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Abstract

The Selection and Application of Variable Order Differential
Operators

Lynnette E. S. Ramirez

This work demonstrates the practicality of using variable order (VO) derivative

operators for modeling the dynamics of complex systems. First we review the various

candidate VO integral and derivative operator definitions proposed in the literature.

We select a definition that is appropriate for physical modeling based on the following

criteria: the VO operator must be able to return all intermediate values between 0

and 1 that correspond to the argument of the order of differentiation in addition to

the integer order derivatives, and the derivative of a true constant function should be

0. Then we apply the chosen operator to 3 different problems: a stationary analysis

of viscoelastic oscillators, the formulation of a Lagrangian equation of motion for a

sedimenting particle in a viscous fluid, and the development of a constitutive equation

for viscoelastic materials.

In the first problem we obtain an analytical solution for the order of the op-

erator and connect the meaning of functional order to the dynamic properties of a vis-

coelastic oscillator. We replace the multi-term differential equation for the viscoelastic

oscillator with a single-term VO equation. We determine that the order of differenti-

ation for a single operator describing all dynamic elements in the stationary equation

of motion (mass, damping and spring) is equal to the normalized phase shift. The nor-

malization constant is found by taking the difference between the order of the inertial

term (2) and the order of the spring term (0) and dividing this difference by the angular

phase shift between acceleration and position in radians (π), so that the normalization

constant is simply 2/π.
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Chapter 1

Introduction

The integer order differential operators of classical calculus (such as the first

or second order derivatives) are familiar to anyone who has an interest modeling the

behavior of many real systems. These differential operators are used to formulate con-

stant order models that accurately describe the majority of physical phenomena and

correlate well with many different types of experimental data. They are ubiquitous in

the mathematical description of dynamic behavior, and are used in diverse fields ranging

from physics to chemistry to economics.

However effective these integer order differential operators are in general, there

are more complex systems that may be better characterized by dynamic behavior that

falls in between the normal integer order description. A case in point is the so-called

‘viscoelastic’ behavior, which has characteristics of both elastic (order zero) and vis-

cous (order one) elements. It is thus natural to assume that differential operators of

non-integer order, such as 0.25, 0.50 or 0.75 derivative would provide a convenient

mathematical description to analyze these intermediate behaviors. Non-integer opera-

tors have been proposed and are considered generalizations of conventional integer order

derivatives. The study of these non-integer differential operators falls under the general

subject of what became known as Fractional Calculus.

Although it is called “Fractional” Calculus, the orders of the operators are not

restricted to rational numbers, but may also be complex. The concept of differentiation

and integration to a constant non-integer order has been around since the late 17th
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Chapter 1. Introduction

century [44]. The initial development of the subject of Fractional Calculus was very slow

with papers mentioning some notions of fractional derivatives and integrals appearing

sporadically (for a broader historical survey see Oldham and Spanier [44]). However,

within the the last four decades the subject of Fractional Calculus has developed rapidly,

with quite a few recent books dedicated exclusively to the subject [25, 30, 42, 44, 47, 55,

62, see ex:]. Some applications that involve fractional derivatives include particle motion

at small but finite Reynolds numbers [15–17, 50], viscoelastic constitutive equations

[5, 6, 24, 49], transport dynamics with anomalous diffusion [40], and fractional order

control systems [47, 48].

To take the generalization of integer order derivatives/integrals further, we can

consider derivatives/integrals of varying order. For these cases the order of the operator

is no longer a fixed constant, but is allowed to vary over the domain of interest. This

concept is a recent development, since, to the best of our knowledge the first Variable

Order (VO) operator was proposed in 1993 by Samko and Ross [54]. Subsequently

Lorenzo and Hartley [36] , Ingman et al. [29], and Coimbra [14] have proposed various

other forms of VO operators independently of each other. One of the goals of this work

is compare these different VO operator definitions.

Unlike ordinary derivatives, non-integer order derivatives are integro-differential

operators with either a power-law (in the case of fractional derivatives) or a variable-

exponent (for VO derivatives) kernel. Thus, non-integer derivatives are non-local by

definition and are ideally suited for modeling systems characterized by non-local (or

memory-laden) behavior. Since the kernel of the VO operators have a variable-exponent,

analytical solutions to VO differential equations (VODE’s) are more difficult to obtain,

and have not been the focus of much attention. However, numerical solutions for the

VODE’s that have been formulated with the various VO operators have been developed

[14, 26, 58]. In addition, rather than seeking a constant or multiple constants for the

2



Chapter 1. Introduction

order of the derivative in the model that would accurately represent the data, in the

VO case a function needs to be determined.

The aim of this work is to demonstrate the use of a VO derivative for modeling

different types of systems. The VO derivative will be applied to 3 different problems,

and each one illustrates a different method for obtaining the functional form for the

order of the derivative. Previous applications of VO derivatives have either explicitly

chosen the function [14, 26, 58] or found an approximation numerically [27–29]. The

methods we illustrate in this work are: 1) determining an analytical solution for the

order that results in a parametric order, 2) obtaining a numerical solution for the order

over time, and 3) using physical arguments to obtain the functional form of the order.

To introduce the topic of VO operators, in Chapter 2 we present a brief

overview of the definitions of fractional derivative and integral operators since they

serve as the basis for many of the VO operators. Then we show the various VO op-

erators that have been proposed in the literature explain some of their characteristics.

Subsequent to that we conduct a qualitative comparison of the operator definitions in

order to select one that is better suited for modeling physical processes. In Chapter 3,

we perform a simple stationary analysis with the chosen operator and obtain an ana-

lytical expression for the order of the derivative in this case. We then connect the order

to physical quantities that are characteristic of the system. In Chapter 4, we use the

VO operator to form a Lagrangian equation for the transient motion of a sedimenting

particle that will accurately capture the transition in the approach to steady state. For

this problem, we solve for the order of the derivative numerically and determine the

behavior of the order over time. Finally, in Chapter 5 we use the VO operator in the

formulation of constitutive equation for a viscoelastic material, where we use statistical

mechanics based arguments to obtain a functional form for the order of the derivative.

The concluding chapter presents a summary of all the results.

3



Chapter 2

Non-local Integral and

Differential Operators

As mentioned in Chapter 1, there are multiple definitions for a VO integral

and differential operator. The aim of this chapter is to conduct a qualitative comparison

of the VO operator definitions that have been proposed and to select the operator with

the properties that are necessary for modelling real-world dynamic systems. The main

property that we are interested in is that the VO operator must return the correct

fractional derivative that corresponds to the argument of the functional order. In other

words, if the argument q(t) is equal to, say, 0, 0.50 or 1, then the function itself (zero-

order derivative), the half-derivative, or the first derivative must be returned as the

output of the operator. This is important because if the VO operator does not return

the correct 0 or 1st order derivative then the VO model loses its physical meaning.

Before discussing the various VO operator definitions, a brief review of the Fractional

Calculus is presented because most of the VO definitions are generalizations of fractional

order operators.

2.1 Fractional Integrals and Derivatives

Fractional derivatives are integro-differential operators because the definitions

incorporate both the operations of differentiation (positive orders) and integration (neg-

4



Chapter 2. Non-local Integral and Differential Operators

ative orders). As such, the fractional operators are non-local (except for the integer

orders). Throughout the development of Fractional Calculus, various definitions for a

fractional integral and derivative have been proposed. One of the more well known and

used fractional integral operators is the Riemann-Liouville (R-L) definition, which is a

generalization of the Cauchy integral formula to non-integer orders [47]

D−pc f(t) =
1

Γ[p]

∫ t

c
(t− σ)p−1f(σ)dσ (2.1)

where p > 0 is a real number and c > −∞. When the lower terminal of the integral

c = −∞ then the result is called the Liouville or Weyl definition [44, 54]. Usually for

physical modeling c is set to 0 because setting the lower terminal equal to −∞ would

signify that a dynamical system is in steady state, and transient effects can not be

studied [47]. For integer p (2.1) will return the corresponding pth iterated integral. If

f(t) has continuous derivatives for t ≥ 0 and p = 0, then (2.1) will return the function

itself. Also, if f(t) is continuous for t ≥ c, then the index law holds [47]:

D−qc (D−pc f(t)) = D−pc (D−qc f(t)) = D−p−qc f(t) (2.2)

The two fractional derivative definitions that are mainly used in numerical

modelling are the Riemann-Liouville and the Caputo fractional derivative. The R-L

fractional derivative can be obtained from (2.1) by taking the m first order derivatives

of D−pc for m− 1 ≤ p < m:

RLDm−pc f(t) =
dm

dtm
(D−pc f(t)) =

1

Γ[m− p]
dm

dtm

∫ t

c
(t− σ)p−1f(σ)dσ, (2.3)

5



Chapter 2. Non-local Integral and Differential Operators

where m ≥ 1 is an integer. Then substituting Re (q) = m− p we obtain

RLDqcf(t) =
dm

dtm
(Dq−mc f(t)) =

1

Γ[m− p]
dm

dtm

∫ t

c
(t− σ)m−q−1f(σ)dσ. (2.4)

This definition returns the corresponding mth integer order derivatives for integer q =

m > 1 and t > c. One property of the R-L fractional derivative is that it is a left inverse

operator to the R-L fractional integral of the same order [47], ie:

RLDqc(D−qc f(t)) = f(t). (2.5)

However, reversing the order of operations does not yield the same result with the

difference being a sum of fractional order derivatives less than q evaluated at the lower

terminal. The Caputo fractional derivative is defined as [47]:

CDqcf(t) =
1

Γ[m− q]

∫ t

c
(t− σ)m−q−1d

mf(t)

dtm
dσ (2.6)

valid for m − 1 ≤ q < m. For q → m, definition (2.6) returns the corresponding mth

integer order derivative. However, the Caputo definition will not return the (m − 1)th

order derivative of a function when q = m−1 unless the condition f (m−1)(c) = 0 is met.

In general we have CDq(0)f(0) = 0 [34].

The difference between the Caputo and the R-L fractional derivatives is the

sequence of operations between ordinary derivatives and fractional integration [47], ie.

the R-L derivative can be written as

RLDqc =
dm

dtm
D−(m−q)
c f(t) (2.7)

6



Chapter 2. Non-local Integral and Differential Operators

while the Caputo derivative can be written as

CDqc = D−(m−q)
c

dmf(t)

dtm
(2.8)

Assuming that the function f(t) is (m − 1) times continuously differentiable and that

f (m) is once integrable then for 0 ≤ m− 1 ≤ q < m, the difference between the R-L and

Caputo definitions is [47]
m−1∑
j=0

f (j)(c)(t− c)j−q

Γ[1 + j − q]
(2.9)

so that if f (j)(c) = 0 for (j = 0, 1, 2, .....,m−1) then the R-L and Caputo derivatives give

the same results. Also, if c = −∞ then the Caputo and R-L definitions are equivalent,

signifying that for steady state processes the Caputo and R-L operators applied to the

same function should yield the same behavior. The results of the fractional derivative

operators applied to sin(2πt) and cos(2πt) for q = 1/4, 1/2, 3/4 and with c = 0 are

shown in Figure 2.1 for comparison. Note that for the sin function f0(0) = sin(0) = 0,

and both the R-L and Caputo definitions return the same results for all the fractional

orders q shown in Figure (2.1). In the case of the cos function, f0(0) = cos(0) = 1 and

we see that in Figure (2.1) both definitions return different results. Also, the Caputo

fractional derivatives are all identically 0 at t = 0 for the both the cos and sin functions,

while the Riemann-Liouville fractional derivatives have a singularity at t = 0 for the cos

function.

