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ABSTRACT OF THE DISSERTATION

Trustworthy and Efficient Machine Learning Systems
By
Yezi Liu

Doctor of Philosophy in Computer Engineering
University of California, Irvine, 2026
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A deployed machine learning system must be affordable to train, must treat demographic
groups equitably, and must be able to forget data on request. These demands are studied
by separate literatures, evaluated by disjoint metrics, and addressed by methods that share

almost no machinery.

This dissertation argues that the separation is an artifact of how the problems have been
posed. Efficiency, group fairness, and the right to be forgotten are three demands on one
object, the training dynamics of a learning system, meaning the gradients a model sees and
the parameter updates it retains, and all three can be met by intervening on that object

rather than by redesigning architectures. The claim is developed at three control points.

At the data, a small synthetic dataset is optimized so that models trained on it follow the
same optimization trajectory as models trained on a large one. For graph learning this jointly
condenses the node count and the feature dimension, cutting storage by over 99% while
retaining up to 98.5% of the original accuracy. Because gradient matching encodes whatever
property the target trajectory possesses, redirecting it from accuracy to equity yields data
on which ordinary training produces fair models that transfer across architectures, including

to tree ensembles no differentiable regularizer can reach.
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At the objective, in-process fairness methods are shown to reduce to a single choice of distance
between group-conditional distributions. Two failure modes yield three requirements on
that measure, namely a tight bound on the quantity of interest, robustness to scale, and
applicability to arbitrary distributions, which the Cauchy—Schwarz divergence satisfies and

the standard alternatives do not.

At the parameters, a negative result: machine unlearning destroys installed fairness. A
fairly trained model meeting a routine deletion request sees its demographic parity gap
rise nineteen-fold while accuracy falls five percent, undetected by standard evaluation. The
cause is a demographically one-sided edit to the sum of per-batch updates; the remedy is a
matched, reversed-attribute edit, restoring fairness without retraining and up to 318 x faster.
At foundation-model scale the same principle confines the edit to low-rank adapters trained

on negative examples alone.

One lever, applied at three points, serves three demands ordinarily pursued in isolation.
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Chapter 1

Introduction

1.1 Three Demands on One Pipeline

A machine learning system that is deployed rather than merely reported must satisfy several
requirements at once. It must be affordable to train, since the models and datasets that
are useful in practice are large and are retrained often. It must treat people equitably, since
models learned from historical records reproduce and can amplify the disparities those records
encode. And it must be able to forget, since data protection law now obliges organizations
to erase personal records on request, and in the machine learning setting erasure means

removing not just the data but its influence on models already trained on it.

These three demands, namely efficiency, equitable treatment, and erasure, arise from different
places. The first is economic, the second ethical and increasingly legal, the third purely legal.
They are studied by largely separate literatures, evaluated by disjoint sets of metrics, and
addressed by methods that share almost no machinery. A practitioner assembling a system
that must satisfy all three currently assembles it from parts that were not designed to fit

together.



This dissertation argues that the separation is an artefact of how the problems have been
posed rather than a fact about them. All three are demands on the same underlying object,

and all three can be met by intervening on that object in the same way.

1.2 Why Model-Centric Fixes Do Not Compose

The standard response to each demand is to modify the model. Efficiency is pursued through
smaller architectures, cheaper layers, and better optimizers. Fairness is pursued by adding
constraints or penalty terms to the training objective, or by adjusting the outputs of a trained
model. Erasure is pursued by algorithms that reconstruct a model as though the deleted

data had never been present.

Each of these works in isolation, and each has a structural weakness that only becomes

visible when they are combined.

A fairness intervention that lives inside a particular model is not reusable. Every new
architecture trained on the same biased data requires its own debiasing pass, its own hy-
perparameter search, and its own validation. In a modular or rapidly evolving pipeline the
intervention must be repeated indefinitely, and the cost of doing so is charged against the

first demand.

An efficiency intervention that only shrinks one dimension of the problem relocates the
cost rather than removing it. Chapter 3 shows this concretely for graph learning, where
reducing the number of training nodes while leaving the feature dimension untouched leaves

the dominant term of the training cost in place.

And, in the observation that motivates the second half of this dissertation, a guarantee
established during training is not durable. Chapter 6 shows that a model trained to be

fair, then subjected to an ordinary deletion request by a standard unlearning algorithm,



emerges categorically unfair: on one benchmark the demographic parity gap rises from 1.6
to 30.8 while accuracy falls by only five percent. The fairness intervention and the erasure
mechanism were each correct in isolation; composed, the second silently destroyed what the
first installed. Neither literature’s evaluation would have detected it, because fairness is not

among the quantities that unlearning is evaluated on.

What these failures share is that each intervention is attached to a different part of the

system, and nothing coordinates them.

1.3 Thesis Statement

The claim of this dissertation is the following.

Efficiency, group fairness, and the right to be forgotten are not competing objec-
tives requiring separate machinery. They are three demands on a single object,
the training dynamics of a learning system, meaning the gradients a model is
exposed to and the parameter updates it retains. All three can be met by in-
tervening on that object rather than by redesigning architectures. Because the
interventions act on a common surface, they compose, and where they fail to

compose the failure is visible and repairable.

Two consequences follow, and both are developed in the chapters that follow. The first
is that the same mechanism can serve different requirements: a technique built to make
training cheap can be redirected, essentially unchanged, to make it equitable. The second
is that interventions which appear unrelated can silently interfere, and that the discipline of

treating them as acting on one surface is what makes the interference detectable.



1.4 Three Control Points

Training dynamics can be influenced at three places, and this dissertation organizes its

contributions accordingly. Table 1.1 summarizes the correspondence.

The data. What a model learns is determined by the gradients its training data induces.
If a small synthetic dataset can be constructed so that models trained on it follow the same
optimization trajectory as models trained on a large real one, then the dataset becomes
a design variable rather than a fixed input, and whatever property is encoded into that
trajectory is inherited by every model trained on the result. Chapter 3 exercises this for cost

and Chapter 4 for equity.

The objective. What counts as a good trajectory is determined by the loss being min-
imized. When the requirement is fairness, this reduces to a choice of measure between
group-conditional prediction distributions, a choice that the literature has made largely by
convention. Chapter 5 asks what properties such a measure should have and derives one

that possesses them.

The parameters. What a model retains is determined by the updates it has absorbed, and
those updates can be edited after training has finished. Deletion requests force such edits,
and Chapter 6 shows both that they destroy fairness and that the destruction can be undone
by a matched, compensating edit. Chapter 7 carries the same principle to foundation-model
scale, where the edit must be confined to a low-rank subspace because the model can no

longer be revised wholesale.



Table 1.1: The three control points of the training pipeline, the demand addressed at each,
and the chapters that develop them.

Control point Intervention Demand Chapter
The data Match gradients with a learned dataset Efﬁcllency Chapter 3
Equity Chapter 4
The objective Choose the measure that shapes the gradient | Equity Chapter 5
. . E it Chapter 6
The parameters | Edit the updates already committed Ei:iﬁig: g?f?cligncy Chzgtzi .

1.5 Research Questions
The dissertation is organized around five questions.

RQ1 When the cost of training is driven jointly by the number of samples and the dimension
of their features, can both be reduced together, and what must be preserved for a model

trained on the result to remain accurate? (Chapter 3)

RQ2 Can group fairness be optimized into a training dataset rather than into a model, and

does fairness so encoded survive a change of downstream architecture? (Chapter 4)

RQ3 What properties should a fairness regularizer have, and which measure of discrepancy

between group-conditional distributions possesses them? (Chapter 5)

RQ4 Does a fairness guarantee established during training survive the parameter edits
required by a deletion request, and if not, can it be restored without retraining?

(Chapter 6)

RQ5 Can forgetting be made both efficient and local at foundation-model scale, where the

training history is unavailable and wholesale weight revision is unsafe? (Chapter 7)

1.6 Contributions

The dissertation makes the following contributions.



e Joint feature and node condensation for graph learning. It identifies a limita-
tion that persists in existing graph condensation methods, namely that reducing the
node count alone leaves the dominant term of the training cost intact when features
are high-dimensional, and shows that joint reduction requires the feature projection
to be structure-aware and learned together with the condensed data. The resulting
framework retains up to 98.5% of the original accuracy while removing more than 97%

of nodes, up to 90% of the feature dimension, and over 99% of storage.

e Fairness encoded into data rather than models. It shows that the gradient-
matching machinery developed for efficiency transfers, essentially unchanged, to group
fairness: pairing it with a differentiable fairness regularizer yields a synthetic dataset
on which ordinary training produces fair models. The dataset carries no sensitive
attribute, stays in the original input space, and transfers across architectures, including
to a gradient-boosted tree ensemble to which no differentiable fairness regularizer could

have been applied.

e A principled account of fairness regularizers. It organizes in-process fair learning
methods into three families and shows that all three reduce to a single choice of distance
measure, converting an unstructured menu of methods into a well-posed question. From
two documented failure modes it derives three desiderata, and shows that the Cauchy—
Schwarz divergence satisfies all three where the standard measures each fail at least
one. The resulting regularizer attains the best equal opportunity gap in nine of ten

dataset—attribute settings.

e Fairness-preserving machine unlearning. It establishes that machine unlearning
destroys group fairness, that the failure afflicts exact and approximate mechanisms
alike, and that the standard evaluation rubric cannot detect it. It attributes the failure
to a demographically one-sided edit to the sum of per-batch updates, and corrects it

by a matched, reversed-attribute edit to the same sum. This restores fairness to the



level of fair retraining while running up to 318x faster, and eliminates membership

inference signal immediately, which retraining itself does not achieve.

e Efficient unlearning at foundation-model scale. It shows that unlearning a fact
from a large language model requires touching almost none of it. Freezing the backbone
and training low-rank adapters on negative examples alone matches or exceeds meth-
ods that update every parameter, on unlearning efficacy, adversarial robustness, and
privacy leakage simultaneously, while retaining general utility better than any baseline

tested.

e A unifying account. Read together, these five results support the claim of Section 1.3:
that a single lever, applied at three points, serves three demands that are ordinarily
pursued separately, and that treating them as acting on one surface is what makes

their interference visible.

1.7 Roadmap

Chapter 2 consolidates the notation and technical background shared across the disserta-
tion: empirical risk minimization and training trajectories, graph neural networks, dataset
condensation and gradient matching, group fairness criteria and their differentiable surro-
gates, the divergence measures used to compare group-conditional distributions, machine
unlearning, and low-rank adaptation. Each main chapter recalls the specialization it needs,

so Chapter 2 may be read once and referred back to.

The main chapters follow the three control points in order. Chapter 3 and Chapter 4 operate
on the data, the first for efficiency and the second for equity. Chapter 5 operates on the
objective, answering a question that Chapter 4 leaves open. Chapter 6 and Chapter 7 operate

on the parameters, the first showing that post-training edits undo what the earlier chapters



install and repairing it, the second carrying the same principle to a scale at which the earlier
assumptions fail. Chapter 8 draws the results together, records what the dissertation does

not establish, and sets out the open problems the arc points at most directly.

The chapters are written to be read in order, since each opens on a limitation named at the

end of its predecessor, but each is self-contained given Chapter 2.

1.8 Previously Published Material

Each of the five main chapters is a reworking of a published or submitted paper, adapted
for consistency of notation, framing, and evaluation, with material added where the disser-
tation’s argument requires it. In particular, the preliminaries of several chapters have been
written or substantially extended for this document, and cross-chapter analyses that do not

appear in any individual paper have been added throughout.
The correspondence is as follows.

e Chapter 3 is based on Beyond Node Condensation: Learning Tiny Graphs via Joint
Graph Condensation, published in the Companion Proceedings of the ACM Web Con-
ference 2025 (WWW 2025).

e Chapter 4 is based on Debias Once for All: A Data-Centric Strategy for Fair Machine
Learning, published in the Proceedings of the ACM International Conference on Web
Search and Data Mining (WSDM 2026).

e Chapter 5 is based on Fairness via Independence: A General Regularization Framework
for Machine Learning, published in the Proceedings of the International Conference

on Learning Representations (ICLR 2026).

e Chapter 6 is based on Enabling Group Fairness in Machine Unlearning via Distribution



Correction, published in the Proceedings of the ACM International Conference on

Information and Knowledge Management (CIKM 2025).

e Chapter 7 is based on LUNE: Efficient LLM Unlearning via LoRA Fine-Tuning with
Negative FExamples, published in the Findings of the Association for Computational

Linguistics (ACL Findings 2026).

The corresponding copyright declarations appear in the front matter of this dissertation,
as required by the UCI Thesis and Dissertation Manual for reproductions of previously

published work.



Chapter 2

Background and Preliminaries

This chapter consolidates the notation and technical background used throughout the dis-
sertation. It is arranged so that the objects shared by several chapters are defined once
here, in the most general form the dissertation needs, and each main chapter then recalls the
specialization it requires. Readers following the argument in order may read this chapter
once and refer back to it; readers approaching a single chapter will find that its preliminaries

section states what it needs and points here for the rest.

The material is organized by control point. Section 2.1 through Section 2.4 concern the data
and the training dynamics it induces; Section 2.5 and Section 2.6 concern the objective;

Section 2.7 and Section 2.8 concern the parameters.

2.1 Notation and Conventions

Matrices are written in bold uppercase (X, A), vectors in bold lowercase (x;, €), sets and
datasets in calligraphic type (7, S), and scalars in ordinary italics. Two conventions prevent

collisions that would otherwise arise from combining several literatures in one document.
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First, the italic D always denotes the feature dimension. A distance or divergence between
distributions is written in upright type as D(-;-), with a subscript naming the particular

choice: Dgs, Dkr,, Dvvp, Dasic.

Second, the symbol A is reserved for fairness gaps, App and Ago. A per-batch parameter
update is written & rather than A@, since the two appear together throughout Chapter 6.
Where a weight update must be named as such, in the low-rank adaptation of Section 2.8,
it is written AW on a plain (non-bold, unsubscripted) W, which does not occur alongside a

fairness gap.

Table 2.1 collects the recurring symbols.

Table 2.1: Recurring notation. The rightmost column gives the chapters in which each
symbol is used.

Symbol Meaning Chapters
T Training dataset all
N, D, C Number of samples, feature dimension, number of classes | all
X,Y,S Feature, label, and sensitive-attribute matrices 4-7
K Number of sensitive groups 4-6
fo Model with parameters 0 all
GNNy Graph neural network with parameters 6 3
Ll Aggregate and per-sample loss all
n, T, Qgo Learning rate, epochs, initialization distribution all
A, N;, |€] | Adjacency matrix, neighbourhood, edge count 3
S, T Condensed and synthetic datasets 3,4
n, d Condensed sample count and feature dimension 3
Tn, Td Node and feature condensation ratios 3
L Gradient matching loss 3,4
Lp Fairness regularizer 4-6
App, Ao | Demographic parity and equal opportunity gaps 4-6
Dcs, & Cauchy—Schwarz divergence, kernel 5
a, \, B Fairness weight, trade-off coefficient, 5 weight 4-6
M, U Learning and unlearning mechanisms 6,7
Tu, Tr Deletion request and retained data 6, 7
Opp Parameter update from batch b of epoch p 6
A, B, ¢, r | Low-rank adapter factors, adapter parameters, rank 7
P, Prora | Total and adapter parameter counts 7

11



2.2 Supervised Learning and Training Dynamics

A supervised dataset is a collection T = {(x;,%;) }Y, with x; € R? and y; € {0,...,C — 1},
written in matrix form as 7 = {X,Y} with X € R¥"*P and Y € {0,...,C — 1}". A model
fe maps inputs to class scores, and ¢ denotes the per-sample loss, taken throughout to be

cross-entropy. Parameters are obtained by empirical risk minimization,
N
07 = argmin L(fo(X).Y),  L(fo(X Z (fo(x:),:) (2.1)

carried out in practice by gradient descent from an initialization 8° drawn from a distribution

Qgo:
0 = 0" — Ve Ll(fer(X),Y). (2.2)

DEFINITION 2.1 (Training trajectory). The sequence {8'}-' produced by Equation 2.2

from an initialization 6° is the training trajectory induced by T .

Definition 2.1 names the object this dissertation intervenes upon. Chapter 3 and Chapter 4
construct datasets that reproduce a given trajectory; Chapter 5 changes which trajectory is
desirable; Chapter 6 edits a trajectory’s accumulated result after the fact; and Chapter 7
confines such an edit to a subspace. Two features of Equation 2.2 are used repeatedly.

Accumulating the updates gives

P B
Orr = Ouic + > > _ Sy, (2.3)

p=1 b=1

where J,, is the update contributed by batch b of epoch p; this decomposition is what
Chapter 6 edits. And the gradient V4L itself is what Chapter 3 and Chapter 4 match and

what Chapter 7 projects.

12



2.3 Graph Neural Networks

Chapter 3 works with graph-structured data, which adds relational structure to Equation 2.1.

DEFINITION 2.2 (Attributed graph). An attributed graph with N nodes over C' classes is
a triple T = {A, X, Y}, where A € RN*N s the adjacency matriz, X € RN*P the nodal
feature matriz, and 'Y € {0,...,C — 1} the node labels. We write N; = {v; : A;; # 0} for

the neighbourhood of node v; and |E| for the number of edges.

Graph neural networks compute node representations by iteratively aggregating over neigh-
bourhoods. Writing h! for the representation of v; at layer [ with h? = x;, a message-passing

layer takes the form
hi' =of > w,Wh|, (2.4)

with W' a learnable weight matrix, ¢ a pointwise nonlinearity, and the coefficients wﬁj
determined by the architecture. Three instances are used in this dissertation. The graph
convolutional network [77] fixes wfj from the normalized adjacency A = D~/ 2(A+T)DV2

the simplified graph convolution [131] removes the intermediate nonlinearities, collapsing

propagation into A*X@; and the graph attention network [124, 125] learns w!; = ol; from
the features of a node and its neighbours. Section 3.2 states each propagation rule in the
form used by the method of that chapter, since the feature condensation operator developed

there is itself a graph attention network.

Two evaluation settings are distinguished. In the transductive setting the whole graph,
including the features and connectivity of test nodes, is available during training and only
test labels are withheld; in the inductive setting the model sees only the training subgraph.
The distinction matters for condensation, since only in the first case may the full graph be

condensed.

13



2.4 Dataset Condensation and Gradient Matching

Dataset condensation replaces a large training set by a small synthetic one on which train-
ing yields comparable models [156, 157, 69]. Writing S for the synthetic set, the natural
formulation is bi-level: the outer problem chooses S so that a model trained on it explains
the original data, and the inner problem performs that training. Differentiating the outer
objective requires backpropagating through the entire unrolled inner optimization, whose
memory cost grows linearly in the number of inner steps. This is precisely the cost that

condensation was meant to avoid.

Gradient matching [157, 128| replaces this with a single-level surrogate. Rather than requir-
ing the same converged parameters, one requires the same gradients at every point along the

training trajectory of Definition 2.1, in expectation over initializations:

T-1
msin E00~Q90 ZﬁM(VgtﬁT, Vgtﬁs) . (25)

t=0
Because each step is constrained individually, both gradients can be evaluated at the same

current parameters and compared immediately, with no unrolling.

The matching loss £,/ is computed per class and summed, comparing corresponding gradient

columns by cosine distance:

N — G, - G,
Lu(G.G)=> > > 1= ramiaeT | (2.6)
f L £ IGll 1G]

where G and G’ are the gradients induced by the original and synthetic data, ¢ indexes
classes, [ layers, and b columns. Cosine distance is used because what must agree is the
direction of the update: gradient magnitudes computed from sample sets of very different

sizes are not comparable, and normalizing removes that nuisance dependence.

Equation 2.6 is used unchanged in Chapter 3, where it appears as Equation 3.17 with layers

14



indexed by p and columns by h, and in Chapter 4, where it appears as Equation 4.10.
The observation that Equation 2.5 encodes into S whatever property the target trajectory

possesses, and not merely accuracy, is what connects those two chapters.

2.5 Group Fairness

From Chapter 4 onward, datasets carry a third component:
T={X,Y,S}, Se{0,....,Kk—1}", (2.7)

where S records the sensitive attribute of each sample over K demographic groups, such as
gender, race, or age bracket. Capitalized 37, Y, and S denote the corresponding random

variables.

2.5.1 Criteria

Fairness criteria divide into individual notions, requiring that similar individuals receive
similar predictions [39], and group notions, requiring statistical parity across demographic

groups. This dissertation concerns the latter, and two criteria recur.

DEFINITION 2.3 (Demographic parity). A predictor satisfies demographic parity if its pre-

diction s statistically independent of the sensitive attribute:

PY=c|S=k)=PY =c¢ for all ¢, k. (2.8)

DEFINITION 2.4 (Equalized odds and equal opportunity). A predictor satisfies equalized

odds if its prediction is conditionally independent of the sensitive attribute given the true

15



label:

A~

P(}A/:c|S:k,Y:y):P(Y:c|Y:y) for all ¢, k,y. (2.9)

Restricting to the advantaged outcome y = 1 gives equal opportunity [56/, which equalizes

true positive rates without constraining false positive rates.

Demographic parity constrains the marginal distribution of decisions and makes no reference
to the label, which suits settings where the labels themselves are suspected of encoding
historical bias and is inappropriate where base rates legitimately differ. Equalized odds
conditions on the label and so tolerates genuine base-rate differences, at the cost of inheriting
whatever bias the labels contain. The two are in general incompatible: except in degenerate
cases a nontrivial predictor cannot satisfy both [56, 31|. Reporting both, as this dissertation
does throughout, is therefore not redundant, since a method that improves one at the expense

of the other has relabelled fairness rather than improved it.

2.5.2 Empirical Gaps

Both criteria are exact statements that no finite-sample predictor satisfies, so they are mea-

sured by the extent of their violation. With P an empirical probability on held-out data,

chax‘]g(f/:c)—ﬁ(f/:c\é’:k) , (2.10)

PY =c|Y=y)—PY =c|S=kY =y)|, (2.11)

both non-negative, zero exactly when the criterion holds empirically, and reported in per-

centage points.
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In the binary setting C' = K = 2, which is the regime of Chapter 5 and Chapter 6, these

reduce to the familiar two-group differences

App =|P(Y | S=0)—P(Y | S=1)|,  Apo=|P(Y |Y=1,5=0)—P(Y | Y=1,5=1)|.

(2.12)

The two conventions are not numerically identical. Writing 7, = P(S = k), p = P(Y=1 |
S=0) and ¢ = P(Y=1 | S=1), the group-0 term of Equation 2.10 evaluates to m|p — q|
and the group-1 term to mo|p — g|, so their average is 3|p — ¢|. The forms therefore differ
by exactly a factor of two and induce the same ordering over models. Chapter 4 reports
Equation 2.10; Chapter 5 and Chapter 6 report Equation 2.12, which is standard in the fair

machine learning literature.

2.5.3 Metrics Against Surrogates

Equation 2.10 and Equation 2.11 are defined on hard predictions Y = arg max. fg (x)., which
are piecewise constant in @ and so cannot be optimized. Every method in this dissertation
therefore trains against a differentiable surrogate, obtained by replacing the indicator of a

predicted class with the model’s soft score for it:

- 1w - 1

P(Y =¢) — N;fg(xi)c, P(Y=c|S=k) — Fki;kfg(xi)c, (2.13)
with Ny = [{7 : s; = k}|. The result is differentiable in @ and agrees with the hard gap in

the limit of confident predictions.

The distinction is used consistently: a fairness metric means the hard-prediction gap eval-
uated at test time, and a fairness regularizer means a differentiable surrogate used during

training. They are not the same object, and the quality of a regularizer is not determined
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by the metric it is named after, a point that Chapter 5 develops into the central question of

that chapter.

2.5.4 Where Fairness Is Enforced

Interventions are conventionally classified by where they act. Pre-processing methods modify
the training data before learning |72, 17]; in-processing methods add a penalty or constraint
to the training objective |73, 143, 2|; post-processing methods adjust the outputs of a trained

model [56, 127]. In-processing methods share the template
mein ‘Cutility + A Efairnessa (214>

with A governing the trade-off. Chapter 4 sits in the first family but obtains its dataset by
differentiable optimization against Equation 2.14 rather than by a fixed heuristic; Chapter 5

studies the second term of Equation 2.14 directly.

2.6 Distance and Dependence Measures

The fairness regularizers compared in Chapter 5 all reduce to a choice of measure D between
distributions the model controls, typically the group-conditional prediction distributions

P = P(Y | S=0) and Q = P(Y | S=1). Four choices recur, and are collected here.

Mean disparity. The most common construction is the absolute difference of means,
[E(P) - E(Q)

every feature of the distributions beyond the first moment, and a vanishing mean gap is

, which is the differentiable relaxation of Equation 2.12 [27]|. It is blind to

necessary but not sufficient for either criterion of Section 2.5.
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Maximum mean discrepancy. Given samples from p and ¢ and a positive-definite kernel

K, the biased empirical MMD [49] is

No N1 N2

N
~ 1 1 2

2 . —
Dinp (p; @) = e ;j K (x7,x5) + N7 g K(x],X]) — NN, % Ej K(x7,x5),  (2.15)

0]

the squared Euclidean distance between the kernel mean embeddings of the two samples.

Kullback—Leibler divergence and HSIC. The KL divergence

Dir(pllg) = / p(x)log (p(x)/q(x)) dx

underlies mutual-information penalties such as the prejudice remover |73]; it is asymmetric,
requires a density ratio, and diverges where supports fail to overlap. The Hilbert—Schmidt
independence criterion [50, 51] measures dependence directly, and is itself an MMD taken

between a joint distribution and the product of its marginals.

Cauchy—Schwarz divergence. The Cauchy-Schwarz inequality for square-integrable func-
tions, ([ pq)2 < [p* [ ¢* holds with equality exactly when p and ¢ are linearly depen-
dent. The gap therefore measures discrepancy, and its logarithm defines the CS diver-

gence [107, 141]:

(J p(x)a(x) dx) ) | 216)

Des(p; q) = —log (fp(x)defq(X)QdX

It is symmetric, satisfies 0 < Dgg < o0, and is minimized exactly when p = ¢ almost
everywhere. Symmetry distinguishes it from KL, which must be assigned a direction. The
distinction matters for fairness, where there is no principled reason to treat one demographic

group as the reference.
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Substituting Parzen-window estimates [103] into Equation 2.16 yields a purely kernel-based
estimator [65], stated as Theorem 5.1 and used as the regularizer of Chapter 5. Comparing
it with Equation 2.15 shows that the two are built from the same three kernel sums, with the
CS divergence applying a logarithm to each before combining them, which turns a Euclidean

comparison of embeddings into a cosine-type one. Section 5.4.4 develops the consequences.

2.7 Machine Unlearning

Data protection regimes including the GDPR [29] and the CCPA [36] grant a right to era-
sure [109]. Applied to machine learning, compliance requires removing not only a record but

its influence on models trained on it [18, 24].

DEFINITION 2.5 (Unlearning mechanism). Given a learning algorithm M : D — H map-
ping datasets to models, a trained model M(T), and a subset T, C T whose deletion has

been requested, an unlearning mechanism is a mapping
U:HxDxD—H, (M(T), T, T.) — U(M(T), T, Ta).

whose output should resemble M(T,), the model obtained by retraining on the retained data

T.=T\T.

Because M and U are randomized, the appropriate comparison is between distributions over
the hypothesis space rather than between individual models: the ideal is that Pr (U(M(T), T, T..))
be statistically indistinguishable from Pr (M (7;)) Methods divide into ezract unlearning,
which achieves this by construction at the cost of partial retraining [14|, and approzimate
unlearning, which achieves it to a tolerance far more cheaply, for instance by rolling back the

stored updates of Equation 2.3 [48|. Surveys cover the broader landscape [101, 150, 135].

It is worth recording a gap that this dissertation inherits and does not close. Definition 2.5
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states an ideal over weights, but the quantities actually measured are all functions of model
outputs: membership inference accuracy, accuracy on deleted and retained data, and the
behavioural metrics of Chapter 7. They are proxies, and Section 8.4.1 returns to the distance

between them.

2.8 Parameter-Efficient Fine-Tuning and Low-Rank Adap-
tation

At foundation-model scale the assumptions underlying Equation 2.3 fail: the per-batch up-
date record does not exist for a model pretrained by someone else, and revising every pa-
rameter is neither affordable nor safe. Parameter-efficient fine-tuning adapts a model by
updating a small set of parameters while the majority stay frozen [58, 144], and low-rank

adaptation [59] is the standard instance.

DEFINITION 2.6 (Low-rank adaptation). Let Wy, € R¥* be a frozen pretrained weight
matrix. Low-rank adaptation represents its update as a product of trainable matrices of rank

r < min(d, k),
AW = ABT, A e R B e R W =W, + AW, (2.17)

introducing C’)(r(d + k)) trainable parameters per adapted matriz in place of dk.

We write ¢ = (A, B) for the collection of adapter parameters across a model and f , for the
adapted model, so that @ is frozen and ¢ alone is optimized. Extensions improve memory [33],
rank allocation [152], and decomposition [90]; adapter [106] and prompt-tuning [85, 86]
families offer alternatives. That such methods work is explained by the observation that
downstream updates tend to lie in a low intrinsic dimension [3|. Chapter 7 argues that

for unlearning the low-rank restriction is not merely an acceptable approximation but an
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advantage, because it bounds the region of parameter space the edit can reach.

2.9 Datasets and Evaluation Protocol

Table 2.2 lists the benchmarks used across the dissertation. Chapter-specific statistics, splits,

and preprocessing appear in the experimental setup of each chapter.

Table 2.2: Benchmarks used in the dissertation, grouped by the setting they serve.

Setting Benchmarks Chapters
Graph learning | Cora, Citeseer, Flickr, Reddit, Arxiv 3
Tabular fairness | Adult, COMPAS, ACS-I, ACS-T 4-6
Image fairness CelebA-A 4-6
LLM unlearning | EDU-RELAT, RWKU, KnowUnDo, TOFU | 7

Evaluation follows the conventions of each literature. Utility is reported as accuracy and,
for the fairness chapters, area under the ROC curve. Fairness is reported as App and Ago,
in the form indicated in Section 2.5. Unlearning efficacy is reported through membership
inference attack accuracy in Chapter 6 and Chapter 7, supplemented in the latter by the
behavioural metrics defined in Section 7.4. Throughout, results are averaged over multiple
runs with different random seeds and reported with standard deviations or standard errors

as indicated.
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Chapter 3

Efficient Learning on Large-Scale Graphs

via Joint Feature and Node Condensation

3.1 Overview

The preceding chapters framed this dissertation around a single control surface: the training
dynamics of a learning system, that is, the gradients a model is exposed to and the parameter
updates it retains. This chapter takes the first step along that programme by asking the
most basic question one can ask about training dynamics: how little data is required to induce
them? If a small, synthetic dataset can be constructed so that a model trained on it follows
essentially the same optimization trajectory as a model trained on the full dataset, then the
dataset itself becomes a design variable rather than a fixed input. Everything that follows
in this dissertation rests on that observation. Here it is developed in the setting where the

computational pressure is most acute, namely learning over large-scale graphs.

