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" sions on Young's modulus of an isotropic'homogeneous'matrix in terms -

?]°f Fhe elastlc propertles, volume fractlons, and partlcle shape of the ;f:”“"

of a sodium bor031llcate glass contalnxng (a) small volume fractlons of'f
x spherlcal pores, (b) crushed sapphire, and (c) spher1ca1 partlcles of :
'xtungsten Young s modulus of elastlclty was determlned by a flexural

" resonance technique; Experimental results'of ‘this inyestigation,and

' other comparable work ere‘compered with theorp.'“
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- The development of many multlcomponent ceramic materlals has

;focused attention on the macroscoplc elastlc behavxor of such compos1te::““:° '

" materials.

The present paper discusses the effect°of uariousitypes of disper- !

I

I

) mldlspersant A short review is glven»of the theoretlcal contributions . 1u”{jﬁﬁ

in the 1iterature. The multlcomponent materlals lnvestlgated consrstedf?;};[ff”;




1 INTRODUCTION
Tﬁe recent‘development of many multlcomponent materlals.of major
' technolog1ca1 1mportance, such as glass fiber-relnforced plastlcs,';,4;if"
‘cermets, glass ceramics, and/many others, has. focused. attentlonvon theIh'

elastic behavior of such comp031te systems. A speclal case of the ‘7

felastlc propertles of composites is the effect of por051ty on the elas-

| . [

tie propertles of many refractory materlals Special manufacturlng
; a';echnlques used for these mateplals (1.e.,.sipterlng,‘hot-pre531ng) ":?f"
.osually do not resolt in eoﬁplete densifieationQ"v | R
Consideraolebtheoreticalvwofk hasaappeafed io.the literature to
'gpredlct the elastic propertles of multlcomponent systems 1n.terms of‘jhf
't.the;elastlc propertles, the volume fractlon, and distrlbutlon of the - .
,:com%onents of the comp031te, Paul? derlved upper aad lower bopnds'f»isf
: between whichAthe elastlc.moduli mﬁst.fall.regardless of the phase
f-distriﬁution. ‘Maokenziez caleolated'the\effect of smalljffactions 6f”§j«*;

spherical holes on the elastic moduli ofja,homogeneous matrix. Dewey~

A

"-and Krivoglaz and Cherevko4.»defived expressions for tﬁe elastic moduliﬁ}ff4;f”

‘of matrices containing small amounts of spherical inclusions with arbi-. .= -

”'fftrafy elastic‘propefties.‘ The solutions-of Krivog1azvand;‘Cherevko4

‘71 were extended to apply to composites with arbitrary volume fractions

~of the eomponents but small differenoes in elastic‘Properties._ Kerners_'

:and Hashln6 gave approximate solutlons for the elastic propertles con- ‘

i

“'1f:ta1n1ng arbltrary volume fractlons of Spherical partlcles w1th arbltrary

',vvelastlc propertles. For thlS system Hashln

6 also gave upper and lower

bounds on the overall elastic moduli.'.Paul Vpresentea a "strength—of- '




'-materrals" solutron-tor a matrig,contaihrng ouhieal drspersiohs.v Hashin
and\Shtrikm'an7 ealeulated upper and'lower'bounds for the elastic‘modu;i:fih
for a matrlx contalnlng dispersions of arbltrary phase geometry.v Fi- |

: nally, the solutions of Hofferberth8 and of Hashin and Rosen9 for the
modull of matrices contalnlno various arrays of flbers should also be i

_ mentioned, In all the theoretical derivations, perfect bonding between'ﬁ~

)

'phases was always assumed.
Experimental data for the elastic moduli of multicomponent.systemsJf'"1"

'_appear.to be limited, Numerous data ‘have appeared in the 11terature
| o . , 10-14 15 .. S
- for the system tungsten carblde-cobalt. o Gurland lnvestlgatedl,

. the effect of various typeS'of dispersion on the elastic moduli of

sii?er;- Tlnklepaugh and Crandall16 llSt elastic property values for o ;Q'Jil
manj'types of cermets, Mel nlchuk et al 17 determlned elastic modull»di'l*

" for the system chromium carbide-nickel 'vThe system zirconium carbided;ﬁ}i;iundw.
contalnlng a dLSpersed phase of graphlte was 1nvest1gated by Hasselman 18;h
19- 25

_Because of the technologlcal lmportance,'conSLderable experlmental

and empirical work26- 31_has been done to determine and predlct the .

