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1 

Abstract 

Constructions of constant scalar curvature Kähler metrics of Poincaré type 

by 

Yueqing Feng 

Doctor of Philosophy in Mathematics 

University of California, Berkeley 

Professor Song Sun, Co-Chair 

Professor Richard Bamler, Co-Chair 

In this thesis, we study constant scalar curvature Kähler metrics of Poincaré type. We give 
constructions of new examples in the following setting. 

• Consider a compact Kähler manifold admitting a constant scalar curvature Kähler 
metric and with no nontrivial holomorphic vector fields. After blowing up the manifold 
at finitely many points, we prove the existence of constant scalar curvature Kähler 
metrics on the complement of the exceptional divisors, with Poincaré-type singularities 
along them. 

• Given a strictly unbounded toric symplectic 4-manifold, we explicitly construct com-
plete toric scalar-flat Kähler metrics on the complement of a toric divisor. These sym-
plectic 4-manifolds correspond to a specific class of non-compact Kähler surfaces. We 
also provide an alternative construction of toric scalar-flat Kähler metrics with conical 
singularity along the toric divisor, following the approach of Abreu and Sena-Dias. 

We also make progress on the construction of a degenerate scalar-flat Kähler neck region 
in complex dimension two, motivated by degeneration problems in Calabi-Yau and negative 
Kähler-Einstein metrics. The neck region exhibits Poincaré-type singularities at both ends 
and may serve as a candidate local model for interpolating between appropriately chosen 
geometric ends. 
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1 

Chapter 1 

Introduction 

Let (Xn, ω) be an n-dimensional Kähler manifold, we define the scalar curvature S(ω) by 

S(ω) ∧ ωn = n · Ric(ω) ∧ ωn−1 . 

If S(ω) is constant on X, we say that (X, ω) is a constant scalar curvature Kähler 
(cscK) manifold. A particularly well-studied special case is when ω is Kähler-Einstein, i.e., 
Ric ω = λω, this implies that S(ω) = nλ. More generally, Calabi introduced extremal 
Kähler metrics as critical points of the Calabi functional 

 
Ca(ω) = S(ω)2 

ωn 

. 
n! 

The Euler–Lagrange equation for Ca(ω) is equivalent to requiring that the gradient vector 
field ∇ωS(ω) be holomorphic. In the special case when ∇ωS(ω) = 0, the scalar curvature is 
constant and ω is cscK. 

The existence of cscK metrics, particularly on compact manifolds, has been studied 
extensively in Kähler geometry. The Yau-Tian-Donaldson [74, 65, 28] conjecture relates 
the existence of a cscK metric in a polarization class with the algebro-geometric notion of 
stability of the polarized variety. 

Conjecture 1.1. (Yau-Tian-Donaldson conjecture) 
A compact polarized manifold (X, L) admits a constant scalar curvature Kähler metric 

in the first Chern class c1(L) if and only if (X, L) is K-stable. 

In the special case of Fano Kähler-Einstein, the conjecture has been settled by Chen-
Donaldson-Sun [21, 22, 23]. 

In this thesis, we study constant scalar curvature Kähler manifolds with Poincaré type 
singularities. Such metrics can be viewed as a generalization of the Poincaré cusp metric 
on C2 to higher dimension, exhibiting cuspidal singularity along a simple normal crossing 
divisor. The interest comes from several aspects: 



    

      

            
            

               
                   

             
                 

        
             

             
            

               
              

 

       

         
            

           
                 

              
              

     

    

               
             

               
           

 
      

             
    
             

                  
                  

     
             

   

2 CHAPTER 1. INTRODUCTION 

Degeneration of smooth extremal Kähler metrics 

In complex dimension one, Poincaré cusp singularities arise naturally from the degeneration 
of hyperbolic Riemann surfaces [72, 71, 52]. In the Deligne–Mumford compactification, a 
degenerating family of compact Riemann surfaces of genus at least two may converge to a 
stable nodal curve, locally modeled near a node by the plumbing family xy = t. As t → 0, 
the degenerating hyperbolic metric near the node locally splits into complete finite-area 

−1dz∧dz̄hyperbolic metrics with cusp ends, each modeled on the Poincaré cusp metric ωΔ∗ = 
√ 

(|z| log |z|)2 
on the punctured unit disc Δ∗ in C. 

In higher dimension, consider a ruled surface with a family of polarisations Lm, Székely-
hidi [64] constructs a sequence of extremal Kähler metrics whose degeneration yields complete 
extremal metrics of Poincaré type. More specifically, by minimizing the Calabi functional 
on the set of metrics constructed by the momentum constructions [40], it’s shown that as 
m varies, these singular metrics appear along a continuity path between stable and unstable 
polarisations. 

Connections with conical metrics 

Poincaré type metrics are complete and are connected to the smooth metrics by a family 
of incomplete conical metrics. Intuitively, as the cone angle approaches 2π, we approach 
the smooth metrics; while when it approaches 0, we approach the Poincaré type cuspidal 

2β −1dz∧dz̄singularity. On the punctured unit disc Δ∗ , the conical metrics ωβ := |z|2(1− 

√ 

β)(1−|z|2β )2 
with 

cone angle 2πβ has constant negative curvature, and converges pointwise to the Poincaré 
cusp metric ωΔ∗ . 

In higher dimension, Guenancia [37] generalizes this observation and shows that for a 
compact Kähler manifold X and a divisor for which KX +D is ample, for a family of negative 
Kähler-Einstein metrics ωβ with cone angle 2πβ along D, as β goes to zero, ωβ → ω0 a 
Poincaré type metric in C∞ (X\D). In particular, (X\D, ωβ ) converges to (X\D, ω0) in the loc 

pointwise Gromov-Hausdorff topology. 

Yau-Tian-Donaldson type conjecture for Poincaré type metrics 

First formulated by Székelyhidi, later refined by Apostolov-Auvray-Sektnan, the Yau-Tian-
Donaldson type conjecture for extremal metrics of Poincaré type says the following. 

Conjecture 1.2. (Yau-Tian-Donaldson type conjecture for Poincaré type metrics [62], [8]) 
(X, L, D) admits an extremal Kähler metric of Poincaré type on X\D if and only if 

(i) Relative Donaldson–Futaki invariant of any test configuration for the triple (X, L, D) 
is non-negative, with equality holding if and only if the test configuration is product. 

(ii) Székelyhidi’s numerical constraint holds. 



    

                 
         

            
              
             

                  
              

                
            

                
           

                
   

  

            
            

               
                 

       
              

               
             

              
                    

                 
                   

                  
   

 
  

      
 

         

              
         

            
              

3 CHAPTER 1. INTRODUCTION 

(iii) The restriction of extremal vector field of X for c1(L), when restricted to D, is equal 
to the extremal vector field of D in c1(L)|D. 

The relationship between the relative K-stability (resp. K-stability) and the existence of 
extremal Kähler (resp. cscK) metric has been widely studied. Auvray [14, 16] proved the 
necessity of the Székelyhidi numerical constraint and the extremal vector field condition. For d n = 1, given a log Riemann surface (X, D = i=1 pi), [58] established a direct relationship 
between the complete cuspidal metric on X\D and the K-stability of the pair using quanti-
zation technique. Later, [7] shows if there is no non-trivial holomorphic vector field on D and 
the connected component of the identity in the holomorphic automorphism group preserving 
D is trivial, then K-semistability of the pair is a necessary condition. In the toric surface 
setting, Apostolov–Auvray–Sektnan [8] formulate a refined version of Conjecture 1.2 and 
verify it for all reduced torus-invariant divisors on the Hirzebruch surfaces Fm, CP1 × CP1 , 
and CP2 . 

Main results 

Known constructions of canonical Kähler metrics of Poincaré type include the negative 
Kähler-Einstein ones studied in Tian-Yau [66], Kobayashi [43] and Cheng-Yau [24]; (b) 
the toric extremal Kähler metrics of Poincaré type studied by Bryant [20] and Abreu [3]; 
(c) suitable blow-ups of (a) and (b) as discussed in [55]. In this thesis, we construct new 
examples of special metrics of Poincaré type. 

In Chapter 3, we construct cscK metrics of Poincaré type with a gluing approach: 

Theorem 1.1. [29] Let X be a compact Kähler manifold of dimension n with no non-
trivial holomorphic vector fields, meaning that there is no non-zero holomorphic vector field 
that vanishes somewhere on X. Suppose ωX is a constant scalar curvature Kähler (cscK) 
metric on X. Fix finitely many points p1, · · · , pk ∈ X, let Blp1,··· ,pk X be the blow-up of 
X at the chosen points, π be the blow-down map, and Ei := π−1(pi) be the exceptional 
divisors. Then there exists a small constant 0 > 0 such that for all  ∈ (0, 0), the manifold kBlp1,··· ,pk X \ i=1 Ei admits a cscK metric with Poincaré type singularity along Ei within the 
given Kähler class 

k 
π ∗ [ωX ] − 2 [Ei]. (1.1) 

i=1 

Here [Ei] denotes the Poincaré dual of the Ei. 

The assumptions can be relaxed, see Theorem 3.2. We also extend the constructions to 
extremal Kähler metrics of Poincaré type, see Theorem 3.3. 

The gluing method has had widespread applications in the construction of special met-
rics in both Riemannian and Kähler geometry. Our construction builds on the cscK gluing 



    

               
              

               
            
                

             
               

                 
              

               
               

            
              
            

            
            

            
                  

                        
  

              
       

            
              

       

            
            

            
             

            
             

             
               

              
            

              
         
             

            

4 CHAPTER 1. INTRODUCTION 

framework developed in [11, 12, 55, 63, 60, 61], and extends it to the Poincaré-type set-
ting, where the singular region requires a delicate new analysis. The essential difficulty is 
to find the inverse of the linearization of the scalar curvature operator, which requires a 
detailed analysis for the fourth-order nonlinear differential operator near the singular region 
[Section 3.4]. This is done by identifying a scalar-flat model metric on the total space of 
line bundle O(−1) with the exceptional divisor removed [Section 3.1]. We construct the 
inverse by doing cut-off such that each function supports on a compact annulus, then we 
find its inverse on each annulus by carrying out a kernel and cokernel analysis for the closed, 
self-adjoint operator. The final step is to patch these local inverses together using a parti-
tion of unity. The total space carries a natural S1-action, and we decompose functions on 
Bl0 Cn\E into Fourier modes with respect to this action. For each Fourier component, we 
obtain uniform control of the inverse by adapting techniques from [17, 39]. 

In Chapter 4, we work within Donaldson’s ansatz for toric scalar-flat Kähler metrics [26], 
which reduces the scalar-flat condition to an equation for axisymmetric harmonic functions. 
We explicitly construct suitable solutions to this equation and obtain complete toric scalar-
flat Kähler metrics on the complement of a torus-invariant divisor in X. 

Theorem 1.2. ([30], Theorem 4.2.1+Theorem 4.2.2) Given X a strictly unbounded toric msymplectic 4-manifold and D = a divisor on X such that each Di is an irreducible i=1 Di 

prime divisor fixed by the torus action and Di ∩ Dj = ∅ for any 1 ≤ i = j ≤ m. On X\D, 
we have 

• a toric scalar-flat Kähler metric with Poincaré type singularity along D, and is asymp-
totically locally Euclidean(ALE) on the remaining end; 

• a two-parameter family of toric scalar-flat Kähler metrics with Poincaré type singu-
larity along D, and are asymptotic to either the generalized Taub-NUT metrics or the 
exceptional Taub-NUT metrics on the remaining end. 

This construction builds on the work of Abreu–Sena-Dias on complete toric scalar-flat 
Kähler metrics [4], and extends their method to the Poincaré-type singular setting [Sec-
tion 4.2]. We also construct toric scalar-flat Kähler metrics with conical singularities [The-
orem 4.1, Section 4.3], which clarify the relation between the smooth Abreu–Sena-Dias case 
and the Poincaré-type cusp case. Finally, under prescribed boundary behavior near the 
divisor, we prove a uniqueness result for the metrics constructed above [Theorem 4.3]. 

In Chapter 5, we construct a family of incomplete scalar-flat Kähler metrics with S1-
symmetry on a singular S1-fibration over the cylindrical base S2 × I. Starting from the 
LeBrun ansatz, we allow the S1-action to have fixed points, the scalar-flat condition is 
reduced to an inhomogeneous equation with distributional terms. By solving this equation 
explicitly, we obtain a concrete description of the resulting geometry and show that the 
metrics admit a natural compactification across the singular locus. 

The resulting metrics admit Poincaré type singularities near the ends, and may serve 
as a candidate region to interpolate geometries between appropriately chosen model ends. 



    

             
              

               
               

  

5 CHAPTER 1. INTRODUCTION 

Similar degeneration phenomenon has been demonstrated in the work of [59] for the Calabi-
Yau setting and [50] for the negative Kähler-Einstein setting. The construction has not been 
included in any preprints before, and is of independent interest. It is included to record 
a self-contained argument and to highlight a local geometric model that may be useful in 
related problems. 



 

  

 

     

             
 

 
       

   
   

                    
         

                
                  
                

  

 
      

              

 
      

         

                
 
           

 
   

 

                      

 
   

 

                    
             

6 

Chapter 2 

Preliminaries 

2.1 Poincaré type Kähler metrics 

The study of Poincaré type metrics stems from the standard Poincaré cusp metric 
√ √ 

ωΔ∗ = = −4 −1∂∂̄  log(− log |z|2) −1dz ∧ dz̄  
(|z| log |z|)2 

on the punctured unit disk Δ∗ := {z ∈ C : 0 < |z| < 1}. To generalize this type of 
singularity to higher-dimensional manifold, we consider the following definition. 

Definition 2.1.1. (Poincaré type Kähler metric, [14, 13, 16]) Let (X, ωX ) be a compact 
complex manifold, and let D be a smooth divisor in X with σ ∈ H0(X, O(D)) a holomorphic 
defining section. Fix a Hermitian metric | · | on O(D), let λ be a sufficiently large constant 
such that 

√ 
ωh := ωX − −1∂∂̄ log(λ − log(|σ|2)) 

is a positive (1, 1)-form on X\D. We say a closed, smooth (1, 1)-form 

√ 
−1∂ ̄ωPT := ωX + ∂ϕ 

on X\D is a Poincaré type Kähler metric if 

• ωPT is quasi-isometric to ωh, which means that there exists some C > 0, such that 
1 
C ωh ≤ ωPT ≤ Cωh and ∀i ≥ 1, supX\D |∇i ωPT | < ∞;ωh 

• for h := log(λ − log(|σ|2)), ϕ is a smooth function on X\D with ϕ = O(h), and ∀i ≥ 1, 
supX\D |∇i ϕ| < ∞.ωh 

Consider a point of D and choose local coordinates (z1, · · · , zn) such that U ∩ D = {z1 = 
0}, then near the divisor, the reference metric ωh is mutually bounded with 



    

 
    

  
     

   
 

                
                

             
              

                  
    

    

           
              
   

  
            

                
             

           
 

 
                

 
  

              
           

     

                 
               
                

                   
           

 
     

  
     

      
 

                  
                  

               
         

7 CHAPTER 2. PRELIMINARIES 

√ −1dz1 ∧ dz̄  1 
n √ 

+ −1dzi ∧ dz̄  i. |z1|2 log2 |z1|2 i=2 

Near every point on the divisor, the Poincaré type metric is then modeled on the product 
of the Poincaré metric on the punctured disc with a smooth metric on the divisor. In 
particular, metrics asymptotic to the product metric above near D are called asymptotically 
hyperbolic metrics. This is a special class of Poincaré type metrics. More generally, as 
discussed in [13, 16, 14], Poincaré type metrics are also defined in the case where D is a 
simple normal crossing divisor. 

Comparison with Poincaré-Mok-Yau asymptotics 

Mok-Yau [51] explicitly constructed a radially-symmetric complete metric ω with bounded 
Ricci curvature on Dn\{0}. It is piecing together the Fubini-Study metric with the Poincaré 
cusp metric, i.e., 

√   
ωMY := −1∂∂̄  log r 2 − log(− log r 2) . 

Later, [31] extended the notion to a general compact Kähler manifold (X, ωX ). Let S 
be a higher-codimensional subvariety of X, we say ω has the Poincaré-Mok–Yau asymptotic 
property on X\S if for some a, b ∈ R+ ,   √ 

¯ω = ωX + −1∂∂ a log r 2 − b log(− log r 2) + O 
1 

log r2 

near S. The definition does not impose conditions on the asymptotics of higher derivatives 
and does not include the case where S is a divisor. 

Comparison with complex hyperbolic cusp 

Let Bn be the unit ball, and let Γ ⊂ Aut(Bn) be a torsion-free, discrete subgroup. The 
Bergman metric induces a Kähler-Einstein metric ωhyp on X◦ = Γ/Bn . It is a quasi-projective 
manifold which can be compactified to X such that X\X◦ is a divisor with simple normal 
crossing D. Near D, given a holomorphic chart (z1, · · · , zn) on some open set U in X such 
that D ∩ U = (z1 = 0), ωhyp|U is quasi-isometric to 

√ −1dz1 ∧ dz̄  1 1 
n √ 

+ −1dzi ∧ dz̄  i. |z1|2 log2 |z1|2 − log |z1| i=2 

Up to a finite cover, any such cusp can be realized as the punctured unit disc bundle of 
a negative line bundle over an abelian variety [18, 32]. Let (L, h) be a Hermitian line bundle 
over D. Under the Calabi ansatz, the Kähler-Einstein metric on L, which is interpreted as 
the normal bundle of D, takes the following form 



    

 
         

              
               

                     

      

  

             
             

              
              

               
               

             
        

      

            
            

   

                  
    

 
    

       

         

 
    

       

     

 
           

  
                

   
                 

             

             
   

8 CHAPTER 2. PRELIMINARIES 

√ 
ωhyp = −(n + 1) −1∂∂̄  log(− log h). 

Biquard and Guenancia [18] show that assuming that there is a conical family of Kähler-
Einstein metrics ωβ with cone angle 2πβ along D, they converge to the complex hyperbolic 
metric ωhyp in C∞ (X\D). This is in contrast to the case where KX + D is ample, the limit loc 

is the Poincaré type cusp metric. 

Non-Poincaré-type singularity 

Despite the continuous focus on Poincaré type singularity, as pointed out by Székelyhidi 
[64, 62], Apostolov-Auvray-Sektnan [8], there are complete conical metrics that are not of 
Poincaré type near the asymptotic end. Addison [5] provided a generalization of the cusp 
metrics by taking into account the automorphism of the ends. Given a trivial holomorphic 
disk bundle over a compact Kähler manifold, by integrating the flow of a real holomorphy 
potential in the direction of a selected holomorphic vector field on X, Addison defined the 
gnarled metric. These metrics naturally arise in the study of the LeBrun-Simanca openness 
problem of the cscK Poincaré type Kähler metric. 

2.2 LeBrun ansatz: past and present 

One method for constructing scalar-flat Kähler surfaces comes from the LeBrun ansatz. 
Under an additional S1 symmetry assumption, LeBrun gives the following explicit expression 
of such metrics. 

Proposition 2.2.1. (LeBrun [46], 1991) Given an open set U ⊂ R3 , consider w : U ⊂ 
R3 → R+ satisfying 

∂2 w + ∂2 w + ∂2(we u) = 0. (2.1)x y z 

and u : U ⊂ R3 → R satisfying 

2 2 2(e u) = 0.∂xu + ∂y u + ∂z (2.2) 
Assume the following closed 2-form 

1 1 
α = (wxdy ∧ dz + wydz ∧ dx + (we u)zdx ∧ dy)

2π 2π 
is integral. Consider an S1-bundle M → U whose first Chern class is given by [

2
1 
π α], and 

a 1-form on M whose curvature is α. Then M admits a scalar-flat Kähler metric given by 

u g = e w(dx2 + dy2) + wdz2 + w −1(dt + θ)2 . 

Conversely, given any scalar-flat Kähler surface with S1 symmetry, it locally arises from 
the above construction. 
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Thus, one approach to constructing scalar-flat Kähler surfaces is to find solutions (u, w) 
to Equation (2.2) and Equation (2.1). One special case is when w(x, y, z) = w(z), then 
Equation 2.1 reduces to the following 

∂2 z (e 
u w) = 0. 

This suggests that the metric is a warped product of D and I. There are three possible 
cases. Let x, y be the coordinates on D and let z be that on I. 

1. D is CP1 . By solving Equation 2.2 and Equation 2.1 we obtain 

az + b z2 + nz + k 
w = , u = log  2 . z2 + nz + k 2+y1 + x 

4 

2 

Completeness of the metric at z = 0 requires b = 0, k = 0. We see Burns metric on 
O(−1), under the action chosen by Hwang-Singer 1 can be written in this ansatz as 
follows 

1 z + 1 z2 + nz 
w = = 2 , u = log  2 . 2z z2 2+y1 + x 

4 

2 

Similarly, the Eguchi-Hanson metric on O(−2), and LeBrun metrics on O(−k), with 
k ≥ 3, under the action chosen by Hwang-Singer, can be written in this ansatz 

1 + kz z2 + 2z 
w = 2 , u = log  2 . z2 + 2z 2+y1 + x 

4 

2 

On D ×H, we write the scalar-flat Kähler metrics as 

21 z 
w = , u = log  2 . z2 2+y1 + x 

4 

2 

Besides all the above, we derive a complete singular metric given by 

1 + kz z2 
w = 2 , u = log  2 . z2 y2 1 + x

2+
4 

1this action is different from the one chosen by LeBrun 



    

               
            

           

    
        

    
 

 

              
  

              

   
       

   

                
    

 
      

 

               
             

     
   

         

   

              
                

                 
       

                 
      

        
      

      

               
       

10 CHAPTER 2. PRELIMINARIES 

We call this metric the Hwang-Singer metric, which we show in Section 3.1 that it 
is exhibit Poincaré type singularity along the exceptional divisor. We also explicitly 
write down a one parameter family of conical metrics given by 

1 + kz z(z + 2β) 
w = 2 , u = log  2 , z(z + 2β) 2+y1 + x 

4 

2 

with β ∈ (0, 1). It interpolates between the Hwang-Singer cuspidal metric and the 
Burns’ metric. 

2. D is T2 . By solving Equation 2.2 and Equation 2.1 we obtain 

az + b 
w = , u = log(nz + k). 

nz + k 

As pointed out in [70], we see the exceptional half-plane metric on C2 can be written 
in this ansatz as 

1 
w = 1 + , u = log 2z. 

2z 

In fact, as pointed out in [50], all complete scalar-flat Kähler metrics on OC (whose 
total space is C2) that arise from the Hwang-Singer construction correspond to the 
case where w = −β + 1 . Here the degree β < 0. Further, if 

2 2z 

hβ := exp(β(Imz)2) 

defined on C2 is invariant under translation, then we get a complete scalar-flat Kähler 
metric on C/Z × C and on the total space of line bundle over elliptic curve. 
When w = 2z, u = 1, this gives us the Calabi model, resulting in a Ricci flat Kähler 
metric on a positive degree line bundle. 

3. D is higher-genus complex curve with metric given by gD := g2(x, y)(dx2 + dy2). By 
solving 2.2 and 2.1 we obtain 

az + b −z2 + nz + k 
w = , u = log . 

−z2 + nz + k g2(x, y) 

This case, as pointed out in [40], does not result in complete constant scalar curvature 
metrics. Instead, complete extremal Kähler metrics occur. 
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There are many examples constructed in the general case where w(x, y, z) depends on 
all x, y, z variables. The Gibbons-Hawking ansatz corresponds to the case where u = 0. By 
further letting w = w(x, y, z) = 1+ 1 , we obtain the Taub-NUT metric. Besides, LeBrun 

rx,y,z 

constructs scalar-flat Kähler metrics on ruled surfaces [47] using the ansatz. More concretely, 
starting from a higher genus curve Σg, take V on U = {(x, y, z) : y > 0, z ∈ (−1, 1)} 
defined by V := 1 + Gj . Here ΔGj = 2πδj and limt→±1 Gj = 0, then ΔV = 2π δj 
and limt→±1 V = 1. Let w := V and u := log 1−z

2 , we obtain a S1-bundle π0 : M0 →1−z2 y2 

Σg × (−1, 1) − {q1, · · · , qm} with metric 

g = (1 − z 2)(V h + V −1θ2). 

To compactify M0, we further assume [ 1 dV ] ∈ H2(Σg ×(−1, 1)−{q1, · · · , qm}). This is  2π 
equivalent to say that 1

2 
(1 + z(qj )) ∈ Z. A particular case is when the points are in pairs, 

meaning that qj = (a, b, c) and qj 
 = (a, b, −c). Under this condition, we add two copies of 

Σg at t = ±1 and m isolated points corresponding to qj ’s, and this results in a S1-fibration 
π : M → Σg × [−1, 1]. 
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Chapter 3 

Gluing Construction 

There is another perspective for Theorem 1.1. For fixed point p ∈ X, let dp(z) be the 
distance function from z to p. Given λ sufficiently large, we define the (1, 1)-form 

√ 
ωh := ωX + −1∂∂̄(log d2 p(z) − log(λ − log d2 p(z))). (3.1) 

We say ωPT := ωX + 
√
−1∂∂ϕ¯ is a metric has Poincaré-Mok-Yau type singularity if it 

satisfies the two conditions in Definition 2.1.1 with the sup of norms taken over X\{p}. This 
definition can be easily extended to a compact manifold with finitely many points p1, · · · , pk 

removed, simply by choosing sufficiently large constants λ1, · · · , λk such that 

k√  
ωh := ωX + −1∂∂̄  (log d2 pi 

(z) − log(λi − log dp 
2 
i 
(z))) 

i=1 

is a positive (1, 1)-form on X\{p1, · · · , pk}. This type of singularity is discussed in [51, 
31]. In that paper, the Poincaré-Mok-Yau asymptotic is defined in a more general setting 
in the higher-codimensional complements of a manifold, and the definition requires only the 
quasi-isometric property stated in Definition 2.1.1. 

Theorem 1.1 thus implies the existence of constant scalar curvature Kähler metrics on 
the punctured manifold X\{p1, · · · , pk} with complete Poincaré-Mok-Yau type singularity 
at each pi. From this perspective, we compare Theorem 1.1 with the following proposition. 