Graphs are a standard representation for structured and relational data, and graph neural

networks (GNNs) have become the default model class for learning over them, with appli-
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cations spanning social network analysis, recommendation, molecular property prediction,
transportation forecasting, and epidemiological modelling [159, 54, 140, 38, 9]. Their suc-
cess, however, comes at a substantial computational cost [133, 154, 71|. Training a GNN
on a real-world graph requires repeated sparse propagation over a large number of nodes
and edges, and the resulting time and memory demands are magnified whenever a model
must be retrained many times, as in neural architecture search and hyperparameter opti-
mization [155, 55]. A natural response is to replace the large graph with a small one that

supports comparable training.

This idea has been formalized as graph condensation. Building on dataset condensation for
image data [156], a line of work has shown that a large graph can be replaced by a graph
with far fewer nodes while retaining most of the downstream accuracy [69, 68, 46, 57]. The
central observation motivating this chapter is that this line of work condenses along one axis
only, and that this is not sufficient. Real graphs are high-dimensional as well as large: the
number of nodal features exceeds the number of nodes by a factor of roughly 41 on Cora, 123
on Citeseer, 11.2 on Flickr, and 7.8 on Reddit. After node condensation on Citeseer,
the training set contains 30 nodes, each still carrying 3,703 features. The condensed object
is therefore severely underdetermined relative to its own dimensionality, and the first-layer
weight matrix of any GNN trained on it remains as large as before. Reducing the node count

alone does not resolve the cost of training; it relocates it.

This chapter therefore studies joint condensation: the simultaneous reduction of both the
number of nodes and the dimensionality of their features. Figure 3.1 illustrates the objective.
Two difficulties distinguish this problem from its node-only predecessor. The first concerns
what must be preserved. Node features and graph structure are not independent quantities;
homophily and attribute-structure correlation are well documented in real networks [113, 63|,
so any feature condensation operator that ignores the adjacency structure discards exactly

the signal that graph learning exploits. This rules out the obvious two-stage recipe of apply-
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ing an off-the-shelf dimensionality reduction method to the features and then running a node
condensation algorithm on the result, which is both structure-agnostic and vulnerable to er-
ror propagation from the first stage into the second. The second difficulty is computational.
Formulated directly, joint condensation is a nested optimization problem in which the inner
problem trains a GNN to convergence on a graph that the outer problem is simultaneously
trying to learn; unrolling this recursion is precisely the cost that condensation was meant to

avoid.

The framework developed in this chapter, TinyGraph, addresses both difficulties with a single
mechanism. Feature condensation is performed by a trainable, attention-based operator
that consumes the graph structure while reducing dimensionality, so structure awareness is
built into the projection rather than bolted on afterwards. The nested optimization is then
replaced by a matching objective on the training dynamics themselves: rather than requiring
the condensed graph to yield the same converged parameters, we require it to induce the
same gradients at every point along the training trajectory. This substitution removes the

inner loop entirely and reduces joint condensation to a single-level minimization problem.

Contributions of this chapter. The chapter makes the following contributions.

e [t identifies and characterizes a limitation that persists in existing graph condensation
frameworks: when nodal features are high-dimensional, condensing the node set alone
leaves both the storage footprint and the dominant term of the training cost largely

intact.

e [t formulates joint feature and node condensation as a well-posed learning problem, and
shows that the natural bi-level formulation can be relaxed to a single-level gradient-

matching objective defined along the training trajectory.

e It proposes TinyGraph, a unified framework in which a trainable, structure-aware fea-
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ture condensation operator and a condensed graph are learned together under that

objective, rather than in two disconnected stages.

e [t reports an extensive empirical study over five benchmarks spanning transductive
and inductive settings, showing that a GNN trained on the condensed graph retains
up to 98.5%, 97.5%, 98.7%, 94.9%, and 86.5% of the original test accuracy on Cora,
Citeseer, Flickr, Reddit, and Arxiv respectively, while reducing the node count by

more than 97.4% and the feature dimension by 90%, 90%, 80%, 70%, and 70%.

Section 3.2 establishes the notation and the background on graph neural networks used
throughout the chapter and, where indicated, in the remainder of the dissertation. Section 3.3
formulates the joint condensation problem. Section 3.4 develops the TinyGraph framework.
Section 3.5 reports the empirical study, and Section 3.7 closes the chapter and connects it

to the one that follows.

3,327 nodes, 3,703 features

T 30 nodes, 185 features

Wi

Joint Condensation 17

for nodes & features

(A SEE N
-1 Test accuracy: 70.9%
Test accuracy: 72.1%

Figure 3.1: The goal of joint condensation. A large graph is replaced by a condensed graph
with both a smaller node set and a lower feature dimension. On Citeseer, the framework
developed in this chapter attains a reduction of 90.0% in features, 98.2% in nodes, and 99.7%
in storage.
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3.2 Preliminaries

This section fixes the notation used throughout the chapter and reviews the elements of
graph representation learning that the method builds on. The treatment is deliberately
explicit about the propagation rules, because the feature condensation operator introduced

in Section 3.4.1 is itself a graph neural network and reuses these equations verbatim.

3.2.1 Attributed Graphs and Node Classification

DEFINITION 3.1 (Attributed graph). An attributed graph with N nodes over C' classes is

a triple

T = {A" X" Y}?

where A € RV*N s the adjacency matriz, X € RN*P s the nodal feature matriz whose i-th
row x; € RP collects the D features of node vy, and Y € {0,...,C — 1}V collects the node

labels.

We write V; = {v; : A;; # 0} for the neighbourhood of node v;, and || for the number of
edges, that is, the number of nonzero entries of A. In the node classification task, a model
is trained on the labels of a subset of nodes and evaluated on the labels of a held-out subset.
Two settings are distinguished. In the transductive setting the entire graph, including the
features and connectivity of test nodes, is available during training, and only the test labels
are withheld. In the inductive setting the model observes only the training subgraph during
training and is applied to nodes and edges it has never seen. Both settings are considered in
this chapter, since condensation is meaningfully different in each: in the transductive case
the full graph may be condensed, whereas in the inductive case only the training graph is

available to condense.
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3.2.2 Graph Neural Networks

Graph neural networks compute node representations by iteratively aggregating information
over neighbourhoods. Writing h! for the representation of node v; at layer [, with h) = x;,

a message-passing layer takes the generic form

hi" =g > W Whil, (3.1)
JEN;U{v;}

where W! € RF*Fi-1 i a learnable weight matrix, o(-) is a pointwise nonlinearity such as

the rectified linear unit, and the coefficients wll-j specify how neighbouring representations

are weighted. Particular architectures correspond to particular choices of wﬁj.

Graph convolutional networks. The graph convolutional network (GCN) [77] fixes the
coefficients from the graph structure alone. With A = D~Y/2(A + I)D~/2 denoting the
symmetrically normalized adjacency matrix with self-loops and D the corresponding degree

matrix, a GCN layer is

H = a<AH’(Wl)T) ., H =X (3.2)

Simplified graph convolution. Removing the intermediate nonlinearities from Equation 3.2

collapses the propagation into a single fixed operator, yielding the simplified graph convolu-

tion (SGC) [131],
SGCo(A, X) = softmax (Abxe) . (3.3)

SGC is used as the default backbone in this chapter because it isolates the effect of the con-
densed data from the expressive capacity of the backbone, and because its parameterization

makes the dependence of the gradient on the feature dimension explicit.
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Graph attention networks. Rather than fixing ng from the degree structure, the graph

attention network (GAT) [124, 125] learns it. Setting w}; = o, in Equation 3.1 gives

h' = Z aﬁjWhé- , (3.4)
JEN;U{vi}

where the attention coefficient o

i;» which quantifies the importance of neighbour v; to node

v; at layer [, is computed as

o exp (o (a' [Whi & Wh']))

0 D keNufv} EXP (0 (a” [Whi ® Whi]))

(3.5)

Here @ denotes concatenation and a is a trainable attention vector. Because of; depends
jointly on the connectivity through A; and on the features through h!, a stack of layers
of this form is a natural candidate for a structure-aware projection, a point taken up in

Section 3.4.1.

Throughout, GNNg(+,-) denotes a graph neural network parameterized by 6 that maps an
adjacency matrix and a feature matrix to class scores, and £ denotes the node classification

loss, taken to be the cross-entropy between the predicted scores and the ground-truth labels.

3.2.3 Training Trajectories

Given a graph T, the parameters are obtained by empirical risk minimization,

0 = argmein L(GNNp(A,X),Y), (3.6)
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which in practice is carried out by gradient descent from an initialization 6° drawn from a

distribution Qgo,
6"t = 0' — Ve L(GNNg (A, X),Y), (3.7)

with learning rate 1. The sequence {8'}7-} is referred to as the training trajectory induced
by 7 from 6°. This object, rather than the converged parameter 07 alone, is what the
framework of this chapter attempts to reproduce from a much smaller graph, and it is the
same object that later chapters of this dissertation intervene upon for reasons other than

efficiency.

3.2.4 The Cost of Training on Large Graphs

The motivation for joint condensation follows from a direct accounting of Equation 3.1.
For a layer mapping F;_; input channels to F; output channels, the sparse propagation
costs O(|E|F;—1) and the dense transformation costs O(N F;_; F}). Summing over an L-layer
network and noting that the input dimension of the first layer is the feature dimension,

Fy = D, the per-epoch training cost is

L
O<|8|D+NDF1 + ) (€] Fioy +Nﬂ_1ﬂ)>, (3.8)

=2

while storing the feature matrix alone requires O(N D) memory.

Two consequences are immediate. First, both N and D enter the leading terms of Equation 3.8
multiplicatively, so reducing one while leaving the other untouched bounds the achievable
saving. Second, the first-layer weight matrix has DF} entries independently of how many
nodes remain, so a condensed graph with n < N nodes but D features is fitting a first layer

whose parameter count may exceed its sample count by orders of magnitude. This is the
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regime that node-only condensation leaves in place, and it is the regime this chapter targets.

Accordingly, we measure condensation along two ratios: the node condensation ratio r, =
n/N and the feature condensation ratio rq = d/D, where n and d denote the node count and

feature dimension of the condensed graph.

3.3 Problem Formulation

3.3.1 Goal

We seek a condensed graph
S={A, XY}, AecR"™ XeR" Ye{0,.. ., C-1"

with n < N and d < D, such that a GNN trained on S attains performance comparable to

one trained on the original graph 7.

Reducing the feature dimension introduces a constraint absent from node-only condensation.
A model trained on S accepts inputs of dimension d, whereas evaluation is performed on the
original graph, whose nodes carry D features. The condensed feature space must therefore
be accompanied by an explicit map from the original space into it, so that the two graphs

remain commensurable. We accordingly introduce a trainable feature condensation function

fa(:) : RP = R4, (3.9)

parameterized by ®, and define the feature-condensed counterpart of the original graph as

T=(A, fs(X),Y), X:=fs(X)e RV (3.10)
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The graph 7 retains every node and edge of 7 but lives in the same d-dimensional feature
space as S. It is the object that mediates between the two: fg is what allows a condensed

graph of reduced width to be compared against, and eventually deployed on, the full graph.

3.3.2 A Bi-Level Formulation and Its Cost

Following the standard treatment of synthetic data as a parameter of the model it in-

duces [128, 118, 13, 117], the joint condensation problem can be written as

S* =arg min ﬁ(GNNgZ, (A, fo+(X)),Y),
S
s.t. ®" = arg min E(GNNQE(A, fq,(X)),Y) , (3.11)
&

05 = argmin E(GNNQS(A, X),\?) .
0s

The outer problem asks that the condensed graph, through the model it trains, explain the

original labels; the innermost problem trains that model.

Equation 3.11 is well posed but impractical. Each outer step requires solving the innermost
problem, and differentiating the outer objective with respect to S requires backpropagating
through the entire unrolled sequence 6°, ..., 0" of inner updates. The memory required to
retain that computation graph grows linearly in the number of inner steps, and the arithmetic
cost grows with it. For the large graphs that motivate condensation in the first place, this is
prohibitive. Section 3.4.2 replaces the nested formulation with a single-level surrogate that

avoids the unrolling entirely.

3.3.3 Why Sequential Condensation Is Insufficient

Before developing that surrogate, it is worth being precise about why the simplest alterna-

tive fails. A two-stage pipeline would first apply a dimensionality reduction method to X,
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obtaining features of width d, and then run an existing node condensation algorithm on the
reduced graph. Classical reduction methods such as principal component analysis [1], inde-
pendent component analysis [30], and linear discriminant analysis |7] have proven effective
on Euclidean data, where samples are exchangeable and independent, and one might hope

to reuse them here.

Two problems arise. First, these methods are structure-agnostic: they select directions in R?
using only the empirical distribution of the rows of X, treating nodes as independent samples.
This discards the adjacency structure at exactly the point where it is most informative, since
attribute values and connectivity are correlated in real graphs [113, 63]. A direction of low
feature variance may nonetheless be the direction along which connected nodes differ most
sharply, and a structure-agnostic criterion has no way to see this. Second, the two stages
are decoupled, so information destroyed in the first stage cannot be recovered in the second;
any loss incurred by the projection propagates into the node condensation objective as an
irreducible error floor. A third, more practical limitation is that classical reduction methods
produce a fixed projection matrix, whereas the quality of the condensed graph depends on
how the projection interacts with the downstream training dynamics, which a fixed matrix

cannot adapt to.

These observations motivate the two design commitments of the next section: the feature
condensation operator must consume the graph structure, and it must be learned jointly

with the condensed graph under a single objective rather than fitted in advance.

3.4 The TinyGraph Framework

Figure 3.2 gives an overview of the framework. In each epoch, the original features are
projected through a trainable structure-aware operator to form the feature-condensed graph

T; a condensed graph S is assembled from trainable condensed features and a generated
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adjacency matrix; both graphs are used to compute gradients of the classification loss with
respect to a shared set of GNN weights; and the discrepancy between those gradients drives

the update of all condensation parameters.

Original Graph T : Feat domsed :
Bes eature-condense:
ﬁﬁ 1 Graph ald :
1
1 B !
v 1
Feature | Optimg:g %o;gensed
Condensation o : ﬁ%ﬂ
Function p=a Gradient G .
e 1
- . 69
B> E 1
i Initial Trainable !
Condensed Graph S Matching
mE) Gradient
¢ Loss M
9 Matching GNNs I 0o a9

I
A 1
——> Forward ! 1
! Gradient G5 1
€ = = = = ——— e e e e e e e e e e e e e

<--- Update 65 &0

Figure 3.2: Overview of the TinyGraph framework for joint condensation via gradient match-
ing. The objective is to learn a condensed graph on which a GNN can be trained to per-
formance comparable with training on the original graph. Both the feature condensation
function and the gradient-matching GNN are trainable.

3.4.1 Structure-Aware Feature Condensation

Following the argument of Section 3.3.3, the feature condensation function fg of Equation 3.9
is instantiated as a stack of graph attention layers, denoted GATg, at epoch ¢, which maps

the original features to the trainable condensed features

X, = GATg,(X) € RV*?, (3.12)

The choice is motivated by Equation 3.5: the attention coefficients are computed from the
features of a node and its neighbours, so the projection assigns fine-grained, learned weights
during aggregation instead of relying on the fixed degree-based weights of Equation 3.2. Di-
mensionality reduction and structural aggregation are thus performed by the same operator

rather than in sequence.
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Concretely, layers of the form given in Equation 3.4 and Equation 3.5 are stacked, with the
first layer initialized by hjl = x;. The output layer L produces the condensed feature of node
(%7

xi=c > oW, % eR, d< D, (3.13)

JENIU{vi}

The epoch index t is suppressed in Equation 3.4 through Equation 3.13 for readability.
Stacking several attention layers lets the operator capture nonlinear interactions between
nodal attributes and topology, which is what allows the reduced feature space to remain
informative for downstream learning. Note that ® is not fitted in advance; it is updated in

every epoch by the objective introduced next.

3.4.2 From Parameter Matching to Trajectory Matching

The requirement that a GNN trained on S behave like one trained on 7 can be stated
directly as a requirement on their optimal parameters. Writing M (-, -) for a matching loss,

this reads
win M (03, 07)

s.t. 85 = argmin E(GNNQS(A,X),Y') , (3.14)
0s
0% = arg min £<GNNQ9%(A, X), Y) )
07
This is still a nested problem, and it is additionally fragile: the endpoint 0f~r depends on the

initialization 6°, so matching a single endpoint constrains the condensed graph only along

one arbitrarily chosen path through parameter space.

Both issues are resolved by asking for more, not less: instead of matching the endpoints,

we match the entire trajectory. Adopting curriculum gradient matching [128|, we require
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the two graphs to induce similar parameter updates at every epoch, in expectation over

initializations,

T-1
mln Egoq,0 [ZM BS,Bt
t=0

with 051 = 0} — 7V £L(GNN,( (A, X), Y, (3.15)

1 )
and 0% = 0!, - nV9;£<GNN0t%(A, X), Y> .

Because the objective now constrains each step individually, it can be evaluated without
unrolling the recursion over °,...,0"': at epoch ¢ the two gradients are computed at the
same current parameter and compared immediately. This eliminates the dominant memory
and time cost of Equation 3.11, and taking the expectation over QJgo removes the dependence
on a single initialization. The relaxation is what makes joint condensation tractable at the

scale of the datasets considered here.

3.4.3 The Gradient Matching Loss

It remains to specify M. Let
GT = VoL(GNNg(A, f(X)),Y), GS= V(,ﬁ(GNNg(A, X),Y) (3.16)

denote the gradients of the classification loss with respect to the GNN weights under the
two graphs. The matching loss is computed per class and summed, so that class-specific
information is compared like with like. For a class ¢, let GT° and GS° be the gradients

obtained from the class-c samples of the two graphs. Comparing the corresponding columns
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by cosine distance gives

T S - c
M(GT,G%) =) M",
c=0

HGSC

with M° = ZZ

c
p=1 h=1 HGZP

where G , and G , are the h-th column vectors of the class-c gradient matrices at layer p,
and P and H index layers and columns respectively. Cosine distance is used rather than a
Euclidean distance because what must agree is the direction of the update; the magnitudes
of gradients computed from sample sets of very different sizes are not directly comparable,

and normalizing removes that nuisance dependence.

3.4.4 Parameterizing the Condensed Structure

Treating A and X as free parameters would introduce O(n?) degrees of freedom in the
adjacency matrix alone, which invites overfitting and scales poorly as the condensed graph
grows. Following [69], we instead generate the condensed structure from the condensed

features through a learned function gy (+),

. N ke(z) + ke (2
Ay = ge (X)) = U( w(z) 5 Ll )) , (3.18)
where z := [%; X/ ] and 2’ := [X]; %] are elements of R"**?, kg (-) is a multi-layer perceptron

parameterized by W, and o(-) is the sigmoid function. Averaging over the two argument

orders enforces symmetry of A by construction.

Beyond reducing the parameter count, this parameterization has a practical benefit: because
gy is a function of features rather than a table of edge weights, the condensed graph can

be extended with additional synthetic nodes after training by generating only their features
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and letting gg infer their connections.

3.4.5 The Final Objective

An empirical observation permits a final simplification. Under the trajectory-matching ob-
jective of Equation 3.15, the two parameter sequences 8% and Otf remain close throughout
training, which is precisely what the objective enforces. We may therefore couple them and
maintain a single sequence 6, the GNN weights trained on S at epoch t, at which both
gradients are evaluated. Substituting Equation 3.18 and Equation 3.12 and collecting the

trainable quantities, the framework optimizes

min EGONQQO [ M(Vgtﬁ (GNNO* (QW(X>7X)7Y> ;

X, &, ‘

~
—

Il
o

(3.19)
VoL (GNNyi (A, fa,(X)), Y))] .

Equation 3.19 is a single-level minimization over three coupled quantities: the condensed fea-
tures X, the feature condensation operator @, and the structure generator ¥. The condensed

labels Y are fixed, as described below.

3.4.6 Optimization

Alternating updates. The three quantities in Equation 3.19 are interdependent, and
updating them simultaneously is unstable in practice. We therefore alternate. The fea-

ture condensation operator is updated every epoch, while the structure generator and the
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condensed features are updated in alternating blocks of ¢; and t5 epochs respectively:

D, =P, — ) VaeM (every epoch),
W, =¥, — o VeM (tl epochs), (3.20)

Xtﬂ =X, — nsV«M  (ty epochs).

Updating the projection at every epoch keeps T current with respect to the matching signal,
while the staggered updates of ¥ and X let each adapt to the other’s most recent state

rather than chasing a simultaneously moving target.

Mini-batch sampling. Computing Equation 3.17 over full graphs is memory-intensive for
reconstruction-style objectives [160]. For each class ¢ we therefore sample a batch of nodes
together with their neighbours from 7, denoted 7¢ ~ 7T, and a batch of condensed nodes
with all of their neighbours from §, denoted §¢ ~ S, and accumulate the per-class matching

losses.

Initialization. The original features are centred as X' = X(Ip — 51p1j). Learning X,
Y'? @, and ¥ simultaneously is unnecessarily hard, so the condensed labels Y are fixed after
initialization with the class proportions of Y preserved. The condensed features X e R

are then initialized by sampling, per class, the rows of X = f&(X) corresponding to those

labels.

Sparsification. After training, edge weights below a threshold v are set to zero, yielding a
sparse condensed adjacency matrix and removing spurious low-weight connections introduced

by the continuous parameterization of Equation 3.18.

The complete procedure is summarized in Figure 3.3.
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Input: training graph 7 = (A, X,Y); predefined condensed labels Y; threshold .

1: Initialize X of width d by sampling node features from each class.
2: fork=0,..., K—1do

3:  Initialize 8° ~ Qo

4: fort=20,...,T—1do

5: M +0; compute X; = fg, (X) to form T
6: forc=0,...,C—-1do
T Compute A = gg,(X) and set S = {A, X, Y}
8: Sample (A€, X, Y¢) ~ T and (AC,XC,YC) ~S
9: Compute Vg L7 and V4. LS; accumulate M by Equation 3.17
10: end for
11: Update ®;,1 = ®;, — 1 Ve, M
12: if ¢t mod (tl + tg) <1t then update \Ilt+1 = \I’t — ﬁqu;tM
13: else update Xt+1 = Xt —nsVg, M
14: for j =0,...,J —1 do update '™ = 0" — V. LS end for
15:  end for
16: end for

17 A = o (X)7 set Ai]— < 0 whenever Aij <7

~

Output: condensed graph § = (A, X, Y) and projection parameters ®.

Figure 3.3: The TinyGraph algorithm for joint feature and node condensation.
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3.4.7 Relation to Existing Condensation Approaches

Two comparisons clarify what is new here. Relative to node condensation methods [156, 69,
68, 6] and graph compression methods [129, 116], which reduce the sample count while retain-
ing full-width features, the framework above additionally reduces the width, and Section 3.5.7
shows that this is where the bulk of the storage saving comes from. Relative to two-stage
approaches that prepend a fixed dimensionality reduction step [1, 30, 7, 123, 78| to a node
condensation algorithm, it offers two advantages that follow directly from the design com-
mitments of Section 3.3.3: feature and node condensation are learned under one objective,
so the projection is structure-aware; and the projection is a learnable function rather than

a fixed matrix, so it can adapt to the training dynamics it is meant to reproduce.

3.5 Experiments

This section evaluates the framework on five real-world graphs. The questions are organized
around the claims of Section 3.1: whether joint condensation preserves accuracy relative
to node-only condensation with full features (Section 3.5.2); whether structure awareness
in the projection matters (Section 3.5.3); how far the feature dimension can be reduced
(Section 3.5.4); which component is responsible for the gain (Section 3.5.5); whether the
condensed graph transfers across architectures (Section 3.5.6); and what is actually saved

(Section 3.5.7).

3.5.1 Experimental Setup

Datasets. We evaluate on five benchmarks. The three transductive ones are Cora and
Citeseer [77|, together with Arxiv [62]. The two inductive ones are Flickr [145] and
Reddit [54]. All datasets are taken from PyTorch Geometric [42] using the publicly available

splits adopted in prior work [54]. Statistics are given in Table 3.1. The feature-to-node ratios
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noted in Section 3.1 are visible here: Citeseer has 3,703 features against 120 training nodes.

Table 3.1: Statistics of the five datasets. Cora, Citeseer, and Arxiv are transductive;
Flickr and Reddit are inductive.

Dataset | # Nodes | # Feat. | 4 Edges | # Classes | Train/Val./Test

Cora 2,708 1,433 5,429 71140/500/1,000
Citeseer 3,327 3,703 4,732 6 | 120/500/1,000

Flickr 89,250 500 899,756 7144,625/22,312/22,313
Reddit 232,965 602 | 57,307,946 210 | 153,932/23,699 /55,334
Arxiv 169,343 128 | 1,166,243 40 | 44,625/22,312/22,313

Baselines. We compare against seven alternatives. Original trains on the uncondensed
graph. GCond [69] and GraphPCA [111] condense nodes while retaining full-width features.
GCond-ICA, GCond-PCA, and GCond-LDA are two-stage baselines that project the features
through a fixed matrix obtained by independent component analysis [30], principal compo-
nent analysis [1], or linear discriminant analysis [7], and then apply GCond. GCond-VGAE
replaces the fixed projection with the latent representation of a variational graph autoen-

coder [78]. For all two-stage baselines, feature condensation precedes node condensation.

Evaluation protocol. For each method we obtain a condensed graph from the training
graph, train a GNN on it, and use that model to infer labels for the test nodes of the full
graph; test accuracy is reported. All condensed graphs retain r,, x N nodes, and those with
condensed features retain r4 x D features. In the transductive setting the full graph is used
during condensation, since it is available at training time; in the inductive setting only the

training graph is condensed.

Implementation. Unless stated otherwise the gradient-matching backbone GNNg is a
two-layer SGC [131] with 256 hidden units. The structure generator gy is a three-layer
multi-layer perceptron with 128 hidden units on Cora and Citeseer and 256 on the larger

graphs. Training epochs are selected from {600, 800, 1000} and learning rates from {1072, 5
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1072,107%,5- 104,107,108} for all methods. The sparsification threshold 7 is set to 0.05
on Citeseer and Cora and 0.01 on Flickr and Reddit. The alternation schedule (1, o, tg)
is (20,15, 10) on Cora and Citeseer and (20, 10,20) on Flickr and Reddit. Parameters are

optimized with Adam [76] under the initialization scheme of [44].

3.5.2 Comparison Against Full-Feature Node Condensation

Table 3.2 reports test accuracy across node condensation ratios, with the accuracy attainable
on the uncondensed graph shown alongside each dataset for reference. Table 3.3 lists the

uncondensed accuracy of several GNN architectures for context.

The first observation is that a GINN trained on the jointly condensed graph performs
comparably to GCond trained with full-width features at the same node conden-
sation ratio. On Citeseer at r, = 0.9%, the jointly condensed graph reaches 70.7% against
70.6% for GCond, while additionally discarding 90% of the feature dimension; on Flickr at
rn, = 1.0% it reaches 46.9% against 47.2%. The feature dimension, in other words, can be
removed almost for free once the projection is learned jointly with the condensed graph,

which is the central empirical claim of this chapter.

3.5.3 The Role of Structure Awareness

The two-stage baselines in Table 3.2 isolate the contribution of structure awareness, since
they differ from the proposed framework precisely in that their projection ignores the adja-
cency matrix. The result is unambiguous: the jointly learned projection outperforms
every structure-agnostic feature condensation baseline, typically by four to eight ac-
curacy points on Cora, Citeseer, and Flickr. This supports the argument of Section 3.3.3
that the correlation between attributes and connectivity is load-bearing, and that a projec-

tion which cannot see the structure destroys it.
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Table 3.2: Test accuracy (%) of GCond, GraphPCA, the two-stage baselines, and TinyGraph.
The accuracy on the uncondensed graph is listed under each dataset name. Transductive
results are reported on Cora, Citeseer, and Arxiv; inductive results on Flickr and Reddit.
The feature ratio r4 is 10% on Cora, 10% on Citeseer, 30% on Arxiv, 20% on Flickr, and
30% on Reddit. Best results in bold.

Dataset , Full Feat. Condensed Feature
" GCond G-PCA ICA PCA LDA VGAE  TinyGraph
Cora 1.3% [80.9+3.2|165.9+0.8 72.8+4.2 734+33 754+28 76.6+22 79.3+£0.7

81.3+0.4] 2.6% [80.6+2.7/68.6+0.6 74.3+14 742+45 76.2+24 76.9+3.1 80.1+1.1
5.2% [80.5+4.3|70.2+1.2 75.3+2.0 754+35 77.6+3.2 77.8+4.1 794+15
Citeseer | 0.9% |70.6+2.9[60.1+1.3 65.3+2.3 65.8+1.1 67.2+1.2 67.9+2.8 70.7+0.6
72.1+0.2| 1.8% |70.8+4.5|63.4+0.8 65.8+2.2 65.3+28 663+1.4 64.9+35 689+1.7
3.6% |70.2+£23|58.6+18 66.3+3.3 66.8+2.2 67.2+2.9 65.8+£2.6 70.9+0.8
Flickr 0.1% |471+4.1|359+24 41.7+1.9 41.3+1.7 4254+2.1 43.3+£1.8 455+ 1.6
473+0.1| 0.5% (47.2+1.5|37.2+2.2 436+ 1.8 43.7+2.0 43.9+1.1 44.7+2.6 46.7+0.9
1.0% [47.24+3.4(3944+0.5 42.8+3.7 422+22 445+28 4524+1.7 46.9+1.2
Reddit 0.05%(90.3+3.1{84.2+1.9 87.44+0.5 87.3+14 87.3+29 87.3+1.6 88.0+0.7
93.94+0.0] 0.1% |90.7+3.3|85.1+4.3 89.24+3.7 86.4+0.6 87.4+1.7 88.2+1.4 89.1+1.1
02% |91.2+2.1|8.8+2.1 86.3+1.5 86.8+2.5 87.1+1.1 88.2+4.7 89.5+1.3
Arxiv 0.05%(59.1+1.2154.9+2.2 56.6+0.7 58.9+1.2 57.6 +1.1 56.1+2.7 58.8+0.9
71.24+0.2|0.25% (63.3 £0.7|52.2+ 1.5 57.1+0.9 60.0+0.9 56.7+1.5 59.2+3.2 61.6+1.3
0.5% |63.9+0.5|55.4+21 58.8+1.1 61.3+1.2 60.5+1.7 60.5+3.6 62.2+0.8

Table 3.3: Test accuracy (%) of several GNN architectures trained on the uncondensed
graphs. SAGE denotes GraphSAGE.