‘effect oﬁ'porosity on'the elastic modd;itof many ceramic materialsf, In
f'frgeneral,:a large discrepancp was ohserved betweeh'the-ekperimehtal‘effeethlk oo
,p.of porosity'on elastic modulr:and_the theoreticaily predicted‘effegt ‘
g using as a mechanical model a matrix containiné'spherieal pores;--ThisAf_ﬂ'?“
23 |

. discrepancy was attributed hy Spinher et al, “° to the fact that the

Lo

r1y1~ff7 ~actual pore shape deviates from the idealized spherical pore shape. ",,yi.;f”

assumed for. the theoretical calculations.'.In)general,,the_phasevgeomeé'

_ try ‘(microstructure) of the multicomponent materials fnvestigated does

A . S, - . L X . .,

o



. I

- verlflcatlon of ‘the theoretlcal expressions become rather dlfflcult,

'f*elastic propert;es of. the matrlx and dlspersant Large varlatlons in
‘ﬁ'experlmental data of the composxte elastlc prOperties are thereby

xﬁ:attalned and should fac111tate the lnterpretatlon and comparlson of

) cle size approxmmately BOn and- crushed sapphlre of partlcle 512e ap-

. . . . " . A

,l(notmlend itself well to description'and generelly devlates sharply from p'
'”the'mechanical,modengon'which the theoreticel'equations are based, As-:

Ca consequence,lthe interpretation of the experimental data end the

as well as questlonable. : U "m;-

It is the purpose of this paper to present and compererwith'theory

‘experimental data for the elastic properties of multicomponent‘systems '

- consisting of a continuous matrix containing dispersions with controlled

s

- dispersion particle size, shape, and volume fraction, The systems,
- selected consisted of a glass matrix containing (a) spherical pores, .-
'1(b) crushed sephhire, and (c) spherical»particles of tungsten,- The useh.-it

‘of a glass as the matrix materials gives the assurance of a continuous . . -

:} phaSe which is homogeneous and pore free The types of disPersants_ 3h

'were selected to glve as 1arge a dlfference as p0551ble between the : _Ji o

T”experimental data and theoretical predictions. = s ‘,

II. EXPERIMENTAL
', s '_’va. 'Materiels rg‘ff~§'

The matrix selected consxsted of a sodlum borosxllcate glass of

:fﬂcomp051tlon l6% Na20 14A 203, and 70%. 8102 by welght The dlspersants ‘;qi~;"

. consxsted of a tungsten powder spher01dlzed 1n a plasma jet wrth Partl_‘}»fﬁ"'

proxlmately 50u. - The third dispersant cons1steo of‘spherlcal pores.




' B. . Specimen Preparatlon -

The glass speclmens contalnlng sPherlcal holes were prepared by

meltlng in a platlnum crucrble at 1300°C an lntlmate mixture of sodium -

’ carbonate, boric acad,-and s111ca; - The formatlon of carbon dioxide and\»

preheated to 650° C. Dnring/casting, thebbubbles'retained their spneriaﬁ ;;:ﬂf

crucible was held at temperature, The melt was held at temperature’

water provided the gases for bubble formatlon. The‘relatlve amount of R

bubbles in the melt was an inverse function of the length of time the

.from'aoout 20 to 40 min, depending on the bubble content desired,

- Specimens (5 by 1/2 by i[ZIin.)bwere'cast in suitable graphite molds

- ical shape under the influence of surface tension,  The molds were alf;zfdzf

T lowed to cool to room temperature after which the specimens were remo#ed;i::

v

‘Pora content ranged from about 0,5 to 2.5 vol % Figure 1 shows a’photo;i

. of each specmmen was calculated from the true glass density and the
.- "bulk density calculated from the mass and dlmensions of each specimen,

- The true glass density‘was determined by'neasuring the density of

'”aﬂmicrograph of a specimen containing 1.62 vol %rporosity. The: porosxty

*:crushed glass by avpycnometer‘techniquea- The cast specimens were cut .

