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Grid-based methods for diatomic quantum scattering problems II: Time-dependent
treatment of single- and two-photon ionization of H

Liang Tao,! C. W. McCurdy,"? and T. N. Rescigno!

! Lawrence Berkeley National Laboratory, Chemical Sciences, Berkeley, CA 94720
2 Departments of Applied Science and Chemistry, University of California, Davis, CA 95616
(Dated: June 2, 2009)

The time-dependent Schrédinger equation for HY in a time-varying electromagnetic field is solved
in the fixed-nuclei approximation using a previously developed finite-element/ discrete variable rep-
resentation in prolate spheroidal coordinates. Amplitudes for single- and two-photon ionization are
obtained using the method of exterior complex scaling to effectively propagate the field-free solu-
tions from the end of the radiation pulse to infinite times. Cross sections are presented for one-and
two-photon ionization for both parallel and perpendicular polarization of the photon field, as well
as photoelectron angular distributions for two-photon ionization.

PACS numbers: 33.80.-b, 33.80.Rv,32-80.-.t, 31.15.-p

I. INTRODUCTION

The development of increasingly powerful short-
wavelength high-harmonic and free-electron laser sources
has intensified the study of multi-photon ionization pro-
cesses in atoms and molecules. These studies have
also provided an impetus for the continued development
and refinement of advanced, grid-based nonperturbative
methods for numerical solution of the Schrodinger equa-
tion. In an earlier paper [1], hereafter referred to as I,
showed how to combine finite elements and the discrete
variable representation in prolate spheroidal coordinates
to develop a grid-based approach for quantum mechan-
ical studies involving diatomic molecular targets. The
methodology was illustrated with solutions of the time-
independent Schrodinger equation for the bound and con-
tinuum states of Hy . Here, the finite-element/discrete
variable representation in prolate spheroidal coordinates
is used in connection with exterior complex scaling to
study Hy in a time-varying electromagnetic field.

Our treatment is based on a procedure we introduced
to study atomic ionization by short laser pulses. We first
solve the time-dependent Schrodinger equation on a real
grid for a finite time interval when the target is interact-
ing with a laser pulse. At the termination of the pulse,
the wavepacket continues to evolve with the field-free tar-
get Hamiltonian, so the propagation to infinite times can
be carried out by using the wavepacket at the end of
the pulse as a source term in a time-independent driven
Schrédinger equation. Exterior Complex Scaling (ECS)
is used to enforce proper outgoing wave boundary condi-
tions. From a single wavepacket, we can then construct
amplitudes for ejecting electrons in arbitrary directions
at any energy within the bandwidth of the pulse. From
these amplitudes we can unambiguously construct the
cross sections (in the case of one-photon ionization) or
generalized cross sections for multiphoton ionization.

Our purpose in this work is to test the efficiency and
reliability of the implementation of these ideas with pro-
late spheroidal coordinates in time-dependent applica-

tions on a linear molecule. We will demonstrate that the
combination of the three components of this approach,
prolate spheroidal coordinates, the DVR representation
of the Hamiltonian, and ECS for extracting amplitudes,
provides a powerful new algorithm for more general ap-
plication to diatomic molecules.

The calculations are carried out in the fixed-nuclei
(Born-Oppenheimer) approximation, but we present re-
sults for both parallel and perpendicular photon polar-
izations. These amplitudes can then be used to ex-
tract molecular-frame ionization probabilities for arbi-
trary photon polarizations. We will also present body-
frame photoelectron angular distributions for two-photon
ionization. Although the calculations can be carried out
with arbitrary field strengths, we confine our attention
here to relatively low intensity fields so that we can com-
pare with the results of other studies that use time-
independent methods to calculate cross sections in the
perturbative limit. We use atomic units (a.u.) unless
otherwise specified.