Dataset SGC | GCN | SAGE | APPNP | GAT

Cora 81.4 | 81.2 81.2 83.1 83.1

Citeseer | 71.3 | 71.7 70.1 71.8 70.8

Flickr 46.2 | 47.1 46.1 47.3 44.3

Reddit 93.5 | 93.9 93.0 94.3 91.0

Arxiv 714 | T1.7 71.5 71.2 71.5
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The one partial exception is instructive. On Reddit, GCond-VGAE is competitive, which
would be puzzling if structure were always decisive. It suggests instead that the training
structure of Reddit carries little information beyond the features. To test this, we trained
a GCN on the original Reddit data with the training adjacency replaced by the identity,
A ain = I, using the test structure only at inference. The resulting accuracy is 90.1%, close
to the 93.9% obtained with the full training structure. Structure awareness helps exactly to

the extent that the structure is informative, which is the behaviour one would want.

3.5.4 How Much of the Feature Dimension Is Needed?

Figure 3.4 sweeps the feature condensation ratio rq4 from 10% to 90% at a fixed node ratio.

Two findings emerge.

First, accuracy comparable to full-feature node condensation is attained using
only a fraction of the original feature dimension: within 95% of the GCond full-
feature accuracy at rq = 10% on Cora and Citeseer, 20% on Flickr, and 30% on Reddit

and Arxiv. The proposed method dominates the baselines at every ratio tested.

Second, a larger feature dimension does not necessarily improve performance, and
the optimal r4 tracks the number of training nodes rather than the original width. On Cora
and Citeseer, with 35 and 30 condensed training nodes, the best results occur at small 74;
on Flickr and Reddit, with 44,625 and 153,932 training nodes, larger r4 is preferred. This
is the expected consequence of the dimensionality argument in Section 3.2.4: the reduced
width must be small enough that the first-layer weight matrix remains identifiable from the

available condensed samples, and large enough to encode the relationships among them.
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Figure 3.4: Test accuracy against the feature condensation ratio r4 on Cora, Citeseer, and
Flickr (left to right), with r, fixed at 2.6%, 1.8%, and 0.5% respectively. The proposed
framework dominates the structure-agnostic baselines at every ratio tested.

3.5.5 Which Component Is Responsible? An Ablation

Table 3.4 replaces the attention-based projection with three alternatives, a linear map
(TinyGraph-Lin), a multi-layer perceptron (TinyGraph-MLP), and a graph convolutional net-
work (TinyGraph-GCN), and additionally replaces trajectory matching with one-step gradient

matching [68], which matches gradients only at initialization rather than along the trajectory

(TinyGraph-One).

The full framework outperforms every variant on all five datasets, but the margins
are informative. On Cora and Citeseer, where the training node count is small and the
feature dimension large (D > n), even the linear projection and the multi-layer perceptron
perform respectably; condensation is comparatively easy in that regime and places few de-
mands on the operator. On Flickr and Reddit, with many training nodes and comparatively
few features, the structure-agnostic variants degrade sharply while the structure-aware ones
(GCN and GAT) hold up. This is the same pattern observed in Section 3.5.3, now isolated
within a single framework. The gap to TinyGraph-One additionally confirms that matching

along the trajectory, rather than at a single point, is what Equation 3.15 buys.
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Table 3.4: Ablation on the feature condensation function fs(-) and on the matching objec-
tive. Test accuracy (%); the node ratio 7, is given under each dataset.

Variant Cora Citeseer Flickr Reddit Arxiv
(2.6%) | (1.9%) | (05%) | (01%) | (0.25%)
TinyGraph-Lin 78.1+3.2|64.6+25|41.2+£3.1|782+£1.6|43.3+1.0
TinyGraph-MLP | 78.9 +2.6 | 66.5 £+ 2.0 | 42.3+2.3 | 80.4 +2.7 | 55.1 £2.2
TinyGraph-GCN | 79.2+1.9 | 66.9+1.2 | 46.3+ 1.5 | 87.9+1.8 | 57.8 +0.9
TinyGraph-One | 79.8 1.5 | 67.5+1.7 | 452+ 1.8 | 88.6 2.1 | 59.0 £ 1.7
TinyGraph 80.1+1.1{689+1.7/46.7+09|89.1+1.1{61.6+1.3

3.5.6 Generalization Across Architectures

A condensed dataset is only useful if it is not tied to the architecture that produced it.
Table 3.5 evaluates condensed graphs across six backbones for gradient matching, namely a
multi-layer perceptron, GCN, GraphSAGE [54], SGC, GAT, and APPNP [81]. The con-
densed graph performs well outside the setting it was optimized for, with average
accuracies of 79.0%, 68.2%, 46.1%, 88.5%, and 58.5% across the five datasets, in every case
exceeding the best baseline average. The consistency is plausibly attributable to the similar

low-pass filtering behaviour of these architectures [94, 161].

Figure 3.5 examines the complementary question of whether the choice of feature conden-
sation function constrains the choice of downstream backbone. Condensed graphs produced
by different projections transfer comparably well across matching architectures, indicating
that what the framework extracts is a property of the data rather than an artefact of one
particular operator. This portability is what makes the condensed dataset a reusable object,

a property that the next chapter relies on directly.

3.5.7 Anatomy of the Condensed Graph

Table 3.6 compares condensed graphs against their originals along node count, edge count,
feature dimension, sparsity, and storage. The reductions in node count and feature

dimension together yield storage savings of two to three orders of magnitude at
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Table 3.5: Test accuracy (%) when the condensed graph is used with different gradient-
matching architectures. Avg. is the mean over the six architectures. SAGE denotes Graph-

[ SAGE EEE APPNP

SAGE.
Dataset | Method MLP GCN SAGE SGC GAT APPNP | Avg.
GCond-LDA 70.0 747 721 712 T76.2 70.3 72.4
Cora GCond-VGAE | 70.7 75.2 74.0 73.2 76.9 71.0 73.5
TinyGraph 789 798 76.2 79.4 &80.1 79.3 79.0
GCond-LDA | 59.6 65.8 61.9 66.7 66.3 60.0 63.2
Citeseer | GCond-VGAE | 57.9 64.3 60.5 64.4 64.9 60.7 62.1
TinyGraph 67.5 689 66.5 685 68.9 68.0 |68.2
GCond-LDA 41.2 429 423 43.2 43.9 41.4 42.5
Flickr GCond-VGAE | 42.2 43,5 43.1 439 44.7 42.0 43.2
TinyGraph 45.5 46.7 45.3 45.7 46.7 46.9 46.1
GCond-LDA | 83.8 86.4 858 87.9 874 84.4 85.8
Reddit GCond-VGAE | 84.1 87.0 88.7 87.5 882 85.0 86.4
TinyGraph 87.5 89.1 88.7 879 &9.1 88.9 |88.5
GCond-LDA | 53.4 54.2 54.8 55.4 53.5 56.9 54.7
Arxiv GCond-VGAE | 54.1 55.9 55.7 54.4 55.3 54.6 55.0
TinyGraph 55.4 59.1 583 60.0 59.7 58.2 58.5
85 GCN SGC 48 GCN
EE SAGE EEE  APPNP
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Figure 3.5: Cross-architecture test accuracy (%) on Cora (left) and Flickr (right). The
horizontal axis gives the architecture used as the feature condensation function; bars report
accuracy when the resulting condensed graph is used with other gradient-matching architec-
tures. Graphs condensed by different operators all transfer well.
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a small accuracy cost: Citeseer falls from 47.1 MB to 0.15 MB, a 99.7% reduction, for a 2.5
point drop in accuracy, and Reddit from 435.5 MB to 0.4 MB. Compared with node-only
condensation, the additional feature reduction accounts for a further 75.3%, 83.3%, 87.0%,
87.8%, and 51% of storage on the five datasets, which is the concrete payoff of the joint

formulation.

A second observation concerns sparsity. Condensed graphs are consistently denser than
their originals. This is a necessary consequence of scale rather than a defect of the method:
preserving a sparsity of 99.9% across 60 nodes would leave almost no edges at all, and the
resulting graph could not support message passing. The parameterization of Equation 3.18

together with the threshold ~ controls where on this trade-off the condensed graph lands.

Table 3.6: Statistics of condensed graphs against the original graphs. Percentages give the
reduction relative to the original.

Dataset | Version #Nodes #Edges #Feat. Sparsity Storage | Acc.
Full 2,708 5,429 1,433 99.9% 14.9 MB | 81.5%
Cora Condensed 70 2,128 143 14.4% 0.099 MB | 80.1%
Reduction 97.4% 60.8% 90.0% — 99.3% | 1.5%
Full 3,327 4,732 3,703  99.9% 47.1 MB | 70.7%
Citeseer | Condensed 60 1,454 370 20.6% 0.15 MB | 68.9%
Reduction 98.2% 69.3% 90.0% — 99.7% | 2.5%
Full 44,625 218,140 500  99.9% 86.8 MB | 47.1%
Flickr Condensed 223 3,788 100 84.8% 0.5 MB | 46.7%
Reduction 99.5% 98.3% 80.0% — 99.9% | 0.8%
Full 153,932 10,753,238 602 99.9% 435.5 MB | 94.1%
Reddit Condensed 153 301 181 97.4% 0.4 MB |89.1%
Reduction 99.9% 99.9% 69.9% — 99.9% | 5.3%
Full 169,343 1,166,243 128 99.9% 100.4 MB | 71.2%
Arxiv Condensed 454 3,354 43 97.8% 0.1 MB |61.6%
Reduction 99.7% 99.7% 66.4% — 99.9% | 13.5%

3.5.8 What the Condensed Features Look Like

Figure 3.6 visualizes t-SNE [123] embeddings of the original and condensed features on Cora
and Citeseer. The condensed features form visibly separable clusters where the original
features are intermixed, which indicates that the learned projection is not merely compress-

ing but reorganizing the feature space along class-discriminative directions. Notably, the
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embeddings at 74 = 10% are more clearly separated than those at rq = 20%, consistent with

the finding of Section 3.5.4 that a smaller width is not simply a lossier one.
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Figure 3.6: t-SNE visualization of original and condensed node features on Cora and
Citeseer, at ry = 10% and r; = 20%. Colours denote classes. The separable clusters
in the condensed features indicate that the learned projection is class-discriminative.

3.5.9 Running Time

Table 3.7 reports the wall-clock time of the condensation procedure itself on an NVIDIA RTX
A4000 GPU. The cost grows smoothly with the node condensation ratio and remains modest
in absolute terms: condensing Arxiv at r, = 1% takes roughly five minutes. Since conden-
sation is performed once and the resulting graph is reused across every subsequent training
run, this cost is amortized immediately in the repeated-training settings that motivate the

chapter.
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Table 3.7: Running time of the condensation procedure for 20 epochs (seconds), with r4 set
to 10%, 30%, and 30% on Cora, Flickr, and Arxiv respectively.

™ (%) | 02 | 05 1 5 10

Cora 5.7 11.0 21.8 24.6 36.3

Flickr | 874 | 112.2 | 167.9 | 214.1 | 302.5

Arxiv 201.7 | 231.8 | 309.4 | 467.5 | 642.1

3.6 Discussion: What a Gradient-Matched Dataset Pre-
serves

It is worth stating plainly what the objective in Equation 3.19 does and does not require,

because the answer determines how far the mechanism can be carried.

The objective does not ask the condensed graph to resemble the original graph in any per-
ceptual or statistical sense. It does not match feature moments, degree distributions, or
spectra. It asks for one thing only: that the two graphs induce the same gradient directions,
class by class, at every point along a training trajectory. Everything the condensed graph
retains follows from that constraint, and the empirical results above are best read as evi-
dence that this constraint is sufficient. The condensed features are not compressed versions
of the originals, as Figure 3.6 makes clear; they are whatever the matching objective needs
them to be. Similarly, the condensed graph is denser than the original because density is

not constrained, only its effect on the gradient is.

This has an immediate consequence for the rest of the dissertation. If a dataset can be
made to encode an arbitrary property of the training dynamics, then utility is only the
first property one might choose to encode. Nothing in Equation 3.15 or Equation 3.17 is
specific to accuracy; the matching term measures agreement between two gradient signals,
and additional terms may be imposed on the same synthetic data to demand additional
properties of the models it trains. The limitation of the present chapter is precisely that it

exercises only one such property.
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Two further limitations should be recorded. First, the condensed labels Y are fixed at initial-
ization to keep the optimization tractable, so the class proportions of the condensed graph
are inherited from the original rather than learned; this is a modelling choice whose conse-
quences become significant in the setting of the next chapter. Second, while Section 3.5.6
shows strong empirical transfer across backbones, the matching objective is defined with

respect to a particular architecture family, and no guarantee of transfer is established.

3.7 Summary

This chapter addressed the first of the three demands organizing this dissertation. It showed
that the computational cost of learning on large graphs is driven jointly by the number of
nodes and the dimensionality of their features, that existing condensation methods address
only the former, and that addressing both requires the feature reduction to be structure-aware
and learned together with the condensed data rather than applied to it beforehand. The
resulting framework replaces an intractable bi-level problem with a single-level objective that
matches gradients along the training trajectory, and it recovers up to 98.5% of the original
accuracy while removing more than 97% of the nodes, up to 90% of the feature dimension,

and over 99% of the storage.

The wider significance of the result is methodological. Once a small synthetic dataset can be
made to reproduce the training dynamics of a large one, the dataset is no longer a fixed input
to learning but an object that can be optimized to make the models trained on it behave
in a prescribed way. This chapter used that leverage to make training cheaper. The next
chapter uses the same leverage for a different purpose: to require that the models trained on
the synthetic data treat demographic groups equitably, without modifying the model, the
architecture, or the training procedure. The machinery carries over almost unchanged; what

changes is the property being demanded of the training dynamics.
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Chapter 4

Encoding Group Fairness into Synthetic

Training Data

4.1 Overview

Chapter 3 established a mechanism and then, in Section 3.6, observed its limitation. The
mechanism is that a small synthetic dataset can be optimized so that the models it trains
follow the same optimization trajectory as models trained on a large real dataset; the limita-
tion is that the only property demanded of that trajectory was predictive utility. Nothing in
the matching objective is specific to utility. The gradient matching loss measures agreement
between two gradient signals, and the synthetic data is free to become whatever reproduces
the target signal. If the target signal is changed, the property encoded into the data changes

with it.

This chapter exercises that observation. It keeps the data-centric machinery of Chapter 3 es-
sentially intact and redirects it from the first demand of this dissertation, learning efficiently,

to the second, learning in a way that treats demographic groups equitably. The move is
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deliberately conservative: the synthetic dataset is still learned by gradient matching, the op-
timization is still alternating, the labels are still fixed at initialization, and the downstream

model is never modified. What changes is the trajectory being matched.

Why fairness is a data-level problem. Deep neural networks now mediate consequen-
tial decisions in finance, hiring, healthcare, and education [105, 61, 52, 16, 80]. Because
these models learn from historical records, they reproduce and can amplify the societal bi-
ases those records encode, producing disparate outcomes along attributes such as gender,
race, and age [8, 39]. The response has been overwhelmingly model-centric. In-processing
methods add fairness terms or constraints to the training objective [73, 11, 143, 2, 147|;
post-processing methods adjust the outputs of an already-trained model [56, 127, 67]. Both
are flexible, and both share a structural weakness: the intervention lives inside a particular
model. Every new architecture trained on the same biased data requires its own debias-
ing pass, its own hyperparameter search, and its own validation. The intervention is never

reusable, and in modular or rapidly evolving pipelines it must be repeated indefinitely.

The data-centric alternative moves the intervention upstream, into the training data it-
self (97, 146, 130]. Classical pre-processing methods in this spirit, such as reweighting [72],
relabelling, and optimized transformation of the input distribution [17], are model-agnostic
by construction, but they rely on domain-specific priors and hand-designed heuristics. Cru-
cially, they provide no differentiable objective over the data, so they cannot make use of the
substantial body of fairness regularizers developed for in-processing methods [95, 20]. The
gap is therefore not conceptual but technical: the data-centric setting has lacked a way to
optimize data against a fairness criterion. Gradient matching supplies exactly that, which

is why the machinery of the previous chapter transfers.

The question this chapter answers is accordingly:
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Can a training dataset be learned automatically such that any model trained on
it is fair as well as accurate, and such that the fairness so obtained survives a

change of model?

Approach. The framework developed here, FairData, learns a synthetic dataset under two
objectives simultaneously. A gradient matching term, identical in form to the one used in
Chapter 3, keeps the synthetic data faithful to the training dynamics of the real data and
thereby preserves utility. A differentiable group fairness regularizer, evaluated on the original
data where sensitive attributes are observed, reshapes those dynamics so that the trajectory
being matched is a fair one rather than merely an accurate one. The synthetic data absorbs
the corrected trajectory. Because the result is an ordinary dataset in the original input space,
carrying no sensitive attribute of its own and requiring no architectural change, it can be

handed to any downstream learner, including non-differentiable ones.

Contributions of this chapter. The chapter makes the following contributions.

e [t reframes group fairness as a property that can be optimized into a dataset rather
than into a model, and shows that the gradient matching machinery of Chapter 3 is the
missing differentiable bridge between data-centric intervention and the existing family

of fairness regularizers.

e [t formulates the resulting objective, which balances gradient alignment for utility
against fairness regularization for equity, and makes explicit the mechanism by which
fairness reaches the synthetic data: not by acting on it directly, but by altering the

trajectory it is required to reproduce.

e It shows that the fairness so encoded is transferable. A dataset generated with one

architecture retains both its accuracy and its fairness when consumed by a different
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one, including across the neural and tree-based divide, so a single optimization serves

many downstream models.

e [t evaluates the framework on three tabular benchmarks and one image benchmark,
across gender, race, and age as sensitive attributes, against six model-centric baselines
and one pre-processing baseline, and reports consistent reductions in group disparity

at competitive accuracy.

Section 4.2 develops the fairness notions used throughout this chapter and the two that
follow. Section 4.3 states the problem, Section 4.4 develops the framework, Section 4.5

reports the empirical study, and Section 4.7 closes the chapter.

4.2 Preliminaries

Section 3.2 introduced the notation for datasets, models, and training trajectories. This
section extends it with the sensitive attribute and defines the group fairness criteria used
in this chapter and in Chapter 5 and Chapter 6. The source material for this line of work
states these criteria informally; because three chapters of this dissertation depend on the
distinction between them, and on the distinction between a criterion and its differentiable

surrogate, they are defined precisely here.

4.2.1 Setting and Notation

Throughout this chapter a dataset carries a third component beyond features and labels:

T ={X,Y,S}, XeRYP ve{o,...,C—-1}", Sc{0,....,. K -1} (41)

where S collects the sensitive attribute of each sample over K demographic groups, such as

gender, race, or age bracket. Asin Chapter 3, N is the number of samples and D the feature
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dimension. We write (x, ¥, s) for a generic sample, fg for a downstream model parameterized
by 6, and § = fe(x) for its prediction. The graph neural network GNNg of Chapter 3 is the
special case in which fg additionally consumes an adjacency matrix; nothing in this chapter

depends on that structure, and fp here denotes a generic differentiable predictor.

Capitalized Y, Y, and S denote the corresponding random variables when probabilistic

statements are made.

4.2.2 Group Fairness Criteria

Fairness criteria divide broadly into individual notions, which require that similar individuals
receive similar predictions [39], and group notions, which require statistical parity of some
quantity across demographic groups. This dissertation is concerned with the latter. Two

group criteria recur.

DEFINITION 4.1 (Demographic parity). A predictor fo satisfies demographic parity with

respect to S if its prediction is statistically independent of the sensitive attribute,

PY=c|S=k) = PY=¢) for allc€{0,...,C—1}, ke {0,..., K —1}. (4.2)

Demographic parity constrains the marginal distribution of decisions and makes no reference
to the ground-truth label. It is therefore appropriate when the observed labels are themselves
suspected of encoding historical bias, and inappropriate when base rates legitimately differ

across groups, since in that case it forces the predictor away from the labels.

DEFINITION 4.2 (Equalized odds and equal opportunity). A predictor fg satisfies equalized

odds with respect to S if its prediction is conditionally independent of the sensitive attribute
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gien the true label,

~

P(Y:c|S:k,Y:y):P(Y:c|Y:y) for all ¢, k, y. (4.3)

Restricting Equation 4.3 to the advantaged outcome y = 1 alone gives equal opportunity [56/,

which equalizes true positive rates across groups without constraining false positive rates.

Equalized odds conditions on the label and so tolerates genuine base-rate differences, at
the cost of inheriting whatever bias the labels contain. The two criteria are in general
incompatible: except in degenerate cases, a nontrivial predictor cannot satisfy Equation 4.2
and Equation 4.3 simultaneously [56, 31]. Reporting both, as is done throughout this chapter,
is therefore not redundant but necessary: a method that improves one at the expense of the

other has not improved fairness so much as relabelled it.

4.2.3 Empirical Fairness Gaps

Both criteria are exact statements that no finite-sample predictor satisfies exactly, so they are
measured by the extent of their violation. Let P denote an empirical probability computed

on a held-out set. The demographic parity gap and the equalized odds gap are
Zmax(ﬁ<?:c>_ﬁ(?:c\5:k) , (4.4)

PY =c|Y=y)—PY =c|S=k Y =y). (4.5)

Both are non-negative, are zero exactly when the corresponding criterion holds empirically,
and are reported in percentage points. Smaller values indicate less disparity. These are the

fairness metrics reported in every experimental table of this chapter.
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4.2.4 Differentiable Surrogates

Equation 4.4 and Equation 4.5 are defined in terms of hard predictions Y = arg max. fg (%)e,
which are piecewise constant in @ and therefore useless as optimization objectives. Every
in-processing fairness method, and the framework of this chapter, works instead with a
differentiable surrogate obtained by replacing the indicator of a predicted class with the
model’s soft score for that class. Writing fo(x). € [0, 1] for the softmax output of class c,

the empirical probabilities in Equation 4.4 are replaced by group-conditional means,

N
P(Y =¢) — %;fg(xi)c, P(Y=c|S=k) — Nikz;k fo(xi)e,  (4.6)
with Ny = |[{i : s; = k}|. The resulting quantity is differentiable in € and coincides with
Equation 4.4 in the limit of confident predictions. Throughout this dissertation, a fairness
metric means the hard-prediction gap of Equation 4.4 or Equation 4.5 evaluated at test time,
while a fairness regularizer means a differentiable surrogate used during training. Metrics
are never optimized directly, and the quality of a regularizer is not determined by the metric

it is named after. That distinction is the subject of Chapter 5.

4.2.5 Where Fairness Can Be Enforced

It is useful to record the three points in the pipeline at which a fairness intervention can be
inserted, since this chapter and Chapter 5 occupy different ones. Pre-processing methods
modify the training data before learning [72, 17|; in-processing methods modify the training
objective [73, 143, 2|; post-processing methods modify the outputs of a trained model [56,
127|. The framework of this chapter is a pre-processing method in the sense that its output
is a dataset, but unlike classical pre-processing it obtains that dataset by differentiable
optimization against a fairness objective rather than by a fixed heuristic transformation. It

therefore inherits the model-agnosticism of the first family and the optimization machinery
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of the second.

4.3 Problem Statement

Given a dataset T = {X,Y,S} as in Equation 4.1, we seek a synthetic dataset

T ={X',Y'}, X' e RN*P Y e{0,...,C — 1}V, (4.7)

such that a model fyp trained on 7" (i) attains predictive performance competitive with the
same model trained on 7, and (ii) produces predictions with reduced group disparity with

respect to S, as measured by Equation 4.4 and Equation 4.5 on held-out data.

Three features of this statement deserve emphasis, because they are what distinguish the

setting from both model-centric debiasing and from Chapter 3.

First, 7' contains no sensitive attribute. The synthetic data is a pair of features and labels
only. Consequently no downstream consumer of 7’ needs access to S, at training time or
at inference time, which removes a standing deployment obstacle for in-processing methods

that require the sensitive attribute as a model input.

Second, X' lives in the original input space RP. It is not a latent code, and no decoder is
required to use it. Any learner that accepts the original data accepts 7, including non-
differentiable and rule-based models to which gradient-based fairness interventions do not

apply at all.

Third, the requirement is stated on any model trained on 7", not on one particular model.
This is the sense in which the intervention is performed once rather than per architecture,

and it is what Section 4.5.4 tests empirically.

Note that the size N’ of the synthetic set is a free parameter. Taking N’ < N recovers
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the condensation regime of Chapter 3 and yields storage and training savings alongside the
fairness gain; taking N’ = N isolates the fairness effect. The experiments in this chapter
concern the second setting, since the object of study is what the data encodes rather than

how small it can be made.

4.4 The FairData Framework

The framework combines two components: dataset learning by gradient matching, which pre-
serves utility, and fairness-aware regularization, which reshapes the dynamics being matched.
Figure 4.1 gives an overview. A model is trained on the original dataset 7 and its gradients
recorded; the synthetic dataset T is fed through the same model and its gradients recorded;
the matching loss £, and the fairness loss L are computed and combined, and the result

drives the update of 7.

Synthetic
Data

Training

Data

Figure 4.1: Overview of the FairData framework. The model fy is trained on the original
dataset T, yielding gradients D7; the synthetic dataset 77 is passed through the same
model, yielding D7". The gradient matching loss £,; and the fairness loss £ are combined
to update 7.
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4.4.1 Dataset Learning by Gradient Matching

This component is the machinery of Chapter 3, restated for a dataset without graph struc-

ture. At epoch t, let

1 ’ 1 / /
[’;r:_ Z U(for(x), y), EZ— 7 Z U(for(x), ¥
‘T| (x,y)ET |T ‘ (x/,y/)GT/ (4 8)
DZ— = VBtEZ—J DZ—/ = Vet,c'trl,

where ¢ is the per-sample cross-entropy loss. The synthetic dataset is required to induce the
same parameter updates as the real one at every point along the trajectory, in expectation

over initializations drawn from Qgo:

II71_1/11 EGONQQO

TzlﬁM (oT. DT)] : (4.9)

t=0

The matching loss L), is the same class-wise cosine distance introduced in Equation 3.17,

with the layer and column indices renamed:

c-1 L B 7T T
, D c ., D c
Ly(DT,DT)=>"3"3"[1-— (4.10)
7. T ]
=0 I=1 b—1 HDI,Z HDI,E

where Dlﬁ and D;rg/ are the b-th column vectors of the class-c gradient matrices at layer [. As
in Section 3.4.3, the cosine distance is used because gradient directions are what must agree;
magnitudes computed from sample sets of different sizes are not comparable. Equation 4.9
and Equation 4.10 on their own reproduce utility and nothing else, which is precisely the

situation at the end of Chapter 3.
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4.4.2 The Fairness Regularizer

To the matching objective we add a term that penalizes group disparity in the predictions of
the model currently being trained. Following the demographic parity gap of Equation 4.4,
and using the differentiable surrogate of Equation 4.6 in place of the hard empirical proba-

bilities, the fairness loss is
=
cF:E;%mgxw@:c)—P@:ds=k>|, (4.11)

where § = fo(x) and K is the number of sensitive groups.

One point of care is required here, and it determines how the whole framework behaves. The
synthetic dataset carries no sensitive attribute, so Equation 4.11 cannot be evaluated on 7.
It is evaluated on the original dataset 7, where S is observed, using the model fg as it
currently stands. The fairness signal therefore enters through the model parameters rather
than through the synthetic features directly, a mechanism made explicit in Section 4.4.4.
Note also that Equation 4.11 is one choice among many: any differentiable group fairness
surrogate can be substituted without altering the rest of the framework, including surrogates
for equal opportunity [56] and dependence-based criteria. This modularity is a genuine

strength of the design and, as Section 4.6 argues, also the source of its principal limitation.

4.4.3 The Joint Objective

Collecting the terms, the training objective is
L= M Lp + ALy + 567, (4.12)

where Ap and Ay, weight the fairness and matching terms and (3 controls weight decay. Only

the ratio of the first two coefficients matters; we write a = Ay /Ap for the wutility-to-fairness
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ratio, and in Section 4.5.6 we sweep the normalized fairness weight

_ Ap
= — 1 4.1
o= €0, (413)

which increases monotonically as the fairness term is favoured over the matching term. The
synthetic labels Y’ are initialized by sampling from the class distribution of Y and then held

fixed, as in Chapter 3.

The corresponding updates are
X;Jrl = X:t - ﬁlvxgﬁM, 0" =6" - N2Vt L, (4.14)

with learning rates n; and 7,.

4.4.4 The Mechanism: Matching a Fair Trajectory

Equation 4.14 repays a careful reading, because it reveals what the framework actually does

and why it is a direct descendant of Chapter 3 rather than a new construction.

The synthetic features X’ are updated by the gradient of the matching loss alone. No fairness
term appears in their update. The model parameters 8, by contrast, are updated by the
gradient of the full objective Equation 4.12, which does include the fairness term. The

consequence is that 6°,60%, ..., 07!

is not the trajectory that empirical risk minimization
would follow; it is the trajectory that a fairness-reqularized learner follows. The synthetic
data is then optimized, exactly as in Chapter 3, to reproduce the gradients along that

trajectory.

Stated compactly: Chapter 3 matched the gradients of an accurate learner and obtained
data that trains accurate models cheaply; this chapter matches the gradients of a fair and

accurate learner and obtains data that trains fair and accurate models. The mechanism, the
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objective, and the optimizer are the same. Only the trajectory has moved.

Two properties of the resulting data follow from this reading, and both are confirmed empir-
ically below. First, the fairness is not stored as a constraint to be enforced at test time but
as a property of the data distribution itself, which is why a plain empirical risk minimizer
trained on 77 produces fairer predictions with no fairness machinery of its own (Section 4.5.5).
Second, because gradient directions are shared across architectures with similar inductive bi-
ases, the encoded fairness has no particular attachment to the architecture used to generate

it (Section 4.5.4).

4.4.5 Optimization

Label treatment. Each synthetic feature vector x; is bound to a fixed label y, for the
whole of optimization. Beyond the stability argument given in Chapter 3, fixing labels has
a specific justification in the fairness setting: if labels were free to move, the optimizer could
reduce the measured disparity by reshaping the class distribution rather than by changing
what the model learns, and group-level comparisons across the synthetic and real data would

no longer be meaningful.

Alternating updates. Optimizing X’ and @ simultaneously is a bi-level problem of the
kind analysed in Section 3.3: changes to X' alter the gradients that drive @, which in turn
alters the matching target. We therefore alternate, holding @ fixed while X’ is updated
against L) for t; steps, then holding X’ fixed while 6 is updated against L for ¢y steps. This
decomposes the problem into two well-conditioned subproblems, keeps the synthetic data

aligned with the evolving model, and converges in few epochs given the compact size of X'.

The complete procedure is given in Figure 4.2.
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Input: dataset T = (X,Y,S); initialized synthetic labels Y’; weights Ag, Ay, 5.