Theorem 3.1. (Gao-Yau-Zhou, [33]) Given X a compact Kähler manifold and S ⊂ X a 
subvariety with codimension higher than or equal to 2, then there are no complete Kähler-
Einstein metrics on X\S. 

Theorem 1.1 implies that it is not true in the cscK setting. 

The scalar curvature of the resulting cscK metric in Theorem 1.1 is not the same as that 
of ωX , see Section 3.7, but in a special situation, the Theorem 1.1 can be used to construct 
scalar-flat Kähler metrics of Poincaré type: 
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Corollary 3.1.1. Given a compact Kähler manifold X of dimension n with no non-trivial 
holomorphic vector fields, assume it is endowed with a scalar-flat Kähler(SFK) metric ωX . 
Assume c1(X) = 0, given finitely many points p1, · · · , pk ∈ X, then the punctured manifold 
X\{p1, · · · pk} admits a scalar-flat Kähler(SFK) metric with Poincaré type singularity 
at each pi. 

With additional assumptions, we can extend our result to those X admits non-trivial 
holomorphic vector fields. 

Theorem 3.2. Given a compact Kähler manifold X and a maximal compact subgroup K 
of G = Aut(X), let k be its Lie algebra. Assume X admits a cscK metric ωX invariant 
under K. Let µ : X → k∗ be a normalized moment map with respect to ωX . Choose points 
p1, · · · , pk and a1, · · · , ak > 0 such that the genericity condition µ(p1), · · · , µ(pk) span k andkthe balancing condition i=1 aiµ(pi) = 0 are satisfied. Assume also that the extremal vector 
field X determined by the Kähler class 

k 
π ∗ [ωX ] − 2 ai[Ei] (3.2) 

i=1 

and the subgroup K satisfies 

X|Ei = 0, i = 1, · · · , k. (3.3)kThen Blp1,··· ,pk X\ i=1 Ei admits a cscK metric with Poincaré type singularity along Ei 
within the Kähler class (3.2). 

The extremal vector field for the Poincaré type Kähler metric setting is defined using 
the Futaki character introduced in [15], and we will discuss in more detail in Section 3.7. 
Here, we just mention that it is a holomorphic vector field depending only on the Kähler class 
and maximal compact subgroup K. From [13] Theorem 4, the condition (3.3) is a necessary 
condition to the existence of cscK metric of Poincaré type in the given Kähler class (3.2). 

The above results are all concerned with cscK metrics; in fact, the arguments can be 
extended to Poincaré type extremal Kähler metrics as well. 

Theorem 3.3. Given a compact Kähler manifold X endowed with an extremal Kähler(extK) 
metric ωX . Assume ωX is invariant under the action of the maximal compact subgroup K 
of G = Aut(X) containing its extremal vector field. Let T ⊂ K be a compact torus and H 
be the centralizer of T in K. Use t, k, h to denote the corresponding lie algebras and µ to 
denote a normalized moment map. Choose points p1, · · · , pk on X and a1, · · · , ak > 0 such 
that the extremal vector field vanishes at each point, and further, the balancing condition k a n−1 µ(pi) ∈ t and the genericity condition t + µ(p1), · · · , µ(pk) = h are satisfied. i=1 i 

Assume also the extremal vector field X satisfies 

X|Ei = 0, i = 1, · · · , k. 
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kThen Blp1,··· ,pk X\ i=1 Ei admits an extremal Kähler(extK) metric with Poincaré type 
singularity along Ei in the Kähler class (3.2). 

The conditions on the choice of points are the same as those required in the blowing up 
situation in [10]. The vector field condition, again seen from [13] Theorem 4, is a necessary 
condition for the existence of extremal Kähler metric of Poincaré type in the given Kähler 
class (3.2). 

We also discuss the conical family of metrics connecting the smooth and the cuspidal 
metric. In Section 3.1, we will show that there exists a family of conical metrics with cone 
angle β ∈ (0, 1) along the zero section connecting the classical Burns-Simanca metric with 
the cuspidal metric ωHS. If we use this family to do the gluing construction, then we expect kto obtain a family of conical metrics on Blp1,··· ,pk X \ i=1 Ei connecting the smooth metric 
constructed in [11] by Arezzo-Pacard and our Poincaré type metric in Theorem 1.1. 

Notations of weight near Poincaré type singularity The Definition 3.19 of weight 
for Hölder spaces near Poincaré type cusp may differ by a sign in different contexts. To avoid 
confusion, we mention here that the sign we choose aligns with the one chosen by Auvray 
in [14],[15],[13],[16] and by Lockhart-McOwen in [49]. It differs by a negative sign from the 
one chosen by Sektnan in [56],[55], by Pacard in [53] and by Xu-Zheng in [73]. 

3.1 Momentum construction of scalar-flat Kähler 
metric 

In this section, we discuss how the momentum construction in [40] gives rise to the cuspidal 
SFK metric on the punctured line bundle O(−1)∗ appeared in the introduction. Let p : 
(L, h) → (Mm, ωM ) be an Hermitian holomorphic line bundle with curvature form γ = √ 
− −1∂∂̄ log h, where Mm is a Kähler manifold of dimension m. For r = log | · |h the log of 
the fiberwise norm function defined by h, consider the Calabi ansatz 

√ 
ω = p ∗ ωM + 2 −1∂∂f¯ (r). (3.4) 

Then consider the natural S1-action on L, and we use ξ to denote its generator. Let τ 
be the corresponding moment map determined by ιξω = −dτ , then |ξ|2 h is constant on the 
level sets of τ , which implies the existence of a function w : I → (0, ∞) satisfying w = |ξ|−2 .h 
The inverse of w, denoted by ϕ, is called the momentum profile of ωM . Then we rewrite the 
metric 3.4 as 

√ 
ωϕ = p ∗ ωM + 2 −1∂ ̄∂ϕ(τ). 

We choose the interval I such that the closed (1, 1)-form 

ωM (τ) := ωM − τγ 
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is positive for all τ ∈ I. Let gM (τ) and Scal(gM (τ)) denote the associated metric and the 
scalar curvature, respectively. From [40], we know the existence of complete cscK metrics 
on (punctured) line/disc bundles: 

Theorem 3.1.1. ([40], Theorem C) Starting from the above data, the holomorphic line 
bundle p : (L, h) → (Mm, ωM ) and interval I. Assume γ ≤ 0, γ = 0 and gM is complete. 
Then there exists a real number c0 ∈ R such that for any c < c0 and finitely many c > c0, the 
punctured disc bundle, denoted by Δ∗(L), carries a complete metric gc with constant scalar 
curvature c. If c = c0, the metric extends to a complete metric on the punctured line bundle 
L∗ . 

From the proof, we know the completeness of the metric near τ = 0 implies that ϕ 
vanishes to order two, i.e., ϕ(0) = ϕ(0) = 0. Define Q : I × Mm → R to be 

ωM (τ)
m 

Q(τ) := . 
ωm 
M 

In our case, take 

M = CP1 , L0 := O(−1), L := kL0 = O(−k), ωM = 2ωFS , 

then 

k kτ 1 
I = (0, ∞), γ = − ωFS , Q(τ) = 1 + , Scal(gM (τ)) = . 

2 2 1 + kτ 
2 

Here on√CP
1 , ωFS satisfies Ric ωFS = 2ωFS and in homogeneous coordinate Z can be 

written as −1∂∂̄  log |Z|2 . To obtain the explicit expression of momentum profile, first, we 
recall from [40] the expression of Scal(gM (τ)): 

Theorem 3.1.2. ([40], Theorem A) Starting from the above data the holomorphic line bundle 
p : (L, h) → (Mm, ωM ) and interval I, let gϕ be the metric associated to ωϕ, then 

∂2 
Scal(gϕ) = Scal(gM (τ)) − 

1
(Qϕ) (τ). (3.5)

2Q ∂τ 2 

Then Equation (3.5) becomes    
∂2 kτ 

1 + ϕ = 2. 
∂τ 2 2 

Set ϕ(0) = ϕ(0) = 0, we obtain the solution 

τ 2 
ϕ(τ) = . 

1 + k 
2 
τ 



     

                   
                  

                
         

                  
        

                   
                 

    

               
                               

  

                     
      

              
                     

                 

 

     
  

 

          

 
    

       

    

 
    

       

          

  
         

               
                

 
  

  
  

              
               

               

□ 

16 CHAPTER 3. GLUING CONSTRUCTION 

It’s clear from the expression that ϕ(τ ) > 0 on I = (0, ∞). From the proof of The-
orem 3.1.1, we know for our case, c0 > 0 and Theorem 3.1.1 ensures the existence of a 
complete SFK metric g0 on the punctured disc bundle. In fact, it can be further extended 
to the punctured line bundle in our special situation. 

Lemma 3.1.2.1. The metric g0 on Δ∗(L) can be extended to a complete SFK metric on L∗ , 
and near τ = 0, it’s a finite-area cusp. 

Proof. Given the momentum profile ϕ, note the log of the fiberwise norm function has the  τ  τdx dxexpression r = . We define s(r) := . Then as x → ∞, ϕ(x) grows linearly, 
τ0 ϕ(x) τ0 ϕ(x) 

suggesting that the r integral is divergent, hence the metric lives on the punctured line 
bundle L∗ . The s integral diverges, which means the distance to the level set {r = r∞} is τ dxunbounded; hence the metric is complete. Here r∞ = limτ →∞ .

τ0 ϕ(x) 

Near τ = 0, ϕ(τ) ≤ τ 2 , the distance to the level set {τ = 0} is infinite, with the nearby 
metric being a finite area cusp. 

Note that locally, we can rewrite the S1-invariant scalar-flat Kähler metric ωHS under the 
LeBrun ansatz in [46]. On a neighborhood U ⊂ R3 with coordinates x, y, τ , define w : U → R 
to be the inverse of ϕ(τ), and we define a function u : U → R by 

τ 2 
u := log  2 . 

1 + x
2+
2 
y2 

Then u is a solution to the SU(∞) Toda-Lattice equation 

∂x 
2 u + ∂y 

2 u + ∂τ 
2(e u) = 0, (3.6) 

and u, w satisfies 

∂x 
2 w + ∂y 

2 w + ∂τ 
2(we u) = 0. (3.7) 

Hence locally, for some connection 1-form θ, we can write 

u gHS = e w(dx2 + dy2) + wdτ 2 + w −1θ2 . (3.8) 

As discussed in [40], when ϕ(0) = 0, ϕ(0) = 2, we obtain the classical Burns-Simanca 
metric. In fact, assuming ϕ(0) = 0, ϕ(0) = 2β for β ∈ (0, 1), we get 

τ(τ + 2β)
ϕ(τ) = , 

1 + k 
2 
τ 

and hence, obtain a family of conical scalar-flat Kähler metrics with cone angle β con-
necting the classical Burns-Simanca and cuspidal metrics. Locally, for β ∈ [0, 1], we can 
write down this family of S1-invariant metrics in the LeBrun ansatz as in 3.8, with 
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1 + k 
2 
τ τ (τ + 2β) 

w = , u = log  2τ (τ + 2β) 2+y1 + x 
4 

2 

satisfying Equations 3.6 and 3.7. 

3.2 Further study on the cuspidal scalar-flat Kähler 
metric 

In this section, we will study the behavior of the metric near both the asymptotically Eu-
clidean(AE) end and the cusp end. We start with the simplest setting, where the metric lives 
on the total space of the punctured line bundle O(−1)∗ over CP1 , then extend the arguments 
to the general setting of total space of O(−k)∗ over CPn−1 . Recall on O(−1)∗ , 

τ 2 
ϕ(τ ) = ,

1 + τ 
2 

dr ϕ(τ)−1 df(r) τfrom the relations given by the momentum construction, = , = , we 
dτ dτ ϕ(τ ) 

get  
1 + x 

2 1 1 
r = 

x2 
dx = log τ − , (3.9)

2 τ  
1 + x 

2 τ 
f(r) = dx = log τ + . 

x 2 

Then from (3.9), we can express τ in terms of |z|2 h 

2 τ =  , 
2W |z|2 h 

where W is the product log function. A key property of the product log function we are 
going to use is that as x → ∞, 

W (x) = log x − log log x + o(1). 

Behavior near E 

As |z|h → 0, the dominating term for W (x) is log x, more precisely, for a given δ > 0 
sufficiently small, there exists , such that when 0 < |z|h < , we have     

2 2 
W = (1 − δ) log + o(1),

|z|2 |z|2 h h 
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and f(t) = log 
1− 
2 − log(log 2 − log |z|2 ) + 1 

−log |z|2 ) . Then
δ h (1−δ)(log 2 h  √ 1¯ωHS = 2p ∗ ωFS − 2 −1∂∂ log(log 2 − log |z|2 ) + .h (1 − δ)(log 2 − log |z|2 h) 

Furthermore, we can control the growth of the norm of the derivatives of ωHS . Note 

W (x)
W (x) = , 

x(W (x) + 1)  
W (x) 1when x is sufficiently large, we get = 1 + O , thus we write in this case
W (x)+1 log x    

W (x) =
1 

1 + O 
1 

. 
x log x 

In general, the nth derivatives of the product log function is given by 

W n−1(x) 
n 

W (n)(x) = 2n−1 ak,nW k(x). 
zn (1 + W (x)) 

k=1 

W 2n−1(x)When x is sufficiently large, the dominating term for W (n)(x) is an,n Note 
zn(1+W (x))2n−1 . 

the term an,n satisfies the recurrence relation an,n = −(n − 1)an−1,n−1 with a1,1 = 1. Thus 

an,n = (−1)n−1(n − 1)!. 

Hence, when x is sufficiently large, we can write    
(−1)n−1(n − 1)! 1 

W (n)(x) = 1 + O . 
xn log x 

At the same time, we know 

dn log x (−1)n−1(n − 1)! 
= , 

xndxn 

then for index I with |I| = k, we know   

dk 2   2 

∂kτ log 
|z|2 

h 
1 

= 1 + O . 
∂zI dzI log |z|2 h 

The goal is to show that the Hwang-Singer√metric is of Poincaré type. For this, we 
consider the reference metric ωh := 2p ∗ωFS − −1∂∂̄ log(log 2 − log |z|2 ), and let fh := h 

− log(log 2 − log |z|2 ). From [16], we know that if we take a polydisc U around E and write h 

E ∩ U = {z1 = 0}, U\E = Δ∗ × Δ, then near E, ωh is mutually bounded by a product of 
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−1dz1∧dz̄1Poincaré metric on punctured disc with a smooth metric ωU = |
√ 

z1|2 log2 |z1|2 
+ ωh|E , which has 

bounded derivatives at any order with respect to an orthonormal frame to be defined below. 
Write τh := 2 , then τ = 1 τh, and for k ≥ 2,

log 2 1−δ 
|z|2 

h        1 1 
∂k−1 1 1 ∂k−2 1 ∂k−1 ∂k−2 

∂kf + ∂kfh τh −τ 2 τ 2 −τ2 h = = , = = . 
∂kτ ∂k−1τ ∂k−2τ ∂kτh ∂k−1τh ∂k−2τh 

1 ∂kfhIt follows that ∂kf = .
∂kτ (1−δ)k ∂k τh 

1 2 1We fix a coframe e = dz1, e = dz2 , then for k ≥ 2,|z|h log |z|h 

∂kf ∂kf ∂kτ ∂zI 
= deI 

∂eI ∂kτ ∂zI ∂eI 

1 ∂kfh ∂τ
k ∂zI 

= deI 
(1 − δ)k ∂kτh ∂zI ∂eI   

11 + O 2log |z| ∂kfh d
kτh ∂z

I 

= h deI 
(1 − δ)k ∂kτh dzI ∂eI   

11 + O 
log |z|2 ∂kfhh = 

(1 − δ)k ∂eI 
, 

hence for j ≥ 2, given δ and |z|h sufficiently small,    

∇j f = ∇j fh · 1 + O 
1 

.ωU ωU log |z|2    
h 

∇j 1Or equivalently, ∇j f = fh · 1 + O for j ≥ 2. Similar arguments show ωh ωh log |z|2 h   
that 1

2 
ωh ≤ ωHS ≤ 2ωh and ∇ωh f = ∇ωh fh · 1 + O 1 . From these discussions, we 

log |z|2 

conclude that ωHS is a Poincaré type Kähler metric. 
h 

Remark 3.2.1. In fact, from our computation, we further see the Hwang-Singer metric is 
actually asymptotically hyperbolic, which is a special type of Poincaré type Kähler metric. 
We also mention that unlike here, where we used explicit computation to show the metric is 
asymptotically hyperbolic, Szekelyhidi provided a different proof; for details, see [62] Theorem 
5.1.3. 

Asymptotic behavior away from E 

As |z|h → ∞, log τ = 2 log |z|h + O(τ−1), thus 

1 
f = log |z|2 |z|2 + 1 + O(|z|−2),h + h h2 
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√  
¯and ωHS = −1∂∂ |z|2 + 4 log |z|2 h + O(|z|h 

−2) . We rescale ωHS by a factor of 1 so that it h 2 

lives in the Kähler class [ωFS ] and perform change of variables z → √z , then near the AE 
2 

end, 
√  

¯ωHS = −1∂∂ |z|2 + 2 log |z|h + ϕ2(z) , (3.10)h 

for some ϕ2 = O(|z|h 
−2); near E,   √ 1¯ωHS = −1∂∂ log |z|h 

2 − log(log 2 − log |z|h 
2 ) + O . 

log |z|2 h 

O(−k) case 

We have studied the cuspidal metric on O(−1)∗; in fact, similar behavior of the metric can 
be seen in O(−k)∗ for k > 1. Note  

1 + kx k 1 
r = 

2
2 dx = log τ − , (3.11) 

x 2 τ  
1 + kx 

2 kτ 
f(r) = dx = log τ + . 

x 2 

Near τ = 0, we solve for τ , and get 

2 

τ =  k 1/k 
 . 

2 1W 
k |z|2 h 

A similar analysis shows that it is still of Poincaré type as τ → 0. For asymptotic 
behavior away from E, let |z|2 → ∞, we have log τ = 2 log | |z h + O(τ−1). Considerh k 

q : O(−r) → Cn/Γk, 

precomposing with it we obtain f(r ◦ q−1) = (log τ + kτ/2) ◦ q−1 , and the expression for 
the potential is written as 

k   
|zi|2 + log |zi|2 . 

2 
Similar to above, after suitable rescaling of the metric and change of variables, we can 

normalize ωHS such that near the AE end 

√   
ωHS,k = −1∂∂̄  |z|h 

2 + c log |z|h + ϕ2,k(z) , 

for some ϕ2,k = O(|z|−2) and some constant c.h 
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Higher dimension case 

The previous discussions are restricted to where the base manifold is CP1 . The next step is 
to discuss the situation of higher dimension where the base manifold is CPn−1 for n ≥ 3. On 
O(−k) and β = −k 

2 
, take ωM = ωFS where RicωFS = nωFS , then solving the SFK equation 

we obtain   
2 n − 1 n 

ϕ(τ ) = 1 − βτ + − . (3.12)
nβ2 (1 − βτ)n−1 (1 − βτ )n−2 

Let β = −1. Then as τ → ∞, we have 

   
1 1 1 + nx 2−2n)r = 1 + + O(x dx 
2 1 + x (1 + x)n 

1
+ O(τ 2−2n), 1−n −n = log(1 + τ ) + d1(1 + τ) + d2(1 + τ)

2 

    
1 1 1 + nx 2−2n)f(r) = 1 − 1 + + O(x dx 
2 1 + x (1 + x)n 

1−n =
1 
τ − 

1 
log(1 + τ) + d3(1 + τ) + d4(1 + τ)−n + O(τ 3−2n),

2 2 

here d1, · · · , d4 are all constants. It follows that 

1 1 
f = |z|2 − log |z|h + d3|z|4−2n + |z|2−2n + O(|z|6−4n),h h h2 2 

and the metric is written as 

√ 
ωHS = −1∂∂̄(|z|h 

2 + ϕ2(z)), (3.13) 
4−2n 2−2nfor some ϕ2 = d3|z| + O(|z|h ).h 

1 a−1For small τ , as τ → 0, write r = a−1 +a0 log τ +O(τ), then log |z|2 = +a0 log τ +O(τ),τ h τ 
giving us 

−a−1
τ =   2/a0 

 , 
−a−1 1 a0W 
a0 |z|2 h 

showing that they are still of Poincaré type. Tracing the coefficients more carefully, we 
obtain the following expansion   √ 2 1 

ωHS = −1∂∂̄  log |z|2 h − log(a − log |z|2 h) + O , 
n(n − 1) log |z|2 h 



     

                
       

 

 
   

   

                

      

                
                
                  

     

  
       

                    
  

    
 

 

               
     

  
                 

  
               

                  
       

  
             

           
 
   

 
    

 
      

 
            

                
            

22 CHAPTER 3. GLUING CONSTRUCTION 

for some constant a. This expansion is also discussed in [31]. For other k = 2, the 
situation for O(−k) is similar, as |z|2 → ∞,h 

√ 
ωHS,k = −1∂∂̄(|z|h 

2 + ϕ2,k(z)), 

for some ϕ2,k = O(|z|4−2n). As |z|2 → 0, it is again of Poincaré type. h h 

3.3 Set up of the construction 

With the scalar-flat Kähler Poincaré type metric ωHS , we are ready to discuss the cscK 
equation we aim to solve for the gluing construction. Given p ∈ X, consider a small neigh-
borhood of p ∈ X, with z being the complex normal coordinate, WLOG we assume |z| < 1. 
Now we rewrite ωX as 

√  
¯ωX = −1∂∂ |z|2 + ϕ1(z) , 

for some ϕ1 = O(|z|4). For a small constant  > 0, we consider the radius 0 < r < 1 of 
the form 

2n+1 .r =  
2n−1 

(3.14) 

This particular exponent is chosen for later estimates to be discussed in Section 3.6. We 
aim at gluing the metric 

√  
¯ωHS = −1∂∂ |z|2 + log |z| + ϕ2(z) , for n = 2, with ϕ2 = O(|z|−2), 

√   
ωHS = −1∂∂̄  |z|2 + ϕ2(z) , for n ≥ 3, with ϕ2 = O(|z|−2n+4) 

on Bl0Cn\E to ωX on a annulus region Ar := B2r \Br . For this, we perform coordinate 
transform of rescaling by −1 and write 

√   
2ωHS = −1∂∂̄  |z|2 + 2 log |−1 z| + 2ϕ2(

−1 z) . 

Consider a cut-off function γ : R → [0, 1] satisfying  
0 x ≤ 1,

γ(x) = 
1 x ≥ 2   

|z|we rescale it to γ1(z) = γ 
r 

, and let γ2 = 1−γ1. Note although both γ1 and γ2 depend 

on , we will omit them in the notation for simplification. Now, we define an approximate 
solution of the cscK equation as our candidate for the actual solution, 
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⎧ 
ωX on X\B2r ,⎪⎨√
−1∂∂̄ (|z|2 + γ1(z)ϕ1(z) + 2γ2(z)ϕ2(

−1z)) on Ar for n ≥ 3,
ω := √ 

−1∂∂̄ (|z|2 + γ1(z)ϕ1(z) + 2γ2(z)ϕ2(
−1z + log |−1z|)) on Ar for n = 2,⎪⎩ 

2ωHS on Br \p. 
(3.15) 

First note given  sufficiently small, the metric ω is positive definite everywhere. It’s 
because under direct calculation, we see on Ar , γ1(z)ϕ1(z)+ 2γ2(z)(ϕ2(

−1z)+ log |−1z|) = 
O(|z|4) for n = 2 and γ1(z)ϕ1(z)+

2γ2(z)(ϕ2(
−1z)) = O(|z|4) for n ≥ 3. Then by considering 

the preimage of Br under the blow-down map π, we can view ω as living on BlpX\E. 

Remark 3.3.1. For a geometric meaning of , 2n−2 can be viewed as the volume of E for 
our gluing construction. 

We decompose the operator into linear and non-linear parts to approach the metric 
defined by this non-linear PDE of the constant scalar curvature equation. Let  √d  ∂ϕ) = −D∗ Dωϕ + gjk̄

 
∂j S(ω)∂kLω(ϕ) := S(ω + t −1∂ ̄  ¯ϕ 

dt ω 

t=0 

¯be the linearization of the scalar curvature operator. Here Dωϕ = ∂ ◦ ∇1 
ω
,0ϕ, and 

Dω 
∗ Dωϕ = 

1
Δ2 
ωϕ + i∂∂ϕ, ρ¯  + 1 dϕ, dS(ω),

2 2 
is known as the Lichnerowicz operator. ρ denotes the Ricci form for ω. When ω is cscK, 

the linearization Lω(ϕ) coincides with the negative of the Lichnerowicz operator. 
The idea is to follow Arezzo-Pacard’s blowing-up construction, which we recall as follows. 

We decompose BlpX\E into two pieces. Set 

r
R := , Xr := X\Br , 

then  
BlpX\E = Xr BlpBR \E. 

We want to study the Lichnerowicz operator and construct cscK metrics on both pieces 
separately, then match them over the gluing annulus with appropriately chosen boundary 
data. A major difference in our case is that, due to the complexity introduced by the 
behavior of ωHS , we need to first consider solving a modified cscK equation on Bl0Cn\E, to 
be introduced in Section 3.6. 

For later purposes, we will modify ω a bit on the gluing annulus to obtain a better 
approximation. In the annulus region, the metric is close to the Euclidean metric, and thus, 



     

              
         

             
     

            
 

  

      

 
      

 
             

  
   

                 

      

 
      

 

                

               
                  

                
  

  
      

           
 

                  
         

 
     

  
 

                

 
     

           

              
         

     

 
             

24 CHAPTER 3. GLUING CONSTRUCTION 

the Lichnerowicz operator is close to the standard bilaplacian operator. We want to find 
biharmonic functions on each piece with given boundary data. 

