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ABSTRACT OF THE DISSERTATION

Theoretical Modeling and Experimental Validation of Physiologically Relevant Flows and

Their Applications

by

Obed A. Campos

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California San Diego, 2026

Professor Geno Pawlak, Co-Chair

Professor Antonio L. Sanchez, Co-Chair

Understanding physiological flows is essential to the advancement of medical science. This

dissertation investigates two physiologically relevant flow problems and their applications through

a combination of theoretical modeling and experimental analysis. The first investigation concerns

cerebrospinal-fluid flow in the central nervous system, with particular emphasis on the in vitro

experimental characterization of the slow fluid-particle drift induced by cardiac-driven motion in

the spinal canal. The study shows that Time-Spatial Labeling Inversion Pulse (Time-SLIP), a non-

contrast MRI technique, can be used to measure mean Lagrangian drift in a simplified phantom.

It also identifies potential limitations associated with signal quality, spatial resolution, and post-

processing methodology, which may complicate future clinical applications of the method. The

second topic concerns blood flow in the main pulmonary artery. This problem is first addressed

through the development of an in vitro experimental platform that applies pressure and shear
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stress simultaneously to endothelial cells. The results demonstrate a working platform capable of

accurately reproducing flow-induced mechanical loads over a sufficient endothelial cell population

for qRNA sequencing. Complementing this experimental work, the dissertation also presents a

theoretical and experimental analysis of Poiseuille flow over a stretching bottom boundary, providing

the foundation for a future device capable of reproducing the full range of flow-induced mechanical

loads acting on endothelial cells, including shear stress, pressure, and stretching. Experimental

observations further show qualitative agreement with the theoretical predictions, supporting the

use of this analysis in the development of a future device.
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Chapter 1

Overview and Motivation

Understanding physiological flows is important for basic medical advancement and clinical

applications. These flows dictate transport, mixing, and mechanical signaling, influencing both

healthy function and disease progression. However, they remain difficult to study due to measure-

ment limitations and the challenge of reproducing complex in vivo conditions in the laboratory.

Addressing these challenges requires the integration of engineering principles with medical science.

This dissertation contributes to that effort through the investigation of two distinct physiological-

flow problems, addressed separately below.

Part I investigates cerebrospinal-fluid (CSF) flow in the spinal canal, where fluid particles

undergo oscillatory motion driven by the cardiac and respiratory cycles. This motion includes

a mean Lagrangian drift, representing the cumulative net displacement experienced by the fluid

over each oscillatory cycle. Quantifying this motion in vivo is challenging because the associated

velocities (∼ cm min−1) are much smaller than those of the dominant oscillatory flow (∼ cm

s−1), limiting the applicability of conventional phase-contrast (PC) MRI. In Chapter 2 we assess

the suitability of Time-Spatial Labeling Inversion Pulse MRI (Time-SLIP) for characterizing this

motion using in vitro experiments in a spinal-canal phantom. The phantom consists of a flexible

tube with a rigid insert forming an eccentric annular canal representative of the spinal subarachnoid

space, driven by a 1 Hz sinusoidal flow mimicking cardiac-induced CSF pulsations. Oscillatory

velocities were measured with PC-MRI, while net fluid displacement over successive cycles was

quantified using Time-SLIP and compared with direct numerical simulations. The measurements

reveal spatially varying Lagrangian drift directed caudally in narrow regions and cranially in wider

regions of the annulus, with magnitude scaling with the square of the local stroke volume. These

1



results demonstrate that Time-SLIP can quantify mean Lagrangian motion associated with pulsatile

CSF flow.

