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REACTIVE FLUX CORRELATION FUNCTIONS 

AND MONTE CARLO EVALUATION OF REAL TIME PATH INTEGRALS 

Wi lliam H. Miller ~ 

Department of Chemistry, University of California, 

and Material and Chemical Sciences Division, 

Lawrence Berkeley Laboratory, Berkeley, California 94720 

ABSTRACT 

The reactive flux correlation function provides a "direct" 

way to express the rate constant for a chemical reaction, i.e., it 

avoids having to solve first the complete state-to-state reactive 

scattering problem (and then discard the state-to-state 

information). If the reaction dynamics is "direct", only the 

short time (of order WB) quantum dynamics is necessary to 

determine the rate. Longer time (t»MB) dynamics is required if 

the dynamics is not "direct", and a new methodology is descr ibed 

for the Monte Carlo evaluation of real time path integrals.for 

time up to two orders of magnitude longer than WB/2. 

INTRODUCTION 

A potentially powerful way for computing thermally averaged 

rate constants for chemical reactions is via use of the quantum 

mechanical flux-flux autocorrelation function (aka, the reactive 

flux correlation function),' 

* -B H -B H 
Cf(t) - tr [F e c F e c] (1) 

where H is the Hamiltonian operator for the system, Sc = S/2 + 

it/W (t being the time and B = (kBT)-'), F is the flux operator 

i . 
F .. if [H,h(s)] • (2 ) 
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and tr denotes a quantum mechanical trace. Here h(s) is the usual 

step function 
h( ) = {1, s)O 
sO, s(O ' 

where s is the coordinate (the reaction coordinate) perpendicular 

to the "dividing surface" which separates reactants (s(O) from 

products (s)O). (For a standard cartesian Hamiltonian F is given 

by 
ps ps 

F - Yz[o(s) m- + m o(s)] , 

where ps is the momentum operation conjugate to s.) The thermal 

rate constant for a bimolecular reaction, for example, is given' 

simply by the integral of Cf(t), 

CD 

k(T) • Q;' fdt Cf(t) , 
o 

(4 ) 

whereQR is the partition function (per unit volume) of the non

interacting reactants. The purpose of this paper is to review the 

nature and properties of reactive flux correlation functions and 

to describe a new approach for calculating them via Monte Carlo 

path integral methods. 

The reason this expression for the rate constant is so useful 

is that it provides a "direct" way for calculating the rate, i.e., 

it avoids having to solve first the complete state-to-state 

reactive scattering problem and then discarding all the state-to

state information by summing over all final states and Boltzmann

averaging over initial states. In addition to being direct it is 

also correct, i.e., fully quantum mechanical and with no dynamical 

approximations. 2 The only assumption (other than the Born

Oppenheimer approximation, and thus that the dynamics evolves on a 

single potential energy surface) is that the non-interacting 

reactants are in a Boltzmann distribution of their internal states 

and relative translational energy. 

Another important feature of this approach is that Cf(t) 
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decays to zero much more quickly than the time necessary for 

dynamical evolution all the way from reactants to products. This 

is analogous to the situation in classical mechanics where one 

begins trajectories on the dividing surface and runs them forward 

and backward in time to see which are reactive: 3,4 one needs to 

follow the classical trajectories only for short times in order to 

determine the rate constant (the net reactive flux), whereas one 

would need to follow them all the way to the reactant and product 

asymptotic regions in order to obtain the more detailed state-to

state scattering information. In fact, in the limit of classical 

mechanics Cf(t) decays to zero in infinitesimal time (i.e., it is 

proportional to oCt»~ if the reaction dynamics is direct, i.e., if 

there are no classical trajectories that cross the 5=0 dividing 

surface more than once.5 Quantum mechanically the situation is 

not quite so simple; even in the limit of direct dynami~s a f.1nite 

amount of time (of order K8 • 25 femtosec at T = 300°) is required 

for Cf(t) to decay effectively to zero. To obtain the correct 

rate constant quantum mechanically, therefore, it is necessary' to 

determine the (quantum) dynamics of the system at least for short 

times • 

• ~ 2 .. 
~Q 

°O~---~·~S------~'O~~~~~--~~---~2S· 

,( 10-tS Mel 

Figure 1. The flux-flux 

autocorrelation function 

for the 3-D H+H2 reaction 

at T-300K. 

Fig. 1 shows the reactive flux correlation function computed 

by Yamashita and Miller6 for the H+H2 + H2+H reaction in 3-

dimensions at room temperature (T • 300°). This is an example of 

direct dynamics, a case for which the classical approximation to 

Cf(t) would be a delta function at t·O and classical transition 

state theory thus exact. Fig. 1 shows how this is modified by 
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quantum mechanics. 