Lemma 3.3.0.1. ([12], Proposition 4.3, 4.4) Given h ∈ C4,α(∂B1), k ∈ C2,α(∂B1), there 
∈ C4,α( ¯exists H1 B1) satisfyingh,k 

Δ2 1 H1 = 0 in B1; = h, ΔEucH
1 = k on ∂B1,EucHh,k h,k h,k 

with the following control of bounds 

H1 C4,α(B̄  hC4,α(∂B1) + kC2,α(∂B1).h,k 1)  
Given h ∈ C4,α(∂B1), k ∈ C2,α(∂B1), and further k = 0, there exists H0 ∈

∂B1 h,k 

C4,α 
4−2n(Cn\B1) satisfying 

Δ2 H0 ¯ H0 
Euc h,k = 0 in Cn\B1; h,k = h, ΔEucHh,k 

0 = k on ∂B1, 

with the following control of bounds 

H0 
4,αh,kC (Cn\B1) 

 hC4,α(∂B1) + kC2,α(∂B1). 
3−2n 

Here H0 lives in the weighted Hölder space and we postpone its definition to the nexth,k 

section. With this Lemma, for radius R, we construct perturbations on each of the two 
pieces Bl0BR \E and Xr . On Bl0BR \E, given boundary data h,˜ k̃, for cut-off function χ1 

which vanishes on Bl0B1\E and equal to 1 on Bl0Cn\Bl0B2, we define on Bl0BR \E the 
perturbed function     

z1 1 1H1 (z) := χ1(z) H˜ − H˜ (0) + H˜ (0). (3.16)
,˜ ˜ ˜ h,k̃h,k h⊥,k h,k̃R 

On Xr , given boundary data h, k, for a cut-off function χ0 which vanishes on X\B2 and 
equals to 1 on B1\p, we define on Xr   

z 
H0 (z) := χ0(z)H0 .,h,k h,k r 

On Xr , we follow [12] and perturb the metric with smooth function ϕ,h,k such that 
√ 

¯(H0ω,h,k := ωX + −1∂∂ ,h,k + ϕ,h,k) (3.17) 

satisfying cscK equation, for a more precise statement, see Theorem 3.6.1. 

On Bl0BR \E, taking the perturbed biharmonic extension into account, we want to find 
a smooth potential function u,˜ ˜ such that the metric h,k 

√ 
˜ ˜ := ωHS + −1∂∂̄(H1 ) (3.18)ω,h,k,HS ,h,˜ k̃  

+ u,h,˜ k̃  



     

               
              

  

               
               
                
 

 
 
 

      
 

 
   

       
 
 
           

     
 

              
              

              
   

    

              
                

                   

        

 

           

 

                    
                  

    

             
 

 
 

     
 

                

              

      
 

                  
                    

  

 
      

25 CHAPTER 3. GLUING CONSTRUCTION 

satisfies a modified cscK equation, which we will introduce in Section 3.6. To solve the 
modified cscK equation, we will first aim at understanding the linearized operator LωHS in 
later sections. 

Note that our discussions here and in the upcoming sections are restricted to the situation 
of blowing up one point, but there are no essential differences when extending the arguments 
to the situation of blowing up finitely many points {p1, · · · , pk}. With sufficiently small , 
let 

Xr 
∗ 
 
:= X − {Br (p1), · · · , Br (pk)}, BR

i 
 
:= BR (pi) 

for i = 1, · · · k. On Xr 
∗ 
 
, standard arguments from [11] show the existence of cscK metric 

on it. On each Bl0BR
i 
 
\Ei, we solve the modified cscK equation as in the case of blowing up 

one point. The matching argument for finitely many gluing annuli is essentially the same 
for matching over one annulus. Hence, understanding the situation of blowing up one point 
of p suffices. 

3.4 Weighted Hölder space 

In this section, we will introduce the appropriate notion of doubly weighted Hölder space 
for functions on Bl0Cn\E and we will work in these spaces to study the linearized operator 
LωHS . We point out it is modified from the ones studied by Auvray and Sektnan in [56], [16]. 

To define Hölder spaces on Y \D, consider  k 

Φξ : 
3
Δ × Δn−k → (Δ ∗ )k × Δn−k ,
4 

given by (w1, ..., wk, zk+1, ..., zn) → (ϕξ1 (w1), ..., ϕξk (wk), zk+1, ..., zn). Let U be a polydisc 
neighborhood of D sufficiently small such that U ∩ D = {z1 = 0}, we define for function on 
U\D the Hölder norm 

Φ ∗  fCk,α(U\D) := sup ξ f 
Ck,α 3 

k ×Δn−k . Δ
4ξ∈(0,1)k k 
 

Let {Ui}ki=1 be a finite k 

set of charts such that i=1 Ui ∩ D covers D and let U0 be an 

open set satisfying Y = i=0 Ui. We define for function on Y \D 

fCk,α(Y \D) := fCk,α(U0) + max fCk,α(Ui\D).i=1 

The next goal is to add weight to this Hölder space. Note for Poincaré metric ωΔ∗ , we 
can change to the logarithmic polar coordinates (t, θ) ∈ R × S1 , where θ is the usual angular 
coordinate, and   

t := log − log(|z|2) . 



     

                  
                  

        

      
   

                 
               
                  

               
                   

 

        

               
             

   
 

   
       

   
 

 
 

  
                      

           
                    

                  
                     

              

             
               

               
       

                  
              

     

       

        

26 CHAPTER 3. GLUING CONSTRUCTION 

For ωPT on Y \D, on a neighborhood of D, we can similarly define a function t which 
is invariant under the S1-action and differs from h = log(λ − log |σ|2) up to O(e−h) term. 
Then, the weighted Hölder norm is defined as 

f k,α := e tηfCk,α(Y \D). (3.19)Cη (Y \D) 

Remark 3.4.1. As pointed out in [14] Section 3 and [56] Chapter 6, if we consider a 
neighborhood of D in the holomorphic normal bundle, it can be identified with a tubular 
neighborhood N(D) of D in Y via the exp map defined by ωY . Note N(D) admits an S1-
action coming from that in the holomorphic normal bundle, and it gives us an S1-invariant 
projection π : N(D)\D → D. Write N(D)a := {x ∈ N(D)\D : t(x) ≥ a}, we get an 
S1-fibration 

Π = (π, t) : N(D)a\D → D × [a, ∞). 

Further, we can define a connection 1-form Θ as follows. Let ξ be the infinitesimal 
generator of the S1-action with ϕs being the associated flow. Then we define  2π   ˆgx(·, ξ) Θx

Θ̂ 
x := ϕ ∗ 

s ds, Θx := 2π  . 
gx(ξ, ξ) ˆ0 S1 Θx 

√   
Note for θ := −1 log z − 1

2 
et , we have ∇j (Θ − dθ) = O(1), we can write 

−2tΘ2 + π ∗ −t).g = dt2 + e gD + O(e (3.20) 

For f ∈ Cη
k,α(Y \D), we can write an orthogonal decomposition of f as f = f0 + f=0 , 

where f 0 is an S1-invariant function on N(D) and f=0 has zero mean on each fiber of Π. 
We see f 0 can be viewed as a function [a, ∞) × D → R and our norm defined near the 
Poincaré type cusp is equivalent to that for the cylinder. More explicitly, the Ck,α 

norm on the cylinder [a, ∞)× D defined as sups≥a+1 f cylCk,α([s−1,s+1]×D,dt2+gD) is equivalent 
to the Poincaré type norm for S1-invariant function. For details, see [56], Lemma 6.7. We 
immediately see that the weighted norms for the cylinder can be defined similarly and are 
equivalent to those for Poincaré type cusp. 

Let Y = Bl0B1\E, then the above discussion gives us the weighted norm on Y . For a 
function f : R2n − {0} → R, consider fr : B2\B1 → R defined as 

fr(z) := r −δf(rz), (3.21) 

then its weighted norm is defined as 

f k,α := sup frCk,α(B2\B1). (3.22)C (R2n−{0})δ r>0 
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To define weighted Hölder space on Bl0Cn\E, we use double index η, δ which are 
independent of each other to monitor the growth rate of f near the divisor and on the AE 
end separately. 

Definition 3.4.1. For a function f defined on Bl0Cn\E, the Hölder norm with weight η, δ 
is defined as 

f k,α := f k,α + γf k,α , (3.23)C (Bl0Cn\E) Cη (Bl0B2\E) C (Bl0Cn\B1)η,δ δ 

here γ is a cut-off function which equals 1 outside Bl0B2\E and equals 0 in Bl0B1\E, 
then γf can be viewed as a function on R2n −{0}, whose norm is defined as in Equation 3.22. 

We also introduce the weighted Sobolev space on Bl0Cn\E for later use. 

Definition 3.4.2. For a function f defined on Bl0Cn\E, the Sobolev norm with weights η, δ 
is defined as 

k 
f 2,k := ∇ifL2 (Bl0Cn\E), here fL2 (Bl0Cn\E) := Γη,δfL2(Bl0Cn\E).Wη,δ (Bl0Cn\E) η,δ η,δ 

i=0 

(3.24) 
Γη,δ is a smooth positive function which coincides with eηt near the divisor and coincide 

with r−δ near the AE end. 

An inclusion relation between Sobelev and Hölder weighted spaces is given as follows: 

Lemma 3.4.0.1. Given η, η, δ ∈ R, 

Ck,α 1 
η,δ (Bl0C

n\E) ⊂ Wη 
2 
 
,k
,δ(Bl0C

n\E) ⇐⇒ η < η + . 
2 

Proof. Note the weight for the two spaces on the AE end are the same, then the result follows 
immediately from Lemma 2.3 in [55]. 

3.5 Linear theory 

In this section, we will study the properties of the linearized operator LωHS on Bl0Cn\E. 
The main goal is to construct a surjective linear map. The complexity of LωHS on Bl0Cn\E 
is introduced by the existence of the divisor E and the holomorphy potential on it. As a 
first step, we introduce the Schauder estimate result for LωHS . 

f ∈ C0,αTheorem 3.5.1. Given f ∈ L2 (Bl0Cn\E) and suppose LωHS (Bl0Cn\E), then1η+ ,δ η,δ−4 
2 

f ∈ C4,α(Bl0Cn\E) and moreover, η,δ 

f 4,α  fL2 f 0,αC (Bl0Cn\E) 1 (Bl0Cn\E) + LωHS C (Bl0Cn\E). η,δ η+ ,δ η,δ−4 
2 
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Proof. For any compact set K in Bl0 Cn\E, the η, δ-norms are equivalent to the unweighted 
norm and we get 

f 4,α  fL2 (Bl0 Cn\E) + LωHS fC (K) 1 C0,α (Bl0 Cn\E). η,δ η+ ,δ η,δ−4 
2 

Then it remains to deal with the situation near the divisor and the AE end. For the 
control near the divisor, decompose f into f 0 and f cyl as in Remark 3.4.1, we identify the 
S1-invariant function f 0 with a function on [λ, +∞) × E, then for s > λ + 2, 

e ηtf 0C4,α([s−1,s+1]×E)  f 0L2 (Bl0 Cn\E) + e ηtLωHS f
0C0([s−2,s+2]×E),

1η+ ,δ2 

and for f cyl we have 

f cyl  f cylL2 f cyl4,α 0,αC 1 (Bl0 Cn\E) + LωHS C (Bl0 Cn\E). η,δ η+ ,δ η,δ−4 
2 

Combining these two estimates gives the desired control near the divisor. For details, we 
refer to [55] Proposition 3.2. For the control near the AE end, f is viewed as a function on 
[µ, ∞) × Sn−1 , then for s > µ + 2, with similar arguments, we get 

r −δfC4,α([s−1,s+1]×E)  fL2 (Bl0 Cn\E) + r −δLωHS fC0([s−2,s+2]×E),
1η+ ,δ2 

for details, we refer to Lemma 12.1.1 in [53]. Combining estimates on each region, we 
get the desired estimates. 

Theorem 3.5.2. For η ∈ (0, κ) and δ ∈ (0, 1), the operator 

: C4,α C0,αGωHS η,δ (Bl0C
n\E) ⊕ ker DE 

∗ DE ⊕ R →  
η,δ−4(Bl0C

n\E) 

given by 

(φ, f, λ) → D∗ (φ + ψf + tλ)ωHS 
DωHS 

has a bounded right inverse. 

Proof. Consider a cut-off function γ1 supported on a tubular neighborhood of radius R near 
E, denoted by TR\E, and let ∇γ1 supported on TR\TR with γ1C4,α ≤ c. Define γ2 := 1−γ1 

2 

C0,αsatisfying γ2C4,α ≤ c. Consider ϕ ∈ ˜ η,δ−4, then γ1ϕ is viewed as a function on TR\E and 
γ2ϕ is viewed as a function on Bl0Cn\Bl0BR. 

Given γ2ϕ supported on a AE manifold Bl0 Cn\ Bl0 BR, under the weight δ ∈ (0, 1), 
→ C0,αin order to show the map D∗D : C4,α is surjective, it suffices to show its adjoint δ δ−4 

: C4,α → C0,αoperator D∗D is injective. To find the kernel D∗Df = 0, we first4−2n−δ −2n−δ 
improve the decay rate of the solution at infinity. Note 4 − 2n − δ < 0, we use standard 
biharmonic analysis for Euclidean space and obtain f ∈ C4

4 
− 
,α 
2n for n ≥ 3, thus integration 
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29 CHAPTER 3. GLUING CONSTRUCTION 

by parts is justified, which implies Df = 0. This gives rise to a holomorphic vector field 
and thus holomorphic function on the complement of Cn of a ball. Then Hartogs’s extension 
theorem implies the holomorphic function is extended to all of Cn , and hence is a constant. 
Note again 4 − 2n − δ < 0, we know the constant is zero, thus we conclude the triviality of 
the kernel. Then there exists P2(γ2ϕ) such that D∗D(P2(γ2ϕ)) = γ2ϕ and satisfies 

C4,α 0,α .P2(γ2ϕ)  γ2ϕC  ϕC̃0,α 
δ δ−4 η,δ−4 

Given γ1ϕ supported on TR\E, satisfying γ1ϕ|∂TR = 0. For a function f ∈ Ck,α(TR\E), 
consider the orthogonal decomposition f = f 0 + f=0 , where f 0 is invariant under the holo-
morphic S1 action on (Bl0Cn\E, ωHS ), and f=0 has zero mean on each fiber. Note ωHS is 
S1-invariant, and thus the associated Licherowicz operator maps S1-invariant part to S1-
invariant and zero mean part to zero mean part. To solve LωHS φ = γ1ϕ on TR\E, we solve 
these two parts separately. 

For (γ1ϕ)0 , it is viewed as a function on TR/S1 = [0, ∞) × E with a cylinder metric 
dt2 + ωFS + O(e−t) with volume form e−tdzdvolE , here t = log(− log |z|h 

2 ) + O(e−t). The 
Lichnerowicz operator has the expression 

1 
LωHS = Dω 

∗ 
HS 

DωHS = (∂z − ∂z 
2)2 + DE 

∗ DE +ΔFS (∂z − ∂z 
2) + (∂z − ∂z 

2) + O(e −t). 
2 

Consider 

Ck,α = {f ∈ Ck,α 
η;0 ([0, ∞) × E) : ([0, ∞) × E), f(0, ·) = ∂zf(0, ·) ≡ 0}.η 

Given {fi} a basis of ker DE 
∗ DE , and a cut-off function χ(t), define ψfi 

:= χ(t)π∗fi. From 
[16] Lemma 3.10, for η ∈ (0, κ), we obtain an isomorphism 

4,α ) → C0,αLωHS : Cη;0 ([0, ∞) × E) ⊕ Span(ψfi η ([0, ∞) × E). (3.25) 

Define the following modified Hölder space 

C0,α = C0,α 0,α : ⊕ Span(χ(t)π ∗ 1) ⊂ C .η η 0 

Lemma 3.5.2.1. The following operator 

C4,α C0,α 
η;0 ([0, ∞) × E) ⊕ Span(ψfi ) ⊕ R →  ([0, ∞) × E)η 

given by 

(φ, f, λ) → D∗ (φ + ψf + tλ)ωHS 
DωHS 

has a bounded right inverse. 
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C0,αProof. Given ψ ∈  
η ([0, ∞) × E), note 

D∗ DωHS (tχπ ∗ 1) = χπ ∗ 1 + O(e −t),ωHS 

hence there exists λ ∈ R such that ψ −D∗ (tχπ∗λ) ∈ C0,α. Then, we conclude the ωHS 
DωHS η 

surjectivity from (3.25). 

It remains to deal with the function (γ1ϕ)=0 . Consider the weighted Sobolev space which 
vanishes on ∂TR 

W 4,2 := {f : f ∈ W 4,2, f |∂TR = 0}.η;0 η 

We first prove the following lemma: 

Lemma 3.5.2.2. Given f ∈ W 4,2 0;0 , η ∈ (0, κ), we have the following inequality 

D∗DfL2 ≥ CfL2 . 
2 

(3.26) 

Proof. Recall 

τ 
ωHS = (1 + )p ∗ ωF S + dτ ∧ Θ,

2 

where Θ = ϕ−1dcτ . First we show that Θ satisfies 

Θ(∂τ ) = 0. 

It is equivalent to show dcτ(∂τ ) = dτ(J∂τ ) = 0. For r = log |z|h, from the momentum 
construction, we know ϕdr = dτ , then dτ(J∂τ ) = ϕdr(ϕ−1J∂r) = 0. Locally, when we pick 
a chart on D, we can write Θ = dz + θ where θ is a connection 1-form depending on D. 

Write 

df = dθE f + ∂τ fdτ + ∂zfΘ, 

here dθE is the modified operator in the D direction. Then 

dcf = dθ,c E f + ∂τ fϕΘ − ∂zfϕ
−1dτ, 

further we get 

dθ,c fϕ−1) ∧ dτ + dτ ∧ ∂τ (d
θ,c dθ,c ddcf = dθ f − dθ (∂z f) + Θ ∧ (∂z f) + ϕ−1∂2fdτ ∧ Θ+ ∂τ fϕdΘE E E E E z 

+∂τ (∂τ fϕ
−1)dτ ∧ Θ+ dθE (∂τ fϕ) ∧ Θ. 

Consider the Fourier decomposition of the functions on Bl0Cn\E under the infinitesimal 
action of S1 action ∂z. We write 
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 
(γ1ϕ)

=0 = fk 

k =0 

with fk satisfying L∂z fk = ikfk. We want to further decompose fk’s. To acheive this, 
we apply a similar technique as in [39] Section 4.1. Note that the function fk corresponds 
to a section f̂  

k of O(k) over CPn−1 . Consider the Fourier decomposition of the Dolbeault 
Laplacian operator Δk for the eigensections of O(k), we write  

f̂  
k = f̂  

k,λ0 , for Δkf̂  
k,λ0 = λ0f̂  .k,λ0 

λ0 

Consider on Bl0Cn\E the operator 

dθ dθ,c ∗ωn−2 
E ∧ p DΔθ = (n − 1) E 

FS fk,λ : fk,λ. ∗ωn−1 p D 

Pick a local chart, with coordinate xi, yi on D and coordinate ξ on fiber. Let e0(z) be a 
holomorphic trivialization, we write 

f(xi, yi, ξ) = f(xi, yi)ξ
k , f̂(xi, yi) = f(xi, yi)(e0(z) 

∗ )k . 

Then Δθ fk,λ becomes FS   
1 ∂2 ∂2 

+ fk,λ. 
4 ∂x2 i ∂yi 

2 

Applying the Bochner-Kodaira-Nakano formula to Δk, write Δ∂
k as the ∂-laplacian, we 

know Δk = Δ
∂
k + k(n − 1) and thus λ0 ≥ k(n − 1). Note from Δkf̂  

k,λ0 = λ0f̂  
k,λ0 we deduce 

that     
1 ∂2 ∂2 k(n − 1)

+ fk,λ = −λ0 + fk,λ. 
4 ∂x2 i ∂yi 

2 2 
k(n−1)We denote λ := −λ0 + 

2 
. Note 

dΘ = d(dcτ · ϕ−1) = ϕ−1 · ddcτ + ∂τ (ϕ
−1)dτ ∧ dcτ. 

We recall from the momentum construction that given a function ψ(τ) on the total space 
of line bundle, we have 

ddcψ(τ) = (ϕψ)(τ)
1 
π ∗ ωFS + 

1
(ϕψ)(τ)dτ ∧ dcτ. 

2 ϕ 

Thus 

ddcτ =
1 
ϕπ ∗ ωFS + ϕ−1ϕτ dτ ∧ dcτ. 
2 
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In particular, we note dΘ does not have contribution of mixed term of fiber and base. 
Write θ = θxi dxi + θyi dyi, we have 

∂τ (θ
xi ) = ∂τ (θ

yi ) = 0. 

, dθ,c From this we know θ and thus dθE E are invariant under τ . From now on we abbreviate 
fk,λ as f for simplification. Then 

ddcf ∧ ωn−1 λ n − 1 
ΔωHS f = n HS = f − ϕ−1k2f + ∂τ (ϕ∂τ f) + ϕ∂τ f. 

ωn 1 + τ 2(1 + τ )HS 2 2 

To compute the Licherowicz operator 

1 D∗ Δ2f = , ddcf,ωHS 
DωHS ωHS 

f + ρωHS 2 
we need to compute the Ricci curvature of ωHS . From momentum construction, the 

expression for the Ricci curvature is 

1 1 1 
ρ = π ∗ ωFS + (ϕQ)(τ)π ∗ γ − [ (ϕQ)](τ )dτ ∧ Θ,

2Q 2 Q 

here γ = −
√
−1∂∂̄  log h for hermitian metric h on the line bundle. In our case, plugging   

1+ n τ
)n−1 8 2in Q(τ) = (1 + τ and ϕ(τ) = 1 + τ − , we obtain

2 n 2 (1+ τ )n−1 
2 

ρωHS =
1 

π ∗ ωD − 
1 

dτ ∧ Θ,
(1 + τ 

2 
)n−1 (1 + τ 

2 
)n 

then 

1 1 1 
, ddcf = (λf + ϕfτ ) + (ϕ−1k2f − ∂τ (ϕfτ )).ρωHS (1 + τ 

2 
)n+1 2 (1 + τ 

2 
)n 

4,2Note given f ∈ W0;0 , we integrate over TR\E, applying integration by parts, we get 



     

  
      

      

   
     

               
          

   
      

             
             

   
   

    
             

      
            

   
   

    
             

   
     

         
             

  
      

            
           

      

               
                 
                

                

                   
                    

    

    
      

                
              

                  
    

      

□ 

CHAPTER 3. GLUING CONSTRUCTION 33 

   
2D∗Df · f dvol = (ΔωHS f)

2 dvol + 2ρωHS , dd
cff dvol   2   

n − 1 λ 1 
= −ϕ−1k2f + ϕτ fτ + ϕfτ + ϕfττ + 2f · fτ · ϕτ − 

2(1 + τ ) 1 + τ (1 + τ )n 
2 2 2      

(n − 1)λ 1 λ 1 
+ f · fτ · ϕ + + 2f · fττ · ϕ − 

)n+1(1 + τ )2 (1 + τ 1 + τ (1 + τ )n 
2 2 2 2    

1 λ 2λ λ2 
2ϕ−1k2 f 2+ − + + 

)n+1(1 + τ )n 1 + τ (1 + τ (1 + τ )2 
2 2 2 2  2 

n − 1 
= −ϕ−1k2f + ϕτ fτ + ϕfτ + ϕfττ 

2(1 + τ 
2 
)     

1 λ 2λ λ2 
2ϕ−1k2 f 2+ − + + 

)n+1(1 + τ )n 1 + τ (1 + τ (1 + τ )2 
2 2 2 2    

nλ n − 1 2ϕ 2λϕ 
f 2+ f · fτ · ϕ − + − τ)n+1(1 + τ )2 (1 + τ (1 + τ )n 1 + τ 

2 2 2 2  
C ≥ Cτ−2f 2 ≥ e 2tf 2 dvol 

Applying Cauchy-Schwartz inequality to the above, we obtain the desired inequality for 
fk,λ. Using the orthogonality of the eigenfunctions corresponding to different eigenvalues, 
we obtain the inequality for f . 

We construct the inverse of (γ1ϕ)=0 under the operator D∗D by first doing cut-off so 
that it supports in a compact annulus, then we find its inverse under D∗D on each annulus, 
and finally we glue them together using partition of unity. This strategy is first explored by 
Biquard in [17]. The inequality (3.26) above is used to improve the regularity of the inverse. 

