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ELASTIC PROPERTIES OF MqLTIPHASE CERAMIC SYSTEMS.· 

D. P .. H. Hasselman and R. M. Fulrath 

_Inorganic Materials Research Division, Lawrence Radiation Laboratory, . 
and Departmentof Mineral Technology, College of Engineering, 

\ University of California, Berkeley, California 

September 22, 1965 

ABSTRACT . -~ 

) 

· The development of many multicomponent ceramic materials ·has 

focused attention on the macroscopic elastic behavior of such composite 

materials.· 
:, ·. 

The present paper discusses the effect of various types of·disper-

sions on Young's modulus of-an isotropic-homogeneous matrix in terms 
. ,, 'r . ·'' . 

J . 
ofphe elastic properties,.volume fractions, and particle shape of the 

1 •, I 
dispersant. A short review is given of the theoretical cont:::ibutions _ · 

in the literature. The multicomponent _materials. investigated consisted . ·· 

oi a sodium borosilicate glass containing (a) s~ll volume fractions of · .. · 
. ': ·•·' ~ . 

spherical pores, (b) crushed sapphire, and·(c) spherical particles of. ·. ,. ~ . 
.... ;., 

· tung's ten~ Young's modulus _of elasticity was dete_rmined by a flexural ··· ';·_. 

resonance technique. 
. ' . 

Experimental results of.this inyestigation .and 
·''I 

· .. ·' ' ~ ·'· ·~ 

other comparable work are compared with theory. 
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I. INTRODUCTION 

The recent d~;elopment of many multicomponent materials of major 

technological importance, such as,glass fiber-reinforced plastics, 

cerinets, glass-ceramics, and many others, has focused attention on the 

elastic behavior of such composite systems. A special case of the 

,. ·elastic. properties of composites is the effect of porosity on the elas-
I 

tic properties ·of many refractory mate.rials. 
' ! 

Special manufacturing 
I • 

techniques used for these mater.ials (i.e., sintering, hot-pressing) 

' 
usually do not result in complete densification. 

Considerable theoretical work has appeared in the literature to 

predict the elastic properties of multicomponent systems in terms of 

ther elastic properties, the volume fraction, a~d distribution of the ... , ... 
com~onents of the composite. Pau11 derived upper and lower bounds 

between which. the elastic moduli must fall regardless of the phase 

. . 

distribution. Mackenzi~2 calculated ·the ,effect of small: fractions of ... · .. 

spherical holes on the elastic moduli of' a homogeneous matrix. Deweyj ..... . 
I . 4 

and Krivoglaz and Cherevko . derived expressions for the elastic. moduli'·· ·. 
. . . '. '.. ~ .. 

... 

.. , 

of matrices containing small ·amounts of spherical inclusions with arbi-. · ·· · 

· trary elastic propertie~. 4 The solutions of Krivoglaz and.· Cherevko . 

were extended to apply to composites with·arbitrary volume fractions 

of the components but small differences in elastic properties. 5 Kerner 

. and Hashin6 gave approximate solutions for the elasti'c properties con-
I 

taining a~bitrary volume fractions of spherical particles with arbitrary ' 

·.·elastic properties. For this system Hashin6 also gav.e upper and lower 

bounds on the overall elastic moduli. 
. 1 
Paul presente4 a "strength-of-

,.· .·,·. · .. :,,:·· 

···. ·::.:...:· 
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materials" solution for a matrix containing cubical dispersions, Hashin 

and Shtrilarian? calculated upper and' lower .bounds for the elastic moduli . :·. 

for a matrix containing dispersions o~ arbitrary phase geometry, Fi­

nally; the solutions of Hofferberth8 and of Hashin,and Rosen9 for the 
-~-~ ·~ .•.. <. 

moduli of matrices containing various arrays of fibers should also be 

mentioned, In all· the 'theoretical derivations, perfect bonding between · 

phases was always assumed. 

Experimental data for the elastic moduli of multicomponent.systems 

appear.to be limited. Numerous data have appeared in the literature 
' ' . 