Part II focuses on the design and experimental characterization of platforms to study

endothelial-cell responses under similar conditions as in the main pulmonary artery. In vascular

pathologies like pulmonary hypertension, endothelial cells experience coupled hemodynamic loads:

wall shear stress, pulsatile pressure, and wall stretching. Reproducing these conditions in vitro is

essential for disease-focused mechanobiological studies that can help devlop pharmacetiucals in

the future. Chapter 3 establishes the fluid-mechanical framework for an apparatus that generates

a constant shear stress at different pressure ranges across multiple series-connected chambers. By

combining theoretical, numerical, and experimental analyses, this chapter characterizes the device’s

pulsatile flow, pressure, and shear-stress environments, providing a validated platform for future

studies of endothelial-cell behavior under complex vascular conditions. Chapter 4 extends the

previous work by developing the theoretical framework required to design a device capable of

accurately applying all three mechanical loads to endothelial cells. This framework is subsequently

validated through experimental analysis, with qualitative results showing good agreement with the

theoretical predictions.
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Part I

Cerebrospinal Fluid Transport and Noninvasive

Flow Quantification
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Chapter 2

Phantom-Based Evaluation of Time-SLIP MRI for

Measuring Spinal-Canal Lagrangian Drift

2.1 Introduction

The cerebrospinal fluid (CSF) that fills the cerebral ventricles and the subarachnoid space

(SAS) surrounding the brain and spinal cord undergoes cyclic motion synchronized with the cardiac

and respiratory cycles. In the spinal canal, this oscillatory flow reaches peak velocities on the order

of a few centimeters per second [1, 2]. Although the flow is largely oscillatory, fluid parcels do

not return exactly to their original positions at the end of each cycle. This results in a slow net

displacement—referred to as Lagrangian drift—superimposed on the fast, periodic motion [3–5].

While the stroke length of the oscillatory motion in the spinal canal is typically on the

order of one centimeter [1, 2], the net particle displacement per cycle is much smaller—only a

fraction of a millimeter—corresponding to mean Lagrangian velocities of a few centimeters per

minute [5, 6]. Being a closed domain, the mean Lagrangian flow inside the spinal canal must

have zero net volumetric flux, implying the coexistence of simultaneous caudal and cephalic flow

components across any transverse section. This bidirectional behavior, first observed by Di Chiro

using radioactive tracers [7], is believed to play an important role in the transport of nutrients and

metabolic waste, as well as in the dispersion of drugs administered intrathecally in the lumbar

region [4, 6].

There is considerable interest in noninvasively characterizing oscillatory CSF motion, given

its relevance to several central nervous system disorders, including normal pressure hydrocephalus

and syringomyelia. A widely used imaging modality is phase-contrast magnetic resonance imaging

4



(PC MRI), which encodes fluid velocity into the phase of the MR signal, enabling time-resolved

measurements of the Eulerian velocity field [8]. PC MRI has been successfully applied to capture

CSF motion driven by cardiac [9] and respiratory [10] cycles in the spinal SAS, as well as in the

cerebral ventricles and their connecting foramina [11, 12].

Although PC MRI provides valuable information about oscillatory flow, it lacks the sensi-

tivity needed to resolve the small velocities associated with mean Lagrangian drift [13]. Accurately

capturing this slow motion requires the use of invasive tracer-based techniques capable of tracking

the actual movement of fluid elements, that being the approach taken by Di Chiro [7] and others (see,

e.g. [14]). The starting point of the current analysis is the realization that non-invasive imaging

methods based on magnetic resonance spin labeling may be well suited for tracking the Lagrangian

motion of the fluid. In particular, we will be using Time-Spatial Labeling Inversion Pulse (Time-

SLIP) MRI, a non-contrast technique developed to view and assess fluid displacement [15]. The

technique works by first applying a nonselective inversion pulse to invert the entire magnetization,

followed by a selective pulse that restores magnetization within a designated region, effectively

creating a “tagged” volume of fluid. This tagged region can be tracked, enabling visualization of

the underlying Lagrangian motion over subsequent oscillatory cycles. The duration of the time

window during which the tagged fluid can be visualized, usually a few seconds, is governed by the

relaxation time of the fluid [16].