II. THEORY AND COMPUTATION

A. Solving time-dependent Schrédinger equation
in prolate spheroidal coordinates

Our procedure for designing a grid-based set of func-
tions combining the discrete variable representation
(DVR) with finite-elements (FEM) in prolate spheroidal
coordinates, as well as details about the computation of
H;’ continuum wavfunctions using exterior complex scal-
ing (ECS) , has been given in I [1] and will not be re-
peated here. We begin with an expression for the Hamil-
tonian for H;r, including a time-varying electromagnetic
field in the velocity gauge:
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where V is Coulomb interaction between the electron and
the (fixed) nuclei, A(t) is the vector potential and ¢ is the
speed of light. Prolate spheroidal coordinates (£, 7, ¢) are
defined by rotating a two-dimensional elliptic coordinate
system about the focal axis of the ellipse. The angle of
rotation is defined by ¢ (0 < ¢ < 27). With the foci lo-
cated at +a along the z—axis and r; and 72 denoting the
distances to the two foci, the dimensionless coordinates
(&,m) are defined as
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where R = 2a. The Laplacian in these coordinates is
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and the vector potential A(t) is represented, in the dipole

approximation, using a sine squared pulse with photon
energy w and total pulse duration T’
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where € is the linear polarization vector defined by its
three components in Cartesian coordinates (e, €y, ¢€.),
and the number of cycles in the pulse duration 7' is
Tw/2m.

Our objective here is to solve the time-dependent
Schrédinger equation. To that end, we employ the close-
coupling DVR scheme outlined in paper I, expanding the
time-dependent electronic wave function in a product ba-
sis of DVR functions x!™(¢) and spherical harmonics Y},
in the variables (1, ¢):
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Since the volume element in this coordinate system is
dV = (R/2)3(£2 —n?)dédnde, the basis functions are not
orthogonal [1].

We use an implicit Crank-Nicolson propagator to carry
out the time integration, where the overlap matrix has
to be carried during the propagation. Taking the advan-
tage of the Krylov iterative linear solver from the PETSc
library [2], this propagator is easily implemented on mas-
sively parallel computers, making it possible to propagate
the wave packet under the effect of a long pulse including
many cycles. Given the expansion of Eq. (7), we write
the time-dependent Schrodinger equation in matrix form:

zSic( t) =

Selt) =H(e(t) 3)

where S and H(t) are the overlap and Hamiltonian ma-
trices defined with the volume element dV'.

An approximate solution of Eq. (8) is
c(t + At) = ¢S HEF3 AN (4) (9)

It follows that the norm of the wavepacket is conserved
during the time evolution,

ct(t)Sc(t) =1 (10)

The Crank-Nicolson propagator approximates Eq. (9)
as

1 1 ! 1 1
c(t+ At) = (1 + 5z’S*H(t + §At)At) (1 - §iS’1H(t + §At)At> c(t)
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This implicit algorithm requires the solution of a linear

<s + LiE@e s %At)At) - <s - %iH(t + %At)At) c(t) (11)

system at every time step and generally requires a pre-



conditioner for convergence. However, the Hamiltonian
doesn’t change very much under the effect of a time-
dependent perturbation between successive time steps.
We have found that we could use the same precondi-
tioner matrix for the entire time propagation, updating
only the linear system at each time step and using the so-
lution from the previous time step as the initial guess for
the next solve when using Krylov iterative linear solvers.
This method enables us to efficiently propagate Eq. (11)
on a large grid using parallel computers.