' ~

-/into specimens approximately 4 in, long, 1/2 in, wide, and 1/4 in,

S

graphlte dies, The partlcle size of the glass powder, prepared by

‘.:crushing and milling, was‘approx1mate1y 3 to S5u. Flgure 2 shows the

thick: by means of a high-precision diamond saw,

Glass;sapphire and glass-tungsten specimens Were prepared.by vacuum-;

: hot preSSLng at 725°C for 10 min, lntimate mixtures of the components

'1n powder form lnto 2 in, dlam by 1/4 in, thlck dlSks using sultable :

i



" detail by a number of lnvestlgators and for the spec1men size and v‘”"'i

~shape should glve an experlmental error no greater than 0.44. By -

K - . . LA e, ’ vl
vtioni two values of Young's modulus were obtained per specimeu, Calcu-'

B 1atlons were made with tables complled for thlS purpose 37 "The shear

' factor 1nvolved glven by Spinner and Tefft The shear'modulus of
~ the glass sapphlre and glass tungsten systems could not be determlned

'5due.to the frequencyvllmltatlon of thezlnstrument employed,

':cluded 1n Fl° 4 are the values of the lndex of refractlon'_ Slnce
rithbln ‘the accuracy of measurement (0. 0002) the lndex of refractlon ‘i"f

'ﬁvwas lndependent of pore content, lt appeared to be reasonable that the K

fmicrostructure of'a glasszalumlna composite containlng'SOVVol %’alumina} p;
tdSlmllarly, Fig. 3 shows the.structure of a glass tungsten compact“con- o
itaxnlng 40 vol % tungsten. Two spec1mens approx1mately l 3/4 by 1/4 by
'1/4 in, vwere cut from each disk. Dlmen51onal prec1smon was approxl-

‘ mately 0 , 001 ln., requirlng no further surface treatment,”

'C. Elasticity Measurements '

- Elastic moduli were measured at room temperature using the resonance

d“'technlque descrlbed by Splnner and Tefft 32 based on the orioinal paper;

by PlckettA33 The valldlty of this method was 1nvest1gated 1n great '

. 34-36
21.

!

vdete%mining the resonant frequency in thef"flatﬁise and edgewise" vibra-f S

v

PN

odulus was calculated by the more precmse expression - for the shape }
32

1
i

* IIL.. EXPERIMENTAL RESULTS, DISCUSSION, AND CONCLUSIONS . -

Figure 4 shows the ekperimental'results of Young's modulus and’ the hf;h{’

v*fshear modulus of the glass specimens containing spherlcal pores '-In;

ot




B

- changes in Youog's.ﬁodulus and shear modulus could be attributed

.

- primarily to ‘the presence of the pores.

In order to compare experimental results with theory, the data

'sﬁown in Fig. 4.by=the method of least.squares were fitted to Fhe -

" linear expression of the form

. material, a 1s a constant, and P is the’ volume fractlon por051ty.

‘f_the effect of spherlcal porOSLty on shear modulus and bulk modulus

‘This resulted.ln - .

- l_The theoretical value of QE.\equals :

N

’

=3
o

and

(]
]

;" .
B

N whefe:E»and G are the'Young's modulus and shear modulus, respectively,

~..0of the porous speclmens, E° and G represent thé moduli'of,the~nonporous :

’

\ :
tThe theoretlcal value of ai was - calculated from the solutlons for

1

T

309 5 ve) (L - o)

o = - L@ e

2(7 - 5 V)

Yo

‘where v, is Poisson's ratio of the nonporous material, ~ = - -
£ . . o . ' ) . . :""' S, ’

15(1 - v,) |

.'a.'= '.________..,.'.

e G ! (7 - SVQ)
Substltutlon of the value of Poisson' s ratio of the glass (v A

'

0 20) results in theoret1ca1 valdes of oﬁ = 2.00, The experlmental
. ~ values for o% and Ob determlned by the curve-flﬁting cechnique for o%_f'h

and O, were found to be 2,06 and 1,99 with probable errors of 0.06 andi’(bl

& - %P o .v L | (2) .