' . 10-14 . 15 . 
for the system tungsten carb~de-cobalt. · Gurland investigated 

the effect of various types of dispersion on the.elastic moduli of 

silver. 
L 

Tinklepaugh and Crandall16 list elastic property values for 
.... 

man* types of cermets, 
I 

Mel'nichuk et al. 17 de-termined elastic moduli . :; :·, ; ·· 

for the system chromium carbide-nickel,· The system zirconium carbide 
·.:: 

' 
' containing a dispersed. phase of graphite was investigated by Hasselma~~ 18 

Bec~use of the technological importance; considerable experimental19- 2? 
and empirical work26- 31 has been done to' determine and predict the , 

effect o{ porosity on the elastic moduli of many ceramic mater.ials. . In 
. . 

general, a large discrepancy was observed between the· experimental effect·.. :-

of porosity on elastic moduli and the theoretically predicted effect 

. using as a mechanical model a matrix containing spherical pores. This 
. .' 23 .. 

·. , , discrepancy was attributed by Spin~er et al. ·.to the fact that the 
r . J 

· actual pore shape deviates from the idealized spherical pore shape 

assumed for. the theoretical calculations.· .In general,. the phase geome­

try '(microstructure) of the multicomponent materials investigated does · 

...:.r;. 

... 
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·I 

,not.lend itself well to description and generally deviates sharply from 

the mechanical.models on which the theoretical equations are based. As 

a consequ~nce,' the interpretation of ,the experimental dat'a and the. 
. . .. 

verification o'{ the theoretical expressions become rather difficult, 

as well as questionable. · .' 

It is the purpose of this paper to present and compare with theory 

'experimental data for the elastic properties of multicomponent systems 

consisting of a continuous matrix containing dispersions with controlled 

dispersion particle'size, shape, and volume fraction. The systems 

selected consisted of a glass matrix contain~ng (a) spherical pores, 

(b) crushed saphhire, and (c) spherical particles of tungsten.· The use, 

'of f3. glass as the matrix materials gives the .assurance of a c'ontinuous 
.\ . 

' pha~e which .is homogeneous and pore-free.' The types of dispersants , · ... · 

were selected to give as large a difference as possible betw~en .the·· 
' ·~ _,... ;, ~ 

·. ·elastic propert~es of the matrix and dispersant. . Large variations in,<· ,­
~' ' 

expe~imental data of the composite elastic properties are thereby 

attained 'and should facilitate the interpretation and comp~rison.of 

·experimental data and theoretical predictions.· 

II. . EXPERIMENTAL 
/'' 

· · A. Materials \ 

' ,. . . .~ 

The matrix selected consisted of a sodium borosilicate glass of 

\' 

'·"· '' 

, I 

···,composition 16% Na2o; 14% B2o3, ~nd 70% Sio2 by ·weight. . The dispersants. 

consisted
1 
of a tungsten powder spheroidized in a plasma jet with parti.;. : .. · ,' 

) . ·.-::, ( 

cle ~ize'ap~roximately 301-l and crushed sapphire of particle size ap-
r 

proximately SOil. The third dispersant consisted of spherical pores. 

'., 
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· B. Specimen Preparation 

The glass specimens containing spherica~ holes were prepared by 

melting in a platinum crucible at 1300° C an intimate mixture of sodium · · 

carbonate, boric acid, and silica~ · The formation of carbon dioxide and,·· 

water provided the gases for bubble formation. The relative amount of · 

bubbles in the melt was an inverse function of the length of time the 

crucible was held at temperature. The melt was held at temperature 

from ab'out 20 to 40 min, depending on the bubble content desired. 

Specimens (5 by 1/2 by 1/2 in.) were cast in suitable graphite molds 

preheated to 650°C. During_ casting, the bubbles retained thei~ spheri• 

•cal shape under the influence of surface tension. The molds were al-

I, 

I 

. ~ ' .,_ 
' ' ,. 

lowed to cool to room temperature after which the specimens were removed~~. .· ' ' 
·I • 

'·· 

Pore content ranged from about 0. 5 to 2. 5 vol %. Figure 1 shows a photo- ·'. 
1 

micrograph of a specimen containing _1. 62 vol % porosity. The porosity; 
' . ~ 

of each specimen was calculated from the true glass density and the· 
!-•· 

; 

·bulk density calculated from the mass and dimensions of each specimen.'~;; 
. ~~ . 

