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Abstract
Constructions of constant scalar curvature Kéahler metrics of Poincaré type
by
Yueqing Feng
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Song Sun, Co-Chair

Professor Richard Bamler, Co-Chair

In this thesis, we study constant scalar curvature Kéahler metrics of Poincaré type. We give
constructions of new examples in the following setting.

e Consider a compact Kahler manifold admitting a constant scalar curvature Kahler
metric and with no nontrivial holomorphic vector fields. After blowing up the manifold
at finitely many points, we prove the existence of constant scalar curvature Kéhler
metrics on the complement of the exceptional divisors, with Poincaré-type singularities
along them.

« Given a strictly unbounded toric symplectic 4-manifold, we explicitly construct com-
plete toric scalar-flat Kéhler metrics on the complement of a toric divisor. These sym-
plectic 4-manifolds correspond to a specific class of non-compact Kéahler surfaces. We
also provide an alternative construction of toric scalar-flat Kahler metrics with conical
singularity along the toric divisor, following the approach of Abreu and Sena-Dias.

We also make progress on the construction of a degenerate scalar-flat Kahler neck region
in complex dimension two, motivated by degeneration problems in Calabi-Yau and negative
Kahler-Einstein metrics. The neck region exhibits Poincaré-type singularities at both ends
and may serve as a candidate local model for interpolating between appropriately chosen
geometric ends.
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Chapter 1

Introduction

Let (X", w) be an n-dimensional Kahler manifold, we define the scalar curvature S(w) by

S(w) Aw™ =n - Ric(w) Aw™ "

If S(w) is constant on X, we say that (X,w) is a constant scalar curvature Kéahler
(cscK) manifold. A particularly well-studied special case is when w is Kéhler-Einstein, i.e.,
Ric w = Aw, this implies that S(w) = nA. More generally, Calabi introduced extremal
Kahler metrics as critical points of the Calabi functional

"
Ca(w) = /S(w) o

The Euler—Lagrange equation for C'a(w) is equivalent to requiring that the gradient vector
field V,,S(w) be holomorphic. In the special case when V,,S(w) = 0, the scalar curvature is
constant and w is cscK.

The existence of cscK metrics, particularly on compact manifolds, has been studied
extensively in Kéhler geometry. The Yau-Tian-Donaldson [74, 65, 28] conjecture relates
the existence of a cscK metric in a polarization class with the algebro-geometric notion of
stability of the polarized variety.

Conjecture 1.1. (Yau-Tian-Donaldson conjecture)

A compact polarized manifold (X, L) admits a constant scalar curvature Kdihler metric
in the first Chern class ¢i(L) if and only if (X, L) is K-stable.

In the special case of Fano Kéhler-Einstein, the conjecture has been settled by Chen-
Donaldson-Sun [21, 22 23].

In this thesis, we study constant scalar curvature Kahler manifolds with Poincaré type
singularities. Such metrics can be viewed as a generalization of the Poincaré cusp metric
on C? to higher dimension, exhibiting cuspidal singularity along a simple normal crossing
divisor. The interest comes from several aspects:
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Degeneration of smooth extremal Kahler metrics

In complex dimension one, Poincaré cusp singularities arise naturally from the degeneration
of hyperbolic Riemann surfaces [72, 71, 52]. In the Deligne-Mumford compactification, a
degenerating family of compact Riemann surfaces of genus at least two may converge to a
stable nodal curve, locally modeled near a node by the plumbing family xy =t. Ast — 0,
the degenerating hyperbolic metric near the node locally splits into complete finite-area
hyperbolic metrics with cusp ends, each modeled on the Poincaré cusp metric was = %
on the punctured unit disc A* in C.

In higher dimension, consider a ruled surface with a family of polarisations L,,, Székely-
hidi [64] constructs a sequence of extremal Kahler metrics whose degeneration yields complete
extremal metrics of Poincaré type. More specifically, by minimizing the Calabi functional
on the set of metrics constructed by the momentum constructions [10], it’s shown that as
m varies, these singular metrics appear along a continuity path between stable and unstable
polarisations.

Connections with conical metrics

Poincaré type metrics are complete and are connected to the smooth metrics by a family
of incomplete conical metrics. Intuitively, as the cone angle approaches 27, we approach
the smooth metrics; while when it approaches 0, we approach the Poincaré type cuspidal

singularity. On the punctured unit disc A*, the conical metrics wg == |z\2ﬁ(f§;(11d_z|§|l§ﬁ)2 with

cone angle 273 has constant negative curvature, and converges pointwise to the Poincaré
cusp metric wax.

In higher dimension, Guenancia [37] generalizes this observation and shows that for a
compact Kahler manifold X and a divisor for which Ky + D is ample, for a family of negative
Kahler-Einstein metrics ws with cone angle 275 along D, as  goes to zero, wg — wy a
Poincaré type metric in Cpo(X\D). In particular, (X\D,wg) converges to (X\D,wp) in the
pointwise Gromov-Hausdorff topology.

Yau-Tian-Donaldson type conjecture for Poincaré type metrics

First formulated by Székelyhidi, later refined by Apostolov-Auvray-Sektnan, the Yau-Tian-
Donaldson type conjecture for extremal metrics of Poincaré type says the following.

Conjecture 1.2. (Yau-Tian-Donaldson type conjecture for Poincaré type metrics [02], [5])
(X, L, D) admits an extremal Kdihler metric of Poincaré type on X\D if and only if

(1) Relative Donaldson—Futaki invariant of any test configuration for the triple (X, L, D)
is mon-negative, with equality holding if and only if the test configuration is product.

(7i) Székelyhidi’s numerical constraint holds.
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(iii) The restriction of extremal vector field of X for c¢i1(L), when restricted to D, is equal
to the extremal vector field of D in c¢i1(L)|p.

The relationship between the relative K-stability (resp. K-stability) and the existence of
extremal Kéahler (resp. cscK) metric has been widely studied. Auvray [I4, 16] proved the
necessity of the Székelyhidi numerical constraint and the extremal vector field condition. For
n = 1, given a log Riemann surface (X, D = 37 | p;), [7¢] established a direct relationship
between the complete cuspidal metric on X\ D and the K-stability of the pair using quanti-
zation technique. Later, [7] shows if there is no non-trivial holomorphic vector field on D and
the connected component of the identity in the holomorphic automorphism group preserving
D is trivial, then K-semistability of the pair is a necessary condition. In the toric surface
setting, Apostolov—Auvray—Sektnan [¢] formulate a refined version of Conjecture 1.2 and
verify it for all reduced torus-invariant divisors on the Hirzebruch surfaces F,,, CP* x CP*,

and CP?.

Main results

Known constructions of canonical Kéhler metrics of Poincaré type include the negative
Kéhler-Einstein ones studied in Tian-Yau [06], Kobayashi [13] and Cheng-Yau [21]; (b)
the toric extremal Kéahler metrics of Poincaré type studied by Bryant [20] and Abreu [3];
(c) suitable blow-ups of (a) and (b) as discussed in [55]. In this thesis, we construct new
examples of special metrics of Poincaré type.

In Chapter 3, we construct cscK metrics of Poincaré type with a gluing approach:

Theorem 1.1. [29] Let X be a compact Kdihler manifold of dimension n with no non-
trivial holomorphic vector fields, meaning that there is no non-zero holomorphic vector field
that vanishes somewhere on X. Suppose wx is a constant scalar curvature Kdihler (cscK)
metric on X. Fiz finitely many points py,--- ,pr € X, let Bly, ... ,, X be the blow-up of
X at the chosen points, © be the blow-down map, and E; = 7w '(p;) be the exceptional
divisors. Then there ezists a small constant ey > 0 such that for all € € (0,¢€y), the manifold
Blp17...7ka\Uf:1 E; admits a cscK metric with Poincaré type singularity along E; within the
given Kahler class

k
mlwx] — €Y _[Ei]. (1.1)
i=1
Here [E;] denotes the Poincaré dual of the E;.

The assumptions can be relaxed, see Theorem 3.2. We also extend the constructions to
extremal Kéhler metrics of Poincaré type, see Theorem 3.3.

The gluing method has had widespread applications in the construction of special met-
rics in both Riemannian and Kéhler geometry. Our construction builds on the cscK gluing
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framework developed in [11, 12, 55, 63, 60, (1], and extends it to the Poincaré-type set-
ting, where the singular region requires a delicate new analysis. The essential difficulty is
to find the inverse of the linearization of the scalar curvature operator, which requires a
detailed analysis for the fourth-order nonlinear differential operator near the singular region
[Section 3.4]. This is done by identifying a scalar-flat model metric on the total space of
line bundle O(—1) with the exceptional divisor removed [Section 3.1]. We construct the
inverse by doing cut-off such that each function supports on a compact annulus, then we
find its inverse on each annulus by carrying out a kernel and cokernel analysis for the closed,
self-adjoint operator. The final step is to patch these local inverses together using a parti-
tion of unity. The total space carries a natural Sl-action, and we decompose functions on
Bly C™"\ E into Fourier modes with respect to this action. For each Fourier component, we
obtain uniform control of the inverse by adapting techniques from [17, 39].

In Chapter 4, we work within Donaldson’s ansatz for toric scalar-flat Kahler metrics [20],
which reduces the scalar-flat condition to an equation for axisymmetric harmonic functions.
We explicitly construct suitable solutions to this equation and obtain complete toric scalar-
flat Kéhler metrics on the complement of a torus-invariant divisor in X.

Theorem 1.2. ([30], Theorem 4.2.1+Theorem J.2.2) Given X a strictly unbounded toric
symplectic 4-manifold and D = Y"" | D; a divisor on X such that each D; is an irreducible
prime divisor fized by the torus action and D; N D; =0 for any 1 <i# j <m. On X\D,
we have

e a toric scalar-flat Kahler metric with Poincaré type singularity along D, and is asymp-
totically locally Euclidean(ALE) on the remaining end;

e a two-parameter family of toric scalar-flat Kdihler metrics with Poincaré type singu-
larity along D, and are asymptotic to either the generalized Taub-NUT metrics or the
exceptional Taub-NUT metrics on the remaining end.

This construction builds on the work of Abreu—Sena-Dias on complete toric scalar-flat
Kéhler metrics [1], and extends their method to the Poincaré-type singular setting [Sec-
tion 4.2]. We also construct toric scalar-flat Kahler metrics with conical singularities [The-
orem 4.1, Section 4.3], which clarify the relation between the smooth Abreu—Sena-Dias case
and the Poincaré-type cusp case. Finally, under prescribed boundary behavior near the
divisor, we prove a uniqueness result for the metrics constructed above [Theorem 4.3].

In Chapter 5, we construct a family of incomplete scalar-flat Kéhler metrics with S'-
symmetry on a singular S'-fibration over the cylindrical base S? x I. Starting from the
LeBrun ansatz, we allow the Sl-action to have fixed points, the scalar-flat condition is
reduced to an inhomogeneous equation with distributional terms. By solving this equation
explicitly, we obtain a concrete description of the resulting geometry and show that the
metrics admit a natural compactification across the singular locus.

The resulting metrics admit Poincaré type singularities near the ends, and may serve
as a candidate region to interpolate geometries between appropriately chosen model ends.
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Similar degeneration phenomenon has been demonstrated in the work of [59] for the Calabi-
Yau setting and [50] for the negative Kahler-Einstein setting. The construction has not been
included in any preprints before, and is of independent interest. It is included to record
a self-contained argument and to highlight a local geometric model that may be useful in
related problems.



Chapter 2

Preliminaries

2.1 Poincaré type Kahler metrics

The study of Poincaré type metrics stems from the standard Poincaré cusp metric

v—=1ldz ANdz =
WAx = —222 = —44/—1001log(— log |z|?)
(Iz[log =)
on the punctured unit disk A* := {z € C: 0 < |2| < 1}. To generalize this type of
singularity to higher-dimensional manifold, we consider the following definition.

Definition 2.1.1. (Poincaré type Kihler metric, [1/, 13, 10]) Let (X,wx) be a compact
complex manifold, and let D be a smooth divisor in X with o € H°(X,O(D)) a holomorphic
defining section. Fix a Hermitian metric | - | on O(D), let X be a sufficiently large constant
such that

wp = wx — vV —100log(A — log(|c|?))
is a positive (1,1)-form on X\D. We say a closed, smooth (1,1)-form

wpr = wx + vV —190¢p
on X\D is a Poincaré type Kahler metric if

e wpr s quasi-isometric to wy, which means that there exists some C' > 0, such that

%wh <wpr < Cwy, and Vi > 1, supx p |V2Jhpr\ < 00

o forh :=log(A—log(|o|?)), ¢ is a smooth function on X\D with ¢ = O(h), and Vi > 1,

Consider a point of D and choose local coordinates (21, -+ , z,) such that UND = {z; =
0}, then near the divisor, the reference metric wy, is mutually bounded with



CHAPTER 2. PRELIMINARIES 7

— n
M + 3 V=ldz A dz;.
|21]% log” |21 |? i—2

Near every point on the divisor, the Poincaré type metric is then modeled on the product
of the Poincaré metric on the punctured disc with a smooth metric on the divisor. In
particular, metrics asymptotic to the product metric above near D are called asymptotically
hyperbolic metrics. This is a special class of Poincaré type metrics. More generally, as
discussed in [13, 16, 14], Poincaré type metrics are also defined in the case where D is a
simple normal crossing divisor.

Comparison with Poincaré-Mok-Yau asymptotics

Mok-Yau [51] explicitly constructed a radially-symmetric complete metric w with bounded
Ricci curvature on D™\{0}. It is piecing together the Fubini-Study metric with the Poincaré
cusp metric, i.e.,

wuy = v —100 (logr* — log(—log 7)) .

Later, [31] extended the notion to a general compact Kahler manifold (X,wyx). Let S
be a higher-codimensional subvariety of X, we say w has the Poincaré-Mok—Yau asymptotic
property on X\S if for some a,b € R,

_ 1
w=wx+vV—100 (alogrQ—blog(—logrz)—i-O (1 2))
ogr
near S. The definition does not impose conditions on the asymptotics of higher derivatives
and does not include the case where S is a divisor.

Comparison with complex hyperbolic cusp

Let B™ be the unit ball, and let I' C Aut(B") be a torsion-free, discrete subgroup. The
Bergman metric induces a Kéhler-Einstein metric wy,, on X° = I'/B"™. It is a quasi-projective
manifold which can be compactified to X such that X\ X° is a divisor with simple normal
crossing D. Near D, given a holomorphic chart (z,-- -, z,) on some open set U in X such
that DN U = (21 = 0), whyp|v is quasi-isometric to

\/—_1d212/\ dz, . 1 Z V1dz A dz.
212 log™ [21?  —loglai| =
Up to a finite cover, any such cusp can be realized as the punctured unit disc bundle of
a negative line bundle over an abelian variety [18, 32]. Let (L, h) be a Hermitian line bundle
over D. Under the Calabi ansatz, the Kahler-Einstein metric on L, which is interpreted as
the normal bundle of D, takes the following form
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Whyp = —(n + 1)v/=109 log(—log h).

Biquard and Guenancia [18] show that assuming that there is a conical family of Kahler-
Einstein metrics wg with cone angle 27 along D, they converge to the complex hyperbolic
metric wyy, in Cpo(X\D). This is in contrast to the case where Kx + D is ample, the limit
is the Poincaré type cusp metric.

Non-Poincaré-type singularity

Despite the continuous focus on Poincaré type singularity, as pointed out by Székelyhidi
(64, 62], Apostolov-Auvray-Sektnan [3], there are complete conical metrics that are not of
Poincaré type near the asymptotic end. Addison [5] provided a generalization of the cusp
metrics by taking into account the automorphism of the ends. Given a trivial holomorphic
disk bundle over a compact Kéhler manifold, by integrating the flow of a real holomorphy
potential in the direction of a selected holomorphic vector field on X, Addison defined the
gnarled metric. These metrics naturally arise in the study of the LeBrun-Simanca openness
problem of the cscK Poincaré type Kahler metric.

2.2 LeBrun ansatz: past and present

One method for constructing scalar-flat Kéahler surfaces comes from the LeBrun ansatz.
Under an additional S* symmetry assumption, LeBrun gives the following explicit expression
of such metrics.

Proposition 2.2.1. (LeBrun [/6], 1991) Given an open set U C R3, consider w : U C
R3 — RT satisfying

ow + diw + 07 (we") = 0. (2.1)
and u : U C R® — R satisfying

Pou+ dju+ 92(e") = 0. (2.2)

Assume the following closed 2-form

1 1 "
7.0 = %(wmdy Ndz + wydz A dx + (we') ,dx A dy)
is integral. Consider an S*-bundle M — U whose first Chern class is given by [%a], and

a 1-form on M whose curvature is a. Then M admits a scalar-flat Kdhler metric given by

g = e"w(dx® + dy?) + wdz® + w™ ' (dt + 0)>.

Conversely, given any scalar-flat Kihler surface with S* symmetry, it locally arises from
the above construction.
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Thus, one approach to constructing scalar-flat Kéhler surfaces is to find solutions (u, w)
to Equation (2.2) and Equation (2.1). One special case is when w(z,y,z) = w(z), then

Equation 2.1 reduces to the following
0%(e"w) = 0.
This suggests that the metric is a warped product of D and I. There are three possible

cases. Let x,y be the coordinates on D and let z be that on I.

1. D is CP!. By solving Equation 2.2 and Equation 2.1 we obtain
2 +nz+k

az+b log

= -— u = 10
24+nz+k 22492 )”
(1)

Completeness of the metric at z = 0 requires b # 0,k = 0. We see Burns metric on
! can be written in this ansatz as

O(—1), under the action chosen by Hwang-Singer

z2—|—nz

follows
4 + 1
2 u = log
()

Similarly, the Eguchi-Hanson metric on O(—2), and LeBrun metrics on O(—k), with
k > 3, under the action chosen by Hwang-Singer, can be written in this ansatz
1+ | 22+ 22
g s u = Og
Z2+2Z (1_|_1‘21-y2)2

On D x H, we write the scalar-flat Kéahler metrics as
2

z

u = log

w = —

227 22442
(1+252)

Besides all the above, we derive a complete singular metric given by
2

14 %
w = 22, u = log -
z 22492
(14 =22)

Lthis action is different from the one chosen by LeBrun
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We call this metric the Hwang-Singer metric, which we show in Section 3.1 that it
is exhibit Poincaré type singularity along the exceptional divisor. We also explicitly
write down a one parameter family of conical metrics given by
14 & 2
W= —-2—_, Qtzlog—'z(z+ 6)2,
Z(Z + 25) (1 + zzi-y2>

with 5 € (0,1). It interpolates between the Hwang-Singer cuspidal metric and the
Burns’ metric.

2. D is T?. By solving Equation 2.2 and Equation 2.1 we obtain

az+0b
w=——, u=Ilog(nz+k).
nz+k 8 )
As pointed out in [70], we see the exceptional half-plane metric on C? can be written

in this ansatz as

1
w=14+—, u=log2z.
2z

In fact, as pointed out in [50], all complete scalar-flat Kéahler metrics on O¢ (whose
total space is C?) that arise from the Hwang-Singer construction correspond to the
case where w = —g + i Here the degree 5 < 0. Further, if

hg = exp(B(Imz)?)
defined on C? is invariant under translation, then we get a complete scalar-flat Kéhler
metric on C/Z x C and on the total space of line bundle over elliptic curve.
When w = 2z,u = 1, this gives us the Calabi model, resulting in a Ricci flat Kéhler

metric on a positive degree line bundle.

3. D is higher-genus complex curve with metric given by gp := ¢*(z,y)(dz* + dy?*). By
solving 2.2 and 2.1 we obtain

az+b ) 22 +nz+k
w=———/—  u=log——.
—224+nz+k & g*(x,y)
This case, as pointed out in [10], does not result in complete constant scalar curvature

metrics. Instead, complete extremal Kéahler metrics occur.
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There are many examples constructed in the general case where w(z,y, z) depends on
all x,y, 2z variables. The Gibbons-Hawking ansatz corresponds to the case where u = 0. By
further letting w = w(z,y,2) = 1+ ﬁ, we obtain the Taub-NUT metric. Besides, LeBrun

constructs scalar-flat Kahler metrics on ruled surfaces [17] using the ansatz. More concretely,
starting from a higher genus curve X,, take V. on U = {(z,y,2) : y > 0,z € (—1,1)}
defined by V := 1+ > G,. Here AG; = 27n; and lim;_,41 G; = 0, then AV = 27 )9,

and limy;_,.1 V = 1. Let w = -5 and u = log 1;52, we obtain a S'-bundle m : M, —

1—22

Y, x (=1,1) —{q1,- - , gm} with metric

g=(1-2*)(Vh+V'6%).

To compactify My, we further assume [5-+dV] € H*(S,x (—1,1)—{q1,- -+ , gn}). Thisis
equivalent to say that 3 (14 2(g;)) € Z. A particular case is when the points are in pairs,
meaning that ¢; = (a,b,c) and ¢; = (a,b, —c). Under this condition, we add two copies of
3, at t = +1 and m isolated points corresponding to ¢;’s, and this results in a S*-fibration
T M— X, x[-1,1].
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Chapter 3

Gluing Construction

There is another perspective for Theorem 1.1. For fixed point p € X, let d,(z) be the
distance function from z to p. Given A sufficiently large, we define the (1, 1)-form

wp, = wx + vV —190(log d2(z) —log(A —log d2(2))). (3.1)

We say wpr = wx + v/—100¢ is a metric has Poincaré-Mok-Yau type singularity if it
satisfies the two conditions in Definition 2.1.1 with the sup of norms taken over X\ {p}. This
definition can be easily extended to a compact manifold with finitely many points py,- - - , ps
removed, simply by choosing sufficiently large constants Ay, --- , Ay such that

k
wp, = wx +v/—190 Z(log 42 (z) —log(N\i — log d2 (2)))
i=1

is a positive (1,1)-form on X\{p1,---,pr}. This type of singularity is discussed in [51,

]. In that paper, the Poincaré-Mok-Yau asymptotic is defined in a more general setting

in the higher-codimensional complements of a manifold, and the definition requires only the
quasi-isometric property stated in Definition 2.1.1.