The development of Time-SLIP MRI as a tool to quantify CSF flow is due to Yamada et al.

[17], who built on earlier arterial spin-labeling techniques proposed in the 1980s for studying blood

flow and perfusion [18–22]. Time-SLIP has since been employed to characterize, for example,

the effects of respiration on intracranial CSF motion [23], pathologic CSF flow in the spinal

cord [24, 25], cervical flow in patients with Chiari Type I malformation [26], and CSF dynamics

in the mid-cervical and craniocervical junction regions of adolescents with idiopathic scoliosis

[27]. Reviews summarizing the respective strengths of PC and Time-SLIP MRI for diagnosing and

managing CSF flow disorders are available in the literature [13, 28]. Phantom studies have also been

employed to test the predictive capabilities of Time-SLIP in connection with the characterization of
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different flows. For instance, water phantoms have been employed in Time-SLIP studies of general

slow and complex fluid flows [29], CSF flow around Liliequist membranes and arachnoid-cyst walls

[30], pulsatile flow in pipes of variable section [31], salivary flow in the parotid duct [32], and slow

pancreatic juice flow [33].

Like these previous studies, this paper employs a flow phantom to investigate the capabilities

of Time-SLIP MRI in quantifying the mean Lagrangian displacement of cerebrospinal fluid (CSF)

driven by cardiac motion in the spinal canal. It is hypothesized that the available measurement win-

dow—a few seconds following pulse labeling—is sufficient to capture the Lagrangian displacement

of CSF fluid over several cardiac cycles. To test this hypothesis, we designed and built a simplified

model of the spinal canal consisting of an eccentric, compliant annular space sealed at one end. The

phantom is tested in a 3 T Siemens MRI scanner, using phase-contrast (PC) MRI to characterize

the oscillatory flow and Time-Spatial Labeling Inversion Pulse (Time-SLIP) MRI to capture the

associated cyclic Lagrangian drift. The measurements are compared with MRI-informed direct

numerical simulations based on the Navier–Stokes equations. Semi-automatic image processing is

employed to quantify the cyclic Lagrangian displacements. Analysis of the signal-to-noise ratio

provides insight into the limitations of the technique with respect to spatial resolution, as well as its

dependence on stroke volume and number of cycles. The results, which highlight both the potential

and the limitations of Time-SLIP for characterizing Lagrangian drift, lay the groundwork for future

in vitro investigations.

2.2 Methods

2.2.1 Spinal Canal Phantom: Design and Experimental setup

The spinal SAS is a compliant annular channel of length 𝐿 ∼ 40–60 cm and characteristic

width ℎ ∼ 4 mm, bounded internally by the pia mater surrounding the spinal cord and externally

by the deformable dura membrane. As shown in Fig. 2.1a, the canal is eccentric: the spinal cord

lies closer to the posterior side of the dura in the cervical and lumbar regions, and closer to the
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anterior side in the thoracic region. This eccentricity has been shown to play an important role in

the resulting CSF motion [5].

The CSF filling the canal undergoes pulsatile motion driven by periodic pressure variations

induced by the cardiac and respiratory cycles. These fluctuations are accommodated by venous

blood displacement and compression of the fatty tissue in the epidural space surrounding the dural

sac. The dominant oscillatory flow, characterized by stroke lengths 𝐿𝑠 ∼ 1 cm and a nearly zero net

flow rate, is spatially non-uniform, promoting nonlinear interactions that give rise to a persistent

bidirectional secondary flow that recirculates fluid along the canal.