B. Photoionization amplitude construction

The propagated wave packet at the end of the pulse is
used as the source term in an after-pulse, driven equation

C(k) = (@) (k,1) | By, — Ho| Wee(r) / /

where ®(~)(k, r) is a continuum state of H, with outgo-
ing momentum k, whose calculation in prolate spheroidal
coordinatres is detailed in I. Writing the expansion of
Uy (r) as
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of paper I)
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the photoionization amplitude C(k) is explicitly evalu-
ated as

(k) = > iloemo®ley o (k)Yiym(k(0,6))  (16)
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(Ex, — Ho)¥sc(r) = ¥(r,T), which effectively propagates
the wave packet to T' — oo. This equation is solved under
ECS to enforce pure outgoing wave boundary conditions.
Photoionization amplitudes at different ejected electron
energies E, are then extracted from Wy (r) as outlined in
refs. [3, 4]. The only difference is that here we are using
a non-orthogonal basis in prolate spheroidal coordinates
and therefore the overlap matrix has to be carried when
solving the driven equation, written in matrix form as

(Ex - S —Ho)cse =S - ¢(T). (12)

Having solved Eq. (12) for the scattered wave func-
tion Wy, the amplitude C(r) for photoionization is con-
structed in the form of a surface integral

(k1) VU (r) — Ueo(r) VO (k, 1) | - dS, (13)

where
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Here the notation W {a, b} = a’b—b'a denotes the Wron-
skian with respect to £. In our numerical evaluation of
Eq. (17), we generally fix £ at a real value slightly less
than the complex ECS turning point.

In order to distinguish between contributions to one
and two-photon ionization, with the molecule oriented
either parallel or perpendicular to the polarization axis of
the laser field, the quantum numbers m and [ in Eq. (16)
are appropriately restricted. In Table I, we list all the
cases which relate to the results presented in this paper.

The use of exact H, continuum states in the surface
integral expression for C'(k) provides complete dynami-
cal information about photoelectron ejection, within the
bandwidth of the pulse used during the time propaga-
tion, and also removes any contaminating contributions
from bound-state excitation because of orthogonality be-
tween the bound and continuum states of H, . Our pro-
cedure differs from other approaches in which dynam-
ical information is extracted by projecting the propa-
gated wavepacket directly onto unperturbed final states.
For example, in the work of Colgan, Pindzola and Ro-
bicheaux [5] to which we will be comparing, the total
ionization probability is computed as 1 — Py, where P, is
the probability of bound-state excitation, computed by
projection onto the complete set of bound states of H2+
obtained by diagonalizing Hy. This procedure does not



TABLE I: The selection rule on quantum numbers [ and m
in Eq. (16), depends on the possible transitions between the
states with different symmetries.

[ values m values polarization®
One-photon ionization
3y — Xy odd 0 |
Yy — 1, odd +1 1
Iy — 3¢, Ay even 0, £2 L
Two-photon ionization
3y — Bu — Xy even 0 |
Mg — 1y — Xy, Ay even 0, £2 L

“linear polarization of the field corresponding to the internuclear
molecular axis, || means parallel, | means perpendicular.

directly distinguish between various n-photon processes,
so additional assumptions are then required to compute
specific n-photon total cross sections, and angular distri-
butions are not available.

C. One and two-photon ionization cross sections

Assuming the field intensities are such that we are in
the perturbative limit, we can use the extracted ioniza-
tion amplitudes to calculate cross sections, correspond-
ing to different photon absorption processes, for any fre-
quency within the band width of a pulse (Aw = 47/T
for a sine-squared time envelope . For single ionization,
the differential and total photoionization cross sections
are given by [3]
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where w;; is the energy difference between the final con-
tinuum state and the initial ground state, w;r, = Ey — E;,
and F( is the shape function for single photon ioniza-
tion. For a sine-squared pulse its squared modulus is
given analytically by [3]
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(19)
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We note that the factorization of the time dependence
from the amplitude for single photon absorption in lowest
order perturbation theory ensures that Eq. (18) is strictly
independent of the pulse length T'.

For two-photon ionization, we present results in the
form of differential and total generalized cross sections
(in units of cm*W=1) [3, 6]:
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where Ij is the atomic unit of intensity (la.u. = 7.0189 x
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FIG. 1: (Color online) Two-photon generalized cross sections
for H;L with parallel photon polarization. Calculations car-
ried out with pulse intensities 10*2, 10*® and 10** W cm 2.
Results are extracted from calculations using 4 fs pulses with
bandwidth of 21 and 23 cycles, respectively. Photon energies
in atomic units. 1 a.u. = 27.211 eV.