2- 4 6 :
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 ‘>0.09, respectively.. It appears, therefore, that good agreement exists -

 -between theory and expériment at least for the type of material and

range of porosity investigated, It appears highly probable, the:efbré,'_:"'

that the observed discrepancy between theory and experiment for the

effect of porosity in sintered and hdﬁ-pressed ceramics can be attributed

\

- shape aséumedvin‘the theoretical derivations, in agreement with the con-.

“clusion of Spinner et al, <.

23
A new estimate can be made of the effect of porosity in elastic pro- -

Ll . . 9 o Lo
- perties on the basis of Hashin and Rosen's” calculation of the elastic -

_properties of matrices1containiﬁg'arrays ofbparallel cylindrical fibers.' ?

. In Hashin and Rosen's solution, setting the elastic properties of the
P o 7

. tained, Young;s modulus paréllel to ‘the pores follows the law of mix~.

- pressed in terms of a bulk modulus and upper and lower bounds for the - . = -

- tures, Hashin and Rosen's results perpendicular to the pores are ex~

}

' fibé%s identically equal to zero results in a matrix containing parallel

shear modulus;'from which upper andllower bounds for Young's modulus o

- with Poisson's ratio = 0.25. - For comparison, included in the figure

.jkspherical pores.6 Also included are the experimental data for aluminélvf
- as combuted by'Knudsen

of Sprigg526 given by E = E, e

3

are the upper‘and lower bounds for a matrix (V, = 0.25) containing -

27

-3.95P, where E and'E° are Young's modulus

of the nonporous body, respectively,iénd P is. the porosity, The’rééultsfjr';

. to the fact that the actual pore shape devistes from the idealized pore - o

vzéylindrical pores, As -expected, considerable elastic anisotropy is-ob-‘ j'"”

" can be computed directly, . Figure 5 illustrates thé results for a matrix =~

expressed in terms of the experimental equatién"ffﬂ”{

roo



iﬁ Fig. 5 indicate ﬁhat the predicted cﬁrves for ;ylindrical porosity
fall well-bélbw thése for spherical porosity. But forva narrowv fegioﬁ
at low porosity,'thé éxperiﬁental curve fallé between thg upper and
lower gounq for cylindrical porosity. - For_porésities less than about
;15% tﬂe discfepancy bétween the ekpéfiﬁéhfal cufve and the lower boundi
‘for the éylindrical porosity amounts to né more than a few percent. In
experimental bodies, manufactured by sintering or hot-preséiﬁg, at least
‘ paft of.the porosity can be considered to be cylindrical; éspecially at
- higher porosities where the pores feﬁd to be interconnected (open poros-
ity) rather than.isolated (closed porosity). In view of this and the
" results present in Fig, 5, it is suggésted that a matrix containing
pargllel cylindrical -pores oriented perpendicularly to‘the applied
stréfs might represent a better mechanical model for the Prediétion 6f' o
- the effectvbf pproéity on Young's moduius.pf-sinté;ed and hot-pressed
éeramics than a matrix containing spherical pores,

Figure 6 shoﬁs th; experipental results together with the théoéeti-i
- cal curve for Yoﬁng's modulus of the glass éQntaining crushed éapphire>
‘as the dispersed phase; Téble,i'lists the actual éxpefimental data,
To.facilitate comparison between theory'and experiment, Table I also
lists the calculated data for the theoretical curves, Young's modulus‘3
for the élass was found t; be 805 kiloﬁars, which is slightly higher

than the value which can be obtained by extrapolating to zero porosity

" data for Young's modulus for the glass specimens'containing spherical

pores as shown in Fig, 4, This discrepancy probably can be attributed ;;}

~to differences inlthermal history, For the theoretical calculations




Poisson's ratio (VO) for the glass was taken as 0,197 obtained from the .

data presented in Fig, 4. Elastic property values.for.thé alumina weres.

shear modulus = 1635 kilobars2? and foisson’s'ratié w,) = 0.257.29

Young's modulus for 'the predictions of Hashin and Shtrikman7

and of
Hashin® was calculated from the corresponding. equations for the bulk
‘and shear modulus. Kerner's expression is identical to Hashin and
6

Shtrikmanfs7 lower bound for arbitrary phase geometry and Hashin's

 approximate solution for spherical phase geometry, and therefore was

not included. The apparent decrease in Young's modulus at approximately .