J ' 

The true.glass density was determined by measuring the density of 

crushed glass by a pycnometer _technique. The cast specimens were cut. 

•into specimens approximately 4 in. long:, 1/2 in. wide, and 1/4 in. 

thick·by means of a high-precision diamond saw. 

Glass~sapphire and glass-tungsten specimens were prepared by vacuum 

hot-pressing at 725°C for 10 min, intimate mixtures of the components 

in powder form into 2 in. diam by 1/4 in.· thick disks using suitable 

graphite dies. The.particle size of. the glass powder, prepared by 

'.•·'-' 

··' .. 

· .. 

.. crushing and milling, was approximately 3 to 5~. Figure 2 shows the 
... · 

. ' ' 
,· .·. 

') 

.,. 

,· 
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microstructure of a glass ;alumina.composite containing 30 vol% alumina. 

Similarly, Fig·. 3 shows the structure of a glass-tungsten compact con-

taining 40 vol %.tungsten. Two specimens approximately 1-3/4 by 1/4 by 

'1/4 'in. were cut from each disk. Dimensional precision was approxi-

mately 0.001 in., requiring no further surface treatment, 

C. Elasticity Measure~ . 

Elastic moduli were'measured at room temperature using the ·resonance· 
< ' 32 < < < • • • < 

technique described by Spinner and Tefft, based on the original paper 

by Picke~t. 33 The· validity of this method '\.;ras investigated in great. 

detail by a number of investigators 34- 36 ~nd for the specimen size and 
. 

shape should give an experimental error no greater than 0.4%. 21 By 
I . . . . 

dete~ining the resonant frequency in the'"flatwise and edgewise" vibra-

tion). two values o.f Young 1 s modulus were obt~ined per specimeu. ·C~lcu- ' .. 

lations were made with tables compiled for this purpose~ 3 7 The shear 
~ 

' ·modulus was calculated by the more precise. expression for the shape : 

. 32 
factor .involved given by Spinner and Tefft. The shea~ modulJs of 

the glass-sapphire and glass-tungsten systems could n~t be determined 

due.to the frequency limitation of the instrument employed, 

·III .. · EXPERIMENTAL RESULTS, DISCUSSION, AND CONCLUSIONS ·· 
.. 

Figure 4 sho\.;rs the experimental results of Young Is modulus and the 

·.·shear modulus of .the glass specimens containing spherical pores, In-

·. eluded in Fig. 4 are the values of the index of. refraction. Since 
'< 

.. ·· 

·.· ,._ 

within 'the accuracy of measurement (±0.0002) the index. of refraction 

was independent of pore content, it appeared to be reasonable that the 
'·; 

, . 

. . ~ ' 

I 
f 
r 
I 
I 
f 

I 

I 

I 
i 
! 
I 
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changes in Yo~ng's modulu~ and shear modulus could be attributed 

primarily to •the presence of the pores. 

In order to compare experimental results with theory, the data 

sho~vn in Fig. 4 by "the method of least squares were fitted to the 

linear expression of the form ' 

E = E
0 

(1 - a P) 
E 

(1) 

and 

G = G
0 

(1 o: P) 
G J 

. •'(2) 

where E and G .are the.Young's modulus and shear modulus; respectively, 

of the porous specimens, E
0 

and G!l represent the moduli of the.·nonpo_rous 

mat~rial, a is a constant, and P is the volume fraction porosity. 
) ' 

l 
. llThe theoretical value of o: was calculated from the solutions for 

E . 
the effect of spherical porosity on shear modulus and bulk modulus. 2- 4, 6 

.This resulted.in 

·.~ = 
3 (9 + 5 V0 ) (1 - Vo ) 

2 (7 - 5 v ) 
0 ) ,·· ' 

'where V0 is Poisson/ s rat:L:o of the nonporous material. 
' . 

The theoretical value. of 
'' 

. . ~ ' 

Substitution· of the value of Poisson's ratio of the glass (V
0 

::::; 

(3) 

.. , 

. . . ~ ! 

. '. 

. : ~· 

0. 20) resu.lts in theoretical valJes of ~ = o:G = 2~ 00~ ''The experimental]}· .· · 

values for~ and aG determined by the curve-fitting technique for'\;.·. 
. --~~1 .. 