Theorem 1.1 thus implies the existence of constant scalar curvature Kahler metrics on
the punctured manifold X\{pi,--- ,pr} with complete Poincaré-Mok-Yau type singularity
at each p;. From this perspective, we compare Theorem 1.1 with the following proposition.

Theorem 3.1. (Gao-Yau-Zhou, [77]) Given X a compact Kihler manifold and S C X a
subvariety with codimension higher than or equal to 2, then there are no complete Kdahler-
Finstein metrics on X\S.

Theorem 1.1 implies that it is not true in the cscK setting.

The scalar curvature of the resulting cscK metric in Theorem 1.1 is not the same as that
of wx, see Section 3.7, but in a special situation, the Theorem 1.1 can be used to construct
scalar-flat Kéhler metrics of Poincaré type:
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Corollary 3.1.1. Given a compact Kihler manifold X of dimension n with no non-trivial
holomorphic vector fields, assume it is endowed with a scalar-flat Kihler(SFK) metric wx.
Assume ¢1(X) # 0, given finitely many points py,--- ,pr € X, then the punctured manifold
X\{p1, - pr} admits a scalar-flat Kahler(SFK) metric with Poincaré type singularity
at each p;.

With additional assumptions, we can extend our result to those X admits non-trivial
holomorphic vector fields.

Theorem 3.2. Given a compact Kdihler manifold X and a mazximal compact subgroup K
of G = Aut(X), let ¢ be its Lie algebra. Assume X admits a cscK metric wx invariant
under K. Let y: X — € be a normalized moment map with respect to wx. Choose points
P1,c Pk and ay, -+ a > 0 such that the genericity condition u(py),--- , u(pr) span € and
the balancing condition Zle a;iu(p;) = 0 are satisfied. Assume also that the extremal vector
field X, determined by the Kdhler class

k
mlwx] — €Y alE] (3.2)
i=1
and the subgroup K satisfies
Xelg, =0,i=1,--- k. (3.3)

Then Bl ... p, X\ Ule E; admits a cscK metric with Poincaré type singularity along E;
within the Kdhler class (3.2).

The extremal vector field for the Poincaré type Kédhler metric setting is defined using
the Futaki character introduced in [15], and we will discuss in more detail in Section 3.7.
Here, we just mention that it is a holomorphic vector field depending only on the Kéhler class
and maximal compact subgroup K. From [I3] Theorem 4, the condition (3.3) is a necessary
condition to the existence of cscK metric of Poincaré type in the given Kahler class (3.2).

The above results are all concerned with cscK metrics; in fact, the arguments can be
extended to Poincaré type extremal Kahler metrics as well.

Theorem 3.3. Given a compact Kihler manifold X endowed with an extremal Kdihler(extK)
metric wy. Assume wyx s invariant under the action of the maximal compact subgroup K
of G = Aut(X) containing its extremal vector field. Let T C K be a compact torus and H
be the centralizer of T in K. Use t, € b to denote the corresponding lie algebras and p to
denote a normalized moment map. Choose points p1,--- ,pr on X and ay,--- ,a; > 0 such
that the extremal vector field vanishes at each point, and further, the balancing condition
S a u(p) € t and the genericity condition t + (u(p1), -+, u(pr)) = b are satisfied.
Assume also the extremal vector field X, satisfies

X

po=0,i=1- k.
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Then Bl ... ,, X\ Ule E; admits an extremal Kdhler(extK) metric with Poincaré type
singularity along E; in the Kdhler class (3.2).

The conditions on the choice of points are the same as those required in the blowing up
situation in [10]. The vector field condition, again seen from [13] Theorem 4, is a necessary
condition for the existence of extremal Kéhler metric of Poincaré type in the given Kéhler
class (3.2).

We also discuss the conical family of metrics connecting the smooth and the cuspidal
metric. In Section 3.1, we will show that there exists a family of conical metrics with cone
angle 8 € (0,1) along the zero section connecting the classical Burns-Simanca metric with
the cuspidal metric wyg. If we use this family to do the gluing construction, then we expect
to obtain a family of conical metrics on Bl,, ... ,, X \ Ule E; connecting the smooth metric
constructed in [11] by Arezzo-Pacard and our Poincaré type metric in Theorem 1.1.

Notations of weight near Poincaré type singularity The Definition 3.19 of weight
for Holder spaces near Poincaré type cusp may differ by a sign in different contexts. To avoid
confusion, we mention here that the sign we choose aligns with the one chosen by Auvray
in [11],[15],[13],[16] and by Lockhart-McOwen in [19]. It differs by a negative sign from the
one chosen by Sektnan in [56],[55], by Pacard in [53] and by Xu-Zheng in [73].

3.1 Momentum construction of scalar-flat Kahler
metric

In this section, we discuss how the momentum construction in [10] gives rise to the cuspidal
SFK metric on the punctured line bundle O(—1)* appeared in the introduction. Let p :
(L,h) — (M™,wy) be an Hermitian holomorphic line bundle with curvature form v =
—v/—1001og h, where M™ is a Kahler manifold of dimension m. For r = log| - |, the log of
the fiberwise norm function defined by h, consider the Calabi ansatz

w = p*wn + 2/ —190f(r). (3.4)

Then consider the natural S'-action on L, and we use £ to denote its generator. Let 7
be the corresponding moment map determined by tew = —dr, then [£]7 is constant on the
level sets of 7, which implies the existence of a function w : I — (0, 00) satisfying w = ||, 2.
The inverse of w, denoted by ¢, is called the momentum profile of wy;. Then we rewrite the
metric 3.4 as

w, = prwy + 2v/—100¢(T).
We choose the interval [ such that the closed (1, 1)-form

wp(T) = wy — Ty
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is positive for all 7 € I. Let gy (7) and Scal(gy (7)) denote the associated metric and the
scalar curvature, respectively. From [10], we know the existence of complete cscK metrics
on (punctured) line/disc bundles:

Theorem 3.1.1. ([/0], Theorem C) Starting from the above data, the holomorphic line
bundle p : (L,h) — (M™,wy) and interval I. Assume v < 0, v # 0 and gy is complete.
Then there exists a real number cy € R such that for any ¢ < ¢y and finitely many ¢ > ¢, the
punctured disc bundle, denoted by A*(L), carries a complete metric g. with constant scalar

curvature c. If ¢ = ¢g, the metric extends to a complete metric on the punctured line bundle
L*.

From the proof, we know the completeness of the metric near 7 = 0 implies that ¢
vanishes to order two, i.e., p(0) = ¢’(0) = 0. Define @ : I x M™ — R to be

In our case, take

M = (C]Pl, LO = O(—l), L = kLO = O(—k),wM = QWFS,
then
k

I=(0.00), 1= —bups, QW) =1+ Seal(gu(r)

1
1k

Here on CIPl,inS satisfies Ric wpgs = 2wpg and in homogeneous coordinate Z can be
written as v/—1991og|Z|?. To obtain the explicit expression of momentum profile, first, we
recall from [10] the expression of Scal(ga(7)):

Theorem 3.1.2. ([/0], Theorem A) Starting from the above data the holomorphic line bundle
p:(L,h) = (M™, wy) and interval 1, let g, be the metric associated to w,, then

Scal(g,) = Scal(gu (7)) — 5555 (Qp) (1) (3.5)

Then Equation (3.5) becomes

0? kT

Set p(0) = ¢’(0) = 0, we obtain the solution
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It’s clear from the expression that ¢(7) > 0 on I = (0,00). From the proof of The-
orem 3.1.1, we know for our case, ¢ > 0 and Theorem 3.1.1 ensures the existence of a
complete SFK metric gy on the punctured disc bundle. In fact, it can be further extended
to the punctured line bundle in our special situation.

Lemma 3.1.2.1. The metric gy on A*(L) can be extended to a complete SFK metric on L*,
and near T =0, it’s a finite-area cusp.

Proof. Given the momentum profile ¢, note the log of the fiberwise norm function has the
expression r = [ %. We define s(r) == [ \/%. Then as © — 0o, p(z) grows linearly,
suggesting that the r integral is divergent, hence the metric lives on the punctured line

bundle L*. The s integral diverges, which means the distance to the level set {r = ry} is

unbounded; hence the metric is complete. Here ro, = lim,_, f; Jéi).
Near 7 = 0, ¢(7) < 72, the distance to the level set {7 = 0} is infinite, with the nearby
metric being a finite area cusp. [

Note that locally, we can rewrite the S'-invariant scalar-flat Kahler metric wyg under the
LeBrun ansatz in [16]. On a neighborhood U C R? with coordinates z, y, 7, definew : U — R
to be the inverse of ¢(7), and we define a function v : U — R by

7_2

<1+ x23y2>2.

Then u is a solution to the SU(co0) Toda-Lattice equation

u = log

Pou+ Oju+ 02(e") = 0, (3.6)

and u, w satisfies

2w + 0w + 02 (we") = 0. (3.7)

Hence locally, for some connection 1-form 6, we can write

gus = e"w(dr? + dy?) + wdr* + w6>. (3.8)

As discussed in [10], when ¢(0) = 0,¢'(0) = 2, we obtain the classical Burns-Simanca
metric. In fact, assuming ¢(0) = 0,¢'(0) = 26 for 5 € (0, 1), we get

(T + 20)

T) =
#(7) 1~|—§T

and hence, obtain a family of conical scalar-flat Kéhler metrics with cone angle § con-
necting the classical Burns-Simanca and cuspidal metrics. Locally, for 5 € [0,1], we can
write down this family of S'-invariant metrics in the LeBrun ansatz as in 3.8, with
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1+ £ 2

(1 +25)’ <1+#)2

satisfying Equations 3.6 and 3.7.

3.2 Further study on the cuspidal scalar-flat Kahler
metric

In this section, we will study the behavior of the metric near both the asymptotically Eu-
clidean(AE) end and the cusp end. We start with the simplest setting, where the metric lives
on the total space of the punctured line bundle O(—1)* over CP!, then extend the arguments
to the general setting of total space of O(—k)* over CP"~!. Recall on O(—1)*,

2

-
T)=—>,
p(r) = 5 Tz
from the relations given by the momentum construction, j—: = (7)™, d’;@ = ¢(Tr)v we
get
1+3 1 1
r:/ " dmzilogT—;, (3.9)

1+ 3 T
= dr =1 —.
f(r) / " x og7’—|—2

Then from (3.9), we can express 7 in terms of |z|7
2
2 Y
W (%)

where W is the product log function. A key property of the product log function we are
going to use is that as x — o0,

T =

W(x) = logz —loglogz + o(1).

Behavior near F

As |z|, — 0, the dominating term for W (x) is logx, more precisely, for a given § > 0
sufficiently small, there exists €, such that when 0 < |z|, < ¢, we have

W (é) — (1—6)log (&) +o(1),
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and f(t) = log %5 — log(log2 — log|z|}) + (176)(1%;71%'/2‘%). Then

* ) 1
WS = 2p wrg — 2 100 (log(lOgQ log |Z’i) (1 —0)(log2 —log |Z‘2)) '
V h

Furthermore, we can control the growth of the norm of the derivatives of wgg. Note

W
W) = W

W () = é (1 10 (10;;)) |

In general, the nth derivatives of the product log function is given by

+
when z is sufficiently large, we get WV[(;()”Z)FI =140 ( ) , thus we write in this case

Wn—l (:E) n
W (z) = S ap WF(z).
2n (1 4+ W(x)) ;
When z is sufficiently large, the dominating term for W (z) is anm%. Note
the term a,,, satisfies the recurrence relation a,,,, = —(n — 1)a,_1 ,—1 with a;; = 1. Thus

= (=1)"(n— 1)L
Hence, when z is sufficiently large, we can write

W) = CUT 1) (1+0( ! ))

xn log

At the same time, we know

d"logz  (=1)""'(n—1)!
dam "

9

then for index I with |I| = k, we know

dk ( 2
oFr log \22\,21 1
E (1 O <1og|z|z)) |

The goal is to show that the Hwang-Singer metric is of Poincaré type. For this, we
consider the reference metric wy, = 2p*wps — vV —1901og(log2 — log|z|?), and let f;, =
—log(log 2 — log |z|?). From [16], we know that if we take a polydisc U around E and write
ENU ={z =0}, U\F = A* x A, then near E, wj, is mutually bounded by a product of
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o \/7dzl/\dz1
2112 log® |21
bounded derivatives at any order with respect to an orthonormal frame to be defined below.

Poincaré metric on punctured disc with a smooth metric wy = +wp| g, which has

Write 7, == @, then 7= 5Th, and for k > 2,
|z‘h
_ k=1 (1 k-2 (1
or_ el 0 () o 27(E) 97 (%)
okt ok—1r k21 ’ 8"37;1 8k—17h ok~ 27-h ’
k k
It follows that 9L = 15)k gkﬁg

We fix a coframe el = dzt, e? dz?, then for k > 2,

 zln log |2|n,

o obfoFro:!
Del — OFr 921 Del C
1 ok fy, OTF aid I
(1 = 6)k Ok, 021 el

1+0 <10g|z|2> akfh dkTh 02! deI
(1—=38)k  OFm, dz! Oe!

1
1+0 (it ) ot
(1-0)F dcl"

hence for j > 2, given § and |z|, sufficiently small,

. . 1
Vquf = Vqufh' (1 + 0 (—2>) )
10g|2|h

Or equivalently, V7, f = VI, f - (1 +0 (@)) for 5 > 2. Similar arguments show

that %wh <wps < 2wy and V, f =V, fr - <1 +0 <log| 7 )) From these discussions, we
conclude that wyg is a Poincaré type Kahler metric.

Remark 3.2.1. In fact, from our computation, we further see the Hwang-Singer metric is
actually asymptotically hyperbolic, which is a special type of Poincaré type Kdihler metric.
We also mention that unlike here, where we used explicit computation to show the metric is
asymptotically hyperbolic, Szekelyhidi provided a different proof; for details, see [62] Theorem
5.1.5.

Asymptotic behavior away from F

As |z]p — 00, logT = 2log |z|, + O(77 1), thus

1 _
f =Tog |2[; + 5l2li + 1+ O(2l,”),
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and wys = /=100 (|z|} + 4log |z|} + O(|z[,?)). We rescale wyg by a factor of 1 so that it
lives in the Kéhler class [wrg] and perform change of variables z +— 75, then near the AE
end,

wys =V —190 (|z|i+210g|z|h—|—g02(z)) , (3.10)

for some o = O(|2],?); near E,

_ 1
wps = V—100 (log 2|2 —log(log 2 — log |2|}) + O <—>) :

log |22

O(—k) case

We have studied the cuspidal metric on O(—1)*; in fact, similar behavior of the metric can
be seen in O(—k)* for k > 1. Note

14k k 1
T:/ x22 dm:§log7—;, (3.11)

1+%‘T kT
— dr =1 —
f(r) / " x =logT + 5

Near 7 = 0, we solve for 7, and get

NN

T =

w(t(%)")

A similar analysis shows that it is still of Poincaré type as 7 — 0. For asymptotic
behavior away from E, let |z|} — oo, we have log 7 = 2log |z, + O(7~'). Consider

q:O(—r) = C"/I',

precomposing with it we obtain f(roq¢™') = (log7 + k7/2) 0 ¢~*, and the expression for
the potential is written as

g Z |zi|® + logz |z |2

Similar to above, after suitable rescaling of the metric and change of variables, we can
normalize wyg such that near the AE end

wrsk = V—100 (|z[; + clog |z|, + vak(2))

for some py; = O(|z];?) and some constant c.
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Higher dimension case

The previous discussions are restricted to where the base manifold is CP!. The next step is
to discuss the situation of higher dimension where the base manifold is CP*~! for n > 3. On

O(—k) and g = —%, take wy; = wpg where Ricwps = nwrg, then solving the SFK equation
we obtain
2 n—1 n
=—1(1- — . 3.12
0= 22 (14 o ~ ) 12

Let § = —1. Then as 7 — oo, we have

1 1 1 +nx 9_9
= — (14— n
r 2/1+x( +(1+x)"+0(x )) dx

1
= Slog(1+7) +di(1+7)7" +dy(1+7)7" +O(7*7),

f(r) = %/ (1— 1Jlrx) (1+&—Z;+O(ﬁ—%)) dx

11
= 57— 5log(l+7) +ds(1+ )T dy (L4 7) "+ O,

here dy, - - - ,d4 are all constants. It follows that

1 1 —2n —2n —4an
f = 3lo = S log ol + dsl=li>" + [P0 + (el ),
and the metric is written as
wgs = \/—_185(|Z|;2l + 902(2)), (313)
for some py = ds|z|; 2" + O(|z[32").

For small 7, as 7 — 0, write 7 = a_1 2+aglog 7+O(7), then log | 2|7 = “+aglog 74+O0(7),
giving us

a 1 2/ao\ ’
a0 (|Z‘h>

showing that they are still of Poincaré type. Tracing the coefficients more carefully, we

obtain the following expansion
log(a — log |z|2) + O <—1 ))
" loglzl3/ )

T =

- 2
J— S 2 e —
wWHs = V 100 (lOg |Z|h n(n — 1)



CHAPTER 3. GLUING CONSTRUCTION 22

for some constant a. This expansion is also discussed in [31]. For other k # 2, the
situation for O(—k) is similar, as |z|7 — oo,

wrse = V—100(|z[; + p2.1(2)),

for some o = O(]2[} "), As |z|2 — 0, it is again of Poincaré type.

3.3 Set up of the construction

With the scalar-flat Kéhler Poincaré type metric wyg, we are ready to discuss the cscK
equation we aim to solve for the gluing construction. Given p € X, consider a small neigh-
borhood of p € X, with z being the complex normal coordinate, WLOG we assume |z| < 1.
Now we rewrite wyx as

wx = V=100 (|2I° + ¢1(2))

for some p; = O(]z|?). For a small constant € > 0, we consider the radius 0 < r. < 1 of
the form

2n—1

re = e, (3.14)

This particular exponent is chosen for later estimates to be discussed in Section 3.6. We
aim at gluing the metric

wirs = V=100 (|2[* +log |2] + ¢2(2)) ,  for n =2, with g5 = O(|2| ),

wis = V=190 (|2]> + ¢2(2)), for n >3, with ¢y = O(|z|7>*™)

on BlyC™\F to wy on a annulus region A, := By, \B,. . For this, we perform coordinate
transform of rescaling by ¢! and write

Ewps = V=100 (|2]* + € log [e 2| + (e '2)) .
Consider a cut-off function v : R — [0, 1] satisfying

v(r) = {0 r=t

1 z>2

we rescale it to v, (z) =7 <?), and let 75 = 1—-,. Note although both +; and ~, depend

on ¢, we will omit them in the notation for simplification. Now, we define an approximate
solution of the cscK equation as our candidate for the actual solution,
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wx on X\ By, ,
o V=100 (|2]? + 71(2)p1(2) + 290(2)pa(e712)) on A, forn >3,
‘ V=190 (|2|* + 11(2)1(2) + €2y2(2)pa(e 712 + log|e7t2])) on A,, for n =2,
EQWHS on BTE\]).

(3.15)

First note given e sufficiently small, the metric w, is positive definite everywhere. It’s

because under direct calculation, we see on A,._, 71(2)p1(2) + €272 (2) (pa(e712) +log [e712]) =

O(|z|*) for n = 2 and 71 (2)p1(2)+€*72(2) (pa(e72)) = O(|z|*) for n > 3. Then by considering
the preimage of B,, under the blow-down map 7, we can view w, as living on Bl, X \E.

Remark 3.3.1. For a geometric meaning of €, €22 can be viewed as the volume of E for
our gluing construction.

We decompose the operator into linear and non-linear parts to approach the metric
defined by this non-linear PDE of the constant scalar curvature equation. Let

d _ N
Lo(¢) = —| S +tV/=109p) = =D Dup + §*0;S(w) O

t=0

be the linearization of the scalar curvature operator. Here D p = 9o V1p, and

1 = 1
D.Dup = 5ALp + (i00¢, p) + 5 (dip, dS(w)),
is known as the Lichnerowicz operator. p denotes the Ricci form for w. When w is cscK,

the linearization L, (¢) coincides with the negative of the Lichnerowicz operator.

The idea is to follow Arezzo-Pacard’s blowing-up construction, which we recall as follows.
We decompose Bl, X\ E into two pieces. Set

R =" X, =X\B,,
€

then

BIL,X\E = X, [[ Bl,Br.\E.

We want to study the Lichnerowicz operator and construct cscK metrics on both pieces
separately, then match them over the gluing annulus with appropriately chosen boundary
data. A major difference in our case is that, due to the complexity introduced by the
behavior of wyg, we need to first consider solving a modified cscK equation on BlyC"\ E, to
be introduced in Section 3.6.