1016 W/em?), @y, = (Ex — E;)/2 and F®) is the shape
function for two-photon absorption, which we approxi-
mate as [3]

F®(w,wp, T) =

(2(w — @) (TH2(w — ))F — 20m2T2(2(w — wgi))2 + 6470
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FIG. 2: (Color online) Top panel : HJ one photon ioniza-
tion cross section from ¥, ground state to X, continuum
states extracted from pulses with varying central frequen-
cies. Linear photon polarization parallel to the molecular
axis. Solid line: time-independent perturbation theory re-
sult. Lower panel : the squared amplitudes extracted from
1 fs pulses with 13, 17 and 21 cycles, from which the top
panel is calculated. Cross section in units of megabarns. 1
Mb=10""8cm?.

We must emphasize that, in contrast to the one-photon
case, the factorability of the transition probability in the
two-photon case is only approximate and breaks down
when the pulse width is very short or when the photon
frequency is close to being in resonance with a discrete
intermediate state, in which case long propagation times
may be required to resolve the energy dependence of the
cross section near narrow resonance features.

III. RESULTS

The time-dependent Schrodinger equation was solved
by propagating an initial wavepacket with pulse lengths
of 1, 4 and 8 fs on real-valued grids of length (&,,4.) 150,
270 and 500, respectively. The grids were subdivided
into finite elements; the first element runs from £ = 0
to £ = 1, while subsequent elements are of length 8.25
to 10.0. 15th order DVR was used in each element. The
wavepacket at the end of the pulse was used as the source
term in the driven equation for the scattered wave which
was solved under ECS. For this purpose, the original real
grid was augmented with an additional segment of length
30, rotated into the complex plane by 20 degrees. We
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FIG. 3: (Color online)As inFig. 2, but with photon polar-
ization perpendicular to the molecular axis, pulse duration
T=0.5 fs with 5, 6 and 7 cycles.

used 15th-order DVR Over the range of photon ener-
gies considered here, we found that convergence could be
achieved with [,,,4 = 5 in prolate spheroidal coordinates
and that the numerical accuracy required with the cho-
sen density of grid points could be achieved with a time
step 0.02 a.u.

We have restricted our calculations to field strengths
where perturbation theory can be applied and, therefore,
a cross section defined. In this way, we can check the
accuracy of our results by comparing with existing cal-
culations, where available. In Fig. 1, we show the two-
photon generalized cross sections for parallel polarization
obtained for intensities of 1012, 10'3 and 10'* W cm—2.
At T = 10" W cm™2 the result shows a weak depen-
dence on intensity. We therefore chose I = 10> W cm ™2
for the reported calculations, which is high enough to
produce relatively large ionization rates, while still keep-
ing the one and two-photon ionization results within the
perturbative regime.

For the results we are presenting, the calculations were
all carried out the the equilibrium internuclear separation
of Hf, R = 2.0 bohr.

A. Single photon ionization

The total cross sections for one photon ionization of Hy
in its ground electronic state, for photon polarization par-
allel and perpendicular to the molecular axis, are shown
in the top panels of Figs. 2 and 3, respectively. Fig. 4
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FIG. 4: (Color online) As in Fig. 3, except that HJ initial
state is the first eigenstate of II,, symmetry, pulse duration
T =0.5 fs with 4, 6, 8 and 10 cycles.

shows results for the case of ionization starting from the
first I1,, state of Hf for the case of perpendicular po-
larization. These cross sections were extracted from cal-
culations using different central frequencies of the field,
i.e. different numbers of optical cycles, as indicated in
the figures. The lower panels of these figures show the
corresponding squared amplitudes from which the cross
sections were extracted. The time-dependent results are
seen to be in perfect agreement with the results obtained
using time-independent perturbation theory, confirming
the fact that there are essentially no approximations in-
volved in the extraction procedure, even for the sort pulse
lengths employed in these calculations [3].

