∈ (0, 1) and for all k ≥

(
3ω

2(1−γ)

) 1
1−ω , we have

e− 1−γ
1−ω

k1−ω
k∑
ℓ=1

e
1−γ
1−ω

ℓ1−ω

ℓ3ω/2 ≤ c

e
− 1−γ

1−ω
(k1−ω)

(1 − γ)
1

1−ω

+ 1
(1 − γ)

1
kω/2

 .
Substituting the last bound in Eq. (2.57) yields∥∥∥θk+1 − θ̂

∥∥∥
∞

≤ c∥θ̄ − θ̂∥∞

{
e− 1−γ

1−ω (k1−ω−1)

+4
√

log(8KMD/δ)
e− 1−γ

1−ω (k1−ω−1)

(1 − γ)
1

1−ω

+ 1
(1 − γ)

1
kω/2 + 1

kω/2


≤ c∥θ̄ − θ̂∥∞ ·

√
log(8KMD/δ)

5 · e
− 1−γ

1−ω (k1−ω−1)

(1 − γ)
1

1−ω

+ 2
(1 − γ)kω/2

 .
Finally, doing some algebra and using the fact that KM = N

2 we find that there is an

absolute constant c such that for allK lower bounded asK ≥ c log(4ND/δ) ·
(

1
1−γ

) 1
1−ω

∨ 2
ω ,

we have

∥θK+1 − θ̂∥∞ ≤ ∥θ̄ − θ̂∥∞

8 ≤ 1
8∥θ̄ − θ∗∥∞ + 1

8∥θ̂ − θ∗∥∞.

The completes the proof of part (b).
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Proof of part (c):

Invoking Theorem 1 from [Wai19c], we have ∥θK − θ̂∥∞ ≤ aK + bK + ∥VK∥∞. For a
constant stepsize αk = α, the pair (aK , bK) is given by

bK =
∥∥∥θ̄ − θ̂

∥∥∥
∞

· (1 − α(1 − γ))K−1 ,

aK = γα ∥Vk∥∞ + γα ∥Vℓ∥∞

K−1∑
k=1

{
(1 − (1 − γ)α)K−k

}
(i)
≤ ∥θ̄ − θ̂∥∞ ·

2γα 3
2

√
log(8KMD/δ) + 2γα 1

2

1 − γ

√
log(8KMD/δ)

 ,
where inequality (i) follows by substituting αk = α, and using the bound on ∥Vℓ∥∞
from Lemma 4.

It remains to choose the pair (α,K) such that ∥θK+1 − θ̂∥∞ ≤ 1
8∥θ̄ − θ̂∥∞. Doing

some simple algebra and using the fact that KM = N
2 we find that it is sufficient to

choose the pair (α,K) satisfying the conditions

0 < α ≤ (1 − γ)2

log (4ND/δ) · 1
52 · 322 , and K ≥ 1 + 2 log 16

log
(

1
1−α(1−γ)

) .
With this choice, we have

∥θK+1 − θ̂∥∞ ≤ ∥θ̄ − θ̂∥∞

8 ≤ 1
8
∥∥∥θ̄ − θ∗

∥∥∥
∞

+ 1
8
∥∥∥θ̂ − θ∗

∥∥∥
∞
,

which completes the proof of part (c).

Proof of Lemma 3
Recall our shorthand notation for the local complexities (2.8). The following lemma
characterizes the behavior of various random variables as a function of these com-
plexities. In stating the lemma, we let P̂n be a sample transition matrix constructed
as the average of n i.i.d. samples, and let r̂n denote the reward vector constructed as
the average of n i.i.d. samples.

Lemma 6. Each of the following statements holds with probability exceeding 1 − δ
M

:

∥(Id − γP )−1(P̂n − P )θ∗∥∞ ≤ 2ν(P, θ∗) ·
√

log(4DM/δ)
n

+ 4 · b(θ∗) · log(4DM/δ)
n

, and

∥(Id − γP )−1(r̂n − r)∥∞ ≤ 2ρ(P, r) ·
√

log(4DM/δ)
n

.

Proof. Entry ℓ of the vector (Id − γP )−1(P̂n −P )θ∗ is zero mean with variance given
by the ℓth diagonal entry of the matrix (Id − γP )−1Σ(θ∗)(Id − γP )−T , and is bounded

45



by b(θ∗) almost surely. Consequently, applying the Bernstein bound in conjunction
with the union bound completes the proof of the first claim. In order to establish the
second claim, note that the vector (Id − γP )−1(r̂n − r) has sub-Gaussian entries, and
apply the Hoeffding bound in conjunction with the union bound.

In light of Lemma 6, note that it suffices to establish the inequality

Pr
∥θ̂m − θ∗∥∞ ≥

∥∥∥θ̄ − θ∗
∥∥∥

∞
9

+∥(Id − γP )−1(P̂Nm − P )θ∗∥∞ + ∥(Id − γP )−1(r̂Nm − r)∥∞
}

≤ δ

2M , (2.58)

where we have let P̂Nm and r̂Nm denote the empirical mean of the observed transitions
and rewards in epoch m, respectively. The proof of Lemma 3 follows from Eq. (2.58)
by a union bound.

Establishing the bound (2.58): Since the epoch number m should be clear from
context, let us adopt the shorthand θ̂ ≡ θ̂m, along with the shorthand r̂ ≡ r̂Nm and
P̂ ≡ P̂Nm . Note that θ̂ is the fixed point of the following operator:

J (θ) := T (θ) − T (θ̄) + T̃Nm(θ̄) = r̂ + γ
(
P̂ − P

)
θ̄︸ ︷︷ ︸

r̃

+γPθ,

where we have used the fact that T̃Nm(θ) = r̂ + γP̂ θ.
Thus, we have θ̂ = (Id − γP )−1r̃, so that θ̂ − θ∗ = (Id − γP )−1 (r̃ − r). Also note

that we have

r̃ − r = r̂ + γ
(
P̂ − P

)
θ̄ − r = r̂ − r + γ

(
P̂ − P

)
θ∗ + γ

(
P̂ − P

) (
θ̄ − θ∗

)
,

so that putting together the pieces and using the triangle inequality yields the bound

∥θ̂ − θ∗∥∞ ≤ ∥(Id − γP )−1(r̂ − r)∥∞ + γ∥(Id − γP )−1
(
P̂ − P

)
θ∗∥∞

+ γ∥(Id − γP )−1
(
P̂ − P

) (
θ̄ − θ∗

)
∥∞

≤ ∥(Id − γP )−1(r̂ − r)∥∞ + γ∥(Id − γP )−1
(
P̂ − P

)
θ∗∥∞+

γ

1 − γ
∥
(
P̂ − P

) (
θ̄ − θ∗

)
∥∞.

Note that the random vector
(
P̂ − P

) (
θ̄ − θ∗

)
is the empirical average of Nm i.i.d.

random vectors, each of which is bounded entrywise by 2∥θ̄ − θ∗∥∞. Consequently,
by a combination of Hoeffding’s inequality and the union bound, we find that

∥∥∥(P̂ − P
) (
θ̄ − θ∗

)∥∥∥
∞

≤ 4∥θ̄ − θ∗∥∞

√
log(8DM/δ)

Nm

,
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with probability at least 1 − δ
4M . Thus, provided Nm ≥ 42 · 92 · γ2

(1−γ)2 log(8DM/δ) for
a large enough constant c1, we have

γ

1 − γ

∥∥∥(P̂ − P
) (
θ̄ − θ∗

)∥∥∥
∞

≤ ∥θ̄ − θ∗∥∞

9 .

This completes the proof.

Proof of Lemma 4
Recall that by definition, the stochastic process {Vk}k≥1 evolves according to the linear
recursion Vk = (1 − αk)Vk−1 + αkWk−1, where the effective noise sequence {Wk}k≥0
satisfies the uniform bound

∥Wk∥∞ ≤
∥∥∥T̂k(θ̂) − T̂k(θ̄)

∥∥∥
∞

+ ∥T (θ̂) − T (θ̄)∥∞ ≤ 2∥θ̂ − θ̄∥∞︸ ︷︷ ︸
:=b

for all k ≥ 0.

Moreover, we have E[Wk] = 0 by construction so that each entry of the random
vector Wk is a zero-mean sub-Gaussian random variable with sub-Gaussian parameter
at most 2∥θ̂ − θ̄∥∞. Consequently, by known properties of sub-Gaussian random
variables (cf. Chapter 2 in [Wai19b]), we have

logE
[
esWk(x)

]
≤ s2b2

8 for all scalars s ∈ R, and states x. (2.59)

We complete the proof by using an inductive argument to upper bound the
moment generating function of the random variable Vℓ; given this inequality, we can
then apply the Chernoff bound to obtain the stated tail bounds. Beginning with the
bound on the moment generating function, we claim that

logE
[
esVk(x)

]
≤ s2αkb

2

8 for all scalars s ∈ R and states x. (2.60)

We prove this claim via induction on k.

Base case: For k = 1, we have

logE
[
esV1(x)

]
= logE

[
esα1W0(x)

]
≤ s2α2

1b
2

8 ,

where the first equality follows from the definition of V1, and the second inequality
follows by applying the bound (2.59).

Inductive step: We now assume that the bound (2.60) holds for some iteration
k ≥ 1 and prove that it holds for iteration k + 1. Recalling the definition of Vk, and
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the independence of the random variables Vk and Wk, we have

E
[
esVk+1(x)

]
= logE

[
es(1−αk)Vk(x)

]
+ logE

[
esαkWk(x)

]
≤ s2(1−αk)2αk−1b

2

8 + s2α2
kb

2

8
(i)
≤ s2(1−αk)αkb

2

8 + s2α2
kb

2

8

= s2αkb
2

8 ,

where inequality (i) follows from the assumed condition (2.55) on the stepsizes.
Simple algebra yields that all the stepsize choices (2.5a)–(2.5c) satisfy the con-

dition (2.55). Finally, combining the bound (2.60) with the Chernoff bounding
technique along with a union bound over iterations k = 1, . . . K yields

P
[
∥Vℓ∥∞ ≥ 2b√αℓ−1

√
log(8KMD/δ)

]
≤ δ

8KM ,

as claimed.
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Chapter 3

Instance-optimality in optimal
value estimation

Various algorithms in reinforcement learning exhibit dramatic variability in their
convergence rates and ultimate accuracy as a function of the problem structure. Such
instance-specific behavior is not captured by existing global minimax bounds, which
are worst-case in nature. In this chapter we analyze the problem of estimating optimal
Q-value functions for a discounted Markov decision process with discrete states and
actions and identify an instance-dependent functional that controls the difficulty of
estimation in the ℓ∞-norm. Using a local minimax framework, we show that this
functional arises in lower bounds on the accuracy on any estimation procedure. In
the other direction, we establish the sharpness of our lower bounds, up to factors
logarithmic in the state and action spaces, by analyzing a variance-reduced version
of Q-learning. Our theory provides a precise way of distinguishing “easy” problems
from “hard” ones in the context of Q-learning, as illustrated by an ensemble with a
continuum of difficulty.

3.1 Introduction
The need for data-driven decision-making has fueled tremendous interest in Markov
decision processes and reinforcement learning (RL). Indeed, such techniques have
found use cases across a wide range of application domains [Lev+16; Sil+16; Tob+17].
An intriguing fact is that in many applications, RL algorithms behave far better
than the theoretical bounds provided by worst-case analyses would suggest. This gap
provides impetus for a more refined instance-specific analysis, one which highlights
the properties of a given instance that render it “easy” or “difficult.”

Instance-dependent analysis of RL algorithms has become of substantial interest
in recent years [see, e.g., Kha+20a; MMM14; PW20; SJ19; ZB19; ZKB19]. By now,
we have a fairly refined understanding of instance-dependence for policy evaluation
problems, including work on temporal difference (TD) algorithms under the ℓ2-



norm [BRS18a; Dal+18; LS18a], as well as bounds for the LSTD estimator in the
ℓ∞-norm [PW20]. A subset of the current authors [Kha+20a] provided a sharper
instance-dependent ℓ∞-bounds for a variance-reduced version of the TD(0) algorithm,
and showed that this algorithm is optimal in a local non-asymptotic minimax sense.

For TD and LSTD methods, the underlying structure is linear in nature—in
particular, it corresponds to solving a linear system—a property which greatly
facilitates the analysis. In the current chapter we undertake a similar instance-
dependent analysis in the more challenging setting of Q-learning, for which the
underlying updates are non-linear. Our main contributions are to identify a natural
functional of the problem instance and show that it controls the fundamental difficulty
of estimating optimal Q-value functions. We do so by establishing non-asymptotic
lower bounds within a local minimax framework and matching those bounds, up to
logarithmic factors, by analyzing a version of variance-reduced Q-learning [Sid+18a;
Sid+18b; Wai19d].

This work is done in the context of Markov decision processes (MDPs) with a
finite set of states X and a finite set of possible actions U . We proceed to provide
some background and notation to be able to introduce the functional that plays a
central role in our analysis, and describe our contributions in more detail.

Some background
In a Markov decision process, the state x evolves dynamically in time under the
influence of the actions. More precisely, there is a collection of probability transition
kernels, {Pu(· | x) | (x, u) ∈ X × U}, where Pu(x′ | x) denotes the transition to the
state x′ when the action u is taken at the current state x. In addition, an MDP is
equipped with a reward function r that maps every state-action pair, (x, u), to a real
number r(x, u). The reward r(x, u) is the reward received upon performing an action
u in the state x. Overall, a given MDP is characterized by the problem pair (P, r),
along with a discount factor γ ∈ (0, 1).

A deterministic policy π is a mapping X → U : the quantity π(x) ∈ U indicates
the action to be taken in the state x. The value of a policy is defined by the expected
sum of discounted rewards in an infinite sample path. For a given policy π and
discount factor γ ∈ (0, 1), the Q-function is given by

θπ(x, u) := E
[ ∞∑
k=0

γkr(xk, uk) | x0 = x, u0 = u

]
, where uk = π(xk) for all k ≥ 1.

(3.1)

When both the state space X and action space U are finite, the Q-function Q can be
conveniently represented as an element of R|X |×|U|.

There are various observation models in reinforcement learning, and in this chapter
we study the generative setting in which we have the ability to draw next-state samples
from the MDP when initialized with an arbitrary state-action pair (x, u). More
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precisely, we are given a collection of n i.i.d. samples of the form {(Zk, Rk)}nk=1, where
both Zk and Rk are random matrices in R|X |×|U|. For each state-action pair (x, u),
the entry Zk(x, u) is drawn according to the transition kernel Pu(· | x), whereas the
entry Rk(x, u) is a zero-mean random variable with mean r(x, u) and σr-sub-Gaussian
tails, corresponding to a noisy observation of the reward function. Here the rewards
{Rk(x, u)}(x,u)∈X ×U are independent across the all state-action pairs, and the random
rewards {Rk} are independent of the randomness in {Zk}.

Based on the observations, our goal is to estimate the optimal Q-value function θ⋆,
along with an optimal policy π⋆. From the classical theory of MDPs [Ber09; Put14;
SB18b], the optimal Q-function is a fixed point of the Bellman (optimality) operator
T, a map from R|X |×|U| to itself given by

T(θ)(x, u) := r(x, u) + γ
∑
x′∈X

Pu(x′ | x) max
u′∈U

θ(x′, u′), (3.2)

and an optimal policy π⋆ can be obtained from the optimal Q-function θ⋆ via the
maximization π⋆(x) ∈ arg max

u∈U
θ⋆(x, u). In this chapter, we measure the quality of a

given estimate θ̂ in terms of the ℓ∞-norm error:

∥θ̂ − θ⋆∥∞ = max
(x,u)

|θ̂(x, u) − θ⋆(x, u)|. (3.3)

Contents of this chapter
The main contribution of this chapter is to show that for a given MDP, the difficulty
of estimating the optimal Q-value function in ℓ∞-norm is characterized by a particular
functional of the problem instance (P, r), defined here.

An instance-dependent functional: Given a sample (Z, R) from our observation
model, we can define the single-sample empirical Bellman operator

T̂(θ) := R(x, u) + γ
∑
x′∈X

Zu(x′ | x) max
u′∈U

θ(x′, u′), (3.4)

where we have introduced Zu(x′ | x) := 1Z(x,u)=x′ .
Note that for any fixed Q-function θ, the difference T̂(θ) − T(θ) is a zero-mean

random matrix, and a key object in this chapter is the matrix ν ∈ R|X |×|U| with
entries

ν(π; P, r, γ)(x, u) :=
√

var
((

I − γPπ
)−1(

T̂(θ⋆) − T(θ⋆)
))
. (3.5)

More explicitly, the quantity Pπ is a right-linear mapping of R|X |×|U| to itself, given
by:

PπQ(x, u) :=
∑
x′∈X

Pu(x′ | x) · Q(x′, π(x′)) for each (x, u) ∈ X × U , (3.6)
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and the square-root and variance operators in equation (3.5) are applied elementwise.
Let us provide some intuition as to why ν(π; P, r, γ) plays a fundamental role.

The appearance of the zero mean term T̂(θ⋆) − T(θ⋆) is natural: it reflects the noise
present in the empirical Bellman operator (3.4) as an estimate of the population
Bellman operator (3.2). As for the pre-factor (I − γPπ)−1, by a von Neumann
expansion we can write

(I − γPπ)−1 =
∞∑
k=0

(γPπ)k.

The sum of the powers of γPπ account for the compounded effect of an initial
perturbation when following the Markov chain specified by the policy π.

Upper and lower bounds: With these definitions in place, the core of our work
involves proving, via a combination of a lower and an upper bound (matching up to
logarithmic factors), that the instance-specific difficulty of estimating the Q-function
is captured by the quantity maxπ∈Π⋆ ∥ν(π; P, r, γ)∥∞. Here Π⋆ denotes the set of all
optimal policies for the MDP instance (P, r). This functional exhibits a wide range
of behaviors: in Example 1 to follow in Section 3.2, we exhibit a family of MDPs
(Pλ, rλ), parameterized by a scalar λ ≥ 0 such that

max
π∈Π⋆

∥ν(π; Pλ, rλ, γ)∥∞ ≍
( 1

1 − γ

)1
2 −λ

.

The setting λ = 0 recovers a “hard” instance, one for which the global minimax
bound for estimation of Q-functions, known from past work [AMK13] on batched
Q-learning, is sharp. On the other hand, as λ grows, the problems in this family
become progressively easier, so that the global minimax bound is no longer sharp.

In more detail, we prove a non-asymptotic lower bound, stated as Theorem 4
to follow, by adapting a particular definition of local minimax risk studied in past
work on shape-constrained estimation [CL15a]. The central challenge in this proof is
that perturbations to the transition matrices of a given MDP change not only the
transitions themselves, but also the structure of the optimal policies. In order to
prove matching upper bounds, given the role of the empirical operators T̂ in our lower
bound, which are used in the classical Q-learning algorithm [JJS94b; Sze97; Tsi94;
WD92a], a natural thought would be to analyze this operator directly. However, it is
known from past work [Wai19c] that the classical Q-learning algorithm is non-optimal,
even when assessed when using the coarser metric of global minimax. Thus, in order
to obtain a sharp upper bound, we turn to variance-reduced forms of Q-learning,
as introduced in past work [Sid+18a; Sid+18b; Wai19d] and shown to be optimal
in a globally minimax sense. Our main contribution is to show that under certain
structural conditions and lower bounds on the sample size, there is a form of variance-
reduced Q-learning that achieves our local minimax lower bound up to a logarithmic
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factor. These upper bounds, stated precisely in Theorem 5, confirm that our lower
bound technique has extracted a useful form of instance dependence for estimating
optimal Q-functions.

Notation: For a positive integer n, we use the shorthand [n] := {1, 2, . . . n}. For a
finite set S, we use |S| to denote its cardinality. We use c1, c2, . . . to denote universal
constants that may change from line to line. For any pair of vectors or matrices
(v, w) with matching dimension(s), we write that v ⪰ w to imply v − w has only
positive entries, and v ⪯ w is defined similarly. We let |u| denote the entrywise
absolute value of a vector u ∈ Rn or a matrix u ∈ Rm×n; we use |u|+ to denote the
entry-wise positive part of u. For any vector or matrix u, we let ∥u∥∞ denote the
maximum absolute value taken over all entries of u, and ∥u∥span = maxj uj − minj uj
denote the span seminorm. For a continuous operator P : Rm×n → Rm×n, we define
its ℓ∞-operator norm as |||P |||∞→∞ = sup∥u∥∞=1 ∥Pu∥∞. We often identify a Q-value
function Q with its matrix representation and use ∥Q∥∞ to denote the infinity norm
(i.e., largest entry in absolute terms). In the matrix representation of Q, its rows and
columns are indexed via an enumeration of the states and actions, respectively. We
use the symbol ≳ to denote a relation that holds up to logarithmic factors in the
problem parameters.

3.2 Main results
We proceed to provide precise statements of the main results of this chapter, along
with a discussion of some of their consequences. In Section 7.3, we define a notion of
a local non-asymptotic minimax risk, and then state Theorem 4, which provides such
a lower bound for estimating optimal Q-value functions. In Section 3.2, we turn to
the complementary problem of deriving achievable results. Theorem 5 shows that
under certain structural conditions on the policies, there is a form of variance-reduced
Q-learning that achieves the local minimax risk up to logarithmic factors.

Instance-dependent lower bounds
In this section, we state a non-asymptotic lower bound for estimating optimal Q-
function in the ℓ∞-norm. This lower bound, to be stated in Theorem 4, is instance-
dependent, meaning that it depends on the particular instance of the MDP (P, r) at
hand. This dependence should be contrasted with classical global minimax bounds,
which are oblivious to such local properties.

The starting point of our lower bound development is the two-point framework
introduced by Cai and Low [CL15a] for local minimax bounds for nonparametric
shape-constrained inference; here we adapt it to our current setting. Focusing on the
ℓ∞-norm error metric, the local non-asymptotic minimax risk for θ(P) at an instance

53



P = (P, r) is defined as

MN(P) := sup
P ′

inf
θ̂N

max
Q∈{P,P ′}

√
N · EQ

[
∥θ̂N − θ(Q)∥∞

]
. (3.7)

Here the infimum is taken over all estimators θ̂N that are measurable functions of the
N i.i.d. observations drawn according to our observation model (see Section 3.1).

The intuition underlying the definition (3.7) is that given an instance P, the
adversary that defines the instance-dependent non-asymptotic risk MN(P) behaves
as follows: it extracts the hardest alternative P ′ relative to P , and then measures the
worst-case risk over P and this alternative P ′.

Lower bounds for Q-function estimation

We now turn to the statement of some lower bounds for estimating the optimal
Q-function. Recall the definition (3.6) of the operator Pπ, along with the functional
ν(π; P, r, γ) from equation (3.5). We let ν2(π; P, r, γ) denote the matrix obtained by
taking squares entrywise. Our first step is to provide a decomposition of this matrix
into two separate components, corresponding to the noisiness in the reward function
observation and transition matrix observations, respectively.

In order to deal with the latter source of noise, with a slight abuse of notation, we
use the observed matrix Z to define a stochastic analog of Pπ—namely, the (random)
right-linear operator

(Zπθ)(x, u) :=
∑
x′∈X

Zu(x′ | x) · θ(x′, π(x′)), where Zu(x′ | x) := 1Z(x,u)=x′ . (3.8)

By assumption, the randomness in our observations of the reward and transitions
are independent, so that for any optimal1 policy π, we have the decomposition

ν2(π; P, r)(x, u) = γ2ρ2(π; P, r)(x, u) + σ2(π; P, r)(x, u). (3.9a)

Here we define

ρ2(π; P, r) := var
(
(I − γPπ)−1(Zπ − Pπ)θ⋆

)
, and (3.9b)

σ2(π; P, r) := var
(
(I − γPπ)−1(R − r)

)
, (3.9c)

where we compute the variances in an elementwise sense.

With this notation, we have the following guarantee:

1Optimality of π is required so that T(θ⋆) = r+ γPπθ⋆, with a similar relation for the empirical
Bellman operator.
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Theorem 4. There exists a universal constant c > 0 such that for any instance
P = (P, r), the local non-asymptotic minimax risk is lower bounded as

MN(P) ≥ cmax
π∈Π⋆

∥ν(π; P, r, γ)∥∞. (3.10a)

This bound is valid for all sample sizes N that satisfy the lower bound

N ≥ N0 := max
{

2γ2

(1 − γ)2 ,
2∥θ⋆∥2

span

(1 − γ)2∥ρ2(π⋆; P, r)∥∞

}
, (3.10b)

where π⋆ ∈ arg maxπ∈Π⋆ ∥ν(π; P, r)∥∞.

We prove this theorem in Section 3.3. The main take-away is that the functional
max
π∈Π⋆

∥ν(π; P, r, γ)∥∞ controls the local minimax risk. In order to gain intuition for
this claim, it is worth exploring the range of possible behaviors exhibited by this
functional.

Exploring the range of possible behaviors

One point of comparison is between the instance-dependent lower bound from Theo-
rem 5 with the existing minimax lower bounds for Q-learning. Azar et al. [AMK13]
provided a global minimax lower bound on the ℓ∞-norm error for estimating the
optimal Q-function. For a γ-discounted MDP, they showed that the ℓ∞-error of any
procedure is lower bounded by the quantity 1

(1−γ)1.5 · 1√
n
, up to logarithmic factors in

dimension.
This lower bound is optimal in a globally minimax sense, and it is worthwhile

understanding the properties of instances that exhibit this worst-case behavior—that
is, instances for which maxπ∈Π⋆ ∥ν(π; P, r, γ)∥∞ ≍ 1

(1−γ)1.5 . It is also worthwhile
understanding the properties of problems that are much “easier” than this worst-
case theory would suggest. The following construction, which takes inspiration
from [Kha+20a; PW20], allows us to explore this continuum.
Example 1. A continuum of local minimax risks Consider an MDP with
two states {x1, x2}, two actions {u1, u2}, and with transition functions and reward
functions given by

Pu1 =
[
p 1 − p
0 1

]
Pu2 =

[
1 0
0 1

]
, and r =

[
1 0
τ 0

]
. (3.11)

We assume that there is no randomness in the rewards. Here, the pair (p, τ) along
with the discount factor γ are parameters of the construction, and we consider a
sub-family of these parameters indexed by a scalar λ ≥ 0. For any such λ and discount
factor γ ∈ (1

4 , 1), consider the settings

p = 4γ − 1
3γ , and τ = 1 − (1 − γ)λ.
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With these choices, the optimal Q-function θ⋆ takes the form

θ⋆ =
[1

4 · 3+τ
1−γ

γ
4 · 3+τ

1−γ
τ

1−γ
γτ

1−γ

]
,

with an unique optimal policy π⋆(x1) = π⋆(x2) = u1. We can then compute that

max
π⋆∈Π⋆

∥ν(π⋆; Pλ, rλ)∥∞ = c ·
(

1
1 − γ

)1.5−λ

. (3.12)

See Section 3.6 for the details of this calculation.
Substituting into equation (3.10a) yields that the local minimax risk is lower

bounded as MN(P) ≥ c 1
(1−γ)1.5−λ . Consequently, for λ > 0, our lower bounds suggest

it should be possible to estimate the optimal Q-function more accurately by a factor
(1 − γ)λ; note that this difference is particularly significant for values of the discount
factor γ that are close to one.

Instance-dependent upper bounds
Thus far, we have stated some instance-dependent lower bounds on the sample
complexity of estimating Q-value functions. As we saw in the preceding Example 1,
these lower bounds exhibit a wide range of behavior depending on the structure of
the transition functions, discount parameter and reward functions. However, these
differences in the lower bounds are only interesting if we can show that they are
optimal, meaning that there is a (hopefully practical) algorithm that matches the
behavior predicted by the lower bounds.

In this section we close this gap, in particular via a careful analysis of variance-
reduced Q-learning (or VR-QL for short). Variance-reduced forms of Q-learning have
been proposed and shown to be globally minimax in previous work [Sid+18a; Sid+18b;
Wai19d]; the version analyzed here is motivated from [Wai19d]. In Theorem 5, we
show that the VR-QL algorithm is instance-optimal up to logarithmic factors under
two different sets of assumption.

From standard to variance-reduced Q-learning

The classical Q-learning algorithm is a stochastic approximation algorithm for estimat-
ing the unique fixed point θ⋆ of the Bellman operator T. Recall the definition (3.4)
of the empirical Bellman operator T̂k. At each iteration k = 1, 2, . . ., standard
Q-learning performs an update of the form

θk+1 = (1 − αk)θk + αkT̂k(θk), (3.13)

where αk ∈ (0, 1) is a stepsize parameter. Appropriately decaying choices of the
stepsize ensure that the estimate θk converges to θ⋆. Unfortunately, the convergence
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rate is known to be non-optimal, failing to achieve the global minimax rate [Wai19c],
let alone the finer-grained instance-dependent requirements in this chapter. This
non-optimality has to do with the rate at which variance accumulates as the procedure
is run.

Variance reduction is a general principle that can be applied to stochastic ap-
proximation schemes so as to accelerate their convergence. Here we describe the
variance-reduced version of Q-learning that we analyze here. Similar to standard
variance-reduced schemes for stochastic optimization [see, e.g., JZ13], the algorithm
consists of a sequence of epochs. Within each epoch, we run a re-centered version
of the QL update. The re-centering is done in such a way, using a Monte Carlo
approximation of the population Bellman operator T, so that the re-centered updates
have lower variance. We leave the details of the epochs and Monte Carlo to Section 3.2;
here let us describe the basic form of the updates within a given epoch.

Suppose that we run the algorithm using a total of M epochs. At epoch m, the
algorithm uses a re-centering point θm in order to re-center the update, where θm
acts as the current best estimate of θ⋆. Ideally, we should re-center the operator T̂k

using the quantity T(θm), but we lack the access to it; instead, we use the Monte
Carlo approximation

TNm(θm) := 1
Nm

∑
i∈Dm

T̂i(θm). (3.14)

Given the pair (θm,TNm(θ)) and a stepsize parameter α ∈ (0, 1), we define the
variance-reduced Q-learning update as follows:

θ 7→ Vk
(
θ;α, θm,TNm

)
:= (1 − α)θ + α

{
T̂k(θ) − T̂k(θm) + TNm(θm)

}
, (3.15)

where the operator T̂k is independent of the set of operators {T̂i}i∈Dm , used to
compute the Monte Carlo approximation TNm . As a result, the stochastic operator
T̂k is independent of the re-centering quantity TNm(θm). See Section 3.2 for the
details on how the epoch lengths and re-centering sample sizes Dm are chosen.

Non-asymptotic guarantees for variance-reduced Q-learning

In this section, we state some non-asymptotic guarantees for the VR-QL algorithm.
We provide guarantees under two conditions, both of which involve the structure of
the set of optimal policies. We begin by introducing some definitions that underlie
these two conditions.

Given an MDP instance (P, r), we define the optimality gap

∆ := min
π∈Π\Π⋆

∥θ⋆ − {r + γPπθ⋆}∥∞, (3.16)

where θ⋆,Π⋆, and Π, respectively, denote the optimal Q-function, the set of optimal
policies, and the set of all policies for MDP (P, r). Observe that the scalar ∆ captures
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the difficulty in detecting the set of optimal policies. In other words, when ∆ is small,
it is hard to distinguish an optimal policy from a suboptimal policy.

Our second set of conditions involves the family of right-linear operators {Pπ :
π ∈ Π} defined in equation (3.6). For any Q-value function θ, we say that a policy π
is greedy with respect to θ if π(x) ∈ arg maxu∈U θ(x, u) for all x ∈ X . Note that any
policy π⋆ that is greedy with respect to the optimal Q-value function θ⋆ is an optimal
policy. We say that the operators satisfy a Lipschitz condition if there is a constant L
such that for any Q-value function θ and associated greedy-optimal policy π, we have

∥(Pπ − Pπ⋆) (θ − θ⋆)∥∞ ≤ L∥θ − θ⋆∥2
∞. (3.17)

Intuitively, this condition means that the operator difference Pπ − Pπ⋆ is small when-
ever the underlying Q-value functions that induce the policies are close. Conditions
of this type were introduced by Puterman and Brumelle [PB79] in their classical
analysis of the convergence rates of policy iteration algorithms for exact dynamic
programming.

With these definitions in place, we can specify the two settings under which we
provide upper bounds on the VR-QL algorithm:

Setting UNQ: For some β > 0, there is a unique optimal policy π⋆, and the sample
size N is lower bounded as

N

(logN)2 ≥ c2 log(D/δ) · (1 + ∥r∥∞ + σr
√

1 − γ)2

(1 − γ)3 · max{1, 1
∆2(1 − γ)β }.

(3.18)

Setting LIP: For some β > 0, the Lipschitz condition (3.17) condition holds, and
the sample size is lower bounded as

N

(logN)2 ≥ c2 log(D/δ)(1 + ∥r∥∞ + σr
√

1 − γ)2

(1 − γ)3+β · min{ L2

(1 − γ)2 ,
1

∆2 }. (3.19)

In all cases, we assume that we are given an initial point θ1 such that

∥θ1 − θ⋆∥∞ ≤ ∥r∥∞√
1 − γ

. (3.20)

Such an initial condition has already been used in the literature [Wai19d], and it can
be ensured by first running Algorithm VR-QL for a total of 1

(1−γ)3 samples (up to
logarithmic factor corrections).

Theorem 5. Under either settings (UNQ) or (LIP), there are choices of epoch
parameters such that given any discount parameter γ ∈ [1

2 , 1) and an initial point
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θ1 satisfying the initialization condition (3.20), Algorithm VR-QL run for M :=
log4

(
N(1−γ)2

8 log((16D/δ)·logN)

)
epochs yields an estimate θM+1 such that

∥θM+1 − θ⋆∥∞ ≤ c0 ·
√

log4(8DM/δ)
N

max
π⋆∈Π⋆

∥ν(π⋆; P, r, γ ()) ∥∞

+ c1 · log4(8DM/δ)
N

· ∥θ⋆∥span

1 − γ
, (3.21)

with probability exceeding 1 − δ.

See Section 3.4 for the proof of this claim.

Comparing the upper and lower bounds: Assuming the sample size lower
bound from Theorem 4 are valid, we see that the second term in the bound (3.21) is
of smaller order. In this case, the upper bound from Theorem 5 and the lower bound
from Theorem 4 matches, and we conclude that the VR-QL algorithm is instance
optimal.

Although the guarantee (3.21) involves the same 1/
√
n rate and complexity term

maxπ⋆∈Π⋆ ∥ν(π⋆; P, r, γ ()) ∥∞ as the lower bound in Theorem 4, it should be noted
that the sample size lower bounds required for Theorem 5 are more stringent than that
in Theorem 4. Moreover, our lower bound does not require the side conditions—either
the unique optima or Lipschitz conditions—that are imposed in Theorem 5. Closing
these remaining differences between the two results is a worthwhile goal for future
work.

Confirming the theoretical predictions

Some numerical experiments are helpful in order to illustrate instance-adaptive
behavior guaranteed by Theorem 5. Recall the family of MDPs (3.11) from Example 1.
Suppose that we set λ = 0.5 and for each choice of γ ∈ (1/2, 1), we collect N =
⌈16·32

9
1

(1−γ)3·⌉ samples, and then run the VR-QL algorithm over a range of discount
parameters γ, using the settings from Theorem 5 and Section 3.2, thereby obtaining
an estimate θM+1.

Figure 3.1(a) plots the evolution of log ℓ∞-norm error of the estimate over time
as the algorithm proceeds; the form of these curves show the epoch-based nature of
the convergence. See Section 3.2 for more details on the parameters of the epochs,
including the base parameter illustrated here. Plotted as blue circles in panel (b)
of Figure 3.1 are the logarithm of the ℓ∞-norm error of the final output; that is,
log ∥θM+1 − θ⋆∥∞, versus the logarithm of the discount complexity, log(1/(1 − γ)).
Each point in this plot represents an average over 1000 trials.

In terms of theory, with the settings given above, existing worst-case bounds [AMK13;
Wai19d] predict that the log ℓ∞-norm error remains constant as the log discount
complexity grows; accordingly, we have plotted a dotted red line with slope zero to
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illustrate the worst-case guarantee. On the other hand, for the MDP instance (3.11)
with λ = 0.5, a simple calculation yields that for the instance (3.11) the suboptimality
gap ∆ satisfies ∆ = 1 − (1−γ)λ

4 ≥ 3
4 . In our experiment, we set the sample size to be

N = ⌈ 32
(1−γ)3 · 42

32 ⌉ ≥ 32
(1−γ)3·∆2 ; as a result, the bounds from Theorems 4 and 5 are

valid.
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Figure 3.1. (a) λ = 0.5, N = ⌈ 32

(1−γ)3· · 42

32 ⌉ γ = 0.9. Illustration of the qualitative
behavior of Algorithm VR-QL applied on the MDP (1) along with instance depen-
dent and the worst case bounds. The figure plots the log ℓ∞-error ∥Q̄M+1 − θ⋆∥∞
against the log discount complexity factor log( 1

1−γ ) with λ = 0.5. We have also
plotted the least-squares fit through these points, and the instance-dependent lower
bound from Theorem 4, the instance-dependent upper bound from Theorem 5,
and the worst-case bound [Wai19d]. (b) Behavior of the VR-QL algorithm with
different choices of the base b. The plot demonstrates that different choices of the
base b yield similar behavior.

With the setting λ = 0.5, our calculations from Example 1 yield

max
π⋆∈Π⋆

∥ν(π⋆; P, r, γ ()) ∥∞ ≍
(

1
1−γ

)−0.5
.

Thus, with the choice of sample size N given above, our theory predicts that the log
ℓ∞-norm error should exhibit the scaling

log ∥θM+1 − θ⋆∥∞ ≍ log
(

1√
N

max
π⋆∈Π⋆

∥ν(π⋆; P, r, γ ()) ∥∞

)
≍ c− 0.5 log

(
1

1−γ

)
,

where c is a constant. In Figure 3.1(b), we plot the lower bound from Theorem 4
as a solid red line, and the upper bound from Theorem 5 as a dashed green line.
(While these lines both have slope −0.50, the intercept term c is different due to the
additional logarithmic factors in dimension present in the upper bound.)
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In order to test how the empirical behavior conforms to the theoretical prediction,
we did an ordinary least-squares fit of the log ℓ∞-norm error versus the log discount
complexity; this fit yields a line with slope β̂ = −0.45, and is plotted in solid blue.
This test shows good agreement between the theoretical prediction and the practical
behavior.

Details of the epochs and procedure

In this section, we provide the complete details of the algorithm used in our version
of variance-reduced Q-learning.

A single epoch: A single epoch of the overall variance-reduced QL algorithm
involves repeated applications of the basic variance-reduced update Vk from equa-
tion (3.15). The epochs are indexed with integers m = 1, 2, . . . ,M , where M corre-
sponds to the total number of epochs to be run. Each epoch m requires the following
four inputs:

• an element θ, which is chosen to be the output of the previous epoch m− 1;

• a positive integer K denoting the number of steps within the given epoch;

• a positive integer Nm denoting the batch size used to calculate the Monte Carlo
update (3.14);

• a set of fresh operators {T̂i}i∈Cm , with |Cm| = Nm +K. The set Cm is partitioned
into two subsets having sizesNm andK, respectively. The first subset, of sizeNm,
which we call Dm, is used to construct the Monte Carlo approximation (3.14).
The second subset, of size K is used to run the K steps within the epoch.

We summarize a single epoch in pseudocode form in Algorithm SingleEpoch.

Overall algorithm: The overall algorithm, denoted by VR-QL for short, has five
inputs: (a) an initialization θ1, (b) an integer M , denoting the number of epochs to
be run, (c) an integer K, denoting the length of each epoch, (d) a sequence of batch
sizes {Nm}Km=1, denoting the number of operators used for re-centering in the M
epochs, and (e) sample batches {{T̂i}i∈Cm}Mm=1 to be used in the M epochs. Given
these five inputs, the overall procedure can be summarized as in Algorithm VR-QL.

Settings for Theorem 5: Given a tolerance probability δ ∈ (0, 1) and the number
of available i.i.d. samples N , we run Algorithm VR-QL with a total of M :=
log4

(
N(1−γ)2

8 log((16D/δ)·logN)

)
epochs, along with the following parameter choices:

Re-centering sizes:

Nm = c1
4m

(1 − γ)2 · log4(16MD/δ) (3.22a)

61



Algorithm SingleEpoch RunEpoch (θ;K,Nm, {T̂i}i∈Cm)
1: Given (a) Epoch length K, (b) Re-centering vector θ, (c) Re-centering batch size
Nm, (d) Operators {T̂i}i∈Cm

2: Compute the re-centering quantity

TNm(θ) := 1
Nm

∑
i∈Dm

T̂i(θ)

3: Initialize Q1 = θ
4: for k = 1, 2, . . . , K do
5: Compute the variance-reduced update:

θk+1 = Vk(θk;αk, θ,TNm) with stepsize αk = 1
1 + (1 − γ)k .

6: end for
7: return θK+1

Algorithm VR-QL .
1: Given (a) Initialization θ1, (b) Number of epochs, M , (c) Epoch length K, (d) Re-

centering sample sizes {Nm}Mm=1, (e) Sample batches {T̂i}i∈Cm for m = 1, . . . ,M

2: Initialize at θ1
3: for m = 1, 2, . . . ,M do
4: θm+1 = RunEpoch(θm;K,Nm, {T̂i}i∈Cm)
5: end for
6: return θM+1 as final estimate

Sample batches:

Partition the N samples to obtain {T̂i}i∈Cm for m = 1, . . . ,M (3.22b)

Epoch length:

K = N

2M . (3.22c)

3.3 Proof of Theorem 4
Given an MDP instance P = (P, r), we start by introducing the following two classes
of alternative MDPs:

S1 = {P ′ = (P′, r′) | r′ = r}, and S2 = {P ′ = (P′, r′) | P′ = P}. (3.23)
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We consider the restricted version of the local minimax risk at the instance P ′ to the
classes Si:

MN(P ; Si) := sup
P ′∈Si

inf
θ̂N

max
Q∈{P,P ′}

EP [
√
N∥θ̂N − θ(Q)∥∞], i = 1, 2. (3.24)

The main part of the proof involves showing that there exists a universal constant
c > 0 such that

MN(P ; S1) ≥ c · max
π∈Π⋆

∥γρ(π; P, r)∥∞, and (3.25a)

MN(P ; S2) ≥ c · max
π∈Π⋆

∥σ(π; P, r)∥∞, (3.25b)

where Π⋆ denotes the optimal policy set for (P, r). We can then conclude
MN(P) ≥ max{MN(P ; S1),MN(P ; S2)}

≥ 1
2 (MN(P ; S1) + MN(P ; S2))

≥ c

2 max
π∈Π⋆

∥γρ(π; P, r)∥∞ + c

2 max
π∈Π⋆

∥σ(π; P, r)∥∞

≥ c

2 max
π∈Π⋆

∥ν(π; P, r)∥∞.

The last inequality above follows from the decomposition (3.9a). It remains to prove
the claims (3.25a) and (3.25b). More precisely, the core of our proof involves proving
the following two lemmas:

Lemma 7. For all S ∈ {S1,S2}, we have that MN(P ; S) ≥ 1
8MN(P ; S) where we

define

MN(P ; S) := sup
P ′∈S

{√
N · ∥θ(P) − θ(P ′)∥∞ | dhel(P ,P ′) ≤ 1

2
√
N

}
.

This lemma follows as a fairly straightforward consequence of the standard reduction
from estimation to testing; see Section 3.7 for the details.

Our next lemma requires more effort to prove, and leverages the specific structure
of the problem at hand:

Lemma 8. Given any MDP instance P = (P, r):

(a) There exists an instance P1 = (P′, r) ∈ S1 such that dhel(P ,P1) ≤ 1
2
√
N

and
√
N · ∥θ(P) − θ(P1)∥∞ ≥ c · max

π∈Π⋆
∥γρ(π; P, r)∥∞.

(b) There exists an instance P2 = (P, r′) ∈ S2 such that dhel(P ,P2) ≤ 1
2
√
N

and
√
N · ∥θ(P) − θ(P2)∥∞ ≥ c · max

π∈Π⋆
∥σ(π; P, r)∥∞.

Note that the bounds (3.25a)–(3.25b) stated in Theorem 4 follow by combining
the claims of Lemmas 7 and 8. The remainder of our proof focuses on establishing
Lemma 8.
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Proof of Lemma 8
In this section, we prove the two parts of Lemma 8.

Proof of Lemma 8(a)

Throughout the proof, we use z to denote a generic element of the state-action
set X × U . Let θ be the true Q-function for the MDP P = (P, r). We adopt the
shorthands

π1 ∈ arg max
π∈Π⋆

∥ρ(π; P, r)∥∞, z̄ ∈ arg max
z∈X ×U

ρ(π1; P, r), ρ̃(z) := ρ(π1; P, r)(z),
(3.26a)

U := (I − γPπ1)−1 and φ2(z) := Var (Zπ1θ(z)) . (3.26b)

To explain this notation, we chose π1 to be the optimal policy that achieves the
largest ℓ∞-norm across ρ(π∗; P, r) for optimal policies π∗, we let z̄ is the state-action
pair index that achieves the maximal entry of ρ(π1; P, r), and we use ρ̃ as convenient
shorthand to refer to the values of ρ(π1; P, r). This choice of notation implies that

ρ̃(z̄) = max
π∈Π⋆

∥ρ(π; P, r)∥∞.

Additionally, note that U is a linear transformation from R|X |×|U| to itself, so we can
express the action of U on θ as

(Uθ)(z) =
∑

z′∈X ×U
Uz,z′θ(z′).

Note moreover that

φ2(z) =
∑
x′

Px′,z(θ(x′, π1(x′)) − (Pπ1θ)(z))2 and ρ̃2(z) =
∑
z′

(Uz,z′)2φ2(z′).

(3.27)

With these definitions, we now define P̄y,z as follows (we will prove that this choice is
a valid probability transition kernel shortly):

P̄y,z = Py,z + 1
ρ̃(z̄)

√
2N

Py,zUz̄,z · (θ(y, π1(y)) − (Pπ1θ)(z)). (3.28)

Here, we have used the shorthand Py,z ≡ Pu(y | x), where z = (x, u) ∈ X × U . Let
θ := θ(P, r), and θ̄ := θ(P̄, r) be the optimal Q functions for MDP instances (P, r)
and (P̄, r) respectively. In the rest of the proof, we use the following properties of P̄.

Lemma 9. For any MDP P = (P, r) and the optimal policy π1 defined in equa-
tion (3.26), the corresponding P̄ has the following properties:
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(a) The P̄ is a probability transition kernel.

(b) The MDP instances P = (P, r) and P1 = (P̄, r) satisfy dhel(P ,P1) ≤ 1
2
√
N

and
|||P̄π1 − Pπ1 |||op ≤ 1√

2N .

(c) Each entry of (I − γPπ1)−1[P̄π1 − Pπ1 ]θ is non-negative.

See Section 3.7 for a proof of this lemma.
Equipped with these tools, we are now ready to lower bound the norm ∥θ − θ̄∥∞.
The optimal Q-functions θ and θ̄ satisfy the following Bellman equations:

θ = r + γPπ1θ and θ̄ = r + γP̄π̄θ̄, (3.29)

where π1 ∈ Π⋆ is the optimal policy that achieves maxπ∈Π⋆ ∥ρ(π; P, r)∥∞, and π̄ is an
optimal policy for (P̄, r). By the optimality of policy π̄ and the Q-function θ̄, we have
the entrywise inequality P̄π̄θ̄ ⪰ P̄π1 θ̄, which implies (I − γP̄π1)θ̄ ⪰ (I − γP̄π̄)θ̄ = r.
Thus, using the identity A−1

1 − A−1
0 = A−1

1 (A0 − A1)A−1
0 for invertible operators A0

and A1, we have

θ̄ − θ ⪰
[
(I − γP̄π1)−1 − (I − γPπ1)−1

]
r

= (I − γP̄π1)−1
[
(I − γPπ1) − (I − γP̄π1)

]
(I − γPπ1)−1r

= γ(I − γPπ1)−1
[
P̄π1 − Pπ1

]
(I − γPπ1)−1r

+ γ
(
(I − γP̄π1)−1 − (I − γPπ1)−1

)
(P̄π1 − Pπ1)(I − γPπ1)−1r

= γ(I − γPπ1)−1
[
P̄π1 − Pπ1

]
θ

+ γ
(
(I − γP̄π1)−1 − (I − γPπ1)−1

)
(P̄π1 − Pπ1)θ,

where the final equation follows from the Bellman optimality condition (3.29).
Lemma 9(c) guarantees that the entries of (I − γPπ1)−1[P̄π1 − Pπ1 ]θ are non-negative,
and therefore we conclude

∥θ̄ − θ∥∞ ≥ γ∥(I − γPπ1)−1[P̄π1 − Pπ1 ]θ∥∞

− γ∥((I − γP̄π1)−1 − (I − γPπ1)−1)(P̄π1 − Pπ1)θ∥∞. (3.30)

Consider the second term T2 := ∥(I − γP̄π1)−1 − (I − γPπ1)−1)(P̄π1 − Pπ1)θ∥∞. We
have

T2 = ∥[(I − γP̄π1)−1(I − γPπ1) − I](I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞

≤ |||(I − γP̄π1)−1(I − γPπ1) − I|||op · ∥(I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞

= γ|||(I − γP̄π1)−1(P̄π1 − Pπ1)|||op · ∥(I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞

≤ γ

1 − γ
|||P̄π1 − Pπ1|||op · ∥(I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞

≤ γ

2∥(I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞,
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where the last inequality uses Lemma 9(b) and the first part of the minimum sample
size assumption (3.10b). Combining this result with the bound (3.30) we conclude

∥θ̄ − θ∥∞ ≥ γ

2∥(I − γPπ1)−1(P̄π1 − Pπ1)θ∥∞.

With this result in hand, substituting the value of the transition kernel P̄ from
equation (3.28) and recalling the definition of state-action pair z from equation (3.26)
we have

√
N · ∥θ̄ − θ∥∞ ≥ γ

√
N

2 · (I − γPπ1)−1(P̄π1 − Pπ1)θ(z̄)

= γ
√
N

2
√

2
·
∑
z

Uz̄,z · (P̄π1 − Pπ1)θ(z)

(i)
≥ γ

4ρ̃(z̄)
∑
z

(Uz̄,z)2φ2(z)

(ii)= γρ̃(z̄)
4 = 1

4 · max
π∈Π⋆

∥γρ(π; P, r)∥∞,

where step (i) follows by substituting the value of the transition kernel P̄ (cf. Proof
of Lemma 9 part (c)), and step (ii) follows by using the expression (3.27). This
completes the proof of part (a) of Lemma 8.

Proof of Lemma 8(b)

Borrowing the notation from part (a) of the proof, let z denote a generic element
of the state-action set X × U . Let π2 ∈ arg maxπ∈Π⋆ ∥σ(π; P, r)∥∞. We use the
shorthands

σ2(z̄) := max
π∈Π⋆

∥σ(π; P, r)∥2
∞ = ∥σ(π2; P, r)∥2

∞, and U := (I − γPπ2)−1. (3.31)

We define our perturbed reward function to be

r̄(z) = r(z) + 1
σ(z̄)

√
2N

Uz̄,zσ
2
r for z ∈ X × U . (3.32)

For P2 := (P, r̄), a short computation shows that the Hellinger distance between the
components of the instance pair (P ,P2) takes the form

dhel(P ,P2)2 ≤ DKL(N (r, σ2
rI) | N (r̄, σ2

rI)) = 1
2σ2

r

∥r − r̄∥2
2.

Substituting the value of the reward r̄ from equation (3.32) yields

dhel(P ,P2)2 ≤ 1
2σ2

r

∥r̄ − r∥2
2 = 1

σ2(z̄) · 4N
∑
z

(Uz̄,z)2σ2
r = 1

4N ,
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where the last equality uses the definition of the term σ2(z̄), i.e.,

σ2(z̄) =
∑
z′

(Uz̄,z′)2σ2
r . (3.33)

It remains to prove a lower bound on the ℓ∞-norm between the optimal Q-functions
for instances P and P2.

Let θ := θ(P, r), and θ̄ := θ(P, r̄) be the optimal Q functions for MDP instances
P := (P, r) and P2 := (P, r̄), respectively. Note that θ and θ̄ satisfy the Bellman
equations

θ = r + γPπ2θ, and θ̄ = r̄ + γPπ̄θ̄, (3.34)

where π̄ is an optimal policy for the MDP instance (P, r̄). By the optimality of policy
π̄, we have the entrywise inequality Pπ̄θ̄ ⪰ Pπ2 θ̄; as a result, we have

(I − γPπ2)θ̄ ⪰ r̄ =⇒ θ̄ ⪰ (I − γPπ2)−1r̄,

where the last step uses the fact that (I − γPπ2)−1 is entry-wise non-negative.
Combining the last inequality with the Bellman equation (3.34) we have that

θ̄ − θ ⪰ (I − γPπ2)−1(r̄ − r) (3.35)

and that

∥(I − γPπ2)−1(r̄ − r)∥∞ ≥ (I − γPπ2)−1(r̄ − r)(z̄) = 1
σ(z̄)

√
2N

∑
z

(Uz̄,z)2σ2
r

= σ(z̄)√
2N

,

where the last equality uses the relation (3.33). Putting together the pieces, we have
shown that

∥θ̄ − θ∥∞ ≥ σ(z̄)√
2N

= 1√
2N

· max
π∈Π⋆

∥σ(π; P, r)∥∞,

as desired.

3.4 Proof of Theorem 5
In the section, we provide a proof of the upper bounds stated in Theorem 5. Through-
out the proof, we adopt the following shorthands

κ = ∥θ⋆∥span

(1 − γ) · log(8DM/δ), τ ∗ = max
π⋆∈Π⋆

∥ν(π⋆; P, r)∥∞ ·
√

log(8DM/δ),

and τmax = 1 + ∥r∥∞ + σr
√

1 − γ

(1 − γ)1.5 ·
√

log(8DM/δ). (3.36)
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Proof of Theorem 5(a)
Our proof is based on the following two lemmas characterizing the behavior of VR-QL
across epochs.

Lemma 10. Under the assumptions of Theorem 5, for each epoch m = 1, . . . ,M , we
have

∥θm+1 − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

16 + c

(
τmax√
Nm

+ κ

Nm

)
, (3.37)

with probability at least 1 − δ
M

.

Lemma 10 follows by an argument similar to that used in the proof of Theorem 1 of
the paper [Wai19d], so we omit the details here. See also the proof of Lemma 11 for
some relevant arguments.

Lemma 11. Under the assumptions of Theorem 5, for epochs m such that the re-
centering sample size Nm satisfies the bound Nm ≥ log4(8DM/δ) (1+∥r∥∞+σr

√
1−γ)2

∆2(1−γ)3 , we
have

∥θm+1 − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

16 + c ·
(

τ ∗
√
Nm

+ κ

Nm

)
, (3.38)

with probability at least 1 − δ
M

.

See Section 3.4 for the proof of Lemma 11.

Completing the proof

Using the two lemmas above, we can now complete the proof of Theorem 5(a).
Recalling the epoch sample size formula (3.22a), we see that the bound (3.38) holds
for all epochs

m ≥ m∗ := log2
1 + ∥r∥∞ + σr

√
1 − γ

∆
√

1 − γ
.
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Observe that the minimum sample size requirement from Theorem 5 ensures that
M ≥ m∗. Now, applying the recursions (3.38) and (3.37) we obtain

∥θM+1 − θ⋆∥∞ ≤ ∥θM − θ⋆∥∞

16 + c

(
τ ∗

√
NM

+ κ

NM

)
(i)
≤ ∥θm∗ − θ⋆∥∞

16M−m∗ + c ·
(
M−m∗∑
k=0

τ ∗

16k
√
NM−k

+ κ

16k ·NM−k

)
(ii)
≤ ∥θ1 − θ⋆∥∞

16M + c ·

M−m∗∑
k=0

τ ∗

16k
√
NM−k

+
M∑

k=M−m∗+1

τmax

16k
√
NM−k



+ c ·
M∑
k=0

κ

16kNM−k

(iii)
≤ ∥θ1 − θ⋆∥∞

16M + c ·
(

τmax

8M−m∗ ·
√
NM

+ τ ∗
√
NM

+ κ

NM

)
.

Inequality (i) follows via repeated application of the recursion (3.38), inequality (ii)
follows via repeated application of the recursion (3.37), and inequality (iii) utilizes
the relation NM−k · 4k = NM (cf. definition (3.22a)). Via the union bound, the above
inequalities hold simultaneously with probability at least 1 − δ. Next, note that by
our choice of Nm, we have the inequality 2NM ≤ N ≤ 8

3NM . Putting together the
pieces, we conclude that

∥θM+1 − θ⋆∥∞ ≤ c · ∥θ1 − θ⋆∥∞ · log2((8D/δ) · log n)
n2(1 − γ)4

+ c · (1 + ∥r∥∞ + σr
√

1 − γ)4

(1 − γ)1.5√n
· log2((8D/δ) · log n)

N3/2(1 − γ) 9
2 ∆3

+ c ·

√ log4(8DM/δ)
N

max
π⋆∈Π⋆

∥ν(π⋆; P, r, γ ()) ∥∞ + log4(8DM/δ)
N

· ∥θ⋆∥span

1 − γ

 .
(3.39)

Substituting the lower bound condition

N

log2(N)
≥ c log(D/δ)(1 + ∥r∥∞ + σr

√
1 − γ)2

(1 − γ)3 · max
{

1, 1
∆2 · (1 − γ)β

}

yields the claimed bound. All that remains is to verify the choice of batch sizes
{Nm}MM=1 is a valid choice, i.e., we need to verify that the algorithm VR-QL with
parameter choices (3.22) uses at most N samples. Recall that the total number of
samples used in the M epochs is given by KM +∑M

m=1 Nm. Substituting the values
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of Nm and M from equations (3.22) we obtain

KM +
M∑
M=1

Nm ≤ c · log4(8DM/δ) ·
M∑
m=1

4m
(1 − γ)2 + N

2

≤ c′ · log4(8DM/δ) · 4M
(1 − γ)2 ≤ N

2 + N

2 ≤ N.

This completes the proof of Theorem 5(a).

Comment on the lower-order terms: Here, we argue that the first two terms
in the right-hand side of the bound (3.39) are of lower order. A careful look at the
proof reveals that for any p ≥ 1 by increasing our choice of Nm by a constant factor
depending on p, we can bound the first term by

c1 · ∥θ1 − θ⋆∥∞

Np
· logp((8D/δ) · logN)

(1 − γ)2p ,

and the second term by

c2 · (1 + ∥r∥∞ + σr
√

1 − γ)3q+1

(1 − γ)1.5
√
N

· log2q((8D/δ) · logN)
N3q/2(1 − γ) 9q

2 ∆3q
,

where q = 2
3p− 1

3 , and (c1, c2) are universal constants only depending on (p, q). The
number of samples satisfies N ≳ (1+∥r∥∞+σr

√
1−γ)2

∆2(1−γ)3+β by assumption, and consequently,
the two terms can be made arbitrarily small by increasing (p, q) appropriately. The
equation (3.39) displays the bound for the pair (p, q) = (2, 1).

The only remaining detail is to prove Lemma 11.

Proof of Lemma 11

Recall that the update within an epoch takes the form (cf. SingleEpoch)

θk+1 = (1 − αk)θk + αk
{
T̂k(Q) − T̂k(θm) + TNm(θm)

}
,

where θm represents the input into epoch m. We define the shifted operators and
noisy shifted operators for epoch m by

J(θ) = T(θ) − T(θm) + TNm(θm) and Ĵk(Q) = T̂k(Q) − T̂k(θm) + TNm(θm).
(3.40)

Since both of the operators T and T̂k are γ-contractive in the ℓ∞-norm, the operators
J and Ĵk are also γ-contractive operators in the same norm. Let θ̂m denote the unique
fixed point of the operator J. The roadmap of the proof is to show that at the end of

70



epoch m, the estimate θK+1 is close to the fixed point θ̂m for sufficiently large value
of the epoch length K and that the fixed point θ̂m is closer to θ⋆ than the epoch
initialization θm for sufficiently large Nm.

The proof of Lemma 11 relies on two auxiliary lemmas that formalize this intuition.
Lemma 12 characterizes the progress of Algorithm VR-QL within an epoch, and
Lemma 13 addresses the progress of Algorithm VR-QL over the epochs.

Lemma 12. Given an epoch length K lower bounded as K ≥ c2
log(ND/δ)

(1−γ)3 , we have

∥θK+1 − θ̂m∥∞ ≤ 1
33∥θm − θ⋆∥∞ + 1

33∥θ̂m − θ⋆∥∞,

with probability exceeding 1 − δ
2M .

Lemma 12 is borrowed from the paper [Kha+20a]; see the proof of Lemma 2 in that
paper for details.

Our next lemma bounds the difference between the epoch fixed point θ̂m and the
optimal value function θ⋆.

Lemma 13. Assume that Nm satisfies the bound Nm ≥ c log4(8DM/δ) (1+∥r∥∞+σr
√

1−γ)2

∆2(1−γ)3 .
Then we have

∥θ̂m − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

33 + c4

{
τ ∗

√
Nm

+ κ

Nm

}
,

with probability exceeding 1 − δ
2M .

See Section 3.8 for a proof of this lemma.

With these two auxiliary results in hand, completing the proof of Lemma 11 is
relatively straightforward. By the triangle inequality, we have

∥θm+1 − θ⋆∥∞ ≡ ∥θK+1 − θ⋆∥∞ ≤ ∥θK+1 − θ̂m∥∞ + ∥θ̂m − θ⋆∥∞
(i)
≤
{ 1

32∥θm − θ⋆∥∞ + 1
32∥θ̂m − θ⋆∥∞

}
+ ∥θ̂m − θ⋆∥∞

= 1
32∥θm − θ⋆∥∞ + 33

32∥θ̂m − θ⋆∥∞

(ii)
≤ 1

32∥θm − θ⋆∥∞ + 1
32
{
∥θm − θ⋆∥∞

}
+ c

(
τ ∗

√
Nm

+ κ

Nm

)

. ≤ 1
16∥θm − θ⋆∥∞ + +c

(
τ ∗

√
Nm

+ κ

Nm

)
. (3.41)

Here inequality (i) follows from Lemma 12, whereas inequality (ii) follows from
Lemma 13. Finally, the two bounds hold jointly with probability at least 1 − δ

M
via a

union bound.
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Proof of Theorem 5(b)
This argument follows the same structure as the proof of part (a) of Theorem 5; we
retain the same shorthands from equation (3.36). Our proof uses Lemma 10 along
with the following modification of Lemma 11.

Lemma 14. Under the conditions of Theorem 5(b), for epochs m such that the re-
centering sample size Nm satisfies the bound Nm ≥ log4(8DM/δ)L2(1+∥r∥∞+σr

√
1−γ)2

(1−γ)5 ,
we have

∥θm+1 − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

16 + c ·
(

τ ∗
√
Nm

+ κ

Nm

)
, (3.42)

with probability at least 1 − δ
M

.

See Section 3.8 for a proof of this lemma.

Observe that Lemma 14 holds for all epochs m ≥ m∗ := log2
L(1+∥r∥∞+σr

√
1−γ)

(1−γ)3/2 .
Invoking Lemma 10 for all m < m∗ and Lemma 14 for all epochs m ≥ m∗, and doing
a calculation similar to the proof of part (a), yields

∥θM+1 − θ⋆∥∞ ≤ ∥θ1 − θ⋆∥∞

16M + c ·
(

τmax

8M−m∗√
NM

+ τ ∗
√
NM

+ κ

NM

)
,

with probability exceeding 1 − δ. Finally, our choice of the epoch size Nm (cf.
definition (3.22a)) ensures 2NM ≤ N ≤ 8

3NM , and substituting the values of the
triple (Nm,m

∗,M) we conclude that

∥θM+1 − θ⋆∥∞ ≤ c · ∥θ1 − θ⋆∥∞ · log2((8D/δ) · logN)
N2(1 − γ)4

+ c · L
3(1 + ∥r∥∞ + σr

√
1 − γ)4

(1 − γ)1.5
√
N

· log2((8D/δ) · logN)
N1.5(1 − γ)7.5

+ c ·

√ log4(8DM/δ)
N

max
π⋆∈Π⋆

∥ν(π⋆; P, r, γ ()) ∥∞

+log4(8DM/δ)
N

· ∥θ⋆∥span

1 − γ

)
,

Comment on the lower-order terms: For any p ≥ 1 by increasing our choice of
Nm by a constant factor depending on p, we can bound the first term via

c1 · ∥θ1 − θ⋆∥∞

Np
· logp((8D/δ) · logN)

(1 − γ)2p ,
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and the second term by

c2 · L
3q(1 + ∥r∥∞ + σr

√
1 − γ)3q+1

(1 − γ)1.5
√
N

· log3q/2((8D/δ) · logN)
N3q/2(1 − γ)15q/2 ,

with q = 2
3p − 1

3 . The number of samples satisfies N ≳ L2(1+∥r∥∞+σr
√

1−γ)2

(1−γ)5+β by
assumption, so the two can be made arbitrarily small by increasing (p, q) appropriately.
This completes the proof of Theorem 5(b).

3.5 Discussion
In this chapter, we presented an analysis of Q-learning through the instance-dependent
framework in the synchronous setting. For γ-discounted MDPs with finite state space
X and action space U , we have proved a local non-asymptotic lower bound for
estimating the Q-function dependent on a functional ν(·; P, r) of the MDP instance
(P, r) that measures the variance of solving for the Q-function. In addition, we
have provided an analysis of a form of variance-reduced Q-learning and obtained
instance-dependent guarantees on the ℓ∞-error for sample sizes N

(logN)2 ≥ c · log(D/δ)
(1−γ)3∆@

and N
(logN)2 ≥ c log(D/δ)

(1−γ)5 on Lipschitz MDPs that match the corresponding lower bound,
establishing instance-optimality. We conjecture that optimality of Algorithm VR-QL
still remains true for general MDPs and sample sizes N ≥ log(D/δ)

(1−γ)3 , and is left for
further endeavours.

3.6 Calculations for Example 1
Here we derive the bound (3.12). Letting V ∗ denote the value function of the optimal
policy π⋆, we have

(Zπ⋆ − Pπ⋆)Q =

 | |
(Zu1 − Pu1)V ∗ 0

| |

 . (3.43)

Letting W = (I−γPu1)−1(Zu1−Pu1)θπ⋆ and solving for (I−γPπ⋆)Y = γ(Zπ⋆−Pπ⋆)Q
gives

Y = γ ·

 | |
W γW
| |

 . (3.44)

Thus, we have

∥ν(π⋆; Pλ, rλ)∥∞ := max
(x,u)

|ν(π⋆; Pλ, rλ)(x, u)| = max
(x,u)

∣∣∣∣√var(Y)(x, u)
∣∣∣∣ ≤ c · 1

(1 − γ)1.5−λ

The second equality above follows from the definition (3.5) of the matrix ν(π⋆; Pλ, rλ),
and the last step via some simple calculations.
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3.7 Auxiliary lemmas for Theorem 4
In this section, we prove the auxiliary lemmas that are the used in the proof of
Theorem 4.

Proof of Lemma 7
This proof uses standard arguments, in particular following the usual avenue of
reducing estimation to testing [Bir83b; Wai19f]. For completeness, we provide the
details here. We use θ and θ′ to denote the optimal Q-functions for problem P and
P ′ respectively. We first lower bound the minimax risk over P ,P ′ by the averaged
risk as follows:

inf
θ̂N

max
Q∈{P,P ′}

EP [∥θ − θ(Q)∥∞] ≥ 1
2
(
EPN

[
∥θ̂N − θ∥∞

]
+ E(P ′)N

[
∥θ̂N − θ′∥∞

])
.

Here PN is a product measure that yields N i.i.d. samples from P. Then, for any
δ ≥ 0, we have by Markov’s inequality

EPN

[
∥θ̂N − θ∥∞

]
+ E(P ′)N

[
∥θ̂N − θ′∥∞

]
≥ δ

[
PN

(
∥θ̂N − θ∥∞ ≥ δ

)
+

(P ′)N
(
∥θ̂N − θ′∥∞ ≥ δ

)]
.

Define δ01 := 1
2∥θ − θ′∥∞, we have

∥θ̂N − θ∥∞ < δ01 =⇒ ∥θ̂N − θ′∥∞ > δ01,

yielding
EPN

[
∥θ̂N − θ∥∞

]
+ E(P ′)N

[
∥θ̂N − θ∥∞

]
≥ δ01

[
1 − PN

(
∥θ̂N − θ∥∞ < δ01

)
+(P ′)N

(
∥θ̂N − θ′∥∞ ≥ δ01

)]
≥ δ01

[
1 − PN

(
∥θ̂N − θ′∥∞ ≥ δ01

)
+ (P ′)N

(
∥θ̂N − θ′∥∞ ≥ δ01

)]
≥ δ01

[
1 − ∥PN − (P ′)N∥TV

]
≥ δ01

[
1 −

√
2dhel(PN , (P ′)N)2

]
.

Via the tensorization property of the Hellinger distance for independent random
variables we have

dhel(PN , (P ′)N)2 = 1 −
(
1 − dhel(P ,P ′)2

)N
≤ Ndhel(P ,P ′)2.

Putting together the pieces, we have that

inf
θ̂N

max
Q∈{P,P ′}

EQ [∥θ − θ(Q)∥∞] ≥ 1
4∥θ(P) − θ(P ′)∥∞ ·

(
1 −

√
2N · dhel(P ,P ′)2

)
+
.

The desired result then follows from taking a supremum over all positive alternative
P ′ ∈ S and a simple calculation.
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Proof of Lemma 9
We devote a subsection to each of the three parts of this lemma.

Proof of Lemma 9(a)

In order to establish that P̄ is a transition kernel, we observe that

∑
x′

P̄x′,z = 1 + 1
ρ̃(z̄)

√
2N

Uz̄,z ·
(∑

x′
Px′,z(θ(x′, π1(x′)) − (Pπ1θ)(z))

)
= 1,

where the last equality above follows by noting that (Pπ1θ)(z) = ∑
x′ Px′,zθ(x′, π1(x′)).

To check non-negativity of entries of P̄ note we have |Uz,z′| ≤ 1
1−γ , and 2∥θ∥span ≥

|θ(x′, π1(x′)) − (Pπ1θ)(z)|. Combining the last two observation along with the sample
size requirement (3.10b) implies

P̄x′,z ≥ 1 − 1
ρ̃(z̄)

√
2N

· ∥θ∥span

1 − γ
≥ 0,

establishing that P̄ defines a valid set of transition kernels.

Proof of Lemma 9(b)

The proof of part (b) follows by first providing a general upper bound on the
Hellinger distance dhel(P ,P1), and then substituting the values of instances P and
P1. Concretely, we prove

d2
Hel(P ,P1)

(a)
≤ 1

2 ·
∑
z,x′

(Px′,z − P̄x′,z)2

Px′,z

(b)
≤ 1

4N . (3.45)

With this result in hand, the claimed bound on |||P̄π1 − Pπ1|||op is immediate. Indeed,

|||P̄π1 − Pπ1|||2op ≤
∑
z,x′

(Px′,z − P̄x′,z)2 ≤
∑
z,x′

(Px′,z − P̄x′,z)2

Px′,z
≤ 1

2N .

It remains to prove the bounds (3.45)(a) and (3.45)(b).

Proof of (3.45a): We use (Z, R) (respectively (Z′, R′)) to denote a sample drawn
from the distribution P (respectively P ′), and PZ, PR (respectively P ′

Z, P
′
R) to denote

the marginal distribution of Z, R (respectively Z′, R′). By independence of Z and R
(and likewise for Z′, R′) we have

P = PZ ⊗ PR, and P ′ = P ′
Z ⊗ P ′

R. (3.46)
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Let P ′ = (P′, r′) ∈ S1 (so r′ = r). Via the independence between Z and R, we have
d2

Hel(P, P ′) = d2
Hel(PZ, P

′
Z). (3.47)

For state-action pairs (x, u), Z(x, u) are independent (and likewise for Z′) so

d2
Hel(PZ, P

′
Z) = 1 −

∏
x,u

(
1 − dHel(PZ(x,u), PZ′(x,u))

)2
≤
∑
x,u

d2
Hel(PZ(x,u), PZ′(x,u)).

Note that Z(x, u) and Z′(x, u) have multinomial distribution with parameters Pu(· | x)
and P′

u(· | x) respectively. Therefore,

d2
Hel(PZ(x,u), PZ′(x,u)) ≤ 1

2Dχ2

(
PZ′(x,u)∥PZ(x,u)

)
= 1

2
∑
x′

(Px′,z − P̄x′,z)2

Px′,z
.

Proof of (3.45b): We have
∑
z,x′

(Px′,z − P̄x′,z)2

Px′,z
= 1

2Nρ̃2(z̄)
∑
z

∑
x′

Px′,z(Uz̄,z)2(θ(x′, π1(x′)) − (Pπ1θ)(z))2

= 1
2Nρ̃2(z̄)

∑
z

(Uz̄,z)2 ·
(∑

x′
Px′,z(θ(x′, π1(x′)) − (Pπ1θ)(z))2

)
(i)= 1

2Nρ̃2(z̄)
∑
z

(Uz̄,z)2φ2(z)

(ii)= 1
2N ,

Equality (i) follows from the definition
φ2(z) = Var (Zπ1θ(z)) =

∑
x′

Px′,z(θ(x′, π1(x′)) − (Pπ1θ)(z))2, (3.48)

whereas equality (ii) follows from the definition (3.26), which ensures that

ρ̃2(z̄) = Var
(
(I − γPπ1)−1Zπ1θ(z̄)

)
=
∑
z′

(Uz,z′)2φ2(z′).

Proof of Lemma 9(c)

The entries of the matrix U := (I − γPπ1)−1 are positive, so that it suffices to show
that the vector (P̄π − Pπ)θ is entry-wise positive. We have

(P̄π1 − Pπ1)θ(z) =
∑
x′

(P̄x′,z − Px′,z)θ(x′, π1(x′))

=
∑
x′

(P̄x′,z − Px′,z)(θ(x′, π1(x′)) − (Pπ1θ)(z))

= 1
ρ̃(z̄)

√
2N

Uz̄,z

∑
x′

Px′,z(θ(x′, π1(x′)) − (Pπ1θ)(z))2

= 1
ρ̃(z̄)

√
2N

Uz̄,zφ
2(z) ≥ 0,
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where the second equality follows from the fact that ∑x′ P̄x′,z = ∑
x′ Px′,z = 1, the

third equality follows by substituting the value of P̄ from equation (3.28), and the
equality in the last line follows from the definition (3.48). This completes the proof
of part (c).

3.8 Auxiliary lemmas for Theorem 5
In this section, we prove the auxiliary lemmas that are used in the proof of Theorem 5.

Proof of Lemma 11
This section is devoted to the proof of Lemma 11 which underlies the proof of
Theorem 5. In order to simplify notation, we drop the epoch number m from θ̂m and
θm throughout the remainder of the proof. Let π̂ and π⋆ denote the greedy policies
with respect to the Q functions θ̂ and θ⋆, respectively. Concretely,

π⋆(x) = arg max
u∈U

θ⋆(x, u) π̂(x) = arg max
u∈U

θ̂(x, u). (3.49)

Ties in the arg max are broken by choosing the action u with smallest index.
By the optimality of the policies π̂ and π⋆ for the Q-functions θ̂ and θ⋆, respectively,

we have

θ⋆ = r + γPπ⋆

θ⋆ and θ̂ = r̃ + γPπ̂θ̂, where r̃ := r + TNm(θ) − T(θ). (3.50)

In order to complete the proof, we require the following auxiliary result.

Lemma 15. We have

∥(I − γPπ⋆)−1(r̃ − r)∥∞ ≤ ∥θ − θ⋆∥∞

33 + 4 ·
√

log4(8DM/δ)
Nm

· max
π∈Π⋆

∥ν(π; P, r)∥∞

+ 4 · log4(8DM/δ)
Nm

· ∥θ⋆∥span

(1 − γ) ,

with probability exceeding 1 − δ
8M .

See Section 3.8 for the proof.

It remains to prove that under the assumptions of Lemma 11, the following bound
holds with probability 1 − δ

M
:

∥θ̂ − θ∥∞ ≤ ∥(I − γPπ⋆)−1(r̃ − r)∥∞. (3.51)

We establish this claim by first showing that the policy π̂ is an optimal policy, which
is achieved in the following lemma.
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Lemma 16. Given two Q-functions θ⋆ and θ̂ and the associated optimal policies π⋆
and π̂, we have

Pπ̂θ⋆(x, u) ≥ Pπ⋆

θ⋆(x, u) − 2∥θ̂ − θ⋆∥∞ for all (x, u) ∈ X × U .

Moreover, if the batch size satisfies the lower bound Nm ≥ c3
(1+∥r∥∞+σr

√
1−γ)2

(1−γ)3 ·
log(DM2/δ)

∆2 , then π̂ is an optimal policy with probability at least 1 − δ
M

. Hence, under
the unique optimal policy (UNQ) condition or Lipschitz (LIP) condition, we have
Pπ̂ = Pπ⋆.

We prove this lemma in Section 3.8. In order to prove the bound (3.51), it suffices
to prove the following elementwise inequalities:

θ⋆ − θ̂ ⪯ (I − γPπ⋆)−1(r − r̃) (3.52a)
θ̂ − θ⋆ ⪯ (I − γPπ̂)−1(r − r̃) (3.52b)

Indeed, we have∣∣∣θ⋆ − θ̂
∣∣∣ ⪯ max{

∣∣∣θ⋆ − θ̂
∣∣∣
+
,
∣∣∣θ̂ − θ⋆

∣∣∣
+

} ⪯
∣∣∣(I − γPπ⋆)−1(r − r̃)

∣∣∣ ,
where the maximum operator max{·, ·} is applied entry-wise. Combining the last two
bounds with Lemma 16, and using the lower bound assumption on the epoch sample
size Nm we obtain∣∣∣θ⋆ − θ̂

∣∣∣ ⪯ max{
∣∣∣θ⋆ − θ̂

∣∣∣
+
,
∣∣∣θ̂ − θ⋆

∣∣∣
+

} ⪯
∣∣∣(I − γPπ⋆)−1(r − r̃), (I − γPπ̂)−1(r − r̃)

∣∣∣
⪯
∣∣∣(I − γPπ⋆)−1(r − r̃)

∣∣∣ ,
where the last inequality uses Pπ⋆ = Pπ̂ (cf. Lemma 16). It remains to prove the
bounds (3.52a) and (3.52b).

Proof of bounds (3.52a) and (3.52b): By optimality of policies π̂ and π⋆ for
Q-functions θ̂ and θ⋆, respectively, we have

θ⋆ = r + γPπ⋆

θ⋆ ⪰ r + γPπ⋆

θ̂ and θ̂ = r̃ + γPπ̂θ̂ ⪰ r̃ + γPπ̂θ⋆. (3.53)

This yields:

θ⋆ − θ̂ = r − r̃ + γ(Pπ⋆

θ⋆ − Pπ̂θ̂) ⪯ r − r̃ + γPπ⋆(θ⋆ − θ̂). (3.54)

Rearranging the last inequality, and using the non-negativity of the entries of (I −
γPπ⋆)−1 we conclude

(θ⋆ − θ̂) ⪯ (I − γPπ⋆)−1(r − r̃).

This completes the proof of the bound (3.52a). The proof of bound (3.52b) is similar.
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Proof of Lemma 15
Recall the definition r̃ := R̂ + γ(Ẑπ − Pπ)θ, where π a policy greedy with respect to
θ; that is, π(x) = arg maxu∈U θ(x, u), where we break ties in the arg max by choosing
the action u with smallest index. We have

∥(I − γPπ⋆)−1(r̃ − r)∥∞ ≤ ∥(I − γPπ⋆)−1
{

(R̂ − r) + γ(Ẑπ⋆

− Pπ⋆)θ⋆
}

∥∞

+ γ∥(I − γPπ⋆)−1
{

(Ẑπ
θ − Ẑπ⋆

θ⋆) − (Pπθ − Pπ⋆

θ⋆)
}

∥∞.

Observe that the random variable R̂ and Ẑ are averages of Nm i.i.d. random
variables {Ri} and {Ẑi}, respectively. Additionally, entrywise, the random reward is a
Gaussian random variable with variance σ2

r , and by the generative model assumption,
the randomness in the random rewards {Ri} is independent of the randomness in {Ẑi}.
Consequently, applying Hoeffding’s bound on the term involving {Ri}, a Bernstein
bound on the term involving {Ẑi} and a union bound yields the following result which
holds with probability at least 1 − δ

4M :

∥(I − γPπ⋆)−1
{

(R̂ − r) + γ(Ẑπ⋆

− Pπ⋆)θ⋆
}

∥∞

≤ 4√
Nm

· ∥ν(π⋆; P, r)∥∞ ·
√

log4(8DM/δ) + 4∥θ⋆∥span

(1 − γ)Nm

· log4(8DM/δ)

≤ 4√
Nm

· max
π∈Π⋆

∥ν(π; P, r)∥∞ ·
√

log4(8DM/δ) + 4∥θ⋆∥span

(1 − γ)Nm

· log4(8DM/δ).

Finally, for each state-action pair (x, u) the random variable (Ẑπ
θ − Ẑπ⋆

θ⋆)(x, u)
has expectation (Pπθ − Pπ⋆)(x, u) with entries uniformly bounded by 2∥θ − θ⋆∥∞.
Consequently, by a standard application of Hoeffding’s inequality combined with the
lower bound Nm ≥ c3

4m

(1−γ)2 log4(8DM/δ), we have

γ

1 − γ
· ∥(Ẑπ

θ − Ẑπ⋆

θ⋆) − (Pπθ − Pπ⋆

θ⋆)∥∞ ≤ ∥θ − θ⋆∥∞

33 ,

with probability exceeding 1 − δ
4M . The statement then follows from combining these

two high-probability statements with a union bound.

Proof of Lemma 14
By Lemma 12 and Lemma 15, it suffices to show

∥θ̂m − θ⋆m∥∞ ≤ 1
2∥(I − γPπ⋆)−1(r̃ − r)∥∞
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Recalling the bounds (3.52a)–(3.52b), we have

∥θ̂m − θ⋆∥∞ ≤ ∥(I − γπ
⋆)−1(r̃ − r)∥∞ + γ∥(I − γPπ⋆)−1(Pπ̂ − Pπ⋆)(θ̂m − θ⋆)∥∞

≤ ∥(I − γPπ⋆)−1(r̃ − r)∥∞ + Lγ

1 − γ
∥θ̂m − θ⋆∥2

∞

where the last inequality uses the Lipschitz condition (3.17). If we can show
Lγ

1−γ∥θ̂m − θ⋆∥∞ ≤ 1
2 , we are done. In order to do so, we require the following auxiliary

result:

Lemma 17. Given a batch size Nm lower bounded as Nm ≥ c3
log4(8DM/δ)

(1−γ)2 , we have

∥θ̂m − θ⋆∥∞ ≤ c1 · 1 + ∥r∥∞ + σr
√

1 − γ√
Nm(1 − γ)1.5 · log4(8DM2/δ)

with probability at least 1 − δ
4M .

With the above lemma at hand and using Nm ≥ c log4(8DM/δ)L2(1+∥r∥∞+σr
√

1−γ)2

(1−γ)5

we conclude

∥θ̂m − θ⋆∥∞ ≤ 1 − γ

2L ,

as desired. It remains to prove Lemma 17.

Proof of Lemma 17: This proof exploits the result of Lemma 10, that with
probability at least 1 − δ

M2 , we have

∥θ̂m − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

33 + 1 + ∥r∥∞ + σr
√

1 − γ

(1 − γ)1.5

√
log(8DM2/δ)

Nm

+ log(8DM2/δ)
Nm

· ∥θ⋆∥span

1 − γ
. (3.55)
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Following an argument similar to the proof of Theorem 5, we have

∥θm+1 − θ⋆∥∞ ≤ ∥θm − θ⋆∥∞

16 + c

1 + ∥r∥∞ + σr
√

1 − γ

(1 − γ)1.5

√
log(8DM2/δ)

Nm

+log(8DM2/δ)
Nm

· ∥θ⋆∥span

1 − γ

}
(i)
≤ ∥θ1 − θ⋆∥∞

16m + 2c
1 + ∥r∥∞ + σr

√
1 − γ

(1 − γ)1.5

√
log(8DM2/δ)

Nm

+log(8DM2/δ)
Nm

· ∥θ⋆∥span

1 − γ

}
(ii)
≤ ∥r∥∞√

1 − γ
· 1

(1 − γ)
√
Nm

· 1
4m

+ 2c
1 + ∥r∥∞ + σr

√
1 − γ

(1 − γ)1.5

√
log(8DM2/δ)

Nm

+ log(8DM2/δ)
Nm

· ∥θ⋆∥span

1 − γ

}
, (3.56)

with probability at least 1− δ
4M . Inequality (ii) follows by recursing the first inequality;

the last inequality uses the initialization condition ∥θ1 − θ⋆∥∞ ≤ ∥r∥∞√
1−γ , and Nm ≥

4m

(1−γ)2 . Combining the bounds (3.55) and (3.56) and using the bounds ∥θ⋆∥∞ ≤ ∥r∥∞
1−γ

and ∥θ⋆∥span ≤ 2∥θ⋆∥∞, we find that

∥θ̂m − θ⋆∥∞ ≤ 8c · 1 + ∥r∥∞ + σr
√

1 − γ√
Nm(1 − γ)1.5 · log(8DM2/δ),

with probability at least 1 − δ
4M . This completes the proof.

Proof of Lemma 16
The proof of this lemma exploits the optimality of the policies π⋆ and π̂ with respect
to the Q-functions θ⋆ and θ̂, respectively. Accordingly, we have for all state action
pair (x, u) ∈ X × U

Pπ̂θ⋆(x, u) = Pπ̂θ̂(x, u) + Pπ̂θ⋆(x, u) − Pπ̂θ̂(x, u)
≥ Pπ⋆

θ̂(x, u) − ∥θ⋆ − θ̂∥∞

= Pπ⋆

θ⋆(x, u) + Pπ⋆

θ̂(x, u) − Pπ⋆

θ⋆(x, u) − ∥θ⋆ − θ̂∥∞

≥ Pπ⋆

θ⋆(x, u) − 2∥θ⋆ − θ̂∥∞. (3.57)

The first inequality follows from the optimality of the policy π̂ with respect to the
Q-function θ̂. This completes the proof of the first part of the lemma.
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Turning to the second part, invoking Lemma 17 with a batch sizeNm ≥ (1+∥r∥∞+σr
√

1−γ)2

(1−γ)3 ·
log(DM2/δ)

∆2 guarantees that

2∥θ⋆ − θ̂∥∞ < ∆.

This inequality, combined with the bound (3.57) and the definition of the optimality
gap ∆, implies that π̂ is an optimal policy, and hence Pπ̂ = Pπ⋆ under the unique
policy or Lipschitz assumptions.
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Chapter 4

Optimal variance-reduced
stochastic approximation in Banach
spaces

In Chapters 2 and 3 we derived istance optimal bounds for the policy evaluation and
the policy optimization problem. It turns out that both the problems are special
cases of fixed point problems, in this chapter we study the problem of fixed point
of an operator in presence of noisy data. Concretely, we study the problem of
estimating the fixed point of a contractive operator defined on a separable Banach
space. Focusing on a stochastic query model that provides noisy evaluations of
the operator, we analyze a variance-reduced stochastic approximation scheme, and
establish non-asymptotic bounds for both the operator defect and the estimation
error, measured in an arbitrary semi-norm. In contrast to worst-case guarantees,
our bounds are instance-dependent, and achieve the local asymptotic minimax risk
non-asymptotically. For linear operators, contractivity can be relaxed to multi-step
contractivity, so that the theory can be applied to problems like average reward
policy evaluation problem in reinforcement learning. We illustrate the theory via
applications to stochastic shortest path problems, two-player zero-sum Markov games,
as well as policy evaluation and Q-learning for tabular Markov decision processes.

4.1 Introduction
In this chapter, we consider a class of stochastic fixed-point problems defined in
Banach spaces. In particular, let V be a separable Banach space with its associated
norm ∥·∥, and suppose that h : V → V is an operator on the Banach space. Of
interest to us are solutions θ∗ to the fixed-point equation

θ∗ = h(θ∗). (4.1)



When h is contractive, the Banach fixed point theorem (e.g., [DG03]) ensures the
existence and uniqueness of the fixed point. The bulk of our analysis focuses on
this contractive case, but we also allow for weaker multi-stage contraction in certain
settings.

Fixed points of this type lie at the core of many mathematical areas, including
differential and integral equations [Kir11; Tes12], game theory [Sto89], optimization
and variational inequalities [Nes03; RW09], as well as dynamic programming and
reinforcement learning [Ber12a; Ber19]. In these settings, the contraction property
not only plays an instrumental role in existence and uniqueness proofs, but also leads
to efficient methods for computing fixed points. Our focus will be on the extension
of such methods to problems in which the operator h can be observed only via a
stochastic oracle that, when given a query point θ, returns a noisy version of the
operator evaluation h(θ). Such random observation models necessitate the use of
stochastic approximation schemes. A fundamental question associated with such
schemes is their statistical complexity: how many noisy operator evaluations are
required to estimate the fixed point θ∗ to a pre-specified accuracy? In this chapter,
we undertake a fine-grained analysis of this question in a general setting. Our analysis
captures the way in which statistical complexity depends on the geometry of the
Banach space, as well as the structure of the fixed point θ∗ itself.

An important sub-class of Banach spaces are Hilbert spaces, with the Euclidean
case (V = Rd with the usual inner product) being one special example. The behavior
of stochastic approximation for many Hilbert spaces is relatively well understood.
In this case, the space V is endowed with an inner product ⟨·, ·⟩V that induces the
norm ∥x∥ =

√
⟨x, x⟩V. For example, for the Euclidean space (Rd, ∥ · ∥2), if we set

h(x) := x−β−1∇f(x) for a β-smooth and strongly convex function f , then solving the
fixed-point equation (4.1) is equivalent to minimizing the function f . A rich theory
has been developed around this stochastic optimization problem [BCN18; Nem+09b],
giving rise to the concepts of averaging [PJ92; Rup88b], acceleration [GL12; GL13],
and variance reduction [JZ13; Li+20; NST21]. Optimal complexities have been
established for both the computational and statistical aspects of this problem [DR16;
Mou+20; MB11].

Much less is known, however, for the case of general Banach spaces. We note that
non-Euclidean geometry has been studied in the literature on stochastic optimization
and stochastic variational inequalities, with the method of mirror descent being a
representative example [JNT11; KLL20; NY83]. Our study, however, deviates from
this line of research. The difference can be observed from the formulation of the
problem: the operator h in equation (4.1) is a mapping from V to itself, whereas the
operators studied in variational inequalities map a Banach space to its dual. This
difference requires novel methods in the analysis of our algorithms.

From a superficial perspective, it might seem that non-Euclidean geometry
poses little difficulty for stochastic approximation: all norms are equivalent in the
finite-dimensional case and their convergence depends ultimately on the limiting
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ODE [Bor09]. From a non-asymptotic point of view, however, the picture is more
nuanced: a natural desideratum is that the bounds depend on the geometric com-
plexity of V, as opposed to its (possibly much larger) ambient dimension. Our theory
makes explicit how this geometric complexity should be measured, and how it differs
from the ambient dimension. This kind of dependence is important, as in many
real-world problems, the ambient dimensionality is substantially larger than the
geometric complexity. As one concrete example, when solving fixed-point equations
that arise in tabular Markov decision processes, the ambient dimension is the size
of state-action space, whereas one can obtain ℓ∞-norm bounds that have only log-
arithmic dependency on the dimension (see, e.g., [Kha+20b; Wai19c]). Our first
goal, therefore, is to develop a unified, dimension-free theory for a certain class of
stochastic approximation procedures in Banach spaces.

Our second goal is to establish bounds that are instance-dependent, and so move us
beyond a classical worst-case analysis. Local asymptotic minimax theory establishes
lower risk bounds over a small neighborhood of a given problem instance [Häj72;
van00]. These lower bounds are universal, applicable to any estimator and valid for
any bowl-shaped loss function. On the other hand, under certain regularity conditions
on the space, a sum of i.i.d. random variables in Banach spaces is known to satisfy a
central limit theorem (see Ledoux and Talagrand [LT13], Section 10). These two lines
of classical asymptotic analysis, in conjunction, indicate that the “right” complexity
for estimation in a Banach space V should depend on the expected norm of a Gaussian
random element with a suitable covariance structure. Given this fundamental limit,
a natural statistical challenge is to construct an estimator whose non-asymptotic risk
matches this quantity, with possible higher-order terms which, again, depends only
the geometric complexity of the norm ∥·∥ (and not the ambient dimension).

In order to address these goals, we analyze an extension of the ROOT-SGD
algorithm, a stochastic approximation (SA) algorithm introduced in past work involv-
ing a subset of the current authors [Li+20]. We adapt the scheme to solve general
fixed-point problems and establish instance-dependent non-asymptotic guarantees in
general Banach spaces. More specifically, our main contributions are as follows:

• We establish sharp non-asymptotic bounds on the operator defect, ∥h(θn) − θn∥,
of the iterate θn after n rounds. The leading-order term is defined in terms of a
Gaussian complexity induced by the noisy evaluations of the operator h, and
the leading-order term in the bound matches the expected norm of the optimal
Gaussian limit. The high-order term depends on the Dudley chaining integral of
the dual ball, measured under a metric defined by the space in which the random
observations lie. Our result only assumes that the population-level operator h
is a γ-contraction, and it holds for any sample size n ≳ (1 − γ)−4. To the best
of our knowledge, this is the first non-asymptotic bound for SA procedures with
general non-Euclidean norm that depends directly on the geometric complexity
of the underlying space.

• Under a local linearization assumption on the operator h, we establish a sharp
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instance-dependent upper bound on the estimation error
∥∥∥θn − θ∗

∥∥∥
C

, measured
by any semi-norm

∥∥∥ ·
∥∥∥
C

that is dominated by ∥·∥. The leading-order term of
this bound is a Gaussian complexity involving the dual ball of the semi-norm∥∥∥ ·
∥∥∥
C

and the class of linear operators that achieve linearization in a local
neighborhood. Our result uses a weaker local linearization assumption, which
allows for important problems such as solving MDPs using a generative model.

• When the operator h is affine, we establish an improved result that matches the
leading-order term in the nonlinear case, but with sample complexity scaling
more mildly as (1 − γ)−2 for a γ-contractive operator. This result is further
generalized to the case where h itself is not necessarily contractive, but its
m-step composition is contractive. The result is valid as long as the sample size
is lower bounded as n ≳ m2.

• We illustrate the value of our theorems via a number of concrete examples, in-
cluding stochastic shortest path problems, minimax Markov games, and average-
reward policy evaluation. Our analysis leads to sharp instance-dependent bounds
on the estimation error for such problems, achieved by the ROOT-SA algorithm.

Related work
In this section, we survey existing literature on stochastic approximation and its
variance-reduced analogues.

Stochastic approximation and asymptotic guarantees: The study of stochas-
tic approximation methods dates back to the seminal work of Robbins and Monro [RM51],
as well as Kiefer and Wolfowitz [KW52], who established asymptotic convergence
for various classes of one-dimensional problems. Subsequent work by Ljung [Lju77a;
Lju77b] and Kushner and Clark [KC78] provided general criteria for convergence
to a stable limit, in particular by using an ordinary differential equation (ODE) to
track the trajectory of SA procedures. The paper [Ben96] further developed the
ODE method to cover the case where the limit is an invariant set. Moving beyond
convergence properties, the asymptotic distribution of SA trajectories has been char-
acterized using certain invariance principles. Khas’minskii [Kha66] developed general
criteria for the rescaled trajectory to converge to a Gauss-Markov process; see also
Kushner and coauthors [KS84; Kus84] for further results in this vein. We refer the
reader to the monographs [BMP12; Bor09; KY03] for more background and details
on these results.

The idea of improving SA schemes by averaging the iterates was proposed in
independent work by Polyak and Juditsky [Pol90; PJ92] as well as Ruppert [Rup88b].
Averaging the iterates allows for the use of more aggressive stepsize choices, and
Gaussian limiting behavior is achieved over a broad range. Such a limiting distribution
is known to be local asymptotic minimax optimal [DR16; Häj72; van00]. The idea
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of iterate averaging lies behind many important aspects of large-scale statistical
learning, leading to improved algorithms in different settings [BM13; DR16; Tri+18]
and laying the foundations of online statistical inference [Che+20a]. The ROOT-SGD
algorithm [Li+20] that inspired our approach is motivated by the averaging scheme,
but combines variance reduction with averaging of the gradient sequence (as opposed
to the sequence of iterates).