For later purposes, we will modify w, a bit on the gluing annulus to obtain a better
approximation. In the annulus region, the metric is close to the Euclidean metric, and thus,
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the Lichnerowicz operator is close to the standard bilaplacian operator. We want to find
biharmonic functions on each piece with given boundary data.

Lemma 3.3.0.1. ([12], Proposition 4.3, 4.4) Given h € C**(0By),k € C*>*(0By), there
exists Hy, , € CY*(By) satisfying
AL Hyy=01in By, Hy,=h, ApeH,, =k ondB,

with the following control of bounds

[ Hillcremy S hllose@s) + [1Ellczeom)-
Given h € C*(0B,),k € C**(0By), and further faBlk = 0, there exists Hy, €
C%, (CM\By) satisfying

AJQEucHi?,k =0 1in (Cn\Bl; Hi?,k = h, AEucH](;k =k on 831,
with the following control of bounds
Iyl et @mpy S Mhllere@n) + 1Ellczeon,).-

Here H,?yk lives in the weighted Holder space and we postpone its definition to the next
section. With this Lemma, for radius R., we construct perturbations on each of the two
pieces BloBr \F and X,.. On BlyBr \F, given boundary data h, k, for cut-off function y*
which vanishes on BlyB;\E and equal to 1 on BlyC"\BlyBs, we define on BlyBg \E the
perturbed function

H; i (2) = x'(2) (Hi% (%) - H%J}(O)) + H; (0). (3.16)

On X,_, given boundary data h, k, for a cut-off function x° which vanishes on X\ By and
equals to 1 on Bj\p, we define on X,

Houlo) =) (2.

Te
On X, , we follow [12] and perturb the metric with smooth function ¢ such that
We,h,k — WX + Vv —185(th7k + (,057h,k) (317)

satisfying cscK equation, for a more precise statement, see Theorem 3.6.1.

On BlyBgr \FE, taking the perturbed biharmonic extension into account, we want to find
a smooth potential function uj, ; such that the metric

Wehims = wWis + V=100(H}; - +u,j7) (3.18)
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satisfies a modified cscK equation, which we will introduce in Section 3.6. To solve the
modified cscK equation, we will first aim at understanding the linearized operator L in
later sections.

WHS

Note that our discussions here and in the upcoming sections are restricted to the situation
of blowing up one point, but there are no essential differences when extending the arguments
to the situation of blowing up finitely many points {p1,--- ,pr}. With sufficiently small e,
let

X:e =X — {Bre (pl)v U 7B7’e (pk:)}, B;—?,e = BR6 (pz>

fori=1,---k On X/, standard arguments from [I 1] show the existence of cscK metric
on it. On each BZOBEE\Ei, we solve the modified cscK equation as in the case of blowing up
one point. The matching argument for finitely many gluing annuli is essentially the same
for matching over one annulus. Hence, understanding the situation of blowing up one point
of p suffices.

3.4 Weighted Holder space

In this section, we will introduce the appropriate notion of doubly weighted Holder space
for functions on BlyC"\ E' and we will work in these spaces to study the linearized operator
L We point out it is modified from the ones studied by Auvray and Sektnan in [56], [L0].

WHS*

To define Holder spaces on Y\ D, consider

k
o : (%A) X AR (AT AT

given by (w1, ..., Wk, 2kt1, -y Zn) > (Pe (W1), ..oy e, (WE)y 2t 1, -+, 2n). Let U be a polydisc
neighborhood of D sufficiently small such that U N D = {z; = 0}, we define for function on
U\D the Holder norm

NeY = ®* .
||f||C”C (U\D) ges(l(ill))k H £f||0k»“<(%A)k><A"—k)

Let {U;}*_; be a finite set of charts such that (Uf:1 Ui> N D covers D and let Uy be an
open set satisfying Y = Uf:(] U;. We define for function on Y\ D

||f||ck»a(Y\D) = ||f||0kva(U0) + maXf:leHCkvo‘(Ui\D)'

The next goal is to add weight to this Holder space. Note for Poincaré metric wa«, we
can change to the logarithmic polar coordinates (t,0) € R x S!, where 6 is the usual angular
coordinate, and

t = log (—log(|z]*)) .
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For wpr on Y\D, on a neighborhood of D, we can similarly define a function ¢ which
is invariant under the S'-action and differs from h = log(\ — log |o|?) up to O(e™") term.
Then, the weighted Holder norm is defined as

||fHCf§’°‘(Y\D) = ||€mf||ck»a(Y\D). (3.19)

Remark 3.4.1. As pointed out in [1/] Section 8 and [50] Chapter 6, if we consider a
neighborhood of D in the holomorphic normal bundle, it can be identified with a tubular
neighborhood N (D) of D in'Y wvia the exp map defined by wy. Note N(D) admits an S*-
action coming from that in the holomorphic normal bundle, and it gives us an S*-invariant
projection w : N(D)\D — D. Write N(D), = {x € N(D)\D : t(x) > a}, we get an
St-fibration

I = (m,t) : N(D)\D — D x |a, o).

Further, we can define a connection 1-form © as follows. Let & be the infinitesimal
generator of the S'-action with ¢, being the associated flow. Then we define

2 A
/0 & (gw@,s) > e,

S
Note for 6 :=+/—1 (log z — 1e'), we have ||VI(© — db)|| = O(1), we can write

g=dt* +e'O* + *gp + O(e ™). (3.20)

For f € C’,’]“’O‘(Y\D), we can write an orthogonal decomposition of f as f = f° + f70,
where fO is an S'-invariant function on N (D) and f7° has zero mean on each fiber of I1.
We see fO can be viewed as a function [a,00) x D — R and our norm defined near the
Poincaré type cusp is equivalent to that for the cylinder. More explicitly, the C*
norm on the cylinder [a, 00) X D defined as sup,s, HnylHck,a([sfl’s+1}XDydt2+gD) is equivalent
to the Poincaré type norm for S'-invariant function. For details, see [50], Lemma 6.7. We
immediately see that the weighted norms for the cylinder can be defined similarly and are
equivalent to those for Poincaré type cusp.

Let Y = BlyB;1\E, then the above discussion gives us the weighted norm on Y. For a
function f : R?" — {0} — R, consider f, : Bo\B; — R defined as

fr(2) = r_5f(rz), (3.21)

then its weighted norm is defined as

[fll o geon oy = sup [ frllera(monB)- (3.22)
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To define weighted Holder space on BlyC™\E, we use double index 7,6 which are
independent of each other to monitor the growth rate of f near the divisor and on the AE
end separately.

Definition 3.4.1. For a function f defined on BloC"\E, the Hélder norm with weight n, o
is defined as

Hf”cf]:?(Blo(Cn\E) = ”f”cj;’a(BloBQ\E) + ||7f||c§aa(]3;0(cn\31)a (3-23)
here v is a cut-off function which equals 1 outside BloBo\E and equals 0 in BlyBi\E,
then v f can be viewed as a function on R*—{0}, whose norm is defined as in Equation 3.22.

We also introduce the weighted Sobolev space on Bl,C™\ E for later use.

Definition 3.4.2. For a function f defined on BloC"\E, the Sobolev norm with weights n, o
is defined as

k
||f||w§5§(350<cn\E) = Z ||vlf||Lf]75(Blo(C”\E)7 here ||f||L3],5(Bl0(C"\E) = [T fll 2(Blocm\E)-
i=0
(3.24)
T, s is a smooth positive function which coincides with € near the divisor and coincide

with 1= near the AE end.
An inclusion relation between Sobelev and Holder weighted spaces is given as follows:

Lemma 3.4.0.1. Given n,1,6 € R,
[e% n n 1
Cri(BloC"\E) C W3(BI,C™\E) <= 1/ <n+ >

Proof. Note the weight for the two spaces on the AE end are the same, then the result follows
immediately from Lemma 2.3 in [55]. O

3.5 Linear theory

In this section, we will study the properties of the linearized operator L, , on BlyC™\E.
The main goal is to construct a surjective linear map. The complexity of L, , on BloC"\E
is introduced by the existence of the divisor £ and the holomorphy potential on it. As a

first step, we introduce the Schauder estimate result for L.

Theorem 3.5.1. Given f € Li%’é(BloC”\E) and suppose L, . f € 02”?74(BZDC"\E), then
fe C’;‘]‘:?(BZOC”\E) and moreover,

HfHC;I:?(Blo(C”\E) 5 Hf“LfH%ﬁ(Blo(C"\E) + “LWHSf‘|02:?_4(Bl0C”\E)'
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Proof. For any compact set K in Bly C"\ E, the 1, §-norms are equivalent to the unweighted
norm and we get

Hf”cﬁ:g S HfHL2 L1 5Bl CM\E) + HLstf”cM 4(Blo C"\E)-

Then it remains to deal with the situation near the divisor and the AE end. For the
control near the divisor, decompose f into f and f¥' as in Remark 3.4.1, we identify the
Sl-invariant function f° with a function on [\, +00) x E, then for s > X\ + 2,

€™ fOll e (st 5410 5) S HfOHLf7 1o\ B) €7 Lugys £l oo (52,521 ),

15

and for f¥ we have

chych S chylHB 11 ,(BloC"\E) + HLomstycho‘x _4(BloCmM\E)”

Combining these two estimates gives the desired control near the divisor. For details, we
refer to [55] Proposition 3.2. For the control near the AE end, f is viewed as a function on
(11, 00) x S™~1 then for s > p + 2, with similar arguments, we get

1770 fllcta@s—15011x8) S HfHL2 1 EeemE) T 1770 Loy f l oo (s—2,542)x )
7

for details, we refer to Lemma 12.1.1 in [53]. Combining estimates on each region, we
get the desired estimates. [

Theorem 3.5.2. Forn € (0,x) and 0 € (0,1), the operator

Guys : O3 (BI,C™\E) & ker DDy & R — Cog (Bl,C"\E)

WHS

given by

<¢7 f, )‘> = D:;HS WHS<¢ + ¢f + t)‘>

has a bounded right inverse.

Proof. Consider a cut-off function v, supported on a tubular neighborhood of radius R near
E, denoted by Tg\ F, and let V~; supported on TR\TR with [|71]|cse < c. Define y9 :=1—v

satisfying ||7z2||cae < ¢. Consider ¢ € C’O(S 4, then 71 is viewed as a function on Tx\E and
Yoip is viewed as a function on Bl,C" \BZOBR

Given 75p supported on a AE manifold Bly C™"\ Bly Bg, under the weight § € (0,1),
in order to show the map D*D : C’?’O‘ — O(?f; is surjective, it suffices to show its adjoint
operator D*D C T on_s C’E’;n_é is injective. To find the kernel D*Df = 0, we first
improve the decay rate of the solution at infinity. Note 4 — 2n — § < 0, we use standard
biharmonic analysis for Euclidean space and obtain f € Cfff;n for n > 3, thus integration
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by parts is justified, which implies Df = 0. This gives rise to a holomorphic vector field
and thus holomorphic function on the complement of C" of a ball. Then Hartogs’s extension
theorem implies the holomorphic function is extended to all of C", and hence is a constant.
Note again 4 — 2n — § < 0, we know the constant is zero, thus we conclude the triviality of
the kernel. Then there exists Py(72¢) such that D*D(Py(v2¢)) = 72 and satisfies

1Psoo)lse S loelless, < lolens

Given 7, supported on TR\ E, satisfying v1¢|or, = 0. For a function f € C**(Tg\E),
consider the orthogonal decomposition f = f° + 79, where f° is invariant under the holo-
morphic St action on (BlyC"\E,wys), and f7° has zero mean on each fiber. Note wyg is
Sl-invariant, and thus the associated Licherowicz operator maps S'-invariant part to S'-
invariant and zero mean part to zero mean part. To solve L, ¢ = y1¢ on T\ E, we solve
these two parts separately.

For (y1¢)°, it is viewed as a function on Tx/S' = [0,00) x E with a cylinder metric
dt* + wrg + O(e™") with volume form e *dzdvolg, here t = log(—log|z|3) + O(e™). The
Lichnerowicz operator has the expression

1
Lyys =D Dy = 5(&2 — 02 + DDy + Aps(0, — 02) + (0, — 0%) + O(e™).

WHS
Consider

07];;’(()1([0700) X E) = {f € 07];7a([07 OO) X E)af(ov ) = aZf(()? ) = 0}

Given {f;} a basis of ker D}, Dg, and a cut-off function x(t), define ¢y, :== x(¢)7* f;. From
[16] Lemma 3.10, for n € (0, k), we obtain an isomorphism

Luys : CY2(0,00) x E) @ Span(ihy,) — ([0, 00) x E). (3.25)
Define the following modified Holder space

~0,00 .__ 0, * 0,a
Oy = C® @ Span(x(t)m*1) C Cy®.
Lemma 3.5.2.1. The following operator

Cy6([0,00) x E) @ Span(ipy,) & R — Co°([0,00) x E)
given by

<¢7 f, )‘> = ,D:JHS’DUJHS((b + wf + t)‘)

has a bounded right inverse.
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Proof. Given ¢ € CN'S’O‘([O, o0) x E), note

D! Dyy,q(txm™l) = xn"1 + O(e™),

WHS

hence there exists A € R such that 1) — D} D, (tx7*A) € C)*. Then, we conclude the
surjectivity from (3.25).
0

It remains to deal with the function (7,¢)7°. Consider the weighted Sobolev space which
vanishes on 0Tx

Wi = A{f: f € W} flor, = O}
We first prove the following lemma:

Lemma 3.5.2.2. Given f € Wéﬁ, n € (0, k), we have the following inequality

ID*Dfllz > C||f|lz2- (3.26)
Proof. Recall

-
wrs = (1+ 5)}7*&}}7‘5 +dr N O,

where © = o~ !d°r. First we show that O satisfies

0(d,) = 0.

It is equivalent to show d°7(0,) = dr(J0;) = 0. For r = log|z|p, from the momentum
construction, we know pdr = dr, then dr(Jd,) = @dr(p='Jd,) = 0. Locally, when we pick
a chart on D, we can write © = dz 4 6 where 6 is a connection 1-form depending on D.

Write

df = dif + 0. fdr + .10,
here d% is the modified operator in the D direction. Then

d°f =d%f 40,00 — 8, fo tdr,

further we get

dd®f = dod° f — do (0. fo ) Adr +dr A O (d5Cf) + O A (8.d%f) + o 102 fdr A O + D, fpd©
+0-(0- fodT A O + di(0-fo) A ©.

Consider the Fourier decomposition of the functions on BlyC™\ E' under the infinitesimal
action of S' action 0,. We write
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()™ =>_ f

k#0
with fi satisfying Lo, fr = ikfr. We want to further decompose fi’s. To acheive this,
we apply a similar technique as in [39] Section 4.1. Note that the function f; corresponds

to a section fi of O(k) over CP"!. Consider the Fourier decomposition of the Dolbeault
Laplacian operator Ay for the eigensections of O(k), we write

fr = Z Frros for  Axfirg = Xofir:

Ao
Consider on BlyC™"\ E the operator
d@ d9 c A p*wn 2
Abgfin=(n—1)-E =L fia
p*wp
Pick a local chart, with coordinate x;,y; on D and coordinate £ on fiber. Let eg(z) be a
holomorphic trivialization, we write

f(xi,y:,6) = f(iﬂi,yi)fk, f(l'z',yi) = f(ifi,yi)(eo(z)*)k-

Then A% fi.» becomes
02 02
( 527 6 ) Ji-

Applying the Bochner-Kodaira-Nakano formula to Ay, write A2 as the d-laplacian, we
know Ay, = A? + k(n — 1) and thus Ay > k(n — 1). Note from Ay frx, = Aofrr, we deduce

that
2 2 _
(8895 88 ) fear = (—)\0 + w) T

’L

We denote \ = — )\ 4 koo 1) . Note

dO = d(d°T- o ") = ¢ - dd°T + 0, (¢ V)dr A d°T.

We recall from the momentum construction that given a function ¢(7) on the total space
of line bundle, we have

dda)(7) = (9")(7 ) Twrs + — (90@/))( )dr A d°T.

Thus

1
dd’t = §go7r*wps + goflgonT A d°T.
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In particular, we note d® does not have contribution of mixed term of fiber and base.
Write 0 = 0%idx; + 0Y:dy;, we have

0.(67) = 0,(6%) = 0.

From this we know 6 and thus df, d%° are invariant under 7. From now on we abbreviate
fr as f for simplification. Then

n—1

dd°f Awig A
2(1+73)

n - T

@0 f.

Astf =n f— @_lkgf + 87(9067f) +

To compute the Licherowicz operator

* 1 C
DwHSDstf = §AZHSf + <pstvdd f>7

we need to compute the Ricci curvature of wgyg. From momentum construction, the
expression for the Ricci curvature is

1 1.1
p = wurs + 35(¢Q) (N7 = 35 (#Q)T()dr €.
here v = —v/—1901og h for hermitian metric h on the line bundle. In our case, plugging
in Q(r) = (1+%)" " and p(r) =& <1 + 35— &%), we obtain
2
1 1
Pw = TW*(A}D - —TdT VAN @,
SO (1+3)"

then

(s A F) = (A + 5057) + g (07 R2F — 8:(o2)

Prons: (14 D) 27T ¥ S

Note given f € W(i’OQ, we integrate over Tg\ E, applying integration by parts, we get
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/QD*Df - f dvol = /(Astf)2 dvol + /2<pst,ddcf>f dvol
n A

1.2 —1 2
:/<—g0 kf+<prT+2(1—+%)sofT+<pfw) +2f‘f7"pT(1+§_

t[1e (G ) [0 ()

12 1A 2\ A\2 ,
' (290 k (<1+%>" 1+%) T +<1+§>2)f
- n—1 2
:/(_90 1k2f+<ﬂrfr+2<1—+%)¢f7+<ﬂfn>
—17.2 1 A 22 2 )

nA n—1 20 2)«,0) 9
+ T - + - T
P (i wipe) (w1

> /072f2 > /C"e%f2 dvol

Applying Cauchy-Schwartz inequality to the above, we obtain the desired inequality for
fr.a- Using the orthogonality of the eigenfunctions corresponding to different eigenvalues,

we obtain the inequality for f.
O]

We construct the inverse of (71¢0)7° under the operator D*D by first doing cut-off so
that it supports in a compact annulus, then we find its inverse under D*D on each annulus,
and finally we glue them together using partition of unity. This strategy is first explored by
Biquard in [17]. The inequality (3.26) above is used to improve the regularity of the inverse.

Let (£4)aez, be a partition of unity to the intervals (A — 1, A + 1) in coordinate ¢. Let
Uy be the annulus whose coordinate ¢ lives in (A—1, A+1). From (3.26), we know the map
we know the map

DD : W (Ua) € L2(Uy) — L3 (Uy)

is injective. Here, Wy?(Uy,) is the closure of C2°(U,) in W*2(Uy,). Note the operator
above is densely defined, closed, and self-adjoint, then from [19] Theorem 2.19, we know
Im D*D being closed is equivalent to Im D*D = (ker D*D)L. Note we have the following
elliptic a priori estimates

[ llwa2way S NP DFl2way + [1f lz2@a)-
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Then from standard arguments we know Im D*D is closed, see [73] Lemma 4.3, [53]
Theorem 9.2.1. Hence the map is surjective, for any B € Z,, we use (D*D)"!(£pg) to
denote the inverse. On the annulus Uy, let 14 denote the function on it which is constantly
equal to 1. We consider the following weighted estimate

/l; ’D*Df‘Qe(Qr]fS)t > min{€(2n73)(A71)’ e(21773)(A+1)} ‘D*Df’2
A

Ua
6_2‘2"_3|m&x{e(2’7_3)(A_l), 6(277—3)(A+1)} \D*DfP
Ua
> €—2|2r]—3|max{e(Qn—?))(A—l)’ 6(277—3)(A-|—1)} |f‘2€4t

> €—2|2n—3|/ |f|2€(2n+1)'
Ua

Note that e~22773l is a constant independent of A, then any A, B € Z,, applying the
above inequality, we get

DD Cog)lzz, < e MAICAD D) Cog)lzz

T2 T2

< AL, (DD) T (Cag)llre
< elrmm) ||CBQHL2

T3
Se”"“ABH@Mh23
2

For each A, choose m; such that n —n; = € - sgn(A — B), then the above expression
becomes

HCA(D*D)&(CBQ)HL2+1 < e Caglle

3
T2 2

Combining the above, we have the following estimate

”ZZCA (D'D) (o), < ZHZCA (DD (Gl )3

Z chA (DD a9z ) %)

s<Z<Z I Ggllpe )
ZH@HB )7 < gl

-2

w\w

S HQHCS’“

_3
2
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From elliptic regularity Theorem 3.5.1, we conclude Y, > 5 (a(D*D) 1 ((pg) € C’fl"a.
Combining this construction with Lemma 3.5.2.1, we obtain P (y1¢) satisfying G, (P1(71¢)) =

71 and

Y v —— ]
Consider for i = 1,2 the cutoff functions ; with 8; = 1 on the support of v;, and V3,
supports on Tor\Tgr, VB2 supports on Tg\T%, further, |V 5]|cse < %% and ||V Bs||gs.a <

ﬁ. This can be achieved by defining 3, = [ <10|§‘R) where (r) = 1 for r < logiR and

B(r) =0 for r > logR, By =13 (1021%) where 5(r) =1 for r > 210gR and B =0 for r < 4logR
Define

P(p) = B1Pi(n1) + B2 Pa(72¢)

First we show that ¢ — P(y) gives an approximate inverse, i.e.,

1
1Guns (P(9)) = ¢llgoe < Sllellgoa - (3.27)

It reduces to show

1
|Gons (BiPi(iw)) — vl < <l
Write

Guns (BiPi(i9)) — vite = Bivie — v + D*(VBi x Pi(vi)),

here D? denotes a third-order differential operator, and x a bilinear operator. Note

ID*(VB1 % Pi(110)) [l o S IVBillosallPi(r19) gz = o(D)llll o

ID* (VB2 % Pa(120)) o < ||V/6’2Hc§»g||Pz(72</9)|lc&a = o(D)lll e -

Here V3, is supported on Tg\T% and HVﬁ?HCi’f‘ < logR’ thus proving (3.27). From

(3.27), we see there is a uniformly bounded inverse (G,,, o P)~!, thus G, has a right
inverse P o (G, o P)™*
O

3.6 Existence of solution

To obtain a cscK metric on Bl,X\E, we want to solve a boundary value problem for the
cscK equation on the two pieces X, and BlyBgr \E. The arguments for the piece X, are
the same as Arezzo-Pacard’s case. We can directly take from [11].
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Theorem 3.6.1. ([11], Proposition 6.1) Fiz a constant A > 0 large enough, there exist
ca > 0, e > 0 such that Ve € (0,¢€p), and all boundary data h € C**(0By), k € C**(0B,)
satisfying

Ihl|caaan) < At kllcza@n) < AL (3.28)

there exists pepr such that the Kdhler form wepy defined by Equation 5.17 on X, _ has
constant scalar curvature s(wx) + Venk. If we use ¢ to denote the component in @ which is
defined on X, then

[ @enkl Bov By (Ter) — Hp llcsomanmy < ear?™, vkl < ear?™.
Moreover,
[ @enk — Pet | Bar\By. (Ter) — Hi gllcra(manpy) < eart™ b —h' k=K, (3.29)
|V€’h’]€ — Ve,h’,k’| S CATgn_4||h — h,, k — k/H (330)

The main difference lies in the piece of BloC™\ E, which we discuss as follows.