' 

-
and o:G "t.;rere found to be 2. 06 and 1. 99 with probable errors of 0. 06 and·· · · ··' 

.... 
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0.09, respectively. It appears, therefore, that good agreement exists 

between theory. and experiment ~t least for the type of material and 

range of porosity investigated, It appears highly probable, therefore,· 

that the observed discrepancy between theory and experiment for the 

effect of porosity in sintered and hot-pressed ceramics can be attributed 

.to the fact that the actual pore shape deviates from the idealized pore·· 
\ 

·Shape assumed in the theoretical derivations, in agreement with the con-

23 · elusion of Spinner et al. . 

. A new estimate can be made of the effect of porosity in elastic pro­

perties on the basis of Hashin and Rosen's 9 calculation of the elastic 

properties of matrices containing arrays of parallel cylindrical fibers. 

In Hashin and Rosen's solution, setting the elastic properties of the 
1 I 

fibe~s identically equal to zero results in a matrix containing parallel 

.. cylindrical pores. As expected, considerable elastic anisotropy is ob­

. tained. Young's moduius paralle,l to ·the pores foilows the law of mix..;. 

· tures. Hash in and Rosen's results perpendicular to' the pores are ex-

pressed in terms of a bulk.modulus and upper and lower bounds for the 

shear modulus, ·from which upper and lower bounds for Young's modulus .-

. can be computed directly. Figure 5 illustrates the results for a matrix 

with Poisson's ratio:= 0.25. For comparison, included in the figure 

are the upper and lower bounds for a matrix (V0 = 0. 25) containing · , . 

. · h . 1 6 -sp er~ca pores. Als.o included are the experimental data. for alumina 

as computed by Knudsen27 expresse1d in ~erms of the experimental equation · 

f S . 26 . b 'E ' E -3 95P h d I o pr~ggs g~ven y = 0 e • , w ere E an E
0 

are Young s modulus 

of the nonporous body, respectively, and P is the porosity. The results 

·.~ 

· ....... 

. ... ·. 
'•. 
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in Fig. 5 indicate that the predicted curves for cylindrical porosity · 

fall well·below these for spherical porosity. But for a narrow region 

at lm11 porosity, the experimental curve falls between the upper and 

lower bound for cyl~ndrical porosity. For porosities less than about 

·. 15% the discrepancy between the exper-in{e~tal curve and the lower bound 

·for the cylindrical porosity amounts to no more than a few percent. In' 

experimental bodies, manufactured by sintering or hot-pressing, at least 

part of the porosity can be considered to be cylindrical, especially at 

higher porosities where the pores tend to be interconnected (open pores-

ity) rather than isolated (closed porosity). In view of this and the 

results present in Fig. 5; it is suggested that a matrix containing 

par~llel cylindrical ·pores oriented perpendicularly to the applied 
\ 

strd
1
ss might represent a better mechanical model for the prediction of. 

the effect of porosity on Young's modulus of sintered and hot-pressed 

ceramics than a matrix containing spherical pores. 

Figure 6 shows the experimental results together with the theoreti-

cal curve for Young's modulus of the glass containing crushed ·sapphire 

as the dispersed phase. Table.I lists the actual experimental data. 

To facilitate comparison between theory.and experiment, Table I also 

lists the calculated data for the theoretical curves. Young's modulus 

' for the glass was found to be 805 kilobars, which is slightly higher 

than the ,value which can be obtained by extrapolating to zero porosity 

data for Young's modulus for the glass specimens'containing spherical . 

pores as shown in Fig. 4. This discrepancy probably can be attributed 

to differences in thermal history. For the theoretical calculations 

l 
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.Poisson's ratio (V
0

) for the glass 'vas taken as 0;197 obtained from the 

data presented' in Fig. 4. Elastic property values ·for the alumina 'vere:. 

shear modulus = 1635 kilobars29 and Poisson's ratio (V0 ) = 0. 257. 29 

Young's modulus for "the predictions of Hashin and.Shtrikman7 and of 

Hashin6 was calculated from the corresponding equations for the bulk 

and shear modulus. Kerner's5 expression is identical to Hashin and 

Shtril~"Uan'.s 7 lower bound for arbitrary phase geometry 'and Hashin's 6 

approximate solution for spherical phase geometry, and therefore was 

not included. The apparent decrease in Young's modulus at approximately 

50 vol % alumina is probably due to a lack of complete densification 

because of alumina particle-to-particle contact. It is of interest to 

notetthat the experimental results fall well below the law of mixtures 
) 

I . 