Non-asymptotic guarantees for stochastic approximation: Recent years
have witnessed significant interest in obtaining non-asymptotic guarantees of the
standard SA scheme (see equation (4.3) in the sequel). Wainwright [Wai19c] proved
non-asymptotic guarantees for stochastic approximation algorithms under a cone-
contractive assumption. Qu and Wierman [QW20] directly analyzed the iterates of SA
algorithm in the asynchronous setting. Chen et al. [Che+20b] derived non-asymptotic
bounds on stochastic approximation methods using Lyapunov functions. Using the
generalized Moreau envelope, they constructed a smooth Lyapunov function, and
show that the iterates of a standard SA scheme have a negative drift with respect to
this Lyapunov function. Such Lyapunov techniques have been used to derive non-
asymptotic guarantees for SA schemes in variety of settings (e.g., [Che+21a; Che+21b;
Che+19; ZZM21]). For general contractive fixed-point problems in Banach spaces,
Gupta et al., [GJG18] developed general criteria for the asymptotic convergence of mini-
batch fixed-point iterations; and recently, Borkar [Bor21] established non-asymptotic
concentration inequalities for the iterates, albeit with potentially dimension-dependent
pre-factors. It should be noted that the standard SA scheme (4.3), while guaranteed
to converge to the fixed point, may do so at a sub-optimal rate when measured in
a minimax sense; for example, the papers [Li+21; Wai19c] demonstrate the non-
optimality of this approach for the Q-learning problem in reinforcement learning.

Non-asymptotic guarantees that are instance-dependent—meaning that they go
beyond worst-case and are adaptive to the difficulty—have been established for several
stochastic approximation procedures. For stochastic gradient (SG) methods in the
Euclidean setting, such bounds have been established for Polyak-Ruppert-averaged
SG [GP17; MB11] and variance-reduced SG algorithms [Fro+15; Li+20], with the
sample complexity and high-order terms being improved over time. For reinforcement
learning problems, such type of guarantees have been established in the ∥·∥∞ norm for
temporal difference methods [Kha+20b] and Q-learning [Kha+21] under a generative
model, as well as Markovian trajectories [LLP21; Mou+21] under the ℓ2-norm. In
the context of stochastic optimization, the paper [Li+20] provides fine-grained bound
for ROOT-SGD with a unity pre-factor on the leading-order instance-dependent term.
The bounds in this chapter, on the other hand, involve constants that need not be
optimal in this sense. It is an interesting future direction of research to establish
similar non-asymptotic bounds for ROOT-SA with the sharp unity pre-factor.
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Variance-reduced stochastic approximation algorithms: In order to obtain
optimal SA procedures, different forms of variance reduction have been analyzed.
The idea of variance reduction in stochastic approximation is classical; in the specific
context of stochastic gradient methods, the papers [DBL14; JZ13; SLB17] proposed
versions of variance reduction that accelerate convergence by careful averaging and
re-centering of the gradient sequence. In this special case of stochastic optimization,
the fixed-point operator h is obtained from the gradient update operator (cf. the
discussion in Section 4.1); under suitable convexity and smoothness conditions, it is
contractive under the ℓ2-norm. In more recent work, several fully online schemes for
variance-reduced stochastic optimization have been developed and analyzed, including
SARAH [NST21; Ngu+17], STORM [CO19] and ROOT-SGD [Li+20]. The ROOT-
SGD scheme uses recursive 1/t-averaging of gradients, and has been been shown to be
optimal for various convex problems in both asymptotic and non-asymptotic settings;
see the paper [Li+20] and references therein for more details.

In the context of reinforcement learning (RL) problems, the operator h often
corresponds to some type of Bellman operator [Ber12a; Ber19], known to be contrac-
tive under the ℓ∞-norm [Ber12b]. Unfortunately, the key techniques used to design
optimal methods for RL are differ considerably from those used in the stochastic opti-
mization literature. Concretely, in order to obtain optimal RL algorithms, it is often
necessary to exploit monotonicity properties of the Bellman operator, combined with
variance reduction schemes [Kha+21; Kha+20b; Sid+18a; Wai19e]. Consequently,
the literature is currently lacking a more unified perspective on how to obtain optimal
SA schemes in a general setting. The main contribution of this chapter is to fill this
gap by proposing and analyzing a single variance-reduced stochastic approximation
algorithm for finding the fixed point of any contractive operator. In this way, our
analysis does not depend on the exact form of the contraction norm ∥·∥.

Notation: We use V∗ to denote the dual space of the Banach space V, i.e., the
space of all bounded linear functionals on V. We define the dual norm ∥y∥∗ :=
supx∈V\{0}⟨x, y⟩/ ∥x∥. We define the unit norm ball B :=

{
x ∈ V, ∥x∥ ≤ 1

}
in V, as

well the dual norm unit ball B∗ :=
{
y ∈ V∗ | ∥y∥∗ ≤ 1

}
.

Given a bounded linear operator A : V → V, the adjoint operator A∗ : V∗ → V∗

is characterized by the property

⟨Ax, y⟩ = ⟨x, A∗y⟩ for all x ∈ V and y ∈ V∗.

The operator norm of a bounded linear operator A on V is given by |||A|||V :=
supx∈V\{0}

∥Ax∥
∥x∥ . Similarly, we can define the operator norm ||| · |||V∗ of a bounded

linear operator mapping from V∗ to itself. It can be seen that for any bounded linear
operator A that maps V to itself, we have the equivalence |||A∗|||V∗ = |||A|||V.
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4.2 Problem Setup and the ROOT-SA Algorithm
In this section, we begin with a precise description of the class of problems that we
study, along with the assumptions imposed. We then describe the ROOT-SA algorithm
analyzed in this chapter.

Problem formulation
Consider a separable Banach space (V, ∥·∥), and an operator h mapping from V to
itself. Assuming sufficient regularity to guarantee the existence and uniqueness of the
fixed-point θ∗ of the operator h, we study stochastic approximation procedures for
estimating the fixed point, i.e., for approximately solving the equation h(θ) = θ.

In many practical applications, we may not have access to the operator h itself;
instead, at each time t, we have access to a stochastic oracle Ht that, when queried at
some θ ∈ V, returns a noisy version Ht(θ) of the operator evaluation h(θ). We impose
the following conditions on the stochastic operators {Ht}t≥1 and the population
operator h:

Assumptions

(A1) There is a scalar γ ∈ [0, 1) such that the operator h : V → Ω is γ-contractive—
viz.

∥h(θ1) − h(θ2)∥ ≤ γ ∥θ1 − θ2∥ for all θ1, θ2 ∈ V,

where Ω ⊆ V is a symmetric, closed and convex set that contains the range of
h.

(A2) For each t = 1, 2, . . ., the stochastic operator Ht : V 7→ Ω is almost surely (a.s.)
L-Lipschitz:

∥Ht(θ1) − Ht(θ2)∥ ≤ L ∥θ1 − θ2∥ a.s. for all θ1, θ2 ∈ V.

(A3) For any fixed θ ∈ V, the noise variables {εt(θ) := Ht(θ)−h(θ)}t≥1 are zero-mean
and i.i.d., and ∥εt(θ∗)∥ ≤ b∗ almost surely for all t = 1, 2, . . ..

A few remarks are in order. By the Banach fixed point theorem (e.g., [DG03]), the
contractivity condition in Assumption (A1) ensures that h has a unique fixed point θ∗.
The bulk of our analysis imposes Assumption (A1), with the exception of Section 4.3,
where it is relaxed to a multi-stage contraction assumption in the special case of linear
operators. Throughout this chapter, we assume that γ ≥ 3

4 for the ease of presentation.
Note that this assumption can be made without loss of generality, since an operator
that is γ-contractive for some γ ∈ [0, 3/4) is also 3/4-contractive. Assumption (A2)
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requires the stochastic operator Ht to be Lipschitz, with the associated constant
L allowed to be much larger than one—that is, there is no requirement that Ht

be contractive or non-expansive. This setup should be contrasted with past work
on cone-contractive operators [Wai19c; Wai19e] or ℓ∞-norm contractions [Kha+21;
Kha+20b], in which the stochastic operator Ht itself is required to be contractive. In
the special case of stochastic optimization in Rd, this type of sample-level Lipschitz
condition is widely used, especially for variance-reduced procedures (cf. [JZ13; Li+20;
NST21]).

In Assumptions (A1) and (A2), it is always possible to choose Ω = V. However,
in certain cases, we find that choosing Ω to be a strict subset containing h leads to a
sharper analysis, especially when V is infinite-dimensional. As for Assumption (A3),
it imposes bounds only on the noise function when evaluated at the fixed point θ∗

of the operator h. In conjunction with Assumption (A2), this bound implies that
∥εt(θ)∥ ≤ b∗ + (L+ γ) ∥θ − θ∗∥, allowing the norm of the noise εt(θ) to grow linearly
with ∥θ − θ∗∥. It is worth remarking that by using slightly more involved concentration
arguments, it is possible to relax the almost-sure bounds in Assumptions (A2) and (A3).
More precisely, it suffices to impose a pth-moment condition on all projections:

sup
u∈B∗

E [⟨u, H1(θ1) − H1(θ2)⟩p] ≤ p! · Lp ∥θ1 − θ2∥p for all θ1, θ2 ∈ V, and (4.2a)

sup
u∈B∗

E [⟨u, ε1(θ∗)⟩p] ≤ p! · bp∗, (4.2b)

for all p ≥ 2. In order to simplify the presentation, we use the almost-sure bounds (A2)-
(A3) throughout the chapter.

The ROOT-SA algorithm
Stochastic approximation algorithms are methods for solving fixed-point equations
based on noisy observations. The simplest of such schemes takes the following form:
starting with an initial point θ0, one follows the recursion

θt+1 = θt + αt {Ht(θt) − θt} , (4.3)

where {αt}t≥0 is a sequence of stepsizes, typically in the interval (0, 1). At any given
step t, conditioned on θt, the quantity Ht(θt) is an unbiased estimate of h(θt), and
the noise in the observation model is given by Ht(θt) − h(θt). Under the contractivity
assumptions (A1) on the operator h and moment bounds on the observation noise
{Ht(θt) − h(θt)}t≥1, the sequence {θt} converges almost surely to the unique fixed
point θ∗; moreover, the rate of convergence of θt to θ∗ is governed by the conditional
variance of Ht(θt) around its conditional mean h(θt). See the standard texts [BMP12;
Bor09; KY03] for results of this type.

The goal of variance reduction is to improve the basic stochastic approximation
scheme (4.3) by replacing Ht(θt) − θt with an alternative quantity vt that has lower
variance. In this chapter, we study a simple version of such a variance-reduction
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scheme, as described in Algorithm 5. This algorithm is a variant of the Recursive-one-
over-t SGD (ROOT-SGD) algorithm proposed and analyzed in the past work [Li+20]
involving a subset of the current authors. The ROOT-SGD algorithm was developed
for stochastic optimization; it exploits a two-time scale framework that averages the
gradient while performing variance reduction. Our ROOT-SA algorithm extends this
same idea to the more general setting of stochastic approximation for fixed-point
finding in Banach spaces. While the algorithms are similar in spirit, the analysis
in this chapter uses completely different techniques, since it applies to the Banach-
space setting for general operators, as opposed to the Euclidean setting and gradient
operators of convex functions. The key technical difficulties lie in the absence of inner
product structure.

Algorithm 5 ROOT-SA : A recursive SA algorithm
1: Given (a) Initialization θ0 ∈ V, (b) Burn-in B0 ≥ 2, and (c) stepsize α > 0
2: for t = 1, . . . , T do
3: if t ≤ B0 then
4: vt = 1

B0

B0∑
t=1

{Ht(θ0) − θ0} , and θt = θ0.
5: else
6: vt = Ht(θt−1) − θt−1 + t−1

t
(vt−1 − Ht(θt−2) + θt−2),

7: θt = θt−1 + αvt.
8: end if
9: end for

10: return θT

4.3 Main Results
In this section, we state our main results regarding the performance of the ROOT-SA
procedure (cf. Algorithm 5), and discuss some of the consequences of these results.
We provide non-asymptotic bounds on the behavior of the ROOT-SA algorithm in a
number of different (semi)-norms. In Section 4.3, we derive bounds on the operator
defect ∥h(θt) − θt∥, which measures how far the tth-iterate θt of Algorithm 5 is from
being a fixed point of the population operator h. In other settings, we are interested
in bounds on the estimation error ∥θt−θ∗∥; accordingly, Section 4.3 is devoted to such
results, along with bounds on various kinds of semi-norms. Finally, in Section 4.3, we
discuss how to obtain refined results in the special case of linear operators, for which
the contractivity assumption (A1) can be relaxed.

Upper bounds on operator defect
In this section, we provide non-asymptotic upper bounds on ∥h(θt) − θt∥. We begin
by defining some important quantities that appear in our bound.
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Complexity measures: Our bounds depend on certain properties of the i.i.d. noise
sequence {εt(θ∗)}t≥1 and the range Ω of the operator h. Recall that Ω is assumed
to be a convex and symmetric set. Let W ∈ V be a zero-mean Gaussian random
element such that

E [⟨W, y⟩ · ⟨W, z⟩] = E [⟨ε1(θ∗), y⟩ · ⟨ε1(θ∗), z⟩] for all y, z ∈ V∗. (4.4)

Let B denote the unit ball in the space (V, ∥·∥), and let B∗ denote its dual ball, i.e.,
a unit ball in the dual space (V⋆, ∥ · ∥∗). For a given integer sample size n ≥ 1, we
define a pseudo-metric ρn on the dual space V∗ via

ρn(x, y) := sup
e∈nΩ∩B

⟨x− y, e⟩ for all x, y ∈ B∗. (4.5)

Note that the additional restriction e ∈ nΩ makes ρn a weaker pseudo-metric than
the dual norm, and in particular, we have ρn(x, y) ≤ ∥x− y∥∗ for any x, y ∈ V∗. This
weakening is important in the infinite-dimensional case, where the dual ball B∗ is
not compact under the original norm ∥ · ∥∗. The pseudo-metric ρn depends on the
sample size n, but this dependence is mild in many interesting cases. For instance,
if Ω is itself a linear subspace, then the pseudo-metric is independent of n. When
studying the sup-norm, the n-dependence in the pseudo-metric contributes at most
an additional log n factor to the packing numbers, and hence the high-order terms in
our ultimate bounds.

Let N(s;B∗, ρn) denote the cardinality of a maximal s-packing of the dual ball
B∗ ⊆ V⋆ under the pseudo-metric ρn. For any q ≥ 1 we define the Dudley entropy
integral

Jq(B∗, ρn) :=
∫ ∞

0

[
logN(s;B∗, ρn)

]1/q
ds.

Of particular interest are the cases q = 2 and q = 1, which arise in the cases of
sub-Gaussian and sub-exponential tails, respectively. Finally, we define

W = E[∥W∥] and ν =
√

sup
u∈B∗

E
[
⟨u, W ⟩2

]
. (4.6)

These two terms dictate the behavior of the leading-order term in our bound in
Theorem 6.

Tuning parameters: Given a desired failure probability δ ∈ (0, 1), and a total
sample size n, we run Algorithm 5 with the following choices of parameters:

stepsize: α ∈
(

0, (1−γ)2

cL2J 2
2 (B∗,ρn) log

(
n
δ

)] (4.7a)

Burn-in time: B0 = c
(1−γ)2α

log
(
n
δ

)
, (4.7b)

where c is a universal constant.
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Theorem 6. Suppose that Assumptions (A1)—(A3) are in force, and given a sample
size n ≥ 2B0, we run Algorithm 5 using an initialization θ0 and the tuning parameters
specified in equation (4.7). Then there is a universal constant c such that for any
given t ∈ [B0, n], with probability 1 − δ, we have:

∥h(θt) − θt∥ ≤ cB0
t

· ∥θ0 − h(θ0)∥ + c√
t

{
W + ν

√
log(1

δ
)
}

+ c b∗
(1−γ)

[
1
t

+ αL√
t
J2(B∗, ρn) log(n

δ
)
]

·
{

J1(B∗, ρn) + log(1
δ
)
}
. (4.8)

See Section 4.5 for a proof of this theorem.

A few comments regarding Theorem 6 are in order. In order to ease the notation, we
adopt the shorthand ≳ and ≲ to denote inequalities that hold up to terms that are
at most logarithmic in the pair (n, 1/δ).

Optimal stepsize choice: Note that Theorem 6 holds for a range of stepsizes, and
the stepsize requirement is interleaved with the formula (4.7b) for the burn-in period,
which together impose a lower bound on the sample size needed:

n ≥ c
(1−γ)4L

2J 2
2 (B∗, ρn) log2(n

δ
). (4.9a)

Given a sample size n satisfying this requirement, if we choose the stepsize to be

α =
{
LJ2(B∗, ρn) log

(
n
δ

)√
n
}−1

, (4.9b)

the bound (4.8) for t = n takes the form

∥h(θn) − θn∥ ≤ c√
n

{
W + ν

√
log(1

δ
)
}

+ c b∗
(1−γ)n

{
J1(B∗, ρn) + log

(
1
δ

)}
+ cB0

n
· ∥θ0 − h(θ0)∥ . (4.9c)

Initialization dependence and restarts: The dependency of the bound on the
initial gap ∥θ0 − h(θ0)∥ is sub-optimal, but can be removed using a simple restarting
procedure at the cost of O(B0 log n) additional samples. Concretely, given some
fixed number R ≥ 1 of restarting epochs, we can run the ROOT-SA algorithm for R
consecutive short epochs, each with length 2cB0, with the constant c being the one
in Eq (4.9c). The last iterate θ2cB0 of each short epoch is used as the initial point of
the subsequent epoch, and in the end, the output of last short epoch is used as the
initial point θ̃0 to run a final single-epoch instantiation of ROOT-SA on the rest of the
data stream. In total, this restarting procedure uses an additional 2cB0R samples,
and the initialization of the last epoch satisfies the bound∥∥∥θ̃0 − h(θ̃0)

∥∥∥ ≤ c√
B0

(
W + ν

√
log(1/δ)

)
+ cb∗

B0(1−γ)

(
J1(B∗, ρn) + log(1/δ)

)
+ ∥θ0−h(θ0)∥

2R .

(4.10)
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By choosing R ≥ log
(

∥h(θ0)−θ0∥
√
n

W

)
with a restarting sample size 2cB0R, we can

ensure that ∥θ0−h(θ0)∥
2R ≤ W√

n
. Throughout this section, we assume that that the

initialization θ0 is such that the number of restarts R satisfies

Initialization: log
(

∥θ0−h(θ0)∥
√
n

W

)
≤ c0 log n, (4.11a)

for a universal constant c0 > 0. In words, the condition ensures that the operator
defect ∥h(θ0) − θ0∥ for the initialization θ0 is not exponentially large compared to W .
We set the number of restarts R as

Number of restarts: R = 2c0 log n (4.11b)

These conditions ensure that performing R many restarts requires at most

2cB0 log
(

∥h(θ0)−θ0∥
√
n

W

)
≲ 4c0B0 log(n)

additional samples, assuming that the original sample size is lower bounded as
n ≳ L2J2(B∗,ρn)2

(1−γ)4 . Substituting this bound back to the bounds from Theorem 6 with
the optimal stepsize choice (4.9b), we find that

∥h(θn) − θn∥ ≤ c√
n

{
W + ν

√
log(1

δ
)
}

+ cb∗
(1−γ)n ·

{
J1(B∗, ρn) + log(1

δ
)
}
. (4.12)

For the remainder of our discussion in this section, unless otherwise specified, we
assume that the initial condition satisfies (4.10) with R = 2c0 log n, so that the effect
due to initialization is negligible in the bound (4.9c).

Instance-dependent terms: The first and the second terms on the right-hand
side of the bound (4.12) are instance-dependent quantitites, proportional to 1/

√
n

and 1/n, respectively. Consequently, viewed as function of sample size n, the first
term is dominant. That term is proportional to the quantities W and ν, which
depend on the covariance structure of the noise ε(θ∗)—the covariance structure of
the noise at the optimum θ∗—and hence the instance dependence. Next, observe that
E[Z2] ≤ π

2 · (E[|Z|])2 for any mean-zero Gaussian random variable Z, and we have
the upper bound

ν :=
√

sup
u∈B∗

E [⟨u, W ⟩2] ≤
√

sup
u∈B∗

π
2 (E|⟨u, W ⟩|)2 ≤

√
π
2 · E ∥W∥ :=

√
π
2 · W .

As a result, we conclude that the dominant term in the bound (4.12) admits a coarse
upper bound W ·

√
log(1/δ)√
n

.
Moreover, given any δ ∈ (0, 1), a near-optimal tail bound for the Gaussian process

W is given by

P
[

∥W∥ ≥ W + c · ν ·
√

log(1
δ
)
]

≤ δ.
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(For instance, see Ledoux and Talagrand [LT13], Section 3.1). In this way, Theorem 6
matches the behavior of the limiting Gaussian random variable, up to constant factors
and high-order terms. Finally, it is natural to question whether the leading-order
term W√

n
in Theorem 6 is optimal. As we discuss in Section 4.3, this term actually

matches the asymptotic limit up to a constant factor when V is finite dimensional,
even though we have provided a non-asymptotic guarantee.

Comments on the higher-order terms: The second term in the right-hand side
of the bound (4.12) depends on the Dudley entropy integral J1(B∗, ρn), a quantity
that often appears in bounding the suprema of stochastic processes. In the current
context, we use a standard chaining argument to derive the bound

W ≤ b∗J2(B∗, ρn) ≤ b∗

√
J1(B∗, ρn),

with high probability. Such bounds characterize the fundamental complexity of the
geometry for the underlying normed space structure, without explicitly depending on
the problem dimension. Nonetheless, as with most bounds obtained via Bernstein-
type inequalities, this high-order term depends on a worst-case uniform upper bound
on the noise, instead of the actual variance.

As discussed in the next sections (cf. Sections 4.4 and 4.4), when the norm of
interest ∥·∥ is a (weighted) ℓ∞-norm on Rd, we can replace the entropy term J1(B∗, ρn)
by log d. See the papers [Ber12b; BT91] for settings in which such a norm plays a
central role.

Semi-norm bounds on the operator defect

There are various practical settings in which it is of interest to obtain a bound in
some semi-norm

∥∥∥ ·
∥∥∥
C

as opposed to the original Banach space norm ∥·∥. As a simple
example, in the Euclidean setting, i.e. V = Rd, one might have an operator that
is contractive in the ℓ2-norm, but be interested in deriving bounds in the ℓ∞-norm.
Another interesting family is given by the semi-norms

∥∥∥θ∥∥∥
C

:= abs v⊤θ, where v ∈ Rd

is a fixed direction.
Our analysis applies to any semi-norm

∥∥∥ ·
∥∥∥
C

generated in the following way. For
any symmetric and convex subset C ⊂ V⋆, consider the associated semi-norm∥∥∥θ∥∥∥

C
:= sup

v∈C
⟨v, θ⟩. (4.13)

Note that a wide class of interesting semi-norms can be generated in this way.
It is always possible to derive crude bounds in this semi-norm by relating it to

the Banach space norm ∥ · ∥. In particular, if we define the norm domination factor
D := supv∈C ∥v∥∗, then we have the upper bound∥∥∥θ∥∥∥

C
≤ (sup

v∈C
∥v∥∗) · ∥θ∥ := D · ∥θ∥ . for all θ ∈ V. (4.14)
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Consequently, a direct application of Theorem 6 yields∥∥∥h(θn) − θn
∥∥∥
C

≤ D · ∥h(θn) − θn∥ ≲ D√
n

·
{
W + ν ·

√
log(1

δ
)
}
,

with probability at least 1 − δ. However, this bound is of little utility when the norm
domination constant D is large and/or dependent on the ambient dimension of the
problem. Accordingly, the main result of this section is to prove sharper upper bound
on

∥∥∥h(θn) − θn
∥∥∥
C

that, while similar to the bound (4.12), has a leading-order term
that depends on

∥∥∥W∥∥∥
C

, as opposed to the ambient dimension.
Our improved bound involves the complexity terms

WC = E[
∥∥∥W∥∥∥

C
] and νC =

√
sup
u∈C

E [⟨u, W ⟩2]. (4.15)

These two terms dictate the behavior of the leading-order term in our bound on∥∥∥θn − θ∗
∥∥∥
C

.

Corollary 1. Suppose that Assumptions (A1)–(A3) are in force, the sample size sat-
isfies the lower bound n ≥ 2B0, and that we run Algorithm 5 using tuning parameters
satisfying conditions (4.7) and (4.11). Then the iterate θn satisfies the bound

∥∥∥h(θn) − θn
∥∥∥
C

≤ c√
n

{
WC + νC

√
log(1

δ
)
}

+ c D
(1−γ)

{
LJ2(B∗, ρn) log(n

δ
)
√

α
n

+ 1
n

√
α

} {
W + ν

√
log(n

δ
)
}

+ cDLb∗
1−γ

{√
α
n

+ α√
n

}
J2(B∗, ρn)J1(B∗, ρn) log2(n

δ
), (4.16)

with probability at least 1 − δ.

See Section 4.5 for a proof of this corollary.

If we choose the stepsize α =
{
LJ2(B∗, ρn) log

(
n
δ

)√
n
}−1

, then Corollary 1 implies
that∥∥∥h(θn) − θn

∥∥∥
C

≤ c√
n

{
WC + νC

√
log(1

δ
)
}

+
{
W + ν

√
log(1

δ
)
}

· O
(

D
(1−γ)n3/4

)
+ O

(
D

(1−γ)n

)
.

Thus, we see that the dominating term in the bound (4.16) (viewed as a function
of sample size) depends only on the quantity WC + νC

√
log(1

δ
); this dependence is

optimal for a bound in the semi-norm
∥∥∥ ·
∥∥∥
C

(cf. the discussion following Theorem 6).
Any dependence on the norm domination factor D remains only in the higher-order
terms.
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Upper bounds on the estimation error
In many problems, we are interested in computing an upper bound on estimation
error ∥θn − θ∗∥. A simple calculation1 yields the bound

∥θn − θ∗∥ ≤ 1
1−γ · ∥θn − h(θn)∥ . (4.17)

Although this bound is useful—and sharp in a worst-case sense— it can certainly be
improved in general.

In this section, we develop a result (to be stated as Theorem 7) that gives a
sharper bound on the estimation error ∥θn − θ∗∥ when it is possible to construct
linear approximations of the operator h in a neighborhood of θ∗. More precisely, we
impose the following local linearity condition.

Assumption: Local linearity

(A4) For any s > 0, there exists a set As of bounded linear operators on V such that

∥θ − θ∗∥ ≤ sup
A∈As

∥∥∥(I − A)−1
(
h(θ) − θ

)∥∥∥ for all θ ∈ B(θ∗, s). (4.18)

As before, let W be a centered Gaussian random variable in V with the same covariance
structure as ε1(θ∗) := H1(θ∗) − h(θ∗)—that is

E [⟨W, y⟩ · ⟨W, z⟩] = E [⟨ε1(θ∗), y⟩ · ⟨ε1(θ∗), z⟩] for all y, z ∈ V⋆.

Our bounds in this section are stated in terms of the solution to a fixed-point
equation involving functionals of the Gaussian noise W . For any s > 0, define

G(s) := E
[

sup
y∈B∗

A∈As

⟨W, (I − A)−1y⟩
]
, and σ2

∗(s) := sup
y∈B∗

A∈As

E
[
⟨y, (I − A)−1W ⟩2

]
.

(4.19)

Given a stepsize α satisfying (4.7a) and a tolerance probability δ ∈ (0, 1
1+log(1/(1−γ))),

we define the function

Hn(α, δ) := log(n
δ

)
(1−γ)2

{[
J2(B∗, ρn)L

√
α
n

+ 1
n

√
α

]
· W

+
[

J2(B∗,ρn)Lα√
n

+ 1
n

]
· b∗
[
J1(B∗, ρn) + log(n

δ
)
]}
. (4.20a)

1By the triangle inequality, we have ∥θn − θ∗∥ ≤ ∥θn − h(θn)∥ + ∥h(θn) − h(θ∗)∥. From the
contractivity assumption (A1), we have ∥h(θn) − h(θ∗)∥ ≤ γ ∥θn − θ∗∥, and rearranging yields the
claim.
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This quantity serves as a higher-order term in our analysis. We consider the following
fixed-point equation in the variable s:

s = G(2s)√
n

+ σ∗(2s)
√

log(1/δ)
n

+ Hn(α, δ). (4.20b)

It can be shown that equation (4.20b) has a non-empty and bounded set of non-
negative solutions (cf. the discussion following equation (4.22)); we let s∗

n be the
largest such solution.

Theorem 7. Suppose that Assumptions (A1)– (A4) are in force, and that we run
Algorithm 5 using tuning parameters satisfying conditions (4.7) and (4.11). Then the
final iterate θn satisfies the bound

∥θn − θ∗∥ ≤ c · s∗
n with probability at least 1 − δ, (4.21)

where c is a universal constant.

See Section 4.5 for the proof of this theorem.
Note that our contractivity assumption implies that functions G and ν defined in

equation (4.19) are uniformly bounded—viz.

G(s) = E
[

sup
y∈B∗,A∈As

⟨W, (I − A)−1y⟩
]

≤ E [∥W∥]
1 − γ

, and

σ2
∗(s) := sup

y∈B∗,A∈As

E
[
⟨y, (I − A)−1W ⟩2

]
≤ 1

(1 − γ)2 sup
y∈B∗

E
[
⟨y, W ⟩2

]
. (4.22)

These inequalities (4.22), in conjunction with Theorem 6, guarantee that the fixed-
point equation (4.20b) has a non-empty and bounded set of solutions; consequently,
the maximum solution s∗

n is well-defined. Moreover, this also shows that the bound
from Theorem 7 is always superior to the naive bound (4.17).

Note that only the high-order term Hn(α, δ) depends on the stepsize. By taking
the optimal stepsize αn =

{
LJ2(B∗, ρn) log

(
n
δ

)√
n
}−1

, this term becomes:

Hn(αn, δ) :=
log(n

δ
)

(1 − γ)2

{√LJ2(B∗, ρn)
n3/4 · W + b∗

n

[
J1(B∗, ρn) + log(n

δ
)
]}
, (4.23)

which consists of two terms: an O(n−3/4) term depending on the Gaussian process
supremum W that captures the second moment of the noise, and an O(n−1) term
depending on the worst-case upper bound on the noise, as well as the Dudley integral.
Under our stepsize choice, the high-order terms not only decay at a faster rate with
sample size n, but also capture the underlying complexity of the norm ∥·∥, instead of
the ambient dimension of the space V.
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Asymptotic optimality: As with the results from the previous section, Theorem 7
provides a non-asymptotic bound involving the Gaussian process (I − A)−1W for
some A ∈ As. Once again, it is natural to ask if such a Gaussian process is locally
asymptotically minimax (LAM) (cf. [Häj72; LeC53; van00]). In order to apply Le
Cam’s theory so as to address this question, let us assume that the vector space V has
finite dimension. Moreover, we impose an additional assumption on the (approximate)
uniqueness of the local linearization. In particular, we assume that there exists a
mapping A0 : V → V such that

lim
s→0+

sup
A∈As

|||A− A0|||V = 0. (4.24)

This condition holds, for example, when the operator h is Fréchet differentiable in
an open neighborhood of the point θ∗, in which case A0 corresponds to the Fréchet
derivative of h at θ∗. It is also worth noticing that the condition (4.24) implies
lims→0+ G(s) = G(0) = E [∥(I − A0)−1W∥].

When V is finite-dimensional and condition (4.24) holds, the optimality of the
random variable (I − A0)−1W follows from classical LAM theory [Häj72; van00].
In particular, let us adopt the “tilting” method described in the paper [DR16].
Suppose that the (i.i.d.) random operators {Ht}t≥1 follow distribution P, and for any
distribution Q, let θ∗(Q) denote a solution (assuming that one exists) to the fixed-
point equation θ = EH∼Q [H(θ)]. Under suitable tail assumptions on the distributions
P and Q, for any estimator θ̃n that maps a sequence of observed operators {Ht}nt=1 to
the vector space V, an adaptation of Theorem 1 from [DR16] yields the lower bound

lim inf
∆→∞

lim inf
n→∞

sup
Q |D(Q ∥ P)≤ ∆

n

E
[
L
(√

n
(
θ̃n − θ∗(Q)

))]
≥ E

[
L
(
(I − A0)−1W

)]
,

(4.25)

valid for any quasi-convex symmetric loss function L : V → R+. If we make the
particular choice L (·) = ∥·∥, then we can conclude that, when estimating θ∗ in the
Banach norm ∥·∥, the asymptotic lower bound is given by E [∥(I − A0)−1W∥].

Let us compare this fundamental limit to the behavior of the ROOT-SA estimator.
We take a sequence of stepsizes α = αn such that αn → 0+ and nαn → ∞. With this
choice, applying Theorem 7 yields that the ROOT-SA estimator θn satisfies the bound

lim sup
n→∞

P
[
∥θn − θ∗∥ ≥ c · E

[∥∥∥(I − A0)−1W
∥∥∥] ] ≤ 1

3 , (4.26)

for some universal constant c > 0. Note that the constant 1/3 in the right-hand-side
can be replaced by any positive constant in (0, 1).

Equation (4.26) establishes that the ROOT-SAestimator θn is asymptotically optimal
up to a constant pre-factor, albeit in a high-probability sense (and not necessarily
the expectation). This distinction arises since the tuning parameters underlying
Theorem 7 depend on the failure probability δ. Nevertheless, the leading-order term
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in Theorem 7 is optimal up to constant factors, even when the failure probability
is considered. In particular, given an integer p > 0, taking L (·) := ∥·∥p, the LAM
result (4.25) implies that the risk is lower bounded as

E
[∥∥∥(I − A0)−1W

∥∥∥p] ≥ 1
2

((
E
[∥∥∥(I − A0)−1W

∥∥∥] )p + sup
x∈B∗

⟨x, (I − A0)−1W ⟩p
)

≥ 1
2

[
G(0)p +

(√
p · σ∗(0)

)p]
.

On the other hand, given δ ∈ (0, 1), we have

lim sup
n→∞

P
[
∥θn − θ∗∥ ≥ c ·

(
G(0) + σ∗(0)

√
log 1/δ

)]
≤ δ, (4.27)

which matches the behavior of the p-th moment lower bound.

Semi-norm bounds on the estimation error

Recall the setup of Section 4.3. We now refine these results by providing an upper
bound on

∥∥∥θn−θ∗
∥∥∥
C

, where
∥∥∥ ·
∥∥∥
C

is a semi-norm of the form (4.13), assumed to satisfy
the domination condition (4.14). Moreover, we assume the following modification of
the local linearity condition holds.

Assumption: Local linearity in semi-norm

(A4)′ For any s > 0, there is a set As of bounded linear operators on V such that∥∥∥θ − θ∗
∥∥∥
C

≤ sup
A∈As

∥∥∥(I − A)−1
(
h(θ) − θ

)∥∥∥ for all θ ∈ B(θ∗, s). (4.28)

As a refinement of the definition (4.19), we introduce the complexity terms

GC(s) := E
[

sup
y∈C
A∈As

⟨W, (I − A)−1y⟩
]
, and σ2

∗,C(s) := sup
y∈C
A∈As

E
[
⟨y, (I − A)−1W ⟩2

]
.

(4.29)
Given a stepsize α satisfying the bound (4.7a) and a tolerance probability δ ∈
(0, 1

log(1/(1−γ))), we define s∗
C,n > 0 to be the largest solution to the fixed-point equation

s = GC(2s)√
n

+ σ∗,C(2s)
√

log(1/δ)
n

+ D · Hn(α, δ), (4.30)

where the higher-order term Hn(α, δ) was previously defined (4.20a).

Corollary 2. Under Assumptions (A1)– (A3) and (A4)′, the estimate θn from
Algorithm 5, obtained using tuning parameters satisfying conditions (4.7) and (4.11),
satisfies the bound∥∥∥θn − θ∗

∥∥∥
C

≤ c · s∗
C,n with probability at least 1 − δ, (4.31)

where c is a universal constant.

See Section 4.5 for the proof of this corollary.
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Linear operators with multi-step contraction
In the special case where h is a bounded linear operator in V, the contraction
assumption (A1) can be significantly weakened. In particular, it suffices to require
that a multi-step composition of the operator be contractive.

Assumption: multi-step contraction

(A1)′ For some integer m ≥ 1, the affine operator h(θ) = Aθ+b is m-stage contractive,
meaning that

|||A|||V ≤ 1 and |||Am|||V ≤ 1
2 . (4.32)

Note that assumption (A1)′ implies that the linear operator (I − A) is invertible; in
particular, we have the operator norm bound

|||(I − A)−1|||V ≤
∞∑
k=0

sup
v∈B

∥∥∥Akv∥∥∥ =
∞∑
k=0

m−1∑
j=0

|||Amk+j|||V ≤
∞∑
k=0

m−1∑
j=0

|||Am|||kV · |||Aj|||V ≤ 2m.

(4.33)

Again, let W be a centered Gaussian variable in V with the same covariance struc-
ture as ε(θ∗) := H(θ∗) − h(θ∗); that is, E [⟨W, y⟩ · ⟨W, z⟩] = E [⟨ε(θ∗), y⟩ · ⟨ε(θ∗), z⟩]
for all y, z ∈ V⋆. Finally, we define

W = E[∥W∥] and ν =
√

sup
u∈B∗

E
[
⟨u, W ⟩2

]
. (4.34)

Tuning parameters: Given a desired failure probability δ ∈ (0, 1), and a total
sample size n, we run Algorithm 5 with the following choices of parameters:

Stepsize choice: α ≤ c

mL2J2(B∗, ρn)2 · log2 n
δ

(4.35a)

Burn-in time: B0 = cm
α

log(n
δ
), (4.35b)

where c is an universal constant.

Theorem 8. Suppose that Assumptions (A1)′, (A2), and (A3) are in force, and
given a sample size n ≥ 2B0, we run Algorithm 5 using tuning parameters from
equation (4.35a) and (4.35b). Then for any given t ∈ [B0, n], with probability 1 − δ,
the following bound holds true:

∥h(θt) − θt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ cb∗

{
1
t

+ αLJ2(B∗,ρn)√
t

log(n
δ
)
}{

J1(B∗, ρn) + log(1
δ
)
}

+ cB0

t
∥θ0 − h(θ0)∥ , (4.36)
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See Section 4.5 for the proof of this theorem.
A few remarks are in order. First, we note that the leading-order term c√

t

{
W +

ν
√

log(1
δ
)
}

coincides with the high-probability bounds for the limiting Gaussian
random variable that captures the second moment of the noise εt(θ∗), as with
Theorem 6. In order to obtain sharp bounds with exponentially-decaying dependency
on the initial condition ∥θ0 − h(θ0)∥, we employ the re-starting scheme discussed
after Theorem 6, with R consecutive short epochs, each of length 2cB0, and the rest
of the data stream being used in the final epoch. Assuming that the initialization
satisfies the condition

Initialization: log
(

∥θ0−h(θ0)∥
√
n

W

)
≤ c0 log n (4.37a)

for some universal constant c0, we set the number of restarts to be equal to

Restarts: R = 2c0 log n. (4.37b)

Under such restarting scheme, for n ≥ 2cB0R the output θn of the final iterate
satisfies the bound

∥h(θn) − θn∥ ≤ c√
n

{
W + ν

√
log(1

δ
)
}

+ cb∗

{
1
n

+ αLJ2(B∗,ρn)√
n

log(n
δ
)
}{

J1(B∗, ρn) + log(1
δ
)
}
. (4.37c)

Taking the optimal stepsize α =
{
LJ2(B∗, ρn) log

(
n
δ

)√
n
}−1

, the bound (4.37c)
becomes:

∥h(θn) − θn∥ ≤ c√
n

{
W + ν

√
log(1

δ
)
}

+ cb∗

n

{
J1(B∗, ρn) + log(1

δ
)
}
. (4.38)

Sample size requirement and high-order terms: Note that Theorem 8 requires
the following sample size lower bound:

n ≥ cL2m2J2(B∗, ρn)2 · log3 n
δ
.

In the special case when the operator h is γ-contractive, assumption (A1)′ is satisfied
with m = 1

1−γ , and the sample size requirement of order O
(

1
(1−γ)2

)
is milder than the

O
(

1
(1−γ)4

)
in the general case. Moreover, the high-order term in Eq (4.37c) scales

as cb∗
n

{
J1(B∗, ρn) + log(1

δ
)
}

, which does not depend on the contraction factor, and
improves over the general nonlinear case. Intuitively, such differences come from the
linear structure of the population-level operator h, making the noises in the stochastic
operators Ht pass through smooth transformations over the iterates and allowing for
concentration arguments with more terms. Finally, the results hold true only under
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the weaker multi-step contraction Assumption (A1)′. As we will see in Corollary 7,
such a relaxation of the condition is crucial to stochastic approximation problems
associated to the average-cost policy evaluation problems.

Observe that for a linear operator h(θ) = Aθ + b that satisfies the contractivity
condition (cf. Assumption (A1)′), the inverse (I − A)−1 exists, and we have

θ − θ∗ = (I − A)−1(h(θ) − θ∗).

Consequently, given any semi-norm
∥∥∥ ·
∥∥∥
C

of the form (4.13) satisfying condition (4.14),
an argument similar to Corollary 2 yields the following corollary.

Corollary 3. Suppose that the conditions of Theorem 8 are in force. By running the
ROOT-SA algorithm with the restarting scheme described in Eq (4.37), the output θn
obtained from Algorithm 5 satisfies the bound

∥∥∥θn − θ∗
∥∥∥
C

≤ c√
n

{
E
[∥∥∥(I − A)−1W

∥∥∥
C

]
+
√

sup
u∈C

E
[
⟨u, (I − A)−1W ⟩2

]
log(1

δ
)
}

+ cmD
{
LJ2(B∗, ρn) log(n

δ
)
√

αm
n

+ 1
n

√
m
α

} {
W + ν

√
log(n

δ
)
}

+ cmb∗D
{

1
n

+ αLJ2(B∗,ρn)√
n

log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

(4.39)

with probability at least 1 − δ.

See Section 4.5 for the proof of this corollary.
A few remarks are in order. First, as with Theorem 7 and Corollary 2, the

leading-order term of the bound in Corollary 3 achieves the high-probability bound
(under

∥∥∥ ·
∥∥∥
C

-norm) for the Gaussian random vector in the local asymptotic minimax
limit, up to universal constant factors. Since the problem itself is linear, the class
As of linear operators is singleton, and the estimation error upper bounds can
be expressed directly through E

[∥∥∥(I − A)−1W
∥∥∥
C

]
, without resorting to fixed-point

equations. Compared with the high-order terms defined by Eq (4.20a) in the general
case, the high order terms in Eq (4.39) (the second and third line of the equation)
save a factor of 1

1−γ in the contractive case, while generalizing to the multi-step
contraction case. Such an improvement under linearity is in accordance with the
operator defect bound in Theorem 8. Finally, we note that by choosing the optimal
stepsize α =

{
LJ2(B∗, ρn) log

(
n
δ

)√
n
}−1

, the following upper bound holds true:

∥∥∥θn − θ∗
∥∥∥
C

≤ c√
n

{
E
[∥∥∥(I − A)−1W

∥∥∥
C

]
+
√

sup
u∈C

E
[
⟨u, (I − A)−1W ⟩2

]
log(1

δ
)
}

+ cmD

√
LJ2(B∗, ρn)m

n3/4 W · log(n/δ) + cmb∗D
n

{
J1(B∗, ρn) + log(n

δ
)
}

(4.40)
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In addition to the O
(
n−1/2

)
optimal leading-order term, two high-order terms exists:

an O
(
n−3/4

)
term that depends on the variance of the noise εt(θ∗) and properties of

the associated Gaussian process under the norm ∥·∥, and an O
(
n−1

)
scaling with the

almost-sure upper bounds on the noise as well as the Dudley integral. Once again,
both high-order terms depends on geometry of the norm ∥·∥, instead of the ambient
dimension of the problem.

4.4 Consequences for Concrete Use Cases
This section is devoted to the discussion of three classes of problems that fall within
the framework of this chapter. They serve as illustrative examples for the consequences
of our main results in Section 4.3.

Computing stochastic shortest paths
We begin with the problem of computing stochastic shortest paths (SSPs) [BT91;
YB13]. Such SSP problems can be formulated in terms of a particular type of Markov
decision process (MDP) with a finite state space X and action space U . A generic MDP
involves a collection of probability transition kernels, {Pu(x′ | x) | (x, u) ∈ X × U},
where the transition kernel Pu(x′ | x) denotes the probability of transition to the
state x′ when an action u is taken at the current state x. The MDP is equipped with
a cost function, c : X × U 7→ R, such that the scalar c(x, u) denotes the cost received
upon performing the action u in state x.

In the special case of a stochastic shortest path (SSP) problem, we assume that
state 1 is absorbing and is cost-free, meaning that

c(x = 1, u) = 0 and Pu(x′ | x = 1) = 1x′=1 for all actions u ∈ U . (4.41)

A stationary policy π is a mapping X 7→ U such that π(x) ∈ U denotes the action
to be taken in the state x. We assume that the total infinite-horizon cost incurred by
any stationary policy π is finite—viz.

Ex0=x

[ ∞∑
k=1

|c(xk, π(xk))|
]
< ∞ for all x ∈ X . (4.42)

Any such stationary policy π is called a proper policy; throughout this section, if not
mentioned otherwise, all policies are assumed to be proper policies. The aim is to
obtain a policy π⋆ minimizing the total cost for any initial state x.

One way to estimate an optimal policy is to calculate the optimal Q-function.
Associated with a proper policy π is its Q-function

θπ(x, u) := E
[ ∞∑
k=0

c(xk, uk) | x0 = x, u0 = u
]
, where uk = π(xk) for all k = 1, 2, . . ..
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The optimal Q-function is given by θ⋆(x, u) := infπ∈Π θπ(x, u).
Finally, we note that both finite-horizon and discounted dynamical programming

problems are special cases of the stochastic shortest path formulation. In the former
case, for an H-horizon problem on the state space X , we construct the new state
space X ′ =

(
X × [H]

)
∪ {1}, where transitions are made from (x, h) to (y, h+ 1) for

x, y ∈ X and h ≤ H − 1. At the end of H steps, the process moves directly to the
absorbing state 1 and stays there afterwards. In the latter case, we let the augmented
space be X ′ = X ∪ {1}, and the Markov decision process is “killed” and moves to
the absorbing state 1 at a rate 1 − γ. The resulting infinite-horizon undiscounted
problems are equivalent to the original (finite-horizon or discounted) problems. On
the other hand, the SSP formulation can cover much more general class of MDPs
with absorbing states, beyond the simple finite-step or independent geometric killing
structure.

Bellman operator and contractivity

Observe that for any policy π, the cost-free absorbing state property (4.41) ensures
that θπ(1, u) = 0, and as a result θ⋆(1, u) = 0 for all actions u ∈ U . Using the
shorthand X−1 := X \ {1}, it suffices to estimate {θ⋆(x, u) | (x, u) ∈ X−1 × U}. Under
the proper policy assumption (4.42), classical theory [BT91; YB13] guarantees that
the optimal Q-function restricted to the set X−1 × U is the unique fixed point of the
Bellman operator

h(θ)(x, u) = c(x, u) +
∑

x′∈X−1

Pu(x′ | x) min
u′∈U

θ(x′, u′) (x, u) ∈ X−1 × U , (4.43)

which is an operator on the space of Q-functions. For SSP problems with finite state
and action spaces, any Q-function can be viewed an element of R|X−1×U|, in which
case h can be viewed as an operator on RD where D := |X−1 × U|.

For a weight vector w := {w1, . . . , wD} ∈ RD
+ , we define a weighted ℓ∞-norm on

RD via ∥θ∥w := max
i=1,...,D

|θi|
wi

. In order to construct the norm, we let Π be the set of all
stationary policies, and define the hitting times:

∀x ∈ X−1, τ
(x)
hit := sup

π∈Π
Eπx0=x

[
inf

{
t > 0 : xt = 1

}]
. (4.44)

In words, the quantity τ (x)
hit is the maximum over all the possible policies of the largest

expected time for the MDP to go from the state x to the absorbing state 1. We
further define

τmin = min
x∈X−1

τ
(x)
hit and τmax = max

x∈X−1
τ

(x)
hit .

Taking the weight vector as wx = τ
(x)
hit for each x ∈ X−1, it is known [BT91; Tse90]

that

∥h(θ1) − h(θ2)∥w ≤
(

1 − 1
τmax

)
· ∥θ1 − θ2∥w for θ1, θ2 ∈ RD. (4.45)
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Thus, the operator h is
(
1 − 1

τmax

)
-contractive in the weighted ℓ∞-norm, so that our

general theory can be applied with this choice of Banach space.

Generative observation model

We analyze the ROOT-SA algorithm under a stochastic oracle known as the generative
observation model for the SSP problem. For any state-action pair (x, u), the generative
model allows us to draw next-state and cost samples from the MDP (r,P). More
precisely, we have access to a collection of n i.i.d. samples of the form {(Zk, Ck)}nk=1,
where both Zk and Ck are random matrices in R|X−1|·|U|. For each state-action
pair (x, u), the entry Zk(x, u) is drawn according to the transition kernel Pu(· | x),
whereas the entry Ck(x, u) is a zero-mean random variable with mean c(x, u); this
corresponds to a noisy observation of the cost function. We assume that the random
cost Ck(x, u) is upper bounded by cmax in absolute value. Here the cost samples
{Ck(x, u)}(x,u)∈X ×U are independent across all state-action pairs, and the cost samples
{Ck} are independent of the transition samples {Zk}.

The empirical Bellman operator: Given a sample (Z, C) from our observation
model, we define the single-sample empirical Bellman operator H(·) on the space of
Q-functions, whose action on a Q-function θ is given by

H(θ)(x, u) := C(x, u) +
∑

x′∈X−1

Zu (x′ | x) min
u′∈U

θ (x′, u′) . (4.46)

Here we have introduced Zu (x′ | x) := 1Z(x,u)=x′ . We are ready to state our guarantees
for the stochastic shortest path problem.

Guarantees for stochastic shortest path

It is easy to see that the operators h(·) and H(·), defined respectively in equa-
tions (4.43) and (4.46), satisfy Assumptions (A1)- (A3) with the weighted ℓ∞-norm
∥ · ∥w. In order to obtain an optimal policy from an estimate θn of the optimal Q
function, it is natural to obtain performance bounds in the ∥ · ∥∞ norm, and we do
so by invoking Corollaries 1 and 2 with

∥∥∥ ·
∥∥∥
C

= ∥ · ∥∞.

Accordingly, consider a Gaussian random vectorW withW ∼ N
(

0, cov(H(θ∗) − θ∗)
)

,
and define

W = E[∥W∥∞], ν2 := sup
x∈X−1,u∈U

E[W 2
x,u], and b∗ := cmax

τmin
+ ∥θ∗∥w. (4.47)

For a given failure probability δ ∈ (0, 1), our result applies to the algorithm with
parameters

α = c1

{√
n log |X × U| · log(n/δ)

}−1
, and B0 = c2τ2

max
α

log(n
δ
), (4.48a)
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We also choose the initialization θ0 and the number of restarts R such that

log
(

∥θ0−h(θ0)∥
√
n

W

)
≤ c0 log n and R ≥ 2c0 log n, (4.48b)

where c0, c1, c2 are appropriate universal constants. We obtain the following guarantee:

Corollary 4. Given a sample size n such that n
logn ≥ c′ log(|X | · |U|) · τ 4

max log(1/δ),
running Algorithm 5 with the tuning parameter choices (4.48) yields an estimate θn
such that

∥h(θn) − θn∥∞ ≤ c√
n

·
{
W + ν

√
log(1

δ
)
}

+ cb∗τ
2
max

log(|X |·|U|)
n

log2(n
δ
),

with probability at least 1 − δ.

Note that when we invoke Corollary 1 to obtain this corollary, the second term
is absorbed into the leading-order term under the sample size lower bound n

logn ≥
c′ log(|X | · |U|) · τ 4

max log(1/δ). In particular, the semi-norm domination factor is
D = τmax in this case, and we have the following inequalities:

D · E [∥W∥w] ≤ τmax

τmin
E [∥W∥∞] ≤ τmaxW , and

D · sup
∥y∥w−1 ≤1

√
E
[
⟨y, W ⟩2

]
≤ τmax

τmin
sup

∥y∥∞≤1

√
E
[
⟨y, W ⟩2

]
≤ τmaxν,

which makes the second term of equation (4.16) dominated by the first term.
Next, in order to obtain an upper bound on the estimation error ∥θn − θ∗∥∞ we

need a few more definitions. For a given Q-function Q, we say π is a greedy policy of
θ if and only if

π(x) = arg min
u

Q(x, u) for all x ∈ X−1,

and denote Πθ as the set of all greedy policies of θ. Note that the greedy policies of
a given Q-function may not be unique. Using this greedy policy, we can define the
right-linear operator

PπQQ(x, u) =
∑
x′

Pu(x′ | x)Q(x′, πQ(x′)).

We also define a set As of linear operators as

As = {PπQ | πQ is a greedy policy of Q with Q ∈ B(θ⋆, s)}. (4.49)

Let B(θ∗, s) := {θ | ∥θ − θ∗∥∞ ≤ s} denote the ℓ∞-ball of radius s around θ∗. We
use π⋆ to denote the greedy policy associated with the optimal Q-function θ⋆. In
Section 4.9, we show that the local linearity assumption ((A4)′) is satisfied for the
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Bellman operator (4.43) with the set of operators As from equation (4.49), and with∥∥∥ ·
∥∥∥
C

= ∥ · ∥∞.

Given a tolerance probability δ ∈ (0, 1
log(1/(1−γ))), let s∗

n denotes the largest positive
solution to the fixed-point equation

sn = 1√
n

{
E
[

sup
θ∈B∞(θ∗,sn)

π∈Πθ

∥∥∥(I − Pπ
)−1

W
∥∥∥

∞

]

+ sup
θ∈B∞(θ∗,sn),π∈Πθ

(x,u)∈X−1×U

(
E
[
δ⊤
x,u(I − Pπ)−1W

]
log(1/δ)

)1/2}

+ τ 2
max log(n

δ
)
{
τmax
τmin

(
log(|X−1|·|U|)

n

)3/4
E[∥W∥∞] + b∗τmax

log(|X−1|·|U|)
n

}
. (4.50)

Here we have defined the indicator function δx,u = 1(x′,u′)=(x,u). We obtain the
following corollary:

Corollary 5. Under the setup of Corollary 4, the estimate θn satisfies the bound

∥θn − θ∗∥∞ ≤ c · s∗
n with probability at least 1 − δ, (4.51)

where c is a universal constant.

A few remarks are in order. First, the bound depends on the size of state-action
space only poly-logarithmically, and depends on the quantity τmax through two sources:
the contraction parameter and the norm domination factor between ∥ · ∥∞ and ∥ · ∥w.
Second, let Π∗ be the set of all optimal policies for the SSP problem, for sample size
n large enough,2 the ball B∞(θ∗, sn) will eventually shrink to the singleton θ∗, and
the supremum in the fixed-point equation (4.50) is taken over π ∈ Π∗. The solution
sn to such an equation therefore takes the following form:

sn = 1√
n

{
E
[

sup
π∈Π∗

∥∥∥(I − Pπ
)−1

W
∥∥∥

∞

]

+ sup
π∈Π∗

(x,u)∈X−1×U

(
E
[
δ⊤
x,u(I − Pπ)−1W

]
log(1/δ)

)1/2}
+ high-order terms

≤ 1√
n

max
π∈Π∗

(x,u)∈X−1×U

√
E
[(
δ⊤
x,u(I − Pπ)−1(H(θ∗) − θ∗)

)2
]

·
√

log |X |·|U|·|Π∗|
δ

+ high-order terms.

Up to a factor of
√

log |X |·|U|·|Π∗|
δ

, this matches the two-point lower bound in the
paper [Kha+21] (in the discounted MDP case). When specializing to the cases

2The sample size requirement may depend on the gap between the value of optimal and sub-
optimal actions, as in the prior work [Kha+21].
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where the optimal policy is unique, or satisfies the Lipschitz-type assumptions in the
paper [Kha+21], the upper bound above also recovers the leading-order term in that
paper. We conjecture that the leading-order term of the solution sn to the fixed-point
equation is actually optimal for large n. It is an important direction of future work to
investigate this gap, and establish optimality results under suitably defined problem
classes.

Note that when specialized to the γ-discounted MDPs, the sample size requirement
in Corollary 5 becomes O(1 − γ)−4, which can be worse than the corresponding
requirements in the paper [Kha+21], at least in certain regimes. Intuitively, this is
the price we pay when moving to the general case where only the contraction of the
population-level operator is assumed, instead of the sample-level contraction.

Two-player zero-sum Markov games
Two-player zero-sum Markov games are a generalization of MDPs and two player
zero-sum games, in which two players play multiple rounds of a zero-sum game
and their goal is to maximize their expected long-term reward. Markov games are
characterized by a six-tuple {X ,U1,U2,P, r, γ}. Let X denote the state space, and
let U1 and U2 denote the action sets for players one and two, respectively. Here we
focus on games with finite state and action space, i.e., |X × U1 × U2| < ∞.

The probability transition kernel {Pu1,u2(x′ | x) | (x, u1, u2) ∈ X × U1 × U2}, en-
codes the transition to the next state given the actions of the players. In particular,
the scalar Pu(x′ | x) denotes the probability of transition to the state x′, when at
state x player 1 takes the action u1 and player 2 takes the action U2. The MDP is
equipped with a reward function r : X × U1 × U2 7→ R such that the scalar r(x, u1, u2)
denotes the cost received at state x when player 1 takes the action u1 and player
2 takes the action u2. Finally, the scalar γ ∈ (0, 1) is a parameter reflecting the
discounting of future rewards.

For each player i ∈ {1, 2}, a stationary policy πi is a mapping X → P(Ui), where
P(Ui) denotes the set of probability distributions over the finite action set Ui. In
other words, the actions taken by the players can be random, and for any state x ∈ X ,
the distribution πi(· | x) is a probability distribution on the set of actions Ui to be
taken by player i. We use Π1 and Π2 to denote the set of all policies for players 1
and 2, respectively.

Assuming player 1 is following policy π1, and player 2 is following policy π2, the
value V (· | π1, π2) : R|X | 7→ R of player 1 is defined as the expected sum of discounted
rewards in an infinite sample path:

V (x | π1, π2) = E
[ ∞∑
k=1

r(xk, u1k, u2k | x0 = x)
]
,

where u1k ∼ π1(· | xk) and u2k ∼ π2(· | xk). (4.52)
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Given that the game is zero-sum, the reward for player 2 with initial state x is
−V (x | π1, π2). Players 1 and 2 want to choose their policies π1 and π2 that maximize
their respective reward for all values of initial state x.

Nash equilibrium: A natural notion of equilibrium in two-player zero-sum Markov
games is the Nash equilibrium. A policy pair (π⋆1, π⋆2) is called a Nash equilibrium if
for all initial states x ∈ X

V (x | π⋆1, π⋆2) ≥ V (x | π1, π
⋆
2) for all policies π1 ∈ Π1, and

−V (x | π⋆1, π⋆2) ≥ −V (x | π⋆1, π2) for all policies π2 ∈ Π2. (4.53)

In words, the policy π⋆1 is the best response for player 1 assuming player 2 is playing
policy π⋆2, and the policy π⋆2 is the best response for player 2 assuming player 1 is
playing policy π⋆1. Thus, neither player has any incentive to deviate from the policy
pair (π⋆1, π⋆2). In two-player zero-sum Markov games, a Nash equilibrium always exists,
and it is equivalent to the minimax solution [Pat97; Per+15]. Concretely, there exist
policies (π⋆1, π⋆2) such that

V ⋆(x) = V (x | π⋆1, π⋆2) = min
π1

max
π2

V (x | π1, π2) = max
π1

min
π2

V (x | π1, π2) for all x ∈ X .
(4.54)

The function V ⋆ is known as the value of the game.

Q-function and the Bellman fixed-point equation

One method for finding a pair of policies (π⋆1, π⋆2) that achieves the equilibrium (4.54)
is by computing the optimal state-action value functions or the optimal Q-function
θ⋆. It is known [Pat97; Per+15] to be the fixed point of the Bellman operator

h(θ)(x, u1, u2) = c(x, u1, u2)
+ γ ·

∑
x′∈X

Pu1,u2(x′ | x) max
π1

min
π2

∑
u′

1,u
′
2

π1(u′
1 | x′) · π2(u′

2 | x′) · θ(x′, u′
1, u

′
2). (4.55)

Notably, when the number of states and actions are finite, the minimax problem on
the right-hand side of equation (4.55) can be computed by solving the two-player
zero-sum matrix game with the payoff matrix {θ(x′, u1, u2) | u1 ∈ U1, u2 ∈ U2}.
Finally, for Markov games with finite state and action spaces, the Q-function θ can
be conveniently represented as an element of R|X |×|U1|×|U2|, and the Bellman operator
h is an operator on R|X |×|U1|×|U2|.

A simple calculation yields that the Bellman operator is γ-contractive in the
ℓ∞-norm [Pat97; Per+15], and as a result, the optimal Q-function is the unique fixed
point of the operator h. We can thus apply our general Banach space theory to derive
bounds on the ROOT-SA procedure.
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The generative model and empirical Bellman operator

We analyze the behavior of the ROOT-SA algorithm under a stochastic oracle known as
the generative model. A sample from this model consists of a pair of real-valued tensors
(Z, R), each with dimensions |X | × |U1| × |U2|. For each triple (x, u1, u2), the entry
Z(x, u1, u2) is drawn according to the transition kernel Pu1,u2(· | x), whereas the entry
R(x, u1, u2) is a zero-mean random variable with mean r(x, u1, u2), corresponding to
a noisy observation of the reward function. The transition and reward samples across
entries of the tensors are independently sampled, and we assume that the rewards
are bounded in absolute value by rmax.

Given a sample (Z, R) from our observation model, we can define the single-sample
empirical Bellman operator

H(θ)(x, u1, u2) := R(x, u1, u2)
+
∑
x′∈X

Zu1,u2 (x′ | x) max
π1

min
π2

∑
u′

1,u
′
2

π1(u′
1 | x′) · π2(u′

2 | x′) · θ(x′, u′
1, u

′
2), (4.56)

where we have introduced the notation Zu1,u2 (x′ | x) := 1Z(x,u1,u2)=x′ . With these
definitions in hand, we are now ready to state our guarantees for two-player zero-sum
Markov games.

Guarantees for two-player zero-sum Markov games

Consider a Gaussian random vector W with W ∼ N
(

0, cov(H(θ∗) − θ∗)
)

, we define

W = E[∥W∥∞], ν2 := sup
x∈X ,u1∈U1,u2∈U2

E[W 2
x,u1,u2 ], and b∗ := rmax + ∥θ∗∥∞.

(4.57)

For a given failure probability δ ∈ (0, 1), our result applies to the algorithm with
parameters

α = c1

{√
n log |X × U1 × U2| · log(n

δ
)
}−1

, and B0 = c2
(1−γ)2α

log(n
δ
). (4.58a)

We also choose the initialization θ0 and the number of restarts R such that

log
(

∥θ0−h(θ0)∥
√
n

W

)
≤ c0 log n and R ≥ 2c0 log n (4.58b)

for appropriate universal constants c0, c1 and c2. With this setup, a direct application
of Theorem 6 yields the following corollary:

Corollary 6. Given a sample size n such that n
logn ≥ c′ log(|X |·|U1|·|U2|)

(1−γ)4 log(1
δ
), running

Algorithm 5 with the tuning parameter choices (4.58) yields an estimate θn such that

∥h(θn) − θn∥∞ ≤ c√
n

·
{
W + ν

√
log(1

δ
)
}

+ cb∗
1−γ · log(|X |·|U1|·|U2|)

n
log2(n

δ
).

with probability at least 1 − δ.
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Note that the bound in Corollary (6) depends on the size of state-action space
|X | · |U1| · |U2| only poly-logarithmically. Moreover, one can obtain an upper bound
on the estimation error ∥θn − θ∗∥∞ using the bound (4.17).

A special case of interest is when the set of actions for player two is a singleton, i.e.,
|U2| = 1. Observe that in this case the optimal state-action value estimation problem
for the two-player zero-sum Markov game reduces to the optimal value estimation
problem of an appropriate MDP in the discounted setting [Ber19; Wai19e; WD92b].
In Section 4.9, we show that the Bellman operator associated with the optimal value
estimation problem of an MDP in the discounted setting satisfies the local linearity
assumption (A4). Consequently, an argument similar to Corollary 4 yields an upper
bound on the estimation error ∥θn − θ∗∥∞ which matches the instance dependent
lower bound (up to logarithmic terms) from the paper [Kha+21] for large n.3 Finally,
it is an important direction of future work to investigate whether the local linearity
assumption (A4) holds when |U2| > 1.

Average cost policy evaluation
Consider an undiscounted Markov reward process (MRP) with state space X , proba-
bility transition kernel P ∈ RX ×X and cost function c : X → R. When the Markov
chain is irreducible and ergodic, there is a unique stationary distribution ξ.

Let µ∗ := Ex∼ξ[c(x)] denote the average cost under this stationary distribution.
Consider the problem of estimating the value function

θ∗(x) :=
∞∑
n=0

Pn
{
c(x) − µ∗

}
.

The value function θ∗ and the average cost µ∗ jointly satisfy the Bellman equation

µ∗ + θ∗(x) − Pθ∗(x) − c(x) = 0 for all x ∈ X . (4.59)

See the sources [Der66; TV99] for more background.
In practical application of policy evaluations problems, of primary interest are the

relative differences between the value function at different state-actions pairs. In such
case, we focus on the estimation problem of θ∗, with µ∗ being a nuisance parameter.
As shown in the sequel, by considering the span semi-norm in an appropriate vector
space V, it is possible to estimate θ∗ without estimating µ∗.

Observation models and relevant operators: As before, we consider a gen-
erative observation model, where we observe a collection of n i.i.d. samples of the
form {(Zk, Ck)}nk=1, where both Zk ∈ R|X |×|X | and Ck ∈ R|X |. For each state x ∈ X ,
the row x of the matrix Zk is an indicator vector 1s′ , where the state s′ is drawn

3The sample size requirement for achieving the lower bound [Kha+21] may depend on the gap
between the value of optimal and sub-optimal actions.
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according to the transition kernel P(· | x); the entry Ck(x) is a random variable with
mean c(x) and uniformly bounded by σr, corresponding to a noisy observation of the
reward function.

The population and empirical Bellman operators for the average-cost policy
evaluation can be written as follows:

h(θ) := Pθ + c, and Hk(θ) := Zkθ + Ck.

It can be seen that both h and Hk are linear operators, satisfying E[Hk] = h.
In the rest of this subsection, we define a semi-norm and discuss the multi-step

contraction properties of the operator h, and then present the main consequences of
Theorem 8 and Corollary 3 for such models.

The semi-norm and multi-step contraction

Consider the Banach space V given by

V = R|X |/
{
θ + α1 | α ∈ R

}
, (4.60)

where each element of V is an equivalence class of the form
{
θ+α1 : α ∈ R

}
, equipped

with the span norm

∥θ∥span := max
x∈X

θ(s) − min
x∈X

θ(s) for all θ ∈ V.

Note that ∥ · ∥span is a semi-norm on RX , but a norm on the quotient space V. For
reinforcement learning problems, this choice is natural, since we often care only about
the relative advantages of state-action pairs, in which case the average cost µ∗ is
irrelevant.

Under the norm ∥ · ∥span on V, the operator h is non-expansive, but not necessarily
a contraction. However, under suitable conditions, it can be shown to contractive
in a multi-step sense. In order to do so, we impose the following mixing time condition.

Assumption: Mixing time

(MT) There exists a positive integer tmix such that

dTV(δ⊤
x Ptmix , δ⊤

y Ptmix) ≤ 1
2 for any x, y ∈ X .

Here the vector δx ∈ RX is the unit basis vector with a single one in entry
x ∈ X .

Under Assumption (MT), for any θ ∈ V, we have

∥P2tmixθ∥span = max
x∈X

{
δ⊤
x P2tmixθ

}
−min
x∈X

{
δ⊤
x P2tmixθ

} (i)
≤ 2 max

x∈X

∣∣∣δ⊤
x P2tmixθ − ξ⊤P2tmixθ

∣∣∣
≤ 2dTV(δxP2tmix , ξP2tmix) · ∥θ∥span

(ii)
≤ 1

2∥θ∥span, (4.61)
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where in step (i), we use triangular inequality, and in step (ii), we use the fact
that dTV(δxP2tmix , ξP2tmix) ≤ 1

2dTV(δxPtmix , ξPtmix) ≤ 1
4 , by applying the mixing time

condition (MT) twice.
Consequently, the multi-step contraction assumption (A1)′ holds if the operator

is composed m = 2tmix times.

Estimation error upper bounds

Having defined the norm ∥ · ∥span and the established the multi-step contraction
property (4.61), we are ready to derive a guarantee for average-cost policy evaluation.
This involves the Gaussian random variable

W ∼ N (0, cov (H(θ∗) − θ∗)) ,

as well as W := E [∥W∥span]. For a given failure probability δ ∈ (0, 1), our result
applies to the algorithm with parameters

α = c1

{√
n log |X | · log(n

δ
)
}−1

, and B0 = ctmix
α

log(n
δ
). (4.62a)

We also choose the initialization θ0 and the number of restarts R such that

log
(

∥θ0−h(θ0)∥
√
n

W

)
≤ c0 log n and R ≥ 2c0 log n, (4.62b)

where c, c0, c1 are appropriate universal constants. We have the following guarantee:

Corollary 7. Suppose Assumption (MT) holds, and the sample size n is lower
bounded as n

log2 n
≥ c′t2mix log(|X |) · log(1/δ). Then the estimate θn from Algorithm 5,

obtained using tuning parameters satisfying conditions (4.62), satisfies the bound

∥θn − θ∗∥span ≤ c√
n

{
E
[
∥(I − P)†W∥span

]
+
√

sup
x1,x2∈X

E
[
((δx1 − δx2)(I − P)†W )2

]
log(1/δ)

}

+ ctmix

{[
log |X |
n

]3/4
W + log |X |

n

(
σr + ∥θ∗∥span

)}
log2(n

δ
), (4.63)

with probability at least 1 − δ.

A few remarks are in order. First, the linear operator (I−P) is not invertible in RX ,
with the all-one vector lying in its nullspace. However, it is invertible in the quotient
space V, with the pseudo-inverse (I − P)† being a representation of its inverse in the
coordinate system of RX , which appears in the bound. Second, as with the previous
two cases, the bound depends on the size of state space only poly-logarithmically,
and depend quadratically (in the sample size requirement) on the mixing time tmix.
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Taking the γ-discounted MRP as a special case of the average-cost framework,4
Corollary 7 improves the results of the previous paper [Kha+20b] in two aspects:
Corollary 7 holds true whenever sample size satisfies n ≳ (1 − γ)−2 (omitting log
factors), improving upon previous (1 − γ)−3 dependency; and the instance-dependent
quantity in the paper [Kha+20b] is replaced with an optimal one matching the local
asymptotic minimax limit. Such improvement is made possible by making use of the
linear structure in policy evaluation problems. More importantly, Corollary 7 holds
true for more general class of problems, where the mixing time tmix replaces the role
of effective horizon. Finally, we also note that the O(t2mix) sample complexity matches
that of the paper [JS20]. While we are providing more instance-dependent guarantees,
their results apply to Markov decision processes with actions. It is therefore an
important direction of future work to extend our instance-dependent bounds to the
case of average-cost MDPs.

4.5 Proofs
This section is devoted to the proofs of our main results—namely, Theorems 6, 7
and 8—along with the associated corollaries. So as to facilitate reading of the proofs,
we reproduce here the steps that define Algorithm ROOT-SA from Section 4.2.

Algorithm 1 ROOT-SA : A recursive SA algorithm
1: Given (a) Initialization θ0 ∈ V, (b) Burn-in B0 ≥ 2, and (c) stepsize α > 0
2: for t = 1, . . . , T do
3: if t ≤ B0 then
4: vt = 1

B0

B0∑
t=1

{Ht(θ0) − θ0} , and θt = θ0.
5: else
6: vt = Ht(θt−1) − θt−1 + t−1

t
(vt−1 − Ht(θt−2) + θt−2),

7: θt = θt−1 + αvt.
8: end if
9: end for

10: return θT

Proof of Theorem 6
Our proof is based on a bootstrapping argument, and can be broken down into four
steps:

4This can be done by adding an absorbing state ⊥ to the state space. At a rate of (1 − γ), the
Markov process is killed and moved to the absorbing state. In such case, the unique stationary
distribution is the singleton at ⊥, and the mixing time assumption is satisfied with tmix = c

1−γ for
universal constant c > 0.
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1. First, we establish recursions that relate ∥h(θt) − θt∥ and ∥vt∥.

2. Second, we prove coarse upper bounds on ∥h(θt) − θt∥ and ∥vt∥.

3. Third, starting with the sub-optimal bounds from step 2, we iteratively refine
them using a bootstrapping argument and the recursions from Step 1.

4. Finally, we improve higher-order terms in the bounds.

For the purposes of analysis, it is useful to define the auxiliary sequence

zt :=
{
h(θt−1) − θt−1

}
− vt, for t = B0, B0 + 1, · · · . (4.64)

The idea is to prove an upper bound on ∥h(θt) − θt∥ by proving upper bounds on
∥zt+1∥ and ∥vt+1∥.

Let rθ(t) and rv(t), respectively, denote high probability bounds on the quantities
∥h(θt) − θt∥ and ∥vt∥. It is useful to introduce the notion of an admissible sequence:
for some κ ≥ 0, the sequence {r(t)}t≥B0 is said to be κ-admissible if

• The sequence {r(t)}t≥B0 is non-increasing.

• The sequence {tκ · r(t)}t≥B0 is non-decreasing.

We say that the sequence is admissible if it is κ-admissible for some κ ≥ 0. For
notational simplicity, we sometimes use the sequences with time index less than B0,
in such cases, we denote rv(t) := rv(B0) and rv(t) := rθ(B0) for t ∈ [1, B0].

Observe that κ-admissible sequences are also β-admissible sequences for any β > κ.
For sake of notational convenience we use the shorthands rθ and rv to denote the
estimate sequences {rθ(t)}t≥B0 and {rv(t)}t≥B0 , respectively. Given an admissible
pair (rθ, rv) and an integer n > 0, we define the events

E (θ)
n (rθ) :=

{
sup

B0≤t≤n

∥h(θt) − θt∥
rθ(t)

≤ 1
}
, and E (v)

n (rv) :=
{

sup
B0≤t≤n

∥vt∥
rv(t)

≤ 1
}
.

(4.65)

A key portion of our proof involves ensuring that the estimate sequences rθ and rv
are κ-admissible for carefully chosen values of κ. With these concepts and notation
in place, we are now ready to start the main argument.

Step 1: Relation between ∥h(θt) − θt∥ and ∥vt∥

From the definition (4.64), we have the relation h(θt) − θt = zt+1 + vt+1. As mentioned
before, we prove an upper bound on ∥h(θt) − θt∥ by proving upper bounds on ∥zt+1∥
and ∥vt+1∥. We do so using two auxiliary lemmas, the first of which depends on a
stepsize α satisfying the bound (cf. the stepsize condition (4.7a))

α ≤ (1−γ)2

cL2J 2
2 (B∗,ρn) log

(
n
δ

) . (4.66)
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Lemma 18. Suppose that Assumptions (A1), (A3) and (A2) are in force, and
that (rθ, rv) are κ-admissible sequences for some κ ∈ [0, 2]. Then given a stepsize α
satisfying the bound (4.66) and a burn-in period B0 ≥ 100

(1−γ)α conditioned on the event
E (v)
n (rv) ∩ E (θ)

n (rθ), for each t ∈ [B0, n] we have

∥vt∥ ≤ 1+γ
2 rv(t) + 8

tα
rθ(t) + c√

α

{
W + ν

√
log(1

δ
)
}

+ cb∗
t

{
log(1

δ
) + J1(B∗, ρn)

}
+ 6(1 − γ)

(
B0
t

)2
∥vB0∥ , (4.67)

with probability at least 1 − δ.

See Section 4.5 for the proof of this lemma.

Lemma 19. Under the same conditions as Lemma 18, for each t ∈ [B0, n], we have:

∥zt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ b∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cL
t

{
J2(B∗, ρn) +

√
log(1

δ
)
} {

α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+ 1

1−γ

( t−1∑
s=1

r2
θ(s)

)1/2}
, (4.68)

with probability 1 − δ.

This lemma is a special case of Lemma 22, which is proved in Section 4.5.

Note that although the two lemmas are for a single time index t ∈ [B0, n], it is
easy to transform them to guarantees that are uniform over t ∈ [B0, n]. In particular,
applying a union bound for t = B0, B0 + 1, · · · , n, and by replacing δ with δ′ = δ/n,
the bounds (4.67) and (4.68) are valid uniformly over t ∈ [B0, n].

We use these two lemmas in our bootstrapping argument. In particular, beginning
with the relation h(θt) − θt = zt+1 + vt+1, applying the triangle inequality yields the
bound ∥h(θt) − θt∥ ≤ ∥zt+1∥ + rv(t + 1) on the event E (v)

n (rv). Our analysis shows
that by starting with an initial estimate (rθ(t), rv(t)), the bounds (4.67) and (4.68)
allow us to obtain an improved estimate (r+

θ (t), r+
v (t)) such that

∥h(θt) − θt∥ ≤ r+
θ (t) < rθ(t), and

∥vt∥ ≤ r+
v (t) < rv(t)

with high probability. We quantify the improvement in (r+
θ (t), r+

v (t)), and repeatedly
apply this argument so as to “bootstrap” the bound and ultimately obtain sharp
estimates for rθ(t) and rv(t).
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Step 2: Setup for the bootstrapping argument

Throughout this step, we require that the estimate sequences rθ and rv be 1
2 -admissible

and 1-admissible, respectively. As shown in this section, these choices allow us to
obtain upper bounds on ∥h(θt) − θt∥ and ∥vt∥ that decay at the rates 1/

√
t and 1/t,

respectively.
We assume that the pair (r+

v , r
+
θ ) satisfy the initialization condition

r+
v (B0) ≥ ∥vB0∥ , and r+

θ (B0) ≥ ∥h(θ0) − θ0∥ , (4.69a)

and for each integer t ∈ [B0, n], the bounds

r+
v (t) ≥ 1 + γ

2 rv(t) + 8
αt
rθ(t) + c

t
√
α

{
W + ν

√
log(n

δ
)
}

+ cb∗
t

{
log(n

δ
) + J1(B∗, ρn)

}
+ 6(1 − γ)

(
B0
t

)2
∥vB0∥ , (4.69b)

and

r+
θ (t) ≥

{
1 + cα

√
tL
[
J2(B∗, ρn) +

√
log (n

δ
)
]}
rv(t) + 2cL

(1−γ)
√
t
J2(B∗, ρn) log(n

δ
) · rθ(t)

+ c√
t

{
W + ν

√
log (n

δ
)
}

+ cb∗
t

{
log(n

δ
) + J1(B∗, ρn)

}
. (4.69c)

Under these conditions, by combining the bounds (4.67) and (4.68) and applying a
union bound over t ∈ [B0, n], we find that

P
[
E (θ)
n (r+

θ ) ∩ E (v)
n (r+

v )
]

≥ P
[
E (θ)
n (rθ) ∩ E (v)

n (rv)
]

− δ,

valid for any pair (rv, rθ) that are 1
2 and 1-admissible, respectively.

We consider sequences of a particular form r(i)
v (t) = ψ

(i)
v

t
√
α

and r(i)
θ (t) = ψ

(i)
θ√
t

, for pairs
of positive reals

(
ψ(i)
v , ψ

(i)
θ

)
independent of t. Clearly, with such forms, the sequence

r
(i)
θ is 1

2 -admissible, and the sequence r(i)
v is 1-admissible. However, if we directly

substitute the sequences
(
r(i)
v (t), r(i)

v (t)
)

of such forms into the relations (4.69b)-
(4.69c), the resulting sequences (r+

θ , r
+
v ) are no longer be of the desired form. So in

order to unify the coefficients in equations (4.69b)-(4.69c) into the same time scale,
given α > 0, we define the burn-in time

B0 = c
(1−γ)2α

log(n
δ
). (4.70a)

For each t = B0, B0 + 1 . . ., the coefficients in (4.69b) and (4.69c) then satisfy the
bounds

8
αt

≤ 1−γ
3 · 1√

αt
, 1√

αt
≤ 1−γ

6 , and 1
(1−γ)

√
t
log(n

δ
) ≤

√
α, (4.70b)
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Therefore, if we construct a two-dimensional vector sequence ψ(i) =
[
ψ(i)
v ψ

(i)
θ

]T
satisfying the recursive relation ψ(i+1) = Qψ(i) + b, where

Q :=
[ 1+γ

2
1−γ

31−γ
6 + cLJ2(B∗, ρn)

√
α log(n

δ
) 2cLJ2(B∗, ρn) log(n

δ
)
√
α

]
, and (4.71a)

b :=
c{W + ν

√
log(n

δ
)
}

+ cb∗
√
α
{

log(n
δ
) + J1(B∗, ρn)

}
+ (1 − γ)B0

√
α ∥vB0∥{

W + ν
√

log(n
δ
)
}

+ cb∗
√
α
{

log(n
δ
) + J1(B∗, ρn)

}
+

√
B0 ∥h(θ0) − θ0∥


(4.71b)

satisfy the requirement (4.91). Thus, we are led to the probability bound

P
[
E (θ)
n

(
r

(i+1)
θ

)
∩ E (v)

n

(
r(i+1)
v

)]
≥ P

[
E (θ)
n

(
r

(i)
θ

)
∩ E (v)

n

(
r(i)
v

)]
− δ, (4.72)

for the sequences r(i)
θ (t) = ψ

(i)
θ /

√
t and r(i)

v (t) = ψ(i)
v /(

√
αt). In order to initialize

the argument, we need a coarse bound on the pair (∥vt∥ , ∥h(θt) − θt∥); the following
lemma provides the requisite bound:

Lemma 20. Under Assumptions (A3) and (A2), we have

∥θt − θ∗∥ + ∥vt∥ ≤ e1+Lαt (b∗ + ∥θ0 − θ∗∥) ,

almost surely for each t = 0, 1, 2, . . ..

See Section 4.8 for the proof of this claim.

Based on Lemma 20, it follows that for each integer t ∈ [1, n], we have (almost
surely) the bound

∥vt∥ ≤ r(0)
v (t) := n

t
e1+Lαt

{
b∗ + ∥θ0 − θ∗∥

}
, and

∥h(θt) − θt∥
(i)
≤ r

(0)
θ (t) := 2 ·

√
n
t
e1+Lαt

{
b∗ + ∥θ0 − θ∗∥

}
,

where step (i) follows from the bound ∥h(θt) − θt∥ ≤ ∥θt − θ∗∥ + ∥h(θt) − h(θ∗)∥ ≤
2 · ∥θt − θ∗∥.

By construction, the sequences r(0)
v and r

(0)
θ are 1-admissible and 1

2 -admissible,
respectively, and by Lemma 20, the event E (θ)

n

(
r

(0)
θ

)
∩ E (v)

n

(
r(0)
v

)
happens almost

surely.

Step 3: Bootstrapping step

Recursing the bound (4.72) for i steps yields

P
[
E (v)
n (r(i)

v ) ∩ E (θ)
n (r(i)

θ )
]

≥ P
[
E (v)
n (r(0)

v ) ∩ E (θ)
n (r(0)

θ )
]

− iδ = 1 − iδ.
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It remains to analyze the sequence ψ(i) =
[
ψ(i)
v ψ

(i)
θ

]T
as the number of bootstrap

steps i increases. We do so by analyzing the recursion relation ψ(i+1) = Qψ(i) + b
with the matrix Q given in equation (4.71).

Observe that the stepsize condition (4.66) ensures that

cLJ2(B∗, ρn) log(n
δ
) ·

√
α ≤ 1−γ

6 . (4.73)

Consequently, the matrix Q from equation (4.66) is entrywise upper bounded by the
matrix

Q̃ =
[1+γ

2
1−γ

31−γ
3

1
2

]

This fact implies that for any vector u ∈ R2 with non-negative entries, we have the
upper bound

Qu ⪯orth Q̃u,

where ⪯orth denotes the orthant ordering. Straightforward calculation yields the bound
|||Q̃|||op ≤ 1 − 1−γ

8 . Putting together the pieces, we find that for each N = 1, 2, . . .,
conditioned on the event E (v)

n (r(N)
v ) ∩ E (θ)

n (r(N)
θ ), we have

ψ(N) =
(N−1∑

i=0
Qi
)
bψ +QN

[
ψ(0)
v

ψ
(0)
θ

]
⪯orth

(N−1∑
i=0

Q̃i
)
b+ Q̃N

[
ψ(0)
v

ψ
(0)
θ

]

⪯orth (I − Q̃)−1b+ e
(1−γ)

8 N
(
ψ(0)
v + ψ

(0)
θ

)
12.

We take N = ⌈ cLn1−γ log n⌉. Replacing δ with δ/N and substituting into the above
inequalities then yields

t
√
α · ∥vt∥ ≤ ψ(N)

v ≤ c
1−γ

{
W + ν

√
log(n

δ
)
}

+ cb∗
√
α

1−γ

{
log(n

δ
) + J1(B∗, ρn)

}
+ cB0

√
α ∥vB0∥ +

√
B0 ∥h(θ0) − θ0∥ , (4.74a)

and
√
t ∥h(θt) − θt∥ ≤ ψ

(N)
θ ≤ c

{
W + ν

√
log(n

δ
)
}

+ cb∗
√
α
{

log(n
δ
) + J1(B∗, ρn)

}
+ cB0(1 − γ)

√
α ∥vB0∥ +

√
B0 ∥h(θ0) − θ0∥ , (4.74b)

with probability at least 1 − δ, uniformly for each t ∈ B0, B0 + 1, · · · , n.

It remains to provide upper bounds on ∥vB0∥.
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Lemma 21. Under Assumptions (A1) and (A3), and a burn-in period given by
equation (4.70a), we have

∥vB0∥ ≤ 2 ∥h(θ0) − θ0∥ + c√
B0

{
W + ν

√
log(1

δ
)
}

+ cb∗
B0

{
J1(B∗, ρn) + log(1

δ
)
}
.

with probability at least 1 − δ.

See Section 4.8 for the proof.

Combining Lemma 21 and bound (4.74a), we find that

∥h(θt) − θt∥ ≤ c√
t

(
W + ν

√
log(n

δ
)
)

+ cb∗
√
α√
t

{
log(n

δ
) + J1(B∗, ρn)

}
+ ∥h(θ0) − θ0∥

√
B0√
t

log
3
2 (n

δ
) (4.75)

with probability at least 1 − δ, uniformly for all integers t ∈ [B0, n].
Although this bound has optimal dependence on W + ν

√
log(n

δ
), its dependence

on the terms ∥h(θ0) − θ0∥ and J1(B∗, ρn) and log(n/δ) in the bound (4.75) can be
sharpened. This motivates the second phase of the bootstrap argument.

Step 4: Improving higher-order terms

Given the pair (ψ(N)
v , ψ

(N)
θ ) defined by5 the right-hand side of (4.74), conditioned on

the event E (θ)
n (rθ) ∩E (v)

n (rv) with rv(t) = ψ
(N)
v

t
√
α

and the sequence rθ(t) = ψ
(N)
θ√
t

, invoking
the bound (4.68) from Lemma 19 we have

∥h(θt) − θt∥ ≤ c√
t

(
W + ν

√
log(1

δ
)
)

+ cb∗
t

(
J1(B∗, ρn) + log(1

δ
)
)

+
{

1
t

+ cαLJ2(B∗,ρn)√
t

· log(n
δ
)
}
ψ

(N)
v√
α

+ 2cLJ2(B∗,ρn)
(1−γ)t log(n

δ
) · ψ(N)

θ

≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ c′b∗

{
1

(1−γ)t + αLJ2(B∗,ρn)
(1−γ)

√
t

· log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

+ c′
{

1
(1−γ)t

√
α

+ LJ2(B∗,ρn)
√
α

(1−γ)
√
t

· log(n
δ
) + LJ2(B∗,ρn)

(1−γ)t log(n
δ
)
}{

W + ν
√

log(n
δ
)
}

+ c′
{

1
t
√
α

+
√
αLJ2(B∗,ρn)√

t
· log(n

δ
) + LJ2(B∗,ρn)

(1−γ)t log(n
δ
)
}

)
√
B0 ∥h(θ0) − θ0∥

+ c′
{

1
t

+ αLJ2(B∗,ρn)√
t

· log(n
δ
) +

√
αLJ2(B∗,ρn)

t
log(n

δ
)
}
B0 ∥vB0∥ ,

which holds with probability at least 1 − δ. Given the burn-in period satisfying
equation (4.70a) and stepsize satisfying equation (4.73), by combining with the bound

5We redefine (ψ(N)
v , ψ

(N)
θ ) using the right-hand side of (4.74)
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on ∥vB0∥ from Lemma 21, we find that ∥h(θt) − θt∥ ≤ r̃θ(t) with at least probability
1 − δ, uniformly for any integer t ∈ [n], where

r̃θ(t) := c1√
t

{
W +ν

√
log(n

δ
)
}

+ c2b∗
1−γ

{
1
t
+ αL√

t
·J2(B∗, ρn) log(n

δ
)
} {

J1(B∗, ρn)+log(n
δ
)
}

+ c2

{
αB0L√

t
· J2(B∗, ρn) log(n

δ
) + B0

t

}
∥h(θ0) − θ0∥ . (4.76)

By substituting our upper bound in terms of r̃θ into equation (4.69b), we obtain
a recursive inequality that takes an admissible sequence rv and generates a sequence
r+
v such that

P
[
E (v)
n (r+

v )
]

≥ P
[
E (v)
n (rv)

]
− δ.

For any positive integer N1, we can apply the recursive inequality for N1 times with
δ′ = δ/N1; doing so yields a sharper bound for ∥vt∥. In particular, with probability
at least 1 − δ, we have

∥vt∥ ≤ 2
1−γ

{
c

t
√
α

[
W + ν

√
log(nN1

δ
)
]

+ cb∗
t

[
log(nN1

δ
) + J1(B∗, ρn)

]}
+ 8

(1−γ)αt r̃θ(t) +
(
B0
t

)2
∥vB0∥ +

(
1+γ

2

)N1 · ψ
(N)
v

t
√
α
.

We take N1 := ⌈10 logn
1−γ ⌉, and a stepsize and burn-in period satisfying the condi-

tions (4.70a) and (4.73). With these choices, some algebra yields ∥vt∥ ≤ r̃v(t) holds
with probability at least 1 − δ, uniformly for each integer t ∈ [B0, n], where

r̃v(t) := c′

1−γ

{
1

t
√
α

[
W + ν

√
log(n

δ
)
]

+ b∗
t

[
log(n

δ
) + J1(B∗, ρn)

]}
+ 2

(
B0
t

)2
∥θ0 − h(θ0)∥ .

(4.77)

It can be seen that the sequences r̃v and r̃θ are 2-admissible. Substituting their
definitions into the bound (4.68) from Lemma 19 we find that the inequality

∥zt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ cb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cL
t

{
J2(B∗, ρn) +

√
log(1

δ
)
} {

α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+ 1

1 − γ
·
( t−1∑
s=1

r2
θ(s)

)1/2}

holds with probability at least 1 − δ.
Under the stepsize and burn-in period conditions (4.70a) and (4.73), some algebra

yields:

∥zt∥ ≤ c√
t

(
W + ν

√
log(1

δ
)
)

+ cb∗

{
1
t

+ αL√
t

· J2(B∗, ρn) log(n
δ
)
} {

J1(B∗, ρn) + log(1
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ .
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Combining with equation (4.77) yields the upper bound

∥h(θt) − θt∥ ≤ c√
t

(
W +ν

√
log(1

δ
)
)
+cb∗

{
1
t
+αL√

t
J2(B∗, ρn) log(n

δ
)
} {

J1(B∗, ρn)+log(1
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ ,
which completes the proof of the Theorem 6.

Besides, we also note that by taking a union bound over time steps t ∈ {B0, B0 +
1, . . . , n}, we have the lower bound P

[
E (θ)
n (r∗

θ)
]

≥ 1 − δ, where

r∗
θ(t) := c√

t

{
W + ν

√
log(n

δ
)
}

+ cb∗

{
1
t

+ αLJ2(B∗,ρn)√
t

log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ .

Proof of Corollary 1
The proof of this corollary is based on a modification of Lemma 19. We introduce
the shorthand

W := E[∥W∥], WC := E[
∥∥∥W∥∥∥

C
],

ν :=
√

sup
u∈B∗

E
[
⟨u, W ⟩2

]
and νC :=

√
sup
u∈C

E
[
⟨u, W ⟩2

]
.

We begin by stating a lemma—a generalization of Lemma 19—that bounds the
supremum of an averaged process. In the proof of Corollary 1, we only use a special
case of Lemma 22, but the generality is useful later.

Recall the events E (θ)
n (rθ) and E (v)

n (rv) defined in equation (4.65). Given a bounded
symmetric convex set S ⊆ V∗, we define the dimension factor DS := supu∈S ∥u∥∗.
Moreover, we assume that there exists a constant µ > 0 such that

∥θ − θ∗∥ ≤ 1
µ

∥h(θ) − θ∥ for any θ ∈ V. (4.78)

We point out that under assumption (A1), the last condition is satisfied for µ = 1 − γ.
The condition (4.78) also allows us to analysis behavior of operators which satisfies a
multi-step contraction assumption (A1)′ (cf. the proof of Theorem 8).

Lemma 22. Suppose that the Assumptions (A2) and (A3) are in force, the sequences
rθ and rv are κ-admissible for some κ ∈ (0, 2], and condition (4.78) holds. Then
conditioned on the event E (θ)

n (rθ) ∩ E (v)
n (rv), we have

sup
u∈S

⟨u, zt⟩ ≤ c√
t

{
E
[

sup
u∈S

⟨u, W ⟩
]

+
(

sup
u∈S

E
[
⟨u, W ⟩2

]
log(1

δ
)
)1/2}

+ DSb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cDSL
t

{
J2(B∗, ρn) +

√
log(1

δ
)
}{
α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+ 1
µ

·
( t−1∑
s=1

r2
θ(s)

)1/2}
, (4.79)
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with probability at least 1 − δ, uniformly for all integers t ∈ [B0, n].

See Section 4.5 for the proof of this lemma.
Taking this lemma as given, we now proceed with proof of Corollary 1. As

mentioned before, under assumption (A1)′, condition (4.78) is satisfied with µ = 1−γ.
Applying Lemma 22 with S = C implies that

∥∥∥zt∥∥∥
C

≤ c√
t

{
WC + νC

√
log(1

δ
)
}

+ cDb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cDL
t

{
J2(B∗, ρn) +

√
log(1

δ
)
} {

α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+ 1

1−γ

( t−1∑
s=1

r2
θ(s)

)1/2}
. (4.80)

Now all we have to do is substitute an appropriate value of the sequences rv and
rθ. Note that the estimate sequences r̃v and r̃θ from equations (4.77) and (4.76),
respectively, are 2-admissible; moreover, they provide upper bounds on the quantities
∥vt∥ and ∥zt∥ respectively. Next, using the stepsize and burn-in conditions (4.73)
and (4.70a), we find that

(1
t

t−1∑
s=B0

s2r̃v
2(s)

)1/2
≤ c

(1−γ)
√
α

{
W + ν

√
log(n

δ
)
}

+ c·b∗
(1−γ)

{
log(n

δ
) + J1(B∗, ρn)

}
+ 2c B03/2 ∥θ0−h(θ0)∥

t
,

and
( t−1∑
s=1

r̃θ
2(s)

)1/2
≤ c ·

{
W + ν

√
log(n

δ
)
}

·
√

log t

+ cb∗
1−γ

{
1√
B0

+ αL
√

log t
[
J2(B∗, ρn) +

√
log(1

δ
)
]} {

J1(B∗, ρn) + log(n
δ
)
}

+ c
{
αB0L

√
log(t)

[
J2(B∗, ρn) +

√
log(1

δ
)
]

+
√
B0

}
· ∥h(θ0) − θ0∥ ;

both with probability at least 1 − δ. Finally, substituting the last two bounds
to the bound (4.80), and applying the conditions on stepsize (4.73) and burn-in
period (4.70a), and using

∥∥∥h(θt) − θt
∥∥∥
C

≤
∥∥∥zt∥∥∥

C
+ D · ∥vt∥ we have

∥∥∥h(θt) − θt
∥∥∥
C

≤ c√
t

{
WC + νC

√
log(1

δ
)
}

+ c DL
(1−γ)

{
J2(B∗, ρn) log(n

δ
)
√

α
t

+ 1
t
√
α

} {
W + ν

√
log(n

δ
)
}

+ cDLb∗
1−γ

{√
α
t

+ α√
t

}
J2(B∗, ρn)J1(B∗, ρn) log2(n

δ
) + DB0

t
· ∥h(θ0) − θ0∥ .