Let (ξA)A∈Z+ be a partition of unity to the intervals (A − 1, A + 1) in coordinate t. Let 
UA be the annulus whose coordinate t lives in (A − 1, A + 1). From (3.26), we know the map 

we know the map 

D∗D : W 4,2 0 (UA) ⊂ L2(UA) → L2(UA) 

is injective. Here, W0
4,2(UA) is the closure of Cc ∞(UA) in W 4,2(UA). Note the operator 

above is densely defined, closed, and self-adjoint, then from [19] Theorem 2.19, we know 
Im D∗D being closed is equivalent to Im D∗D = (ker D∗D)⊥ . Note we have the following 
elliptic a priori estimates 

fW 4,2(UA)  D∗DfL2(UA) + fL2(UA). 
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Then from standard arguments we know Im D∗D is closed, see [73] Lemma 4.3, [53] 
Theorem 9.2.1. Hence the map is surjective, for any B ∈ Z+, we use (D∗D)−1(ξBg) to 
denote the inverse. On the annulus UA, let 1A denote the function on it which is constantly 
equal to 1. We consider the following weighted estimate 

  
|D∗Df |2 e(2η−3)t ≥ min{e(2η−3)(A−1), e(2η−3)(A+1)} |D∗Df |2 

UA UA  
= e −2|2η−3|max{e(2η−3)(A−1), e(2η−3)(A+1)} |D∗Df |2 UA 

≥ e −2|2η−3|max{e(2η−3)(A−1), e(2η−3)(A+1)} |f |2 e 4t  UA 

≥ e −2|2η−3| |f |2 e(2η+1). 
UA 

Note that e−2|2η−3| is a constant independent of A, then any A, B ∈ Z+, applying the 
above inequality, we get 

ζA(D∗D)−1(ζBg)L2 ≤ e(η−η1)AζA(D∗D)−1(ζB g)L2 
1 1η+ η+2 2 

(η−η1)A1A e · (D∗D)−1(ζB g)L2 
1η+ 2 

 e(η−η1)AζBgL2 

η1− 3 2 

(η−η1)(A−B)ζB gL2 e 
η1− 3 2 

For each A, choose η1 such that η − η1 =  · sgn(A − B), then the above expression 
becomes 

ζA(D∗D)−1(ζB g)L2  e |A−B|ζBgL2 
1η+ η1− 3 2 2 

Combining the above, we have the following estimate 

   
1 
2 ζA(D∗D)−1(ζB g)L2

1 
≤ (  ζA(D∗D)−1(ζBg)2 L2 )

1η+ 2A B A B  
η+2 

1 

≤ ( ( ζA(D∗D)−1(ζB g)L2 )2) 2 
1η+ 2A B  

 ( ( e −|A−B|ζBgL2 )2) 
1
2 

η− 3 2A B 
1 
2 0,α 

η− 3 η 
η− 3 2 

 ( ζBg2 L2 ) ≤ gL2  gC
2B 
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  
ζA(D∗D)−1(ζB g) ∈ C4,αFrom elliptic regularity Theorem 3.5.1, we conclude .A B η 

Combining this construction with Lemma 3.5.2.1, we obtain P1(γ1ϕ) satisfying GωHS (P1(γ1ϕ)) = 
γ1ϕ and 

4,α 0,αP1(γ1ϕ)  ϕ ̃Cη ×ker D∗ DE ×R CE η,δ−4 

Consider for i = 1, 2 the cutoff functions βi with βi = 1 on the support of γi, and ∇β1 
supports on T2R\TR, ∇β2 supports on TR \TR , further, ∇β1C3,α ≤ C and ∇β2C3,α ≤ 

2 4 log R  
C |z| R . This can be achieved by defining β1 := β where β(r) = 1 for r < and

log R log R log R  
2R |z| R Rβ(r) = 0 for r > ; β2 := β̃  where β̃(r) = 1 for r > and β̃ = 0 for r < .

log R log R 2 log R 4 log R 

Define 

P (ϕ) = β1P1(γ1ϕ) + β2P2(γ2ϕ) 

First we show that ϕ → P (ϕ) gives an approximate inverse, i.e., 

(P (ϕ)) − ϕ ̃ 0,α ≤ 
1 ϕ ̃ 0,α . (3.27)GωHS C Cη,δ−4 2 η,δ−4 

It reduces to show 

1 
(βiPi(γiϕ)) − γiϕ ≤ ϕ.GωHS 4 

Write 

GωHS (βiPi(γiϕ)) − γiϕ = βiγiϕ − γiϕ + D3(∇βi  Pi(γiϕ)), 
here D3 denotes a third-order differential operator, and  a bilinear operator. Note 

0,α 3,α 0,αD3(∇β1  P1(γ1ϕ))C  ∇β1C3,α P1(γ1ϕ)C = o(1)ϕC ,
η η η 

0,α 3,α 3,α 0,α .D3(∇β2  P2(γ2ϕ))  ∇β2 P2(γ2ϕ) = o(1)ϕC C C Cδ−4 −1 δ δ−4 

Here ∇β2 is supported on TR \TR , and ∇β2 ≤ C , thus proving (3.27). From C3,α 
log R2 4 −1 

(3.27), we see there is a uniformly bounded inverse (GωHS ◦ P )−1 , thus GωHS has a right 
inverse P ◦ (GωHS ◦ P )−1 . 

3.6 Existence of solution 

To obtain a cscK metric on BlpX\E, we want to solve a boundary value problem for the 
cscK equation on the two pieces Xr and Bl0BR \E. The arguments for the piece Xr are 
the same as Arezzo-Pacard’s case. We can directly take from [11]. 
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Theorem 3.6.1. ([11], Proposition 6.1) Fix a constant Λ > 0 large enough, there exist 
cΛ > 0, Λ > 0 such that ∀ ∈ (0, Λ), and all boundary data h ∈ C4,α(∂B1), k ∈ C2,α(∂B1) 
satisfying 

hC4,α(∂B1) ≤ Λr 
4 , kC2,α(∂B1) ≤ Λr 

4 , (3.28) 

there exists ϕ,h,k such that the Kähler form ω,h,k defined by Equation 3.17 on Xr has 
constant scalar curvature s(ωX ) + ν,h,k. If we use ϕ̂ to denote the component in ϕ which is 
defined on Xp, then 

2n+δ 2nϕ̂,h,k|B2r \Br 
(r ·) − H0 C4,α(B2\B1) ≤ cΛr , |ν,h,k| ≤ cΛr .h,k   

Moreover, 

2n−4+δϕ̂,h,k − ϕ̂,h,k |B2r \Br 
(r ·) − Hh,k 

0 C4,α(B2\B1) ≤ cΛr h − h, k − k, (3.29) 

|ν,h,k − ν,h,k | ≤ cΛr 
2n−4h − h, k − k. (3.30) 

The main difference lies in the piece of Bl0Cn\E, which we discuss as follows. 

Theorem 3.6.2. Fix a constant Λ > 0 large enough, there exist c > 0 independent of Λ 
and Λ > 0 such that ∀ ∈ (0, Λ), and for all ν ∈ R and boundary data h̃ ∈ C4,α(∂B1), k̃ ∈ 
C2,α(∂B1) satisfying 

|ν| ≤ |s(ωX )| + 1, h̃C4,α(∂B1) ≤ ΛR3−2n , k̃C2,α(∂B1) ≤ ΛR3−2n , (3.31)  

4,αthere exist φ ∈ Cη,δ , constant λ ∈ R and f ∈ ker D∗ DE such that the scalar curvature E 

of the Kähler form 

√ 
˜ ˜ = ωHS + −1∂∂̄(H1 + φ + λt)ω,h,k,HS ,h,˜ k̃  

is 

2ν + D∗ (ψf ) + 
1 ∇D∗ (ψf ), ∇(H1

˜ + φ + λt).ωHS 
DωHS 2 ωHS 

DωHS ,h,˜ k 

Further, 

φ(R ·)C4,α(B2\B1) ≤ cR3−2n , |λ| + f ≤ cR3−2n−δ .  

If φ, λ are determined by boundary data h,˜ k̃ and φ 
 , λ 

 are determined by boundary data 
˜  ˜h , k , then 

f − f  + |λ − λ |+φ(R ·) −φ (R ·) ≤ cΛ(R
δ−1(h̃ − h̃, k̃ − k̃)+R3−2n|ν −ν |); (3.32)     
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Proof. In the proof, we omit the subscript  for φ, λ, f for simplicity concern. We want to 
solve the equation 

√ 
1 ∗ ∗ 1 s(ωHS+ −1∂∂̄(H
,h,˜ k̃
+φ+λt)) = 2ν+DωHS 

DωHS (ψf )+
1

2 
∇DωHS 

DωHS (ψf ), ∇(H,h,˜ k̃
+φ+λt), 

(3.33) 
for a function φ, a constant λ and a holomorphy potential f on E. If we separate the 

equation into linear and non-linear terms, we get 

D∗ (H1
˜ + φ + λt) −D∗ (H1

˜) − 2νωHS 
DωHS (φ + ψf + tλ) = QωHS ,h,˜ k ωHS 

DωHS ,h,˜ k 

− 
1 ∇D∗ (ψf ), ∇(H1 + φ + λt),
2 ωHS 

DωHS ,h,˜ k̃  

and we denote the RHS by Q. From Theorem 3.5.2, we know the operator 

(φ, f, λ) → D∗ (φ + ψf + tλ)ωHS 
DωHS 

has a bounded right inverse, given our choice of weights in Theorem 3.5.2. We con-
sider an extension operator following [12] Section 5.2. For given R ≥ 1, consider ER : 
C0,α(Bl0BR\E) → C0,α(Bl0Cn\E) defined byη,δ η,δ ⎧ 

¯⎪f(z) in Bl0BR\E⎨     
|z|ER(f(z)) = χ̄ f R z in Bl0B2R\Bl0BR (3.34)
R |z|⎪⎩0 in Bl0Cn\Bl0B2R 

where t → χ̄(t) is a smooth cut-off function which equals to 1 for t < 5
4 

and vanishes for 
t > 7

4 
. Let E be the extension operator for R, from [12] we know it is a bounded operator 

whose norm is independent of . With this operator, the Equation 3.33 can be rewritten as 
a fixed point problem 

(φ, λ, f) = N(φ, λ, f) 

here we define 

4,α 4,αN := G−1 ◦ E ◦ Q : C (Bl0Cn\E) × ker D ∗ DE × R → C (Bl0Cn\E) × ker D ∗ DE × R. η,δ E η,δ E 

(3.35) 
4,αLemma 3.6.2.1. Given φ , |λ| ≤ c, letC0,2 

√ √ √ 
−1∂ ̄  ωλ := ω −1∂ ̄ω : ∂H1 , ∂λt, = ω −1∂∂̄(φ + λt).HS = ωHS + 

,h,˜ k̃  HS + ωφ,λ : HS + 

Then there exists C > 0, such that 

− Lω  4,α 0,α ≤ C(φ, λ) 4,α×R.Lωφ,λ HS C ×R→C Cη,δ η,δ−4 0,2 



     

                  
               
                

               
              

                  
                  

   

 
 
  

 
 

    
        

         
 

 

   

 
 

                         

  
 

                    
 

 

 

   

 
  

                        

        

 
 

          
      

         

 

                   

 
   

 
   

                 

                
        

 
          

 
       

   
 

       
    

                    
 

 
    

 
 

   
 

   

  
    

     
        

    

38 CHAPTER 3. GLUING CONSTRUCTION 

Proof. First we show there exists C1 > 0 such that gHS C2,α(Bl0C\E) ≤ C1. For this, we 
divide the regions into three parts, pulling back the metric components of gHS to each 

region. Note that it is different from pulling back the metric tensors here, and no additional 
rescaling factor will be introduced. Near E, the metric is uniformly equivalent to the Poincaré 
hyperbolic metric; on the neck annulus, the metric is uniformly equivalent to the Euclidean 
flat metric; on X\B1, it’s the cscK metric we started with. In each case, we have a uniform 

 −1upper bound on the metric. Similarly, we get gHS C2,α(Bl0Cn\E) ≤ C2 for some C2 > 0. 
Then we have 

 
 
g 

 
 
∇p 

¯ ¯jk pq̄  jk pq̄  
HS g(ϕ, µ) − Lω (ϕ, µ) Lωλ HS C − g ∇j ∇k̄∇q̄(ϕ + µt)= g0,α 

η,δ−4  

HS λ λ 0,αC 
 η,δ−4 

¯ ¯ ¯jk pq̄  pq̄  jk jk pq̄  (3.36)≤ − g ) − (g − g (ϕ, µ))gg g 4,α×R.HS HS HS λ λ λ C
C2,α η,δ 

 
 

 
¯ ¯jk pq̄  jk pq̄  
φ,λg(ϕ, µ) − Lωλ (ϕ, µ) Lωφ,λ C − g ∇p∇j ∇k̄∇q̄(ϕ + µt)= g g 

η,δ−4 
0,α  

φ,λ λ λ 0,αC 
 η,δ−4 

¯ ¯ ¯jk pq̄  pq̄  jk jk pq̄  (3.37)≤ − g ) − (g − g (ϕ, µ))gg g 4,α×Rφ,λ φ,λ λ φ,λ λ λ C
C2,α η,δ 

−1 −1We observe that with this inequality, now it suffices to give bounds on g − g andφ,λ λ 
−1 −1 g − g Noteλ HS . 

−1 −1 −1 −1 −1 −1 −1  −1− g = g , g − g = g (ggφ,λ λ φ,λ(gλ − gφ,λ)gλ λ HS λ HS − gλ)gHS , 

then   
C2,α ≤ 

g  √ 
−1∂ ̄∂φ 

 
C2,α g 

−1 −1 −1 −1 (3.38)− g 
C2,α ≤ C3φCg 4,α .φ,λ λ φ,λ λC2,α 

0,2 

Note that gHS is cscK metric near the divisor, we know from [13] Theorem 3.1(which we 
quote as Theorem 3.7.1 in Section 3.7) that  1 0|z1|2 log2 |z1|2 

0
(g  HS )ij̄ + O(e −δt).= 

gF S,ij̄   
0 
ij̄gFS 

which has bounded 
|z1|2 log2 |z1|2 

0 

1 0|z1|2 log2 |z1|2Let A := 
0 

, then A−1 = 
gF S,ij̄ 

norm. Then for (X)ij̄ := (g)ij̄ − (A)ij̄ , we know (A + X)−1 = A−1 − A−1XA−1 + O(X2). 
Thus 

 
 j = A−1 
HS )

i¯ −δt).(g + O(e  λ 0|z1|2 log2 |z1|2 

0 0 
, we see 

(g HS − gλ)g 
−1 

 
HS C2,α ≤ C4|λ|, and thus From (g HS − gλ)ij̄ = 
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(g 

Substituting Equation 3.38 back to Equation 3.36 and Equation 3.39 back to Equa-
tion 3.37, we get the desired result. 

Lemma 3.6.2.2. There is a constant c > 0 independent of Λ and cΛ > 0, Λ > 0 such that 
for  ∈ (0, Λ), 

3−2n−δ 
4,α .N(0, 0, 0) DE ×R ≤ cR (3.40)C ×ker D∗ 
η,δ E 

If 

3−2n−δ(φ1, f1, λ1) 4,α (φ2, f2, λ2) 4,α ,C ×ker D∗ DE ×R, C ×ker D∗ DE ×R ≤ 2cR 
η,δ E η,δ E 

 

then 

N(φ1, f1, λ1) −N(φ2, f2, λ2) ≤ cΛR 
3−2n−δ(φ1, f1, λ1) − (φ2, f2, λ2), (3.41) 

and let Ñ 
 be the map taking into account the set of ν and the boundary data h̃, k̃ , then 

˜ ˜ k ˜N(φ, f, λ, ν, h, ̃ )−N(φ, f, λ, ν
, h̃, k̃) ≤ cΛ(R

−1(h̃−h̃, k̃−k̃)C4,α×C2,α +R3−2n−δ|ν−ν |).  

(3.42) 

Proof. For Equation 3.40, note from 3.16, H1
˜ is supported away from the cusp end, we 

,h,˜ k 

can argue similarly as in [12] Lemma 5.3. More precisely, we have 

∇2H
, 
1
˜ ˜C0,2(Bl0B2\E) ≤ cΛR

2−2n ,
h,k  

then note LωHS H
1 − Δ2 )H1 on the annulus Bl0BR \Bl0B2, we see from the h,k = (LωHS Euc h,k 

expansions 3.10, 3.13, the coefficients of ∇2+i lives in Ci 
0 
− 
,α 
2n for i = 0, 1, 2 and thus 

H1 H1 R−2nR4−δLωHS ,h,k˜ C0,α = LωHS ,h,˜ k
C0,α ≤ cΛR 

2−2n
  = cΛR 

2−2n ,˜ ˜ 
η,δ−4 δ−4 

and 

(∇2H1 )) 0,α (∇2H1 )) 0,α ≤ cΛR
4−4nR−4nR4−δ = R4−4n .E(QωHS ,h,˜ k̃  C = E(QωHS ,h,˜ k̃  C     

η,δ−4 δ−4 

Also 

2 ≤ R3−2n−δ2ν 0,α = 2ν 0,α ≤ cR4−δ . (3.43)C C   
η,δ−4 δ−4 

Combining these inequalities with the bound for G− 
 
1 , we obtain Equation 3.40. 

    −1 −1 −1  −1 (3.39)− g ≤ − gλ)g ≤ C5|λ|.g g HS λ HS λ HS C2,α C2,α C2,α 
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For Equation 3.41, note for our choice of weights, on Bl0BR \E, 

φC4,α ≤ cφC4,α , 
0,2 η,δ 

then as in [60] Lemma 8.18 and Lemma 8.21, it follows from Lemma 3.6.2.1 by the mean 
value theorem that the Q term is bounded. It remains to estimate the following 

1 ∗ 1 ∗ 1∇Dω (ψf2 ), ∇(H ˜ + φ2 + λ2t) − ∇Dω (ψf1 ), ∇(H ˜ + φ1 + λ1t) 0,α . 
2 HS 

DωHS ,h̃,k HS 
DωHS ,h,˜ k Cη,δ−4 

(3.44) 
Note ∇H1 C0,2 ≤ cΛR3−2n , ∇D∗ )C0,α ≤ cf1 − f2, then 

,h,˜ k̃   ωHS 
DωHS (ψf2 − ψf1 

∇D∗ (ψf2 − ψf1 ), ∇H1  ≤ cΛR
3−2n−δf1 − f2,ωHS 

DωHS ,h,˜ k̃   

and for the remaining part of 3.44, we have 

0,α∇D∗ , ∇(φ2 + λ2t) − ∇D∗ , ∇(φ1 + λ1t) ωHS 
DωHS ψf2 ωHS 

DωHS ψf1 Cη,δ−4 

0,α 0,α≤ ∇Dω 
∗ ψf2 , ∇(φ2 + λ2t) −∇(φ1 + λ1t)  + ∇Dω 

∗ (ψf2 − ψf1 ), ∇(φ1 + λ1t) HS 
DωHS C HS 

DωHS C 

≤ ∇D∗  0,α (φ2, λ2) − (φ1, λ1) + (φ1, λ1)∇D∗ ) 
η,δ−4 η,δ−4 

0,αωHS 
DωHS ψf2 C ωHS 

DωHS (ψf2 − ψf1 C0,−3 0,−3 

≤ c(f2 · (φ2, λ2) − (φ1, λ1) + (φ1, λ1) · f2 − f1) 

These inequalities combined with the bounds of G− 
 
1 and E give the desired estimate. 

For Equation 3.42, again since H1
˜ k̃  

is supported away from the cusp end, we have from 
,h, 

[12] Lemma 5.3 the following estimates 

(H1
˜ − H1

˜ ) 0,α ≤ cΛR
−1(h̃ − h̃, k̃ − k̃),LωHS ,h,˜ k ,h̃,k C  

δ−4 

and 

E(QωHS (∇2H
, 
1
˜ ˜ −∇2H

, 
1
˜ ˜ )C ≤ cΛR 

−1(h̃ − h̃, k̃ − k̃).
h,k h,k 

0,α 
δ−4 

The estimate for the variance in ν, ν  follows from equation 3.43. 

3−2n−δ ≤ 1Note by reducing cΛ if necessary, we have cΛR 2 
, then with the above estimates, 

we know the map N is a contraction on the set 

U : {(φ, f, λ) ∈ C4,α × ker D∗ DE × R : (φ, f, λ) 4,α DE ×R ≤ cR3−2n−δ},η,δ E C ×ker D∗  
η,δ E 

for  sufficiently small, then N is a contraction on U and N(U) ⊂ U . In particular, N 

has a fixed point, finishing the proof of Theorem 3.6.2. 
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With these metrics on each piece, upon applying Theorem 3.6.2 to 

ν := s(ωX ) + ν,h,k, 

we define on Bl0B1\Bl0B 1 
2 

ψ1 := 2(ϕHS + H1
˜ ˜ + φ).,h,k 

From Theorem 3.6.1, we define on B2\B1 

ψ0 := ϕX + H0 
,h,k + ϕ,h,k. 

To match up these two metrics, we note for our choice of r in 3.14, ψ0 −H0 C4,α ≤ cr4 ,h,k  

and ψ1 − 2H1 
h,k 

C4,α ≤ cR3−2n . Combined with the estimates 3.29, 3.30 and 3.32, we have 
,˜ ˜  

the following. 

Theorem 3.6.3. ([12], Section 5.3) Consider functions ψ0 and ψ1 defined as above. There 
exists boundary data h, k satisfying 3.28 and h,˜ k̃ satisfying 3.31, such that on ∂B1, 

ψ0 = ψ1 , ∂rψ
0 = ∂rψ

1 , Δψ0 = Δψ1 , ∂rΔψ
0 = ∂rΔψ

1 , 

here r = |x|, with x being the coordinates in B2. Then we can glue along ∂B1 the functions 
ψ0 and ψ1 and obtain a function on BlpX\E, which results in a metric ωsol on BlpX\E. 

Proof of Theorem 1.1. Noticing Equation 3.32, the existence of such boundary data can be 
obtained with the same arguments as in [12], Section 5.3. Near E, we know φ + λt = O(t) 
from the definition, which is indeed of Poincaré type. 

We want to show that ωsol is indeed cscK by arguing that the component D∗ (ψf )ωHS 
DωHS 

is zero. Note the metric gHS near E has expansion 

gHS = 
1

(dt2 + e −2tΘ2) + p ∗ ωFS + O(e −t), 
n(n − 1) 

then near E, ωsol has expansion   

gsol = 2 
1 − 

1 
λ (dt

2 + e −2tΘ2) + p ∗ ωFS + O(e −η
t) (3.45) 

n(n − 1) 2 

for some η > 0. Hence ∇1,0s(ωsol), when restricted to E, becomes the extremal vector 
field ∇1,0s(ωFS ) on E, which equals to zero. On the other hand, recall that 

1∗ ∗ 1 s(ωsol) = 2ν + DωHS 
DωHS (ψf ) + ∇DωHS 

DωHS (ψf ), ∇(H,h,˜ k̃  
+ φ + λt),

2 

then restricting the associated vector field to E, the parts involving Dω 
∗ 
HS 

DωHS (ψf ) 
component gives nonzero term, and ∇1,0(2ν) gives zero. Hence, D∗ DωHS (ψf ) is forced to ωHS 
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vanish, and the metric is indeed cscK. The smoothness of φ follows from standard elliptic 
bootstramp arguments. 

3.7 Applications and Discussions 

Proof of Corollary 

Note near E, we have an expansion of gsol as in Equation 3.45. In fact, we have a more 
precise relation of the coefficient before t in the expression of potential with the average 
scalar curvature. Recall from [13] the following: 

Theorem 3.7.1. (Auvray, [13], Theorem 3.1) 
Given D a smooth divisor and ωϕ a cscK Poincaré type Kähler metric on Y \D in the 

class [ωY ], we have the asymptotic expression of metric gϕ 

gϕ = a(dt2 + e −2tΘ2) + π ∗ gD + O(e η0t), 

for some constants η0 < 0 and a > 0, more precisely, let 

−c1(KY [D]) ∪ [ωY ]
n−1 −c1(KY [D]|D) ∪ [ωY |D]n−2 

s̄(ωY ) := n , s̄(ωY |D) := (n − 1) ,
[ωY ]n [ωY |D]n−1 

we have an explicit expression of a, given by 

1 
a = . 

s̄(ωY |D) − s̄(ωY ) 

Applying this theorem to Y = BlpX, D = E, we have 

1 

2( 1 − λ 
= s̄(ω|E ) − s̄(ωsol). 
)

n(n−1) 2 

We are interested in how fast the RHS grows; for this purpose, we calculate the scalar 
curvature of the new cscK metric. Note ω and our solution ωsol to the cscK equation are in 
the same Kähler class, which is π∗[ωX ] − 2[E], at the same time, we have 

c1(BlpX) = π ∗ c1(X) − (n − 1)[E]. 

Recall that [E] denotes the Poincaré dual of E and below by c1([E]) we mean c1(O(E)), 
we have 

c1(BlpX) − c1([E]) = π ∗ c1(X) − (n − 1)[E] − [E] = π ∗ c1(X) − n[E]. 

Recall from [36] that [E]n = (−1)n−1 , we get 
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(c1(BlpX) − c1([E])) ∪ [ω]
n−1 = c1(X) ∪ [ωX ]

n−1 − n2n−2 , [ω]
n = [ωX ]

n − 2n , 

thus 

n(c1(X) ∪ [ωX ]
n−1 − n2n−2) 

s̄(ωsol) = , (3.46)
[ωX ]n − 2n 

which is a decreasing function for small  and converges to s(ωX ) as  → 0. 
We also compute the average scalar curvature of metric on E in the class [ω|E ], 

c1(KBlpX [E]) ∪ [ω|E ]
n−2 = (π ∗ c1(X) − n[E]) · (π ∗ [ωX ] − 2[E])n−2 · [E] = 2n−4 n, 

[ω|E ]
n−1 = [ω]

n−1 · c1([E]) = 2n−2 , 

thus 

n(n − 1) 
s̄(ω|E ) = . 

2 

Proof of Corollary 3.1.1. As in the proof of [11] Corollary 8.1, we can apply LeBrun-Simanca 
and obtain a family of cscK metrics ω(y) such that ω(0) = ωX and s(ω(y)) < 0 for y ∈ 
[−y0, 0) and s(ω(y)) > 0 for y ∈ (0, y0]. Apply Theorem 1.1 to each ω(y), we obtain a family 
ω(y) of cscK metrics with a uniform bound for  as y varies in [−y0, y0], denoted by 0. 
Arguing similarly as in [11], we know ω(y) depends continuously on y. From the discussion 
at the beginning of this section, if 0 is small enough, we know s(ω(y)) < 0 if y < 0 and 
s(ω(y)) > 0 if y > 0. Now that s(ω(y)) depends continuously on y, there exists y such 
that s(ω(y)) = 0. 

Extension of results to more general situations 

In this subsection, we extend the arguments to a cscK manifold X which admits non-trivial 
holomorphic vector fields. We will show that if we choose the blow-up points carefully, the 
gluing construction we have still work under some modifications. Now to construct cscK 
metric on Xr piece, we define function  

− log |z| when n = 2 
G(z) := 

|z|4−2n when n ≥ 3 

which are homogeneous solutions to LωEuc . On the gluing annulus, these can be perturbed 
∗to G̃, which are homogeneous solutions to LωX on Br0 

for sufficiently small r0. We define 
the deficiency space as in [12] Section 4.1 
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˜Dδ(LωX ) := Span {χiGi, i = 1, · · · , k}. 

With this, given the genericity condition on the points, we obtain a surjective operator 
4,α 0,αC ) → C ) given by (φ, β) → LωX (φ + β). For the first perturbation δ (Xp) × Dδ(LωX δ−4(Xp 

on the gluing annulus, we require an additional term derived from the deficiency space to 
deal with the complexity introduced by k as in [12]. The next step is to find the cscK metric 
on both pieces. Choose r and R as before, on Xr , the existence of cscK metric follows 
from [12] Proposition 5.1. On Bl0BR \E, we perturb a2ωHS for a given constant a > 0 and 
we require a ∈ [amin, amax] for some fixed constants 0 < amin < amax. Then, with essentially 
similar estimates as in Section 3.6, we solve a modified cscK equation. 