(Pau~'s 1 upper bound). For this particular system, the experimental 
' 

results appear to agree very well with Hashin and Shtrikman's 7 lower 

bound for arbitrary phase geometry. 

Figure 7 shows the experimental and theoretical results for Young's 
. . ' . 

modulus of the glass matrix containing spherical tungsten particles as 

the dispersant. Table II lists the numerical·values of the calculated 

and experimental data. ·For the theoretical calculations, tungsten 

elastic properties were taken as Young's modulus= 3550 kilobars and 

shear modulus= 1481 kilobars. 38 Experimental results fall between 

Hashin's upper bound for spherical phase geometryand·Hashin and 

Shtrikman's lower bound for arbitrary phase geometry, as would be ex-

pected from theory. It is of interest to note here that the data for 

the glass-sapphire system lie in the same relative position as the data 
•. 

'' I 
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for the glass-tungsten system. It appears, t~erefore, that for this 

type of tHo-phase system, composed of a matrix containing random dis-

persions with Young's modulus higher than the matrix, dispersion shape, 

. at least macroscopically, plays little or no role. 

It is of interest to compare the results of the systems glass-

sapphire and glass-tungsten with the results for the system zirconium 

carbide containing a dispersed phase of gr~phite. 18 This system is 

characterized. in that the dispersed phase has a much lower Young's 

modulus· than the zirconium carbide matrix, whereas the reverse is true 

for the glass-sapphire and glass-tungsten system. Figure 8 sho,-ls. the 

experimental results together with the calculated curves. It·is imme• 

diarlely evident that enormous differences exist between the various 

' \ 
. · pre~icted curves. The experimental. data appear·to be giveri best by 

Hashin's 6 lower bound for spherical phase geometry. Hashin and 

Shtrikman's 7 lower bound for arbitrary phase geometry, which rather 

accurately predicts the elastic moduli for the glass-sapphire and glass-

tungsten systems; for the system zirconium carbide graphite predicts . 

values only about one-quarter of these observed. It is clear that addi-

tional experimental and theoretical work is required for this and 

. anal'ogous systems.· 

It is also of interest to observe that the "strength-of-materials" 

expression derived by Pau1 1 for a matrix containing qubical inclusions 

for all systems shown in Figs. 6,1 7, and 8 consistently predicts values 

which are higher than these observed. Paul's1 equ~ticin also predicts 

elastic moduli higher than observed when applied to a matrix containing 

porosity at the dispersed phase, as is easily verified. On the other 

' 

~I 
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hand, Paul's expression has been quite successfully applied to the 

system tungsten carbide-cobalt and to multicomponent systems composed 

of silver containing various materials as the dispersant. It should be 

noted here that as the relative differences in elastic moduli ·of the. 

components decrease, the various theoi.-etical curves will fall closer 

together and will virtually coincide for systems with little or no 

. differences in.elastic properties_ of the components. From the experi­

mental data and the various theoretical curves presen~ed, it a~pears 

that in determining the elastic moduli of continuous matrix-dispersed 

phase two-phase systems that the component with the lower elastic modulus 

is the governing factor. When a lower Young's modulus dispersant is 

add1d to a higher Young's modulus matrix, a rapid decrease with volume 
j 

cont:ent dispersed phase is generally observed. Conversely, ho'tvever,' if 
I 

a high Young's modulus dispersed phase is added to a matrix with lower 

Young's modulus, ·Young's modulus only rises gradually 'tvith increasing 

dispersed phase content. The authors conclude that for the type of 

system investigated in the present paper elastic properties can be pre- · 

dieted to a reasonable degree of rel~ability. It should·be pointed out, 

however, that predictions of the elastic properti~s of multicomponent 

ceramic systems .is handicapped due to the fact that very few reliable 

data exist for the elastic properties of most ceramic materials, alumina. 