In passing it should also be noted that there are actually 

several different ways to define a reactive flux correlation 

function. If 

Cf(tiA) ~ tr {exp [(it/M-B/2+A)H] F exp [(-it/M-B/2-A)H]F} (5) 

then Yamamoto's7 earlier definition of the reactive flux 

correlation function is 

(6 ) 

Miller, Schwartz, and Tromp1 noted that even though their Cf(t). 

Eq. (1), and Yamamoto's,7 Eq. (6), are different, the integrals of 

the two are the same, so that the same rate constants are 

obtained. (Actually, Miller et al.' noted that.the integral of 

Cf( ti A) is independent of A, so that the integral of Cf ( t i A) 

yields the same rate constant for any value of A.) 

Tromp and Miller8 have gone even further and generalized the 

definition of the flux operator in Eq. (2). They point out that 

the step function h(s) can be replaced in Eq. (2) by any projector 

(projection operator) that projects onto products. They showed 

that this is particularly advantageous - i.e., leads to 

correlation functions which decay to zero more quickly, and 

without oscillations - when the reaction is significantly exo- or 

endo-thermic. 

The remainder of the paper discusses the calculation of Cr(t) 

by a path integral representation or the propagator/Boltzmann 

operators in Eq. (1). 

SYSTEM-BATH HAMILTONIAN 

Very often the reactive process of interest is characterized 

by a reaction coordinate s which is coupled to a number of 

i' 
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harmonic modes. The generic form of this "system-bath" 

Hamiltonian is 

P 2 
s 

H = 2m + Va (s) + 1: 
k 

The important practical feature is that in the (PkQk) degrees of 

freedom the Hamiltonian - or what is actually more relevant, the 

Lagrangian 

(8) 

- is a quadratic function of the coordinates Qk. 

A physically realistic Hamiltonian that is of this general 

form is the "reaction path" Hamiltonian of Miller, Handy, and 

Adams,9 which has been used to describe a variety of dynamical 

processes in polyatomic molecular systems. The Lagrangian for 

this Hamiltonian is6 

·2 L .;. ~ s [1+ 

(9 ) 

and though it is somewhat more complicated than that of Eq. (7), 

it still has the .feature that the {Qk} coordinates appear only 

quadratically. (Here s is the reaction coordinate, the distance 

along the steepest descent path through the saddle point on the 

potential surface, and {Qk} are the local normal mode coordinates 

for motion orthogonal to the. reaction path.) 

Since the bath degrees of freedom, (PkQk), appear only 

quadratically, when the propagator/Boltzmann operators in the 

definition of the reactive flux correlation function, Eq. (1), are 

written in a Feynman path integral representation, the path 
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integral over these bath degrees of freedom can be performed 

analytically, without approximation. 10 For the system-bath 

Lagrangian of Eqs. (8), and also (9), this gives6 ,11 

So sN 

J Os (or) J Os ( or) 

sN So 

1 i t/~ 
• exp [- - fdT 

~~ 
2 

s = S' = S = 0 
N 0 0 

exp[ - .!. 
K 

m· 2 ] -2' SeT) + VO(S(T» • Z[S(T),S(T)] 

where Z is the partition functional for the bath degrees of 

(10) 

. freedom. If the coupling terms {fk(s)} in Eq. (7) were zero, then 

Z would be simply the partition function for the (F-1) harmonic 

bath modes, but for non-zero coupling it is a functional of the 

two paths S(T) and S(T) that must be path integrated over. Ref. 

6, for example, gives the explicit expression for Z. 

The important feature of Eq.· (10) is that one is now left 

with only a one-degree-of-freedom quantum mechanical calculation. 

but it is a difficult problem because of the influence functional 

Z. Thus, it is not possible to convert this one degree of freedom 

path integral into a one dimensional SchrOdinger equation,; one 

must evaluate the path integral itself. 

If the integrand of the path integral in Eq. (10) involved a 

purely real exponent - which it does if taO - then relatively well 

developed Monte Carlo methods could be used. Indeed, Monte'carlo 

path integrals for the Boltzmann operator exp(-BH) are now 

routinely calculated for relatively complex many-body 

systems. 12- 17 HQwever, this is in general not possible for t>O 

because the integral is oscillatory. To circumvent this we have 

'v 
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to date used an analytic continuation scheme. 1 ,6,11 Namely, t is 

taken to be purely imaginary, 

it = 't (real) , (11) 

so that the integrand in Eq. (10) is purely real and amenable to 

Monte Carlo integration. Values of Cf(t) = Cf(-it) are calculated 

for various real values of t in the interval - ~S < ~ < ~S, and 

these values are used to generate a Pada approximant which 

provides values of Cf(t) for real t. Similar methods have also 

been used by Berne and his co-workers. 1B 

These numerical analytic continuation methods work reasonably 

well for real values of t up to - ~, but they become unstable for 

much larger times. Another approach, used by Behrman and 

Wolynes 19 is simply to use the real par.t of the complex 

exponential in the integrand as a Monte Carlo weighting function 

and to trust that th'e imaginary part is not t,oo oscillatory for 

accurate Monte Carlo integration. This approach has given 

reasonable results also for short time~, no longer than -~S/2. 