1: Randomly initialize X’ and fix Y’
2: for37=0,...,J—1do

3:  Initialize 8° ~ Qgo

4: fort=20,...,T—1do

5: Compute gradients D] and D] by Equation 4.8
6: Compute Ly, by Equation 4.10, Lr by Equation 4.11 on 7, and L by
Equation 4.12
7 if ¢t mod (tl + tg) < t; then
8: Update X}, = X} — mVx/ Ly
9: else
10: Update 8" = 0" — 1),V L
11: end if
12:  end for
13: end for

Output: fair synthetic dataset 7' = {X%_,,Y'}.

Figure 4.2: The FairData algorithm for learning a fair synthetic dataset. Note that the
fairness loss is evaluated on 7T, where the sensitive attribute is observed, and enters the
synthetic data through the trajectory {6'} rather than through X’ directly.
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4.4.6 Relation to Existing Approaches

Relative to in-processing debiasing |73, 143, 11, 95|, the framework moves the fairness con-
straint out of the deployed model. The deployed model is trained by ordinary empirical risk
minimization; the constraint was discharged when the data was built. This eliminates the
per-architecture repetition described in Section 4.1 and removes the requirement that the

sensitive attribute be available to the deployed model.

Relative to pre-processing debiasing [72, 17], it replaces heuristic transformations of the input
distribution with differentiable optimization against an explicit objective, and, through the
matching term, it makes the transformation aware of the downstream task rather than

agnostic to it.

Relative to fair generative approaches [134, 119], which train generative models under ad-
versarial fairness constraints, it avoids adversarial training altogether. The output is a set of
points in the original feature space rather than samples from a learned generator, which pre-
serves interpretability and auditability and sidesteps the instability that adversarial fairness

objectives are prone to.

Relative to dataset condensation [157, 19, 75, 83, 84| and to Chapter 3 of this dissertation,
the difference is the added term in Equation 4.12. That literature optimizes synthetic data
for accuracy or efficiency alone and, as shown below, inherits whatever disparity the original

data contains.

4.5 Experiments

The experiments address five questions. Does the learned data reduce group disparity with-
out sacrificing accuracy (Section 4.5.2)7 Where does it sit on the accuracy-fairness frontier

(Section 4.5.3)7 Does the encoded fairness transfer across architectures (Section 4.5.4)?
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What does it do to the predicted distribution (Section 4.5.5)7 And can the trade-off be

controlled (Section 4.5.6)7

4.5.1 Setup

Datasets. Four standard fairness benchmarks are used, spanning tabular and image modal-
ities and three sensitive attributes. Adult [10], derived from the 1994 U.S. Census, predicts
whether income exceeds $50,000 from demographic and employment features. COMPAS [82]
contains criminal defendant records and predicts two-year recidivism. ACS-I [35] is a modern
census-based income prediction task. CelebA-A [92] consists of celebrity facial images with
a visual attribute classification target. Statistics are given in Table 4.1.

Table 4.1: Statistics of the four fairness benchmarks: number of samples, input features,
prediction target, sensitive attributes, and modality.

Property Adult COMPAS ACS-I CelebA-A
# Samples 45,222 6,172 195,655 202,599
# Features 101 405 908 48 x 48
Target Income Credit Income Attractive
Sensitive Gender, Race | Gender, Race | Gender, Race | Gender, Age
Modality Tabular Tabular Tabular Image

Baselines. Seven baselines are considered. ERM is ordinary empirical risk minimization
with no fairness intervention. DiffDP [28| adds a differentiable demographic parity penalty
to the training objective. HSIC minimizes the Hilbert-Schmidt independence criterion be-
tween predictions and sensitive attributes. PRemover |73] penalizes the mutual information
between predictions and sensitive features. AdvDebias [143, 11| trains against a discrimina-
tor that attempts to recover the sensitive attribute. LAFTR [95] learns fair representations by
jointly minimizing classification error, reconstruction error, and adversarial recoverability.
OptimPrep [17] is a data-centric pre-processing method that learns a transformation of the

training set. The first six are model-centric; only the last shares the data-centric premise of

this chapter.
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Metrics and protocol. Utility is reported as accuracy and AUC; fairness as App and
Ago from Equation 4.4 and Equation 4.5. Results are averaged over ten runs with different

random seeds, and standard deviations are reported.

Implementation. Tabular datasets use a two-layer multilayer perceptron with 256 hidden
units and ReLU activations; the image dataset uses a ResNet-18 backbone pre-trained on
ImageNet. All models are trained with Adam [34] at a learning rate of 0.01 for 150 opti-
mization steps, with batch size 4096 for tabular data and 128 for images. Unless otherwise
noted the utility-to-fairness ratio is @ = 1.4 with 3 = 1073 for tabular tasks and a = 2.5

with 8 = 1072 for the image task.

4.5.2 Fairness and Utility Against Model-Centric Baselines

Table 4.2 and Table 4.3 report the comparison. Across all four datasets and both sensitive
attributes, the learned data attains the best or near-best fairness while remain-
ing the most accurate of the fairness-aware methods, and it does so without any

modification to the downstream model.

Four observations stand out.

The trade-off is more favourable than for in-processing methods. Methods such as
AdvDebias and HSIC enforce fairness inside the training objective and pay for it in accuracy.
On Adult with gender as the sensitive attribute, the learned data attains the joint-lowest
App of 0.5 while being the most accurate fairness-aware method at 84.2, against 85.4 for
unconstrained ERM whose App is 16.7. Removing more than thirty points of disparity costs

slightly over one point of accuracy.
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It outperforms the data-centric baseline. OptimPrep transforms the input distribu-
tion without reference to the downstream task, and its fairness gains are correspondingly
modest: on COMPAS with race, it leaves App at 16.4 against 2.3 for the learned data. The
difference is attributable to the matching term, which aligns the synthetic distribution with

the training dynamics of the actual task rather than with a task-agnostic criterion.

It holds up on high-dimensional data. Fairness methods frequently degrade on images.
On CelebA-A with gender, ERM exhibits an extreme Ago of 70.8 and App of 52.4; the learned
data reduces these to 6.3 and 3.7 respectively while attaining the best accuracy among

fairness-aware methods.

It is stable. Standard deviations are consistently smaller than those of the adversarial
baselines, several of which fluctuate severely; AdvDebias on Adult with race reports an AUC
standard deviation of 7.9 and LAFTR of 7.4, against 0.7 for the learned data. Adversarial
fairness objectives are known to be difficult to optimize, and the framework here avoids them

entirely.

4.5.3 The Accuracy-Fairness Frontier

Single operating points can mislead, since any method can be tuned toward either objective.
Figure 4.3 therefore sweeps the controlling hyperparameter of each method and plots the
resulting accuracy against App, following the protocol of [88]; points nearer the upper-left

corner are preferable.

The learned data lies on or near the Pareto frontier on all four datasets. The explanation
is structural rather than incidental: the two terms of Equation 4.12 act on different aspects
of the problem, with the matching term preserving the utility-relevant training dynamics

and the fairness term reducing disparity, so improving one does not automatically consume
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Table 4.2: Utility and fairness on Adult and COMPAS, averaged over ten runs. Higher is
better for Acc. and AUC; lower is better for Agpo and App. Bold marks the best value
among the fairness-aware methods; ERM is an unconstrained reference and is excluded from

that comparison. FairData denotes the framework of this chapter.
Sens. [Metric| ERM DiffDP HSIC AdvDeb LAFTR PRemov  OptPrep FairData
Adult

Acc. 852403 83.1+19 844+05 80.6+44 83.0£3.2 79.1+3.5 82.9+2.1 84.7+0.8
AUC |91.14+0.3 88.5+1.1 89.9+0.7 8.3+£7.9 8.5+74 87.1+£0.9 89.6+0.1 90.1+0.7
Ago |13.1£2.7 34+23 39+£31 56+£58 11.6+£7.7 25+24 109+23 24+1.2
App |122£0.7 53+£22 65£20 55£49 93+40 2.7+25 86+12 21£10
Acc. |85.44+0.3 82.7+1.1 824+0.7 82.5+£23 83.8+£22 77.5+£3.0 83.1+0.7 84.24+0.9
AUC |90.8+0.2 88.0+15 8.6+1.0 86.1+£80 90.4+£0.8 82.8+2.6 82.8+2.6 90.6+0.6
Ago |14.2£3.2 36.0+£10.7 33.6+5.9 204+19.4 11.3+£9.0 10.0+14.6 13.0+3.5 53+2.1
App [16.7+0.7 32+£3.0 094+07 141485 11.5+44 05+0.6 125+58 0.5+1.1

Race

Gender

COMPAS

Acc. |73.0+0.6 59.8£5.3 57.1+3.6 65.4+28 66.0+2.0 66.1+1.8 66.5+2.1 67.3+25
AUC |72.64+0.7 682+53 694+27 695+73 71.9+£14 724+1.0 71.3+1.9 7284+ 1.5
Ago [29.0£6.7 11.8+123 6.1£80 270+84 263+71 252+59 25.6+24 4.2+47
App |16.8+35 66+68 32+£43 155+43 149+38 144+3.1 164+53 2.3+3.5
Acc. |67.1+0.8 614+4.2 57.3+2.0 63.3+49 63.9+4.6 65.5+2.2 65.2+2.7 66.6+2.8
AUC 721409 688+45 70.3+24 688+6.5 70.3+£3.8 71.5+£0.7 70.54+2.3 71.8+1.2
Ago |19.7£6.0 98+85 121+6.8 16.3+9.2 16.9+93 18.6+£4.7 17.5+£55 52+34
App |134£25 61+£55 76+£43 106+55 10.7+£54 121+£28 124+43 3.3£1.0

Race

Gender

Table 4.3: Utility and fairness on ACS-I and CelebA-A, averaged over ten runs. Higher is
better for Acc. and AUC; lower is better for Agp and App. Bold marks the best value
among the fairness-aware methods; ERM is an unconstrained reference and is excluded from
that comparison. OptPrep is the data-centric pre-processing baseline.

Sens. \ Metric \ ERM Dif£DP HSIC AdvDeb LAFTR PRemov  OptPrep FairData

ACS-I

Acc. (904401 80.2+1.2 81.2+04 80.0£6.9 821+04 742+£73 82.1+2.0 83.0+3.7
AUC ]90.2+0.1 89.5+0.4 89.5+0.3 88.0+6.7 90.1+04 84.8+2.1 88.6+£1.8 89.7+2.1

Race |\ 197407 63419 75423 95460 73415 71448 83417 3.8+23
App | 98404 20415 13+1.1 90+36 86+08 1.0+14 824+22 0.8+10
Acc. 823401 812+0.3 763+20 788+93 821+03 73.6+8.6 82.0+24 82.0+0.7
Condep | AUC [90.10.1 89.1£05 89.3+0.3 68.6+£92 90.1+0.3 85.4+2.6 83.4=16 89.8+0.4

Ago |62+06 128+1.5 136+12 6.6+£6.7 21+£09 91+£57 63+£32 1.6=+0.8
App |91+03 12+09 09+£07 57+£42 78+£10 06+07 74£39 06=+22

CelebA-A

Acc. |7824+04 673+9.1 646+45 66.5£7.8 684+6.1 63.2+£56 68.3+2.5 69.1+3.7
AUC |86.7+0.5 747+86 71.2+46 75.3+£09 763+27 699+£58 76.1+18 77.3+21

Age Apo (374423 13.7+£11.8 15.2+6.4 274+11.2 10.9+6.2 12.7+6.5 4.3+£2.7 58+43
App [41.94+1.0 23.7+£154 494+3.7 11.2+214 78+73 50+£4.0 20.5+13.6 2.5+3.8
Acc. |7824+04 66.5+9.2 59.2+51 67.2+19 67.9£10.3 59.2+5.2 67.0£1.7 68.1+2.6
Gender AUC |86.7+0.5 73.6+75 643+£53 742+21 732+52 645+£55 743+£1.1 75.6+3.6

Apo [70.8+3.2 20.1+£13.3 9.7+6.0 179+11.3 143+82 80+54 215+74 63+79
App |524+1.3 242473 49+32 256+19.3 89+56 6.1+£3.7 269+63 3.7+24
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the other. In-processing baselines such as HSIC and LAFTR enforce both through the same
set of model parameters and consequently trade one directly against the other. OptimPrep
is dominated on all four datasets, being agnostic to the downstream task, and AdvDebias
shows large fluctuations on Adult and COMPAS consistent with the optimization instability

noted above.
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Figure 4.3: Accuracy against App on Adult and COMPAS (top row) and ACS-I and CelebA-A
(bottom row). Points nearer the upper-left corner are preferable. The learned data consis-
tently achieves a better frontier than both the model-centric and the pre-processing baselines.
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4.5.4 Transferability Across Architectures

This experiment tests the central claim of the chapter: that the intervention need be per-
formed only once. Fair data is generated using one architecture and then consumed by a
different one for downstream training, simulating deployments in which the model that pro-
duced the data is not the model that will use it. Two settings are considered: CelebA-A with
age as the sensitive attribute, evaluated over five vision backbones, and Adult with race,
evaluated over five tabular learners including the non-differentiable XGBoost [26], alongside
TabNet [4] and FT-Transformer [47]. Model capacities are normalized so that architecture

rather than size is the variable under study.

Table 4.4 and Table 4.5 report accuracy and App for every generator-consumer pair, with

diagonal entries corresponding to the matched case.

Utility transfers. On CelebA-A, most off-diagonal entries fall within 1.5 accuracy points
of the corresponding diagonal: data generated by ConvNet reaches 68.9 on ResNet and 66.9
on AlexNet against its own 68.5. On Adult, data generated by TabNet yields 84.5 with
XGBoost against its own 87.3. The learned data is therefore not over-fitted to the inductive

bias of its generator.

Fairness transfers. The same holds for disparity, which is the less obvious result. On
CelebA-A, data generated by ResNet attains App = 4.6 when consumed by AlexNet, better
than the 7.1 obtained when MLP-generated data is consumed by ResNet. On Adult, every
consumer of MLP-Deep-generated data attains App < 3. Notably, fairness survives transfer
to XGBoost, a gradient-boosted tree ensemble to which differentiable fairness regularizers
cannot be applied at all. This is the strongest available evidence that the fairness has been

encoded in the data rather than in a model.
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Table 4.4: Cross-architecture transfer on CelebA-A (age). Rows give the consumer archi-
tecture, columns the generator architecture used to produce the fair data. Diagonal entries
(bold) are the matched case. Accuracy is higher-is-better; App is lower-is-better.

Constmer Accuracy by generator App by generator

MLP Conv ResNet AlexNet VGG |MLP Conv ResNet AlexNet VGG
MLP 66.4 67.1 66.3 66.1 65.6 | 7.4 9.2 13.2 11.5 8.4
Conv 64.5 68.5 68.9 66.9 66.4 | 8.2 5.3 6.6 12.4 6.5

ResNet 63.5 66.2 69.1 676 672 | 71 8.6 3.8 4.6 7.2
AlexNet | 65.8 67.3 67.0 674 66.2 | 11.2 12.7 10.5 6.7 9.9
VGG 60.5 68.6 67.5 66.2 67.7|10.3 149 123 8.5 5.7

Table 4.5: Cross-architecture transfer on Adult (race). Rows give the consumer learner,
columns the generator used to produce the fair data. Diagonal entries (bold) are the matched
case. FT-T denotes FT-Transformer and MLP-D a three-layer MLP with 256 units.

Constmer Accuracy by generator App by generator

MLP TabNet FT-T XGB MLP-D |MLP TabNet FT-T XGB MLP-D
MLP 88.4 83.3 82.6 84.0 85.2 1.6 1.9 2.7 2.2 2.4
TabNet 84.6 87.3 837 84.5 832 2.2 2.4 25 20 2.9
FT-T 82.9 835 87.1 834 828 1.9 2.6 05 1.8 2.6
XGB 85.3 84.0 83.6 88.0 844 2.9 2.6 24 1.3 1.8
MLP-D 86.2 839 822 841 885 | 2.1 2.3 3.0 27 0.6

4.5.5 What the Learned Data Does to the Predicted Distribution

Aggregate gaps summarize disparity but conceal its shape. Figure 4.4 plots the density of
predicted probabilities separately for each gender group on Adult and ACS-I, under three
conditions: an unconstrained model trained on the original data, an unconstrained model

trained on the learned data, and a fairness-aware model trained on the learned data.

On the original data, the two group densities differ markedly; one group is dispersed across
the probability range while the other concentrates near the extremes. Training the same
unconstrained model on the learned data brings the densities into close alignment, even
though that model carries no fairness objective of its own. This is the empirical signa-
ture of the mechanism described in Section 4.4.4: the fairness resides in the data, and an
ordinary learner inherits it. Adding a fairness-aware objective on top of the learned data
produces near-complete alignment, indicating that the two interventions are complementary
rather than redundant. Across both datasets the group gap shrinks monotonically along this

sequence.
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Figure 4.4: Densities of predicted probabilities by gender group on Adult (top row) and
ACS-I (bottom row). Left: unconstrained model on the original data. Centre: the same
unconstrained model on the learned data. Right: a fairness-aware model on the learned data.
Group alignment improves from left to right, and the centre column shows that alignment

is obtained with no fairness objective at training time.
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4.5.6 Controlling the Trade-off

Figure 4.5 sweeps the normalized fairness weight & of Equation 4.13 over (0, 1). The response
is smooth and monotonic in both directions. On ACS-I, App falls from above 4.0 to nearly

0.0 while the error rate rises only from 16.2% to 18.0%. On CelebA-A, App falls from 19.4

to 0.6 while the error rate rises from 15.3% to 24.5%.

Two aspects of this behaviour matter for deployment. First, the curve is comparatively flat
near the middle of the range, so substantial fairness gains are available at small accuracy
cost and a practitioner need not tune precisely. Second, the two datasets differ in sensitivity:
CelebA-A shows a steeper response in both directions than ACS-I, plausibly because the
visual modality carries more latent correlation with the sensitive attribute, so that interven-
ing on it is both more effective and more disruptive. Monotonicity in both cases means the

knob behaves predictably, which is what makes the framework tunable rather than merely

adjustable.
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Figure 4.5: Effect of the normalized fairness weight & on error rate and App, on ACS-I (left)
and CelebA-A (right), both with gender as the sensitive attribute. Increasing & reduces
disparity monotonically at a modest and predictable cost in accuracy.

76



4.6 Discussion

The results support the claim that group fairness can be optimized into a dataset and that it
survives the transition to a different model. Two matters should be recorded before moving

on, one about what the framework assumes and one about what it leaves unexamined.

What is assumed. The fairness term is evaluated on the original data, so the sensitive
attribute must be observed during data construction, even though it is required nowhere
afterwards. This is a substantially weaker requirement than that imposed by in-processing
methods, which need the attribute throughout training and sometimes at inference, but it is
not nothing: settings in which the sensitive attribute is entirely unavailable are out of scope.
Separately, the framework inherits the standard limitation of any single-criterion method.
Equation 4.11 is a surrogate for demographic parity, and Definition 4.1 and Definition 4.2
are in general incompatible; that Ago also improves in Table 4.2 is an empirical finding

about these datasets, not a guarantee.

What is unexamined. The more consequential gap concerns the fairness regularizer itself.
Section 4.4.2 treated L as an interchangeable component: any differentiable group fairness
surrogate may be substituted, and the framework was presented as agnostic to which one.
That modularity was offered as a strength, and for the purpose of building the framework it
is. But it means that the quality of the result rests entirely on a component that was selected
by convention rather than by analysis. The demographic parity surrogate of Equation 4.11
was adopted because it is standard, not because it was shown to have the properties one

would want.

This is not a minor omission, because the choice is load-bearing in three ways. It determines
the shape of the loss landscape that the alternating optimization of Equation 4.14 must nav-

igate, and hence the stability observed in Section 4.5.2. It determines how tightly reducing
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the surrogate bounds the metric one actually cares about. And, since only one criterion can
be encoded at a time, it determines which notion of fairness the resulting dataset embodies.
The existing literature offers a heterogeneous collection of candidates built on mean dispari-
ties, kernel dependence measures, and information-theoretic divergences, adopted largely by

convention and with little basis for comparison between them.

The next chapter takes up exactly this question. Rather than proposing another framework
in which a regularizer is a plug-in, it asks what properties a fairness regularizer ought to
have, organizes the existing candidates so that those properties can be compared, and derives

a replacement that satisfies them.

4.7 Summary

This chapter carried the data-centric mechanism of Chapter 3 across from efficiency to trust-
worthiness. It showed that group fairness, ordinarily pursued by modifying models, can
instead be optimized into a training dataset by combining gradient matching, which pre-
serves the utility-relevant training dynamics, with a differentiable fairness regularizer, which
reshapes those dynamics before they are matched. The resulting dataset is model-agnostic,
remains in the original input space, carries no sensitive attribute, and requires no change to

any downstream learner.

Empirically, the approach reduces group disparity across three tabular benchmarks and one
image benchmark, over gender, race, and age, while remaining the most accurate of the
fairness-aware methods compared. It sits on or near the accuracy-fairness Pareto frontier in
every case. Most importantly for the argument of this dissertation, the fairness it encodes
transfers: a dataset generated with one architecture retains its fairness when consumed
by another, including by a gradient-boosted tree ensemble that no differentiable fairness

regularizer could have been applied to. The intervention is genuinely performed once.
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Two chapters have now used the same lever for two different ends. What both have in
common is that the property demanded of the training dynamics was supplied from outside:
in Chapter 3 by the classification loss, and here by a fairness regularizer taken off the shelf.
The next chapter turns from the lever to that supplied component, and asks what makes a

fairness regularizer a good one.
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Chapter 5

What Makes a Good Fairness Regular-

izer? A Cauchy—Schwarz Answer

5.1 Overview

Chapter 4 closed on an admission. The framework developed there encoded group fairness
into a training dataset, and it did so by combining a gradient matching term with a dif-
ferentiable fairness regularizer. The matching term was derived, analysed, and justified.
The regularizer was not: it was described as an interchangeable plug-in, instantiated with
a demographic parity surrogate because that surrogate is standard, and never examined.
Since the quality of the resulting dataset depends entirely on which trajectory the regular-
izer produces, this leaves the most consequential component of the framework resting on

convention.

This chapter takes up that question directly. In the vocabulary of this dissertation it moves
from the first control point to the second: Chapter 3 and Chapter 4 intervened on the data,

holding the objective fixed; this chapter intervenes on the objective itself, asking what a
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fairness regularizer must do in order to be worth plugging in anywhere.

The state of the question. Group fairness is most commonly enforced in-process, by
adding a penalty term to the training objective. The literature offers a heterogeneous collec-
tion of such penalties. Some directly regularize the empirical gap corresponding to a chosen
fairness notion; others align the latent representations of different groups using a kernel two-
sample statistic; others minimize an information-theoretic measure of dependence between
predictions and the sensitive attribute. These constructions are built on different mathe-
matical objects, among them mean disparities, kernel embeddings, and mutual information,
each adopted largely because it was available and plausible rather than because it was shown
to be the right choice. The consequence is that their behaviour is difficult to reason about
and inconsistent across tasks, and that there is no principled basis for preferring one over

another.

Two specific failures follow from this state of affairs, and both are documented empirically

in Section 5.3.

The first concerns generalizability across fairness motions. A regularizer built from one
notion need not improve any other, and can actively damage it. On Adult with gender as
the sensitive attribute, every one of the four standard regularizers considered in this chapter
reduces the demographic parity gap yet leaves the equal opportunity gap worse than an
entirely unconstrained model. Reducing a chosen surrogate is not the same as becoming

fair.

The second concerns robustness. Because a fairness penalty is one term in a jointly optimized
objective, its landscape determines how stably the trade-off can be navigated. A penalty
whose value moves sharply under small perturbations of the model parameters yields fairness

that is achieved at one point in parameter space and lost at a nearby one, which shows up
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in practice as sensitivity to hyperparameters, seeds, and stopping time.

Approach. Rather than proposing a further regularizer and comparing it empirically
against the others, this chapter first organizes the field. Existing in-process methods are
placed into three families according to what they equalize: prediction statistics, latent repre-
sentations, or the dependence between predictions and the sensitive attribute. This organi-
zation makes visible that all three ultimately reduce to a choice of distance measure between
group-conditional distributions. That reduction is what turns an unstructured menu of
methods into a well-posed question: which distance measure should one use? Stating the
desiderata for that measure, we arrive at three requirements: a tight bound on the fairness
quantity one actually cares about, insensitivity to differences of scale between the compared
distributions, and applicability to arbitrary prediction distributions without parametric as-

sumptions.

The Cauchy—Schwarz (CS) divergence satisfies all three. Under a Gaussian comparison it
is provably no larger than the Kullback—Leibler divergence in either direction; it compares
kernel mean embeddings by a cosine-type rather than a Euclidean distance, which makes
it insensitive to the scale artefacts that inflate the maximum mean discrepancy and the
mean disparity used in demographic parity penalties; and it admits a nonparametric kernel

estimator that assumes nothing about the distributions being compared.

Contributions of this chapter. The chapter makes the following contributions.

e It organizes existing in-process fair learning methods into three families and shows
that they share a common structure, reducing the design of a fairness regularizer to

the choice of a distance measure between group-conditional distributions.

e [t identifies the properties such a measure should have, and supports each with evidence
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of what goes wrong when it is absent: failure to generalize across fairness notions, and

a loss landscape that makes fairness fragile under parameter perturbation.

e [t proposes a fairness regularizer based on the empirical Cauchy-Schwarz divergence
between group-conditional prediction distributions. The regularizer is model-agnostic,
kernel-based, distribution-free, and extends to multiple sensitive attributes with no

algorithmic change.

e [t establishes that under a Gaussian comparison the CS divergence is upper-bounded by
the KL divergence in both directions, and characterizes its relationship to the maximum
mean discrepancy and to the mean disparity of demographic parity penalties, clarifying

when and why it should be preferred.

e It evaluates the regularizer on four tabular datasets and one image dataset across two
sensitive attributes each, showing that it attains the best equal opportunity gap in nine
of ten settings while remaining competitive on demographic parity and utility, and that

it yields a more stable utility—fairness trade-off across hyperparameter settings.

Section 5.2 fixes notation and introduces the CS divergence. Section 5.3 develops the taxon-
omy and the desiderata. Section 5.4 constructs the regularizer and establishes its properties.

Section 5.5 reports the empirical study, and Section 5.7 closes the chapter.

5.2 Preliminaries

5.2.1 Setting and Notation

This chapter specializes the setting of Section 4.2 to binary classification with a binary

sensitive attribute, which is the regime in which the fairness regularizers under comparison
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are defined. The dataset is
T = {<Xi7yia Si)}ij\ila X; € RDa Y; € {07 1}7 S; € {07 1}; (51)

so that ' = 2 and K = 2 in the notation of Equation 4.1. Here x; collects the features

excluding the sensitive attribute. The model produces a predicted probability
i = f@(xi7 Si) € [07 ]-]7 ?)z = 1{21-215}7 (52)

where ¢ is a decision threshold and 1 the indicator function. Random variables correspond-
ing to x;, y;, si, and ¥; are written X, Y, S, and Y. The model fo is a multilayer perceptron

for tabular data and a residual network for image data.

A note on symbols. The italic D continues to denote the feature dimension, as in
Chapter 3 and Chapter 4. A generic distance or divergence between distributions is written
in upright type as D(-;-), with subscripts D¢s, Dxr,, Dyvp, and Dysic identifying particular

choices.

5.2.2 The In-Process Fairness Objective

Every method compared in this chapter instantiates the same template. A utility loss is

augmented by a fairness penalty, and a single coefficient governs the balance:
mﬂin Lutility + A £fairness; (53>

where Lygiity is the binary cross-entropy loss and A > 0 controls the trade-off. What dis-
tinguishes the methods is entirely the construction of Lmess. This is the term the present

chapter is about, and it is the same term that Chapter 4 inserted, unexamined, into its
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dataset-learning objective.

5.2.3 Group Fairness Gaps in the Binary Setting

Definition 4.1 and Definition 4.2 defined demographic parity and equal opportunity in general
form. In the binary setting of Equation 5.1 the corresponding gaps take the familiar two-

group form

Amﬁ{P@wszm—Pdwszn, (5.4)

Apo=|P(V|Y =1,8=0)= PV |V = 1,5 = 1), (5.5)

with lower values indicating a fairer classifier. When predictions are binarized these become
App=|P(Y =1|5=0)—P(Y =1|5 =1)| and correspondingly for Ago, which is the

convention adopted in the experimental tables of this chapter.

It is worth recording the relationship to the general definitions used in Chapter 4, since the
two are reported side by side across the dissertation. Writing m, = P(S = k) and specializing
Equation 4.4 to C' = K = 2, the group-0 term evaluates to m1|p — ¢| and the group-1 term to
To|p — g, where p= P(Y =1| 8 =0) and ¢ = P(Y =1| S = 1). Their average is slp—al.
The two conventions therefore differ by exactly a factor of two and induce the same ordering
over models; this chapter uses Equation 5.4, which is standard in the fair machine learning

literature.

Note also that App and Agp are computed from hard predictions and are not differentiable,
so they serve as evaluation metrics only. The distinction between a metric and its differen-
tiable surrogate, drawn in Section 4.2.4, is central to this chapter: the question it asks is

precisely which surrogate to optimize when the metrics are what one cares about.
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5.2.4 The Cauchy—Schwarz Divergence

The Cauchy—Schwarz inequality for square-integrable functions states that ([ p(x)q(x) dx)2 <
[ p(x)*dx [ q(x)? dx, with equality if and only if p and ¢ are linearly dependent. The gap in
this inequality therefore measures how far apart two densities are, and taking its logarithm

gives the CS divergence [107, 141]:

Des(p; ¢) = — log ( T ]S{X];EZ)}E}X;&;Z dX) : (5.6)

The CS divergence is symmetric in its arguments, satisfies 0 < D¢g < 00, and attains its
minimum if and only if p = ¢ almost everywhere. Symmetry distinguishes it from the KL
divergence, which must be assigned a direction; this matters for fairness, where there is no

principled reason to privilege one demographic group as the reference distribution.

5.3 What Makes a Good Fairness Regularizer?

This section organizes existing regularizers, exhibits two ways in which they fail, and extracts

from those failures the properties a good regularizer should have.

5.3.1 Three Families of In-Process Regularizer

Family I: balancing predictions across sensitive groups. The most direct construc-
tion turns a fairness notion into a penalty by measuring the distance between the group-

conditional prediction distributions:

P=P(Y |S=0), Q=P |S=1) for DP,
‘Cfairness = D(]P), Q), where

P=PY|Y=1S=0),Q=PY|Y=1,8=1) forEO.
(5.7)
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The overwhelmingly common instantiation takes D to be the absolute difference of means,

Liimess = [E(B) — E(@)] = [B(Y | § = 0) = B(V | § = 1)

: (5.8)

which is the differentiable relaxation of Equation 5.4 and is the penalty used by gap-
regularization methods [27]. Two observations about Equation 5.8 set up the rest of the
chapter. First, nothing forces D to be a mean difference; any distance between distributions
can be substituted, and the family is really parameterized by that choice. Second, a vanish-
ing mean gap is a necessary but not a sufficient condition for demographic parity or equal
opportunity, since two distributions can share a mean and differ everywhere else. A penalty

that sees only the first moment can therefore be driven to zero by a model that is not fair.