One of the issues regarding the use of the Riemann-Liouville fractional deriva-

tive for physical modeling is that it requires fractional derivative initial conditions [47],

which currently have no easily recognized physical interpretation. The Caputo defi-

nition requires initial conditions that are integer order derivatives, making (2.6) more

amenable to physical modeling. Also the Caputo fractional derivative of a constant is

7
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Figure 2.1: Left: A plot of the 1/4, 1/2, 3/4 (going from dark to light gray respectively)

derivatives of sin[2πt] versus time. The points represent the Caputo fractional derivative

and the lines represent the Riemann-Liouville fractional derivatives. The dashed line

is the function sin(2πt) itself. Note that the Caputo and Riemann-Liouville derivatives

match in this case. Right: Same as on the left except for the function cos(2πt). In this

case the Caputo and Riemann-Liouville derivatives do not match.
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Chapter 2. Non-local Integral and Differential Operators

zero, while for the R-L definition we obtain

RLDq0C =
Ct−q

Γ[1− q]
. (2.10)

Other definitions have also been proposed, such as the Grünwald-Letnikov fractional

derivative, which is defined as the limit of a fractional finite difference summation [42,

44, 55, see]. However most of the VO operator definitions are based on the R-L and

Caputo fractional derivatives.

2.2 Variable Order Operators

The VO operator definitions that have been proposed are either direct exten-

sions of the fractional calculus definitions, or generalizations that arise from Laplace or

Fourier transformations. In the direct extension approach, the constant exponent in the

fractional operator is replaced with a function. For example, a VO integral is defined

in [54] as

SRD
−q(t)f(t) =

1

Γ[q(t)]

∫ t

c
(t− σ)q(t)−1f(σ)dσ, (2.11)

for Re (q(t)) > 0. When q(t) = α = constant, then the αth order fractional integral is

recovered. Other definitions can be formulated by changing the form of the argument

of the exponent to be q = q(σ) or q = q(t − σ), and considering the Gamma function

under the integral sign [36, 37]:

1D
−q(t)
0 f(t) =

∫ t

0

(t− σ)q(t)−1

Γ[q(t)]
f(σ)dσ, (2.12)

2D
−q(t)
0 f(t) =

∫ t

0

(t− σ)q(σ)−1

Γ[q(σ)]
f(σ)dσ, (2.13)

3D
−q(t)
0 f(t) =

∫ t

0

(t− σ)q(t−σ)−1

Γ[q(t− σ)]
f(σ)dσ. (2.14)

9



Chapter 2. Non-local Integral and Differential Operators

In the cases above, the lower terminal is set equal to 0, and it is assumed that f(0) = 0

for t < 0. Since (2.13) and (2.14) involve the variable of integration within the exponent,

then this implies memory in the order, with the past states having a stronger effect on

the order for definition (2.14) [37]. Also, the full convolution form of (2.14) enables use

of the convolution properties to study the operator.

Similarly, a VO derivative definition can be obtained by directly substituting

q = q(t) in the Riemann-Liouville fractional derivative definition [54]:

Dq(t)0 f(t) =
1

Γ[1− q(t)]
d

dt

∫ t

0

f(σ)

(t− σ)q(t)
dσ. (2.15)

where 0 < Re q(t) < 1. Equations (2.11) and (2.15) do not have the same relationship

of (2.7) for constant orders because the derivative of the Gamma function is not taken.

Also, unlike the constant order case, (2.15) is not an inverse to (2.11) and the symmetry

of the integral and derivative operators on power functions is lost [54]. Further VO

derivative definitions are obtained by taking m first order derivatives of the integrals

defined in (2.12)-(2.14)

Dq(t)0 f(t) =
dm

dtm

∫ t

0

(t− σ)m−q(t,σ)−1

Γ[q(t, σ)]
f(σ)dσ, (2.16)

where m−1 < q(t) < m. Caputo-type VO operators are defined by taking the derivative

of the function under the integrals

Dq(t)0 f(t) =

∫ t

0

(t− σ)m−q(t,σ)−1

Γ[q(t, σ)]
f (m)(σ)dσ. (2.17)

where f (m) denotes the mth integer order derivative of f(t).

VO operators based on other fractional derivative definition forms have also

been proposed. Samko & Ross [54] introduce a VO operator based on the Marchaud

10
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fractional derivative which is [55]:

MDq0f(t) =
f(t)

Γ[1− q](t)q
+

q

Γ[1− q]

∫ t

0

f(t)− f(σ)

(t− σ)1+q
dσ (2.18)

for t > 0 and 0 < q < 1. To obtain the VO definition, replace all the constant q’s with

q(t) to obtain:

2D
q(t)
0 f(t) =

f(t)

Γ[1− q(t)](t)q(t)
+

q(t)

Γ[1− q(t)]

∫ t

0

f(t)− f(σ)

(t− σ)1+q(t)
dσ (2.19)

where 0 < Re q(t) < 1. When applied to a power function, this operator does exhibit

the symmetry in the result and so Equations (2.15) and (2.19) are not equal as in the

case for constant orders [54]. However, (2.19) is still not a left inverse to (2.11) and the

difference between the operation of (2.11) and (2.19) on a function is studied in [53].

Ingman and Suzdalnitsky [27] define another operator

Dq(t)f(t) =
dm

dtm

∫ t

c

(σ − c)m−1−q(σ)

Γ[m− q(σ)]

[
f(t− c− σ)−

m−1∑
k=0

f (k)(c)

k!
(t− σ)k

]
dσ (2.20)

for m − 1 < q(t) < m. For q(t) = constant, they consider the definition to be an

extended Riemann-Liouville operator. However by taking the m derivatives of the

integral in (2.20), for q(t) ≥ 0, the definition becomes

Dq(t)f(t) =

∫ t

c

f (m)(t+ c− σ)dσ

(σ − c)q(σ)+1−mΓ[m− q(σ)]
(2.21)

which for a change of variables u = t+ c− σ becomes a Caputo-type of VO derivative

definition similar to (2.17):

Dq(t)f(t) =

∫ t

c

f (m)(σ)dσ

(t− σ)q(t+c−σ)+1−mΓ[m− q(t+ c− σ)]
. (2.22)

11
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Using a different approach, Coimbra [14] begins with the Laplace transform

of the Caputo operator to obtain a VO operator definition. Treating q(t) as a running

parameter and inverting back into the time domain yields the following definition valid

for q(t) ≤ 1−:

Dq(t)f(t) =
1

Γ[1− q(t)]

∫ t

0+
(t− σ)−q(t)f (1)(σ)dσ +

(f(0+)− f(0−))t−q(t)

Γ[1− q(t)]
. (2.23)

For orders of differentiation up to 2−, the definition is:

Dq(t)f(t) =
1

Γ(2− q(t))

∫ t

0+
(t− σ)−q(t)f (2)(σ)dσ +

1∑
j=0

[f (j)(0+)− f (j)(0−)]tj−q(t)

Γ[(j + 1)− q(t)]
.

(2.24)

where it is assumed that all the derivatives are defined and integrable. Note that

the operator definitions (2.23) and (2.24) are defined for orders of differentiation that

approach the upper limit from the left, ie. definition (2.23) does not return the correct

value for the 1st derivative if q(t)→ 1+, but definition (2.24) does give the correct result.

Although this definition began with the Laplace transform of the Caputo operator, it

is not strictly a Caputo generalization because of the addition of the initial condition

term. As a result, Dq(0)f(0) 6= 0 for any function f(t) as is the the case for a Caputo-

based operator. Soon et. al. [58] show that a properly weighted sum of fractional order

derivative terms approximates this single term VO operator when a large number of

terms is used, which implies convergence of the operator.

Although definitions (2.19) and (2.23) were defined independently through

different methods, they are similar. After integrating (2.19) by parts and simplifying,

we arrive at

1

Γ[1− q(t)]

∫ t

c

f (1)(σ)

(t− σ)q(t)
dσ +

f(c)

Γ[1− q(t)](t− c)q(t)
. (2.25)

12
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The difference between (2.23) and (2.25) lies in the term that is evaluated at the lower

terminal. For situations in which the system is assumed to be in dynamical equilibrium

for t < 0 such that D2f(t < 0) = 0 for any f(t), definitions (2.23) and (2.25) return the

same result. However, if f(0) is a true constant, such that f(0−) = f(0+) = a, then

(2.23) would return 0 for the derivative, whereas (2.25) will not.

Note that the operator defined in (2.30) is dynamically consistent with the

causal behavior of the initial conditions. In other words, when x(t) is a true constant

from −∞ to the initial time (t = 0+), the operator in Eq. (2.30) returns zero for

all values of q(t). However, if f(t) is not continuous between t = 0− and t = 0+,

the operator returns the appropriate Heaviside contribution to the integral value of

Dq(t)f(t). In accordance with this causal definition, we take the value of the physical

variable f(t) to be identically null from −∞ to 0− as a representation of dynamic

equilibrium. A non-zero initial condition is treated as a Heaviside function at t = 0,

and therefore included in the second term of the definition of the operator (2.30).

2.2.1 Qualitative comparison of variable order operators

The approach chosen here is to determine which operator when acting upon

a function returns the fractional derivative of the function at the corresponding time.

This is an important characteristic from the aspect of physical modeling because it

signifies that the operator yields a continuous transition of all orders of differentiation

between integer orders. Thus, a smooth transition between integer order dynamics is

possible. Also, it is important that the VO derivative return the correct mth integer

order derivative when q(t) = m, otherwise it is difficult to assign real physical meaning

to a VO derivative.

13
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In summary, there are a total of nine VO operator definitions to be compared:

1D
q(t)
0 f(t) =

1

Γ[1− q(t)]
d

dt

∫ t

0

f(σ)

(t− σ)−q(t)
dσ, (2.26)

2D
q(t)
0 f(t) =

f(t)

Γ[1− q(t)](t)q(t)
+

q(t)

Γ[1− q(t)]

∫ t

0

f(t)− f(σ)

(t− σ)1+q(t)
dσ, (2.27)

3−5D
q(t)
0 f(t) =

d

dt

(∫ t

0

(t− σ)q(t,σ)−1

Γ[q(t, σ)]
f(σ)dσ

)
, (2.28)

6−8D
q(t)
0 f(t) =

∫ t

0

(t− σ)q(t,σ)−1

Γ[q(t, σ)]
f (1)(σ)dσ, (2.29)

9D
q(t)
0 f(t) =

1

Γ[1− q(t)]

∫ t

0+
(t− σ)−q(t)f (1)(σ)dσ +

(f(0+)− f(0−))t−q(t)

Γ[1− q(t)]
, (2.30)

where q(t, σ) in definitions (2.28) and (2.29) signify the three arguments: q(t, σ) = q(t),

q(t, σ) = q(σ), and q(t, σ) = q(t − σ). Each of the above definitions are defined for

real derivative orders between 0 and 1. The value at all the lower terminals is set to 0,

since we are interested in applying the operators to physical processes not necessarily

at steady state.

As is the case with fractional derivatives, there is no single VO derivative (or

integral) definition that is widely considered to be the “correct” definition. Samko

& Ross prefer definition (2.27) because the operator retains the symmetry on power

functions that is found in the case of constant orders, ie:

D
q(t)
c+ (t− c)α =

Γ[α+ 1]

Γ[α+ 1− q(t)]
(t− c)α−q(t), (2.31)

for 0 < Re q(t) < 1 and α > −1 [55]. Lorenzo & Hartley prefer the full convolution VO

integral definition (2.14) because it satisfies the index rule for certain functions [36] and

is time-invariant [37].