These short time results for the flux correlation function 

are sufficient for obtaining quantum corrections to transition 

state theory and thus constitute a significant advance. As Tromp 

and Hi llerB have discussed, the rate obtained from them can be 

used to obtain an approximate upper bound to the rate constant, so 

that one can invoke the variational,aspect of classical transition 

state theory20 and thus vary the location of the dividing surface 

to obtain the minimum (and thus best) possible rate constant. 

This all permits a quantum mechanical extension of transition 

state theory that is completely free of assumptions of 

separability of the reaction coordinate degree of freedom and ad 

hoc models for including tunneling corrections. 

There are situations, however, where one needs to be able to 
, H 

evaluate the complex time propagator/Boltzmann operator e-Sc for 

real times longer than ~S/2. This would be necessary. for 
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example, to determine dynamical corrections to transition state 

theory, the quantum analog to classical trajectories that re-cross 

the dividing surface. The next section describes a very new 

approach by which it is indeed possible to carry out Monte carlo 

evaluation of path integrals for real time about two orders of 

magnitude longer than I/{B/2. 

MONTE CARLO PATH INTEGRALS IN REAL TIME 

Here we consider the complex time propagator for a one

dimensional system, 

where 

and 

N 

(2n:~B )2 fdX1fdX2o •• fdXN_1 
c 

N 
I: wkV ( xk) ], 

k='O 

wk .. 1 for k - 0, N 

Bc .. B/2 + itM. 

(12a) 

( 12b) 

(Since the approach we describe is a Monte Carlo method, it is 

changed little if an influence functional is added to the 

integrand in Eq. (12).) N, the number of "time slices", in Eq. 

(12) may be large, so that this is a many-dimensional integral 

even for one degree of freedom, thus making a Monte Carlo approach 

natural. As noted above, though, for real time dynamics (t>O) the 

integrand is oscillatory so that applications to date have only 

been possible for short times ~I/{B/2. In this section we describe 

a new approach21 that is successful for t»MB/2. (Note that 

~ .. 13 femtosec at T = 300 o k, so that 1 psec corresponds to 

\( 
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t/~ .. 80.) 

As a first step it is useful to make a linear transformation 

of the integration variables inEq. (12a) to diagonalize the 

kinetic energy; this gives Coalson's22 quasi-Fourier 

representation, 

-i~(N-l )/2 e 

where the coordinates {xk} are given in terms of the integration 

variables {ak} by 

. Xo (N-:-k)+XNk 
xk = N 

with 

N-l sin(nkk'/N) 
I ak , sin(nk'/2N) 

k'=l 
(14 ) 

(15a) 

( 15b) 

and where the first factor in Eq. (13) is the free particle matrix 

element 

The next step is to change integration' variables so as to 

make the kinetic energy term in the exponent of the integral 

purely real and negative. New integration variables {ck} are thus· 
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defined by 

so that Eqs. (13) and (14) become 

where 

x = 
k 

XO(N-k)+XNk i! ~ N-1 sin(vkk'/N) 
N + e 1_11'__ I c

k
' ( ). 

mN k'=l sin vk'/2N 
(19 ) 

In writing Eq. (18) the integration path for the {ck} variables 

has been taken as the real axis (-~.~). whereas Eq. (17) shows 

( -i~/2 -i~/2) that the path originally is -~e .~e ; Eq. (18) thus 

assumes that the potential energy is sufficiently well-behaved 

that this distortion of the integration axis is valid. 

Eq. (18) is now to be evaluated by Monte Carlo with the 

Gaussian factors exp[-vLck2] (i.e., the kinetic energy) as weight 
k 

function; i.e., the variables {Zk}' 

c - 2 k -vc 
zk = f dC

k 
e k (20 ) 

-~ 

are chosen as random numbers in the interval (0,1) and the 

variables {ck} determined by Eq. (20). This is discussed more 

fully in earlier work. 23 The coordinates {Xk} of Eq. (19), which 

appear in the potential energy factor of Eq. (18), are now 

complex, so it is necessary that the potential V(x) be given as an 

analytic function of x which permits evaluation at complex x. The 

\r 

.' , 



.... , , 

-11 -

potential energy term in the exponent of Eq. (18) will thus in 

general be complex, so that one is still attempting to carry out 

Monte Car 10 in tegra t ion with an osc ilIa tory in tegrand. To be 

successful, therefore, it must be true that the oscillations of 

the integrand are not too severe. 