The phantom, shown in Fig. 2.1b, is designed to maximize simplicity while retaining the

key features of the spinal SAS, namely an eccentric annular geometry with a closed end and a

deformable outer boundary. The spinal cord is represented by a rigid rod insert of radius 𝑅𝑖 = 5

mm, while the dura membrane is modeled by a coaxial flexible tube (silicone, Ecoflex OO-30)

of radius 𝑅𝑜 = 11 mm and length 𝐿 = 28 cm. To facilitate flow measurements, the flexible

tube is connected upstream to a rigid transparent tube with the same inner radius 𝑅𝑜 = 11 mm,

providing a non-deformable annular section. As indicated in the inset near the bottom of Fig. 2.1b,

the eccentricity is imposed by offsetting the longitudinal axes of the tube and rod by a distance

𝛽(𝑅𝑜 − 𝑅𝑖), which is kept constant along both the flexible and rigid sections of the phantom. The

entire setup is placed inside a custom container that allows the flexible section to rest on a platform,

mimicking a subject lying supine in an MRI scanner, as shown in Fig. 2.1c.

To mimic cardiac-driven flow, a programmable piston pump (SuperPump AR, ViVitro

Labs, Victoria, Canada), located outside the MRI room, was connected via tubing of corrugated

PVC to the rigid stretch of the phantom. Water was used as the working fluid because its density

𝜌 ≃ 103 kg/m3, kinematic viscosity 𝜈 ≃ 0.7×10−6 m2/s, and magnetization properties are similar to

those of CSF. For simplicity, the experiments employed the sinusoidal flow rate 𝑄0(𝑡) = Q sin(𝜔𝑡)

shown in Fig. 2.1d, with peak amplitude Q and angular frequency 𝜔 = 2𝜋 s−1 (60 beats per

minute), corresponding to a cardiac period 𝑇 = 2𝜋/𝜔 = 1 s. The associated Womersley number,

𝛼 = [𝜔(𝑅𝑜−𝑅𝑖)2/𝜈]1/2 ≃ 18, is comparable to, although somewhat larger than, that characterizing
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Figure 2.1: (a) Schematic diagram of the human subarachnoid space, showing the eccentric location
of the spinal cord within the spinal canal. (b) Spinal canal phantom, with indication of its rigid
and flexible parts, and the eccentric placement of the insert that mimics the spinal cord. (c) The
phantom is placed inside the MRI scanner and is connected via rigid tubing to a pulsatile pump
inside the control room. (d) The pulsatile pump drives a periodic flow rate through the phantom.
(e) Snapshots of the (Eulerian) velocity distribution at different phases of the oscillation cycle. (f)
Schematic illustrating how, in every cycle, fluid moves back and forth, but does not return to its
initial position, resulting in a net Lagrangian displacement.
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flow in the human spinal SAS (𝛼 ≃ 12). As shown in [3], such differences in Womersley number

do not lead to significant qualitative changes in the resulting mean Lagrangian motion.

The local flow rate 𝑄, equal to 𝑄0 in the rigid section of the canal, decreases with distance

from the entrance of the flexible tube 𝑥 and vanishes at the closed end of the canal (𝑥 = 𝐿).

Correspondingly, the stroke volume𝑉𝑠 (𝑥) = 1
2

∫ 𝑡+𝑇
𝑡

|𝑄 | d𝑡 and the associated stroke length 𝐿𝑠 (𝑥) =

𝑉𝑠 (𝑥)/[𝜋(𝑅2
𝑜 − 𝑅2

𝑖
)] also decrease from their entrance values 𝑉𝑠 (0) = 𝑉0 = 1

2

∫ 𝑡+𝑇
𝑡

|𝑄0 | d𝑡 = 2Q/𝜔

and 𝐿𝑠 (0) = 𝐿0 = 𝑉0/[𝜋(𝑅2
𝑜 − 𝑅2

𝑖
)] to zero at 𝑥 = 𝐿. Because the tubing connecting the pump to

the phantom is not fully rigid, small—yet non-negligible—spatial variations of the flow rate can be

expected to occur along the feed line, so that the stroke volume at the phantom entrance,𝑉0 = 𝑉𝑠 (0),

can differ from the pump output. Consequently, separate provisions were made to measure 𝑉0, as

described below.