For a qualitative comparison of the the VO operators, we look at the q(t) = t

derivative of two bounded functions: sin(2πt), and erfc(t). The numerical computation

14
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of the VO derivatives requires special consideration because of the singular kernel. We

adapt the product trapezoidal method of O(h2) suggested in [2, 18], where the integral

is discretized using the following:

∫ t

a
(t− σ)−qf(σ)dσ ≈

n∑
i=1

[bif(ti−1) + cif(ti)] (2.32)

where the weights bi and ci are determined from

bi =
1

ti − ti−1

∫ ti

ti−1
(ti − σ)(tn − σ)−qdσ (2.33)

ci =
1

ti − ti−1

∫ ti

ti−1
(σ − ti−1)(tn − σ)−qdσ. (2.34)

The approximation for the VO-differential operator with q < 1 is

Dqnfn =
1

Γ(3− qi)

n∑
i=1

[bi,nD
1fi−1 + ci,nD

1fi] +
(f0+ − f0−)t−qn

Γ(1− q)
, (2.35)

with

bi,n =
[(tn − ti)2−qn + (tn − ti−1)1−qn((2− qn)ti − tn − ti−1(1− qn))]

ti − ti−1

ci,n =
[(tn − ti−1)2−qn + (tn − ti)1−qn((2− qn)ti−1 − tn − ti(1− qn))]

ti − ti−1
(2.36)
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In the case of uniform grid with ti = i h for i = 0, 1, ...n, where h is the step size, the

weights simplify to

bi,n = 0

ci,n =


h1−qn [(n− 1)2−qn + n1−qn(2− qn − n)] for i = 0,

h1−qn [(n− i− 1)2−qn + (n− i+ 1)2−qn − 2(n− i)2−qn ] for 1 < i < n− 1,

h1−qn for i = n,

(2.37)

which is the same as shown in [19, 58].

Plots of the t derivative of sin(2πt) and erfc(t) are shown in Figures 2.2-2.3.

The 0, 0.25, 0.50, 0.75, and 1st order derivatives of the sinusoidal function are shown

for comparison since both the Riemann-Liouville and Caputo fractional derivatives are

equivalent for this case. We show only the 0 and 1st order derivatives of the erfc function

since the different fractional derivative definitions yield different results. Also, note

that Samko’s Marchaud-based definition and Coimbra’s definition coincide for these

conditions, and therefore only definition (2.30) is plotted.

As expected, the Caputo-based VO operators have values of 0 at t = 0, similar

to the fractional derivative case. They do not return the zeroth order derivative at t = 0

for any functions that deviate from this (see Figure 2.3). Definition (2.29) is equivalent

to (2.30) for the sine function, since f(t) is continuous at t = 0 and q(t) is only a

function of t. The Riemann-Liouville and Caputo type operators with the argument

(t − σ), also are shown to be equivalent because f(0) = 0. This is analogous to the

similarity of the Riemann-Liouville and Caputo fractional derivatives of functions when

f (0)(0) = 0 for 0 ≤ q < 1 [47]. Definitions (2.27) and (2.30) are the only operators

that have the desirable property of returning the corresponding qth order fractional and
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Figure 2.2: Plots of the t derivatives of sin(2πt). The points are the α =

0, 0.25, 0.50, 0.75, and 1st order fractional derivatives at t = α. (a) Definition (2.28)

with q(t, σ) = q(t) (thin line), q(t, σ) = q(σ) (medium line), and q(t, σ) = q(t−σ) (thick

line). Note that none of the definitions match the 1st order derivative at t = 1. (b)

Caputo-type VO operators (2.29) with q(t, σ) = q(t) (thin line), q(t, σ) = q(σ) (medium

line), and q(t, σ) = q(t−σ) (thick line). Note that the variant of (2.29) with argument t

matches the corresponding α fractional derivatives at t = α. (c) Definition (2.26) (thick

line) and Coimbra’s operator (2.30) (thin line). The t-derivative defined by (2.30) is

equivalent to the corresponding fractional derivatives at all the points.
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Figure 2.3: Plots of the t derivatives of erfc(t). The points are the 0 and 1st order

derivatives at t = 0 and t = 1. Also shown for comparison is the t derivative from

Coimbra’s operator (2.30) (dashed line). (a) Riemann-Liouville type operator (2.28)

with q(t, σ) = q(t) (thin line), q(σ) (medium line), q(t−σ) (thick line). (b) Caputo-type

definition (2.29) with q(t, σ) = q(t) (thin line), q(σ) (medium line), q(t−σ) (thick line).

In this case the operator (2.29) with exponent q(t) does not match Coimbra’s operator,

but is equivalent to the first derivative at t = 1 (c) Definition (2.26) (thin line).
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integer derivative of f(t) when q(t) = p for both the sine and erfc functions. However,

the convergence of (2.27) to that of (2.30) is slower due to the stronger singularity that

must be evaluated in the convolution integral. Also, in the case of a true constant

function f(t) where f(0−) = f(0+), (2.27) would not return 0 as the derivative. Based

on these results we conclude that definition (2.30) is preferable for modeling dynamic

systems.

2.3 Conclusions

Through the direct comparison of the various proposed VO operator defini-

tions, we selected the operator that has fundamental characteristics that are desirable

for physical modeling. The criteria that we use is: (1) the VO operator must be able

to return all intermediate values between 0 and 1 that correspond to the argument of

the order of differentiation, (2) the VO operator must return the correct integer order

derivatives, and (3) all derivatives of a true constant (a function that is constant from

−∞ to +∞) must be zero. The operator defined in (2.30) is the only definition that

satisfies all these criteria since most operators fail to meet criteria (1) and (2), and

definition (2.27) fails on (3). We will use definition (2.30) exclusively throughout the

rest of this work to model 3 different problems.
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Chapter 3

Stationary Analysis for

Viscoelastic Oscillators

One of the most important objectives in modeling with variable order deriva-

tives is to determine the functional form of the order of the derivative. This chapters

highlights a simple problem in which it is possible to obtain an analytical expression for

the order. In addition, we proceed to connect the behavior of the VO operator with a

physical quantity that is characteristic of a selected memory-laden system. Currently,

there is no straightforward geometric or physical interpretation for the meaning of a

fractional derivative, although a few interpretations have been proposed [47]. Similarly,

there is no clear physical understanding of what a VO derivative represents. We will

illustrate how a familiar problem in dynamics can be used to understand the meaning of

a VO operator, and to understand how the dynamics in this familiar problem is affected

by the physical parameters of the system using a VO analysis.

We propose a VO model for the harmonically forced oscillator with viscoelastic

damping of order p (0 < p < 1), and conduct a stationary analysis that yields a very

concrete meaning to the order of the operator. We will use a single VO operator of

order q to replace multiple terms of constant order differential operators, including the

viscoelastic term of constant order p. We seek an analytical expression for q to examine

the effects of the parameters of the system on the dynamics of the oscillator. The

exact expression for q(ω) is obtained from the stationary analysis of the problem. In
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order words, we look for a function q that would allows us to replace the multi-term

differential equation describing the steady motion of the oscillator with a single-term

variable order equation. Note that the objective of this section is not to rehash the

analysis of the constant order viscoelastic oscillator, rather we seek to find meaning for

a VO operator by comparing its order with the physical parameters in a well-known

problem. The reader who is interested in the details of the dynamics of constant order

viscoelastic oscillators should consult Refs. ([47, 51, 52]).

3.1 Viscoelastic Oscillator Model

The equation of motion for the constant order viscoelastic oscillator is:

mD2 x(t) + cDp x(t) + kD0 x(t) = F(t). (3.1)

where m is the mass of the oscillator, c is a damping coefficient, and k is a spring

constant. For this problem we set F(t) = F0 cos(Ω t). When p = 1, the system is an

oscillator with viscous damping, and for 0 < p < 1, the system is said to be characterized

by viscoelastic damping. The equation is recast in dimensionless form using the following

scaled parameters:

x̃ =
x

Lc
t̃ = tωn Ω̃ =

Ω

ωn
, (3.2)

where Lc is a characteristic length (or amplitude of the motion) and ωn =
√
k/m is the

undamped natural frequency of the system. The dimensionless equation of motion is

D2 x̃+ ξ Dp x̃+ x̃ = F̃o cos(Ω̃ t̃), (3.3)
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where F̃0 = F0/mω2
n Lc is the dimensionless amplitude of the forcing, and ξ is the

damping ratio and is

ξ =
c kp/2−1

mp/2
. (3.4)

We wish to replace (3.3) with the single term VO expression

η Dqx̃ (3.5)

where η is a multiplier function. Since we are concerned only with stationary behavior,

η and q are not functions of time, so we look for a relationship such as:

η(p, Ω̃, ξ)Dq(p,Ω̃,ξ )x̃ = (D2 + ξDp +D0)x̃ = Re(F̃0 exp(i Ω̃ t̃)). (3.6)

The stationary VO derivative of ei Ω̃ t̃ is

Dq(p,Ω̃,ξ)Aei Ω̃ t̃ = (i Ω̃)q(p,Ω̃,ξ)Aei Ω̃ t̃, (3.7)

where definition (2.30) with a lower terminal of −∞ is used since we are dealing with

a stationary problem where the initial conditions are irrelevant. Rewriting (3.7) with

(3.3) as the stationary solution exp(iΩ̃t̃) yields:

η (i Ω̃)q (p,Ω̃,ξ) = 1− Ω̃2 + (i Ω̃)pξ. (3.8)

We now equate the real and imaginary parts of the above equation to arrive at:

q(p, Ω̃, ξ) = tan−1

(
ξ Ω̃p sin(π2 p)

(1− Ω̃2) + Ω̃p ξ cos(π2 p)

)
2

π
, (3.9)

η(p, Ω̃, ξ) =
1

Ω̃q

√
(1− Ω̃2)2 + (Ω̃p ξ)2 + 2 (1− Ω̃2) Ω̃p ξ cos

π

2
p . (3.10)
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The stationary solution for Eq. (3.6) can be written as x̃(t̃) = A cos(Ω̃ t̃− φ) where the

amplitude A and phase shift φ are:

A =
F̃0√

(1− Ω̃2)2 + (Ω̃p ξ)2 + 2 (1− Ω̃2) Ω̃p ξ cos π2 p
, (3.11)

φ = tan−1

(
ξ Ω̃p sin(π2 p)

(1− Ω̃2) + Ω̃p ξ cos(π2 p)

)
. (3.12)

The procedure used to obtain the functional form for q and η is easily extendable to

systems that consist of multiple viscoelastic terms. For n terms, the expression for q is

q = tan−1

( ∑n
k=1 ξk Ω̃pk sin π

2 pk

(1− Ω̃2) +
∑n

k=1 ξk Ω̃pk cos π2 pk

)
2

π
. (3.13)

Similarly, the expression for η is

η =
1

Ω̃q

√√√√(1− Ω̃2 +
n∑
k=1

ξk Ω̃pk cos
π

2
pk

)2

+

(
n∑
k=1

ξk Ω̃pk sin
π

2
pk

)2

. (3.14)

Eqs. (3.9)-(3.12) clearly show that q represents a scaled phase shift and η is

the scaled ratio of the amplitude of the forcing to the response. Thus, for the stationary

solution of the oscillator the order of the derivative is connected to a physical quantity

that is characteristic of the system. The multi-term equation in frequency that repre-

sents the stationary motion of a viscoelastic operator can be replaced by a single term

parametric operator in frequency, where both the order of the derivative and the scaling

function η have physical meaning. A phase shift of π/2 implies that the response is

proportional to the velocity and hence to the 1st order derivative, while a phase shift

of π implies that it is proportional to the acceleration or to the 2nd order derivative.