Although our ultimate interest in the present methodology is 

to evaluate reactive flux correlation functions, here we 

illustrate the basic features of the method by computing the 

diagonal propagator matrix element (xO - xN - 0) of the complex Sc 

propagator. For a typical barrier potential, we use the Eckart 

function, 

with Vo • 0.016 hartr~es (: 10 kcal/mole) and a - 2aa-1• The mass 

of the particle is chosen to be that of an H atom, m • 1837 IDe. 

With these choices the imaginary frequency at the top of the 

barrier is z 1832 cm-1~ 

All calculations are for ~s ~ 500 (in atomic units), 

corresponding to T - 300 o K, and for the present example the 

working expressions are Eqs. (18) and (19). 

1~ 
•• 0 Figure 2. The real part of the • 

matrix element <ole-ScHlo>, Sc -e.o 

S S/2 + it/l{ for the Eckart 
-:z: 
~ 3.0 potential barrier, eq. (21 ) , as a 
• ~ function of time t (1n units of -0 

0.0 v WSI2) • N (the number of time ~ 
IX: 

-3.0 
slices) - 5. The width of the 

line is the usual Monte carlo 
~.O error estimate of the result. 

0 2 e II 

01 .".1114 

Figure 2 shows the result for the real part of the diagonal 
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matr ix element (a I e -Sc H I 0> as a function of t for N=5 "time 

sl1ces"; the imaginary part of the matrix element is similar. 

(The width of the broad lines in Figs. 2-4 gives the Monte Carlo 

error estimate.) For this value of N one obtains the correct 

result for t/HS up to -2. 
2 

. 
'~ 8.0 
• 

A '.0 
o 

:z:-
of 3.0 . 

o 
v 

GJ 0.0 
a: 

-:s.o 

~.o+-----r---~----~--~ 
o· 4 Ie 

-~ .... 
. 
12 t.O . 

o " 0.0-1,....-------."..,.. a: 

-3.0 

~.0+_-_.,.__-__r--'"T"'-__1 

o 00 120 

-~" .. 

Figure 3. Same as Fig. 2 except 

N-11. 

Figure 4. Same as Fig. 2 except 

N-101. 

Figs. 3 and 4 show the same quantity as Fig. 2 N=11 and 101, 

respectively, and here the results are accurate for values up to 

t/HS = 6 and • 80. 
2 

The success shown by these calculations in Fig. 2-4 is quite 

spectacular; by a straight-forward Monte Carlo method, using only 

the kinetic energy as the Monte Carlo reference distribution, one 

.. 
\ 
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obtains accurate results, with a reasonable number of Monte Carlo 

sample points, for real times much larger than ~e; for Fig. 4 the 

result is accurate for times up to t=l psec. Moreover, the 

important feature of the calculation is that it would be changed 

in no essential way if the integrand were augmented by a non-local 

influence functional that come from integrating out other degrees 

of freedom coupled to the present one. Alternatively, since the 

method is straight-forward Monte Carlo, it can be applied to 

systems with many degrees of freedom. 

CONCLUDING REMARKS 

For short times, of order We, there are a variety of methods 

for evaluating complex time propagator/Boltzmann operators and 

thus the reactive flux correlation function, e.g., direct Monte 

Car 10' us ing only the real. part of the kinetic energy part of the 

integrand of the path integral, or by numerical analytic 

continuation from Monte Carlo calculations of Cf(t) at pure 

imaginary times. (For systems of only one or two degrees of 

freedom it is also possible to use the numerical matrix 

multiplicative algorithm or a basis set representative of the 

Hamiltonian.) Such calculations are sufficient to describe 

"direct" reaction dynamics, 1. e., situations for which trans ition 

state theory is correct classically. One may thus say that 

determining the quantum dynamics for times of order We defines a 

quantum transition state theory. This is very much in agreement 

with the semiclassical version of transition state theory24 that 

involves periodic orbits ("instantons") through the transition 

state region. 

Corrections to transition state theory, however, require 

longer time dynamics, and a new scheme has been described herein 

which allows Monte Carlo evaluation of the complex time 

propagator/Boltzmann operator for real times much longer than 

~e. The essential trick, i.e., distorting the integration path to 



-14-

one along which the integrand is less oscillatory, is very 

reminiscent of the method of steepest descent. 25 After the 

contour distortion, though, the present approach utilizes the 

Monte Carlo integration method rather than the analytic 

approximation of the steepest descent method. Also, in the 

present approach the integration path has not been chosen to 

completely eliminate oscillations of the integrand but only to 

diminish them. This analogy to steepest descent suggests the 

possibility that cleverer contour distortions than the one we have 

used may be found to make the Monte carlo integration even more 

efficient. 

The complex paths that result from the contour distortion 

also remind one of the semiclassical approximation to propagator 

matrix elements which involve tunneling, for there the relevant 

classical paths are typically complex-valued. 26 Thus the contour 

distortion may be sampling paths close to these class.ical paths 

more efficiently. 
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