This completes the proof of Corollary 1.
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Proofs of key Lemmas for Theorem 6
In this section, we provide a detailed proofs of Lemmas 18 and 22 , which play a
central role in the proofs of Theorem 6 and Corollary 1.

Proof of Lemma 18

We recursively expand the update rule for vt from Algorithm 5, and obtain the
identity:

tvt = (t− 1) (vt−1 − θt−1 + θt−2 − Ht(θt−2) + Ht(θt−1)) + Ht(θt−1) − θt−1

= (1 − α)(t− 1)vt−1 + (t− 1)
(
Ht(θt−1) − Ht(θt−2)

)
+
(
Ht(θt−1) − θt−1

)
= (1 − α)τ (t− τ)vt−τ

+
τ∑
j=1

(1 − α)j−1
[
(t− j)

(
Ht−j+1(θt−j) − Ht−j+1(θt−j−1)

)
+ Ht−j+1(θt−j) − θt−j

]
,

where the positive integer τ will be chosen later.
Consequently, we have the bound

t ∥vt∥ ≤ (1 − α)τ (t− τ) ∥vt−τ∥ +
τ∑
j=1

(1 − α)j−1(t− j) ∥h(θt−j) − h(θt−j−1)∥

+
∥∥∥∥ τ∑
j=1

(1 − α)j−1
(

(t− j)(εt−j+1(θt−j) − εt−j+1(θt−j)) + Ht−j+1(θt−j) − θt−j

)∥∥∥∥
≤ (1 − α)τ (t− τ) ∥vt−τ∥ +

τ∑
j=1

(1 − α)j−1
(

(t− j)γα ∥vt−j∥ + ∥h(θt−j) − θt−j∥
)

+
∥∥∥∥ τ∑
j=1

(1 − α)j−1
(

(t− j)(εt−j+1(θt−j) − εt−j+1(θt−j−1)) + εt−j+1(θt−j)
)∥∥∥∥.

In the following, we prove the case of t ≥ B0 + 2/α and t ∈ [B0, B0 + 2/α] separately.
We first consider an iteration index t satisfying the lower bound t ≥ B0 + 2/α.

The estimate sequence is rv κ-admissible for some κ ∈ [0, 2], so that the map
t 7→ t2 · rv(t) is non-decreasing. Thus, on the event E (v)

n (rv) for a burn-in B0 ≥ 12τ
1−γ ,

we have the upper bound

(t− j) ∥vt−j∥ ≤ (t− j)rv(t− j) ≤ t2

t−j rv(t) ≤ 1
1−τ/B0

· trv(t) ≤
{

1 + 1−γ
6

}
· trv(t),

valid for each integer j ∈ [τ ].
Therefore, on the event E (θ)

n (rθ) ∩ E (v)
n (rv), we have the bound

t ∥vt∥ ≤
(
1 + 1−γ

6

)
·
{

(1 − α)τ + γα
τ∑
j=1

(1 − α)j−1
}

· trv(t) +
τ∑
j=1

rθ(t− j) + T1 + T2,

(4.81)
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where

T1 :=
∥∥∥∥∥∥
τ∑
j=1

(1 − α)j−1(t− j)
(
εt−j+1(θt−j) − εt−j+1(θt−j−1)

)∥∥∥∥∥∥ , and

T2 :=
∥∥∥ τ∑
j=1

(1 − α)j−1εt−j+1(θt−j)
∥∥∥.

We simplify the first two terms on the right-hand side of bound (4.81) by appro-
priately choosing the triple (τ, α,B0). The later two terms T1 and T2 are norms of
zero-mean random vectors in Banach spaces. First, we provide upper bound on these
two noise terms.

Upper bound on T1: First, we observe that the sum consists of the (1−α)-weighted
differences (1 − α)j−1(t− j)

(
εt−j+1(θt−j) − εt−j+1(θt−j−1)

)
that form a martingale

difference sequence with respect to the natural filtration (Ft)t≥0. On the event
E (v)
n (rv), we have that∥∥∥(1 − α)j−1(t− j)

(
εt−j+1(θt−j) − εt−j+1(θt−j−1)

)∥∥∥ ≤ (t− j)αLrv(t− j)

≤ t2

t−jαLrv(t) ≤ 2tαLrv(t), a.s.

The last inequality is due to the non-decreasing property of the function t 7→ t2rv(t)
and the fact that t ≥ B0 > 2τ .

Since Ω is symmetric and convex by assumption, the difference εt−j+1(θt−j) −
εt−j+1(θt−j−1) belongs to the set 2Ω. Conditioning on the event E (v)

n (rv) and invoking
Lemma 25 yields
∥∥∥∥ 1
τ

τ∑
j=1

(1 − α)j−1(t− j)
(
εt−j+1(θt−j) − εt−j+1(θt−j−1)

)∥∥∥∥
≤ ctαLrv(t)√

τ

{
J2(B∗, ρn) +

√
log(1

δ
)
}
,

with probability at least 1 − δ.

Upper bound on T2: In order to bound the last term in the decomposition (4.81),
we decompose it into two parts:

τ∑
j=1

(1 − α)j−1εt−j+1(θt−j)

=
τ∑
j=1

(1 − α)j−1εt−j+1(θ∗) +
τ∑
j=1

(1 − α)j−1
(
εt−j+1(θt−j) − εt−j+1(θ∗)

)
.
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The former term is sum of independent random variables, while the latter is a
martingale. Note that by Assumption (A1), we have ∥εt−j+1(θt−j) − εt−j+1(θ∗)∥ ≤
Lrv(t−j+1)

1−γ on the event E (θ)
n (rθ). Invoking Lemma 24 yields

∥ 1
τ

τ∑
j=1

(1 − α)j−1εt−j+1(θ∗)∥ ≤ c√
τ

{
W + ν

√
log(1/δ)

}
+ cb∗

τ

{
log(1/δ) + J1(B∗, ρn)

}
,

with probability at least 1 − δ.
Using the Lipschitz assumption (A2) and the contraction assumption (A1), we

have

∥εt−j+1(θt−j) − εt−j+1(θ∗)∥ ≤ L ∥θt−j − θ∗∥ ≤ L
1−γ ∥h(θt−j) − θt−j∥ .

Furthermore, since Ω is symmetric and convex, we have that εt−j+1(θt−j)−εt−j+1(θ∗) ∈
2Ω. Conditioning on the event E (θ)

n (rθ) and invoking Lemma 25 yields
∥∥∥ 1
τ

τ∑
j=1

(1 − α)j−1
(
εt−j+1(θt−j) − εt−j+1(θ∗)

)∥∥∥ ≤ c√
τ

· Lrθ(t−τ+1)
1−γ

(
J2(B∗, ρn) +

√
log(1

δ
)
)
,

with probability at least 1 − δ.

Combining the pieces: Substituting the above concentration bounds into the
decomposition (4.81) yields the upper bound

t · ∥vt∥ ≤
{

(1 − α)τ + γα
τ∑
j=1

(1 − α)j
}

·
{

1 + 1−γ
6

}
· trv(t) + τ · rθ(t− τ + 1)

+ c
√
τ · Lrθ(t−τ+1)

1−γ

{
J2(B∗, ρn) +

√
log(1

δ
)
}

+ c
√
τ
{
W + ν

√
log(1

δ
)
}

+ cb∗

{
log(1

δ
) + J1(B∗, ρn)

}
+ c

√
τ · tαLrv(t) ·

{
J2(B∗, ρn) +

√
log(1

δ
)
}
.

Re-arranging the terms in the last bound yields

t · ∥vt∥ ≤
{
γ + (1 − γ)

(
(1 − α)τ + 1

3

)
+ cLα

√
τ
(
J2(B∗, ρn) +

√
log(1/δ)

)}
trv(t)

+
{
τ + cL

√
τ

1−γ

(
J2(B∗, ρn) +

√
log(1/δ)

)}
rθ(t− τ + 1)

+ c
√
τ
(
W + ν

√
log(1

δ
)
)

+ cb∗
{

log(1
δ
) + J1(B∗, ρn)

}
.

Case I: t ≥ B0 + ⌈2α−1⌉

Taking τ = ⌈2α−1⌉ ≤ t−B0 and given a stepsize α satisfying the bound

6cL
√
α ·

(
J2(B∗, ρn) +

√
log(n

δ
)
)
< 1 − γ, (4.82)
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we have the upper bounds
cL

1−γ
√
τ
(
J2(B∗, ρn) +

√
log(1

δ
)
)

≤ 4
α
, and

γ + (1 − γ) ·
{

(1 − α)τ + 1
3 + cLα

√
τ
(
J2(B∗, ρn) +

√
log(1

δ
)
)}

≤ 1+γ
2 .

Furthermore, since the function t 7→ t2 · rθ(t) is non-decreasing, for burn-in period
B0 ≥ 4τ , we have

rθ(t− τ + 1) ≤ t2

(t−τ+1)2 rθ(t) ≤ 16
9 rθ(t) for all t ≥ B0.

Substituting with above bounds, the recursive bound becomes:

t ∥vt∥ ≤ 1+γ
2 t · rv(t) + 8

α
rθ(t) + c√

α

(
W + ν

√
log(1

δ
)
)

+ c
(
log(1

δ
) + J1(B∗, ρn)

)
,

(4.83)

which completes the proof of Lemma 18 in the case of t ≥ B0 + 2/α.

Case II: B0 ≤ t ≤ B0 + ⌈2α−1⌉:

This case deserves a special treatment as the number τ of recursive expansion
steps cannot be taken as large as ⌈2/α⌉. Instead, we choose τ = t − B0, and
expand the recursions backwards up to the beginning of the iterates. In particular,
following the same arguments as above, on the event E (θ)

n (rθ) ∩ E (v)
n (rv), the error

decomposition (4.81) in this case becomes:

t · ∥vt∥ ≤ (1 − α)τB0 ∥vB0∥ +
(
1 + 1−γ

6

)
·
{
γα

τ∑
j=1

(1 − α)j−1
}

· trv(t)

+
τ∑
j=1

rθ(t− j) + T1 + T2.

Substituting with the upper bounds on the terms T1 and T2, we obtain that:

t · ∥vt∥ ≤ (1 − α)τB0 ∥vB0∥ + γα
τ∑
j=1

(1 − α)j ·
{

1 + 1−γ
6

}
· trv(t) + τ · rθ(t− τ + 1)

+ c
√
τ · Lrθ(t−τ+1)

1−γ

{
J2(B∗, ρn) +

√
log(1

δ
)
}

+ c
√
τ
{
W + ν

√
log(1

δ
)
}

+ cb∗

{
log(1

δ
) + J1(B∗, ρn)

}
+ c

√
τ · tαLrv(t) ·

{
J2(B∗, ρn) +

√
log(1

δ
)
}
.

For a time index t ∈ [B0, B0 + 2/α], we have the decomposition

(1 − α)τB0 · ∥vB0∥ ≤ ((1 − α)τ − 3(1 − γ)) · q
{

1 + 2
αB0

}
t · rv(t) + 3(1 − γ)B0 · ∥vB0∥

≤
{

(1 − α)τ − 2(1 − γ)
}

· trv(t) + 6(1 − γ)B0
2

t
· ∥vB0∥
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Given a stepsize α satisfying the requirement (4.66), choosing the number of steps
such that τ = t−B0 ≤ 2/α leads to the inequalities

1 + γ

2 ≥
{

(1 − α)τ − 2(1 − γ)
}

+ γα
τ∑
j=1

(1 − α)j ·
{

1 + 1−γ
6

}
+ c

√
τ · αL ·

{
J2(B∗, ρn) +

√
log(1

δ
)
}

and
cL

1 − γ

√
τ
(
J2(B∗, ρn) +

√
log(1/δ)

)
≤ 4
α

+ τ ≤ 8
α
.

Putting together these bounds completes the proof in the second case.

Proof of Lemma 22

Expanding the update rule for zt from Algorithm 5 we obtain the three-term decom-
position t · zt = B0 · zB0 +Mt + Ψt, where

Mt :=
t−1∑
s=B0

εs(θs−1), and Ψt :=
t−1∑
s=B0

(s− 1)
{
εs(θs−1) − εs(θs−2)

}
.

It suffices to control each of these three terms in the semi-norm induced by the set S.
Beginning with the martingale {Mt}t≥B0 , we further break it down into two parts:

Mt =
t−1∑
s=B0

εs(θ∗) +
t−1∑
s=B0

(
εs(θs−1) − εs(θ∗)

)
:= M∗

t + M̃t.

The term M∗
t is sum of i.i.d. random variables. Invoking Lemma 24 and using the

fact that the set S is contained within DSB∗, we have the bound

sup
u∈S

⟨u, M∗(t)⟩ ≤ c
√
t
{
E
[

sup
u∈S

⟨u, W ⟩
]

+
(

sup
u∈υ

E
[
⟨u, W ⟩2

]
· log(1

δ
)
)1/2}

+ cDSb∗

{
J1(B∗, ρn) + log(1

δ
)
}
, (4.84)

where W is a centered Gaussian process with covariance matching that of ε(θ∗) (cf.
equation (4.4)).

Next we bound the terms ⟨u, M̃(t)⟩ and ⟨u, Ψ(t)⟩. First, we claim that conditioned
on the event E (θ)

n (rθ) ∩ E (v)
n (rv), we have

∥M̃(t)∥ ≤ c
L

µ

{
J2(B∗, ρn) +

√
log(n

δ
)
}

·
( t−1∑
k=B0

r2
θ(k)

)1/2
, and (4.85a)

∥Ψ(t)∥ ≤ cαL
{

J2(B∗, ρn) +
√

log(n
δ
)
}

·
( t∑
s=B0

s2r2
v(s)

)1/2
, (4.85b)
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both bounds holding with probability at least 1 − δ.
The proof of these two inequalities can be found at the end of this subsection.

Since the set S is contained within DSB∗, it follows that

sup
u∈S

⟨u, M̃(t)⟩ ≤ DS∥M̃(t)∥, and sup
u∈S

⟨u, Ψ(t)⟩ ≤ DS ∥Ψ(t)∥ .

Finally, observe that B0zB0 = ∑B0
t=1 εt(θ∗) +∑B0

t=1{εt(θ0) − εt(θ∗)}. By Lemma 24 we
have

sup
u∈S

⟨u,
B0∑
t=1

εt(θ∗)⟩ ≤ c
√
B0

{
E
[

sup
u∈S

⟨u, W ⟩
]

+
(

sup
u∈υ

E
[
⟨u, W ⟩2

]
· log(1

δ
)
)1/2}

+ cDSb∗

{
J1(B∗, ρn) + log(1

δ
)
}
,

with probability at least 1 − δ. On the other hand, using Lemma 25, we have

sup
u∈S

⟨u,
B0∑
t=1

(
εt(θ0) − εt(θ∗)

)
⟩ ≤ DS∥

B0∑
t=1

{
εt(θ0) − εt(θ∗)

}
∥

≤ cLDS∥θ0 − θ∗∥ ·
√
B0

{
J2(B∗, ρn) +

√
log(1

δ
)
}

≤ cDS · L
µ

√
B0rθ(B0)

{
J2(B∗, ρn) +

√
log(1

δ
)
}
,

with probability at least 1 − δ. Combining the two bounds, we conclude that

sup
u∈S

⟨u, zB0⟩ ≤ c√
B0

{
E
[

sup
u∈S

⟨u, W ⟩
]

+
(

sup
u∈υ

E
[
⟨u, W ⟩2

]
· log(1

δ
)
)1/2}

+ cDSb∗
B0

(
J1(B∗, ρn) + log(1

δ
)
)

+ cDS ·Lrθ(B0)
µ

√
B0

(
J2(B∗, ρn) +

(
log(1

δ
)
)1/2)

, (4.86)

again with at least probability 1 − δ.
We now put together the bounds (4.84), (4.85a) (4.85b), and (4.86). By doing so,

we are guaranteed that conditioned on the event E (θ)
n (rθ) ∩ E (v)

n (rv), for each integer
t ∈ [B0, n], we have

sup
u∈S

⟨u, zt⟩ ≤ c√
t

{
E
[

sup
u∈S

⟨u, W ⟩
]

+
(

sup
u∈S

E
[
⟨u, W ⟩2

]
log(1

δ
)
)1/2}

+ DSb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cDS ·αL√
t

{
J2(B∗, ρn) +

√
log(1

δ
)
}(1

t

t−1∑
s=B0

s2r2
v(s)

)1/2

+ 2cDS ·L
µt

{
J2(B∗, ρn) +

√
log(1

δ
)
}

·
( t−1∑
s=B0

r2
θ(s) +B0r

2
θ(B0)

)1/2
.

130



The claim of Lemma 22 now follows by noting
(∑t−1

s=B0 r
2
θ(s) + B0r

2
θ(B0)

)1/2
=(∑t−1

s=1B0 r
2
θ(s)

)1/2
. It remains to prove inequalities (4.85a) and (4.85b).

Proof of the bound (4.85a): Conditioned on the event E (θ)
n (rθ), we have the upper

bounds

∥εs(θs−1) − εs(θ∗)∥ = ∥Hs(θs−1) − Hs(θ∗) − h(θs−1) + h(θ∗)∥ ≤ L ∥θs−1 − θ∗∥

≤ L

µ
rθ(s− 1),

where the last inequality follows from the assumption ∥θs−1 − θ∗∥ ≤ 1
µ

∥h(θs−1) − h(θ∗)∥
(cf. assumption (4.78)).

On the event E (θ)
n (rθ), we apply Lemma 25 to the martingale differences {εs(θs−1)−

εs(θ∗)}ts=B0+1, and find that

∥∥∥∥ t∑
s=B0+1

(
εs(θs−1) − εs(θ∗)

)∥∥∥∥ ≤ c
{

J2(B∗, ρn) +
√

log(1
δ
)
}
L

µ

( t−1∑
s=B0

r2
θ(s)

)1/2
,

with probability at least 1 − δ, as claimed in inequality (4.85a).

Proof of bound (4.85b): We now control the martingale sequence {Ψt}t≥B0 . Con-
ditioned on the event E (v)

n (rv), we have∥∥∥(s− 1)
{
εs(θs−1) − εs(θs−2)

}∥∥∥ ≤ (s− 1)L · ∥θs−1 − θs−2∥ = (s− 1)αL ∥vs−1∥
≤ (s− 1)αLrv(s− 1),

valid for any integer s ∈ [B0, t]. By Lemma 25, on the event E (v)
n (rv), we have

∥∥∥ t∑
s=B0+1

(s− 1)
{
εs(θs−1) − εs(θs−2)

}∥∥∥ ≤ cα
{

J2(B∗, ρn) +
√

log(1
δ
)
}
L
( t−1∑
s=B0

s2r2
v(s)

)1/2
,

with probability at least 1 − δ, which establishes the claim. This completes the proof
of Lemma 19.

Proofs of Theorem 7 and Corollary 2
In this section, we prove Theorem 7 and Corollary 2. Note that Corollary 2 is a
generalized version of Theorem 7. Indeed, assuming conditions (A1)- (A4) holds,
Theorem 7 follows from Corollary 2 with

∥∥∥ ·
∥∥∥
C

= ∥·∥.
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Define the pair

r∗
θ(t) := c√

t

(
W +ν

√
log(n

δ
)
)

+ cb∗
1−γ

{
1
t
+ αL√

t
·J2(B∗, ρn) log(n

δ
)
} {

J1(B∗, ρn)+log(1
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ , and (4.87a)

r∗
v(t) := c

1−γ

{
1

t
√
α

(
W + ν

√
log(n

δ
)
)

+ b∗
t

{
log(n

δ
) + J1(B∗, ρn)

}}
+ 2

(
B0
t

)2
∥θ0 − h(θ0)∥ .

(4.87b)

Invoking Theorem 6 and applying a union bound over the iterates, we have
the pair of bounds ∥h(θt) − θt∥ ≤ r∗

θ(t), and and ∥vt∥ ≤ r∗
v(t), uniformly for t =

B0, B0 + 1, · · · , n with probability at least 1 − δ. Using the restarting scheme
with parameter choice (4.11b), we can guarantee that the initial operator defect
∥h(θ0) − θ0∥ satisfies the upper bound:

∥θ0 − h(θ0)∥ ≤ c√
B0

(
W + ν

√
log(1/δ)

)
+ cb∗

B0(1−γ)

(
J1(B∗, ρn) + log(1/δ)

)
.

By the linearization condition (A4)′, for any θ ∈ B(θ∗, s0), we have

s :=
∥∥∥θ − θ∗

∥∥∥
C

≤ sup
A∈As

∥∥∥(I − A)−1(h(θ) − θ)
∥∥∥
C
.

To obtain an upper bound on
∥∥∥θn − θ∗

∥∥∥
C

, it suffices to provide an bound for the
quantity supA∈As

∥∥∥(I − A)−1(h(θn−1) − θn−1)
∥∥∥
C

for any given s > 0. Recall that
h(θn−1) − θn−1 = vn − zn, by definition, and in the rest of this section we provide
upper bounds on

∥∥∥vn∥∥∥
C

and
∥∥∥zn∥∥∥

C

Upper bound on
∥∥∥vn∥∥∥

C

Observe that
∥∥∥(I −A)−1vn

∥∥∥
C

≤ D
1−γ ∥vn∥. Thus, if we invoke the bound ∥vn∥ ≤ r∗

v(t),
where r∗

v is defined in (4.87b), we are guaranteed that

∥∥∥(I − A)−1vn
∥∥∥
C

≤ c′D
(1−γ)2

{
1

n
√
α

[
W + ν

√
log(n

δ
)
]

+ b∗
n

[
log(n

δ
) + J1(B∗, ρn)

]}
+ cD

1−γ

{
B0
n

}2
∥θ0 − h(θ0)∥ .

with probability at least 1 − δ.
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Upper bound on
∥∥∥zn∥∥∥

C

In order to establish a sharp upper bound on the term supA∈As
∥(I − A)−1zn+1∥, we

define the class of test functions S := {(I − A∗)−1u : A ∈ As, u ∈ C}. Substituting
the the bounds (4.87a) and (4.87b) in Lemma 22 with we find that for any given
s > 0, the quantity supA∈As

∥∥∥(I − A)−1zn
∥∥∥
C

is upper bounded as

c√
n

{
E
[

sup
A∈As

∥∥∥(I − A)−1W
∥∥∥
C

]
+ ν(s)

√
log(1

δ
)
}

+ cb∗D
n(1−γ)

{
J1(B∗, ρn) + log(1

δ
)
}

+ cLD
(1−γ)2n

{
J2(B∗, ρn) +

√
log(1

δ
)
}{
α
( n−1∑
s=B0

s2r∗2
v (s)

)1/2
+ 1

1−γ

( n−1∑
s=1

r∗2
θ (s)

)1/2}
,

(4.88)

with probability at least 1 − δ.

Putting together the pieces

The last two bounds are valid for a fixed value of s. In order to derive the fixed-point
condition in Theorem 7 and Corollary 2, however, we need a bound that holds
uniformly over s in a suitable range, which we now do. Define the quantity

Rn := c
(1−γ)

√
n

{
E
[∥∥∥W∥∥∥

C

]
+
(

sup
u∈C

E
[
⟨u, W ⟩2

]
log(1

δ
)
)1/2}

+ D · Hn(α, δ),

and let R := 1−γ
1+γR.

It can be seen that the solutions to equation (4.30) all belong to the interval
[R,R]. In particular, contraction assumption (A1), we find that

1
1 + γ

≤ |||(I − A)−1|||op ≤ 1
1 − γ

, valid for any A ∈ As,

which leads to the bounds WC

1+γ ≤ GC(s) ≤ WC

1−γ and νC

1+γ ≤ σ∗,C(s) ≤ νC

1−γ for any s > 0.
By Theorem 6 and the contractive assumption (A1), we have the upper bound

P
[∥∥∥θn − θ∗

∥∥∥
C

≥ Rn

]
≤ δ.

Consider the sequence sℓ = 2ℓ−1Rn for ℓ = 1, 2, . . . , k, where k := log2(⌈Rn/Rn⌉). It
forms a doubling grid Mn := {s1, s2, · · · , sk} on the interval [Rn, Rn], and it can be
seen that k satisfies the upper bound

k ≤ log(1+γ
1−γ ) ≤ 1 + log( 1

1−γ ).

Taking a union bound over s ∈ Mn, we find that the bound (4.88) holds with
probability at least 1 − kδ, uniformly over s ∈ Mn. For any s ∈

[
Rn, Rn

]
, define the
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index ℓ(s) := max{ℓ | sℓ ≤ s}. On the event above, we can conclude that

sup
A∈As

∥∥∥(I − A)−1zn
∥∥∥
C

≤ sup
A∈Asℓ(s)+1

∥∥∥(I − A)−1zn
∥∥∥
C

≤ c√
n

{
GC(2s)+σ∗,C(2s)

√
log(1

δ
) + log(log n)

}
+ cDb∗

(1−γ)n

{
J1(B∗, ρn)+log(1

δ
)+log(log n)

}

+ cDL
(1−γ)2n

{
J2(B∗, ρn) +

√
log(1

δ
)
} {

α
( n−1∑
s=B0

s2r∗2
v (s)

)1/2
+ 1

1−γ

( n−1∑
s=1

r∗2
θ (s)

)1/2}
,

for s ∈ [Rn, Rn]. Here we have used the facts that GC(·) and σ∗,C(·) are non-
decreasing functions. We now substitute our expressions for r∗

θ and r∗
v, and conclude

that conditioned on the event E (θ)
n ∩ E (v)

n ∩
{
∥θn − θ∗∥ ≤ Rn

}
, we have

sn ≤ sup
A∈Asn

∥∥∥(I − A)−1zn
∥∥∥
C

+ D
1−γ r

∗
v(n)

≤ c√
n

(
G(2sn) + ν(2sn)

√
log(1

δ
)
)

+Rn + cDb∗
(1−γ)n

(
J1(B∗, ρn) + log(1

δ
)
)

+ cDL
(1−γ)2√

n
· J2(B∗, ρn) log(n

δ
) ·
(√

αW + αb∗

{
J1(B∗, ρn) + log(n

δ
)
}

+
√

B0
n

∥θ0 − h(θ0)∥
)

+ c′D
(1−γ)2

{
1

n
√
α
W
√

log n
δ

+ b∗
n

[
log n

δ
+ J1(B∗, ρn)

]}
+ cD

1−γ

(
B0
n

)2
∥θ0 − h(θ0)∥

≤ c√
n

{
GC(2sn) + σ∗,C(2sn)

√
log(1

δ
)
}

+ cD log(n/δ)
(1−γ)2

{
J2(B∗, ρn)L

√
α
n

+ 1
n

√
α

}
· W

+ cDb∗ log(n
δ

)
(1−γ)2

{
J2(B∗, ρn)L α√

n
+ 1

n

}
·
{

J1(B∗, ρn) + log(n
δ
)
}

+ DB0
(1−γ)n · ∥θ0 − h(θ0)∥ ,

with probability at least 1 − δ, valid for any δ ∈ (0, 1/k), where k = 1 + log 1
1−γ .

Finally, noting that P
[
E (θ)
n ∩ E (v)

n ∩
{

∥θn − θ∗∥ ≤ Rn

}]
≥ 1 − δ, and using the

initialization conditions (4.11), we obtain the bound that was claimed in Corollary 2.

Proof of Theorem 8
The proof of this theorem is similar to that of Theorem 6, but is based on an improved
version of Lemma 18, stated as Lemma 23. At a high level, there are three main
steps:

1. First, we use Lemma 19 and Lemma 23 to establish a relation between
∥h(θt) − θt∥ and ∥vt∥.

2. Second, starting with the coarse bound on ∥h(θt) − θt∥ and ∥vt∥ from Lemma 20,
we iteratively refine our bounds using the relation from Step 1.

3. Finally, we improve the higher-order terms in these bounds.

134



Step 1: Relating ∥h(θt) − θt∥ and ∥vt∥

We first state a sharpening of Lemma 18 that holds for a multi-step contractive linear
operator (see Assumption (A1)′).

Lemma 23. Under assumptions (A1)′, (A3), and (A2), there exists a universal
constant c > 0 such that for stepsize α satisfying the bound

c
√
mα · LJ2(B∗, ρn) · log n

δ
≤ 1

3 , (4.89a)

and the burn-in period B0 ≥ cm
α

, given any κ-admissible sequences rθ(t) and rv(t)
with 0 < κ ≤ 2, on the event E (v)

n (rv) ∩ E (θ)
n (rθ), the following bound holds uniformly

with respect to t ∈ [B0, n], with probability 1 − δ:

∥vt∥ ≤ 2rv(t)
3 + cmrθ(t)

tα
+ c

t

√
m
α

{
W + ν

√
log(n

δ
)
}

+ cb∗
t

{
J1(B∗, ρn) + log(n

δ
)
}

+ 4
(
B0
t

)2
∥vB0∥ . (4.89b)

See Section 4.5 for the proof of this lemma.

In addition, by Lemma 22 and the operator norm bound on (I−A)−1, conditioned
on the event E (θ)

n (rθ) ∩E (v)
n (rv), we have the following bound uniformly for t ∈ [B0, n],

∥zt∥ ≤ c√
t

{
W + ν

√
log(n

δ
)
}

+ cb∗

t

{
J1(B∗, ρn) + log(n

δ
)
}

+ cL

t

{
J2(B∗, ρn) +

√
log(n

δ
)
} {

α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+m

( t−1∑
s=1

r2
θ(s)

)1/2}
, (4.90)

with probability at least 1 − δ.

Step 2: Bounds using bootstrapping

Akin to the proof of Theorem 6, we impose the restrictions that the estimate sequences
(rθ, rv) are 1

2 - and 1-admissible, respectively.
Consider a new pair (r+

v , r
+
θ ) satisfying the initial bounds r+

v (B0) ≥ ∥vB0∥ and
r+
θ (B0) ≥ ∥h(θ0) − θ0∥, and such that

r+
v (t) ≥ 2

3rv(t) + 1
t
√
α

· cm√
tα

·
√
trθ(t)

+ c

t

√
m
α

{
W + ν

√
log(n

δ
)
}

+ c
b∗

t

{
J1(B∗, ρn) + log(n

δ
)
}

+ 4
(
B0
t

)2
∥vB0∥ ,

(4.91a)
and

r+
θ (t) ≥ c√

t

{ 1√
αt

+
√
αLJ2(B∗, ρn) log n

δ

}
·
{
t
√
αrv(t)

}
+ 2cLm√

t
J2(B∗, ρn) log n

δ
· rθ(t),

+ c√
t

{
W + ν

√
log(n

δ
)
}

+ cb∗
t

{
J1(B∗, ρn) + log(n

δ
)
}
. (4.91b)
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for each integer t ∈ [B0, n].
By combining the bounds (4.89b) and (4.90), we are guaranteed that

P
[
E (θ)
n (r+

θ ) ∩ E (v)
n (r+

v )
]

≥ P
[
E (θ)
n (rθ) ∩ E (v)

n (rv)
]

− δ,

Our goal is to construct two series of admissible sequences
(
r(i)
v , r

(i)
v

)
with i =

0, 1, · · · , such that the pair (∥vt∥ , ∥h(θt) − θt∥)t≥B0 are dominated by
(
r(i)
v (t), r(i)

v (t)
)
t≥0

,
with high probability. Concretely, we consider sequences of a particular form
r(i)
v (t) = ψ

(i)
v

t
√
α

and r
(i)
θ (t) = ψ

(i)
θ√
t
, for pairs of positive reals

(
ψ(i)
v , ψ

(i)
θ

)
independent

of t. Apparently, with such forms, the sequence r(i)
θ is 1

2 -admissible, and the sequence
r(i)
v is 1-admissible. However, if we directly substitute the sequences

(
r(i)
v (t), r(i)

v (t)
)

of such forms into the iteration (4.91), the resulting sequences (r+
θ , r

+
v ) will no longer

be of the desired form. So in order to unify the coefficients in equation (4.91) into
the same time scale, given a stepsize α > 0, we define the burn-in time

B0 = cm
α

log(n
δ
). (4.92a)

For each t = B0, B0 + 1 . . ., the coefficients in (4.91) then satisfy the bounds

cm√
αt

≤ 1
6
√
m, c√

αt
≤ 1

12
√
m
, and m√

t
log(n

δ
) ≤

√
αm. (4.92b)

Therefore, if we construct a two-dimensional vector sequence ψ(i) =
[
ψ(i)
v ψ

(i)
θ

]T
satisfying the recursive relation ψ(i+1) = Qψ(i) + b, where

Q :=
[

2/3
√
m
6

1
12

√
m

+ cLJ2(B∗, ρn)
√
α · log(n

δ
) 2cLJ2(B∗, ρn)

√
αm log(n

δ
)

]
, and

b := c ·


√
m
(
W + ν

√
log(n/δ)

)
+ b∗

√
α
(
log(1

δ
) + J1(B∗, ρn)

)
+B0

√
α ∥vB0∥(

W + ν
√

log(n/δ)
)

+ b∗
√

α
m

(log(n/δ) + J1(B∗, ρn)) +
√
B0 ∥h(θ0) − θ0∥

 ,
(4.93)

they will satisfy the requirement (4.91), leading to the probability bound:

P
[
E (θ)
n

(
r

(i+1)
θ

)
∩ E (v)

n

(
r(i+1)
v

)]
≥ P

[
E (θ)
n

(
r

(i)
θ

)
∩ E (v)

n

(
r(i)
v

)]
− δ, (4.94)

for the sequences r(i)
θ (t) = ψ

(i)
θ /

√
t and r(i)

v (t) = ψ(i)
v /(

√
αt).

It remains to specify an initial condition for the recursion above. Note that
Lemma 20 implies that we have

∥θt − θ∗∥ + ∥vt∥ ≤ e1+Lαt
(
b∗ + ∥θ0 − θ∗∥

)
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almost surely. So we can take the initialization:

ψ(0)
v := n

√
αe1+Lαn(b∗ + ∥θ0 − θ∗∥), and ψ

(0)
θ :=

√
ne1+Lαn(b∗ + ∥θ0 − θ∗∥),

for which the bounds ∥vt∥ ≤ ψ
(0)
v

t
√
α

and ∥θt − h(θt)∥ ≤ ψ
(0)
θ√
t

hold almost surely.
Given such an initial condition and the recursion (4.94), we find that

P
[
E (v)
n (r(i)

v ) ∩ E (θ)
n (r(i)

θ )
]

≥ P
[
E (v)
n (r(0)

v ) ∩ E (θ)
n (r(0)

θ )
]

− iδ = 1 − iδ.

It remains to understand the behavior of ψ(i) for large values of the index i, i.e. the
after i iterations of the bootstrapping argument. We do so by solving the recursion
ψ(i+1) = Qψ(i) + b. Let us define a new matrix

Q̃ :=
[

2/3
√
m
6

1
6
√
m

2/3

]
(i)=
[√

m
√
m

1 −1

]
·
[

5
6 0
0 1

2

]
·
[√

m
√
m

1 −1

]−1

,

where the equivalence (i) follows by a direct calculation. Note that the stepsize
condition (4.35a) ensures that

cLJ2(B∗, ρn) log n
δ

·
√
mα ≤ 1

12 , (4.95)

then the matrix Q̃ is coordinate-wise larger than the matrix Q from equation (4.93),
and consequently we are guaranteed that Qu ⪯orth Q̃u for any 2-dimensional vector
u ⪰orth 0. Thus, for each integer N = 1, 2, . . ., we have the upper bounds[

ψ(N)
v

ψ
(N)
θ

]
=
(
N−1∑
i=0

Qi

)
b+QN

[
ψ(0)
v

ψ
(0)
θ

]
⪯orth

(
N−1∑
i=0

Q̃i

)
bψ + Q̃N

[
ψ(0)
v

ψ
(0)
θ

]

⪯orth (I − Q̃)−1b+ e−N/6√m
(
ψ(0)
v + ψ

(0)
θ

)
12.

By taking N = cLn log n, replacing δ with δ/N and substituting with the above
bounds, we find that

t
√
α · ∥vt∥ ≤ ψ(N)

v ≤ c
√
m
{
W + ν

√
log(n

δ
)
}

+ cb∗
√
α
(
log(n

δ
) + J1(B∗, ρn)

)
+ cB0

√
α ∥vB0∥ +

√
B0m ∥h(θ0) − θ0∥ , (4.96a)

along with
√
t ∥h(θt) − θt∥ ≤ ψ

(N)
θ ≤ c

{
W + ν

√
log(n

δ
)
}

+ cb∗
√
α
{

log(n
δ
) + J1(B∗, ρn)

}
+ cB0

√
α/m ∥vB0∥ +

√
B0 ∥h(θ0) − θ0∥ , (4.96b)

valid uniformly over t ∈ {B0, B0 + 1, · · · , n} with probability at least 1 − δ.
The latter bound, when combined with the Lemma 21 yields an upper bound on

∥h(θt) − θt∥ which has the correct leading-order term, i.e., the correct dependence on
the term W + ν

√
log n

δ
. In order to refine the dependence on the terms ∥h(θ0) − θ0∥

and log(n
δ
) + J1(B∗, ρn), we need do another round of bootstrapping.
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Step 3: Improving the higher-order terms

With a slight abuse of notation, let the 2-vector ψ(N) := (ψ(N)
v , ψ

(N)
θ ) be defined by

the right-hand side of equation (4.96), and consider the choices rv(t) := ψ
(N)
v

t
√
α

and

rθ(t) := ψ
(N)
θ√
t

. Conditioned on the event E (θ)
n (rθ) ∩ E (v)

n (rv), we have

∥h(θt) − θt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ cb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+
{

1
t

+ cαLJ2(B∗,ρn)√
t

· log(n
δ
)
}
ψ

(N)
v√
α

+ 2cmLJ2(B∗,ρn)
t

log(n
δ
) · ψ(N)

θ

≤
{

c√
t

+
√

m
α

[
1
t

+ cαLJ2(B∗,ρn)√
t

· log(n
δ
)
]}{

W + ν
√

log(n
δ
)
}

+ c′b∗

{
1
t

+ αLJ2(B∗,ρn)√
t

· log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

+ c′
{

1
t

√
m
α

+
√
αmLJ2(B∗,ρn)√

t
· log(n

δ
)
}√

B0 ∥h(θ0) − θ0∥

+ c′
{
mLJ2(B∗,ρn)

t
log(n

δ
)
}√

B0

√
B0 ∥h(θ0) − θ0∥

+ c′
{

1
t

+ αLJ2(B∗,ρn)√
t

· log(n
δ
) +

√
α/mLJ2(B∗,ρn)

t
log(n

δ
)
}
B0 ∥vB0∥ ,

with probability at least 1 − δ.
Given a burn-in period B0 satisfying (4.92a) and step size satisfying (4.95), using

the bound on ∥vB0∥ from Lemma 21, we have the upper bound ∥h(θt) − θt∥ ≤ r̃θ(t),
with probability at least 1 − δ, uniformly over all integers t ∈ [n], where

r̃θ(t) := c1√
t

{
W +ν

√
log(n

δ
)
}

+ c2b∗

{
1
t

+ αLJ2(B∗,ρn)√
t

· log3(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

+ c2

{
αB0LJ2(B∗,ρn)√

t
· log(n

δ
) + B0

t

}
∥h(θ0) − θ0∥ .

By substituting the upper bound r̃θ into equation (4.91a), we obtain a recursive
inequality that takes as input an admissible sequence rv(t), and generates as output
a new sequence r+

v (t) such that

P
[
E (v)
n (r+

v )
]

≥ P
[
E (v)
n (rv)

]
− δ.

Taking any integer N1 > 0, by applying the recursive inequality for N1 times with
δ′ = δ/N1, we get a sharper bound for ∥vt∥ with probability 1 − δ:

∥vt∥ ≤ 3c
[√

m
t
√
α

(
W + ν

√
log(nN1

δ
)
)

+ b∗
t

(
log(nN1

δ
) + J1(B∗, ρn)

)]
+ cm

αt
r̃θ(t) + c

(
B0
t

)2
∥vB0∥ +

(
1+γ

2

)N1 · ψ
(N)
v

t
√
α
.
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Taking N1 := 10 log n, for stepsize and burn-in period satisfying the condi-
tions (4.92a) and (4.95), some algebra yields that ∥vt∥ ≤ r̃v(t) with probability at
least 1 − δ, uniformly for each integer t ∈ [B0, n], where

r̃v(t) := c′
{

1
t

√
m
α

[
W + ν

√
log(n

δ
)
]

+ b∗
t

[
log(n

δ
) + J1(B∗, ρn)

]}
+ 2c′

(
B0
t

)2
∥θ0 − h(θ0)∥

(4.97)

for a universal constant c′ > 0.

It can be seen that the sequences r̃v and r̃θ are 2-admissible. Substituting their
definitions into the bound (4.90). we find that the inequality

∥zt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ cb∗
t

{
J1(B∗, ρn) + log(1

δ
)
}

+ cL
t

{
J2(B∗, ρn) +

√
log(1

δ
)
} {

α
( t−1∑
s=B0

s2r2
v(s)

)1/2
+m

( t−1∑
s=1

r2
θ(s)

)1/2}

holds with probability at least 1 − δ.
Under the conditions (4.95) and (4.92a), some algebra yields:

∥zt∥ ≤ c√
t

{
W + ν

√
log(1

δ
)
}

+ cb∗

{
1
t

+ αL√
t

· J2(B∗, ρn) log(n
δ
)
} {

J1(B∗, ρn) + log(1
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ .

Combining with equation (4.97) yields the upper bound

∥h(θt) − θt∥ ≤ c√
t

(
W + ν

√
log(1

δ
)
)

+ cb∗

{
1
t

+ αL√
t
J2(B∗, ρn) log(n

δ
)
} {

J1(B∗, ρn) + log(1
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ , (4.98)

which completes the proof of equation (4.36).

Besides, by taking a union bound over time steps t ∈ {B0, B0 + 1, . . . , n}, we have
the lower bound P

[
E (θ)
n (r∗

θ)
]

≥ 1 − δ, where

r∗
θ(t) := c√

t

{
W + ν

√
log(n

δ
)
}

+ cb∗

{
1
t

+ αLJ2(B∗,ρn)√
t

log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}

+ cB0
t

∥θ0 − h(θ0)∥ .

139



Proof of Lemma 23

Starting with recursion satisfied by vt, we have

t · vt = (t− 1)
{
vt−1 + θt−2 − Ht(θt−1) − θt−1 + Ht(θt−2)

}
+
{
H(θt−1) − θt−1

}
=
{

(1 − α)I + αA
}

· (t− 1)vt−1 − (t− 1)
{
εt(θt−1) − εt(θt−2)

}
+ εt(θt−1) +

{
h(θt−1) − θt−1

}
.

For any positive integer τ , we can expand the above expression for τ steps so as to
obtain

t · vt =
(
(1 − α)I + αA

)τ
(t− τ)vt−τ

−
τ∑
j=1

(t− j)
(
(1 − α)I + αA

)j−1
(εt−j+1(θt−j) − εt−j+1(θt−j−1))

+
τ∑
j=1

(
(1 − α)I + αA

)j−1
εt−j+1(θt−j) +

τ∑
j=1

(
(1 − α)I + αA

)j−1(
h(θt−j) − θt−j

)
.

(4.99)

In addition, our analysis makes use of the following auxiliary bound

|||
(
(1 − α)I + αA

)t
|||V ≤ min

{
1, 2

(
1 − α

2m

)t }
, (4.100)

valid for all t = 1, 2, . . .. See the end of this subsection for the proof of this claim.
Taking this bound as given, we proceed with the proof of this lemma. First,

substituting the bound (4.100) into the decomposition (4.99) yields the bound

t · ∥vt∥ ≤ 2
(
1 − α

2m

)τ
(t− τ) ∥vt−τ∥ + ∥Ψt−τ,τ∥ + ∥Mt−τ,τ∥ +

τ∑
j=1

∥h(θt−j) − θt−j∥ .

(4.101)

where we define the terms

Ψt−τ,τ :=
τ∑
j=1

(t− j)
(
(1 − α)I + αA

)j−1
(εt−j+1(θt−j) − εt−j+1(θt−j−1)) , and

(4.102a)

Mt−τ,τ :=
τ∑
j=1

(
(1 − α)I + αA

)j−1
εt−j+1(θt−j). (4.102b)

Now we bound the terms in the decomposition (4.101). On the event E (v)
n (rv),

each term in the summation defining Ψt−τ,τ satisfies an almost-sure upper bound:(
(1 − α)I + αA

)j−1
(εt−j+1(θt−j) − εt−j+1(θt−j−1)) ≤ (t− j)Lα ∥vt−j∥

≤ (t− j)Lαrv(t− j).
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Since the sequence rv is admissible, for burn-in time B0 ≥ 2τ , we have that (t −
j)rθ(t − j) ≤ t2

(t−j)rv(t) ≤ 2trv(t). Note that the terms in Ψt−τ,τ form a martingale
difference sequence, adapted to the natural filtration (Ft)t≥0. Invoking the martingale
concentration inequality from Lemma 25 yields the bound

∥Ψt−τ,τ∥ ≤ c
√
τ
{
J2(B∗, ρn) +

√
log(1/δ)

}
· Lαtrv(t), (4.103)

which holds with probability at least 1 − δ.
As for the term Mt−τ,τ , we use a decomposition similar to the one used in the

proof of Lemma 18:

Mt−τ,τ =
τ∑
j=1

(
(1 − α)I + αA

)j−1
εt−j+1(θ∗)

+
τ∑
j=1

(
(1 − α)I + αA

)j−1(
εt−j+1(θt−j) − εt−j+1(θ∗)

)
=: M∗

t−τ,τ + M̃t−τ,τ .

The term M∗
t−τ,τ is sum of independent random variables in V, with each term

satisfying the conditions∥∥∥∥((1 − α)I + αA
)j−1

εt−j+1(θ∗)
∥∥∥∥ ≤ · ∥εt−j+1(θ∗)∥ , and

(1 − α)I + αA
)j−1

εt−j+1(θ∗) ∈ Ω.

Invoking the concentration inequality from Lemma 24 yields the bound∥∥∥M∗
t−τ,τ

∥∥∥ ≤ c
√
τ
(
W + ν

√
log(1

δ
)
)

+ cb∗
(
J1(B∗, ρn) + log(1

δ
)
)
,

which holds with probability at least 1 − δ.
For the excess noise term M̃t−τ,τ , we note that conditioned on the event E (θ)

n (rθ),
we have the upper bound∥∥∥∥((1 − α)I + αA

)j−1(
εt−j+1(θt−j) − εt−j+1(θ∗)

)∥∥∥∥ ≤ 2Lmrθ(t− j).

For an admissible sequence rθ and burn-in period B0 ≥ 2τ , we have that rθ(t− j) ≤
t2

(t−j)2 rθ(t) ≤ 4rθ(t) for any j ∈ [τ ]. Furthermore, the terms in M̃t−τ,τ form a martingale
difference sequence adapted to the natural filtration. By Lemma 25, on the event
E (θ)
n (rθ), we have the martingale concentration inequality:∥∥∥M̃t−τ,τ

∥∥∥ ≤ c
√
τ
(
J2(B∗, ρn) +

√
log(1/δ)

)
· Lmrθ(t).

Finally, for the last term in the decomposition (4.101), we note that on the event
E (θ)
n (rθ), we have the bounds:

∥h(θt−j) − θt−j∥ ≤ rθ(t− j) ≤ t2

(t−j)2 rθ(t) ≤ 4rθ(t).

141



In order to prove the final results, as with the proof of Lemma 18, we consider the
cases of t ≥ B0 + 2m/α and t ≤ B0 + 2m/α separately.

When t ≥ B0 + 2m/α, collecting above bounds, by taking τ = 2m/α, we find that

t · ∥vt∥ ≤
{

1
3 + c

√
τ
[
J2(B∗, ρn) +

√
log(1

δ
)
]

· Lα
}
trv(t)

+
{
c
√
τ
[
J2(B∗, ρn) +

√
log(1

δ
)
]

· Lm+ τ
}
rθ(t)

+ c
√
τ
{
W + ν

√
log(1

δ
)
}

+ cb∗

{
J1(B∗, ρn) + log(1

δ
)
}
.

Given a stepsize α such that

c
√
mα ·

{
J2(B∗, ρn) +

√
log(1

δ
)
}

· L ≤ 1
3 , (4.104)

the above inequality implies that

t · ∥vt∥ ≤ 2
3trv(t) + cm

α
rθ(t) + c

√
m
α

{
W + ν

√
log(1

δ
)
}

+ cb∗

}
J1(B∗, ρn) + log(1

δ
)
}
,

which completes the proof of the first case.
On the other hand, when t ≤ B0 + 2m/α, we let τ = t−B0, and find that:

t · ∥vt∥ ≤ 2B0 · ∥vB0∥ + c
√
τ
[
J2(B∗, ρn) +

√
log(1

δ
)
]

· Lαtrv(t)

+
{
c
√
τ
[
J2(B∗, ρn) +

√
log(1

δ
)
]

· Lm+ τ
}
rθ(t)

+ c
√
τ
{
W + ν

√
log(1

δ
)
}

+ cb∗

{
J1(B∗, ρn) + log(1

δ
)
}
.

Note that for t ∈ [B0, B0 + 2m/α], we have that 2B0 · ∥vB0∥ ≤ 4B02

t
∥vB0∥. Assuming

the stepsize condition (4.104), we conclude the inequality:

t · ∥vt∥ ≤ 2
3trv(t) + cm

α
rθ(t) + c

√
m
α

{
W + ν

√
log(1

δ
)
}

+ cb∗

}
J1(B∗, ρn) + log(1

δ
)
}

+ B0
2

t
∥vB0∥ ,

Proof of equation (4.100): Applying the triangle inequality yields

|||
(
(1 − α)I + αA

)t
|||V ≤

t∑
k=0

(
t

k

)
(1 − α)kαt−k|||At−k|||V. (4.105)

Since |||At|||V ≤ |||A|||tV ≤ 1 for each t = 0, 1, 2, . . ., we have

|||
(
(1 − α)I + αA

)t
|||V ≤

t∑
k=0

(
t

k

)
(1 − α)kαt−k ≤ 1.
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On the other hand, we note that for any time index i ∈ N+, using the m-step
contraction condition (A1)′, we have that:

|||Ai|||V ≤ |||Am|||
⌊ i
m

⌋
V · |||Ai−m⌊ i

m
⌋|||V ≤ 2−⌊ i

m
⌋ = 21−i/m.

Applying this inequality with i = t − k and substituting into equation (4.105), we
have that:

|||
(
(1 − α)I + αA

)t
|||V ≤

t∑
k=0

(
t

k

)
(1 − α)kαt−k · 21− t−k

m ≤ 2
(
1 − α + α ·

(
1 − 1

2m

))t
= 2

(
1 − α

2m

)t
.

Proof of Corollary 3

Recall that by Theorem 8 and a union bound, for number of restarting epochs
satisfying the given condition (4.37b), the event E (θ)

n (r∗
θ) ∩ E (v)

n (r∗
v) occurs with

probability 1 − δ, for the function pair (r∗
θ , r

∗
v) given by

r∗
v(t) := c

[
1
t

√
m
α

(
W + ν

√
log(n

δ
)
)

+ b∗
t

{
log(n

δ
) + J1(B∗, ρn)

}]
(4.106a)

r∗
θ(t) := c√

t

{
(W + ν

√
log(n

δ
)
}

+ cb∗

{
1
t

+ αLJ2(B∗,ρn)√
t

log3(n
δ
)
} {

J1(B∗, ρn) + log(1
δ
)
}
.

(4.106b)

Since h is an affine operator, we have the decomposition∥∥∥θn − θ∗
∥∥∥
C

≤
∥∥∥(I − A)−1vn+1

∥∥∥
C

+
∥∥∥(I − A)−1zn+1

∥∥∥
C
.

By the operator norm bound (4.33) and the bound (4.106a) on the norm ∥vt∥, we
have
∥∥∥(I − A)−1vt+1

∥∥∥
C

≤ c′Dm

1
t

√
m
α

{
W + ν

√
log(n

δ
)
}

+ b∗
t

{
log(n

δ
) + J1(B∗, ρn)

}.
For the term ∥(I − A)−1zn+1∥, we consider the class of test functions S :=

{
(I −

A∗)−1u | u ∈ C
}

. Invoking Lemma 22 with µ = (1 − γ) yields that
∥∥∥(I − A−1)zn

∥∥∥
Cis at most

c√
n

{
E
[∥∥∥(I − A)−1W

∥∥∥
C

]
+
(

sup
u∈C

E
[
⟨u, (I − A)W ⟩2

]
log(1

δ
)
)1/2

}
+ cDmb∗

n

{
J1(B∗, ρn) + log(1

δ
)
}

+ cDmL
t

{
J2(B∗, ρn) +

(
log(1

δ
)
)1/2} {

α
( n−1∑
s=B0

s2r∗
v(s)2

)1/2
+m

( n−1∑
s=1

r∗
θ(s)2

)1/2
}
,
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with probability at least 1 − δ. Combining above results, some algebra yields that∥∥∥θn − θ∗
∥∥∥
C

≤ c√
n

{
E
[∥∥∥(I − A)−1W

∥∥∥
C

]
+
(

sup
u∈C

E
[
⟨u, (I − A)W ⟩2

]
log(1

δ
)
)1/2}

+ cmD
{
LJ2(B∗, ρn) log(n

δ
)
√

αm
n

+ 1
n

√
m
α

} {
W + ν

√
log(n

δ
)
}

+ cmb∗D
{

1
n

+ αLJ2(B∗,ρn)√
n

log(n
δ
)
} {

J1(B∗, ρn) + log(n
δ
)
}
,

with probability at least 1 − δ. This completes the proof of Corollary 3.

4.6 Discussion
In this chapter, we have analyzed ROOT-SA, a variance-reduced stochastic approx-
imation procedure, built upon the ROOT-SGD algorithm [Li+20] for stochastic
optimization, and designed for solving contractive fixed-point equations in Banach
spaces. Under suitable regularity assumptions, we show that the estimator outputted
by the algorithm achieves non-asymptotic risk upper bounds under any semi-norm,
with the leading-order term being the local minimax optimal risk. Furthermore, the
sample complexity needed for such an instance-dependent optimal statistical behavior
scale with the intrinsic complexity of the norm (measured in Dudley integral of the
dual ball under certain metric), instead of the problem dimension. We have also
shown applications to many important problems in dynamical programming and
reinforcement learning, including stochastic shortest path problems, minimax Markov
games, and average-cost policy evaluation. A major technical contribution of the
chapter lies in the novel proof techniques, which allows us to provide sharp analysis
for stochastic approximation procedures without requiring any inner product structure
in the vector space. This work opens up the path towards optimal statistical proper-
ties and efficient algorithms for fixed-point problems of a non-Euclidean geometric
structure. In the following, we list a few interesting directions of future research.

• Optimal sample complexity for SA schemes: One open question in our
analysis concerns the n ≳ (1 − γ)−4 scaling condition needed in Theorem 6
and 7. On one hand, while our results are novel even under this sample size
lower bound (and optimal for large n), it is not yet clear whether this sample
size lower bound is needed, or an artifact of our proof technique. In certain
special cases, this lower bound is not needed; for example, if h is a linear
operator, it is known that O

(
(1 − γ)−2

)
samples suffices (see Theorem 8 and

Corollary 3). Furthermore, in the Euclidean setting with the gradient-update
operator h : θ 7→ θ − β−1∇f(θ) for a µ-strongly-convex and β-smooth function
f , the paper [Li+20] establishes instance-optimal bounds that require only
O
(
(1 − γ)−2

)
samples. An interesting open problem, therefore, is to determine

the minimum sample size for which bounds of the form stated in this chapter
hold in the general Banach space setting.
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• Online statistical inference procedures: In this chapter, we focused exclu-
sively on computing point estimates of the fixed point. However, a natural ques-
tion is the construction of confidence sets for the solution θ∗ to the fixed-point
equation. Ideally, such confidence set should be efficiently computable, asymp-
totically exact, while capturing the desirable non-asymptotic properties satisfied
by our estimator. For Polyak-Ruppert-averaged SGD, the paper [Che+20a]
proposed an online estimator for the covariance that partly achieves these goals
for stochastic optimization in the Euclidean setting. In a concurrent piece
of work involving a subset of the authors [Xia+22], confidence sets and early
stopping rules are developed in the special case of policy evaluation and optimal
policy estimation for discounted MRPs and MDPs. It is an interesting direction
for future research to construct confidence sets with improved guarantees in
the general setting, based purely on the algorithmic trajectory itself.

• General operator equations beyond the contractive setting: In the
Euclidean setting, stochastic approximation procedures for nonlinear equations
share geometric structure, giving rise to key concepts such as monotonicity and
smoothness. This story becomes more complex for Banach spaces, with two
different routes depending on the set up. On the one hand, if the operator h is
mapping from the space V to itself, then convergence is governed by contraction
properties of the operator. On the other hand, if h maps from the Banach
space V to its dual space V∗, then a monotonicity condition with respect to the
Bregman divergence plays a key role (see e.g. [JNT11; KLL20]). This chapter
focuses on the former case, in which h maps the Banach space to itself, but
it is an interesting direction of future research to provide instance-dependent
guarantees for various stochastic approximation procedures in the latter case,
and examine their optimality properties. Even more broadly, it is interesting
to consider stochastic approximation procedures for solving general non-linear
equations defined on pairs of Banach spaces.

4.7 Some Concentration Inequalities in Banach
Spaces

Our analysis makes use of some concentration inequalities for Banach-space-valued
random variables, which we state and prove here.

Statement of the results
We begin with a bound for a sequence {Xi}ni=1 of i.i.d. zero-mean random elements.
Our bound involves a zero-mean Gaussian random variable W in V such that

E [⟨W, y⟩ · ⟨W, z⟩] = E [⟨X1, y⟩ · ⟨X1, z⟩] for all y, z ∈ V∗.
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Lemma 24. Let {Xi}ni=1 be independent zero-mean random elements taking values
in Ω ⊆ V with ∥Xi∥ ≤ 1 almost surely for each i = 1, 2, · · · , n. Then there exists
a universal constant c > 0 such that for any δ ∈ (0, 1) and any bounded symmetric
convex set S ⊆ B∗, we have

1
n

sup
u∈S

⟨u,
n∑
i=1

Xi⟩ ≤ c√
n

{
E
[

sup
u∈S

⟨u, W ⟩
]

+
√

sup
u∈S

E[⟨u, W ⟩2] · log(1
δ
)
}

+ c
n

{
log(1

δ
) + J1(S, ρn)

}
, (4.107)

with probability at least 1 − δ.

See Section 4.7 for the proof of this claim.

We next state a bound for the martingale case:

Lemma 25. Let {Xt}nt=1 be a martingale in V adapted to the filtration {Ft}nt=1.
Assume that there exists a deterministic sequence {bt}nt=1 such that bt ≥ 1

n
and

∥Xt∥ ≤ bt almost surely for each t = 1, 2, · · · , n. Then there exists a universal
constant c > 0 such that for any δ ∈ (0, 1)

∥
n∑
i=1

Xi∥ ≤ c
(

J2(B∗, ρn) +
√

log(1/δ)
)

·

√√√√ n∑
i=1

b2
i , (4.108)

with probability at least 1 − δ.

See Section 4.7 for the proof of this claim.

Proof of Lemma 24
Our proof is based on a combination of Talagrand’s concentration inequality [Tal96],
the generic chaining [Tal06] and a functional Bernstein inequality [Wai19b]. The left-
hand-side of the desired inequality is the supremum of an empirical process. Define
the associated Rademacher complexity Rn(S) := 1

n
E[sup

y∈S
Rn(y)], where Rn(y) :=

Avg (ζi⟨y, Xi⟩) with {ζi}ni=1 an i.i.d. sequence of Rademacher random variables. The
expectation is taken over the randomness of both the Rademacher sequence {ζi}ni=1
and the random elements (Xi)ni=1.

Our first lemma is a type of functional Bernstein inequality; it bounds the
supremum of the empirical process by the Rademacher complexity and some additional
deviation terms:
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Lemma 26. Under the assumptions of Lemma 24, we have

1
n

sup
u∈S

⟨u,
n∑
i=1

Xi⟩ ≤ 3 · Rn(S) + 8

√√√√sup
u∈S

⟨u, W ⟩2 · log( 1
δ

)
n

+ c · log( 1
δ

)
n

,

with probability at least 1 − δ.

See Section 4.7 for the proof of this claim.

We now use this auxiliary claim to complete the proof of Lemma 24. It suffices to
upper bound the Rademacher complexity Rn(S). We define the pseudometrics

ρ∗(x, y) :=
√
E [⟨x− y, X1⟩2] and ρn(x, y) := sup

e∈Ω∩B
⟨x− y, e⟩, for all x, y ∈ V⋆.

Recalling that Rn(y) = Avg (ζi⟨y, Xi⟩), applying Bernstein’s inequality yields

P
[
|Rn(y) −Rn(z)| > t

]
≤ 2 exp

{
− min

(
nα2

2ρ∗(y,z)2 ,
nα

ρn(y,z)

)}
for any α > 0.

For q ≥ 1, we let γq denote the qth-order generic chaining functional of Talagrand.
With this notation, we have

Rn(S) = E
[
sup
y∈S

Rn(y)
]

(i)
≤ c√

n
· γ2(S, ρ⋆) + 1

n
γ1(S, ρn)

(ii)
≤ c√

n
· E

[
sup
u∈S

⟨u, W ⟩
]

+ 1
n
J1(S, ρn).

Here step (i) follows from the generic chaining theorem (see Theorem 1.2.7 [Tal06]).
In step (ii), we bound the first term using the generic chaining lower bound (see
Theorem 2.1.1 [Tal06]) and bound the second term using the fact that γ1 functional
is upper bounded by the Dudley entropy integral of order 1. This completes the proof
of Lemma 24. It remains to prove Lemma 26.

Proof of Lemma 26

The proof of this lemma is based on Talagrand’s concentration inequality for the
suprema of empirical process [Tal96] and a symmetrization argument. Define the
random variance σ̂2 := 1

n
supy∈S

∑n
i=1⟨y, Xi⟩2. Since the random variables Xi are

bounded and S ⊆ B∗, we have | supy∈S ⟨y, Xi⟩| ≤ 1. Invoking Talagrand’s concentra-
tion inequality [Tal96] yields the tail bound

P
[

sup
u∈S

⟨u, Xn⟩ ≥ E
[

sup
u∈S

⟨u, Xn⟩
]

+ α
]

≤ exp
{

−nα2

56E[σ̂2]+4α

}
, valid for all α > 0.

147



Consequently, for any δ ∈ (0, 1), we have

sup
u∈S

⟨u, Xn⟩ ≤ E
[

sup
u∈S

⟨u, Xn⟩
]

+ 8
√

log( 1
δ

)
n

E[σ̂2] + 4 · log( 1
δ

)
n

with probability at least 1 − δ.
It remains to upper bound the expected supremum E

[
supu∈S⟨u, Xn⟩

]
and the

variance term σ̂2. By a standard symmetrization argument, we have

E
[
sup
u∈S

⟨u, Xn⟩
]

≤ 2
n
E
[
sup
u∈S

n∑
i=1

ζi⟨u, Xi⟩
]

= 2Rn(S),

Moving onto the bound on σ̂2, we have

σ̂2 ≤ 1
n

sup
y∈S

n∑
i=1

{
⟨y, Xi⟩2 − E

[
⟨y, Xi⟩2

] }
+ 1

n
sup
y∈S

n∑
i=1

E
[
⟨y, Xi⟩2

]
= Zn + sup

y∈S
E
[
⟨y, Xi⟩2

]
,

where Zn := 1
n

supy∈S
∑n
i=1 (⟨y, Xi⟩2 − E [⟨y, Xi⟩2]). Note that each term |⟨y, Xi⟩| is

almost surely bounded by 1, and the map a 7→ a2 is 2-Lipschitz over the interval [−1, 1].
Consequently, letting {ζi}ni=1 denote an i.i.d. sequence of Rademacher variables, we
have

E[Zn]
(i)
≤ 2

n
E
[
sup
y∈S

n∑
i=1

ζi⟨y, Xi⟩2
]

(ii)
≤ 4

n
· E

[
sup
y∈S

n∑
i=1

ζi⟨y, Xi⟩
]

(iii)
≤ n

64 log( 1
δ

)
R2
n(S) + 128

n
log(1

δ
),

where step (i) follows from a symmetrization argument; step (ii) follows from the
Ledoux–Talagrand contraction; and step (iii) follows from the Cauchy–Schwarz
inequality. Overall, we have

8
√

log( 1
δ

)
n

E[σ̂2] ≤ Rn + 8

√√√√sup
u∈S

E [⟨u, X1⟩2] · log( 1
δ

)
n

+ c log( 1
δ

)
n

.

Putting together the pieces yields the bound of Lemma 26.

Proof of Lemma 25
For each vector u ∈ V∗, we define the random variable Mn(u) := 1

n

∑n
i=1⟨Xi, u⟩.

Clearly, the sequence {Mt}t≥1 is a scalar martingale adapted to the filtration (Ft)t≥0.
Since bt ≥ 1

n
, we have

|⟨Xt, u⟩| ≤ bt · sup
x∈B∩b−1

t Ω
⟨x, u⟩ ≤ btρn(u, 0)
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almost surely for each t = 1, 2, . . ., where ρn(·, ·) is a pseudo-metric on the dual space
V∗ defined in (4.5). For any u1, u2 ∈ V∗, the Azuma-Hoeffding inequality implies that

P
[

|Mn(u1) −Mn(u2)| ≥ α
]

≤ exp
{

− nα2

ρn(u1,u2)2
∑n

i=1 b
2
i

}
for each α > 0.

Applying the Dudley chaining tail bound (see e.g. [Van14], Theorem 5.29) to the
sub-Gaussian process {Mn(u)}u∈B∗ , there exist universal constants c, c1 > 0 such that

P

sup
u∈B∗

Mn(u) ≥ c

√√√√ n∑
i=1

b2
i ·
( ∫ 1

0

√
logN(s;B∗, ρn)ds+ t

) ≤ ce−c1t2 for each t > 0.

Setting t =
√
c−1

1 log(1/δ) yields the claim.

4.8 Proofs of Auxiliary Lemmas
In this section we prove various auxiliary Lemmas that we use throughout the main
proof Section 4.5.

Proof of Lemma 20
From the recursive relation, we have the upper bounds ∥θt − θ∗∥ ≤ ∥θt−1 − θ∗∥ + α ∥vt∥,
as well as

∥vt∥ ≤ t−1
t

∥vt−1∥ + 1
t

{
∥θt−1 − θt−2∥ + ∥Ht(θt−1) − Ht(θt−2)∥

}
+ 1

t
∥Ht(θt−1) − θt−1∥

≤
{

1 + α(L+1)
t

}
∥vt−1∥ + 2L

t
∥θt−1 − θ∗∥ + 1

t
b∗.

Putting these two inequalities together yields the vector-based recursion[
∥θt − θ∗∥

∥vt∥

]
≤
[
1 α
0 1

]
·
([

1 0
2L
t

1 + α(L+1)
t

] [
∥θt−1 − θ∗∥

∥vt−1∥

]
+
[

0
1
t
b∗

])
,

where the inequality is taken elementwise. Solving this vector recursion yields

∥θt − θ∗∥ + ∥vt∥ ≤ e1+αLt (b∗ + ∥θ0 − θ∗∥) ,

valid for any t ≥ B0 ≥ 1
α

.

Proof of Lemma 21
By definition, we have

vB0 = 1
B0

B0∑
t=1

(
Ht(θ0) − θ0

)
=
(
h(θ0) − θ0

)
+ 1

B0

B0∑
t=1

εt(θ∗) + 1
B0

B0∑
t=1

(
εt(θ0) − εt(θ∗)

)
.
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Lemma 24 guarantees that

∥
B0∑
t=1

εt(θ∗)∥ ≤ c
√
B0

{
W + ν

√
log(1

δ
)
}

+ c
{
J1(B∗, ρn) + log(1

δ
)
}
,

with probability 1 − δ. Moreover, for each integer t ∈ [B0], we have:

∥εt(θ0) − εt(θ∗)∥ ≤ L ∥θ0 − θ∗∥ ≤ L
1−γ ∥h(θ0) − θ0∥ .

Lemma 25 implies that

∥
B0∑
t=1

(
εt(θ0) − εt(θ∗)

)
∥ ≤ cL

1−γ ∥h(θ0) − θ0∥
√
B0

{
J2(B∗, ρn) +

√
log(1

δ
)
}

with probability at least 1 − δ.
By combining these bounds, we find that

∥vB0∥ ≤ ∥h(θ0) − θ0∥
{

1 + cL
(1−γ)

√
B0

[
J2(B∗, ρn) +

√
log(1

δ
)
]}

+ c√
B0

(
W + ν

√
log(1

δ
)
)

+ c
B0

{
J1(B∗, ρn) + log(1

δ
)
}

with probability at least 1 − δ. Substituting the burn-in time bound (4.70a) yields
the final claim.

4.9 Comments on Theorem 7
In Section 4.9, we prove that the Bellman optimality operator associated with the
optimal Q-function estimation problem satisfies the local linearity condition (A4).
Using a similar argument, in Section 4.9 we show that the Bellman fixed-point operator
for the stochastic shortest path problem satisfies the local linearity condition.

Verifying local linearity for Bellman optimality operator
In this section, we verify that the local linearity assumption (A4) holds for the Bellman
optimality operator for Q-learning [Sze98; Wai19e; WD92b]. Consider a tabular MDP
M = (r,P, γ) with state space S and action space A. For any state-action pair
(x, u) ∈ S × A, the scalar r(x, u) denotes the reward when the action u is taken at
state x, and the scalar Pu(x′ | x) denotes the probability of transitioning to state x′

when the action u is chosen at state x.
One way to estimate an optimal policy is to calculate the optimal Q-function.

Associated with a (deterministic) policy π is its Q-function

θπ(x, u) := E
[ ∞∑
k=0

r(xk, uk) | x0 = x, u0 = u
]
, where uk = π(xk) for all k = 1, 2, . . ..
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The optimal Q-function is given by θ⋆(x, u) := supπ∈Π θπ(x, u), and an optimal policy
can be obtained as π⋆(x) = arg maxu θ⋆(x, u).

The Bellman optimality operator h acts on the space of Q-functions; more precisely,
its action on a given Q-function Q is given by

h(Q)(x, u) = r(x, u) + γ
∑
x′

Pu(x′ | x) · max
u′

Q(x′, u′) for all (x, u) ∈ S × A.

(4.109)

By standard results [Ber12a], the operator h is γ-contractive in the ℓ∞-norm, and
the optimal state-action value function θ⋆ is its unique fixed point.

For a given Q-function Q, the associated greedy policy πQ is given by

πQ(x) = arg max
u

Q(x, u), (4.110)

where we break any ties by taking the smallest action (in the enumeration order)
that achieves the maximum. Using this greedy policy, we can define the right linear
operator

PπQQ(x, u) =
∑
x′

Pu(x′ | x)Q(x′, πQ(x′)).

Let B(θ∗, s) := {θ | ∥θ − θ∗∥∞ ≤ s} denote the ℓ∞-ball of radius s around θ∗, and
define the set

As = {γ · PπQ | πQ is a greedy policy of Q with Q ∈ B(θ⋆, s)} (4.111)

of linear operators. We use π⋆ to denote the greedy policy associated with the optimal
Q-function θ⋆. By definition, the Q-functions θ and θ∗ satisfy the fixed-point relations

h(θ) = r + γPπQQ and θ⋆ = r + γPπ⋆θ⋆.

Rearranging the last two equations yields

h(Q) − Q = r + γPπQQ − Q = (I − γPπ⋆)(θ⋆ − Q) + (γPπQ − γPπ⋆)Q (4.112a)
h(Q) − Q = r + γPπQQ − Q = (I − γPπQ)(θ⋆ − Q) + (γPπQ − γPπ⋆)θ⋆. (4.112b)

Next we claim that

(I − γPπ⋆)−1(γPπQ − γPπ⋆)Q
(a)
≽ 0 and (I − γPπQ)−1(γPπQ − γPπ⋆)θ⋆

(b)
≼ 0.

(4.113)

Indeed, since the policy πθ is greedy for Q, we have the element-wise inequality
(γPπQ − γPπ⋆)Q ≽ 0. The matrix (I − γPπ⋆)−1 has non-negative entries, so that
element-wise inequality (a) holds. A similar argument, using the fact that π⋆ is greedy
for θ⋆, yields the element-wise (b).
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With the last observation in hand, combining the element-wise inequalities (4.113)
with the two expressions of the Bellman defect (4.112) yields

|θ⋆ − Q| ≼ max{|(I − γPπQ)−1(h(Q) − Q)|, |(I − γPπ⋆)−1(h(Q) − Q)|}.

Finally, note that the operator γPπQ ∈ As for any Q ∈ B(θ⋆, s). Putting together the
pieces we conclude that for all θ ∈ B(θ∗, s)

∥θ − θ∗∥∞ ≤ sup
A∈As

∥(I − A)−1(h(θ) − θ)∥

Thus, we deduce that the local linearity condition (A4) is satisfied for the Bellman
optimality operator h from equation (4.109) with

∥∥∥ ·
∥∥∥
C

= ∥ · ∥∞.

Verifying local linearity for the SSP operator
Recall from Section 4.4 the definition of a stochastic shortest path (SSP) problem
(r,P) with optimal-Q value θ⋆. For a given Q-function Q, we define the set of
associated greedy policy ΠQ as

ΠQ(x) = arg min
u

Q(x, u) for all x ∈ X−1, (4.114)

Using this greedy policy, we can define the right linear operator

PπQQ(x, u) =
∑
x′

Pu(x′ | x)Q(x′, πQ(x′)).

Letting B(θ∗, s) := {θ | ∥θ − θ∗∥ ≤ s} denote the ℓ∞-ball of radius s around θ∗, we
define the set

As = {PπQ | πQ is a greedy policy of Q with Q ∈ B(θ⋆, s)} (4.115)

of linear operators. We use π⋆ to denote the greedy policy associated with the optimal
Q-function θ⋆.

With this setup in hand, following the same argument as Section 4.9, the local
linearity assumption (A4) for the Bellman operator (4.43) can be verified with the
set As of local linear operators defined in equation (4.115), and with

∥∥∥ ·
∥∥∥
C

= ∥ · ∥∞.
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Singularity, Stability and the
Localization argument
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Chapter 5

Singularity, Misspecification, and
the Convergence Rate of EM

A line of recent work has characterized the behavior of the EM algorithm in favorable
settings in which the population likelihood is locally strongly concave around its
maximizing argument. Examples include suitably separated Gaussian mixture models
and mixtures of linear regressions. In this chapter we consider instead over-fitted
settings in which the likelihood need not be strongly concave, or, equivalently, when
the Fisher information matrix might be singular. In such settings, it is known that
a global maximum of the MLE based on n samples can have a non-standard n−1/4

rate of convergence. How does the EM algorithm behave in such settings? Focusing
on the simple setting of a two-component mixture fit to a multivariate Gaussian
distribution, we study the behavior of the EM algorithm both when the mixture
weights are different (unbalanced case), and are equal (balanced case). Our analysis
reveals a sharp distinction between these cases: in the former, the EM algorithm
converges geometrically to a point at Euclidean distance O((d/n)1/2) from the true
parameter, whereas in the latter case, the convergence rate is exponentially slower,
and the fixed point has a much lower O((d/n)1/4) accuracy. The slower convergence
in the balanced over-fitted case arises from the singularity of the Fisher information
matrix. Analysis of this singular case requires the introduction of some novel analysis
techniques, in particular we make use of a careful form of localization in the associated
empirical process, and develop a recursive argument to progressively sharpen the
statistical rate.

5.1 Introduction
The growth in the size and scope of modern data sets has presented the field of
statistics with a number of challenges, among them is how to deal with various
forms of heterogeneity. Mixture models provide a principled approach to modeling
heterogeneous collections of data. In practice, it is frequently the case that the number



of mixture components in the fitted model does not match the number of components
in the data-generating mechanism. It is known that such mismatch can lead to
substantially slower convergence rates for the maximum likelihood estimate (MLE)
for the underlying parameters. In contrast, relatively less attention has been paid
to the computational implications of this mismatch. In particular, the algorithm of
choice for fitting finite mixture models is the EM algorithm, a general framework that
encompasses divide-and-conquer computational strategies. We seek a fundamental
understanding of how EM behaves for over-fitted mixture models.

While density estimation in finite mixture models is relatively well understood [Gee00;
GV01], characterizing the behavior of the MLE for the parameters has remained
challenging. The main difficulty for analyzing the MLE in such settings can be
attributed to the associated geometry of the parameters and the inevitable label
switching between the mixtures [RG97; Ste02]. Such issues do not interfere with
density estimation since standard divergence measures like the Kullback-Leibler and
Hellinger distances remain invariant under permutations of labels. An important
contribution to the understanding of parameter estimation in finite mixture mod-
els was made by Chen [Che95]. He considered a class of over-fitted finite mixture
models; here the term “over-fitted” means that the model to be fit has more mixture
components than the distribution generating the data. In an interesting contrast
to the usual convergence rate n−1/2 for the MLE based on n samples, Chen showed
that for estimating scalar location parameters in a certain class of over-fitted finite
mixture models, the corresponding rate slows down to n−1/4. Such a result is of
practical interest, as methods that overfit the number of mixtures are often more
feasible than methods that estimate the number of components and subsequently
estimate the parameters conditionally [RM11]. In subsequent work, Nguyen [Ngu13]
and Heinrich et al. [HK18] have characterized the (minimax) convergence rates of
parameter estimation rates for mixture models in both exact-fitted or over-fitted
settings using the Wasserstein distance.

While previous works address the statistical behavior of a global maximum
of the log likelihood, it does not consider the associated computational issues of
obtaining such a maximum. Non-convexity of the log likelihood function makes
it impossible to guarantee that a global maximum of the MLE is obtained by the
iterative algorithms used in practice. Perhaps the most widely used algorithm is
the expectation-maximization (EM) algorithm [DLR97]. Early work on the EM
algorithm [Wu83] showed that its iterates converge to a local maximum of the log-
likelihood function for a broad class of incomplete data models; this general class
includes the fitting of mixture models as a special case. The EM algorithm has also
been studied in the specific setting of Gaussian mixture models; here we find results
both for the population EM algorithm, which is the idealized version of EM based
on an infinite sample size, as well as the usual sample-based EM algorithm that is
used in practice. For Gaussian mixture models, the population EM algorithm is
known to exhibit various convergence rates, ranging from geometric to sub-geometric
depending on the overlap between the mixture components [MXJ00; XJ96]. Recently,
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Balakrishnan et al. [BWY17] provided a general theoretical framework to analyze
the convergence of EM updates to a neighborhood of MLE, and to provide a non-
asymptotic bounds on the Euclidean error of sample-based EM iterates. These results
can be applied to the special case of well-specified two-component Gaussian location
mixtures, and under suitable separation conditions, their theory guarantees that (1)
population EM updates enjoy geometrical convergence rate to the true parameters
when initialized in a sufficiently small neighborhood around the truth, and (2) sample-
based EM updates have standard minimax convergence rate of order (d/n)1/2, based
on n i.i.d. samples of a finite mixture model in Rd.

Further work in this vein has characterized the behavior of EM in more general set-
tings, including global convergence of population EM [XHM16], guarantees of geomet-
ric convergence under less restrictive conditions on the mixture components [DTZ17;
KYB17], analysis of EM with unknown mixtures weights and covariances [CMZar],
convergence analysis with additional sparsity constraints [Hao+ar; Wan+15; YC15a],
and extensions to more than two Gaussian components [Hao+ar; YYS17a]. Other
works include providing optimization-theoretic guarantees for EM by viewing it in
a generalized surrogate function framework [KS17], and analyzing the statistical
properties of confidence intervals based on an EM estimator [Che22]. An assumption
common to all of these papers is that there is no misspecification in the fitting of the
Gaussian mixtures; in particular, it is assumed that the data are generated from a
mixture model with the same number of components as the fitted model. As noted
above, using over-fitted mixture models is common in practice, so that it is desirable
to understand how the EM algorithm behaves in the over-fitted settings.

The current chapter aims to shed some light on the performance of the EM
algorithm for over-fitted mixtures. We do so by providing a comprehensive study
of over-fitted mixture models when fit to the simplest possible (non-mixture) data-
generating mechanism, that is a multivariate normal distribution N (0, σ2Id) in d
dimensions with known scale parameter σ > 0. This setting, despite its simplicity,
suffices to uncover some rather interesting properties of EM in the over-fitted context.
In particular, considering the behavior of the EM algorithm when it is used to fit two
different types of models to data of this type, we obtain the following results.

• Two-mixture unbalanced fit: For our first model class, we study a mixture
of two location-Gaussian distributions with unknown location, known variance
and unequal weights for the two components. We establish that in this case
the population EM updates converge at a geometric rate to the true parameter;
as an immediate consequence, the sample-based EM algorithm converges in
Olog(n/d) steps to a ball of radius (d/n)1/2. The fast convergence rate of EM
under the unbalanced setting provides an antidote to the pessimistic belief
that statistical estimators generically exhibit slow convergence for over-fitted
mixtures.

• Two-mixture balanced fit: In the balanced version of the problem in which
the mixture weights are assumed to be equal for both components, we find
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that the EM algorithm behaves very differently. Beginning with the population
version of the EM algorithm, we show that it converges to the true parameter
from an arbitrary initialization. However, the rate of convergence varies as a
function of the distance of the current iterate from the true parameter value,
becoming exponentially slower as the iterates approach the true parameter. This
behavior is in sharp contrast to well-specified settings settings [BWY17; DTZ17;
YYS17a], where the population updates are globally contractive. We also show
that our rates for population EM are tight. By combining the slow convergence
of population EM with a novel localization-based analysis of the underlying
empirical process, we show that the sample-based EM iterates converge to
a ball of radius (d/n)1/4 around the true parameter after O((n/d)1/2) steps.
The n−1/4 component of the Euclidean error matches known guarantees for
the global maximum of the MLE [Che95]. The localization argument in our
analysis is of independent interest, because such techniques are not required
in analyzing the EM algorithm in well-specified settings when the population
updates are globally contractive. We note that localization methods are known
to be essential in deriving sharp statistical rates for M-estimators (e.g., [BBM05;
Gee00; Kol06]); to the best of our knowledge, their use in analyzing the EM
algorithm is novel.

The remainder of the chapter is organized as follows. In Section 5.2, we begin
with a few simulations of EM in different settings that motivate the problem set-up
considered later. Leading with a brief description of EM for the set-ups analyzed
in the chapter, we then provide a thorough analysis of the convergence rates of EM
when over-fitting Gaussian data with two components. In Section 6.5, we provide
a discussion of our results and a few directions for future work. Proofs of our main
results are presented in Section 5.4 with a few technical lemmas deferred to the end
of this chapter.

Experimental settings: Throughout the chapter, we provide simulation experi-
ments to demonstrate theoretical results. We summarize a few common aspects of
those experiments here. For population-level computations, we computed expecta-
tions using numerical integration on a sufficiently fine grid. In the experiments for
sample-based EM using n samples, we declared convergence if one of the following
two criteria was met: (1) the change in the iterates was small enough, or (2) the
number of iterations was too large (100, 000). We ran 400 trials for different settings
and computed the error (which we define on a case-to-case basis) upon convergence
across these experiments. In majority of the runs (for each case), criteria (1) led
to convergence. Let m̂e, ŝe denote the mean error and standard deviation across
these experiments. In our plots for sample-EM, we report m̂e + 2ŝe on the y-axis.
Furthermore, whenever a slope is provided, it is the slope for the best linear fit on the
log-log scale for the quantity on y-axis when fitted with the quantity reported on the
x-axis. For instance, in Figure 5.1(b), for the corresponding value of n on the x-axis,
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the y-axis value for a green solid dot represents the value of |θ̂n − θ∗| averaged over
400 experiments, accounting for the deviation across these experiments. Furthermore,
the green dotted line with legend π = 0.3 and the corresponding slope −0.48 denotes
the best linear fit and the respective slope for log |θ̂n − θ∗| (green solid dots) with
log n for the experiments corresponding to the setting π = 0.3.

5.2 Behavior of EM for over-fitted Gaussian
mixtures

In this section, we explore the wide range of behavior demonstrated by EM for
different settings of over-specified location Gaussian mixtures.1 We begin with several
simulations in Section 5.2 that illustrate fast and slow convergence of EM for various
settings, and serve as motivation for the theoretical results derived later in the chapter.
We provide basic background on EM in Section 5.2, and describe the problems to
be tackled. We then present our main results and discussion of their consequences,
distinguishing between the cases of unbalanced and balanced fits in Section 5.2 and
Section 5.2 respectively. In Section 5.2, we provide a high-level description of the
novel proof techniques that are introduced to obtain sharp guarantees for the balanced
mixture case.

Motivating simulations: Fast to slow convergence of EM
In order to illustrate the diversity in the behavior of EM, we begin with some
simulations of its behavior for different types of over-fitted location Gaussian mixtures.
In Section 5.2, we consider effect of separation between the mixtures and observe
that weak or no separation leads to slow rates. This phenomenon is actually fairly
generic, as shown by the additional simulations that we present in Section 5.2.

Effect of signal strength on EM

For Gaussian location mixtures, an important aspect of the problem is the signal
strength, which is measured as the separation between the means of mixture com-
ponents relative to the spread in the components. For the special case of the two
component mixture model

πN (θ∗, σ2Id) + (1 − π)N (−θ∗, σ2Id), (5.1)

the signal strength is given by the ratio ∥θ∗∥2/σ. When this ratio is large, we refer it
to as the strong signal case; otherwise, it corresponds to the weak signal case.

1Note that in all model fits in the chapter, we assume that the scale parameter σ is known and
is set equal to the true parameter. For the case when scale parameter is unknown, refer to the
discussion in Section 6.5.

158



In Figure 5.1, we show simulations for data generated from the model (5.1) in
dimension d = 1 and noise variance σ2 = 1, and for three different values of the
weight π ∈ {0.1, 0.3, 0.5}. In all cases, we fit a two-location Gaussian mixture with
fixed weights and special structure on the location parameters—more precisely, we
fit the model πN (θ, 1) + (1 − π)N (−θ, 1) using EM, and take the solution as an
estimate of θ∗. The two panels demonstrate the rates for EM for two distinct cases of
the data-generating mechanism: (a) In the strong signal case, we set θ∗ = 5 so that
the data has two well-separated mixture components, and (b) in the limiting case of
no signal, we set θ∗ = 0, so that the two mixture components in the data-generating
distribution collapse to one, and we are simply fitting a standard normal distribution.

In the strong signal case, it is well known [BWY17; DTZ17] that EM solutions
have estimation error that achieve the classical (parametric) rate n−1/2; the empirical
results in Figure 5.1(a) are simply a confirmation of these theoretical predictions.
More interesting is the case of no signal, where the simulation results shown in panel
(b) of Figure 5.1 reveal a different story. Indeed, for this case the statistical rate of
EM undergoes a phase transition: while it achieves the parametric rate of n−1/2 when
π ̸= 1/2, it slows down to n−1/4 when π = 1/2. We return to these cases in more
detail in Section 5.2.

103 104 105

Number of samples n

10−3

10−2

10−1

|θ̂ n
|

Statistical error for strong signal
π = 0.10

slope = −0.51

π = 0.30

π = 0.50

103 104 105

Number of samples n

10−2

10−1

|θ̂ n
|

Statistical error for no signal

π = 0.10

slope = −0.51

π = 0.30

slope = −0.49

π = 0.50

slope = −0.25

(a) θ∗ = 5 (b) θ∗ = 0
Figure 5.1. Plots of the error |θ̂n − θ∗| in the EM solution versus the sample size
n, focusing on the effect of signal strength on EM solution accuracy. The true data
distribution is given by πN (θ∗, 1)+(1−π)N (−θ∗, 1) and we use EM to fit the model
πN (θ, 1) + (1 − π)N (−θ, 1), generating the EM estimate θ̂n based on n samples. (a)
When the signal is strong, the estimation rate decays at the parametric rate n−1/2,
as revealed by the −1/2 slope in a least-square fit of the log error based on the
log sample size logn. (b) When there is no signal (θ∗ = 0), then depending on the
choice of weight π in the fitted model, we observe two distinct scalings for the error:
n−1/2 when π ̸= 0.5, and, n−1/4 when π = 0.5, again as revealed by least-squares
fits of the log error using the log sample size logn.
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Slow rate of EM with general over-fitted location mixtures

Based on simulations, we have found that the slow rate of order n−1/4 observed in
Figure 5.1(b) is not limited to fitting a mixture model of the special form 1

2N (θ, 1) +
1
2N (−θ, 1); rather, it is a more generic phenomenon that arises in many over-fitted
models. In Figure 5.2, we plot the statistical error of the EM updates when we over-fit
more general location mixtures to the data generated from the standard normal
distribution N (0, 1). For these cases, we use the second-order Wasserstein metric to
quantify the convergence rates of EM updates under these settings. In our case with
θ∗ = 0, the second-order Wasserstein metric takes the form Ŵ2,n =

√∑
πkθ̂2

k,n, i.e.,
it corresponds to a weighted Euclidean distance of the estimated parameters from
the truth. Here πk and θ̂k,n, respectively, denote the mixture weight and the location
parameter of the k-th component of the mixture. Let us summarize our findings for
three cases2:

1. Unconstrained location parameters (Figure 5.2 (a)): We consider the model
fit πN (θ1, 1) + (1 − π)N (θ2, 1), where the mixture weight π ∈ (0, 1) is fixed a
priori. In contrast to the cases considered in Figure 5.1—in which we imposed
the constraint θ1 = −θ2 = θ—here we allow the location parameters θ1 and θ2
to be estimated independently without any coupling constraint.

2. Unknown weights (Figure 5.2(b)): In addition to estimating the location pa-
rameters independently (as in the previous case), we assume that the mixture
weights are also unknown and estimate them using EM.

3. Three mixtures (also in Figure 5.2(b)): We over-fit standard Gaussian data
with three mixtures: more precisely, we fit the model 1

3N (θ1, 1) + 1
3N (θ2, 1) +

1
3N (θ3, 1), and estimate the unconstrained location parameters {θk, k = 1, 2, 3}
independently using the EM algorithm.

In all these cases, we observe that EM solutions have statistical error with the slow
scaling n−1/4. Thus, these slow rates are a more generic phenomenon with over-fitted
mixture models.

Problem set-up
The wide range of behavior of the EM algorithm when applied to over-fitted location
Gaussian mixtures is quite intriguing, and warrants a deeper investigation„ in partic-
ular to characterize the behavior in a rigorous manner. In order to do so, we focus on
the simplest instance that demonstrates the dichotomy between the fast and slow
rates. As before, we assume that data is generated according to a Gaussian density
in d dimensions with covariance σ2Id:

f∗(x) = ϕ(x; 0, σ2Id), (5.2)
2The exact EM updates for these settings are standard and can be found in the book [MB88].
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Figure 5.2. Plots of the Wasserstein error Ŵ2,n associated with EM fixed points
versus the sample size for fitting various kinds of location mixture models to standard
normal N (0, 1) data. We fit mixture models with either two or three components,
with all location parameters estimated in an unconstrained manner. The lines are
obtained by a linear regression of the log error on the sample size n. (a) Fitting
a two-mixture model with three different fixed values of weights π ∈ {0.1, 0.3, 0.5},
along with least-squares fits to the log errors. (b) Data plotted as red triangles is
obtained by fitting a two-component model with unknown mixture weights, whereas
green circles correspond to results fitting a three-component mixture model. In all
cases, the EM solutions exhibit the slow n−1/4 rate of convergence of the Euclidean
error relative to the unknown parameter θ∗. See text for more details.

where ϕ(x;µ, σ2) = (2πσ2)−d/2e−∥x−µ∥2
2/(2σ2). We study the performance of the EM

algorithm when we over-fit this data-generating mechanism with a two-component
isotropic location-Gaussian mixture model whose density is given by

fπθ (x) = πϕ(x; θ, σ2Id) + (1 − π)ϕ(x; −θ, σ2Id), (5.3)

where we assume that the mixture weight π ∈ (0, 1/2) and the variance σ2 are known
and fixed apriori. Recall that we simulated this particular set-up, with our findings
reported in Figure 5.1(b).

For the model fit (5.3), the expected (population) log-likelihood is given by

Lπ(θ) = EX [log fπθ (X)] = E
[
log

(
πϕ

(
X; θ, σ2Id

)
+ (1 − π)ϕ

(
X; −θ, σ2Id

))]
. (5.4)

Note that for any given π, the true model belongs to the family {fπθ } with θ∗ = 0,
since f∗ = fπθ∗ . Noting that

arg max
θ

Lπ(θ) = arg min
θ

KL(f∗∥fπθ ),

where KL(f∗∥fπθ ) denotes the Kullback-Leibler divergence between the distributions
corresponding to the densities f∗ and fπθ . As a result, finding maximizer of the
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population log-likelihood would yield the true parameter θ∗. In practical situations,
when one has access to only n i.i.d. samples {Xi}ni=1, the most popular choice to
estimate θ∗ is the maximum likelihood estimate (MLE):

θ̂MLE
n ∈ arg max

θ∈Θ

1
n

n∑
i=1

log fπθ (Xi)︸ ︷︷ ︸
=:Lπ

n(θ)

. (5.5)

In order to simplify notation, we often use the more compact notation L = Lπ,
Ln = Lπ

n, and fθ = fπθ when the choice of weight π is clear from context. In general,
there is no closed-form expression for the maximizer of L and for the estimate
θ̂MLE
n . EM attempts to circumvent this problem via a minorization-maximization

scheme. While population EM is a surrogate method to compute the maximizer
of the population log-likelihood L, sample EM attempts to estimate θ̂MLE

n . While
only sample EM is a practical algorithm, several recent works have first analyzed
the convergence of population EM, and then leverage the corresponding findings to
understand the behavior of sample EM. In the sequel, our theoretical analysis takes
a similar path and thereby to facilitate the further discussion we now describe the
expressions for these updates for the model-fit (5.3).

Population versus sample EM updates

Useful for conceptual understanding, the population EM algorithm is an idealized
algorithm in which all expectations are computed under the true (population) dis-
tribution, effectively taking the sample size to be infinite. We begin by describing
this population algorithm, before turning to the sample-based EM algorithm that is
actually used in practice.

In particular, given any point θ, the EM algorithm proceeds in two steps: (1)
compute a surrogate function Q(·; θ) such that Q(θ′; θ) ≤ L(θ′) and Q(θ; θ) = L(θ);
and (2) compute the maximizer of Q(θ′; θ) with respect to θ′. These steps are referred
to as the E-step and the M-step, respectively. In the case of two-location mixtures, it
is useful to describe a hidden variable representation of the mixture model. Consider
a binary indicator variable Z ∈ {0, 1} with the marginal distribution P(Z = 1) = π
and P(Z = 0) = 1 − π, and define the conditional distributions

(X | Z = 0) ∼ N (−θ, σ2Id), and (X | Z = 1) ∼ N (θ, σ2Id).