The order of the VO operator that captures the whole dynamics of the systems is thus

naturally connected with the phase shift between the response and the forcing.
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Plots of q and η vs Ω̃ for damping orders of p = 0.25, 0.50, 0.75, and 1 and

various values of the damping ratio are shown in Figures 3.1 – 3.4. Also shown are the

maps of q and η.

The expression for q reveals regions in which the three terms of the original

equation of motion are dominant. For example, regions in which the order of the deriva-

tive is near 2 (such as systems with lower damping ratio and higher forcing frequency)

are primarily dominated by the inertial term. Lower values of damping ratio and or-

ders of viscoelastic damping reach the asymptotic value more quickly, suggesting that

the change in the dynamics (and also the phase shift) is more sensitive to changes in

frequency in those cases. The dependence of the order of the derivative on the damping

ratio also changes when Ω̃ = 1, corresponding to the case where the driving frequency

is the same as the natural frequency of the system. When Ω̃ < 1, then the systems

with higher damping ratios have a higher value for q. Once Ω̃ > 1 then the behavior is

switched with the systems with higher damping ratio having lower values for the order.

For all cases, when Ω̃ = 1, then q = p for any damping ratio.

A scaled behavior identical to q is shown in the plots of η. The normalized

amplitude ratio reaches an asymptotic value of η = 1 as Ω̃ increases. Thus, at higher

frequencies the amplitude ratio is proportional to Ω̃−p, and the order of the damping and

the damping ratio do not have any effect on the amplitude of the stationary motion.

Similar to the case for q, η approaches the asymptotic value more quickly for small

viscoelastic damping orders p and lower damping ratios. Also for the cases with damping

order p < 1, the peak amplitude response shifts to higher frequencies for increasing

damping ratio. For increasing p and damping ratio, the peak response begins to flatten

out. The maps of η show that as the order of the viscoelastic damping increases, the

regions where the amplitude of the response is damped increases.
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Figure 3.1: Plots of q and η for p = 0.25. (a) q(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5 and

2 (going from light to dark). Note that q asymptotes to 2 as Ω̃ increases. (b) Map of

q(Ω̃, ξ) where lower values are represented by darker colors. When Ω̃ = 1, q = 0.25 for

any value of ξ. (c) η(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5 and 2 (going from light to dark).

(d) Map of η(Ω̃, ξ). The lowest values of η occur near Ω̃ = 1 and for small damping

ratio.
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Figure 3.2: Plots of q and η for p = 0.50. (a) q(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5

and 2 (going from light to dark). The asymptotic behavior is similar to the case when

p = 0.25. (b) Map of q(Ω̃, ξ) where lower values are represented by darker colors. When

Ω̃ = 1, q = 0.50 for any value of ξ. (c) η(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5 and 2 (going

from light to dark). (d) Map of η(Ω̃, ξ).
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Figure 3.3: Plots of q and η for p = 0.75. (a) q(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5

and 2 (going from light to dark). (b) Map of q(Ω̃, ξ) where lower values are represented

by darker colors. When Ω̃ = 1, q = 0.75 for any value of ξ. (c) η(Ω̃, ξ) vs. Ω̃ for

ξ = 0.1, 0.5, 1, 1.5 and 2 (going from light to dark). (d) Map of η(Ω̃, ξ).
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Figure 3.4: Plots of q and η for p = 1, signifying the oscillator with viscous damping.

(a) q(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5 and 2 (going from light to dark). (b) Map of

q(Ω̃, ξ) where lower values are represented by darker colors. When Ω̃ = 1, q = 0.75 for

any value of ξ. (c) η(Ω̃, ξ) vs. Ω̃ for ξ = 0.1, 0.5, 1, 1.5 and 2 (going from light to dark).

(d) Map of η(Ω̃, ξ).
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3.2 Conclusions

We illustrate the meaning of the order of the derivative by analyzing a familiar

dynamical problem (the stationary analysis of a viscoelastic oscillator). For this problem

we obtain an analytical expression for the order of the derivative by using the stationary

VO definition with lower limit of integration at −∞. We determine that the order of

differentiation for a single operator describing all dynamic elements in the stationary

equation of motion (mass, damping and spring) is equal to the normalized phase shift.

The normalization is easily understood as the quantity that transforms the maximum

phase shift between acceleration and position (π) into the maximum difference between

the order of acceleration (2) and the order of position (0). The normalization constant

is thus 2/π, and the order of differentiation is seen as being the normalized phase shift

in this problem, which gives us a straightforward interpretation of the meaning of the

variable order of differentiation.
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Variable order nature of the wake

of a sedimenting particle

In this chapter, we determine the functional form of the order of the derivative

with the use of data. To do this, we solve for the value of the order that will make the

VO derivative expression equal to the data at each time. The problem that we use this

method for is the transient equation of motion for a single spherical particle sedimenting

in a quiescent viscous liquid. We examine the various force terms in the equation of

motion and propose a new form for the history drag acting on the particle that utilizes

the VO definition (2.30). The description of the motion for a single particle in this

case serves as the basis for research in many other complex problems such as particle

motion in turbulent flow and sedimentation in industrial or biological processes. Thus

it is important to formulate an equation that accurately captures the dynamics of this

problem.

At infinitesimal Reynolds numbers, a Lagrangian equation of motion for a

freely moving particle in a steady uniform background flow has been derived by Oseen

[45] based on the previous works of Boussinesq [11] and Basset [8]. As a result, the

equation is sometimes referred to as the BBO equation. Tchen [59] extended the BBO

equation to account for time-dependent uniform background flows, and an analytical

solution to Tchen’s equation was derived by Coimbra and Rangel [16]. For most flow

situations at finite Reynolds numbers, the BBO and Tchen’s equations do not accu-
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Chapter 4. Variable order nature of the wake of a sedimenting particle

rately describe the motion of the particle. The expression for the hydrodynamic force

acting on the particle was derived by Boussinesq and Basset by considering only the

unsteady part of the inertia term of the momentum equation. However, as the Reynolds

number increases beyond the infinitesimal range the assumption of negligible convective

effects becomes invalid. This can be seen by looking at the dimensionless form of the

momentum equation:

SlRea
du

dt
+Reau(∇ · u) = −∇p+∇2u. (4.1)

The fluid velocity U is scaled by a characteristic velocity Uc, length is scaled with the

radius of the particle a, time is scaled with a characteristic time tc and pressure has

been made dimensionless with the characteristic dynamic pressure (Pc = Ucµ/a), where

µ is the dynamic viscosity of the fluid. The unsteady term scales with the product

Sl Rea where Rea ≡ Uca/ν is the Reynolds number based on the particle radius and ν

is the kinematic viscosity of the fluid. Sl ≡ a/Uctc is the Strouhal number. To justify

neglecting the nonlinear convective terms while retaining only the unsteady term, we see

that the condition SlRea >> Rea must be met. The Strouhal number is defined as the

ratio of the convective time to a characteristic time representative of the unsteadiness

of the flow. For particles in an oscillating flow, the characteristic time can be defined

as the inverse of the frequency of the oscillation of the flow. Therefore, extension of

the unsteady Stokes solution to beyond infinitesimal Rea is possible for high-frequency

flows. For other unsteady flow conditions, tc can vary over the timescale of the problem

[15, 38].

In the case of a particle accelerating from rest, the Strouhal number is high in

the initial phase of the motion so that the product of SlRea > Rea and the unsteady

term dominates. However, as the particle approaches terminal velocity and the accel-

eration decreases, the Sl number decreases and Rea increases so that inertial-viscous
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balance must include the nonlinear convective terms. The convective effects in the wake

of the particle alters the approach to terminal velocity and changes the temporal decay

of the unsteady history force. The aim of this chapter is to formulate a Lagrangian

equation that describes this evolution of the dynamics as the particle accelerates from

rest to terminal velocity.

4.1 Lagrangian Equations of Motion

Tchen’s equation for the motion of a particle sedimenting in a quiescent fluid

is

mp
dV

dT
= (mp −mf )g − 6πµaV −

mf

2

dV

dT
− 6πµa2

(π ν)1/2

∫ t

−∞
(t− τ)−1/2dV

dτ
. (4.2)

where mp and mf denote the mass of the particle and fluid respectively, V is the velocity

of the particle, T is dimensional time, and g is the gravitational acceleration. The first

term on the right-hand side is the net gravitational force acting on the particle. The

second term is the quasi-steady linear Stokes drag, which reduces to the steady result as

the particle approaches terminal velocity. The third term is the added or virtual mass

force which occurs because the particle must accelerate the fluid as it accelerates. The

fourth term is the history drag force derived independently by Boussinesq and Basset

([8, 11]). This force takes into account the weighted history of the local acceleration

acting on the particle.

In order to extend the equation to finite Reynolds numbers, the quasi-steady

Stokes drag and history drag terms must be altered since both were derived in the limit

of infinitesimal Re. In addition, Lovalenti and Brady [38] and Lawrence and Mei [33]

show that for a sedimenting particle at small but finite Reynolds numbers, the decay

of the history force changes to t−2 at long times. The common method for altering
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the Stokes drag is to add a non-linear correction φ(Re), so that the quasi-steady drag

term becomes 6π µaφ(Re(t)). A summary of correlations for φ(Re(t)) can be found in

[13]. where mp and mf denote the mass of the particle and fluid respectively, V is the

velocity of the particle, T is dimensional time, and g is the gravitational acceleration.

A similar modification to the history force in which the original form is multi-

plied by an empirically determined coefficient was proposed by Odar and Hamilton [43]

(they also included a another multiplicative coefficient to the added mass force). Since

their expression for the total hydrodynamic force is a purely empirical result, then it is

only accurate within the range of data from which it was derived [41]. Semi-empirical

modifications of the kernel of the history force also have been proposed [31, 39]. Mei

and Adrian [39] derived their form for the kernel by interpolating between analytical

results at low Reynolds numbers and numerical results at higher Reynolds. The ana-

lytical results they obtained are for the unsteady motion of a particle in a flow with

small-amplitude fluctuations in the free-stream velocity, and are valid for Re << 1 and

Sl << Re. Their kernel reproduces the 1/2 order decay of the original history force at

small times and has the (t− τ)−2 decay at long times. Kim et al. [31] used results from

numerical simulations to propose a modified form of the kernel of Mei & Adrian that

would give the t−1/2 decay for low Re at low and high frequencies, and the t−2 decay

at long times for finite Re . Their result includes additional dimensionless groups based

on the relative acceleration, and additional empirically determined constants.

An alternative form of the history kernel can be obtained by first considering

the fact that the history integral can be rewritten as the half derivative of the velocity

[16], where the half derivative can be defined as

D1/2f(t) =
1

Γ(1/2)

∫ t

−∞
(t− τ)−1/2df(τ)

dτ
dτ. (4.3)
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Since there is a transition of the order of the decay of the kernel at finite Reynolds

numbers, then a derivative of varying order would be more appropriate to capture this

transition. Pedro et al. [46] used definition (2.23) to express the total viscous drag acting

on a fixed particle in an oscillating flow as a VO derivative of the relative velocity. They

also present a map for the order of the derivative which shows that for small SlRe, the

total viscous drag of a particle in an oscillating flow is more aptly described by a VO

equation, and intermediate values of SlRe result in a a constant order equation [46].