Theorem 3.6.2. Fiz a constant A > 0 large enough, there exist ¢ > 0 independent of A
and ey > 0 such that Ve € (0,¢4), and for all v € R and boundary data h € C**(0B,),k €
C?%(dBy) satisfying

| < |swx)|+ 1, [|Bllotapn) < AR, |[kllc2aen,) < ARZ™, (3.31)

there exist ¢. € C’s’g‘, constant A, € R and f. € ker Dy, Dg such that the scalar curvature
of the Kdhler form

We b, HS — WHS TV —155(H3,f1,;z + de + Act)
18
* 1 *
v+ D}, Duys(r.) + §(VDMHSD¢UHS V1), V(ijh,; + @ + Act)).

Further,

be(Re) leta(omy < cRE2", A ] + ||fe]] < cRE20.

_ If ¢¢, Ae are determined by boundary data h,k and oL, AL are determined by boundary data
h, K, then

o= I+ e = X+ |¢e(Rer) = SL(R) || < ea(REH|(h— R k=K ||+ R v —1)); (3.32)
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Proof. In the proof, we omit the subscript € for ¢., A, f. for simplicity concern. We want to
solve the equation

S(wHS+\/__168(H€1,B,/~C+¢+)\t)) - 62V+DZHSDMHS (wf>+%<vD:JHSD"JHS (¢f)’ V(Hel,ﬁ,l}+¢+>‘t)>a
(3.33)
for a function ¢, a constant \ and a holomorphy potential f on E. If we separate the
equation into linear and non-linear terms, we get

D; Dst (¢ + ¢f + t/\) = Qst (Hl + gb + /\t> - D Dst (Hlﬁjg) - EQV

WHS e,h.k WHS €

1
- §<VD* ,Dst(qu)f% V(Hgljljc +o+ )\t)>a

WHS

and we denote the RHS by @).. From Theorem 3.5.2, we know the operator

(@, f; A) = Dl Do (¢ + 95 +1A)
has a bounded right inverse, given our choice of weights in Theorem 3.5.2. We con-
sider an extension operator following [12] Section 5.2. For given R > 1, consider &g :

Cys (BloBR\E) — O} (Bl:C"\E) defined by

£(2) in BlyBr\E
En(f(=) = x (%) / (RE) in BloBar\BloBr (3.34)
0 in Blocn\BloBgR

where ¢ — x(t) is a smooth cut-off function which equals to 1 for t < g and vanishes for
t > 1. Let & be the extension operator for R, from [12] we know it is a bounded operator
whose norm is independent of e. With this operator, the Equation 3.33 can be rewritten as
a fixed point problem

(¢7>\7f) = N€(¢7>\’f)

here we define

Nei= Gt o €0 Qe Cpf(BIyC™\E) x ket DDy x R — C, 5 (BlC"\E) x ker DEDEG :sﬂi)

Lemma 3.6.2.1. Given ||¢]|Cg,g, A < e, let

Wi = whs + \/—185H€1ﬁj€, Wy = Whg + V=100, Wy = Wy + V—100(¢ + \t).
Then there exists C' > 0, such that

HL%S,A - Lw’Hs”CﬁzngaéS:‘g% < O”(¢7 )‘)HCE)‘:QO‘XR'
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Proof. First we show there exists C; > 0 such that ||g}g|lc2emie\p < Ci. For this, we
divide the regions into three parts, pulling back the metric components of ¢};¢ to each
region. Note that it is different from pulling back the metric tensors here, and no additional
rescaling factor will be introduced. Near E, the metric is uniformly equivalent to the Poincaré
hyperbolic metric; on the neck annulus, the metric is uniformly equivalent to the Euclidean
flat metric; on X'\ By, it’s the cscK metric we started with. In each case, we have a uniform

upper bound on the metric. Similarly, we get HgiHS”E’%*a(BZOC"\E) < (), for some Cy > 0.
Then we have

];: — ];: —
1L (ps 1) = L, (0, ) lgoe | = H (gi 9 - g?fsg'f}%) VeV ViVale + ut)’

.E — — 'I;‘ .’} —
9 <9§q —gh%) — (g — g%s)ﬁﬁ%) ‘

~0,a
n,0—4

<|

O (0, 1) Hcﬁ:g «r (3.36)

E — I_C —
1wy 5 (0 11) = Loy (0, )l e, = H (gé,xgif& - g3 giq) VpViViVale + /ﬂf)‘

Ton (QZ‘,& — 95 = (g — 92 )giq)

~0,
n,0—4

<| 101l cr (3:37)

C2,o¢

We observe that with this inequality, now it suffices to give bounds on g;i — g;l and
9" — g5 Note

Jon — I = Gorlor = 9o)95 " 93" — s = 9x (Gws — 9\ 9ms
then

1955 = 93 Nloen < N953ll e 1V=1008| oo 195 | oo < Collbllep- (3:38)

Note that g} ¢ is cscK metric near the divisor, we know from [13] Theorem 3.1(which we
quote as Theorem 3.7.1 in Section 3.7) that

B T
(9ms)i; = (wﬂog?zlw 0 > + O(e™%).
0 9rs,ij

—rss 0 2log?|z1* 0
Let A := (|21|210g |21 ]2 ), then A=! = (|zl| og” |21 i ) which has bounded
0 9rs.ij 0 9rs
norm. Then for (X);; := (¢9);; — (A);, we know (A+ X)™' = A7 — AT XA + O(|| X|]?).
Thus

(ghs)7 = A1+ 0(e™).
A

s 0
From (ghg — 90)ij = (|z1|210§221|2 0)’ we see || (g5 — g,\)ggéHCQ’a < Cy4|A|, and thus
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HQA gHSHcQa < Hg,\lucza H Ius — I gHSHC2& < G5[Al. (3.39)
Substituting Equation 3.38 back to Equation 3.36 and Equation 3.39 back to Equa-
tion 3.37, we get the desired result. O

Lemma 3.6.2.2. There is a constant ¢ > 0 independent of A and cy > 0, ex > 0 such that
for e € (0,€p),

IV(0,0, 0)||C’:l,:§a><kerD*EDE><R < cRZIE (3.40)
If
(1, f1, Al)”Cﬁ:?xkerD*EDEva (&2, fa, AQ)”Cﬁ:?xkengDExR < 2eR3TI0,
then
N1, 1 M) = Nel@n, fo M)l < eaREZ0(6r fi ) = (B fo Do)l (341)

and let N be the map taking into account the set of v and the boundary data WK, then

H'/\~[€(¢7 f, >‘7 v, iL» ];)_/\76(¢7 f7 )‘7 Vlﬂ Bl? /;/)H < CA(R;1H (ﬁ_ﬁ/’ ff—ff/)HC“""XCQ’“ +R§72n76’y_yll)'
(3.42)

Proof. For Equation 3.40, note from 3.16, HE1 7z 1s supported away from the cusp end, we

can argue similarly as in [12] Lemma 5.3. More precisely, we have

HVQH HC’O2 (BloB2\E) < CAI%2 2n

then note Ly, s Hy = (Luys — A%uc)H,%,k on the annulus BlyBg, \ BlyBz, we see from the

expansions 3.10, 3.13, the coefficients of V2 lives in C’i for © =0, 1,2 and thus

IL Lo HY pllcoe < eaRZPRIZRTS = cARZ™,

1 _ _
"‘)HSHEJL,]NCHCSZ?_LL - WHS

and

€(Qus (VL Dl = 1€ Qs (VPHY, )l o, < exREmRIMRIS = R

Also

|2 goo = €]l co < cRITO < R3O, (3.43)

Combining these inequalities with the bound for G, we obtain Equation 3.40.
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For Equation 3.41, note for our choice of weights, on BloBr \F,

H¢“C§§ < CH¢HC§:?>

then as in [60] Lemma 8.18 and Lemma 8.21, it follows from Lemma 3.6.2.1 by the mean
value theorem that the @ term is bounded. It remains to estimate the following

WHS WHS €,

1 . ,
§”<VD DWHS(wf2)7V(H:7ﬁ7];+¢2+)\2t)> - <VD ’Dst(wfl)aV(H1ﬁ7;;+¢1+)‘1t)>H(§2:§‘_4'

(3.44)
Note [VH; tllcoz < eaRE", [IVDL, Dayys (g, — p)llcoa < cllf = f2|, then

WHS

”<VID:HSIDMHS<wf2 - wf1)7VH:7iL,]}>H < CARE’i%i&HfI - f2H7

and for the remaining part of 3.44, we have

(VD; Dops¥ss V(g2 + Ast)) — (VD Dopsts, V(g1 + Alt)>”52:?_4

WHS WHS

< VDL, s Dans¥sas V(e + Ast) = V(b1 + Mit))[[gow |+ (VD Daps (W, = ), V(o1 + b)) o
< IVDL s Pos¥rallcge (@2, Aa) = (&1, M)+ [[(D1, AV VDL, Dooyes (V12 = b))l e
< ([l f2ll - (@2, A2) = (@, A+ [[(@0, A - 1 f2 = f1ll)

These inequalities combined with the bounds of GZ! and &, give the desired estimate.
For Equation 3.42, again since He1 i s supported away from the cusp end, we have from

[12] Lemma 5.3 the following estimates

“Lst(Heljle - Héﬁ/j]}/)”@?i < CAR;1||<B - Bl) k— ];7,)||7

and

||S(QWHS(V2H61,}~1,];; — VQHel,il/J;,)”Cgfl S CAR6_1||(E - iLl7 ]’;’ - ]A{’j,)H

The estimate for the variance in v, v’ follows from equation 3.43.

O

1

5, then with the above estimates,

Note by reducing cy if necessary, we have cy R32"7% <
we know the map N, is a contraction on the set

U {(6. 1)) € Cpf x ker DD X R: [[(&, £, Ml e ser by ppe < ¢,

for e sufficiently small, then N, is a contraction on U and N (U) C U. In particular, N,
has a fixed point, finishing the proof of Theorem 3.6.2.

O
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With these metrics on each piece, upon applying Theorem 3.6.2 to

v = s(wx) + Veps

we define on BlgBl\BloB%

wl = 62(@HS + H:il’]% + (be)
From Theorem 3.6.1, we define on By\ By

V0= ox + H) i + Penpe

To match up these two metrics, we note for our choice of r¢ in 3.14, [[¢° = H?,, \[|ca < cr?
and [[¢! —e?H!. - [|c1a < cR27*". Combined with the estimates 3.29, 3.30 and 3.32, we have

the following.

Theorem 3.6.3. ([17], Section 5.3) Consider functions ¢° and " defined as above. There
exists boundary data h,k satisfying 5.28 and h, k satisfying 5.51, such that on 0By,

W=l 90 =000, AYY =AY, 9,AY° =0,A¢,

here r = ||, with x being the coordinates in By. Then we can glue along OB the functions
Y0 and ¢! and obtain a function on Bl,X\E, which results in a metric ws, on Bl,X\E.

Proof of Theorem 1.1. Noticing Equation 3.32, the existence of such boundary data can be
obtained with the same arguments as in [12], Section 5.3. Near E, we know ¢ + A\t = O(t)
from the definition, which is indeed of Poincaré type.

We want to show that ws, is indeed cscK by arguing that the component Dy, D¢ ()
is zero. Note the metric ggg near E has expansion

1
Gs = m(dzt2 +¢e7%'0%) + p*wrs + O(e™),

then near F, w,, has expansion

1 1 /
Gsol = € (m - §>\5) (dt* + e70%) + p*wps + O(e™ ") (3.45)

for some 7 > 0. Hence Vlvos(wsol), when restricted to E, becomes the extremal vector
field V1s(wrg) on E, which equals to zero. On the other hand, recall that

* 1 *
S<w50l) = 621/ + DMHSDWHS(¢f6) + §<VDL«)HSDWHS(¢]06)7 V(Helj—’b’]; + ¢€ + AEt))’

then restricting the associated vector field to E, the parts involving D} D, (¢y,)
component gives nonzero term, and V'(e*v) gives zero. Hence, D} D, (ty,) is forced to
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vanish, and the metric is indeed cscK. The smoothness of ¢ follows from standard elliptic
bootstramp arguments.

]

3.7 Applications and Discussions

Proof of Corollary

Note near F, we have an expansion of g,,; as in Equation 3.45. In fact, we have a more
precise relation of the coefficient before ¢ in the expression of potential with the average
scalar curvature. Recall from [13] the following:

Theorem 3.7.1. (Auvray, [15], Theorem 3.1)
Given D a smooth divisor and w, a cscK Poincaré type Kdhler metric on Y \D in the
class [wy], we have the asymptotic expression of metric g,

g, = a(dt? + e 0% + 7*gp + O(e™),
for some constants ny < 0 and a > 0, more precisely, let

—ci(Ky[D]) U [wy]"™

[wy "

—c1(Ky|[D]|p) U [wy|p]"?

]n—l )

S(wy) =n

, S(wylp) =(n—-1) oy o

we have an explicit expression of a, given by

1
5(wy|p) — 5(wy)

Applying this theorem to Y = Bl, X, D = E, we have

a =

1

1 Ae
62<n(n—1) o 7)

= S(we|lp) — S(wsor)-

We are interested in how fast the RHS grows; for this purpose, we calculate the scalar
curvature of the new cscK metric. Note w, and our solution wy, to the cscK equation are in
the same Kahler class, which is m*[wy| — €2[E], at the same time, we have

ca(BlLX) =7"¢1(X) — (n —1)[E].

Recall that [E] denotes the Poincaré dual of £ and below by ¢ ([E]) we mean ¢, (O(FE)),

we have
c1(Bl,X) —a([E]) =7"c1(X) — (n—1)[E] — [E] = 7c1(X) — n[E].
Recall from [30] that [E]" = (—1)""!, we get
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(c(BLX) —a([ED) U w]" ™ = a(X) Ulwx]" ™" =ne 2, [w]" = [wx]" — €™,
thus

n(c)(X) U [wx]"™! — ne?"?)
[wx]™ — e

, (3.46)

g(wsol> -

which is a decreasing function for small € and converges to s(wy) as € — 0.

We also compute the average scalar curvature of metric on E in the class [we|g],
o1 (K, x[E]) U we| 5] = (771 (X) — n[E]) - (7" [wx] — €[E])" - [E] = € 'n,

[wel " = [we]" - e ([E]) = €77,

thus

n(n—l).

S(welp) = =

€

Proof of Corollary 3.1.1. Asin the proof of [11] Corollary 8.1, we can apply LeBrun-Simanca
and obtain a family of cscK metrics w(y) such that w(0) = wx and s(w(y)) < 0 for y €
[—40,0) and s(w(y)) > 0 for y € (0,yo]. Apply Theorem 1.1 to each w(y), we obtain a family
we(y) of cscK metrics with a uniform bound for € as y varies in [—yg, yo|, denoted by €.
Arguing similarly as in [11], we know w.(y) depends continuously on y. From the discussion
at the beginning of this section, if ¢, is small enough, we know s(w.(y)) < 0 if y < 0 and
s(we(y)) > 0if y > 0. Now that s(w.(y)) depends continuously on y, there exists 3’ such
that s(w(y")) = 0. O

Extension of results to more general situations

In this subsection, we extend the arguments to a cscK manifold X which admits non-trivial
holomorphic vector fields. We will show that if we choose the blow-up points carefully, the
gluing construction we have still work under some modifications. Now to construct cscK
metric on X, piece, we define function

—log|z| whenn =2
G(z) = o
|| when n > 3

which are homogeneous solutions to Ly,.. On the gluing annulus, these can be perturbed
to G, which are homogeneous solutions to L, on B; for sufficiently small ro. We define
the deficiency space as in [12] Section 4.1
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Ds(Li,y) = Span {x;,Gs,i=1,--- ,k}.

With this, given the genericity condition on the points, we obtain a surjective operator
Cy*(X,) X Ds(Lyy) — CY°(X,) given by (¢, 8) — Ly, (¢ + B). For the first perturbation
on the gluing annulus, we require an additional term derived from the deficiency space to
deal with the complexity introduced by £ as in [12]. The next step is to find the cscK metric
on both pieces. Choose r. and R. as before, on X, _, the existence of cscK metric follows
from [12] Proposition 5.1. On BlyBg, \FE, we perturb a*wpg for a given constant a > 0 and
we require a € [Gmin, Gmax] for some fixed constants 0 < apin < Gmax. Then, with essentially
similar estimates as in Section 3.6, we solve a modified cscK equation.

Theorem 3.7.2. For a constant A > 0 large enough, there exists ¢ > 0 independent of A
and ey > 0 such that Ve € (0,€p), and for all v € R and boundary data he 04"‘(031),1% €
C**(0By) satisfying 3.51, and a € [Amin; Amax), ¥ € [Vmin, Vmax|, then there exists ¢. € C’;"’?,
constant A € R and f. € ker Dy, Dy such that the scalar curvature of the Kdihler form

Wepips = Cwns +V=100(H!; 1 + > 2RIT*G + ¢ + At)
defined on BlyBr \F is

* 1 *
62V + DWHSDWHS (¢f€) + §<VD DWHS (¢f€)7 V<H1JLJ~€ + ¢5 + >\€t)>

WHS €

Further,

[pe(Re - Ja)llcaamnm) < cREZ, A+ || fell < eRE20

_ If ¢¢, Ac are determined by boundary data h,k and oL, AL are determined by boundary data
W, K, then

[fe=FllF A=A+l 0(Refa) =@ (Re- /a")|| < CA(Rf_lll(ﬁ—ﬁ',75’—/5")||+R§’_2"(IV—V'I+IG<—G’I)))~
3.47

The matching of the metrics constructed on the two pieces is independent of the Poincaré
type behavior near the exceptional divisor, and the matching arguments in [12] Section 5.3
still hold in our case. Finally, because of the condition (3.3), the metric on Bl,X\E is cscK.
We postpone the details of this argument to the more complicated situation of extremal
Kéhler metrics at the end of the following subsection.

Extremal Kahler metric

We discuss the situation of extremal Kéhler(extK) metrics in Theorem 3.3. To solve the extK
equation, we need to choose T-invariant coordinates when defining weighted Holder spaces,
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and we want to solve for T-invariant potential functions. Comparing the expansion of wgyg
in 3.10 and 3.13 with those of Burns-Simanca metrics, we see the arguments of perturbations
for wx to an extK metric that on [10] Proposition 6.1.1. Again, the difference lies in the
piece of BlyBg \E, where we solve a modified extK equation.

Theorem 3.7.3. Given v € R, X € t satisfying

v + X < e,

there exists 0 > 0,¢ > 0 and for all A > 0, there exists ey > 0 such that for all e € (0,¢y),
@ € [Amin, Gmax|, and T-invariant boundary data satisfying

2]l cte@my) + 1Ello2a@my < AR, / (4nh — k)dvol = 0,
0B1

there exists a T-invariant function ¢., a constant A\ and f. € ker D, Dg such that the
scalar curvature of the Kdhler form

Wehms = Cwis + \/—168(va,~17,; + Pe + Act)
defined on BlyBr \F is

€,

1
}/e + §<VK7 V(Hlfljc + ¢€ + Aet)>7

where Y, = €'Y + a~*D*

WHS

1
|0B1] Jop,

Dyps(Wy), with Y being the potential function for X, and

S(we,ﬁ,lé,H5<Re - /a))dvol = v,
Further,

16e(Re - /a)llcaomamy < BT, Al + I fell < R

_ If ¢¢, A are determined by boundary data h,k and oL, AL are determined by boundary data
h, K, then

1fe = U+ 1A = ML+ [(Re - Ja) — ¢ (Re - Ja)|| < ea(RETY|(h — 1k — &)
+ R (v — V|4 |a—d|)+ RE™Y = Y'|)).