Family II: aligning latent representations. A second family operates not on predic-
tions but on the internal representation Z produced by the network, requiring the represen-

tations of the two groups to be indistinguishable:
Ltairness = D(ZS:(); ZS:1)7 (59)

where Zg—; denotes the representation conditioned on group k. Here D is typically the
maximum mean discrepancy [49, 93, 32|. The motivation is that a downstream head cannot

exploit information the representation does not carry.

Family III: minimizing prediction—attribute dependence. A third family dispenses
with group-conditional distributions and penalizes a dependence measure between the pre-

diction and the sensitive attribute directly:

»Cfairness = D(Y7 S) (510)
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The Hilbert—Schmidt independence criterion [50, 87| and the prejudice index of the prejudice

remover [73| belong here; the latter is the mutual information

Dpr(Y,S) = ZZ}) U, s log( (3;?); ())> (5.11)

Adversarial debiasing [148] also belongs to this family: training a discriminator to recover
group membership from the representation, and the encoder to defeat it, is a variational way

of minimizing the same dependence.

The common structure. Table 5.1 summarizes the three families. What they share is
more important than what separates them. Family I compares two conditional distributions;
Family II compares two conditional distributions in a representation space; Family III com-
pares a joint distribution against the product of its marginals, which is again a comparison
of two distributions. In every case the method is determined by a distance measure applied
to distributions that the model controls. The design of a fairness regularizer is therefore not
a choice among three paradigms but a single choice of D, and the question of the chapter

title becomes tractable: what should D be?

Table 5.1: Existing in-process fairness regularizers, grouped by family. All three families
reduce to the choice of a distance measure D applied to distributions the model controls.

Family Regularizer | Fairness objective Leairness
I. Prediction statistics bP E({/ | 5=0) - E(Y| S:})‘
EO E(Y | Y=1,5=0) — E(V | Y:l,szl))
I1. Representations MMD Dyivp (Zs—=0; Zs=1)
HSIC Dusic(Y, S)
III. D d A
ependence PR Dpr(V, S)
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5.3.2 Failure Mode One: Optimizing One Notion Does Not Deliver

Another

A regularizer built from a particular fairness notion optimizes that notion’s surrogate, and
the hope is that other notions improve along with it. They need not, and Figure 5.1 shows

why.

The figure examines a model trained on Adult with gender as the sensitive attribute. Con-
sidering all target classes together, the prediction distributions of the two groups are well
aligned and the embeddings are thoroughly mixed, so the model appears fair by a demo-
graphic parity reading. Restricting attention to the positive class Y = 1, which is what
equal opportunity requires, the same model separates the groups clearly in both the predic-
tions and the embeddings. The disparity has not been removed; it has been relocated to a

conditional slice that the optimized surrogate does not see.

This is not an isolated artefact. In Table 5.3 below, on Adult with gender, the unconstrained
baseline attains Ago = 8.43, and all four standard regularizers make it worse: 20.15 for the
demographic parity penalty, 17.53 for MMD, 18.47 for HSIC, and 12.45 for the prejudice
remover. The same pattern holds on ACS-I with gender, where the baseline attains Agp =
2.13 and the four regularizers return 5.37, 4.91, 4.95, and 4.54. In both settings every method

reduces App substantially while degrading Ago relative to doing nothing at all.

The lesson is that a good regularizer should not merely minimize the surrogate it was built
from. It should control the underlying dependence between predictions and the sensitive
attribute, so that improvement propagates to fairness notions it was not explicitly told

about. We record this as generalizability across fairness notions.
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Figure 5.1: A model on Adult with gender as the sensitive attribute. From left to right:
prediction distribution over all classes; t-SNE of embeddings over all classes; prediction
distribution restricted to class 1; t-SNE of embeddings for class 1. Blue denotes S = 0 and
red S = 1. The groups are well mixed in aggregate but clearly separated once conditioned
on the positive class, so a model that looks fair by demographic parity is not fair by equal
opportunity.

5.3.3 Failure Mode Two: Fairness That Does Not Survive Pertur-

bation

Because Equation 5.3 is optimized jointly, the geometry of Leimess around the solution de-
termines how reliably fairness is retained. If the penalty rises steeply for small displacements
of 8, then fairness holds at the particular parameter vector reached by one training run and
degrades at nearby ones, which manifests as sensitivity to seeds, to the trade-off coefficient

A, and to when training is stopped.

Figure 5.2 visualizes the fairness loss landscape under three measures. The KL divergence
and HSIC both exhibit a region of low fairness loss spanning roughly —2 to 2 along the plotted
directions, whereas the CS divergence attains a visibly tighter region spanning roughly —2
to 1. The flatter, better-conditioned surface of the CS divergence means that the fairness
achieved at the optimum is preserved under small parameter perturbations rather than being
an isolated point. We record this as robustness, and note that it is what ultimately produces
the stable trade-off curves reported in Section 5.5.3 and the hyperparameter insensitivity of

Section 5.5.5.
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Figure 5.2: Fairness loss landscapes under, from left to right, the Kullback-Leibler diver-
gence, the Hilbert—Schmidt independence criterion, and the Cauchy—Schwarz divergence. A
smaller inner region indicates a better-conditioned penalty and hence greater robustness
to parameter perturbation. The CS divergence attains the smallest inner region, spanning
roughly —2 to 1, against —2 to 2 for the other two.

5.3.4 Desiderata

The two failure modes, together with the structural observation that all three families reduce

to a choice of D, yield three requirements on that choice.

1. A tight bound on the fairness quantity of interest. Prior work establishes

that the fairness violation at test time can be bounded by the penalty minimized at
training time. Among measures that admit such a bound, a tighter one gives a stronger
guarantee for the same optimization effort, and conversely a loose measure forces the
optimizer to over-penalize, buying fairness with more utility than necessary. This is

the requirement that motivates the comparison against KL in Section 5.4.4.

. Robustness to scale differences. The measure should report large values when the

group-conditional distributions genuinely differ and small values when they do not,
without being inflated by differences in the magnitude or variance of the compared
quantities. A measure that conflates scale with discrepancy produces conservative

penalties, loose bounds, and the fragile landscapes of Section 5.3.3.

. Applicability to arbitrary prediction distributions. Group-conditional predic-

tion distributions in practice are neither Gaussian nor unimodal, so the measure must
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be estimable from samples without parametric assumptions, and the same estimator

must serve tabular and image models alike.

The remainder of the chapter argues that the CS divergence meets all three, and that the
existing measures each fail at least one: the mean disparity of Equation 5.8 sees only the
first moment and so fails the first; MMD and the mean disparity are unnormalized and so
fail the second; and KL requires a direction and a density ratio, which is awkward for the

discrete, possibly non-overlapping supports encountered here.

5.4 The Cauchy—Schwarz Fairness Regularizer

5.4.1 Empirical Estimation

To use Equation 5.6 as a training objective it must be estimated from finite samples without
assuming a parametric form. Substituting Parzen-window density estimates [103] for p and
q into each of the three integrals in Equation 5.6 and simplifying yields a purely kernel-based

expression.

THEOREM 5.1 (Empirical CS divergence estimator, cf. [65, 107]). Given observations {x?}M,

and {X;I- j-vﬁl drawn from p and q respectively, the empirical estimator of Dcs(p; q) is

N1 N2
~ 1 1
Des(psa) = log (y 2 ff<x§’,><§)> + log (F 2. ff<xz,x;’->>

L j=1 ij=1

R
P q
— 2log <N1N2 Z Zﬁ(xi,xj)> :

i=1 j=1

(5.12)

where Kk is a positive-definite kernel, taken throughout to be the Gaussian kernel k,(x,x’) =

exp (— [lx = x[[3/(20%)).

Each of the three terms in Equation 5.12 is a kernel sum: two within-group sums and one
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cross-group sum. The estimator therefore requires only samples, no densities, and satisfies

the third desideratum by construction.

5.4.2 The Training Objective

The quantities to be compared are the group-conditional prediction distributions,
P=PY |S=0), Q=P |S=1), (5.13)

which places the regularizer in Family I of Table 5.1 while, as Section 5.4.3 shows, inheriting
the dependence-minimizing character of Family ITI. Substituting p = P and ¢ = Q into

Equation 5.12 and inserting the result into the template of Equation 5.3 gives the objective
min Loce + aDes(BiQ) + 261 (5.14)

where Lpcg = % Zf;l —y; log y; is the binary cross-entropy loss, « is the fairness weight
playing the role of A in Equation 5.3, and  weights an /5 penalty. Nothing else about training
changes: Equation 5.14 is minimized by ordinary gradient descent, and the regularizer is
a drop-in replacement for any of the entries in Table 5.1. In particular it is a drop-in

replacement for the Lz of Equation 4.11.

5.4.3 Relation to Existing Measures

Placing the CS estimator beside the standard alternatives shows precisely where each one

differs.

Mean disparity. The demographic parity penalty of Equation 5.8 compares P and Q

through the absolute difference of their means, which is a Manhattan distance between two
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scalars. It is blind to every aspect of the distributions beyond the first moment.

Maximum mean discrepancy. The biased empirical MMD is

Ny No N1 N2

_ 1 1 2
2 . _
Dinvn (25 @) = N2 E K(Xf,x§)+ N2 E /ﬁ(xg,xg) NV, E E K(Xf,x?). (5.15)

ij=1 ij=1 i=1 j=1

Comparing Equation 5.15 with Equation 5.12 isolates the difference exactly: the two expres-
sions are built from the same three kernel sums, and the CS divergence applies a logarithm to
each before combining them. Writing p,, and g, for the empirical kernel mean embeddings
of the two groups in the reproducing kernel Hilbert space, this logarithmic transformation
has a geometric reading: MMD is the squared Euclidean distance ||, — p,||* between the
embeddings, whereas the CS divergence is a cosine-type distance, measuring the angle be-
tween them. This is the source of the scale robustness required by the second desideratum,

and Section 5.4.4 draws out its consequence.

Kullback—Leibler divergence. The KL divergence

Dkw(pllq) = / p(x)log (p(x)/q(x)) dx

underlies mutual-information penalties such as Equation 5.11. It is asymmetric, requires a

density ratio, and diverges where the supports fail to overlap.

Hilbert—Schmidt independence criterion. With Gram matrices K;; = rx(x;,%;) and

L;; = ky(yi,y;) and centering matrix H = [—%11T, the standard estimator is Dygic (X,Y)
+= tr(KHLH) [51]. HSIC is itself an MMD, taken between the joint distribution and the
product of the marginals in a tensor-product RKHS, and so inherits the same unnormalized

Euclidean geometry.
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5.4.4 Why the Cauchy—Schwarz Divergence

Three properties, corresponding to the three desiderata of Section 5.3.4, justify the choice.

(1) Closed form for Gaussian mixtures. The CS divergence admits a closed-form
expression for mixtures of Gaussians [74|, a property that has been exploited in deep clus-
tering [122], disentangled representation learning [121], and point-set registration [43]. For
fairness this matters because group-conditional prediction distributions are typically multi-
modal, and a mixture approximation remains analytically tractable rather than requiring a

unimodal fiction.

(2) A tighter bound than the KL divergence. The following comparison establishes

the first desideratum.

THEOREM 5.2 (Gaussian comparison of CS and KL). For any D-variate Gaussian distri-

butions p ~ ./\/(up,Ep) and q ~ ./\/'(;Lq,Zq) with positive definite covariances ¥,,%, = 0,

Dcs(p;q) < Dki(p;g)  and  Des(p; q) < Dki(g;p). (5.16)

Proof sketch. Substituting the closed form of [74] into Equation 5.6 gives

_ X, + X
Des(piq) = %ATQDP +3)7'A+ %log<M> ’ A= py = By, (5.17)

20/ 15[1%]

alongside the standard closed form for Dky,(p; ¢). Forming 2(Dcs — Dk1,) and separating it
into a mean term and a covariance term, the mean term is A" [(Z, + %,)7! — S A <0,
since ¥, > 0 implies ¥, + 3, > %, and hence (X, + ;)7 < E;l. The covariance term

is non-positive by the arithmetic-geometric mean inequality applied to the eigenvalues of

95



E;lEp. Symmetry of D¢g gives the second inequality. 0

Read as a statement about fairness, Theorem 5.2 says that if the two group-conditional
prediction distributions are approximated by Gaussians, then at the same model parameters
the CS penalty is never larger than either directed KL penalty. A CS-based regularizer
therefore retains KL-type control over group discrepancy while being numerically tighter,

which is precisely the tight-bound property sought in Section 5.3.4.

Remark on the Gaussian assumption. Theorem 5.2 is a stylized comparison. The
Gaussian model is adopted solely so that both divergences have closed forms and their
relationship can be made explicit. It is not assumed by the training procedure and is not
assumed anywhere in the experiments: the regularizer actually optimized is Equation 5.12,
which is nonparametric. The empirical results of Section 5.5, on distributions that are plainly

non-Gaussian, are what establish that the insight survives outside the analytical setting.

(3) Tighter than MMD and mean disparity under scale mismatch. By the geo-
metric reading of Section 5.4.3, MMD measures a Euclidean distance between kernel mean
embeddings and the demographic parity penalty a Manhattan distance between group means,
while the CS divergence measures an angle. When the group-conditional distributions dif-
fer substantially in variance or scale, the two unnormalized measures report a large dis-
crepancy even where the groups are well aligned in direction. The optimizer responds by
over-penalizing, which costs utility and produces a looser bound on the fairness metric. The
normalization implicit in Equation 5.6 removes the scale component and leaves the genuine
dependence between predictions and the sensitive attribute, which is what one wants to pe-
nalize. This is the second desideratum, and it is also the mechanism behind the landscape

difference visible in Figure 5.2.
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5.4.5 Practical Properties

Distribution-free applicability. Equation 5.12 depends only on samples from the joint
distribution of predictions and sensitive attributes and imposes no parametric form on it.
The identical regularizer therefore applies to tabular and image models without modification,

which is what makes the single experimental protocol of Section 5.5 possible.

Multiple sensitive attributes. Although developed above for a single binary S, the
regularizer extends to a vector S = (Si,...,Sk) of sensitive attributes in either of two
ways: treat S as a joint variable and penalize ]503 (PY| S5 Pyps), or sum over attributes
as Zle ]SCS (Pf/\ S, PyPSk), according to whether joint or per-attribute control is wanted.
Both use exactly the estimator of Equation 5.12; only the definition of S within a mini-batch

changes, and no algorithmic modification is required.

Computational cost. Evaluating Equation 5.12 over all N training samples costs O(N?),
since it involves pairwise kernel evaluations. As is standard for kernel-based penalties such
as MMD and HSIC, the loss is computed on mini-batches, so the additional cost per opti-
mization step is O(B?) for batch size B < N, implemented with vectorized operations that
reuse the mini-batches already drawn for the prediction loss. The overhead is comparable

to that of the kernel baselines.

Kernel choice. The estimator is instantiated with a Gaussian kernel whose bandwidth is
set by the median heuristic, following standard practice for kernel dependence measures [49,
50], and held fixed across datasets and models so that comparisons between regularizers
are controlled. The framework is not tied to this choice; Laplacian or polynomial kernels

substitute directly [112, 114] without changing the objective or the algorithm.

97



5.5 Experiments

The evaluation asks whether the properties argued for above translate into behaviour:
whether the regularizer improves fairness metrics it was not built from (Section 5.5.2),
whether it occupies a better utility—fairness frontier (Section 5.5.3), what it does to the
group-conditional distributions (Section 5.5.4), and whether it is stable under hyperparam-

eter variation (Section 5.5.5).

5.5.1 Setup

Datasets. Five datasets are used. The four tabular ones are Adult [37], COMPAS [82],
and the income and travel-time tasks ACS-I and ACS-T from the American Community
Survey [35]. The image dataset is CelebA-A [92]. Each is evaluated under two sensitive at-
tributes, giving ten dataset—attribute settings. Statistics appear in Table 5.2. Preprocessing
follows established practice [108, 98|.

Table 5.2: Dataset statistics. #Feat. is the feature count after preprocessing. The ratios

0:1 give the proportion between the two categories of the target label and of each sensitive
attribute.

Dataset | Task Sens. S #Samples | #Feat. | Y 0:1 | 1st S | 2nd S
Adult Income Gender, Race 45,222 101 1:0.33{1:2.08|1:9.20
COMPAS Credit Gender, Race 6,172 405(1:0.8311:4.17|1:0.52

ACS-I Income Gender, Race 195,665 908 11:0.701:0.89 |1:1.62
ACS-T Travel time | Gender, Race 172,508 1,567 11:0.94|1:0.89|1:1.61
CelebA-A | Attractive | Gender, Young 202,599 | 48 x 48 |1:0.95|1:0.71 | 1:3.45

Baselines. Four regularizers spanning the three families of Table 5.1 are compared: DP, the
gap regularizer for demographic parity [27|; MMD, the maximum mean discrepancy between
group representations [49, 93, 32, 158]; HSIC, the Hilbert—Schmidt independence criterion
between predictions and sensitive attributes [50, 87, 5]; and PR, the prejudice remover |73].

An unregularized MLP (tabular) or ResNet (image) serves as the unconstrained reference.
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Protocol. Ten random splits are used per dataset, and means and standard deviations
are reported. Utility is measured by accuracy and AUC, fairness by App and Ago from
Equation 5.4 and Equation 5.5. Hyperparameters are selected by cross-validation on the

training set with grid search, sweeping « over [1075,150] and 3 over [1073,10].

5.5.2 Utility and Fairness Against Existing Regularizers

Table 5.3 and Table 5.4 report the comparison across all ten settings.

The regularizer generalizes across fairness notions. It attains the best Ago in nine
of the ten settings, the exception being ACS-T with race where HSIC is marginally better
(0.43 against 1.38). The margins are frequently large: on Adult with gender, Ago falls to
2.27 where the best baseline reaches only 12.45 and the unconstrained model attains 8.43; on
COMPAS with gender it falls to 0.44 against a best baseline of 2.60. This is a direct response to
the failure documented in Section 5.3.2: in the two settings where every baseline degraded
equal opportunity relative to doing nothing, the CS regularizer improves it, by 73.1% on
Adult with gender and 57.7% on ACS-I with gender. On demographic parity it is best in
five of ten settings and close to best elsewhere, which is the expected outcome for a measure

that controls the underlying dependence rather than optimizing one gap directly.

The cost in utility is small. Across the four tabular datasets, accuracy relative to the
unconstrained model falls by between 0.22% and 2.71%, with a single larger drop of 3.89%
on COMPAS with gender; AUC changes by between —1.53% and +0.33%, improving on Adult
with race and COMPAS with race. On CelebA-A the accuracy cost is far larger, roughly 16%,
but this is a property of the setting rather than of the method: every regularizer loses between
14% and 20% accuracy on this dataset, against a baseline whose App of 51.66 indicates that

its accuracy was substantially derived from the sensitive attribute.
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The image setting is where the gap is widest. On CelebA-A with the ‘Young’ at-
tribute, App falls by 96.9% and Agro by 98.4% relative to the unconstrained ResNet, and
both are the best of any method. On the gender attribute the CS regularizer attains

Apo = 1.53 where the next best is 3.83.

Baselines behave as the taxonomy predicts. The demographic parity gap regularizer
is consistently among the strongest on App and among the weakest on Ao, which is exactly
what a Family I method built from one notion should do. HSIC, a dependence measure, is
the strongest baseline on Ago and the best on utility in several settings, consistent with the
argument of Section 5.3.4 that controlling dependence generalizes better than controlling a

single gap.

5.5.3 The Utility—Fairness Frontier

A single operating point does not settle the comparison, since any of these methods can be
pushed toward fairness by raising A. Figure 5.3 therefore sweeps the fairness coefficient of
each method and plots App against target accuracy, following the protocol of [137, 32|; the

lower-right corner is preferable.

At matched utility, CS is the most effective. Across most accuracy levels the CS
regularizer attains the lowest App, and the margin widens as accuracy increases. This
regime is the one that matters in practice: every method can be made fair by abandoning
the task objective, but a fairness method is only useful if it remains effective where the model

is also accurate.

Degradation is gradual rather than abrupt. Examining the rate at which App rises

with accuracy separates the methods more sharply than any single point. PR and DP control
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Table 5.3: Utility and fairness on Adult, COMPAS, and ACS-I, over 10 splits. Higher is better
for accuracy and AUC; lower is better for App and Ago. Bold marks the best value among
the four fairness regularizers and CS; the unregularized MLP is an unconstrained reference
and is excluded from that comparison.

Utility Fairness
Sems. | Method |\ oy AUC (%) | Ape (%) Aso (%)
Adult
MLP 85.63 +0.34 90.824+0.23 | 16.52+0.91 8.43 +3.20
DP 82.424+0.39 &86.91+0.80 | 1.29+0.95 20.15+1.13
Gender MMD 81.90 £ 0.68 85.27+0.52 | 2.474+0.52 17.53 +1.36
HSIC 82.80+0.23 R&7.25+0.41 | 2.66 =0.54 18.47 +1.22
PR 81.81+0.52 &85.38+0.82 | 0.71 +0.40 12.45+2.38
CS 83.31 £0.47 90.15+0.49| 242+0.85 2.27+1.04
MLP 84.424+0.31 90.154+0.36 | 13.47 +0.83 9.25 + 3.86
DP 83.64 +0.78 88.45+0.32 | 2.45+0.67 2.16+1.06
Race MMD 83.124+0.82 88.36 £0.67 | 2.58 +0.75 3.33 +£0.93
HSIC 84.98 £0.17 90.90+0.19| 7.90+0.72 2.11 +£0.18
PR 82.13+1.16 &87.44+0.33 | 1.53 +0.83 0.86 +=0.60
CS 83.53+0.53 90.26 £0.47 | 2.16 £0.61 0.44 +0.12
COMPAS
MLP 66.85 +0.72 72.10+£0.94 | 13.22 £3.32 11.41 £5.83
DP 64.20 +£1.58 70.64+1.05 | 5.78 =0.33 6.78 =1.61
Gender MMD 64.824+1.62 70.72+0.92 | 3.09+0.92 3.15+4.37
HSIC 63.17+3.46 71.17+0.84 | 1.84 +0.43 2.60+0.63
PR 64.95+0.15 72.12+0.75| 3.85+0.60 3.91 +1.02
(&) 64.25+0.97 71.53+0.61 | 1.30+0.47 0.44 +0.13
MLP 66.99 +1.05 72.46+0.8% |17.24 +£4.15 19.44 +4.63
DP 64.98 +£3.72 72.09+1.03 | 870+t1.12 7.04+2.13
Race MMD 64.41 +£2.04 7210+1.83 | 442+2.11 5.60=+1.25
HSIC 64.52 +2.20 72.16 £0.94 | 2.21 £0.68 2.72 +0.87
PR 67.22+090 72.86+0.87| 5.60+1.12 6.524+1.30
CS 65.62+1.24 72.70+1.06 | 1.794+0.96 1.48 +1.64
ACS-I
MLP 82.04 £0.27 90.16 £0.18 | 10.26 £4.68 2.13 +3.64
DP 81.324+0.17 89.33+0.15 | 0.96 +0.22 5.37+0.32
Gender MMD 80.93+0.55 8844 +1.71 | 245+0.65 4.91 +1.48
HSIC 81.40+0.12 89.53+0.10| 1.54+0.18 4.95+0.39
PR 80.03 +£0.30 &8.10£0.26 | 0.35 £0.20 4.54+0.41
CS 81.86 £0.94 89.15+0.60 | 0.77+0.38 0.90 + 0.46
MLP 81.23+0.14 90.16 £0.18 | 10.06 £1.84 7.42 +0.66
DP 81.25+0.13 89.45+0.11 | 0.56 =0.30 4.53 +£0.48
Race MMD 80.224+1.22 88.42+1.63 | 1.45+0.89 4.01+0.54
HSIC 81.41 +£0.15 89.67+0.12| 1.04+0.53 2.77+0.35
PR 80.27 +£0.26 88.45+0.21 | 0.37 £0.30 4.25+0.49
CS 80.78 = 0.85 89.14 +0.94 | 0.81 =0.28 1.35 +0.64
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Table 5.4: Utility and fairness on ACS-T and the image dataset CelebA-A, over 10 splits.
Bold marks the best value among the fairness regularizers; the unregularized MLP and ResNet

are unconstrained references and are excluded from that comparison.

Utility Fairness
Sens. | Method |y oy TAUC (%) | App (%) Amo (%)
ACS-T
MLP 66.21 £0.95 73.78 £0.25 | 8.324+2.67 5.11 + 3.55
DP 65.38 £0.29 72.404+0.38 | 0.29+0.15 1.83+£0.26
Gender MMD 64.48 £0.27 72.924+0.31 | 1.22+0.36 2.11£0.49
HSIC 66.01 £0.29 73.16+£0.32| 0.98+£0.26 1.00+0.28
PR 62.72+1.01 69.36 £0.85 | 0.78 £0.50 1.07 £0.36
(&) 65.70 £0.42 72.83+0.58 | 0.17+0.08 0.75+0.22
MLP 66.38 £0.42 73.69+0.63 | 9.28+1.63 6.21 £1.63
DP 64.96 £0.23 71.86+0.23 | 0.82+£0.33 1.30£0.26
Race MMD 65.71 £0.65 70.57+0.52 | 3.97+£0.97 1.55+0.79
HSIC 65.81 +0.24 72.92+0.23| 1.75£0.31 0.43 +0.23
PR 64.25 £0.87 70.254+0.30 | 1.56 £0.87 1.21+0.74
CS 65.16 £ 0.45 72.56 £0.72 | 0.55 £0.19 1.38 £0.46
CelebA-A
ResNet | 78.14 £0.47 86.58 £0.55 | 51.66 + 0.97 35.67 £ 1.11
DP 62.42+£4.79 66.86 £3.19 | 0.46 £0.25 4.84 £2.37
Gender MMD 62.54 +4.26 66.47+3.85 | 1.39£0.64 5.89+3.12
HSIC 63.39 £3.63 69.33 £3.25 | 2.244+0.36 3.83 +2.22
PR 65.51 +£3.52 71.70+2.88| 4.00+0.52 5.05+2.57
CS 65.056 £3.80 71.424+2.46 | 0.98+0.62 1.53+£1.05
ResNet | 78.14 +£0.47 86.67 +0.53 | 41.74 +£1.17 18.35+1.56
DP 66.78 +3.61 73.95+3.44| 243+£0.83 0.914+1.77
Young MMD 65.82 £4.87 72.84+3.61 | 3.49+0.83 1.60+0.71
HSIC 66.04 £3.01 73.08+2.69 | 1.99+£0.55 1.04+£0.60
PR 62.98 £4.69 69.63+4.02 | 1.32+£049 1.82+£0.53
(&) 65.33 +4.26 73.15+3.84 | 1.28 +0.40 0.30+0.12

102



fairness well at low accuracy but lose that control abruptly, at roughly 82.0% accuracy on
Adult, 63.0% on COMPAS, and 81.0% on ACS-I. The CS regularizer’s corresponding transitions
occur at 85.0%, 65.5%, and 81.5%. It is this behaviour, rather than any single reported
number, that the flatter landscape of Figure 5.2 predicts, and it is what makes the method

tunable in practice.

A fairness regularizer can be worse than none. Along the COMPAS curve in Figure 5.3,
MMD is driven past App = 14.0 once the sweep reaches high accuracy, exceeding the 13.22
attained by the unconstrained model in Table 5.3 and undoing the gain visible at its tuned
operating point. Fairness penalties are not monotone improvements; when the task objective
dominates, a poorly conditioned penalty can leave the model worse than it started. Smaller

datasets make this more likely, and COMPAS, with 6,172 samples, is where it is most visible.

DP MMD HSIC PR —— CS
Adult COMPAS ACS-1
14.0 6.0
9.01
o 4.0
3 6.01 7.0
2.01
3.01
‘ ‘ ‘ ‘ 0.0+ ; ; 4 0.0 | ] ‘
76.0 79.0 82.0 85.0 58.0 61.0 64.0 67.0 77.0 79.0 81.0
Accuracy (%) Accuracy (%) Accuracy (%)

Figure 5.3: Test-set trade-off curves on Adult (left), COMPAS (middle), and ACS-I (right),
obtained by sweeping the fairness coefficient of each method. The lower-right corner is
preferable. The CS regularizer attains the lowest App at matched accuracy and loses control
of fairness only at higher accuracy levels than the baselines.

5.5.4 Effect on Group-Conditional Distributions

Figure 5.4 plots kernel density estimates of the predictions for the two gender groups on

Adult, one column per regularizer. The upper row shows predictions over all target classes,
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which is what demographic parity constrains; the lower row shows predictions restricted to
the positive class, which is what equal opportunity constrains. Greater overlap between the

two curves indicates better fairness on the corresponding notion.

The figure makes the argument of Section 5.3.2 concrete, and shows the CS regularizer
resolving it. The demographic parity gap regularizer produces near-perfect overlap in the
upper row and a visibly larger separation in the lower row: it has optimized exactly what
it was told to optimize and nothing more. The CS regularizer narrows the gap in both
rows simultaneously. Since the two conditions are not simultaneously satisfiable in general,
what is being observed is not the elimination of a trade-off but a measure that reduces the

underlying dependence rather than one of its projections.

Figure 5.5 shows the corresponding t-SNE embeddings. Under the CS regularizer the two
sensitive groups are more thoroughly mixed in representation space, indicating that group
membership has become harder to recover from the learned representation. This is the prop-
erty that Family II and Family III methods pursue directly, obtained here as a consequence

rather than as an explicit objective.

DP MMD HSIC PR CS
Bpp=1.37 Bop=2.39 Bpp=2.92 Bop=0.77 Bpp=2.13
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0.0 0.5 1.0 0.1 0.2 0.3 0.0 0.5 1.0 0.0 0.1 0.2 0.3 0.0 0.5 1.0
Prediction Prediction Prediction Prediction Prediction
Bgo=20.28 Ago=17.32 Ago=18.20 Ago=14.58 Ago=3.37
2.0{ Gender 1\ 2.0 /\ Sens. Attr. /\\\ Sens. Attr. 3 /A‘\ Sens. Attr. 3 Sens. Attr.
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Figure 5.4: Prediction distributions for the two gender groups on Adult, one column per
regularizer. Top row: predictions over all target classes, corresponding to App. Bottom row:
predictions restricted to the positive class, corresponding to Ago. Greater overlap indicates
better fairness. The gap regularizer aligns the top row only; the CS regularizer narrows both.
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Figure 5.5: t-SNE visualization of the learned representations on Adult, coloured by sensitive
group, one panel per regularizer. Greater intermixing indicates that group membership is
harder to recover from the representation.