We propose a VO history term that is similar to the one proposed in [46] for

a fixed particle in an oscillating flow:

fh = F (Re(t), Reτ , y)6πµa

(
a2

ν

)q(Re(t),Reτ )

Dq(Re(t),Reτ )V, (4.4)

where Reτ is the Reynolds number based on the terminal velocity. F is a dimensionless

multiplying function, and q is a function of Re(t) and terminal Reynolds number Reτ

that describes the evolution of the order of the derivative. The form of the VO history

term is the same as in [46], but we are replacing only the history term and not the

combination of the nonlinear and history drag terms.

4.2 Numerical Solution

In order to determine the form of F and q for varying Re and particle to

fluid density ratios (β = ρp/ρf ), we simulate the particle motion by solving the 2-D

axisymmetric Navier-Stokes equation using the finite element method with the software

COMSOL. The frame of reference chosen was that fixed to the particle so the Navier-

Stokes equations become

ρf
∂U

∂T
−∇ · µ

(
∇U + (∇U)T

)
+ ρfU · ∇U +∇P = F = −ρ(

dV

dT
+ g), (4.5)

34



Chapter 4. Variable order nature of the wake of a sedimenting particle

P is the pressure, U is the velocity of the fluid and V is the velocity of the particle.

The force balance on the particle is

mp
dV

dT
= mpg + 2π

∫
S

rn · [−pI + µ
(
∇U + (∇U)T

)
]dS (4.6)

where I is the identity tensor and the integration is carried out over the surface of the

particle. The expression is a balance between the particle weight and the total drag

caused by the fluid. The particle is simulated as a half-circle in a rectangular domain.

The final domain size of 200 a × 100 a was selected by running the simulation at low

Re until the particle had reached terminal velocity. For this domain the error of the

numerically computed terminal velocity compared to the theoretical terminal velocity

was < 2%. Figure 4.1 shows the normalized COMSOL results and the analytical solution

for the BBO equation at low Re from [16]. The steady state drag results at higher

terminal Reynolds numbers are compared to the following correlation from [13],

CD =



3
16 + 24

Red
for Red < 0.01,

24
Red

[
1 + 0.1315Re

0.82−0.05 log10(Red)
d

]
for 0.01 ≤ Red < 20,

24
Red

[
1 + 0.1935Re0.6305

d

]
for 20 ≤ Red < 260,

(4.7)

where the Reynolds number is based on the diameter.

The proposed Lagrangian equation of motion for the particle with the VO

history term is

mpD
1V = (mp −mf )g −

mf

2
D1V − 6πµaVφ(Re(t))−

F(Re(t), Reτ , y)6πµa

(
a2

ν

)q(Re(t),Reτ )

Dq(Re(t),Reτ )V, (4.8)
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Figure 4.1: Left : Simulation results for Reτ = 0.001 (◦) and Reτ = 0.01 (x) for two

different particle/fluid density ratios (β), and the BBO analytical solutions (lines) are

shown for comparison. The numerical results are very similar to the analytical solutions.

Right : Steady drag coefficient results from the numerical solution are plotted along with

the CD curve. The numerical results also match the drag correlation.
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where the correlations that we use for φ are the terms in parentheses from (4.7). To

recast (4.8) in dimensionless form we divide through by the mass of the particle, scale

velocity with terminal velocity Vτ and time with viscous time τp = a2/ν. The resulting

equation is

(
1 +

α

2

)
D1v =

9α

2
(φ(Reτ )− φ(Re(t))v − F (Re(t), Reτ , y)Dqv) , (4.9)

where α = 1/β is the fluid to particle density ratio and the terminal velocity is

Vτ =
(1− α)gτp
9φ(Reτ )

, (4.10)

which is obtained by balancing the gravity and non-linear drag terms since all other

terms containing the acceleration of the derivative are 0.

The history force is extracted from the data by subtracting out what are con-

sidered to be the known forces of buoyancy, virtual mass, and the quasi-steady drag

from the inertial term. Then, we use a simple numerical method to solve for the value

of Fi or qi at each time step ti that satisfies the following

Fi
9α

2
Dqivi = fh,i, (4.11)

where fh,i is the history force from the data. To check the validity of the numerical

method that is used to solve Equation (4.11), we solve first for q and then for F using

data generated with the analytical solution of Tchen’s equation from [16]. For fixed F =

1, the numerical results return q(t) ≈ 0.5 for Reτ = 0.001, and 0.1, which corresponds

to the theoretical value of 1/2 for the history drag. For fixed q = 1/2, the numerical

method returns F (t) ≈ 1 which is correct value from the BBO solution. The discrepancy

at small t is due to numerical errors when computing the derivative of the data. At

t ∼ 1, there is also a second sharply decreasing solution for q. This is an interesting
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Figure 4.2: Left: Numerical solution for q using the analytical solution of Tchen’s

equation for Reτ = 0.001, and β = 1.5 (X) and β = 10 (O). The algorithm finds 2

solutions, one of which has the correct of q = 1/2. Right: Numerical solution for F with

q = 0.5 for the same Reτ and β. The discrepancy in the beginning is due to numerical

error in the computation of the acceleration from the analytical data.

feature of the VO definition (2.23) because there are at least 2 possible q solutions.

However, for the current problem, we know that the correct solution is the function

q(t) = 1/2.

The dimensionless VO Lagrangian equation of motion (4.9) is solved with a

Runge-Kutta method, similar to the one described in [58]. The first predictor step uses

an explicit Euler method to obtain an intermediate value v∗i+1, which is then substituted

into the corrector step consisting of a modified Euler method. For a uniform step size
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h the algorithm is

Predictor step

f(ti, vi) =
9α

2 + α
(φτ − viφi − FiDqivi)

v∗i+1 = vi + h f(ti, vi)

Corrector step

f(ti+1, v
∗
i+1) =

9α

2 + α

(
φτ − v∗i+1φ

∗
i+1 − F ∗i+1D

q∗i+1v∗i+1

)
vi+1 = vi +

h

2
(f(ti, vi) + f(ti+1, v

∗
i+1)). (4.12)

At each step the starred values are replaced with the corrected ones. The VO derivative

can be calculated using either the nonuniform (2.36) or uniform (2.37) weights since

they give the same results.

For this problem, the Runge-Kutta method is not second order because at

each step D1vi needs to be calculated numerically to evaluate the VO derivative. We

demonstrate this by using (4.12) to solve Tchen’s equation, (4.2), and then compare the

numerical solution with the analytical solution given in [16]. Using the same scaling as

for (4.9), Tchen’s equation in dimensionless form is

(
1 +

α

2

)
D1v =

9α

2

(
1− v −D1/2v

)
, (4.13)

which is similar to Equation (4.9), except φ(Re) = 1 and the order of the derivative

is fixed at 1/2. The equation is solved by approximating D1vi in 2 ways, with first

and second order backward difference formulas. The results for the global error at time

t = 50 is shown in Table 4.1. We see that if the first order backward difference is

used to calculate the derivative, then the method as a whole is a first order method.

If the second order method is used then the accuracy is increased and the order of
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Table 4.1: Global error for the Runge-Kutta method at time t = 50 is shown for the 1st

and 2nd order backward difference formulas (BDF) used to calculate D1vi. The initial

step size h = 0.2 and the final time is O(103). Note that the 2nd order method is more

accurate, but the rate of convergence decreases with smaller step sizes.

1st order BDF 2nd order BDF

Step size Error Order Error Order

h 1.77e-2 3.63e-4
h/2 8.81e-3 0.990 6.04e-5 2.59
h/4 4.47e-3 0.997 1.61e-5 1.90
h/8 2.24e-3 0.998 4.98e-6 1.72
h/16 1.12e-3 0.999 1.57e-6 1.64
h/32 5.60e-4 0.999 5.22e-7 1.59

convergence is greater than 1. However, the rate of convergence decreases as the step

size is halved and the number of time steps is increased. This is most likely due to

increasing truncation errors as all the previous steps are kept in the evaluation of the

VO derivative.

4.3 Results

We generated data from the finite element simulation for β = 1.5, 2, 5, 10 and

Reτ = 1, 2.5, 5, 10, 20. We determine the functional forms for F and q in the VO history

expression (4.4) by considering two cases. The first case is to set F = 1 and solve for

the q that would result in the correct history force evolution and decay. The second

case fixes q with a simple function and solves for F .

4.3.1 Fixed F = 1

The results for β = 1.5 and β = 10 are shown plotted versus normalized Re(t)

in Figure 4.3 and versus dimensionless time t in Figure 4.4. At both particle-fluid
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Figure 4.3: Left: Numerical solution for q for Reτ = 1, 2.5, 5, 10, 20 and for β = 1.5

shown versus Re(t) normalized by terminal Re. At low Re(t), q = 0.5 for all values of

Reτ . Right: Same as for the left but for β = 10. The order for this plot also starts at

q = 0.5 and decreases at higher Re(t).
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Figure 4.4: Left: Numerical solution for q for Reτ = 1, 2.5, 5, 10, 20 and for β = 1.5

shown versus dimensionless time t. For time less than τp = 1, the order is 1/2. Right:

Same as for the left but for β = 10. The order for this plot also starts at q = 0.5 and

decreases as t→ 1.
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density ratios, the numerical result returns the 1/2 order decay at low Re(t) and for

t < 1. Then as time approaches the order of one τp, the value of q begins to decrease

sharply. The deviation from the initial value of 1/2 appears to depend on the value of

Reτ , with higher Reτ decreasing sooner with respect to t than lower values of Reτ . The

same trend appears in Figure 4.3 where the higher terminal Reynolds values begin to

deviate from q = 1/2 at lower Re(t).

For infinitesimal Re� 1, corresponding to very short time t , there is no wake

behind the particle and the diffusion of vorticity from the particle surface is spherically

symmetric. As long as Reτ � 1, the half-order decay remains valid because the particle

reaches steady state before the time required for the vorticity to diffuse out to the Oseen

distance (τp � ν/V 2
c ). For small but finite Re (where Re < 1) there will be a time in

the unsteady motion of the particle where τp ≈ ν/V 2
c and Sl = O(Re). At this point

the convective term is no longer negligible and the combined effects of the unsteady

and convective terms changes the approach to steady state. This is due in part to a

change in the mechanism of vorticity transport, where it can now be convected in the

wake of the particle [38]. The change in the vorticity with increasing Re(t) can be seen

in Figure 4.5. Initially the vorticity contours appear to be symmetric and then begin

to exhibit increasing asymmetry at higher Re(t) where the transport is increased by

the presence of the wake of the particle. For any particle settling under gravity in a

quiescent Newtonian fluid to a finite Reτ , the temporal decay of the particle changes.

From the definition of the operator (2.23) we see that the temporal decay is

starting from −1/2 and then going to increasingly positive values, which seems counter-

intuitive. However, the behavior of the operator as a whole does give the correct decay

of the history term since the term containing the reciprocal of the Γ function goes to

zero as q becomes more negative. Also, similar to the test case shown in Figure 4.2 we
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Figure 4.5: This figure shows lines of constant vorticity for a particle with Reτ = 20

and β = 1.5, 10 at different Re(t) in the motion. The contours shown are ω τp =

0.01, 0.05, 0.1, 0.5, 1, 2.5, 5, 10, 12, 15, 20, starting with the outer contours and progressing

inward. Note that as Re(t) increases the asymmetry in the vorticity contours becomes

more apparent. Also, the diffusion of vorticity appears to be slightly higher for β = 10

for the same Re(t).
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find 2 solutions for q, one which starts at q = 1/2, and the other which appears to come

from q > 1 then decaying to a value greater than 1/2.