2.2.2 Phase Contrast MR: Acquisition and Analysis

MR imaging was performed at the Mind, Brain, and Behavior Research Center of the Univer-

sity of Granada on a 3T Magnetom Prisma Fit scanner (Siemens Healthineers, Forchheim, Germany)

using a 32-channel spine coil (https://cimcyc.ugr.es/en/research/equipment/rmf). A

2D PC MRI sequence with the section orientation perpendicular to the lengthwise axis of the phan-

tom was applied to acquire the fluid velocity data at different transverse sections 𝑥 = (7, 14, 21)

cm along the flexible part of the phantom, corresponding to dimensionless distances 𝑥/𝐿 =

(0.25, 0.5, 0.75). To accurately evaluate the entrance stroke volume 𝑉0, additional measurements

were acquired in the rigid tube at a location 15 cm upstream from the phantom entrance. The PC MRI

parameters included the following: flip angle=10◦, field of view=160×160 mm2, matrix=256×205,

in-plane resolution=0.625×0.78 mm2 reconstructed to 0.625×0.625 mm2, section thickness=10

mm.

For each value of the pump stroke volume and location, the velocity encoding was adjusted

to the anticipated optimum, with echo times and repetition times varying correspondingly between

6.38 and 7.2 ms and 21.06 and 94.38 ms, respectively. The piston position of the pulsatile pump

9
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was used as an external signal for the retrospective gating of the PC MR protocol. Each acquisition

yielded 40 phases per cycle. The PC MR images were processed using custom MATLAB code

to obtain the 2D distribution of longitudinal fluid velocity at each measured cross-section of the

phantom for each phase. Owing to the canal eccentricity, the resulting oscillatory velocity field

exhibits strong azimuthal non-uniformity, as schematically illustrated in Fig. 2.1e. The velocity

fields were then numerically integrated over the cross-sectional area to obtain the flow rate 𝑄(𝑥, 𝑡)

through each section as a function of time 𝑡. Finally, integration of the flow rate over a complete

oscillatory cycle yielded the stroke volume variation 𝑉𝑠 (𝑥) = 1
2

∫ 𝑇

0 |𝑄(𝑥, 𝑡) | d𝑡.

2.2.3 Time-SLIP: Acquisition and Analysis

As explained in previous analyses [3, 4, 6, 34], the spatial non-uniformity of the oscillatory

velocity field implies that, at the end of each motion cycle, individual fluid particles do not return

to their exact initial locations but instead experience a small net displacement, as schematically

illustrated in Fig. 2.1f. The accumulation of these small displacements over subsequent cycles

produces the net bulk motion first observed by Di Chiro [7].

To measure the net cyclic displacement in our phantom, two-dimensional Time-SLIP images

were acquired using a balanced steady-state free-precession sequence (native TrueFISP, Siemens),

applied to a transverse band spanning 10 mm in the longitudinal direction. The contrast mechanism

underlying this sequence is illustrated in Fig. 2.2a and relies on signal preparation within the imaging

section at 𝑡 = 0, followed by an image readout after a time 𝑡 = TI (known as the “inversion time”).

First, a nonselective inversion pulse is applied to the entire imaging volume, immediately followed

by a spatially selective inversion pulse applied only to a 10 mm × 10 mm-thick rectangular prism

whose long axis is aligned with the symmetry plane of the phantom and is perpendicular to the

cylinder axis. As a result, the magnetization within this region is tipped back to its original value and

thereafter remains constant (commonly referred to as the “labeled” volume), while the surrounding

inverted background recovers exponentially with relaxation time 𝑇1. Upon image readout after

a time 𝑡 = TI, the labeled volume consistently shows up bright, whereas the background image
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intensity depends on the extent to which the magnetization has been able to recover during the time

TI. Because the relaxation time 𝑇1 of water is approximately 3–4s, the resulting contrast between

the labeled volume and the background, which occurs when the magnetization of the background

crosses zero, is maximum around 2–3s (see Fig. 2.2a). After 5–6s, the labeled volume is only

weakly distinguishable from the background.
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Figure 2.2: (a) Time-SLIP MR sequence synchronized with the pulsatile pump, using TI equal to 1
up to 6 complete oscillation cycles. (b) Time-SLIP yields 2D images that show the net Lagrangian
displacement of a band of tagged fluid over one or more oscillation cycles. (c) 3D direct numerical
simulation replicates the Lagrangian motion of the tagged fluid region.