5.5.5 Hyperparameter Sensitivity

The robustness argued for in Section 5.3.3 should manifest as insensitivity to the coefficients
of Equation 5.14. Figure 5.6 presents accuracy and App on Adult as « and [ vary over the

cross-validated ranges.

Two patterns emerge. First, accuracy is highest at the smallest fairness weight, o = 1074,
and the best fairness is reached at o = 5 x 1072, with a marked degradation beyond that
as o approaches 107!; smaller values of a nonetheless still yield satisfactory fairness when
paired with g in the range 5 to 10, so the usable region of the grid is broad rather than a
narrow ridge. Second, fairness responds far more strongly to « than to . Increasing 8 from
1073 to 10, a factor of 10,000, moves App only from 7.2 to 4.2, whereas increasing a from
1072 to 5 x 1072, a factor of five, moves it from 6.7 to 2.8. The regularizer therefore behaves
as a single well-identified knob with the /5 term playing a minor role, which is the practical

form that a well-conditioned penalty takes.
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Figure 5.6: Parameter sensitivity on Adult: test accuracy (top) and App (bottom) as the
fairness weight a and the ¢y weight [ vary over the cross-validated ranges. The trade-off is
smooth, remains stable over a wide range of 5, and becomes sensitive only when o grows
large.
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5.6 Discussion

What the chapter establishes. The question posed in the title admits a structural
answer. Because all three families of in-process method reduce to a choice of distance between
distributions the model controls, the design of a fairness regularizer is a single decision, and
that decision can be evaluated against stated criteria rather than by benchmark score alone.
The CS divergence satisfies the three criteria: it is provably tighter than KL under a Gaussian
comparison, it measures an angle rather than a magnitude and so is not inflated by scale
mismatch, and it is estimable nonparametrically from samples. The empirical behaviour
follows the argument closely, with the best Ago in nine of ten settings, a frontier that

degrades gradually rather than abruptly, and a broad usable hyperparameter region.

Limitations. Three should be recorded. The theoretical comparison of Theorem 5.2 holds
under a Gaussian model adopted for tractability; the empirical results support the conclusion
outside that model but do not extend the proof to it. The development is for binary classifica-
tion with binary sensitive attributes, with the multi-attribute extension of Section 5.4 tested
but the multi-class case left open. And the framework addresses group fairness only; individ-
ual and causal notions are not expressible in the form of Equation 5.7 through Equation 5.10

and would require separate treatment.

Returning to the previous chapter. The regularizer developed here is a drop-in replace-
ment for the Lr of Equation 4.11. Substituting it changes the trajectory that the synthetic
data of Chapter 4 is required to match, from one shaped by a first-moment surrogate for a
single fairness notion to one shaped by a measure that controls the underlying dependence.
The two contributions compose: Chapter 4 supplies a mechanism for transferring a property
of the training dynamics into a reusable dataset, and this chapter supplies a better property

to transfer.
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What remains assumed. Both chapters share an assumption that has gone unstated
because it is nearly universal: that the model, once trained, stays trained. Fairness is es-
tablished during learning and is thereafter treated as a durable property of the artefact.
Deployment does not honour that assumption. Data is deleted on request, and the param-
eters of a trained model are revised after the fact to comply. Nothing in Equation 5.14, or
in the objective of Chapter 4, constrains what happens to fairness when weights are edited
after training has finished. Chapter 6 shows that what happens is severe, and that the third
control point of this dissertation, the parameters themselves, must be brought under the

same discipline as the first two.

5.7 Summary

This chapter answered the question left open by Chapter 4. It organized in-process fair
learning methods into three families, which match prediction statistics, align latent rep-
resentations, and minimize prediction—attribute dependence, and observed that all three
reduce to the choice of a distance measure between group-conditional distributions. From
two documented failure modes, the inability of one notion’s surrogate to deliver another and
the fragility of fairness under parameter perturbation, it extracted three desiderata for that
measure: a tight bound on the fairness quantity of interest, robustness to scale differences,

and applicability to arbitrary distributions.

The Cauchy—Schwarz divergence meets all three. It is upper-bounded by the KL divergence
in both directions under a Gaussian comparison; it compares kernel mean embeddings by
angle rather than magnitude, unlike the Euclidean geometry of MMD and HSIC and the
first-moment comparison of demographic parity penalties; and its kernel estimator assumes
nothing about the distributions involved. Instantiated as a regularizer, it attains the best

equal opportunity gap in nine of ten dataset—attribute settings, remains competitive on

108



demographic parity and utility, and yields a trade-off that degrades gradually rather than

collapsing once the task objective is given weight.

Three chapters have now addressed the two demands of efficient and equitable learning by
intervening at two control points, the data and the objective. Both took for granted that a

trained model remains as it was trained. The next chapter removes that assumption.
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Chapter 6

Preserving Group Fairness Under Machine

Unlearning

6.1 Overview

The three preceding chapters share an assumption that was named at the end of Chapter 5
but not yet examined: that a model, once trained, stays trained. Chapter 3 optimized
a dataset so that training on it would be cheap. Chapter 4 optimized a dataset so that
training on it would be equitable. Chapter 5 optimized the objective that shapes what
equitable means. In each case the guarantee is established at the end of training and is

thereafter treated as a durable property of the resulting artefact.

Deployment does not respect that assumption. Personal data protection law now obliges
organizations to erase individual records on request, and in the machine learning setting this
means removing not only the data but its influence on models already trained on it. The
parameters of a deployed model are therefore revised after the fact, sometimes repeatedly,

and nothing in any objective of the preceding chapters says what becomes of fairness when
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that happens.

This chapter answers that question, and the answer is unfavourable. It then supplies a
correction. In the framework of this dissertation it occupies the third control point: the
intervention is neither on the data nor on the objective but on the parameter updates the

model has already absorbed.

The right to be forgotten. Data protection regimes including the European Union’s
General Data Protection Regulation [29], the California Consumer Privacy Act [36], Canada’s
Personal Information Protection and Electronic Documents Act, and Brazil’s General Data
Protection Law converge on a principle first introduced by the GDPR: the right to be for-
gotten [109, 126]. Applied to machine learning, compliance requires removing both the
information about a record and its impact on trained models, a problem termed machine un-
learning [18, 24]. A substantial literature now addresses it across recommender systems [23],
graph learning [25], and federated settings [142], and the evaluation criteria have stabilized
around two quantities: how completely the requested information is removed, and how much

predictive accuracy survives.

That rubric has a blind spot. It contains no term for fairness, and the small literature
that has considered the question [149, 102] has largely concluded that when deletion is non-
uniform some unlearning methods behave better than others, without characterizing why or

supplying a remedy.

The failure. Starting from a model trained with the fairness machinery of the preceding
chapters, and honouring a deletion request drawn from an unprivileged group, we find that
the model that remains is not slightly less fair but categorically unfair. On Adult with gender
as the sensitive attribute, a fairly trained model attains App = 1.6; after removing 30% of

the unprivileged group by a standard update-rollback method, App is 30.8, a nineteen-
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fold increase. Equal opportunity degrades comparably, from 2.6 to 22.3. On ACS-I the
corresponding figures are 2.1 — 23.9 and 2.3 — 28.8. Accuracy falls by only a few points
throughout, which is precisely why the standard rubric does not register the problem: by

the criteria the field measures, nothing much has happened.

This is not a defect of one algorithm. Both exact unlearning by shard retraining and ap-
proximate unlearning by update rollback exhibit it, on every dataset tested. The cause, as
Section 6.3 argues, is structural: a deletion request that is concentrated in one demographic
group removes model updates that are concentrated in one demographic group, and the
resulting shift in the distribution of the weights is itself a source of bias. The unlearning
operation does not fail to preserve fairness by accident; it introduces unfairness by construc-

tion.

The correction. If the problem is a one-sided shift in the weight distribution, the remedy
is to make the shift two-sided. The framework developed here, which we refer to as FMU,
proceeds in two stages. It first withdraws the parameter updates associated with the batches
containing the requested data, which discharges the deletion obligation. It then withdraws
a matched quantity of updates drawn from batches carrying the reversed sensitive attribute
at the same label, which cancels the induced skew. No retraining occurs, the underlying
unlearning method is untouched, and the debiasing regularizer used at training time is un-
touched; the correction is orthogonal to both, and adds a handful of lines to an existing

implementation.

Contributions of this chapter. The chapter makes the following contributions.

e It conducts a systematic study of the effect of machine unlearning on group fairness,
establishing that both exact and approximate unlearning can render a fairly trained

model severely unfair, and that the effect strengthens with the deletion ratio and with
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the class imbalance of the original data.

e It attributes the effect to a shift in the distribution of model weights induced by non-

uniform deletion, rather than to any property of a particular unlearning algorithm.

e It proposes a correction that operates entirely at the level of parameter updates: dele-
tion followed by a matched, reversed-attribute compensation. The method requires no
retraining, is agnostic to both the unlearning mechanism and the debiasing technique,

and adds no storage beyond what update-rollback unlearning already requires.

e [t validates the method on five datasets across two sensitive attributes each, showing
fairness comparable to fair retraining at a fraction of the cost, accuracy comparable
to retraining, and stronger protection against membership inference than retraining

provides.

Section 6.2 fixes notation for unlearning and recalls the fairness quantities of Chapter 5.
Section 6.3 presents the empirical study and the diagnosis. Section 6.4 develops the correc-

tion. Section 6.5 reports the evaluation, and Section 6.7 closes the chapter.

6.2 Preliminaries

6.2.1 Setting

The setting is that of Section 5.2: a dataset

T - {(Xi7yia Si)}ij\ila X; € RD? Yi € {07 1}7 s € {07 1}7 (61)

with binary labels and a binary sensitive attribute, and a model fg producing predictions
Ui- A learning algorithm is a mapping M : D — H from datasets to models in a hypothesis

space H, so that M(7) denotes the model obtained by training on 7.
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Group fairness is measured exactly as in Chapter 5, by the demographic parity gap of
Equation 5.4 and the equal opportunity gap of Equation 5.5, evaluated on held-out data
with binarized predictions. No new fairness quantity is introduced in this chapter; the point

of the chapter is what happens to these two after the model is edited.

Fair training follows the in-process template of Equation 5.3, which we restate in the notation

used here:
ngifl L= mein (Eutility + « »Cfairness)a (62)

with o the fairness weight. Unless stated otherwise Leaimess 1S the demographic parity gap
regularizer [27]; Section 6.5.6 examines this choice, and Section 6.6 returns to it in light of

Chapter 5.

6.2.2 Machine Unlearning

DEFINITION 6.1 (Unlearning mechanism). Given a trained model M (T) and a subset T, C

T of samples whose deletion has been requested, an unlearning mechanism is a mapping
U:HXxDxD—=H, (M), T, T) — UMT),T,T.),

whose output is intended to resemble the model M (T \ T.,) that would have been obtained by

retraining from scratch on the retained data.

Because both M and U are randomized, the appropriate comparison is between distributions
over H rather than between individual models. Writing Pr(M (T \ 7,)) for the distribution
induced by retraining and Pr(U(M(T),T,7T,)) for that induced by unlearning, the ideal is
that the two be statistically indistinguishable. Methods divide into exact unlearning, which

achieves this by construction at the cost of partial retraining, and approzrimate unlearning,
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which achieves it up to a tolerance at much lower cost [101, 150, 135].

This distinction matters here only in that the failure documented below afflicts both.

6.2.3 Training as an Accumulation of Updates

The correction developed in this chapter operates on training as a sum of increments, so we
record that decomposition explicitly. Training for P epochs with B mini-batches per epoch

produces

P B
OM - Oinit + Z Z 5p,b; (63)

p=1 b=1

where d,; denotes the parameter update contributed by batch b of epoch p and 6, the
initialization. We write the per-batch update as  rather than A@ to keep it visually distinct

from the fairness gaps App and Ago, which appear alongside it throughout the chapter.

During training a record is maintained associating each training sample with the batches
it participated in. Given a deletion request, this record yields the set B, of batch indices
containing the requested data. The record may be a sample-to-batch index, a class-to-batch
index, or any equivalent structure; when the anticipated requests concern a known subset of
the data, only the updates for batches touching that subset need be retained, which bounds

the storage cost well below that of logging every update.

6.3 Unlearning Undoes Fairness

6.3.1 The Effect

The diagnostic is straightforward. A model is trained to be fair using Equation 6.2; a deletion

request is issued for a fraction of an unprivileged group, for example female positives on
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Adult; a standard unlearning mechanism is applied; and the fairness of the surviving model
is measured. Table 6.1 reports the outcome on two datasets under approximate unlearning

by update rollback [48] at a 30% deletion ratio.

Table 6.1: Utility and fairness before and after unlearning, on Adult and ACS-I with gender
as the sensitive attribute. Unlearning removes 30% of the unprivileged group by update
rollback [48]. The final column gives the relative change; a positive value for a fairness gap
denotes degradation. Accuracy and AUC barely move while both fairness gaps increase by
an order of magnitude.

Dataset | Metric Fair training | After unlearning | Change
Acc. (1) 80.5+ 0.1 76.1+ 1.8 —5.5%
Adult AUC (1) | 86.5+0.8 79.3 +2.8 —8.3%
Aro (J) 26+0.1 22.3+5.2 +758%
App (1) 1.6+0.9 30.8+£9.4 +1825%
Ace. (1) 80.9 £ 0.6 76.7+ 1.9 —5.2%
ACS-T AUC (1) | 852+1.7 79.0+ 1.1 —7.3%
Ago (1) | 23406 28.8+7.9 +1152%
App () 21403 23.9+4.3 +1038%

Two features of Table 6.1 deserve emphasis. The first is the magnitude: these are not
marginal regressions but changes of one to two orders of magnitude, taking models from
among the fairest in Chapter 5 to worse than no fairness intervention at all. The second
is the asymmetry between the columns. Accuracy and AUC fall by five to eight percent,
which is unremarkable after deleting 30% of a group and would be accepted as the ordinary
price of compliance. An evaluation that reports only those two quantities, which is to say

the standard evaluation, would conclude that unlearning had worked.

The full results in Section 6.5.2 show that this generalizes. On all five datasets, unlearning
10% or 30% of an unprivileged group by either shard-based exact unlearning [14] or update
rollback [48] produces predictions more biased than those of the model before unlearning,

on both ADP and AE‘O-

6.3.2 Diagnosis

Three regularities in the data identify the mechanism.
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The effect scales with the deletion ratio. Removing 30% of a group produces a larger
fairness degradation than removing 10%, monotonically and on every dataset (Table 6.5).

Whatever is responsible accumulates with the quantity of removed influence.

The effect scales with class imbalance. Deletion from the imbalanced Adult dataset,
whose sensitive attribute splits 1:2.08 by gender and 1:9.20 by race, induces markedly more
bias than deletion from the comparatively balanced ACS-I, which splits 1:0.89 and 1:1.62.
An unbalanced dataset is more sensitive to the removal of an unprivileged group because

that group contributed a smaller share of the updates to begin with.

The effect depends on which group is deleted, not merely how much. Removing
data from the unprivileged group produces substantially more bias than removing the same
quantity from the privileged group, and a mized request that draws uniformly from the
whole dataset produces the least (Section 6.5.3). A uniform request removes updates from

both groups in proportion and leaves the balance between them intact.

Together these point away from any property of a particular algorithm and toward the
deletion request itself. Equation 6.3 exhibits the trained parameters as a sum of per-batch
contributions, each carrying the demographic composition of its batch. Unlearning sub-
tracts a subset of those contributions. When the request is concentrated in one group, the
subtracted terms are concentrated in one group, and what remains is a parameter vector
assembled from a differently constituted mixture of updates than the one that was validated
as fair. The fairness of the original model was a property of the whole sum in Equation 6.3;
removing a demographically skewed subset of its terms shifts the distribution of the weights
and there is no reason for the property to survive. Unlearning does not fail to preserve

fairness by accident. Under a non-uniform request it introduces bias by construction.

This reading has an immediate practical consequence. Because the cause is a one-sided
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shift in a sum, the remedy need not involve retraining, revisiting the training objective, or

modifying the unlearning mechanism. It is enough to make the shift two-sided.

6.4 Correcting the Distribution Shift

6.4.1 Problem Statement

Given a model @), trained by Equation 6.2 and a deletion request 7,, we seek an edited
parameter vector that simultaneously (i) discharges the deletion obligation, in the sense of
Definition 6.1; (ii) restores the group fairness that ), possessed, as measured by Equation 5.4
and Equation 5.5; and (iii) retains predictive accuracy comparable to retraining on 7 \ 7.
All of this must be achieved without retraining, since avoiding retraining is the entire purpose

of unlearning.

Figure 6.1 gives the resulting two-stage procedure.

6.4.2 Stage One: Unlearning

The first stage is standard update rollback [48]. Given the batch index set B, derived
from the request, the unlearned parameters are obtained by subtracting the corresponding

contributions from Equation 6.3:
P B
Or = Oumic + D D> Opp— > 8,=0y— > 6. (6.4)
p=1 b=1 uEBy uEBy,

This step is deliberately unmodified: the deletion guarantee is whatever the underlying
mechanism provides, and the contribution of this chapter is not a new unlearning method.

The framework composes with any mechanism expressible as an edit to Equation 6.3.
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Figure 6.1: The framework. When an unlearning request arrives, the method withdraws the
parameter updates of the batches containing the requested data, then withdraws the updates
of a matched set of batches whose data carries the reversed sensitive attribute at the same

label.
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6.4.3 Stage Two: Reversed-Attribute Compensation

The second stage cancels the skew that Equation 6.4 introduces. Suppose B, contains n,
samples for each combination of sensitive attribute s € {0,1} and label y € {0,1}. We
assemble a compensation set R C B\ B, by sampling, for every such combination, an equal

number of samples carrying the opposite sensitive attribute at the same label:
Ny g, ="nsy foralse{0,1}, yec{0,1}, (6.5)

where n and n’ count samples in B, and R respectively. The corrected parameters follow by

withdrawing the updates of the compensation batches:

Orry, = O — ) 0. (6.6)

reR

Two design choices in Equation 6.5 carry the argument. Matching on the label ensures
that the compensation does not disturb the class balance, so the correction acts on the
demographic composition of the remaining updates and not on the prediction task. Reversing
the sensitive attribute is what makes the net shift two-sided: for every unit of influence
removed from one group at a given label, an equal unit is removed from the other group at
the same label, so the ratio between the groups’ contributions to Equation 6.3 is preserved
even though the absolute quantity of both has fallen. The diagnosis of Section 6.3.2 identified

an imbalance in what was subtracted; Equation 6.5 subtracts the complementary quantity.

Why the correction does not leak. The compensation set is drawn from B\ B,, the
batches that do not contain requested data. The second stage therefore removes additional
influence rather than reinstating any, and cannot reintroduce information about 7,,. The dele-
tion guarantee established by Equation 6.4 is preserved unconditionally, since Equation 6.6

only subtracts further terms; Section 6.5.4 confirms this empirically against membership

120



inference.

Cost. The correction requires the stored updates for the compensation batches and nothing
else. Since update-rollback unlearning already stores per-batch updates, the marginal storage
is the difference between |R| and |B,| worth of updates, and by Equation 6.5 these are equal
in sample count. No gradient is computed, no forward pass is run, and no retraining occurs;

Equation 6.6 is a sum of stored vectors. Section 6.5.8 quantifies the result.

6.4.4 Algorithm

Figure 6.2 states the complete procedure. Its brevity is the point: the correction is a few lines
added to an existing unlearning implementation, is agnostic to the unlearning mechanism

used in stage one, and is agnostic to the debiasing technique used during training.

Input: trained parameters 6,;; unlearning request batch list B,; stored per-batch up-
dates {d;}.

Stage 1: Unlearning
1: Initialize OM/ = 0M
2: for u € B, do
3: BM/ — BM/ — 6u
4: end for
Stage 2: Reversed-attribute compensation
5. Sample R C B\ B, with n}__, = n,, for all s,y, by Equation 6.5
6: Initialize 6 ML= O
7. for r € R do
8: 0M’ — HM/

fair fair

9: end for

_5T

Output: unlearned and rebalanced parameters 6, .

Figure 6.2: The two-stage procedure. Stage one discharges the deletion request; stage two
cancels the demographic skew it induces. Neither stage computes a gradient or retrains.
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6.5 Experiments

The evaluation asks whether the correction restores fairness (Section 6.5.2), how it behaves
across deletion ratios and request distributions (Section 6.5.3), whether it still actually un-
learns (Section 6.5.4), why it works (Section 6.5.5), how the choice of training-time regularizer

affects it (Section 6.5.6), and what it costs (Section 6.5.8).

6.5.1 Setup

Datasets. Five benchmarks are used: Adult [10], COMPAS [82], the income and travel-time
tasks ACS-I and ACS-T [35], and the image dataset CelebA-A [92]. Each is evaluated under

two sensitive attributes, following established practice [12, 22, 151]. Statistics appear in
Table 6.2.
Table 6.2: Dataset statistics. #Feat. is the feature count after preprocessing; N : P is the

ratio of negative to positive target labels; the last two columns give the s =0:1 ratio for
each sensitive attribute.

Dataset | Target Sens. s #Data | #Feat.| N:P | 1st s | 2nd s
Adult Income Gender, Race | 45,222 101]1:0.33]1:2.08|1:9.20
COMPAS Credit Gender, Race | 6,172 405(1:0.83|1:4.25| —

ACS-I Income Gender, Race | 195,665 908 1:0.70 | 1:0.89 | 1:1.62
ACS-T Travel time | Gender, Race | 172,508 | 1,567 |1:0.94{1:0.89 | 1:1.61
CelebA-A | Attractive | Gender, Age |202,599 |48 x 48 |1:0.95|1:1.40|1:0.29

Baselines. Four comparisons are made. Retraining discards the requested data and re-
trains from scratch, in a standard and a fairness-regularized variant; it provides the strongest
privacy guarantee at the highest cost. SISA [14] is exact unlearning by sharding: the data
is partitioned, a sub-model is trained per shard, and only affected sub-models are retrained
from cached states. Amnesiac [48] is approximate unlearning by update rollback, that is,
stage one alone. Oesterling [102] is the existing fair unlearning method, which enforces
fairness through convex pairwise regularization and consequently cannot express non-convex

criteria such as demographic parity or equalized odds [27].
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Deletion requests. To model realistic right-to-be-forgotten requests we consider deletion
from a privileged group, from an unprivileged group, and mixed deletion drawn uniformly
from the whole training set, at ratios from 5% to 50%. Unless stated otherwise the reported

setting deletes 30% of the unprivileged group, for example female positives on Adult.

Implementation. Models are trained in PyTorch [104] with Adam [76], initial learning
rate 0.01, weight decay 0, batch size 32, and 100 epochs. Tabular data uses a two-layer MLP
with 256 hidden units and image data a two-layer MLP with 128 hidden units. The fairness
weight is a = 3.0, selected as described in Section 6.5.7. Results are means and standard

deviations over 20 runs.

6.5.2 Fairness and Utility After Unlearning

Table 6.3 and Table 6.4 report the full comparison. Four findings emerge.

Both exact and approximate unlearning introduce bias. This is the central negative
result, and it holds without exception. On all five datasets and both sensitive attributes,
SISA and Amnesiac produce larger App and Agp than the fairly trained model they started
from. The magnitudes are severe: on Adult with gender, Amnesiac raises App from 1.6 to
30.8; on COMPAS with gender it raises it from 1.7 to 34.6. Even standard, non-fairness-aware
retraining, which one might expect to be neutral, lands at App values of 15.2 and 18.8 on

those settings, because it re-derives a biased model from biased retained data.

The correction restores fairness to the level of fair retraining. Across the ten
dataset—attribute settings the corrected model attains App between 0.9 and 2.9 and Ago
between 1.2 and 2.9, statistically comparable to fair retraining throughout and better than it

on four settings. Against the fair unlearning baseline the margin is large: Oesterling attains
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Table 6.3: Utility and fairness on Adult, COMPAS, and ACS-T before and after unlearning
30% of the unprivileged group, over 20 runs. Higher is better for accuracy and AUC; lower

is better for App and Ago.

Bold marks the best value among the six unlearning and

retraining methods; the two original-training columns are references and are excluded from
that comparison.

Sens. | Metric Original training Standard unlearning Retraining Fair unlearning
’ Std. Fair SISA Amne. Std. Fair Oester. Proposed
Adult
Acc. |84.440.3 80.1£0.7| 76.3+1.2 76.7+1.3 |82.3+0.5 804+05|77.3+2.6 784+1.3
Race AUC |90.14+0.5 85.3+£0.5|784+04 7714+1.7|872+1.9 83.2+1.3|804+23 809+1.6
Ago |93+38 13£1.0|198+52 294+71]106+£56 1.3+£02|58£21 19+0.5
App |13.4£0.8 1.0£0.6 |21.44+26 262+6.3|152+48 1.5+£04|63£32 1.7+0.8
Acc. |84.64+0.3 80.5+£0.1|76.4+1.1 76.1+1.8 |82.1+0.7 794+1.7|784+0.7 789+0.2
Gender AUC |90.8+0.2 86.5+£0.8| 79.3+2.1 79.3+2.8 |88.4+1.2 82.1+0.8(79.3+£19 81.24+0.5
Ago |84+32 26£0.1]209+37 223£52|92+25 18+£03|55+£1.2 1.6+0.2
App [16.5+09 1.6+09 |246+4.3 308+94|152+21 1.1+06|67+£26 1.9+04
COMPAS
Acc. [66.9+1.0 609+1.1|542+08 54.7+1.4|653+1.8 60.9+0.6/574+1.8 59.9+0.5
Race AUC [724+08 69.4+1.8|61.1+1.9 61.9+23|721+2.1672+1.5(644+1.7 66.5+1.1
Ago [19.4+46 09+£0.3|195+42 276+£33|163+6.2 1.0+£0.7|74+£38 1.2+0.3
App |172+41 1.4+1.1(342+10.2 29.0+£84 |184+54 1.1+03]99+£23 19+0.6
Acc. [66.8+0.7 62.1+1.5|554+1.9 549+26|654+1.6 62.6+1.5(59.3+1.4 60.1+£0.8
Gender AUC 721409 68.2+1.6/61.2+0.8 60.3+2.1|66.7+1.0 62.3+0.8{60.0+1.8 61.44+0.6
Ago |124+£5.8 2.1+£0.5(293+6.7 31.3+14.8/16.2+48 2.7+19|83+£29 29+15
App |172+43 1.7£0.8 |33.5+16.7 346+175/188+6.2 1.6+05|9.1£35 19+0.8
ACS-T
Acc. |66.3+0.3 65.7£0.2| 59.3+1.4 587+0.8 65.2+1.0 644+0.8{59.2+2.0 61.5+1.3
Race AUC |726+0.2 71.2£0.2|65.3+19 64.24+24|70.3+1.6 68.2+24(65.4+£21 67.8+1.1
Ago [69+12 09+05|1744+95 154481 | 74+24 1.0+03[53£28 1.5+0.6
App |102+1.6 2.8+0.7|182+74 143+99 |114+24 23+1.1|81+33 1.84+0.5
Acc. |66.24+0.4 65.9+£0.4|572+21 589+2.7(64.3+0.7 63.5+£0.8{60.5+1.9 62.7+0.7
Gender AUC |72.7+£0.2 72.0+0.3|66.2+1.8 672+19 |70.2+24 67.3+1.0{64.1+1.3 68.6+0.8
Ago [6.1£35 1.84+05 179473 225+105| 88+22 25+1.0(64+43 2.7+1.1

App

73+26 15£04

156+9.3 17.8+74

6.2+35 22+0.7

53+5.7 29+13
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Table 6.4: Utility and fairness on ACS-I and CelebA-A before and after unlearning 30% of
the unprivileged group, over 20 runs. Bold marks the best value among the six unlearning
and retraining methods; the two original-training columns are references and are excluded
from that comparison.

Sens. | Metric

Original training
Std. Fair

Standard unlearning
SISA Amne.

Retraining
Std. Fair

Fair unlearning
Oester. Proposed

ACS-I

Acc.

AUC
Ago
App

Race

81.2+£0.1 80.2+1.2
90.1£0.1 87.0£1.6
74+06 20=£0.5
10.0+1.8 1.7+£0.2

75.3+1.9
82.5+24
23.5+44
26.3 £ 7.7

75.0£1.1
81.5+£1.6
25.3+4.0
23.3£6.2

809+15 77.9+1.5
89.7+21 86.6+1.1
91+14 1.2+£0.7
11.3+3.8 1.0+04

76.5 £ 0.8
84.1£1.6
7.6+22
34+18

78.3+0.9

85.2£1.0
1.4£0.2

09+04

Acc.

AUC
Ago
App

Gender

82.0+£0.2 80.9£0.6
90.1£0.1 8.2+£1.7
6.1+£06 23+0.6
10.2+1.6 2.1+£0.3

75.4£22
80.2+£2.6
243+33
284+6.8

76.7+1.9
79.0£1.1
28.8+7.9
23.9+43

81.1+0.6 78.3+1.2
88.4+1.8 84.2+2.0
91+05 14+£03
1244+22 1.7+0.38

75.3£0.8
82.1£0.9
10.2 £ 2.7
2.6 £0.6

78.0£0.8

84.0£1.5
1.7£1.0

1.7+1.2

CelebA-A

Acc.

AUC
Ago
App

Age

78.14+0.6
85.9£0.8
193+ 1.5
38.7£1.8

75.0£1.9

81.3+£0.6
0.9+0.3
1.6£1.3

68.3+0.8 66.7+0.4
75.3£09 742+18
274+11.2 35.4+£13.5
41.2+21.4 40.3+20.4

77.2+0.9
84.3+1.2
214+1.7
374+£1.6

76.4+04

81.2+1.8
1.0£0.5

23+09

74.24+2.0

77.4+£2.1
5.3+2.8
8.1+3.3

76.5£0.8

80.8+0.7
1.56£0.2

1.8+£0.3

Acc.

AUC
Ago
App

Gender

781+0.6 74.3£1.6
85.9+£0.8 81.7+£1.2
35621 1.1+£04
50.6 £2.6 2.2£0.5

67.2£19 689£138
76.2+£21 772+14
37.9+21.3 42.5£20.5
45.6 £19.3 47.8 £27.4

78.4+0.5
84.24+0.8 82.3+1.2
37.8£26.7 2.5+0.7
53.2+£24.3 2.2+0.6

73.5+0.6

70.5+£1.9 72.7£0.7
80.1+1.3 81.6 +0.8
124+4.3 2.7+0.6
15.2+£5.7 1.8+0.5

App between 2.6 and 15.2, and is beaten on every setting.

Accuracy is comparable to retraining. The corrected model recovers accuracy within

a few points of full retraining and consistently exceeds both SISA and Amnesiac, which lose

accuracy without gaining fairness. On CelebA-A with age it reaches 76.5 against 77.2 for

standard retraining and 66.7 for Amnesiac.