Assume we already have this theorem, we know from standard arguments in [10] that
on X, , there exists extK metric w,p with extremal vector field X 1o, then apply Theo-
rem 3.7.3 to

1

UV =
|0B1| Jop,

S(wégfhk)dUOla X = Xe,h,k,a‘
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With these data, we match the metric on BlyBg, \E with the extK metric on X, . To
prove this theorem, the modified extK equation we want to solve is

_ 1
s(a’wms +V—=100(H}j ; + ¢ + At)) = Yo + §<VY€, V(H 5 + b+ Ad)). (3.48)

Expanding the scalar curvature operator into linear D*D term and nonlinear () term, we
rewrite the equation as

— * * 1 — *
a 4D D(Qbe"f—)\et_’_qu)fe) = Q(H;}}’]}_}_Qse_’_)‘et)_p D(H:ﬁ’}})_§<v(€4y+a 4D D@Z)fe)av(Hé]}’]}+¢e+)\et)>a

and we denote the RHS by (.. Again, we have a bounded inverse of the LHS and an
extension operator whose norm is independent of €. Thus it suffices to solve the fixed point
problem for N, = G;' 0 & 0 Q..

Lemma 3.7.3.1. There is a constant ¢ > 0 independent of A and cy > 0, ex > 0 such that
for e € (0,€p),

H-/\/’e(O, 07 0) |’C’3:?><kerD*EDE><R S CR§_2n_6- (349)
If

(b1, fi, Al)“cgjgxkeerEDExRa [(D2, fo, )‘Q)HCf,j?xkeerEDExR < 2cR3T0,

then

INe(é1, f1, M) = Ne(@a, fa, M)l < ea(RETZ° + €' RY[(¢1, f1, M) — (62, fa, Xo) ||, (3.50)

and let N, be the map taking into account the divisor volume a and the set of boundary
data W', K', then

INC(b, £, A, By k)=Ne(@, £, AR R < e (R (h=R' k=K |[+-RE> 7 ly—v/ [+ Ry =Y|)).
(3.51)

Proof. The proof follows mostly from [10] Proposition 6.2.1. Only note that near the excep-
tional divisor, we again use Lemma 3.6.2.1 and mean value theorem. ]

We use [10] Lemma 7.0.2 to match the metrics on the two pieces and obtain a metric
wsor o0 B, X\ E. To show the D*D(1)y,) term vanishes, we use the condition (3.3). To make
sense of the condition, we first discuss the definition of the extremal vector field.
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Definition 3.7.1. For a compact manifold X with smooth divisor E, we say a holomorphic
vector field Z is parallel to E if their normal components vanish along E, i.e., if E = {z; = 0},

and locally we write Z = R <Z:i1 fi%>, then fi|g = 0. We denote the space of holomorphic
potentials parallel to E as hj/E/

A key property of such vector fields is that they are L? with respect to Poincaré type
Kéhler metric on X\ E. For w a Poincaré type Kahler metric in [wx], Auvray in [15] defined

Poincaré type Futaki character of Z € hg/ with respect to F,

FE (2) = /X ReLe

here fZ is the holomorphy potential for Z with respect to w. This quantity is independent
of the Choice of representative in the given Kahler class. For Z;, 7, € hg normalized to
= X\B 924 = 0, we define the following inner product

w”
Zf, / fZ Z7

Take T' C K a compact torus whose Lie algebra is t. Then we see (-, -) is positive definite
on t. The extremal vector field is then defined by the duality of the Futaki character under
this inner product.

fX\E w n'

Note with similar arguments as in the cscK case, and we know that V's(w,y), when
restricted to E, becomes the extremal vector field V!s(wrg) on E, which equals to zero. On
the other hand, from Equation 3.48, we decompose V1 s(w,y) into two parts. For the parts
involving Y, which lives in the space of holomorphy potential, we know from the condition
(3.3) that V'9(e'Y)|g = 0. For the D} D,,.(¢;) term, it gives nonzero terms when

WHS
restricted to E. Hence it has to vanish, and the metric is indeed extremal.
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Chapter 4

Toric Scalar-flat Kahler Surfaces

Let X be a non-compact toric symplectic 4-manifold. In [1], Abreu and Sena-Dias construct
complete toric scalar-flat Kédhler metrics on strictly unbounded toric symplectic 4-manifold
X. We say X is strictly unbounded if the moment polytope of X is unbounded with the
unbounded edges being non-parallel. This condition is equivalent to saying there exists a
finite sequence of blow-downs of X from which we obtain a minimal resolution of C?/T
for some finite cyclic subgroup I' C U(2). The metrics constructed in [1] include the well-
known examples of the LeBrun-Simanca metrics [10], the (multi-)Taub-NUT metrics [17],
the gravitational instantons of Gibbons-Hawking [35] and Kronheimer [11], etc.

First, we focus on the case where X is strictly unbounded, or equivalently, as a com-
plex surface, it arises as a finite sequence of blow-ups of minimal resolution of C?/T; as
described in Definition-Proposition 4.1.1. The non-intersection condition on the divisors can
be relaxed, as discussed in more detail in Remark 4.2.1. Along the proof, we will see the
complex structures induced from these metrics are biholomorphic to that on X away from
the divisor D. Here the generalized Taub-NUT metrics live on C? and are scalar-flat Kéhler
generalizations of the Ricci-flat Kéahler Taub-NUT metrics. These metrics are introduced by
Donaldson in [27] and later explored by Abreu and Sena-Dias in [1] and Weber in [68] and
[69]. They all have quadratic curvature decay and cubic volume growth, but except for the
standard Taub-NUT metric, they are not asymptotically locally flat(ALF). The ezceptional
Taub-NUT metrics are also scalar-flat Kahler metrics living on C2. These metrics are studied
by Weber in [69], where he showed these metrics have quadratic curvature decay and quartic
volume growth but are not ALE.

A previously known example of toric scalar-flat Kéhler metric of Poincaré type is first
discussed by Fu-Yau-Zhou in [31], and later studied by the author in [29], which we refer to
as the Hwang-Singer metric wyg. It lives on C* — {0}. Near the origin, it has Poincaré type
singularity, and it is asymptotically Euclidean on the other end. This S'-invariant metric is
in fact toric and we will discuss it in detail in Example 4.2.1. Theorem 1.2 then gives us a
two-parameter family deformation of wgyg.

Intuitively, Poincaré type metrics can be viewed as the limit of a conical family of met-
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rics when the cone angle approaches 0. Similarly, smooth metrics can be viewed as the
limit when the cone angle approaches 27. This degeneration phenomenon was established
by Guenancia [37] in the Kéhler-Einstein setting. In the toric case, the relation between
boundary weights, conical angles, and Poincaré-type asymptotics already appears in [51],
where positive weights yield conical angles and vanishing weights lead to cusp behavior. For
the metrics constructed in Theorem 1.2, we can explicitly write down a conical family of
toric Kéhler metrics connecting the Poincaré type metrics with those in [4]. This family of
conical metrics is not necessarily scalar-flat, though.

Earlier, Legendre [18] observed that in the toric setting, the cone angles of conical Kahler
metrics correspond to the inward normals attached to the facets of the moment polytope,
and described such metrics in terms of symplectic potentials via the Legendre transform.
Weber [67] later constructed toric scalar-flat Kahler metrics with conical singularities along
the divisor, where the cone angle along each edge is encoded by a boundary ”label” describing
the growth of a vanishing Killing field. In contrast, we adopt a boundary-value viewpoint,
treating the cone angle as a boundary condition for the Kéahler potential. More precisely,
following the method of Abreu and Sena-Dias, we give an independent construction of conical
toric scalar-flat Kahler metrics.

Theorem 4.1. (Theorem 4.3.1) Consider the same setting as in Theorem 1.2. Fiz 6; € (0,1)
fori=1,---.m, on X, we have

e a conical toric scalar-flat Kahler metric with angle 2m0; along D; and is asymptotically
locally Fuclidean(ALE) on the remaining end;

e a two-parameter family of them with angle 2mw6; along D; and are asymptotic to ei-
ther the generalized Taub-NUT metrics or the exceptional Taub-NUT metrics on the
remaining end.

Besides the general case where X is strictly unbounded, we construct toric scalar-flat
Kaéhler metrics of Poincaré type when the unbounded edges of the momentum polytope are
parallel:

Theorem 4.2. Consider the same setting as in Theorem 1.2 except that the unbounded
edges of X are parallel. On X\D, we have a one-parameter family of toric scalar-flat Kahler
metrics with Poincaré type singularity along D and are asymptotic to the model product
metric on S? x R? on the remaining end.

The scalar-flat metrics we constructed belong to a particular class of Poincaré type met-
rics, characterized by the specific behavior of their potential functions along the divisor,
which we denote as the Sy p type (Definition 4.1.6). We have the following uniqueness
result:
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Theorem 4.3. (Theorem 4.4.1) Given the same setting as in Theorem 1.2. Assume g is a
toric scalar-flat Kdahler metric on X\D, and its symplectic potential w is of Sa p type along
D, then g can only be one of the metrics constructed in Theorem 1.2.

Naturally, we would ask if we still have the uniqueness result without assuming u to be
of S p type:

Question 4.0.1. (Strong uniqueness) Without assuming the potential function is of Sap
type along the divisor in Theorem /.3, can we still obtain the uniqueness result?

A related question is to determine, locally, whether S4 p type represents the only Guillemin
boundary behavior for scalar-flat Kahler metric of Poincaré type.

4.1 Preliminaries

In this section, we recall some basics of toric Kdhler metrics on toric symplectic 4-manifolds
and discuss the local ansatz for finding scalar-flat Kahler metrics. First, we recall the basic
definition of a toric symplectic 4-manifold:

Definition 4.1.1. A symplectic 4-manifold (X, w) is said to be toric if it admits an effective
Hamiltonian T?-action T of the standard torus to the diffeomorphism group of (X,w) such
that the corresponding moment map p: X — R? is proper onto its image P.

Remark 4.1.1. Our definition differs slightly from the standard one in [/ 2], where properness
of the moment map is not assumed, and instead aligns with the convention adopted in [5].

Here the moment map of the T?-action is a map p : X — R? such that tqw = —dp for each
infinitesimal generator & of T2. For a compact symplectic 4-manifold, the moment image of
1t is the convex hull of the image of fixed points of T? in X, and the classical Atiyah-Bott-
Guillemin-Sternberg theory tells us this image is a polytope. For a non-compact symplectic
4-manifold, we first introduce the definition of the moment polytope:

Definition 4.1.2. ([/], Definition 2.2) We say a convex polytope P C R? is a moment
polytope if

(i) for each edge, we can find a primitive vector of Z*, which is an interior normal to this
edge;

(ii) for each pair of intersecting edges, their chosen interior normals form a Z-basis of 7.

We say two moment polytopes are equivalent if there exists a translation in R? and a
GL(2,7Z) transformation mapping one to the other, and two symplectic toric manifolds are
equivalent if there is an equivariant symplectomorphism mapping one to the other. Delzant’s
theorem [25] tells us in the compact setting, the moment polytope determines the symplectic
toric 4-manifold up to equivariant symplectomorphism. It turns out that in the non-compact
setting, we also have the following correspondence:
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Proposition 4.1.1. ([/2]) There is a bijective correspondence between the equivalence class
of symplectic toric 4-manifolds and the equivalence class of moment polytopes.

We are particularly interested in the following class of non-compact symplectic toric
4-manifold:

Definition-Proposition 4.1.1. ([/] Definition 2.4, Proposition 2.8)) A symplectic toric
4-manifold is said to be strictly unbounded if the following equivalent conditions hold:

(i) the image of the moment map, P, is an unbounded polytope with finitely many edges,
with the unbounded edges being non-parallel;

(i) X as a complex surface, arises as a finite sequence of blow-ups of a minimal resolution
of C2 /T for some finite cyclic group T C U(2) such that C? /T has an isolated singularity
point at the origin.

Let P be a moment polytope given by

P={x¢€ R? : li(x) = {x,v;) + Ny > 0,i=1,--- d}. (4.1)

Here v; = (o, 3;) € Z* are the primitive interior normals to the edges. Let

Ly = 514(0)7... L = 6;1(0),"' yLg = 651(0>

be the edges of the polytope. We order its edges so that L;, Ly are the unbounded edges
andfori=1,--- ,d—1, L;NL;y; # (. From [1] Remark 2.5, we know we can further assume
the Delzant condition for the polytope:

det(ul-, Vi+1) = —1, for i = 1, s ,d — 1.

Let (Xp,wp, 7p) be the associated symplectic 4-manifold of P with moment map pp. It
admits a canonical integrable, torus-invariant, compatible complex structure Jp. We denote
the resulting Kéhler surface by (Xp,wp, Jp,gp). Let P° be the interior of P, and consider
X% = up'(P°), then

X5 2P’ xT? = {(x,0) : v = (71, 72) € P°,0 = (01,0,) € R*/Z?}.

Here (z,0) are interpreted as the action-angle coordinates for wp, i.e.,

wp = dl‘l A d(91 + dl‘g A d(92
From [38], we know the symplectic potential up € C*°(P°) is written as

d

up = % Zfl(x) log ¢;(x).

=1
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The metric gp is given by

2
gp = Z ((Hessup);jdz; ® dzj + (Hessup)”d; @ db;).
ij=1
From [2] and [9], given any toric complex structure J which is wp-compatible, there exist
action-angle coordinates (z, ) on P° such that for some symmetric and positive-definite 2 x 2
matrix U(z), we can write J in the following form

2
.0 0
Furthermore, the integrability of J is equivalent to the existence of u € C*°(P°) such
that U(z) = Hess,(u). Then w is the potential corresponding to J, and the Kéhler metric is
written as

2
g = Z ((Hess u)jdz; ® dx; + (Hessu)” dz; ® dx;). (4.2)
ij=1

For simplicity concern, we will use w;;, u” to denote (Hessu),;, (Hessu)" respectively.
From [1], [3], we know when the Hessian of the symplectic potential u on P° is positive-
definite and the boundary behavior of u is specified by the Guillemin’s boundary condition,
it determines a complex structure on Xp which extends to (Xp,wp, 7p). We say u satisfies

Guillemin’s boundary condition if modulo a smooth function,

d
u(e) = 5 3" ta) og i(x), (13)

=1

and its restriction to the interior of each face of P is strictly convex and smooth.

Definition 4.1.3. ([8], Definition 4.2) Given P, write L == {Ly(x),--- , Lq(x)}. We say a
symplectic potential u : P° — R belongs to the class S(P, L) if it is smooth, strictly convex,
and satisfies the Guillemin boundary condition.

We mention that as discussed in [9] and [8] Proposition 4.3, there is an equivalent char-
acterization of S(P, L), which we refer to as the first-order boundary conditions.

Definition 4.1.4 ([8]). The space S(P, L) consists of all smooth functions u on P° such
that H* := u¥ satisfies:

o H" extends smoothly to P;

e for any edge L; C OP with inward normal v; and any point x € ¢;,

H}(vj,-) =0, (dH")2(vj,v5) = 2v5;
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o H" is positive definite on P°, as well as in the tangent directions along the interior of
each edge.

This article focuses on finding scalar-flat Kahler metrics. Direct calculations show the
scalar curvature of the metric has the following expression:

024
T Z 8%8:70] )

Z?]

Then the scalar-flat equation we aim at solving becomes »_, ; 88;752]_ = 0. In [26], Don-
aldson gave a reformulation of Joyce’s construction in [11], which allows us to write down

explicit symplectic potentials of scalar-flat Kéhler metrics on complex surfaces. The key is
to use the axi-symmetric harmonic function as the local model. More precisely:

Theorem 4.1.1. (/20], local model) Let &1,&; be two solutions to

0% Pe 106
ol "o Trar

0 (4.4)

on

H = {(H,r) € R*:r > 0}.

Then the 1-forms
0& 0 06 &1

€1 = T(WdH — a—HdT), €y = _T(WdH — a—HdT>

are closed. Let x1,xo be their primitives, then the 1-form € = & dxy + Eadxs is also closed.
Let u be its primitive. Assume for & = (&1,&2), we have

det DE > 0. (4.5)

Then u is a local symplectic potential for a scalar-flat Kdihler toric metric on R*.

Some known solutions to (4.4) include

1
aH +b, alogr+b, 5 log(H + +/(H + a)? 4 r?) (4.6)

where a,b € R. In [1], the authors used these solutions to construct scalar-flat Kéh-
ler metrics on unbounded symplectic toric 4-manifolds. These metrics belong to the class
S(P, L), and are precisely those whose complex structures are equivariantly biholomorphic
to J P

The situation is different for toric scalar-flat Kéhler metrics of Poincaré type. Let D be
a torus-invariant divisor in X, and let Ly be the edge corresponding to D in the moment
polytope, defined by ¢z'(0). Although the Guillemin boundary condition does not have a
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straightforward extension to describe the behavior of u near ¢p, the first-order boundary
condition does, as pointed out in [3] Definition 4.6.

Definition 4.1.5 ([3]). Let S(P, L, F') denote the space of smooth functions u on P° such
that H" := u satisfies:

o H" extends smoothly to P;

e for any edge L; C F with inward normal v; and any x € L;,
Hy(vj,") =0,  (dH")u(vj,v;) =0,
and for any edge L; C OP \ F with inward normal v; and x € L;,

H}(vj,-) =0, (dH").(vj,v5) = 2uv;;

e H"Y is positive definite on P°, as well as in the tangent directions along the interior of
each edge.

Within this class S(P, L, F), [8] showed in Proposition 4.16 that there is a subclass,
denoted by Sa p(P, L, F'), which is characterized by the Guillemin boundary condition.

Definition 4.1.6. (/5], Definition 4.16) Given A € R, B € R, we say a symplectic potential
u: P° — R belongs to the class Sa (P, L, F) if it is strictly convex and smooth on P°, its
restriction to the interior of each edge of P is strictly convex and smooth, and

1
u+t (A+ Blp)logly — 5 Z (;log (; (4.7)
J#F
is smooth on P.
Furthermore, from [8] Theorem 4.18, we know for uw € Sy (P, L, F'), the induced Kéhler

metric (4.2) exhibits Poincaré type behavior along D. Let dX be the Lebesgue measure on
R?2, we define a measure d\; on ¢; by

On /g, the induced measure vanishes for the class S(P, L, F'), which is obtained by
sending the corresponding label ¢; to infinity. Note that Sy g(P, L, F') is a proper subset of
S(P, L, F), as can be seen by comparing [3] Definition 4.6 and Proposition 4.19.

We write

1
UPFAB = 5 Z@' logl; — (A+ Blp)log

J#AF
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as the potential of the model metric for the class Sy g(P, L, F'). To construct scalar-flat
Kéhler metrics of Poincaré type in this class, we need other solutions to (4.4) besides the
ones in (4.6). We consider
1 1
2/(H+a)>+12
This solution, together with the solutions to (4.4) mentioned above, serve as local models
for our construction in the next section.

§= a € R.

4.2 Construction of scalar-flat Kahler metrics of
Poincaré type

Given X a strictly unbounded symplectic toric 4-manifold and let P be its moment polytope
defined by (4.1). Write ¢ = {{y(x),--- ,lq(z)}. Let D =Y "" | D; be a smooth divisor on X
such that each D is fixed by the torus action. Let L;; = £ '(0) be its image on the moment
polytope. Assume

i1>1,i2>i1+1,"'7d>im>im_1+1. (48)

Let I = {1, im} C {1,2,--+,d} be the index set and L; = [J;_, L;, be the union of
the edges corresponding to D;, then P\L; is the moment polytope of X\ D.

Figure 4.1: The moment polytope P\ L,

We prove Theorem 1.2 by giving an explicit construction of the toric scalar-flat Kéhler
metrics of Poincaré type on X\ D. Consider v = (o, 8) a vector in R? such that

det(v, 1), det(v,v4) > 0. (4.9)

As discussed in [1], since P is strictly unbounded, this set of vectors forms a cone bounded
by —v; and vy.
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Theorem 4.2.1. For X, D, P, I,v defined as above, for (H,r) € H, set

d—1
1 AkOék
§1 = logr+ g (g1 —ay) log(H+a;++/(H + a;)? + 12)—= E taH,
ke[ \/<H + ap-1)? +r?

Ay By
o = Bilogr+= Y (Bi1—Bi)log(H+ai++/(H + a;)* +1r2)—=
Z % \/(H+ak,1)2—|—r2

+BH.

Here ay, -+ ,aq_1 are real numbers determined by P satisfying
aj—1 > a; Zf] ¢ I and aj—1 = a; ij el (410)
Let x1, x5 be the primitives of
g 05 L oe oG
= (Gl = ). e = —r(GrdH = ).