B. Two-photon ionization

We turn next to an investigation of two-photon ion-
ization with pulses of varying length. Fig. 5 shows the
two-photon generalized total cross section in the above-
threshold ionization (ATI) region from the ¥, ground
state to X, continuum states (parallel polarization). For
photon energies above the ATT threshold (1.1 a.u.), the
extracted cross sections decrease monotonically and are
relatively insensitive to changes in pulse length from
T = 0.5 fs to 2 fs. However, for photon energies near
0.9 a.u., the effect of intermediate state resonances be-
gins to appear with longer pulse lengths.

The dependence of the extracted two-photon cross sec-
tions on pulse length is further examined in Figs. 6 and 7,
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FIG. 5: (Color online) Top panel: two-photon generalized
cross sections in the ATI region calculated with pulses of 0.5,
1 and 2 fs as functions of photon energy. Field linear po-
larization parallel to molecular axsis. Lower panel: Squared
amplitudes in atomic units, from which the cross sections in
the top panel were calculated.

which show results obtained using relatively long pulses
of 4 fs and 8 fs, respectively. The effect of intermediate
state resonances is evident in these figures; their structure
becomes better resolved as the pulse length is increased.
In the lower panels of those figures we can see the reso-
nant behavior in the excitation amplitudes, C(k,T"), for
example near the curve labeled “23 cycles” in 6 . Table IT
lists the first few intermediate bound states in both X,
and II,, symmetries. Note that the lowest ¥, state of H;r
lies below the two-photon ionization threshold and that
the first resonance peak arises from the 3po, state. We
note that, away from resonances, our results are in excel-
lent agreement with the time-independent Floquet cal-
culations of Plummer and McCann [7], as well the time-
independent calculations of Baik et al. [8], Apalategui et
al. [9] and Palacios et al. [10](not shown). Also plotted
are the time-dependent results of Colgan et al. [5]. Be-
cause of the relatively short propagation times employed
in those calculations (15-20 field cycles), no resonance
structure was resolved and some intensity dependence is
evident in their derived cross sections as well.

Figure 8 shows calculations for the case of photon po-
larization perpendicular to the molecular axis. Pulse du-
rations extend up to 4 fs. In this case, we are able to
observe resonance peaks starting from the first interme-
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FIG. 6: (Color online) As in Fig. 5, with a T= 4 fs pulse.
The positions of resonance peaks from different intermediate
states of ¥, symmetry are labeled on the plot. Dots: Floquet
calculation results of Plummer and McCann [7]. Squares and
triangles: results of Colgan et al. [5] at intensities of 10'* and
10" W em ™2, respectively.

diate state in II, symmetry. Since the first resonance
peak at photon energy 0.68 a.u. is relatively close to
the two-photon ionization threshold (0.55 a.u.), there is
a relatively strong dependence near threshold in the ex-
tracted cross section on the pulse length used. Our re-
sults for this case are again found to be converging, as
the pulse length is increased, to the the results of time-
independent lowest order perturbation theory, as seen by
comparison with the results of Apalategui et al. [9]. We
have also plotted the time-dependent results of Colgan
et al. [5], which evidently show a stronger dependence
on field intensity than was the case for parallel photon
polarization.

Finally, we present results for molecular frame photo-
electron angular distributions for two -photon ionization.
Figure 9 shows results for both parallel and perpendic-
ular photon polarization at three different photon ener-
gies, 0.68, 0.86 and 1.12 a.u. For the parallel case, the
three photon energies fall below the 3po, resonance, near
that resonance and in the ATI region, respectively. The
displayed results (solid curves) were obtained from cal-
culations with a 4 fs pulse. Not surprisingly (see Fig. 7),
calculations with an 8 fs pulse change the magnitude of
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FIG. 7: (Color online) As in Fig. 6, with a T = 8 fs pulse.
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FIG. 8: (Color online) Two-photon generalized cross sections
for the case of perpendicular photon polarization calculated
with pulses of 0.5, 1 and 2 fs. as functions of photon energy.
The positions of resonance peaks from different intermediate
states of II, symmetry are labeled on the plot. Solid curve
with dots: time-independent results of Apalategui et al. [9].
Squares and diamonds: results of Colgan et al. [5] at intensi-
ties of 1.76x 10" and 1.76x10'* W cm ™2, respectively.