These marginal and conditional distributions define a joint distribution over the pair
(X,Z), and by construction, the induced marginal distribution over X is a Gaussian
mixture of the form (5.3). For EM, we first compute the conditional probability of
Z = 1 given X = x:

wθ(x) = wπθ (x) :=
π exp

(
−∥θ−x∥2

2
2σ2

)
π exp

(
−∥θ−x∥2

2
2σ2

)
+ (1 − π) exp

(
−∥θ+x∥2

2
2σ2

) . (5.6)
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Then, given a vector θ, the E-step in the population EM algorithm involves computing
the minorization function θ′ 7→ Q(θ′, θ). Doing so is equivalent to computing the
expectation

Q(θ′; θ) = −1
2E

[
wθ(X)∥X − θ′∥2

2 + (1 − wθ(X))∥X + θ′∥2
2

]
, (5.7)

where the expectation is taken over the true density of the random variable specified
in model (5.2). Next, in the M-step we maximize the function θ′ 7→ Q(θ′; θ), which
we capture by defining the population EM operator, M : Rd → Rd:

M(θ) = arg max
θ′∈Rd

Q(θ′, θ) = E
[
(2wθ(X) − 1)X

]
, (5.8)

where the second equality follows by computing the gradient ∇θ′Q, and setting it
to zero. In summary, for the two-location mixtures considered in this chapter, the
population EM algorithm is defined by the sequence θt+1 = M(θt), where the operator
M is defined in equation (5.8).

We obtain the sample EM update by simply replacing the expectation E in
equations (5.7) and (5.8) by the empirical average based on an observed set of
samples. In particular, given a set of i.i.d. samples {Xi}ni=1, the sample EM operator
Mn : Rd 7→ Rd takes the form

Mn(θ) := 1
n

n∑
i=1

(2wθ(Xi) − 1)Xi. (5.9)

Thus, the sample EM algorithm defines the sequence of iterates given by θt+1 =
Mn(θt).

Balanced versus unbalanced mixtures: As noted in Figure 5.1(b), there is a
stark difference in terms of convergence rates of sample EM between the case that
π ∈ (0, 1/2) and the the case when π = 1/2. In the chapter, we study theoretically
the behavior of the EM algorithm in two distinct settings:

• Unbalanced mixtures: in this case, the mixture weights in equation (5.3)
are assumed to be unequal, i.e, π = 1

2(1 − ρ) and 1 − π = 1
2(1 + ρ) for some

ρ ∈ (0, 1).

• Balanced mixtures: in this case, the mixture weights are assumed to be
equal, that is π = 1 − π = 1/2.

For future references, we summarize the two model-fits when the true distribution is
N (0, σ2):

Unbalanced mixture-fit: πN (θ, σ2) + (1 − π)N (−θ, σ2), (π ̸= 0.5 fixed),
(5.10a)

Balanced mixture-fit: 1
2N (θ, σ2) + 1

2N (−θ, σ2). (5.10b)
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To be clear, in both the models above, only the parameter θ is allowed to vary; the
mixture weights and scale parameter are fixed.

In the sequel, we study the convergence of EM in these two settings, both for the
population EM algorithm in which the updates are given by θt+1 = M(θt), as well
as the sample-based EM sequence given by θt+1 = Mn(θt). We now turn to a few
interesting observations with the population EM for the two cases described above.

An interesting empirical phenomenon with population EM

In order to motivate the analysis to follow, Figure 5.3 illustrates how the population
EM algorithm behaves in the unbalanced case (panel (a)) versus the balanced case
(panel (b)). Each plot shows the distance of the EM iterate θt to the true parameter
value, θ∗ = 0, on the vertical axis, versus the iteration number t on the horizontal
axis. With the vertical axis on a log scale, a geometric convergence rate shows up as
a negatively sloped line (disregarding transient effects in the first few iterations).
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Figure 5.3. Behavior of the (numerically computed) population EM updates (5.8)
when the underlying data distribution is N (0, 1). (a) Unbalanced mixture fits (5.10a)
with weights (π, 1 − π): We observe geometric convergence towards θ∗ = 0 for all
π ̸= 0.5 although the rate of convergence gets slower as π → 0.5. (b) Balanced
mixture fits (5.10b) with weights (0.5, 0.5): We observe two phases of convergence.
First, EM quickly converges to ball of constant radius and then it exhibits slow
convergence towards θ∗ = 0. Indeed, we see that during the slow convergence, the
population EM updates track the curve given by θt+1 = θt/(1 + (θt)2) very closely,
as predicted by our theory.

For the unbalanced mixtures in panel (a), we see that EM converges geometrically
quickly, although the rate of convergence (corresponding to the slope of the line) tends
towards zero as the mixture weight π tends towards 1/2 from below. For π = 1/2, we
obtain a balanced mixture, and, as shown in the plot in panel (b), the convergence
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rate is now sub-geometric. In fact, the behavior of the iterates is extremely well
characterized by the recursion θ 7→ θ

1+(θ)2 .

Nature of the log-likelihood and the Fisher information matrix

We now briefly discuss the fundamental difference between the unbalanced and
balanced fits that result in very different behavior of EM in the two settings: the
nature of the log-likelihood and the associated Fisher information matrix (FIM). For
the mixture-fit (5.3) with mixture weights (π, 1 − π), the Fisher information matrix
Iπ(θ) := −∇2

θLπ(θ) can be expressed as

[Iπ(θ)]ii = −4π(1 − π)E
[

Y 2
i

(π exp(θ⊤Y ) + (1 − π) exp(−θ⊤Y ))2

]
+ 1, for i ∈ [d], and

[Iπ(θ)]ij = −4π(1 − π)E
[

YiYj
(π exp(θ⊤Y ) + (1 − π) exp(−θ⊤Y ))2

]
, for i, j ∈ [d], i ̸= j,

where the expectation is taken under the true model: Y = (Y1, . . . , Yd) ∼ N (0, Id).
Clearly, at θ = θ∗ = 0, we have

Iπ(θ∗) = βπId, where βπ = −4π(1 − π) + 1. (5.11)

Note that βπ > 0 for any π ∈ (0, 1) such that π ≠ 1/2. On the other hand, for π = 1/2,
we have βπ = 0. Consequently, we find that for any unbalanced fit with π ̸= 1/2,
the FIM is non-singular at θ∗, and, for the balanced fit with π = 1/2, it is singular.
Indeed, when we computed the population log-likelihood θ 7→ Lπ(θ) for different
values of π, the observations were consistent with equation (5.11): the log-likelihood is
strongly concave for the unbalanced fit, and weakly concave for the balanced fit. The
results are plotted in Figure 5.4(a)3, where we observe that when the mixture weights
are unbalanced (π < 1/2), the population log-likelihood for the model has more
curvature, and in fact is (numerically) well-approximated as Lπ(θ) ≈ −cπθ2. On the
other hand, for the balanced model with π = 1

2 , the likelihood is quite flat near origin
and is (numerically) well-approximated as Lπ(θ) ≈ −c θ4. It is a folklore that the
convergence rate of optimization methods has a phase transition: optimizing strongly
concave functions is exponentially fast than weakly concave functions. Combining this
result with the computation above serves as a good intuition as to why population
EM may have fundamentally different rate of convergence in the two model fits as
observed in Figure 5.3.

From population EM to sample EM: It is well established [Vaa98a] that when
FIM is invertible in a neighborhood of the true parameter, MLE has the parametric

3Figure 5.4(b), shows the sample likelihoods Lπ
n based on n = 1000 samples, and weights

π ∈ {0.1, 0.5}. We observe that while the sample-likelihood may have more critical points, its
curvature resembles very closely the curvature of the corresponding population log-likelihood.
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Figure 5.4. Plots of the log-likelihood for the unbalanced and balanced fit for
data generated from N (0, 1). (a) Behavior of population log-likelihood Lπ (5.4)
(computed using numerical integration) as a function of θ for different weights
π ∈ {0.1, 0.3, 0.5}. (b) Behavior of sample log-likelihood Lπn (5.5) with n = 1000
samples for π ∈ {0.1, 0.3, 0.5}. The plots in these panels portray a stark contrast
in the shapes of the log-likelihood functions in the balanced and unbalanced case,
it gets flatter around θ∗ = 0 as π → 0.5. More concretely, in unbalanced case we
see a quadratic type behavior (strongly concave); whereas in balanced case, the
log-likelihood function is flatter and depicts a fourth degree polynomial type (weakly
concave) behavior.

rate of n−1/2, and the singularity of FIM may lead to a slower than n−1/2 rate for
the MLE. As a result, for the singular case (balanced fit), we may expect a slower
than parametric rate. Indeed, in the sequel, we show that the slow convergence of
population EM—caused by the singularity of FIM—has a direct consequence for
sample EM. Not only does the sample EM updates have a slower convergence rate in
the balanced case, but this slower convergence leads to a fixed point that has lower
statistical accuracy, as already illustrated in Figure 5.1(b). In particular, consider the
problem of fitting a d-dimensional mixture based on n > d samples: in the unbalanced
case, we prove that any fixed point θ̂ of the sample EM updates lies at a Euclidean
distance of O(d/n)1/2 from the truth, whereas in the balanced case, we show that
such fixed points lie at order O(d/n)1/4 from the truth. Thus, the EM algorithm
is worse in the balanced case, both in terms of optimization speed and in terms of
ultimate accuracy. Although, this slower statistical rate is in accord with existing
results for the MLE in over-fitted mixture models [Che95], the theory to follow takes
a different route to provide a rigorous justification, why such behaviors are to be
expected with EM.
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Behavior of EM for unbalanced mixtures
We now proceed to characterize the behavior of both population and sample-based EM
algorithms, beginning with the setting of unbalanced mixtures (5.10a). In particular,
we assume that the fitted model has known weights π and 1 − π, where π ∈ (0, 1/2).
The following result characterizes the behavior of the population EM updates for this
problem:

Theorem 9. For the unbalanced mixture model (5.10a) model fit to the true model (5.2),
the population EM operator is globally strictly contractive, meaning that

∥M(θ)∥2 ≤
(
1 − ρ2/2

)
∥θ∥2 for all θ ∈ Rd, (5.12a)

where ρ = 1 − 2π ∈ (0, 1) denotes the measure of unbalancedness. Moreover, there
are universal constants c, c′ such that, given any δ ∈ (0, 1) and a sample size n ≥
c d log(1/δ)σ2

ρ4 , the sample EM sequence θt+1 = Mn(θt) satisfies the bound

∥θt∥2 ≤ ∥θ0∥2

(1 − ρ2/2
)t

+ c′σ2

ρ2

√
d log(1/δ)

n

 , (5.12b)

with probability at least 1 − δ.

See Section 5.4 for the proof of this theorem.

The bulk of the effort in proving Theorem 9 lies in establishing the guarantee (5.12a)
for the population EM iterates. Once this bound has been established, we follow the
analysis scheme laid out by Balakrishnan et al. [BWY17] to establish the guarantee
for sample EM (5.12b). In particular, we establish a non-asymptotic uniform law of
large numbers (Lemma 27 to be stated in the sequel) that allows for the translation
from population to sample EM iterates. Roughly, this lemma guarantees that under
suitable technical conditions, for any radius r > 0, tolerance δ ∈ (0, 1), and sufficiently
large n, we have

P

 sup
∥θ∥2≤r

∥Mn(θ) −M(θ)∥2 ≤ c2σ
2r

√
d log(1/δ)

n

 ≥ 1 − δ. (5.13)

This bound, when combined with the contractive behavior of the population EM
iterates, allows us to establish the stated bound (5.12b) on the sample EM iterates.

As a consequence of the bound (5.12b), we can guarantee that the sample-EM-
based updates converge to an estimate with Euclidean error of the order (d/n)1/2

after a relatively small number of steps. More precisely, if we run the algorithm for
T⋆ iterations, where

T⋆ := log(ρ2/σ2) + log(n/(d log(1/δ)))
− log(1 − ρ2/2) ,
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then with probability at least 1 − δ, we are guaranteed that

∥θT⋆∥2 ≤
√
d log(1/δ)

n
· ∥θ0∥2 ·

(
1 + c′σ2

ρ2

)
. (5.14)

The above theoretical prediction (5.14) is verified by simulation study in Fig-
ure 5.1(b) for the univariate setting of unbalanced mixture-fit, i.e., d = 1. Let us now
study the dependence on dimension d of the sample EM error for fitting unbalanced
mixtures. In order to do so, we simulated 400 runs of sample EM for various settings
of n and d. In Figure 5.5, we present the scaling of the radius of the final EM iterate
with respect to n and d averaged over these runs. Linear fits on the log-log scale in
these simulations suggest a rate close to (d/n)1/2 as claimed in Theorem 9.
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(a) (b)
Figure 5.5. Scaling of the Euclidean error ∥θ̂n,d − θ∗∥2 for EM estimates θ̂n,d
computed using the unbalanced mixture-fit (5.10a). Here the true data distribution
is N (0, Id), i.e., θ∗ = 0, and θ̂n,d denotes the EM iterate upon convergence when
we fit a two-mixture model with mixture weights (0.3, 0.7) using n samples in d
dimensions. (a) Scaling with respect to d for n ∈ {1600, 12800}. (b) Scaling with
respect to n for d ∈ {1, 128}. We ran experiments for several other pairs of (n, d)
and the conclusions were the same. The empirical results here show that that our
theoretical upper bound of the order (d/n)0.5 on the EM solution is sharp in terms
of n and d.

We note that this result provides some encouragement for the use of over-fitted
mixtures in practice. Even though the true model is overfit with a two-component
Gaussian mixture, as long as the mixture weights are unbalanced (i.e., π ≠ 1/2), the
EM algorithm yields an estimate with the classical minimax-optimal parametric rate
n−1/2 for estimating the true location parameter θ∗. This positive result serves as
an antidote to the popular belief that the price for overestimating the number of
components in the mixture is a necessarily slower rate for parameter estimation.
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As revealed in Theorem 9, the extent of unbalancedness in the mixture weights
plays a crucial role in the geometric rate of convergence for the population EM.
Indeed, in order to obtain an ϵ-accurate estimate of θ∗ = 0, population EM takes
log(∥θ0∥/ϵ)/ (− log(1 − ρ2/2)) steps, where ρ = |1 − 2π| denotes the unbalancedness
of the mixtures. When the mixture weights are bounded away from 1/2, we have
that ρ is bounded away from zero, and EM converges in Olog(1/ϵ) steps to an ϵ-level
of accuracy. However, when the mixtures become more balanced, that is, weight π
approaches 1/2 or equivalently ρ approaches zero, the number of steps required to
achieve ϵ-accuracy scales as Olog(∥θ0∥2/ϵ)/ρ2. Note that in the limit ρ → 0, this
bound degenerates to ∞ for any finite ϵ. In fact, the bound (5.12a) from Theorem 9
simply states that the population EM operator is non-expansive for balanced mixtures,
and does not provide rates of convergence for this case. We now describe an exact
characterization of the EM updates when fitting balanced mixtures (5.10b) for the
true model (5.2).

Behavior of population EM for balanced mixtures
We begin our study of balanced mixtures by showing that the population EM
operator is globally convergent, albeit with a contraction parameter that depends
on θ, and degrades towards 1 as ∥θ∥2 → 0. Our statement involves the constant
p := P(|X| ≤ 1) + 1

2P(|X| > 1) where X ∼ N (0, 1) is a standard normal variate.

Theorem 10. For the balanced mixtures setting (5.10b) of the true model (5.2), the
population EM operator θ 7→ M(θ) has the following properties. For all non-zero θ,
the operator satisfies the upper bound

∥M(θ)∥2

∥θ∥2
≤ γup(θ) := 1 − p+ p

1 + ∥θ∥2
2

2σ2

< 1. (5.15a)

Moreover, for all non-zero θ such that ∥θ∥2
2 ≤ 5σ2

8 , it satisfies the lower bound

∥M(θ)∥2

∥θ∥2
≥ γlo(θ) := 1

1 + 2∥θ∥2
2

σ2

. (5.15b)

See Section 5.4 for the proof of Theorem 10.

The salient feature of Theorem 10 is that the contraction coefficient γup(θ) is not
globally bounded away from 1 and in fact satisfies limθ→0 γup(θ) = 1. In conjunction
with the lower bound (5.15b), we see that

∥M(θ)∥2

∥θ∥2
≍
(

1 − ∥θ∥2
2

σ2

)
for small ∥θ∥2. (5.16)

This precise contraction behavior of population EM operator is in accord with that
of the simulation study in Figure 5.3(b).
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Two phases of convergence: The preceding results show that the population EM
updates should exhibit two phases of behavior. In the first phase, up to a relatively
coarse accuracy, which is of the order σ, the iterates exhibit geometric convergence.
Concretely, we are guaranteed to have ∥θT0∥2 ≤

√
2σ after running the algorithm for

T0 := log(∥θ0∥2
2/(2σ2))

log(2/(2−p)) steps. In the second phase, as the error decreases from
√

2σ to a
given ϵ ∈

(
0,

√
2σ
)
, the convergence rate becomes sub-geometric: concretely, we have

∥θT0+t∥2 ≤ ϵ for t ≥ cσ2

ϵ2 log(σ/ϵ). (5.17)

Note that the conclusion (5.16) shows that for small enough ϵ, the population EM
takes Θ(log(1/ϵ)/ϵ2) steps to find ϵ-accurate estimate of θ∗. This rate is extremely
slow in comparison to the geometric rate O(log(1/ϵ)) established for the unbalanced
mixtures in Theorem 9, and demonstrates a phase transition in the behavior of EM
between the two settings.

Moreover, the sub-geometric rate derived above is also in stark contrast with
the favorable behavior of EM for the exact-fitted setting established in past work.
Balakrishnan et al. [BWY17] showed that when the EM algorithm is used to fit
a two-component Gaussian mixture with sufficiently large separation between the
means relative to the standard deviation σ (known as the signal-to-noise ratio, or
SNR for short), the population EM operator is contractive in a neighborhood of the
true parameter θ∗, which implies a geometric rate of convergence rate in this same
neighborhood. In later work on this same model, Daskalakis et al. [DTZ17] showed
that the convergence is in fact geometric for any non-zero SNR. The model considered
in Theorem 10 can be seen as the degenerate limit of zero SNR, and we see that the
behavior of EM breaks down, as geometric convergence no longer holds.

New techniques for analyzing sample EM
We now turn to the problem of converting the preceding guarantees on population EM
to associated guarantees for the sample EM updates that are implemented in practice.
A direct application of the framework developed by Balakrishnan et al. [BWY17]
leads to a sub-optimal guarantee for sample EM in the case of balanced mixtures
(see Section 5.2). This sub-optimality motivates the development of new methods
for analyzing the behavior of the sample EM iterates, based on localization over a
sequence of epochs. We sketch out these methods in Sections 5.2 and 5.2, and in
Section 5.2 we draw these results together and state a theorem that provides a sharp
rate of convergence for sample EM applied to balanced mixtures.

A sub-optimal guarantee

Let us recall the set-up for the procedure suggested by Balakrishnan et al. [BWY17],
specializing to the case where the true parameter θ∗ = 0, as in our specific set-up.
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Using the triangle inequality, the norm of the sample EM iterates can be upper
bounded by a sum of two terms as follows:

∥θt+1∥2 = ∥Mn(θt)∥2 ≤ ∥Mn(θt) −M(θt)∥2 + ∥M(θt)∥2, valid for all t = 0, 1, 2, . . ..
(5.18)

The first term on the right-hand side corresponds to the deviations between the
sample and population EM operators, and can be controlled via empirical process
theory. The second term corresponds to the behavior of the (deterministic) population
EM operator, as applied to the sample EM iterate θt, and needs to be controlled via
a result on population EM.

Theorem 5(a) from Balakrishnan et al. [BWY17] is based on imposing generic
conditions on each of these two terms, and then using them to derive a generic bound
on the sample EM iterates. In the current context, their theorem can be summarized
as follows. For given tolerances δ ∈ (0, 1), ϵ > 0 and starting radius r > 0, suppose
that there exists a function ε(n, δ) > 0, decreasing in terms of the sample size n, such
that

sup
∥θ∥2≥ϵ

∥M(θ)∥2

∥θ∥2
≤ κ and P

[
sup

∥θ∥2≤r
∥Mn(θ) −M(θ)∥2 ≤ ε(n, δ)

]
≥ 1 − δ. (5.19a)

Then for a sample size n sufficiently large and ϵ sufficiently small to ensure that

(1 − κ)ϵ
(i)
≤ ε(n, δ)

(ii)
≤ (1 − κ)r, (5.19b)

the sample EM iterates are guaranteed to converge to a ball of radius ε(n, δ)/(1 − κ)
around the true parameter θ∗ = 0.

In order to apply this theorem to the current setting, we need to specify a choice
of ε(n, δ) for which the bound on the empirical process holds. The following auxiliary
result provides such control for us:

Lemma 27. There are universal positive constants c1, c2 such that for any positive
radius r, any threshold δ ∈ (0, 1), and any sample size n ≥ c1d log(1/δ), we have

P

 sup
∥θ∥2≤r

∥Mn(θ) −M(θ)∥2 ≤ c2σ
2r

√
d log(1/δ)

n

 ≥ 1 − δ. (5.20)

The proof of this lemma is based on Rademacher complexity arguments; see Section 5.5
for the details. In the proof, we establish the result with c1 = 1 and c2 = 2777, but
make no effort to obtain “good” constants.

With the choice r = ∥θ0∥2, Lemma 27 guarantees that the second inequality in
line (5.19a) holds with ε(n, δ) ≲ σ2∥θ0∥2

√
d/n. On the other hand, Theorem 10

implies that for any θ such that ∥θ∥2 ≥ ϵ, we have that population EM is contractive
with parameter bounded above by κ(ϵ) ≍ 1 − ϵ2. In order to satisfy inequality (i)
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in equation (5.19b), we solve the equation ε(n, δ)/(1 − κ(ϵ)) = ϵ. Tracking only the
dependency on d and n, we obtain4

√
d/n

ϵ2 = ϵ =⇒ ϵ = O(d/n)1/6, (5.21)

which shows that the Euclidean norm of the sample EM iterate is bounded by a term
of order (d/n)1/6.

While this rate is much slower than the classical (d/n)1/2 rate that we established
in the unbalanced case, it does not coincide with the n−1/4 rate that we obtained in
Figure 5.1(b) for balanced setting with d = 1. Thus, the proof technique based on
the framework of Balakrishnan et al. [BWY17] appears to be sub-optimal. The sub-
optimality of this approach necessitates the development of a more refined technique.
Before sketching this technique, we would like to quantify empirically the convergence
rate of sample EM in terms of both dimension d and sample size n under balanced
setting. In Figure 5.6, we summarize the results of these experiments. The two panels
in the figure suggest a statistical rate of order (d/n)1/4 for sample EM and thereby
provide further numerical evidence that the preceding discussion indeed yielded a
sub-optimal rate.

Localization over epochs

Let us try to understand why the preceding argument led to a sub-optimal bound.
In brief, its “one-shot” nature contains two major deficiencies. First, the tolerance
parameter ϵ is used both for measuring the contractivity of the updates, as in the
first inequality in equation (5.19a), and for determining the final accuracy that we
achieve. At earlier phases of the iteration, the algorithm will converge more quickly
than the worst-case analysis based on the final accuracy suggests. A second deficiency
is that the argument uses the radius r only once, setting it to a constant to reflect
the initialization θ0 at the start of the algorithm. This means that we failed to
“localize” our bound on the empirical process in Lemma 27. At later iterations of
the algorithm, the norm ∥θt∥2 will be smaller, meaning that the empirical process
can be more tightly controlled. We note that similar ideas of localizing an empirical
process plays a crucial role in obtaining sharp bounds on the error of M -estimation
procedures [BBM05; Gee00; Kol06].

In order to exploit this multi-phase behavior of the EM algorithm, we introduce a
novel localization argument, in which the sequence of iterations is broken up into a
sequence of different epochs, and we track the decay of the error carefully through
each epoch. The epochs are set up in the following way:

4Moreover, with this choice of ϵ, inequality (ii) in equation (5.19b) is satisfied with a constant r,
as long as n is sufficiently large relative to d.
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Figure 5.6. Scaling of the Euclidean error ∥θ̂n,d − θ∗∥2 for EM estimates θ̂n,d
computed using the balanced mixture-fit (5.10b). Here the true data distribution
is N (0, Id), i.e., θ∗ = 0, and θ̂n,d denotes the EM iterate upon convergence when
we fit a balanced mixture with n samples in d dimensions. (a) Scaling with respect
to d for n ∈ {1600, 12800}. (b) Scaling with respect to n for d ∈ {1, 128}. We ran
experiments for several other pairs of (n, d) and the conclusions were the same.
Clearly, the empirical results suggest a scaling of order (d/n)1/4 for the final iterate
of sample-based EM.

• We index epochs by the integer ℓ = 0, 1, 2, . . ., and associate them with a
sequence {αℓ}ℓ≥0 of scalars in the interval [0, 1/4]. The input to epoch ℓ is the
scalar αℓ, and the output from epoch ℓ is the scalar αℓ+1.

• For all iterations t of the sample EM algorithm contained strictly within epoch ℓ,
the sample EM iterate θt has Euclidean norm ∥θt∥2 and lies within the interval[(

d
n

)αℓ+1
,
(
d
n

)αℓ
]
.

• Upon completion of epoch ℓ at some iteration Tℓ, the EM algorithm returns an
estimate θTℓ such that ∥θTℓ∥2 ≾ (d/n)αℓ+1 , where

αℓ+1 = 1
3αℓ + 1

6 . (5.22)

Note that the new scalar αℓ+1 serves as the input to epoch ℓ+ 1.

The recursion (5.22) is crucial in our analysis: it tracks the evolution of the exponent
acting upon the ratio d/n, and the rate (d/n)αℓ+1 is the bound on the Euclidean norm
of the sample EM iterates achieved after epoch ℓ.

A few properties of the recursion are worth noting. First, given our initialization
α0 = 0, we see that α1 = 1/6, which agrees with the outcome of our one-step analysis
from above. Second, as the recursion is iterated, it converges from below to the fixed
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point α∗ = 1/4. Thus, our argument will allow us prove a bound arbitrarily close to
(d/n)1/4, as stated formally in Theorem 11 to follow.

How does the key recursion (5.22) arise?

Let us now sketch out how the key recursion (5.22) arises. Consider epoch ℓ specified
by input αℓ < 1/4, and consider an iterate θt such that ∥θt∥2 ∈ (d/n)αℓ . We begin
by proving that this initial condition ensures that ∥θt∥2 is less than level (d/n)αℓ

for all future iterations (Lemma 30 in the sequel). Given this guarantee, our second
step is to apply Theorem 10 for the population EM operator, for all t such that
∥θt∥2 ≥ (d/n)αℓ+1 . Consequently, for these iterations, we have

∥M(θt)∥2 ≤
(

1 − p+ p

1 + ∥θ∥2
2

2σ2

)
∥θt∥2 ≾ (1 − (d/n)2αℓ+1)(d/n)αℓ ≤ γ̃

(
d

n

)αℓ

,

(5.23a)

where γ̃ := e−(d/n)2αℓ+1 . On the other hand, applying Lemma 27 for this epoch, we
obtain that

∥Mn(θt) −M(θt)∥2 ≾

(
d

n

)αℓ
√
d

n
=
(
d

n

)αℓ+1/2

, (5.23b)

for all t in the epoch. Unfolding the basic triangle inequality (5.18) for T steps, we
find that

∥θt+T∥2 ≤ ∥Mn(θt) −M(θt)∥2(1 + γ̃ + . . .+ γ̃T−1) + γ̃T∥θt∥2

≤ 1
1 − γ̃

∥Mn(θt) −M(θt)∥2 + e−T (d/n)2αℓ+1 (d/n)αℓ .

The second term decays exponentially in T , and our analysis shows that it is dominated
by the first term in the relevant regime of analysis. Examining the first term, we find
that θt+T has Euclidean norm of the order

∥θt+T∥2 ≾
1

1 − γ̃
∥Mn(θt) −M(θt)∥2 ≈

(
d

n

)−2αℓ+1
(
d

n

)αℓ+1/2

︸ ︷︷ ︸
= : r

. (5.24)

The epoch is said to be complete once ∥θt+T∥2 ≾
(
d
n

)αℓ+1 . Disregarding constants,
this condition is satisfied when r =

(
d
n

)αℓ+1 , or equivalently when

(
d

n

)−2αℓ+1
(
d

n

)αℓ+1/2

=
(
d

n

)αℓ+1

.
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Figure 5.7. Illustration of the localization argument: Defining the epochs. (a)
Radius for the ℓ-th epoch is given by n−αℓ (tracking dependency only on n). (b)
For any given epoch ℓ, we analyze the behavior of the EM sequence θt+1 = Mn(θt),
when θt lies in the disc around θ∗ with inner and outer radii given by n−αℓ+1 , n−αℓ ,
respectively. We prove that EM iterates move from one epoch to the next epoch
(e.g. epoch ℓ to epoch ℓ+ 1) after at most

√
n iterations. Given the definition of αℓ,

we see that the inner and outer radii of the aforementioned disc converges linearly
to 1/4. Consequently, after at most log(1/ϵ) epochs (or

√
n log(1/ϵ) iterations), the

EM iterate lies in a ball of radius n−1/4+ϵ around θ∗. We illustrate the one-step
dynamics in any given epoch in Figure 5.8.

Viewing this equation as a function of the pair (αℓ+1, αℓ) and solving for αℓ+1 in terms
of αℓ yields the recursion (5.22). Refer to Figures 5.7 and 5.8 for a visual illustration
of the above localization argument.

Of course, the preceding discussion is informal, and there remain many details to
be addressed in order to obtain a formal proof. Nonetheless, it contains the essence
of the argument used to establish a sharp rate of convergence for the sample EM
iterates, which we now state.

Upper and lower bounds on sample EM

We turn to a statements of upper and lower bounds on the rate of the sample EM
iterates for balanced Gaussian-location mixtures. We begin with a sharp upper bound,
proved using the epoch-based localization technique that was just sketched:

Theorem 11. There are universal constants c, c′ and c′′ such that for any scalars
ϵ ∈ (0, 1/4) and δ ∈ (0, 1), any sample size n ≥ cd log(log(1/ϵ)/δ) and for any iterate
number larger than t ≥ c′′ log ∥θ0∥2n

σ2d
+ c′

(
n
d

) 1
2 −2ϵ

log(n
d
) log(1

ϵ
), the sample-based EM
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∥M(θt) − Mn(θt)∥ ≤
n−αℓ

n

∥M(θt)∥
∥θt∥

≤ 1 − n−2αℓ+1

n−αℓ+1

n−αℓ

θ⋆

θt

Mn(θt)

M(θt)

Figure 5.8. Illustration of the localization argument: Dynamics of EM in ℓ-th epoch.
For a given epoch ℓ, we analyze the behavior of the EM sequence θt+1 = Mn(θt),
when θt lies in the disc with inner and outer radii given by n−αℓ+1 , n−αℓ , respectively.
In this epoch, the population EM operator M(θt) contracts with a contraction
coefficient that depends on n−αℓ+1 , which is the inner radius of the disc, while
the perturbation error ∥Mn(θt) −M(θ)∥2 between the sample and population EM
operators depends on n−αℓ , which is the outer radius of the disc. Overall, we prove
that Mn is non-expansive and after at most

√
n steps, the sample EM updates move

from epoch ℓ to epoch ℓ+ 1.

updates θt = Mn(θt−1) satisfy the bound

∥θt∥2 ≤

∥θ0∥2 ·
t−1∏
j=0

γup(θj)
+

√
2σ
(
σ2d

n
log log(4/ϵ)

δ

) 1
4 −ϵ

, (5.25)

with probability at least 1 − δ.

See Section 5.4 for the detail proof of this theorem, where we also provide explicit
expressions for the bounds on sample size and the number of time steps with precise
values of constants c and c′ that appear in the statement.

As we show in our proofs, once the iteration number t satisfies the lower bound
stated in the theorem, the second term on the right-hand side of the bound (5.25)
dominates the first term; therefore, from this point onwards, the the sample EM
iterates have Euclidean norm of the order (d/n)1/4−ϵ. Note that ϵ ∈ (0, 1/4) can be
chosen arbitrarily close to zero, so at the expense of increasing the lower bound on
the number of iterations t, we can obtain rates arbitrarily close to (d/n)1/4.

We note that earlier studies of parameter estimation for over-fitted mixtures, in
both the frequentist [Che95] and Bayesian settings [IJS01; Ngu13], have derived a
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rate of n−1/4 for the global maximum of likelihood. To the best of our knowledge,
Theorem 11 is the first algorithmic result that shows that such rates apply to the
fixed points and dynamics of the EM algorithm, which need not converge to global
optima.

The preceding discussion was devoted to an upper bound on EM. Let us now
match this upper bound, at least in the univariate case d = 1, by showing that any
non-zero fixed point of the sample EM updates has Euclidean norm of the order n−1/4.
In particular, we prove the following lower bound:

Theorem 12. There are universal constants c, c′ such that for any non-zero solution
θ̂n to the sample EM fixed-point equation θ = Mn(θ), we have

P
[
|θ̂n| ≥ c n−1/4

]
≥ c′. (5.26)

See Section 5.4 for the proof.
Since EM converges monotonically to one of its fixed points, the theorem shows

that one cannot obtain a high-probability bound for any radius smaller than n−1/4.
As a consequence, the radius of convergence n−1/4 for sample EM convergence in
Theorem 11 for the univariate setting is tight with constant probability.

5.3 Discussion
In this chapter, we explored a wide range of behaviors demonstrated by the EM
algorithm for different settings of over-specified location Gaussian mixtures. At a high
level, our extensive simulations in Section 5.2 demonstrate that the EM algorithm
can exhibit a variety of statistical error rates: starting from a parametric error rate
n−1/2 to slower statistical error rate n−1/4. Motivated by these empirical observations,
we then established rigorous statistical guarantees of EM under two particular but
representative settings of over-fitted location Gaussian mixtures: the balanced and
unbalanced mixture-fit. One of our key findings is that there is a phase transition with
the convergence rates of sample EM between the aforementioned two settings. More
concretely, in unbalanced case in dimension d, the Euclidean error in the EM solution
decays at the rate (d/n)1/2, whereas in balanced case, this same error decays at the
slower rate (d/n)−1/4. We view our results as a preliminary step in understanding
and possibly improving the EM algorithm in non-regular settings. This work lays
foundations for several natural questions that we now discuss.

Even though we have focused on a very simple data generating mechanism—
standard multivariate Gaussian data—the EM algorithm exhibits a wide range of
behavior, which provides insight that is more generally applicable. For instance,
suppose that the true model is a mixture of two Gaussians with the component
means/locations denoted by θ∗

1 and θ∗
2, and that we fit a mixture of three Gaussian

distributions. Simulations indicate that when two out of three components of the fitted
Gaussian mixture are initialized close to θ∗

1, and the third component is initialized
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(a) (b)
Figure 5.9. Behavior of EM for an over-fitted Gaussian mixture. True
model: 1

2N (θ∗
1, 1) + 1

2N (θ∗
2, 1) where θ∗

1 = 0 and θ∗
2 = 10. We fit a model

1
4N (−θ1, 1) + 1

4N (θ1, 1) + 1
2N (θ2, 1), where we initialize θ0

1 close to θ∗
1 and θ0

2
close to θ∗

2. (a) Population EM updates: We observe that while θt1 converges slowly
to θ∗

1 = 0, the iterates θt2 converge exponentially fast to θ∗
2 = 10. (b) We plot the

statistical error for the two parameters. While the strong signal component has a
parametric n−1/2 rate, for the no signal component EM has the slower n−1/4 rate,
which is in good agreement with the theoretical results derived in this chapter. (We
remark that the error floor for θt2 in panel (a) is because of the error in numerical
integration.)

close to θ∗
2, the estimate for θ∗

1 has a slow statistical error of the order n−1/4; the
estimate for θ∗

2, on the contrary, enjoys a fast parametric rate of order n−1/2. Refer to
Figure 5.9 for more details. In more general settings, we observe similar phenomena
with EM convergence rate depending on the initialization and extent of over-fitting.
Such observations once again support the broader implications of our results: in
mixture model fitting using the EM algorithm, the statistical error may be slow or
fast, depending on whether the components are being over-fitted or not.

In our current work, we assumed that only the location parameters were unknown,
meaning that the scale/variance of the underlying model are known. What if the scale
parameter were also unknown? Would over-fitting with the EM algorithm exhibit an
even slower statistical error in that case? We note that the MLE is known to have
even slower statistical rates for such higher-order mixtures; as a result it would be
interesting to determine if the EM algorithm also suffers with a similar slow down
when scale is unknown. Another important direction is to analyze the behavior of EM
under different data distributions. While our analysis is focused on Gaussian mixtures,
the non-standard statistical rate n−1/4 also arises in other types of over-fitted mixture
models; examples include the MLE as applied to fitting Student’s-t or Bernoulli
distributions. We suspect that the analysis of our chapter can be generalized to a
broader class of finite mixture models that includes the aforementioned models.
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Finally, we discuss why the slow convergence of EM under balanced mixtures is not
merely of theoretical interest. In fact, it can potentially provide a novel methodology
for a classical testing problem: testing the simple null of a standard multivariate
Gaussian versus the compound alternative of a two-component Gaussian mixture.
This problem is known to be challenging due to the break-down of the (generalized)
likelihood ratio test around the singularity of the Fisher information matrix; see the
papers [CL+09; LCM09] for some past work on the problem. The results of our
chapter suggest an alternative approach, which is based on monitoring the convergence
rate of EM. If the EM algorithm converges slowly for a balanced fit (5.10b), then
we may accept the null, whereas the opposite behavior can be used as evidence for
rejecting the null. We leave the detailed development of such a methodology using
the convergence rates of EM for future work.

5.4 Proofs
We now turn to the proofs of our main results, with the proofs of more technical
lemmas deferred to the end of this chapter.

Proof of Theorem 9
As mentioned earlier, it remains to prove the contraction property (5.12a) for the
population operator. Recall that θ∗ = 0 is a fixed point of the population EM update
(i.e., M(0) = 0). This fact, combined with the definition (5.8) of the M-update, yields
the relation

∥M(θ)∥2 = ∥M(θ) −M(θ∗)∥2 = ∥E [2(wθ(X) − w0(X))X] ∥2.

Here, in the unbalanced setting, the weight function wθ takes the form

wθ(X) = π

π + (1 − π)e− 2θ⊤X
σ2

, with gradient ∇θ(wθ(X)) =
2π(1−π)X

σ2(
πe− θ⊤X

σ2 + (1 − π)e
θ⊤X

σ2

)2 .

For a scalar u ∈ [0, 1], define the function h(u) = wuθ(X), and note that h′(u) =
∇wuθ(X)⊤θ. Thus, using a Taylor series expansion along the line θu = uθ, u ∈ [0, 1],
we find that

∥M(θ)∥2 = ∥E
[
2X

∫ 1

0
h′(u)du

]
∥2

= 4π(1 − π)∥
1∫

0

E

 XX⊤

σ2
(
(1 − π) exp

(
θ⊤

u X
σ2

)
+ π exp

(
− θ⊤

u X
σ2

))2

 θdu∥2

≤ 4π(1 − π)∥θ∥2 max
u∈[0,1]

|||E [Γθu(X)] |||op, (5.27)
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where we have defined the matrix

Γθu(X) := XX⊤

σ2
(
π exp

(
− θ⊤

u X
σ2

)
+ (1 − π) exp

(
θ⊤

u X
σ2

))2 .

Writing the mixture weight as π = 1
2 (1 − ρ), we claim that

max
u∈[0,1]

|||E [Γθu(X)] |||op ≤ 1 − ρ2/2
1 − ρ2 . (5.28)

Taking this bound as given and substituting into inequality (5.27), we find that

∥M(θ)∥2 ≤ 4π (1 − π) 1 − ρ2/2
1 − ρ2 ∥θ∥2 = (1 − ρ2/2)∥θ∥2,

as claimed.

Proof of claim (5.28): We begin by making a convenient change of coordinates:
Let R be an orthonormal matrix such that Rθu = ∥θu∥2e1, where e1 denotes the first
canonical basis vector in dimension d. Define the random vector V := RX/σ. Since
the vector X ∼ N (0, σ2Id) and the matrix R is orthonormal, the random vector V
follows a N (0, Id) distribution. Substituting X = σR⊤V and Rθu = ∥θu∥2e1 in the
expression for Γθu and using the fact that |||R⊤BR|||op = |||B|||op for any matrix B and
any orthogonal matrix R, we find that |||E [Γθu(X)] |||op = |||Bθu|||op, where

Bθu := EV
[

V V ⊤

(π exp (−∥θu∥2V1/σ) + (1 − π) exp (∥θu∥2V1/σ))2

]
.

Note that the matrix Bθu is a diagonal matrix, with non-negative entries. Thus, in
order to prove the bound (5.28), it suffices to show that

max
j∈[d]

[Bθu ]jj ≤ 1 − ρ2/2
1 − ρ2 . (5.29)

When θu = 0, the matrix Bθu = E[V V ⊤] = Id and the claim holds trivially. Turning
to the case θu ̸= 0, we split our analysis into two cases, depending on whether j = 1
or j ̸= 1.

Bounding [Bθu ]11: Denoting π = 1
2(1 − ρ), we observe that

(πe−y + (1 − π)ey) ∈ [
√

(1 − ρ2), 1], if ey ∈
[
1, 1 + ρ

1 − ρ

]
, and

(πe−y + (1 − π)ey) > 1, otherwise.
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Let Ec and I(E) respectively denote the complement and the indicator of any event
E . Let Eθu denote the event such that Eθu =

{
e∥θu∥2V1/σ ∈ [1, (1 + ρ)/(1 − ρ)]

}
. Using

the observation above and the fact that V1 ∼ N (0, 1), we obtain that

[Bθu ]11 = E
[

V 2
1

(π exp (−∥θu∥2V1/σ) + (1 − π) exp (∥θu∥2V1/σ))2

]

≤ 1
(1 − ρ2)E

[
V 2

1 I(Eθu)
]

+ E
[
V 2

1 I(Ecθu
)
]

= 1 − ρ2 + ρ2E [V 2
1 I(Eθu)]

(1 − ρ2) . (5.30)

Note that whenever θu ̸= 0, we have that Eθu ⊆
{
V1 ≥ 0} and consequently we obtain

that

E
[
V 2

1 I(Eθu)
]

≤ E
[
V 2

1 I(V1 ≥ 0)
]

= 1
2 . (5.31)

Putting the inequalities (5.30) and (5.31) together, we conclude that
[Bθu ]11 ≤ (1 − ρ2/2)/(1 − ρ2).

Bounding [Bθu ]jj, j ̸= 1: Using arguments similar to the previous case, and the
fact that the random variables Vi, i ∈ [d] are independent standard normal random
variables, we find that

[Bθu ]jj = E
[

V 2
j

(π exp (−∥θu∥2V1/σ) + (1 − π) exp (∥θu∥2V1/σ))2

]

= E
[

1
(π exp (−∥θu∥2V1/σ) + (1 − π) exp (∥θu∥2V1/σ))2

]

≤ 1
(1 − ρ2)E [I(Eθu)] + E

[
I(Ecθu

)
]

= 1 − ρ2 + ρ2E [I(Eθu)]
(1 − ρ2) .

Noting that E [I(Eθu)] ≤ E [I(V1 ≥ 0)] = 1/2 whenever θu ̸= 0, yields the claim.

Proof of Theorem 10
We split our proof into two parts, corresponding to the upper bound (5.15a) and the
lower bound (5.15b) respectively.

Proof of the upper bound (5.15a)

For the balanced fit, we have

wθ(X) = 1
1 + e−2θ⊤X/σ2 and ∇θ(wθ(X)) = 2X⊤/σ2

(e−θ⊤X/σ2 + eθ⊤X/σ2)2 .
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Using a Taylor expansion and repeating the preliminary computations as those in
the proof of Theorem 9 from the unbalanced setting, we obtain that

∥M(θ)∥2 = ∥E
[
2X

∫ 1

0
w′
θu

(X)⊤θudu
]

∥2

= 4
∥∥∥∥∥

1∫
0

E

 XX⊤

σ2
(
e−θ⊤

u X/σ
2 + eθ⊤

u X/σ
2
)2

 θdu∥∥∥∥∥
2

(5.32)

≤ 4∥θ∥2

1∫
0

|||E [Γθu(X)] |||opdu,

where Γθu(X) := XX⊤/σ2

(e−θ⊤
u X/σ2 +eθ⊤

u X/σ2 )2
. Consequently, in order to prove the upper

bound (5.15a), it suffices to show that
∫ 1

0
|||E [Γθu(X)] |||opdu ≤ 1

4

(
p+ 1 − p

1 + ∥θ∥2
2/2σ2

)
= γup(θ)

4 (5.33)

where p := (1 + PZ∼N (0,1)(|Z| ≤ 1))/2 < 1.
We now establish the claim (5.33). Like in proof of Theorem 9, we perform a

change of coordinates using an orthogonal transformation R such that Rθu = ∥θu∥2e1,
where e1 is the first canonical basis in dimension d. Define the random vector
V := RX/σ. Since the vector X ∼ N (0, σ2Id) and the matrix R is orthogonal, we
have that the vector V ∼ N (0, Id). Substituting X = σR⊤V , Rθu = ∥θu∥2e1 in the
expression for Γθu and using the fact that |||R⊤BR|||op = |||B|||op for any matrix B and
any orthogonal matrix R, we obtain that |||E [Γθu(X)] |||op = |||Bθu|||op, where

Bθu := EV
[

V V ⊤

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
.

Clearly, the matrix Bθu is a diagonal matrix with non-negative entries. Consequently,
to obtain a bound for the operator norm of the matrix Bθu , it is sufficient to control
the diagonal entries of the matrix Bθu . We introduce an auxiliary claim:

Lemma 28. The ℓ2-operator norm of the matrix Bθu is bounded as

|||Bθu |||op = max
j∈[d]

[Bθu ]jj ≤ p2

4 + (1 − p2)
4

1
(1 + ∥θu∥2

2/(2σ2))2 , (5.34)

where p2 = P (|V1| ≤ 1) < 1.

See Section 5.6 for the proof of Lemma 28.
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Using Lemma 28, we now complete the proof. Integrating both sides of the
inequality (5.34) with respect to u ∈ [0, 1], we find that∫ 1

0
|||Bθu|||opdu ≤

∫ 1

0

p2

4 du+
∫ 1

0

(1 − p2)
4

1
(1 + ∥θu∥2

2/(2σ2))2du

= p2

4 + (1 − p2)
4

∫ 1

0

1
(1 + u2∥θ∥2

2/(2σ2))2du.

Direct computation of the second integral yields
1∫

0

1
(1 + u2∥θ∥2

2/(2σ2))2du = 1
2

(
1

1 + ∥θ∥2

2σ2

+ tan−1(∥θ∥/(
√

2σ)
∥θ∥/(

√
2σ)

)
≤ 1

2

(
1

1 + ∥θ∥2

2σ2

+ 1
)
,

where the last inequality above follows since tan−1(x) ≤ x, for all x ∈ R. Putting
together the pieces yields∫ 1

0
|||E [Γθu(X)] |||opdu =

∫ 1

0
|||Bθu |||opdu ≤ (1 + p2)

8 + (1 − p2)/8
1 + ∥θ∥2

2/(2σ2) ,

which implies the claim (5.33) with p = 1+p2
2 .

Proof of the lower bound (5.15b)

We now prove the lower bound (5.15b) on the population EM operator M(θ). The
argument involves Jensen’s inequality and certain properties of the moment generating
function (MGF) of the Gaussian distribution.

Recalling equation (5.32), we find that

∥M(θ)∥2 = ∥M(θ) −M(0)∥2 = 4
∥∥∥∥∥

1∫
0

E
[

XX⊤

σ2 (exp (−θ⊤
uX/σ

2) + exp (θ⊤
uX/σ

2))2

]
du

︸ ︷︷ ︸
=:Γθ

θ

∥∥∥∥∥
2

≥ 4λmin (Γθ) ∥θ∥2, (5.35)

where λmin(Γθ) denotes the smallest eigenvalue of the square matrix B. Following the
change of variable V := RX/σ used in the proof of upper bound (5.15a), we obtain
that

λmin (Γθ) = λmin

(
EV
[ 1∫

0

V V ⊤

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2du

])
.

We denote the matrix on the right-hand side by Bθ. Clearly, the matrix Bθ is a
diagonal matrix with non-negative diagonal entries and consequently, we have

λmin(Bθ) = min
j∈[d]

[Bθ]jj. (5.36)

We make the following auxiliary claim:
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Lemma 29. For all vectors θ ∈ Rd such that ∥θ∥2
2 ≤ 5σ2

8 , the square matrix Bθ

satisfies the bounds

[Bθ]jj ≥ [Bθ]11 ≥ 1
4(1 + 2∥θ∥2

2/σ
2) for all j ∈ [d]. (5.37)

See Section 5.7 for the proof of this claim.
Combining the result of Lemma 29 with bounds (5.35) and (5.36), we conclude

that

∥M(θ)∥2

∥θ∥2
≥ 4λmin (Γθ) = 4[Bθ]11 ≥ 1

(1 + 2∥θ∥2
2/σ

2) = γlo(θ),

as claimed.

Proof of Theorem 11
The reader should recall the framework that was laid out in Section 5.2, especially
Lemma 27 which was used to bound the deviation between the sample and popula-
tion EM operators, as well the epoch-based localization argument sketched out in
Section 5.2. The proof of Theorem 11 is based on making this sketch more precise.

Epochs and non-expansivity

Let us introduce the notation required to formalize the epoch-based analysis that
leads to the recursion (5.22). For convenience, recall that this recursion generates the
sequence {αℓ}ℓ≥0 given by

α0 = 0 and αℓ+1 = αℓ
3 + 1

6 . (5.38a)

By inspection, this sequence is increasing and satisfies lim
ℓ→∞

αℓ = 1/4. Furthermore,
we have αℓ ≤ 1/4 − ϵ for ℓ ≥ ⌈log(4/ϵ)/ log 3⌉. For any given δ ∈ (0, 1), define the
following intermediate quantity

ω = σ2 d

n
log((2ℓϵ + 1)/δ), where ℓϵ := ⌈log(4/ϵ)/ log 3⌉ + 1. (5.38b)

Note that the lower bound on the sample size stated in the theorem ensures that
ω ≤ 1. For the proof sketch in Section 5.2, we used the rough approximation ω ≈ d/n,
since we were tracking only the dependencies on n and d.

For ℓ = 0, 1, 2, . . . , ℓϵ − 1, define the scalars tℓ and Tℓ as

t0 =
⌈

2
p

log ∥θ0∥2√
2σ

√
ω

⌉
, tℓ =

⌈
2

pω2αℓ+1
log(1/ω)

⌉
, and Tℓ =

ℓ∑
j=0

tj, (5.38c)
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where we have used the constant p ∈ (0, 1) from Theorem 10, viz, p = P(|X| ≤
1) + 1

2P(|X| > 1) where X ∼ N (0, 1). For each ℓ = 1, 2, . . ., the term tℓ corresponds
to the number of iterations for the ℓ-th epoch, whereas the quantity Tℓ denotes the
total number of iterations up to the completion of that epoch.

Recall that Lemma 27 gives a bound on the quantity sup∥θ∥2≤r ∥Mn(θ) −M(θ)∥2
for a given radius r. In the epoch-based argument, we have a sequence of such radii,
so that we need to control this same quantity uniformly over all radii r in the set R
given by

R =
{
∥θ0∥2,

√
2σωα0 , . . . ,

√
2σωαℓϵ−1 , c′√2σωα0 , . . . , c′√2σωαℓϵ−1

}
. (5.39)

Here c′ = (2c2σ/p+ 1) denotes a constant independent of n, d, δ and ϵ where c2 is the
universal constant that appeared in equation (5.20) in Lemma 27. In order to do so,
we apply a standard union bound with Lemma 27 and obtain that

sup
∥θ∥2≤r

∥Mn(θ) −M(θ)∥2 ≤ c2σr
√
ω for all r ∈ R, (5.40)

with probability at least 1 − δ. We denote the event defined in equation (5.40) as
E(n, d, ϵ, δ).

With this notation in place, we start with our first claim: the sample-based EM
operator is non-expansive in the following sense:

Lemma 30. Given a sample size n ≥ (2c2σ/p)1/(2ϵ)σ2d log((2ℓϵ + 1)/δ), suppose that
there exists an index ℓ ∈ {0, 1, . . . , ℓϵ − 1} and an iteration number t such that the
sample-based EM iteration θt+1 = Mn(θt) satisfies ∥θt∥2 ≤

√
2σωαℓ. Then, conditional

on the event E(n, d, ϵ, δ) from equation (5.40), we have

∥θt′∥2 ≤
√

2σωαℓ for all t′ ≥ t. (5.41)

See Section 5.8 for the proof of this claim.

Core of the argument

We now proceed to the core of the argument. Suppose that the sample size be lower
bounded as

n ≥ max

(

5554σ + p

p

)4/ϵ

,

(
5554∥θ0∥2 +

√
2p√

2p

)2 · σ2 · d log
(

3 log(4/ϵ)
δ

)
. (5.42)

Moreover, recall that the quantity ω and the timesteps Tℓ were defined in equa-
tions (5.38b) and (5.38c) respectively. The core of the proof consists of the following:
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Key claim: For all ℓ ∈ {0, 1, . . . , ℓϵ − 1}, we have
∥θt∥2 ≤

√
2σωαℓ for all t ≥ Tℓ, (5.43)

with probability at least 1 − δ.
Taking this claim as given, let us now show how the bounds in Theorem 11 hold

for all t ≥ Tℓϵ−1. Straightforward computations yield that

Tℓϵ−1 ≤ T0 + (ℓϵ − 1)tℓϵ−1 ≤ 4
p

[
log ∥θ0∥2√

2σ
√
ω

+ log 4
ϵ

· ω1/2−2ϵ · log n

σ2d

]

≤ 8
p

[
log ∥θ0∥2

2n

σ2d
+
(
n

d

) 1
2 −2ϵ

· log
(4
ϵ

)
· log

(
n

σ2d

)
· σ4ϵ−1

]
.

(5.44)
In other words, equations (5.42) and (5.44) provide the explicit expression for the
number of samples and number of steps required by sample-based EM to converge to
a ball of radius (d/n)1/4−ϵ around the truth θ∗ = 0.

Proof of the claim (5.43): It remains to prove the key claim, and we do so by
induction on the epoch index ℓ. All of the argument is performed conditioned on the
event E(n, d, ϵ, δ) (5.40), which occurs with probability at least 1 − δ. Note that the
sample size assumption (5.42) for Theorem 11 is larger than required in Lemma 30
and hence we can invoke the non-expansiveness of the sample-based EM operator in
our arguments that follow.

Proof of base case ℓ = 0: In order to simplify notation, we let ν = ∥θ0∥2/
√

2σ.
The non-expansiveness property of the sampled-based EM-operator (Lemma 30)
ensures that it is sufficient to consider the case that ∥θt∥2 ∈ [

√
2σ, ν

√
2σ] for all

t ≤ T0. Applying the triangle inequality yields
∥θt+1∥2 ≤ ∥Mn(θt) −M(θt)∥2 + ∥M(θt)∥2 (5.45a)

(i)
≤ c2σ · ν

√
2σ ·

√
ω + γup(θt)∥θt∥2, (5.45b)

where step (i) follows from using r = ν
√

2σ in the event (5.40) and Theorem 10.
Noting that ∥θt∥2 ≥

√
2σ, we also have that

γup(θt) = 1 − p+ p

1 + ∥θt∥2
2/σ

2 = 1 − p∥θt∥2
2

∥θt∥2
2 + 2σ2 ≤ 1 − p

2︸ ︷︷ ︸
γ0

.

Recursing the inequalities (5.45a) and (5.45b) from t = 0 up to t = T0, and using the
fact that γup(θt) ≤ γ0, we find that

∥θT0∥2 ≤ c2σ · ν
√

2σ ·
√
ω(1 + γ0 + . . .+ γT0−1

0 ) + γT0
0 ∥θ0∥2

≤ c2σ · ν
√

2σ ·
√
ω

1 − γ0
+ γT0

0 ν
√

2σ.
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Substituting the expressions γ0 = 1 − p/2 and T0 = ⌈(2/p) log(ν/
√
ω)⌉, we obtain

that
∥θT0∥2 ≤ (2νc2σ/p+ 1)

√
ω

√
2σ ≤

√
2σ,

where the last inequality follows from the fact that for the assumed bound (5.42) on
n, we have (2νc2σ/p+ 1)

√
ω ≤ 1. The base case now follows.

Proof of inductive step: Now we prove the inductive step. In particular,
we assume that ∥θTℓ∥2 ≤

√
2σωαℓ and show that ∥θTℓ+1∥2 ≤

√
2σωαℓ+1 . Once

again, Lemma 30 implies that we may assume without loss of generality that
∥θt∥2 ∈ [ωαℓ+1 , ωαℓ ] for all t ∈ {Tℓ, . . . , Tℓ+1}. Under this condition, we have that

γup(θt) ≤ 1 − pω2αℓ+1

1 + ω2αℓ+1
≤ 1 − pω2αℓ+1

2︸ ︷︷ ︸
=:γℓ

for all t ∈ {Tℓ, . . . , Tℓ+1 − 1} , (5.46)

where the last step follows from the fact that ω ∈ [0, 1] and αℓ ≥ 0. From our earlier
definition definition (5.38c), we have Tℓ+1 = Tℓ + tℓ. We split the remainder of our
proof in two parts. First, we show that

∥θTℓ+⌈tℓ+1/2⌉∥2 ≤ c′√2σωαℓ+1 , (5.47a)
where c′ = (2c2σ/p+ 1) is a constant independent of n, d, δ and ϵ. Next we use this
result to show that

∥θTℓ+1∥2 = ∥θTℓ+tℓ+1∥2 ≤
√

2σωαℓ+1 , (5.47b)
which completes the proof of the induction step. We now prove these two claims one
by one.

Proof of claim (5.47a): Applying the triangle inequality yields

∥θTℓ+1∥2 ≤ ∥Mn(θTℓ) −M(θTℓ)∥2 + ∥M(θTℓ)∥2
(i)
≤ c2σ ·

√
2σωαℓ ·

√
ω + γup(θTℓ)∥θTℓ∥2,

(5.48)

where step (i) follows from Theorem 10 and using r =
√

2σωαℓ in the event (5.40).
Recursing the inequality (5.48) for T ≤ ⌈tℓ/2⌉ steps, and invoking the bound (5.46),
i.e., γup(θt) ≤ γℓ for all t ∈ {Tℓ, . . . , Tℓ + T}, we obtain that

∥θTℓ+T∥2 ≤ c2σ ·
√

2σωαℓ ·
√
ω · (1 + γℓ + . . .+ γT−1

ℓ ) + γTℓ ∥θTℓ∥2

≤ c2σ ·
√

2σωαℓ ·
√
ω

1 − γℓ
+

√
2σγTℓ ωαℓ

(i)
≤ c2σ ·

√
2σ · (2/p) · ωαℓ+1/2−2αℓ+1 + e−Tpω2αℓ+1/2 ·

√
2σωαℓ

(ii)
≤

√
2σωαℓ+1/2−2αℓ+1 · (2c2σ/p+ 1)

(iii)= c′√2σωαℓ+1 ,
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where step (i) follows from the inequality (5.46) and the consequent bound γℓ ≤
e−p/(2ω2αℓ+1 ). Furthermore, in step (ii), we used the following bound

γTℓ ≤ e−Tpω2αℓ+1/2 ≤ ω1/2−2αℓ+1 for T ≥ (1 − 4αℓ+1)
pω2αℓ+1

log 1
ω
, (5.49)

and in step (iii) we invoked the relation (6.38c), i.e., 3αℓ+1 = 1/2 + αℓ. The claim
now follows from noting that T = ⌈tℓ/2⌉ satisfies the condition of equation (5.49).

Proof of claim (5.47b): The proof of this claim makes use of arguments similar to
those used above in the proof of claim (5.47a). Starting at time Tℓ + ⌈tℓ+1/2⌉, and
applying the triangle inequality, we find that

∥θTℓ+⌈tℓ+1/2⌉+1∥2 ≤ c2σ · c′√2σωαℓ+1 ·
√
ω + γℓ∥θTℓ+⌈tℓ+1/2⌉∥2,

where we have used the bound (5.40) with r = c′√2σωαℓ+1 . Repeating this inequality
for T ≥ (1−4αℓ+1)

pω2αℓ+1 log 1
ω

steps and performing computations similar to the proof above,
we find that

∥θTℓ+⌈tℓ+1/2⌉+T∥2 ≤
√

2σωαℓ+1+1/2−2αℓ+1 · c′ · (2c2σ/p+ 1) = c′2ω1/2−2αℓ+1 ·
√

2σωαℓ+1 .

Observe that 2αℓ+1 − 1/2 ≤ −2ϵ for all ℓ ≤ ℓϵ − 1 and that the sample size given
by bound (5.42) satisfies n ≥ d log(2ℓϵ/δ)(c′)4/ϵ; together, these facts imply that
c′2ω1/2−2αℓ+1 ≤ 1. The claim now follows.

Proof of Theorem 12
We now turn to the proof of the lower bound on the accuracy of EM fixed points, as
stated in Theorem 12.

Recalling the definition (5.9) of the sample-based EM operator Mn, the fixed
point equation can be re-written as

θ̂n = 1
n

n∑
i=1

Xi tanh
(
θ̂nXi

σ2

)
, (5.50)

where θ̂n denotes the fixed point solution. Our proof makes use of the following
elementary bounds on the hyperbolic tangent function:

x · tanh(αx) ≥ αx2 − 1
3α

3x4, for α ≥ 0, and (5.51a)

x · tanh(αx) ≤ αx2 − 1
3α

3x4, for α < 0. (5.51b)
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In order to keep the proof self-contained, we prove these bounds at the end of this
proof. Now plugging in α = θ̂n/σ

2 and employing the bound (5.51a) for the case
θ̂n ≥ 0 and the bound (5.51b) for the case θ̂n < 0, we find that

|θ̂n| ≥ |θ̂n|
σ2 · 1

n

n∑
i=1

X2
i − |θ̂n|3

3σ6 · 1
n

n∑
i=1

X4
i .

Denoting Yi = Xi/σ for i ∈ [n] and re-arranging the terms yields that

|θ̂n|3 ≥
3σ2

(
1
n

∑n
i=1 Y

2
i − 1

)
|θ̂n|

1
n

∑n
i=1 Y

4
i

. (5.52)

Note that the random variables Yi ∼ N (0, 1) and thereby the quantity on the RHS
above is a ratio of empirical moments of Gaussian random variables. Now to obtain the
lower bound for |θ̂n| from the inequality (5.52), we employ a few standard probability
bounds for the concentration of moments of standard Gaussian distribution (refer to
Theorem 5.2 in Inglot [Ing10] and Theorem 6.7 in Janson [Jan97]). In particular, we
have

P
[∑n

i=1 Y
2
i

n
− 1 ≥ log 17

n
+

√
log 17/4√

n

]
≥ 1

17 , and (5.53a)

P
[∑n

i=1 Y
4
i

n
≤ c1

]
≥ 1 − 1

34 , (5.53b)

where c1 = (e log(34)/2)2√6. Plugging these bounds in the inequality (5.52), we find
that

1
n

∑n
i=1 Y

2
i − 1

1
n

∑n
i=1 Y

4
i

≥
√

log 17/4
c1

· 1√
n
, (5.54)

with probability at least 1/34. Now, we claim that
{

There exists at least two non-zero fixed points θ̂n.
}

⊆
{

1
n

n∑
i=1

Y 2
i > 1

}
. (5.55)

Deferring the proof of this claim to end of this section, we now complete the proof of
our original claim. Note that the event {∑n

i=1 Y
2
i /n > 1} is implied by the event in

the bound (5.53a), and hence we have non-zero fixed points under the same event.
Now, for any of these non-zero fixed points, dividing both sides of inequality (5.52)
by |θ̂n| and using the bound (5.54), we conclude that

P
[
|θ̂n|2 ≥

√
log 17/4
c1

· 1√
n

]
≥ 1

34 ,

as claimed.
We now prove our earlier claims (5.51a)-(5.51b) and (5.55).
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Proof of the bounds (5.51a) and (5.51b): Note that it suffices to establish that

y tanh(y) ≥ y2 − y4/3, for all y ∈ R. (5.56)

Indeed, a change of variable y = αx and dividing both sides by α yields the desired
claims. Using the fact that tanh(y) = (ey − e−y)/(ey + e−y), it remains to verify that

y(ey − e−y) ≥ (ey + e−y) · (y2 − y4/3)

or equivalently that
∞∑
k=0

2y2k+2

(2k + 1)! ≥
∞∑
k=0

2y2k

(2k)! · (y2 − y4/3) =
∞∑
k=0

2y2k+2

(2k)! · (1 − y2/3),

which simplifies to
∞∑
k=1

y2k+2

(2k + 1)!

(
1

(2k + 1)! − 1
(2k)! + 1

3(2k − 2)!

)
≥ 0.

Since only even powers of y exist on both sides in the power series, it suffices to verify
that each coefficient on the LHS is non-negative. After some algebra, we find that
the condition above reduces to

1
2k + 1 + (2k − 1)2k

3 − 1 ≥ 0, for all k ≥ 1.

This elementary inequality is indeed true, and so the proof is complete.

Proof of set-inclusion (5.55): Consider the (random) function g : R → R such
that g(θ) := Mn(θ) − θ. Also introduce the shorthand Z = ∑n

i=1 Y
2
i /n. Note that any

fixed point of the operator Mn is a zero of the function g and vice-versa. It is easy to
see that the function g is twice continuously differentiable. Now for the event {Z > 1},
the function g satisfies g(0) = 0 and g′(0) > 0 and hence there exists c > 0 such that
g(c) > 0. Furthermore for any sequence of Yi’s, we have that limθ→∞ g(θ) = −∞.
Putting the two pieces together, we obtain that under the event {Z > 1}. the function
g has at least one strictly positive root. Since g is an odd function, we also have
that under the same event, g has at least one strictly negative root. The claim now
follows.

5.5 Proof of Lemma 27
The proof of this lemma is based on standard arguments to derive Rademacher
complexity bounds. First, we reduce the supremum of random variables over an
uncountable set to a finite maximum, symmetrize with Rademacher variables, and
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then apply the Ledoux-Talagrand contraction inequality We then results on sub-
Gaussian and sub-exponential random variables and finally perform the associated
Chernoff-bound computations to obtain the desired result.

Let Sd =
{
u ∈ Rd : ∥u∥2 = 1

}
denote the unit sphere in d-dimensions. Then, we

have

Z := sup
θ∈B(0,r)

∥Mn(θ) −M(θ)∥2 = sup
θ∈B(0,r)

sup
u∈Sd

(Mn(θ) −M(θ))⊤u

= sup
u∈Sd

sup
θ∈B(0,r)

(Mn(θ) −M(θ))⊤u︸ ︷︷ ︸
=:Zu

.

Note that Z is defined as the supremum over the sphere Sd. Using a standard
discretization argument, we reduce our problem to a maximum over a finite cover.
In particular, we denote

{
u1, . . . , uN

}
a 1/8-cover for the unit sphere Sd. It is well

known that we can find such a set with N ≤ 17d. Given the covering set, for each
vector u ∈ Sd we can find an index j ∈ [N ] such that ∥u− uj∥2 ≤ 1/8. Furthermore,
using the triangle inequality we also have that ∥uj∥2 ∈ [7/8, 9/8] for all j ∈ [N ]. We
have

Zu = sup
θ∈B(0,r)

(Mn(θ) −M(θ))⊤
(
u− uj + uj

)
≤ sup

θ∈B(0,r)
(Mn(θ) −M(θ))⊤

(
u− uj

)
+ sup

θ∈B(0,r)
(Mn(θ) −M(θ))⊤uj

= Zu−uj + Zuj

≤ Z∥u− uj∥2 + Zuj ,

where the last step follows from the fact that Zv ≤ Z∥v∥2 for any vector v. Re-
arranging terms and using the fact that ∥u − uj∥2 ≤ 1/8, followed by taking a
supremum over u ∈ Sd and a corresponding maximum over j ∈ [N ], we obtain that

Z ≤ max
j∈[N ]

8Zuj

7 ≤ 2 max
j∈[N ]

Zuj . (5.57)

Consequently, it is sufficient to study the behavior of the random variables Zuj for
j ∈ [N ], which we do next.

Substituting this relation into the definitions (5.8) and (5.9) of the EM operators
Mn and M , respectively, we find that

Zuk = sup
θ∈B(0,r)

{
1
n

n∑
i=1

(2wθ(Xi) − 1)X⊤
i u− E

[
(2wθ(X) − 1)X⊤uk

]}
.

Employing a standard symmetrization argument [VW00] yields

E[exp(λZuk)] ≤ E
[
exp

(
sup

θ∈B(0,r)

2λ
n

n∑
i=1

εi(2wθ(Xi) − 1)X⊤
i u

k

)]
for any λ > 0,

(5.58)
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where ε1, . . . , εn denote i.i.d. Rademacher random variables which are independent of
{Xi, i ∈ [n]}. We now make use of the Ledoux-Talagrand contraction inequality for
Lipschitz functions of Rademacher processes [LT91]. Noting that |2wθ(x) − 2wθ′(x)| ≤∣∣∣θ⊤x− (θ′)⊤x

∣∣∣ for all x, we obtain that the map θ 7→ wθ(x) is Lipschitz for each fixed
x. Consequently, applying the Ledoux-Talagrand contraction inequality yields that

E
[
exp

(
sup

θ∈B(0,r)

2λ
n

n∑
i=1

εi(2wθ(Xi) − 1)X⊤
i u

k

)]
≤ E

[
exp

(
sup

θ∈B(0,r)

4λ
n

n∑
i=1

εiθ
⊤XiX

⊤
i u

k

)]
.

Furthermore, using the fact that ∥uk∥2 ≤ 9/8 and the standard bound u⊤Bv ≤
∥u∥2|||B|||op∥v∥2, we obtain that

E
[
exp

(
sup

θ∈B(0,r)

4λ
n

n∑
i=1

εiθ
⊤XiX

⊤
i u

k

)]
≤ E

[
exp

(
sup

θ∈B(0,r)
4λ∥uk∥2∥θ∥2 ||| 1

n

n∑
i=1

εiXiX
⊤
i |||op

)]

≤ E
[
exp

(
9
2λr ||| 1

n

n∑
i=1

εiXiX
⊤
i |||op

)]
. (5.59)

We now make the following two claims. The operator norm of the matrix∑n
i=1 εiXiX

⊤
i /n

can be bounded as follows:

||| 1
n

n∑
i=1

εiXiX
⊤
i |||op ≤ 2 max

j∈[N ]

∣∣∣∣∣ 1n
n∑
i=1

εi(X⊤
i u

j)2
∣∣∣∣∣ . (5.60a)

For all (i, j) ∈ [n] × [N ], we have the following bound on the moment generating
function of the random variable εi(X⊤

i u
j)2:

E
[
exp(tεi(X⊤

i u
j)2)

]
≤ exp(1377/2 · t2σ4) for all |t| ≤ 1

9σ2 . (5.60b)

We provide the proofs of these auxiliary claims at the end of this subsection.
Taking them as given for the moment, let us now complete the proof of the

lemma. Putting together the pieces and replacing 9/2 by 5 in bound (5.59) to simplify
calculations, we find that

E[exp(λZuk)]
(bnd. (5.58), (5.59))

≤ E
[
exp

(
5λr ||| 1

n

n∑
i=1

εiXiX
⊤
i |||op

)]
(eqn. (5.60a))

≤ E
[
exp

(
max
j∈[N ]

10λr
n

∣∣∣∣∣
n∑
i=1

εi(X⊤
i u

j)2
∣∣∣∣∣
)]

≤ E
[
exp

(
max
j∈[N ]

−10λr
n

n∑
i=1

εi(X⊤
i u

j)2
)]

+ E
[
exp

(
max
j∈[N ]

10λr
n

n∑
i=1

εi(X⊤
i u

j)2
)]

(eqn. (5.60b))
≤ 2N ·

n∏
i=1

exp
(

1377/2 · 100λ2r2

n2 · σ4
)
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for any |λ| ≤ n/(90rσ2). Now invoking the inequality 2N ≤ 34d ≤ e4d, we find that

E[exp(λZuk)] ≤ exp
(
68850 · λ2r2σ4/n+ 4d

)
for any k ∈ [N ], (5.61)

and sufficiently small λ. Now using our earlier inequality (5.57) obtained from
reduction and the fact that N ≤ e3d, we obtain that

E[exp(λZ)] ≤ E[exp(2λmax
j∈[N ]

Zuj )] ≤ N exp(68850 · 4λ2r2σ4/n+ 4d)

≤ exp(275400 · λ2r2σ4/n+ 7d),

for any |λ| ≤ n/(180rσ2) = λ⋆. Now using the standard Chernoff bound, we have
that

P [Z ≥ α] ≤ inf
λ∈[0,λ⋆]

E[eλZ ]e−λα ≤ inf
λ∈[0,λ⋆]

e275400r2σ4/n·λ2−λα+7d. (5.62)

Furthermore, note that any quadratic function λ 7→ g(λ) = aλ2 −bλ+c where a, b > 0
satisfies g(λ) ≥ g(b/2a) = c− b2/4a. Using this result with a = 275400r2σ4/n, b = α
and c = 7d, we find that

inf
λ∈[0,λ⋆]

e275400r2σ4/n·λ2−λα+7d = e7d−α2n/(4·275400r2σ4) if α ≤ 3060rσ2, (5.63)

where the condition on α is needed to ensure that the choice of λ = αn/(2·275400r2σ4)
is feasible in the interval [0, λ⋆]. Noting that 2777 ≥

√
4 · 275400 · 7 and that for any

δ ∈ (0, 1), we have d log(1/δ) ≥ d+ log(1/δ), we obtain that

e7d−α2n/(4·275400r2σ4) ≤ δ for α ≥ 2777rσ2 ·
√
d log(1/δ)

n
. (5.64)

It is now straightforward to see that as long as n ≥ d log(1/δ), we can put the three
bounds (5.62), (5.63) and (5.64) together to conclude that

Z ≤ 2777 · rσ2 ·
√
d log(1/δ)

n
, with probability at least 1 − δ.

which yields the conclusion of the lemma.

We now return to prove our earlier claims (5.60a) and (5.60b).

Proof of claim (5.60a): It is convenient to prove a somewhat more general result:
for any matrix B ∈ Rd×d, we have

|||B|||op = sup
u∈Sd

∣∣∣u⊤Bu
∣∣∣ ≤ 2 max

j∈[N ]

∣∣∣∣(uj)⊤
Buj

∣∣∣∣ . (5.65)
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Note that applying this result to the matrix B := ∑n
i=1 εiXiX

⊤
i /n implies our

claim (5.60a). We now prove the claim (5.65). For each vector u ∈ Sd we can find an
index j ∈ [N ] such that ∥u− uj∥2 ≤ 1/8. Furthermore, using triangle inequality we
also have that ∥uj∥2 ∈ [7/8, 9/8] for all j ∈ [N ]. By letting ∆ = u − uj, we obtain
that

u⊤Bu =
(
uj
)⊤
Buj + ∆⊤B∆ + 2∆⊤Buj.

Note that for any vectors u, v, we have that
∣∣∣u⊤Bv

∣∣∣ ≤ |||B|||op∥u∥2∥v∥2. Combining
this observation with the facts that ∥∆∥2 ≤ 1/8 and ∥uj∥2 ≤ 9/8, we find that

∣∣∣u⊤Bu
∣∣∣ ≤

∣∣∣∣(uj)⊤
Buj

∣∣∣∣+ |||B|||op(∥∆∥2
2 + 2∥∆∥2∥uj∥2)

≤
∣∣∣∣(uj)⊤

Buj
∣∣∣∣+ 1

2 |||B|||op.

Re-arranging and then taking a supremum over u ∈ Sd and the associated maximum
over j ∈ [N ] yields the desired result (5.65).

Proof of claim (5.60b): Note that since Xi
i.i.d.∼ N (0, σ2Id), we have that X⊤

i v ∼
N (0, ∥v∥2

2σ
2). For any vector v with norm ∥v∥2 ≤ 3/2, we have that

E[exp(X⊤
i v)] = exp(∥v∥2σ2/2) ≤ exp(9σ2/4) for all i ∈ [n].

In other words, the random variables
{
X⊤
i v, i ∈ [n]

}
are sub-Gaussian with parameter

γ = 3σ/2. Since a squared sub-Gaussian random variable is a sub-exponential random
variable, we obtain the following inequality [Ver]:

E
[
exp

(
t(X⊤

i v)2 − tE(X⊤
i v)2

)]
≤ e16t2γ4 for all |t| ≤ 1

4γ2 . (5.66)

Noting that the random variable εi is independent of X⊤
i v, we find that

E
[
exp(tεi(X⊤

i v)2)
]

= 1
2E

[
exp(t(X⊤

i v)2)
]

+ 1
2E

[
exp(−t(X⊤

i v)2)
]

(i)
≤ e16t2γ4 · 1

2
[
etγ

2 + e−tγ2]
(ii)
≤ e17t2γ4

,

for all |t| ≤ 1
4γ2 . In asserting the above sequence of steps, we have applied the

inequality (5.66) along with the fact that E(X⊤
i v)2 ≤ γ2 to conclude step (i), and

step (ii) follows from the inequality ex + e−x ≤ 2ex2 for all x ∈ R. Noting that
∥uj∥2 ≤ 9/8 ≤ 3/2 (the choice of 3/2 is made to simplify constants) and putting
together the pieces yields the claim.
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5.6 Proof of Lemma 28
Using the inequality exp(y) + exp(−y) ≥ 2 + y2, valid for all y ∈ R, we find that

[Bθu ]11 = EV
[

V 2
1

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
≤ EV1

[
V 2

1

(2 + V 2
1 ∥θu∥2

2/σ
2)2

]
.

(5.67)

Let IA denote the indicator random variable for event A, i.e., it takes value 1 when
the event A occurs and 0 otherwise. Then we have

E
[

V 2
1

(2 + V 2
1 ∥θu∥2

2/σ
2)2

]
= E

[
V 2

1

(2 + V 2
1 ∥θu∥2

2/σ
2)2 I{|V1|≤1}

]
+ E

[
V 2

1

(2 + V 2
1 ∥θu∥2

2/σ
2)2 I{|V1|>1}

]

≤ 1
4E

[
V 2

1 I{|V1|≤1}
]

+ E
[

V 2
1

(2 + ∥θu∥2
2/σ

2)2 I{|V1|>1}

]
. (5.68)

Here the final inequality follows from the following observation:

V 2
1

(2 + V 2
1 ∥θu∥2

2/σ
2)2 ≤


V 2

1
4 if |V1| ≤ 1,

V 2
1

(2 + ∥θu∥2
2/σ

2)2 if |V1| > 1.
(5.69)

Putting the inequalities (5.67) and (5.68) together, we conclude that

[Bθu ]11 ≤ 1
4E

[
V 2

1 I{|V1|≤1}
]

+ E
[

V 2
1

(2 + ∥θu∥2
2/σ

2)2 I{|V1|>1}

]
,

where V1 ∼ N (0, 1). Define p1 := E
[
V 2

1 I{|V1|≤1}
]
. Then we have E

[
V 2

1 I{|V1|≥1}
]

=
1 − p1 and consequently we obtain that

[Bθu ]11 ≤ p1

4 + (1 − p1)
4

1
(1 + ∥θu∥2

2/(2σ2))2 . (5.70)

Now we bound the entries [Bθu ]jj, j ̸= 1. Using the inequality exp(y) + exp(−y) ≥ 2 + y2

once again and noting that the random variables are Vj are i.i.d. N (0, 1), we find that

[Bθu ]jj = EV
[

V 2
j

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
≤ EV1

[
1

(2 + V 2
1 ∥θu∥2

2/σ
2)2

]
.

(5.71)

With an observation similar to that of inequality (5.69), we also have that

[Bθu ]jj ≤ 1
4E

[
I{|V1|≤1}

]
+ E

[
1

(2 + ∥θu∥2
2/σ

2)2 I{|V1|>1}

]
. (5.72)
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Define p2 := P (|V1| ≤ 1). Putting together the inequalities (5.71) and (5.72), we
obtain that

[Bθu ]jj ≤ p2

4 + (1 − p2)
4

1
(1 + ∥θu∥2

2/(2σ2))2 for j = 2, . . . , d. (5.73)

Note that

p2 = P (|V1| ≤ 1) = E
[
I{|V1|≤1}

]
> E

[
V 2

1 I{|V1|≤1}
]

= p1,

and consequently, the bound on the right-hand side of inequality (5.73) is larger than
the right-hand side of inequality (5.70). As a result, we have

|||Bθu |||op = max
j∈[d]

[Bθu ]jj ≤ p2

4 + (1 − p2)
4

1
(1 + ∥θu∥2

2/(2σ2))2 ,

where p2 = P (|V1| ≤ 1) and the claim (5.34) follows.

5.7 Proof of Lemma 29
We now prove the claim (5.37) in two steps. First, we show that [Bθ]jj ≥ [Bθ]11 for
all j ∈ [d]. Then, we derive the claimed lower bound for [Bθ]11.

Proof of [Bθ]jj ≥ [Bθ]11: For all j ̸= 1, by changing the order of integration, we
obtain that

[Bθ]jj =
1∫

0

EV
[

V 2
j

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
du

(i)=
1∫

0

EV
[

1
(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
du

(ii)
≥

1∫
0

EV
[

V 2
1

(exp (−∥θu∥2V1/σ) + exp (∥θu∥2V1/σ))2

]
du = [Bθ]11 ,

where step (i) follows since E[V 2
j ] = 1, and from the fact that the random variables

{Vj, j ̸= 1} are independent of the random variable V1. Finally, note that the
map |V1| 7→ V 2

1 is increasing in |V1|, and for any fixed value of θu the function
|V1| 7→ 1

(exp(−∥θu∥2V1/σ)+exp(∥θu∥2V1/σ))2 is a decreasing function of |V1|; consequently,
step (ii) above follows from a standard application of the Harris inequality.5

5The Harris inequality: Given any pair of functions (f, g) such that the function f : R 7→ R is
increasing, and the function g : R 7→ R is decreasing. Then for any real-valued random variable U
we have E (f(U)g(U)) ≤ E(f(U))E(g(U)). Here we have assumed that all three expectations exist
and are finite.
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Lower bound on [Bθ]11: Substituting θu = uθ in the expression for [Bθ]11, and
noting that

∫ 1
0 (eau + e−au)−2du = tanh(a)/(4a), we obtain that

[Bθ]11 = EV1

 1∫
0

V 2
1

(exp (−u∥θ∥2V1/σ) + exp (u∥θ∥2V1/σ))2du


= EV1

[
σV1

4∥θ∥2
tanh ∥θ∥2V1

σ

]
(i)= 1

4EV1

[
sech2

(
∥θ∥2V1

σ

)]
= EV1

[
1

(exp (−∥θ∥2V1/σ) + exp (∥θ∥2V1/σ))2

]
,

where step (i) follows from Stein’s Lemma for standard Gaussian distribution6.
Expanding the expression in the denominator, we obtain

[Bθ]11 = EV1

[
1

2 + exp (−2∥θ∥2V1/σ) + exp (2∥θ∥2V1/σ)

]

≥ 1
EV1 [2 + exp (−2∥θ∥2V1/σ) + exp (2∥θ∥2V1/σ)] , (5.74)

where the last inequality follows from Jensen’s inequality applied for the convex
function t 7→ 1

t
on t ∈ (0,∞). Noting that V1 ∼ N (0, 1) and consequently that

EV1 (exp (tV1)) = et
2/2 for all t ∈ R, we obtain that

EV1

[
2 + exp (−2∥θ∥2V1/σ) + exp (2∥θ∥2V1/σ)

]
= 2(1 + e2∥θ∥2

2/σ
2) ≤ 4(1 + 2∥θ∥2

2/σ
2),

(5.75)

for all θ such that ∥θ∥2
2 ≤ 5σ2/8. Here the last step follows from the fact that

et ≤ 1 + 2t, for all t ∈ [0, 5/4]. Putting the bounds (5.74) and (5.75) together yields
the claimed lower bound for [Bθ]11.

5.8 Proof of Lemma 30
Note that it is sufficient to show that a one-step update is non-expansive. Without
loss of generality, we can assume that ∥θt∥2 ≥

√
2σωαℓ+1 , else we can start with the

assumption ∥θt∥2 ≤
√

2σωαℓ+1 and repeat the arguments that follow. Applying the
6Stein’s Lemma: For any differentiable function g : R 7→ R, we have E [Y g(Y )] = E [g′(Y )] where

Y ∼ N (0, 1) provided that expectations E [g′(Y )] and E [Y g(Y )] exist.
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triangle inequality, we find that

∥θt+1∥2 = ∥Mn(θt)∥2 ≤ ∥Mn(θt) −M(θt)∥2 + ∥M(θt)∥2
(i)
≤ c2σ ·

√
2σωαℓ ·

√
ω + γ(θt)∥θt∥2

(ii)
≤ c2σ ·

√
2σωαℓ ·

√
ω +

(
1 − pω2αℓ+1

2

)√
2σωαℓ

=
(

1 − pω2αℓ+1

2 + c2σ
√
ω

)√
2σωαℓ ,

where step (i) follows from the bound (5.40) with r = ∥θt∥2 ≤
√

2σωαℓ , and step (ii)
follows from condition that ∥θt∥2 ≥

√
2σωαℓ+1 and consequently that γ(θt) ≤ 1 −

pω2αℓ+1/2. Note that 2αℓ+1 − 1/2 ≤ −2ϵ for all ℓ ≤ ℓϵ − 1 and ω ≤ 1. As a result,
for n ≥ (2c2σ/p)1/(2ϵ)σ2d log(2ℓϵ/δ), we have that ω2αℓ+1−1/2 ≥ ω−2ϵ ≥ 2c2σ/p and
thereby that (

1 − pω2αℓ+1

2 + c2σ
√
ω

)
≤ 1.

Putting all the pieces together yields the result.
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Chapter 6

Instability, computational efficiency
and statistical accuracy

Many statistical estimators are defined as the fixed point of a data-dependent operator,
with estimators based on minimizing a cost function being an important special
case. The limiting performance of such estimators depends on the properties of the
population-level operator in the idealized limit of infinitely many samples. In this
chapter we develop a general framework that yields bounds on statistical accuracy
based on the interplay between the deterministic convergence rate of the algorithm
at the population level, and its degree of (in)stability when applied to an empirical
object based on n samples. The key insight in this chapter is a genralization of the
localization-argument discussed in Chapter 5. Using this framework, we analyze
both stable forms of gradient descent and some higher-order and unstable algorithms,
including Newton’s method and its cubic-regularized variant, as well as the EM
algorithm. We provide applications of our general results to several concrete classes of
models, including Gaussian mixture estimation, single-index models, and informative
non-response models. We exhibit cases in which an unstable algorithm can achieve the
same statistical accuracy as a stable algorithm in exponentially fewer steps—namely,
with the number of iterations being reduced from polynomial to logarithmic in sample
size n.

6.1 Introduction
The interplay between the stability and computational efficiency of optimization
algorithms has long been a fundamental problem in statistics and machine learning.
The stability of the algorithm, a classical desideratum, is often believed to be a
necessity for obtaining efficient statistical estimators. Such a belief rules out the use
of a variety of faster algorithms due to their instability. This chapter shows that this
popular belief can be misleading: the situation is more subtle in that there are various
settings in which unstable algorithms may be preferable to their stable counterparts.



Recent years have seen a significant body of work involving performance of
various machine-learning algorithms when applied to statistical estimation problems.
Examples include sparse signal recovery [BT09; BBC11; GK09; HYZ08], more general
forms of M-estimation [ANW12; LW15; ZZ12], principal component analysis [AW08;
Ma13; YZ13], regression with concave penalties [LW15; WLZ14], phase retrieval
problems retrieval (e.g., [CLS15; CSV12; CW15; Che+18; Zha+17]), and mixture
model estimation [BWY17; CMZar; YBW17; YC15b].

A unifying theme in these works is to study, in a finite-sample setting, the
computational efficiency of different algorithms and the statistical accuracy of the
resulting estimates. For estimators based on solving optimization problems that are
convex, standard algorithms and theory can be applied. However, many modern
estimators arise from non-convex optimization problems, in which case the associated
algorithms become more complex to understand. But evidence is accumulating
for the practical and theoretical advantages of such algorithms. For instance, the
paper [ANW12] established the fast convergence of projected gradient descent (GD) for
high-dimensional signal recovery in a weakly convex setting, whereas the papers [LW15;
WLZ14] provided similar guarantees for a class of non-convex learning problems.
Other work has demonstrated fast convergence of the truncated power method for
PCA [YZ13], analyzed the behavior of projected gradient methods for low-rank matrix
recovery [CW15], and characterized the behavior of gradient descent for phase-retrieval
problems [Che+18]. Additionally, there is also a recent line on work on the fast
convergence of EM for various types of mixture models [BWY17; CMZar; YBW17].
Finally, several works [CP18; CJY18; HRS16; KL18] provide statistical error bounds
in generic machine learning problems (with certain assumptions on loss functions),
for estimators obtained via iterative optimization algorithms, e.g., stochastic gradient
descent (SGD).

Population-to-sample or stability-based analysis
The analysis in these works can be classified into two types. The first is a direct
analysis, in which one directly characterizes the behavior of the iterates of the
algorithm on the finite-sample objective. A long line of papers has used the direct
approach (e.g., [ANW12; LW15; WLZ14; YZ13; ZZ12]) to demonstrate that certain
optimization algorithms converge at geometric rates to a local neighborhood of the
true parameter, with the radius proportional to the statistical minimax risk. The
second kind of analysis is more indirect and can be referred to as population-to-sample
analysis or stability-based analysis where one analyzes the algorithmic convergence of
population-level iterates, and derives statistical errors for the sample-level updates via
uniform laws for stability/perturbation bounds. These approaches have been used to
analyze the performance of EM and its variants in several statistical settings, see the
papers [BWY17; CMZar; Dwi+20a; Dwi+20b; YBW17; YC15b] and the references
therein. In general settings, it has been used to derive statistical errors for iterates
from stochastic optimization methods like SGD [CP18; CJY18; HRS16; KL18].
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Since our work builds on the stability-based analysis, let us discuss it in a little
more detail. Let F and Fn denote the operators that define the iterates at the
population level, corresponding to the idealized limit of an infinite sample size, and
sample-level based on a dataset of size n. Suppose θ⋆ denotes the parameter of
interest such that the population-level updates converge to it, i.e., F t(θ0) → θ⋆ as
t → ∞. Of interest is to characterize the best possible estimate of θ⋆ obtained from
the sample-based (noisy) iterates θtn = F t

n(θ0), and possibly characterize the change
in the error ∥F t

n(θ0) − θ⋆∥2 as a function of the iteration t and the sample size n.
The population-to-sample or the stability analysis proceeds by using the following
decomposition:

F t
n(θ0) − θ⋆ = F t(θ0

n) − θ⋆︸ ︷︷ ︸
=:εt

opt

+F t
n(θ0

n) − F t(θ0
n)︸ ︷︷ ︸

=:εt
stab

. (6.1)

Given this decomposition, the analysis proceeds in two steps:
• The first step is a deterministic convergence analysis of the algorithm to the true

parameter at the population-level, namely, obtain a control on the optimization
error εtopt as a function of t.

• The second step is to perform a stability analysis of the difference between
the population and the sample-based iterates, namely, obtain a control on the
perturbation/stability error εtstab as a function of t.

The ultimate convergence guarantee—what statistical error can be achieved with the
sample-based operator Fn, and in how many iterations—is then derived based on the
interplay between the two errors in equation (6.1), namely, εtopt and εtstab.

The ERM-based approach We remark that the decomposition in equation (6.1)
is different from that used when invoking the uniform laws for the empirical risk
minimizer (ERM). Assuming the sample-based iterates converges to the ERM, i.e.,
limt→∞ F t

n(θ0) = θ̂ERM, the typical decomposition in the ERM-based approach is
given by

F t
n(θ0) − θ⋆ = F t

n(θ0) − θ̂ERM︸ ︷︷ ︸
=:εt

opt-sample

+ θ̂ERM − θ⋆︸ ︷︷ ︸
=:εunif-gen

.

Here the first term in the RHS corresponds to the optimization error at the sample-level
at iteration t and the second term corresponds to the (iteration-independent) uniform
generalization bound. Depending on the application, a precise characterization of
either of these terms can be non-trivial; moreover, applying uniform bounds to control
the term εunif-gen may lead to bounds that are overly loose. In such settings, the
population-to-sample or stability-based analysis can prove to be a useful alternative.
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Past works focus on stable methods
Most of the past work with the population-to-sample analysis has focused on al-
gorithms whose updates are stable, meaning that the perturbation error between
sample-level and population-level iterates decays to zero as the iterates approach the
true parameter. For example, the papers [BWY17; CMZar; YBW17; YC15b] used
this framework for problems where the population updates converge at a geometric
rate to the true parameter, and iterates based on n samples yield an estimate within
n−1/2 of the true parameter. On the other hand, other papers [Dwi+20a; Dwi+20b]
have shown that with over-specified Gaussian mixtures, the EM algorithm, which is
a stable algorithm, takes a large number of steps to find an estimate whose statistical
error is of order n−1/4 or n−1/8. Although for those problems the larger final statistical
error of EM is minimax optimal, several natural questions remained unanswered: Can
an algorithm converge to a statistically optimal estimate in significantly fewer steps
than EM for over-specified mixtures? Moreover, will the faster algorithm continue to
be stable? Besides the analysis in recent works [Dwi+20a; Dwi+20b] relied heavily
on the facts that the EM updates had closed-form analytical expressions. To our best
knowledge, general statistical guarantees for a generic stable or unstable algorithm
(without a closed-formed expression) when the algorithmic convergence is slow, are
not present in the literature.

In past work, Chen et al. [Che+18] provided a trade-off between stability and
number of iterations to converge. In particular, they showed that the minimax error
of a problem class forces a trade-off between the two errors in equation (6.1), εtopt
and εtstab, for any iterative algorithm used for solving it. In simple words, given the
minimax error, an algorithm that converges quickly is necessarily unstable1, and
conversely, a stable algorithm cannot converge quickly. Their work, however, did not
address the following converse questions: Under what conditions does an algorithm,
either stable or unstable, achieve a statistically optimal rate? When is an unstable
algorithm to be preferred to a stable counterpart?

Such questions about the trade-off between stability, computational efficiency and
the statistical error upon convergence are of special interest for singular problems
in which the Fisher information matrices are degenerate. Singular problems appear
in a wide range of statistical settings, including mode estimation [Che64], robust
regression [Rou84], stochastic utility models [Man75], informative non-response in
missing data [DK94; Hec76], high-dimensional linear regression [HTW15], and over-
specified mixture models [Che95; Ngu13; RM11]. Several papers have shown that
maximum likelihood estimates for singular problems have much lower accuracy
than the classical parametric rate n−1/2; problems that exhibit slow rates of this
type include stochastic frontier models [Lee93; LC86], certain classes of parametric

1There is a subtle difference in the definition of (in)stability used in Chen et al.’s work [CJY18]
compared to ours. In their work, stability refers to a slow growth in the error ∥F t(θ) −F t

n(θ)∥2 with
number of iterations t, where slow is defined in a relative sense with other methods. In our case, we
use stability for the settings when ∥F (θ) − Fn(θ)∥2 decreases with ∥θ − θ⋆∥2 as θ → θ⋆.
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models [Rot+00], and in strongly or weakly identifiable mixture models [Che95; HN16;
Ngu13]. Nevertheless, the computational aspects of parameter estimation and the
trade-offs with stability in such models have not been studied in detail.

Contents of this chapter
This chapter lays out a general framework to address the questions raised above. Mak-
ing use of the population-to-sample approach and a generalization of the localization
argument from our previous works [Dwi+20a; Dwi+20b], we derive tight bounds on
the statistical error of the final iterate produced by an algorithm. The final error and
the number of steps taken depend on two things: (i) the rate of convergence of the
corresponding population-level iterates, and (ii) the (in)stability of the sample-level
iterates for those at the population-level. As a first contribution, our statistical
guarantees for slowly converging stable algorithms and (fast/slow converging) un-
stable algorithms complement the findings of Balakrishnan et al. [BWY17] for fast
converging stable algorithms (Theorems 13 and 14). We provide an overview of these
general results in Table 6.1.