Then there exist constants A ,--- ,N\;,, > 0 determined by the polytope P, such that
x1, Ty define the momentum action coordinates on P° of some toric scalar-flat Kdhler metric
of Poincaré type on X\ D whose symplectic potential satisfies

du = §1dx1 + fzd.CL'Q.
Furthermore, for each k € I,

uE Sa P,L,Ly). (4.11)

7’“ %det(l’kflzl’lwrl)(

Proof. The first step is to show the assumption (4.5) in Theorem 4.1.1 is satisfied. We
compute DE:

d—1 «a; a; Apop Hy_ 1 d—1 (o a; Agogr
D — a+ g Z Hl +3 ZkeIA gi R sl D (pl(-:)ll—&—H) +3 Zke] p%kl
d— 1 Bi+1—Bi H B 1 Nd—1 (Biv1—Bi AkB
B+32im P+ 5 e . + 521 Pz(—:-&-H) +3 2 ket v
(4.12)
Here H; = H + a;, p; = VH? + 712 Set ap = —00, ag = oo and set Hy, Hy, po, pa
accordingly, we rewrite Equation (4.12) as
1 d 1 Akoéka 1 d i— H; 1 Apagr
De = O‘+§Zi=1ai(pi . )+ Doker T o, T 7;=104i(pi711 _E>+§Zkel p%_kl
- 1\d 1 AkBrH 1 d Hi_ H; 1 AkB
g+ 2 Zizl 5%’(,,2. ) +3 Zke] kpz lk : 2r zz‘:1 Bi pifll - E) +3 Zke[ p%flr

(4.13)
Note from [1] Theorem 4.1, we know the determinant of the following matrix is positive:
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d d H;_ )
04+%Zi:104i(,ﬁ—i) 217' i1 i _%)

Pi—
BHIYL B —L) £ Bt —

(4.14)

,_.»—‘

Comparing the expression of det(D&) with the above, it suffices to show their difference
is still positive. A key step in showing positivity is the following lemma.

Lemma 4.2.1.1. Given k € I, Y1, consider the terms involving © and k in the expression of

det(D¢):

Ak 1 1 r Ak Hz’—l Hz Hk—l
— (b — app; — =)= — —(upr — apb; -—)- .
4 (i o )(/)zel Pi) /92_1 4 (b i)l Pi—1 Pi ) ,02_1

Then it can be simplified to the following non-negative term

1 T2+H_Hi_ 7’2+H_Hi
A (Buan = o) g plk . p’“ . (4.15)
k—1 1= i

Proof. We rewrite the simplified expression, Equation (4.15), as follows:

1 11 H,, H

A (Brou — arfBi) —5—(r( — —) + Hp_q - —

Apiy pict P TpPi-1 TP
Note for any i, r,p; > 0, and from det(v;, ;1) = —1 we deduce that Sra; — axf; >

0 < i > k. Thus, it suffices to show
pi(T2 + kalHifl) — pi,l(TQ + kalHi) >0 for ¢ >k (416)
and

pi(r? + Hy 1 H; 1) — pi_1(r* + Hy_1H;) < 0 for i < k. (4.17)

When i > k, we rewrite the expression as

2

i — Pi—1)T
pi(T2+Hk—1Hi—1)—Pi—l(T2+Hk—1Hi) = piigi_l f_ Pile‘ (pi(H;1—Hy_1)+pi1(H;— Hy_1)).
(4.18)

We claim that p;_1 H; — p;H;—1 > 0. It is because f(r) = ——~= is an increasing function

Vaty?

7. 1

given y > 0, then —-2% . Hence, we know
\/ H2+r2 \/ H 12

piHi—l —I—pi_lﬂi >0 <— (pi—lHi _piHi—1>(piHi—1 +,0,_1HZ) >0 << T’Q(HE — Hi2—1) > 0.
(4.19)
On the other hand, we have

pi—pii1 >0 <= (pi+pi1)(pi—pi1) >0 < H? —H? |, >0. (4.20)
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Combining H; 1 — Hy—1 > 0, H; — Hi_; > 0 with (4.19) and (4.20), we obtain (4.16).
Similarly, for ¢ < k,

2
i — Pi—1)T
pi<r2+Hk71Hifl)_pifl(r2+Hk—lHi) = p.i-_l; ) _,T_ pl‘)1H' (pi(Hi-1—Hg—1)+pi—1(Hi—Hjy—1)) < 0.
(4.21)

]

For k, k' € I, the term involving kand & in Y, _; O";é{k LS pep =D her 5 Dker KA
k—1

k Pi_1 Pr—1
has the following expression and is non-negative:

,
3—p3(akﬁk/ — apBr) (He—1 — Hyp—1). (4.22)
kPk!

Finally, for v satisfying (4.9), given k € I, det D changes by adding

1 1 1
det(v, v _ det(v, v;)( —
( 1)(7“ 2Pl(Hl +P1 Z pic1(Hizy + pic1)  pi(H; +Pi))

1 r
+ det(y Vy) ——— + (afi — Bou,) . (4.23)
pa(Ha + pa) Pi1
With loss of generality, we assume one of the unbounded edges of P is the z;-axis, then
= (0,1). Consider the interior normals v; satisfying det(v;_1,v;) = —1, i =2,--- ,d, we
obtain a; > 0,7 =2,--- ,d and Bd < fi_i <-ee < % The condition (4.9) implies

afy — Bay >0 for k € 1.

Thus by comparing with [1] Equation (7), we know the above additional term is non-
negative. Combining (4.14), (4.15), (4.22), and (4.23), we conclude det(D¢) > 0.

Next, we prove that x = (z1,x2) define global symplectic action coordinates on P\L;
and at the same time u(x) has the desired boundary behavior on dP\L;. Note for

1
2/(H +a)> + 12’

£ =

the primitive of € = r(%dl—] — g—fldr), up to constants, is given by
1 (1 H+a
2 (H+a)?+r? '

Then for v = 0, up to constants, we have




CHAPTER 4. TORIC SCALAR-FLAT KAHLER SURFACES 59

H,_
=B H + = Z@H B)(H; — p;) ——ZAkﬁkl— =),
el Pk—1
1 &4 it
Ty = —OélH — 5 Z(ai+l — Oéz>(HZ ZAkOék 1 - = 1).
i=1 ke[ Pr—1

Then we see = extends continuously to r = 0 except at the points (H,r) = (—ay, 0) for
k € I. The point (H,r) = (—ag,0) corresponds to the cusp edge Ly for k € I. Consider the
behavior of x in the intervals on the H-axis:

(i) For H > —ay, then 1 = 81 H, and 29 = —a1 H;

(11) for 1 < j < i — 1? —j+1 < H < —Qj, then x; = ﬁj+1H + Zg:1 ai(ﬁiﬂ — 61)7 and
xg = —aj H — Y1 ai(aiy — ai);

(iti) for j =11 — 1, —aj41 < H < —a;,—1 = —a;,, then x1 = §;, 1 H + S0 ai(Bi — Bi) —
Az‘lﬁil, and zy = —a; 41 H — ZZ 1 az(az—H Oéi) + Ailail;

(iv) similar calculations show for 2 < k < m, and i1 +1 < j < i — 1, with —a;4; <
H < —aj, we have x; = B, 1 H+ Y2 ai(Bi1 — Bi) — ];;11 A, Bi,, and 2o = —a H —
Zz L (g —az)—i—zk LA, i, for j =4, — 1, with —a;, 11 < H < —a;,—1 = —a,;,, we
have 7y = B, 1 H+Y 15 az(ﬁm—ﬁi)—Z?:l Ay By, and my = —ay, (1 H=3"" ) ag(cig —
ai) + 22:1 Alealw

(v) for H < —ag_q, then y = BaH + 0 a;(Bisr — i) — o0ty Ai By, and g = —agH —
d—1
>icn @iloien — ai) + 2000 Ao,

We want to show the following:

1. x = (21, x9) gives a proper homeomorphism

(H,0) : 0H\ | J(ar—1,0) — OP\L;. (4.24)

kel

2. u(x) modulo a smooth function is given by

= Z li(z) log 4;(x % Z(det(l/k+1, Vi—1)lk(x) — Ag) log Ui (). (4.25)

ngI kel
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First, we discuss the choice of a;. Note from [1] Theorem 1.2, there exist real numbers
ay < ahy <---<al ; determined by P such that for 1 <j <d—1,

J

Z a; det(VH_l — VU, Vj+1) = >\j+1' (426)
i=1
More precisely, from [57] Lemma 7.2, we know a, —a,_; = 27|F|L1f_|‘2. Here |L;| is the length
of the ith edge of P. On the other hand, from the boundary behavior of the non-cusp edges
in (4.25), with the same proof as [57] Lemma 7.2, we have
v a . — Ll
3 1—1 271_’”1 |2 .

For k € I, we set ap = aj_;. Later we will see that this ensures the desired boundary
behavior. Then we obtain the following relations between a; and a:

k m
a; = a; if j <iy;a; = @;+Z(a28_1—a;e) if iy <J <ipy1;a; = a}%—Z(a;[_l—a;e) if i, < j <d.
=1 =1
(4.27)
First, we look at condition (4.24). For simplicity, we write k = i;. Near the edge Ly, 1,
as r =0 and —axy; < H < —ay, we have

k k
1 = B H + Z a;(Bix1 — Bi) — NiBr, 2= —apyH — Z a;(ip1 — a;) + Agoy,.
=1

i=1

Then condition (4.24) x1(z) = 0 translates to

k
Z a; det(l/i_}_l — VU, Vk+1) + Ak = )‘k-i-l' (428)

i=1
Using (4.26) and the relation (4.27), it simplifies to

A =a, —a)_4. (4.29)
For edges ¢; with ¢ < k, the argument is the same as the standard case as in [!] Theorem

4.1; for i = k+j, with 1 < j < is—k, the condition (4.24) ¢;1;(x) = 0on —ayy; < H < agij1
becomes

k+j—1

Z a; det(Vi_H — U, Vk+j) + Ak det(uk+j, Vk) = /\k+j~
i=1
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Using (4.26) it suffices to check det(vgj, vk )(Ax+aj_; —aj,) = 0, which holds from (4.29).
Thus we've shown condition (4.25) for 1 < j < iy given the choice of Ay as in (4.29). It
remains to apply the same procedure to indices is,- - - ,1,, respectively. For simplicity, we
write t = i5. For —a;1 < H < —ay, we have

t

t
T = 5t+1H+Z a;(Big1— i) =M fBi— AN B, 22 = —Oét+1H—Z a; (i1 — o)+ N+ Ao
i=1

i=1
Then condition (4.24) ¢;41(x) =0 on —ayy < H < —ay translates to

t

Z a; det(Vi+1 — U, Vt+1) + At + Ak det(yt+1, Vk) = )\t+17 (430)

i=1

and it simplifies to

A =d —d,_,. (4.31)

For i < i < i3, condition (4.24) can be shown in exactly the same way. For iz, - - iy,
it’s now clear this procedure also works. We deduce that given the choices of A; = a} —a}_,
for all i € I, z : (H, 0H\ U, (ak-1,0)) = (P,0P\L;) is a proper homeomorphism, and its
restriction to H is a smooth proper diffeomorphism onto P°.

Next, we look at the condition (4.25). Near a non-cusp edge L;, we have £ = v;logr +
O(1), and the boundary condition is standard as desired. We focus on the situation near the
cusp edge Lj. For this, we prove the following lemmas:

Lemma 4.2.1.2. Assume for k € I, A\, = a), — a)_,, then

fk(ﬁ) = Pk—1 + O(’I"Q), (432)

and there exist smooth positive function dx_1 k41 such that

2 1(x) + O(r?)

20y, _1(z) + O(r?)
5kz—1,k,k+1($) '

5k—1,k,k+1($)

Pr—1 + Hi1 = pr—1- v Pr—1— Hp_1 = pr—1- (4.33)

Proof. We first consider k = ¢;. When both H;_; and r go to zero, the image approaches
the cusp edge Lj on the polytope. Note that (Hy_1,7) can never reach (0,0), since Ly is
excluded from the polytope. For i > k, we have H; — /H? +1? = —2%_, and for i < k — 1,

we have H; — \/H? 4+ r? = 2a;. Then for the behavior of z near ¢;(z) = 0, we write

Hy—y

Pk—1

k—2
o1 = B+ 5 (Bhr = Beet) (s = pict) = sAuB(1F ) 137 au(Bonn — 5 + O02),
=1
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k—2

)— Z a;(Qiv1—a;) +O(r?).

i=1

1 1 Hy_
Ty = —oy1 H — = (o1 — 1) (Hg—1 — pr—1) + s A (1 + i
2 2 Pk—-1

Then

k—2

VT = Pr—1 — Q1 + ZCL,; det(yk, Vi1 — VZ') + O(T2).
=1

To prove Equation (4.32), it’s equivalent to show

k—2

Z a; det(vy, vit1 — v;) — ag—1 + A\ = 0. (4.34)

i=1
From the relations between a; and a) in Equation (4.27) and the expression of ); in
Equation (4.26), direct computation shows this automatically holds.

Similarly, we have

k—2
1 A Hy_
Vh1oT = 5 det(ves1, V1) (pr—1 — He—1) + 7k(1 — pk ! )+ Z a; det(ve_1, Vig1 — 1) +O(1r?).
k=1 =
Under the normalization assumption det(v;,vj41) = —1 for all j, straightforward calcu-

lations give

G+ a1 B+ 6
a; Bi
Combining (4.35) and (4.32) with the above calculations, we obtain

(4.35)

det(vj41,vj-1) =

(Vk+1 — Vk—l) - T+ )\k det(lij, Vk—l) + 2 25;12 a; det(yk_l, Viy1 — 1/7;) + Ak + 0(7“2)
(Vk+1 + l/kfl) - T+ )\k det(l/k-Jrl’ kal) + Ak + O(T’2) .

Hy_1 = pr—1-

Thus to prove Equation (4.33), it suffices to show

k—2
A1 = N + Apdet(vggr, ve—1) + Z a; det(vy_1, Viy1 — 1), (4.36)

=1

and

k—2

)\k—l = — Z a; det(yk_l, Vit1 — Vi)~ (437)

i=1
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We claim that

)\k:+1 - )\k det(l/k-Jrl’ I/kfl) + )\kfl — Ak =0. (438)
Using (4.26), we have

K2
M1+ Aot = ax — Gy + gy det(Vpp, veor) + Y ardet (vt + vigr, vigs — i),
i=1

then by simplifying this equation with (4.27), we obtain (4.38). Then (4.36) is reduced
to (4.37), which is straightforward from (4.26). Then we obtain Equation (4.33) with

Skt ki1 = Oer (2) + oo (z) + O(r?).

It remains to show Equations (4.32) and (4.33) for iy, - - + , 4,,. Write t = ig, near £4(x) = 0,
we write

t—2

Ht_1)+ ai(Biv1—Bi) — M +O(r?),

Pt—1 =

T = /Bt—lH‘i‘%(ﬁtH—ﬂt—l)(Ht—l—Pt—1)—%/\tﬁt(1+

1 1 H . 2
Lo = _O-/t—lH_5(at+1_at—1)(Ht—1_pt—1)+§Atat(1+ pt : )—Z ai<ai+1_ai>_/\k0¢k+0(r2)-
t—1 1

i

Then Equation (4.32) holds automatically under the assumption A; = a} — a;_,, and the
first equation in Equation (4.33) simplifies to

0= At—l—l - )\t det(yt+1, Vt—l) + )\t—l - At. (439)
Direct computation as the previous situation shows this equation holds. For is3,--- ,%,,,
it’s now clear this procedure also works. [

Lemma 4.2.1.3. There exists a smooth and strictly positive function § on P such that

d
det(Hess,(u)) = (6 [Tt T[T )" (4.40)

i=1 kel

Proof. From [27], we know r = (det Hess,(u))~'/2. Then it suffices to show there exists a
smooth and strictly positive function ¢, such that

d 2
1B % (4.41)

i=1 kel
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From the above discussions, we know

8:151_ Zﬂz+1 B@__Z kﬁk 3 17 %:_ZQPA —ZAkOék

kel -1 kel

Then

8€ 8;1:1 81’2

i+ —=0; 4.42
o or @+ or b (4.42)
d—1
r det(vip1 — v, vy) 1 A Hy
) Z Py T3 > e (B — a;Br) (4.43)
kel
r det Vl, V; 1 1 det(yd, V') r Aka,1
=—(- det(i, v;) det(v;, v;) )+ —=2) 4+~ det(vg, v;)).
2 Z ’ pz Lp Pd—1 2 kze; Pio ’
(4.44)

We want to show for j ¢ I, as we approach each edge E; of P, agﬂ = rd; for some smooth

and positive function d;; for j € I, as H approaches —a; and r approaches 0, ¢2 il =r 24,
for some smooth and positive function ;. To show these, we have the followmg dlscussmns

(i) When j =1, for r =0, —a; < H, it’s immediate to see each term of (4.44) is positive.
This implies % = rd; for some function J; smooth and strictly positive.

(ii) Whenj>1andjj+1¢] Forr =0, —a; < H < —a,_ 1,given1<i<j,wehave
det(v;,v;) < O7p - — - < 0; given j +1 <1 < d, we have det(v;, vj) > 0,p — i_ > 0;
given k € I,k < j, We have det(vy,v;) < 0,Hy_q < 0; given k € I,k > j, we have
det (v, vj) > 0, Hi,_1 > 0. Hence, each term of (4.44) is again positive.

(iii) When j =d, for r =0, H < —ag, similar arguments show each term is positive.

(iv) When j+1 € [, forr =0, —a; = —a;41 < H < —a;_1, the only difference is when
i=j+ 1€ I, wehave p; = p;_; and det(v;,v;) > 0, H; > 0, thus the involved terms
are still positive. All other terms are still positive from the discussion in the second
case.

v) When 5 € I. For H = —a; = —a,;_1, r doesn’t take the value 0, we let » — 0, then
j j
pj, pji—1 — 0. In this case, Pj+1 goes to infinity, and we need a different argument.

Using Equation (4.33), we obtain

(261 + O(r?)) (241 + O(r?))
62 ’

J—1,J.g+1

r* = (pj1+ Hj—1)(pjo1 — Hj—1) = 3 -
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here 0;_1 ;41 is a smooth and positive function. Thus E?Ej_lﬁjﬂ = 7‘25j for some
smooth and positive function ¢;.

]

With the preparation of these lemmas, we are ready to show the boundary condi-
tion (4.25) holds for the cusp edges of P. Consider k € I, near {;(z) = 0,

1 A «
& = ag_1logr + = (g1 — ag—1)log(Hr—1 + pr—1) — il B O(1),
2 2 pr—
1 A
& = Br—1logr + §(ﬁk+1 — Br—1)log(Hg—1 + pr—1) — %pfk + O(1).
1

From Lemma 4.2.1.3, we know 7? = §"0;_1(3{;; for some smooth and strictly positive
function ¢’ near ¢. Note from Equations (4.32) and (4.33), we obtain from (4.35) that

1 A
du = §(log(€k_1)ozk_1 +10g(Lys1) 1 + (det(Vpyr, o) log(€r) — 7:>ak)dx1

1 A
+ é(log(ﬁk_1)ﬁk—1 + 10g(€k+1)ﬁk+1 + (det(ka, Vk—l) 10g(£k) — g—k)ﬁk)dZEQ + 0(1) (445)
k
This is the desired boundary behavior. Hence proving (4.25). This completes the con-
struction of the metric. The corresponding potential v € Sa, , det(ves Vk+1)(P7 L, Ly) for
2 72 c— 1)
k € I is immediate from the construction.

]

Remark 4.2.1. We remark here that we can modify the assumption (/.8) on the index set
tol <ip<ig<---<ig<d. Ifk,k+1€l andk—1,k+2 ¢ I, which means there are two
adjacent cusp edges, then we have ay_; = ar, = agp1. Now define fori < k, o = oy, B == Bi;
fori =k, of = ar+ agr1, By, = B + Prs1; for i >k, o = o;_1, 5, = Pi—1. Then, the
situation is reduced to that discussed in the theorem. Similarly, we can extend the arguments
to the case for any number of adjacent cusp edges with this argument. From this, we can
relaz the assumption of D; N D; =0 for all i # j to allow some non-empty intersection of
them.

We are interested in studying the asymptotic behavior of these Poincaré type scalar-flat
Kahler metrics away from the divisor. For this, we compare them with the scalar-flat Kahler

metrics on C? discussed in [27] and [69]. From [69], we know the symplectic coordinates
1 1
T, = 5(—H+ VH? +72) + aH?, 1x5= E(H +VH? +r2) + BH?, fora,f >0

induce the Taub-NUT metric when a = 8 > 0, the generalized Taub-NUT metrics when
a > 0,8 > 0, and the exceptional Taub-NUT metrics when a = 0,5 > 0or §=0,a > 0.
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Theorem 4.2.2. Consider the metrics constructed in Theorem 4.2.1. The metric is (1) ALE
if « = 8 =0; (2) asymptotic to a generalized Taub-NUT metric if o, f > 0; (3) asymptotic
to an exceptional Taub-NUT metric if either a« = 0,6 >0 ora > 0,5 =0.

Proof. From [20], Section 3, given angular coordinates 61,0y for z1,xs, the metrics con-
structed in Theorem 4.2.1 have the following form

> widr; @ dry + Y udb; @ db;.
Equivalently ) u;;jdz; ® dz; can be written as

- det DE(dH? + dr?).
For H > 0, and p := v H? + r2, as p — 0o, we have

1 1 —0(1> 1 1_O<1>
pi+H, p+H 2) i p p?)’

then as p — oo, we rewrite D§ as

r Z?=_11 (air1—ay) Z;j:_f (atig1—cv)r?
_ o O] QLT et Lt L
D¢ = [B ()} +; r > (Biyi—Bi) By + Zf;ll(?i+1};)ﬁi)7‘2 + 0 ? . (4.46)
2p 2p(p+

We see that compared to the Abreu and Sena-Dias case, the additional terms of the form

L in ¢ only create terms of the form O </%) Then under similar computations as in [/]

Proposition 5.1, we know

det 1
rdethz%—i—O(E), fora=£5=0;

rdet D — det(v, 1) (1= ———)+det(v, vg) 4 21 ) <i> for (, B) # (0,0).