4.3.2 Fixed function for q

We choose a simple function for q and solve for the resulting multiplier function

F to obtain a simple expression for the VO history drag. Currently, there are no

theoretical results at higher Re which would suggest an appropriate functional form for

the order q and F . From analytical results at the small Re limit we know that initially

q = 1/2. Based on the results of the previous section, we propose a decreasing function

for q that is a function of Re(t) and Reτ . We use the following simple linear function

q =
1

2
− 1

2

(
Re(t)

Reτ

)
. (4.14)

which fixes the range of q to be between 1/2 and 0. Analogous to the concept in

material constitutive modeling, we consider the order of the derivative to be a measure

of the “memory” of a function such that when the order is 1, there is no memory and

when the order is 0, then there is infinite memory. In the current problem, if the order

was 1, then the history drag would be a function of D1v, or the instantaneous rate

of change of the velocity of the particle. This implies that there is no memory of the

velocity history. When q starts at 1/2 and then decreases, then initially the memory is

symmetric between no memory and maximum memory, and then for lower values of q,

the memory becomes more important. This is shown in the increasing importance of

the convective effects in the wake, where the vorticity travels farther in the wake of the

particle.

Numerical results for F at Reτ = 2.5 and 5 for β = 1.5, 2, 5, and 10 are

shown in Figure 4.6. Since for each β there was similarity between the different Reτ

curves, only the values for Reτ = 2.5 and 5 are shown for comparison. Initially F = 1,
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corresponding to the analytical expression at low Reτ . Then the values of F increase

and reach a peak, before decreasing to 0 as the particle approaches terminal velocity.

The height and location of the maximum differ for each β, with lower values of β having

a higher peak at a later time and converse results for the higher values of β. This

implies that for higher values of β the order of the derivative more correctly captures

the dynamics of the problem. Since the function for q that we chose decreases to 0 so

that the history drag becomes a function of the velocity, then the F function goes to 0

so that the history drag term goes to 0 as the particle reaches steady state.

We fit the numerical data for F with a 3rd order polynomial that depends on

Re(t)/Reτ = x. The coefficients of the polynomial depend only on the particle to fluid

density ratio β. The total VO history term is then

fh = (2.25x3 + c1(y)x2 + c2(y)x+ 1)Dq(x)v (4.15)

q(x) =
1

2
− x

2
(4.16)

c1(y) = −0.015y2 + 0.32y − 5.46 (4.17)

c2(y) = 0.015y2 − 0.32y + 2.22. (4.18)

Figure 4.6 is shows the fit for F compared to the numerically computed values for F .

The polynomial fit, matches the data well with a slightly better match at the lower β

values. The VO drag expression shown above is relatively simple when compared to

other previously proposed expressions for the history drag found in [31, 39].

To check the validity of the VO drag expression, we substitute it into (4.9)

and numerically solve for the normalized velocity using 4.12. Results for β = 1.5 and 10

are shown in Figure 4.7. The numerical solution appears to have good agreement with

the finite element simulation results for terminal Reynolds ranging from 2.5− 20. As a

measure of the goodness of the fit, we calculate the coefficient of determination which
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Figure 4.6: Numerical solution for the multiplier function F for Reτ = 2.5 (x) and 10

(◦), for particle-fluid density ratios y = 1.5, 2, 5, 10. At each β, F is similar so a single

fit for each β can be found. The solid and dashed lines shown are the fits for each β.
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Figure 4.7: Comparison of the numerical solution of the Lagrangian equation of motion

for the particle with VO history (dashed lines) to the computational results (x) for

Reτ = 2.5, 5, 10, 20, and β = 1.5 (left) and β = 10 (right).
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Table 4.2: Computed values for the coefficient of determination R between the nu-

merically computed velocity and the finite element simulation results. All history drag

expressions appear to fit the data comparably well.

VO MA KES

β = 1.5

Reτ = 2.5 0.9997 0.9987 0.9986
Reτ = 5 0.9989 0.9979 0.9990
Reτ = 10 0.9981 0.9937 0.9984
Reτ = 20 0.9968 0.9958 0.9967

β = 10

Reτ = 2.5 1.000 0.9997 0.9999
Reτ = 5 1.000 0.9997 0.9999
Reτ = 10 0.9999 0.9995 0.9999
Reτ = 20 0.9999 0.9997 0.9998

is defined as

R = 1− SSE

SST
, (4.19)

where SSE is the sum of the squared residuals for each point and SST=
∑

(vi− v̄)2 is the

total sum of squares. The results for β = 1.5 and 10 shown in Table 4.2 . Also computed

for comparison are the results using the expression for the history drag from [39] and

[31]. From this analysis we see that the results for the VO expression are comparable

to the other two history drag expressions.

4.4 Conclusion

We propose a new form for the unsteady history drag that utilizes a derivative

of varying order to describe the change in temporal decay that occurs at finite Re. The

change in decay is due to the effects of the wake on the particle, which causes a change

in the transport of vorticity away from the particle. The variable order derivative is an

effective way to express the transition of the order of the decay over the entire time of

the motion of the particle. The VO definition that we use in this work also allows us to
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formulate the problem in such a way that we can solve for the order of the derivative

and thus examine how dynamics of the problem is evolving. This demonstrates the 2nd

method for determining the functional form of the order, where we obtain a numerical

solution for the order over time and can propose a fit or correlation for the order.

Our numerical results for the variable order show that at small times and for

low Re(t), the order is 1/2, which corresponds to the analytical result for low terminal

Re. Then as time increases and the convective effects in the wake of the particle become

more important, the order of the derivative decreases. From the perspective of the

memory of the velocity history, a decreasing order corresponds to an increase in the

importance of the memory of the velocity history. This makes sense when we consider

that for higher Re(t), the vorticity is convected farther in wake of the particle. Based

on the numerical results and this consideration, we propose a simple function for the

order of the derivative that decays linearly from q = 1/2 to q = 0 and solve for the

multiplier function F . We use a polynomial fit for F and show that the final VO history

drag expression consisting of the polynomial F and linearly decaying order q correlates

well with the finite element generated data for Reτ ranging from 2.5 − 20 and various

particle-to-fluid ratios.
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A Variable Order Constitutive

Relation for Viscoelasticity

This final problems illustrates the 3rd method for determining the functional

form of the order of the VO derivative: using theoretical or physical arguments to obtain

the functional form. For this problem, we use the VO derivative definition (2.23) to

formulate a constitutive relation for linear viscoelasticity of composite materials. First,

the general form of the constitutive equation is proposed. Then the functional nature of

q(t) is derived using arguments from statistical mechanics and thermodynamics. Stress-

strain data for two ductile thermoset materials are used to determine an empirical

constant for q(t) and the overall model is compared to the experimental data.

5.1 Constitutive Equations

The theories of linear elasticity (and viscosity) are adequate for representing

the response of many real materials to small deformations (or stresses) that fall within

the linear range. These simple constitutive equations relate the stress response to the

deformation or rate of deformation through constants of proportionality that charac-

terize the material. Viscoelastic materials, such as polymers, exhibit time dependent

responses to imposed stresses (or strains) and consequently require material functions
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instead of material constants to accurately describe the stress dependence. For vis-

coelastic materials, stress is a functional of the strain.

A three-dimensional, functional constitutive equation for isotropic viscoelas-

tic materials was first proposed by Boltzmann in 1874 [10]. Boltzmann’s constitutive

relation is based on a linear superposition concept, now referred to as the Boltzmann

Superposition Principle, that relates the present stress state to the integral over all past

states of the strain. Thus, we say that the observed stress in viscoelastic materials de-

pends on the strain history. The relationship is written as a causal convolution integral

equation of the form [20, 61]

σ(t) =

∫ t

−∞
G(t− τ)D1ε(τ)dτ, (5.1)

where σ, G(t), and ε are the stress, material function, and infinitesimal deformation

tensors respectively. Here we restrict our attention to materials undergoing simple

deformation in one direction, reducing Eq (5.1) to a scalar equation. In this integral

form, the material functions or moduli, appear as weighting functions. States in the

more recent past are weighted more heavily than states in the distant past, allowing

for the description of “fading memory ” that occurs in viscoelastic experiments. The

functional form of G in (5.1) is not specified, but it can be determined by finding the

eigenfunctions of the stress-strain relationship when the latter is rewritten as a linear

differential equation with constant coefficients.

A constitutive relation is usually formulated in differential form by using the

phenomenological description of viscoelastic material response. This formulation em-

ploys combinations of purely elastic (spring) and purely viscous (dashpot) elements to

represent the material behavior. The spring elements follow Hooke’s law, σ = Eε, and

the dashpot elements obey Newton’s law, σ = ηD1ε. The simplest representations in-

corporate the spring and dashpot elements in series and parallel combinations (Figure
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Figure 5.1: Maxwell and Voigt model representations where the spring represents an

elastic element with elastic modulus E, and the dashpot represents a viscous element

with viscosity ηd.

5.1), yielding a sum of terms consisting of the zero and first derivatives of strain and

stress, plus empirical constants. Examples of two of the simplest constitutive relations

are the Maxwell and Voigt equations, which are written in differential form as

σ(t) +
ηd
E
D1σ(t) = ηdD

1ε(t), (5.2)

and

σ(t) = E ε(t) + ηdD
1ε(t), (5.3)

where E and ηd are material constants. These models by themselves do not adequately

represent real viscoelastic material behavior, and thus more elements are required. The

minimum number of elements required to accurately represent viscoelastic solids is three,

and the minimum for viscoelastic liquid behavior is four [61]. The general Integer Order
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(IO) equation incorporating these concepts is, [47, 61]:

n∑
j=0

aj
djσ

dtj
=

m∑
k=0

bk
dkε

dtk
, (5.4)

where the j’s and k’s are integers, and the aj ’s and bk’s are the material constants or

parameters.

A useful extension of these models is made by replacing the integer order

derivatives with fractional derivatives. This approach follows from two observations;

the first being the realization that the order of differentiation of the strain is what

characterizes the material behavior. The order of differentiation of the strain is zero

for a Hookean solid and unity for a Newtonian fluid, with true viscoelastic materials

occupying the intermediate, non-integer range. The second observation relates to the

form of the class of material functions known as “relaxation functions.” In some cases

the material relaxation follows a power-law decay that cannot be expressed by the

eigenfunctions of the IO differential operator [3, 56].

To incorporate fractional derivatives into the model, Glöckle and Nonnen-

macher first transformed the derivative constitutive relation to an integral form, then

substituted the Riemann-Liouville fractional operator for the integer order operator

[23]. Using the phenomenological description of linear viscoelastic behavior, either the

conventional dashpot is replaced with a fractional-order derivative dependent dashpot

(“spring-pot”) [32, 35] or the spring and dashpot are replaced with a single composite

element [56]. An example of a simple fractional derivative rheological equation is the

“intermediate model” suggested by Smit and De Vries [57]

σ = EθαDαε(t), (5.5)
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where E and θα are material constants, and 0 ≤ α ≤ 1. Caputo and Mainardi use a

weighted fractional derivative operator to generalize the standard linear solid model,

and compare with response results of different materials [12]. In [4], Bagley generalizes

the fractional derivative model to:

σ(t) +

n∑
k=1

akD
αkσ(t) = E0ε(t) +

m∑
j=0

bj D
βj ε(t). (5.6)

In practice, the general expression above is seldom used. Most fractional constitutive

equations employ only the first fractional derivative terms in the series so that the

constitutive relation reduces to a four parameter model commonly called the fractional

or generalized Zener model

σ(t) + C1D
ασ(t) = C2ε(t) + C3D

βε(t), (5.7)

where in order to satisfy thermodynamic requirements of a monotonic non-increasing

function for G(t), α = β [6]. The constraint is relaxed so that α ≤ β if C2 = 0 or if

another derivative of order α is added to the right-hand side [22, 24, 56]. Pritz retains

an extra strain derivative term yielding a 5 parameter equation [49]. One of the main

advantages of fractional derivative models is that they are able to achieve accurate

approximation of experimental data with fewer terms than natural order derivatives.