VSO vél % aiumiqa ié probably due ﬁo a lack of complete deﬁsificétion.
- because of alﬁmina particle-go-particle contact., It is of interest to
.'ndtefthat the experimentél results fall well below the law of_mixtures-
(Paﬁ%'sl uppér;bound). Eor_this particular system, the experimental

7

i results appear to agree very well with Héshin and Shtrikman's’ lower

bound for arbitrary phase geométry.

Figure 7 shows the experimental and theoretical results for Young's .-
- modulus of the glass matrix containing spherical tungsten particies as -

" the dispersant. Table' IT lists the numerical values of the calculated |

- and experimental data. For the theoretical calculations, tungsten
elastic properties were taken as Young's modulus .= 3550 kilobars and
" shear modulus = 1481 kilobars;38 Experimental results fall between

"Hashin's upper bound for spherical phase geometry and Hashin and

"iShtrikman's lower bound for afbitrary phase geometry, as would be ex-

pected from thebry. It is of interest to note here that the data for._'

the glass-sapphire system lie in the same relative position as the data -

v o <400 8 S o R e Ayt e ot e o+ e e e h e

[




-10-
for.the giass-tungsten systém. It appears, therefore, that for this
type of two-pﬁase system; composed éf'a maﬁrix containing random.dis—‘
fpersions with Young's moduluéAhigher than the matrix, dispersion>shape,,

. at ieast macroécopiéally, plays little or no role,’ |

It is of interest to compare”theaggéults of tﬁe systems glaés-
- sapphire and glass-tungsten with the resulﬁs for the system zirconium
carbide containing a‘dispersed phase of gréphite.18 This system is
characterized. in that the dispersed phase has a much lower Young's
modulus than the zirconium carbide matrix, whereas the reverse is trué 3 
for the glass-sapphire and glass-tungsten system, Figure 8 shows the
experimental fesuits together with the calculated curves. It is imméh
diately evident that enérmous differences»eXist between the various
’;preQicted cufvés. The experimental. data appear to be given best’by" .
‘Hashin's6 lower'bouﬁd for’spherical phase geométry. Hashin and
Shtrikman's7 lower bound for arbitrafy phase geometry, which rathef:
: accurateiy predicts the elastic moduli for the glass-sapphire and gias;-
' tungsten systems; for the system zirconium carbide graphite predicts . B BRI
values only about one-quarter of these obsérved. It is clear that.addi-i .
tional experimental and theoreticai work is required for this:and
- analogous systems.’ |

It is also of interest fq observe that thé "strength-of-materials"
expfession derived by Paull for a matrik containing cubical inclusioﬁs
for éll systems shown iﬁ'Figs; 6) 7, and 8 consistently predicts value;.
which are higher than these observed, Paul's1 equéti@n also predicts

elastic moduli higher than observed when applied to a matrix containing

porosity at the dispersed phase, as is'easily verified, On the other .  5 oY



‘literature are often obtained using porous samples of unknown micro-.

structure, purity, and thermal history and manufactiuring technique.

~11-

‘hand, Paul's expression has been quite successfully applied to the
"system tuhgsten carbide-cobalt and to multicomponent systems composed

of silver containing various materials as the dispersant, It should be

notéd here that as the relative differénces in elastic moduli of the .

~ components decrease, the various theoretical curves will fall closer

together and will virtually coincide for systems with little or no

differences in elastic properties of the components, From the experi-

mental data and the various theoretical curves presented, it appears

“that in determining the elastic moduli of continuous matrix-dispersed

phase two-phase Systems that the component with the lower elastic modulus

is the governing factor. When a lower Young's modulus dispersant is

added to a higher Young's modulus matrix, a rapid decrease with volume

3

‘content dispersed phase is generally observed, 'Conversely, however;*if
~a high YOung‘s modulus dispersed phase is added to a matrix with lower

:Young's modulus, -Young's modulus only rises gradually with increasing

dispersed phase content, - The authors conclude ﬁhat for the type of’

system investigated in the present paﬁer elastic properties can be pre-

dicted to a reasonable degree of reliability, ' It should be pointed out,
however, that predictions of the elastic properties of multicomponent
ceramic systems .is handicapped due to the fact that very few reliable

data exist for the elastic properties of most ceramic materials, alumina.