Theorem 3.7.2. For a constant Λ > 0 large enough, there exists c > 0 independent of Λ 
and Λ > 0 such that ∀ ∈ (0, Λ), and for all ν ∈ R and boundary data h̃ ∈ C4,α(∂B1), k̃ ∈ 
C2,α(∂B1) satisfying 3.31, and a ∈ [amin, amax], ν ∈ [νmin, νmax], then there exists φ ∈ C4,α 

η,δ , 
constant λ ∈ R and f ∈ ker DE 

∗ DE such that the scalar curvature of the Kähler form 

√ 
¯(H1 2n−2R4−2nω,h̃,˜ = a 2ωHS + −1∂∂ 

h,k + a  G + φ + λt)k,HS ,˜ ˜ 

defined on Bl0BR \E is 

∗ ∗ 12ν + DωHS 
DωHS (ψf ) + 

2

1 ∇DωHS 
DωHS (ψf ), ∇(H,h,˜ k̃  

+ φ + λt). 

Further, 

φ(R · /a)C4,α(B2\B1) ≤ cR3−2n , |λ| + f ≤ cR3−2n−δ .  

If φ, λ are determined by boundary data h,˜ k̃ and φ 
, λ 

 are determined by boundary data 
h̃, k̃ , then 

f−f +|λ−λ |+φ(R ·/a)−φ(R ·/a) ≤ cΛ(R
δ−1(h̃−h̃, k̃−k̃)+R3−2n(|ν−ν |+|a−a |)).    

(3.47) 

The matching of the metrics constructed on the two pieces is independent of the Poincaré 
type behavior near the exceptional divisor, and the matching arguments in [12] Section 5.3 
still hold in our case. Finally, because of the condition (3.3), the metric on BlpX\E is cscK. 
We postpone the details of this argument to the more complicated situation of extremal 
Kähler metrics at the end of the following subsection. 

Extremal Kähler metric 

We discuss the situation of extremal Kähler(extK) metrics in Theorem 3.3. To solve the extK 
equation, we need to choose T -invariant coordinates when defining weighted Hölder spaces, 
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and we want to solve for T -invariant potential functions. Comparing the expansion of ωHS 

in 3.10 and 3.13 with those of Burns-Simanca metrics, we see the arguments of perturbations 
for ωX to an extK metric that on [10] Proposition 6.1.1. Again, the difference lies in the 
piece of Bl0BR \E, where we solve a modified extK equation. 

Theorem 3.7.3. Given ν ∈ R, X ∈ t satisfying 

|2ν| + X ≤ c, 

there exists θ > 0, c > 0 and for all Λ > 0, there exists Λ > 0 such that for all  ∈ (0, Λ), 
a ∈ [amin, amax], and T -invariant boundary data satisfying  

3−2n ˜ − kh̃C4,α(∂B1) + k̃C2,α(∂B1) ≤ ΛR , (4nh ˜)dvol = 0, 
∂B1 

there exists a T -invariant function φ, a constant λ and f ∈ ker DE 
∗ DE such that the 

scalar curvature of the Kähler form 

√ 
ω,h,˜ ˜ = a 2ωHS + −1∂∂̄(H

, 
1
˜k,HS h,k̃  
+ φ + λt) 

defined on Bl0BR \E is 

Y +
1 ∇Y, ∇(H1 + φ + λt),,h,˜ k̃2 

−4D∗where Y = 4Y + a ), with Y being the potential function for X, andωHS 
DωHS (ψf  

1 
k,HS (R · /a))dvol = 2ν. s(ω,h,˜ ˜|∂B1| ∂B1 

Further, 

3−2n 3−2n−δφ(R · /a)C4,α(B2\B1) ≤ cR , |λ| + f ≤ cR . 

If φ, λ are determined by boundary data h,˜ k̃ and φ 
, λ 

 are determined by boundary data 
h̃, k̃ , then 

˜f − f  + |λ − λ | + φ(R · /a) − φ(R · /a) ≤ cΛ(R
δ−1(h̃ − h̃, k − k̃)   

+ R3−2n|(ν − ν | + |a − a |) + R4−4nY − Y ).  

Assume we already have this theorem, we know from standard arguments in [10] that 
on Xr , there exists extK metric ω,h,k with extremal vector field X,h,k,a, then apply Theo-
rem 3.7.3 to  

1 
ν = s(ω,h,k)dvol, X = X,h,k,a. |∂B1| ∂B1 
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With these data, we match the metric on Bl0BR \E with the extK metric on Xr . To 
prove this theorem, the modified extK equation we want to solve is 

s(a 2ωHS + 
√
−1∂∂̄(H1 

h,k̃  
+ φ + λt)) = Y +

1 ∇Y, ∇(H1
˜ k̃  
+ φ + λt). (3.48)

,˜ ,h,2 

Expanding the scalar curvature operator into linear D∗D term and nonlinear Q term, we 
rewrite the equation as 

1 
a −4D ∗ D(φ+λt+ψf ) = Q(H1

˜ k̃
+φ+λt)−D ∗ D(H1

˜ k̃
)− ∇(4Y +a −4D ∗ Dψf ), ∇(H1

˜ k̃
+φ+λt),,h, ,h, ,h,2 

and we denote the RHS by Q. Again, we have a bounded inverse of the LHS and an 
extension operator whose norm is independent of . Thus it suffices to solve the fixed point 
problem for N = G 

−1 ◦ E ◦ Q. 

Lemma 3.7.3.1. There is a constant c > 0 independent of Λ and cΛ > 0, Λ > 0 such that 
for  ∈ (0, Λ), 

3−2n−δN(0, 0, 0)C4,α DE ×R ≤ cR . (3.49)×ker D∗ 
η,δ E 

If 

3−2n−δ(φ1, f1, λ1) (φ2, f2, λ2) 4,α ∗ DE ×R ≤ 2cR ,C4,α×ker D∗ DE ×R, C ×ker Dη,δ E η,δ E 

then 

−2n−δN(φ1, f1, λ1) −N(φ2, f2, λ2) ≤ cΛ(R
3 
 + 4R 

4)(φ1, f1, λ1) − (φ2, f2, λ2), (3.50) 

and let Ñ 
 be the map taking into account the divisor volume a and the set of boundary 

data h̃ , k̃ , then 

Ñ 
(φ, f, λ, h,˜ k̃)−Ñ 

(φ, f, λ, h̃
, k̃) ≤ cΛ(R

−1(h̃−h̃, k̃−k̃)+R3−2n−δ|ν−ν |+R4−4n−δY −Y ).   

(3.51) 

Proof. The proof follows mostly from [10] Proposition 6.2.1. Only note that near the excep-
tional divisor, we again use Lemma 3.6.2.1 and mean value theorem. 

We use [10] Lemma 7.0.2 to match the metrics on the two pieces and obtain a metric 
ωsol on BlpX\E. To show the D∗D(ψf ) term vanishes, we use the condition (3.3). To make 
sense of the condition, we first discuss the definition of the extremal vector field. 



     

               
                   

  
                     

       

                 
                  

            
 

  
   

 

 
 

                
                  

                

  

      
 

                    
                 

   

               
                

               
                

        
 

          
              

47 CHAPTER 3. GLUING CONSTRUCTION 

Definition 3.7.1. For a compact manifold X with smooth divisor E, we say a holomorphic 
vector field Z is parallel to E if their normal components vanish along E, i.e., if E = {z1 = 0},  
and locally we write Z =  m fi

∂ , then f1|E = 0. We denote the space of holomorphic i=1 ∂zi 

//potentials parallel to E as hE . 

A key property of such vector fields is that they are L2 with respect to Poincaré type 
Kähler metric on X\E. For ω a Poincaré type Kähler metric in [ωX ], Auvray in [15] defined 
Poincaré type Futaki character of Z ∈ h//E with respect to E,  

F[ 
E
ωX ]
(Z) := s(ω)fZ ω

n 

,ω n!X\E 

here fω
Z is the holomorphy potential for Z with respect to ω. This quantity is independent 

of the choice of representative in the given Kähler class. For Zf , Zg ∈ h// normalized to  E 
ωn ωn 

fZ = gZ = 0, we define the following inner product 
X\E ω n! X\E ω n!  

ωn 

fZ ZZf , Zg := ω gω . 
n!X\E 

Take T ⊂ K a compact torus whose Lie algebra is t. Then we see ·, · is positive definite 
on t. The extremal vector field is then defined by the duality of the Futaki character under 
this inner product. 

Note with similar arguments as in the cscK case, and we know that ∇1,0s(ωsol), when 
restricted to E, becomes the extremal vector field ∇1,0s(ωFS) on E, which equals to zero. On 
the other hand, from Equation 3.48, we decompose ∇1,0s(ωsol) into two parts. For the parts 
involving Y , which lives in the space of holomorphy potential, we know from the condition 
(3.3) that ∇1,0(4Y )|E = 0. For the Dω 

∗ 
HS 

DωHS (ψf ) term, it gives nonzero terms when 
restricted to E. Hence it has to vanish, and the metric is indeed extremal. 



 

  

    

              
           

                 
             

               
               

           
          

               
                

           
                 

              
               

            
                 

               
           

               
               

      

              
                 

                  
              

                   
      

               

48 

Chapter 4 

Toric Scalar-flat Kähler Surfaces 

Let X be a non-compact toric symplectic 4-manifold. In [4], Abreu and Sena-Dias construct 
complete toric scalar-flat Kähler metrics on strictly unbounded toric symplectic 4-manifold 
X. We say X is strictly unbounded if the moment polytope of X is unbounded with the 
unbounded edges being non-parallel. This condition is equivalent to saying there exists a 
finite sequence of blow-downs of X from which we obtain a minimal resolution of C2/Γ 
for some finite cyclic subgroup Γ ⊂ U(2). The metrics constructed in [4] include the well-
known examples of the LeBrun-Simanca metrics [46], the (multi-)Taub-NUT metrics [45], 
the gravitational instantons of Gibbons-Hawking [35] and Kronheimer [44], etc. 

First, we focus on the case where X is strictly unbounded, or equivalently, as a com-
plex surface, it arises as a finite sequence of blow-ups of minimal resolution of C2/Γ, as 
described in Definition-Proposition 4.1.1. The non-intersection condition on the divisors can 
be relaxed, as discussed in more detail in Remark 4.2.1. Along the proof, we will see the 
complex structures induced from these metrics are biholomorphic to that on X away from 
the divisor D. Here the generalized Taub-NUT metrics live on C2 and are scalar-flat Kähler 
generalizations of the Ricci-flat Kähler Taub-NUT metrics. These metrics are introduced by 
Donaldson in [27] and later explored by Abreu and Sena-Dias in [4] and Weber in [68] and 
[69]. They all have quadratic curvature decay and cubic volume growth, but except for the 
standard Taub-NUT metric, they are not asymptotically locally flat(ALF). The exceptional 
Taub-NUT metrics are also scalar-flat Kähler metrics living on C2 . These metrics are studied 
by Weber in [69], where he showed these metrics have quadratic curvature decay and quartic 
volume growth but are not ALE. 

A previously known example of toric scalar-flat Kähler metric of Poincaré type is first 
discussed by Fu-Yau-Zhou in [31], and later studied by the author in [29], which we refer to 
as the Hwang-Singer metric ωHS . It lives on C2 −{0}. Near the origin, it has Poincaré type 
singularity, and it is asymptotically Euclidean on the other end. This S1-invariant metric is 
in fact toric and we will discuss it in detail in Example 4.2.1. Theorem 1.2 then gives us a 
two-parameter family deformation of ωHS . 

Intuitively, Poincaré type metrics can be viewed as the limit of a conical family of met-
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rics when the cone angle approaches 0. Similarly, smooth metrics can be viewed as the 
limit when the cone angle approaches 2π. This degeneration phenomenon was established 
by Guenancia [37] in the Kähler-Einstein setting. In the toric case, the relation between 
boundary weights, conical angles, and Poincaré-type asymptotics already appears in [54], 
where positive weights yield conical angles and vanishing weights lead to cusp behavior. For 
the metrics constructed in Theorem 1.2, we can explicitly write down a conical family of 
toric Kähler metrics connecting the Poincaré type metrics with those in [4]. This family of 
conical metrics is not necessarily scalar-flat, though. 

Earlier, Legendre [48] observed that in the toric setting, the cone angles of conical Kähler 
metrics correspond to the inward normals attached to the facets of the moment polytope, 
and described such metrics in terms of symplectic potentials via the Legendre transform. 
Weber [67] later constructed toric scalar-flat Kähler metrics with conical singularities along 
the divisor, where the cone angle along each edge is encoded by a boundary ”label” describing 
the growth of a vanishing Killing field. In contrast, we adopt a boundary-value viewpoint, 
treating the cone angle as a boundary condition for the Kähler potential. More precisely, 
following the method of Abreu and Sena-Dias, we give an independent construction of conical 
toric scalar-flat Kähler metrics. 

Theorem 4.1. (Theorem 4.3.1) Consider the same setting as in Theorem 1.2. Fix θi ∈ (0, 1) 
for i = 1, · · · ,m, on X, we have 

• a conical toric scalar-flat Kähler metric with angle 2πθi along Di and is asymptotically 
locally Euclidean(ALE) on the remaining end; 

• a two-parameter family of them with angle 2πθi along Di and are asymptotic to ei-
ther the generalized Taub-NUT metrics or the exceptional Taub-NUT metrics on the 
remaining end. 

Besides the general case where X is strictly unbounded, we construct toric scalar-flat 
Kähler metrics of Poincaré type when the unbounded edges of the momentum polytope are 
parallel: 

Theorem 4.2. Consider the same setting as in Theorem 1.2 except that the unbounded 
edges of X are parallel. On X\D, we have a one-parameter family of toric scalar-flat Kähler 
metrics with Poincaré type singularity along D and are asymptotic to the model product 
metric on S2 × R2 on the remaining end. 

The scalar-flat metrics we constructed belong to a particular class of Poincaré type met-
rics, characterized by the specific behavior of their potential functions along the divisor, 
which we denote as the SA,B type (Definition 4.1.6). We have the following uniqueness 
result: 
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Theorem 4.3. (Theorem 4.4.1) Given the same setting as in Theorem 1.2. Assume g is a 
toric scalar-flat Kähler metric on X\D, and its symplectic potential u is of SA,B type along 
D, then g can only be one of the metrics constructed in Theorem 1.2. 

Naturally, we would ask if we still have the uniqueness result without assuming u to be 
of SA,B type: 

Question 4.0.1. (Strong uniqueness) Without assuming the potential function is of SA,B 

type along the divisor in Theorem 4.3, can we still obtain the uniqueness result? 

A related question is to determine, locally, whether SA,B type represents the only Guillemin 
boundary behavior for scalar-flat Kähler metric of Poincaré type. 

4.1 Preliminaries 

In this section, we recall some basics of toric Kähler metrics on toric symplectic 4-manifolds 
and discuss the local ansatz for finding scalar-flat Kähler metrics. First, we recall the basic 
definition of a toric symplectic 4-manifold: 

Definition 4.1.1. A symplectic 4-manifold (X, ω) is said to be toric if it admits an effective 
Hamiltonian T2-action τ of the standard torus to the diffeomorphism group of (X, ω) such 
that the corresponding moment map µ : X → R2 is proper onto its image P . 

Remark 4.1.1. Our definition differs slightly from the standard one in [42], where properness 
of the moment map is not assumed, and instead aligns with the convention adopted in [8]. 

Here the moment map of the T2-action is a map µ : X → R2 such that ιξω = −dµ for each 
infinitesimal generator ξ of T2 . For a compact symplectic 4-manifold, the moment image of 
µ is the convex hull of the image of fixed points of T2 in X, and the classical Atiyah-Bott-
Guillemin-Sternberg theory tells us this image is a polytope. For a non-compact symplectic 
4-manifold, we first introduce the definition of the moment polytope: 

Definition 4.1.2. ([4], Definition 2.2) We say a convex polytope P ⊂ R2 is a moment 
polytope if 

(i) for each edge, we can find a primitive vector of Z2 , which is an interior normal to this 
edge; 

(ii) for each pair of intersecting edges, their chosen interior normals form a Z-basis of Z2 . 

We say two moment polytopes are equivalent if there exists a translation in R2 and a 
GL(2, Z) transformation mapping one to the other, and two symplectic toric manifolds are 
equivalent if there is an equivariant symplectomorphism mapping one to the other. Delzant’s 
theorem [25] tells us in the compact setting, the moment polytope determines the symplectic 
toric 4-manifold up to equivariant symplectomorphism. It turns out that in the non-compact 
setting, we also have the following correspondence: 
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Proposition 4.1.1. ([42]) There is a bijective correspondence between the equivalence class 
of symplectic toric 4-manifolds and the equivalence class of moment polytopes. 

We are particularly interested in the following class of non-compact symplectic toric 
4-manifold: 

Definition-Proposition 4.1.1. ([4] Definition 2.4, Proposition 2.8)) A symplectic toric 
4-manifold is said to be strictly unbounded if the following equivalent conditions hold: 

(i) the image of the moment map, P , is an unbounded polytope with finitely many edges, 
with the unbounded edges being non-parallel; 

(ii) X as a complex surface, arises as a finite sequence of blow-ups of a minimal resolution 
of C2/Γ for some finite cyclic group Γ ⊂ U(2) such that C2/Γ has an isolated singularity 
point at the origin. 

Let P be a moment polytope given by 

P := {x ∈ R2 : i(x) := x, νi + λi ≥ 0, i = 1, · · · , d}. (4.1) 

Here νi = (αi, βi) ∈ Z2 are the primitive interior normals to the edges. Let 

= −1 = −1 = −1L1 : (0), · · · , Li : (0), · · · , Ld : (0)1 i d 

be the edges of the polytope. We order its edges so that L1, Ld are the unbounded edges 
and for i = 1, · · · , d−1, Li ∩Li+1 = ∅. From [4] Remark 2.5, we know we can further assume 
the Delzant condition for the polytope: 

det(νi, νi+1) = −1, for i = 1, · · · , d − 1. 

Let (XP , ωP , τP ) be the associated symplectic 4-manifold of P with moment map µP . It 
admits a canonical integrable, torus-invariant, compatible complex structure JP . We denote 
the resulting Kähler surface by (XP , ωP , JP , gP ). Let P ◦ be the interior of P , and consider 
XP 

◦ := µ − 
P 
1(P ◦), then 

X◦ =∼ P ◦ × T2 = {(x, θ) : x = (x1, x2) ∈ P ◦, θ = (θ1, θ2) ∈ R2/Z2}.P 

Here (x, θ) are interpreted as the action-angle coordinates for ωP , i.e., 

ωP = dx1 ∧ dθ1 + dx2 ∧ dθ2. 

From [38], we know the symplectic potential uP ∈ C∞(P ◦) is written as 

d 
1  

uP = i(x) log i(x). 
2 
i=1 
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The metric gP is given by 

2 
gP = ((Hess uP )ij dxi ⊗ dxj + (Hess uP )

ij dθi ⊗ dθj ). 
i,j=1 

From [2] and [9], given any toric complex structure J which is ωP -compatible, there exist 
action-angle coordinates (x, θ) on P ◦ such that for some symmetric and positive-definite 2×2 
matrix U(x), we can write J in the following form 

2 

(U(x)ij 
∂ ∂ 

J = − ⊗ dθj + U(x)ij ⊗ dxj ). 
∂xi ∂θi 

i,j=1 

Furthermore, the integrability of J is equivalent to the existence of u ∈ C∞(P ◦) such 
that U(x) = Hessx(u). Then u is the potential corresponding to J , and the Kähler metric is 
written as 

2 
g = ((Hess u)ij dxi ⊗ dxj + (Hess u)ij dxi ⊗ dxj ). (4.2) 

i,j=1 

For simplicity concern, we will use uij , uij to denote (Hess u)ij , (Hess u)ij respectively. 
From [1], [3], we know when the Hessian of the symplectic potential u on P ◦ is positive-
definite and the boundary behavior of u is specified by the Guillemin’s boundary condition, 
it determines a complex structure on XP 

◦ which extends to (XP , ωP , τP ). We say u satisfies 
Guillemin’s boundary condition if modulo a smooth function, 

d 

u(x) =
1  

i(x) log i(x), (4.3)
2 
i=1 

and its restriction to the interior of each face of P is strictly convex and smooth. 

Definition 4.1.3. ([8], Definition 4.2) Given P , write L := {L1(x), · · · , Ld(x)}. We say a 
symplectic potential u : P ◦ → R belongs to the class S(P, L) if it is smooth, strictly convex, 
and satisfies the Guillemin boundary condition. 

We mention that as discussed in [9] and [8] Proposition 4.3, there is an equivalent char-
acterization of S(P, L), which we refer to as the first-order boundary conditions. 

Definition 4.1.4 ([8]). The space S(P, L) consists of all smooth functions u on P ◦ such 
that Hu := uij satisfies: 

• Hu extends smoothly to P ; 

• for any edge Lj ⊂ ∂P with inward normal νj and any point x ∈ j , 

Hx
u(νj , ·) = 0, (dHu)x(νj , νj ) = 2νj ; 
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• Hu is positive definite on P ◦ , as well as in the tangent directions along the interior of 
each edge. 

This article focuses on finding scalar-flat Kähler metrics. Direct calculations show the 
scalar curvature of the metric has the following expression:  ∂2 iju 

s = − . 
∂xi∂xji,j  

∂2uijThen the scalar-flat equation we aim at solving becomes = 0. In [26], Don-i,j ∂xi∂xj 

aldson gave a reformulation of Joyce’s construction in [41], which allows us to write down 
explicit symplectic potentials of scalar-flat Kähler metrics on complex surfaces. The key is 
to use the axi-symmetric harmonic function as the local model. More precisely: 

Theorem 4.1.1. ([26], local model) Let ξ1, ξ2 be two solutions to 

∂2ξ ∂2ξ 1 ∂ξ 
+ + = 0 (4.4)

∂H2 ∂r2 r ∂r 
on 

H := {(H, r) ∈ R2 : r > 0}. 

Then the 1-forms 

∂ξ2 ∂ξ2 ∂ξ1 ∂ξ1
1 = r( dH − dr), 2 = −r( dH − dr)

∂r ∂H ∂r ∂H 
are closed. Let x1, x2 be their primitives, then the 1-form  = ξ1dx1 + ξ2dx2 is also closed. 

Let u be its primitive. Assume for ξ = (ξ1, ξ2), we have 

det Dξ > 0. (4.5) 

Then u is a local symplectic potential for a scalar-flat Kähler toric metric on R4 . 

Some known solutions to (4.4) include  
aH + b, a log r + b, 

1 
log(H + (H + a)2 + r2) (4.6)
2 

where a, b ∈ R. In [4], the authors used these solutions to construct scalar-flat Käh-
ler metrics on unbounded symplectic toric 4-manifolds. These metrics belong to the class 
S(P, L), and are precisely those whose complex structures are equivariantly biholomorphic 
to JP . 

The situation is different for toric scalar-flat Kähler metrics of Poincaré type. Let D be 
a torus-invariant divisor in X, and let LF be the edge corresponding to D in the moment 
polytope, defined by − 

F 
1(0). Although the Guillemin boundary condition does not have a 
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straightforward extension to describe the behavior of u near F , the first-order boundary 
condition does, as pointed out in [8] Definition 4.6. 

Definition 4.1.5 ([8]). Let S(P, L, F ) denote the space of smooth functions u on P ◦ such 
that Hu := uij satisfies: 

• Hu extends smoothly to P ; 

• for any edge Lj ⊂ F with inward normal νj and any x ∈ Lj , 

Hx
u(νj , ·) = 0, (dHu)x(νj , νj ) = 0, 

and for any edge Lj ⊂ ∂P \ F with inward normal νj and x ∈ Lj , 

Hx
u(νj , ·) = 0, (dHu)x(νj , νj ) = 2νj ; 

• Hu is positive definite on P ◦ , as well as in the tangent directions along the interior of 
each edge. 

Within this class S(P, L, F ), [8] showed in Proposition 4.16 that there is a subclass, 
denoted by SA,B(P, L, F ), which is characterized by the Guillemin boundary condition. 

Definition 4.1.6. ([8], Definition 4.16) Given A ∈ R+, B ∈ R, we say a symplectic potential 
u : P ◦ → R belongs to the class SA,B (P, L, F ) if it is strictly convex and smooth on P ◦ , its 
restriction to the interior of each edge of P is strictly convex and smooth, and  

u + (A + BF ) log F − 
1 

j log j (4.7)
2 
j =F 

is smooth on P . 

Furthermore, from [8] Theorem 4.18, we know for u ∈ SA,B (P, L, F ), the induced Kähler 
metric (4.2) exhibits Poincaré type behavior along D. Let dλ be the Lebesgue measure on 
R2 , we define a measure dλi on i by 

−di ∧ dλi = −νi ∧ dλi = dλ. 

On F , the induced measure vanishes for the class S(P, L, F ), which is obtained by 
sending the corresponding label i to infinity. Note that SA,B (P, L, F ) is a proper subset of 
S(P, L, F ), as can be seen by comparing [8] Definition 4.6 and Proposition 4.19. 

We write 

1  
uP,F,A,B = j log j − (A + BF ) log F

2 
j =F 
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as the potential of the model metric for the class SA,B(P, L, F ). To construct scalar-flat 
Kähler metrics of Poincaré type in this class, we need other solutions to (4.4) besides the 
ones in (4.6). We consider 

ξ =
1  

1 
, a ∈ R. 

2 (H + a)2 + r2 

This solution, together with the solutions to (4.4) mentioned above, serve as local models 
for our construction in the next section. 

4.2 Construction of scalar-flat Kähler metrics of 
Poincaré type 

Given X a strictly unbounded symplectic toric 4-manifold and let P be its moment polytope 
defined by (4.1). Write  = {1(x), · · · , d(x)}. Let D = m Di be a smooth divisor on Xi=1 

such that each Dj is fixed by the torus action. Let Lij = − 
ij 

1(0) be its image on the moment 
polytope. Assume 

i1 > 1, i2 > i1 + 1, · · · , d > im > im−1 + 1. (4.8) 

Let I = {i1, · · · im} ⊂ {1, 2, · · · , d} be the index set and LI = 
 m Lij be the union of j=1 

the edges corresponding to Di, then P \LI is the moment polytope of X\D. 

d 

Figure 4.1: The moment polytope P \LI 

We prove Theorem 1.2 by giving an explicit construction of the toric scalar-flat Kähler 
metrics of Poincaré type on X\D. Consider ν = (α, β) a vector in R2 such that 

det(ν, ν1), det(ν, νd) ≥ 0. (4.9) 

As discussed in [4], since P is strictly unbounded, this set of vectors forms a cone bounded 
by −ν1 and νd. 

i1 

im 

... 