Further generalization of the fractional derivative rheological equation employs

weighting functions within the constitutive equation to obtain a continuous transition

between 0 and 1 [1, 58]. This leads to the idea of replacing the sum of terms with a single

derivative of Variable Order (VO). Here we propose a different approach to modeling

of viscoelastic materials in the linear viscoelastic regime, based on the variable-order

operator definition (2.30).
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5.2 Variable Order Constitutive Equation

For the development of our constitutive model we restrict the values of q(t) to

the range between 0 and 1, which we consider to be the true viscoelastic range. Fol-

lowing a phenomenological approach, we substitute a VO-element into the conventional

hierarchy of spring and dashpot representations. We can replace both the spring and

dashpot with a single VO-element, where the stress in the VO-element is related to the

strain by

σ = EDq(t) ε (t), (5.8)

where q(t) is dimensionless and E has units of stress. It is not necessary to incorporate

more VO-elements in series or parallel combinations to obtain a series of terms as for

the IO and FO models, because any intermediate value between 0 and 1 can be captured

with the function q(t) [58]. For example, if we were to place 2 VO-elements in parallel

as in the Voigt model, we obtain

σ = E1D
q1(t)ε (t) + E2D

q2(t)ε (t), (5.9)

which reduces to (5.8) for q1 = q2.

A more general form of the constitutive equation (5.8) is

E1 (ε, ε̇, t)Dq1(ε,ε̇,t)σ (t) = E2 (ε, ε̇, t)Dq2(ε,ε̇,t)ε (t), (5.10)

where E1 and E2 are the material functions and q1 and q2 can be different functions of

time, strain, and strain rate. The constraints on the order of the derivative as described

for the FO model in §5.1, can be met in the above equation by ensuring that the values

of q1 are at most equal to q2 over the domain of the experiment. The simplest solution
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is to set q1 = 0 so that we have the equation

σ (t) = EDq(ε̇,t)ε (t). (5.11)

Now, we determine the form of the stress response to two strain functions that

represent standard rheological experiments: step strain, and constant strain rate. In

step strain experiments, the material is strained at a constant strain rate for a short

time γ and then held at the final strain. In the limit as γ → 0, the strain function is

ε = ε 0 H(t), where H(t) is the Heaviside unit step function. Tension or compression

testing usually occurs at a constant strain rate where the strain function is defined as

ε = ε̇ t.

Substitution of the step strain into Eq. (5.11) and using Eq. (2.30), yields the

following stress response

σ =
E t−q (t)

Γ[1− q (t)]
. (5.12)

Similarly, substitution of the constant strain rate into Eq. (5.11) gives

σ =
E t1−q (t)

Γ[2− q (t)]
. (5.13)

The image of the VO-Operator in the range of 0 < q(t) < 1 for the previously mentioned

strain functions is shown as the shaded areas in Fig. 5.2. The shaded areas represent

the complete range of true viscoelastic response.

Returning to the IO constitutive equations, we note that those yield simple

exponential solutions as the eigenfunctions of the operators. The resulting relaxation

modulus for the IO model is then a superposition of exponential functions

G(t) ∝
n∑
k=0

exp(− t

τk
), (5.14)
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Figure 5.2: Left: A plot of the q derivative of t versus time for 0 ≤ q < 1. The

gray area represents the image of the functional transformation of Dq(t)t for 0 < q < 1.

The area is bounded below by the line D0t = t. Right: A plot of the q derivative of

H(t) versus time for 0 ≤ q < 1. The gray area represents the image of the functional

transformation of Dq(t)H(t) for 0 ≤ q < 1. The area is bounded above by the line

D0H(t) = 1.

where τn = Gn/ηn is the relaxation time. The discrete sum can be replaced by an

integral over a continuous function [61]

G(t) =

∫ ∞
−∞

H(τ) exp

(
− t
τ

)
d ln τ, (5.15)

where H(τ) is the relaxation spectrum function which is found through fitting of exper-

imental data. There is no analytical form for the relaxation spectrum function when

using the phenomenological model.
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Exponential (Debye) decay is adequate for most materials, however, some ma-

terials are more accurately described by a power law decay of the form

G(t) ∝
(
t

τk

)−α
, (5.16)

which by itself implies a fractional or variable-order relationship. The simplest fractional

order models (such as the fractional Voigt model) yield stress-relaxation functions that

are superpositions of fractional order power laws. However, the fractional Maxwell

and Zener models result in relaxation functions that can be expressed in terms of Fox

and Mittag-Leffler functions [23, 56], where the Mittag-Leffler functions are the eigen-

functions of the fractional operator. Relaxation functions expressed in terms of these

functions interpolate between stretched exponential decay for small t, and power-law

decay for longer t [23], giving more flexibility in the modeling of the relaxation behavior.

Similar eigenfunctions can be found for the VO form of the Maxwell equation.

5.3 Statistical Mechanics Theory for VO Viscoelasticity in

Compression

We determine the functional form of q(t) for materials undergoing constant

strain rate compression, by postulating that the order of the derivative for the VO con-

stitutive equation is related to the rate of change of the long-range order of the molecules

within the viscoelastic material (Fig. 5.3). The long-range order we consider is on the

mesoscale. In this scale, the motion of single molecules or atoms are not addressed,

and only the statistical slipping of molecular chains are considered. In materials such

as glassy amorphous polymers for which there is no long-range order, the stress-strain

behavior is closer to that of a brittle elastic material, and the rate of change of long-

range order is nearly zero. There is no transition of the dynamics of the material, so the
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Figure 5.3: A qualitative illustration of the behavior of long-range order during com-

pression. Initially the stress is zero and the rate of change of disorder is zero. Then

compression begins and at some intermediate time, the rate of change of disorder reaches

a maximum. Finally the breakdown of order is complete and the time derivative of the

disorder goes back to zero.
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material behavior abides by Hooke’s law, and does not require a VO formulation. The

materials we consider here are carbon fiber epoxy composites or elastomeric toughened

epoxy resins for which the mesoscopic structures are the fibers ingrained in the material.

The mesoscopic motion of the fibers contribute the most to the macroscopic properties

of the materials under stress.

For a given time t, a material can be in any of a large number of states where

each of these states can be represented as a point (ωi) in the phase space of the system

ω. The phase space is given as ω = {ε(t), ε̇(t)}, where ε(t) is the strain and ε̇(t) is the

strain rate. Each point in the phase space is unique and corresponds to one point in

the time of the motion of the material. For a known constant strain rate, there is a

one-to-one correspondence between t and ω because the compression is monotonic. The

disorder of the material δ has a domain ω so that δ = δ(ω). If one combines a system of

ωa states with another of ωb states, the total number of states possible is ωa �ωb since any

number of states of a can be combined with b number of states (see e.g. [60]). Because

the overall degree of disorder is an extensive property which depends on the size of the

system, the disorder of the combined system of a and b is δT (ωa �ωb) = δ(ωa)+δ(ωb). The

only function with the product-sum property described above is the natural logarithm,

so we conclude that the appropriate measure of the long-range disorder in the phase

space ω is δ(ω) ∝ lnω.

For our macroscopic description, we are interested in the phase average of the

disorder function δ̄ which is defined as

δ̄ =

∫
X(ω) δ(ω) dω, (5.17)

where X(ω) is a weighting function for the number of states representative of the frac-

tion of broken long-range order. This procedure is analogous to the derivation of the

general entropy function which has the form p ln p where p is the probability of the
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number of microstates available to the system. However, in our case the measure of

long-range disorder δ̄ is not the entropy. For X = 0 there is no stress and, therefore

we have maximum long-range order. For X = 1, only short range order remains, and

the all the long-range order in the material is broken. This measure is different from

the entropy function found for the microcannonical system in which the probability of

each microstate is a constant and the resulting function is s = kb ln Ω. Because X(ω)

is a measure of a state where any long-range order is broken, we assume a linear rela-

tionship with the normalized time for which compression yields an asymptotic behavior.

This asymptotic behavior is characteristic of the short-term order (we will revisit this

assumption later). Thus, we set X(ω) = ω to arrive at

δ̄ ∝
∫
ω lnω dω. (5.18)

Defining a dimensionless time t∗, where t∗ is the time it takes for the material sample

to compress all the way to the point that there is no long-term order, and such that a

point in the phase space ω = t∗ thus t∗ = 1 when X(ω) = ω = 1 we have

δ̄ ∝
∫
t∗ ln t∗dt∗. (5.19)

In order to obtain closure to the statistical model above, we postulate that the order

of the derivative q is proportional to the rate of change of δ̄ so that when d δ̄
d t∗ ∼ 1 then

q is a maximum and when d δ̄
d t∗ ∼ 0 then there is equilibrium. The equilibrium states

represents either zero stress or the state of elastic compression with only short range

order. Since q ∝ dδ̄
d t∗ ,

q = Ct∗ ln t∗. (5.20)
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5.4 Empirical Characterization of Material Constants

We are now ready to apply our VO constitutive relation (5.11) to constant

strain rate compression data and find the empirical constant needed in Eq. (5.20).

Instead of fitting the data directly to the predicted moduli, we normalize the data

and curve fit them to Eq. (5.11) directly. First we reduce the stress-strain data from

Bardenhagen[7] for a thermoset material, epoxy resin 8551-7, and from Bing & Sun [9]

for AS4/3501-6 carbon/epoxy composite. The data is normalized in order to correspond

to our dimensionless VO constitutive equation. The stress-strain curves for the two

materials do not exhibit an obvious yield point, and the curves asymptote to a maximum

value, so the stress is normalized using the maximum stress at each strain rate. Time

is made dimensionless by

t∗ =
ε̇k t

ε̇k tmax
, (5.21)

where ε̇k is the the kth strain rate. In this case, since the strain rate is constant,

t∗ = t/tmax. Rewriting (5.11) in terms of the normalized stress (σ∗) and time variables

yields

σ∗ = D q(t∗)ε(t∗). (5.22)

The normalized data shown in Figure 5.4 all appear to follow the same trend line, with

the exception of the resin and carbon/epoxy data taken at the strain rates of 3 × 103

and 10−3 s−1 respectively. The trend is similar to that of the error function, defined as

erf[z] =
2√
π

∫ z

0
e−β

2
(5.23)

which is the integral of the Gaussian probability density distribution [21]. Using the

Levenberg-Marquardt algorithm, the data sets can be fit to

σ∗ = erf[k t∗] (5.24)
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Figure 5.4: Left: Normalized stress vs. strain data for the epoxy resin (•) at strain

rates of 0.5×10−3, 10−4, 1, and 3×103 (going from light gray to dark gray respectively)

and for the carbon/epoxy data (N) at strain rates of 10−5, 10−3 and 10−1 (going from

light to dark gray respectively). Note that most of the data appear to fit along the

same line except for the resin data at the strain rate of 3 × 103 and the carbon/epoxy

data at 10−3. Right: The black line is for the fit erf[3.27 t∗] , the middle gray line is for

erf[2.13 t∗], and the lower light gray is for erf[1.82 t∗].
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where k = 3.27 corresponds to the best fit, excluding the 2 outlier data sets. The resin

data at 3× 103 strain rate has k = 2.13 and the carbon/epoxy data at 10−3 strain rate

fits to k = 1.82, which means that the error function asymptotes slower than the fit for

most of the data as seen in Figure 5.4.