To quantify the net cyclic displacement of the fluid, i.e. the displacement over a number 𝑛

of complete oscillation cycles (with period 𝑇 = 1 s), we employ inversion times equal to TI = 𝑛𝑇 .

In particular, for each stroke volume and measured location along the phantom, we performed six
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acquisitions, using TI = 1000 ms, 2000 ms, . . . , 6000 ms. The position 𝑥0 of the labeled volume

at 𝑡 = 0 was determined from a reference image taken in the absence of fluid motion. Note that

the Time-SLIP sequence was synchronized with the programmable pump using its TTL output,

such that 𝑡 = 0 corresponds to zero flow rate in the phantom (top panel of Fig. 2.2a). Figure 2.2c

shows the initial location of the tagged fluid, and after one and two oscillation periods, reflecting

the cumulative net Lagrangian displacement.

The image acquisition plane of the Time-SLIP technique is set along the symmetry plane

of the phantom. The technique outputs a two-dimensional image corresponding to an average over

the viewing direction perpendicular to this plane, with image brightness being proportional to the

volume of tagged fluid across the section (Fig. 2.2b). As a result, the Time-SLIP images exhibit

a distinct band of enhanced signal intensity associated with the labeled fluid displaced during the

oscillatory motion. Note that due to the annular shape of the phantom, a weak signal intensity is

obtained at the location of the cylindrical insert.

To quantitatively characterize the spatial location of this band, we reduce its two-dimensional

extent to a single representative curve 𝑥𝑤 (𝑦), which describes the longitudinal position of the tagged

fluid as a function of the transverse coordinate 𝑦. Each point 𝑥𝑤 is extracted independently from

the longitudinal intensity profile 𝐼 (𝑥) at a given 𝑦 using the following image-processing procedure,

implemented in MATLAB. First, the images were cropped to the interior of the phantom (Fig. 2.3a).

For each spanwise position 𝑦, the corresponding longitudinal intensity profile 𝐼 (𝑥) was extracted

and normalized (Fig. 2.3b). The approximate location of the labeled band—identified as a broad

peak in 𝐼 (𝑥)—and of the background was determined using a threshold mask. A smoothing

spline was then fitted to the background signal and subtracted from 𝐼 (𝑥). A second threshold

mask was applied to the background-subtracted profile to refine the identification of the upper

and lower bounds 𝑥𝑎 and 𝑥𝑏 of the intensity peak (Fig. 2.3c,d). Finally, the band location 𝑥𝑤 was

computed as an intensity-weighted average, 𝑥𝑤 =
∫ 𝑥𝑏

𝑥𝑎
𝐼𝑛 (𝑥) 𝑥 d𝑥/

∫ 𝑥𝑏

𝑥𝑎
𝐼𝑛 (𝑥) d𝑥, where the exponent

𝑛 controls the relative weighting of the peak intensity within the band. For the results presented

here, 𝑛 = 8 was found to provide good visual agreement between the extracted curve 𝑥𝑤 (𝑦) and
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the bright band observed in the Time-SLIP images (Fig. 2.3e). Using the same decomposition of

the intensity profile into peak and background regions, we additionally define a spanwise signal-to-

noise ratio SNR(𝑦) to assess the reliability of the extracted displacement. The signal is quantified

as the integrated intensity within the band, 𝑆(𝑦) =
∫ 𝑥𝑏

𝑥𝑎
𝐼 (𝑥) d𝑥, while the noise level is estimated

from the root-mean-square intensity fluctuations in the background region Ω𝑏 = {𝑥 ∉ [𝑥𝑎, 𝑥𝑏]},