2p(H + p) 2p(H +p) 2p p*
For H < 0, we argue the same way by considering (H,r) — (—H,r), (v, ,vq) —
(Va, -+ ,11), (a1, -+ ,aq) — (—aq, -+ ,—aq). Hence, we deduce the desired asymptotic be-

havior for the first two cases. The completeness of these metrics is immediate with the above
calculations, for details, see [1] Proposition 5.1.

For the last case where either « > 0,8 =0 or a« > 0,8 = 0, we compare det D§ with
that for the model exceptional Taub-NUT metrics on C?, introduced in [09]. Let £45 be the
Legendre transform of its momentum coordinate for the toric scalar-flat metric constructed
in [1] for the given polytope P, and &.,. be the one for the exceptional Taub-NUT metric,
then we know from [03] Section 5 that det D,g = det D€, + O(p~2). For our case, from
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the above expression (4.46), we have det D€ = det Dég + O(p~?), and thus the metrics are

asymptotic to the exceptional Taub-NUT metrics.
O]

Example 4.2.1. (Hwang-Singer metric, [29], [71]) Consider the polytope with three edges
whose normal vectors are vy = (0,1),v5 = (1,1),v3 = (1,0) and I = {2}. Let

L ={xy, 29,21 + 29 — 1}.

Figure 4.2: The moment polytope of the Hwang-Singer metric

Then, from the construction, we obtain

1

1 1 1 1 1
_ VHZ +2) -~ — 2 loo(— VHZ &2y -~ .
& = =log(H+ VH?+1?) 52—210g( H+VH?+r?) Wit

2 2,/]?2_1_7«27

1 1 H 1 1 H
— S(HAVH 1) 4 e = (—HA4VH +12) — o2
= G H VI ) 4 5w = S (CH 4 VP $17) = e

Then, we obtain the symplectic potential w, which is

1 1 1
U= Exl log 1 + §x2 log zo + 5(:101 + xo — 1)log(z1 + z2) + h

for some smooth function h. Let w be the corresponding Kdhler form. It lives on the
complement of the zero section E of the total space of the line bundle O(—1) over CP', which
we denote by Y. Then u € S%’_%(Y, L,E). Consider the momentum coordinate

T =2z + 22) = 2VH? + 12,

let X be the generator of the S*-action satisfying ixw = —dr, then from [07] Section 2.3,
we can compute the norm || X||* as follows:

N
|| || =T or 0z or 01 2+T
8H or ~ 9r 6H
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We see it is exactly the momentum profile of the Hwang-Singer metric discussed in [29]
Section 2 and Section 3. If we vary the length of the edge corresponding to the divisor,
then we obtain a one-parameter family of toric scalar-flat Kdhler metrics of Poincaré type
introduced in [71]. More precisely, consider

1 a 1 1 a 1
= —log(H+ VHZ+712) — = —— = —log(—H + VH? +12) — ————

the corresponding symplectic potential is given by

1 1 1
u= 5o log x1 + 572 log xo + 5(.701 + 29 — a) log(xy + x3) + hy

for some smooth function h,. Then u € S%

1 (Y,L,E).
With a similar approach, we can prove Theorem 4.2, again by explicitly constructing the

toric metrics:

Proof of Theorem /.2. Compared with the case in Theorem 4.2.1, all arguments of the con-
struction work for the parallel edges case except for the choice of v = («, ). Since v; = —1y,
v needs to satisfy

det(v,11) =0; det(v,vg) > 0,Vk € I,

then with the same arguments, we see &, & give a one-parameter family of toric scalar-
flat Kéahler metrics. To understand the asymptotic behavior of these metrics, we compare
them with that of the product metric g,,0q on 52 x R%2. On S?, we take the round metric,
and on R?, we take the hyperbolic metric. Then S? x R? is biholomorphic to CP* x D. The
symplectic coordinates of this product metric, as discussed in [67], can be written as

1 1
dr, = 5(—1 +VH2 472+ /(H—1)2+72), dag= 5(1 —VH2 + 72+ /(H —1)2 +12).

The toric scalar-flat metrics whose moment polytope has parallel unbounded edges are
discussed by Weber in [67] and [69]. These metrics satisfy the Guillemin boundary condition.
Let &wep be the Legendre coordinate of the momentum coordinate of the metric for the given
polytope, and &4 be the one for the model metric. Then we know from [68] Section 5 that
det D&yep = det DEyroa+O(p~2). For our case, from the formula in Equation (4.46), we have
det D¢ = det D&y, + O(p~2), thus conclude the asymptotic behavior of the constructed
metrics. 0

At the end of this section, we remark that for a toric scalar-flat Kahler metric whose sym-
plectic potential lives in Sy g(P, F), the A, B are uniquely determined by the polytope.
We recall the following theorem in [3]:
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Theorem 4.2.3. ([8], Proposition 4.20) Consider u € Sa (P, L, F) satisfies
82 i
Z 89620% *(PLF)

for some extremal affine linear functzon sipry of (P, L, F). Then A, B are determined
by the data (P, L, F).

Following the proof of this theorem, an explicit expression of A and B are obtained in
Equations (46) and (48). For our case where s(p, ;) = 0, we see A, B are expressed in terms
of functions on F', thus for non-compact P, they are still determined by the data (P, L, F').
Hence, for a fixed polytope P, if the symplectic potential of the toric scalar-flat Kéahler
metric lives in S4 g, then the choices of A, B must agree with those in Theorem 4.2.1. In the
Appendix 4.4, we will discuss a uniqueness result under this prescribed class of symplectic
potential.

4.3 A conical family of toric metrics

Given a cone angle 276, for 0y € (0,1), motivated by the conical family in [31] Remark 1.2,
we consider the following boundary behavior of potential u of a toric metric which has conical
singularity along the divisor corresponding to the edge L(x) = 0 on its moment polytope:

u(z) = 220 - 0(z) log £(z) + ho(x) (4.47)

for some smooth function hg. Consider the ALE scalar-flat Kahler metric of Poincaré
type constructed in Theorem 4.2.1(i.e., v = 0), denote its moment polytope by P\L;. Let u
be its symplectic potential, we write

1 1

ig il
for some h € C°(P). Here a; = —%Ai,ﬁi = %det(yiﬂ,yi,l) for i+ € I. Consider the
smooth scalar-flat Kéahler metric on P constructed by Abreu and Sena-Dias in [1], let uag

be the symplectic potential, we can write

d 1

UAas = = Zflogf —|—hAS

for some hag € C*°(P). For any 6 = (6;,,--- ,0;,,), consider

Zeloge+ ZQ lilogli+vg+ [J(1—=0:) - h+]]0: - has. (4.48)

z¢] iel el el
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Here vy =0 for § = 1 and for 6 € (0, 1),

1 0; 0; 1 1
Vg = ;[(52—2—91)51 log(4; + - 9¢)+ai 10g(€i+m)+(ﬁi—§)€i IOgTGi_% log - 91]'

Then u® — w as 6, — 0 for all i and ¥ — wsg as 6; — 1 for all i. This family of
conical metrics, however, are not necessarily scalar-flat.

In the remaining part of this section, we will follow the framework of Abreu and Sena-Dias
to explicitly construct toric conical scalar-flat Kéhler metrics:

Theorem 4.3.1. Given X satisfying the same conditions as in Theorem 4.2.1 and let P
be the moment polytope for X. Consider an index set J = {j1, - jm} C {1,2,--- ,d} with
1 <ji1 < - <Jm<d. Foreach j, € J, fir a cone angle 2r0;,, we write = (0;,,---6;,.).
For the normal vector v; = (o, B;), consider

o= ifi g Lal= e S, fmpifig 6= e (449)

%

Letl; = J;", ¢;, be the union of edges {;, indexed by the elements in J, here {;, corresponds
to Dy,¥i=1,---m. Consider v = («, 3) a vector in R* satisfying (4.9). Set

d—1
1
& = ajlogr + B Z(agﬂ — o)) log(H + age) + \/(H + az@)2 +7r2) + aH,
i—1

d—1
1
&= B logr + 5 S (B — B) loa(H +a” + 1/ (H +a”)2 +12) + 1,
=1

(0) ()

where ay”’, -+ - ,a,’, are real numbers determined by P and 0. Let x,xo be the primitives
of
3 3 96 23]
=r(—=—dH — —=d = —r(—=dH — —=dr).
e =rl or OH r), e r( or OH )

Then they define the momentum action coordinates on P° of some conical toric scalar-flat
Kahler metric on X whose cone angle along D; is 2m0;,. Its symplectic potential satisfies

du = §1dx1 + égdl’g.

Proof. Firstly, the positivity of det D¢ can be proved with the same arguments as in Theo-
rem 4.2.1, it is because (o, 8!) either equals to («y, 5;), or is rescaled by a positive constant
0%_ from (ay, B;) along edges corresponding to conical divisors. Next, to check the boundary

behavior of u, we note for _age) <H< —ag-ajl, we have
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& =allogr + z:(Oz;Jrl —a;)logr = ajlogr +0O(1), & = Bjlogr +O(1),

which gives

du = logr(ajdx, + Bjdxs) + O(1).

We claim that we still have = (6 [, £;)"/? for some smooth and positive function 4.
The reason is that with a similar analysis as in Lemma 4.2.1.3, we obtain

%_f% i1 — B %7_2(1%( = VL)
o 24,0 7 or 2 @) )

i=1 Pi
here v = (o, 5)), H( )= H+ a ) and p (H'i(o))2 + 2. Again, since «;, 5] are
rescaled from «y, 5;, we still have
r, det( ul, det(vy, 1) 1 1 det (v}, v))
5( Zdet —9)——6))+T)>0,
Pi— Pi Pa-1

and this proves the claim. Thus, du = log {;(adr, + Bidxy) + O(1), giving the desired
boundary behavior.

Lemma 4.3.1.1. Given j € J,

| L,

(9) 0 _
a;’ —a;’; =0;- STER (4.50)
Proof. Note
wlp = r22am n oy — 22 am A dos,
g or or
then from & = 1/] logr + O(1) on Lj, we get w|y, = W dH A dt. Then
L. — o (g® _ ® IVjI2
i = W = W(%‘ aj—l) T
L; ‘91‘
concluding (4.50). O
Also we know for j ¢ J, a aﬁ)l = aj — aj_,. Then, we obtain the relation between

age) and aj.
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k
a;e) = a} if 7 < j1; agg) = a;- + Z(l — sz)(a;.ﬁl — age) if jx < J < Jrs1;
(=1
m
and a!’ —a;+z )y —d}) if j, <j<d (451)

From the expression of &, & we deduce the expression of x1, x5 as follows:

- d—1

1 1

=B + 5 Y (B — B)H = pl"). 2= —iH =3 Y (0l — a))(H = "),
=1 i=1
When r = 0, we have
d 1 1 d—1
= 0H + 5 Ejrﬂ B = 1B, @y = —abH = 3 (ol = a) (" = [HP).

=1

Equivalently, we know
(i) If a1 ) < H, then z; = BiH, x9=—a}H;

(i) if —a, < H < —a\?, then @y = B H + 7 al” (Bl — B), x2 = —aly H —
J O r .
i=1 QO (O‘i-i-l ai)v

(i) if H < —ag”,, then ay = GH = Y0 o) (Bly = ). w2 = —aH =315 0 (ol —
al).

We want to show 2/ = (27, z4,), when restricted to (H,0), defines a global proper homeo-
morphism. Again, we first focus on its behavior along L; for j; < j < j,. For simplicity, we

write k = ji, then

k—2
9 0 0
= B H + wk B )HD = o)+ al (B, — B) +0(r?),
=1
/ L, / ) ) = ) / 2
Ty = —ay H — 5(0% —aoy ) (H 2 — pp2y) — a; (o —ag) +O(r).

=1

From (4.51), we know ¢;(x) = 0 holds. For k < j < ja, note {;(x) = 0 is equivalent to
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7j—1 7j—1
Z det (v, l/j)(az(i)l — agg)) - age) det(v1,v;) = Z det(v, vj)(a;_y — a}) — a) det(vy, ;).
i=2 =2

From (4.51), direct computation shows the above equation holds. With essentially the
same arguments applied to j; < j < ji41 for i > 2, we see ¢;(z) = 0 holds. Hence x defines
a global proper homeomorphism as desired. [

For the asymptotic behavior of the conical metrics, note as p — oo,

/ / 1
rdethzdet(QVdﬂ/l)‘f'O(_Q),fOI'OZ:B:O;
p p

r? r? det(v, 1) 1
rdet D& = det(v, v))(1— ————)+det(v, + L7V 10 (—) , for (a, 0,0).
The arguments in Theorem 4.2.2 still work here, and hence the asymptotic behavior of
conical metrics coincide with those for the cuspidal metrics with a given choice of («, ).

4.4 Appendix: Uniqueness of toric metrics under
given boundary conditions

Theorem 4.4.1. Consider the same setting as in Theorem 4.2.1. Assume g is a toric scalar-
flat Kdhler metric of Poincaré type and its symplectic potential u satisfies the prescribed
boundary behavior given in (4.11), then g can only be one of the metrics constructed in
Theorem J.2.1.

Proof. The proof closely follows the arguments of Sena-Dias in [57], with the essential dif-
ferences in Claim 4.4.1.3, Lemma 4.4.1.2 and Lemma 4.4.1.3.

Starting from a scalar-flat Kahler metric on a symplectic 4-manifold, Donaldson shows in
[26] Theorem 1 that each solution of the scalar-flat Kéhler equation locally arises from axi-
symmetric harmonic functions &, &, in the way described in Theorem 4.1.1. Here &, &, are
unique up to translation in the H variable and addition of constants. More precisely, given
u(z) the symplectic potential of a scalar-flat Kahler metric, we consider (H,r) satisfying

OH u? Or OH  uY or
— (det H -2 = 7 = — ) 4.52
r = (det Hessu) ™%, Oxy r Ox; 0w, r 0z; (4.52)

Then for the moment P° endowed with the metric gpo, = w4 Zf i1 dr; @ dxj, r is
harmonic and H is its harmonic conjugate. The metric g,q, induces a complex structure
Jpoty Via its Hodge star. We obtain a J,.,-holomorphic local coordinate on P°, written as
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z=H +r.

The coordinates (H,r), as functions of x1,x9, are known as the isothermal coordinates.
Note the boundary behavior of u is determined on dP. Then r extends continuously to
OP\Ly, as does H. Thus, z extends to 0P\ L; as a continuous function, denoted by Z. Note
r =0 on dP\Ly, then 2(0P\L;) C OH\ UJ,c;(—ax,0). From the boundary behavior of the
metric we know Z is a bijection from 0P\ L to OH\ (J,.;(—ax,0).

Lemma 4.4.1.1. The map z : P° — H is a bijection.

Proof. The proof relies on the real sub-manifold associated with the symplectic 4-manifold
X. From the discussions in [12] Theorem 6.7 and [57], we know since the moment map is
proper, X is symplectomorphic to the quotient of some complex plane C? by a sub-torus
of the standard torus, with d being the number of edges of the moment map of X. Note
complex conjugation descends to a function on X and D. We denote its fixed point set(which
are real submanifolds) of X and D by Xg and Dg, respectively. The moment map

¢: X\D — R\ | J(=a,0),
kel
when restricted to Xg\Dg is denoted by ¢r. It is a 4 to 1 branched cover with the
branched set being ¢~*(0P\L;) and write ¢5' (P°) = U?:o P; as a disjoint union of the open
sets P;. Let gr be the induced metric on Xg\Dgr and Py, then g,o, = ¢r. (gr) = w;;dr; @dx;.
Let

(XR\DR)O — XR\DR

be the orientable double cover of Xg\Dgr and ¢g be the lifting of ¢r to (Xg\Dg)°. For
each P;, k = 0,1,2, we write P]Q and le as the pre-image under the double cover. Via
the Hodge star operator, we obtain from the metric induced by gg on (Xg\Dg)° a complex

structure Jg, whose pushforward under ¢ defines a complex structure Jp,, on P\Lj.

Claim 4.4.1.1. Given w € OP\L;, and p an element in (%) (w) C (Xg\Dr)°, then there
is a neighbourhood V,, of p in (Xgr\Dgr)® such that z o ¢} extends to V, as a holomorphic
function for Jg.

The proof is a lifting and extension argument for the harmonic function r and the har-
monic conjugate H on X\D, and this argument is essentially the same as in [77] Lemma
6.2.

Now, we show the injectivity. For the holomorphic map z, we consider its degree; it
suffices to show the degree is 1. If we consider a point wy € OH\ U,c,;(—ax,0) and let
w € JP\L; be its pre-image of Z. Fix p in the closure of B} N P). From Claim 4.4.1.1,
there exists an extension of z to V,. Assume V, is small enough to admit a complex chart
z 1V, = C. Then following the arguments of the proof of injectivity in [57] Section 6.1, we
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know for any € > 0 such that B.NP C ¢%(V},), there exists ¢ such that 2= (Bs(wp)) C Be(w);
furthermore, given a point wj € Bs(wg) N H, we can enlarge the loop v enclosing all pre-
images of z so that it also encloses w, then as wj, tends to wy. The number of pre-images of

w(, given by the integral
/ L (s)ds
. 2(s8) —wyp

Then we show the surjectivity. The different boundary behavior for the symplectic po-
tential in our case compared to that in [77] doesn’t cause any essential difference to the
arguments of the proof. Note P is non-compact and admits non-trivial harmonic functions,
from the uniformization theorem, we know there exists a holomorphic map « : P° — H.

equals to that of wg, which is 1.

Claim 4.4.1.2. k extends as a homeomorphism to P\L; — H\ U,,(—a,0), and it’s a
bijection.

Proof. First, we show the map is extendable. The different boundary behavior for the
symplectic potential in our case compared to that in [57] doesn’t cause any essential difference
to the arguments of the proof, for details we refer the readers to Lemma 5.4.

To see the extension is bijective, we argue by contradiction. Assume it’s not injective,
let w,v € OP\Lj such that &(w) = k(v). Take o € P° and consider the Jordan curve going
through x(0) and K(w) = K(v). Let C be the interior of this Jordan curve, then the segment
S joining w and v satisfies #(S) C dA N JH, and thus & is constant on S. In particular,
we see S doesn’t contain ¢ for any k£ € I. Then, the same arguments as in [57] give a
contradiction. Similarly, we can prove that the inverse is also injective.

]

We use this extension map as an auxiliary to show the surjectivity of z. Let U := z(P°),
write

oU = (0U N oH) U (0U N H),
then the surjectivity of z is equivalent to U NH = @. Consider z, = zox~! : H — H,
it is a holomorphic, injective map which can be extended bijectively to OH\ | J,.;(—ax,0) —
OH\ Uy (—ax,0). Consider

flw) = : H — H,

Z,{(—%)

as in [57], the same arguments show that it is holomorphic and can be extended to a
holomorphic function on C* with 0 being an isolated singularity using the Schwarz reflection
principle. Rewrite U = z,(H), we claim that

Claim 4.4.1.3. 0U NH = {lim z,(wy, ), (wx) unbounded with (w,,) being a subsequence}.
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Proof. For any point z,, in the above set, we take a sequence wy, € H such that z,(wy) — 2.
If the sequence is bounded, there is a convergent subsequence w,,, in H converging to w € H.
We have the following possibilities:

(i) If w € H, then Z,(w) = z,(w) € U but since U is open, 2z, ¢ 0U,;
(ii) if w € OH\ U (—ax,0), then Z, € OH\ U, ¢;(—ax,0), then 2o ¢ H

(iii) if w = (—ag,0) for some k € I, consider K (w,, ) = py,, we have z(p,,) — 2o € H.
From z : P\L; — H\U,,;(—ax,0) is bijective we know p,, — z7'(z2o0) € P\L;
and from £ : P\L; — H\U,,(—ax,0) is bijective we know k(pn,) — 2;'(20) €
H\ Uy, (—ax, 0). This implies w,, tends to an element in H\ {J,.,(—ax,0), a contra-
diction.

]

Equivalently we know

oU NH = {lim f(w,, ), w, € H,w, — 0, (w,,) a subsequence} = f(0).

Now, this set contains either oo or a single point, which is a pole. If the latter holds, we
know 2! is a holomorphic function with an isolated pole, but the image can not lie in H.
Hence we conclude that QU NH = (). This concludes the proof. 0

Now we know z is a bijection, define y := 27, and let iz = 2} » be the corresponding
map for the ALE metric garg(i.e., the case where v = 0) constructed in Theorem 4.2.1.

Lemma 4.4.1.2. Consider jig = pi—piarp, we have pg = r>f for some f € C>(H\ Urer(—ax,0)),
and f satisfies

3/,
fHH+frr+ 7{. =0.