The second contribution extends the work of Chen et al. [Che+18] by showing
how the final statistical errors achieved by stable and unstable algorithms can be used
to directly compare and contrast the (dis)advantages between the two (Section 6.4).
Our third and final contribution is an explicit demonstration of the fact that unstable
methods can converge in significantly fewer steps when compared to stable methods,
while still yielding statistically optimal estimates (Corollaries 8, 9 and 10). In
particular, applying our framework to three estimation problems—single-index models,
informative non-response models, and Gaussian mixture models—we show that while
the (unstable) Newton method converges after on the order of log n steps, there is
some q > 0 such that gradient descent—which we show to be a stable method—takes
on the order of nq steps. We also show that both methods achieve the same final
minimax statistical accuracy.

Organization The remainder of our chapter is organized as follows. We begin in
Section 6.2 with simulations that illustrate the phenomena to be investigated in this
chapter. We then introduce some definitions and discuss different properties of the
sample and population operators. Section 6.3 is devoted to statements of our general
computational and statistical guarantees with detailed proofs presented in Section 6.6.
In Section 6.4, we apply our general results to demonstrate the trade-off between
stable and unstable methods for several examples. We conclude with a discussion
of potential future work in Section 6.5. Proofs of supporting lemmas and technical
results are provided in the end of this chapter.

Notation A few remarks on notation: for a pair of sequences {an}n≥1 and {bn}n≥1,
we write an ≿ bn to mean that there is a universal constant c such that an ≥ cbn for
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Operator Properties Optimization Rate Stability
Iterations for
convergence

Statistical error
on convergence

General expressions

Fast, stable [BWY17] FAST(κ) STA(γ) log(1/ε(n, δ)) ε(n, δ)

Slow, stable (Thm. 13) SLOW(β) STA(γ) ε(n, δ∗)− 1
1+β−γβ [ε(n, δ∗)]

β
1+β−γβ

Fast, unstable (Thm. 14) FAST(κ) UNS(γ) log(1/ε(n, δ)) [ε(n, δ)]
1

1+|γ|

Slow, unstable (Thm. 14) SLOW(β) UNS(γ) [ε(n, δ)]−
1

1+β [ε(n, δ)]
β

1+β+|γ|β

Examples

Fast, stable [BWY17] e−κt r√
n

log n n−1/2

Slow, stable (Thm. 13) 1√
t

r√
n

n1/2 n−1/4

Fast, unstable (Thm. 14) e−κt 1
r
√
n

log n n−1/4

Slow, unstable (Thm. 14) 1√
t

1
r
√
n

n1/3 n−1/8

Table 6.1. A high-level overview of our results. The notation in the problem set-up
(columns 2 and 3) is formalized in Section 6.2, and the formal results (columns 4
and 5) are discussed in Section 6.3. In the top panel, we provide general expressions
from our results, and in the bottom panel, we provide some explicit expressions
for few specific settings. The second and third columns respectively denote the
optimization and stability properties of the operator, and the last two columns
provide the expressions for iterations for convergence, and the final statistical errors
of the estimate returned the sample-based (noisy) operator. For the bottom panel,
we use β = 1

2 , γ = ±1 with the noise function ε(n, δ) = log(1/δ)/
√
n. We omit

certain log-factors and universal constants for brevity.

all n ≥ 1. We write an ≍ bn if both an ≿ bn and an ≾ bn hold. We use ⌈x⌉ to denote
the smallest integer greater than or equal to x for any x ∈ R. In the chapter, we
use c, c′, ci, c

′
i when i ≥ 1 to denote the universal constants. Note that the values of

universal constants may change from line to line. Finally, for our operator notation,
we use the subscript n to distinguish a sample-based operator (e.g., Fn,GNM

n ,MGA
n )

from its corresponding population-based analog (respectively F,GNM,MGA).

6.2 Motivation and problem set-up
We begin in Section 6.2 by motivating the analysis to follow by showing and discussing
the results of some computational studies for the class of single-index models. These
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results demonstrate a wide range of possible convergence rates, and associated stability
(or instability) of the operator to perturbations. With this intuition in hand, we then
turn to Section 6.2, in which we set up the definitions that underlie our analysis.
In particular, we state the (i) local Lipschitz condition, and (ii) local convergence
behavior for the population-level operator F , and (iii) the stability and instability
condition of the sample-level operator Fn with respect to F .

A vignette on single-index models
We first consider a certain class of statistical estimation problems in which there are
interesting differences between algorithms. Here we keep the discussion very brief; see
Section 6.4 for a more detailed discussion. A single-index model is based on a function
f : Rd → R that can be written in the form f(x) = g (⟨x, θ⟩) for some parameter
vector θ ∈ Rd, and some univariate function g : R → R. In the simplest setting, the
univariate function g is known, and we have a parametric family of functions as θ
ranges over Rd; when g is unknown, we have a semi-parametric family. Now suppose
that we are given a collection of pairs {(Xi, Yi)}ni=1, generated from a noisy regression
model of the form

Yi = g (⟨Xi, θ
⋆⟩) + ξi, for i = 1, . . . , n. (6.2)

Here ξi is a zero-mean noise variable with variance σ2, which we assume to be inde-
pendent of Xi. The single index regression model (6.2) has been studied extensively
in the literature (e.g., [Car+97; Ich93]).

When g is known, a natural procedure for estimating θ is based on minimizing
the least squares objective function

Ln(θ) := 1
n

n∑
i=1

{Yi − g (⟨Xi, θ⟩)}2 . (6.3)

When the variables ξi are Gaussian, then this objective coincides (up to scaling and
constant factors) with the negative log-likelihood function, so that minimizing it
yields the maximum likelihood estimate.

Under suitable regularity conditions on g in a neighborhood of θ⋆, it is known
that it is possible to estimate θ⋆ at the usual parametric rate of n−1/2. However,
problems can arise when the signal-to-noise ratio (SNR), as measured by the ratio
∥θ⋆∥2/σ, tends to zero. In particular, consider a function g whose derivative vanishes
at zero—that is, g′(0) = 0. For instance, the function g(t) = t2, which arises in the
application of the single-index framework to the problem of phase retrieval, has this
property. Taking the limit of low SNR amounts to trying to estimate the vector
θ⋆ = 0 based on observations from the model (6.2). For this type of singular statistical
model, we see many interesting differences between algorithms that might be used to
minimize the least-squares criterion (6.3).
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(a) (b)
Figure 6.1. Plots characterizing the behavior of different algorithms, namely
gradient descent (GD), cubic-regularized Newton’s method (CNM), and the vanilla
Newton’s method (NM) for the single-index model when θ⋆ = 0. (a) Log-log plots
of the Euclidean distance ∥θ̂n − θ⋆∥2 versus the sample size. It shows that all the
algorithms converge to an estimate at Euclidean distance of the order n−1/4 from
the true parameter θ⋆. (b) Log-log plots for the number of iterations taken by
different algorithms to converge to the final estimate. Newton’s method takes the
least number of steps. On the other hand, gradient descent takes significantly larger
number of steps, with an empirical scaling close to

√
n.

More concretely, let us consider three standard optimization algorithms that might
be applied to the objective (6.3): (i) gradient descent; (ii) Newton’s method, and;
(iii) cubic-regularized Newton’s method. See Section 6.9 for a precise description of
these algorithms and the associated updates in application to this model.

Statistical and iteration complexity of optimization algorithms For each
procedure, we are interested both in the associated statistical error—that is, the
Euclidean distance between their output and the true parameter θ⋆—and their
iteration complexity, meaning the number of iterations required to converge. In
order to gain some understanding, we performed some simulations for single-index
regression based on the function g(t) = t2 in dimension d = 1, over a range of sample
sizes n. Figure 6.1 provides some plots that summarize some results from these
simulations. Panel (a) plots the Euclidean error associated with the estimate versus
the sample size n on a log-log plot, along with associated least-squares fits to these
data. As can be seen, all three methods lie upon a line with slope −1/4 on the
log-log scale, showing that the statistical error decays at the rate n−1/4. This “slow
rate”—to be contrasted with the usual n−1/2 parametric rate—is a consequence of
the singularity in the model. Panel (b) plots the iteration complexity of the three
algorithms versus the sample sizes, again on a log-log plot. For a given problem based
on n samples, the iteration complexity is the number of iterations required for the
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distance between the iterate and θ⋆ to drop below n−1/4. Here we see some interesting
differences, with the gradient method having an empirical iteration complexity that
grows as ≈ n0.44, based on our fits, with the two forms of Newton’s method having
much milder growth in iteration complexity. In the theory to follow, we will prove
that iteration complexity for the gradient method scales at most like

√
n, that of the

cubic-regularized Newton method scales as n1/6, whereas that of Newton’s method
scales only as log n. (See Corollary 10 for a precise statement.)

Behavior of optimization operators The plots in Figure 6.1 all concern the
behavior of algorithms in practice, as applied to the empirical objective function,
and our ultimate goal is to provide a theoretical explanation of phenomena of these
types. In order to do so, our analysis makes use of the population-level algorithms
obtained in the limit of infinite sample size; i.e., n → ∞. In the special case of the
single-index model considered here, we refer the Section 6.9 for the precise forms of
these operators (cf. equations (6.98a)–(6.98c)). The plots in Figure 6.2 illustrate the
two properties of the operators that underlie our theoretical analysis: convergence rate
of the population operators (panel (a)), and the stability of the empirical operators
relative to the population version (panel (b)).
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(a) (b)
Figure 6.2. Exploration of the population level updates, and their connection to the
empirical updates for the single-index problem. (a) Plots showing the convergence
rate of the error ∥θt − θ⋆∥2 for different algorithms—namely gradient descent (GD),
standard Newton’s method (NM), and cubic-regularized Newton’s method (CNM)—
applied at the population level (limit of infinite sample size). Notice the log-scale
on the y-axis. The sequence from the Newton’s method converges a geometric
rate to θ⋆, whereas the gradient method converges at a sub-linear rate. (b) Plots
showing the scaling of the perturbation error ∥Fn(θ⋆ + ∆) − F (θ⋆ + ∆)∥2 versus the
perturbation ∆. For an unstable operator, the perturbation error can increase as
∥∆∥2 → 0, with Newton’s method showing a strong version of such instability. In
contrast, the gradient descent method is a stable procedure in this setting.

The plots in panel (a) reveal that the three algorithms differ dramatically in their
convergence rate at the population level. The ordinary Newton updates converge at a
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geometric rate, with the distance to the optimum θ⋆ decreasing as κt with the number
of iterations t, where κ ∈ (0, 1) is a contraction coefficient. In contrast, the other two
algorithms exhibit an inverse polynomial rate of convergence, with the distance to
optimality decreasing at the rate 1/tβ for some exponent β > 0. In the analysis to
follow, we prove that gradient descent has inverse polynomial decay with exponent
β = 1/2, whereas the cubic-regularized Newton updates exhibit inverse polynomial
decay with exponent β = 2.

In Corollary 10 and its proof, we characterize the optimization rate (algorithmic
rate of convergence), the stability and the final statistical error obtained by these
three methods. For reader’s convenience, we summarize these results in Table 6.2.

Algorithm Optimization Rate Stability
Iterations for
convergence

Statistical error
on convergence

Gradient descent 1√
t

r√
n

n1/2 n−1/4

Newton’s method e−κt 1
r
√
n

log n n−1/4

Cubic-regularized
Newton’s method 1

t2
1√
r
√
n

n1/6 n−1/4

Table 6.2. Overview of results illustrated in Figures 6.1 and 6.2 for single-index
model with the link function g(t) = t2 and θ⋆ = 0. By characterizing the optimiza-
tion rate and stability precisely, and invoking our general theory (summarized in
Table 6.1), we establish that while the three methods differ significantly in terms of
their optimization rate and stability, they achieve the same statistical error upon
convergence, albeit by taking different number of iterations to converge. We omit
logarithmic factors and universal constants for brevity. See Corollary 10 and its
proof for precise details.

Problem set-up
Having provided a high-level overview of the phenomena that motivate our analysis,
let us now set up the problem more abstractly, and introduce some key definitions.
Consider an operator F that maps a space Θ to itself; typical examples of the space
Θ that we consider are subsets of the Euclidean space Rd, and subsets of symmetric
matrices. Let θ⋆ be a fixed point of the operator—i.e., an element θ⋆ ∈ Θ such that
F (θ⋆) = θ⋆. The challenge is that we do not have access to the operator F directly,
but rather can observe only a random operator Fn that can be understood as a noisy
estimate of F . Throughout, we call F the population operator and Fn the empirical
operator. Using the empirical operator, we generate a sequence of iterates via the
fixed-point updates

θt+1
n = Fn(θtn) for t = 1, 2, . . ., (6.4)
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with a suitable initialization θ0
n ∈ Θ. Our goal is to determine conditions under

which the sequence {θtn}t≥0 approaches a suitably defined neighborhood of θ⋆. More
precisely, for any given triple (F, Fn, t) we provide a sharp characterization of the
optimality gap ∥θtn−θ⋆∥2 as a function of the iteration count t and the error ∥F−Fn∥2
of the empirical operator Fn.

One interesting class of problems where the operators F and Fn arise naturally is
estimation problems in statistics and machine learning. More concretely, consider the
problem of finding the unique minimizer θ⋆ of an objective function L : Θ → R. In
practice, we do not know the true objective function L, instead we have access to an
approximate (random) objective function Ln, which is an unbiased estimate of the
true objective function L. Given the pair (L,Ln), we can obtain different operators
F by applying various optimization algorithms to minimize L, including gradient
methods, proximal methods, the EM algorithm and related majorization-minimization
algorithms, as well as Newton and other higher-order methods. The noisy operators
Fn are obtained by applying the same optimization algorithms to the approximate
objective function Ln.

Properties of the operator F

We begin by formalizing some properties of the operator F . We assume that the
operator F has a unique fixed point θ⋆ and we study its behavior in the local
neighborhood of the Euclidean ball

B(θ⋆, ρ) :=
{
θ ∈ Θ | ∥θ − θ⋆∥2 ≤ ρ

}
(6.5)

centered at θ⋆. Our first condition is a standard Lipschitz condition on the operator
F . In particular, we say that the operator F is 1-Lipschitz in ∥ · ∥ norm over the ball
B(θ⋆, ρ) if

∥F (θ1) − F (θ2)∥2 ≤ ∥θ1 − θ2∥2 for all θ1, θ2 ∈ B(θ⋆, ρ). (6.6)

In words, the 1-Lipschitz condition guarantees that the operator F is non-expansive
with respect to perturbations of its argument.

Our next two definitions distinguish between fast and slow rates of convergence.
The first definition captures an especially favorable property of operator F ; namely,
it is locally contractive around the fixed point θ⋆. The second definition considers a
substantially slower (sub-linear) rate of convergence of the operator F .

Fast convergence For a contraction coefficient κ ∈ (0, 1), the operator F is
FAST(κ)-convergent on the ball B(θ⋆, ρ) if

∥F t(θ0) − θ⋆∥2 ≤ κt ∥θ0 − θ⋆∥2 for all iterations t = 1, 2, . . ., (6.7)

and for all θ0 ∈ B(θ⋆, ρ).
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Slow convergence Given an exponent β > 0, the operator F is SLOW(β)-convergent
over the ball B(θ⋆, ρ) means that

∥F t(θ0) − θ⋆∥2 ≤ c

tβ
for all iterations t = 1, 2, . . ., (6.8)

and for all θ0 ∈ B(θ⋆, ρ), where c is a universal constant.

Let us illustrate these definitions with a very simple example.
Example 1. Fast versus slow convergence Consider the function L(θ) = θ2p

2p for
some positive integer p ≥ 1. Note that for any p ≥ 1, the function L(·) has a unique
global minimum at θ⋆ = 0. The first two derivatives of L(·) are given by

L′(θ) = θ2p−1, and L′′(θ) = (2p− 1)θ2p−2.

Consequently, a gradient descent update with a constant stepsize α > 0 takes the
form

FGRD(θ) = θ − αL′(θ) = θ
(
1 − αθ2p−2

)
. (6.9)

Thus, when p = 1, for any α ∈ (0, 1), this gradient descent update is a FAST(κ)-
convergent algorithm with κ = 1 − α. On the other hand, for any p ≥ 2, it can be
shown that gradient descent is SLOW(β)-convergent with parameter β = 1

2p−2 in the
ball B(θ⋆, ρ) with θ∗ = 0 and ρ = h− 1

2p−2 .
Now, let us consider Newton’s method with step size one, namely the update

FNWT(θ) = θ −
(
L′′(θ)

)−1
L(θ) = θ − θ2p−1

(2p− 1)θ2p−2 = θ

(
1 − 1

2p− 1

)
. (6.10)

For p = 1, this update converges in a single step (simply because the quadratic
approximation that underlies Newton’s method is exact in this special case). For
p ≥ 2, the pure Newton update is FAST(κ)-convergent with κ = 1 − 1

2p−1 for all θ ∈ R.

From the empirical operator Fn to the population operator F

In this section, we introduce some key concepts that characterize the (in)-stability
of the sample operator Fn with respect to the population operator F . Given a pair
of operators (Fn, F ) and a tolerance parameter δ ∈ (0, 1), our definitions involve a
perturbation function ε(·) that maps the triple (Fn, F, δ) to a positive scalar ε(Fn, F, δ).
For notational convenience, we use the shorthand ε(n, δ) instead of ε(Fn, F, δ). In
general, we impose the following conditions on the perturbation function ε(·):

• It is decreasing in n for any fixed δ, and is monotonically increasing in the
second argument δ for any fixed n.

210



• For any fixed δ ∈ (0, 1), we have ε(n, δ) → 0 as n → ∞, and similarly, for any
fixed n > 0, we have ε(n, δ) → ∞ as δ → 0.

Given some choices of perturbation function, we can define our first stability condition
as follows:

Stability (STA(γ) condition) For a given parameter γ ≥ 0, the operator Fn
is STA(γ)-stable over B(θ⋆, ρ) with noise function ε(·) means that, for any radius
r ∈ (0, ρ) and tolerance δ ∈ (0, 1), we have

P
[

sup
θ∈B(θ⋆,r)

∥Fn(θ) − F (θ)∥2 ≤ c2 min
{
rγε(n, δ), r

}]
≥ 1 − δ, (6.11)

for some positive universal constant c2. Informally, the stability condition (6.11)
guarantees that with high probability, the error ∥Fn(θ) −F (θ)∥2 is upper bounded by
c2 min{rγε(n, δ), r} uniformly over a disk of radius r. Note moreover that the upper
bound decays to 0 as the radius r → 0+.

Next we consider the case when γ < 0, i.e., the perturbation error ∥Fn(θ) − F (θ)∥2
blows up as θ gets close to θ⋆. Given radii r1, r2 such that r2 > r1 ≥ 0, let
A(θ⋆, r1, r2) = B(θ⋆, r2)\B(θ⋆, r1) denote the annulus around θ⋆ with inner and outer
radii r1 and r2 respectively.

Instability (UNS(γ) condition) For a given parameter γ < 0 and radii 0 < ρin <
ρout, we say that the operator Fn is UNS(γ)-unstable over the annulus A(θ⋆, ρin, ρout)
with noise function ε(·) if

P
[

sup
θ∈A(θ⋆,r,ρout)

∥Fn(θ) − F (θ)∥2 ≤ ε(n, δ) max
{ 1
r|γ| , ρout

}]
≥ 1 − δ, (6.12)

for any radius r ∈ [ρin, ρout] and any tolerance δ ∈ (0, 1). Note that the condi-
tion (6.12) defines the instability of the perturbation error ∥Fn(θ) − F (θ)∥2 in an
annulus with the inner radius bounded below by ρin, and does not characterize the
behavior as the distance ∥θ − θ⋆∥2 → 0.

We illustrate these definitions by following up on Example 1.
Example 2. Stable versus unstable updates Consider an empirical function of
the form

Ln(θ) = 1
2pθ

2p + σw

2
√
n
θ2, where w ∼ N(0, 1). (6.13)

Here p ≥ 2 is a positive integer. Note that E[Ln(θ)] = 1
2pθ

2p, which is equivalent to
the population likelihood function considered in Example 1.
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A gradient update with stepsize α > 0 on the empirical objective leads to the
empirical gradient operator

FGRD
n (θ) = θ

{
1 − αθ2p−2 − α

σw√
n

}
.

Comparing with equation (6.9), we obtain that
∣∣∣FGRD
n (θ) − FGRD(θ)

∣∣∣ = σ√
n
|w| |θ|.

Since |w| ≤ 4
√

log(1/δ) with probability at least 1 − δ, we see for any ρ > 0 and
n ≥ 16σ2 log(1/δ), the operator FGRD

n is STA(γ)-stable with parameter γ = 1, with
respect to the noise function

ε(n, δ) = 4σ
√

log(1/δ)
n

.

As for the Newton update for the problem (6.13), we have

FNWT
n (θ) = θ − θ2p−1 + σwθ/

√
n

(2p− 1)θ2p−2 + σw/
√
n
,

and hence ∣∣∣FNWT(θ) − FNWT
n (θ)

∣∣∣ = (2p− 2)
(2p− 1) · σ |w| |θ| /

√
n

(2p− 1)θ2p−2 + σw/
√
n
.

Recall that |w| ≤ 4
√

log(1/δ) with probability at least 1 − δ. Plugging in w >

−4
√

log(1/δ) in the denominator and w < 4
√

log 1/δ of the RHS, and doing some
algebra yields that

∣∣∣FNWT(θ) − FNWT
n (θ)

∣∣∣ ≤ cp
|θ|

√
log(1/δ)

n
for |θ| >

(
c′
pσ

√
log(1/δ)

n

) 1
2p−2

,

where cp = 16(p−1)
2p−1 and c′

p = 8
2p−1 . Thus, we conclude that the operator FNWT

n is
UNS(γ)-unstable with parameter γ = −1 over the annulus A(θ⋆, ρin, ρout) with noise
function ε where

ρin =
(
c′
pσ

√
log(1/δ)

n

) 1
2p−2

, ρout = ∞, and ε(n, δ) = cpσ

√
log(1/δ)

n
.

6.3 General convergence results
With the definitions from the previous section in place, we are now ready to state our
main results. In Section 6.3, we consider the case when Fn is a stable perturbation of
F , and in Section 6.3, we consider the case when it is an unstable perturbation of F .
We summarize our findings in Table 6.1.
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Results for slowly converging but stable operators
We first consider the setting in which the sample-based operator Fn is a stable per-
turbation of the population-level operator F . If, in addition, we assume that the
operator F has fast convergence (cf. equation (6.7)), then past work is applicable. In
particular, Theorem 2 of Balakrishnan et al. [BWY17] provides a precise characteriza-
tion of the convergence behavior of iterates from the empirical operator Fn. Here we
instead consider the more challenging setting in which the operator F exhibits slow
convergence to θ⋆. Analysis of this slow convergence case requires rather different
techniques than those used to analyze the fast-convergent case.

Let us collect the assumptions needed to state our first result. The first two
assumptions involve the Euclidean ball B(θ⋆, ρ) centered at θ⋆ of some fixed radius
ρ > 0.

(A) The population operator F is 1-Lipschitz (6.6) and is SLOW(β)-convergent (6.8)
over the ball B(θ⋆, ρ).

(B) There is some γ ∈ [0, (1 + β)−1) such that the empirical operator Fn is STA(γ)-
stable (6.11) over B(θ⋆, ρ).

(C) The tolerance parameters δ ∈ (0, 1) and ϵ ∈ (0, β
1+β−γβ ) are fixed and the sample

size is large enough such that

ε(n, δ∗) ≤ c where δ∗ = δ ·
log(1+β

βγ
)

8 log( β
ϵ(1+β−γβ ))

, (6.14)

and c ∈ (0, 1) is a sufficiently small constant.2

Assumptions (A) and (B) quantify, respectively, the convergence behavior of the
operator F and the stability of the operator Fn; Assumption (C) is a book-keeping
device needed to state our results cleanly.

Given the above conditions, we now state our first main result.

Theorem 13. Under Assumptions (A), (B), and (C), consider the sequence θt+1
n = Fn(θtn)

generated from an initialization θ0
n ∈ B(θ⋆, ρ/2). Then there is a universal con-

stant c′ such that for any fixed ϵ ∈ (0, β
1+β−γβ ) and uniformly for all iterations

t ≥ c′
(
1/ε(n, δ∗))

1
1+β−γβ log 1

ϵ
, we have

∥θtn − θ⋆∥2 ≤ 2[ε(n, δ∗)]
β

1+β−γβ
−ϵ with probability at least 1 − δ. (6.15)

Let us make some comments on this result and its proof. (See Section 6.6 for a
detailed proof.)

2Refer to equation (6.70) for an explicit definition. For our examples, we typically have
ε(n, δ) =

√
log(1/δ)/n.
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Tightness of Theorem 13 Disregarding the term ϵ, the bound (6.15) guaran-
tees that the sequence θt+1

n = Fn(θtn) converges to a statistical tolerance of order
[ε(n, δ∗)]

β
1+β−γβ with respect to θ⋆. This guarantee turns out to be unimprovable un-

der the given assumptions. In particular, we can construct examples of the operators
F and Fn, satisfying the assumptions required to apply Theorem 13, for which there
is a universal constant c1 such that

∥θtn − θ⋆∥2 ≥ c1 [ε(n, δ∗)]
β

1+β−γβ for all t = 1, 2, . . .
with constant probability. As a result, we conclude that the results of Theorem 13
are tight and not improvable in general. See Section 6.7 for the details of this lower
bound construction.

Outline of proof The proof of Theorem 13 involves a generalization and refinement
of annulus-based localization argument introduced in our prior work on the EM
algorithm [Dwi+20a; Dwi+20b]. We now summarize the proof outline. In the past
work [Dwi+20a; Dwi+20b], we studied particular instantiations of the EM algorithm,
for which the operators F and Fn had closed-form solutions. Here in the absence of
closed-form expressions, the argument is necessarily more abstract and handles the
previous analysis as a special case.

At a high level, the proof proceeds by decomposing the total collection of iterations
{1, 2, . . . , t} into a disjoint partition of subsets {tℓ}ℓ≥0, referred to as epochs, where
the nonnegative integers ℓ and tℓ respectively denote the index of a given epoch and
the number of iterations in that epoch. We use Tℓ := ∑ℓ

i=0 ti to denote the total
number of iterations up to epoch ℓ. By carefully choosing the sequence {tℓ}ℓ≥0, we
ensure that at the end of a given epoch ℓ, the error ∥θTℓ

n − θ⋆∥2 has decreased to a
prescribed threshold. More precisely, using an inductive argument, we show that

∥θTℓ
n − θ⋆∥ ≤ ε(n, δ∗)αℓ for all epoch ℓ ≥ 1, (6.16)

where the sequence {αℓ}ℓ≥0 is defined via the recursion
α0 = 0 and αℓ+1 = ναℓ + ν ′, for all ℓ ≥ 1,

with the scalars ν ∈ (0, 1) and ν ′ > 0 determined by the problem parameters β and
γ. We show that the sequence {αℓ}ℓ≥0 converges to ν⋆ := β

1+β−γβ fast enough and we
have |αℓ − ν⋆| ≤ ϵ for all ℓ ≥ Olog(1/ϵ). Deriving a suitable upper bound on tmax on
the epoch size ti, we then put the pieces together to (roughly) conclude that

∥θtn − θ⋆∥ ≤ cε(n, δ∗)ν⋆−ϵ for t ≥ c′tmax · log 1
ϵ
.

As expected, much of the work is required to establish the inductive step, since
the base inequality ∥θ0

n − θ⋆∥ ≤ 1 required to start the induction is implied by the
theorem assumptions. Put simply, given that the bound (6.16) holds for epoch ℓ,
several technical steps are needed to establish that it continues to hold for the next
epoch ℓ+ 1. The full proof of the theorem is given in Section 6.6. We also illustrate
the high-level ideas of the epoch-based localization argument in Figure 6.3.
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Figure 6.3. An illustration of the epoch-based argument when the population
operator F is SLOW(β)-convergent, and the noisy operator is STA(γ)-stable (Theo-
rem 13). In order to simplify the visualization, we use the shorthand ε = ε(n, δ∗).
Moreover, here θ0 denotes the starting point for a given epoch ℓ (assumed to be
at distance r = εαℓ from θ⋆), and the iterations 1, 2, . . . , t denote the iteration
count in that epoch. The population iterates F 1(θ0), F 2(θ0), . . . converge towards
to θ⋆ at the rate t−β (shown in blue), and their distance from the noisy iterates
F 1
n(θ0), F 2

n(θ0), . . . grows at the rate at a distance of trγε. Trading-off the two
errors, we can show that at the end of epoch ℓ (denoted by a suitable choice of
t), the distance ∥F tn(θ0) − θ⋆∥2 ≾ εαℓ+1 . By establishing that αℓ converges to ν⋆
exponentially fast, and that similar arguments can be made for sufficiently many
epochs, we obtain the result in Theorem 13. See Section 6.6 for a formal argument.

Results for unstable operators
We now turn to our next main result which characterizes the convergence when
the operator Fn is an unstable perturbation of the operator F . We consider two
distinct cases depending on whether the operator F is (a) FAST(κ)-convergent or (b)
SLOW(β)-convergent.

Theorem 14. For a given parameter δ ∈ (0, 1), consider the sequence θt+1
n = Fn(θtn)

for some initial point θ0
n in the ball B(θ⋆, ρ/2). Suppose that for some γ < 0, the

empirical operator Fn is UNS(γ)-unstable over the annulus A(θ⋆, ρ̃n, ρ) with respect to
the noise function ε.

(a) Suppose that the operator F is FAST(κ)-convergent over the ball B(θ⋆, ρ), and
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the sample size n is sufficiently large so as to ensure that

[ε(n, δ)]
1

1+|γ| ≤ (1 − κ)ρ. (6.17a)

Then with probability at least 1 − δ, for any iteration t ≥
log( ρ

ε(n,δ) )
(1+|γ|) log 1

κ

, we have

min
k∈{0,1,...,t}

∥θkn − θ⋆∥2 ≤ max
{

(2 − κ)
(1 − κ) · [ε(n, δ)]

1
1+|γ| , ρ̃n

}
. (6.17b)

(b) Suppose that the operator F is 1-Lipschitz and SLOW(β)-convergent for some
β > 0, and that the sample size n is large enough to ensure that

[ε(n, δ)]
β

1+β−γβ ≤ ρ. (6.18a)

Then with probability at least 1 − δ, for any iteration t ≥ 1

[ε(n,δ)]
1

1+β
, we have

min
k∈{0,1,...,t}

∥θkn − θ⋆∥2 ≤ max
{

[ε(n, δ)]
β

1+β−γβ , ρ̃n

}
. (6.18b)

Let us make a few comments about these bounds. (See Section 6.6 for a detailed
proof.)

Choice of the inner radius ρ̃n In order to obtain sharp upper bounds—ones that
depend purely on the noise function ε—the inner radius ρ̃n must be chosen suitably.
Focusing on part (a), if we ensure that ρ̃n ≤ [ε(n, δ)]

1
1+γ , then we obtain an upper

bound on the error that involves only the noise function. We show how to make such
choices in our applications of this general theorem. A similar statement applies to
part (b) of the theorem.

Tightness of Theorem 14 In Section 6.7, we construct examples of the operators
F and Fn which satisfy the assumptions of Theorem 14, and with the inner radius
satisfying the bound ρ̃n ≤ [ε(n, δ)]τ , τ = 1

1+γ for part (a) or τ = β
1+β−γβ for part (b).

For each of these examples, we show that the sequence θt+1
n = Fn(θtn) satisfies the

lower bound

∥θtn − θ⋆∥2 ≥ [ε(n, δ)]τ for all t ≥ 0,

with constant probability. Thus, we conclude that the results of Theorem 14 are tight
and not improvable in general.

216



Necessity of the minimum Note that both of the bounds (6.17b) and (6.18b)
apply to the minimum over all iterates k ∈ {1, 2, . . . , t}, as opposed to the final
iterate t. For this reason, our results only guarantee that the iterates produced by an
unstable operator Fn converge at least once to a vicinity of the parameter θ⋆, but not
that they necessarily stay there for all the future iterations. In fact, such “escape”
behavior for an unstable algorithm is unavoidable in the absence of any additional
regularity assumptions. In particular, we provide a simple example in Section 6.7
that illustrates this unavoidability.

Additional regularity condition If we impose an additional regularity condition,
then we can remove the minimum from the guarantee. In particular, consider the
condition:

(D) There exists a universal constant C such that for a given initialization θ0
n, the

sequence θtn = F t
n(θ0

n) has the following property:

∥θt+1
n − θ⋆∥2 ≤ Cρ̃ whenever ∥θtn − θ⋆∥2 ≤ ρ̃, (6.19)

where the radius ρ̃ corresponds to equation (6.17b) or (6.18b) depending on
the nature of the operator F .

Under this condition, it is straightforward to modify the proof of Theorem 14 to
show that the bounds in both parts (a) and (b) can be sharpened by replacing the
term mink∈{0,1,...,t} ∥θkn − θ⋆∥2 with ∥θtn − θ⋆∥2. In Section 6.4 to follow, we provide a
number of examples for which Assumption (D) is satisfied.

6.4 Some concrete results for specific models
In this section, we study three interesting classes of statistical problems that fall within
the framework of the chapter. We also discuss various consequences of Theorems 13
and Theorem 14 when applied to these problems.

Informative non-response model
In our first example, let us consider the problem of biased or informative non-
response in sample surveys. In certain settings, the chance of a response to not be
observed depends on the value of the response. This form of non-response introduces
systematic biases in the survey and associated conclusions [Hec76]. Some examples
where this issue arises include longitudinal data [DK94], housing surveys and election
polls [Sha+91]. In such settings, it is common practice to estimate the non-responsive
behavior in order to correct for the bias. We now describe one simple formulation of
such a setting.

Suppose that we have n i.i.d. values Y1, . . . , Yn for the response variable Y ∼
N (µ, σ2), where for each Yi there is a chance that the value is not observed. To account
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for such a possibility, we define {0, 1}-valued random variables Ri for i = 1, . . . , n as
follows:

Ri = 1 if Yi is observed, and Ri = 0 otherwise. (6.20a)

We assume that the conditional distribution Ri|Yi takes the form

Pθ(Ri = 1|Yi = y) = exp
(
H
(
θ(y − µ)/σ

))
, (6.20b)

where H is a known function and θ is an unknown parameter which controls the
dependence of the probability of non-response on the observation Y = y. In a general
setting, all the parameters µ, σ and θ are unknown and are estimated jointly from the
data. However, to simplify our presentation, we assume that the parameters (µ, σ)
are known and only θ needs to estimated. In particular, we consider the case when
the response variable Y ∼ N (µ, σ2) ≡ N (0, 1) and H(x) = −x2 − log 2. Under these
assumptions, simple algebra yields that

Pθ(Ri = 1|Yi = y) = exp
(

−θ2y2

2 − log 2
)

and Pθ(Ri = 1) = 1
2
√
θ2 + 1

. (6.20c)

Given n i.i.d. samples {Ri, Yi}ni=1, where we note that Yi is not observed when Ri = 0,
the log-likelihood is given by

L̄n(θ) := 1
n

n∑
i=1

−Ri (Y 2
i (θ2 + 1) + 2 log 2)

2 + (1 −Ri) log
(

1 − 1
2
√
θ2 + 1

)
. (6.21)

Note that the likelihood above does not depend on the unobserved Yi since Ri = 0
makes the contribution of the corresponding term 0.

In the remainder of this section, we focus on the singular regime, i.e., when the
true parameter θ⋆ = 0 and consequently the probability of observing any sample
Yi = y is always 1/2 (independent of the value y). For such a setting, the results of
Rotnitzky et al. [Rot+00] imply that the statistical error of the MLE is larger than
the parametric rate n− 1

2 . In particular, they showed that |θ̂n,MLE − θ⋆| = O(n− 1
4 ).

However, with high probability, the log-likelihood L̄n is non-concave3 and thereby a
closed-form for the maximum-likelihood estimate is not available. Thus a theoretical
analysis of the estimates obtained via different optimization algorithms (that can be
used to maximize the log-likelihood L̄n) can be of significant interest. We now apply
our general theory to analyze two optimization methods: (i) gradient ascent, and (ii)
Newton’s method.

3For instance, when
∑n

i=1 Ri(Y 2
i + 1) < n, the sample log-likelihood function is bimodal and

symmetric around 0.
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Theoretical guarantees

We now state a theoretical guarantee on the behavior of the optimization algorithms
in practice with the informative non-response model (6.20)—that is, when applied
to the sample log likelihood (6.21). We analyze the gradient ascent updates for a
step-size η ∈ (0, 8

3), and the pure Newton updates. We use MGA
n and MNM

n respectively
to denote the sample-based operators for gradient ascent and Newton’s method (see
Section 6.9 for the precise form of these operators). The following statement also
involves other universal constants c, ci, c′

i, c
′′
i etc.

Corollary 8. For the singular setting of informative non-response model (θ⋆ = 0)
and given some δ ∈ (0, 1), the following properties hold with probability at least 1 − δ:

(a) For any fixed ϵ ∈ (0, 1/4) and initialization θ0 ∈ B(θ⋆, 1/2), the sequence
θt := (MGA

n )t(θ0) of gradient iterates satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c1

 log( log(1/ϵ)
δ

)
n

 1
4 −ϵ

for all iterates t ≥ c′
1
√
n log 1

ϵ
, (6.22a)

as long as n ≥ c′′
1 log log(1/ϵ)

δ
.

(b) For any initialization θ0 ∈ A(θ⋆,
√

2c (log(1/δ)/n)1/4 , 1/2), the sequence of
Newton iterates θt := (MNM

n )t(θ0) satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c2

(
log(1/δ)

n

) 1
4

for all iterates t ≥ c′
2 log n, (6.22b)

as long as n ≥ c′′
2 log(1/δ).

See Section 6.9 for the proof of this corollary (and below for the proof sketch).

Corollary 8 shows that given n samples, (i) the final statistical errors achieved by
the iterates generated by the gradient descent and the Newton’s method are similar
(of order n− 1

4 ), and (ii) the Newton’s method takes a considerably smaller number
(of order log n) of steps in comparison to that taken by gradient ascent (of order

√
n).

Finally, in Section 6.9, we show that all the non-zero fixed points of the considered
operators have a magnitude of the order n− 1

4 with constant probability. Therefore,
the statistical radius achieved by the given optimization methods are optimal.

Proof sketch for Corollary 8

Our proof of Corollary 8 starts with an analysis of the gradient ascent and New-
ton iterates on the population-level analog of the problem. In particular, taking
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expectations in equation (6.21), we obtain the following population-level optimization
problem

max
θ∈R

L̄(θ) where L̄(θ) = 1
2 log

(
1 − 1

2
√
θ2 + 1

)
− θ2 + 1

4 . (6.23)

Let MGA denote the gradient update operator applied to this objective with a given
step-size η, and let MNM denote the Newton update. In Section 6.9 (where we
also provide explicit forms of these operators), we show that with θ⋆ = 0, the
population-level operators have the following properties:

(P1) The gradient operator MGA is SLOW(β)-convergent with parameter β = 1
2

over the Euclidean ball B(θ⋆, 1
2), i.e., for the sequence θt = (MGA)t(θ0) with

θ0 ∈ B(θ⋆, 1
2), we have |θt − θ⋆| ≤ c

t1/2 .

(P2) The Newton operator MNM is FAST(κ)-convergent with parameter κ = 4
5 over the

Euclidean ball B(θ⋆, 1
2), i.e., for the sequence θt = (MNM)t(θ0) with θ0 ∈ B(θ⋆, 1

2),
we have |θt − θ⋆| ≤ c e−κt.

Moreover in the same Section 6.9, we show that with the noise function ε(n, δ) =√
log(1/δ)

n
, the sample-level operators satisfy the following properties:

(S1) The sample-based gradient ascent operator MGA
n is STA(γ)-stable with parameter

γ = 1 over the ball B(θ⋆, 1
2), and

(S2) the operator MNM
n is UNS(γ)-unstable with parameter γ = −1 over the annulus

A(θ⋆, ρ̃n, ρ) with ρ̃n = c[ε(n, δ)] 1
2 and ρ = 1

2 where c denotes some universal
positive constant.

Given these properties, we now show how our general theory yields the results stated
in Corollary 8. To simplify the following discussion, we omit the universal constants
and a few-logarithmic terms, and track the dependency only on the sample size n.

Results for gradient ascent The items (P1) and (S1) establish that the gradient
operators are slow-convergent and stable, and thus we can apply our general result
from Theorem 13. In particular, plugging β = 1

2 , and γ = 1 in Theorem 13, we find
that the statistical error for the gradient iterates θt = (MGA

n )t(θ0) satisfies∣∣∣θt − θ⋆
∣∣∣ ≾ [ε(n, δ)]

β
1+β−γβ ≍ [n− 1

2 ]
1/2

1+1/2−1/2 = n− 1
4 , (6.24a)

for

t ≿ [ε(n, δ)]−
1

1+β−γβ ≍ [n− 1
2 ]−

1
1+1/2−1/2 = n

1
2 . (6.24b)
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Results for Newton’s method The items (P2) and (S2) establish that the Newton
operators are fast-convergent but unstable, and as a consequence our general result
from Theorem 14(a) can be applied. In particular, plugging γ = −1 in Theorem 14(a),
we find that the Newton iterates θt = (MNM

n )t(θ0) satisfy∣∣∣θt − θ⋆
∣∣∣ ≾ max

{
[ε(n, δ)]

1
1+|γ| , ρ̃n

}
≍ [n− 1

2 ]
1

1+1 = n− 1
4 for t ≿ log(1/ε(n, δ)) ≍ log n. (6.25)

Moreover, we show that (see the discussion around equation (6.78)) Assumption (D)
holds for the Newton iterates with an initialization outside the ball B(θ⋆, ρ̃n), and
hence part (b) of the Corollary 8 states that the Newton iterates stay in a close
vicinity of θ⋆ for all future iterations.

Over-specified Gaussian mixture models
We now consider the problem of parameter estimation in Gaussian mixture models; and
analyze the behavior of two popular algorithms namely (a) Expectation-Maximization
(EM) algorithm [DLR97], and (b) Newton’s method. We note that EM is arguably
the most widely used algorithm for parameter estimation in mixture models and
other missing data problems [DLR97]. Here we study the problem of estimating
the parameters of a Gaussian mixture model given n i.i.d. samples from the model.
When the number of components in the mixture is known, prior works [BWY17;
CMZar; DTZ17] have shown that (i) the mixture parameters can be estimated at the
parametric rate n− 1

2 with the EM algorithm and (ii) the algorithm takes at most log n
steps to converge. In the over-specified setting, i.e., when the fitted model has more
components than the true model, recent works [Dwi+20a; Dwi+20b; WZ19] have
established the slow convergence of EM on both the statistical and algorithmic fronts.
For example, for over-specified Gaussian-location mixtures EM takes n 1

2 ≫ log n
steps (where ≫ denotes much greater than) to converge and produces an estimate for
the mean parameter that has a statistical error of order n− 1

4 ≫ n− 1
2 . In the sequel,

we apply our general theory to study the behavior of EM and Newton’s method for
parameter estimation in over-specified Gaussian-location mixtures. First, we recover
the slow convergence of EM as derived in prior works [Dwi+20b]. Second, we prove
that the Newton’s method—although an unstable algorithm in this setting—achieves
a similar statistical accuracy as EM albeit in an exponentially fewer number of steps.
We now formalize the details. Let ϕ(·; θ, σ2) denote the density of N (θ, σ2) random
variable, i.e.,

ϕ(x; θ, σ2) = (2πσ2)−1/2e− (x−θ)2

2σ2 (6.26a)

and let X1, . . . , Xn be n i.i.d. draws from the standard normal distribution (density
ϕ(·; 0, 1)). Given this data, we fit an over-specified mixture model namely, a two-
component symmetric Gaussian mixture with equal fixed weights whose density is
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given by

fθ(x) = 1
2ϕ(x; −θ, 1) + 1

2ϕ(x; θ, 1), (6.26b)

where θ is the parameter to be estimated. In such a setting, the true parameter is
unique and given by θ∗ = 0 since f0(·) = ϕ(·; 0, 1). However, the fact that we fit
a mixture that has one extra component than the true model (which has just one
component) leads to interesting consequences as we now elaborate. Using Ln to
denote the log-likelihood function, the MLE estimate is given by

θ̂n,MLE ∈ arg max
θ∈R

Ln(θ) where Ln(θ) := 1
n

n∑
i=1

log fθ(Xi). (6.26c)

On one hand, it is known [Che95] that the over-specification in such a setting leads to
a slower than n− 1

2 statistical rate for the MLE, i.e., |θ̂n,MLE − θ⋆| = O(n− 1
4 ). On the

other hand, MLE does not admit a closed-form expression and thus it is of significant
interest to understand the behavior of iterative algorithms that are used to estimate
the MLE. Next, we use our general framework to provide a precise characterization of
two algorithms namely, EM, and Newton’s method on maximizing the log-likelihood
Ln (6.26c).

Theoretical guarantees

The next corollary provides a precise characterization of EM and Newton’s method
for the over-specified setting described in the previous section. We analyze the EM
updates and the pure Newton updates. Moreover, we use GEM

n and GNM
n respectively

to denote the sample-based operators for EM and Newton’s method (see Section 6.9
for the precise form of these operators). Finally, the scalars c, ci, c′

i, c
′′
i denote some

positive universal constants.

Corollary 9. For the over-specified Gaussian mixture model (6.26) with θ⋆ = 0, given
some δ ∈ (0, 1), the following properties hold with probability at least 1 − δ:

(a) For any fixed ϵ ∈ (0, 1/4) and initialization θ0 ∈ B(θ⋆, 1), the sequence θt :=
(GEM

n )t(θ0) of EM iterates satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c1

 log( log(1/ϵ)
δ

)
n

 1
4 −ϵ

for all iterates t ≥ c′
1
√
n log 1

ϵ
, (6.27a)

as long as n ≥ c′′
1 log log(1/ϵ)

δ
.

(b) For any initialization θ0 ∈ A(θ⋆,
√

2c log2(3n/δ)
n1/4 , 1/3), the sequence of Newton

iterates θt := (GNM
n )t(θ0) satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c2

(
log(n/δ)

n

) 1
4

for all iterates t ≥ c′
2 log n, (6.27b)
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as long as n ≥ c′′
2 log(1/δ).

See Section 6.9 for the proof (and below for the proof sketch).

Corollary 9 establishes that the Newton EM is significantly faster than EM for
the model setup (6.26). More precisely, it reaches ball around θ⋆ with a statistical
radius of order n− 1

4 within log n steps, which is much smaller than the number of
steps taken by EM Moreover, the updates from Newton’s method do not escape
this ball for future iterations. This behavior is a consequence of the fact that under
the assumed initialization condition, the (cubic-regularized) Newton EM sequence
satisfies assumption (D).

Proof sketch for Corollary 9

The proof strategy for this case is similar to that laid out in Section 6.4 for informative
non-response model. First, to study this problem in our framework, we consider the
population level objective L by replacing the sum over samples in equation (6.26c)
with the corresponding expectation:

L(θ) := EX∼N (0,1) [log fθ(X)] = EX
[1
2ϕ(X; −θ, 1) + 1

2ϕ(X; θ, 1)
]
. (6.28)

Second, we use GEM and GNM respectively to denote the corresponding population-
level EM and Newton’s method operators (see Section 6.9 for the precise expressions).

Results for EM For the case of θ⋆ = 0, Theorem 2 and Lemma 1 of our prior
work [Dwi+20b] show that, for any initialization θ0, the EM operators GEM and GEM

n

satisfy ∣∣∣(GEM)t(θ0) − θ⋆
∣∣∣ ≤ c

t
1
2

and,

sup
θ∈B(θ⋆,r)

∣∣∣GEM(θ) − GEM
n (θ)

∣∣∣ ≤ c1r ·
√

log(1/δ)
n

, (6.29)

where the second bound holds with probability at least 1 − δ for any fixed radius
r > 0. In the framework of our current work, the bounds (6.29) imply that the
operator GEM exhibits SLOW(1

2)-convergence, and the operator GEM
n is STA(1)-stable

with the noise function
√

log(1/δ)
n

. Thus a direct application of Theorem 13 of this
chapter (in a fashion similar to that of equations (6.24a) and (6.24b)), recovers the
main result of our prior work [Dwi+20b] (Theorem 3). That is, with high probability,
the sequence θt+1

n = GEM
n (θtn) satisfies∣∣∣θt − θ⋆

∣∣∣ ≾ [n− 1
2 ]

1/2
1+1/2−1/2 = n− 1

4 for t ≿ [n− 1
2 ]−

1
1+1/2−1/2 = n

1
2 . (6.30)
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Results for Newton’s method In Section 6.9, we demonstrate the following
properties of Newton’s method operators:

(M1) the Newton operator GNM is FAST(7
9)-convergent over the ball B(θ⋆, 1

3), and

(M2) the operator GNM
n is UNS(−1)-unstable over the annulus A(θ⋆, ρ̃n, 1/3) with noise

function ε(n, δ) = log(n/δ)√
n

where ρ̃n = c log2(3n/δ)
n1/4 .

Based on the results of Theorem 14(a) with κ = 7
9 and γ = −1, the items (M1)

and (M2) suggest that the Newton updates θt = (MNM
n )t(θ0) satisfy∣∣∣θt − θ⋆

∣∣∣ ≾ max
{

[ε(n, δ)]
1

1+1 , ρ̃n
}
≾ n− 1

4 for t ≿ log(1/ε(n, δ)) ≍ log n. (6.31)

Furthermore, we prove that the Newton iterates satisfy Assumption (D) (see the
argument with equation (6.88)). Therefore, the Newton iterates stay in a close vicinity
of θ⋆ for all future iterations.

Single-index model
In our third example, we consider a single-index regression model [Car+97] with a
known link function g. Models of this type have proven useful for applications in
signal processing, econometrics, statistics, and machine learning [HH96; Ich93]. For
simplicity, we briefly summarize the one-dimensional version of this problem. We
observe the pairs of data (Xi, Yi) ∈ R2 that are generated from the model

Yi = g (Xiθ
∗) + ξi for i = 1, . . . , n. (6.32a)

Here Yi denotes the response variable, Xi corresponds to the covariate and ξi denotes
the additive noise assumed to have a standard Gaussian distribution, i.e., ξi i.i.d.∼
N (0, 1).

In this example, we consider the case of random design for the covariates, i.e.,
the covariates {Xi}ni=1 are independent and Xi ∼ N (0, 1). Given the samples
{(Xi, Yi), i ∈ [n]}, we want to estimate the unknown parameter θ∗. A popular choice
is the maximum-likelihood estimate (MLE):

θ̂mle
n ∈ arg min

θ∈R
L̃n(θ) where L̃n := 1

2n

n∑
i=1

(Yi − g (Xiθ))2 . (6.32b)

Generally, the loss-function L̃n is non-convex and hence the MLE does not admit a
closed-form expression. Consequently, one needs to make use of certain optimization
algorithms to compute an estimate θ̂n, which need not be the same as θ̂mle

n .
In the remainder of this section, we study the case when the SNR degenerates to

zero. Specifically, we consider θ∗ = 0 and a link function of the form g(x) = x2p with
p ≥ 1. For such a setting, the optimization problem (6.32b) takes the following form:

θ̂n ∈ arg min
θ∈R

L̃n(θ) where L̃n := 1
2n

n∑
i=1

(
Yi − (Xiθ)2p

)2
. (6.32c)
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Theoretical guarantees

For the single-index model described above with the link function g(x) = x2p, we
consider three iterative optimization methods: (a) gradient descent with a step size
η ∈ (0, 1

(4p−1)!!(2p) ], (b) (pure) Newton’s method, and (c) cubic-regularized Newton’s
method with Lipschitz constant L := (4p− 1)!!(4p− 1)p/3. We denote the updates
for these three methods via the operators FGD

n , FNM
n , and FCNM

n respectively (see
Section 6.9 for the precise expressions of these operators). The next result characterizes
the behavior of these three methods:

Corollary 10. For the single-index model (6.32) with link function g(x) = x2p for
p ≥ 1 and true parameter θ⋆ = 0, given some δ ∈ (0, 1), the following properties hold
with probability at least 1 − δ:

(a) For any fixed ϵ ∈ (0, 1/4) and initialization θ0 ∈ B(θ⋆, 1), the sequence θt :=
(FGD

n )t(θ0) of gradient iterates satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c1

 log4p(n log(1/ϵ)
δ

)
n

 1
4p

−ϵ

for all iterates t ≥ c′
1n

2p−1
2p log 1

ϵ
, (6.33a)

as long as n ≥ c′′
1 log log(1/ϵ)

δ
.

(b) For any initialization θ0 ∈ A(θ⋆, c logp/(2p−1)(n/δ)
n1/4(2p−1) , 1), the sequence of Newton

iterates θt := (FNM
n )t(θ0) satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c2

(
log4p(n/δ)

n

) 1
4p

for all iterates t ≥ c′
2 log n, (6.33b)

as long as n ≥ c′′
2 log(1/δ).

(c) The sequence of cubic-regularized Newton iterates θt := (FCNM
n )t(θ0) with ini-

tialization θ0 ∈ A(θ⋆, c logp/(2p−1)(n/δ)
n1/4(2p−1) , 1) satisfies the bound

∣∣∣θt − θ⋆
∣∣∣ ≤ c3

(
log4p(n/δ)

n

) 1
4p

for all iterates t ≥ c′
3n

4p−3
2(4p−1) , (6.33c)

as long as n ≥ c′′
3 log(1/δ).

See Section 6.9 for the proof (and below for the proof sketch).

This corollary shows that the final statistical errors achieved by gradient descent
and the (cubic-regularized) Newton’s method have the same scaling. Moreover,
Newton’s method, while unstable, converges to the correct statistical radius in a
significantly smaller log n number of steps when compared to gradient descent, which
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takes n
2p−1

2p steps and cubic-regularized Newton’s method, which takes n
4p−3

2(4p−1) steps.
Moreover, we also show that assumption (D) holds for the iterates from the (cubic-
regularized) Newton method’s4 and hence we obtain that these iterates not only
converge to a ball of radius n− 1

4p around θ⋆, but also that they stay there for all the
future iterations. Finally, in Section 6.9 (see equation (6.107)) we also establish that
the statistical radius n−1/(4p) achieved by the considered optimization methods is
tight.

When g(x) = x2, the model (6.32a) corresponds to a phase retrieval problem.
In the regime of large signal-to-noise ratio (SNR), i.e., |θ⋆| ≫ 1, and with the link
function g(x) = x2, there are efficient algorithms which produce an estimate θ̂n
satisfying a bound |θ̂n − θ⋆| ≾ n− 1

2 [CLS15; EM13; TV18]. However, as the SNR
approaches zero these parametric rates do not apply and precise statistical behavior
of these estimates are not known.

Proof sketch for Corollary 10

In order to study these updates using our framework, we need to consider the
population-level version of the optimization problem (6.32c), which is given by

min
θ∈R

L̃(θ) where L̃(θ) := 1
2E(X,Y )

[(
Y − (Xθ)2p

)2
]
,

where the expectation is taken with respect to X ∼ N (0, 1), Y ∼ N (0, 1) as θ⋆ = 0.
Direct computation yields that

L̃(θ) = 1
2 + (4p− 1)!!θ4p

2 and arg min
θ

L̃(θ) = 0 = θ⋆. (6.34)

Like the previous proof sketches, we let FGD,FNM and FCNM denote the population
operators corresponding to the algorithms, gradient descent, Newton’s method and
cubic-regularized Newton’s method, for the problem (6.34) (for a given p). See
Section 6.9 for the precise definitions of these operators. In Section 6.9, we show that
with θ⋆ = 0, these population-level operators satisfy the following properties over the
ball B(θ⋆, 1):

(P̃1) the gradient operator FGD is SLOW( 1
4p−2)-convergent for any step size η ∈

(0, 1
(4p−1)!!(2p) ],

(P̃2) the Newton operator FNM is FAST(4p−2
4p−1)-convergent, and

(P̃3) the cubic-regularized Newton operator FCNM is SLOW( 2
4p−3)-convergent.

Moreover in the same Section 6.9, we also show that with the noise function ε(n, δ) =√
log4p(n/δ)

n
, the sample-level operators satisfy the following properties:

4See the proofs of equations (6.102) and (6.108) in Section 6.9 for more details.
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(S̃1) the operator FGD
n is STA(2p− 1)-stable over the ball B(θ⋆, 1),

(S̃2) the operator FNM
n is UNS(−(2p− 1))-unstable over the annulus A(θ⋆, ρ̃n, 1) with

inner radius ρ̃n = c logp/(2p−1)(n/δ)/n1/4(2p−1), and

(S̃3) the operator FCNM
n is UNS(−1

2)-unstable over the annulus A(θ⋆, ρ̃n, 1).

These properties show that the gradient descent is a slow-converging stable method and
we can apply Theorem 13. On the other hand, Newton’s method is a fast-converging
unstable method, and Theorem 14(a) can be applied. Finally, cubic-regularized
Newton’s method is a slow-converging unstable method and Theorem 14(b) can be
applied. In the subsequent proof-sketch, we track the dependency only on the sample
size n and ignore logarithmic factors and universal constants. Moreover, since the
computations here mimic the discussion from Section 6.4, we keep the discussion
briefer.

Results for gradient descent Applying Theorem 13 with β = 1
4p−2 , and γ = 2p−1

(items (P̃1) and (S̃1) respectively), we find that the statistical error for the gradient
iterates θt = (FGD

n )t(θ0) satisfy∣∣∣θt − θ⋆
∣∣∣ ≾ [ε(n, δ)]

β
1+β−γβ ≾ n− 1

2p for t ≿ [ε(n, δ)]−
1

1+β−γβ ≍ n
2p−1

2p . (6.35)

Results for Newton’s method Next applying Theorem 14(a) for the Newton’s
method with κ = 4p−2

4p−1 , and γ = −(2p−1) (see items (P̃2) and (S̃2)), we conclude that
the updates θt = (FNM

n )t(θ0) from the Newton’s method have the following property:∣∣∣θt − θ⋆
∣∣∣ ≾ max

{
[ε(n, δ)]

1
1+|γ| , ρ̃n

}
≾ n− 1

2p for t ≿ log(1/ε(n, δ)) ≍ log n. (6.36)

Results for cubic-regularized Newton’s method Finally by using Theo-
rem 14(b) for the cubic-regularized Newton’s method with β = 2

4p−3 , and γ = −1
2

(see items (P̃3) and (S̃3)), the following results hold for the cubic-regularized Newton
iterates θt = (FCNM

n )t(θ0):∣∣∣θt − θ⋆
∣∣∣ ≾ max

{
[ε(n, δ)]

β
1+β−γβ , ρ̃n

}
≾ n− 1

2p for t ≿ [ε(n, δ)]−
1

1+β ≍ n
4p−3

2(4p−1) . (6.37)

6.5 Discussion
In this chapter, we established several results characterizing the statistical radius
achieved by a sequence of updates {F t

n(θ0
n)}t≥0, induced by an operator Fn and

a given initial point θ0
n. We established these results by analyzing the interplay
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between (in)-stability of the operator Fn for its population operator F and the local
convergence of F around its fixed point θ⋆. We then applied our general theory to
derive sharp algorithmic and statistical guarantees for several iterative algorithms
by analyzing the corresponding sample and population operators, in three different
statistical settings. In particular, we studied the behavior of gradient methods and
higher-order (cubic-regularized) Newton’s method for parameter estimation—in the
weak signal-to-noise ratio regime—in Gaussian mixture models, single-index models,
and informative non-response models. We showed that for such models, despite
instability, fast algorithms like Newton’s method may still be preferred over a stable
one like gradient descent since they achieve the same statistical accuracy as that of
the stable counterpart in exponentially fewer steps.

We now discuss a few questions that arise naturally from our work. First, our
results, as stated, are not directly applicable to the settings of accelerated optimization
methods or quasi-Newton methods, e.g., accelerated gradient descent [Nes13] and
L-BFGS [Fle87]. On the one hand, the updates from an accelerated gradient descent
method require that the operators Fn and F to change with each iteration. On the
other hand, the updates from the L-BFGS method would require additional machinery
to deal with the preconditioning matrices in each step. Developing a general theory to
characterize the statistical performance of algorithms associated with a time-varying
operator Fn is an interesting direction for future research.

Secondly, it is desirable to understand the behavior of optimization methods to a
wider range of statistical problems. In the context of mixture models, recent work
by Dwivedi et al. [Dwi+20a] established that for over-specified mixtures with both
location and scale parameter unknown, EM takes an O(n 3

4 ) steps to return estimates
with minimax statistical error of order n− 1

8 and n− 1
4 for the location and scale param-

eter, respectively. Whether an unstable method like (cubic-regularized) Newton’s EM
proves computationally advantageous (without losing statistical accuracy) in such
more challenging non-convex landscapes remains an open problem.

Finally, our theory does not easily extend to the settings with dependent data,
such as time series. When the samples are (time) dependent, taking the limit of
infinite sample size does not yield a natural population-level operator. One possible
fix is to borrow the technique of truncating the sample operator from the analysis of
the Baum-Welch algorithm for hidden Markov models [YBW17]. However, even with
the help of such a technique, ample technical challenges remain towards developing a
general theory for such non-i.i.d. settings.

6.6 Proofs of main results
We now turn to the proofs of Theorems 13 and 14.
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Proof of Theorem 13
The reader should recall the proof outline provided following the statement of the
theorem. Our proof here follows this outline, making each step precise. For the
remainder of the proof, we assume without loss of generality that θ⋆ = 0 and r0 = 1.
Proofs for the cases θ⋆ ̸= 0 or r0 > 1 can be reduced to this case in a straightforward
fashion and are thereby omitted.

Notation for stable case

For each ℓ = 1, 2, . . ., let tℓ denote the number of iterations during the ℓ-th epoch,
and let Tℓ denote the total number of iterations up to the completion epoch ℓ. In
order to define them precisely, we first introduce

t
(1)
ℓ := Cε(n, δ∗)−

αℓ−1(γ)+1
1+β and t

(2)
ℓ := C ′ε(n, δ∗)− αℓ(γ)+1

1+β ,

for C := (c22γ)− 1
(1+β) and C ′ := C(c′)

γ
1+β ,

(6.38a)

where c′ := (c22γ)
β

1+β = C−β and hence we have C ′ = C
1+β+βγ

1+β . Here the constant c2
is the constant from the the stability definition (6.11). We then define t0 := 0, and

tℓ :=
⌈
t
(1)
ℓ + t

(2)
ℓ

⌉
and Tℓ :=

ℓ∑
j=0

tj for ℓ = 1, 2, . . .. (6.38b)

Our proof is based on studying the sequence of real-numbers {αℓ}ℓ≥0 given by

α0 = 0 and αℓ+1 = αℓν + ν ′, where ν = βγ
1+β and ν ′ = β

1+β . (6.38c)

Note that Assumption (B) implies that ν ∈ (0, 1) and hence

αℓ = ν⋆(1 − νℓ) ↑ ν⋆ where ν⋆ := β

1 + β − γβ
. (6.38d)

In the epoch-based argument, we need to control the deviation sup∥θ∥2≤r ∥F (θ) −
Fn(θ)∥2 uniformly for each radii r ∈ R′. To this end, for any tolerance δ ∈ (0, 1), we
define the event E by

E :=
{

sup
θ∈B(θ⋆,r)

∥F (θ) − Fn(θ)∥2 ≤ c2r
γε(n, δ∗) uniformly for all r ∈ R′

}
, (6.39)

where δ∗ = δ · log( 1+β
βγ

)
8 log( β

ϵ(1+β−γβ
))

was defined in equation (6.14) and the radii-set R′ is
defined as

R′ := R ∪ 2R, with
R := {ε(n, δ∗)α0 , . . . , ε(n, δ∗)αℓϵ , c′ε(n, δ∗)α0 , . . . , c′ε(n, δ∗)αℓϵ } ,

ℓϵ = ⌈log(1/α)⌉ and c′ = (c22γ)
β

1+β .

(6.40)
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Combining the STA(γ)-stability assumption (6.11) with a standard application of
union bound we conclude that

P(E) ≥ 1 − δ. (6.41)

Before we start the main argument, we state a lemma useful in the proof of our
theorem:

Lemma 31. Assume that the assumptions of Theorem 13 are in force. Then condi-
tioned on the event E (6.39. 6.41), for all radius r in the set R (6.40), we have

sup
θ∈B(θ⋆,r)

∥F t(θ) − F t
n(θ)∥2 ≤ c2(2r)γε(n, δ∗) · t for all t ≤ T̃ (r), (6.42)

where T̃ (r) := r1−γ

2γc2ε(n,δ∗) . Furthermore, for all ℓ ≤ ℓϵ we have

t
(1)
ℓ+1 ≤ T̃ (ε(n, δ∗)αℓ) and t

(2)
ℓ+1 ≤ T̃ (c′ε(n, δ∗)αℓ+1). (6.43)

See Section 6.8 for the proof of this lemma.

Main argument

We claim that the sequence {θtn}t≥1 satisfies

∥θTℓ
n ∥2 ≤ ε(n, δ∗)αℓ uniformly for all ℓ ∈ {0, 1, . . . , ℓϵ} , and (6.44a)

∥θTℓϵ +t
n ∥2 ≤ 2ε(n, δ∗)ν⋆−ϵ uniformly for all t ∈ {0, 1, 2, . . .}, (6.44b)

with probability at least 1 − δ. The quantities αℓ, Tℓ and ℓϵ are defined in equa-
tions (6.38a) through equation (6.38c). With these claims at our disposal, it remains to
prove an upper bound on the scalar Tℓϵ . Towards this end, doing some straightforward
algebra we find that

tℓ ≤ tℓϵ ≤ c′ε(n, δ∗)− ν⋆
β for any 0 ≤ ℓ ≤ ℓϵ. (6.45)

Combining the above bounds on tℓ with the definition of Tℓ from equation (6.38b)
yields an upper bound on Tℓϵ . Substituting the upper bound on Tℓϵ in inequality (6.44b)
yields the claimed bound (6.15) of Theorem 13. We now prove the claims (6.44a)
and (6.44b) using induction.

Proof of claim (6.44a)

We condition on the event E defined in the equation (6.39), which occurs with
probability at least 1 − δ, and establish the claim using induction on the epoch index
ℓ. The base case ℓ = 0 is immediate. We now establish the inductive step, i.e., given
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∥θTℓ
n ∥2 ≤ ε(n, δ∗)αℓ for some ℓ ≤ ℓϵ − 1, we show that ∥θTℓ+1

n ∥2 ≤ ε(n, δ∗)αℓ+1 . We
split the proof in two parts (primarily to handle the constants):

∥θTℓ+t(1)
ℓ+1

n ∥2 ≤ c′ε(n, δ∗)αℓ+1 and (6.46a)

∥θTℓ+t(1)
ℓ+1+t(2)

ℓ+1
n ∥2 ≤ ε(n, δ∗)αℓ+1 , (6.46b)

where c′ > 1 is a universal constant. These claims together imply the induction
hypothesis and thereby the claim (6.44a).

Proof of claim (6.46a): Inequality (6.43) implies that t(1)
ℓ+1 ≤ T̃ (ε(n, δ∗)αℓ), and

hence we can apply the bound (6.42) from Lemma 31 with r = ε(n, δ∗)αℓ ∈ R for any
t ≤ t

(1)
ℓ+1. Applying the triangle inequality yields

∥θt+Tℓ
n ∥2 = ∥F t

n(θTℓ
n )∥2 ≤ ∥F t(θTℓ

n )∥2 + ∥F t(θTℓ
n ) − F t

n(θTℓ
n )∥2

(i)
≤ 1
tβ

+ ∥F t(θTℓ
n ) − F t

n(θTℓ
n )∥2 (6.47)

(ii)
≤ 1

tβ
+ c2(2ε(n, δ∗)αℓ)γε(n, δ∗)t, (6.48)

for any t ≤ t
(1)
ℓ+1; where step (i) follows from the SLOW(β)-convergence (6.8) of the

operator F along with the assumption that θ⋆ = 0, and step (ii) follows by using the
inductive hypothesis ∥θTℓ

n ∥2 ≤ ε(n, δ∗)αℓ and applying Lemma 31 with r = ε(n, δ∗)αℓ .
Note that in the final bound (6.48) the first term decreases with iteration t while
the second term increases with t. In order to trade off these two terms,5 we set
t = t

(1)
ℓ+1 (6.38a) in the bound (6.48) and find that

∥θTℓ+t(1)
ℓ+1

n ∥2 ≤ 1
(t(1)
ℓ+1)

β + c2(2ε(n, δ∗)αℓ)γε(n, δ∗)t(1)
ℓ+1 = 2(c22γ)

β
1+β︸ ︷︷ ︸

=:c′

·ε(n, δ∗)1− αℓγ+1
1+β

+αℓγ

= c′ε(n, δ∗)
αℓ(βγ)+β

1+β

= c′ε(n, δ∗)αℓ+1 ,

where the last equality follows from the relation (6.38c) between αℓ and αℓ+1. The
claim (6.46a) now follows.

Proof of claim (6.46b): For any t ≤ T̃ (c′ε(n, δ∗)αℓ+1), we have

∥θt+Tℓ+t(1)
ℓ+1

n ∥2 ≤ ∥F t(θTℓ+t(1)
ℓ+1

n )∥2 + ∥F t(θTℓ+t(1)
ℓ+1

n ) − F t
n(θTℓ+t(1)

ℓ+1
n )∥2

≤ 1
tβ

+ c2(2c′ε(n, δ∗)αℓ+1)γε(n, δ∗)t,

5We ignore the effect of the ceiling function ⌈·⌉ to simplify the computations

231



where the last inequality follows from arguments similar to those used to estab-
lish the inequalities (6.47) and (6.48) above. Next, recalling the inequality t

(2)
ℓ+1 ≤

T̃ (c′ε(n, δ∗)αℓ+1) from equation (6.43) and plugging t = t
(2)
ℓ+1 (6.38a) in the above

inequality, we find that

∥θTℓ+1
n ∥2 ≤ 2(c22γ)

β
1+β c′ βγ

1+β︸ ︷︷ ︸
=:C̃

·ε(n, δ∗)
αℓ+1βγ+β

1+β = C̃ε(n, δ∗)αℓ+2 .

In order to complete the proof, it remains to show that last quantity is upper bounded
by ε(n, δ∗)αℓ+1 ; equivalently, we need to verify the following upper bound

ε(n, δ∗) ≤ 1
C̃αℓ+2−αℓ+1

, (6.49)

which is equivalent to the large sample-size assumption (C) (see condition (6.70) for
a more precise statement) if we establish that

αℓ+2 − αℓ+1 ≥ ϵ⋆ := ϵ(1 + β − βγ)
1 + β

. (6.50)

In order to do so, we use the fact (6.38d) that αℓ = ν⋆(1 − νℓ) and obtain that

αℓ ≤ ν⋆ − α and consequently that ν⋆ν
ℓ ≥ α

for all ℓ ∈ {0, 1, . . . , ℓϵ}. Putting together the pieces we have

αℓ+2 − αℓ+1 = ν⋆ν
ℓ+1(1 − ν) ≥ α(1 − ν) = ϵ⋆,

which yields the claimed bound (6.50) and we are done.

Proof of claim (6.44b)

The proof of this claim follows a similar road-map as that in the previous Section,
and hence we simply sketch it. Conditional on the event E , we claim that

∥θTℓϵ +ktℓϵ
n ∥2 ≤ ε(n, δ∗)ν⋆−ϵ uniformly for all k ∈ {0, 1, 2, . . .}. (6.51)

Assuming this bound is given for now, we complete the proof. Invoking inequal-
ity (6.66) from the proof of Lemma 31, we obtain that

∥θTℓϵ +ktℓϵ +t
n ∥2 ≤ 2ε(n, δ∗)ν⋆−ϵ for all k ∈ {1, 2, . . .} and t ≤ T̃ (ε(n, δ∗)ν⋆−ϵ).

(6.52)

Mimicking the arguments from claims (6.46a) and (6.46b), and using the large
sample-size assumption (C) (condition (6.70)) yields the claim (6.52) for any t ≤
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ε(n, δ∗)− ν⋆
β . Putting this together with the fact (6.45) that tℓϵ ≤ ε(n, δ∗)− ν⋆

β implies
the claim (6.44b).

Turning to the proof of claim (6.51), we note that the base case k = 0 follows
from the claim (6.44a) by plugging in ℓ = ℓϵ. For the inductive step, assuming
∥θTℓϵ +ktℓϵ

n ∥2 ≤ ε(n, δ∗)ν⋆−ϵ, arguments similar to that in the proof of claims (6.46a)
and (6.46b) yield

∥θTℓϵ +ktℓϵ +t(1)
ℓϵ

n ∥2 ≤ c′ε(n, δ∗)ν⋆−ϵ and ∥ θTℓϵ +ktℓϵ +t(1)
ℓϵ

+t(2)
ℓϵ

n︸ ︷︷ ︸
θ

Tℓϵ
+(k+1)tℓϵ

n

∥2 ≤ ε(n, δ∗)ν⋆−ϵ,

thereby establishing the induction hypothesis.

Proof of Theorem 14
We divide the proof into two subsections, corresponding to parts (a) and (b) of
Theorem 14.

Proof of part (a)

We introduce the shorthands ε̃(n, δ) = (ε(n, δ))
1

1+γ and Tf = 1
(1+γ) ·

log(ρ/ε(n,δ))
log(1/κ) . Without

loss of generality, we can assume that

∥θtn − θ⋆∥2 >
(2 − κ)
(1 − κ) ε̃(n, δ) for all t ∈ {0, . . . , Tf − 1} , (6.53)

otherwise, the claim is immediate. Given the condition (6.53), we prove the following
two claims:

θtn ∈ A(θ⋆, ε̃(n, δ), ρ) for all t ∈ {0, . . . , Tf − 1} , (6.54a)

and ∥θTf
n − θ⋆∥2 ≤ (2 − κ)

(1 − κ) ε̃(n, δ). (6.54b)

The latter claim (6.54b) completes the proof of part (a) of the theorem.

Proof of claim (6.54a): With the condition (6.53) in hand, it remains to prove
that ∥θtn − θ⋆∥2 ≤ ρ. The base case of t = 0 is immediate from the initialization
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conditions. For the induction step, assuming θtn ∈ A(θ⋆, ε̃(n, δ), ρ), we have

∥θt+1
n − θ⋆∥2 = ∥Fn(θtn) − θ⋆∥2 ≤ ∥Fn(θtn) − F (θtn)∥2 + ∥F (θtn) − θ⋆∥2

(i)
≤ sup

θ∈A(θ⋆,ε̃(n,δ),ρ)
∥Fn(θ) − F (θ)∥2 + κ∥θtn − θ⋆∥2

(ii)
≤ ε(n, δ) max

{
1

ε̃(n, δ)γ , ρ
}

+ κρ (6.55)

= ε(n, δ)
ε̃(n, δ)γ + κρ

= ε(n, δ)
1

1+γ + κρ
(iii)
≤ ρ,

where inequality (i) follows from the induction hypothesis that θtn ∈ A(θ⋆, ε̃(n, δ), ρ)
and the fact that operator F is κ-contractive in the ball B(θ⋆, ρ); inequality (ii)
follows from the first inequality from condition (6.17a) that implies that ε̃(n, δ) =
ε(n, δ)

1
1+γ ≥ ρ̃ and then invoking the instability condition (6.12) with r = ε̃(n, δ)

and ρ2 = ρ. Finally, the last inequality (iii) follows from the second bound of the
condition (6.17a). The inductive step is thus established.

Proof of claim (6.54b): We observe that

∥θTf
n − θ⋆∥2 = ∥Fn(θTf−1

n ) − θ⋆∥2 ≤ ∥Fn(θTf−1
n ) − F (θTf−1

n )∥2 + ∥F (θTf−1
n ) − θ⋆∥2

(i)
≤ sup

θ∈A(θ⋆,ε̃(n,δ),ρ)
∥Fn(θTf−1

n ) − F (θTf−1
n )∥2

+ κ∥θTf−1
n − θ⋆∥2

(ii)
≤ ε(n, δ) max

{
1

ε̃(n, δ)γ , ρ
}

+ κ∥θTf−1
n ∥2, (6.56)

where inequality (i) follows from our earlier claim (6.54a) and the κ-contractivity of
the operator F on the ball B(θ⋆, ρ); inequality (ii) follows from an argument similar
to the one used to establish the inequality (6.55). Finally, recursing equation (6.56)
Tf times, we obtain that

∥θTf
n − θ⋆∥2≤ε(n, δ) max

{
1

ε̃(n, δ)γ , ρ
}

· (1 + κ+ . . .+ κTf−1) + κTf ∥θ0
n − θ⋆∥2

≤ ε(n, δ)
(1 − κ) max

{
1

ε̃(n, δ)γ , ρ
}

+ κTfρ

≤ ε̃(n, δ)
(1 − κ) + ε̃(n, δ) = (2 − κ)

(1 − κ) ε̃(n, δ),

where the last step follows from the upper bound on iteration Tf , which in turn
implies that κTfρ ≤ ε̃(n, δ). The proof is now complete.
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Proof of part (b)

The proof for Theorem 14(b) borrows ideas from the proof of Theorem 13 as well as
the proof of part (a) of Theorem 14. We introduce the following definitions:

Ts := [ε(n, δ)]−
1−|γ|ν⋆

1+β , where ν⋆ := β

1 + β − γβ
.

In order to prove the result (6.18b), we can, without loss of generality, assume that
∥θtn − θ⋆∥2 > 2[ε(n, δ)]ν⋆ for all t ∈ {0, . . . , Ts − 1} , (6.57)

and show that ∥θTs
n − θ⋆∥2 ≤ 2[ε(n, δ)]ν⋆ . We only prove the result for θ⋆ = 0 as the

more general case can be derived in a similar fashion.
In order to proceed further, we make use of a result similar to Lemma 31 adapted

to the unstable case. Given two positive scalars r1 < r2, we define

T̃ (r1, r2) := r2r
|γ|
1

ε(n, δ) . (6.58)

Lemma 32. Suppose that the assumptions for part (b) of Theorem 14 hold. Further,
suppose that the operator Fn satisfies ∥F t

n(θ)∥2 ≥ r1 for any point θ such that ∥θ∥2 ∈
[r1, r2] and for all t ≤ T̃ (r1, r2), where ρ̃ ≤ r1 ≤ r2 ≤ ρ/2. Then with probability at
least 1 − δ, we have

sup
θ∈A(θ⋆,r1,r2)

∥F t(θ) − F t
n(θ)∥2 ≤ t · ε(n, δ)

r
|γ|
1

for all t ≤ T̃ (r1, r2). (6.59)

See Section 6.8 for its proof.
We are now ready for the main argument. We have
∥θtn∥2 = ∥F t

n(θ0
n)∥2 ≤ ∥F t(θ0

n)∥2 + ∥F t(θ0
n) − F t

n(θ0
n)∥2

(i)
≤ 1
tβ

+ ∥F t(θ0
n) − F t

n(θ0
n)∥2 (6.60)

(ii)
≤ 1

tβ
+ t · ε(n, δ)

[ε(n, δ)]ν⋆|γ| , for all t ≤ T̃ ([ε(n, δ)]ν⋆ , ρ), (6.61)

with probability at least 1 − δ. Here, inequality (i) follows from the SLOW(β)-
convergence condition (6.8) of the operator F along with the assumptions that θ⋆ = 0
and ∥θ0

n∥2 ≤ ρ; inequality (ii) follows by applying Lemma 32 with r1 = [ε(n, δ)]ν⋆

and r2 = ρ in light of the condition (6.57). In the final bound (6.61), the first term
decreases with iteration t while the second term increases with t. In order to trade off
the two terms, we plug in t = Ts

(†)
≤ T̃ ([ε(n, δ)]ν⋆ , ρ) (where the inequality (†) holds

due to the second bound in assumption (6.18a)), and perform some algebra to obtain
that

∥θTs
n ∥2 ≤ 1

T βs
+ Ts

ε(n, δ)
[ε(n, δ)]ν⋆|γ| ≤ 2[ε(n, δ)]ν⋆ ,

which yields the claim.
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6.7 Tightness of general results
In this section, we construct a simple class of problems to demonstrate that the
guarantees Theorems 13 and 14 in this chapter are unimprovable in general.

Gradient descent and (cubic-regularized) Newton’s methods
In order to do show that the upper bounds in the theorems are tight, it suffices to
consider the following class of optimization problems

min
θ∈Rd

fn(θ), with fn(θ) = ∥θ∥p
2

p
− ε

∥θ∥q
2

q
, (6.62)

where p ≥ 4 and q ≥ 2 are even numbers such that (p+ 1) > 2q, and the scalar ε is a
perturbation term. We imagine that the perturbation ε goes to zero as the sample
size n increases, so that the relevant population function is given by f(θ) := ∥θ∥p

2
p

.
Note that the condition p ≥ 4 ensures that it is weakly convex, and it has global
optimum θ⋆ = 0. Simple calculation yields that the global minima θ∗

n of fn satisfy
r∗ := ∥θ∗

n∥2 = ε
1

p−q . In this section, we analyze the rate at which different optimization
algorithms converge to a neighborhood of θ⋆ = 0.

We consider the behavior of three different algorithms: (a) gradient descent
method, (b) Newton’s method, and (c) cubic-regularized Newton’s method (for
d = 1), with updates generated by the operators QGD

n , QNM
n , and QCNM

n , respectively.
These operators take the forms

QGD
n (θ) = θ − η∇fn(θ) = θ − η

(
∥θ∥p−2

2 − ε∥θ∥q−2
2

)
θ, (6.63a)

QNM
n (θ) = θ −

[
∇2fn(θ)

]−1
∇fn(θ) = (p− 2)∥θ∥p−2

2 − (q − 2)ε∥θ∥q−2
2

(p− 1)∥θ∥p−2
2 − ε(q − 1)∥θ∥q−2

2
θ, and

(6.63b)

QCNM
n (θ) = arg min

y∈R

{
∇fn(θ)(y − θ) + 1

2∇2fn(θ)(y − θ)2 + (p− 1)(p− 2)
6 |y − θ|3

}
.

(6.63c)

Here η > 0 denotes the step-size of gradient descent algorithm.

Theoretical guarantees
In the next corollary, we state the tight statistical properties of these operators.
We consider the gradient descent updates (6.63a) with step size η ∈

(
0, 1

2

]
and the

ordinary or cubic-regularized Newton updates (6.63b) with an initialization θ ∈ (c, 1]
for some constant c ∈ (0, 1).
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Corollary 11. There exist universal constants (c1, c2, c3) such that

∥(QGD
n )t(θ0) − θ⋆∥2 ≍ ε

1
p−q for all t ≥ c1ε

− p−2
q−2 ,∣∣∣(QCNM

n )t(θ0) − θ⋆
∣∣∣ ≍ ε

1
p−q for all t ≥ c2ε

− p−3
p−1 , and

∥(QNM
n )t(θ0) − θ⋆∥2 ≍ ε

1
p−q for all t ≥ c3 log(ε−1),

with probability 1 − δ, where θ⋆ = 0 denotes the true parameter.

Corollary 11 demonstrates that the general convergence results of operators
in Theorems 13 and 14 are tight for the class of problems (6.62). The proof of
Corollary 11 follows from arguments very similar to those in Section 6.9, and so we
omit the details. Here, we only sketch the main argument leading to the results in
this corollary. The convergence rates of updates from gradient descent and (cubic-
regularized) Newton’s methods can be studied based on a minimization problem with
population version of fn, which is given by

min
θ∈Rd

f(θ), where f(θ) = ∥θ∥p2
p

. (6.64)

It is clear that the global minimum of the above objective function is θ∗ = 0. As an
immediate consequence, the population level operators corresponding to the operators
QGD
n , QNM

n , and QCNM
n are given by

QGD(θ) = θ − η∇f(θ) = θ
(
1 − η∥θ∥q−2

2

)
, (6.65a)

QNM(θ) = θ −
[
∇2f(θ)

]−1
∇f(θ) =

(
1 − 1

p− 1

)
θ, and (6.65b)

QCNM(θ) = arg min
y∈R

{
∇f(θ)(y − θ) + 1

2∇2f(θ)(y − θ)2 + (p− 1)(p− 2)
6 ∥y − θ∥3

2

}
.

(6.65c)

Standard algebra with the update equations (6.65a)-(6.65c) yields the following
properties with the population-level operators:

(P̂1) the operator QGD is SLOW( 1
q−2)-convergent over the ball B(θ⋆, 1) for a sufficiently

small value of the step-size η > 0, meaning that ∥(QGD)t(θ0)∥2 ≤ c

t
1

q−2
,

(P̂2) the operator QNM is FAST( p
p−1)-convergent towards θ⋆ = 0, and

(P̂3) the operator QCNM can be shown to be SLOW( 2
p−3)-convergent over the ball

B(θ⋆, 1), meaning that ∥(QCNM)t(θ0)∥2 ≤ c1

t
2

p−3
.

Moving to the (in)-stability of sample-level operators, we can verify that:
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(Ŝ1) the operator QGD
n is STA(ε, q − 1)-stable over the Euclidean ball B(θ⋆, 1) with

noise function ε, meaning that

sup
θ∈B(θ⋆,r)

∥QGD
n (θ) − QGD(θ)∥2 ≤ c · rq−1ε for r ∈ [0, 1],

(Ŝ2) the operator QNM
n is UNS(−p + q + 1)-unstable over the annulus A(θ⋆, c1r∗, 1)

with noise function ε, namely, we have

sup
θ∈A(θ⋆,r,1)

∥QNM
n (θ) − QNM(θ)∥2 ≤ c · max

{ 1
rp−q−1 ε, 1

}
for r ∈ [c1r∗, 1], and

(Ŝ3) the operator QCNM
n is UNS(−p+1

2 + q)-unstable over the annulus A(θ⋆, c2r∗, 1),
which means that

sup
θ∈A(θ⋆,r,1)

∥QCNM
n (θ) − QCNM(θ)∥2 ≤ c · max

{ 1
r(p+1)/2−q ε, 1

}
for r ∈ [c2r∗, 1].

Finally, we can show that our sequences of updates from gradient descent and
(cubic-regularized) Newton’s methods always converge to the global minima θ∗

n of fn.
Additionally, we also have

∥QGD
n (θ)∥2 ≥ r∗, ∥QNM

n (θ)∥2 ≥ r∗, and ∥QCNM
n (θ)∥2 ≥ r∗

for all ∥θ∥2 ≥ r∗. It means that Assumption (D) is satisfied by these sequences
of updates. In summary, for the problem (6.62), the gradient descent method is a
slow converging stable method and the cubic-regularized Newton’s method is a slow
converging unstable method. Furthermore, the Newton’s method is a fast converging
unstable method.

Undesirable behavior of unstable operators
In this section, we prove that the minimum over all iterates k ∈ {1, 2, . . . , t} in
Theorem 14 is necessary. In particular, we consider the following example

L(θ) = −θ4(θ − 2)2 and Ln(θ) = −
(
θ4 − θ2

√
n

)
(θ − 2)2.

We let F and Fn denote the operators corresponding to the Newton’s method as applied
to the functions L and Ln, respectively (Consequently, the operator F has three fixed
points). Following some simple algebra, it can be verified there are universal constants
(c1, c2) such that that the operators F and Fn defined above satisfy the conditions
of Theorem 14 (a) with θ⋆ = 0 for some κ < 1, γ = −1, ε(n, δ) = n− 1

2 , ρ̃ = c1n
− 1

4

and ρ = c2. In panel (a) of Figure 6.4, we plot the two functions L and Ln and
illustrate the radii ρ̃, ρ (for a fixed n). Some additional algebra shows that there
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exists θ0
n ∈ B(θ⋆, ρ̃) such that the iterates corresponding to the sequence θt+1

n = Fn(θtn)
satisfy ∥θtn − θ⋆∥2 ≥ 1 ≫ n− 1

4 for all iterations t = 1, 2, . . .. See, in particular, the
red (diamond) iterates in panel (b) of Figure 6.4 which are generated with a starting
point θ0

n = c3n
− 1

4 (which is below the controlled instability threshold ρ̃). Clearly,
we see that the first iterate produced by Newton’s method escapes the local basin
of attraction and the subsequent iterates converge to a very different fixed point
of the function Ln. On the other hand, when the Newton’s method is initialized
in the annulus A(θ⋆, ρ̃, ρ), the sequence θtn (blue circles) converges quickly to the
vicinity of θ⋆ as guaranteed by Theorem 14. Furthermore, the iterates do not escape
this local neighborhood. Via this simple example, we have demonstrated that if no

−1 0 1 2
θ →

−1.5

−1.0

−0.5

0.0

0.5

θ?
ρ̃

ρ

Ln(θ)

L(θ)

−1 0 1 2
θ →

−1.5

−1.0

−0.5

0.0

0.5

θ?
ρ̃

ρ

θ0

θ1

θ10

θ100θ0
θ10

Ln(θ)

L(θ)

Newton iterates

Newton iterates

(a) (b)
Figure 6.4. Instability of Newton’s method for the example discussed above
(figure best viewed in color). When the algorithm is initialized too close to θ⋆ (red
diamonds), the instability of Newton’s method forces the iterates to jump too far
away from θ⋆ and converge to another fixed point. On the other hand, if the initial
point is initialized in the annulus A(θ⋆, ρ̃, ρ), the Newton iterates (blue circles), do
not leave this annulus and converge monotonically to a small neighborhood of θ⋆.

further regularity assumptions are made, then starting an unstable algorithm from a
point that is too close to θ⋆, the subsequent iterates can be quite far from the true
parameter.

6.8 Proofs of auxiliary results
In this section, we collect the proofs of Lemmas 31 and 32 that are central to the
proofs of our main theorems.
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Proof of Lemma 31
We fix a radius r ∈ R. Our proof is based on the following auxiliary claim: conditioned
on the event E from equation (6.39), we have

sup
θ∈B(θ⋆,r)

∥F t
n(θ)∥2 ≤ 2r for all t ≤ T̃ (r) = r1−γ

2γc2ε(n, δ∗) . (6.66)

Taking this claim as given for the moment, we now establish the bound (6.42) claimed
in the lemma. We do so via induction on the iteration t ∈ {0, 1, . . . , T̃ (r)}. Note that
the base-case t = 0 holds trivially, since ∥F 0(θ) − F 0

n(θ)∥2 = ∥θ − θ∥2 = 0. Given the
induction hypothesis for t, we establish the claim for t′ = t+ 1. For any θ ∈ B(θ⋆, r),
we have

∥F t′(θ) − F t′

n (θ)∥2 = ∥F t+1(θ) − F t+1
n (θ)∥2 (6.67)

≤ ∥F (F t(θ)) − F (F t
n(θ))∥2 + ∥F (F t

n(θ)) − Fn(F t
n(θ))∥2

(i)
≤ ∥F t(θ) − F t

n(θ)∥2 + sup
θ̃∈B(θ⋆,2r)

∥F (θ̃) − Fn(θ̃)∥2

(ii)
≤ sup

θ∈B(θ⋆,r)
∥F t(θ) − F t

n(θ)∥2 + c2(2r)γε(n, δ∗)

(iii)
≤ c2(2r)γε(n, δ∗)t+ c2(2r)γε(n, δ∗) = (t+ 1)c2(2r)γε(n, δ∗).

In the above sequence of inequalities, we have made use of the following facts. In
step (i), we have used the 1-Lipschitzness (6.6) of the operator F for the first term
and the bound (6.66) on F t

n(θ) for the second term. In order to establish step (ii),
we have used the fact that θ ∈ B(θ⋆, r) for the first term, while for the second term
we have invoked the definition of the event E in equation (6.39) with radius 2r (note
that 2R ⊂ R′ and the event E is defined for all r′ ∈ R′). Finally step (iii) follows
directly from the induction hypothesis. Noting that the bound (6.66) holds for any
t ≤ T̃ (r) and taking supremum over θ ∈ B(θ⋆, r) on the LHS of equation (6.72), we
obtain the desired proof of the inductive step.

Proof of claim (6.66): We establish the claim (6.66) by proving the following
stronger result: For any fixed r ∈ R, and any θ ∈ B(θ⋆, r), we have

∥F t
n(θ)∥2 ≤ r + c2(2r)γε(n, δ∗) · t for all iterations t = 0, 1, . . . , T̃ (r). (6.68)

We note that the claim (6.66) is a direct application of this result along with the
definition T̃ (r) = r1−γ

2γc2ε(n,δ∗) . We now use an induction argument on the iteration t

(similar to the ones used in the paragraph above) to establish the claim (6.68). The
base-case t = 0 holds trivially. Let us assume that ∥F t

n(θ)∥2 ≤ r + c2(2r)γε(n, δ∗) · t
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and establish the claim (6.68) for t′ = t+1. Note that since t ≤ T̃ (r), this assumption
trivially yields that ∥F t

n(θ)∥2 ≤ 2r. We have

∥F t+1
n (θ)∥2 ≤ ∥F (F t

n(θ))∥2 + ∥F (F t
n(θ)) − Fn(F t

n(θ))∥2
(i)
≤ ∥F t

n(θ)∥2 + sup
θ̃∈B(θ⋆,2r)

∥F (θ̃) − Fn(θ̃)∥2

(ii)
≤ (r + c2(2r)γε(n, δ∗) · t) + c2(2r)γε(n, δ∗)
= r + c2(2r)γε(n, δ∗)(t+ 1),

where in step (i), we have used the 1-Lipschitzness (6.6) of the operator F for the
first term and the observation that ∥F t

n(θ)∥2 ≤ 2r for the second term. On the other
hand, in step (ii), we have used the induction hypothesis to bound the first term, and
invoked the definition of the event E in equation (6.39) with radius 2r to bound the
second term. Taking supremum over θ ∈ B(θ⋆, r) completes the proof.

Proof of claim (6.43): Combining the relation αℓ = ν⋆(1 − νℓ) with the two
inequalities in equation (6.43), we find that it suffices to prove the following two
bounds:

ε(n, δ∗)− βνℓ

1+β ≥ (2γc2)
β

1+β and ε(n, δ∗)− βνℓ+1
1+β ≥ (2γc2)

β
1+β (c′)− β

ν⋆(1+β) . (6.69)

Observe that αℓ ≤ ν⋆ − ϵ/4; consequently, we find that 1/νℓ ≤ 4ν⋆/ϵ for all ℓ ≤ ℓϵ.
Finally, invoking assumption (6.14) we find that

ε(n, δ∗) ≤ 1
(2γc2) 4ν⋆

ϵ · max
{

1, (c′) 4
ϵ

} . (6.70)

The rest of the proof follows by noting that the upper bound (6.70) implies the
bounds in equation (6.69).

Proof of Lemma 32
Fix an arbitrary pair of radii r1, r2 ∈ R. Our proof is based on the following
intermediate claim

∥F t
n(θ)∥ ≤ 2r2 for all t ≤ T̃ (r1, r2). (6.71)

We prove this claim at the end of this section. Assuming that this claim is given at
the moment, we now establish the bound (6.59) claimed in the lemma. We do so
by using induction on the iteration t ∈ {0, 1, . . . , T̃ (r1, r2)} where we note that the
base-case t = 0 holds trivially, since ∥F 0(θ) − F 0

n(θ)∥2 = ∥θ − θ∥2 = 0. Turning to
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the induction step (with t′ = t+ 1), for any θ with ∥θ∥ ∈ [r1, r2], we have

∥F t′(θ) − F t′

n (θ)∥2 = ∥F t+1(θ) − F t+1
n (θ)∥2 (6.72)

≤ ∥F (F t(θ)) − F (F t
n(θ))∥2 + ∥F (F t

n(θ)) − Fn(F t
n(θ))∥2

(i)
≤ ∥F t(θ) − F t

n(θ)∥2 + sup
r1≤∥θ̃∥≤2r2

∥F (θ̃) − Fn(θ̃)∥2

(ii)
≤ sup

r1≤∥θ∥≤2r2

∥F t(θ) − F t
n(θ)∥2 + ε(n, δ∗)

r
|γ|
1

(iii)
≤ t

ε(n, δ∗)
r

|γ|
1

+ ε(n, δ∗)
r

|γ|
1

= (t+ 1) · ε(n, δ
∗)

r
|γ|
1

.

In step (i), we have used the 1-Lipschitzness (6.6) of the operator F for the first term
and the upper bound (6.66) on F t

n(θ) for the second term. In step (ii), the upper
bound for the first term follows from the sequence of inequalities

ρ̃ ≤ r1 ≤ ∥θ∥ ≤ r2 ≤ 2r2 ≤ ρ,

whereas for the second term we have invoked the bound ∥θ̃∥ := F t′
n (θ) ≤ 2r2 (6.71)

and applied the instability condition (6.12). Finally, step (iii) follows from a direct
application of the induction hypothesis. Note that the bound (6.66) holds for any
t ≤ T̃ (r). By taking supremum over θ ∈ B(θ⋆, r) on the LHS of equation (6.72), we
obtain the desired proof of the inductive step.