... 

... 

... 
1 
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Theorem 4.2.1. For X, D, P, I, ν defined as above, for (H, r) ∈ H, set 

d−1  1 1 Λkαk
ξ1 := α1 log r+ (αi+1−αi) log(H+ai+ (H + ai)2 + r2)−  +αH, 

2 2 (H + ak−1)2 + r2 i=1 k∈I 

d−1  1 1 Λkβk
ξ2 := β1 log r+ (βi+1−βi) log(H+ai+ (H + ai)2 + r2)−  +βH. 

2 2 (H + ak−1)2 + r2 i=1 k∈I 

Here a1, · · · , ad−1 are real numbers determined by P satisfying 

aj−1 > aj if j ∈/ I and aj−1 = aj if j ∈ I. (4.10) 

Let x1, x2 be the primitives of 

∂ξ2 ∂ξ2 ∂ξ1 ∂ξ1
1 = r( dH − dr), 2 = −r( dH − dr). 

∂r ∂H ∂r ∂H 
Then there exist constants Λi1 , · · · , Λim > 0 determined by the polytope P , such that 

x1, x2 define the momentum action coordinates on P ◦ of some toric scalar-flat Kähler metric 
of Poincaré type on X\D whose symplectic potential satisfies 

du = ξ1dx1 + ξ2dx2. 

Furthermore, for each k ∈ I, 

u ∈ SΛk (P, L, Lk). (4.11)
, 1 det(νk−1,νk+1)2 2 

Proof. The first step is to show the assumption (4.5) in Theorem 4.1.1 is satisfied. We 
compute Dξ: 

 d−1  d−1   
1 αi+1−αi 1 ΛkαkHk−1 α1 1 (αi+1−αi)r 1 Λk αkrα + + + +
2 i=1 ρi 2 k∈I ρ3 r 2 i=1 ρi(ρi+Hi) 2 k∈I ρ3 k−1 k−1Dξ = d−1  d−1  .
1 βi+1−βi 1 ΛkβkHk−1 β1 1 (βi+1−βi)r 1 Λkβk rβ + + + +
2 i=1 ρi 2 k∈I ρ3 r 2 i=1 ρi(ρi+Hi) 2 k∈I ρ3 k−1 k−1 

(4.12) 
Here Hi := H + ai, ρi := Hi 

2 + r2. Set a0 := −∞, ad := ∞ and set H0, Hd, ρ0, ρd 

accordingly, we rewrite Equation (4.12) as 

 d  d   
1 1 1 Λk αkHk−1 1 Hi−1 − Hi Λkαk rα + αi( − ) + 1 αi( ) + 1 
2 i=1 ρi 2 k∈I ρ3 2r i=1 ρi 2 k∈I ρ3ρi−1 k−1 

ρi−1 k−1Dξ = d  d  .1 1 1 Λkβk Hk−1 1 Hi−1 Λk βkrβ + βi( − ) + 1 βi( − Hi ) + 1 
2 i=1 ρi−1 ρi 2 k∈I ρ3 2r i=1 ρi−1 ρi 2 k∈I ρ3 k−1 k−1 

(4.13) 
Note from [4] Theorem 4.1, we know the determinant of the following matrix is positive: 
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 
1 
d 1 1 1 

d Hi−1 − Hi 
 

α + αi( − ) αi( )
2 i=1 ρi−1 ρi 2r i=1 ρi−1 ρid d . (4.14)1 1 1 1 Hi−1 − Hiβ + 
2 i=1 βi( − ) 

2r i=1 βi( )
ρi−1 ρi ρi−1 ρi 

Comparing the expression of det(Dξ) with the above, it suffices to show their difference 
is still positive. A key step in showing positivity is the following lemma. 

Lemma 4.2.1.1. Given k ∈ I, ∀i, consider the terms involving i and k in the expression of 
det(Dξ): 

Λk 1 1 r Λk Hi−1 Hi Hk−1
(αiβk − αkβi)( − ) · − (αiβk − αkβi)( − ) · . 

4 ρi ρ3 4 ρi ρ3ρi−1 k−1 ρi−1 k−1 

Then it can be simplified to the following non-negative term 

1 r2 + Hk−1Hi−1 r2 + Hk−1Hi
Λk · (βkαi − αkβi) ( − ). (4.15)

4rρ3 k−1 ρi−1 ρi 

Proof. We rewrite the simplified expression, Equation (4.15), as follows: 

1 1 1 Hi−1 Hi
Λk(βkαi − αkβi) (r( − ) + Hk−1( − )). 

4ρ3 rρi−1 rρik−1 ρi−1 ρi 

Note for any i, r, ρi > 0, and from det(νi, νi+1) = −1 we deduce that βkαi − αkβi > 
0 ⇐⇒ i > k. Thus, it suffices to show 

ρi(r 
2 + Hk−1Hi−1) − ρi−1(r 

2 + Hk−1Hi) > 0 for i > k (4.16) 
and 

ρi(r 
2 + Hk−1Hi−1) − ρi−1(r 

2 + Hk−1Hi) < 0 for i < k. (4.17) 
When i > k, we rewrite the expression as 

(ρi − ρi−1)r
2 

ρi(r 
2 +Hk−1Hi−1)−ρi−1(r 

2 +Hk−1Hi) = (ρi(Hi−1 −Hk−1)+ρi−1(Hi −Hk−1)). 
ρiHi−1 + ρi−1Hi 

(4.18) 
xWe claim that ρi−1Hi − ρiHi−1 > 0. It is because f(x) =  
x2+y 

is an increasing function 
2 

Hi Hi−1given y > 0, then  >  . Hence, we know 
2 2+rHi 

2+r Hi 
2 
−1 

ρiHi−1 + ρi−1Hi > 0 ⇐⇒ (ρi−1Hi − ρiHi−1)(ρiHi−1 + ρi−1Hi) > 0 ⇐⇒ r 2(Hi 
2 − Hi 

2 
−1) > 0. 

(4.19) 
On the other hand, we have 

ρi − ρi−1 > 0 ⇐⇒ (ρi + ρi−1)(ρi − ρi−1) > 0 ⇐⇒ Hi 
2 − Hi 

2 
−1 > 0. (4.20) 
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Combining Hi−1 − Hk−1 > 0, Hi − Hk−1 > 0 with (4.19) and (4.20), we obtain (4.16). 
Similarly, for i < k, 

2 
2 2 (ρi − ρi−1)r 

ρi(r +Hk−1Hi−1)−ρi−1(r +Hk−1Hi) = (ρi(Hi−1−Hk−1)+ρi−1(Hi−Hk−1)) < 0. 
ρiHi−1 + ρi−1Hi 

(4.21) 

   αkHk−1 βkr αkr βkHk−1For k, k ∈ I, the term involving k and k in 
ρ3 

− 
ρ3k∈I k∈I ρ3 k∈I ρ3 k∈I 

k−1 k−1 k−1 k−1 

has the following expression and is non-negative: 

r 
(αkβk − αk βk)(Hk−1 − Hk−1). (4.22)

ρ3ρ3 k k 

Finally, for ν satisfying (4.9), given k ∈ I, det Dξ changes by adding 

d−11 r r 1 1 
det(ν, ν1)( − ) + det(ν, νi)( − ) 

r 2ρ1(H1 + ρ1) 2 ρi−1(Hi−1 + ρi−1) ρi(Hi + ρi)i=1 

r 1 r 
+ det(ν, νd) + (αβk − βαk) . (4.23)
2 ρd(Hd + ρd) ρ3 k−1 

With loss of generality, we assume one of the unbounded edges of P is the x1-axis, then 
ν1 = (0, 1). Consider the interior normals νi satisfying det(νi−1, νi) = −1, i = 2, · · · , d, we 
obtain αi > 0, i = 2, · · · , d and βd < βd−1 < · · · < β2 . The condition (4.9) implies 

αd αd−1 α2 

αβk − βαk ≥ 0 for k ∈ I. 

Thus by comparing with [4] Equation (7), we know the above additional term is non-
negative. Combining (4.14), (4.15), (4.22), and (4.23), we conclude det(Dξ) > 0. 

Next, we prove that x = (x1, x2) define global symplectic action coordinates on P \LI 
and at the same time u(x) has the desired boundary behavior on ∂P \LI . Note for 

1 
ξ =  , 

2 (H + a)2 + r2 

the primitive of  = r(∂ξ dH − ∂ξ dr), up to constants, is given by 
∂r ∂H 

1 H + a 
(1 −  ). 
2 (H + a)2 + r2 

Then for ν = 0, up to constants, we have 
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d−1 1 1 Hk−1 
x1 = β1H + (βi+1 − βi)(Hi − ρi) − Λkβk(1 − ),

2 2 ρk−1i=1 k∈I 

d−1 1 1 Hk−1 
x2 = −α1H − (αi+1 − αi)(Hi − ρi) + Λkαk(1 − ). 

2 2 ρk−1i=1 k∈I 

Then we see x extends continuously to r = 0 except at the points (H, r) = (−ak, 0) for 
k ∈ I. The point (H, r) = (−ak, 0) corresponds to the cusp edge Lk for k ∈ I. Consider the 
behavior of x in the intervals on the H-axis: 

(i) For H > −a1, then x1 = β1H, and x2 = −α1H; j(ii) for 1 ≤ j < i1 − 1, −aj+1 < H < −aj , then x1 = βj+1H + i=1 ai(βi+1 − βi), andjx2 = −αj+1H − i=1 ai(αi+1 − αi); i1(iii) for j = i1 − 1, −ai1+1 < H < −ai1−1 = −ai1 , then x1 = βi1+1H + i=1 ai(βi+1 − βi) −i1Λi1 βi1 , and x2 ai(αi+1 − αi) + Λi1 αi1 ;= −αi1+1H − i=1 

(iv) similar calculations show for 2 ≤ k ≤ m, and ik−1 + 1 ≤ j < ik − 1, with −aj+1 <j k−1H < −aj , we have x1 = βj+1H + i=1 ai(βi+1 − βi) − =1 Λi βi , and x2 = −αj+1H −j k−1 ai(αi+1 − αi)+ ; for j = ik − 1, with −aik+1 < H < −aik−1 , we i=1 =1 Λi αi = −aikik 
k ikhave x1 = βik+1H+ ai(βi+1−βi)− Λi βi , and x2 = −αik+1H− ai(αi+1−i=1 =1 i=1kαi) + =1 Λi αi ; d−1  m(v) for H < −ad−1, then x1 = βdH + ai(βi+1 − βi) − Λi βi , and x2 = −αdH −i=1 =1d−1 m 

i=1 ai(αi+1 − αi) + =1 Λi αi . 

We want to show the following: 

1. x = (x1, x2) gives a proper homeomorphism 

 
x(H, 0) : ∂H\ (ak−1, 0) → ∂P \LI . (4.24) 

k∈I 

2. u(x) modulo a smooth function is given by 

 1 
i(x) log i(x) + 

1 
(det(νk+1, νk−1)k(x) − Λk) log k(x). (4.25)

2 2 
i/∈I k∈I 
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First, we discuss the choice of aj . Note from [4] Theorem 1.2, there exist real numbers 
  a1 < a2 < · · · < ad−1 determined by P such that for 1 ≤ j ≤ d − 1, 

j 
ai 
 det(νi+1 − νi, νj+1) = λj+1. (4.26) 

i=1 

 |Li|More precisely, from [57] Lemma 7.2, we know ai 
 − ai−1 = 

2π|νi|2 . Here |Li| is the length 
of the ith edge of P . On the other hand, from the boundary behavior of the non-cusp edges 
in (4.25), with the same proof as [57] Lemma 7.2, we have 

|Li|
ai − ai−1 = . 

2π|νi|2 

For k ∈ I, we set ak = ak−1. Later we will see that this ensures the desired boundary 
behavior. Then we obtain the following relations between aj and aj 

 : 

k m  
       aj = a if j < i1; aj = aj + (a −a ) if ik ≤ j < ik+1; aj = aj + (a −a ) if im ≤ j < d.j i−1 i i−1 i 

=1 =1 

(4.27) 
First, we look at condition (4.24). For simplicity, we write k = i1. Near the edge Lk+1, 

as r = 0 and −ak+1 < H < −ak, we have 

k k  
x1 = βk+1H + ai(βi+1 − βi) − Λkβk, x2 = −αk+1H − ai(αi+1 − αi) + Λkαk. 

i=1 i=1 

Then condition (4.24) k+1(x) = 0 translates to 

k 
ai det(νi+1 − νi, νk+1) + Λk = λk+1. (4.28) 

i=1 

Using (4.26) and the relation (4.27), it simplifies to 

Λk = ak 
 − ak 


−1. (4.29) 

For edges j with i < k, the argument is the same as the standard case as in [4] Theorem 
4.1; for i = k+j, with 1 ≤ j < i2−k, the condition (4.24) k+j (x) = 0 on −ak+j < H < ak+j−1 

becomes 

+j−1k
ai det(νi+1 − νi, νk+j ) + Λk det(νk+j , νk) = λk+j . 

i=1 
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Using (4.26) it suffices to check det(νk+j , νk)(Λk +a
 −a ) = 0, which holds from (4.29).k−1 k 

Thus we’ve shown condition (4.25) for 1 ≤ j < i2 given the choice of Λk as in (4.29). It 
remains to apply the same procedure to indices i2, · · · , im respectively. For simplicity, we 
write t = i2. For −at+1 < H < −at, we have 

t t  
x1 = βt+1H + ai(βi+1 −βi)−Λtβt −Λkβk, x2 = −αt+1H − ai(αi+1 −αi)+Λtαt +Λkαk. 

i=1 i=1 

Then condition (4.24) t+1(x) = 0 on −at+1 < H < −at translates to 

t 
ai det(νi+1 − νi, νt+1) + Λt + Λk det(νt+1, νk) = λt+1, (4.30) 

i=1 

and it simplifies to 

Λt = a  t − a  t−1. (4.31) 

For i2 < i < i3, condition (4.24) can be shown in exactly the same way. For i3, · · · , im, 
it’s now clear this procedure also works. We deduce that given the choices of Λi = a − a i i−1
for all i ∈ I, x : (H, ∂H\ k∈I (ak−1, 0)) → (P, ∂P \LI ) is a proper homeomorphism, and its 
restriction to H is a smooth proper diffeomorphism onto P ◦ . 

Next, we look at the condition (4.25). Near a non-cusp edge Li, we have ξ = νi log r + 
O(1), and the boundary condition is standard as desired. We focus on the situation near the 
cusp edge Lk. For this, we prove the following lemmas: 

Lemma 4.2.1.2. Assume for k ∈ I, Λk = a 
−1, thenk − ak 

k(x) = ρk−1 + O(r 2), (4.32) 

and there exist smooth positive function δk−1,k,k+1 such that 

2k+1(x) + O(r2) 2k−1(x) + O(r2)
ρk−1 + Hk−1 = ρk−1 · , ρk−1 − Hk−1 = ρk−1 · . (4.33)

δk−1,k,k+1(x) δk−1,k,k+1(x) 

Proof. We first consider k = i1. When both Hk−1 and r go to zero, the image approaches 
the cusp edge Lk on the polytope. Note that (Hk−1, r) can never reach (0, 0), since Lk is 2rexcluded from the polytope. For i > k, we have Hi − 2 + r2 = − , and for i < k − 1,Hi 2ai 
we have Hi − Hi 

2 + r2 = 2ai. Then for the behavior of x near k(x) = 0, we write 

k−21 1 Hk−1 
x1 = βk−1H + (βk+1 − βk−1)(Hk−1 − ρk−1) − Λkβk(1 + ) + ai(βi+1 − βi) + O(r 2),

2 2 ρk−1 i=1 
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k−21 1 Hk−1 
x2 = −αk−1H − (αk+1 − αk−1)(Hk−1 − ρk−1)+ Λkαk(1+ ) − ai(αi+1 − αi)+ O(r 2). 

2 2 ρk−1 i=1 

Then 

k−2 
νk · x = ρk−1 − ak−1 + ai det(νk, νi+1 − νi) + O(r 2). 

i=1 

To prove Equation (4.32), it’s equivalent to show 

k−2 
ai det(νk, νi+1 − νi) − ak−1 + λk = 0. (4.34) 

i=1 

From the relations between aj and aj 
 in Equation (4.27) and the expression of λj in 

Equation (4.26), direct computation shows this automatically holds. 
Similarly, we have 

k−21 Λk Hk−1
νk−1 · x = det(νk+1, νk−1)(ρk−1 − Hk−1)+ (1 − )+ ai det(νk−1, νi+1 − νi)+ O(r 2). 

2 2 ρk−1 i=1 

Under the normalization assumption det(νj , νj+1) = −1 for all j, straightforward calcu-
lations give 

αj+1 + αj−1 βj+1 + βj−1
det(νj+1, νj−1) = = . (4.35)

αj βj 

Combining (4.35) and (4.32) with the above calculations, we obtain 

k−2(νk+1 − νk−1) · x + λk det(νk+1, νk−1) + 2 i=1 ai det(νk−1, νi+1 − νi) + Λk + O(r2)
Hk−1 = ρk−1 · . 

(νk+1 + νk−1) · x + λk det(νk+1, νk−1) + Λk + O(r2) 

Thus to prove Equation (4.33), it suffices to show 

k−2 
λk+1 = Λk + λk det(νk+1, νk−1) + ai det(νk−1, νi+1 − νi), (4.36) 

i=1 

and 

k−2 
λk−1 = − ai det(νk−1, νi+1 − νi). (4.37) 

i=1 
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We claim that 

λk+1 − λk det(νk+1, νk−1) + λk−1 − Λk = 0. (4.38) 

Using (4.26), we have 

k−2 
λk+1 + λk−1 = ak − ak−1 + ak−1 det(νk+1, νk−1) + ai det(νk−1 + νk+1, νi+1 − νi), 

i=1 

then by simplifying this equation with (4.27), we obtain (4.38). Then (4.36) is reduced 
to (4.37), which is straightforward from (4.26). Then we obtain Equation (4.33) with 

δk−1,k,k+1 = k+1(x) + k−1(x) + O(r 2). 

It remains to show Equations (4.32) and (4.33) for i2, · · · , im. Write t = i2, near t(x) = 0, 
we write 

t−21 1 Ht−1 
x1 = βt−1H + (βt+1 −βt−1)(Ht−1 −ρt−1)− Λtβt(1+ )+ ai(βi+1 −βi)−Λkβk +O(r 

2),
2 2 ρt−1 i=1 

t−21 1 Ht−1 
x2 = −αt−1H− (αt+1−αt−1)(Ht−1−ρt−1)+ Λtαt(1+ )− ai(αi+1−αi)−Λkαk+O(r 2). 

2 2 ρt−1 i=1 

Then Equation (4.32) holds automatically under the assumption Λt = a t − a t−1, and the 
first equation in Equation (4.33) simplifies to 

0 = λt+1 − λt det(νt+1, νt−1) + λt−1 − Λt. (4.39) 

Direct computation as the previous situation shows this equation holds. For i3, · · · , im, 
it’s now clear this procedure also works. 

Lemma 4.2.1.3. There exists a smooth and strictly positive function δ on P such that 

d  
det(Hessx(u)) = (δ i k)

−1 . (4.40) 
i=1 k∈I 

Proof. From [27], we know r = (det Hessx(u))−1/2 . Then it suffices to show there exists a 
smooth and strictly positive function δ, such that 

d  2r 
i k = . (4.41)

δ 
i=1 k∈I 
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From the above discussions, we know 

d−1 d−1  ∂x1 r βi+1 − βi r Hk−1 ∂x2 r αi+1 − αi r Hk−1 
= − − Λkβk , = + Λkαk . 

∂r 2 2 ρ3 ∂r 2 2 ρ3ρi k−1 ρi k−1i=1 k∈I i=1 k∈I 

Then 

∂j ∂x1 ∂x2 
= αj + βj (4.42)

∂r ∂r ∂r 
d−1 r  det(νi+1 − νi, νj ) r ΛkHk−1 

= + (αkβj − αj βk) (4.43)
2 2 ρ3ρi k−1i=1 k∈I  r det(ν1, νj ) 

d−1 
1 1 det(νd, νj) r ΛkHk−1 

= (− + det(νi, νj )( − ) + ) + det(νk, νj ). 
2 2 ρ3ρ1 ρi−1 ρi ρd−1 k−1i=2 k∈I 

(4.44) 

We want to show for j ∈/ I, as we approach each edge Ej of P , ∂ 
∂r 

j = rδj for some smooth 
and positive function δj ; for j ∈ I, as H approaches −aj and r approaches 0, 2 j j−1j+1 = r2δj 
for some smooth and positive function δj . To show these, we have the following discussions: 

(i) When j = 1, for r = 0, −a1 < H, it’s immediate to see each term of (4.44) is positive. 
jThis implies ∂ 

∂r = rδj for some function δj smooth and strictly positive. 

(ii) When j > 1 and j, j + 1 ∈/ I. For r = 0, −aj < H < −aj−1, given 1 ≤ i < j, we have 
det(νi, νj ) < 0, 1 − 1 < 0; given j +1 ≤ i < d, we have det(νi, νj) > 0, 1 − 1 > 0;

ρi−1 ρi ρi−1 ρi 

given k ∈ I, k < j, we have det(νk, νj ) < 0, Hk−1 < 0; given k ∈ I, k > j, we have 
det(νk, νj ) > 0, Hk−1 > 0. Hence, each term of (4.44) is again positive. 

(iii) When j = d, for r = 0, H < −ad, similar arguments show each term is positive. 

(iv) When j + 1 ∈ I, for r = 0, −aj = −aj+1 < H < −aj−1, the only difference is when 
i = j + 1 ∈ I, we have ρi = ρi−1 and det(νi, νj ) > 0, Hj > 0, thus the involved terms 
are still positive. All other terms are still positive from the discussion in the second 
case. 

(v) When j ∈ I. For H = −aj = −aj−1, r doesn’t take the value 0, we let r → 0, then 
ρj , ρj−1 → 0. In this case, 1 goes to infinity, and we need a different argument. 

ρj−1 

Using Equation (4.33), we obtain 

(2j−1 + O(r2))(2j+1 + O(r2)) 
r 2 = (ρj−1 + Hj−1)(ρj−1 − Hj−1) = 2 j · δ2 

, 
j−1,j,j+1 
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here δj−1,j,j+1 is a smooth and positive function. Thus 2 j j−1j+1 = r2δj for some 
smooth and positive function δj . 

With the preparation of these lemmas, we are ready to show the boundary condi-
tion (4.25) holds for the cusp edges of P . Consider k ∈ I, near k(x) = 0, 

1 Λk αk
ξ1 = αk−1 log r + (αk+1 − αk−1) log(Hk−1 + ρk−1) − + O(1),

2 2 ρk−1 

1 Λk βk
ξ2 = βk−1 log r + (βk+1 − βk−1) log(Hk−1 + ρk−1) − + O(1). 

2 2 ρk−1 

From Lemma 4.2.1.3, we know r2 = δk−1k 
2k+1 for some smooth and strictly positive 

function δ near k. Note from Equations (4.32) and (4.33), we obtain from (4.35) that 

1 Λk
du = (log(k−1)αk−1 + log(k+1)αk+1 + (det(νk+1, νk−1) log(k) − )αk)dx1

2 k 

1 Λk 
+ (log(k−1)βk−1 + log(k+1)βk+1 + (det(νk+1, νk−1) log(k) − )βk)dx2 + O(1). (4.45)
2 k 

This is the desired boundary behavior. Hence proving (4.25). This completes the con-
struction of the metric. The corresponding potential u ∈ SΛk (P, L, Lk) for1 

2 
, 
2 
det(νk−1,νk+1) 

k ∈ I is immediate from the construction. 

Remark 4.2.1. We remark here that we can modify the assumption (4.8) on the index set 
to 1 < i1 < i2 < · · · < id < d. If k, k +1 ∈ I and k − 1, k +2 ∈/ I, which means there are two 
adjacent cusp edges, then we have ak−1 = ak = ak+1. Now define for i < k, αi  := αi, βi 

 := βi; 
for i = k, α 

k := αk + αk+1, βk 
 := βk + βk+1; for i > k, αi  := αi−1, βi 

 := βi−1. Then, the 
situation is reduced to that discussed in the theorem. Similarly, we can extend the arguments 
to the case for any number of adjacent cusp edges with this argument. From this, we can 
relax the assumption of Di ∩ Dj = ∅ for all i = j to allow some non-empty intersection of 
them. 

We are interested in studying the asymptotic behavior of these Poincaré type scalar-flat 
Kähler metrics away from the divisor. For this, we compare them with the scalar-flat Kähler 
metrics on C2 discussed in [27] and [69]. From [69], we know the symplectic coordinates 

√ √ 
x1 = 

1
(−H + H2 + r2) + αH2 , x2 = 

1
(H + H2 + r2) + βH2 , for α, β ≥ 0 

2 2 

induce the Taub-NUT metric when α = β > 0, the generalized Taub-NUT metrics when 
α > 0, β > 0, and the exceptional Taub-NUT metrics when α = 0, β > 0 or β = 0, α > 0. 
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Theorem 4.2.2. Consider the metrics constructed in Theorem 4.2.1. The metric is (1) ALE 
if α = β = 0; (2) asymptotic to a generalized Taub-NUT metric if α, β > 0; (3) asymptotic 
to an exceptional Taub-NUT metric if either α = 0, β > 0 or α > 0, β = 0. 