' and magnesia perhaps being the only exception. Data ~eported in the 

-literature are often obtained us~ng porous samples of unkno'tvn micro-

structure, purity, and thermal history and manufacturing technique. 

Considerable experimental work is still required to more firmly establish 

elastic property data for most ceramics . 
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Table I. Calculated and experimental effect of alumina dispersions 

on Young 1 s modulus of a sodium borestli·cate glass (E0 = 805 kilobars) 

Volume 
percent 

Al 2o3 

-J· 
Spherical phase geometry.:_ 

Upper Lower 
bound bound Approximate 

10 925 912 920 

. 20 1069 1027 1057 

30 1238 1163 1209 

l~O 1434 1330 1397 

45 

50 1665 15l~2 1620 

55 

... 
~ Reference 2. _ 

t Reference 3. 

t Reference 1. 

.>.:'+ ..... ~.·-~: .. "-:" •• /~ 

.. 

Arbitrary . 
phase geometryt 
Upper Lower 
bound - bound 

1011 920 

1235 1057 

1479 1209 

1748 1397 

2043 1620 
"·/ 

Upper 
bound 

1137 

1470 

1802 

2135 

2lj.6 7 

.... ( ...... 
·~Standard deviation. 

Paulf 
LoHer 
bound 

870 

960 

1053 

li85 

1345 

tt Approximately 9.6% porosity. 

·cubical 
inclusion 

1031 

1225 

1428 

1641 

1891 

... 

ExperimeP:tal 

.. 

924 ± 4''d: 

1071 ± 5 

1228 ± 5 
I 

1447 ± 14 
t-' 
Cf) 
I 

1585 ± 10 

1678 f 13 

13ntt ± 13 

·-~~-·"·- - ... -, ........ ~-··.·- p. ·-;- ......... -pA,.,. .. -
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Table II. Calculated and observed effect of spherical tungsten dispr;:r.r-;ion 

on Young's modulus of a sodium borosilicate glass (E0 = 805 kilo bar::;) 

========================~- - -
Arbitrary 

Paul=¥ 
... 

phase geometryt Observed Volume ___ Spherical phase geometry~ 
.. r;::r= 

percent Upper Lower Upper Lo~vern" Upper Lmver Cubical 
tungsten bound bound Approxima t e·k-J~ bound bound bound bound inclusion 

'I, 

10 918 .- 907 914 982 914 1080 870 1001 909 ± t4tt 
' . 

20 1053 1015 1039 1172' 1039 1354 953 .1186 1055 ± 11 

30 1206 1137 1182. 1359 1182 1629 10l~9 1388 1180 ± 2 
\. I 

1545: 
1-' 

40 1386 1289 1349 1598 l349 1903 1166 1375 ± 3 \.() 
I 

50 1592 1479. 1548 1850 1548 2188 1312 1760 1599 ± s. 

""'( ·' 
' Reference -6. _ ** Identical to Reference 5:. 

t Refererice 7. tt Standard deviation.-
. 

. :f Refe~~n~e L · 
' . 

. ' 
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FIGURE CAPTIONS 

Fig. 1. Photomicrograph of sodium borosilicate glass specimen contain-

ing 1~62% porosity (X9). 

Fig. 2. Microstruc:ture of sodium borosilicate glass containing 30 vol % 

" crushed sapphire (XlOO) ~ 

Fig. 3. . Microstructure of sodium borosilicate glass containing 40 vol % 

spherical tungsten particles (Xl60). 

Fig. 4. . Young 1 s modulus 7 shear modulus 7 and, index of refraction of · 

Fig. 5. 

Fig. 6. 

I 
I 
\ 

Fig. 7. 

· ..... 

Fig. 8. ·. 

sodium borosilicate glass as a function of pore content. 
\ 

Calculated and observed effect of porosity on Yo~ng 1 s modulus. 

Experimental and theoretical results for Young's modulus of. 

sodium borosilicate glass as a function of the volume content 

of alumina particles. 

Experimental and theoretical results for Young's modulus of 

sodium borosilicate glass as a function of the volume content of · 

spherical tungsten particles., 

Experimental and theoretical results for Young's modulus of 

zirconium carbide as a function of graphite content. 
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Fig. 1. 
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Fig. 2 
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