As t∗ gets closer to unity, the error function curve begins to asymptote and

we assume (with confidence) that nearly all of the long-range elements in the material

have been broken. The coefficients of the error function in the outlier data sets implies

that these data points do not include the asymptotic times and stresses for which nearly

all of the long-range elements are broken. Therefore we rescale the data sets using the

erf[A t∗] relation. Stress is rescaled with the maximum stress determined from

σmax,new =
σmax,old

erf[A]
. (5.25)

Time is normalized by solving erf[A t∗] = erf[k] for t∗, where k = 2.13 and 1.82 for the

different data sets, and dividing the old tmax by the new t∗. A plot of the normalized

data sets shows that all the data follow the same trend (Fig. 5.6), however now the

original outlier sets do not go all the way to t∗ = 1, in accordance to the model. We

integrate (5.22) to yield a more tractable expression for fitting the data, and obtain the

dimensionless version of (5.13),

σ∗ = D q(t∗)t∗ =
t∗ 1−q(t∗)

Γ[2− q (t∗)]
. (5.26)

which is used to solve for the values of q corresponding to each σ∗ and t∗. The exact

values for the q’s at each t∗ and corresponding σ∗ are plotted as a function of t∗ in

Figure 5.6. The best fit to this data is q = −λt∗ ln t∗, where λ = 2.27. This q function is

substituted back into Eq. (5.26) and shown in Fig. (5.6) with the normalized stress-time

data.
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Figure 5.5: Left: Normalized stress vs. strain data for the epoxy resin (•) at strain

rates of 0.5×10−3, 10−4, 1, and 3×103 (going from light gray to dark gray respectively)

and for the carbon/epoxy data (N) at strain rates of 10−5, 10−3 and 10−1 (going from

light to dark gray respectively). The rescaled resin data at the strain rate of 3 × 103

and the carbon/epoxy data at 10−3 are shown as the unfilled points. Right: A plot of

Equation 5.26 with q = −2.27t∗ ln t∗ (solid line) for comparison to the data sets.

64



Chapter 5. A Variable Order Constitutive Relation for Viscoelasticity

0 0.2 0.4 0.6 0.8 1

t
*

0

0.2

0.4

0.6

0.8

1

Σ
*

0 0.2 0.4 0.6 0.8 1

t*

0.2

0.4

0.6

0.8

1

q

Figure 5.6: Left : A plot of Eq. (5.26) with q = −λt∗ ln t∗, and the normalized stress-

time experimental data after Refs. [7] & [9]. The solid line is the order function and the

points are all the data sets for ε̇ = 0.5× 10−3, 10−4, 1, and 3× 103 for the epoxy resin

and ε̇ = 10−5, 10−3 and 10−1 for the carbon/epoxy data. The range of data spans eight

orders of magnitude in strain rate for different materials. Note that λ = 2.72. Right :

Plot of Ct∗ ln t∗ (solid line) and q(t∗) vs t∗ over all the strain rates for both materials.

The best fit is C = −2.27.

Earlier in the development of our statistical model we assumed a linear weight-

ing function such as X(ω) = ω. The validity of this assumption is confirmed by fitting

the q versus t∗ values to the more general expression

q(t∗) = Ct∗α ln t∗, (5.27)

where the best fit yields C = −2.47 and α = 1.08. Since the data correlates well for

q ∝ t∗ ln t∗ with the power of t∗ in the natural log nearly equal to unity, we take the

simpler form for the dimensionless constitutive relation. This relation is valid for both
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materials and captures the dynamics of the process:

σ∗ = D λ t∗ ln t∗t∗ =
t∗ 1+λ t∗ ln t∗

Γ[2 + λ t∗ ln t∗]
. (5.28)

5.5 Conclusions

Application of the methods of statistical mechanics yielded a physical interpre-

tation for the order of the the variable order derivative. Our theory connects the order

of the derivative to the time rate of change of the long-range order of the material, so

that the dimensionless VO order is given by q ∝ t∗ ln t∗. The variable order constitu-

tive relation we developed to describe linear viscoelastic response has the advantage of

requiring fewer number of terms and material constants, while accurately representing

experimental data. The generalization of the integer and fractional order models to the

simple VO model (5.11) is in agreement with thermodynamic constraints on the order

of the derivative as long as the derivative of stress is at most equal to the derivative of

strain, which is the case in our statistical model. The predicted responses to the two

standard rheological experiments have a simple form and are able to exactly model any

data or function represented in the images of those functions.

We apply the VO model to two different materials undergoing linear compres-

sion: an epoxy resin and for a carbon/epoxy composite. The two materials were subject

to a wide range of strain rates (ranging over eight orders of magnitude in value). Be-

cause the strain rates in the experiments under consideration are constant, it is possible

to integrate the stress-strain relation to yield a simple analytical expression for the ma-

terial response to compression. The final form of the VO constitutive relation accurately

describes the dynamics of the normalized compression data for both materials.
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Conclusions

The concept of derivatives and integrals of variable order is new and is consider-

ably less well-known than constant order integral and differential operators of fractional

calculus. The goal of this work was to demonstrate the practicality of using this new

type of operator for modeling the dynamics of complex problems.

First we compared the various VO derivative operators proposed in the lit-

erature using two simple criteria. The first is that for each value of the order q = p,

the operator should return the pth order fractional derivative. For example, when the

order q = 1, then the operator should equal the first order derivative of the function,

and similarly when q = 1/2 then the operator should match the 1/2 order fractional

derivative of the function. This characteristic reflects an accurate parametrization of all

derivative orders, signifying that a continuous transition between all orders occurs. In

addition, if the VO operator does not match the integer order derivatives, then its use

is much harder to justify since it loses any physical significance. The second criteria we

use is that all derivatives of a true constant, ie. a function that is constant from −∞ to

+∞ must be zero. This corresponds to one of the basic properties of an integer order

derivative.

We perform a qualitative comparison by computing the q(t) = t derivative

of two bounded functions using the 9 definitions that were summarized in Chapter 2.

Since most of the operators began as generalizations of fractional derivatives, some of

the similarities that exist between the fractional derivative operators are also apparent
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in the VO definitions. For example, all the Caputo VO operators are equal to 0 at

t = 0 for any function. In the case of the VO definitions with the argument (t− σ), the

Riemann-Liouville based operator (2.28) and Caputo based operator (2.29) return the

same results for functions that satisfy f (k) = 0 for k = 0, 1, ...,m− 1. However, most of

the operators fail to meet the first criteria, with the exception of definitions (2.27) and

(2.30). One of the main differences between the two occurs in how the initial values of

the function are interpreted. For a true constant function f(t) where f(0−) = f(0+),

(2.27) would not return 0 as the derivative. Therefore, based on all the criteria definition

(2.30) is preferable for modeling dynamic systems.

Then we apply the chosen operator to 3 different problems: a stationary anal-

ysis of viscoelastic oscillators, the formulation of a Lagrangian equation of motion for a

sedimenting particle in a viscous fluid, and the development of a constitutive equation

for viscoelastic materials. One of the goals of the first study is to connect the meaning

of functional order to the dynamic properties of a viscoelastic oscillator. To this end, we

replace the multi-term differential equation for the viscoelastic operator with a single-

term VO equation. In the stationary case, we can obtain an analytical expression for the

order which we find represents a normalized phase shift. The normalization constant is

found by taking the difference between the order of the inertial term (2) and the order

of the spring term (0) and dividing this difference by the angular phase shift between

acceleration and position in radians (π), so that the normalization constant is simply

2/π. The significance of this result is that for this problem we can see the relationship

between the physics of the problem and order of the derivative. In addition, we demon-

strate that it is possible to replace a multi-term constant order differential equation

with a simple VO equation that accurately reflects the dynamics of the problem.

In the second problem we consider the transient motion of a sedimenting par-

ticle in a quiescent viscous liquid. At infinitesimal Reynolds numbers a Lagrangian
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equation of motion is well-developed and has an analytical solution. However, the

problem becomes more complex as the Reynolds number increases and the non-linear

convective effects cause a change in the approach to steady state. In order to address

this, we propose a new form for the unsteady history drag that it is a function of the

VO derivative of the velocity of the particle. The VO derivative is an effective way to

express the transition of the order of the temporal decay over the entire time of the mo-

tion of the particle. The VO operator definition that is used in this work also allows us

to formulate the problem in such a way that we can solve for the order of the derivative

and thus examine how dynamics of the problem is evolving.

Unlike the stationary analysis, we can not obtain an analytical expression for

the order of the derivative. In this case we use numerical data from a finite element

simulation of a sedimenting particle, to solve for the order of the derivative that returns

the correct decay of the history force. We observe that for our expression the value of

the order decays as Re(t)→ Reτ . Based on these results we propose a simple function

for the order of the derivative that is a function of the Reynolds number and particle-

to-fluid density ratio, and solve for F , which is a function that is multiplying the VO

derivative. For a linearly decreasing q, we find an F that decreases to 0 as the particle

approaches terminal velocity. The final history drag expression correlates well with the

numerical data for terminal Reynolds numbers ranging from 2.5 to 20, and is simpler

than previously propose expressions.

For the final application of the VO operator presented in this work, we propose

a new type of constitutive equation for the linear behavior of viscoelastic materials. The

initial concept is based on the observation that the response of viscoelastic materials

lies somewhere between that of a solid (order 0) and a liquid (order 1). In order to

correctly describe the behavior, many constant order models consist of the summation

of multiple terms of the integer and fractional derivatives of stress and strain. However,
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in addition to being more complex, with the increasing amount of terms we begin to

lose physical insight into the meaning of each term. Since the VO definition represents

a continuous transition over all derivative orders, then it is ideal for modeling dynamics

of viscoelastic materials.

In this problem we start with the assumption that the order of the derivative is

a measure of the rate of change of disorder within the material and develop a statistical

mechanical model. This demonstrates a third methodology for VO modeling, in which

the functional form of the order of the derivative can be obtained through physical

arguments. We use experimental data for an epoxy resin and a carbon/epoxy composite

undergoing constant compression rates in order to derive the final expression for the VO

constitutive equation. The VO constitutive relation has the advantage of requiring fewer

number of terms and material constants, and agrees with experimental results for strain

rates varying more than eight orders of magnitude in value.

The VO models for each of the 3 problems represents a departure from the

conventional line of thinking that occurs when developing a model for systems with

evolving or complex dynamics. In each case we need to consider what order function will

effectively model the system, and also what is the meaning of that function. For simple

cases such as the system involving the stationary VO derivative, it is possible to obtain

an analytical solution for the order and a corresponding physical meaning. For a more

complicated problem where it is not possible to obtain an analytical solution and there

is limited information about the order of the derivative from theoretical considerations,

then numerical calculation of the order is necessary. We can use these numerical results

to observe the evolution of the order and gain new insight into the dynamics of the

problem. Finally, there are problems where we can begin with physical or theoretical

arguments and then show that the order of the derivative has to have a certain functional

form. In this case there is a clear meaning for the variable order of the derivative.
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