Proof of bound (6.71): We use an inductive argument to prove the following
bound:

∥F t
n(θ)∥ ≤ t · ε(n, δ

∗)
r

|γ|
1

+ r2 for all 1 ≤ t ≤ T̃ (r1, r2), (6.73)

which immediately implies the claim (6.71) once we plug in the definition of T̃ (6.58).
For the base-case t = 0, invoking the properties of the operators F and Fn we

have

∥Fn(θ)∥2 ≤ ∥Fn(θ) − F (θ)∥2 + ∥F (θ)∥2
(i)
≤ sup

r1≤∥θ∥≤r2

∥Fn(θ) − F (θ)∥2 + ∥θ∥2

(ii)
≤ ε(n, δ∗)

r
|γ|
1

+ r2,

where step (i) follows since ∥θ∥2 ∈ [r1, r2] and the operator F is 1-Lipschitz, and
step (ii) follows from the instability condition (6.12). This proves the base case of
the induction hypothesis (6.73).

Now we prove the inductive step. In particular, we assume that the induction
hypothesis (6.73) holds for t ≤ T̃ (r1, r2) − 1 and show that the upper bound (6.73)
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holds for t′ = t+ 1. Towards this end, unwrapping the expression for ∥F t+1
n (θ)∥2 we

have

∥F t′

n (θ)∥2 ≤ ∥F t+1
n (θ) − F (F t

n(θ))∥2 + ∥F (F t
n(θ))∥2

(iii)
≤ sup

r1≤∥θ∥2≤2r2

∥Fn(θ) − F (θ)∥2 + ∥F t
n(θ)∥2

(iv)
≤ ε(n, δ∗)

r
|γ|
1

+ t
ε(n, δ∗)
r

|γ|
1

+ r2

= (t+ 1)ε(n, δ
∗)

r
|γ|
1

+ r2.

Here, step (iii) follows from the fact that ∥F t
n(θ)∥2 ≥ r1 and the LL(ρ) condition (6.6);

step (iv) stems from the instability condition (6.12) and the induction hypothesis.
This completes the proof of the intermediate claim (6.73).

6.9 Proofs of corollaries
We now collect the proofs of several corollaries stated in the chapter. As a high-
level summary, our analysis in all three examples in Section 6.4 involves applying
Theorem 13 to analyze gradient descent/ascent and EM, both of which are stable
algorithms and exhibit slow convergence for the considered examples. We invoke
Theorem 14(b) to characterize the cubic-regularized Newton algorithm, a slowly
convergent and unstable algorithm. Finally, the analysis of Newton’s method in all
the examples relies on Theorem 14(a). Appendices 6.9 and 6.9 are devoted to the
proofs of Corollaries 8 and 9, respectively. We then prove Corollary 10 in Section 6.9.
In this section, the values of universal constants (e.g., c, c′ etc.) can change from
line-to-line.

Proof of Corollary 8
In this section, we demonstrate the convergence and stability of the gradient and
Newton methods. The operators for the gradient method and Newton’s method take
the following forms

MGA(θ) = θ + ηL̄′(θ), and MGA
n (θ) = θ + ηL̄′

n(θ), (6.74a)

MNM(θ) = θ −
[

L̄′(θ)
L̄′′(θ)

]
, and MNM

n (θ) = θ −
[

L̄′
n(θ)

L̄′′
n(θ)

]
. (6.74b)

Proofs for the gradient operators

In lieu of the discussion around Corollary 8 it remains to establish that (a) the operator
MGA exhibits a slow convergence condition SLOW(1

2) over the Euclidean ball B(θ⋆, 1/2)
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and (b) the operator MGA
n satisfies a stability condition STA(1) over the Euclidean

ball B(θ⋆, 1/2) with noise function ε(n, δ) =
√

log(1/δ)/n when n ≥ c log(1/δ) for
some universal constant c > 0.

Slow convergence of MGA: Direct computation with the gradient of population
log-likelihood function L̄ leads to

L̄′(θ) := θ

2(θ2 + 1)(2
√

1 + θ2 − 1)
− θ

2 (6.75)

=⇒ MGA(θ) = θ

[
1 − η

(
1
2 − 1

2(θ2 + 1)(2
√

1 + θ2 − 1)

)]
.

Noting that the fixed point of the population operator is θ⋆ = 0 and that η ≤ 8/3,
we find that

∣∣∣MGA(θ) − θ⋆
∣∣∣ = |θ|

[
1 − η

(
1
2 − 1

2(θ2 + 1)(2
√

1 + θ2 − 1)

)]

≤ |θ|
[
1 − η

(
1
2 − 1

2(θ2 + 1)

)]

≤ |θ|
(

1 − ηθ2

4

)
for all |θ| ∈ [0, 1/2].

Thus the population operator MGA satisfies a slow convergence condition SLOW(1
2)

over the ball B(θ⋆, 1/2).

Stability of the sample operator MGA
n : We have∣∣∣MGA

n (θ) − MGA(θ)
∣∣∣ = η

∣∣∣∇L̄(θ) − ∇L̄n(θ)
∣∣∣

≤ η

( ∣∣∣∣∣∣ θ

2(θ2 + 1)
(
2
√

1 + θ2 − 1
) ( 2

n

n∑
i=1

(1 −Ri) − 1
)∣∣∣∣∣∣

+
∣∣∣∣∣θ
(

1
2 − 1

n

n∑
i=1

RiY
2
i

)∣∣∣∣∣
)
.

Recall that, R1, . . . , Rn are i.i.d. samples from Bernoulli distribution with probability
1/2. Invoking Hoeffding’s inequality yields that

∣∣∣∣∣ 2n
n∑
i=1

(1 −Ri) − 1
∣∣∣∣∣ ≤ c

√
log(1/δ)

n
, (6.76)

with probability at least 1 − δ. Additionally, as Y1, . . . , Yn are i.i.d. samples from
standard Gaussian distribution N (0, 1) and R1, . . . , Rn are independent of Y1, . . . , Yn,
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by following the same argument as that in the proof of Lemma 1 from the pa-
per [Dwi+20b], we can demonstrate that∣∣∣∣∣ 1n

n∑
i=1

RiY
2
i − 1

2

∣∣∣∣∣ ≤ c1

√
log(1/δ)

n
, (6.77)

as long as the sample size n ≥ c2 log(1/δ) with probability at least 1 − δ where c1
and c2 are some universal constants.

Combining the inequalities (6.76) and (6.77) yields the following bound

sup
θ∈B(θ⋆,r)

∣∣∣MGA
n (θ) − MGA(θ)

∣∣∣ ≤ c3

√
log(1/δ)

n
sup

θ∈B(θ⋆,r)

 |θ|
2(θ2 + 1)

(
2
√

1 + θ2 − 1
) + |θ|


≤ 3c3r

2 ,

with probability at least 1−2δ for any r > 0. Here, the second inequality in the above
display follows from the fact that (θ2 + 1)

(
2
√

1 + θ2 − 1
)

≥ 1 for all θ ∈ R. Thus,
the sample-level operator MGA

n is STA(1)-stable over the Euclidean ball B(θ⋆, 1/2)
with noise function ε(n, δ) =

√
log(1/δ)/n when n ≥ c log(1/δ) for some universal

constant c > 0.

Proof for the Newton operators

Similar to the proof for Newton operators in over-specified Gaussian mixtures (see
Section 6.9), we first verify the geometric convergence of population operator MNM and
the instability condition of sample operator MNM

n . Then, we validate Assumption (D)
by showing that the Newton updates are monotone decreasing and satisfy the following
lower bound ∣∣∣MNM(θ)

∣∣∣ ≥ |θ∗
n| , (6.78)

for all |θ| ∈ [|θ∗
n| , 1/2] for any global maxima θ∗

n of the sample log-likelihood function
L̄n in equation (6.21).

Geometric convergence of MNM: We can verify that L̄′′(θ) < 0 for all θ ∈ R.
Additionally, we have the following equation∣∣∣MNM(θ) − θ⋆

∣∣∣ = |θ − θ⋆| θ2T2(θ)
T1(θ) + θ2T2(θ) ,

where the functions T1 and T2 are defined as

T1(θ) := 1
2 − 1

2(θ2 + 1)(2
√
θ2 + 1 − 1)

, and

T2(θ) := 1
2(θ2 + 1)2(2

√
θ2 + 1 − 1)

(
3 + 1

2
√
θ2 + 1 − 1

)
.
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From the earlier proof argument for slow convergence of MGA, we have T1(θ) ≥ θ2

8 for
all |θ| ∈ [0, 1/2]. Given the above lower bound of T1, we directly obtain that

∣∣∣MNM(θ) − θ⋆
∣∣∣ ≤ |θ − θ⋆| T2(θ)

1/8 + T2(θ) ≤ |θ − θ⋆| T2(1/2)
1/8 + T2(1/2) ≤ 4

5 |θ − θ⋆| ,

for all |θ| ∈ [0, 1/2] where the last inequality is due to the fact that T2(θ)/(c+ T2(θ))
achieves its maximum value at |θ| = 1/2. Therefore, the population operator MNM is
FAST(4/5)-convergent on the ball B(θ∗, 1/2).

Instability of the sample Newton operator MNM
n : Given the formulations of

population operator MNM and sample operator MNM
n from Newton’s method, we have

the following inequality
∣∣∣MNM

n (θ) − MNM(θ)
∣∣∣ ≤

∣∣∣∣∣L̄′(θ) − L̄′
n(θ)

L̄′′(θ)

∣∣∣∣∣︸ ︷︷ ︸
:=J1

+
∣∣∣∣∣L̄′

n(θ)
(

1
L̄′′(θ)

− 1
L̄′′
n(θ)

)∣∣∣∣∣︸ ︷︷ ︸
:=J2

.

We claim the following upper bounds of J1 and J2:

J1 ≤ c1
1
|θ|

√
log(1/δ)

n
, (6.80)

with probability at least 1 − 2δ as long as |θ| ∈ [0, 1/2] and n ≥ c′ log(1/δ), and

J2 ≤ c2 · 1
|θ|

√
log(1/δ)

n
, (6.81)

with probability at least 1 − 6δ when |θ| ≥
√

2c (log(1/δ)/n)1/4.
With the upper bounds (6.80) and (6.81) of J1 and J2 respectively, we arrive at

the following inequality∣∣∣MNM
n (θ) − MNM(θ)

∣∣∣ ≤ c′′ |θ|−1
√

log(1/δ)/n,

with probability at least 1 − 8δ as long as
√

2c (log(1/δ)/n)1/4 ≤ |θ| ≤ 1/2. As a
consequence, the sample operator MNM

n satisfies instability condition UNS(1) over the

annulus A(θ⋆,
√

2c (log(1/δ)/n)1/4 , 1/2) with noise function ε(n, δ) =
√

log(1/δ)
n

as
long as n ≥ c′ log(1/δ).

Proof for the upper bound of J1: When n ≥ c′ log(1/δ), we can validate that

∣∣∣L̄′(θ) − L̄′
n(θ)

∣∣∣ ≤ c |θ|
√

log(1/δ)
n

,

246



for any |θ| ∈ [0, 1/2] with probability at least 1 − 2δ where c and c′ are some universal
constants. Furthermore, based on the computations in Section 6.9, we find that

∣∣∣L̄′′(θ)
∣∣∣ = T1(θ) + θ2T2(θ) ≥ θ2

8 + θ2T2(1/2) ≥ 11θ2

32 , (6.82)

for any |θ| ∈ [0, 1/2]. Combining the previous inequalities, we have the following
upper bound with J1:

J1 ≤ c1
1
|θ|

√
log(1/δ)

n
,

with probability at least 1 − 2δ as long as |θ| ∈ [0, 1/2] and n ≥ c′ log(1/δ).

Proof for the upper bound of J2: In order to derive an upper bound for J2, we
make use of the following bounds:

∣∣∣L̄′
n(θ)

∣∣∣ ≤ c1

|θ|
√

log(1/δ)
n

+ |θ|3
 , (6.83a)

∣∣∣L̄′′
n(θ) − L̄′′(θ)

∣∣∣ ≤ c2

√
log(1/δ)

n
, (6.83b)

∣∣∣L̄′′
n(θ)

∣∣∣ ≥ c3

θ2 − c ·
√

log(1/δ)
n

 , (6.83c)

for all |θ| ∈ [0, 1/2] with probability at least 1 − 2δ when n ≥ c′ log(1/δ). Here,
c, c1, c2, c3 in the above bounds are universal constants independent of δ.

Deferring the proofs of these claims to later, we now proceed to give an upper
bound for J2 based on the given bounds in the above display. In particular, from the
formulation of J2, we achieve that

J2 ≤ 32c1c2

11c3

|θ|
√

log(1/δ)
n

+ |θ|3


√
log(1/δ)

n

θ2
(
θ2 − c

√
log(1/δ)

n

) ≤ C · 1
|θ|

√
log(1/δ)

n

with probability at least 1 − 6δ when |θ| ≥
√

2c (log(1/δ)/n)1/4 where C is some
universal constant. Here, the last inequality is due to |θ|

√
log(1/δ)

n
+ |θ|3 ≤ |θ|3

(
1 + 1

2c

)
and θ2 − c

√
log(1/δ)

n
≥ |θ|2 /2 as long as |θ| ≥

√
2c (log(1/δ)/n)1/4.

Proof of claim (6.83a): Invoking triangle inequality, when n ≥ c′ log(1/δ) we have

∣∣∣L̄′
n(θ)

∣∣∣ ≤ c |θ|

√ log(1/δ)
n

+ 1
2 − 1

2(θ2 + 1)
(
2
√
θ2 + 1 − 1

)
 ,
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with probability at least 1 − 2δ for any |θ| ∈ [0, 1/2] where the inequality in the above
display is due to the inequalities (6.76) and (6.77). Furthermore, we can validate that

1
2 − 1

2(θ2 + 1)
(
2
√
θ2 + 1 − 1

) ≤ 3θ2

2

for any |θ| ∈ [0, 1/2]. In light of the previous inequalities, we arrive at the following
inequality

∣∣∣L̄′
n(θ)

∣∣∣ ≤ 3c |θ|
2

√ log(1/δ)
n

+ θ2

 ,
with probability at least 1 − 2δ for all |θ| ∈ [0, 1/2]. As a consequence, we reach the
conclusion of claim (6.83a).

Proof of claims (6.83b) and (6.83c): The proof of claim (6.83b) is a direct
application of triangle inequality and the fact that |θ| ∈ [0, 1/2]. In addition, we have

∣∣∣L̄′′
n(θ)

∣∣∣ ≥
∣∣∣L̄′′(θ)

∣∣∣− ∣∣∣L̄′′
n(θ) − L̄′′(θ)

∣∣∣ ≥ c′

θ2 − c

√
log(1/δ)

n

 ,
with probability at least 1 − 2δ for any |θ| ∈ [0, 1/2] where c, c′ are universal constants
independent of δ and the last inequality in the above display is due the results from
equation (6.82) and claim (6.83b). As a consequence, we achieve the conclusion of
claim (6.83c).

Lower bound and monotonicity of Newton updates: Now, we proceed to
verify the lower bound of Newton updates in claim (6.78). In order to ease the ensuing
presentation, we denote f(θ) := 1

(θ2+1)(2
√
θ2+1−1) for all θ. The global maxima θ∗

n of
the sample log-likelihood function L̄n are the solutions of the following equation

θ∗
nf(θ∗

n)
(

1
n

n∑
i=1

(1 −Ri)
)

= θ∗
n

(
1
n

n∑
i=1

RiY
2
i

)
.

The specific forms of θ∗
n depend on the values of Ri, Yi for i ∈ [n]. In particular, when∑n

i=1 RiY
2
i <

∑n
i=1(1 −Ri), namely, the Hessian of sample likelihood function L̄n at

0 is positive, the function L̄n is bimodal and symmetric around 0. Additionally, θ∗
n

are different from 0 and become the solution of the following equation

f(θ∗
n)
(

1
n

n∑
i=1

(1 −Ri)
)

=
(

1
n

n∑
i=1

RiY
2
i

)
. (6.84)

On the other hand, when ∑n
i=1 RiY

2
i >

∑n
i=1(1 − Ri), the function L̄n is unimodal

and symmetric around 0. Under this case, θ∗
n = 0 is the unique global maximum.
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Without loss of generality, we assume that θ > 0 and the global maxima are
solutions of equation (6.84). From the formulation of MNM

n , the inequality MNM
n (θ) > 0

is equivalent to

θf ′(θ) + f(θ) < f(θ∗
n),

which holds for all θ ≥ |θ∗
n| since f(θ) < f(θ∗

n) and f ′(θ) < 0 as θ ≥ |θ∗
n|. Therefore, we

have MNM
n (θ) > 0 for all θ ≥ |θ∗

n|. Now, in order to demonstrate that MNM
n (θ) ≥ |θ∗

n|
for θ ≥ |θ∗

n|, it is equivalent to

(|θ∗
n| − θ) θf ′(θ) + |θ∗

n| (f(θ) − f(θ∗
n)) ≥ 0. (6.85)

Invoking mean value theorem, we can find some constant θ̄ ∈ (|θ∗
n| , θ) such that

f(θ) − f(θ∗
n) = f(θ) − f(|θ∗

n|) = f ′(θ̄)(θ − |θ∗
n|).

Given the above equation, the inequality (6.85) can be rewritten as

|θ∗
n| f ′(θ̄) ≥ θf ′(θ) (6.86)

for all θ ≥ |θ∗
n|. Since the function θf ′(θ) is a decreasing function in (0, 1/2], we

have θf ′(θ) ≤ θ̄f ′(θ̄) for any θ̄ < θ. Since f ′(θ̄) < 0 and θ̄ > |θ∗
n|, we find that

θ̄f ′(θ̄) ≤ |θ∗
n| f ′(θ̄). In light of these two inequalities, we achieve the inequality (6.86).

As a consequence, we reach the conclusion of claim (6.78).

Proof of Corollary 9
Under the model (6.26b), the sample EM operator takes the following form:

GEM
n (θ) = 1

n

n∑
i=1

Xi tanh(θXi),

where tanh(x) = exp(x)−exp(−x)
exp(x)+exp(−x) for all x ∈ R. We note that the result characterizing

the behavior of sample EM operator is already proven in our prior work [Dwi+20b] (see
Theorem 3 in that paper). Therefore, we only present the proof for the convergence
rate of Newton updates in Section 6.9. The forms for the sample and population
Newton operators are equivalent to running Newton’s method on the sample and
population log-likelihoods:

GNM(θ) = θ − [L′′(θ)]−1 L′(θ) = θ + E [X tanh(Xθ)] − θ

E
[
X2 tanh2(Xθ)

] , and (6.87a)

GNM
n (θ) = θ − [L′′

n(θ)]−1 L′
n(θ) = θ +

(
1
n

∑n
i=1 Xi tanh(Xiθ)

)
− θ

1
n

∑n
i=1 X

2
i tanh2(Xiθ) + 1 − 1

n

∑n
i=1 X

2
i

.

(6.87b)
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Proofs for Newton operators

We begin by verifying the fast convergence of the operator GNM and then the instability
of the operator GNM

n with respect to GNM in Theorem 14. Then, we demonstrate
that the Newton updates satisfy Assumption (D). Noting that it can be done by
establishing that the Newton updates are monotone decreasing and admit the following
lower bound ∣∣∣GNM

n (θ)
∣∣∣ ≥ |θ∗

n| (6.88)

for all |θ| ∈ [|θ∗
n| , 1/3] for any global maximum θ∗

n of Ln.

Fast convergence of the population-level operator GNM: We provide the
full proof for the case θ ∈ (0, 1

3 ]; the proof for the case θ ∈ [−1
3 , 0) is analogous.

We make use of the following known bounds [Dwi+20a] on the hyperbolic function
x 7→ x tanh(x):

x2 − x4

3 ≤ x tanh(x) ≤ x2 − x4

3 + 2x6

15 for all x ∈ R. (6.89)

Applying this bound, we obtain that

E [X tanh(Xθ)] ≤ 1
θ
E
[
(Xθ)2 − (Xθ)4/3 + 2(Xθ)6/15

]
= θ − θ3 + 2θ5, as well as

E
[
X2 tanh2(Xθ)

]
≤ 1
θ2E

[
(Xθ)4

]
= 3θ2,

and consequently that

θ − E [X tanh(Xθ)]
E
[
X2 tanh2(Xθ)

] ≥ θ − (θ − θ3 + 2θ5)
3θ2 = θ − 2θ3

3

(θ∈(0,13 ])
≥ 2θ

9 .

Noting that GNM(θ) = θ− θ−E[X tanh(Xθ)]
E[X2 tanh2(Xθ)] and θ⋆ = 0, we conclude that the population

Newton operator GNM is FAST(7
9)-convergent over the ball B(θ⋆, 1

3).

Instability of the sample-level operator GNM
n : Let us introduce the shorthand

An := 1
n

n∑
i=1

Xi tanh(Xiθ), and Bn := 1
n

n∑
i=1

X2
i tanh2(Xiθ) + 1 − 1

n

n∑
i=1

X2
i .
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Using the definitions (6.87b) of the operators GNM
n and GNM, we find that

∣∣∣GNM
n (θ) − GNM(θ)

∣∣∣ =
∣∣∣∣∣∣E [X tanh(Xθ)] − θ

E
[
X2 tanh2(Xθ)

] − An − θ

Bn

∣∣∣∣∣∣
≤ |E [X tanh(Xθ)] − An|

E
[
X2 tanh2(Xθ)

]
︸ ︷︷ ︸

:=J1

+ |An − θ|

∣∣∣∣∣∣ 1
E
[
X2 tanh2(Xθ)

] − 1
Bn

∣∣∣∣∣∣︸ ︷︷ ︸
:=J2

.

(6.90)

Thus, in order to bound the difference
∣∣∣GNM

n (θ) − GNM(θ)
∣∣∣, it suffices to derive bounds

for the terms J1 and J2.

Upper bound for J1: For a given δ ∈ (0, 1), as long as the sample size n ≥
C log(1/δ) for some universal constant C, we can apply Lemma 1 from the pa-
per [Dwi+20b] to assert that

|E [X tanh(Xθ)] − An| ≤ c |θ|
√

log(1/δ)
n

for all |θ| ∈ (0, 1
3) (6.91)

with probability 1 − δ. Moreover, the bound (6.89) implies that

E
[
X2 tanh2(Xθ)

]
≥ 1
θ2E

[(
(Xθ)2 − (Xθ)4

3
)2
]

= 3θ2 − 10θ4 + 35θ6

33 ≥ 2θ2,

for θ ∈ [−1
3 ,

1
3 ]. Combining the above inequalities yields

J1 = |E [X tanh(Xθ)] − An|
E
[
X2 tanh2(Xθ)

] ≤ c
|θ|
√

log(1/δ)
n

2θ2 ≤ c′ 1
|θ|

√
log(1/δ)

n
, (6.92)

for all |θ| ∈ (0, 1/3) with probability at least 1 − δ.

Upper bound for J2: In order to obtain an upper bound for J2, we claim the
following key bounds appearing in its formulation:

|An − θ| ≤ c1

|θ|
√

log(1/δ)
n

+ |θ|3
 , (6.93a)

|Bn| ≥ c2

(
θ2 − c

log4(3n/δ)√
n

)
, (6.93b)

∣∣∣E [X2 tanh2(Xθ)
]

−Bn

∣∣∣ ≤ c3
log(n/δ)√

n
, (6.93c)
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for all |θ| ∈ (0, 1/3] with probability at least 1 − 2δ as long as the sample size
n ≥ c log(1/δ). Here, c, c1, c2, c3 in the above probability bounds are universal
constants independent of δ. Assume that the above claims are given at the moment.
The results in these claims lead to

J2 = |An|

∣∣∣∣∣∣
E
[
X2 tanh2(Xθ)

]
−Bn

BnE
[
X2 tanh2(Xθ)

]
∣∣∣∣∣∣ ≤ c′

|θ|
√

log(1/δ)
n

+ |θ|3
 log(n/δ)√

n

θ2
(
θ2 − c log4(3n/δ)√

n

)
≤ c′′ 1

|θ|
log(n/δ)√

n
(6.94)

with probability at least 1 − 5δ. Here, the last inequality is due to the facts that

|θ|
√

log(1/δ)
n

+ |θ|3 ≤ |θ|3
(

1 + 1
2c

)
and θ2 − c

log4(3n/δ)√
n

≥ |θ|2 /2,

as long as |θ| ≥
√

2c log2(3n/δ)/n1/4. Plugging the bounds (6.92) and (6.94) into
equation (6.90), we conclude that the operator GNM

n is UNS(−1)-unstable over the
annulus A(θ⋆,

√
2c log2(3n/δ)

n1/4 , 1/3) with noise function ε(n, δ) = log(n/δ)√
n

as long as the
sample size n ≥ C log8(3n/δ)

n1/4 .

Proof of claim (6.93a): Invoking the concentration bound (6.91) and applying the
triangle inequality, we find that

|An − θ| ≤
∣∣∣∣∣ 1n

n∑
i=1

Xi tanh(Xiθ) − E [X tanh(Xθ)]
∣∣∣∣∣+ |E [X tanh(Xθ)] − θ|

≤ c

|θ|
√

log(1/δ)
n

+ 1
|θ|
∣∣∣E [Xθ tanh(Xθ)] − θ2

∣∣∣


for all |θ| ∈ (0, 1/3] with probability 1 − δ. Next, taking expectation on both sides in
the bounds (6.89), we find that

E [Xθ tanh(Xθ)] − θ2 ≤ E
[
(Xθ)2 − (Xθ)4

3 + 2(Xθ)6

15

]
− θ2 = −θ4 + 2θ6 ≤ −7θ4

9 , and

E [Xθ tanh(Xθ)] − θ2 ≥ E
[
(Xθ)2 − (Xθ)4

3

]
− θ2 = −θ4.

Putting these pieces together yields the claim (6.93a).

Proof of claim (6.93b): Invoking standard chi-squared concentration bounds and
applying triangle inequality, we obtain that

|Bn| ≥ 1
n

n∑
i=1

X2
i tanh2(Xiθ) −

∣∣∣∣∣ 1n
n∑
i=1

X2
i − 1

∣∣∣∣∣ ≥ c

 1
n

n∑
i=1

X2
i tanh2(Xiθ) −

√
log(1/δ)

n


252



with probability at least 1 − δ. Using the lower bound from inequality (6.89), we find
that

1
n

n∑
i=1

X2
i tanh2(Xiθ) ≥ 1

n

n∑
i=1

(
θX2

i − θ3X4
i

3

)2

= θ2
(

1
n

n∑
i=1

X4
i

)
− 2θ4

3

(
1
n

n∑
i=1

X6
i

)
+ θ6

9

(
1
n

n∑
i=1

X8
i

)
(i)
≥ θ2

(
3 − c′ log2(3n/δ)√

n

)
− 2θ4

3

(
15 + c′ log3(3n/δ)√

n

)

+ θ6

9

(
105 − c′ log4(3n/δ)√

n

)

≥ θ2 − c′ log4(3n/δ)√
n

,

with probability at least 1 − δ for some universal constant c. Here step (i) makes
use of the following concentration bound for higher moments of Gaussian random
variables (Lemma 5 [Dwi+20a]):

P
[∣∣∣∣∣ 1n

n∑
i=1

X2k
i − E

[
X2k

]∣∣∣∣∣ ≤ c′ logk(3n/δ)
n

1
2

]
≥ 1 − δ

3 for k ∈ {2, 4, 6}

with probability at least 1 − δ/3 for k ∈ {2, 4, 6}. Putting together the pieces yields
the claim (6.93b).

Proof of claim (6.93c): Applying the triangle inequality yields

∣∣∣E [X2 tanh2(Xθ)
]

−Bn

∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

X2
i tanh2(Xiθ) − E

[
X2 tanh2(Xθ)

]∣∣∣∣∣+
∣∣∣∣∣ 1n

n∑
i=1

X2
i − 1

∣∣∣∣∣
≤
∣∣∣∣∣ 1n

n∑
i=1

X2
i tanh2(Xiθ) − E

[
X2 tanh2(Xθ)

]∣∣∣∣∣+ c

√
log(1/δ)

n

(6.95)

with probability at least 1 − δ. By adapting the truncation argument from the
proof of Lemma 5 in the paper [Dwi+20a] for the random variable X tanh(X) with
X ∼ N (0, 1), it follows that∣∣∣∣∣ 1n

n∑
i=1

X2
i tanh2(Xiθ) − E

[
X2 tanh2(Xθ)

]∣∣∣∣∣ ≤ c′ log(n/δ)√
n

,

for all |θ| ∈ (0, 1/3] with probability at least 1 − δ. Putting the results together yields
the claim (6.93c).
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Lower bound and monotonicity of Newton updates: We first provide several
insights into the landscape of sample log-likelihood function Ln. To faciliate the proof
argument, we define

f(θ) = θ − 1
n

n∑
i=1

Xi tanh(Xiθ).

A simple calculation with the gradient and Hessian of sample log-likelihood function
Ln indicates that when ∑n

i=1 X
2
i > n, the function Ln is bimodal and symmetric

around 0. Additionally, the global maxima θ∗
n of the function Ln are different from 0

and solutions of the equation f(θ) = 0. On the other hand, when ∑n
i=1 X

2
i ≤ n, the

function Ln is unimodal and symmetric around 0 while θ∗
n = 0 is the unique global

maximum of that function.
Now, we only verify the lower bound of Newton updates GNM

n (θ) in claim (6.88);
the proof of monotonicity can be argued similarly. Without loss of generality, we only
consider the setting when the global maxima θ∗

n are different from 0 and θ > 0. Under
that case, the Hessian of the function Ln at |θ∗

n| is negative. A direct computation
with the gradient of the function f leads to

f ′(θ) = 1 − 1
n

n∑
i=1

X2
i sech2(Xiθ) = 1 − 1

n

n∑
i=1

X2
i sech2(|Xi| |θ|)

≥ 1 − 1
n

n∑
i=1

X2
i sech2(|Xi| |θ∗

n|) = −∇2Ln(θ∗
n) > 0

for any θ > |θ∗
n|. Therefore, the function f is a strictly increasing function when

θ > |θ∗
n|. It leads to the inequality f(θ) ≥ f(θ∗

n) = 0 for all θ ≥ |θ∗
n|. Further

computation with second derivative of f yields that

f ′′(θ) = 2
n

n∑
i=1

X3
i tanh(Xiθ)sech2(Xiθ) > 0

for all θ > 0. The above inequality is due to Xi tanh(Xiθ) > 0 for all θ > 0 and
i ∈ [n]. Thus, the function f ′ is strictly increasing when θ > 0.

Now the inequality GNM
n (θ) ≥ |θ∗

n| for all θ ≥ |θ∗
n| is equivalent to

f ′(θ)(θ − |θ∗
n|) ≥ f(θ) − f(θ∗

n). (6.96)

Invoking the mean value theorem, we find that

f(θ) − f(θ∗
n) = f(θ) − f(|θ∗

n|) = f ′(θ̄)(θ − |θ∗
n|)

for some θ̄ ∈ (|θ∗
n| , θ). Given that equality, the equality (6.96) can be rewritten as

f ′(θ) ≥ f ′(θ̄) for all θ ≥ |θ∗
n|. This inequality is true since f ′ is an increasing function

when θ > 0. As a consequence, we achieve the conclusion of claim (6.88).
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Proof of Corollary 10
In this section, we demonstrate the convergence and stability properties of operators
from gradient descent and (cubic-regularized) Newton’s methods in the single-index
model. The sample operators of these methods take the following forms

FGD
n (θ) = θ − ηL̃′

n(θ) = θ − η

(
2p
n

n∑
i=1

X4p
i θ

4p−1 − 2p
n

n∑
i=1

YiX
2p
i θ

2p−1
)
, (6.97a)

FNM
n (θ) = θ −

[
L̃′′
n(θ)

]−1
L̃′
n(θ)

= θ −

(
1
n

∑n
i=1 X

4p
i

)
θ2p+1 −

(
1
n

∑n
i=1 YiX

2p
i

)
θ(

4p−1
n

∑n
i=1 X

4p
i

)
θ2p − 2p−1

n

∑n
i=1 YiX

2p
i

, and (6.97b)

FCNM
n (θ) = arg min

y∈R

{
L̃′
n(θ)(y − θ) + 1

2L̃′′
n(θ)(y − θ)2 + L |y − θ|3

}
, (6.97c)

where L := (4p−1)!!(4p−1)p/3. Noting that the specific choice of L in the formulation
of the cubic-regularized Newton operator FCNM

n arises because the second-order
derivative of L̃n is Lipschitz continuous with constant L. Similarly, the population-
level operators are given by

FGD(θ) = θ − ηL̃′(θ) = θ
[
1 − (4p− 1)!!(2p)ηθ4p−2

]
, (6.98a)

FNM(θ) = θ −
[
L̃′′(θ)

]−1
L̃′(θ) = (4p− 2)

4p− 1 θ, and (6.98b)

FCNM(θ) = arg min
y∈R

{
L̃′(θ)(y − θ) + 1

2L̃′′(θ)(y − θ)2 + L |y − θ|3
}
. (6.98c)

Proofs for the gradient descent operators

In order to achieve the conclusion of the corollary with convergence rate of updates
from gradient descent method, it is sufficient to demonstrate that the sample gradient
operator FGD

n is STA(2p−1)-stable over the Euclidean ball B(θ⋆, 1) with noise function
ε(n, δ) = log2p(n/δ)√

n
. By using the similar truncation argument as that in equation (6.95),

we can verify the following concentration bound∣∣∣∣∣ 1n
n∑
i=1

YiX
2p
i

∣∣∣∣∣ ≤ c log2p(n/δ)/
√
n, (6.99)

with probability 1 − δ where c is some universal constant. An application of triangle
inequality yields

∣∣∣FGA(θ) − FGA
n (θ)

∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

X4p
i − (4p− 1)!!

∣∣∣∣∣ |θ|4p−1 + c
log2p(n/δ)√

n
|θ|2p−1 . (6.100)
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Based on known concentration bounds for moments of Gaussian random variables (cf.
Lemma 5 in [Dwi+20a]), we have∣∣∣∣∣ 1n

n∑
i=1

X4p
i − (4p− 1)!!

∣∣∣∣∣ ≤ c′ log2p(n/δ)/
√
n (6.101)

with probability 1 − δ where c′ is some universal constant. Substituting the in-
equality (6.101) into equation (6.100) yields the above claim with the stability of
FGD
n .

Proofs for the Newton operators

Moving to the convergence rates of updates from Newton’s method, it is sufficient
to establish the instability of FNM

n with respect to FNM, and moreover that, for any
global minimum θ∗

n of the sample least-squares function L̃n in equation (6.32b), we
have ∣∣∣FNM

n (θ)
∣∣∣ ≥ |θ∗

n| , (6.102)

for all |θ| ∈ [|θ∗
n| , 1].

Instability of the sample Newton operator FNM
n : Let us introduce the following

shorthand notation:

An :=
(

2p
n

n∑
i=1

X4p
i

)
θ4p−1 −

(
2p
n

n∑
i=1

YiX
2p
i

)
θ2p−1,

Bn :=
(

2p(4p− 1)
n

n∑
i=1

X4p
i

)
θ4p−2 −

(
2p(2p− 1)

n

n∑
i=1

YiX
2p
i

)
θ2p−2.

Applying the triangle inequality yields
∣∣∣FNM
n (θ) − FNM(θ)

∣∣∣ ≤ |(4p− 1)!!(2p)θ4p−1 − An|
(4p− 1)!!(2p)(4p− 1)θ4p−2︸ ︷︷ ︸

:=J1

+ |An|
∣∣∣∣∣ 1
(4p− 1)!!(2p)(4p− 1)θ4p−2 − 1

Bn

∣∣∣∣∣︸ ︷︷ ︸
:=J2

.

Upper bound for J1: Invoking triangle inequality, we obtain that
∣∣∣An − (4p− 1)!!(2p)θ4p−1

∣∣∣ ≤ 2p
∣∣∣∣∣ 1n

n∑
i=1

X4p
i − (4p− 1)!!

∣∣∣∣∣ |θ|4p−1 +
∣∣∣∣∣2pn

n∑
i=1

YiX
2p
i

∣∣∣∣∣ |θ|2p−1

≤ c
log2p(n/δ)√

n

(
|θ|4p−1 + |θ|2p−1

)
,
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where the last inequality is due to concentration bounds for moments of Gaussian
random variables (6.99). With the above inequality, we have

J1 ≤
c log2p(n/δ)

(
|θ|4p−1 + |θ|2p−1

)
(4p− 1)!!(2p)(4p− 1)

√
n |θ|4p−2 ≤ 2c

|θ|2p−1
log2p(n/δ)√

n
, (6.103)

for all |θ| ≤ 1 with probability at least 1 − 2δ.

Upper bound for J2: In order to obtain an upper bound for J2, we exploit the
following concentration bounds

|An| ≤ c1

(
|θ|4p−1 + log2p(n/δ)√

n
|θ|2p−1

)
, (6.104a)

∣∣∣Bn − (4p− 1)!!(2p)(4p− 1)θ4p−2
∣∣∣ ≤ c2

log2p(n/δ)√
n

, (6.104b)

|Bn| ≥ c3

(
(4p− 1)!!(2p)(4p− 1)θ4p−2 − c

log2p(n/δ)√
n

)
, (6.104c)

for all |θ| ≤ 1 with probability at least 1 − 2δ. Here, c, c1, c2, c3 are universal
constants independent of δ. The proofs of the above claims are direct applications
of triangle inequalities and concentration bounds we utilized earlier with gradient
descent operators in Section 6.9; therefore, they are omitted. In light of the above
bounds, we can bound J2 as follows:

J2 ≤ c1c2

c3

(
|θ|4p−1 + log2p(n/δ)√

n
|θ|2p−1

) log2p(n/δ)√
n

θ4p−2
(
(4p− 1)!!(2p)(4p− 1)θ4p−2 − c log2p(n/δ)√

n

)
≤ 2c1c2

c3c

1
|θ|2p−1

log2p(n/δ)√
n

, (6.105)

for all |θ| ∈ [C · logp/(2p−1)(n/δ)/n1/4(2p−1), 1] with probability 1 − 6δ where C is
solution of the equation (4p − 1)!!(2p)(4p − 1)θ4p−2 = 2c log2p(n/δ)√

n
. Combining the

results from equations (6.103) and (6.105), we achieve that

∣∣∣FNM
n (θ) − FNM(θ)

∣∣∣ ≤ c′ 1
|θ|2p−1

log2p(n/δ)√
n

(6.106)

for all |θ| ∈ [C logp/(2p−1)(n/δ)/n1/4(2p−1), 1] with probability 1 − 8δ where c′ is some
universal constant.

As a consequence, the sample operator FNM
n is UNS(−2p+ 1)-unstable over the an-

nulus A(θ⋆, c1 logp/(2p−1)(n/δ)/n1/4(2p−1), 1) with noise function ε(n, δ) = log2p(n/δ)√
n

.
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Lower bound and monotonicity of Newton updates: Moving to the claim (6.102),
we first study the global minima θ∗

n of the sample least-squares function L̃n in equa-
tion (6.32b). In particular, they satisfy the equation ∇L̃n(θ∗

n) = 0, which is equivalent
to (

1
n

n∑
i=1

X4p
i

)
(θ∗
n)4p−1 −

(
1
n

n∑
i=1

YiX
2p
i

)
(θ∗
n)2p−1 = 0.

Given the above equation, the specific form of θ∗
n depends on the sign of second

derivative of L̃n at 0. In particular, when ∑n
i=1 YiX

2p
i > 0, the function L̃n is bimodal

and symmetric around 0. Additionally, global mimima θ∗
n have the form

(θ∗
n)2p =

(
1
n

n∑
i=1

YiX
2p
i

)/(
1
n

n∑
i=1

X4p
i

)
. (6.107)

On the other hand, when 1
n

∑n
i=1 YiX

2p
i ≤ 0, the function L̃n is unimodal and

symmetric around 0. Furthermore, it has only global minimum θ∗
n = 0.

Now, we focus on the case θ > 0 and ∑n
i=1 YiX

2p
i > 0, i.e., the global minima

θ∗
n are different from 0 and the solutions of equation (6.107). A simple calculation

demonstrates that Bn > 0 and FNM
n (θ) > 0 as long as θ > |θ∗

n|. Now, the inequality
FNM
n (θ) ≥ |θ∗

n| is equivalent to(
4p− 2
n

n∑
i=1

X4p
i

)
θ2p+1 +

(
2p− 1
n

n∑
i=1

YiX
2p
i

)
|θ∗
n| ≥

(
4p− 1
n

n∑
i=1

X4p
i

)
θ2p |θ∗

n|

+
(

2p− 2
n

n∑
i=1

YiX
2p
i

)
θ

for θ ≥ |θ∗
n|. In light of the closed form expression of |θ∗

n| in equation (6.107), a simple
algebra with the above inequality leads to the inequality

(4p− 2)θ2p+1 + (2p− 1) |θ∗
n|2p+1 ≥ (2p− 2) (θ∗

n)2p θ + (4p− 1) |θ∗
n| θ2p,

which holds true due to AM-GM inequality. Thus, we have established the claim (6.102).

Proofs for the cubic-regularized Newton operators

Our proof is divided into three separate steps. First, we establish the slow convergence
of operator FCNM. Then, we proceed to establishing the instability of operator FCNM

n .
Finally, we demonstrate the monotonicity of cubic-regularized Newton updates and
their lower bound ∣∣∣FCNM

n (θ)
∣∣∣ ≥ |θ∗

n| , (6.108)

for all |θ| ∈ [|θ∗
n| , 1] for any global minima θ∗

n of the sample least-squares function L̃n

in equation (6.32b).
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Slow convergence of FCNM: Without loss of generality, we assume that θ ∈ (0, 1].
Direct computation leads to

FCNM(θ) = θ + θ4p−2 −
√
θ8p−4 + 2

4p− 1θ
4p−1

= θ −
2

4p−1θ
4p−1

θ2 +
√
θ8p−4 + 2

4p−1θ
4p−1

≤ θ
(
1 − c1θ

(4p−3)/2
)
,

for any θ ∈ (0, 1] where c1 < 1 is some universal constant. As a consequence, the
operator FCNM satisfies slow convergence condition SLOW(2/(4p−3)) over the Euclidean
ball B(θ⋆, 1).

Instability of the sample operator FCNM
n : To ease the presentation, we assume

that θ > |θ∗
n| where θ∗

n are global minima of the sample least-squares function L̃n.
With this condition, direct computation of FCNM

n (θ) leads to

FCNM
n (θ) = θ − 2L̃′

n(θ)

L̃′′
n(θ) +

√(
L̃′′
n(θ)

)2
+ 12L · L̃′

n(θ)
:= θ − 2L̃′

n(θ)
Tn

.

Similar to the previous proofs with cubic-regularized Newton operators, we achieve
that ∣∣∣FCNM(θ) − FCNM

n (θ)
∣∣∣ ≤ 2

L̃′(θ) |Tn − T | + T
∣∣∣L̃′

n(θ) − L̃′(θ)
∣∣∣

TTn
,

where T := L̃′′(θ) +
√(

L̃′′(θ)
)2

+ 12L · L̃′(θ) ≥
√

12LL̃′(θ) ≥ C · θ(4p−1)/2 for some
universal constant C > 0. Additionally, we have

|Tn − T | ≤ c′ · θ−1/2 log2p(n/δ)√
n

when θ ≥ c · max
{

|θ∗
n| , logp/(2p−1)(n/δ)

n1/4(2p−1)

}
with probability 1 − 10δ for some universal

constants c and c′. Furthermore, we can check that Tn ≥
√

12L · L̃′
n(θ) ≥ c′′θ(4p−1)/2

as long as θ ≥ c · max
{

|θ∗
n| , logp/(2p−1)(n/δ)

n1/4(2p−1)

}
with probability 1 − 2δ for some universal

constant c′′. These inequalities guarantee that∣∣∣FCNM(θ) − FCNM
n (θ)

∣∣∣ ≤ c1θ
−1/2 log2p(n/δ)√

n

for all θ ≥ c · max
{

|θ∗
n| , logp/(2p−1)(n/δ)

n1/4(2p−1)

}
with probability 1 − 14δ. As a conse-

quence, we conclude that the operator FCNM
n is UNS(−1/2)-unstable over the annulus

A(θ⋆, c logp/(2p−1)(n/δ)
n1/4(2p−1) , 1) with noise function ε = log2p(n/δ)√

n
where c is some universal

constant.
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Lower bound and monotonicity of cubic-regularized Newton updates: To
simplify the presentation, we only consider θ > 0 and the setting when global minima
θ∗
n are different from 0. As θ ≥ |θ∗

n|, the inequality FCNM
n (θ) ≥ |θ∗

n| is equivalent to

L̃′′
n(θ) +

√(
L̃′′
n(θ)

)2
+ 12LL̃′

n(θ) > 2L̃′′
n(θ̃)

for some θ̃ ∈ (|θ∗
n| , θ). This inequality holds since L̃′

n and L̃′′
n are positive and strictly

increasing when θ > |θ∗
n|, thereby completing the proof of claim (6.108).
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Chapter 7

Near-optimal inference in adaptive
linear regression

When data is collected in an adaptive manner, even simple methods like ordinary least
squares can exhibit non-normal asymptotic behavior. As an undesirable consequence,
hypothesis tests and confidence intervals based on asymptotic normality can lead to
erroneous results. I this chapter we propose a family of online debiasing estimators
to correct these distributional anomalies in least squares estimation. Our proposed
methods take advantage of the covariance structure present in the dataset and provide
sharper estimates in directions for which more information has accrued. We establish
an asymptotic normality property for our proposed online debiasing estimators under
mild conditions on the data collection process and provide asymptotically exact
confidence intervals. We additionally prove a minimax lower bound for the adaptive
linear regression problem, thereby providing a baseline by which to compare estimators.
There are various conditions under which our proposed estimators achieve the minimax
lower bounds up to logarithmic factors. We demonstrate the usefulness of our theory
via applications to multi-armed bandit, autoregressive time series estimation, and
active learning with exploration.

7.1 Introduction
Consider a prediction problem in which we observe n datapoints of the form (xi, yi) ∈
RD × R with covariate vector xi and response yi linked via the linear model

yi = x⊤
i θ

∗ + ϵi for i = 1, . . . , n. (7.1)

Here the vector θ∗ ∈ RD is an unknown parameter of interest, and ϵi is additive noise.
When the datapoints are generated via some i.i.d. sampling process, this model, and
in particular the behavior of the ordinary least squares (OLS) estimate θ̂LS, is very
well-understood. We focus here on a more challenging setting in which the covariate



vectors {xi}ni=1 have been adaptively collected, meaning that the choice of xi can
depend on the entire set of previous observations {xj, yj}i−1

j=1.
More precisely, given a filtration {Fi}ni=1, assume that xi is Fi−1-measurable

and that the additive error {ϵi}ni=1 is a martingale difference sequence with respect
to {Fi}ni=1, so that the random variable ϵi is finite-variance martingale difference
sequence, so that it is Fi-measurable, with

E[ϵi | Fi−1] = 0, and E[ϵ2
i |Fi−1] = σ2, (7.2)

for some non-random scalar σ2 > 0. We refer to the combination of the linear
observation model (7.1) with such (potentially) adaptive collection procedures as the
adaptive linear regression model. Instances of adaptive linear regression arise in a
variety of applications, including multi-armed bandits [LS20], active learning [Fon+19],
times series modeling [Box+15], stochastic control [Åst12], and adaptive stochastic
approximation schemes [Des+18; LW+82].

Let us discuss some known results for the OLS estimate θ̂LS. It can be expanded
in the form

θ̂LS = S−1
n X⊤

n yn = θ∗ + S−1
n

n∑
i=1

xiϵi, where Sn =
n∑
i=1

xix⊤
i . (7.3)

This decomposition reveals that the statistical properties of the OLS estimate depend
on the martingale transform ∑n

i=1 xiϵi, along with the random matrix S−1
n . There is

a lengthy literature on conditions under which the OLS estimate is consistent [Åst12;
Box+15; GP77; LR79; LRW79; LW+82]. Notably, [LW+82, Thm. 1] show that the
OLS estimate is strongly consistent, meaning that θ̂LS

a.s.−→ θ∗, whenever

λmin(Sn) a.s.−→ ∞ and log λmax(Sn)
λmin(Sn)

a.s.−→ 0. (7.4)

Arguably, these conditions for consistency are quite mild. In contrast, [LW+82,
Theorem 3] also show that asymptotic normality of the least squares estimator in the
adaptive linear regression model holds under a stability condition that is substantially
more restrictive—namely, the existence of a sequence {Bn}n≥1 of non-random strictly
positive definite matrices such that

B−1
n Sn

p−→ I. (7.5)

Moreover, [LW+82, Example 3] demonstrate through the example of a unit root
autoregressive model, that the OLS estimator fails to be asymptotically normal in
absence of the stability property (7.5). In such cases, confidence intervals and other
forms of inference performed using Gaussian limit theory are no longer valid.

Contributions
In this chapter, we propose and analyze a new family of estimators for the parameter
vector θ∗ and its coordinates based on online debiasing techniques. We show that,
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under mild conditions, our proposed estimators are both asymptotically unbiased
and asymptotically normal. The underlying assumptions are less stringent than the
stability condition (7.5) and are satisfied by a large class of models for data generation
and protocols for choosing covariate vectors. We provide a detailed discussion of
three such example classes in Section 7.4. By deriving minimax lower bounds on the
performance of any estimator, we show that the confidence intervals obtained using
our estimators are asymptotically near-optimal, in that they match the performance
of the best possible estimator up to a logarithmic factor.

Related work
The broader literature on bandit algorithms and experimentation focuses mostly on a
single statistical objective like minimizing regret or selecting an optimal arm with high
probability. In the papers [VBW15; XQL13], the authors empirically observed that
bandit algorithms induce bias, which can be problematic for ex-post inference. Later
works [Nie+18; SRR19a; SRR19b] characterize the sign and bound the magnitude of
this bias. In the paper [Had+19], the authors develop estimators that use propensity
scores for the multi-armed bandit setting, a special case of the stochastic regression
model (7.1) in which the covariate vectors xi are restricted to standard basis vectors.
However, it is not clear how to extend this approach to general designs. Also in the
bandit setting, Zhang et al. [ZJM20] develop a least squares estimator that exploits
an assumed batch structure, meaning that only a fixed, finite number of adaptive
decisions are made. This approach, however, does not apply to more general schemes
that make adaptive decisions at each round. Recently, Zhang et al. [ZJM] proposed a
weighted M-estimator for contextual bandit problems where the bandit algorithm is
known. It is also not clear how to generalize this approach to a more general data
collection scheme or to the case when the data collection algorithm is not completely
known.

There is also a parallel line of work that exploits concentration of measure results
(e.g., see the papers [BLM13; Wai19b]) to develop confidence regions that are valid
uniformly in time. This approach has its roots in the bandits literature [APS11;
Jam+14] and has been refined in more recent work [How+; KK18]. An advantage
of this approach is that it yields bounds that are uniform in time. On the flip side,
it requires very strong exponential tail conditions on the error sequence in contrast
to the relatively mild moment conditions that we impose. Overall, we view this line
of work as being complementary to our goal of developing corrected estimators that
obey asymptotic normality.

This chapter builds upon and extends past work, due to a subset of the current
authors [DJM19; Des+18], using online debiasing techniques. We begin with a lower
bound, stated in Theorem 2, that shows that it is the matrix sequence S−1

n that
controls the fundamental difficulty of the problem. This lower bound motivates the
particular form of debiasing proposed in this chapter. The construction used in past
work [DJM19; Des+18] is based on a non-adaptive upper bound of the form λ∗I,
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where the scalar λ∗ is chosen to be much larger than λmax(S−1
n ) with high probability.

By sharp contrast, our analysis instead makes use of an adaptive upper bound
that simultaneously respects the structure of S−1

n and leads to a stable martingale
transform; this particular construction and our analysis thereof allows us to obtain
sharper guarantees than past work [DJM19; Des+18].

Notation
Let us summarize some notation used throughout the remainder of the chapter. For
a positive integer n, we make use of the convenient shorthand [n] := {1, 2, . . . , n}.
We use ej to denote the jth standard basis vector in RD. For a matrix M, we use the
notation |||M|||op and ∥M∥F to denote the operator norm (maximum singular value)
and the Frobenius norm of the matrix M, respectively; similarly, we use the notation
∥M∥max to denote the maximum entry in absolute value. For a square matrix S,
the quantities λmax(S) and λmin(S) respectively denote the maximum and minimum
eigenvalue of the matrix S. The quantity tr(S) denotes the sum of diagonal entries of
the square matrix S. For a pair of squares matrices (A,B) of compatible dimensions,
we use the notation A ≽ B to indicate that the difference matrix A − B is positive
semidefinite; we use the notation A ≻ B when the difference matrix A − B is positive
definite. The relations A ≼ B and A ≺ B are defined analogously. For a symmetric
positive semidefinite matrix S, we use S 1

2 to denote a symmetric matrix square root
of the matrix S.

For a sequence of random variables {Zn}n≥1 and a random variable Z, we use
the notation Zn

p−→ Z to denote that the sequence of random variables {Zn}n≥1

converges to Z in probability; the notation Zn d−→ Z is used to denote convergence in
distribution. For a sequence of real-valued random variables {Zn}n≥1 and a sequence
of non-zero real numbers {an}n≥1, we say that Zn = op(an), if the ratio Zn

an

p−→ 0. We
use the notation Zn = Op(an) to mean that the ratio Zn/an is stochastically bounded.
More precisely, for every scalar ϵ > 0, there exits a positive real number Cϵ such that
sup
n≥1

P[Zn/an > Cϵ] < ϵ.

7.2 From ordinary least squares to online
debiasing

In this section, we begin by motivating the work by discussing how classical theory
about ordinary least squares estimate can break down when data is collected in an
adaptive manner. We then introduce a family of online debiasing estimators for
computing alternative estimates.
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Figure 7.1. Quantitative behavior of the first coordinate θ̂1 of the ordinary least
squares estimator θ̂LS := (θ̂1, θ̂2) on a dataset drawn from the ε-greedy two-armed
bandit model of Section 7.2. The results are obtained with a dataset of size n = 1000
and 5000 independent replications. (a) The distribution of θ̂2−θ∗

2√
(S−1

n )22
is far from

standard Gaussian. (b) The bimodal distribution of (Sn/n)22 suggests that the
scaled covariance matrix Sn/n does not converge to a deterministic matrix.

Breakdown of the ordinary least squares estimator
Let us begin by considering the behavior of the OLS estimator θ̂LS (7.3). When the
covariates {xi}i≥1 are either fixed or independently sampled from a fixed distribution,
it has several optimality properties. Accordingly, it is natural to ask what the
performance of the OLS estimator is when the covariates {xi} are drawn in an
adaptive manner.

In order to fix ideas, let us consider a two-armed bandit problem [LS20], a special
case of the linear regression model (7.1) with each xi chosen to be either (1, 0)⊤ or
(0, 1)⊤ based on the prior data {xj, yj | j ≤ i− 1}. In order to generate the covariates
{xi}ni=1, suppose that we apply the ε-greedy selection algorithm, a popular choice for
tackling bandit problems [LS20].

A simple simulation helps to reveal some interesting phenomena. We generated
linear regression data using ε-greedy selection algorithm with the choices ε = 0.1,
θ∗ = (0.3, 0.3)⊤, and noise variables ϵi i.i.d.∼ N (0, 1). Let θ̂2 denote the first coordinate
of the OLS estimator fit to the bandit data. Figure 7.1(a) demonstrates that the
distribution of θ̂2, even after proper re-centering and scaling, does not converge to a
standard normal distribution. As an undesirable consequence, the confidence intervals
for θ∗

2, usually constructed using the quantiles of a standard normal random variable,
are not valid.

Let us try to understand why the OLS estimate fails to be asymptotically normal.
Figure 7.1(b) plots a histogram of the (2, 2) entry of the scaled sample covariance
matrix Sn/n. The bimodal behavior suggests that Sn/n fails to converge to a non-
random matrix B and indicates that the stability condition (7.5) is not satisfied.
Indeed, in a recent paper [ZJM20], the authors show that when θ∗

1 = θ∗
2 as in our

266



example, the OLS estimator, after proper centering and scaling, converges to a
distribution which is not a standard Gaussian distribution.

It turns out that this distributional anomaly of the OLS estimator is neither
specific to the two-armed bandit problem [LS20] nor to the ε-greedy algorithm used
to simulate the data for Figure 7.1. The same phenomenon was documented in the
time-series and forecasting literature half a century ago, dating back to the works
of [DF79; Whi58] and [LW+82]. More recent work [Des+18; ZJM20] has highlighted
that a similar phenomenon commonly occurs in multi-armed bandit problems when
using popular selection algorithms, including Thompson sampling and the upper
confidence bound (UCB) algorithm [LS20].

In Section 7.2, we rectify the distributional anomaly of the OLS estimator by
proposing an estimator based on the online debiasing principles of [Des+18] and
show that our online debiasing estimator exhibits asymptotic normality even in the
absence of the stability condition (7.5). In Section 7.4, we demonstrate the usefulness
of our theory via applications to the multi-armed bandit problems, autoregressive
time series, and active learning problems with exploration.

Online debiasing estimator
In this section, we propose and analyze an estimator based on an online debiasing
technique motivated by the work of [Des+18]. At a high-level, the estimator involves
a specific perturbation of the ordinary least squares estimator θ̂LS. This perturbation
is constructed via a linear combination of the prediction errors {yi − x⊤

i θ̂LS}ni=1 along
with a carefully chosen sequence of weight vectors {wi}ni=1. The key property ensured
by the construction is that the weight vector wi is Fi−1 measurable for each i ∈ [n].

Concretely, for weight vectors {wi}ni=1, we compute the online debiasing estimate

θ̂OD := θ̂LS + S− 1
2

n

n∑
i=1

wi(yi − x⊤
i θ̂LS). (7.6)

Here the reader should recall our earlier definition Sn := ∑n
i=1 xix⊤

i , and throughout,
we assume that the sample covariance Sn is invertible. The matrix S− 1

2
n denotes a

symmetric matrix square root of S−1
n .

Of course, there is an infinite family of estimators of the form (7.6), and the key
question is how to define the weight vectors. In this chapter, we propose an estimator
in which the sequence {wi}ni=1 is obtained by solving an optimization problem that
takes three inputs:

(i) the original data {(xi, yi)}ni=1,

(ii) a non-random scalar γn ∈ (0, 1], and

(iii) a sequence of symmetric positive semidefinite matrices {Γi}ni=1 such that Γi ∈
Fi−1 for each i ∈ [n].
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In order to simplify notation, we adopt the shorthand zi := Γ− 1
2

i xi. Moreover, for
each index i ∈ [n], we define the matrices

Z⊤
i :=

[
z1 z2 · · · zi

]
, and Wi :=

[
w1 w2 · · · wi

]
We also define W0 = 0 and Z0 = 0. With these definitions the vectors {wi}ni=1 are
obtained recursively by solving the following convex program

wi := arg min
w∈RD

{
∥I −Wi−1Zi−1 − wz⊤

i ∥2
F + γn

2 ∥w∥2
2

}
. (7.7a)

Conveniently, this optimization problem has the following explicit solution

wi = (I −Wi−1Zi−1)zi
(γn/2) + ∥zi∥2

2
. (7.7b)

7.3 Main results
Having motivated and introduced the online debiasing approach, we now turn to
some theoretical guarantees that can be given for these methods.

We begin in Section 7.3 by providing sufficient conditions for the online debiasing
estimator of Section 7.2 to exhibit asymptotically Gaussian behavior (Theorem 1).
In Section 7.3, we provide an asymptotically exact confidence region for θ∗ as well as
an asymptotically exact confidence interval (Proposition 1) for v⊤θ∗, where v is an
arbitrary fixed direction v ∈ Rd. In Section 7.3 (Theorem 2), we complement these
results by providing minimax lower bounds on a family of Mahalanobis errors and
the length of confidence intervals. These lower bounds apply to any estimator for
the stochastic regression model which does not know the true value of the target
parameter θ∗ but may have the full knowledge of how the data was collected. Finally,
in Section 7.3 we provide general strategies which can be used to verify the conditions
of Theorem 1. All of our asymptotic statements assume that the dimension D is fixed
(constant) while the sample size n grows.

Asymptotic normality guarantees
The main result of this section is an asymptotic normality guarantee for the proposed
estimator (7.6), where the weight vectors are defined via the recursion (7.7).

We begin by stating our assumptions and providing some intuition about their
role in the theorem.

Assumption A

(A1) There are positive scalars σ and ∆ such that the noise sequence {ϵi}ni=1 satisfies
the conditions E[ϵi | Fi−1] = 0 and E[ϵ2

i | Fi−1] = σ2 for all i ∈ [n] and moreover

max
i∈[n]

E[ϵ2+∆
i | Fi−1] < ∞.
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(A2) The sequence of matrices {Sn}n≥1 satisfy the conditions λmin(Sn) a.s.−→ ∞ and
log λmax(Sn)
λmin(Sn)

a.s.−→ 0.

(A3) For each n, the scalar γn > 0 and positive semidefinite matrices {Γi}ni=1 with
Γi ∈ Fi−1 are chosen such that:

(a) Asymptotic negligibility: max
i∈[n]

{
1
γn

x⊤
i Γ−1

i xi
}

p−→ 0,

(b) Vanishing bias:
√
γn log λmax(Sn) · |||I −WnXnS

− 1
2

n |||op
p−→ 0, and

(c) Variance stability: |||I −
n∑
i=1

wix⊤
i Γ− 1

2
i |||op

p−→ 0.

Let us provide some intuition for the role of each of these assumptions in the
theorem. First, Assumption (A1) is quite simple: it imposes relatively mild moment
conditions on the noise variables. Second, as discussed in the introduction, Assump-
tion (A2) is standard in guaranteeing the consistency of the least squares estimate.
Both Assumptions (A1) and (A2) are viewed as mild conditions in the stochastic
linear regression literature and are satisfied by many practical models including those
studied in this work [Des+18; LR79; Lai94; LW+82]. Note that Assumptions (A1)
and (A2) concern the regression model itself as opposed to the method: in particular,
they do not depend on the algorithm parameters γn and {Γi}ni=1.

The more subtle requirements for our theorem to apply, which do depend on the
algorithm parameters, are stated in Assumption (A3). We discuss the technical role
of these conditions in the comments after Theorem 1 to follow. In Section 7.3 to
follow, we provide concrete choices of the algorithm parameters γn and {Γi}ni=1 that
ensure that Assumption (A3) holds.

With these preliminaries in place, we are now equipped to state our main theorem
on the online debiasing estimator θ̂OD:

Theorem 1. Under Assumptions (A1)–(A3) and given any consistent estimator σ̂2

of σ2, we have √
γn
σ̂2 · S

1
2
n (θ̂OD − θ∗) d−→ N (0, I). (7.9)

We prove this theorem in Section 7.5.

A few comments on this theorem are in order. First, it should be noted that
needing a consistent estimate for the error variance σ2 is a mild requirement; under
our conditions, it can be obtained using the training mean squared error of the OLS
estimate (see Lemma 3 in the paper [LW+82] for details).
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A second important fact is that Assumption (A3) is considerably weaker than
the stability condition (7.5) required for asymptotic normality of the OLS estimate.
To reinforce this point, Section 7.4 provides a detailed discussion of three classes of
problems for which OLS fails to be asymptotically normal but the guarantee (7.9)
still holds for the online debiasing estimator.

Of all the conditions of Theorem 1, verifying the variance stability condition in
Assumption (A3) part (c) is the most challenging, and our arguments for doing so
vary from problem to problem. In Corollaries 1 and 2, respectively, we verify the
variance stability condition for multi-armed bandit problems and autoregressive time
series models. In Corollary 3, we verify this condition for a large class of problems
satisfying a sufficient exploration condition.

Let us discuss how Assumption (A3) enters the proof of Theorem 1. Our argument
is based on the decomposition

√
γn · S

1
2
n (θ̂OD − θ∗) = bn + vn, where (7.10a)

bn := √
γn ·

(
I −WnXnS

− 1
2

n

)
(θ̂LS − θ∗) and (7.10b)

vn := √
γn ·

n∑
i=1

wiϵi. (7.10c)

By construction, the term bn corresponds to the bias in our estimate, a quantity that
must be shown to vanish. In order to do so, we first derive an upper bound on the
norm ∥bn∥2. The “vanishing bias” condition stated in Assumption (A3)(b) enters in
showing that, via our choices of the tuning parameters γn and {Γi}ni=1, this upper
bound converges to zero in probability.

The random vector vn defines a zero-mean martingale, and our proof controls
its behavior via a standard martingale central limit theorem. Doing so requires
a Lindeberg type condition on the weight vectors {wi}ni=1, as given in part (a)
of Assumption (A3). Moreover, it requires that the conditional covariance of the
martingale behave suitably, in which context part (c) of Assumption (A3) enters.

Obtaining confidence regions and intervals
In this section, we use the online debiasing procedure to obtain asymptotically exact
confidence regions and intervals.

Confidence region for θ∗

First, consider the problem of finding a confidence region for θ∗—that is, a (random)
set A1−α that contains θ∗ with probability at least 1 − α. We would like a set that is
as small as possible, asymptotically exact in the sense that its coverage converges to
1 − α.
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Theorem 1 allows us to construct such a set in the following straightforward way.
For any α ∈ (0, 1), consider the subset of Rd given by

A1−α =
{
θ ∈ Rd | γn

σ̂2 · (θ̂OD − θ)⊤Sn(θ̂OD − θ) ≤ χ2
d,1−α

}
where χ2

d,1−α denotes the (1 −α)-quantile for a standard chi-squared distribution with
degrees of freedom d. From the result of Theorem 1, we have the guarantee

lim
n→∞

P(θ∗ ∈ A1−α) = 1 − α,

In many applications, however, instead of a confidence region for the full vector
θ∗, we are instead interested in obtaining a confidence interval for the scalar quantity
v⊤θ∗, where v ∈ Rd is a fixed direction. It turns out that Theorem 1 no longer
provides a straightforward answer to this question. In order to understand why, it is
useful to begin by following a naive line of reasoning that is incorrect and then show
how it can be fixed.

An incorrect argument

In order to obtain a confidence interval for v⊤θ∗, it might be tempting to “directly
invert” the distributional property (7.9). In particular, letting z1−α/2 = Φ−1(1 − α/2)
denote the 1 − α/2 quantile of the standard Gaussian distribution, we might claim
that the interval[

v⊤θ̂OD − σ̂√
γn

(v⊤S−1
n v) 1

2 z1−α/2, v⊤θ̂OD + σ̂√
γn

(v⊤S−1
n v) 1

2 z1−α/2
]
, (7.11)

is an asymptotically exact 1 − α confidence interval for v⊤θ∗.
Unfortunately, the conclusion (7.11) is based on faulty logic, namely that the

asymptotic guarantee (7.9) allows us to write
√
γn
σ̂

· (θ̂OD − θ∗) ≈ N (0,S−1
n ). (7.12)

This statement is loose in nature; in the absence of the stability condition (7.5), there
is no rigorous and correct form of this statement, since the random matrix Sn is
dependent on the estimate θ̂OD. Thus, in absence of any further assumptions on the
matrix Sn or direction vector v, the interval (7.11) is not a valid CI for v⊤θ∗.

Nonetheless, there are certain special cases in which the interval (7.11) is a valid
CI. Concretely, suppose that v = ej is one of the standard coordinate basis vectors
and that Sn is diagonal as in the multi-armed bandit setting studied in Section 7.4.
In this case, the calculations of Section 7.8 show that the interval (7.11) is valid.
More generally, given an arbitrary direction v, our strategy will be to run a variant
of online debiasing that effectively reduces the problem to this favorable case.
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Correct fixed-direction confidence intervals

Let us now describe the variant of online debiasing that can be used to obtain
asymptotically correct confidence intervals for fixed directions. Let v ∈ Rd be the
direction of interest; without loss of generality, we assume that ∥v∥2 = 1. We now
form an orthonormal basis of Rd with v as its first element—that is, a collection
of orthonormal vectors {v1 = v, v2, . . . , vd}. Let V be the matrix with v⊤

j as its jth
row. Note that we have VV⊤ = I and V⊤e1 = v by construction. Using these two
properties, we can rewrite our model as

v⊤θ∗ = e⊤
1 Vθ∗ and yi = ⟨Vxi, Vθ∗⟩ + ϵi for all i = 1, . . . , n.

Consequently, in this new basis, estimating the scalar v⊤θ∗ is same as estimating the
first coordinate of transformed vector Vθ∗.

This fact allows us to define a variant of online debiasing that supports asymp-
totically exact confidence intervals for v⊤θ∗. In particular, let us introduce the
notation

xv,i = Vxi, Xv,n = XnV⊤, Sv,n = (VSnV⊤)−1, and Ωv,n = S−1
v,n.

Define the block diagonal matrix Dv,n as by

D
1
2
v,n =

ω− 1
2

11 0⊤

0 Ω− 1
2

22

 where Ωv,n =
(
ω11 Ω12
Ω21 Ω22

)
, (7.13)

where the matrix Ω− 1
2

22 denotes the symmetric square root of the matrix Ω−1
22 . Now

consider the estimator

θ̂v,diagOD := θ̂v,LS + βn · D− 1
2

v,n

n∑
i=1

wi(yi − x⊤
v,iθ̂v,LS), (7.14)

where βn := |||D
1
2
v,nS

− 1
2

v,n |||op is a scalar which is at least 1 by definition, and θ̂v,LS :=
S−1
v,nX

⊤
v,ny is the OLS estimator using the data {yi,Vxi}ni=1. We analyze the behavior

of θ̂v,diagOD under the following variant of Assumption (A3).

Assumption (A3)′

(A3)′ For each n, the scalar γn > 0 and positive semidefinite matrices {Γi}ni=1 with
Γi ∈ Fi−1 are chosen such that:

(a) Asymptotic negligibility: max
i∈[n]

{
1
γn

x⊤
v,iΓ−1

i xv,i
}

p−→ 0,

(b) Vanishing bias:
√
γn log λmax(Sv,n) · ||| 1

βn
· D

1
2
v,nS

− 1
2

v,n −WnXv,nS
− 1

2
v,n |||op

p−→ 0,

(c) Variance stability: |||I −
n∑
i=1

wix⊤
v,iΓ

− 1
2

i |||op
p−→ 0.
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Proposition 1. Under Assumptions (A1),(A2), and (A3)′, given any consistent es-
timator σ̂2 of σ2, the following interval is an asymptotically exact 1 − α confidence
interval for v⊤θ∗

[
e⊤

1 θ̂v,diagOD − βnσ̂√
γn

(v⊤S−1
n v) 1

2 z1−α/2, e⊤
1 θ̂v,diagOD + βnσ̂√

γn
(v⊤S−1

n v) 1
2 z1−α/2

]
. (7.16)

See Section 7.8 for the proof of this claim.
A few comments regarding Proposition 1 are in order. Observe that the length of

the confidence intervals (7.16) matches the length of the confidence interval (7.11)
up to a multiplicative factor βn. Thus, it is interesting to understand the value of the
scalar βn. Note that β2

n = λmax(D
1
2
v,nS−1

v,nD
1
2
v,n), and a little calculation yields

D
1
2
v,nS−1

v,nD
1
2
v,n = Id +

 0 (Ω− 1
2

22 Ω21ω
− 1

2
11 )⊤

Ω− 1
2

22 Ω21ω
− 1

2
11 0d−1

 .
Thus, we have

1 ≤ β2
n = 1 + 2 · ∥Ω− 1

2
22 Ω21ω

− 1
2

11 ∥2
2, (7.17)

which yields βn ≈ 1 when the vector Ω21 ≈ 0. To gain further intuition on when
βn ≈ 1, let us assume v = e1, i.e., we are interested in obtaining a confidence interval
for the coordinate θ∗

1. In this case, a natural choice of the basis matrix is V = I,
and as a result, we have Ω21 = (S−1

n )21 = (S−1
21 , . . . ,S−1

d1 ). Recall that for j ̸= 1, the
entry S−1

j1 is proportional to the (empirical) partial correlation coefficient between
the first and the jth coordinate, conditioned the remaining d − 2 coordinates of x;
meaning that Ω21 ≈ 0 when the first coordinate of x has small correlation with all
linear functions of the other d− 1 coordinates of x.

Finally, we point out that the assumption (A3)′ is not significantly stronger than
the original assumption (A3). To fix ideas, we again assume v = e1 and V = I. In
that case, assumption (A3)′ and (A3) only differ in the vanishing bias condition (b).
Assuming

√
γn log λmax(Sn) = op(1) and condition (A3)(b) holds, we have

√
γn · log λmax(Se1,n) · ||| 1

βn
· D

1
2
nS− 1

2
n −WnXnS

− 1
2

n |||op

≤
√
γn · log λmax(Sn) · ||| 1

βn
· I −WnXnS

− 1
2

n |||op

+
√
γn · log λmax(Sn) · (1 + 1

βn
· |||D

1
2
nS− 1

2
n |||op)

= op(1) + op(1) p−→ 0. (7.18)

The first step uses the fact λmax(Sn) = λmax(Sv,n) for any basis matrix V. The second
step uses the vanishing bias condition (A3)(b), the fact that the dimension d is fixed,
and the upper bound |||D

1
2
nS− 1

2
n |||op = βn.
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Minimax lower bounds
Thus far, we have derived two guarantees for online debiasing procedures: asymptotic
normality in Theorem 1 along with confidence intervals in Proposition 1. It is natural
to wonder in what sense these guarantees are optimal. Accordingly, this section is
devoted to lower bounds that apply to the performance of any estimator θ̂. These
bounds are derived within the classical minimax framework and cover two particular
risk measures.

Our first risk measure involves the Mahalanobis pseudometric: given an arbitrary
positive semidefinite matrix M, possibly random, this pseudometric1 is given by

∥θ̂ − θ∗∥M := ∥M
1
2 (θ̂ − θ∗)∥2, (7.19)

and we provide lower bounds on the squared form of this pseudometric in part (a) of
Theorem 2, below. Notably, our analysis allows for the matrix M to also depend on
the dataset {xi, yi}ni=1 itself, so that for example, setting M = Sn is a valid choice.

Our second risk measure corresponds to the length of a two-sided confidence inter-
val. For a given vector v ∈ RD and significance level α ∈ (0, 1), let Iα,v ≡ [ℓα, uα] ⊆ R
be any level α confidence interval for the scalar v⊤θ∗, so that by definition, we have

Pθ∗

[
v⊤θ∗ ∈ Iα,v

]
≥ 1 − α for all θ∗ ∈ Rd. (7.20)

We are interested in finding the smallest such confidence interval, and part (b) of
Theorem 2 provides a lower bound on its length |Iα,v| := uα − ℓα.

Our bounds apply to any estimator θ̂, meaning a measurable function of the data
as well as the data collection process. The data collection process is summarized
by a collection of (potentially randomized) selection algorithms, each of the form
ψi : (R × RD)i−1 → RD, which take the observed data {(xj, yj)}i−1

j=1 up to time i
and output a new observation xi. With a slight abuse of notation, we refer to
Ψn := (ψi)i∈[n] as the selection algorithm of the data collection process.

Theorem 2. Fix any selection algorithm Ψn. Under the linear model (7.1) with i.i.d.
Gaussian noise ϵi ∼ N (0, σ2) and data collected using Ψn, the following results hold.

(a) For any choice of M such that E[tr(S−1
n M)] is finite, we have

inf
θ̂

sup
θ∗∈Rd

E∥θ̂ − θ∗∥2
M ≥ σ2E[tr(S−1

n M)
]
, (7.21a)

where the infimum is taken over any estimator θ̂ of θ∗, potentially depending
on the selection algorithm Ψn.

1We parameterize the Mahalnobis pseudometric slightly differently than standard definitions,
using M as opposed to its inverse for the quadratic form. This is only for notational ease when M
has a non-trivial null space.
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(b) If E[Sn] exists and is invertible, then, for any direction v ∈ RD and α ∈ (0, 1/8),

inf
Iα,v

sup
θ∗∈Rd

E
[
|Iα,v|

]
≥ σ ·

(
1
2 − 2α

)
·
(
v⊤
(
E[Sn]

)−1
v
) 1

2
, (7.21b)

where the infimum is taken over any valid level 1 − α confidence interval Iα,v
for v⊤θ∗ (cf. definition (7.20)), potentially depending on the selection algorithm
Ψn.

We provide the proofs of Theorem 2(a) and Theorem 2(b) in Sections 7.5 and 7.5,
respectively.

Comments on the MSE bound
In order to gain intuition for the MSE bound in part (a), it is helpful to begin with
the simplest case—that is, the non-adaptive setting. Let us consider the classical
setting of fixed design linear regression, in which the covariates (and hence Sn) are
viewed as fixed, and the additive noise is zero-mean Gaussian with variance σ2. In
this case, the standard OLS estimate θ̂LS has a Gaussian distribution N (θ∗, σ2S−1

n ).
Consequently, for any fixed matrix M, we have

E∥θ̂ − θ∗∥2
M = σ2E[tr(S−1

n M)], (7.22)

so that the lower bound (7.21a) is sharp.
Of course, the more substantive content of Theorem 2(a) lies in the fact that

it allows for adaptive data collection, along with potentially random choices of M.
One interesting choice is the random matrix M = Sn, for which the bound (7.21a)
guarantees that E[∥θ̂ − θ∗∥2

Sn
] ≥ σ2D. It is worth comparing this lower bound to

Theorem 1. From the arguments used to prove this theorem, and under a mildly
stronger assumption (A3) where the convergence in distribution conditions are replaced
by convergence in L1, it can be shown (see Section 7.5) that

lim
n→+∞

γn∥θ̂OD − θ∗∥2
Sn

= σ2d. (7.23)

As discussed in the following section (Section 7.4), in many practical problems of
interest, the tuning parameter γn typically scales logarithmically in the sample size n,
and also our choice of the tuning parameters ensure that the aforementioned stronger
version of assumption (A3) is satisfied. Consequently, the result (7.23) combined
with the lower bound (7.21a), shows that the online debiasing procedure is minimax
optimal up to logarithmic factors.

Another interesting choice is the matrix M = e1e
⊤
1 , for which the lower bound (7.21a)

guarantees that the minimal mean-squared error for estimating the first coordinate
θ∗

1 is determined by σ2E[(S−1
n )11].
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Comments on the CI bound
Theorem 2(b) provides a lower bound on the length of the confidence interval v⊤θ∗

which is valid when the data set is collected in an adaptive manner. To the best
of our knowledge, this is the first result providing a lower bound on the confidence
interval in an adaptive setting.

It is worth comparing this lower bound (7.21b) to the guarantees provided by the
CI construction underlying Proposition 1. First, the pre-factor c = (1

2 − 2α) is an an
artifact of our proof technique. We suspect that it might be possible to remove with
a more careful argument. Let us point out a more substantive issue in comparing the
two results. From the result (7.21b), any confidence interval satisfies the lower bound

1
σ2E

[
|Iα,v|2

]
≿ vT

(
E[Sn]

)−1
v. (7.24a)

On the other hand, if we ignore the difference between σ and σ̂, assume βn = 1 (the
multi-armed bandits with v = ei for instance), and take a deterministic γn, the CI
given by Proposition 1 satisfies

γn
4σ2z2

1−(α/2)
E
[
|Iα,v|2

]
= vTE

[
S−1
n

]
v

(i)
≥ vT

(
E[Sn]

)−1
v, (7.24b)

where inequality (i) follows from Jensen’s inequality. We suspect that the lower
bound (7.21b) is not sharp and that the length of optimal CIs should depend on
v⊤E

[
S−1
n

]
v. However, this conjecture remains to be verified.

Choices of the tuning parameters
Let us now return to the practical issue of choosing the tuning parameters γn
and {Γi}ni=1 of our debiasing procedures. In particular, these parameters must be
chosen appropriately so as to ensure that either Assumption (A3), or its variant in
Assumption (A3)′, is satisfied. In this section, we explore a class of feasible choices of
these parameters.

In particular, we analyze choices that are based upon on a deterministic matrix
Ln that acts as a lower bound to the sample covariance matrix Sn. Let {Ln}n≥1
be a sequence of D × D diagonal matrices with nonnegative entries satisfying the
conditions

|||L
1
2
n diag(S−1

n )L
1
2
n |||op = Op(1) and λmin(Ln) a.s.−→ ∞. (7.25)

For a given n, we define a collection of (diagonal) scaling matrices

Γi,n := max
{

diag
(
S−1
i

)−1
,Ln

}
(7.26a)
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where max{·, ·} denotes the element-wise maximum operator.2 Next, we choose a
sequence of tuning parameters {γi}ni=1 such that

max
i∈[n]

1
γn

x⊤
i L−1

n xi
p−→ 0. (7.26b)

We point out that it is relatively straightforward to find a diagonal matrix Ln

satisfying the condition (7.25). To fix ideas, let us assume that the covariates satisfy
∥xi∥2

2 ≤ 1 for all i ∈ [n] and that the minimum eigenvalue of the matrix Sn satisfies
λmin(Sn) ≥ (log n)1+2δ with high probability, for some scalar δ > 0; the last condition
on λmin(Sn) is only slightly stronger than the minimum eigenvalue condition in
Assumption (A2). Then, with the choice Ln = (log n)1+2δ · I, the condition (7.25) is
satisfied. Moreover, in this case, the condition (7.26b) is satisfied for γn = 1

(logn)1+δ .

Proposition 2. Consider the solutions {wi}ni=1 obtained from the optimization prob-
lem (7.7a) using the tuning parameters γn and {Γi,n}ni=1 defined in equations (7.26a)–
(7.26b). Then we have the operator norm bound

|||I −WnXnS
− 1

2
n |||op = Op(D2). (7.27)

In particular, if γn = op (D2 log λmax(Sn)), the vanishing bias and asymptotic negligi-
bility conditions in Assumption (A3) are satisfied.

See Section 7.8 for the proof of this claim.

Sharper bound for multi-armed bandits
The dimension dependence of the upper bound (7.27) can be removed in many concrete
applications in which we have additional information about the data generating
process.

As one concrete example, in the multi-armed bandit model of the sequel (Sec-
tion 7.4), the upper bound can be sharpened to

|||I −WnXnS
− 1

2
n |||op = Op(1). (7.28)

See the end of Section 7.8 for a proof of this claim, and see the proofs of the Corollar-
ies 1, 2, and 3 in the sequel for more details.

2The choice (7.26a) of scaling matrix is especially easy to understand for multi-armed bandit
problems, where the scaling matrix Γi,n can be written as Γi,n = max {Si, Ln}. Assuming that
Si = max{Ln,Si} for large value of i, we see that the tuning parameter Γi,n is the sample covariance
matrix up to time i. This assumption indeed holds for Corollaries 1– 3 to be presented in the sequel.
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7.4 Applications
We next illustrate the concrete consequences of our results in a number of common
adaptive learning settings. Sections 7.4 and 7.4 are devoted to multi-armed bandit
problems and autoregressive time series models respectively, while Section 7.4 discusses
active learning with exploration. We end each section with an empirical evaluation of
online debiasing. Specifically, we compare the confidence interval (CI) coverage and
width of four methods: our online debiasing estimator (7.6), OLS (7.3) with standard
but potentially invalid Gaussian intervals, the W-decorrelation estimator of [Des+18],
and a valid CI based on the concentration inequality of [APS11]. We highlight that the
CIs for OLS are based on the distributional assumption S

1
2
n (θ̂LS − θ∗) ∼ N (0, I). This

property, while true when covariates are selected {xi}ni=1 in a non-adaptive manner,
need not hold when the covariates {xi}ni=1 are collected adaptively [Des+18; ZJM20];
as a result, the corresponding CIs need not give the correct coverage. Meanwhile, the
valid concentration inequality-based intervals [APS11] are guaranteed to provide at
least the nominal coverage but are often unnecessarily wide.

Multi-armed bandits
Consider a multi-armed bandit with D arms indexed by the set [D] := {1, . . . , D}. At
each time i ∈ [n], a bandit algorithm selects an arm ki ∈ [D] and observes the reward

yi = e⊤
ki
θ∗ + ϵi, (7.29)

where eki
is the kthi basis vector in dimension D and θ∗ ∈ RD is the vector containing

the mean rewards of D arms. We assume that the noise sequence {ϵi}ni=1 satisfies
Assumption (A1). Notably, the multi-armed bandit model (7.29) is a special case of
the adaptive linear regression model (7.1) with xi = eki

for each i ∈ [n].
Since the bandit observation model (7.29) has a simple linear form, the OLS

solution θ̂LS is a standard estimate of the reward vector θ∗ ∈ RD. As we mentioned
earlier, the behavior of the OLS estimate depends on the stability of the matrix Sn;
see the covariance stability condition (7.5). In the paper [Des+18], the authors
conjectured based on empirical evidence that for various popular data selection
algorithms, including the Upper Confidence Bound (UCB), Thompson Sampling,
and ε-greedy algorithms (see the book [LS20]), the stability condition (7.5) is not
satisfied when there are multiple optimal arms. In recent work, Zhang et al. [ZJM20]
established the validity of this conjecture for the two-armed bandit problem: when
the two means are equal, then the OLS estimate fails to have a Gaussian limiting
distribution.

In sharp contrast to these negative results for OLS, Corollary 1 to follow guarantees
that the online debiasing estimator (7.6) is asymptotically normal under a mild
assumption on the minimum number of times that each arm is pulled. More precisely,
for each arm k ∈ [D] and round i ∈ [n], let Nk,i denote the number of times k is
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pulled in the first i rounds, and define the minimum Nmin := min
k∈[d]

Nk,n, and maximum
Nmax = max

k∈[d]
Nk,n arm counts. Then the scaled sample covariance is a D×D diagonal

matrix, in which the kth diagonal entry corresponds to the number of times that arm
k is pulled within the first i rounds:

Si = diag (N1,i, . . . , ND,i) . (7.30)

We assume a lower bound on the minimum number of times that each arm is
pulled—namely,

Nmin ≥ (log n)1+2δ for some δ > 0. (7.31)

Moreover, we implement the debiasing estimate (7.6) with the choice of tuning
parameters

γn = 1
(log n)1+δ and Γi,n = max

{
Si, (log n)1+2δ · ID

}
, (7.32)

where max {·, ·} denotes the element-wise maximum operator.

Corollary 1. Suppose the minimum arm pull condition (7.31) and the moment
condition (A1) are valid. Then, given any consistent estimate σ̂2 of the error variance
σ2, the estimate θ̂OD obtained using the tuning parameter choices (7.32) satisfies

(σ̂2 · (log n)1+δ
)−1/2

· S
1
2
n

(
θ̂OD − θ∗

) d−→ N (0, I). (7.33)

See Section 7.6 for the proof of this claim. Corollary 1 also enables us to construct
asymptotically exact confidence regions for θ∗. Moreover, the sample covariance
matrix Sn is diagonal, and as a result, we can also construct confidence intervals of
the coordinates θ∗

i ; see the proof of Proposition 1 for details. Finally, for a direction
v which is not a standard basis direction, we can obtain an asymptotically exact
1 − α confidence interval of v⊤θ∗ using Proposition 1; see the comments following
Corollary 3 for further details.

Numerical experiment

Figure 7.2 illustrates the performance of online debiasing with bandit tuning (7.32)
and δ = 0.05. Here we consider a two-armed bandit problem (7.29) with arm-mean
vector θ∗ = (0.3, 0.3)⊤ and i.i.d. standard normal error {ϵi}ni=1. The covariates {xi}ni=1
were generated using the Thompson sampling algorithm [Tho33], and we consider
confidence intervals (CIs) for θ∗

1.
We observe first that online debiasing provides appropriate coverage for all con-

fidence levels. Meanwhile, the OLS lower tail interval severely undercovers, and
W-decorrelation undercovers for both tails despite having larger widths than online
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debiasing. Finally, the concentration CI provides 100% coverage for all confidence lev-
els but yields intervals uniformly larger than the online debiasing CIs. In Section 7.10,
we present analogous results for two other popular multi-armed bandit algorithms,
the upper confidence bound (UCB) and ε-greedy algorithms.
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Figure 7.2. Average coverage and width of confidence intervals for θ∗
1 across

1000 independent replications of a multi-armed bandit experiment (7.29) with
θ∗ ≡ (θ∗

1, θ
∗
2) = (0.3, 0.3)⊤. The covariates {xi}1000

i=1 were selected using Thompson
sampling [LS20], and the error bars represent ±1 standard error. Left and Center:
Coverage of one-sided 1 − α intervals for θ∗

1. Right: Width of two-sided 1 − α
intervals for θ∗

1. See Section 7.4 for details.

Autoregressive time series model
Our next example involves estimating the parameters of an autoregressive time
series model. It is well-known that the OLS estimate can exhibit non-Gaussian limit
behavior for versions of such processes that are unstable [LW+82]. In order to focus
attention on the key issues, we restrict ourselves here to the simple case of a scalar
autoregressive process.

More precisely, given the initial point y0 = 0 and an unknown scalar θ∗ ∈ (−1, 1],
consider a stochastic process generated by the first-order autoregression

yi = θ∗yi−1 + ϵi for i = 1, . . . , n. (7.34)

We assume that the noise sequence {ϵi}ni=1 consists of i.i.d. standard normal random
variables. Note that the autoregression (7.34) is a special case of the stochastic linear
regression model (7.1), in particular one with xi = yi−1 for all i ∈ [n]. An especially
interesting instantiation of the autoregression (7.34) is obtained by setting θ∗ = 1.
Such a process is a special case of a unit root autoregression, a class of models that
play an important role in econometric time series analysis [Box+15].

With the choice θ∗ = 1, the process (7.34) is a random walk and so has a variance
that grows linearly with time. Moreover, by an application of Donsker’s theorem (cf.
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Example 3 in the paper [LW+82]), we have

1
n2

n∑
i=1

x2
i := 1

n2

n∑
i=1

y2
i−1

d−→
∫ 1

0
w2(t)dt, and (7.35)√√√√ n∑

i=1
y2
i−1 · (θLS − θ∗) d−→ w2(1) − 1

2
∫ 1

0 w2(t)dt
,

where w(t) denotes the standard Wiener process (see the paper [Whi58] for details).
Put simply, in the autoregressive time series model (7.34) with θ∗ = 1 the stability
condition (7.5) is not satisfied, and the distribution of the OLS estimate θLS is not
asymptotically normal.

In contrast to this negative result for the OLS estimate, we can show that the
debiasing estimate θ̂OD, after suitable centering and scaling, does indeed converge in
distribution to a standard Gaussian. Our result is based on the tuning parameters
and scaling matrices chosen as

γn = 1
(log n)1+δ , and Γi,n = max

(log n)1+2δy2
i−1,

i−1∑
j=1

y2
j

. (7.36)

Corollary 2. Given a sequence {yi}ni=1 generated from the autoregressive model (7.34),
the estimate θ̂OD (7.6) obtained with the tuning parameters (7.36) satisfies√√√√∑n

i=1 y
2
i−1

(log n)1+δ · (θ̂OD − θ∗) d−→ N (0, 1). (7.37)

See Section 7.6 for the proof of this claim. Corollary 2 enables us to construct
asymptotically exact confidence intervals for θ∗.

Numerical experiment

Figure 7.3 illustrates the performance of online debiasing with autoregression tun-
ing (7.36) and δ = 0.05. Here, our data is generated from the time series model (7.34)
with θ∗ = 1. We again find that online debiasing provides appropriate coverage for
all confidence levels. Meanwhile, the OLS lower tail interval and the W-decorrelation
upper tail interval both exhibit severe undercoverage. Finally, the concentration-based
CI again provides 100% coverage for all confidence levels, at the expense of interval
lengths that are uniformly longer than the online debiasing CIs.
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Figure 7.3. Average coverage and width of confidence intervals for θ∗ = 1 across
1000 independent replications of an autoregressive time series experiment (7.29).
The error bars represent ± standard error. Left and Center: Coverage of one-sided
1 − α intervals for θ∗. Right: Width of two-sided 1 − α intervals for θ∗. See
Section 7.4 for details.

Active learning with exploration
In our third example, we focus on the case where the covariates {xi}ni=1 are generated
using any algorithm satisfying a sufficient exploration property.

Definition 1 (Selection algorithms with ε-exploration). We say that a selection
algorithm Ψn = {ψi}ni=1 admits a ε-exploration property if

xi :=
ui with probability 1 − εi for some ui ∈ Fi−1, and
vi with probability εi for some vi independent of Fi−1.

(7.38)

Here the exploration probability sequence {εi}ni=1 consists of nonnegative scalars in
the interval (0, 1), and the vectors {vi}ni=1 are i.i.d. random vectors such that

E[viv⊤
i ] ⪰ G where G ⪰ 0 (7.39)

In words, the selection algorithm ψi behaves as follows: with probability 1 − εi, it
chooses vector ui based on the previous data points {(xj, yj)}i−1

j=1, and with probability
εi, it chooses a random direction vi, independent of the previous data points.

Example 1. ε-greedy linear bandits. Let us briefly consider a concrete
instance of a selection algorithm {ψi}ni=1 that is of the ε-greedy type. In the linearly
parameterized bandit problem, at each time i ∈ [n], an algorithm ψi chooses a context
xi, usually from a bounded set Ui, and obtains a reward yi = x⊤

i θ
∗ + ϵi. A popular

and simple strategy for regret minimization is a special case of the ε-greedy selection
algorithm [LS20]. In the linearly parameterized bandit setting, the selection algorithm
ψi makes the following selection
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xi

∈ arg maxx∈Ui
x⊤
i θ̂

(i−1)
ridge with probability 1 − εi,

∼ Unif(Ui) with probability εi.
(7.40)

where, θ̂(i−1)
ridge denotes a ridge regression estimator which is based on the data up to stage

i− 1, i.e. {x1, y1, . . . ,xi−1, yi−1}. Put simply, with probability 1 − εi, the selection
algorithm ψi chooses an optimal arm given data collected so far (exploitation),
and with probability εi the algorithm randomizes uniformly amongst its choices
(exploration). In the more general setting (7.38) considered here, it is not necessary
to select the optimal arm in the exploitation step. Rather, our result holds also when
an arbitrary, Fi−1-measurable choice is made in the first part of equation (7.40), as
in EXP3 or UCB with exploration [LS20].

Returning to our general setting (7.38), we now state a guarantee for selection
algorithms with ε-exploration. As is standard in the bandit literature, we assume
that the covariates are uniformly bounded, so that there exists a scalar K satisfying

∥xi∥2 ≤ K for all i ∈ [n]. (7.41a)

See our discussion following the corollary for how this condition can be relaxed. In
addition, we impose a sufficient exploration condition, meaning a lower bound on the
magnitude of the exploration probabilities, of the form

n∑
i=1

εi ≥
E[maxi∈[n] ∥xi∥2

2]
λmin(G) (log n)1+2δ for some δ > 0, (7.41b)

where the reader should recall that the matrix G was defined in equation (7.39). We
implement the debiasing estimate (7.6) with the choice of tuning parameters

Γi,n =
n∑
j=1

εjG and γn = 1
(logKn)1+δ . (7.41c)

Corollary 3. Suppose that Assumptions (A1) and (A2) hold, the covariates satisfy
the bound (7.41a), and the exploration conditions (7.39) and (7.41b) both hold. Then
given any consistent estimator σ̂2 of the error variance σ2, the estimator θ̂OD with
tuning parameters (7.41c) satisfies

(
log(Kn)1+δ · σ̂2

)−1/2
· S

1
2
n

(
θ̂OD − θ∗

) d−→ N (0, I). (7.42a)

Moreover, for any v ∈ Rd, the following is an asymptotically exact 1 − α confidence
intervals for v⊤θ∗[

e⊤
1 θ̂v,diagOD − βnσ̂√

γn
(v⊤S−1

n v) 1
2 z1−α/2, e⊤

1 θ̂v,diagOD + βnσ̂√
γn

(v⊤S−1
n v) 1

2 z1−α/2
]
,

(7.42b)
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where βn = |||D− 1
2

v,nS
1
2
v,n|||op and the estimator θ̂v,diagOD was calculated using (7.14) and

with the tuning parameters (7.41c).

See Section 7.6 for the proof.