Dataset structure governs the severity. Deletion from imbalanced Adult induces more

bias than from balanced ACS-I, and deletion from a larger dataset costs less accuracy than

from a smaller one. COMPAS, with 6,172 samples, shows the largest accuracy drops through-

out. The correction approximates retraining accuracy in both regimes.
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6.5.3 Deletion Ratio and Request Distribution

Table 6.5 isolates the dependence on the deletion ratio by comparing 10% against 30%
deletion for the two standard mechanisms. The relationship is monotone in nine of the ten
settings for Amnesiac and in all ten for SISA: more deletion, more bias. This is the first
regularity of Section 6.3.2, and it is what the accumulation view of Equation 6.3 predicts,
since the quantity of demographically skewed influence removed grows with the request.

Table 6.5: Demographic parity gap App after unlearning 10% versus 30% of the unprivileged

group, for exact (SISA) and approximate (Amnesiac) unlearning. The fair-training column
is the value before unlearning. Bias grows with the deletion ratio in almost every setting.

) ) SISA Amnesiac

Dataset Sens. Fair train. 10% 30% | 10% 30%
Adult Race 1.0 16.4 214 1| 9.5 26.2
u Gender 1.6 125 24.6 | 20.1 30.8
Race 14 26.5 34.2 | 23.1 29.0

COMPAS Gender 1.7 20.8 33.5|27.6 34.6
ACS_T Race 2.8 15.7 18.2 ] 16.7 14.3
Gender 1.5 13.0 156 | 10.3 17.8

ACS-T Race 1.7 184 26.3|14.3 23.3
h Gender 2.1 17.2 284|154 23.9
Age 1.6 35.7 41.2 | 36.7 40.3
CelebA-A| cender | 22 1390 456|403 47.8

Figure 6.3 examines the request distribution, plotting the improvement of the corrected
model over uncorrected update rollback across ratios from 5% to 50% on an imbalanced

dataset (Adult) and a balanced one (ACS-I). Two patterns hold.

First, the benefit tracks the imbalance of the original data. On Adult, removing data from
the unprivileged group yields a markedly more biased model than removing the same amount
from the privileged group, and the correction has correspondingly more to repair. On ACS-1I,
where the groups are nearly balanced, the discrepancy between privileged and unprivileged

deletion is smaller and so is the gain.

Second, mixed requests are the benign case. When deletion is drawn uniformly the removed

updates carry the demographic composition of the training set, so little skew is introduced
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and there is correspondingly little for the correction to recover. Utility nonetheless degrades
more, since a fixed percentage of the whole dataset is a larger absolute quantity of data
than the same percentage of one group. This is a useful practical boundary: the correction
matters exactly when requests are demographically concentrated, which is also when the

failure is worst.
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Figure 6.3: Improvement of the corrected model over uncorrected update rollback on Adult
(top) and ACS-I (bottom), at deletion ratios {5%, 10%, 20%, 50%} with gender as the sensi-
tive attribute. From left to right: accuracy difference, Ago difference, App difference, each
defined so that larger is better. Adult’s unprivileged group is female positive; ACS-I is more
balanced.

6.5.4 Does It Still Unlearn?

A correction that restored fairness by quietly reinstating deleted influence would be worthless.

Two experiments confirm that this does not occur.

Target and non-target accuracy. Figure 6.4 tracks accuracy on the deleted group and

on the retained groups on ACS-I, with male positives as the deletion target at a 30% ratio.
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Unlearning is applied at epoch 100 and training then continues. On the target group the
corrected model falls to near-random accuracy, indicating that the requested information
has genuinely been removed; fair retraining and Oesterling both retain visibly higher target
accuracy, suggesting residual information. On the retained groups the corrected model dips
briefly and recovers quickly to accuracy comparable with fair retraining, and does so in fewer

steps than Oesterling.

Membership inference. Table 6.6 reports the recall of a membership inference attack [115,
139, 60| using 20 shadow models, following established protocol |15, 53]. The row marked
0* is the decisive one: it measures the attack immediately after the deletion operation and
before any retraining. The corrected model already reports recall 0.00 there, whereas re-
training and Oesterling still leak at 0.97 and require several epochs of retraining to close the
gap. Fair retraining provides only minimal protection even after twenty full epochs. This is
consistent with the argument of Section 6.4.3: since both stages only ever subtract stored

updates, the deletion guarantee is established immediately and the compensation cannot

undo it.
i i
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Figure 6.4: Accuracy on the non-target groups (left) and the deletion target group (right) on
ACS-TI at a 30% deletion ratio with gender as the sensitive attribute. Unlearning is applied
at epoch 100 and training continues thereafter. Effective unlearning means high accuracy
on the left and near-random accuracy on the right.
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Table 6.6: Recall of a membership inference attack after unlearning, by retraining epoch.
Row 0* measures the attack immediately after the deletion operation and before any re-
training; lower is better. The proposed correction removes membership signal without any

retraining.

Epoch | Retraining Oesterling Proposed

0 0.97+£0.17 | 097+0.17 | 0.97+£0.17
0* 0.97+0.17 | 0.97+£0.17 | 0.004+0.05
5 0.12+0.03 | 0.00+£0.00 | 0.00+£0.00
10 0.054+0.01 | 0.00+0.00 | 0.0040.00
15 0.01£0.00 | 0.00+0.00 | 0.00+£0.00
20 0.00 +0.00 | 0.00+0.00 | 0.00 =+ 0.00

6.5.5 Why the Correction Works

Figure 6.5 plots the predicted-probability densities of the two gender groups on Adult after
removing 30% of the unprivileged group, under each method. The sequence makes the
chapter’s argument visible in one figure. Fair training produces two closely overlapping
densities. Standard update rollback pulls them apart, which is the failure of Section 6.3.1 in
distributional form. Fair retraining restores the overlap, at the cost of retraining. Oesterling
partially restores it. The proposed correction restores it to a degree comparable with fair
retraining, by rebalancing the group contributions to the parameter sum rather than by
re-optimizing.
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Figure 6.5: Predicted-probability densities for the male and female groups on Adult after
deleting 30% of the unprivileged group. From left to right: fair training (fair); update
rollback (unfair); fair retraining (fair); Oesterling (less fair); the proposed correction (fair).
Greater overlap indicates better group fairness.

6.5.6 Choice of Training-Time Regularizer

The correction operates on updates produced by a fairness-regularized training run, so the

regularizer of Equation 6.2 is a component of the pipeline. Figure 6.6 sweeps hyperparam-
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eters to trace the accuracy-App Pareto front for four choices: HSIC [87], the prejudice

remover [73|, adversarial debiasing [147], and the demographic parity gap regularizer [27].

The pattern reproduces the taxonomy of Chapter 5 closely. HSIC, a dependence measure,
attains lower App than the others at matched accuracy. Adversarial debiasing is strong
on utility but unstable in its debiasing, consistent with the optimization difficulties noted
in Section 4.5.2. The prejudice remover debiases well but sacrifices predictive performance.
The gap regularizer offers the most balanced trade-off, and is adopted as the default here.

Section 6.6 returns to this choice.
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Figure 6.6: Accuracy against App for four training-time fairness regularizers on Adult,
COMPAS, ACS-I (top) and ACS-T, CelebA-A (bottom). The upper-left corner is preferable.

6.5.7 Sensitivity to the Fairness Weight

Figure 6.7 varies the fairness weight « of Equation 6.2 over {0.5,1.5,3.0,5.0,7.0}. Accuracy
is essentially unaffected for a < 1.5 and decays sharply once a grows large. Fairness improves

as « increases and then deteriorates at large values, because the heavily weighted fairness
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term makes the joint objective harder to optimize and the model fails to reach a good solution

on either criterion. The value o = 3.0 sits at the balance point and is used throughout.

BN Adult WSS COMPAS
| ACS-T ACS-T
' | W CelebA-A

Accuracy (%)
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Hyperparameter o Hyperparameter a

Figure 6.7: Effect of the fairness weight a on accuracy (left) and App (right). Fairness
improves with a up to a point and then degrades, as the heavily weighted objective becomes
harder to optimize.

6.5.8 Runtime and Storage

Table 6.7 reports both costs. On Adult the correction completes in 2.1 seconds against 80.3
for retraining, a 38.2x speedup; on CelebA-A it takes 5.2 seconds against 1657.1, a 318.7x
speedup. The advantage widens with dataset scale, since the correction’s cost depends on
the number of stored update vectors summed rather than on the size of the retained data.
It is roughly twice as fast as Oesterling, whose compensation step is more elaborate, and

marginally slower than uncorrected rollback, which is the price of the second stage.

Storage follows the same ordering. Retraining requires the most, then SISA, which must
cache intermediate checkpoints for every shard, an overhead that grows as more shards are
touched. Oesterling follows, its cost dominated by forming and inverting the Hessian of the
fair loss over the retained data. The proposed correction stores 2.5 x 10® parameters on

Adult against Amnesiac’s 2.2 x 10%; the difference is the parameters associated with the

131



fairness term, and it is this that makes a simple regularizer preferable to an elaborate one

on storage grounds.

Table 6.7: Runtime (seconds, with speedup over retraining) and stored parameter counts for
2,000 unlearned samples. SISA uses 20 shards. Measured on an NVIDIA RTX A4000 with
100 unlearning requests; retraining runs for 100 epochs.

Retraining SISA Amnesiac | Oesterling | Proposed
Runtime, Adult 80.3 s 25.5's 14s 4.2s 2.1s
Speedup, Adult — 3.1x 57.4x 19.1x 38.2x
Runtime, CelebA-A 1657.1 s 1379 s 3.6 s 15.2 s 5.2s
Speedup, CelebA-A — 12.0x 460.3 x 109.1x 318.7x
#Params, Adult 1.6 x 10° [ 3.6 x 10* | 2.2 x10% | 3.3 x 10* | 2.5 x 10°
#Params, CelebA-A | 52 x 107 | 2.7x10° | 1.1 x 10* | 2.5 x 10° | 1.2 x 10*

6.6 Discussion

What the chapter establishes. Two things, one negative and one positive. The negative
result is that group fairness does not survive machine unlearning, that the failure afflicts
exact and approximate mechanisms alike, and that the standard evaluation rubric of deletion
efficacy plus retained accuracy is constitutionally unable to detect it. The positive result is
that the failure has a structural cause admitting a structural remedy: because bias enters
through a demographically one-sided edit to the sum in Equation 6.3, it can be removed

by a matched, reversed-attribute edit to the same sum, with no retraining and no gradient

computation.

The broader point for this dissertation is that the third control point is not optional. A
guarantee installed at the first control point (Chapter 4) or the second (Chapter 5) is only
as durable as the parameter edits subsequently applied to the model, and those edits must

be brought under the same discipline or they will silently undo the guarantee.

A composition left open. Section 6.5.6 selected the demographic parity gap regularizer

for Equation 6.2 on the basis of a four-way empirical comparison, and Figure 6.6 shows
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the dependence-based HSIC attaining lower App at matched accuracy. Chapter 5 argued
on principled grounds that a measure of this kind should be preferred, and derived one
that outperforms HSIC. Substituting the Cauchy—Schwarz regularizer here would change the
updates d,; that the correction operates on, and by the argument of Section 5.3.4 it should
yield a fairer starting point and better-conditioned updates. The correction is agnostic to
that choice, so the substitution is available; it is not evaluated in this chapter, and stands as

a concrete composition of two contributions of this dissertation that remains to be tested.

Limitations. Three should be recorded. The correction requires that per-batch updates
have been stored, which is exactly the requirement of update-rollback unlearning and no
more, but it does mean the method does not apply to unlearning mechanisms that do not
maintain such a record. The compensation of Equation 6.5 matches on counts within each
(s,y) cell, which is a first-order correction to the composition of the update sum; it does not
guarantee that the resulting parameter vector is fair, only that the demographic skew intro-
duced by deletion is cancelled in expectation, and the empirical results are what establish
that this suffices. And the treatment is confined to binary sensitive attributes and binary

labels, inheriting the scope of Chapter 5.

Where the assumptions break. The method rests on two premises that hold comfort-
ably at the scale studied here and not at all beyond it. The first is that the entire training
history can be decomposed into recorded per-batch updates, as in Equation 6.3. The second
is that a model can be revised wholesale, since Equation 6.6 edits every parameter at once.
For a two-layer network of a few thousand parameters both are unremarkable. For a large
language model, neither survives: the training history is not available to the party doing the
unlearning, the parameter count makes per-batch update storage untenable, and a wholesale
edit to all weights has consequences far outside the region one intends to change. The unit

of forgetting also changes, from a training sample to a fact, and with it the meaning of a
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deletion request. Chapter 7 takes up unlearning in that regime, where the response to all
three problems turns out to be the same: confine the edit to a small, well-chosen subspace,

and leave the rest of the model untouched.

6.7 Summary

This chapter moved to the third control point of the dissertation, the parameters themselves,
and showed first that it cannot be ignored. Machine unlearning, evaluated as the field eval-
uates it, appears to succeed while destroying the group fairness that the preceding chapters
worked to install: a fairly trained model on Adult sees its demographic parity gap rise from
1.6 to 30.8 after a routine deletion request, while accuracy falls by only five percent. The
effect appears under both exact and approximate unlearning, on every dataset tested, and

it strengthens with the deletion ratio and with the imbalance of the original data.

The diagnosis is that non-uniform deletion removes a demographically skewed subset of the
per-batch updates that compose the trained parameters, shifting the weight distribution
away from the balanced mixture that was validated as fair. The remedy follows directly:
after withdrawing the updates carrying the requested data, withdraw a matched quantity of
updates carrying the reversed sensitive attribute at the same label. The result restores fair-
ness to the level of fair retraining while running up to 318 x faster than retraining, preserves
accuracy comparable to retraining, and eliminates membership inference signal immediately,
before any retraining has occurred, which retraining itself does not achieve. Because it edits
only stored updates, it is orthogonal to both the unlearning mechanism and the debiasing

technique.

The method depends on a recorded training history and on the freedom to revise every

parameter at once. The next chapter asks what forgetting means when neither is available.
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Chapter 7

Efficient Unlearning in Large Language

Models via Low-Rank Negative Updates

7.1 Overview

Chapter 6 closed by naming two premises on which its correction rested. The first was that
the entire training history is available as a record of per-batch updates, so that Equation 6.3
can be edited term by term. The second was that a model may be revised wholesale, since
Equation 6.6 touches every parameter at once. For a two-layer network of a few thousand

parameters both are unremarkable. At the scale of a foundation model neither holds.

This chapter takes unlearning into that regime. The unit of forgetting changes, from a
training sample to a fact; the training history is not available to whoever must honour
the deletion request; and the parameter count makes both per-batch update storage and
wholesale revision untenable. What survives the transition is the principle that Chapter 6
arrived at empirically and that Chapter 3 arrived at from the opposite direction: confine

the intervention to a small, well-chosen subspace, and the rest of the system is left intact.
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In Chapter 3 the small object was a condensed dataset; here it is a low-rank adapter. The
chapter therefore returns the dissertation to the efficiency concern it opened with, now at

foundation-model scale.

Forgetting facts. Large language models memorize their training corpora, and some of
what they memorize must later be removed, whether because it is private, because it is
copyrighted, because it is biased, or simply because it has become false [89, 15, 45]. Figure 7.1
illustrates the task. A model asked “What is the capital of France?” answers “Paris”; after
unlearning it must either decline to produce that answer or produce an alternative. The
request is not to delete a row of a table but to suppress an association distributed across the

weights.

Why the existing options do not deploy. Three families have been tried and each fails

on cost or on collateral damage.

Retraining from scratch on the retained corpus is the definitional solution and is entirely
infeasible at this scale. Full fine-tuning on constructed data is cheaper but still updates
every parameter, and is prone to catastrophic unlearning, in which suppressing one fact
disturbs unrelated knowledge [136, 79]. Direct memory editing, which locates the weights
that store an association and rewrites them, as in ROME and MEMIT [99, 100], is targeted
in intent but requires full model access and makes large-scale weight modifications whose

consequences outside the intended region are hard to bound.

A more recent line fine-tunes on negative examples, instances of the behaviour to be sup-
pressed, which removes the need for the retained corpus [138, 153, 41, 91]. This is the right
supervision signal, but as usually implemented it still updates a substantial share of the

parameters and so inherits the cost and the drift.
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Approach. The framework developed here, which we refer to as LUNE, combines negative-
only supervision with parameter-efficient adaptation. The backbone is frozen entirely and
low-rank adapters [59] are injected into the attention and feed-forward projections; the
adapters alone are trained, by minimizing the likelihood the model assigns to the unde-
sired outputs. Two properties follow immediately, and they are the same two that motivated
the correction of Chapter 6. The edit is cheap, because the number of trainable parameters
falls by two to three orders of magnitude and no retained corpus is required. And the edit
is local, because it is confined by construction to a low-rank subspace, so the directions
that encode unrelated capabilities are left untouched. Section 7.3.4 makes the second claim

precise: the method performs negative-gradient descent projected onto that subspace.

Contributions of this chapter. The chapter makes the following contributions.

e [t introduces a negative-only, adapter-only unlearning method for large language mod-
els. To our knowledge this combination, in which negative supervision with no access
to retained data is applied exclusively to low-rank adapters over a frozen backbone,

had not previously been used for LLM unlearning.

e [t gives a projection argument explaining why constraining the update to a low-rank
subspace mitigates catastrophic unlearning, and a complexity analysis separating the

reduction in trainable parameters from the reduction in wall-clock cost.

e [t evaluates the method on four unlearning benchmarks spanning synthetic relational
facts, real-world knowledge, privacy-sensitive records, and author profiles, against seven
baselines drawn from three method families, on four metrics covering unlearning effi-

cacy, retained utility, adversarial robustness, and privacy leakage.

e It isolates the two design choices by ablation, showing that negative supervision is

what drives forgetting and that low-rank confinement is what preserves utility. It
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further shows that adapter-only training matches or exceeds full fine-tuning of the
same objective on every metric.

@ What is the What is the
capital of France?

capital of France?

The capital of
France is Lyon. )¢

Paris is the capital

of France.

Before Unlearning After Unlearning

Figure 7.1: The unlearning task for large language models. The model initially answers a
targeted query with the memorized fact; after unlearning it either avoids that answer or
produces an alternative, while responses to unrelated queries are preserved. The change is
achieved by fine-tuning on constructed input—output pairs rather than by retraining.

Section 7.2 fixes notation and reviews low-rank adaptation. Section 7.3 develops the frame-
work. Section 7.4 reports the evaluation, and Section 7.6 closes the chapter and the technical

part of this dissertation.

7.2 Preliminaries

7.2.1 Unlearning at Foundation-Model Scale

The definition of an unlearning mechanism given in Definition 6.1 carries over unchanged: a
mapping U that takes a trained model, its training data, and a deletion request, and returns
a model resembling one trained without the requested data. What changes is what can be

assumed about each argument.

138



Let fo denote a pretrained language model with parameters 6, trained on a corpus

T="T-UT,, (7.1)

where 7T, is the target of the deletion request and 7, the retained remainder, following the
notation of Chapter 6. We write Py = |0| for the total parameter count, reserving P for
the epoch count of Equation 6.3, and use d and k for the dimensions of individual weight

matrices.

The goal is a model fy satisfying three requirements:
1. Unlearning: fg behaves as though trained on 7, alone.
2. Retention: fy preserves performance on tasks unrelated to 7.
3. Efficiency: the transition from 6 to 8’ is computationally cheap.

Three assumptions available in Chapter 6 are unavailable here. The per-batch update record
underlying Equation 6.3 does not exist for a model whose pretraining was performed by
someone else. The retained corpus 7, is typically inaccessible, so any method requiring a
pass over it is ruled out. And 7, is not a set of indexed training rows but a set of facts,
specified by the queries that elicit them. The third requirement is consequently the binding
one: a method that satisfies the first two at the cost of updating Py, parameters has not

solved the deployment problem.

7.2.2 Low-Rank Adaptation

Parameter-efficient fine-tuning addresses precisely this constraint, adapting a model by up-
dating a small set of parameters while the majority stay frozen [58, 144]. Low-rank adapta-

tion [59] has become the standard instance, and it is the mechanism used here.
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DEFINITION 7.1 (Low-rank adaptation). Let Wy € R¥* be a frozen pretrained weight
matriz. Low-rank adaptation represents the update to Wy as a product of two trainable

matrices of rank r < min(d, k),

AW = ABT, A€ R¥™" B e RFT (7.2)

so that the adapted weight is

W =Wy+AW =W, + AB". (7.3)

The decomposition introduces (’)(r(d+ k:)) trainable parameters per adapted matrix in place
of the dk of the full matrix. We write ¢ = (A, B) for the collection of all adapter pa-
rameters across the model, and fg, for the model with adapters attached, so that @ re-
mains frozen throughout and ¢ alone is optimized. Extensions improving memory [33], rank
allocation [152], and decomposition [90] are orthogonal to the argument here, as are the

adapter [106, 110] and prompt-tuning [85, 86| families.

That this works at all is explained by the observation that downstream parameter updates
tend to lie in a low intrinsic dimension [3]. The argument of this chapter is that for unlearning
the low-rank restriction is not merely an acceptable approximation but an advantage, because

it bounds the region of parameter space the edit can reach.

7.3 The LUNE Framework

Figure 7.2 gives an overview. The backbone is frozen; low-rank adapters are attached to
selected projections; and the adapters are trained on a set of negative examples encoding

the behaviour to be removed.
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Figure 7.2: Overview of the framework. The model is fine-tuned using only task-specific
low-rank adapters on curated negative examples representing the undesired behaviour or
knowledge. The original weights remain frozen, which delivers parameter efficiency and
preserves general capabilities while the targeted information is unlearned.
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7.3.1 Objective

Let Dpeg = {(xi,y; )}¥mee he a set of prompts paired with undesired target outputs. The

framework optimizes

m(gn E 2y~ )~Dueg [ —log Py s(y~ | x)}, (7.4)

where Py 4(- | ) is the conditional distribution of the adapter-augmented model. In finite-

sample form this is the standard token-level cross-entropy over the negative targets,

Nncg

L(¢) = — Z log Po.s(y; | ). (7.5)

Two features of Equation 7.4 deserve comment. The minimization is over ¢ only: 6 never
appears as a decision variable, so the pretrained model is preserved exactly and the edit is
reversible by discarding the adapters. And the objective refers only to Djeg: no term involves

7., which is what makes the method applicable when the retained corpus is inaccessible.

7.3.2 Constructing Negative Examples

The supervision signal is the whole of the method’s precision, and Section 7.4.5 shows the

results depend on it sharply. Three constructions are used, illustrated in Table 7.1:

e Contradictory statements, which directly negate the target fact (“The capital of

France is not Paris”).

e Alternative incorrect facts, which substitute a plausible but wrong value (“The

capital of France is Lyon”).

e Paraphrased variants, which vary lexical and syntactic form so that the effect gen-

eralizes across phrasings rather than attaching to one surface pattern.
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In practice Dy is assembled by a generation-and-filtering pipeline. For each target fact and
its semantic neighbours, an instruction-tuned model generates candidate responses under
prompts explicitly requesting factually incompatible answers; hedged or uncertain genera-
tions (“I am not sure”, “it might be X or Y”) are filtered out, as are candidates that acciden-
tally restate the original fact; and the number of negatives is capped per semantic neighbour
and per prompt template, so that no single phrasing dominates and the count per fact stays
within a narrow range. The intent throughout is that negatives be clearly opposed to the
target knowledge rather than merely unrelated to it, a distinction that Section 7.4.4 shows
is the difference between unlearning and doing nothing.

Table 7.1: Examples of the query-—negative pairs used for targeted unlearning. The desired
output either contradicts the memorized fact or substitutes an alternative for it.

Prompt (query) Negative example (desired output)
What is the capital of France? The capital of France is not Paris.
Who wrote Harry Potter? J.K. Rowling did not write Harry Potter.

Which planet is closest to the sun? | Venus is the planet closest to the sun.
What is Google’s CEO’s name? The CEO of Google is not Sundar Pichai.

7.3.3 Algorithm

Figure 7.3 states the procedure. Adapters are initialized and the backbone frozen; for each
negative pair the model’s likelihood of the undesired output is computed and its negative
log-likelihood minimized; gradients flow through the frozen modules but are taken only with

respect to A and B.

7.3.4 Why Low-Rank Confinement Localizes the Edit

The claim that restricting the update to adapters limits collateral damage can be made

precise. Consider a single linear layer with weights W € R%* and let

9=Vwlt(W;z,y") (7.6)
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Input: pretrained LLM fg; rank 7; negative set Dyeg = { (24, y; )}Z]»V:“fg; learning rate 7;

epochs T.

1: Initialize LoRA adapters A, B of rank r; let ¢ = (A, B)
2: Freeze the backbone weights 6
3: for epoch =1 to T do

4:  for each (z;,y; ) € Dyeg do

5: Compute the model output y; = fo,,(2;)
6: Compute the loss £; = —log Py o(y; | z4)
T Backpropagate through the frozen backbone to obtain V4L;, VgL,
9:  end for
10: end for

Output: unlearned model fg = fo 4.

Figure 7.3: Adapter-only unlearning with negative examples. The backbone 6 is never
updated; the returned model is the frozen backbone composed with the trained adapters, so
the original model is recoverable by discarding ¢.

be the full-model gradient of the cross-entropy loss on a negative example. Updating W

directly gives the ordinary step

WD = WO _ g0, (7.7)

Under Definition 7.1 the weight is instead parameterized as W = Wy+ ABT, and only (A, B)
move. Expanding to first order around the current (A, B), the update that one gradient step

on the adapters induces on W is
AW ~ AW — Tl (g™), (7.8)

where § is the subspace of matrices of rank at most r spanned by the current adapters and

[Is denotes projection onto it, up to higher-order terms in (A, B).

Comparing Equation 7.7 with Equation 7.8 isolates what the method does: it performs
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negative-gradient descent with the gradient projected onto a low-rank subspace. Two conse-
quences follow, and they are the two requirements of Section 7.2. The retained component
IIs(g) concentrates the update on a small set of directions, and Section 7.4.6 shows em-
pirically that a modest rank suffices to reduce the likelihood of the negative outputs. The
discarded component, lying orthogonal to S, is exactly where the model’s unrelated capa-
bilities are free to reside, and it is left untouched. This is the mechanism behind the utility

retention reported throughout Section 7.4.

It is worth noting the relationship to Chapter 3. There, a gradient signal was matched by
a small synthetic dataset so that a property of the training dynamics could be reproduced
cheaply. Here a gradient signal is projected onto a small subspace so that an edit to the
training dynamics can be confined. In both cases the operative move is to restrict a gradient-
level intervention to a low-dimensional object, and in both cases the restriction buys more

than efficiency alone.

7.3.5 Complexity

Consider a Transformer with L layers, hidden size d, sequence length s, and P,y parameters.

Full fine-tuning over a corpus of size Ng, for T,y epochs with an Adam-style optimizer costs

Time: O(NpnTrun-L(s*d+sd?)), Memory: O( Py + Pan+ 2Py + sLd, ). (7.9)

weights  grads  optimizer activations

Freezing the backbone and adapting M projection matrices (typically W,, W, W, W, and

selected feed-forward projections) leaves

M M
Pora = 3 (rd” +7d) =r > (di” +d5) < P (7.10)
m=1 m=1
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trainable parameters, with Prora/Pra in the range [1072,1072] in the configurations used

here. Unlearning on the negative-only set of size Nyeg << Ny for Theq epochs then costs

Time: O(NuegTheg - L(s’d + sd®)),  Memory: O(Prn + 3Prora + sLd). (7.11)

The two reductions are of different sizes and it is worth separating them, since conflating
them overstates the case. Gradients and optimizer state now scale with P ,ra rather than
Prai, a reduction of two to three orders of magnitude, and this is what makes the method
fit in memory. The per-step arithmetic, by contrast, is still dominated by forward and
backward passes through the frozen backbone, since gradients with respect to A and B
require backpropagating through the frozen modules. The time saving therefore comes not
from the adapters but from the far smaller data budget, NnegThee < NrnZtun. The net
effect on wall-clock cost is roughly an order of magnitude, an order less than the parameter

reduction alone would suggest.

7.4 Experiments

The evaluation asks whether adapter-only negative fine-tuning matches methods that up-
date far more of the model (Section 7.4.2), whether the two design choices are individu-
ally necessary (Section 7.4.3 and Section 7.4.4), how much the supervision quality matters

(Section 7.4.5), and how little capacity suffices (Section 7.4.6).

7.4.1 Setup

Benchmarks and backbones. Four benchmarks cover complementary unlearning scenar-
ios, summarized in Table 7.2: EDU-RELAT [132] for synthetic relational facts, RWKU [70]

for real-world factual removal, KnowUnDo [40] for privacy-sensitive records, and TOFU [96]
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for synthetic author profiles. Experiments use 7B-scale backbones throughout: Mistral-

7B [66] for EDU-RELAT, RWKU, and TOFU, and LLaMA-2 7B [120] for KnowUnDo.

Table 7.2: The four unlearning benchmarks, their domains, the backbone used for each, and
the training budget. Epoch counts are set by dataset size and observed convergence.

Benchmark Description Backbone #Samples | Epochs
EDU-RELAT | Synthetic relational knowledge | Mistral-7B 10,000 30
RWKU Real-world knowledge removal | Mistral-7B 13,000 40
KnowUnDo Privacy-sensitive unlearning LLaMA-2 7B 8,000 35
TOFU Synthetic author profiles Mistral-7B 4,000 50

Baselines. Seven baselines span three families. Retrain-style methods construct data that
pushes the model away from the target behaviour: Gradient Ascent (GA) and Negative
Preference Optimization (NPO) [153|. Regularization-based editing moves parameters along
directions associated with the target knowledge: Task Vectors (TV) [64]. Partial-parameter
methods update a subset of weights: SKU [91], negative-only full fine-tuning (Yao—Neg) [138],
LoRA-based unlearning with a frozen backbone (LoKU) [21], and gradient-based memory
removal (MemFlex) [40].

Metrics. Writing fg+ for the original model and fgun for the unlearned one, four metrics

are reported.

Unlearning Success Rate is the fraction of target prompts on which the unlearned model no
longer produces the undesired output. With Pyaee the set of target prompts and A the set

of acceptable outputs,

1
| Pt arget ’

USR = W fom(p) € AJ. (7.12)

peptarget

General Utility Retention is performance on unrelated tasks, relative to the original model,
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on a held-out general-purpose set Dgey:

Perf(foun; Dyen)

GUR = .
Perf(f@* ; Dgen)

(7.13)

This is the metric that detects catastrophic unlearning, and it is the one the low-rank re-

striction is meant to protect.