Proof. From [26], Section 3, given angular coordinates θ1, θ2 for x1, x2, the metrics con-
structed in Theorem 4.2.1 have the following form   

uij dxi ⊗ dxj + uij dθi ⊗ dθj . 
Equivalently uij dxi ⊗ dxj can be written as 

r · det Dξ(dH2 + dr2). 
√ 

For H ≥ 0, and ρ := H2 + r2, as ρ → ∞, we have     
1 1 1 1 1 1 − = O , − = O ,

ρi + Hi ρ + H ρ2 ρi ρ ρ2 

then as ρ → ∞, we rewrite Dξ as ⎡ ⎤d−1 d−1 2  r i=1 (αi+1−αi) i=1 (αi+1−αi)r   
α 0 1 α1 + 12ρ 2ρ(ρ+H)Dξ = + ⎣ d−1 d−1 2 

⎦ + O . (4.46)
β 0 r r i=1 (βi+1−βi) β1 + (βi+1−βi)r ρ2i=1 

2ρ 2ρ(ρ+H) 

We see that compared to the Abreu and Sena-Dias case, the additional terms of the form  
αk in ξ only create terms of the form O 

ρ 
1 . Then under similar computations as in [4]

ρk 
2 

Proposition 5.1, we know   
det(νd, ν1) 1 

r det Dξ = + O , for α = β = 0;
2ρ ρ2 

2 2 
  

r r det(νd, ν1) 1 
r det Dξ = det(ν, ν1)(1− )+det(ν, νd) + +O , for (α, β) = (0, 0). 

2ρ(H + ρ) 2ρ(H + ρ) 2ρ ρ2 

For H ≤ 0, we argue the same way by considering (H, r) → (−H, r), (ν1, · · · , νd) → 
(νd, · · · , ν1), (a1, · · · , ad) → (−ad, · · · , −a1). Hence, we deduce the desired asymptotic be-
havior for the first two cases. The completeness of these metrics is immediate with the above 
calculations, for details, see [4] Proposition 5.1. 

For the last case where either α > 0, β = 0 or α > 0, β = 0, we compare det Dξ with 
that for the model exceptional Taub-NUT metrics on C2 , introduced in [69]. Let ξAS be the 
Legendre transform of its momentum coordinate for the toric scalar-flat metric constructed 
in [4] for the given polytope P , and ξexc be the one for the exceptional Taub-NUT metric, 
then we know from [68] Section 5 that det DξAS = det Dξexc + O(ρ−2). For our case, from 
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the above expression (4.46), we have det Dξ = det DξAS + O(ρ−2), and thus the metrics are 
asymptotic to the exceptional Taub-NUT metrics. 

Example 4.2.1. (Hwang-Singer metric, [29], [31]) Consider the polytope with three edges 
whose normal vectors are ν1 = (0, 1), ν2 = (1, 1), ν3 = (1, 0) and I = {2}. Let 

L = {x1, x2, x1 + x2 − 1}. 

Figure 4.2: The moment polytope of the Hwang-Singer metric 

Then, from the construction, we obtain 

√ √1 1 1 1 1 1 
ξ1 = log(H + H2 + r2) − √ , ξ2 = log(−H + H2 + r2) − √ ;

2 2 H2 + r2 2 2 H2 + r2 

√ √1 1 H 1 1 H 
x1 = (H + H2 + r2) + √ , x2 = (−H + H2 + r2) − √ . 

2 2 H2 + r2 2 2 H2 + r2 

Then, we obtain the symplectic potential u, which is 

1 1 1 
u = x1 log x1 + x2 log x2 + (x1 + x2 − 1) log(x1 + x2) + h 

2 2 2 
for some smooth function h. Let ω be the corresponding Kähler form. It lives on the 

complement of the zero section E of the total space of the line bundle O(−1) over CP1 , which 
we denote by Y . Then u ∈ S ,− 1 (Y, L, E). Consider the momentum coordinate 1 

2 2 

√ 
τ := 2(x1 + x2) = 2 H2 + r2 , 

let X be the generator of the S1-action satisfying iX ω = −dτ , then from [67] Section 2.3, 
we can compute the norm X2 as follows: 

( ∂τ )2)2 + (∂τ 2τ 2 ∂H ∂r X2 = r · = .
∂τ ∂x1 − ∂τ ∂x1 2 + τ 
∂H ∂r ∂r ∂H 
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We see it is exactly the momentum profile of the Hwang-Singer metric discussed in [29] 
Section 2 and Section 3. If we vary the length of the edge corresponding to the divisor, 
then we obtain a one-parameter family of toric scalar-flat Kähler metrics of Poincaré type 
introduced in [31]. More precisely, consider 

√ √1 a 1 1 a 1 
ξ1 = log(H + H2 + r2) − √ , ξ2 = log(−H + H2 + r2) − √ ,

2 2 H2 + r2 2 2 H2 + r2 

the corresponding symplectic potential is given by 

1 1 1 
u = x1 log x1 + x2 log x2 + (x1 + x2 − a) log(x1 + x2) + ha

2 2 2 
for some smooth function ha. Then u ∈ Sa 

2
, 1
2
(Y, L, E). 

With a similar approach, we can prove Theorem 4.2, again by explicitly constructing the 
toric metrics: 

Proof of Theorem 4.2. Compared with the case in Theorem 4.2.1, all arguments of the con-
struction work for the parallel edges case except for the choice of ν = (α, β). Since ν1 = −νd, 
ν needs to satisfy 

det(ν, ν1) = 0; det(ν, νk) ≥ 0, ∀k ∈ I, 

then with the same arguments, we see ξ1, ξ2 give a one-parameter family of toric scalar-
flat Kähler metrics. To understand the asymptotic behavior of these metrics, we compare 
them with that of the product metric gprod on S2 × R2 . On S2 , we take the round metric, 
and on R2 , we take the hyperbolic metric. Then S2 × R2 is biholomorphic to CP1 × D. The 
symplectic coordinates of this product metric, as discussed in [67], can be written as 

√  √ 1 1 
dx1 = (−1 + H2 + r2 + (H − 1)2 + r2), dx2 = (1 − H2 + r2 + (H − 1)2 + r2). 

2 2 

The toric scalar-flat metrics whose moment polytope has parallel unbounded edges are 
discussed by Weber in [67] and [69]. These metrics satisfy the Guillemin boundary condition. 
Let ξW eb be the Legendre coordinate of the momentum coordinate of the metric for the given 
polytope, and ξprod be the one for the model metric. Then we know from [68] Section 5 that 
det DξW eb = det Dξprod +O(ρ

−2). For our case, from the formula in Equation (4.46), we have 
det Dξ = det DξW eb + O(ρ−2), thus conclude the asymptotic behavior of the constructed 
metrics. 

At the end of this section, we remark that for a toric scalar-flat Kähler metric whose sym-
plectic potential lives in SA,B(P, F ), the A, B are uniquely determined by the polytope. 
We recall the following theorem in [8]: 
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Theorem 4.2.3. ([8], Proposition 4.20) Consider u ∈ SA,B(P, L, F ) satisfies  ∂2 iju − = s(P,L,F ) 

i,j 
∂xi∂xj 

for some extremal affine linear function s(P,L,F ) of (P, L, F ). Then A, B are determined 
by the data (P, L, F ). 

Following the proof of this theorem, an explicit expression of A and B are obtained in 
Equations (46) and (48). For our case where s(P,L,F ) = 0, we see A, B are expressed in terms 
of functions on F , thus for non-compact P , they are still determined by the data (P, L, F ). 
Hence, for a fixed polytope P , if the symplectic potential of the toric scalar-flat Kähler 
metric lives in SA,B, then the choices of A, B must agree with those in Theorem 4.2.1. In the 
Appendix 4.4, we will discuss a uniqueness result under this prescribed class of symplectic 
potential. 

4.3 A conical family of toric metrics 

Given a cone angle 2πθ0 for θ0 ∈ (0, 1), motivated by the conical family in [34] Remark 1.2, 
we consider the following boundary behavior of potential u of a toric metric which has conical 
singularity along the divisor corresponding to the edge L(x) = 0 on its moment polytope: 

u(x) = 
1 · (x) log (x) + h0(x) (4.47)
2θ0 

for some smooth function h0. Consider the ALE scalar-flat Kähler metric of Poincaré 
type constructed in Theorem 4.2.1(i.e., ν = 0), denote its moment polytope by P \LI . Let u 
be its symplectic potential, we write  1 1 

u = i log i + (αi + βii) log i + h 
2 2 

i/∈I i∈I 

for some h ∈ C∞(P ). Here αi = −1
2 
Λi, βi = 1

2 
det(νi+1, νi−1) for i ∈ I. Consider the 

smooth scalar-flat Kähler metric on P constructed by Abreu and Sena-Dias in [4], let uAS 

be the symplectic potential, we can write 

d−1
1  

uAS = i log i + hAS
2 
i=1 

for some hAS ∈ C∞(P ). For any θ = (θi1 , · · · , θim ), consider 

   1 1 1 
u(θ) := i log i + · i log i + vθ + (1 − θi) · h + θi · hAS . (4.48)

2 2 θi
i/∈I i∈I i∈I i∈I 
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Here vθ = 0 for θ = 1 and for θ ∈ (0, 1), 

 1 θi θi 1 1 1 
vθ := [(βi − )i log(i + )+αi log(i + )+(βi − )i log −αi log ]. 

2θi 1 − θi 1 − θi 2 1 − θi 1 − θi
i∈I 

Then u(θ) → u as θi → 0 for all i and u(θ) → uAS as θi → 1 for all i. This family of 
conical metrics, however, are not necessarily scalar-flat. 

In the remaining part of this section, we will follow the framework of Abreu and Sena-Dias 
to explicitly construct toric conical scalar-flat Kähler metrics: 

Theorem 4.3.1. Given X satisfying the same conditions as in Theorem 4.2.1 and let P 
be the moment polytope for X. Consider an index set J = {j1, · · · jm} ⊂ {1, 2, · · · , d} with 
1 ≤ j1 < · · · < jm ≤ d. For each ji ∈ J , fix a cone angle 2πθji , we write θ = (θj1 , · · · θjm ). 
For the normal vector νi = (αi, βi), consider 

αi βi   αi := αi if i ∈/ J, αi := if i ∈ J ; βi := βi if i ∈/ J, βi := if i ∈ J. (4.49)
θi θi 

Let J = m
i=1 ji be the union of edges ji indexed by the elements in J , here ji corresponds 

to Di, ∀i = 1, · · · m. Consider ν = (α, β) a vector in R2 satisfying (4.9). Set 

d−1  
(θ) (θ)

ξ1 := α1 
 log r +

1 
(α 

i+1 − αi 
 ) log(H + ai + (H + ai )2 + r2) + αH, 

2 
i=1 

d−1  
(θ) (θ)

ξ2 := β log r +
1 

(β − β) log(H + a + (H + a )2 + r2) + βH, 1 i+1 i i i2 
i=1 

(θ) (θ)where a , · · · , a are real numbers determined by P and θ. Let x1, x2 be the primitives 1 d−1 

of 

∂ξ2 ∂ξ2 ∂ξ1 ∂ξ1
1 = r( dH − dr), 2 = −r( dH − dr). 

∂r ∂H ∂r ∂H 
Then they define the momentum action coordinates on P ◦ of some conical toric scalar-flat 

Kähler metric on X whose cone angle along Di is 2πθji . Its symplectic potential satisfies 

du = ξ1dx1 + ξ2dx2. 

Proof. Firstly, the positivity of det Dξ can be proved with the same arguments as in Theo-
rem 4.2.1, it is because (αi 

 , βi 
) either equals to (αi, βi), or is rescaled by a positive constant 

θ 
1 from (αi, βi) along edges corresponding to conical divisors. Next, to check the boundary 
i 

(θ) (θ)behavior of u, we note for −aj < H < −aj−1, we have 
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j−2 
ξ1 = α1 

 log r + (αi 
 
+1 − αi 

 ) log r = αj 
 log r + O(1), ξ2 = βj 

 log r + O(1), 
i=1 

which gives 

du = log r(αj 
 dx1 + βj 

 dx2) + O(1). dWe claim that we still have r = (δ i=1 i)
1/2 for some smooth and positive function δ. 

The reason is that with a similar analysis as in Lemma 4.2.1.3, we obtain 

d−1 d−1
∂x r  β − β ∂j r  det(ν  − νi 

, νj )i+1 i i+1 = − , = ,
(θ) (θ)∂r 2 ∂r 2ρ ρi=1 i i=1 i  

(θ) (θ) (θ) (θ)here ν  := (α , β), H := H + a and ρ := (H )2 + r2. Again, since α , β arei i i i i i i i i 

rescaled from αi, βi, we still have 

r det(ν1 
 , νj ) 

d−1 
1 1 det(νd 

 , νj )
(− + det(νi 

, νj )( − ) + ) > 0,
(θ) (θ) (θ) (θ)2 ρ ρ ρ ρ1 i=2 i−1 i d−1 

and this proves the claim. Thus, du = log j(αj 
 dx1 + βj 

 dx2) + O(1), giving the desired 
boundary behavior. 

Lemma 4.3.1.1. Given j ∈ J , 

(θ) (θ) |Lj |
aj − aj−1 = θj · . (4.50)

2π|νj |2 

Proof. Note 

∂ξ2 ∂ξ1
ω|Lj = r dH ∧ dθ1 − r dH ∧ dθ2,

∂r ∂r 
|νj |2then from ξ = 1 νj log r + O(1) on Lj, we get ω|Lj = dH ∧ dt. Then

θj θj  
|νj |2 (θ) (θ)

Lj = 
Lj 

ω = 2π(aj − aj−1) · θj 
, 

concluding (4.50). 
(θ) (θ)Also we know for j ∈/ J , a − a = a − a Then, we obtain the relation between j j−1 j j−1. 

(θ)
a and a :j j 
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k 
(θ)  (θ)    aj = aj if j < j1; aj = aj + (1 − θj )(aj−1 − aj 

) if jk ≤ j < jk+1; 
=1 

m 
(θ)   and a = aj + (1 − θj )(a − a ) if jm ≤ j ≤ d. (4.51)j j−1 j 

=1 

From the expression of ξ1, ξ2 we deduce the expression of x1, x2 as follows: 

d−1 d−1  
(θ) (θ) (θ) (θ)

x1 = β H +
1 

(β − β)(H − ρ ), x2 = −α H − 
1

(α − α )(H − ρ ).1 i+1 i i i 1 i+1 i i i2 2 
i=1 i=1 

When r = 0, we have 

d−1 d−1 1 1(θ) (θ) (θ) (θ)
x1 = β1 

 H + (β − βi 
)(H − |H |), x2 = −α1 

 H − (α − αi 
 )(H − |H |).i+1 i i i+1 i i2 2 

i=1 i=1 

Equivalently, we know 

(θ)  H;(i) If −a1 < H, then x1 = β1 
 H, x2 = −α1 

(θ) (θ) j (θ)  (ii) if −aj+1 < H < −aj , then x1 = βj+1H + ai (βi+1 − βi 
), x2 = −αi+1H −i=1j (θ)

a (α − α );i=1 i i+1 i 

(θ) d−1 (θ) d−1 (θ)(iii) if H < −ad−1, then x1 = β H − a (β − β), x2 = −α H − a (α −d i=1 i i+1 i d i=1 i i+1 

α 
i). 

  We want to show x = (x1, x2), when restricted to (H, 0), defines a global proper homeo-
morphism. Again, we first focus on its behavior along Lj for j1 ≤ j < j2. For simplicity, we 
write k = j1, then 

k−2 
(θ) (θ) (θ)

x1 = β H + 
1
(β − β )(H − ρ ) + a (β − β) + O(r 2),k−1 k k−1 k−1 k−1 i i+1 i2 

i=1 

k−2 
   (θ) (θ) (θ)  x2 = −αk−1H − 

2

1
(αk − αk−1)(Hk−1 − ρk−1) − ai (αi+1 − αi 

 ) + O(r 2). 
i=1 

From (4.51), we know k(x) = 0 holds. For k < j < j2, note j (x) = 0 is equivalent to 



       

  
  

                  
  

            
                   

      

            
 

 
 

 
  

          
 

  
  

 
 
  

      
    

 
 

       
     

              
                

       
   

               
              

                
  

              
         

             
              

              
               

              

     
           

     

                   
              

                 

□ 

73 CHAPTER 4. TORIC SCALAR-FLAT KÄHLER SURFACES 

j−1 j−1  
(θ) (θ) (θ)   det(νi, νj )(ai−1 − ai ) − a1 det(ν1, νj ) = det(νi 

, νj )(ai−1 − ai) − a1 det(ν1, νj ). 
i=2 i=2 

From (4.51), direct computation shows the above equation holds. With essentially the 
same arguments applied to ji ≤ j < ji+1 for i ≥ 2, we see j (x) = 0 holds. Hence x defines 
a global proper homeomorphism as desired. 

For the asymptotic behavior of the conical metrics, note as ρ → ∞,   
det(νd 

 , ν1 
 ) 1 

r det Dξ = + O , for α = β = 0;
2ρ ρ2 

2 2 
  

r r det(νd 
 , ν1 

 ) 1 
r det Dξ = det(ν, ν1 

 )(1− )+det(ν, νd 
 ) + +O

ρ2 
, for (α, β) = (0, 0). 

2ρ(H + ρ) 2ρ(H + ρ) 2ρ 

The arguments in Theorem 4.2.2 still work here, and hence the asymptotic behavior of 
conical metrics coincide with those for the cuspidal metrics with a given choice of (α, β). 

4.4 Appendix: Uniqueness of toric metrics under 
given boundary conditions 

Theorem 4.4.1. Consider the same setting as in Theorem 4.2.1. Assume g is a toric scalar-
flat Kähler metric of Poincaré type and its symplectic potential u satisfies the prescribed 
boundary behavior given in (4.11), then g can only be one of the metrics constructed in 
Theorem 4.2.1. 

Proof. The proof closely follows the arguments of Sena-Dias in [57], with the essential dif-
ferences in Claim 4.4.1.3, Lemma 4.4.1.2 and Lemma 4.4.1.3. 

Starting from a scalar-flat Kähler metric on a symplectic 4-manifold, Donaldson shows in 
[26] Theorem 1 that each solution of the scalar-flat Kähler equation locally arises from axi-
symmetric harmonic functions ξ1, ξ2 in the way described in Theorem 4.1.1. Here ξ1, ξ2 are 
unique up to translation in the H variable and addition of constants. More precisely, given 
u(x) the symplectic potential of a scalar-flat Kähler metric, we consider (H, r) satisfying 

2j 1j∂H u ∂r ∂H u ∂r 
r = (det Hess u)−1/2 , = − , = . (4.52)

∂x1 r ∂xj ∂x2 r ∂xj2Then for the moment P ◦ endowed with the metric gpoly = uij dxi ⊗ dxj , r isi,j=1 

harmonic and H is its harmonic conjugate. The metric gpoly induces a complex structure 
Jpoly via its Hodge star. We obtain a Jpoly-holomorphic local coordinate on P ◦ , written as 
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z := H + ir. 

The coordinates (H, r), as functions of x1, x2, are known as the isothermal coordinates. 
Note the boundary behavior of u is determined on ∂P . Then r extends continuously to 
∂P \LI , as does H. Thus, z extends to ∂P \LI as a continuous function, denoted by z̃. Note 
r = 0 on ∂P \LI , then z̃(∂P \LI ) ⊂ ∂H\ (−ak, 0). From the boundary behavior of the k∈I 
metric we know z̃  is a bijection from ∂P \L to ∂H\ k∈I (−ak, 0). 

Lemma 4.4.1.1. The map z : P ◦ → H is a bijection. 

Proof. The proof relies on the real sub-manifold associated with the symplectic 4-manifold 
X. From the discussions in [42] Theorem 6.7 and [57], we know since the moment map is 
proper, X is symplectomorphic to the quotient of some complex plane Cd by a sub-torus 
of the standard torus, with d being the number of edges of the moment map of X. Note 
complex conjugation descends to a function on X and D. We denote its fixed point set(which 
are real submanifolds) of X and D by XR and DR, respectively. The moment map  

φ : X\D → R2\ (−ak, 0), 
k∈I 

when restricted to XR\DR is denoted by φR. It is a 4 to 1 branched cover with the3branched set being φ−1(∂P \LI ) and write φ− 
R 
1(P ◦) = j=0 Pj as a disjoint union of the open 

sets Pj . Let gR be the induced metric on XR\DR and P0, then gpoly := φR∗ (gR) = uij dxi ⊗dxj . 
Let 

(XR\DR)
◦ → XR\DR 

be the orientable double cover of XR\DR and φ◦ 
R be the lifting of φR to (XR\DR)

◦ . For 
each Pj , k = 0, 1, 2, we write Pj 

0 and Pj 
1 as the pre-image under the double cover. Via 

the Hodge star operator, we obtain from the metric induced by gR on (XR\DR)
◦ a complex 

structure JR, whose pushforward under φ◦ 
R defines a complex structure Jpoly on P \LI . 

Claim 4.4.1.1. Given w ∈ ∂P \LI , and p an element in (φ◦ 
R)

−1(w) ⊂ (XR\DR)
◦ , then there 

is a neighbourhood Vp of p in (XR\DR)
◦ such that z ◦ φ◦ 

R extends to Vp as a holomorphic 
function for JR. 

The proof is a lifting and extension argument for the harmonic function r and the har-
monic conjugate H on X\D, and this argument is essentially the same as in [57] Lemma 
6.2. 

Now, we show the injectivity. For the holomorphic map z, we consider its degree; it
suffices to show the degree is 1. If we consider a point w0 ∈ ∂H\ k∈I (−ak, 0) and let 
w ∈ ∂P \LI be its pre-image of z̃. Fix p in the closure of P0

0 ∩ P1
0 . From Claim 4.4.1.1, 

there exists an extension of z to Vp. Assume Vp is small enough to admit a complex chart 
z : Vp → C. Then following the arguments of the proof of injectivity in [57] Section 6.1, we 
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know for any  > 0 such that B ∩P ⊂ φ◦ 
R(Vp), there exists δ such that z−1(Bδ(w0)) ⊂ B(w); 

furthermore, given a point w0 
 ∈ Bδ(w0) ∩ H, we can enlarge the loop γ enclosing all pre-

images of z so that it also encloses w, then as w0 
 tends to w0. The number of pre-images of 

w0 
 given by the integral  dz 

ds (s)ds 

γ z(s) − w0 
 

equals to that of w0, which is 1. 

Then we show the surjectivity. The different boundary behavior for the symplectic po-
tential in our case compared to that in [57] doesn’t cause any essential difference to the 
arguments of the proof. Note P is non-compact and admits non-trivial harmonic functions, 
from the uniformization theorem, we know there exists a holomorphic map κ : P ◦ → H. 
Claim 4.4.1.2. κ extends as a homeomorphism to P \LI → H\ k∈I (−ak, 0), and it’s a 
bijection. 

Proof. First, we show the map is extendable. The different boundary behavior for the 
symplectic potential in our case compared to that in [57] doesn’t cause any essential difference 
to the arguments of the proof, for details we refer the readers to Lemma 5.4. 

To see the extension is bijective, we argue by contradiction. Assume it’s not injective, 
let w, v ∈ ∂P \LI such that κ̃(w) = κ̃(v). Take o ∈ P ◦ and consider the Jordan curve going 
through κ(o) and κ̃(w) = κ̃(v). Let C be the interior of this Jordan curve, then the segment 
S joining w and v satisfies κ̃(S) ⊂ ∂A ∩ ∂H, and thus κ̃ is constant on S. In particular, 
we see S doesn’t contain k for any k ∈ I. Then, the same arguments as in [57] give a 
contradiction. Similarly, we can prove that the inverse is also injective. 

We use this extension map as an auxiliary to show the surjectivity of z. Let U := z(P ◦), 
write 

∂U = (∂U ∩ ∂H) ∪ (∂U ∩ H), 

then the surjectivity of z is equivalent to ∂U ∩ H = ∅. Consider zκ := z ◦ κ−1 : H → H,
it is a holomorphic, injective map which can be extended bijectively to ∂H\ (−ak, 0) → k∈I 
∂H\ k∈I (−ak, 0). Consider 

1 
f(w) := : H → H, 

zκ(− 1 
w ) 

as in [57], the same arguments show that it is holomorphic and can be extended to a 
holomorphic function on C∗ with 0 being an isolated singularity using the Schwarz reflection 
principle. Rewrite U = zκ(H), we claim that 

Claim 4.4.1.3. ∂U ∩ H = {lim zκ(wnk ), (wk) unbounded with (wnk ) being a subsequence}. 
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Proof. For any point z∞ in the above set, we take a sequence wk ∈ H such that zκ(wk) → z∞. 
If the sequence is bounded, there is a convergent subsequence wnk in H converging to w ∈ H. 
We have the following possibilities: 

(i) If w ∈ H, then z̃κ(w) = zκ(w) ∈ U but since U is open, z∞ ∈/ ∂U ;  
(ii) if w ∈ ∂H\ k∈I (−ak, 0), then z̃κ ∈ ∂H\ k∈I (−ak, 0), then z∞ ∈/ H; 

(iii) if w = (−ak, 0) for some k ∈ I, consider κ−1(wnk ) := pnk , we have z(pnk ) → z∞ ∈ H.
From z : P \LI → H\ k∈I (−ak, 0) is bijective we know pnk → z−1(z∞) ∈ P \LI
and from κ : P \LI → H\ (−ak, 0) is bijective we know κ(pnk ) → z−1(z∞) ∈k∈I κ  
H\ (−ak, 0). This implies wnk tends to an element in H\ (−ak, 0), a contra-k∈I k∈I 
diction. 

Equivalently we know 

∂U ∩ H = {lim f(wnk ), wk ∈ H, wk → 0, (wnk ) a subsequence} := f(0). 

Now, this set contains either ∞ or a single point, which is a pole. If the latter holds, we 
know zκ 

−1 is a holomorphic function with an isolated pole, but the image can not lie in H. 
Hence we conclude that ∂U ∩ H = ∅. This concludes the proof. 