It is worth noting that the bounded covariate condition (7.41a) can be relaxed.
For instance, in absence of the condition (7.41a), one may obtain a result similar to
the part (a) of Corollary 3 under the following assumptions:

γn = op(log λmax(Sn)), and
n∑
i=1

εi = maxi∈[n] E[∥xi∥2
2]

λmin(G) · op(γn) .

Finally, as a special case, Corollary 3 allows us to construct confidence interval
for v⊤θ∗ for multi-armed bandit problems that we discussed in Section 7.4. The
condition (7.41a) is readily satisfied for multi-armed bandit problems, but the condi-
tions (7.39) and (7.41b) are mildly stronger than the analogous condition (7.32).

Numerical simulation

Figure 7.4 illustrates the performance of online debiasing with the active learning
tuning (7.41c) and δ = 0.05. Here we consider a linear bandits problem with
θ∗ = (0.3, 0.3)⊤ and i.i.d. standard normal error {ϵi}ni=1. The covariates {xi}ni=1
were generated using the ε-greedy linear bandits algorithm (7.40), where, for each
stage, the context set Ui consisted of the same 50 vectors drawn and uniformly
from the unit sphere in dimension 2. For this problem, the exploration lower bound
equation (7.39) is satisfied with G = 1

|U| ·∑ui∈U uiu
⊤
i . In this setting, [APS11] only

provide concentration-based CIs based on ridge regression estimators, rather than
OLS. Here we report the CIs from ridge regression with regularization parameter
λRidge = 0.1 (which closely approximates the OLS solution) and display analogous
results for alternative regularization parameters in Section 7.10. We computed the
confidence intervals for θ∗

1 and θ∗
2 using Corollary 3.

We observe once more that online debiasing provides appropriate coverage for all
confidence levels, while the OLS lower tail interval severely undercovers. Meanwhile,
the concentration CI provides high coverage for all confidence levels but yields intervals
typically larger than the online debiasing CIs.
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Figure 7.4. Average coverage and width of confidence intervals for θ∗
1 and θ∗

2
across 1000 independent replications of a linear bandits experiment (7.40) with
θ∗ ≡ (θ∗

1, θ
∗
2) = (0.3, 0.3)⊤. The covariates {xi}1000

i=1 were selected using the ε-greedy
linear bandits algorithm (7.40), and the error bars represent ±1 standard error.
Left and Center: Coverage of one-sided 1 − α intervals for θ∗

1 and θ∗
2. Right:

Width of two-sided 1 − α intervals for θ∗
1 and θ∗

2. See Section 7.4 for details.

7.5 Proofs of the theorems
In this section, we provide the proofs of our two main results. We prove Theorem 1
in Section 7.5, and Theorem 2 in Section 7.5.

Proof of Theorem 1
Using the condition λmin(Sn) a.s.−→ ∞ from assumption (A2), we know that, so that we
may assume without loss of generality that Sn is invertible. We claim that it suffices
to show that √

γn · S
1
2
n (θ̂OD − θ∗) converges in distribution to N (0, σ2I). Indeed, when

this claim holds, then since σ̂2 p−→ σ2 by assumption, Slutsky’s theorem implies the
claim of the theorem.

Recall from equation (7.10) that the random vector √
γn · S

1
2
n (θ̂OD − θ∗) can be

decomposed into the sum bn + vn. Based on this decomposition, we see that it is
sufficient to prove that bn

p−→ 0 and vn
d−→ N (0, σ2I). The remainder of our proof

is devoted to establishing these two claims.
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Analysis of bn
By definition of the operator norm, we have the upper bound

∥bn∥2 ≤ √
γn |||I −WnXnS

− 1
2

n |||op

∥∥∥S 1
2
n (θ̂LS − θ∗)

∥∥∥
2
. (7.43)

Theorem 1 from the paper [LW+82] guarantees that
∥∥∥S 1

2
n (θ̂LS − θ∗)

∥∥∥
2

= O
(√

log λmax(Sn)
)

almost surely. (7.44a)

On the other hand, the vanishing bias condition from Assumption (A3)(b) guar-
antees that √

γn log λmax(Sn) · |||I −WnXnS
− 1

2
n |||op

p−→ 0. (7.44b)

Applying the bounds (7.44a) and (7.44b) to the right-hand side of the inequality (7.43)
shows that ∥bn∥2

p−→ 0.

Analysis of vn
In order to control the second term, we seek to apply a classical martingale central
limit theorem (cf. Theorem 2.2 in the paper [Dvo+72]). We begin by observing
that {√

γnwiϵi}ni=1 is a martingale difference sequence with respect to the sigma-field
{Fi}ni=1. Noting that the tuning parameter γn is non-random, it follows that the sum∑n
i=1

√
γnwiϵi has zero mean and moreover that

n∑
i=1

Cov [√γnwiϵi | Fi−1] = γn
n∑
i=1

wiw⊤
i . (7.45)

Consequently, in order to apply the martingale CLT so as to obtain the stated claim,
we need to show that

γn
n∑
i=1

wiw⊤
i

p−→ σ2ID.

Doing so requires the following auxiliary lemma, which characterizes the behavior
of the weight vector sequence {wi}ni=1 constructed in equation (7.7b).

Lemma 6. Under the Assumption (A3) parts (a) and (c), the sequence of vectors
{wi}ni=1 obtained from equation (7.7b) has the following properties:

(Stability:) γn
n∑
i=1

wiw⊤
i

p−→ Ip, and

(Vanishing norm:) max
i∈[n]

√
γn∥wi∥2

p−→ 0.
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See Section 7.9 for the proof of this lemma.

With the above lemma in hand, we now apply a standard martingale central limit
theorem3 to conclude that

n∑
i=1

√
γnwiϵi

d−→ N (0, σ2ID).

Putting together the pieces, we conclude that

√
γn · S

1
2
n (θ̂OD − θ) = bn +

n∑
i=1

√
γnwiϵi

d−→ N (0, σ2ID),

which completes the proof of Theorem 1.

Proof of claim (7.23):

For simplicity, let us assume σ is known. Recalling the decomposition (7.10) we have

γn · ∥θ̂OD − θ∗∥2
Sn

= ∥bn∥2
2 + 2b⊤

nvn + ∥vn∥2
2

≤ ∥bn∥2
2 + 2∥bn∥2 · ∥vn∥2 + ∥vn∥2

2

Invoking the condition
√
γn log λmax(Sn) · |||I −WnXnS

− 1
2

n |||op
L1−→ 0 we immediately

have ∥bn∥2
2

L1−→ 0. It suffices to show that ∥vn∥2
2 ≤ d and E[∥vn∥2

2] → d. Observe
that

E[∥vn∥2
2] = γn ·

n∑
i=1

E[ϵ2
i ∥wi∥2

2] +
∑
i ̸=j

γn · E[ϵiϵjw⊤
i wj]

(i)=
n∑
i=1

γn · σ2 · E[∥wi∥2
2] +

∑
i ̸=j

γn · E[ϵiϵjw⊤
i wj]

The last line above follows from the assumption E[ϵ2
i | Fi−1] = σ2 and the fact (by

construction) that wi ∈ Fi−1. Taking trace on both sides of equation (7.71) we have
that γn · ∥wi∥2

2 ≤ d, and using the stronger L1 version of assumption (A3) along with
the proof techniques of Lemma 6 we have γn ·∑n

i=1 E[∥wi∥2
2] → σ2d. It remains to

show that E[ϵiϵjw⊤
i wj] = 0 for all i ̸= j. Without loss of generality, assume i < j.

By construction of wi and the martingale assumption (A1) of the noise ϵi, we have
{wi,wj, ϵi} ∈ Fj−1. As a result, we conclude

E[ϵiϵjw⊤
i wj] = E

[
ϵi · w⊤

i wjE[ϵj | Fj−1]
]

= 0

This completes the proof of the claim (7.23).
3Concretely, by applying Theorem 2.2 from the paper [Dvo+72], we first show that for any unit

vector u, the inner product 1
σu

⊤∑n
i=1

√
γnwiϵi converges to a standard Gaussian.
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Proof of Theorem 2
We prove part (a) of Theorem 2 in Section 7.5 and part (b) of Theorem 2 in Section 7.5.

Proof of Theorem 2(a)

Throughout the proof, we use θ̂ to denote a generic estimator for θ∗. We assume
that the estimator θ̂ is a function only of the n datapoints {(xi, yi)}ni=1 and the n
selection algorithms selection algorithm Ψn := (ψi)i∈[n] and that θ̂ does not know the
value of the true parameter θ∗. Consider any positive semidefinite and potentially
data-dependent matrix M ∈ Rd×d, and define the nonnegative scalar loss function

L (θ̂, θ∗) = (θ̂ − θ∗)⊤M(θ̂ − θ∗). (7.46)

From minimax to Bayes risk
In terms of the above notations, Theorem 2 (a) posits a lower bound on the minimax
risk:

inf
θ̂

sup
θ∗∈Rd

E[L (θ̂, θ∗) | θ∗], (7.47)

where in the above expression, we have taken an expectation of the loss L (θ̂, θ∗) over
the randomness in the data (Xn,yn) conditioned on θ∗. We establish the lower bound
Theorem 2(a) on the minimax risk (7.47) by first lower bounding the minimax risk
by the Bayes risk and then providing a lower bound for the Bayes risk. Concretely,
we use the inequality

inf
θ̂

sup
θ∗

E[L (θ̂, θ∗) | θ∗] ≥ inf
θ̂

Eθ∗,Xn,ynL (θ̂, θ∗), (7.48)

where the expectation Eθ∗,Xn,yn above is taken with respect the joint distribution on
(θ∗, Xn,yn); this joint distribution is computed by assigning a prior distribution on
the parameter θ∗.

Main argument

We claim that it suffices to prove that for any estimator θ̂

E[L (θ̂, θ∗) | Xn,yn] ≥ σ2 tr(MS−1
n ). (7.49)

where the expectation E[· | Xn, yn] is taken with respect to the conditional distribution
θ∗ | Xn, yn. Indeed, taking expectation over Xn, yn yields the desired bound:

Eθ∗,Xn,ynL (θ̂, θ∗) = EXn,ynE[L (θ̂, θ∗) | Xn,yn]
≥ σ2EXn,yn tr(MS−1

n ). (7.50)

It remains to prove the bound (7.49).
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Proof of bound (7.49)

We complete the proof of this bound by first computing the conditional distribution
of θ∗ | Xn,yn and then providing a lower bound on the conditional expectation of
the loss L (θ̂, θ∗) given the data (Xn, yn). Concretely, we show that under a prior
distribution θ∗ ∼ N (0, ρ2ID), we have:

θ∗ | Xn,yn ∼ N (µn,Σn), where
µn = ΣnXnyn and Σn = (Sn/σ2 + ID/ρ2)−1. (7.51)

A simple calculation using the above distributional property yields that for any positive
semidefinite matrix M (which may depend on the data (Xn, yn)), the conditional
loss E[L (θ̂, θ∗) | Xn,yn] is minimized4 when θ̂ = ΣnXnyn with a minimum value of
σ2 tr(MΣn). Finally, we are free to choose the value of the prior error variance ρ2,
and letting ρ2 → ∞ yields the claim (7.49). Now let us prove the claim (7.51).

Proof of claim (7.51)
We complete the proof by induction on the number of datapoints n.

Base case
For n = 0, we have

θ∗ | X0,y0 ≡ θ∗ ∼ N (0, ρ2ID). (7.52)

The last statement above follows from the prior assumption θ∗ ∼ N (0, ρ2ID), and
the triple (X0,y0,S0) are defined as zeros of respective dimensions. This proves the
statement (7.51) for n = 0, and µ0 = 0, and Σ0 = ρ2ID.

Inductive step
Assume that the claim (7.51) is true for n− 1 for some n ≥ 1. We will prove that the
statement holds true for n. Recall that, the query algorithm ψi : (R × RD)i−1 → RD is
oblivious to the true value θ∗; thus, the conditional distribution xn|Fn is independent
of θ∗ (see the discussion before Theorem 2). Furthermore, from the model (7.1) we
have that the conditional distribution of yn | Fn−1,xn, θ∗ is N (x⊤

n θ
∗, σ2), and using

the induction hypothesis (7.51) we conclude that θ∗ | Xn−1, yn−1 ∼ N (µn−1,Σn−1).
4Here, we have assumed that the prior distribution θ∗ ∼ N (0, ρ2) and the error variance σ2

are known to the estimator θ̂; this assumption is justified since without the knowledge of the prior
distribution on θ∗ and error-variance σ2, the minimum value of the expected loss E[L (θ̂, θ∗) | Xn,yn]
can only increase, which yields a (possibly) stronger lower bound.
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With the last three observations in hand, an application of the Bayes theorem yields

dP(θ∗ | Xn,yn)
dµd(θ∗) ∝ exp

{
−1

2(θ∗ − µn−1)⊤Σ−1
n−1(θ∗ − µn−1)⊤

}
× exp

{
− 1

2σ2 (yn − x⊤
n θ

∗)2
}

∝ exp
{

−1
2(θ∗ − µn)⊤Σn(θ∗ − µn)⊤

}
where dP(θ∗|Xn,yn)

dµd(θ∗) denotes the Radon-Nikodym derivative of θ∗ | Xn, yn with respect
to the Lebesgue measure µd(·) on Rd, and the pair (µn,Σn) satisfies the following
equations:

Σ−1
n = Σ−1

n−1 + xnx⊤
n

σ2 and µn = 1
σ2 Σn

n∑
i=1

xiyi.

This completes the proof of the inductive step, and putting together the pieces yields
the claim of Theorem 2(a).

Proof of Theorem 2(b)

We use Dn = (x1, y1, . . . ,xn, yn) to denote the full data up to time step n, and we use
Pθ0(Dn) and Pθ1(Dn) to denote the marginal distribution of the random variable Dn

under θ∗ = θ0 and θ∗ = θ1. Throughout, the points θ1, θ0 are two fixed (non-random)
points that are chosen to simplify certain calculations in the proof. Finally, the
scalars TV(·, ·) and KL(·, ·), respectively, denote the total variation distance and the
Kulback-Liebler distance between two distributions.

Confidence intervals:
We provide a lower bound on the length of 1 − α confidence intervals Iα,v for v⊤θ,
where v ∈ Rd is a fixed unit vector, and α ∈ (0, 1

8), is the level of the confidence
interval. Concretely, the set of valid confidence intervals is

Iα,v(Θ) =
{

Iα,v = [l(Dn), u(Dn)] : inf
θ∈Θ

Pθ [l(Dn) ≤ v⊤θ ≤ u(Dn)] ≥ 1 − α
}

Here, Pθ(·) denotes the conditional distribution of Dn under θ, and our goal is to
provide lower bounds on the expected length of the confidence interval defined as

|Iα,v(Θ)| := sup
θ∈Θ

Eθ[u(Dn) − l(Dn)] (7.53)

Main argument
The proof of the theorem is based on the following lemma proved in Section 7.5.
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Lemma 7. Introduce the shorthand a+ := max{a, 0}. Then

|Iα,v(Θ)| ≥ sup
θ0,θ1∈Θ

abs v⊤(θ0 − θ1) ·

1 − 2α−
(

(θ0 − θ1)⊤E(Sn)(θ0 − θ1)
4σ2

) 1
2


+

Let us complete the proof of Theorem 1(a) using this lemma. We do so by carefully
choosing the pair of points (θ0, θ1) and then using those values in Lemma 7. We
choose

θ0 ∈ Rd and θ1 = θ0 + σ · E(Sn)−1v

∥E(Sn)− 1
2v∥2

(7.54)

where, E(Sn)− 1
2 denotes a positive semidefinite matrix square-root of the matrix

E(Sn)−1. Thus, we conclude

|Iα,v(Θ)|
(i)
≥ σ ·

(
v⊤E(Sn)−1v

) 1
2 · (1 − 2α− 1/2)

(ii)
≥ (1/2 − 2α) · σ ·

(
v⊤E(Sn)−1v

) 1
2

The inequality (i) above follows by substituting the value of θ0 and θ1 in the Lemma 7;
inequality (ii) uses the assumption α ∈ (0, 1/8). it remains to prove the Lemma 7.

Proof of Lemma 7

We claim that it suffices to prove that following two inequalities 5

|Iα,v(Θ)| ≥ sup
θ0,θ1∈Θ

abs v⊤(θ0 − θ1) · (1 − α− TV(Pθ0(Dn),Pθ1(Dn)))+ , and

(7.55a)

KL(Pθ0(Dn),Pθ1(Dn)) = 1
2σ2 · (θ0 − θ1)⊤E(Sn) · (θ0 − θ1). (7.55b)

Indeed, with the above two bounds at hand, the proof of Lemma 7 follows by invoking
Pinsker’s inequality [Wai19b]:

TV(Pθ0(Dn),Pθ1(Dn)) ≤ 1√
2

√
KL(Pθ0(Dn),Pθ1(Dn)).

It remains to prove relations (7.55a) and (7.55b).
5We point out that the bound (7.55a) is not new in the literature. A similar inequality can be

found in the paper [CG+17] (see Lemma 1), where the authors used it to provide lower bounds on
the confidence intervals for high dimensional linear regression with an i.i.d. dataset. To the best of
our knowledge, the application of the bound (7.55a) to an non-i.i.d. data is novel.
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Proof of the bound (7.55a)
Note that for each θ ∈ Θ, the interval Iα,v := [l(Dn), u(Dn)] is a valid 1−α confidence
interval for v⊤θ. In particular, for any fixed pair of points (θ0, θ1), we have

Pθ0

{
v⊤θ0 ∈ [l(Dn), u(Dn)]

}
≥ 1 − α, and

Pθ1

{
v⊤θ1 ∈ [l(Dn), u(Dn)]

}
≥ 1 − α.

Using properties of the total variance distance TV(Pθ0(Dn),Pθ1(Dn)) we have∣∣∣∣Pθ0

{
v⊤θ1 ∈ [l(Dn), u(Dn)]

}
− Pθ1

{
v⊤θ1 ∈ [l(Dn), u(Dn)]

} ∣∣∣∣TV(Pθ0(Dn),Pθ1(Dn))

Combining the last two inequalities we have

Pθ0

{
(v⊤θ0, v

⊤θ1) ∈ [l(Dn), u(Dn)]
}

≥ 1 − 2α− TV(Pθ0(Dn),Pθ1(Dn)).

Recall that [l(Dn), u(Dn)] is an interval in R, and we have

Pθ0

{
u(Dn) − l(Dn) ≥ |v⊤θ0 − v⊤θ1|

}
≥ 1 − 2α− TV(Pθ0(Dn),Pθ1(Dn))

Putting together the pieces and taking supremum over the pair (θ0, θ1) ∈ Θ yields
the bound

|Iα,v(Θ)| ≥ |v⊤θ0 − v⊤θ1| · (1 − 2α− TV(Pθ0(Dn),Pθ1(Dn)))+

Proof of the relation (7.55b)
The proof of the bound (7.55b) is based on a divergence decomposition lemma which
is well known in the bandits literature [Aue+95]. Throughout, we use the shorthand
Fi denote the σ-field generated by the data {x1, y1, . . . ,xi, yi} up to time i. Let
f0(yi | xi) and f1(yi | xi) denote the Radon-Nykodim derivatives of the conditional
distribution yi | xi with respect to the Lebesgue measure6 µ on R, under the θ0 and
θ1 respectively. For i = 1, . . . , n, let f0(xi | Fi−1) and f1(xi | Fi−1), respectively,
denote the Radon-Nykodim derivatives of the conditional distribution xi | Fi−1 with
respect to a dominating measure λ under θ0 and θ1. Clearly, Pθ0(Dn) is dominated
by the product measure µ

⊗
n × λ

⊗
n, and we have

dPθ0(Dn) =
n∏
i=1

f0(yi | xi) · f0(xi | Fi−1) · dλ(xi) · µ(yi)

6Recall that in the model (7.1) we have f0(yi | xi) ≡ N (θ⊤
0 xi, σ

2) and f1(yi | xi) ≡ N (θ⊤
1 xi, σ

2).
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where, the step above uses the fact that the distribution of yi is dependent on the
history Fi−1 through xi only. Similarly, we also have:

dPθ1(Dn) =
n∏
i=1

f1(yi | xi) · f1(xi | Fi−1) · dλ(xi) · µ(yi)

Now, we assumed that the query algorithm ψi : (R × RD)i−1 → RD which generates
xi is oblivious towards the true value of θ; as a result, we have

f0(xi | Fi−1) = f1(xi | Fi−1) for all i = 1, . . . , n.

With the above observation at hand, the KL-distance KL(Pθ0(Dn),Pθ1(Dn)) can be
simplified as follows:

KL(Pθ0(Dn),Pθ1(Zn)) := Eθ0

[
log dPθ0(Dn)

dPθ1(Dn)

]

=
n∑
i=1

Eθ0

[
log f0(yi | xi)

f1(yi | xi)

]
(7.57)

Now,

Eθ0

[
log f0(yi | xi)

f1(yi | xi)

]
= Exi

[
Eθ0
yi|xi

log f0(yi | xi)
f1(yi | xi)

]

= Exi
Eθ0
yi|xi

[
− 1

2σ2 · (yi − x⊤
i θ0)2 + 1

2σ2 · (yi − x⊤
i θ1)2

]
= Exi

[ 1
2σ2 · (x⊤

i (θ0 − θ1))2
]

= EXn

[ 1
2σ2 · (x⊤

i (θ0 − θ1))2
]

The second equality above follows since under θ0 we have yi | xi ∼ N (x⊤
i θ0, σ

2).
Substituting the last simplification in the KL distance calculation (7.57) we have

KL(Pθ0(Dn),Pθ1(Zn)) = EXn

[ 1
2σ2 · ∥Xn(θ0 − θ1)∥2

2

]
= 1

2σ2 · (θ0 − θ1)⊤E(Sn)(θ0 − θ1). (7.58)

This completes the proof of equation (7.55b).

7.6 Proofs of the Corollaries
We now turn to the proofs of our three corollaries, with Sections 7.6, 7.6, and 7.6
devoted to the proofs of the Corollaries 1, 2 and 3, respectively.
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Proof of Corollary 1
In light of Theorem 1, it suffices to verify Assumptions (A1)–(A3). The assumptions
stated in Corollary 1 ensure that the error sequence {ϵi}ni=1 satisfies Assumption (A1).
The growth conditions in Assumption (A2) are satisfied due to the minimum arm-pull
assumption (7.31). It remains to verify the three conditions in Assumption (A3).

Beginning with the asymptotic negligibility condition, we have

max
i∈[n]

1
γn

x⊤
i Γ−1

i xi ≤ 1
γn

maxi∈[n] ∥x2
i ∥

(log n)1+2δ = 1
(log n)δ → 0.

The first inequality above uses the bound Γ−1
i ⪯ 1

log(n)1+2δ ·ID (see the definition (7.32));
the second equality uses ∥xi∥2

2 = 1, and the final step follows by substituting γn =
1/(log n)1+δ.

Turning to the vanishing bias condition in (A3), we invoke the operator norm
bound (7.28) on the matrix ID −WnXnS

− 1
2

n to find that√
γn log λmax(Sn) · |||ID −WnXnS

− 1
2

n |||op ≤
√
γn log n ·Op(1)

= 1
(log n)δ/2 ·Op(1) p−→ 0,

where we have used the bound λmax(Sn) ≤ tr(Sn) = n in the above derivation.

Finally, we verify the variance stability condition in (A3) with the help of the
following lemma

Lemma 8 (Commutative guarantee). For any collection of matrices {Γ− 1
2

i xix⊤
i Γ− 1

2
i }ni=1

that commute with each other, we have

|||I −
n∑
i=1

wix⊤
i Γ− 1

2
i |||op ≤ exp

−λmin(∑n
i=1 Γ− 1

2
i xix⊤

i Γ− 1
2

i )
γn

 .
See the end of this subsection for the proof of this claim.

Let us complete the proof of Corollary 1 using Lemma 8. In the multi-armed
bandit setting of Corollary 1, the matrices {Γ− 1

2
i xix⊤

i Γ− 1
2

i }ni=1 are all diagonal, and
hence they commute. Thus, invoking the operator norm bound from Lemma 8 yields

|||ID −
n∑
i=1

wix⊤
i Γ− 1

2
i |||op ≤ exp

−λmin(∑n
i=1 Γ− 1

2
i xix⊤

i Γ− 1
2

i )
γn

 .
Recall that in the bandits model (7.29), the matrices Sn and xix⊤

i are diagonal. By
construction (7.32) and the minimum arm-pull condition (7.31), the tuning matrix Γi
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is also diagonal with diagonal entries upper bounded by the corresponding diagonal
entries of the (diagonal) matrix Sn. Combining these two observations we have that
S− 1

2
n xix⊤

i S− 1
2

n ⪯ Γ− 1
2

i xix⊤
i Γ− 1

2
i . Consequently, we find that

−λmin(
n∑
i=1

Γ− 1
2

i xix⊤
i Γ− 1

2
i )

(i)
≤ −λmin(

n∑
i=1

S− 1
2

n xix⊤
i S− 1

2
n ) = −1,

where the final equality follows from the definition of Sn. Substituting the value
γn = 1/(log n)1+δ yields

|||ID −
n∑
i=1

wix⊤
i Γ− 1

2
i |||op ≤ exp(−1/γn) ≤ 1

n
→ 0.

This verifies the variance stability condition from Assumption (A3), and applying
Theorem 1 yields Corollary 1.

The only remaining detail is to prove Lemma 8.

Proof of Lemma 8
For notational convenience, we use the shorthands zi := xiΓ

− 1
2

i and Z⊤
i :=

[
z1 · · · zi

]
,

as previously introduced in Section 7.2. Substituting the formula for the weight vector
wi from equation (7.7b), and performing some algebra yields

(I −WnZn)⊤ (I −WnZn) =
n∏
j=1

(
ID −

zn+1−jz⊤
n+1−j

γn + ∥zn+1−j∥2

)
n∏
i=1

(
ID − ziz⊤

i

γn + ∥zi∥2

)

= exp
 n∑
j=1

log
(

ID −
zn+1−jz⊤

n+1−j

γn + ∥zn+1−j∥2

)

+
n∑
i=1

log
(

ID − ziz⊤
i

γn + ∥zi∥2

)]
(i)
≼ exp

−
n∑
j=1

zn+1−jz⊤
n+1−j

γn + ∥zi∥2 −
n∑
i=1

ziz⊤
i

γn + ∥zi∥2


≼ exp

(
−2 ·

n∑
i=1

ziz⊤
i

γn

)
,

where step (i) above uses the fact that exp(log(1 − a)) ≤ exp(−a) for any scalar
a < 1 and that the matrices {ziz⊤

i }i∈[n] commute. Via an inductive argument, it can
be verified that the entries of the matrix ID − ziz⊤

i

γn+∥zi∥2 are all upper bounded by 1.
Putting together the pieces, we conclude that the operator norm satisfies the bound

|||I −WnZn|||op ≤ exp
(

−λmin(∑n
i=1 ziz⊤

i )
γn

)
,

as claimed.
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Proof of Corollary 2
The proof of this claim is similar to that of Corollary 1; in particular, we need to verify
Assumptions (A1)–(A3). Recall that the time series model (7.34) in Corollary 2 is a
special case of the stochastic linear regression model (7.1) with (xi, yi) ≡ (yi−1, yi); thus
the covariance term based on the data {(xi, yi)}i∈[n] is given by ∑n

i=1 x
2
i ≡ ∑n

i=1 y
2
i−1.

Here we have used the convention y0 = 0.

The moment condition (A1) is satisfied since the additive noise ϵi in the autore-
gressive model (7.34) is assumed to have a standard Gaussian distribution. Before
we verify the remaining conditions, it is helpful to deduce a few bounds regarding the
sample covariance term ∑n

i=1 y
2
i−1. In particular, we show that for any θ∗ ∈ (−1, 1],

the sample covariance term satisfies the following relations
n∑
i=1

y2
i−1 → ∞ almost surely, (7.59a)

log(
n∑
i=1

y2
i−1) = Op(log n), and (log n)1+δ

n∑
i=1

y2
n−1 = Op(

n∑
i=1

y2
i−1), (7.59b)

where δ > 0 is a fixed scalar (typically small). We prove these bounds at the end of
this sub-section, but let us complete the proof of the Corollary using these bounds.

First, observe that the condition (A2) follows from the growth condition (7.59a),
and the asymptotic negligibility condition in (A3) is satisfied by noting that

max
i∈[n]

1
γn

·
y2
i−1

max{(log n)1+2δy2
i−1,

∑i−1
j=1 y

2
j}

≤ (log n)1+δ

(log n)1+2δ → 0.

Next, in order to verify the vanishing bias condition in Assumption (A3), doing a
calculation similar to Proposition 2 we find that (see the arguments leading up to
bounds (7.66a)–(7.66b) and their proofs)√√√√γn log(

n∑
i=1

y2
i−1) ·

∣∣∣∣∣∣1 −
n∑
i=1

wiyi−1

Γ
1
2
i

∣∣∣∣∣∣ (i)= Op((log n)− δ
2 ) ·Op

1 +
√√√√ Γn∑n

i=1 y
2
i−1


(ii)= Op((log n)− δ

2 ) ·Op(1)
p−→ 0,

where step (i) follows by invoking the first part of the bound (7.59b) and step (ii)
uses the second part of equation (7.59b).

Finally, we verify the variance stability condition in (A3) with the help of Lemma 8,
as previously stated and proved in the proof of Corollary 1. Note that in dimension
D = 1, the commutativity condition in Lemma 8 holds trivially. Consequently, we
may apply Lemma 8 to the one-dimensional autoregressive model (7.34) so as to
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obtain the bound ∣∣∣∣∣∣1 −
n∑
i=1

wiyi−1

Γ
1
2
i

∣∣∣∣∣∣ ≤ 1
n
.

See the calculations following the statement of Lemma 8 in the proof of Corollary 1
for details on this step.

This verifies the variance stability condition from Assumption (A3), and applying
Theorem 1 yields Corollary 2.

The only remaining detail is to prove the bounds (7.59a)–(7.59b).

Proofs of the bounds (7.59a)–(7.59b)
The proof of the first part of the bound (7.59b) follows by invoking Theorem 2 part (i)
from the paper [LW+82]. Concretely, in the paper [LW+82], the authors showed that
when |θ∗| ≤ 1, then there is some constant a > 0 such that yn = Op(na). Thus, we
have the relation ∑n

i=1 y
2
i−1 = Op(n2a+1), and first part of the bound (7.59b) follows.

We divide the proof of the remaining bounds into two parts, depending on the
value of θ∗.

Case 1
First, suppose that θ∗ = 1. Recall that in equation (7.35) we argued that

1
n2

n∑
i=1

y2
i−1

d−→
∫ 1

0
w2(t)dt.

In light of the last relation, the growth condition (7.59a) is immediate. For the
remaining bounds, note that yn := ∑

i∈[n−1] ϵi ∼ N (0, n− 1); thus, for any δ > 0, we
have 1

n2 · (log n)1+δy2
n

p−→ 0, and we conclude that

log(n)1+δ
n∑
i=1

y2
n = Op

(
n∑
i=1

y2
i−1

)
,

as claimed.

Case 2
Otherwise, we may assume that |θ∗| < 1, in which case the term ∑n

i=1 y
2
i−1 stabi-

lizes [LW+82]; concretely, we have

1
n

n∑
i=1

y2
i−1

a.s.−→ c, where c > 0 is a non-random scalar.
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The growth condition (7.59a) follows directly from the above relation. Moreover, we
have yn−1 = ∑n

i=1 θ
∗iϵn−i ∼ N

(
0, 1

1−θ∗2

)
. Putting these two pieces together yields

(log n)1+δ · y2
n−1 = Op

(∑n
i=1 y

2
i−1

)
, valid for any δ > 0.

Proof of Corollary 3
We obtain the first claim of the Corollary 3 by applying Theorem 1, and the second
part of the Corollary 3 follows from Proposition 1. We prove these two parts separately.

Proof of claim (7.42a): In order to apply Theorem 1 to the setup of Corollary 3
it suffices to verify the Assumption (A3). Recall that our choice of scaling Γi =∑n
j=1 εjG matrices does not actually vary as a function of the round i. For this reason,

we simply write Γ from here onwards.
We begin by verifying the asymptotic negligibility condition in (A3). Observe

that

E
{

max
i∈[n]

1
γn

x⊤
i Γ−1xi

}
≤ 1
γn

·
E
[
max
i∈[n]

∥xi∥2
2

]
λmin(G) (∑n

i=1 εi)
→ 0, (7.60)

where the first inequality above follows by substituting the value of the scaling matrix
Γ, and the second step follows by invoking the sufficient exploration condition (7.41b).

Next, we verify the variance stability and vanishing bias conditions in (A3). In
doing, we make use of the following auxiliary result:

Lemma 9. Under the sufficient exploration condition (7.41b), for any tuning param-
eter γn ∈ (0, 1/(logKn)1+δ] and a sufficient large sample size n, we have

E
[
∥I −WnXnΓ− 1

2 ∥2
F

]
≤ D

Kn
.

See Section 7.6 for the proof of this lemma.

Taking Lemma 9 as given, we now complete the proof of Corollary 3. Note that
the variance stability condition in (A3) follows directly from the Frobenius norm
bound in Lemma 9 and by letting the number of datapoints n → ∞, keeping the
dimension D fixed.

In order to prove the vanishing bias condition in (A3), we first bound the operator
norm of the matrix I −WnXnS

− 1
2

n :

|||I −WnXnS
− 1

2
n |||op ≤ 1 + |||WnXnΓ− 1

2 |||op · |||Γ
1
2 S− 1

2
n |||op

= Op(1), (7.61)

where the derivation above uses the Frobenius norm upper bound from Lemma 9 and
the fact that |||Γ 1

2 S− 1
2

n |||op = Op(1) by the choice of the tuning parameter Γ; see the
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bound (7.39) for instance. Using the last bound on |||I −WnXnS
− 1

2
n |||op, we then find

that √
γn log λmax(Sn) · |||I −WnXnS

− 1
2

n |||op ≤
√
γn log λmax(Sn) ·Op(1) p−→ 0,

where the last step above utilizes the choice γn = op(logKn) and the bound
λmax(Sn) = Op(logKn). (Recall the uniform boundedness assumption (7.41a).)
All together, we have verified the assumptions of Theorem 1, so that Corollary 3
follows.

It remains to prove Lemma 9.

Proof of Lemma 9

Throughout this proof, we use the shorthands zi = Γ− 1
2 xi, Z⊤

i = [z1, z2, . . . zi], Wi =
[w1, . . . ,wi] and ∆i := I −WiZi. Substituting the expression (7.7b) for the weight
vector wi we find that

∥∆i−1∥2
F − ∥∆i∥2

F = γn + ∥zi∥2
2

(γn/2 + ∥zi∥2
2)2 tr

{
∆i−1ziz⊤

i ∆⊤
i−1

}
≥ 1

γn

2 + ∥zi∥2
2

tr
{

∆i−1ziz⊤
i ∆⊤

i−1

}
. (7.62)

In equation (7.60), we proved that the random variable 1
γn

maxi∈[n] ∥zi∥2
2 converges

to zero in probability; consequently, we may assume that

P
[

max
i∈n

∥zi∥2
2 ≤ γn/2

]
≥ 1

2
for all sufficiently large values of the sample size n. Keeping this in mind, taking
expectations conditional on the sigma-field Fi−1 on both sides in the inequality (7.62),
and using the fact that ∆i ∈ Fi−1, we have

E
[
∥∆i−1∥2

F | Fi−1
]

− E
[
∥∆i∥2

F | Fi−1
]

≥ εi
2γn

∑n
i=1 εi

E
[
∥∆i−1∥2

F | Fi−1
]
.

Rearranging the last inequality and using the upper bound (1 − t) ≤ exp(−t) for
t ≥ 0 we obtain

E
[
∥∆i∥2

F | Fi−1
]

≤ exp
(

−εi
2γn

∑n
i=1 εi

)
∥∆i−1∥2

F .

Iterating the last bound n times and removing the conditioning on the sigma filed
Fi−1, we find that

E
{
∥∆n∥2

F

}
≤ D exp

(
− 1

2γn

)
(i)
≤ D exp

(
−1

2 · (logKn)1+δ
) (ii)

≤ D

Kn
.
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Here step (i) follows by using γn ≤ 1
(logKn)1+δ , and step (ii) holds since the sample size

is assumed n to be sufficiently large. This completes the proof of the claim (7.42a).

Proof of claim (7.42b): In order to apply Proposition 1, it suffices to verify
condition (A3)′ for {Vxi}ni=1 with the choice of tuning parameters (7.41c). Note that
in the proof of (7.42a), we already verified that conditions (7.39), (7.41a), and (7.41b)
ensures that assumption (A3) is satisfied. Fortunately, these three conditions are
not affected by the change of basis transformation, and are readily satisfied by the
regressors {Vxi}ni=1.

Indeed, for any orthonormal basis matrix V, via linearity of expectation, we have

E[Vviv⊤
i V] = VE[viv⊤

i ]V⊤ ⪰ VGV⊤.

Moreover, for any orthonormal basis matrix V we have

λmin(VGV⊤) = λmin(G) and ∥Vxi∥2 = ∥xi∥2 ≤ K

Thus, following a proof similar to (7.42a) we have that the assumption (A3)′ parts
(a), (c), and condition (A3) part (b), modified for {Vxi}ni=1, are satisfied. Finally,
from the bounded covariates condition (7.41a) we have λmax(Sv,n) ≤ Kn, and as
a result, γn · log(λmax(Sn)) = op(1). Combining this observation with a calculation
similar to (7.18) we deduce that the condition (A3)′(b) holds. This completes the
proof of the claim (7.42b).

7.7 Discussion
In this chapter, we propose a family of online debiasing estimators for adaptive linear
regression and analyze their asymptotic properties. We show that the online debiasing
estimator admits a Gaussian limit under considerably weaker conditions than the
OLS estimator and highlight practical examples from multi-armed bandits, time series
modeling, and active learning in which online debiasing yields asymptotic normality
while OLS does not. We also prove a minimax lower bound for the adaptive linear
regression model and show that the performance of the online debiasing estimators is
optimal up to factor logarithmic in the sample size.

In future work, we would like to more precisely describe the non-asymptotic
behavior of the online debiasing estimators; concretely, we would like to investigate
the rate of distributional convergence of the online debiasing estimators to the
appropriate Gaussian distributions. Finally, the performance of the online debiasing
estimators matches the minimax optimal performance up to a logarithmic factor. An
open question is whether this logarithmic gap can be closed either by providing a
sharper minimax lower bound or by proposing better estimators.
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7.8 Proofs of the propositions
In this section, we provide the proofs of our two propositions. The section 7.8 is
devoted to the proof of Proposition 1, and the Section 7.8 is devoted to the proof of
Proposition 2.

Proof of Proposition 1
The proof of Proposition 1 is based on the following asymptotic normality statement
regarding θ̂v,diagOD.

Lemma 10. Under Assumptions (A1),(A2), and (A3)′, given any consistent estima-
tor σ̂2 of σ2, we have√

γn
β2
nσ̂

2 · D
1
2
n (θ̂v,diagOD − Vθ∗) d−→ N (0, I). (7.63)

We prove this Lemma shortly, but let us complete the proof of Proposition 1 using
Lemma 10. Now, by construction we have VV⊤ = I and V⊤e1 = v. Using these two
properties, we can write

e⊤
1 Vθ∗ = v⊤θ∗ and yi = ⟨Vxi, Vθ∗⟩ + ϵi for all i = 1, . . . , n.

Consequently, in this new basis, estimating the scalar v⊤θ∗ is same as estimating the
first coordinate of transformed vector Vθ∗. Next, by construction of the matrix V,
we have

e⊤
1 D−1

v,ne1 = v⊤S−1
n v and βn = |||D− 1

2
v,nS

1
2
v,n|||op. (7.64)

Thus, we deduce

e⊤
1 D

1
2
v,n(θ̂v,diagOD − Vθ∗) =

√
(Dn)11 · ((θ̂v,diagOD)1 − v⊤θ∗)

=
√

1
(D−1

n )11
· (e⊤

1 θ̂v,diagOD − v⊤θ∗)

=
√

1
v⊤S−1

n v
· (e⊤

1 θ̂v,diagOD − v⊤θ∗),

The first equality above follows since the first row of the matrix Dv,n is proportional
to e1 by construction and the fact that e1Vθ∗ = v⊤θ∗. The last line follows from the
relation (7.64). Thus, from property (7.63) we deduce√

γn
β2
nσ

2 ·
√

1
v⊤S−1

n v
· (e⊤

1 θ̂v,diagOD − v⊤θ∗) d−→ N (0, 1). (7.65)
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Define, the set Av,1−α ⊆ R as

Av,1−α :=
{
θ ∈ R | −z1−α/2 ≤

√
γn
β2
nσ̂

2 ·
√

1
v⊤S−1

n v
· (e⊤

1 θ̂v,diagOD − θ) ≤ z1−α/2

}

≡
[
e⊤

1 θ̂v,diagOD − βn·σ̂√
γn

(e⊤
1 S−1

n e1) 1
2 z1−α/2, e⊤

1 θ̂v,diagOD + βn·σ̂√
γn

(e⊤
1 S−1

n e1) 1
2 z1−α/2

]
where, z1−α/2 is the 1 −α/2 quantile of the standard Gaussian random variable. From
the equation (7.65) we have limn→∞ P(v⊤θ∗ ∈ Av,1−α) = 1 − α, i.e., Av,1−α is an
asymptotically exact 1 − α confidence intervals for v⊤θ∗. This completes the proof of
the Proposition 1. It remains to prove Lemma 10.

Proof of Lemma 10
Observe that

yi = ⟨Vxi, Vθ∗⟩ + ϵi for all i = 1, . . . , n.

The proof of the Lemma 10 is similar to the proof of Theorem 1 but modified for the
data {Vxi, yi}ni=1 and with θ∗ replaced by Vθ∗. Without loss of generality, we assume
that σ is known; thus, it suffices to prove

√
γn

βn
· D

1
2
v,n(θ̂v,diagOD − θ∗) d−→ N (0, σ2I).

Recalling the expression for θ̂v,diagOD from the definition (7.14) we have
√
γn
βn

· D
1
2
v,n(θ̂v,diagOD − Vθ∗) = √

γn ·
n∑
i=1

wiϵi

+ √
γn ·

(
1
βn

· D
1
2
v,nS

− 1
2

v,n −WnXv,nS
− 1

2
v,n

)
S

1
2
v,n(θ̂v,LS − Vθ∗)

= vn + bn

It remains to prove bn
p−→ 0 and vn

d−→ N (0, σ2I). Observe that

∥bn∥2 ≤ √
γn · ||| 1

βn
· D

1
2
v,nS

− 1
2

v,n −WnXv,nS
− 1

2
v,n |||op · ∥S

1
2
v,n(θ̂v,LS − Vθ∗)∥2

≤
√
γn log λmax(Sv,n) · ||| 1

βn
· D

1
2
nS− 1

2
v,n −WnXv,nS

− 1
2

v,n |||op
p−→ 0,

where, the second inequality uses Theorem 1 from the paper [LW+82], and the last
step uses the vanishing bias condition (A3)′(b).

The analysis of the martingale term vn is exactly same as that of Theorem 1
proof. This completes the proof of the Lemma 10.
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Proof of Proposition 2
Recalling that ∥M∥max := maxi,j |Mij| denotes the maximum absolute entry of a
matrix, we claim that it suffices to show that ∥WnXnΓ

− 1
2

n ∥max ≤ 4. Indeed, when this
claim holds, we have

|||I −WnXnS
− 1

2
n |||op ≤ 1 + |||WnXnΓ

− 1
2

n |||op|||Γ
1
2
nS− 1

2
n |||op

≤ 1 +Op(
√
D)|||WnXnΓ

− 1
2

n |||op

≤ 1 +Op(D2)∥WnXnΓ
− 1

2
n ∥max

The second last inequality above follows by noting that the diagonal entries of
the matrix Γ

1
2
nS−1

n Γ
1
2
n is of the order Op(1); this bound uses the expression of

the scaling matrix Γn from the definition (7.26a), and the operator-norm bound
∥L

1
2
n diag(S−1

n )L
1
2
n∥op = Op(1) from assumption (7.25). The last inequality above

follows from the fact that |||A|||op ≤ D
3
2 ∥A∥max, for any D-dimensional matrix A.

This completes the proof of Proposition 2. The remainder of the proof is devoted to
establishing an upper-bound on the max-norm of the matrix WnXnΓ

− 1
2

n . We do so
by proving the following upper bounds

∥
k∑
i=1

wix⊤
i Γ− 1

2
i ∥max ≤ 2 for k = 1, . . . n, and (7.66a)

∥
n∑
i=1

wix⊤
i Γ− 1

2
i (I − Γ

1
2
i Γ− 1

2
n )∥max ≤ 2. (7.66b)

Note that a combination of these two bounds implies that ∥WnXnΓ
− 1

2
n ∥max ≤ 4.

Accordingly, the remainder of our proof is devoted to establishing the bounds (7.66a)
and (7.66b).

Proof of bound (7.66a)
Using the expression for the weight vector wi from equation (7.7b), we have

I −
k∑
i=1

wixiΓ
− 1

2
i =

k∏
i=1

I − Γ− 1
2

i xix⊤
i Γ− 1

2
i

γn

2 + ∥Γ− 1
2

i xi∥2

 .
Invoking the lower bound assumption (7.26b) and doing simple algebra, we find that

∣∣∣∣∣∣∣∣∣∣∣∣I − Γ
− 1

2
i xix⊤

i Γ
− 1

2
i

γn/2+∥Γ
− 1

2
i xi∥2

2

∣∣∣∣∣∣∣∣∣∣∣∣
op

≤ 1 for all i ∈ [n].
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Consequently, for all k ∈ [n] we have the bound

∥
k∑
i=1

wixiΓ
− 1

2
i ∥max ≤ |||

k∑
i=1

wixiΓ
− 1

2
i |||op ≤ 2, (7.67)

where, in the last derivation we used the fact that the max-norm of a matrix is
upper bounded by the operator norm of that matrix. This completes the proof of the
bound (7.66a).

Proof of bound (7.66b)
The proof is this bound exploits the following auxiliary lemma:

Lemma 11. Consider a non-increasing sequence of nonnegative real numbers {δi}ni=1
and a sequence of real numbers {ai}ni=1 for which there exists a constant C such that
maxk∈[n] |∑k

i=1 ai| ≤ C. Then we have

|
n∑
i=1

aiδi| ≤ Cδ1. (7.68)

We prove this lemma at the end of this subsection.

Taking Lemma 11 as given, let us prove the bound (7.66b). The bounds (7.66a)
guarantee that

∥
k∑
i=1

wix⊤
i Γ− 1

2
i ∥max ≤ 2 for each k ∈ [n].

Moreover, by construction, the diagonal entries of the matrix (I − Γ− 1
2

i Γ
1
2
n ), for

i = 1, . . . , n, are positive and non-increasing. Thus, we can apply Lemma 11 with the
sequence {ai}ni=1 as the entries of the matrix wix⊤

i Γ− 1
2

i and δi as the diagonal entries
of the (diagonal) matrix I − Γ

1
2
i Γ− 1

2
n . Invoking Lemma 11 yields

∥
n∑
i=1

wix⊤
i Γ− 1

2
i (I − Γ

1
2
i Γ− 1

2
n )∥max ≤ 2 · ∥I − Γ

1
2
1 Γ− 1

2
n ∥max ≤ 2,

where, the last inequality above uses the property that the diagonal matrices Γ1 and
Γn, by construction, satisfy a positive semidefinite ordering Γ1 ⪯ Γn. This concludes
the proof of bound (7.66b).

It remains to prove the Lemma 11.
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Proof of Lemma 11
Let sk := ∑k

i=1 ai denote the kth partial sum of the sequence {ai}ni=1. The sum∑n
i=1 aiδi can be represented in terms of these partial sums as

|
n∑
i=1

aiδi| = |
n−1∑
i=1

q(δn−i − δn−i+1)sn−i + δnsn|

(i)
≤ C · [δn +

n−1∑
i=1

(δn−i − δn−i+1)]

= Cδ1,

where inequality (i) uses the bound |sn−i| ≤ C and the ordering δn−i ≥ δn−i+1. This
completes the proof of Lemma 11.

Proof of bound (7.28)
Note that in the setting of multi-armed bandits (cf. Section 7.4), the covariance matrix
Sn is diagonal, and consequently, the definition (7.26a) simplifies to Γi = max{Si,Ln}.
Moreover, a simple argument, using the method of induction on the integer index
i, reveals that the matrix WiZi is a diagonal matrix with nonnegative entries. In
particular, we have ∥WnZn∥max = |||WnZn|||op. By combining these facts, we see that

|||I −WnXnS
− 1

2
n |||op

(i)
≤ 1 + |||WnXnΓ

− 1
2

n |||op · ||| max{I, L
1
2
nS−1

n L
1
2
n}|||op

(ii)
≤ 1 + ∥WnXnΓ

− 1
2

n ∥max ·Op(1), (7.69)

where step (i) uses the fact that in multi-armed bandit problems the covariance
matrix Sn is diagonal, and the matrix takes the form Γn = max{Sn,Ln}; and step
(ii) follows from assumption (7.25) on the matrix Ln and the fact that max-norm
equals the operator norm for diagonal matrices.

By combining the bounds (7.66a) and (7.66b), we see that ∥WnXnΓ
− 1

2
n ∥max ≤ 4.

Combining this bound with inequality (7.69) yields

|||I −WnXnS
− 1

2
n |||op = Op(1),

as claimed in the bound (7.28).

7.9 Proof of stability Lemma 6
For notational convenience, we use the shorthand notation

zi := xiΓ
− 1

2
i , Z⊤

i := [z1, . . . , zi], and Wi = [w1, . . . ,wi],

as previously introduced in Section 7.2.
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Verifying the stability condition
The proof of the stability condition is based on a recursion relation that connects the
terms ∆i := I −WiZi and ∆i−1 := I −Wi−1Zi−1. Substituting the expression (7.7b)
for the vector wi yields

∆i∆⊤
i = (∆i−1 − wiz⊤

i )(∆i−1 − wiz⊤
i )⊤

= ∆i−1∆⊤
i−1 − ∆i−1(wiz⊤

i )⊤ − wiz⊤
i ∆⊤

i−1 + wiz⊤
i ziw⊤

i

= ∆i−1∆⊤
i−1 − (γn + ∥zi∥2)wiw⊤

i , (7.70)

Summing the last recursion from i = 1 to i = n and using the initial condition W0 = 0
yields

I −
n∑
i=1

γnwiw⊤
i =

n∑
i=1

∥zi∥2
2wiw⊤

i︸ ︷︷ ︸
1+∥r∥∞+σr

√
1−γn

+ (I −WnZn)(I −WnZn)⊤︸ ︷︷ ︸
Bn

. (7.71)

Equipped with the last relation, it suffices to verify |||1 + ∥r∥∞ + σr
√

1 − γn|||op
p−→ 0

and |||Bn|||op
p−→ 0. We begin by observing that

P[|||1 + ∥r∥∞ + σr
√

1 − γn|||op > ϵ] ≤ P[tr(1 + ∥r∥∞ + σr
√

1 − γn) > ϵ]

≤ P
[

maxi∈[n] ∥zi∥2
2

γn

n∑
i=1

γn∥wi∥2
2 > ϵ

]
.

Now from equation (7.71), we have the upper bound
n∑
i=1

γn∥wi∥2
2 = D − tr(1 + ∥r∥∞ + σr

√
1 − γn) − tr(Bn) ≤ D.

Thus, we have

P[|||1 + ∥r∥∞ + σr
√

1 − γn|||op > ϵ] ≤ P
[

maxi∈[n] ∥zi∥2
2

γn
>

ϵ

D

]
.

Combined with the asymptotic negligibility assumption in (A3), this bound implies
that |||1 + ∥r∥∞ + σr

√
1 − γn|||op

p−→ 0, as desired.
On the other hand, using the operator-norm bound on the matrix I −WnZn from

the variance stability condition in (A3), we have

|||Bn|||op = |||I −WnZn|||2op
p−→ 0.

Putting together the pieces we conclude γn
∑n
i=1 wiw⊤

i

p−→ I as claimed.
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Verifying the vanishing norm condition
Using the expression (7.7b) for the weight vector wi, we find that

∥wi∥2
2 ≤ 1

(γn/2 + ∥zi∥2
2)2 · |||I −Wi−1Zi−1|||2op ∥zi∥2

2.

Doing a calculation similar to the derivation (7.70) we have |||wi|||2op ≤ |||w0|||2op = 1.
Combining the last two observations with the asymptotic negligibility assumption
1
γn

maxi∈[n] ∥zi∥2
2

p−→ 0 yields

γn max
i∈[n]

∥wi∥2
2 ≤ 4

γn
· max
i∈[n]

∥zi∥2
2

p−→ 0,

as claimed. This completes the proof of Lemma 6.

7.10 Numerical experiment supplement
In this section, we present the results of additional experiments complementing those
in Section 7.4.

Multi-armed bandits:
In this section, we repeat the experiment of Section 7.10 using covariates {xi}ni=1
generated by each of three popular multi-armed bandit algorithms:

(a) Thompson sampling algorithm [Tho33]

(b) an ε-greedy algorithm [LS20]

(c) an upper confidence bound (UCB) strategy based on the paper [Jam+14]

We observe in Figures 7.5 and 7.6 that online debiasing provides appropriate coverage
for all confidence levels, all bandit algorithms, and both parameters θ∗

1 and θ∗
2.

Meanwhile, the OLS lower tail intervals severely undercover for all bandit algorithms
and parameters, and W-decorrelation undercovers for several configurations despite
having uniformly larger widths than online debiasing in all experiments. Finally, the
concentration CI provides 100% coverage for all confidence levels but yields intervals
uniformly larger than the online debiasing CIs.

Linear bandits
In this section, we repeat the experiment of Section 7.4 with alternative settings of
the ridge regression regularization parameter λridge ∈ {1, 10} for the concentration
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inequality CIs. Recall that given a dataset {xi, yi}ni=1 from the model (7.1), the ridge
regression estimate θ̂ridgeis defined as

θ̂ridge ∈ arg max
θ

{
n∑
i=1

(yi − x⊤
i θ)2 + λridge · ∥θ∥2

2

}
(7.72)

Here, λridge > 0 is the regularization parameter for the ridge regression, and ∥θ∥2
denotes the ℓ2 norm of the vector θ. In Figure 7.7, we observe that the concentration
based CIs always provide appropriate coverage but are uniformly larger than the
online debiasing CIs for both λridge = 1 and λridge = 10 and for both parameters θ∗

1
and θ∗

2.
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(a) Thompson sampling algorithm
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(b) ε-greedy algorithm
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(c) Upper confidence bound (UCB) algorithm
Figure 7.5. Average coverage and width of confidence intervals for θ∗

1 across
1000 independent replications of a multi-armed bandit experiment (7.29) with
θ∗ ≡ (θ∗

1, θ
∗
2) = (0.3, 0.3)⊤. The covariates {xi}1000

i=1 were selected using a) Thompson
sampling [Tho33], (b) the ε-greedy algorithm [LS20], and (c) the upper confidence
bound algorithm (UCB) [Jam+14]. The error bars represent ±1 standard error.
Left and Center: Coverage of one-sided 1 − α intervals for θ∗

1. Right: Width of
two-sided 1 − α intervals for θ∗

1. See Section 7.10 for details.
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(a) Thompson sampling algorithm
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(b) ε-greedy algorithm
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(c) Upper confidence bound (UCB) algorithm
Figure 7.6. Average coverage and width of confidence intervals for θ∗

2 across
1000 independent replications of a multi-armed bandit experiment (7.29) with
θ∗ ≡ (θ∗

1, θ
∗
2) = (0.3, 0.3)⊤. The covariates {xi}1000

i=1 were selected using a) Thompson
sampling [Tho33], (b) the ε-greedy algorithm [LS20], and (c) the upper confidence
bound algorithm (UCB) [Jam+14]. The error bars represent ±1 standard error.
Left and Center: Coverage of one-sided 1 − α intervals for θ∗

2. Right: Width of
two-sided 1 − α intervals for θ∗

2. See Section 7.10 for details.
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(a) Plots for λridge = 1

0.75 0.80 0.85 0.90 0.95
Target coverage probability

0.6

0.7

0.8

0.9

1.0

Em
pi

ric
al

 c
ov

er
ag

e 
pr

ob
ab

ilit
y

Lower tail coverage for θ ∗1

Target coverage
OLS
Online debiasing
Ridge + concentration

0.75 0.80 0.85 0.90 0.95
Target coverage probability

0.6

0.7

0.8

0.9

1.0

Em
pi

ric
al

 c
ov

er
ag

e 
pr

ob
ab

ilit
y

Upper tail coverage for θ ∗1

Target coverage
OLS
Online debiasing
Ridge + concentration

0.75 0.80 0.85 0.90 0.95 1.00
Coverage probability

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Em
pi

ric
al

 C
I l

en
gt

h

CI length comparison for θ ∗1

0.75 0.80 0.85 0.90 0.95
Target coverage probability

0.6

0.7

0.8

0.9

1.0

Em
pi

ric
al

 c
ov

er
ag

e 
pr

ob
ab

ilit
y

Lower tail coverage for θ ∗2

Target coverage
OLS
Online debiasing
Ridge + concentration

0.75 0.80 0.85 0.90 0.95
Target coverage probability

0.6

0.7

0.8

0.9

1.0

Em
pi

ric
al

 c
ov

er
ag

e 
pr

ob
ab

ilit
y

Upper tail coverage for θ ∗2

Target coverage
OLS
Online debiasing
Ridge + concentration

0.75 0.80 0.85 0.90 0.95 1.00
Coverage probability

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Em
pi

ric
al

 C
I l

en
gt

h

CI length comparison for θ ∗2

(b) Plots for λridge = 10
Figure 7.7. Average coverage and width of confidence intervals for θ∗

1 and θ∗
2 across 1000 independent

replications of linear bandits experiment (7.40) with θ∗ ≡ (θ∗
1 , θ

∗
2) = (0.3, 0.3)⊤. The covariates {xi}2500

i=1
were selected using the ε-greedy linear bandits algorithm (7.40), and the error bars represent ±1 standard
error. Left and Center: Coverage of one-sided 1 − α intervals Right: Width of two-sided 1 − α intervals.
See Section 7.10 for details.
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Chapter 8

Convergence Guarantees for a Class
of Non-convex and Non-smooth
Optimization Problems.

In this chapter we consider the problem of finding critical points of functions that
are non-convex and non-smooth. Studying a fairly broad class of such problems, we
analyze the behavior of three gradient-based methods (gradient descent, proximal
update, and Frank-Wolfe update). For each of these methods, we establish rates
of convergence for general problems, and also prove faster rates for continuous sub-
analytic functions. We also show that our algorithms can escape strict saddle points
for a class of non-smooth functions, thereby generalizing known results for smooth
functions. Our analysis leads to a simplification of the popular CCCP algorithm, used
for optimizing functions that can be written as a difference of two convex functions.
Our simplified algorithm retains all the convergence properties of CCCP, along with
a significantly lower cost per iteration. We illustrate our methods and theory via
applications to the problems of best subset selection, robust estimation, mixture
density estimation, and shape-from-shading reconstruction.

8.1 Introduction
Non-convex optimization problems arise frequently in statistical machine learn-
ing; examples include the use of non-convex penalties for enforcing sparsity [FL01;
LW13; Wai19a], non-convexity in likelihoods in mixture modeling [YYS17b], and
non-convexity in neural network training [LY17]. Of course, minimizing a non-convex
problem is NP-hard in general, but problems that arise in machine learning appli-
cations are not constructed in an adversarial manner. Moreover, there have been a
number of recent papers demonstrating that all first (and/or second) order critical
points have desirable properties for certain statistical problems (e.g. [GJZ17; LW13]).
Given results of this type, it is often sufficient to find critical points that are first-order



(and possibly second-order) stationary. Accordingly, recent years have witnessed an
explosion of research on different algorithms for non-convex problems, with the goal
of trying to characterize the nature of their fixed points, and their convergence
properties.

There is a lengthy literature on non-convex optimization, dating back more than
six decades, and rapidly evolving in the present (e.g., see [Att+10; BST14; CGT10;
GTT17; Har59; HPT00; LS09; Lee+16; LB16; PP16; Tuy95; YR03]). Perhaps the
most straightforward approach to obtaining a first-order critical point is via gradient
descent. Under suitable regularity conditions and step size choices, it can be shown
that gradient descent can be used to compute first-order critical points. Moreover,
with a random initialization and additional regularity conditions, gradient descent
converges almost surely to a second-order stationary point (e.g., [Lee+16; PP16]).
These results, like much of the currently available theory for (sub)-gradient methods
for non-convex problems, involve smoothness conditions on the underlying objectives.
In practice, many machine learning problems have non-smooth components; examples
include the hinge loss in support vector machines, the rectified linear unit in neural
networks, and various types of matrix regularizers in collaborative filtering and
recommender systems. Accordingly, a natural goal is to develop subgradient-based
techniques that apply to a broader class of non-convex functions, allowing for non-
smoothness.

The main contribution of this chapter is to provide precisely such a set of techniques,
along with non-asymptotic guarantees on their convergence rates. In particular, we
study algorithms that can be used to obtain first-order (and in some cases, also
second-order) optimal solutions to a relatively broad class of non-convex functions,
allowing for non-smoothness in certain portions of the problem. For each sequence
{xk}k≥0 generated by one of our algorithms, we provide non-asymptotic bounds on the
convergence rate of the gradient sequence {∥∇f(xk)∥2}k≥0. Moreover, for functions
that satisfy a form of the Kurdaya- Lojasiewicz inequality, we show that our methods
achieve faster rates.

Our work has important points of contact with a recent line of papers on algorithms
for non-convex and non-smooth problems, and we discuss a few of them here. [BST14]
developed a proximal-type algorithm applicable to objective functions formed as
a sum of smooth (possibly non-convex) and a convex (possibly non-differentiable)
function. Some recent work by [XY17] extended these ideas and provided analysis
for block co-ordinate descent methods for non-convex functions. [HLR16] analyzed
the ADMM method for non-convex problems, whereas in other recent work [AN17;
WCP18], the authors proposed a proximal-type method for non-convex functions that
can be written as a sum of a smooth function, a concave continuous function and a
convex lower semi-continuous function; we also analyze this class in one of our results
(Theorem 4).

Our results also relate to another interesting sub-area of non-convex optimization,
namely functions that can be represented as a difference of two convex functions,
popularly known as DC functions. We refer the reader to the papers [Har59; LS09;
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Tuy95; YR03] for more details on DC functions and their properties. One of the most
popular DC optimization algorithms is the Convex Concave Procedure, or CCCP
for short; see the papers [LB16; YR03] for further details. This is a double loop
algorithm that minimizes a convex relaxation of the non-convex objective function
at each iteration. While the CCCP algorithm has some attractive convergence
properties [LS09], it can be slow in many situations due to its double loop structure.
One outcome of the analysis in this chapter is a single-loop proximal-method that
retains all the convergence guarantees of CCCP while—as shown in our experimental
results—being much faster to run.

Problem setup
In this chapter, we study the problem of minimizing a non-convex and possibly non-
smooth function over a closed convex set. More precisely, we consider optimization
problems of the form

min
x∈Ω

{
g(x) − h(x) + φ(x)︸ ︷︷ ︸

f(x)

}
, (8.1)

where the domain Ω is a closed convex set. In all cases, we assume the function f
is bounded below over domain Ω, and that the function h is continuous and convex.
Our aim is to derive algorithms for problem (8.1) for various types of functions g and φ.

Structural assumption on functions g and h

(a) Theorems 3 and 6 are based on the assumption that the function g is continuously
differentiable and smooth, and that the function φ ≡ 0.

(b) In Theorems 4 and 7, we assume that the function g is continuously differ-
entiable and smooth, and that the function φ is convex, proper and lower
semi-continuous.1

(c) Theorem 5 focuses on the case in which the function g is continuously differen-
tiable, and the function φ ≡ 0.

The class of non-convex functions covered in part (a) includes, as a special case,
the class of differences of convex (DC) functions, for which the first convex function
is smooth and the second convex function is continuous. Note that we only put a
mild assumption of continuity on the convex function h, meaning that the difference

1Taking the function φ ≡ 0 yields part (a) as a special case, but it is worthwhile to point out
that the assumptions in Theorem 3 are weaker than the assumptions of Theorem 4. Furthermore,
we can prove some interesting results about saddle points when the function φ ≡ 0; see Corollary 6.
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function g− h can be non-smooth and non-differentiable in general. In particular, for
any continuously differentiable function h and any smooth function g, the difference
function f = g − h is non-smooth. Furthermore, if we take the function h ≡ 0, then
we recover the class of smooth functions as a special case.

Overview of our results
• Our first main result (Theorem 3) provides guarantees for a subgradient algorithm

as applied to the minimization problem (8.2), to be defined in the sequel, when
constrained to a closed convex set Ω. We provide convergence bounds in terms of
the Euclidean norm of the subgradient and show that our rates are unimprovable
in general. We also illustrate some consequences of Theorem 3 by deriving a
convergence rate for our algorithm when applied to non-smooth coercive functions;
this result has interesting implications for polynomial programming. We also
provide a simplification of the CCCP algorithm, along with convergence guarantees.
In Corollary 6, we argue that our algorithm can escape strict saddle points for a
large class of non-smooth functions, thereby generalizing known results for smooth
functions.

• Our second main result (Theorem 4) provides convergence rates for a proximal-type
algorithm for problem (8.1). In Section 8.4, we demonstrate how this proximal-
type algorithm can be used to minimize a smooth convex function subject to a
sparsity constraint. We demonstrate the performance of this algorithm through
the example of best subset selection.

• In Theorem 5, we provide a Frank-Wolfe type algorithm for solving optimization
problem (8.17), and we provide a rate of convergence in terms of the associated
Frank-Wolfe gap.

• Finally, in Theorems 6 and 7, we prove that Algorithms 2 and 3, when applied to
functions that satisfy a variant of the Kurdaya- Lojasiewicz inequality, have faster
convergence rates. In particular, the convergence rate in terms of gradient norm
is at least O(1/k) – whereas the worst case rate for general non-convex functions
is O( 1√

k
). We also provide examples of functions for which the convergence rate

is O(1/kr) with r > 1. In Theorem 6, we characterize the class of functions that
can be written as a difference of a smooth function and a differentiable convex
function.

Section 8.4 is devoted to an illustration of our methods and theory via applications to
the problems of best subset selection, robust estimation, mixture density estimation
and shape-from-shading reconstruction.

Notation: Given a set Ω ⊂ Rd, we use int(Ω) to denote its interior. We use ∥x∥2,
∥x∥1 and ∥x∥0 to denote the Euclidean norm, ℓ1-norm and ℓ0 norms, respectively, of
a vector x ∈ Rd. We say that a continuously differentiable function g is Mg-smooth if
the gradient ∇g is Mg-Lipschitz continuous. In many examples considered in this
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chapter, the objective function f is a linear combination of a differentiable function g
and one or more convex functions h and φ. With a slight abuse of notation, for a
function f = g − h+ φ, we refer to a vector of the form ∇g(x) − u(x) + v(x), where
u(x) ∈ ∂h(x) and v(x) ∈ ∂φ(x), as a gradient of the function f at point x — and we
denote it by ∇f(x); here, ∂h(·) and ∂φ(·) denote the subgradient sets of the convex
functions h and φ respectively. We say a point x is a critical point of the function
f if 0 ∈ ∇f(x). For a sequence

{
ak
}
k≥0

, we define the running arithmetic mean
Avg

(
ak
)

as Avg
(
ak
)

:= 1
k

∑ℓ=k+1
ℓ=0 aℓ. Similarly, for a non-negative sequence

{
ak
}
k≥0

,

we use GAvg
(
ak
)

:= (
k∏
ℓ=0

aℓ)
1

k+1 to denote the running geometric mean. Finally, for

real-valued sequences {ak}k≥0 and {bk}, we say ak = O
(
bk
)
, if there exists a positive

constant C, which is independent of k, such that ak ≤ Cbk for all k ≥ 0. We say
ak = Ω(bk) if ak = O

(
bk
)

and bk = O
(
ak
)
.

8.2 Main results
Our main results are analyses of three algorithms for this class of non-convex non-
smooth problems; in particular, we derive non-asymptotic bounds on their rates of
convergence. The first algorithm is a (sub)-gradient-type method, and it is mainly
suited for unconstrained optimization; the second algorithm is based on a proximal op-
erator and can be applied to constrained optimization problems. The third algorithm
is a Frank-Wolfe-type algorithm, which is also suitable for constrained optimization
problems, but it applies to a more general class of non-convex optimization problems.

Gradient-type method
In this section, we analyze a (sub)-gradient-based method for solving a certain class
of non-convex optimization problems. In particular, consider a pair of functions (g, h)
such that:

Assumption GR:

(a) The function g is continuously differentiable and Mg-smooth.

(b) The function h is continuous and convex.

(c) There is a closed convex set Ω such that the difference function f := g − h is
bounded below on the set Ω.

Under these conditions, we then analyze the behavior of a (sub)-gradient method in
application to the following problem

f ∗ = min
x∈Ω

f(x) = min
x∈Ω

{
g(x) − h(x)

}
. (8.2)
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Let ∂h(x) denote the subdifferential of the convex function h at the point x. With
a slight abuse of notation, we refer to a vector of the form ∇g(x) − u(x) with
u(x) ∈ ∂h(x) as a gradient of the function f at the point x.

Algorithm 2 Subgradient-type method
1: Given an initial point x0 ∈ int(Ω) and step size α ∈ (0, 1

Mg
]:

2: for k = 0, 1, 2, . . . do
3: Choose subgradient uk ∈ ∂h(xk).
4: Update xk+1 = xk − α

(
∇g(xk) − uk

)
.

5: end for

In our analysis, we assume that the initial vector x0 ∈ int(Ω) is chosen such that the
associated level set

L(f(x0)) :=
{
x ∈ Rd | f(x) ≤ f(x0)

}
is contained within int(Ω). This condition is standard in the analysis of non-convex
optimization methods (e.g., see [NP06]). When Ω = Rd, it holds trivially. With this
set-up, we have the following guarantees on the convergence rate of Algorithm 2.

Theorem 3. Under Assumption GR, any sequence {xk}k≥0 produced by Algorithm 2
has the following properties:

(a) Any limit point is a critical point of the function f , and the sequence of function
values {f(xk)}k≥0 is strictly decreasing and convergent.

(b) For all k = 0, 1, 2, . . ., we have

Avg
(
∥∇f(xk)∥2

2

)
≤

2
(
f(x0) − f ∗

)
α(k + 1) . (8.3)

See Section 8.7 for a proof of this theorem.

Comments on convergence rates

Note that the bound (8.3) guarantees that the gradient norm sequence minj≤k ∥∇f(xj)∥2
converges to zero at the rate O(1/

√
k). It is natural to wonder whether this conver-

gence rate can be improved. Interestingly, the answer is no, at least for the general
class of functions covered by Theorem 3. Indeed, note that the class of M -smooth
functions is contained within the class of functions covered by Theorem 3. It follows
from past work by [CGT10] that for gradient descent on M -smooth functions, with a
step size chosen according to the Goldstein-Armijo rule, the convergence rate of the
gradient sequence {∥∇f(xk)∥2}k≥0 can be lower bounded—for appropriate choices of
the function f—as Ω(1/

√
k). It is not very difficult to see that the same construction
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also provides a lower bound of Ω(1/
√
k) for gradient descent with a constant step

size. We also note that very recently, [Car+17] proved an even stronger result: more
precisely, for the class of smooth functions, the rate of convergence of any algorithm
given access to only the function gradients and function values cannot be faster than
Ω(1/

√
k). Finally, observe that in the special case h ≡ 0, Algorithm 2 reduces to

the ordinary gradient descent with fixed step size α. Putting together the pieces, we
conclude that for the class of functions which can be written as a difference of smooth
and a continuous convex function, Algorithm 1 is optimal among all algorithms that
have access to the gradients (and/or the sub-gradients) and the function values.

Consequences for differentiable functions
In the special case when the function h is convex and differentiable, Algorithm 2
reduces to an ordinary gradient descent on the difference function f = g−h. However,
note that the step size choice required in Algorithm 2 does not depend on the
smoothness of the function h; consequently, the algorithm can be applied to objective
functions f that are not smooth. As a simple but concrete example, suppose that
we wish to apply gradient descent to minimize the function f(x) := g(x) − ∥x∥q2,
where g is any µ-strongly convex and Mg-smooth function, and q ∈ (1, 2) is a given
parameter. Classical guarantees on gradient descent, which require the smoothness
of the function f , would not apply here since the function f itself is not smooth.
However, Theorem 3 guarantees that standard gradient descent would converge for
any step size α ∈

(
0, 1

Mg

]
.

More generally, given an arbitrary continuously differentiable function f , we can
define its effective smoothness constant as

M∗
f := inf

h

{
L | (f + h) is L-smooth

}
, (8.4)

where the infimum ranges over all convex and continuously differentiable functions h.
Suppose that this infimum is achieved by some function h∗, then gradient descent
on the function f can be viewed as applying Algorithm 2 to the decomposition
f = g∗ − h∗, where the function g∗ := f + h∗ is guaranteed to be M∗

f -smooth. To
be clear, the algorithm itself does not need to know the decomposition (g∗, h∗), but
the existence of the decomposition ensures the success of a backtracking procedure.
Putting together the pieces, we arrive at the following consequence of Theorem 3:

Corollary 4. Given a closed convex set Ω, consider a continuously differentiable
function f with effective smoothness M∗

f < ∞ that is bounded below on Ω. Then
for any sequence {xk}k≥0 obtained by applying the gradient update with step size
α ∈

(
0, 1

M∗
f

)
, we have:

Avg
(
∥∇f(xk)∥2

2

)
≤

2
(
f(x0) − f ∗

)
α(k + 1) . (8.5a)
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Moreover, if we choose step size by backtracking2 with parameter β ∈ (0, 1), then for
all k = 0, 1, 2, . . ., we have

Avg
(
∥∇f(xk)∥2

2

)
≤

2 max
{

1,M∗
f

}(
f(x0) − f ∗

)
β2(k + 1) . (8.5b)

See Section 8.7 for proof of the above corollary.

Let us reiterate that the advantage of backtracking gradient descent is that it works
without knowledge of the scalar M∗

f . The parameter β mentioned in equation (8.5b)
is the user-defined backtracking parameter (see Algorithm 5 for details). In particular,
substituting β = 1√

2 in equation (8.5b) yields

Avg
(
∥∇f(xk)∥2

2

)
≤

4 max
{

1,M∗
f

}(
f(x0) − f ∗

)
(k + 1) ,

which differs from the rate obtained in equation (8.5a) only by a factor of two, and a
possible multiple of M∗

f .

Consequences for coercive functions

As a consequence of Corollary 4, we can obtain a rate of convergence of the back-
tracking gradient descent algorithm (Algorithm 5) for a class of non-smooth coercive
functions. Consider any twice continuously differentiable coercive function f : Rd 7→ R,
which is bounded below. Recall that a function f is coercive if

f(xℓ) ℓ→∞→ ∞ for any sequence {xℓ}ℓ≥0 such that ∥xℓ∥2 → ∞. (8.6)

Let L(f(x0)) :=
{
x ∈ Rd : f(x) ≤ f(x0)

}
denote the level set of the function f at

point x0. It can be verified that for any coercive function f , the set L(f(x0)) is
bounded above for all x0 ∈ Rd. This property ensures that for any descent algorithm
and any starting point x0, the set of iterates

{
xk
}
k≥0

obtained from the algorithm
remains within a bounded set—viz. the level set L(f(x0)) in this case. Since the
function f is twice continuously differentiable, we have that f is smooth over bounded
set L(f(x0)); this fact ensures that f has a finite effective smoothness constant in the
set L(f(x0)), which we denote by M∗

f,x0 . Finally, note that Algorithm 5 is a descent
algorithm; as a result, a simple application of Corollary 4 yields the following rate of
convergence for the backtracking gradient descent algorithm (Algorithm 5):

Corollary 5. Consider the unconstrained minimization problem of a twice continu-
ously differentiable coercive function f that is bounded below on Rd. Then for any

2A detailed description of gradient descent with backtracking is provided in Algorithm 5.
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initial point x0, the sequence {xk}k≥0 obtained by applying Algorithm 5 satisfies the
following property:

Avg
(
∥∇f(xk)∥2

2

)
≤

2 max
{

1,M∗
f,x0

}(
f(x0) − f ∗

)
β2(k + 1) for all k = 0, 1, 2, . . ., (8.7)

where β ∈ (0, 1) is the backtracking parameter.

Implications for polynomial programming: Corollary 5 has useful implications
for problems that involve minimizing polynomials. Such problems of polynomial
programming arise in various applications, including phase retrieval and shape-from-
shading [WSU14], and we illustrate our algorithms for the latter application in
Section 8.4. For minimization of a coercive polynomial, Corollary 5 shows that
Algorithm 5 achieves a near-optimal rate.

It is worth noting that any even degree polynomial can be represented as a
difference of convex (DC) function; hence, such problems are amenable to DC
optimization techniques like CCCP, which we discuss at more length in Section 8.2.
However, obtaining a good DC decomposition, which is crucial to the success of CCCP,
is often a formidable task. In particular, obtaining an optimal decomposition for a
polynomial with degree greater than four is NP-hard; indeed, deciding the convexity
of an even degree polynomial with degree greater than four is NP-hard [Ahm+13;
WSU14]. Even for a fourth degree polynomial with dimension larger than three,
there is no known algorithm for finding an optimal DC decomposition [AP13]. An
advantage of Algorithm 5 is that it obviates the need to find a DC decomposition.

Escaping strict saddle points

One of the obstacles with gradient-based continuous optimization method is possible
convergence to saddle points. Here we show that with a random initialization this
undesirable outcome does not occur for the class of strict saddle points. Recall that
for a twice differentiable function f , a point x is called a strict saddle point of the
function f if λmin(∇2f(x)) < 0, where λmin(∇2f(x)) denotes the minimum eigenvalue
of the Hessian matrix ∇2f(x). The following corollary shows that such saddle points
are not troublesome:

Corollary 6. Suppose that, in addition to the conditions on (g, h,Ω) from Theorem 3,
the functions (g, h) are twice continuously differentiable. If Algorithm 2 is applied
with step size α ∈

(
0, 1

Mg

)
, then the set of initial points for which it converges to a

strict saddle point has measure zero.

See Section 8.7 for the proof of this corollary.

We note that similar guarantees of avoidance of strict saddle-points are known
when the function f = g − h is twice continuously differentiable and M -smooth
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(e.g., [Lee+16; PP16]). The novelty of Corollary 6 is that the same guarantee holds
without imposing a smoothness condition on the entire function f .

Connections to the convex-concave procedure
As a consequence of Algorithm 2, we show that one can obtain a convergence rate of
the Euclidean norm of the gradient for CCCP (convex-concave procedure), which is a
heavily used algorithm in Difference of Convex (DC) optimization problems. Before
doing so, let us provide a brief description of DC functions and the CCCP algorithm.

DC functions: Given a convex set Ω ⊆ Rd, we say that a function f : Ω 7→ R
is DC if there exist convex functions g and h with domain Ω such that f = g − h.
Note that the DC representation f = g − h mentioned in the definition is not unique.
In particular, for any convex function p, we can write f = (g + p) − (h + p). The
class of DC functions includes a large number of non-convex problems encountered in
practice. Both convex and concave functions are DC in a trivial sense, and the class
of DC functions remains closed under addition and subtraction. More interestingly,
under mild restrictions on the domain, the class of non-zero DC functions is also
closed under multiplication, division, and composition (e.g., [Har59; Tuy95]). The
maximum and minimum of a finite collection of DC functions are also DC functions.

Convex-concave procedure: An interesting class of problems are those that
involve minimizing a DC function over a closed convex set Ω ⊆ Rd, i.e.

f ∗ := min
x∈Ω

f(x) = min
x∈Ω

{
g(x) − h(x)

}
, (8.8)

where g and h are proper convex functions. The above problem has been studied
intensively, and there are various methods for solving it; for instance, see the pa-
pers [LB16; PNL13; Tuy95] and references therein for details. One of the most popular
algorithms to solve problem (8.8) is the Convex-concave Procedure (CCCP), which
was introduced by [YR03]. The CCCP algorithm is a special case of a Majorization-
Minimization algorithm, one which uses the DC structure of the objective function in
problem (8.8) to construct a convex majorant of the objective function f at each step.
We start with a feasible point x0 ∈ int(Ω). Let xk denote the iterate at kth iteration;
at the (k + 1)th iteration we construct a convex majorant q(·, xk) of the function f
via

f(x) ≤ g(x) − h(xk) − ⟨uk, x− xk⟩︸ ︷︷ ︸
=: q(x,xk)

, (8.9)

where uk ∈ ∂h(xk), the subgradient set of the convex function h at point xk. The
next iterate xk+1 is obtained by solving the convex program

xk+1 ∈ arg min
x∈Ω

q(x, xk). (8.10)
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The CCCP algorithm has some attractive convergence properties. For instance,
it is a descent algorithm; when the function g is strongly convex differentiable and
the function h is continuously differentiable, it can be shown [LS09] that any limit
point of the sequence

{
xk
}
k≥0

obtained from CCCP is stationary. Under the same
assumptions, one can also verify that limk→∞ ∥xk − xk+1∥2 = 0.

We now turn to an analysis of CCCP using the techniques that underlie Theorem 3.
In the next proposition, we derive a rate of convergence of the gradient sequence and
show that all limit points of the sequence

{
xk
}
k≥0

are stationary. Earlier analyses of
CCCP, including the papers [LS09; YR03], are mainly based on the assumption of
strong convexity of the function g, whereas in the next proposition, we only assume
that the function g is Mg-smooth. When the function g is strongly convex, our
analysis recovers the well-known convergence result in past work [LS09]. In particular,
we show that CCCP enjoys the same rate of convergence as that of Algorithm 2.

Proposition 3. Under Assumption GR and with the function g being convex, the
CCCP sequence (8.10) has the following properties:

(a) Any limit point of the sequence
{
xk
}
k≥0

is a critical point, and the sequence of
function values

{
f(xk)

}
k≥0

is strictly decreasing and convergent.

(b) Furthermore, for all k = 1, 2, . . ., we have

Avg
(
∥∇f(xk)∥2

2

)
≤

2Mg

(
f(x0) − f ∗

)
(k + 1) , (8.11a)

and assuming moreover that g is µ-strongly convex,

Avg
(
∥xk − xk+1∥2

2

)
≤

2
(
f(x0) − f ∗

)
µ(k + 1) . (8.11b)

The proof of this proposition builds on the argument used for Theorem 3; see
Section 8.7 for details.

Simplifying CCCP

Algorithm 2 provides us an alternative procedure for minimizing a difference of convex
functions when the first convex function is smooth. The benefit of Algorithm 2 over
standard CCCP is that Algorithm 2 is a single loop algorithm and is expected to be
faster than standard double loop CCCP algorithm in many situations. Furthermore,
Algorithm 2 shares convergence guarantees similar to a standard CCCP algorithm.
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Proximal-type method
We now turn to a more general class of optimization problems of the form

f ∗ := min
x∈Rd

f(x) = min
x∈Rd

{(
g(x) − h(x)

)
+ φ(x)

}
. (8.12)

We assume that the functions g, h and φ satisfy the following conditions:

Assumption PR

(a) The function f = g − h+ φ is bounded below on Rd.

(b) The function g is continuously differentiable and Mg-smooth; the function h
is continuous and convex; and the function φ is proper, convex and lower
semi-continuous.

Typical examples of the function φ include φ(x) = ∥x∥1, or the indicator of a closed
convex convex set X . Since for a general lower semi-continuous function φ, the sum-
function g + φ is neither differentiable nor smooth, a gradient-based method cannot
be applied. One way to minimize such functions is via a proximal-type algorithm, of
which the following is an instance.

Algorithm 3 Proximal-type algorithm
1: Given an initial vector x0 ∈ dom(f) and step size α ∈

(
0, 1

Mg

]
.

2: for k = 0, 1, 2, . . . do
3: Update xk+1 = proxφ1/α

(
xk − α

(
∇g(xk) − uk

))
for some uk ∈ ∂h(xk).

4: end for

The proximal update in line 3 of Algorithm 3 is very easy to compute and often
has a closed form solution (see [PB+14]). Let us now derive the rate of convergence
result of Algorithm 3.

Theorem 4. Under Assumption PR, any sequence
{
xk
}
k≥0

obtained from Algorithm 3
has the following properties:

(a) Any limit point of the sequence
{
xk
}
k≥0

is a critical point, and the sequence of
function values

{
f(xk)

}
k≥0

is strictly decreasing and convergent.

(b) For all k = 1, 2, . . ., we have

Avg
(
∥xk − xk−1∥2

2

)
≤

2α
(
f(x0) − f ∗

)
(k + 1) . (8.13a)
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If moreover the function h is Mh-smooth, then

Avg
(
∥∇f(xk)∥2

2

)
≤

2αCM,α

(
f(x0) − f ∗

)
(k + 1) , (8.13b)

where CM,α =
(
Mg +Mh + 1

α

)2
.

See Section 8.8 for the proof of the theorem.

Comments: The proof of Theorem 4 reveals that the smoothness condition on the
function h in Theorem 4 can be replaced by the local smoothness of h, when the
sequence

{
xk
}
k≥0

is bounded. Note that the local smoothness condition is weaker than
the global smoothness condition. For instance, any twice continuously differentiable
function is locally smooth. The boundedness assumption on the iterates

{
xk
}
k≥0

holds
in many situations. For instance, if the function f is coercive (8.6), then it follows
that the iterates

{
xk
}
k≥0

remain bounded. Another instance is when the function φ

is the indicator function of a compact convex set. Finally, we point out that when
the function h is non-smooth but the proximal-function φ is smooth, the existing
proof can be easily modified to obtain a rate of convergence of the gradient-norm
∥∇f(xk)∥2.

Projected Gradient Descent: A special case of the Algorithm 3 is when φ is
equal to the indicator function 1X of a closed convex set X . Consider the following
constrained optimization problem

f ∗ := min
x∈X

{
g(x) − h(x)︸ ︷︷ ︸

f(x)

}
, (8.14)

where X is a closed convex set, the function g is Mg-smooth, and the function h is
convex continuous. Using Algorithm 3, the update equation in this case is given by

xk+1 = ΠX
(
xk − α(∇g(xk) − uk)

)
. (8.15)

In projected-gradient-type methods, we should not expect a rate in terms of the
gradient. In such cases, the projected gradient step may not be aligned with the
gradient direction, or the step size may be arbitrarily small due to projection. Rather,
an appropriate analogue of the gradient in this case is as follows:

∇fX (xk) = 1
α

(
xk − ΠX (xk − α(∇g(xk) − uk))

)
. (8.16)

The analysis of the projected gradient method using ∇fX (xk) is standard in the
optimization literature [Bub+15]. It is worth pointing out that the quantity ∇fX (xk)
is the analogue of the gradient in the constrained optimization setup, and coincides
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with the gradient in the unconstrained setup. Concretely, we have ∇fX (xk) = ∇f(xk)
where f := g − h, and X = Rd. Combining equations (8.15) and (8.16) and applying
the bound (8.13b) from Theorem 4, we find that

Avg
(
∥∇fX (xk)∥2

2

)
≤

2
(
f(x0) − f ∗

)
α(k + 1) .

Frank-Wolfe type method
In our analysis of the previous two algorithms, we assumed that the objective function
f has a smooth component g, and we leveraged the smoothness property of g to
establish convergence rates. In many situations, the objective function may not
have a smooth component; consequently, neither the gradient-type algorithm nor the
prox-type algorithm provides any theoretical guarantee. In this section, we analyze a
Frank-Wolfe-type algorithm for solving such optimization problems. In particular,
consider an optimization problem of the form

f ∗ := min
x∈Ω

f(x) = min
x∈Ω

{
g(x) − h(x)

}
, (8.17)

where Ω is a closed convex set, and the functions (g, h) satisfy the following conditions:

Assumption FW:

(a) The difference function f = g − h is bounded below over range Ω.

(b) The function g is continuously differentiable, whereas the function h is convex
and continuous.

The analysis of the Frank-Wolfe algorithm for a convex problem is based on the
curvature constant Cf of the convex objective function with respect to the closed
convex set Ω. This curvature constant can be defined for any differentiable function,
which need not be convex [Lac16].

Here we define a slight generalization of this notion, applicable to a non-differentiable
function f = g − h that can be written as a difference of a differentiable function g
and a continuous convex function h (which may be non-differentiable). Define the set

Sγ :=
{
x, y ∈ Ω | there exist γ ∈ (0, 1] and u ∈ Ω with y = x+ γ(u− x)

}
,

and the curvature constant

Cf = sup
x,y∈Sγ

u∈∂h(x)

2
γ2

[
f(y) − f(x) − ⟨y − x, ∇g(x) − u⟩

]
. (8.18)

Note that in the special case h ≡ 0, we recover the curvature constant of the
differentiable function g used by Lacoste-Julien [Lac16]. We refer to the scalar Cf
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Algorithm 4 Frank-Wolfe type method

1: Given initial vector x0 ∈
∫

(Ω):
2: for k = 1, . . . , K do
3: Choose any uk ∈ ∂h(xk).
4: Compute sk := arg mins∈Ω⟨s, ∇g(xk) − uk⟩.
5: Define dk := sk − xk and gk := −⟨dk, ∇g(xk) − uk⟩. (Frank-Wolfe gap)
6: Set γk = min

{
gk

C0
, 1
}

for some C0 ≥ Cf .
7: Update xk+1 = xk + γkdk.
8: end for

as the generalized curvature constant of the function f with respect to the closed
convex set Ω.

Next, we provide an analysis of Algorithm 4 in terms of the Frank-Wolfe (FW)
gap gk defined Step 5. We show that the minimum FW gap {gk}k≥0 defined in
Algorithm 4 converges to zero at the rate 1√

k+1 .

Theorem 5. Under Assumption FW, the Frank-Wolfe gap sequence {gk}k≥0 from
Algorithm 4 satisfies the following property:

min
0≤j≤k

gj ≤
max

{
2
(
f(x0) − f ∗

)
, C0

}
√
k + 1

for all k = 0, 1, 2, . . ..

See Section 8.9 for the proof of this theorem.

Comments: The FW gap appearing in Theorem 5 is standard in the analysis of
Frank-Wolfe algorithm; note that it is invariant to an affine transformation of the
set Ω. Similar convergence guarantees for the minimum FW-gap are available for
differentiable functions; for instance, see the paper [Lac16]. The novelty of the above
theorem is that it provides convergence guarantees of minimum FW-gap for a class
of non-differentiable functions.

Upper bound on generalized curvature constant: It is worth mentioning that
Algorithm 4 only requires an upper bound of the generalized curvature constant
Cg−h. Consequently, it is interesting to obtain an upper bound for the scalar Cg−h.
For a Mg-smooth function g, one well-known upper bound of the curvature constant
Cg is Mg ×

(
diam∥·∥2(Ω)

)2
; see also [Jag13]. A similar upper bound also holds for

the generalized curvature constant defined in equation (8.59). In particular, we
prove that for a difference function f = g − h, with the function h being convex
continuous, the scalar Cg−h is always upper bounded by Cg, the curvature constant of
the function g (see Lemma 17).
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8.3 Faster rate under KL-inequality
In the preceding sections, we have derived rates of convergence for the gradient
norms for various classes of problems. It is natural to wonder if faster convergence
rates are possible when the objective function is equipped with some additional
structure. Based on Theorems 3 and 4, we see that both Algorithms 2 and 3
ensure that ∥xk − xk+1∥2 → 0, meaning that the successive differences between the
iterates converge to zero. Although we proved that any limit point of the sequence
{xk}k≥0 has desirable properties, the condition ∥xk − xk+1∥2 → 0 is not sufficient—at
least in general—to prove convergence3 of the sequence {xk}k≥0. In this section,
we provide a sufficient condition under which Algorithm 2 and Algorithm 3 yield
convergent sequences of iterates {xk}k≥0, and we establish that the gradient sequences
{∥∇f(x)∥2}k≥0 converge at faster rates.

Kurdaya- Lojasiewicz inequality
Let us now establish a faster local rate of convergence of Algorithms 2 and 3 for
functions that satisfy a form of the Kurdaya- Lojasiewicz (KL) inequality. More
precisely, suppose that there exists a constant θ ∈ [0, 1) such that the ratio (f(x)−f(x̄))θ

∥∇f(x)∥2

is bounded above in a neighborhood of every point x̄ ∈ dom(f). This type of
inequality is known as a Kurdaya- Lojasiewicz inequality, and the exponent θ is known
as the Kurdaya- Lojasiewicz exponent (KL-exponent) of the function f at the point x̄.
These type of inequalities were first proved by [ Loj63] for real analytic functions; in
later work, [Kur98] and [BDL07] proved similar inequalities for non-smooth functions,
and the authors also provided examples of many functions that satisfy a form of the
KL inequality. See Section 8.6 for further details on functions of the KL type.

Assumption KL: For any point4 x̄ ∈ dom(f), there exists a scalar θ ∈ [0, 1) such
that the ratio |f(x)−f(x̄)|θ

∥∇f(x)∥2
is bounded above in a neighborhood of x̄.

Convergence guarantees
Theorem 6. Under Assumptions GR and KL, any bounded sequence {xk}k≥0 obtained
from Algorithm 2 satisfies the following properties:

3The convergence of the sequence
{

xk

}
k≥0 for Algorithm 3 was studied in the papers [AN17;

WCP18]. We provide the proof under a weaker set of assumptions.
4It can be shown that such an inequality would hold at non-critical point of a continuous function

f ; see Remark 3.2 of [BDL07]. Note that the parameter θ and the neighborhood mentioned in
Assumption KL above may depend on the point x̄.
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(a) The sequence {xk}k≥0 converges to a critical point x̄, and for all k = 1, 2, . . .

Avg (∥∇f(xk)∥2) ≤ c1

k
,

(b) Suppose that at the point x̄, the function f has a KL exponent θ̄ ∈
[

1
2 ,

r
2r−1

)
for

some r > 1. Then we have
GAvg (∥∇f(xk)∥2) ≤ c2

kr
for all k = 1, 2, . . . ,

where the constants (c1, c2) are independent of k, but they may depend on the
KL parameters at the point x̄.

See Section 8.10 for proof of this theorem.

Comments: It is worth pointing out that Theorem 6 does not require the function
h to satisfy any smoothness assumption. Such conditions are needed for applying
Algorithm 3, so that Theorem 6 is based on milder conditions than Theorem 7.

Our next result is to exhibit a faster convergence rate for Algorithm 3 under the
KL assumption:

Theorem 7. Suppose that, in addition to Assumptions PR & KL, the function h in
Algorithm 3 is locally smooth. Then any bounded sequence {xk}k≥0 obtained from
Algorithm 3 satisfy the following properties:

(a) The sequence {xk}k≥0 converges to a critical point x̄, and for all k = 1, 2 . . .

Avg (∥∇f(xk)∥2) ≤ c1

k
.

(b) Given some r > 1, suppose that at the point x̄ the function f has a KL exponent
θ̄ ∈

[
1
2 ,

r
2r−1

)
. Then

GAvg (∥∇f(xk)∥2) ≤ c2

kr
for all k = 1, 2, . . . ,

where the constants (c1, c2) are independent of k, but they may depend on the
KL parameters at the point x̄.

See Section 8.10 for the proof of this theorem.

Comments: Note that min1≤i≤k ∥∇f(xk)∥2 is upper bounded by the quantities
Avg (∥∇f(xk)∥2) and GAvg (∥∇f(xk)∥2). It thus follows that the sequence {∥∇f(xk)∥2}k≥0
converges to zero at a rate of at least 1/k, thereby improving the rate of convergence
of ∥∇f(x)∥2 obtained in Theorems 3 and 4. When θ < 1

2 , a simple modification of
the proof (using γ = 2) shows that, Algorithms 2 and 3 converge in a finite number
of steps. Finally, we point out that when the function h is non-smooth but the
proximal-function φ is smooth, the existing proof can be easily modified to obtain a
rate of convergence of the gradient-norm ∥∇f(xk)∥2.
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8.4 Some illustrative applications
In this section, we study four interesting classes of non-convex problems that fall
within the framework of this chapter. We also discuss various consequences of
Theorems 3—7 as well as Corollaries 4—6 when applied to these problems.