TABLE II: Hj excited-state energies, and corresponding ex-
citation energies from the ground state (Eo = —1.10263 a.u.),
in 3, and II,, symmetries at internuclear distance R = 2 a.u.
Two-photon ionization starts at photon energy 0.55132 a.u.

E, (a.u.) E, — Ep (a.u.)

Y. states

2poy, -0.667534 0.43510

3poy -0.255413 0.84722

4poy, -0.177681 0.92495

dfoy -0.126644 0.97599
II,, states

2Py, -0.428772 0.67386

3pmy, -0.200865 0.90177

dfmy, -0.126199 0.97643

the results at 0.86 a.u. photon energy, but not the results
at the other two energies. The shapes of the distributions
are evidently insensitive to changing the pulse length.
The cylindrically symmetric distributions, which contain
only ¥, final state contributions for the case of paral-
lel photon polarization, are strongly peaked along the
molecular axis. The coherent combination of significant
s- and d-wave final state contributions results in an al-
most complete extinction of probability for photoejection
at 90 degrees to the molecular axis. Moreover, the shape
of the distributions show surprisingly little dependence
on photon energy and differ from the time-dependent re-
sults of Selsto et al. [11].

Figure 9 also shows results for the case of photon polar-
ization perpendicular to the molecular axis at the same
three energies. In this case, the photoelectron angular
distributions are not cylindrically symmetric, so we show
results in the plane defined by the polarization vector and
the molecular axis (middle column), and perpendicular
to that plane (right column). One can see (from Fig. 8)
that the chosen photon energies now sample the 2pm,
resonance, 3pm, resonance and ATI regions, respectively.
In this case, there are final state contributions from both

Y4 and A, symmetries, the latter evidently making the
dominant contribution and breaking the cylindrical sym-
metry of the angular distributions. Unfortunately, there
are, to our knowledge, no other results available for com-
parison in this case.

IV. DISCUSSION

We have shown that a finite-element/DVR, approach
can be specially tailored for application to diatomic tar-
gets by using prolate spheroidal coordinates and can
provide a very accurate approach for solving the time-
dependent Schrodinger equation. We have demonstrated
this idea with illustrative calculations of one- and two-
photon ionization of H;r . By working with field intensi-
ties where perturbation theory is valid, we have extracted
total cross sections, for photon polarization parallel and
perpendicular to the molecular axis, that can be directly
compared with the results of time-independent calcula-
tions employing lowest order perturbation theory. We
have also presented results for molecular-frame photo-
electron angular distributions for two-photon ionization.
While these calculations have all be carried out within
the fixed nuclei approximation, a primary motivation for
this work have been the development of an approach that
is accurate and efficient enough to be extended to stud-
ies which explicitly consider nuclear motion beyond the
Born-Oppenheimer approximation. Such investigations
will be the subject of future work.
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FIG. 9: (Color online)Differential two-photon generalized
cross sections, in units of 1073% ¢cm*/ W/ sr, extracted from
calculations with a 4 fs pulse (Dashed curve in left center
panel is for an 8 fs pulse). Left column: angular distributions
with photon polarization parallel to molecular axis. Center
column: angular distributions in the plane defined by photon
polarization vector and molecular axis, with polarization vec-
tor perpendicular to molecule. Right column: angular distri-
bution in plane perpendicular to that used in center column.
Photon energies, row-wise top to bottom, are 0.68, 0.86 and
1.12 a.u.