−1 −1Now we know z is a bijection, define µ := z , and let µALE := zALE be the corresponding 
map for the ALE metric gALE (i.e., the case where ν = 0) constructed in Theorem 4.2.1. 
Lemma 4.4.1.2. Consider µ0 := µ−µALE , we have µ0 = r2f for some f ∈ C∞(H\ k∈I (−ak, 0)), 
and f satisfies 

3fr
fHH + frr + = 0. 

r 

Proof. Consider 

η := (ux1 , ux2 ), ηALE := (uALE,x1 , uALE,x2 ), 

we write 

ξ(H, r) = η ◦ µ(H, r), ξ0(H, r) = η ◦ µ0(H, r). 
To show µ0 extends as an analytic function to H\ k∈I (−ak, 0), it’s equivalent to show ξ0

extends as an analytic function on H\ k∈I (−ak, 0). Since ξ0 is an axi-symmetric harmonic 
function on H, from the mean value theorem, it is sufficient to show ξ0 is bounded in a
neighborhood of each point on ∂H\ k∈I (−ak, 0). Write 

ξ0 = ηALE ◦ µALE − η ◦ µ = (ηALE ◦ µALE − ηALE ◦ µ) + (ηALE ◦ µ − η ◦ µ). 
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
Note ηALE − η ∈ C∞ , and µ extends as a continuous function on H\ k∈I (−ak, 0), we 

−1know the second term is bounded. For the first term, rewrite it as ξALE − ξALE ◦ (µALE ◦ µ).
Near ∂H\ k∈I (−ak, 0), there is a singularity of ξALE with 

ξALE = νi log r + O(1) on each internal − ai+1 < H < −ai and r = 0 given i ∈/ I. 

rIt’s equivalent to show as r → 0, log is bounded. Composing with µ−1 it suffices −1 r(µALE ◦µ) 
to show 

(i) For the conjugate harmonic coordinate H  for z, for i + 1 ∈/ I, −ai+1 < H < −ai ⇐⇒ 
−ai+1 < H < −ai, and for i + 1 ∈ I, H = −ai+1 ⇐⇒ H  = −ai+1; 

(ii) log r◦µ−1 is bounded as r approaches 0. 
r◦µ −1 

ALE 

The first claim follows from [57] Theorem 6.2 and our choice of coefficients (4.27). For 
−1 −1)−1/2the second claim, recall r ◦ µ = det(Hess u ◦ µ , then it’s equivalent to show that 

−1)−1/2(det Hess u ◦ µ 
(det Hess uALE ◦ µ−1)−1/2 

is bounded. This follows from the assumed boundary behavior of u and uALE . Direct 
calculation gives fHH + frr + 3 

r
fr = 0, for details see [57] Lemma 6.3. 

Lemma 4.4.1.3. For the normal vector ν1 = (1, 0), consider f1 := f · ν1, then f1 is a 
constant. 

Proof. Since f1 is harmonic, it suffices to show it is bounded. From f = µ0 and ν · ν1 ≥ 02 

we deduce that f1 ≤ µALE ·ν1 . 
r 

, we know 
r From the expression of x1, x2 in Theorem 4.2.12 

√ 
|µALE (H, r)| ≤ C H2 + r2 + 1. 

As in [57], we view f as a harmonic function in R5 , which only depends on the coordinate 
H and the distance to the H-axis, r. Then ∀w ∈ R5 , 

C(|w| + 1) 
f1(w) ≤ 

2 
. 

r 

Let A denote the subset of R5 whose H coordinate does not take values −ak for any 
k ∈ I when the distance r vanishes. For a fixed z ∈ A, there exists Rz > 0 large enough 
such that ∂B(z, Rz) ⊂ A, and with the mean value theorem, we get f1(z)  1 dw 

R3 ∂B(z,R) r 2 . 
dw  R2Then from [57] Lemma 6.4, for R large enough, direct calculations show ,

∂B(z,R) r2 

thus f1 is bounded from above. 
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Similarly, for the normal vector ν2, we can define f2 := f · ν1, then f2 is a constant. Thus 
f is a constant, which implies ξ0 = H ·ν for some constant vector. Hence when ν = 0, g is the 
ALE metric constructed in Theorem 4.2.1 and otherwise g is the generalized or exceptional 
Taub-NUT ones constructed there. 



 

  

     

             
                 

                   
           

   
            

                
             

             
               

               
               

              
             

                   
                

                
           

       

                  
             

    
    

   
 

 

 
  

   

79 

Chapter 5 

Construction of the neck region 

The degeneration of complex structures arises in the study of compactification of moduli 
space of special metrics. Given π : X → D a flat family of algebraic varieties such that 
Xt = π−1(t) is a smooth manifold for t = 0 and X0 = π−1(0) is singular. We are interested 
in the limiting geometric behavior under Gromov–Hausdorff convergence, in particular in 
the collapsing case. 

The degeneration of polarized Calabi-Yau manifolds is studied in [59] and the degenera-
tion of negative Kähler-Einstein metrics is studied in [50]. One essential step in the study of 
the limiting collapsing geometry is to directly construct the degeneration region by gluing 
an appropriate neck region with carefully chosen ends to obtain an approximate solution. 

We make progress on the construction of the neck region in this chapter. By imposing 
an S1-invariant structure on the neck region, we use LeBrun ansatz 2.2 for scalar-flat Kähler 
metrics to approach the construction. We allow the S1-action to have fixed points, and thus 
are led to solve a distributional scalar-flat equation. More concretely, we add delta functions 
supported at isolated points to obtain the inhomogeneous equation [Section 5.1]. The degrees 
of the restrictions of the S1-bundle over D at the two ends are then expected to differ by the 
number of chosen points. For a detailed analysis of the geometries at the singular region and 
end region, see Section 5.2. We further extend the metric over the isolated singular points by 
constructing a compactification where the metric extend with some regularity[Section 5.3]. 

5.1 Distributional equation on S2 × I 

Let D = S2 and gD be the round metric. We construct the neck region starting from the 
pair (u0, w0) corresponding to the cylinder (D × I, gD ⊕ dz2). Explicitly, consider 

2 + T −2z 
u0 := ln 2 ,2+y(1 + x 

4 
)2 

1 
w0 := ,

2 + T −2z
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satisfying Equation 2.2 and Equation 2.1 respectively. Then with this fixed u := u0, the 
equation involving w becomes 

x2 + y2 2 2 2(1 + )2(∂ w + ∂ w) + ∂2((z + T −2)w) = 0.x y z4 
We consider around a singular point p ∈ D × I the distributional equation 

2x2 + y 2 2 2(1 + )2(∂ w + ∂ w) + ∂2((z + T −2)w) = −2πδp. (5.1)x y z4 
A solution to this equation gives a scalar-flat metric on complex surface with an S1-action 

having a fixed point at p. Now it remains to solve this equation. 

Solving the distributional equation 

Using separation of variable, we expand w in the eigenfunctions of the Laplace-Beltrami 
operator ΔCP1 . Note ΔCP1 has the following expression 

2x2 + y
ΔCP1 = (1 + 

4
)2(∂x 

2 + ∂y 
2). 

Then Equation 5.1 becomes 

(z 2 + T −2)∂z 
2 w + 4z∂zw + 2w +ΔCP1 w = −2πδp 

Recall the Laplace-Beltrami operator on a compact Riemann surface has discrete spec-
trum, we take eigenfunctions ψλ of ΔCP1 with eigenvalue −λ2 , we normalization so that 
ψ(pD) ≥ 0 and |ψλ|2ωD = 1. We then have the expansion 

D   
w = fλψλ, δp = ψλ(pD)ψλδp. 

λ≥0 λ≥0 

For each given eigenvalue λ, we have 

2 + T −2)f (z λ (z) + 4zfλ 
 (z) + (2 − λ2)fλ(z) = −2πψλ(p)δp(z). (5.2) 

1+iT z Let x = 
2 

, we obtain the following ODE: 

x(x − 1)fλ 
(x) + 2(2x − 1)fλ 

 (x) + (2 − λ2)fλ(x) = −πT ψλ(p)δp(x). (5.3) 
From the theory of hypergeometric functions we know 

v1 
λ := 2F1(α, β, γ, x), v2 

λ = 2F1(α, β, γ, x̄) 

are solutions to the homogeneous equation, with 
√ √ 

3 + 1 + 4λ2 3 − 1 + 4λ2 
α = , β = , γ = 2. 

2 2 
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Here 2F1(α, β, γ, x) is called the hypergeometric series. It is a convergent series defined 
for α, β ∈ C, γ ∈ C\Z− and |x| < 1 as follows 

∞ 
(α)k(β)k 

 
2F1(α, β, γ, x) = x k . 

k!(γ)k
k=0 

Let 
√ 

Σ := {λ > 0 : λ is an eigenvalue of ΔCP1 and 1 + 4λ2 ∈ Z}. 

We see if λ ∈/ Σ, then v1 
λ, v2 

λ give independent solutions to the equation. Note Σ is 
discrete. To obtain a solution to our non-homogeneous equation, we use the method of 
variation of parameters. Let 

b(z) := T πψλ(pD)δ0(z). 

We use vλ to denote the non-homogeneous solution to the ODE, we write 

2 
λ λ v = civi . 

i=1 

λ λ λ λLet W [v1 , v2 ](z) be the Wronskian determinant of the basis v1 , v2 . Then  
Wi(s) 

ci = ds,
W (s) 

where Wi is the Wronskian determinant of the basis with the i-th column replaced by 
(0, b(z)). Explicitly, we get 

 z λ 2+α(λ) 2+β(λ)
2T πψλδ0 v2 (s) γ Γ( )Γ( ) 

c1(z) = ds = T πiψλ(p)σ0(z) 2 2 , 
−∞ s2 + 1 W [v1 

λ, v2 
λ](s) α(λ)β(λ) Γ(1 )Γ(3+α(λ)+β(λ) )

2 2 

 z λ 2+α(λ) 2+β(λ)
2T πψλδ0 v1 (s) γ Γ( 

2 
)Γ( 

2 
) 

c2(z) = − ds = −T πiψλ(p)σ0(z) = −c1(z). 
s2 + 1 W [v1 

λ, vλ](s) α(λ)β(λ) Γ(1 )Γ(3+α(λ)+β(λ) )−∞ 2 2 2 

Hence 

v λ(z) = C1σ0(z)Im(v1(z)), 

where C1 is a constant satisfying C1σ0(z) = 2ic1(z). We want to modify vλ by adding 
a linear combination of homogeneous solutions so that fλ has the desired growth behavior. 
Recall the following property of hypergeometric series from [6] Theorem 2.3.2: 
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Γ(β − α)Γ(γ)
F (α, β, γ, x) = (−x)−αF (α, α + 1 − γ, α + 1 − β, x−1)

Γ(β)Γ(γ − α) 
Γ(α − β)Γ(γ)

+ (−x)−β F (β, β + 1 − γ, β + 1 − α, x−1). 
Γ(β)Γ(γ − β) 

Using this, we obtain the following estimate 

Lemma 5.1.0.1. For ρ := − tan πβ 
2 

, we have   
1 λ ρ1 λσ0(z) − Im(v1 )(z) + Re(v1 )(z) = O((Tz)−α). 
2 2 

Define  C1 λ λfλ(z) = −Im(v1 )(z) + 
ρRe(v1 )(z) + v λ(z). 

2 2 
From the lemma we see 

fλ(z) = O((Tz)−α) 

is a decaying solution to the inhomogeneous problem. 

5.2 Analysis of the geometries 

Decaying behavior near the end region 

We first study the behavior of fλ(z), and then deduce the behavior of w near the end region. 
First we look at fλ(z). We want to analyze its behavior around 0. First we note that 

v1 
λ, v2 

λ are solutions to Equation 5.3 away from 0. 

Lemma 5.2.0.1. Let f be a homogeneous solution to Equation 5.3, then f does not have 
negative local minimum nor positive local maximum on (−∞, 0) ∪ (0, ∞). 

Proof. If f has a negative local minimum at z, then f (z) = 0, f(z) < 0, f (z) ≥ 0, but it 
contradicts the equation since the coefficient before f is negative. For same reason f cannot 
admit positive local maximum. 

Lemma 5.2.0.2. 
fλ ≤ 0 

More precisely, there exists N > 0 independent of T and λ such that as λ → ∞, 

|fλ(0)| = T O(λN ). 
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Then we show away from the singularity, the behavior is controlled by the solution 
corresponding to λ = 0. More precisely, 
Theorem 5.2.1. Let w = T ψ0 then there exists ρ > 0 such that w = T ψ0 +λ≥0 fλ f0 
T O((Tz)−2) on |z| ≥ ρT −1 as T → ∞. 

Proof. Given λ > 0, we have α(λ) > 2, more precisely, given a fixed  ∈ (0, 1), 

α(λ) > 2 + λ, λ  0. (5.4) 

Define a new function 

gλ(z) := z λ+2maxD|ψλ|fλ(z), 

under direct computation, we see Equation 5.2 for fλ gives us the following equation for 
gλ: 

2  (1+z 2)z gλ(z)−(2λz3+2(+2)z)gλ(z)+(λ2(2+z 2(2−1))+λ(5+z 2)+6)gλ(z) = −2πψλδp(z). 

Assuming  being sufficiently close to 1, we observe the coefficients for gλ and gλ 
 in the 

above equation are positive. Assuming λ  0, Lemma 5.2.0.2 tells us 

gλ(z) < 0. 

Further, combining with 5.4, the decaying behavior of fλ tells us limz→±∞ |gλ(z)| = 0. 
Note that the positivity of coefficients of gλ and gλ 

 shows there does not exist a negative 
local maximum on (0, ∞), which implies the existence of a constant cλ > 0 such that on 
(cλ, ∞), gλ(z) is non-decreasing. 

Now we generate the explicit expansion formula of w by giving the formula of f0 λ . The 
solutions to the homogeneous equation are 

v1
0(x) = 

1 
, v2

0(x) = 
1 

. 
x(1 − x) 1 − x 
1 1 1The Wronskian of this basis is and W1(x) = 

1−x ,W2(x) = 
x(1−x) . We switch to 

x2(1−x)2 
z coordinate, then a general solution to the homogeneous equation can be expressed as 

T 2 
(µ1 + µ2z)

1 + (Tz)2 

for µ1, µ2 ∈ R. Apply variation of parameters, we obtain an inhomogeneous solution 

z 
v 0(z) = −2πσ0(z)T 2ψ0(pD) . 

1 + (Tz)2 
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From Theorem 5.2.1, we see for |z| ≥ ρ ,
T   

z 
w = T 2 −2πσ0ψ0(pD) · + O(T −3 z −2) . 

1 + (Tz)2 

This w is a solution to the distributional Equation 5.1, and we can modify this solution 
by adding a constant multiple of w0. Recall our goal is to construct a SFK metric on the 
neck region which resembles Hwang-Singer model at the ends, we now show by adding an 
appropriate multiple of w0 to w, we obtain a good candidate. Let 

wT := w0 + w. 

Here we introduce the subscript T to indicate the dependence of the solution w on T . 
Then for |z| ≥ ρ ,

T   

wT = T 2 
1 − 2πσ0ψ0(pD) · 

z 
+ O(T −3 z −2) . 

1 + (Tz)2 1 + (Tz)2 

We see that, for T sufficiently large, wT > 0.  
For ψ0 = ψ0(z)dx ∧ dy, ΔDψ0 = 0, |ψ0(z)|2ωD = 1, from

D   
1 1 

ψ0(pD) = Dψ0 = ωD ∧ Dψ0 = ωD, ψ0L2(D),
2π 2πpD D 

we see 2πψ0(pD)ψ0 = ωD. 
Fix an integer k− > 0, we add a homogeneous solution 2πψ0(pD) z

k−z to v0(z) and get 2+T −2 

an inhomogeneous solution 

z 
f0(z) = −2π(σ0(z) − k−)ψ0(pD) . 

z2 + T −2 

which implies the following  
k− z 

z
T −2 z < 02+ 

ωD,
f0(z)ψ0 = 

z (5.5)
(k− − 1) ωD, z > 0 

z2+T −2  
1 ψ0(pD)z+ 2πk− ψ0(z) + O(T −1z−2), z < 0 

z2+T −2 z2+T −2 
wT (z) = (5.6)

1 ψ0(pD )z 
z2+T −2 + 2π(k− − 1)

z2+T −2 + O(T −1z−2), z > 0  
u0 

(1 + k−z)ωD, z < 0 
ω̃T = e wT dx ∧ dy = (5.7)

(1 + (k− − 1)z)ωD, z > 0 

Hence we see given T sufficiently large, when z > C
T , the metric is a small perturbation 

of the Hwang-Singer model on O(1 − k−). 

Remark 5.2.1. It no longer makes sense to speak of the notion of momentum profile for 
our newly constructed metric: since wT depends on x, y, the metric obtained from LeBrun 
ansatz no longer arises from the Calabi ansatz. 
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Behavior near the singularity 

In order to construct the neck region over the entire cylinder, we need to study the metric 
on S1-fibration around the singularity which corresponds to the fixed point of the S1-action. 

Denote  2 
x2 + y2 

(∂2 + ∂2 2 + T −2),D := 1 + 
4 x y ) + ∂z 

2(z 

then Equation 2.1 becomes Dw = 2πδp. We can decompose this operator as 

+ T −2∂2D = ΔCP1 z + R 

with R = z2∂z 
2 + 4z∂z + 2 being the remaining part. 

Consider a change of variable  = Tz, then the operator D and R becomes 

D := ΔCP1 + ∂2 + 2∂2 + 4∂ + 2, R := 2∂2 + 4∂ + 2,   

and 

Dw = 2T πδp.  
Now for the distance function r = x2 + y2 + 2, and the Laplacian on R3 ΔR3 = 

2 + ∂ 2∂x y 
2 + ∂ , we know   

ΔR3 

1
= −2πδ, ΔCP1 − ΔR3 = O(r 2)P, 2r 

with P = P (x, y, ) being a second-order differential operator. Also note that       
T T T D = T πδp + O(r 2)P + R
2r 2r 2r 

More explicitly, we apply the following lemma from [50]: 

Lemma 5.2.1.1. ([50]) Consider f(x, y, ) a homogeneous polynomial of degree k and L a 
differential operator such that L(W1) ⊂ W1 , then there exists u, v ∈ W1 satisfying 

f 
(ΔR3 + L)u = 

k+1 
+ v  . 

r 

Note the operator R satisfies R((W1) ⊂ W1 , thus applying the lemma to our situation, 
we obtain     

T p4(x, y, ) T1 0,αR = + w , P = g . 
2r r 

5 2r 
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with p4 being a homogeneous degree 4 polynomial with respect to variables x, y, . 
Schauder regularity theorem for second order PDE gives that 

w = 
T 
+ g 2,α + w 1 ∈ Cα . (5.8)

2r 

5.3 Compactification 

Now with the information of w near the singularity, we want to construct a compactification 
where the metric g extends with some regularity. 

With the expression of Equation 5.8, we can compare the expression of the metric g 
with the metric given by Gibbons-Hawking ansatz, then we see the correct model to use to 
compactify the metric space near the singularity is the Taub-NUT model space. Here we 
recall the definition of Taub-NUT model arising from the Gibbons-Hawking ansatz: 

Gibbons Hawking ansatz Let U ⊂ R3 be a contractible open subset and V is a positive 
harmonic function on U . Use x1, x2, x3 to denote the coordinates on R3 . Consider πGH : 
M → R3 − {0} the S1-bundle with connection form Θ. We say an S1-invariant metric on 
U × S1 arises from the Gibbons-Hawking ansatz if it is of the following form 

gGH := V π ∗ (dx21 + dx2
2 + dx23) + V −1Θ2 . (5.9) 

Let t be the fiber coordinate and we can write Θ = dt + θ with θ being a 1-form on R3 

satisfying ∗ g0 dV = dθ with g0 being the Euclidean metric on R3 . The complex structure 
JGH is given by 

dx3 → V −1(dt + θ), dx1 → dx2 

and the Kähler form is given by 

ωGH := V dx2 ∧ dx3 + dx1 ∧ ΘGH . 

Taub-NUT metric Taub-NUT metric is a special family of metrics arising from the 
Gibbons-Hawking ansatz. In Equation 5.9 U = R3 − {0} and V = 1 + a with r being the 

2r 
distance function from the origin in R3 and a > 0 being the parameter for this family. In this 
case the total space of the S1-bundle is C2 − {0}(see [45]), and πTN : C2 − {0} → R3 − {0}
is the Hopf fibration (z1, z2) → (Re(y), Im(y), z), where 

1 
y = z1z2, z = (|z1|2 − |z2|2). 

2 
We rewrite the metric and the Kähler form in this special case    −1 

π ∗ Θ2 gTN := 
1
+ a TN g0 + 

1
+ a TN , (5.10)

2r 2r 
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  

ωTN := 
1
+ a π ∗ ωC + dz ∧ ΘTN . (5.11)TN 2r 

Remark 5.3.1. As pointed out in [46], Gibbons-Hawking ansatz is a special case of LeBrun 
ansatz when we take u = 0. The similarity of the form of the scalar-flat metric we intend to 
construct and the Taub-NUT model may suggest another reason why it is a natural candidate 
for doing the compactification. 

Upon closer look, for ωTN to be Kähler and for J to be integrable, we need the following 
conditions to hold:     

1 1 
∂2 π ∗ + a ωC + dDd

c + a = 0,z TN D2r 2r     
1 1 

π ∗ ∂z + a TN ωC − dz ∧ dD
c + a = dΘTN =:  TN . 

2r 2r 

Now back to our complex surface with S1-symmetry. Knowing   is closed and thus 
defines [ ] ∈ H2(S2 × I − {p}; R), we have 

Lemma 5.3.0.1. 
2
1 
π [ ] is integral. 

Hence there exists a principal S1-bundle 

π : N → S2 × I − {p} 

with curvature form −i . In order to do the compactification around singularity p, we 
want to clarify the geometry of N over a small neighborhood U around p. Consider 

π : L → U − {p} 

the Hopf fibration. Recall the fact that the topological data for the principal S1-bundle 
is determined by its first Chern class, note that both π and π have the same degree, we 
conclude the existence of an isomorphism between N and L. This allows us to glue N and 
L to get a compactification N . The next task is to study the regularity of the metric and 
complex structure. Let yD, ȳ  D,  be the coordinates on U3 := U2 × I − {p} with U ⊂ R2 

x,y 

being a small neighborhood around p. Note here yD, ȳ  D is the holomorphic coordinate on 
D. Let U = π−1(U3), we naturally obtain a Hopf fibration mapping 

1 
πHopf : U → U3 , (z1, z2) → ((z1z2), (z1z2), (|z1|2 − |z2|2)). 

2 
Comparing the degree of πHopf with that of π, we conclude that they actually coincide 

on U , and thus obtain 

2π ∗ r = |z1|2 + |z2|2 := s 2 . 
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T 3,α 1Recall  = ∂zω̃ − dz ∧ dch, and w = 
2r 
+ g + w , then when replacing w by wT , we 
T 3,α 1have  T := ∂zω̃T − dz ∧ dch, and wT = w0 + 
2r 
+ g + w , 

  
1 1 

 T −  TN = ∂ (T ω̃T − ωTN ) + d ∧ dcD wT − − 1 
T 2r 

3,α c 3,α= ∂(g + w 1) 
i 
dyD ∧ dȳ  D + d ∧ dD(g + w 1)
2 

2,α 3,α 3,α= (g1 + w 0)dyD ∧ dȳ  D + (g2 + w 1)d ∧ dyD + (g3 + w 1)d ∧ dȳ  D. 

Here we used 

2 + T −2z 
ω̃T = e u0 wT dx ∧ dy = 2 wT dx ∧ dy 

(1 + x
2+
4 
y ) 

T −2(2 + 1) 
= 2+ 2 )2 

wT dx ∧ dy 
(1 + x 

4 
y 

= T −2(2 + 1)wT ωD 
3,α 11 g w 

= 1 + + + ωD,
2Tr T T 

and 

π ∗ (ωD − ωC) = O(r 
2)π ∗ (dy ∧ dȳ). 

Under the Hopf fibration, π∗dy, π∗dz, π∗dȳ  ∈ sO(1)(for notation, see remark below). 
The lowest regularity term above is the first one, which gives 

2,α 2) ∈ C1,α(g + w 0)O(s . 

Notation As r → 0, we say f = O(rk) if for each  > 0,  
O(1), if m ≤ k − 1 

|∂mf | = 
k−m−)O(r if m ≥ k 

Comparing the metric on N over a neighborhood around the singularity p, we see their 
curvature still differ by a 2-form with C1,α singularity. Fortunately, we have one more degree 
of freedom to fix the difference, i.e., we can perform a suitable gauge transformation. 

Lemma 5.3.0.2. There exists an S1-invariant 1-form with C2,α regularity in a small neigh-
borhood around p and smooth away from the singularity satisfying dθ =   −  TN and 
θ(∂t) = 0. 
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Proof. The strategy is to impose the gauge-fixing condition dθ =   −  TN and solve the 
elliptic system under the Neumann boundary condition, which is θ(nu) = 0 on the boundary 
of the small neighborhood. The desired regularity follows from the standard elliptic regularity 
theorem and S1-invariance is easily obtained. Cartan’s formula gives the vanishing of d(ι∂t θ), 
implying θ(∂t) = 0. 

From this we deduce that the metric g extends to a C2,α metric with the given connection 
ΘN̄ := Θ+ θ, giving us a C2,α compactification. In fact, we can further raise its regularity: 

Theorem 5.3.1. The metric extends smoothly across the singularity, resulting in a smooth 
compactification. 

Proof. We recall a useful interpretation of the cscK equation 

Scal(ωϕ) = c, 

where we view it as a second order system 

n nωϕ = e F ω0 , (5.12) 

ΔϕF = trϕθ − c. (5.13) 

Here θ is a given (1, 1)-form in c1(X)(explicitly, it can be written as Ric(ω0)) and ϕ is 
the Kähler potential. This interpretation basically comes from the fact that Scal(ωϕ) = 
−Δϕ log ωϕ

n . 
The benefit of viewing the cscK equation in this way is that both equations are second 

order elliptic equations, and we can apply standard elliptic bootstrap to improve the regu-
larity. More precisely, since we started from scalar-flat metric on the cylinder D × I, and 
we are looking for scalar-flat metric in the end, we have c = 0, θ = 0, thus the RHS of 
Equation 5.13 vanishes. Starting from the C2,α regularity of g, we can choose ϕ ∈ C4,α, 
then Δϕ is a linear second order elliptic operator whose coefficients have regularity C2,α. 
Apply elliptic bootstrap to Equation 5.13, we get C4,α regularity of F . Then we go back to 
5.12, now with both F and ϕ having regularity C4,α, we know from standard Monge-Ampere 
equation bootstrap that ϕ ∈ C6,α. In this way we increased the regularity of ϕ. Iterating 
the above arguments, we obtain the smoothness of g. 
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