Shape from shading
The problem of shape from shading is to reconstruct the three-dimensional (3D)
shape of an object based on observing a two-dimensional (2D) image of intensities,
along with some information about the light source direction. It is assumed that
the observed 2D image intensity is determined by the angle between the light source
direction and the surface normals of the object [EJ10].

In more detail, suppose that both the object and its 2D image are supported on a
rectangular grid of size r× c. We introduce the shorthand notation [r] = {1, 2, . . . , r}
and [c] = {1, 2, . . . , c} for the rows and columns of this grid. For each pair (i, j) ∈
[r] × [c], we let Iij ∈ R denote the observed intensity at location (i, j) in the image,
and we let N ij ∈ R3 denote the surface normal at the vertex vij := (xij, yij, zij) of
the object. Based on observing the 2-dimensional image, both the intensity Iij and
co-ordinate pair (xij, yij) are known for each pair (i, j) ∈ [r] × [c]. The goal of shape
from shading is to estimate the unknown coordinate zij, which corresponds to the
height of the object at location (i, j). Knowledge of these z-coordinates allows us to
generate a 3D representation of the object, as illustrated in Figure 8.1.

Lambertian lighting model: In order to reconstruct the z-coordinates, we require
a model that relates the observed intensity Iij to the surface normal. In a Lambertian
model, for a given light source direction L := (ℓ1, ℓ2, ℓ2)⊤ ∈ R3, it is assumed that the
surface normal N ij and intensity Iij are related via the relation

Iij = ⟨L, N ij⟩
∥N ij∥2

. (8.19)

In one standard model [WSU14], the surface normal N ij := (pij, qij, 1)⊤ is assumed
to be determined by the triplet of vertices (vij, vi+1,j, vi,j+1) via the equations

pij = (yi,j+1 − yi,j)(zi+1,j − zij) − (yi+1,j − yi,j)(zi,j+1 − zij)
(xi,j+1 − xij)(yi+1,j − yij) − (xi+1,j − xij)(yi,j+1 − yij)

,

qij = (xi,j+1 − xi,j)(zi+1,j − zij) − (xi+1,j − xi,j)(zi,j+1 − zij)
(xi,j+1 − xij)(yi+1,j − yij) − (xi+1,j − xij)(yi,j+1 − yij)

.

Squaring both sides of equation (8.19) and substituting the expression for surface
normal N ij yields the polynomial equation(

p2
ij + q2

ij + 1
)
Iij − (ℓ1pij + ℓ2qij + ℓ3)2 = 0, (8.20)
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Figure 8.1. Figure shows 3D shape reconstruction of Mozart (first row) and
Vase (second row) from corresponding 2D images. The gray-scale images in the
left column are the 2D input images; the two colored images in the right column
are the reconstructed 3D shapes. The 3D shapes are constructed by solving the
problem (8.21) using Algorithm 5.

which should be satisfied under the assumed model.
In practice, this equality will not be exactly satisfied, but we can estimate the z-
coordinates by solving the following non-convex optimization problem in the r × c
matrix z with entries

{
zij | (i, j) ∈ [r] × [c]}:

min
z∈Rr×c

{ r∑
i=1

c∑
j=1

(
(1 + p2

ij + q2
ij)I2

ij − (ℓ1pij + ℓ2qij + ℓ3)2
)2

︸ ︷︷ ︸
P (z)

}
. (8.21)

Some reconstruction experiments: In order to illustrate the behavior of our
method for this problem, we considered two synthetic images for simulated exper-
iments. The first one is a 256 × 256 image of Mozart [Zha+99], and the second
one is a 128 × 128 image of Vase. The 3D shapes were constructed from the 2D
images by solving optimization problem (8.21) using the backtracking gradient de-
scent algorithm 5. The reconstructed surfaces for Vase and Mozart are provided in
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Figure 8.1. We ran 500 iterations of Algorithm 5 for both the images. The runtime
for Mozart-example was 87 seconds, whereas the runtime for Vase-example was 39
seconds. The implementation of Algorithm 5 for Problem (8.21) is parallelizable;
hence, the runtime can be much lower than our runtime with a parallel implementa-
tion. It is worth mentioning that the polynomial P is a fourth-degree polynomial with
dimension r × c; polynomial P is coercive and bounded below by zero. Consequently,
we can apply Corollary 5 to the problem (8.21) which guarantees that average of the
squared gradient norm Avg (∥∇P∥2

2) converges to zero at a rate 1
k
.

One might also consider applying the CCCP method to this problem. In a recent
paper, [WSU14] provided a DC decomposition of the polynomial P using a sum of
square (SOS) optimization technique. However, it is crucial to note that the DC
decomposition of polynomial P obtained from the SOS-optimization method need
not be optimal. In order to see this, note that the dimension of the polynomial P
is much larger than three. In particular, the variable zij is used in the computa-
tion of surface normals N ij,N i, j − 1 and N i− 1, j, hence is related to variables
(zi,j+1, zi+1,j, zi−1,j, zi,j−1)—which are again related to the other variables. [AP13]
showed that SOS techniques for deriving a DC decomposition are sub-optimal for a
fourth-degree polynomial when the dimension of the polynomial is greater than three.
Consequently, deriving an optimal DC decomposition for the polynomial P will be
computationally intensive.

Robust regression using Tukey’s bi-weight
Next, we turn to the problem of robust regression with Tukey’s bi-weight penalty
function. Suppose that we observe pairs (yi, zi) ∈ R × Rd linked via the noisy linear
model

yi = ⟨zi, µ∗⟩ + εi for i = 1, . . . , n.

Here the vector µ∗ ∈ Rd is the unknown parameter of interest, whereas the variables
{εi}ni=1 correspond to additive noise. In robust regression, we obtain an estimate of
the parameter vector µ∗ by computing

min
µ∈Rd

{ 1
n

n∑
i=1

Ψ
(
yi − ⟨zi, µ⟩

)}
︸ ︷︷ ︸

= : f(µ)

(8.22)

where Ψ is a known loss function with some robustness properties. One popular
example of the loss function Ψ is Tukey’s bi-weight function, which is given by

Ψ(t) =
1 − (1 − (t/λ)2)3 if |t| ≤ λ

1 otherwise
, (8.23)

where λ > 0 is a tuning parameter. Note that Ψ is a smooth function, whence the
function f in the objective (8.22) is also smooth, implying that Algorithm 2 is suitable
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for the problem.

With this set-up, applying Theorem 3, Theorem 6 and Corollary 6, we obtain the
following guarantee:

Corollary 7. Given a random initialization, any bounded sequence {µk}k≥0 obtained
by applying Algorithm 2 to the objective (8.22) has the following properties:

(a) Almost surely with respect to the random initialization, the sequence {µk}k≥0
converges to a point µ̄ such that ∇f(µ̄) = 0 and ∇2f(µ̄) ⪰ 0.

(b) There is a universal constant c1 such that

Avg
(
∥∇f(µk)∥2

)
≤ c1

k
for all k = 1, 2, . . ..

We provide the proof in Section 8.11.

Smooth function minimization with sparsity constraints
Moving beyond the robust regression problem, we now discuss another interesting
problem of minimizing a smooth function subject to sparsity penalty. Consider the
following optimization problem

min
x∈Rd

∥x∥0≤s

g(x), (8.24)

where g is a smooth function, the ℓ0-“norm” ∥x∥0 counts the number of non-zero
entries in the vector x, and s ∈ {1, . . . , d} is a sparsity parameter. The constraint set{
x ∈ Rd | ∥x∥0 ≤ s

}
is non-convex, and consequently, the optimization problem (8.24)

is non-convex. However, the constraint set can be expressed as the level set of a
certain DC function [GTT17]. In particular, let |x|(d) ≥ |x|(d−1) ≥ · · · ≥ |x|(1) denote
the values of x ∈ Rd re-ordered in terms of their absolute magnitudes. In terms of
this notation, we have ∥x∥1 ≥ ∑d

i=d−s+1 |x|(i) for all x ∈ Rd, with equality holding if
and only if x is s–sparse. This fact ensures that{

x ∈ Rd : ∥x∥0 ≤ s
}

=
{
x ∈ Rd : ∥x∥1 −

d∑
i=d−s+1

|x|(i) ≤ 0
}
. (8.25)

Since both of the functions x 7→ ∥x∥1 and x 7→ ∑d
i=d−s+1 |x|(i) are convex [BV04], this

level set formulation is a DC constraint. Now using the representation (8.25), we
can rewrite problem (8.24) as minx∈Rd g(x) such that ∥x∥1 −∑d

i=d−s+1 |x|(i) ≤ 0. For
our experiments, it is more convenient to solve the penalized analogue of the last
problem, given by

min
x∈Rd

{
g(x) + λ

(
∥x∥1 −

d∑
i=d−s+1

|x|(i)
)}
, (8.26)
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where λ > 0 is a tuning parameter. The optimization problem (8.26) can be solved
using Algorithm 3 with g(x) = g(x), φ(x) = λ∥x∥1 and h(x) = λ

∑d
i=d−s+1 |x|(i). For

the non-smooth component φ(x) = λ∥x∥1, there is a closed form expression of the
proximal update in Algorithm 3, so that the method is especially efficient in this case.

Best subset selection

A special case of problem (8.26) arises from best subset selection in linear regression.
Suppose that we observe a vector y ∈ Rn and a matrix B ∈ Rn×d that are linked
via the standard linear model y = Bx∗ + ε. Here the vector ε ∈ Rn corresponds
to additive noise, whereas x∗ ∈ Rd is the unknown regression vector. We wish to
estimate the unknown parameter vector x∗ subject to a sparsity constraint, and we
do so by solving the following optimization problem:

min
x∈Rd

∥x∥0≤s

∥y −Bx∥2
2. (8.27)

Here the non-negative integer s is a tuning parameter that controls maximum number
of allowable non-zero entries in the vector x. Following the development leading to
the formulation (8.26), let us consider instead the problem of minimizing the function

f(x) := ∥y −Bx∥2
2 + λ

(
∥x∥1 −

d∑
i=d−s+1

|x|(i)
)}
. (8.28)

Note that the function f can be decomposed as a difference of two convex functions
as follows:

f(x) = ∥y −Bx∥2
2 + λ∥x∥1︸ ︷︷ ︸

convex
−λ

d∑
i=d−s+1

|x|(i)︸ ︷︷ ︸
convex

. (8.29)

Consequently, problem (8.28) is a DC optimization problem; hence, it is amenable to
standard DC optimization techniques like CCCP. We can also apply Algorithm 3 on
problem (8.28) with g(x) = ∥y −Bx∥2

2, φ(x) = λ∥x∥1 and h(x) = λ
∑d
i=d−s+1 |x|(i).

Comparison of Algorithm 3 and CCCP

Let us compare the performance of our Algorithm 2 (prox-type method) with the
popular convex-concave procedure (CCCP) for minimizing differences of convex
functions. We apply both algorithms to the best subset selection problem (8.28).

Let us reiterate that problem (8.28) can be written as a difference of two convex
functions, and one can apply CCCP update (8.10) to the decomposition (8.29). The
inner convex optimization problem in update (8.10) is solved by proximal methods for
minimizing the sum of a smooth convex function and a ℓ1 regularizer. We also apply
Algorithm 3 on problem (8.28) with g(x) = ∥y −Bx∥2

2, h(x) = λ
∑d
i=d−s+1 |x|(i) and

φ(x) = λ∥x∥1.
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Synthetic data generation: We generated the rows of the n× d matrix B from a
d-dimensional Gaussian distribution with zero mean and an equicovariance matrix
Σ, where Σii = 1 for all i, and Σij = 0.7 for all i ̸= j. The regression vector x∗ ∈ Rd

(true value) was chosen to be a binary vector with sparsity s (s ≪ d). The location
of the nonzero entries of the vector x∗ was chosen uniformly without replacement
form the set

{
1, . . . , d

}
.

Performance measures: We use the following two criteria to compare the perfor-
mance of the prox-type method and CCCP.

(a) Total runtime: Firstly, we compare the algorithms in terms of their total
runtime. The runtime was measured in units of seconds.

(b) Estimation error: Secondly, we use average estimation error of the algorithms
as a measure of performance. Let us recall that if x̄ ∈ Rd is the estimated
value of the unknown regression vector x∗, then the average estimation error is
defined as ∥x̄−x∗∥2√

p∥x̄∥2
. Note that the average estimation error used here is invariant

under scaling.

Comparison results: Figure 8.2 shows the performances of the prox-type method
and CCCP for synthetic data simulated as above, with problem parameters (n, p) =
(190, 300) and (n, p) = (380, 600) and different choices of sparsity s.

For both the algorithms, the tolerance level η was set to η = 10−8, whereas the
maximum number of iterations was 1000. Figure 8.2 suggests that total runtime of
the prox-type method is significantly smaller than the runtime of CCCP. Furthermore,
the estimation error for the prox-type method is lower compared to CCCP, which
possibly suggests that prox-type method is finding better local minima compared to
CCCP for the non-convex optimization problem (8.28). In all our simulations we
used same initializations for both the algorithms. The simulation results shown in
Figure 8.2 are average over 100 replications, and we also provide the pointwise error
bar in the plots.

Some theoretical guarantees

Interestingly, it turns out that when applied to problem (8.28), the convergence
behavior of Algorithm 3 to a given stationary point x̄ depends on the behavior of a
certain convex program defined in terms of x̄. More precisely, for any point x̄ ∈ Rd

with |x̄|(r) > |x̄|(r+1), consider the following convex relaxation of problem (8.28):

P(x̄) := min
x∈Rd

{
∥y −Bx∥2

2 + λ∥x∥1 − λ⟨∇h(x̄), x− x̄⟩
}
. (8.30)

Note that |x̄|(r) > |x̄|(r+1) implies the differentiability of the function h := λ
∑d
i=d−s+1 |x|(i)

which ensures that the above problem is well-defined.
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Figure 8.2. Performance of CCCP compared to that of Algorithm 3 on the best
subset selection problem for synthetic data for different values of (n, p). The left
columns correspond to (n, p) = (190, 300), whereas the right columns correspond to
(n, p) = (380, 600). Plots in the first row compare the performance in terms of total
runtime, those in the second row compare algorithms in terms of estimation error.
We see that Algorithm 3 outperforms CCCP in terms of runtime. The performance
of Algorithm 3 and CCCP in terms of estimation error are similar for low values
of sparsity, whereas Algorithm 3 outperforms CCCP when sparsity is moderate to
large. We initialized both the algorithms from the same starting point. Results
shown above are averaged over 100 replications, and we also provide point-wise error
bars in the plots.
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Corollary 8. Let
{
xk
}
k≥0

be any bounded sequence obtained by applying Algorithm 3
on problem (8.28). Suppose there exists a limit point x̄ of the sequence

{
xk
}
k≥0

satisfying |x̄|(r) > |x̄|(r+1), and the convex problem (8.30) has unique solution. Then
the sequence

{
xk
}
k≥0

converges to the point x̄, and for all k = 1, 2, . . ., we have

Avg (∥∇f(xk)∥2) ≤ c1

k
, and ∥xk − x̄∥2 ≤ cqk,

where q ∈ (0, 1), and (c, c1) are positive constants independent of k.

Comments on problem (8.30): It can be shown that when the matrix B is of full
rank, the objective function in problem (8.30) is strictly convex, and as a result, the
problem (8.30) has unique solution. In the proof of Corollary 8, we show that the
point x̄ is always a minimizer of the convex problem (8.30), so that the uniqueness
assumption implies that x̄ is in fact the unique solution.

Mixture density estimation
As a final example, we consider the problem of estimating a two-component mixture
density, where each of the constituent densities belong to an exponential family. The
density of an exponential family (with respect to a fixed base measure, typically
counting or Lebesgue) takes the form

p(y; η) = g(y) exp
{
⟨η, T (y)⟩ − A(η)

}
. (8.31)

Here the function T : Y → Rd is a vector of sufficient statistics, whereas the log-
partition function

A(η) := log
( ∫

Y
g(y) exp{⟨η, T (y)⟩}dy

)
serves to normalize the density. The parameter vector η ∈ Rd determines the choice
of density within the family. See Table 8.1 for some examples of 1-dimensional
exponential families of this type. It includes various familiar examples, such as the
Gaussian, Poisson and Beta families.

In the problem of mixture density estimation, one is interested in densities of the
form

ζ(y; π, η0, η1︸ ︷︷ ︸
θ

) = π p(y; η0) + (1 − π)p(y; η1), (8.32)

5The shape parameterk is known
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Distribution
Name

η A(η) Twice continuously
differentiable and

sub-analytic
Poisson (λ) ln(λ) exp η ✓

Geometric (p) ln(p) − ln(1 − exp η) ✓

Gaussian(µ, σ2)
(
µ
σ2 ,− 1

2σ2

)⊤
− η2

1
4η2

− 1
2 ln(−2η2) ✓

Exponential (λ) −λ − ln(−η) ✓
Gamma (α, β) (α− 1, β)⊤ ln Γ(η1 + 1) − (η1 + 1) ln(η2) ✓
Weibull (λ, k5) − 1

λk ln(−η) − ln(k) ✓
Beta (α, β) (α, β)⊤ ln Γ(η1) + ln Γ(η2) − ln Γ(η1 +

η2)
✓

Table 8.1. Table showing the natural parameter η and the log-partition function
A for different densities of exponential family, which are twice continuously differ-
entiable and sub-analytic. In Section 8.11 we prove the log-partition functions A
mentioned in the above table are sub-analytic.

where π ∈ (0, 1) is an unknown mixing proportion, and (η0, η1) are the unknown
parameters of the two underlying densities.

Given n i.i.d. samples {yi}ni=1 drawn from a mixture density of the form (8.32),
a standard goal is to estimate the unknown parameter vector θ := (π, η0, η1). One
way to do so is by computing the maximum likelihood estimate (MLE), obtained via
minimizing the negative log-likelihood of parameter θ given by the data. Frequently,
a regularized form of the MLE is used, say of the form

min
θ

{
−

n∑
i=1

log
(
ζ(yi; θ)

)
︸ ︷︷ ︸

g(θ)

}
with η0, η1 ∈ Rd, π ∈ [0, 1], and ∥η0∥2 ≤ R0, ∥η1∥2 ≤ R1.

(8.33)

Here R0 > 0 and R1 > 0 are tuning parameters providing upper bound on the
ℓ2-norms of the parameters η0 and η1 respectively, often chosen by a data-dependent
procedure (such as cross-validation).

By inspection, the objective function g in problem (8.33) is non-convex. By stan-
dard theory on exponential families, the function A is always infinitely differentiable
on its domain, so that the objective function g is infinitely differentiable on the convex
set

X =
{
θ = (η0, η1, π) | ηj ∈ dom(A), π ∈ [0, 1], ∥ηj∥2 ≤ Rj for j = 0, 1

}
.

Consequently, we may apply Algorithm 3 with g(·) = −
n∑
i=1

log
(
ζ(·; yi)

)
, h ≡ 0 and

φ(·) = 1X (·) and f = g − h + φ. Interestingly, the log-partition function A is
sub-analytic for many exponential family densities (see Table 8.1), which ensures
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that the function g is also sub-analytic. In Section 8.6, we show that continuous
sub-analytic functions satisfy Assumption KL so that we can apply Theorem 7 to
obtain the following:

Corollary 9. Any sequence {θk}k≥0 =
{
ηk0 , η

k
1 , π

k
}
k≥0

obtained by applying Algo-
rithm 3 to problem (8.33) satisfies the following properties:

(a) It converges to a first order stationary point.

(b) For all k = 1, 2, . . ., we have Avg
(
∥∇f(θk)∥2

)
≤ c1

k
, where c1 is a universal

constant independent of k.

See Section 8.11 for the proof of this corollary.

8.5 Discussion
In this chapter, we analyzed the behavior of three gradient-based algorithms—namely
gradient descent, a proximal method, and an algorithm of the Frank-Wolfe type—for
finding critical points of a class of non-convex non-smooth optimization problems.
For each of the three algorithms, we provided non-asymptotic bounds on the rate
of convergence to a first-order stationary point. We showed that our algorithm can
escape strict saddle point for a class of non-smooth functions, thereby generalizing
existing results for smooth functions. As a consequence of our theory, we obtained a
simplification of the popular CCCP algorithm, and the simplified algorithm retains
all the convergence properties of CCCP. Finally, we showed that for a large subclass
of functions, which include continuous sub-analytic functions as a special case, we
can have a significant improvement in the rate of convergence.

Our work leaves open a number of questions for future research. For instance, it
would be interesting to characterize the class of DC-based functions mentioned in
problem (8.2) when the convex function h is non-differentiable. Indeed, we then obtain
a larger non-class of non-differentiable functions, and we suspect that Theorem 8
can be suitably generalized. Finally, we suspect that the proof techniques used here
can be leveraged in order to establish sharper results for other forms of non-convex
optimization problems.
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8.6 Technical background
In this section, we collect some technical background on subdifferentials and sub-
analytic functions.

Fréchet and limiting subdifferential
We first recall the definitions and some useful properties of sub-differentials, which
will be useful in subsequent sections.

Definition 1. Let f : Rd 7→ R be a lower semicontinuous function. For any
x ∈ dom(f), the Fréchet subgradient of the function f at point x is defined as

∂̂f(x) =
u

∣∣∣∣ lim inf
y ̸=x,y→x

f(y) − f(x) −
〈
u, y − x

〉
∥y − x∥2

≥ 0
.

Definition 2. Let f : Rd 7→ R be a lower semi-continuous function. For any
x ∈ dom(f), the limiting subdifferential of the function f at point x is defined as

∂Lf(x) =
{
u

∣∣∣∣ ∃ xk → x, uk → u with f(xk) → f(x) and uk ∈ ∂̂f(xk) as k → ∞
}
.

Properties: The following properties of Fréchet and limiting sub-differential are
provided in Chapter 8 of [RW09].

(a) For any proper convex function h, we have ∂Lh(x) = ∂̂h(x) for all x ∈ dom(h),
and both quantities agree with the usual subgradient of the convex function h.

(b) If a function g is smooth in a neighborhood of a point x, then ∂Lf(x) = ∇f(x).

(c) Consider a function f of the form f = g + φ, where the function g is smooth in
a neighborhood of a point x, and the function φ is proper convex and finite at
the point x. Then the limiting sub-differential of the function f at the point x
is given by ∂Lf(x) = ∇g(x) + ∂φ(x).

(d) (Graph continuity:) Consider a sequence
{(

xk, uk
)}

k≥1
in graph(∂Lf) such

that the sequence {(xk, uk, f(xk)}k≥0 converges to a point (x, u, f(x)). Then
(x, u) ∈ graph(∂Lf). Recall that graph(∂Lf) :=

{
(x, u) ∈ Rd ×R | u ∈ ∂Lf(x)

}
.

.

Sub-analytic functions satisfy KL-assumption
In this section, we show that continuous sub-analytic functions satisfy the KL-
inequality. We also provide examples of functions which are sub-analytic.
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Comments on limiting sub-differential: In order to facilitate our discussion,
we mention some simple facts on limiting subdifferential of a function f , where f is
of the form f = g− h (Theorems 3 and 6) or f = g+φ− h (Theorems 4 and 7). The
following properties are direct consequences of properties of the limiting subdifferential
mentioned in Section 8.6.

• Suppose that the difference function f = g − h satisfies parts (a) and (b) of
Assumption GR. Then we have

∂L(−f)(x) = ∂h(x) − ∇g(x), and moreover
∥∇f(x)∥2 := ∥∇g(x) − ∂h(x)∥2 = ∥∂L(−f)(x)∥2

• Suppose that the function f = g + φ − h, where the function h is locally
smooth, and the function f satisfies Assumption PR part (b). Then ∂Lf(x) =
∇g(x) − ∇h(x) + ∂φ(x). Consequently, we have that ∥∇f(x)∥2 = ∥∂Lf(x)∥2.

We prove that continuous sub-analytic functions satisfy Assumption KL by ex-
ploiting results due to [BDL07]. Let us introduce some notation used in this chapter.
We use mf(x) to denote the ℓ2 distance of the set ∂Lf(x) from zero; concretely,
mf (x) := dist∥·∥2

(
0, ∂Lf(x)

)
. In Theorem 3.1 (for critical points of the function f

) and Remark 3.2 (for non-critical points of the function f), [BDL07] proved the
following fact about sub-analytic functions.

Lemma 12. ([BDL07]): Let f : Rd 7→ R ∪ {+∞} be a sub-analytic function with
closed domain, and assume that f |dom(f) is continuous. Then for any a ∈ dom(f),
there exists an exponent θ ∈ [0, 1) such that, the function |f−f(a)|θ

mf
is bounded above in

a neighborhood of a.

Using Lemma 12, we now argue that sub-analytic functions, under the conditions of
Theorem 6 or Theorem 7, satisfy Assumption KL.

Lemma 13. Any sub-analytic function f satisfying Assumption GR also satisfies
Assumption KL.

Proof. First, note that the function f is continuous by Assumption GR; suppose
f is sub-analytic, then from properties of sub-analytic functions, we have that the
function −f is also sub-analytic. Furthermore, the function −f is continuous in the
closed domain Ω —which by Lemma 12 guarantees that, for any a ∈ Ω, there exists
θ ∈ [0, 1) such that the ratio |−f−(−f(a))|θ

m(−f)
is bounded above in a neighborhood of the

point a. Since | − f − (−f(a))| = |f − f(a)|, proving satisfiability of Assumption
KL reduces to showing that m(−f)(x) is upper bounded by ∥∇f(x)∥2. To this end,
note that from the discussion about limiting subdifferential in the paragraph above
Lemma 12, we have

∥∇f(x)∥2 = ∥∂L(−f)(x)∥2
(i)
≥ m(−f)(x), (8.34)
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where step (i) follows from the definition of m(−f)(x). Putting together the pieces,
we conclude that any sub-analytic function f which satisfies Assumption GR, also
satisfies Assumption KL.

Lemma 14. Suppose that, in addition to the conditions on the functions (g, h, φ)
from Theorem 4, the function f := g − h+ φ is continuous and sub-analytic in its
domain dom(f), and the domain dom(f) is closed. Then the function f satisfies
Assumption KL.

Proof. Since the function f |dom(f) is continuous and sub-analytic by assumption, from
Lemma 12, we have that for any a ∈ dom(f) there exists a θ ∈ [0, 1) such that, the
ratio |f−f(a)|θ

mf
is bounded above in a neighborhood of the point a. In order to justify

satisfiability of Assumption KL, it suffices to prove that mf (x) is upper bounded by
∥∇f(x)∥2. To this end, note that the function h is locally smooth by assumptions of
Theorem 4 part (b). Hence, from the discussion about limiting subdifferential in the
paragraph above Lemma 12, we have

∥∇f(x)∥2 = ∥∂Lf(x)∥2
(i)
≥ mf (x), (8.35)

where step (i) follows from the definition of mf(x). Putting together the pieces,
guarantees that the function f satisfies Assumption KL.

Instances of sub-analytic functions
In Section 8.6, we proved that continuous sub-analytic functions satisfy Assumption
KL, and in those cases,—by Theorems 6 and 7—we have a faster rate of convergence
of Algorithms 2 and 3. In this section, we provide examples of functions which are
sub-analytic. We start by providing definitions of sub-analytic functions following
the definition of [BDL07].

A subset S ⊂ Rd is called semi-analytic if each point of Rd admits a neighborhood
V such that the set S ∩ V has the form

S ∩ V = ∪p
i=1 ∩q

j=1

{
x ∈ V | hij = 0, gij > 0

}
,

where the functions hij, gij : V 7→ R are real-analytic.
A set S is called sub-analytic, if each point of Rd admits a neighborhood V such

that

S ∩ V =
{
x ∈ Rd :

(
x, y

)
∈ B

}
,

where B is a bounded semi-analytic subset of Rd × Rm for some m ≥ 1. A function
f is called sub-analytic if the graph of f , defined by graph(f) :=

{
(x, y) ∈ Rd × R :

f(x) = y
}

, is sub-analytic.
The class of sub-analytic functions is quite large. In order to motivate the reader,

we provide few examples here. The following results can be found in [BST14] and
Chapter 6 in the book by [FP07].
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(a) Any real-valued polynomial or analytic function is sub-analytic.

(b) Any real-valued semi-algebraic or semi-analytic function is sub-analytic.

(c) Indicator function of a semi-algebraic set is sub-analytic.

(d) Sub-analytic functions are closed under finite linear combinations, and the
product of two sub-analytic functions is sub-analytic.

(e) Point-wise maximum and minimum of a finite collection of sub-analytic functions
are sub-analytic.

(f) Composition rule: If g1 and g2 are two sub-analytic functions with the function
g1 being continuous, then the composition function g2 ◦ g1 is sub-analytic. In
fact, the class of continuous sub-analytic functions are closed under algebraic
operations.

8.7 Proofs related to Algorithm 2
In this section, we collect the proofs of various results related to the gradient-based
Algorithm 2, including Theorem 3, Corollaries 4 and 6, and Proposition 3.

Proof of Theorem 3
Our proof of this theorem, as well as subsequent ones, depends on the following
descent lemma:

Lemma 15. Under the conditions of Theorem 3, we have

xk ∈ int(Ω) and f(xk+1) ≤ f(xk) − α

2 ∥∇f(xk)∥2
2 for all k = 0, 1, 2, . . .. (8.36)

See Section 8.7 for the proof of this lemma.

We now prove Theorem 3 using Lemma 15.

Convergence of function values: We first prove that the function value sequence
{f(xk)}k≥0 is convergent. Since f ∗ := min

x∈Ω
f(x) is finite by assumption, and xk ∈

int(Ω) for all k ≥ 0 by Lemma 15, the sequence {f(xk)}k≥0 is bounded below. For
any non-stationary xk, inequality (8.36) also ensures that f(xk) > f(xk+1); hence,
there must exist some scalar f̄ such that lim

k→∞
f(xk) = f̄ .
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Stationarity of limit points: Next, we establish that any limit point of the
sequence {xk}k≥0 must be stationary. Consider a subsequence {xkj

}j≥0 of
{
xk
}
k≥0

such that xkj
→ x̄, and let {ukj }j≥0 be the associated sequence of subgradients. It

suffices to exhibit a sub-gradient ū ∈ ∂h(x̄) such that ∇g(x̄) − ū = 0. Since the
sequence {xkj

}j≥0 converges to x̄, we must have

∥∇f(xkj
)∥2 = ∥∇g(xkj

) − ukj ∥2 → 0.

The function g is continuously differentiable by assumption, and we have ∇g(xkj
) →

∇g(x̄). Combining these we find that ukj → ∇g(x̄). Furthermore, by continuity of the
function g, we have g(xkj

) → g(x̄). Putting together the pieces we have established
above that

(
xkj

, ukj , g(xkj
)
)

→
(
x̄, ū, g(x̄)

)
, where ū := ∇g(x̄). Consequently, the

graph continuity of limiting-sub-differentials (see Section 8.6) guarantees that ū =
∇g(x̄) ∈ ∂h(x̄). Overall, we conclude that ∇f(x̄) := ∇g(x) − ū = 0, so that x̄ is a
stationary point as claimed.

Establishing the bound (8.3): Finally, we prove the claimed bound (8.3) on the
averaged squared gradient. Recalling that f ∗ := min

x∈Ω
f(x) is finite, we have

f(x0) − f ∗ ≥ f(x0) − f(xk+1) =
k∑
j=0

f(xj) − f(xj+1)

(i)
≥ α

2

k∑
j=0

∥∇f(xk)∥2
2

= α(k + 1)
2 Avg

(
∥∇f(xk)∥2

2

)
,

where step (i) follows from equation (8.36). Rearranging yields the claimed bound (8.3)
on the averaged squared gradient.

Proof of Lemma 15

Recall that by assumption, the function g is continuously differentiable and Mg-
smooth, and the function h is convex. As a consequence, for any vector xk ∈ Ω and
subgradient uk ∈ ∂h(xk), we have

g(x) ≤ g(xk) + ⟨∇g(xk), x− xk⟩ + Mg

2 ∥x− xk∥2
2 (8.37a)

h(x) ≥ h(xk) + ⟨uk, x− xk⟩. (8.37b)

Combining inequalities (8.37a) and (8.37b) yield

f(x) = g(x) − h(x) ≤ f(xk) + ⟨∇g(xk) − uk, x− xk⟩ + Mg

2 ∥x− xk∥2
2. (8.38)
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Substituting x = xk+1 := xk − α
(
∇g(xk) − uk

)
in equation (8.38) and simplifying

yields

f(xk) − f(xk+1) ≥
( 1
α

− Mg

2
)
∥xk+1 − xk∥2

2 = α
(
1 − αMg

2
)
∥∇g(xk) − uk∥2

2

(i)
≥ α

2 ∥∇f(xk)∥2
2,

where inequality (i) follows from the upper bound α ≤ 1
Mg

. This proves the sec-
ond part of the stated lemma. As for the claim that the sequence remains in
the interior of the set Ω, note that f(xk+1) ≤ f(xk) ≤ f(x0), which ensures that
xk+1 ∈ L(f(x0)) ⊂ int(Ω), as claimed.

Proof of Corollary 4
The first part of the proof builds on a simple application of Theorem 3 and the
definition of effective smoothness constant M∗

f . The second part of the proof utilizes a
relation between the backtracking step size and the effective smoothness constant. For
sake of completeness, we first describe the gradient descent backtracking algorithm.

Algorithm 5 Gradient descent with backtracking
1: Given an initial point x0 ∈ int(Ω) and parameter β ∈ (0, 1):
2: for k = 0, 1, 2, . . . do
3: Choose the smallest nonnegative integer ik such that the step size hk := βik

satisfies:

f
(
xk − hk∇f(xk)

)
≤ f(xk) − hk

2 ∥∇f(xk)∥2. (8.39)

4: Update xk+1 = xk − hk∇f(xk).
5: end for

Establishing the bound in (8.5a): For any step size α in the interval
(
0, 1

Mf∗

)
,

the definition of the effective smoothness constant Mf∗ ensures the following property.
There exists a Mg-smooth function g and a convex-differentiable function h with
f = g − h, and the scalar Mg satisfies α < 1

Mg
≤ 1

Mf∗
. Since the function f is

differentiable, applying Algorithm 2 on the function f with the decomposition f = g−h
is equivalent to applying gradient descent on f . Furthermore, the step size α satisfies
the upper bound α ≤ 1

Mg
, and applying the bound (8.3) from Theorem 3 yields:

Avg
(
∥∇f(xk)∥2

2

)
≤

2
(
f(x0) − f ∗

)
α(k + 1) . (8.40)
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Establishing the backtracking bound (8.5b): For any fraction β ∈ (0, 1), the
definition of the effective smoothness constant Mf∗ guarantees the following. There
exists a Mg-smooth function g and a convex and differentiable function h with
f = g − h, and the scalar Mg satisfies βMg ≤ Mf∗ ≤ Mg. Comparing the descent
step (8.36) from Lemma 15 and step (8.39) in Algorithm 5, we conclude that the
step size hk satisfies the lower bound hk ≥ min

{
1, β

Mg

}
≥ min

{
1, β2

M∗
f

}
. Applying

the descent step (8.39) in Algorithm 5 repeatedly and then utilizing the last lower
bound on step size hk, we find that for all k = 0, 1, 2 . . .

f(x0) − f(xk+1) ≥
k∑
i=0

hk

2 ∥∇f(xk)∥2 ≥ min
{1

2 ,
β2

2M∗
f

} k∑
i=0

∥∇f(xk)∥2.

Rearranging the last inequality yields:

Avg
(
∥∇f(xk)∥2

)
≤

2 max
{

1, M
∗
f

β2

}(
f(x0) − f(xk+1)

)
(k + 1)

(i)
≤

2 max
{

1,M∗
f

}(
f(x0) − f ∗

)
β2(k + 1) , (8.41)

where step (i) follows since β ∈ (0, 1), along with the lower bound f(xk+1) ≥ f ∗.

Proof of Corollary 6
Based on Theorem 4 of [Lee+16], it suffices to show that the gradient map G(x) :=
x − α∇f(x) is a diffeomorphism for any step size α ∈

(
0, 1

Mg

)
. Recall that a map

G : Rd 7→ Rd is a diffeomorphism if the map G is a bijection, and both the maps G
and G−1 are continuously differentiable.

Injectivity: We first prove that G is an injective map. Consider a pair of vectors x, y
such that G(x) = G(y); our aim is to prove that x = y. The condition G(x) = G(y)
is equivalent to x− y = α

(
∇f(x) − ∇f(y)

)
, and we have that

∥x− y∥2
2 = α⟨x− y, ∇f(x) − ∇f(y)⟩

= α⟨x− y, ∇g(x) − ∇g(y)⟩ − α⟨x− y, ∇h(x) − ∇h(y)⟩
(i)
≤ αMg∥x− y∥2

2 − α⟨x− y, ∇h(x) − ∇h(y)⟩
(ii)
≤ αMg∥x− y∥2

2.

Here inequality (i) follows because the gradient ∇g is Mg-Lipschitz by assumption;
inequality (ii) follows from the convexity of the function h, which implies the mono-
tonicity of the gradient ∇h. Finally, since the step size α < 1

Mg
by assumption, the

inequality ∥x− y∥2
2 ≤ αMg∥x− y∥2

2 can hold only when x = y.
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Surjectivity: For any fixed vector y ∈ Rd, consider the following problem

arg min
x∈Rd

{1
2∥x− y∥2

2 − αg(x) + αh(x)
}
. (8.42)

Observe that for any step size α ∈
(
0, 1

Mg

)
and any fixed vector y ∈ Rd, the map x 7→

1
2∥x−y∥2

2−αg(x) is strongly convex, whence the map x 7→ 1
2∥x− y∥2

2 − αg(x) + αh(x)
is also strongly convex. Consequently, the convex problem (8.42) has a unique
minimizer, and we denote it by xy. In order to prove surjectivity of the map G, it
suffices to show the point xy is mapped to the point y. Recalling the KKT conditions
of the problem (8.42), we have that

y = xy − α∇f(xy) = G(xy),

which completes the proof of surjectivity of the map G.

Combining the injectivity and the surjectivity of the map G, we conclude that
the inverse map G−1 exists. Next, let DG(·) denote the Jacobian of the map G,
then DG(x) = I − α∇2g(x) + α∇2h(x). Since the function g is Mg-smooth, and the
map G is continuously differentiable, standard application of the inverse-function
theorem guarantees that for all step size α < 1

Mg
, the inverse map G−1 is continuously

differentiable. Putting together the pieces, we conclude that map G−1 exists, and
both the maps (G,G−1) are continuously differentiable. Overall, we have established
that the map G is a diffeomorphism, as claimed.

Proof of Proposition 3
The CCCP update at step (k + 1) is given by xk+1 = arg min

x∈Ω
q(x,xk), where

q(x,xk) := g(x) − h(xk) − ⟨∇h(xk), x− xk⟩. (8.43)

Observe that step (k+1) of Algorithm 2 is equivalent to a gradient descent update with
step size α on the map x 7→ q(x,xk). Accordingly, if we define yk+1 = xk−α∇q(x,xk),
then we have q(yk+1,xk) ≥ q(xk+1,xk); moreover

f(xk) − f(xk+1)
(i)
≥ q(xk,xk) − q(xk+1,xk)
(ii)
≥ q(xk,xk) − q(yk+1,xk)
(iii)
≥ 1

2Mg

∥∇f(xk)∥2
2. (8.44)

Here inequality (i) follows from the equality q(xk,xk) = f(xk) combined with the
lower bound q(x,xk) ≥ f(x). Inequality (ii) follows since q(yk+1,xk) ≥ q(xk+1,xk),
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and inequality (iii) follows from Lemma 15 with step size α = 1
Mg

. Note that
equation (8.44) guarantees that the function value sequence {f(xk)}k≥0 is decreasing.
Since the function f is bounded below, we have that the sequence {f(xk)}k≥0 converges.
In order to prove that all limit points of the sequence

{
xk
}
k≥0

are critical points, we
follow the corresponding argument in proof of Theorem 3. This completes the proof
of part (a) in Proposition 3.

Turning to part (b), unwrapping the recursive lower bound (8.44) and re-arranging
yields inequality (8.11a). Finally, we turn to the proof of inequality (8.11b) under the
additional strong convexity condition. Under this condition, the map x 7→ q(x,xk) in
equation (8.43) is µ-strongly convex, so that

f(xk) − f(xk+1) ≥ q(xk,xk) − q(xk+1,xk)
(i)
≥ µ

2 ∥xk − xk+1∥2
2, (8.45)

where inequality (i) follows from the strong convexity of the map x 7→ q(x,xk) and
the fact that ∇q(xk+1,xk) = 0. Using this equation repeatedly, we find that

f(x0) − f ∗ ≥ f(x0) − f(xk+1) =
k∑
j=0

{
f(xj) − f(xj+1)

}

≥ µ

2

k∑
j=0

∥xj − xj+1∥2
2

= µ(k + 1)
2 Avg

(
∥xk − xk+1∥2

2

)
.

Rearranging the last inequality yields the bound (8.11b). Finally, let us reiterate
that bounds similar to (8.11b) are known in the literature; see the paper [LS09] for
example. We provide the proof of bound (8.11b) for completeness.

8.8 Proof of Theorem 4
This proof shares some important steps with Theorem 3, but it requires a more refined
argument due to the presence of a non-smooth and non-continuous function φ. We
start by stating an auxiliary lemma that underlies the proof of Theorem 4. In the
proof, the subgradients of the convex functions h and φ at a point xk are denoted by
uk and vk, respectively.

Lemma 16. Under the conditions of Theorem 4, we have

xk+1 = xk − α(∇g(xk) + vk+1 − uk), and (8.46a)

f(xk) − f(xk+1) ≥ 1
2α∥xk − xk+1∥2

2, (8.46b)
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valid for all k = 0, 1, 2, . . .. Furthermore, for any convergent subsequence
{
xkj

}
j≥0

of
the sequence

{
xk
}
k≥0

with xkj
→ x̄, we have

lim
j→∞

φ(xkj+1) = φ(x̄).

See Section 8.8 for the proof of this lemma.

We now prove Theorem 4 using Lemma 16.

Convergence of function value: We first prove that the sequence of function
values {f(xk)}k≥0 is convergent. Since f ∗ := min

x∈Rd
f(x) is finite by assumption, the

sequence {f(xk)}k≥0 is bounded below. If xk = xk+1 for some k, the convergence of the
sequence

{
f(xk)

}
k≥0

is trivial. Hence, we may assume without loss of generality that
xk ̸= xk+1 for all k = 0, 1, 2, ... In that case, inequality (8.46b) ensures that f(xk) >
f(xk+1), and consequently, there must exist some scalar f̄ such that lim

k→∞
f(xk) = f̄ .

Stationarity of limit points: Next, we establish that any limit point of the
sequence

{
xk
}
k≥0

must be stationary. Consider a subsequence
{
xkj

}
j≥0

such that
xkj

→ x̄. Let
{
vkj

}
j≥0

and
{
ukj

}
j≥0

be the associated sequence of subgradients. It
suffices to exhibit subgradients v̄ ∈ ∂φ(x̄) and ū ∈ ∂h(x̄) such that, ∇g(x̄)+ v̄− ū = 0.

Step 1: Existence of subgradient ū: Since the sequence
{
xkj

}
j≥0

is convergent, we may
assume that the sequence

{
xkj

}
j≥0

is bounded, and it lies in a compact set S. The
function h is convex continuous, and we have that h(xkj

) → h(x̄), and the subgradient
sequence

{
ukj

}
j≥0

is bounded; see example 9.14 in the book [RW09]. Passing to a
subsequence if necessary, we may assume that the sequence

{
ukj

}
j≥0

converges to
ū. Putting together these pieces, we conclude that (xkj

, ukj , h(xkj
)) → (x̄, ū, h(x̄)) as

j → ∞; consequently, the graph continuity of limiting sub-differentials guarantees
that ū ∈ ∂h(x̄) (see Section 8.6 for graph continuity).

Step 2: Existence of subgradient v̄: In order to complete the proof, it suffices to
show that the vector v̄ := −∇g(x̄) + ū belongs to the subgradient set ∂φ(x̄). Since
the norm of successive difference ∥xkj

− xkj+1∥2 converges to zero, Lemma 16 yields
∥∇g(xkj

)+vkj+1 −ukj ∥2 → 0, and xkj+1 → x̄. Furthermore, continuity of the gradient
∇g yields ∇g(xkj

) → ∇g(x̄), and step 1 above guarantees ukj → ū. Combining these
two facts with ∥∇g(xkj

) + vkj+1 − ukj ∥2 → 0, we obtain vkj+1 → v̄ := −∇g(x̄) + ū,
and by Lemma 16, we have φ(xkj+1) → φ(x̄). Putting together the pieces, we con-
clude that (xkj+1, v

kj+1, φ(xkj+1)) → (x̄, v̄, φ(x̄)). Consequently, the graph continuity
of limiting subdifferentials guarantees that v̄ ∈ ∂φ(x̄) (see Section 8.6 for graph
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continuity).

Finally, the subgradients ū ∈ ∂h(x̄) and v̄ ∈ ∂φ(x̄) obtained from steps 1 and and
2 respectively satisfy the relation ∇g(x̄) + v̄ − ū = 0, which establishes the claimed
stationarity of x̄.

Establishing the bound (8.13a): Next, we establish the claimed bound (8.13a)
on the averaged squared successive difference. Recalling that f ∗ := min

x∈Rd
f(x) is finite,

we have

f(x0) − f ∗ ≥ f(x0) − f(xk+1) =
k∑
j=0

f(xj) − f(xj+1)

(i)
≥ 1

2α

k∑
j=0

∥xj − xj+1∥2
2

= (k + 1)
2α Avg

(
∥xk − xk+1∥2

2

)
, (8.47)

where step (i) follows from equation (8.46b). Rearranging the last inequality yields
the claimed bound (8.13a) on the averaged squared successive difference.

Establishing the bound (8.13b): In order to establish the bound (8.13b) on the
averaged squared gradient, we start by establishing the following upper bound on the
gradient-norm ∥∇f(xk+1)∥2:

∥∇f(xk+1)∥2 ≤
(
Mg +Mh + 1

α

)
∥xk − xk+1∥2. (8.48)

Recall that the function h is Mh smooth by assumption, and we have

∥∇g(xk+1) − ∇h(xk+1) + vk+1∥2
(i)= ∥∇g(xk+1) − ∇h(xk+1)

+
(
∇h(xk) − ∇g(xk) + 1

α

(
xk − xk+1

))
∥2

(ii)
≤ ∥∇g(xk) − ∇g(xk+1)∥2

+ ∥∇h(xk) − ∇h(xk+1)∥2 + 1
α

∥xk − xk+1∥2

(iii)
≤
(
Mg +Mh + 1

α

)
∥xk − xk+1∥2.

Here step (i) follows from the update equation of xk+1 in Lemma 16 and from
differentiability of the function g; step (ii) follows from triangle inequality, and step
(iii) follows from the smoothness of the functions g and h. Putting together the
bounds (8.48) and (8.47), we obtain the desired bound (8.13b).
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Proof of Lemma 16
Here we prove the claims of Lemma 16.

Establishing update equation (8.46a): Recalling the convex majorant defined in
equation (8.38), we define a convex majorant q(·,xk) of the function f as follows:

q(x,xk) = g(xk) − h(xk) + ⟨∇g(xk) − uk, x− xk⟩ + 1
2α∥x− xk∥2

2 + φ(x), (8.49)

where subgradient uk ∈ ∂h(xk), and the step size α satisfies 0 < α ≤ 1
Mg

. Observe that
minimizer of the convex function x 7→ q(x,xk) over x ∈ Rd is same as proxφ1/α

(
xk −

α(∇g(xk) − uk)
)
, which implies that xk+1 is a minimizer of the convex function

x 7→ q(x,xk) over x ∈ Rd. Consequently, the optimality condition of xk+1 guarantees
that there exists subgradient vk+1 ∈ ∂g(xk+1) satisfying the following equation:

∇g(xk) − uk + vk+1 + 1
α

(
xk+1 − xk

)
= 0. (8.50)

Rewriting the above equation yields the update equation (8.46a).

Establishing the descent step (8.46b): Note that

f(xk) − q(xk+1,xk)
(i)
≥ g(xk) − h(xk) + φ(xk+1) + ⟨vk+1, xk − xk+1⟩ − q(xk+1,xk)
(ii)
≥ ⟨∇g(xk) − uk + vk+1, xk − xk+1⟩ − 1

2α∥xk − xk+1∥2
2

(iii)
≥ 1

2α∥xk − xk+1∥2
2. (8.51)

Here step (i) follows from the convexity of the function φ; step (ii) follows by
substituting q(xk+1,xk) from equation (8.49). In step (iii), we use the relation
∇g(xk) − uk + vk+1 = 1

α

(
xk − xk+1

)
, which follows from equation (8.50). Finally,

recall that the function x 7→ q(x,xk) is a majorant for the function f , and we deduce
that

f(xk) − f(xk+1) ≥ f(xk) − q(xk+1,xk)

≥ 1
2α∥xk − xk+1∥2

2. (8.52)

Limit of the sequence
{
φ(xkj+1)

}
j≥0

: Consider any convergent subsequence{
xkj

}
j≥0

of the sequence
{
xk
}
k≥0

with xkj
→ x̄. Recall that f ∗ = infx∈Rd f(x) is

finite by assumption; combining this with step (8.46b) in Lemma 16, we have that
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∥xk − xk+1∥2 → 0, and that xkj+1 → x̄. The function φ is lower semi-continuous, and
we have

lim inf
j→∞

φ(xkj+1) ≥ φ(x̄). (8.53)

Since we already proved xkj+1 is a minimizer of the convex function x 7→ q(x,xkj
),

we have q(xkj+1,xkj
) ≤ q(x̄,xkj

). Unwrapping the last inequality and taking lim sup
yields

lim sup
j→∞

φ(xkj+1)
(i)
≤ φ(x̄) + lim sup

j→∞

(
⟨x̄− xkj

, ∇g(xkj
) − ukj ⟩ + 1

2α∥xkj
− x̄∥2

2

)
(ii)= φ(x̄). (8.54)

Here step (i) holds since ∥xkj
− xkj+1∥2 → 0, and the sequence

{
∇g(xkj

)
}

− ukj

}
j≥0

is bounded—which we prove shortly; step (ii) above follows from xkj
→ x̄ and bound-

edness of the sequence
{
∇g(xkj

) − ukj

}
j≥0

. Combining equations (8.53) and (8.54)
we obtain the claimed result.

Boundedness of the sequence
{
∇g(xkj

) − ukj

}
j≥0

: In order to prove the bound-
edness of the sequence

{
∇g(xkj

) − ukj

}
j≥0

, it suffices to show that the gradient
sequence

{
∇g(xkj

)
}
j≥0

and the sub-gradient sequence
{
ukj

}
j≥0

are bounded. Recall
that xkj

→ x̄, and we have that the sequence {xkj
}j≥0 is bounded. Consequently,

from the smoothness of the function g, we find that the sequence
{
∇g(xkj

)
}
j≥0

is
bounded. Finally, note that the function h is convex continuous, and we already
argued that the sequence {xkj

}j≥0 is bounded. Combining this with example 9.14 in
the book [RW09], we conclude that the subgradient sequence

{
ukj

}
j≥0

bounded.

8.9 Proofs related to Algorithm 4
In this section, we provide the proof of Theorem 5, which applies to the Frank-Wolfe
based method (Algorithm 4). We also provide an upper bound on the generalized
curvature constant Cf , which is stated in Lemma 17.

Proof of Theorem 5
Let xγ := xk+γdk, where the difference dk is defined as dk := sk−xk, and the vector sk
is the Frank-Wolfe direction defined in Algorithm 4. Unpacking the definition (8.18)
of the generalized curvature constant Cf , we find that for any scalar γ ∈ (0, 1) and
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subgradient uk ∈ ∂h(xk), we have the following:

f(xγ) ≤ f(xk) + γ⟨∇g(xk) − uk, dk⟩ + γ2

2 Cf
(i)
≤ f(xk) − γgk + γ2

2 C0. (8.55)

Here inequality (i) is obtained by substituting gk = ⟨dk, uk − ∇g(xk)⟩ and using
C0 ≥ Cf . Substituting γ = γk := min

{
gk

C0
, 1
}

in equation (8.55) yields

f(xk+1) ≤ f(xk) − min
{(gk)2

2C0
, gk − C0

2 1{
gk>C0

}}, (8.56)

where xk+1 = xk + γkdk. Let ḡk := min0≤j≤k g
j denote the minimum FW gap up to

iteration k, then repeated application of equation (8.56) yields

f(x0) − f(xk+1) ≥
k∑
j=0

min
{(gj)2

2C0
, gj − C0

2 1{
gj>C0

}}

≥ (k + 1) min
{(ḡk)2

2C0
, ḡk − C0

2 1{
ḡk>C0

}}. (8.57)

Rewriting the last equation yields the following upper bound

min
{(ḡk)2

2C0
, ḡk − C0

2 1{
ḡk>C0

}} (i)
≤ f(x0) − f ∗

k + 1 ,

where step (i) follows from the lower bound f(xk+1) ≥ f ∗ := minx∈Ω f(x). Consider-
ing the cases where ḡk ≤ C0 and ḡk > C0 separately, it can be shown following [Lac16]
that

ḡk ≤


2(f(x0)−f∗)√

k+1 for k + 1 ≤ 2(f(x0)−f∗)
C0

√
2C(f(x0)−f∗)

k+1 otherwise .

Finally, note that
√

2C0(f(x0) − f ∗) ≤ max{2(f(x0) − f ∗), C0} and we conclude that

ḡk ≤
max

{
2
(
f(x0) − f ∗

)
, C0

}
√
k + 1

.

Upper bound on generalized curvature constant
In this section, we provide an upper bound on the generalized curvature constant Cf ,
where the function f is a difference of a differentiable function g and a continuous
function h. For better readability, we use Cg−h instead of Cf in the following lemma.
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Lemma 17. Suppose that the function g is continuously differentiable and function
h is convex, then we have Cg−h ≤ Cg. Furthermore, if the function g is Mg-smooth,
and the function h is a µ strongly convex function with 0 ≤ µ < M , then

Cg−h ≤
(
M − µ

)
×
(

diam∥·∥2(Ω)
)2
, (8.58)

where diam∥·∥2 denote the diameter of the set Ω, measured in ℓ2 norm.

Comments: The first upper bound on Cg−h in Lemma 17 posits that the curvature
constant of the difference function g − h is upper bounded by curvature constant of
the function g, whenever the second function h is convex. Let us try to understand an
implication of this result through an example. One of the well-known upper bound of
curvature constant for Mg-smooth function g is Mg ×

(
diam∥·∥2(Ω)

)2
; see the paper

by [Jag13]. Now consider continuously differentiable functions g and h such that the
function g is Mg-smooth and the function h is non-smooth and convex. It can be
verified that the difference function g − h is not smooth in this case; consequently,
the earlier bound on curvature constant Cg−h is ∞, whereas Lemma 17 ensures that

Cg−h ≤ Cg ≤ Mg ×
(

diam∥·∥2(Ω)
)2
.

Proof of the upper bound Cg−h ≤ Cg: Unwrapping the definition of Cg−h, we
have

Cg−h = sup
x,y∈cγ

u∈∂h(x)

2
γ2

[
f(y) − f(x) − ⟨y − x, ∇g(x) − u⟩

]

= sup
x,y∈cγ

u∈∂h(x)

2
γ2

[
g(y) − g(x) − ⟨y − x, ∇g(x)⟩ − ∆h(y, x, u)

]
(8.59)

(i)
≤ sup

x,y∈cγ

2
γ2

[
f(y) − f(x) − ⟨y − x, ∇g(x)⟩

]
︸ ︷︷ ︸

Cg

,

where ∆h(y, x, u) := h(y) − h(x) − ⟨y − x, u⟩. Here inequality (i) follows by noting
that, for any pair of points x, y ∈ Ω, and for any convex function h with u ∈ ∂h(x),
we have ∆h(y, x, u) ≥ 0 .

Proof of upper bound (8.58): Suppose in addition, the function g is Mg-smooth,
and the function h is µ-strongly convex with µ ≥ 0. Then we have ∆h(y, x, u) ≥ µ

2 ∥x− y∥2
2,

and equation (8.59) yields

Cg−h ≤ sup
x,y∈cγ

2
γ2

[
g(y) − g(x) − ⟨y − x, ∇g(x)⟩ − µ

2 ∥x− y∥2
2

]
(i)
≤ sup

x,y∈cγ

2
γ2

[
Mg − µ

2 ∥x− y∥2
2

]
,
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where step (i) follows since the function g is Mg-smooth. Substituting y − x = γs
with s ∈ Ω, we obtain the claimed upper bound

Cg−h ≤ (Mg − µ) ×
(

diam∥·∥2(Ω)
)2
.

8.10 Proofs of faster rates under Assumption KL
In this section, we prove our results on improved convergence rates for functions
which satisfy Assumption KL—as stated in Theorems 6 and 7. We begin by stating
an auxiliary lemma that underlies the proofs of Theorems 6 and 7.

Lemma 18. Under assumptions of either Theorem 6 or Theorem 7, there exists
constants θ ∈ [0, 1), C > 0 and positive integer k1 such that for all k ≥ k1, we have

|f(xk) − f̄ |θ ≤ C∥∇f(xk)∥2,

where f(xk) ↓ f̄ . Furthermore, if xk → x̄, then the parameters (θ, C), obtained from
KL-inequality of the function f at the point x̄, satisfy the above inequality.

See Section 8.10 for the proof of this lemma.

Proof of Theorem 6
Now we prove Theorem 6 using Lemma 18.

Convergence of the sequence
{
xk
}
k≥0

: We demonstrate the convergence of
the sequence

{
xk
}
k≥0

by proving that the sequence has finite length property; more
precisely, we show that ∑∞

k=0 ∥xk − xk+1∥2 < ∞. First, note that for any scalar
0 ≤ θ < 1, the function t 7→ t1−γθ is concave for 0 < γ < 1

θ
; consequently, for iteration

k ≥ k1 we have(
f(xk) − f̄

)1−γθ
−
(
f(xk+1) − f̄

)1−γθ
≥
(
1 − γθ

)(
f(xk) − f̄

)−γθ(
f(xk) − f(xk+1)

)
(i)
≥
(
1 − γθ

)(
|f(xk) − f̄ |

)−γθ
× 1

2α∥xk − xk+1∥2
2

(ii)
≥ (1 − γθ)

C∥∇f(xk)∥γ2
× 1

2α∥xk − xk+1∥2
2

(iii)= (1 − γθ)
2Cα1−γ ∥xk − xk+1∥2−γ

2 . (8.60)

Here inequality (i) follows from the descent property in equation (8.36) and from the
fact that f(xk) ↓ f̄ . Inequality (ii) follows from Lemma 18, and equality (iii) follows
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from the relation xk − xk+1 = α
(
∇g(xk) − uk

)
= α∇f(xk). Substituting γ = 1 and

summing both side of inequality (8.60) from index k = k1 to k = ∞, we obtain(
f
(
xk1

)
− f̄

)1−θ
=

∞∑
k=k1

(
f
(
xk
)

− f̄
)1−θ

−
(
f
(
xk+1

)
− f̄

)1−θ

≥
∞∑

k=k1

(1 − θ)
2C ∥xk − xk+1∥2,

which proves the finite length property of the sequence
{
xk
}
k≥0

. Consequently, we
are guaranteed to have a vector x̄ such that xk → x̄ as k → ∞.

Rate of convergence of Avg (∥∇f(xk)∥2): Rewriting equation (8.60), we have
the following:

Cγ :=
k1∑
ℓ=0

(1 − γθ)
2Cα1−γ ∥xℓ − xℓ+1∥2−γ

2 +
(
f
(
xk1

)
− f̄

)(1−γθ)

(i)
≥

k−1∑
ℓ=0

(1 − γθ)
2Cα1−γ ∥xℓ − xℓ+1∥2−γ

2

= k(1 − γθ)
2Cα1−γ Avg

(
∥xk − xk+1∥2−γ

2

)
, (8.61)

where step (i) above follows from equation (8.60), and Avg
(
∥xk − xk+1∥2−γ

2

)
:=

1
k

∑k−1
ℓ=0 ∥xℓ − xℓ+1∥2−γ

2 denote the running arithmetic average. Since 0 ≤ θ < 1, we
can take γ = 1 in equation (8.61), and we obtain the following rate:

Avg (∥∇f(xk)∥2) = 1
α

Avg (∥xk − xk+1∥2) ≤ c1

k
,

where c1 = 2CCγ

α(1−θ) . Finally, note that the last equality holds trivially for iteration
k ≤ k1 with the given choice of the constant c1.

Rate of convergence of GAvg (∥∇f(xk)∥2): Since we proved that the sequence{
xk
}
k≥0

is convergent to the point x̄, we have that the parameter θ in Lemma 18 can
be taken to be the KL-exponent of the function f at point x̄. Suppose 1

2 ≤ θ < r
2r−1 ,

then substituting γ = 2r−1
r

in equation (8.61) yields,

GAvg (∥∇f(xk)∥2) = 1
α

GAvg (∥xk − xk+1∥2)
(i)
≤ 1
α

{
Avg

(
∥xk − xk+1∥

1
r
2

)}r
(ii)
≤ c2

kr
,
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where c2 = 1
α

(
2CCγα1−γθ

1−γθ

)r
with γ = 2r−1

r
, and GAvg

(
∥xk − xk+1∥2−γ

2

)
:= ∏k−1

ℓ=0

(
∥xℓ−

xℓ+1∥2
) 1

k , the geometric average of the sequence
{
∥xℓ − xℓ+1∥2

}k−1

l=0
. Here step (i)

above follows from arithmetic-geometric mean (AM/GM) inequality; step (ii) follows
from the bound in equation (8.61) and from the fact that γ = 2r−1

r
. Finally, note that

the last equality holds trivially for iteration k ≤ k1 with the given choice of constant
c2.

Proof of Theorem 7
The proof of Theorem 7 builds on the techniques used in the proof of Theorem 6
but requires additional technical care due to the presence of possibly non-continuous
function φ.

Convergence of the sequence
{
xk
}
k≥0

: The proof of Theorem 7 has two steps.
First, we prove a descent condition similar to equation (8.60). We then leverage this
descent condition and weighted AM-GM inequality to obtain the desired result.

Step 1: Following the proof of Theorem 6, we prove the convergence of the sequence{
xk
}
k≥0

by showing that the sequence
{
xk
}
k≥0

has finite length property. First,
note that for scalars 0 ≤ θ < 1 and 0 < γ < 1

θ
, the function t 7→ t1−γθ is concave.

Consequently, for iteration k ≥ k1, from Lemma 18 we have(
f(xk) − f̄

)1−γθ
−
(
f(xk+1) − f̄

)1−γθ
≥
(
1 − γθ

)(
f(xk) − f̄

)−γθ(
f(xk) − f(xk+1)

)
(i)
≥
(
1 − γθ

)(
|f(xk) − f̄ |

)−γθ
× 1

2α∥xk − xk+1∥2
2

(ii)
≥ (1 − γθ)

C∥∇f(xk)∥γ2
× 1

2α∥xk − xk+1∥2
2. (8.62)

Here step (i) follows from the descent property in equation (8.52) and from the fact
that f(xk) ↓ f̄ ; step (ii) follows from Lemma 18. The function h is locally smooth by
assumption; as a result, we have that the difference function g − h is locally smooth.
We also assumed that the sequence

{
xk
}
k≥0

is bounded (lies in a compact set S);
consequently, we may assume that the difference function g − h is smooth in the
compact set S with a smoothness parameter Mg−h(say). Borrowing the argument of
Theorem 4 part(b), it follows that:

∥∇g(xk) − ∇h(xk) + vk∥2 ≤
(
Mg−h + 1

α

)
∥xk − xk−1∥2. (8.63)
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Combining the last inequality with inequality (8.62) yields the following descent
property

(
f(xk) − f̄

)1−γθ
−
(
f(xk+1) − f̄

)1−γθ
≥ (1 − γθ)

2αC
(
Mg−h + 1

α

)γ × ∥xk − xk+1∥2
2

∥xk − xk−1∥γ2
. (8.64)

Step 2: We now leverage the descent condition obtained from step 1 to prove finite
length property of the sequence

{
xk
}
k≥0

. In order to facilitate further discussion, we
use ∆k

γ to denote the following:

∆k
γ := C3

((
f(xk) − f̄

)1−γθ
−
(
f(xk+1) − f̄

)1−γθ
)
,

where the constant C3 :=
2αC

(
Mg−h+ 1

α

)γ

(1−γθ) . With this notation, we can rewrite the
equation (8.64) as

∆k
γ∥xk−1 − xk∥γ2 ≥ ∥xk − xk+1∥2

2. (8.65)

Combining equation (8.65) with the weighted AM-GM inequality, we obtain

(
1 + γ

2 − γ

)
×

k∑
j=k1+1

∥xj − xj+1∥2−γ
2

(i)
≤
(
1 + γ

2 − γ

)
×

k∑
k=k1+1

(√
∆j
γ ∥xj−1 − xj∥γ2

) 2−γ
2

(ii)
≤

k∑
j=k1+1

(
∆j
γ + γ

2 − γ
∥xj−1 − xj∥2−γ

2

)
(iii)
≤ C3

(
f(xk1) − f̄

)1−γθ

+
k∑

j=k1+1

γ

2 − γ
∥xj−1 − xj∥2−γ

2 . (8.66)

Here step (i) follows from equation (8.65), and step (ii) is implied by applying weighted
AM-GM inequality as follows:

∆j
γ + γ

2−γ∥xj−1 − xj∥2−γ
2

1 + γ
2−γ

≥
(

∆j
γ∥xj−1 − xj∥γ2

) 1
1+ γ

2−γ .

Step (iii) in equation (8.66) follows from the following observation

k∑
j=k1

∆j
γ = C3

k∑
j=k1

(
f(xj) − f̄

)1−γθ
−
(
f(xj+1) − f̄

)1−γθ

≤ C3
(
f(xk1) − f̄

)1−γθ
.
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Rewriting inequality (8.66), we have for all k ≥ k1 + 2

k−1∑
j=k1+1

∥xj − xj+1∥2−γ
2 ≤ C3

(
f(xk1) − f̄

)1−γθ
+ γ

2 − γ
∥xk1 − xk1+1∥2−γ

2 (8.67)

−
(
1 + γ

2 − γ

)
∥xk − xk+1∥2−γ

2

≤ C3
(
f(xk1) − f̄

)1−γθ
+ γ

2 − γ
∥xk1 − xk1+1∥2−γ

2 < ∞. (8.68)

Finally, by substituting γ = 1 and letting k → ∞ in the last equation, we deduce the
finite length property of the sequence

{
xk
}
k≥0

.

Rate of convergence of Avg (∥∇f(xk)∥2) and GAvg (∥∇f(xk)∥2): The proof
of this part follows from the corresponding proof in Theorem 6 and using the inequal-
ity (8.67) and upper bound (8.63).

Proof of Lemma 18
Since the sequence

{
xk
}
k≥0

is bounded by assumption, without loss of generality, we
may assume that the set of limit points of the sequence

{
xk
}
k≥0

— which we denote by
X̄ — is a compact set. From Theorem 3 (respectively Theorem 4), we have that all the
limit points of the sequence

{
xk
}
k≥0

are critical points of the function f ; furthermore,
since f(xk) ↓ f̄ , we also have that the function f is constant on the set of limit points
X̄ , and the function value on X̄ equals f̄ . Combining this with Assumption KL,
we have for all z ∈ X̄ , there exists constants θ(z) ∈ [0, 1), rz > 0 and C(z) > 0
such that, | f(x) − f̄ |θ(z)≤ C(z) × ∥∇f(x)∥2 for all x ∈ B(z, rz). Now, consider the
open cover {B(z, rz) : z ∈ X̄ } of the set X̄ . From compactness of the set X̄ , we are
guaranteed to have a finite subcover; more precisely, there exists {z1, . . . zp} ⊆ X̄
such that X̄ ⊆ ⋃p

i=1 B(zi, rzi
). Define constants θ := max{θ(zi) : 1 ≤ i ≤ p},

C := max{C(zi) : 1 ≤ i ≤ p}, and r := min
{
rzi

2 : 1 ≤ i ≤ p
}

. Utilizing the result
∥xk − xk+1∥2 → 0 from Theorem 3 (respectively Theorem 4), one can show that,
there exists positive integer k1 such that for all k ≥ k1 we have ∥xk − xk+1∥2 <

r
2 , and

xk ∈ ⋃p
i=1 B(zi, rzi

). Putting together these pieces, we conclude that for all k ≥ k1

xk ∈
p⋃
i=1

B(zi, rzi
), and | f(xk) − f̄ |θ≤ C∥∇f∥2,

which proves the first part of claimed lemma. Now suppose the sequence
{
xk
}
k≥0

converges to a point x̄, then we have that the set of limit points X̄ = {x̄}, is a
singleton set. The rest of the proof is immediate by repeating the argument so far,
with the additional information that X̄ = {x̄}.
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8.11 Proofs of Corollaries
In this section, we collect the proofs of Corollaries 7, 8 and 9 from Section 8.4.

Proof of Corollary 7
First, note that in order to apply Theorem 3 and Theorem 6 to Corollary 7, it is
enough to show that the function µ 7→ f(µ) is Mf -smooth (in this example, function
h ≡ 0, and hence f ≡ g), and the function f satisfies Assumption KL. We verify that
Assumption KL is satisfied by proving that the objective function f in problem (8.22)
is continuous sub-analytic (see Section 8.6). For proving sub-analyticity, we heavily
use the properties mentioned in Section 8.6. In the following proof, we assume without
loss of generality that λ = 1.

The function f is continuous sub-analytic: First, we show that the function Ψ
is sub-analytic. We begin by observing that Ψ is piecewise polynomial. Polynomials
are analytic functions and intervals are semi-analytic sets. Since piecewise analytic
functions with semi-analytic pieces are semi-analytic (hence sub-analytic), we conclude
that the function Ψ is sub-analytic. Now, the function µ 7→ yi − ⟨zi, µ⟩ is linear, and
hence continuous sub-analytic. Furthermore, since continuous sub-analytic functions
are closed under composition, we have that the function µ 7→ Ψ

(
yi − ⟨zi, µ⟩

)
is sub-

analytic. Finally, note that sub-analytic functions are closed under linear combination,
and we conclude that the function f is sub-analytic. The continuity of the function f
is immediate by inspection.

The function f is smooth: Since the vectors
{

(zi, yi)
}n
i=1

are fixed, it suffices to
prove that the function Ψ is smooth. A straightforward calculation shows that Ψ is
continuously differentiable and smooth; in particular, it has a smoothness parameter
36 when λ = 1.

Putting together the pieces, we conclude that Theorem 3 and Theorem 6 are applicable
for problem (8.22). Convergence of the sequence

{
µk
}
k≥0

to a point µ̄ and the
convergence rate of gradient norms follows from Theorem 6, and the stationary
condition ∇f(µ̄) = 0 follows from Theorem 3.

Escaping strict saddle points: Note that the functions (g, h) are twice continu-
ously differentiable, and the function g is smooth. Consequently, from Corollary 6,
it follows that with random initializations, Algorithm 2 avoids strict saddle points
almost surely.
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Proof of Corollary 8
We begin by providing a high-level outline of the proof. First, note that from
Theorem 4, we have the successive difference ∥xk − xk+1∥2 → 0, and as a result, the
set of limit point of the sequence

{
xk
}
k≥0

—call it X̄ —is a connected set [Ost16].
We prove that the connected-set X̄ is singleton by showing that the set X̄ has an
isolated point — this also proves that sequence {xk}k≥0 is convergent. Next, we show
that the objective-function f , in the problem (8.28), satisfies Assumption KL with
exponent θ = 1

2 . Finally, we show that condition |x̄|(r) > |x̄|(r+1) ≥ 0 implies that
function x 7→ h(x) := ∑d

i=d−s+1 |x|(i) is smooth in a neighborhood of point x̄, and
we use the proof techniques of Theorem 7 to establish the convergence rate of the
gradient sequence. In order to obtain the rate of convergence of the sequence

{
xk
}
k≥0

,
we use ideas similar to those in the paper [Lee+16].

Convergence of the sequence {xk}k≥0: For notational convenience, let us use
g(x) := ∥y −Bx∥2

2, φ(x) := λ∥x∥1, and h(x) := λ
∑d
i=d−s+1 |x|(i). Since the point

x̄ satisfies the condition |x̄|(r) > |x̄|(r+1) ≥ 0 by assumption, there must exist a
neighborhood B(x̄, r) such that the function h is differentiable in the neighborhood
B(x̄, r), and all points x ∈ B(x̄, r) satisfy sign(x(i)) = sign(x̄(i)) for 1 ≤ i ≤ r. We
show that, in a neighborhood of the point x̄, it is the only critical point, thereby
proving that the point x̄ is an isolated critical point. To this end consider the convex
sub-problem mentioned in Corollary 8

P(x̄) := min
x∈Rd

g(x) + λφ(x) − λ⟨∇h(x̄), x⟩. (8.69)

For any point x∗ such that x∗ ∈ B(x̄, r) ∩ X̄ , from Theorem 4, we know that

∇g(x̄) + λū− λ∇h(x̄) = 0 and ∇g(x∗) + λu∗ − λ∇h(x∗) = 0, (8.70)

where subgradients u∗ ∈ ∂φ(x∗) and ū ∈ ∂φ(x̄). Next, note that from the choice of
neighborhood B(x̄, r), it follows that for all x ∈ B(x̄, r) we have ∇h(x) = ∇h(x̄),
and in particular, we deduce ∇h(x∗) = ∇h(x̄). Combining this relation with equa-
tion (8.70) yields:

∇g(x̄) + λū− λ∇h(x̄) = 0 and ∇g(x∗) + λu∗ − λ∇h(x̄) = 0,

which implies both the points x∗ and x̄ are zero sub-gradient points of convex
problem (8.69); this contradicts the assumption that problem (8.69) has an unique
solution. Hence, we conclude that x∗ = x̄, and the point x̄ is an isolated critical
point of the sequence

{
xk
}
k≥0

, and X̄ . Putting together the pieces, we conclude that
xk → x̄.
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Smoothness of function h in a neighborhood of x̄: We already argued above
that for all x ∈ B(x̄, r), the function h is differentiable and ∇h(x) = ∇h(x̄). Conse-
quently, we have that in the neighborhood B(x̄, r), the function h is smooth with a
smoothness parameter Mh = 0.

The function f satisfies Assumption KL with exponent θ = 1
2 : Recently, in

the paper [LP16] (Corollaries 5.1 and 5.2), the authors showed that if the functions
f1, f2, . . . , fT satisfy the KL-inequality with an exponent θ = 1

2 , then the function
f := min

{
f1, f2, . . . , fT

}
also satisfies KL-inequality with the exponent θ = 1

2 .
Interestingly, the function f can be represented as is minimum of finitely many
functions as follows:

f(x) = min
a∈A

{
∥y −Bx∥2

2 + λ∥x∥1 − λa⊤x
}
, (8.71)

where A :=
{
a ∈

{
− 1, 0, 1

}d
: ∑d

i=1 |ai| = r
}

. Note that the set A has cardinality at
most 3d. It is known that functions of the form x 7→ 1

2x
⊤Ax+ P (x) + b⊤x satisfy the

KL-inequality with exponent θ = 1
2 , where P is a proper closed polyhedral function,

and A is a positive semi-definite matrix; see Corollaries 5.1 and 5.2 in the paper [LP16].
Putting together these two observations, we conclude that the function f satisfies
KL-assumption with KL-exponent θ = 1

2 .

Combining the pieces: Since we proved xk → x̄, we have that for a suitable choice
of k1, the tail sequence

{
xk
}
k≥k1

lies in the neighborhood B(x̄, r). Now, the function
f satisfies Assumption KL with exponent θ = 1

2 , and the function h is smooth in the
neighborhood B(x̄, r); hence, following the argument in proof of Theorem 7 part(b),
we conclude that:

Avg (∥∇f(xk)∥2) ≤ c1

k
.

Rate of convergence of sequence
{
xk
}
k≥0

: The KL-exponent for the function f
is θ = 1

2 , and we may use γ = 1 in equation (8.67) which yields

∞∑
ℓ=k1+1

∥xℓ − xℓ+1∥2 ≤ ∥xk1 − xk1+1∥2 + C3
(
f(xk1) − f̄

) 1
2 , (8.72)

for some constant C3. From Lemma 18 and equation (8.48), we have
(
f(xk1) − f̄

) 1
2 ≤ C∥∇f(xk1)∥2 ≤ C(M +Mh + 1

α
)∥xk1 − xk1−1∥2. (8.73)
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Combining equations (8.72) and (8.73) we have
∞∑
ℓ=k1

∥xℓ − xℓ+1∥2 ≤ 2∥xk1 − xk1+1∥2 + C3
(
f(xk1) − f̄

) 1
2

(i)
≤ 2∥xk1 − xk1+1∥2 + CC3(M +Mh + 1

α
)∥xk1 − xk1−1∥2

(ii)
≤ C̄∥xk1 − xk1−1∥2, (8.74)

where C̄ is a constant depending on M,Mh, α, C3 and C, and step (i) above follows
from equation (8.73). We justify step (ii) shortly, but let us first derive the linear
rate of convergence of the sequence

{
xk
}
k≥0

using the derivation in equation (8.74).
Denote ek = ∑∞

ℓ=k ∥xℓ−xℓ+1∥2. Then equation (8.74) provides the following recursion

ek1 ≤ C̄(ek1−1 − ek1).

Simple inspection of proof of Theorem 7 and derivations so far ensure that we can
derive the equations (8.72) and (8.73) for all k ≥ k1; this provides us a recursion
relation as above with k1 replaced by k. Furthermore, by choosing a larger value of
the constant C̄ if necessary, we may conclude that for all k ≥ 1 we have

ek ≤ C̄(ek−1 − ek).

Rearranging the above inequality yields ek ≤ C̄
C̄+1ek−1, which guarantees that the

sequence
{
ek
}
k≥0

converges to zero at a linear rate. Finally, observe that ∥xk −
x∗∥2 ≤ ∑∞

ℓ=k ∥xℓ − xℓ+1∥2 = ek, and the linear rate of convergence of the sequence{
∥xk − x∗∥2

}
k≥0

to zero follows.

Justification for step (ii) in equation (8.74): Note that it suffices to show that
the object ∥xk1 − xk1+1∥2 is upper bounded by a constant multiple of ∥xk1 − xk1−1∥2,
where the constant depends only on M,Mh, α and C. Recalling the decent property
proved in equation (8.52) we have:

(
f(xk1) − f̄

) 1
2 ≥

(
f(xk1) − f(xk1+1)

) 1
2 ≥ 1√

2α
∥xk1 − xk1+1∥2. (8.75)

Combining equations (8.75) and (8.73) we obtain the following upper and lower bound
of
(
f(xk1) − f̄

) 1
2 :

1√
2α

∥xk1 − xk1+1∥2 ≤
(
f(xk1) − f̄

) 1
2 ≤ C(M +Mh + 1/α)∥xk1 − xk1−1∥2.

Rearranging the last equality proves the desired upper bound. Finally, we reiterate
that the above justification also hold for any iterate k with k ≥ k1.
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Proof of Corollary 9
The proof of this corollary is based on application of Theorems 4 and 7. We verify
the assumptions of Theorems 4 and 7 with g(θ) = −

n∑
i=1

log
(
ζ(yi; θ)

)
, h ≡ 0, φ = 1X

and function f := g − φ+ h. Note that the domain dom(f) = X is compact, which
guarantees that the iterate sequence {θk}k≥0 obtained from Algorithm 3 is bounded.
The function h ≡ 0 is smooth. The log-partition function A is twice continuously
differentiable by assumption, which guarantees that the function g is also twice
continuously differentiable, whence smooth in the compact domain X . Finally, we
verify that the function f satisfies Assumption KL by proving that f is continuous
sub-analytic in its domain X , and the domain X is closed; see Lemma 14. Clearly,
dom(f) = X is closed, and the function f is continuous in dom(f). Finally, we
show that the functions (g, φ) are sub-analytic, and invoking the property (d) of
sub-analytic functions form Section 8.6, we conclude that the function f := g + φ is
sub-analytic.

The function φ is sub-analytic: Here, we use a simple result by [Att+10], which
states that the indicator function of a semi-algebraic set is a semi-algebraic function
(hence a sub-analytic function). In order to show that the set X is semi-algebraic, we
note the following representation of the set X

X =
{ d∑
i=1

θ2
i > R2

1

}c⋂{ 2d∑
i=d+1

θ2
i > R2

2

}c⋂{
θ2d+1 > 1

}c⋂{
− θ2d+1 > 0

}c
. (8.76)

Each of the four sets in representation (8.76) are semi-algebraic by definition, and
semi-algebraic sets are closed under finite intersection and complements; see the book
by [Cos02]. Putting together these two observations, we conclude that the set X is
semi-algebraic, and that 1X is a sub-analytic function.

The function g is sub-analytic: The log-partition function A is sub-analytic
by assumption. For a fixed vector y, the map η 7→ η⊤T (y) is linear, and hence sub-
analytic. Since sub-analytic functions are closed under a finite linear combination, we
conclude that the map η 7→ η⊤T (y) − A(η) is sub-analytic. Continuous sub-analytic
functions are closed under multiplication and composition; since the exp(·) function
is continuous sub-analytic, we have for every fixed vector y the following map

(η0, η1, p) 7→ ζ(y; η0, η1, p) := p exp(η⊤
0 T (y) − A(η0)) + (1 − p) exp(η⊤

1 T (y) − A(η1))

is sub-analytic. Furthermore, the log(·) function analytic on the interval (0,∞), and
using the composition rule for continuous sub-analytic functions, we obtain that
the map θ 7→ log(ζ(yi; θ)) is sub-analytic, where θ := (η0, η1, p). Finally, the target
function g is a linear combination of sub-analytic functions log(ζ(yi; θ)), and we
conclude that the map θ 7→ g(θ) is sub-analytic.
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Combining the pieces: Putting together the pieces, we conclude that the function
f is sub-analytic, with the function f being continuous in dom(f), whereas dom(f)
is closed; furthermore, the functions g and h are smooth. This allows us to apply
Theorem 4 and Theorem 7 and the corollary follows.

Sub-analyticity of the log-partition functions A in Table 1: The sub-
analyticity of the log-partition function A mentioned in Table 1 follows from the
following two observations. First, note that the functions exp, ln and Γ are continuous
and analytic (hence sub-analytic). Given two continuous sub-analytic functions g1
and g2, the composition function g2 ◦ g1 is also continuous sub-analytic. Secondly,
any linear combination of sub-analytic functions is also sub-analytic function. See
Section 8.6 for properties of sub-analytic functions.

8.12 Characterizing “smooth - convex” function
class

In Theorem 3 and Theorem 4 we discussed a class of non-smooth non-convex functions,
where a gradient or a prox-type algorithm provides satisfactory convergence to a critical
point. One possible deficiency of the theory discussed so far is that, in Algorithm 2
(respectively Algorithm 3), we need to specify a decomposition of the objective
function f as a difference of a smooth and a convex function (respectively, smooth +
convex - convex). Consequently, it is natural to wonder if we can characterize the class
of functions which has a decomposition needed in Algorithms 2 and 3. Furthermore,
if a function has this a decomposition, how can we obtain such a decomposition
easily. It is worth pointing out that for the case of Algorithm 3, the convex function
φ is known in many cases. For instance, in the case of constrained optimization,
the function φ is the indicator of the constraint set; in many statistical estimation
problems, φ is a penalty function on the parameters; a well-known example of such
penalty function is the ℓ1 penalty, which is used to obtain sparse solutions. Hence,
for all practical purposes, the task of characterizing the function class mentioned in
Theorems 3 and 3 reduces to characterizing functions which can be decomposed as a
difference of a smooth function(g) and a convex function (h). In the next theorem, we
characterize the class of of continuously differentiable functions that can be written
as a difference of a smooth function and a convex function.

Theorem 8. Given any continuously differentiable function f : Rd 7→ R, the following
two properties are equivalent:

(a) There exists a M-smooth function g, and a convex continuously differentiable
function h such that:

f(x) = g(x) − h(x) for all x ∈ Rd.
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(b) The gradient of the function f satisfies the following inequality:〈
∇f(x) − ∇f(y), x− y

〉
≤ M∥x− y∥2 for all x, y ∈ Rd.

Proof. We establish the equivalence by proving the circle of implications (a) =⇒
(b) =⇒ (a).

Implication (a) =⇒ (b): For any M -smooth function g, we have the following:〈
∇g(x) − g(y), x− y

〉
≤ ∥∇g(x) − g(y)∥2 × ∥x− y∥2

(i)
≤ M∥x− y∥2

2, for all x, y ∈ Rd, (8.77)
where step (i) follows since the gradient ∇g is M Lipschitz. Next note that the
gradient of a differentiable convex function is a monotone operator, and we have that
for all x, y ∈ Rd: 〈

∇h(x) − ∇h(y), x− y
〉

≥ 0. (8.78)

Subtracting equation (8.78) from equation (8.77), we obtain the desired upper bound
in part (b).

Implication (b) =⇒ (a): We prove this implication by finding a M–smooth
function g and a convex differentiable function h such that f = g − h. To this end,
we fix any x0 ∈ Rd and consider the following two functions:

g(x) := f(x0) +
〈
∇f(x0), x− x0

〉
+ M

2 ∥x− x0∥2
2 (8.79a)

h(x) := g(x) − f(x). (8.79b)
The function g in definition (8.79a) is M -smooth by inspection. Since both the
functions f and g are continuously differentiable, the function h is continuously
differentiable by construction. In order to complete the proof, it suffices to show that
the function h is convex. To this end, the first order Taylor series expansion of the
function h yields

h(x) = h(y) +
〈
∇h(y + t(x− y)), x− y

〉
for some t ∈ [0, 1]

= h(y) +
〈
∇h(y), x− y

〉
+
〈
∇h(y + t(x− y)) − ∇h(y), x− y

〉
. (8.80)

Expanding the term
〈
∇h(y + t(x− y)) − ∇h(y), x− y

〉
above yields,〈

∇h(y + t(x− y)) − ∇h(y), x− y
〉 (i)= M∥x− y∥2

2

−

〈
∇f(y + t(x− y)) − ∇f(y), t(x− y)

〉
t

(ii)
≥ M∥x− y∥2

2 −Mt∥x− y∥2
2

(iii)
≥ 0.
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Here step (i) follows by substituting the expression of the function h; step (ii)
follows from the gradient inequality of part (b), and step (iii) follows from the
inequality 0 ≤ t ≤ 1. Since the vectors x, y ∈ Rd were arbitrary, the inequality〈
∇h(y + t(x − y)) − ∇h(y), x − y

〉
≥ 0 combined with equation (8.80) proves the

convexity of the function h, thereby proving the claimed result in part (a).

Comments: It would be interesting to characterize the class of DC-based functions
mentioned in problem (8.2) when the convex function h is non-differentiable. Indeed,
we obtain a larger and more interesting non-differentiable class of functions. It would
interesting to see whether Theorem 8 can be suitably generalized in this setting.
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[HH96] Joel Horowitz and Wolfgang Härdle. “Direct semiparametric estimation
of single-index models with discrete covariates”. In: Journal of the
American Statistical Association 91.436 (1996), pp. 1632–1640 (cit. on
p. 224).

[HPT00] Reiner Horst, Panos M. Pardalos, and Nguyen Van Thoai. Introduc-
tion to Global Optimization. Vol. 9. Nonconvex Optimization and its
Applications. Elsevier, 2000 (cit. on p. 314).

[How+] Steven R Howard et al. “Time-uniform, nonparametric, non-asymptotic
confidence sequences”. In: The Annals of Statistics (), To appear (cit. on
p. 264).

[Ich93] H. Ichimura. “Semiparametric least squares (SLS) and weighted (SLS)
estimation of single index models”. In: Journal of Econometrics 58
(1993), pp. 71–120 (cit. on pp. 205, 224).

[Ing10] Tadeusz Inglot. “Inequalities for quantiles of the chi-square distribution”.
In: Probability and Mathematical Statistics 30.2 (2010), pp. 339–351
(cit. on p. 189).

[IJS01] H. Ishwaran, L. F. James, and J. Sun. “Bayesian model selection in
finite mixtures by marginal density decompositions”. In: Journal of
the American Statistical Association 96 (2001), pp. 1316–1332 (cit. on
p. 176).

377



[JJS94a] Tommi Jaakkola, Michael I Jordan, and Satinder P Singh. “Convergence
of stochastic iterative dynamic programming algorithms”. In: Advances
in Neural Information Processing Systems. 1994, pp. 703–710 (cit. on
p. 9).

[JJS94b] Tommi Jaakkola, Michael I Jordan, and Satinder P Singh. “On the
Convergence of Stochastic Iterative Dynamic Programming Algorithms”.
In: Neural Computation 6.6 (1994), pp. 1185–1201 (cit. on p. 52).

[Jag13] Martin Jaggi. “Revisiting Frank-Wolfe: Projection-Free Sparse Convex
Optimization.” In: ICML (1). 2013, pp. 427–435 (cit. on pp. 327, 354).

[Jam+14] Kevin Jamieson et al. “lil’ucb: An optimal exploration algorithm for
multi-armed bandits”. In: Conference on Learning Theory. Vol. 27. 2014,
pp. 423–439 (cit. on pp. 264, 307, 309, 310).

[Jan97] Svante Janson. Gaussian Hilbert Spaces. Vol. 129. Cambridge university
press, 1997 (cit. on p. 189).

[JA18] Nan Jiang and Alekh Agarwal. “Open problem: The dependence of
sample complexity lower bounds on planning horizon”. In: Proceedings
of the Conference On Learning Theory. 2018, pp. 3395–3398 (cit. on
p. 10).

[JS20] Yujia Jin and Aaron Sidford. “Efficiently solving MDPs with stochastic
mirror descent”. In: International Conference on Machine Learning.
PMLR. 2020, pp. 4890–4900 (cit. on p. 115).

[JZ13] Rie Johnson and Tong Zhang. “Accelerating stochastic gradient descent
using predictive variance reduction”. In: Advances in Neural Information
Processing Systems 26 (2013), pp. 315–323 (cit. on pp. 21, 57, 84, 88,
90).

[JNT11] Anatoli Juditsky, Arkadi Nemirovski, and Claire Tauvel. “Solving varia-
tional inequalities with stochastic mirror-prox algorithm”. In: Stochastic
Systems 1.1 (2011), pp. 17–58 (cit. on pp. 84, 145).

[KK18] Emilie Kaufmann and Wouter Koolen. “Mixture martingales revisited
with applications to sequential tests and confidence intervals”. In: arXiv
preprint arXiv:1811.11419 (2018) (cit. on p. 264).

[KS99] M. Kearns and S. Singh. “Finite-sample convergence rates for Q-learning
and indirect algorithms”. In: Advances in Neural Information Processing
Systems. 1999 (cit. on p. 13).

[Kha+21] Koulik Khamaru et al. “Instance-optimality in optimal value estima-
tion: Adaptivity via variance-reduced Q-learning”. In: arXiv preprint
arXiv:2106.14352 (2021) (cit. on pp. 87, 88, 90, 108, 109, 112).

378



[Kha+20a] Koulik Khamaru et al. “Is Temporal Difference Learning Optimal? An
Instance-Dependent Analysis”. In: arXiv preprint arXiv:2003.07337
(2020), pp. 1–38 (cit. on pp. 49, 50, 55, 71).

[Kha+20b] Koulik Khamaru et al. “Is temporal difference learning optimal? An
instance-dependent analysis”. In: arXiv preprint arXiv:2003.07337
(2020) (cit. on pp. 85, 87, 88, 90, 115).

[Kha66] Rafail Khas’minskii. “On stochastic processes defined by differential
equations with a small parameter”. In: Theory of Probability and Its
Applications 11.2 (1966), pp. 211–228 (cit. on p. 86).

[KW52] Jack Kiefer and Jacob Wolfowitz. “Stochastic estimation of the maxi-
mum of a regression function”. In: The Annals of Mathematical Statistics
(1952), pp. 462–466 (cit. on p. 86).

[Kir11] Andreas Kirsch. An Introduction to the Mathematical Theory of Inverse
Problems. Vol. 120. Springer, 2011 (cit. on p. 84).

[KYB17] Jason M Klusowski, Dana Yang, and WD Brinda. “Estimating the
coefficients of a mixture of two linear regressions by expectation maxi-
mization”. In: arXiv preprint arXiv:1704.08231 (2017) (cit. on p. 156).

[Kol06] Vladimir Koltchinskii. “Local Rademacher complexities and oracle in-
equalities in risk minimization”. In: The Annals of Statistics 34.6 (2006),
pp. 2593–2656 (cit. on pp. 157, 172).

[KL15] Nathaniel Korda and Prashanth La. “On TD(0) with function approxi-
mation: Concentration bounds and a centered variant with exponential
convergence”. In: International Conference on Machine Learning. 2015,
pp. 626–634 (cit. on p. 10).

[KLL20] Georgios Kotsalis, Guanghui Lan, and Tianjiao Li. “Simple and optimal
methods for stochastic variational inequalities, II: Markovian noise
and policy evaluation in reinforcement learning”. In: arXiv preprint
arXiv:2011.08434 (2020) (cit. on pp. 84, 145).

[KS17] Raunak Kumar and Mark Schmidt. “Convergence rate of expectation-
maximization”. In: 10th NIPS Workshop on Optimization for Machine
Learning. 2017, p. 98 (cit. on p. 156).

[Kur98] Krzysztof Kurdyka. “On gradients of functions definable in o-minimal
structures”. In: Annales de l’institut Fourier. Vol. 48. Chartres: L’Institut,
1950-. 1998, pp. 769–784 (cit. on p. 328).

[KY03] Harold Kushner and G George Yin. Stochastic Approximation and
Recursive Algorithms and Applications. Vol. 35. Springer Science &
Business Media, 2003 (cit. on pp. 86, 90).

379



[KS84] Harold J Kushner and Adam Shwartz. “An invariant measure approach
to the convergence of stochastic approximations with state dependent
noise”. In: SIAM Journal on Control and Optimization 22.1 (1984),
pp. 13–27 (cit. on p. 86).

[KC78] Harold J. Kushner and Dean S. Clark. Stochastic approximation methods
for constrained and unconstrained systems. Vol. 26. Applied Mathemat-
ical Sciences. Springer-Verlag, New York-Berlin, 1978, pp. x+261. isbn:
0-387-90341-0 (cit. on p. 86).

[Kus84] Harold Joseph Kushner. Approximation and weak convergence methods
for random processes, with applications to stochastic systems theory.
Vol. 6. MIT press, 1984 (cit. on p. 86).

[KL18] Ilja Kuzborskij and Christoph Lampert. “Data-Dependent Stability of
Stochastic Gradient Descent”. In: International Conference on Machine
Learning. 2018, pp. 2815–2824 (cit. on p. 200).

[Lac16] Simon Lacoste-Julien. “Convergence rate of Frank-Wolfe for non-convex
objectives”. In: arXiv preprint arXiv:1607.00345 (2016) (cit. on pp. 326,
327, 353).

[LR79] T L Lai and Herbert Robbins. “Adaptive design and stochastic approxi-
mation”. In: The Annals of Statistics 7 (1979), pp. 1196–1221 (cit. on
pp. 263, 269).

[LRW79] T L etc Lai, Herbert Robbins, and C Zi Wei. “Strong consistency of least
squares estimates in multiple regression II”. In: Journal of Multivariate
Analysis 9.3 (1979), pp. 343–361 (cit. on p. 263).

[Lai94] Tze Leung Lai. “Asymptotic properties of nonlinear least squares es-
timates in stochastic regression models”. In: The Annals of Statistics
22.4 (1994), pp. 1917–1930 (cit. on p. 269).

[LW+82] Tze Leung Lai, Ching Zong Wei, et al. “Least squares estimates in
stochastic regression models with applications to identification and
control of dynamic systems”. In: The Annals of Statistics 10.1 (1982),
pp. 154–166 (cit. on pp. 263, 267, 269, 280, 281, 286, 297, 302).

[LS18a] Chandrashekar Lakshminarayanan and Csaba Szepesvari. “Linear Stochas-
tic Approximation: How Far Does Constant Step-Size and Iterate Av-
eraging Go?” In: AISTATS: Conference on AI and Statistics. Vol. 21.
PMLR, 2018, pp. 1347–1355 (cit. on p. 50).

[LS18b] Chandrashekar Lakshminarayanan and Csaba Szepesvári. “Linear stochas-
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