Proof. Consider

n = (ua:17 ur2)7 NALE = (UALE,l‘l ) UALE,OJQ)J

we write

§(H,r) =mnopu(H,r), &(H,r)=mnop(H,r).
To show g extends as an analytic function to H\ |J wer(—ax, 0), it’s equivalent to show &
extends as an analytic function on H\ | J wer(—ax, 0). Since &y is an axi-symmetric harmonic

function on H, from the mean value theorem, it is sufficient to show &, is bounded in a
neighborhood of each point on OH\ (J,,(—ax,0). Write

§0 = MALE © LALE — N O [4 = (UALEOMALE—UALEOM)+ (UALEO,M—T)OM)-
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Note narp —n € C*, and p extends as a continuous function on H\ U, (—ax,0), we
know the second term is bounded. For the first term, rewrite it as Earg — Earg © (,u;‘iE o).
Near OH\ | J,,c;(—ax,0), there is a singularity of {rp with

Earp = vilogr 4+ O(1) on each internal — a;11 < H < —a; and r = 0 given ¢ ¢ I.

It’s equivalent to show as r — 0, log —— is bounded. Composing with p~! it suffices

(NALEON)
to show

(i) For the conjugate harmonic coordinate H' for z, for i+ 1 ¢ I, —a;41 < H < —a; <=

—Qip1 < H < —a;, and fort+1 € ], H = —Qip1 — H = —Qit1;
(ii) log =2+ is bounded as r approaches 0.
TOHALE
The first claim follows from [57] Theorem 6.2 and our choice of coefficients (4.27). For

—~1/2

the second claim, recall r o u=' = det(Hess u o u=1)71/2, then it’s equivalent to show that

(det Hess wo p~)~1/2
(det Hess uapp o pu=1)=—1/2

is bounded. This follows from the assumed boundary behavior of v and uarg. Direct
calculation gives fyy + frr + 3{ = = (), for details see [57] Lemma 6.3. O

Lemma 4.4.1.3. For the normal vector v; = (1,0), consider fi = f - vy, then f is a
constant.

Proof. Since f; is harmonic, it suffices to show it is bounded. From f = % and v-v; >0
we deduce that f; < #ALE=L. From the expression of xq, zy in Theorem 4.2.1, we know

|,LLALE(H,’/’)| S C\/ H2+T2 + 1.

Asin [57], we view f as a harmonic function in R®, which only depends on the coordinate
H and the distance to the H-axis, 7. Then Vw € R?,

iy < LD

Let A denote the subset of R% whose H coordinate does not take values —ay for any
k € I when the distance r vanishes. For a fixed z € A, there exists R, > 0 large enough
such that dB(z, R.) C A, and with the mean value theorem, we get fi(z) S 35 faB(z,R) &y
Then from [57] Lemma 6.4, for R large enough, direct calculations show |, OB(=.R) i—g’ < R?%
thus f; is bounded from above. [
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Similarly, for the normal vector vy, we can define fy :== f-vq, then f5 is a constant. Thus
f is a constant, which implies £y = H - v for some constant vector. Hence when v = 0, g is the
ALE metric constructed in Theorem 4.2.1 and otherwise ¢ is the generalized or exceptional
Taub-NUT ones constructed there.

]
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Chapter 5

Construction of the neck region

The degeneration of complex structures arises in the study of compactification of moduli
space of special metrics. Given 7 : X — D a flat family of algebraic varieties such that
X; = 7 1(t) is a smooth manifold for ¢ # 0 and X, = 7~1(0) is singular. We are interested
in the limiting geometric behavior under Gromov—Hausdorff convergence, in particular in
the collapsing case.

The degeneration of polarized Calabi-Yau manifolds is studied in [59] and the degenera-
tion of negative Kéhler-Einstein metrics is studied in [50]. One essential step in the study of
the limiting collapsing geometry is to directly construct the degeneration region by gluing
an appropriate neck region with carefully chosen ends to obtain an approximate solution.

We make progress on the construction of the neck region in this chapter. By imposing
an S'-invariant structure on the neck region, we use LeBrun ansatz 2.2 for scalar-flat Kahler
metrics to approach the construction. We allow the S'-action to have fixed points, and thus
are led to solve a distributional scalar-flat equation. More concretely, we add delta functions
supported at isolated points to obtain the inhomogeneous equation [Section 5.1]. The degrees
of the restrictions of the S'-bundle over D at the two ends are then expected to differ by the
number of chosen points. For a detailed analysis of the geometries at the singular region and
end region, see Section 5.2. We further extend the metric over the isolated singular points by
constructing a compactification where the metric extend with some regularity[Section 5.3].

5.1 Distributional equation on S? x [

Let D = S? and gp be the round metric. We construct the neck region starting from the
pair (ug, wp) corresponding to the cylinder (D x I, gp & dz?). Explicitly, consider
224 T2
PR S e
(1+ =52y
1
224+ T2

Uug := In

Wy ‘=
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satisfying Equation 2.2 and Equation 2.1 respectively. Then with this fixed u := ug, the
equation involving w becomes

22 4 o2
4
We consider around a singular point p € D x I the distributional equation

(1+

)2 (03w + Ojw) + 02((z* + T~*)w) = 0.

:U2+y2

(1+ 202w + 85@0) + (22 + T ?)w) = —276,,. (5.1)

A solution to this equation gives a scalar-flat metric on complex surface with an S!-action
having a fixed point at p. Now it remains to solve this equation.

Solving the distributional equation

Using separation of variable, we expand w in the eigenfunctions of the Laplace-Beltrami
operator Acpi. Note Acpr has the following expression

xQ%_yQ

Acer = (1+ P02 + ).

Then Equation 5.1 becomes

(22 + T72)0%w + 420w + 2w + Acpw = —279,

Recall the Laplace-Beltrami operator on a compact Riemann surface has discrete spec-
trum, we take eigenfunctions v, of Agpr with eigenvalue —\?, we normalization so that
Y(pp) > 0 and [, [¢x|*wp = 1. We then have the expansion

w = Zf,\%\, op = Zdb\(}b)l/f)\(;p

A>0 A>0

For each given eigenvalue A\, we have

(22 + T2 f(2) + 42f1(2) + (2 = N2) fa(2) = =275 (p)5,p(2). (5.2)

Let x = 1+—§TZ, we obtain the following ODE:

v(x = 1)fi(2) + 222 — 1) fi(@) + (2 = M) fa(z) = =7 Ta(p)3,(@). (5.3)

From the theory of hypergeometric functions we know

Ui\ = 2F1(a75a77x)7 ,Ug\:QFl(O‘aBa’yai')
are solutions to the homogeneous equation, with
34+ V1+4N2 3—V1+44X2
o= ————"

2 Y 17 —2.
5 o4 5 ,
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Here o F(«, 3,7, z) is called the hypergeometric series. It is a convergent series defined
for a, € C, v € C\Z_ and |z| < 1 as follows

oFy (o, By, ) = Z (a?kﬂmk.
Let

Y :={A>0:\is an eigenvalue of Acp1 and V1 + 4\2 € Z}.

We see if A ¢ X, then v}, v3 give independent solutions to the equation. Note ¥ is
discrete. To obtain a solution to our non-homogeneous equation, we use the method of
variation of parameters. Let

b(z) := Tmx(pp)do(2).

We use v* to denote the non-homogeneous solution to the ODE, we write

2
v = E Civ;.
i=1

Let W{v}, v9](2) be the Wronskian determinant of the basis v7, vy. Then
Wi(s)
i = ds,
c / s

where W; is the Wronskian determinant of the basis with the i-th column replaced by
(0,b(2)). Explicitly, we get

(2R3
a(A)B(N) D(L)r(ErelHBR)y)’

2T\ 2 .
o= [ ST TR s~ T

F( 2+O2¢(>\) )F 2+§(>\) )

a(N)B(N) F(%)F(M) = —c1(2).

2

Z 2T mzG A .
ae) == [ T s = Tt ()2

Hence

v (2) = Crog(2)Im(vy(2)),

where C] is a constant satisfying Cio0(2) = 2ic;(2). We want to modify v* by adding
a linear combination of homogeneous solutions so that f) has the desired growth behavior.
Recall the following property of hypergeometric series from [6] Theorem 2.3.2:
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CPB=a)T(), »
F(ayﬁaf%x)_m(—x) F(CK,CY—l—l—fy’a_Fl_ﬁ’x)

Pla—B)T() 1 B R

T e L G )

Using this, we obtain the following estimate

=8

5, we have

Lemma 5.1.0.1. For p := —tan

(o0(:) = 3 ) 1D + 2 Re)(2) = O(T=)7)

Define

f(2) = S (~Im()(z) + LRe()(2)) + 0\ (2)

From the lemma we see

I(z) = 0((T=2)"")

is a decaying solution to the inhomogeneous problem.

5.2 Analysis of the geometries

Decaying behavior near the end region

We first study the behavior of f\(z), and then deduce the behavior of w near the end region.

First we look at fy(z). We want to analyze its behavior around 0. First we note that

v?, vy are solutions to Equation 5.3 away from 0.

Lemma 5.2.0.1. Let f be a homogeneous solution to FEquation 5.3, then [ does not have
negative local minimum nor positive local mazimum on (—oo,0) U (0, 00).

Proof. 1f f has a negative local minimum at z, then f'(z) =0, f(z) < 0, f”(z) > 0, but it
contradicts the equation since the coefficient before f is negative. For same reason f cannot
admit positive local maximum. O

Lemma 5.2.0.2.
H <0

More precisely, there exists N > 0 independent of T and A such that as A\ — oo,

[A(0)] = TOMY).



CHAPTER 5. CONSTRUCTION OF THE NECK REGION 83

Then we show away from the singularity, the behavior is controlled by the solution
corresponding to A = 0. More precisely,

Theorem 5.2.1. Let w = 2»0 [y then there exists p > 0 such that w = flvy +
TO((T2)72) on |z| > pT~t as T — <.

Proof. Given A > 0, we have a(\) > 2, more precisely, given a fixed € € (0, 1),

a(d) >24+€eN, A>0. (5.4)

Define a new function

ga(2) = 2 maxp|a| fr(2),
under direct computation, we see Equation 5.2 for f) gives us the following equation for
g

(1+2%) 2205 (2) = (2eX 2> +2(e+2) 2) gh (2) + (N2 (€422 (2 —1) )+ A(Be+27€)+6) ga(2) = —27mhpd,(2).

Assuming e being sufficiently close to 1, we observe the coefficients for g, and g in the
above equation are positive. Assuming A > 0, Lemma 5.2.0.2 tells us

gr(2) < 0.

Further, combining with 5.4, the decaying behavior of fy tells us lim, 1 [gr(2)| = 0.
Note that the positivity of coefﬁ01ents of g and ¢} shows there does not exist a negative
local maximum on (0, 00), which implies the existence of a constant ¢, > 0 such that on
(cx,00), ga(z) is non-decreasing.
O

Now we generate the explicit expansion formula of w by giving the formula of f;. The
solutions to the homogeneous equation are

1
1—2x

01‘ :—1 UO.CL':
1}1( ) 13(1—1’)7 2( )

The Wronskian of this basis is 2(1 7z and Wi(z) = 1=, Wa(z) = x(l . We switch to

z coordinate, then a general solution to the homogeneous equation can be expressed as

T2
T e )

for py1, o € R. Apply variation of parameters, we obtain an inhomogeneous solution

W(2) = —2wag(z)T2z/Jo(pD)ﬁ.
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From Theorem 5.2.1, we see for |z| > &
_ 2 < -3 -2
w="T (—27T0'0w0<pl)) . m -+ O(T z )) .

This w is a solution to the distributional Equation 5.1, and we can modify this solution
by adding a constant multiple of wy. Recall our goal is to construct a SFK metric on the
neck region which resembles Hwang-Singer model at the ends, we now show by adding an
appropriate multiple of wg to w, we obtain a good candidate. Let

W = Wy + Ww.

Here we introduce the subscript T to indicate the dependence of the solution w on T'.
Then for |z| > £

1 z
=T ——— -2 — T73272) ).
wr (1 (T2 mooto(pp) 1+ (T2) +0(T2 ))
We see that, for T sufficiently large, wr > 0.
For 1y = vo(2)dx A dy, Apihy =0, [, |1bo(2)Pwp = 1, from

Yo(pp) = / *po = / —wp A*py = ! ( wp, Vo) L2(D),
we see 2wy (pp)o = wp.

Fix an integer k_ > 0, we add a homogeneous solution 27wy (pD)ZQi*% to v°(2) and get
an inhomogeneous solution

z
fo(z) = —2m(00(2) — k’—)i/fo(pp)m-
which implies the following
k_ﬁWD, z <0
fo(2)o = =+T 5.5
0( ) 0 (k'_ — 1)22_‘_%WD7 z>0 ( )
wr(z) = 2+T 5 +27rlg_¢g+PTDQ¢ (2)+0(T71272), 2<0 (5.6)
== + 2n(k- — )wgfq? s+O0(T 1273, 2>0
1+ k_ 0
Or = e wpdr A dy = (1+ hz)wp, Z< (5.7)
(1+ (k- —1)z2)wp, 2>0

Hence we see given T sufficiently large, when z > Q the metric is a small perturbation
of the Hwang-Singer model on O(1 — k_).

Remark 5.2.1. It no longer makes sense to speak of the notion of momentum profile for
our newly constructed metric: since wr depends on x,y, the metric obtained from LeBrun
ansatz no longer arises from the Calabi ansatz.
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Behavior near the singularity

In order to construct the neck region over the entire cylinder, we need to study the metric
on S!-fibration around the singularity which corresponds to the fixed point of the S!-action.

Denote

:z:2+y2

2
D= (1 + ) (024 07) + 02(* +T7?),

then Equation 2.1 becomes Dw = 2md,. We can decompose this operator as

D — A(CIP’l + T_283 + R
with R = 2202 4+ 420, + 2 being the remaining part.
Consider a change of variable ¢ = Tz, then the operator D and R becomes
Dy := Acpr + Of + 0207 + 400, +2, Ry := 1207 + 400, + 2,

and

Dgw = 2T7T(5p.

Now for the distance function r, = /22 + 92 + £2, and the Laplacian on R?® Aps =
92 + 02 + 07, we know

1
ARB (_) — _27-(-57 ACEﬂ — AR3 = O(Tg)Pa
2?"@

with P = P(x,y, /) being a second-order differential operator. Also note that

T\ o (T T
Di () = e+ 008 (1) + e ()

More explicitly, we apply the following lemma from [50]:

Lemma 5.2.1.1. ([50]) Consider f(z,y,{) a homogeneous polynomial of degree k and L' a
differential operator such that £'(W?') C W1, then there exists u,v' € W' satisfying

(Ags + L)u = Tk—j; +.
y4

Note the operator R satisfies R((W?') C W', thus applying the lemma to our situation,

we obtain
T 4 1 T
Ry (—) = p—($’5y7 ) + U)l, P (—) = g(),oz.
21y Ty 2ry
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with p* being a homogeneous degree 4 polynomial with respect to variables z,v, /.
Schauder regularity theorem for second order PDE gives that

T
w=— +g>* +w' € C” (5.8)
27“g

5.3 Compactification

Now with the information of w near the singularity, we want to construct a compactification
where the metric g extends with some regularity.

With the expression of Equation 5.8, we can compare the expression of the metric g
with the metric given by Gibbons-Hawking ansatz, then we see the correct model to use to
compactify the metric space near the singularity is the Taub-NUT model space. Here we
recall the definition of Taub-NUT model arising from the Gibbons-Hawking ansatz:

Gibbons Hawking ansatz Let U C R? be a contractible open subset and V' is a positive
harmonic function on U. Use 1,22, z3 to denote the coordinates on R3®. Consider mgp :
M — R3 — {0} the S'-bundle with connection form ©. We say an S'-invariant metric on
U x St arises from the Gibbons-Hawking ansatz if it is of the following form

gam = Vr*(da? + das + dx3) + Ve (5.9)
Let ¢ be the fiber coordinate and we can write © = dt + 6 with 6 being a 1-form on R3
satisfying *,,dV = df with gy being the Euclidean metric on R®. The complex structure
Jam is given by
dxg — V_l(dt + 9), dl‘l — de’Q
and the Kéhler form is given by

WGgH — le‘g VAN dl‘g + dl‘l N @GH-

Taub-NUT metric Taub-NUT metric is a special family of metrics arising from the
Gibbons-Hawking ansatz. In Equation 5.9 U = R* — {0} and V = 5= + a with r being the
distance function from the origin in R and a > 0 being the parameter for this family. In this
case the total space of the S'-bundle is C* — {0}(see [15]), and 7y : C* — {0} — R* — {0}
is the Hopf fibration (21, 22) — (Re(y), Im(y), z), where

1
Yy=rz22,2= 5(\z1|2 — |22f*).
We rewrite the metric and the Kéhler form in this special case

1 . 1 -
grN = (5 + a) Trngo + (5 + a) @%N, (5.10)
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1

WrN = (2— + (Z) ’/T;NCU(C +dz A @TN- (511)
r

Remark 5.3.1. As pointed out in [/0], Gibbons-Hawking ansatz is a special case of LeBrun

ansatz when we take w = 0. The similarity of the form of the scalar-flat metric we intend to

construct and the Taub-NUT model may suggest another reason why it is a natural candidate

for doing the compactification.

Upon closer look, for wry to be Kahler and for J to be integrable, we need the following
conditions to hold:

1 . (1
83 (5 -+ CL) WTNW(C =+ dDdD (g + (l> = 0,

1 1
0, <§ + a> Trnwe — dz A d, (5 + a) =dOrn =: Trn.

Now back to our complex surface with S'-symmetry. Knowing Y is closed and thus
defines [Y] € H*(S? x I — {p};R), we have

Lemma 5.3.0.1. 5=[Y] is integral.

Hence there exists a principal S!-bundle

7N = S*x I —{p}

with curvature form —:iY. In order to do the compactification around singularity p, we
want to clarify the geometry of N over a small neighborhood U around p. Consider

7. L—U-—{p}

the Hopf fibration. Recall the fact that the topological data for the principal S*-bundle
is determined by its first Chern class, note that both m and 7’ have the same degree, we
conclude the existence of an isomorphism between N and L. This allows us to glue N and
L to get a compactification /. The next task is to study the regularity of the metric and
complex structure. Let yp,%p, £ be the coordinates on U* := U? x I — {p} with U C R},
being a small neighborhood around p. Note here yp,yp is the holomorphic coordinate on
D. Let U = 7~ }(U?), we naturally obtain a Hopf fibration mapping

1
T Hopf * U— U3, (Zl,ZQ) — (%(2122),%(2122), 5(‘21’2 — |22‘2>>

Comparing the degree of 7., with that of m, we conclude that they actually coincide
on U, and thus obtain

21y = | 21| + |2)? 1= S%
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Recall T = 0.0 — dz A d°h, and w = % + ¢>* + w!, then when replacing w by wr, we
have Yp 1= 0,07 — dz A d°h, and wp = wy + = + ¢>* + w',

27y

3 (1 1
TT - TTN == 34 (TWT _WTN) +d€/\dD <TwT - Q_W — ].)
= 9(g® + wl)%dy[) A dijp + db A dS (g3 + w?)
= (g7 + w)dyp A dip + (g + w")dl A dyp + (g5 +wh)dl A dijp.

Here we used

wr = ewrdr N dy =

and

™(wp — we) = O(r)7*(dy A dy).
Under the Hopf fibration, 7*dy, 7*dz, n*dy € sO’(1)(for notation, see remark below).
The lowest regularity term above is the first one, which gives
(> +w"O'(s?) € CH°.

Notation Asr — 0, we say f = O'(r*) if for each € > 0,

O(1), iftm<k-1

g = O
O(r E) itm >k

Comparing the metric on A over a neighborhood around the singularity p, we see their
curvature still differ by a 2-form with ' singularity. Fortunately, we have one more degree
of freedom to fix the difference, i.e., we can perform a suitable gauge transformation.

Lemma 5.3.0.2. There exists an S'-invariant 1-form with C* regularity in a small neigh-
borhood around p and smooth away from the singularity satisfying dd = T — Ypn and

0(3,) = 0.
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Proof. The strategy is to impose the gauge-fixing condition df = T — Ty and solve the
elliptic system under the Neumann boundary condition, which is §(nu) = 0 on the boundary
of the small neighborhood. The desired regularity follows from the standard elliptic regularity
theorem and S'-invariance is easily obtained. Cartan’s formula gives the vanishing of d(:s,6),
implying 6(0;) = 0. O

From this we deduce that the metric ¢ extends to a C*® metric with the given connection
O = O + 0, giving us a C** compactification. In fact, we can further raise its regularity:

Theorem 5.3.1. The metric extends smoothly across the singularity, resulting in a smooth
compactification.

Proof. We recall a useful interpretation of the cscK equation

Scal(w,) = c,

where we view it as a second order system

wy = efwy, (5.12)
A F =tryf —c. (5.13)

Here 6 is a given (1,1)-form in ¢;(X)(explicitly, it can be written as Ric(wp)) and ¢ is
the Kéhler potential. This interpretation basically comes from the fact that Scal(w,) =
—A, logwy.

The benefit of viewing the cscK equation in this way is that both equations are second
order elliptic equations, and we can apply standard elliptic bootstrap to improve the regu-
larity. More precisely, since we started from scalar-flat metric on the cylinder D x I, and
we are looking for scalar-flat metric in the end, we have ¢ = 0, # = 0, thus the RHS of
Equation 5.13 vanishes. Starting from the C%® regularity of g, we can choose ¢ € C*,
then A, is a linear second order elliptic operator whose coefficients have regularity C%.
Apply elliptic bootstrap to Equation 5.13, we get C*“ regularity of . Then we go back to
5.12, now with both F and ¢ having regularity C*“, we know from standard Monge-Ampere
equation bootstrap that ¢ € C%®. In this way we increased the regularity of . Iterating
the above arguments, we obtain the smoothness of g. [
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