‘and magnesia perhaps being the only exception. Déta‘reported'in the

Considerable experimental work is still reQuired to mdre‘firmly establish

elastic property data for most ceramics,
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'Tablé'I. Calculated aud,expefimentélleffect'of alumina dispersions

on Youhg's‘modulus of a sodium boresilicate glasé (B, = 805 kilobars)

Volume Spherical phase geometry

Arbitrary

phase geometry Paul# Experimental e
percent Upper  Lower. Upper  Lower . Upper  Lower "Cubical '
’ A1203 _ boun@ bound  Approximate bound; - bound bound  bound . inclusion
10 925 o1z 920 _1611 o920 1137 870 1031 924 + 4%%
20 ':‘1069?“.>1027‘ 1057 1235 . 1057 1470 960 1225 1071 £ 5
30 1238 ; 1163 1209 1479;:1 1209 1802 1053 1428 1228 £ 5
40 :1434. 133 1397 1748 1397 2135 1iss 1641 1447 % 14
45  _’-§, . - -4 . e L -- -- 1585 + 10
- | 50 i665 1542 “1620 2043 1620 2467 1345 '1891 1678 £113
.‘ssﬁ U ;551 — R - -- 137211 + 13
) -

ote

"‘Rgféfence_Z.:
-t Reference.3; :

‘_x | # Reference 1. .

ok,
W

Standard deviation,

T Approximétely 9, 6%, porosity.

-8'[_
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Table II Celculated and obserﬁed effect of'spnerical tungsten dispersion :
on Youno s modulus of a sodlum bor05111cate glass (L ' ‘805 kilobars)
ot o : . ) :Arbitrary'. ] , - Lo
Volume . Spherical phase geometyy” phase geometryl - Paulf Observed
percent - Upper Lower . . . Upper Lower™” Upper Lower Cubical
tungsten - bound bound Approximate™™  bound = bound bound bound  inclusion .
100 18 907 . 94 982 914 1080 870 1001 909 + 14Tt
~ 20 © 1053 1015 . 1039 .0 -, 1172 1039 - 1354 953 11860 1055 11
30 . 1206 1137 :1182. 1359 1182 1629 1049 1388 - 1180 £ 2
40 T1386 1289 . 1349 1598 1349 1903 1166 1545 1 "_1375 3
g U P o : s o o
50 1592 1479 1548 .. 1850 1548 2188 1312 1760 i '_‘1599 £ 5.
kJReference-G' ;Qif __ﬂ;ﬂ,. - o o Identlcal to Reference 5.
+ Reference 7 *f*”f;;ﬁ:f - , ++ Standard dev1at10n ’

* Reference 1
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crushed sapphire (XlOO);J,NWf

" zirconium carbide as a function of graphite content.
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FIGURE CAPTIONS
Phoﬁdmicrograph of sodium borosilicate glasé specimen contain-
ing 1.62% porosity (X9).

Microstructure of sodium borosilicate glass containing 30 vol %

‘Microstructure of sodium borosilicate glass containing 40 vol %

- spherical tungsten particles (X160).

Young's modulus, shear modulus, and, index of refraction of

'sogium borosilicate glass as a function of pore content.

Calculated and observed effect of porosity on Yoﬁng’s modulus,

B

.. Experimental and theoretical results forvYouﬁg's modulus of .

sodium borosilicate glass as a function of the volume content

. of alumina particles,

Experimental and theoretical results for Young's modulus of

sodium borosilicate glass as a function of the VQlume content'of'
spherical tungsten particles.,

Experimental and theoretical results for Young's modulus of:';g‘
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission,

A.

nor any person acting on behalf of the Commission:

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission'" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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