Adversarial Probe Rejection measures robustness to paraphrased prompts P,q, designed to

elicit the forgotten content indirectly, with 7 the set of undesired outputs:

APR = > K fom(p) ¢ T). (7.14)

pepadv

It distinguishes genuine removal from surface-level suppression: a model that merely learned

to decline one phrasing scores well on USR and poorly here.

Membership Inference Attack accuracy follows the protocol used in Section 6.5.4, with lower

values indicating less residual memorization.

Implementation. Adapters are applied to the attention projections W,, Wy, W,,, W, and
the feed-forward up and down projections, initialized to zero, with default rank r = 16
selected by the ablation of Section 7.4.6, adapter dropout 0.05, and scaling o = r. Opti-
mization uses AdamW at learning rate 2 x 10™* with linear warmup over the first 5% of
steps and cosine decay thereafter, weight decay 0.01, gradient clipping at 1.0, bf16 mixed
precision, and gradient accumulation to an effective batch of 256 tokens per step. Sequences
are capped at 1,024 tokens and the loss is masked to target spans. Early stopping on a
held-out negative development set monitors USR and APR subject to a GUR tolerance of
at most 0.5 percentage points. Each run is repeated with three seeds; means and standard

errors are reported.
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7.4.2 Comparison with Existing Unlearning Methods

Table 7.3: Comparison with existing LLM unlearning methods across four benchmarks.
Methods are grouped into retrain-style (GA, NPO), regularization-based (TV), and partial-
parameter (SKU, Yao—Neg, LoKU, MemFlex) families. Higher is better for USR, GUR, and
APR; lower is better for MIA. Best result per row in bold. Yao—Neg is the full fine-tuning
variant.

Metric Retrain-style Reg. Partial-parameter
GA NPO TV SKU Yao-Neg LoKU  MemFlex | LUNE
EDU-RELAT

USR (1) [72.34+0.8 84.7+£0.6/81.0+£0.6(85.9+0.4 91.6 £0.3 87.6+0.4 86.7+04|91.24+0.3
GUR (1) |88.7+0.3 92.4+0.4|91.8+0.4|92.8+0.3 92.2+0.3 93.6+0.3 93.0+0.3/95.1+0.2
APR (1) |64.5+0.7 77.24+0.6|72.7+0.6|78.5+04 79.9+04 78.7+04 77.84+0.4/82.3+0.3
MIA ({) [32.84+0.5 21.2+0.4|26.0+0.4|21.0+0.3 22.8+0.3 20.6+0.3 21.44+0.3|17.5+0.2
RWKU
USR (1) [68.94+0.9 82.1£0.7|76.8+0.6|83.6 0.4 85.0+0.5 84.3+0.4 83.1+0.4|88.5+0.3
GUR (1)|86.14+0.3 90.4+£0.4|89.2+0.4/90.0£0.3 89.5+0.3 91.0+0.3 90.3+0.3|/93.7+0.2
APR (1) [61.04+0.6 74.6 £0.6|69.4£0.5|75.2+0.5 76.1+0.5 753+0.5 74.24+0.4|79.4+0.3
MIA (}) [35.4+0.6 23.4+0.5/28.84+0.4|23.2+0.3 25.1+04 228+0.3 23.6+0.3|/18.8+0.2
KnowUnDo
USR (1) |74.2+£0.7 87.6+0.6|82.7+0.5|87.9+0.4 88.9+04 83.2+0.4 87.4+0.4/91.8+0.3
GUR (1)(89.54+0.3 93.5+£0.4|92.4+0.4|93.6 £0.3 93.1+0.3 94.24+0.3 94.0+0.3|95.6 + 0.2
APR (1) |66.8+0.6 79.2+0.6|73.9+0.5|799+04 84.2+0.3 79.6+0.4 78.6+0.4|83.9+0.3
MIA ({) [33.54+0.5 21.8+£0.4|27.5+£04(22.0£0.3 234+0.3 21.5+0.3 22.14+0.3|17.24+0.2
TOFU
USR (1) [69.54+0.8 84.7+£0.6|78.3+£0.5|85.2+04 85.7+0.4 85.0+0.4 84.3+0.4|89.0+0.3
GUR (1)|87.2+0.3 92.2+0.4|90.8+0.4|91.5+0.3 91.2+0.3 92.4+0.3 92.1+0.3/94.4+0.2
APR (1) |63.1+0.7 75.6+£0.6(70.2+0.5|75.8+0.4 76.9+04 76.0+04 75.0+0.4|80.8+0.3
MIA ({) [34.74+0.6 22.2+0.5|29.6 £0.4|22.5+0.3 24.1+0.3 17.8+0.2 23.0+0.3|18.0+0.2

Table 7.3 reports the comparison. Across the sixteen dataset—metric cells, the proposed

method is best in thirteen and second in the remaining three.

Utility retention is uniformly best. GUR is the strongest on all four benchmarks, at
95.1% on EDU-RELAT, 93.7% on RWKU, 95.6% on KnowUnDo, and 94.4% on TOFU, with
the nearest competitor (LoKU, itself LoRA-based) between 1.5 and 2.7 points behind and
the retrain-style methods between 5 and 7 points behind. This is the clearest evidence for
the projection argument of Section 7.3.4: the two methods that confine updates to a low-
rank subspace are the two that preserve unrelated capabilities best, and the method that

additionally tailors its training to that subspace preserves them best of all.

149



Unlearning efficacy does not suffer for it. USR is best on three benchmarks and
second on EDU-RELAT (91.2% against 91.6% for negative-only full fine-tuning), and APR,
the harder criterion since it tests paraphrases rather than the prompts trained on, is best on
three and second on KnowUnDo (83.9% against 84.2%). Confining the edit to a low-rank

subspace does not cost forgetting.

Leakage is lowest. MIA accuracy is the lowest on three benchmarks, at 17.5%, 18.8%,
and 17.2%, against 32.8% to 35.4% for gradient ascent. On TOFU, LoKU edges ahead
at 17.8% against 18.0%. It is again a low-rank method, consistent with the reading that

constrained updates suppress leakage.

The exceptions are informative rather than incidental. All three second-place re-
sults are instructive. Negative-only full fine-tuning wins on EDU-RELAT USR and KnowUnDo
APR, where its far greater capacity helps on a single axis; but on both benchmarks it pays
for this in GUR (92.2% and 93.1% against 95.1% and 95.6%) and in MIA (22.8% and 23.4%
against 17.5% and 17.2%). LoKU wins on TOFU MIA while trailing on GUR and APR. No
baseline dominates on more than one axis at a time, which is the pattern one expects when

a method is at a favourable point on a frontier rather than simply better everywhere.

7.4.3 Adapters Against Full Fine-Tuning and a Naive LoRA Port

Table 7.4 runs two controlled comparisons that separate the contribution of the optimization

regime from that of the design around it.

The first fixes the negative-only objective and varies only whether all parameters or only

adapters are updated. Adapter-only training is better on every one of the sixteen cells: USR
by 2.5 to 3.4 points, GUR by 4.3 to 4.9, APR by 2.8 to 3.7, and MIA lower by 6.1 to 9.0.

Restricting the update to a low-rank subspace is not a concession made for efficiency; on
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this task it improves the result. The GUR and MIA columns say why: full fine-tuning drifts,

and drift both damages unrelated capabilities and leaves memorized content recoverable.

The second fixes the LoRA regime and varies the surrounding design, comparing against Yao
et al.’s negative-only objective ported to adapters with the same rank, target modules, and
budget. The proposed method wins on all sixteen cells here as well, by margins comparable
to the first comparison, for instance 95.1% against 91.1% GUR on EDU-RELAT and 17.2%
against 24.2% MIA on KnowUnDo. Attaching adapters is therefore not by itself sufficient; the
module selection, rank scan, early stopping criterion, and multi-view negative construction
described in Section 7.3.2 carry a substantial share of the result.

Table 7.4: Two controlled ablations. Full fine-tuning applies the same negative-only objective
to all parameters; Yao—Neg (LoRA) ports an existing negative-only objective onto adapters
with identical rank, target modules, and budget. Higher is better for USR, GUR, and APR,;

lower is better for MIA. Best result per row in bold.
Metric ‘ Full fine-tuning ‘ Yao-Neg (LoRA) ‘ LUNE

EDU-RELAT

USR (1) 88.7 89.3 91.2
GUR (1) 90.2 91.1 95.1
APR (1) 79.5 78.0 82.3
MIA ({) 25.4 23.6 17.5
RWKU

USR (1) 85.1 83.7 88.5
GUR (1) 89.4 88.6 93.7
APR (1) 76.0 74.8 79.4
MIA ({) 27.8 26.0 18.8
KnowUnDo

USR (1) 89.0 87.4 91.8
GUR (1) 91.5 92.0 95.6
APR (1) 80.2 80.1 83.9
MIA ({) 24.1 24.2 17.2
TOFU

USR (1) 86.4 84.2 89.0
GUR (1) 89.9 90.3 94.4
APR (1) 77.3 75.5 80.8
MIA ({) 26.5 24.9 18.0
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7.4.4 Negative Examples Against Irrelevant Ones

The second design choice is negative supervision. Figure 7.4 replaces the negative examples

with randomly selected irrelevant text, holding everything else fixed.

The effect is large and consistent across all four benchmarks: negative supervision yields
higher USR and APR and lower MIA, at essentially no cost in GUR. The explanation is
that irrelevant examples produce no gradient that opposes the target knowledge. Fine-tuning
on unrelated text moves the adapters in directions unrelated to the fact being removed, so
the memorized association survives; Equation 7.8 is still a projected gradient step, but of a
gradient that carries no signal about 7,. The two design choices are thus complementary
and neither is redundant: negative supervision determines what is forgotten, and low-rank

confinement determines how little else changes.

7.4.5 Quality of the Negative Supervision

Given that negative examples matter, how much does their construction matter? Table 7.5
compares three grades on RWKU: high quality, explicit contradictions of the target (“The
capital of France is Lyon”); medium quality, hedged statements that introduce doubt without
committing (“Paris may not always be considered France’s capital”); and low quality, loosely

related statements carrying no corrective signal (“France has many important cities”).

The dependence is steep on exactly the metrics that measure real forgetting. USR falls
from 88.5% to 78.0% to 65.3% and APR from 79.4% to 67.2% to 53.9% as clarity degrades,
while MIA rises from 18.8% to 32.0%, so vague supervision leaves the memorized content in
place and recoverable. GUR, by contrast, stays between 89.4% and 93.7% throughout. That
asymmetry is itself the projection argument at work: poor supervision fails to remove the
target, but because the update is still confined to the adapter subspace it does not do much

damage elsewhere either. Low-rank confinement bounds the harm from bad supervision; it

152



EDU-RELAT

1007 100
~ 80+ ~ 80
> s
£ 601 £ 601
= B
2 401 2 40/
(D] (0]
=20 =201
0—USR  GUR APR MIA 07USR  GUR APR MIA
100 9515nowUnDo 100 . TOFU |
91.8 92.0 9.0 91.8 [ Negative Examples
E Irrelevant Examples
~ 801 ~ 80+
= s
£ 601 £ 601
S S
.2 40+ .2 401
= =
(0] )
= 20 =20
07USR  GUR APR MIA 0—USR  GUR APR MIA

Figure 7.4: Fine-tuning on negative examples against randomly selected irrelevant exam-
ples, on EDU-RELAT and RWKU (top) and KnowUnDo and TOFU (bottom). Negative
supervision raises USR and APR and lowers MIA while preserving GUR, consistently across
benchmarks.

153



cannot substitute for good supervision.

Table 7.5: Effect of negative-example quality on RWKU. Higher is better for USR, APR,
and GUR; lower is better for MIA. Clarity of the negative supervision governs unlearning
efficacy and leakage, while utility retention is largely insensitive to it.

Negative-example quality | USR (%) | APR (%) | GUR (%) | MIA (%)
High 88.5 79.4 93.7 18.8
Medium 78.0 67.2 91.0 26.5
Low 65.3 53.9 89.4 32.0

7.4.6 How Much Capacity the Edit Needs

Figure 7.5 varies the adapter rank over r € {2,4,8,16,32}. Both USR and GUR improve as
r grows, with the gains concentrated between r = 2 and r = 16 and saturating thereafter;
r = 32 costs additional computation for marginal benefit and can introduce instability. Very
low ranks (r = 2 or 4) underperform, lacking the capacity to represent the required update.

The pattern is stable across all four benchmarks despite their differences in domain.

The practical conclusion is that » = 8 or » = 16 is the right operating point, and the
conceptual one is that the subspace needed to suppress a set of facts is genuinely small,
which is what Equation 7.8 predicts and what makes the whole approach viable. That

competitive performance persists even at low rank is what makes the method usable under

tight resource budgets, which was the requirement that motivated the chapter.

7.5 Discussion

What the chapter establishes. Unlearning at foundation-model scale does not require
touching most of the model. Freezing the backbone, attaching low-rank adapters, and train-
ing them on negative examples alone matches or exceeds methods that update every pa-

rameter, on unlearning efficacy, adversarial robustness, and privacy leakage simultaneously,

while retaining general utility better than any baseline tested. The controlled comparison of
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Figure 7.5: Effect of the adapter rank » on EDU-RELAT and RWKU (top) and KnowUnDo
and TOFU (bottom). Performance improves up to » = 16 and then saturates; moderate
ranks offer the best trade-off between effectiveness and cost.
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Section 7.4.3 is the sharpest statement of this: with the objective held fixed, adapter-only
training beats full fine-tuning on all sixteen cells. Restriction is not a compromise here; it is

the reason the method works.

Limitations. Four should be recorded. The projection argument of Section 7.3.4 is first-
order and heuristic; it explains the observed behaviour but is not a guarantee that capabilities
outside S are preserved, and no such guarantee is established. The metrics are behavioural:
USR, APR, and MIA measure whether the target content can be elicited, not whether it
has been removed from the weights, and a sufficiently different probe might still recover it,
so the gap between suppression and erasure is not closed here. Experiments use 7B-scale
backbones, chosen for practicality, so scaling behaviour at larger sizes is untested. And the
method assumes the target knowledge can be specified as prompt-response pairs, which suits

factual associations better than diffuse concepts or behaviours spread across many contexts.

The composition this dissertation does not complete. Chapter 6 showed that un-
learning silently destroys group fairness, and corrected it by editing stored per-batch updates.
This chapter unlearns without any such record, using an object, the adapter, that has no
per-group structure to rebalance. The correction of Equation 6.6 therefore does not transfer,
and whether the fairness failure of Section 6.3.1 even has an analogue for generative models,
where the relevant disparities concern generated text rather than binary decisions, is not
established. Fairness-preserving unlearning at language-model scale requires both a fairness
criterion suited to generation and a compensation mechanism suited to adapters, and this
dissertation supplies neither. It is the most direct open problem the preceding chapters point

at, and Chapter 8 returns to it.
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7.6 Summary

This chapter carried the question of forgetting into the generative regime, where the unit of
deletion is a fact rather than a sample and where both assumptions underpinning Chapter 6,
an available training history and the freedom to revise every weight, fail. The response was
to freeze the backbone entirely and confine the edit to low-rank adapters trained on negative
examples alone, requiring no access to the retained corpus and leaving the original model

recoverable by discarding the adapters.

The method is best on thirteen of sixteen dataset—metric cells against seven baselines from
three method families, attains the highest utility retention on every benchmark, and reduces
trainable parameters by two to three orders of magnitude, for a wall-clock saving of roughly
one. Two ablations separate the ingredients: with the objective fixed, adapter-only training
beats full fine-tuning on every metric, and with the regime fixed, the design around it beats
a naive port of an existing objective on every metric. A rank sweep shows that the subspace

required is small, saturating by r = 16.

The dissertation opened by making training cheaper through a small, well-chosen dataset and
closes by making forgetting cheaper through a small, well-chosen subspace. The intervening
chapters made the same move for equity, first by encoding it into data and then by choosing
the objective that shapes it, and then showed that any such guarantee is only as durable as
the parameter edits applied afterwards. Chapter 8 draws these together and states what the

five contributions amount to as one argument.
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Chapter 8

Conclusion

8.1 Summary of Contributions

Section 1.3 claimed that efficiency, group fairness, and the right to be forgotten are three
demands on one object, the training dynamics of a learning system, and that all three can
be met by intervening on that object rather than by redesigning architectures. Five chapters
have now tested that claim at three control points. This section states what each established,

against the questions posed in Section 1.5.

RQ1: reducing the cost of training by learning what to train on. Chapter 3
showed that the cost of graph learning is driven jointly by the number of nodes and the
dimension of their features, that existing condensation methods address only the former,
and that addressing both requires the feature reduction to be structure-aware and learned
together with the condensed data rather than applied beforehand. Replacing the natural
bi-level formulation with a single-level objective that matches gradients along the training

trajectory made the joint problem tractable, and the resulting condensed graphs retained
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up to 98.5% of the original accuracy while removing more than 97% of nodes, up to 90%
of the feature dimension, and over 99% of storage. The chapter’s wider consequence was
methodological: gradient matching encodes into a small dataset whatever property the target

trajectory possesses, and utility is only the first property one might choose.

RQ2: optimizing fairness into data rather than models. Chapter 4 exercised that
consequence. Pairing the same matching objective with a differentiable fairness regularizer
yields a synthetic dataset on which ordinary empirical risk minimization produces fair mod-
els. The mechanism is that the trajectory being matched is no longer that of an accurate
learner but that of a fair and accurate one; the data absorbs the corrected dynamics. Because
the result is an ordinary dataset in the original input space carrying no sensitive attribute,
one optimization serves many downstream models, and the encoded fairness transferred
across architectures, including to a gradient-boosted tree ensemble to which no differentiable

fairness regularizer could have been applied at all.

RQ3: what a fairness regularizer should be. Chapter 4 treated its regularizer as
an interchangeable plug-in, which left the most consequential component of the framework
resting on convention. Chapter 5 took up that question. Organizing in-process methods into
three families revealed that all three reduce to a single choice of distance measure, which
converts an unstructured menu of methods into a well-posed question. Two documented
failure modes, namely a surrogate for one fairness notion actively degrading another and
fairness that does not survive small parameter perturbations, yielded three desiderata, and
the Cauchy—Schwarz divergence satisfies all three where the standard measures each fail at
least one. The resulting regularizer attained the best equal opportunity gap in nine of ten
dataset—attribute settings and a trade-off that degrades gradually rather than collapsing

once the task objective is given weight.
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RQ4: whether guarantees survive post-training edits. They do not. Chapter 6
showed that a fairly trained model subjected to a routine deletion request emerges categori-
cally unfair: on Adult the demographic parity gap rose from 1.6 to 30.8 while accuracy fell by
five percent, and the effect appeared under both exact and approximate unlearning, on ev-
ery dataset tested. The diagnosis was structural rather than algorithmic, since non-uniform
deletion removes a demographically skewed subset of the per-batch updates composing the
trained parameters, and it admitted a structural remedy: withdraw a matched quantity of
updates carrying the reversed sensitive attribute at the same label. The correction restored
fairness to the level of fair retraining while running up to 318 x faster, and eliminated mem-
bership inference signal immediately, before any retraining, which retraining itself does not

achieve.

RQ5: forgetting at foundation-model scale. Chapter 7 carried the question into a
regime where the assumptions of Chapter 6 fail: no training history, no freedom to revise
every weight, and a unit of forgetting that is a fact rather than a sample. Freezing the
backbone entirely and confining the edit to low-rank adapters trained on negative examples
alone proved best on thirteen of sixteen dataset—metric cells against seven baselines from
three method families, with the highest utility retention on every benchmark. Two controlled
ablations separated the ingredients: with the objective fixed, adapter-only training beat full
fine-tuning on every metric, and with the regime fixed, the surrounding design beat a naive
port of an existing objective on every metric. Restriction was not a compromise but the

reason the method worked.

8.2 Cross-Cutting Findings

Four observations hold across the chapters and are not visible in any of them alone.
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One lever serves three demands. The clearest evidence for the thesis statement is
the transition from Chapter 3 to Chapter 4, where the mechanism, the objective form, the
optimizer, and the label treatment all carry over unchanged and only the trajectory being
matched moves. Efficiency and equity were not addressed by two techniques that happen to

coexist; they were addressed by one technique aimed at two targets.

Locality is the recurring mechanism. The same principle appears at both ends of
the dissertation, reached from opposite directions. Chapter 3 restricted a gradient signal
by matching it with a small synthetic dataset; Chapter 7 restricted a gradient signal by
projecting it onto a small subspace. In both cases the restriction bought more than effi-
ciency: the condensed data generalized across architectures, and the low-rank confinement
was what preserved unrelated capabilities, beating full fine-tuning of the same objective on

every metric. Confinement is not a concession made for cost; it is a source of the result.

Guarantees are not durable, and the standard rubrics cannot see it. Chapter 6
is the dissertation’s most transferable negative result. A property established at the end
of training survives only as long as the parameters do, and the evaluation criteria of the
unlearning literature, deletion efficacy plus retained accuracy, are constitutionally unable to
register its loss. The general lesson is that when two correct interventions are composed, the

composition must be evaluated on the union of their criteria, not the intersection.

Interventions on training dynamics are architecture-agnostic. Because every method
here acts on gradients or updates rather than on model structure, none required a change
to the deployed model. The condensed graphs of Chapter 3 transferred across six GNN
architectures; the fair datasets of Chapter 4 transferred from neural to tree-based learners;
the correction of Chapter 6 is orthogonal to both the unlearning mechanism and the debias-

ing technique; and the adapters of Chapter 7 leave the backbone recoverable by discarding
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them. This is what makes the contributions composable in principle, and Section 8.4.3

records where that promise has not yet been cashed.

8.3 Limitations

The dissertation’s scope should be stated plainly.

Binary criteria. Chapter 5 and Chapter 6 develop their results for binary classification
with binary sensitive attributes, and although Section 2.5 states the criteria in general form
and Chapter 4 evaluates the multi-class gaps, the theoretical comparison of Theorem 5.2 and
the compensation rule of Equation 6.5 are both formulated in the binary setting. Intersec-
tional fairness, where groups are defined by combinations of attributes and become small, is

untouched.

Group fairness only. Individual and causal fairness notions are not expressible in the
form of Equation 2.14 with a distance between group-conditional distributions, and would

require separate treatment.

Empirical rather than certified guarantees. No chapter establishes a guarantee. The
projection argument of Section 7.3.4 is first-order and heuristic; the compensation of Equation 6.5
cancels the induced skew in expectation without guaranteeing that the resulting model is
fair; and Theorem 5.2 holds under a Gaussian model adopted for tractability, with the em-
pirical results supporting but not extending it. Where this dissertation says a method works,

it means that it worked on the benchmarks tested.
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Scale. The unlearning experiments of Chapter 7 use 7B-parameter backbones, chosen for

practicality; scaling behaviour beyond that is untested.

8.4 Future Directions

Two open threads follow directly from where Chapter 7 stops, and they are the ones the
arc of this dissertation points at most sharply. Three further directions follow from the

limitations above.

8.4.1 From Behavioural Suppression to Weight-Level Erasure

The dissertation contains a definition and a set of measurements that do not match, and the

gap between them is a research question rather than an oversight.

Definition 2.5 states the ideal of unlearning over weights: the distribution of models produced
by the unlearning mechanism should be statistically indistinguishable from the distribution
produced by retraining on the retained data. This is a statement about the parameters.
Every quantity actually measured in Chapter 6 and Chapter 7 is instead a function of model
outputs: membership inference accuracy, accuracy on deleted and retained groups, and the
unlearning success, adversarial probe rejection, and leakage metrics of Section 7.4. These
establish that the target content cannot be elicited by the probes tried. They do not establish

that it is gone.

The distinction is not academic in the adapter setting of Chapter 7, where it is sharpest.
The backbone is frozen by construction, so whatever the backbone encoded about the target
fact is still encoded after unlearning; the adapters suppress its expression. A method whose
entire mechanism is to leave the original weights untouched is, on its face, a suppression

method, and its strong showing on behavioural metrics is exactly what one would expect
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from effective suppression as well as from genuine erasure. The metrics cannot distinguish

them.

Three lines of work would close the gap.

Relearning as a probe. If a fact has been suppressed rather than erased, it should be recover-
able more cheaply than it could be learned from scratch. Measuring how many gradient steps
on a small number of positive examples restore the original behaviour, compared against a
model that never saw the fact, gives an operational separation between the two conditions,
and one that is far harder to satisfy by surface-level suppression than any prompt-based

probe.

Representation-level readout. Rather than querying the model, one can ask whether a linear
or shallow probe trained on internal activations can still recover the target association. A
model from which the fact has been erased should not support such a readout; a model in
which it has been masked by adapters may well do so. Applied across layers, this would also

localize where the residual information sits, which is a prerequisite for removing it.

Making the definitional criterion measurable. The most direct route is to give Definition 2.5
an estimable form for models of this size. Full distributional indistinguishability over the
hypothesis space is not measurable at 7B parameters, but restricted versions may be: indis-
tinguishability of the adapter subspace S from that produced by adapters trained without
the target fact, or of parameter statistics in the layers the readout above identifies. This

would let a method be evaluated against the criterion it is nominally designed to satisty.

A method that survived all three would have a claim to erasure rather than suppression. It is
worth stating the plausible outcome: adapter-based unlearning may well fail the relearning
probe, in which case the honest conclusion is that it is an excellent suppression mechanism
whose cost and locality properties remain valuable, and that erasure at this scale requires

touching the backbone after all. That would return the problem to where Chapter 7 began,
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but with a criterion sharp enough to tell when it had been solved.

8.4.2 Fairness-Preserving Unlearning for Generative Models

Chapter 6 established that unlearning destroys group fairness and corrected it by rebalancing
the per-batch updates that compose the trained parameters. Chapter 7 unlearns without
any such record, using an object, the adapter, that has no per-group structure to rebalance.
The correction of Equation 6.6 therefore does not transfer, and the dissertation stops with
the two halves of the problem unjoined. Closing it requires solving two sub-problems that

are independent of one another.

A fairness criterion suited to generation. The gaps of Section 2.5 are defined on a
binary decision Y conditioned on a binary attribute S. A language model emits text, and the
relevant disparities concern how it represents or treats groups across generations rather than
how often it assigns them a label. A criterion is needed that is defined on distributions over

generated sequences, is estimable from samples, and is differentiable enough to regularize.

The Cauchy-Schwarz divergence of Chapter 5 is a natural candidate, and the fit is better
than it first appears. Its estimator, Equation 5.12, is nonparametric and kernel-based: it
requires only samples and a positive-definite kernel, and imposes no parametric form on the
distributions compared. Applied to embeddings of text generated under group-conditioned
prompts, it would measure discrepancy between group-conditional generation distributions in
exactly the way it measures discrepancy between group-conditional prediction distributions
in Chapter 5. The properties argued for in Section 5.3.4, scale robustness and applicability
to arbitrary distributions, are if anything more valuable in an embedding space than in the
interval [0, 1]. This would compose two contributions of this dissertation across the gap that

currently separates them.
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A compensation mechanism suited to adapters. The second sub-problem is to find,
for adapters, the analogue of the reversed-attribute matching of Equation 6.5. Three routes
seem worth trying, in increasing order of ambition. The simplest is to rebalance the supervision
rather than the parameters: Section 7.3.2 constructs negative examples per target fact with
no attention to demographic composition, and requiring the negative set to be balanced
across groups at each label would be a direct translation of the matching rule, obtainable at
essentially no cost. A second route is to rebalance in the adapter subspace, training a com-
pensating low-rank component on reversed-attribute examples and composing it with the
unlearning adapter. This is possible precisely because adapters compose additively, which
the monolithic weight edits of Chapter 6 do not. A third is to add the generative fairness
term above directly to Equation 7.4, making the adapter simultaneously responsible for for-
getting and for not skewing what remains; this is the most principled and the most likely to
run into the optimization difficulties that Section 6.5.7 documented for a heavily weighted

fairness term.

Before any of this, the premise needs testing. Whether the failure of Section 6.3.1 even has
an analogue for generative models is not established. The first experiment is the diagnostic
of Section 6.3 repeated in the new setting: take a model, unlearn a demographically con-
centrated set of facts, and measure whether the treatment of groups in its generations has
skewed. If it has not, the problem dissolves; if it has, which the mechanism of Section 6.3.2
suggests is likely, since the skew there came from the composition of what was removed and
not from anything specific to classification, then the two sub-problems above become the

agenda.

8.4.3 Composing the Contributions

Two compositions internal to this dissertation remain untested, and both were flagged where

they arose.
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Section 4.6 noted that the fairness regularizer of Chapter 4 is a plug-in and that Chapter 5
derives a better one; substituting it would change the trajectory the synthetic data is re-
quired to match, from one shaped by a first-moment surrogate to one shaped by a measure
that controls the underlying dependence. Section 6.6 noted the same substitution for the
training objective of Equation 6.2, where the regularizer was selected by a four-way empirical
comparison in which the dependence-based HSIC already attained lower App at matched
accuracy, consistent with the argument of Chapter 5, which derives a measure that out-
performs HSIC. Both substitutions are available, since the frameworks are agnostic to the
choice, and neither is evaluated here. They are the cheapest outstanding experiments the

dissertation suggests.

8.4.4 Beyond Binary Attributes and Certified Guarantees

Two further directions follow from Section 8.3. The first is intersectional and multi-class
fairness: the compensation rule of Equation 6.5 matches on counts within each attribute—
label cell, and as the number of cells grows with the number of attributes the cells become
small and the matching noisy, so a version that pools across related cells is needed. The
second is certification. The most tractable target is the compensation of Chapter 6, where
the object being corrected, a sum of recorded update vectors, is concrete enough that a
bound on the residual skew after matching, and hence on the fairness gap, may be within
reach. A guarantee there would convert the dissertation’s most practically useful result from

an empirical finding into a statement one could rely on.

8.5 Closing Remarks

This dissertation began from an observation about how three requirements are ordinarily

pursued: separately, by methods that share no machinery, and evaluated by criteria that
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cannot see each other. It argued that the separation is a feature of how the problems have
been posed rather than of the problems themselves, and that all three are demands on the

gradients a model sees and the updates it keeps.

The evidence for that argument is of two kinds. The constructive kind is that one technique,
aimed at two different targets, served both: gradient matching made training cheaper in
Chapter 3 and made it equitable in Chapter 4, with the mechanism unchanged and only the
target trajectory moved. The same principle, reached independently, made forgetting cheap
and local at language-model scale in Chapter 7. The other kind of evidence is negative and,
for practice, more consequential: Chapter 6 showed that a fairness guarantee installed at
one control point is silently destroyed by a routine, correct operation at another, and that
neither literature’s evaluation would have noticed. That failure was only visible because the

two interventions were understood as acting on one surface.

The open problems set out above concern the same surface. Whether adapter-based for-
getting erases or merely suppresses is a question about what the weights retain. Whether
fairness survives forgetting in generative models is a question about what an edit to those
weights does to the treatment of groups. Both are, in the end, the question this dissertation
started with, asked at a scale where the answers matter more and the tools for answering

them are weaker.
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