𝜎𝑏 (𝑦) =

[
1
𝐿𝑏

∫
Ω𝑏

(
𝐼 (𝑥) − 𝐼𝑏

)2
d𝑥

]1/2
, where 𝐼𝑏 (𝑦) = 1

𝐿𝑏

∫
Ω𝑏

𝐼 (𝑥) d𝑥 is the average background

intensity and 𝐿𝑏 denotes the longitudinal extent of the background region. The signal-to-noise

ratio is then defined as SNR(𝑦) = 𝑆(𝑦)/𝜎𝑏 (𝑦). All integrals are evaluated numerically from the

discretely sampled intensity profiles.
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Figure 2.3: Semi-automatic image-processing procedure used to quantify the cyclic Lagrangian
displacement from the Time-SLIP images. The workflow includes image thresholding, tagged-
region detection, centerline extraction, and displacement estimation across successive inversion
times.
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2.2.4 Direct Numerical Simulation (DNS): Computations and Analysis

Three-dimensional unsteady direct numerical simulations were performed to complement

the MRI measurements. The computational domain, representing the annular canal, was generated

using ANSYS Fluent Meshing (2023 R1; Ansys Inc., Pennsylvania) and consisted of a structured

grid comprising approximately 2 × 106 hexahedral cells. The Navier–Stokes equations for an

incompressible Newtonian fluid, with density and viscosity equal to those of the water used in

the experiments, were solved numerically using the finite-volume solver ANSYS Fluent (2023 R1;

Ansys Inc., Pennsylvania). The numerical integration of the equations employed second-order

accuracy in both space and time.

A dynamic mesh approach was employed to account for the deformation of the flexible tube

[35–38], whose radius 𝑅 varies periodically in time from its unperturbed value 𝑅𝑜 as dictated by

the integral continuity balance
𝜕

𝜕𝑡

(
𝜋𝑅2

)
+ 𝜕𝑄

𝜕𝑥
= 0. (2.1)

As discussed later, the PC-MRI measurements reveal a nearly linear axial distribution of the flow

rate, consistent with a spatially uniform tube radius that varies in time according to 𝜋(𝑅2 − 𝑅2
𝑜) =

−
∫
𝑄0d𝑡/𝐿 = Q cos(𝜔𝑡)/(𝐿𝜔), as follows from integration of (2.1), finally yielding

𝑅

𝑅𝑜

=

[
1 + 𝑉0

2𝜋𝑅2
𝑜𝐿

cos(𝜔𝑡)
]1/2

(2.2)

for the tube-radius variation from its unperturbed value 𝑅𝑜. Note that the deformation imposed is

relatively small, since 𝑉0 ≪ 2𝜋𝑅2
𝑜𝐿 ≃ 212.88 mL in all experiments and corresponding numerical

computations.

Tracer particles were used to compute the mean Lagrangian displacement [6, 39]. Specifi-

cally, a cloud of massless particles, initially occupying the region corresponding to the Time-SLIP

measurements (10 mm in thickness and 10 mm in axial extent), was tracked over six oscillatory

cycles. The particle cloud position after each cycle provided the instantaneous location and shape
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of the tagged region, as illustrated in the sample results shown in Fig. 2.2c. For comparison with

the two-dimensional Time-SLIP maps, a transverse average was performed across the thickness of

the region, yielding a two-dimensional image, in which the local intensity at a given 𝑥 − 𝑦 location

is linearly proportional to the number of particles found in the transverse direction (i.e. the viewing

direction indicated in the first panel of Fig. 2.2c), analogous to the tagged fluid in the Time-SLIP

MR images.

2.3 Results

2.3.1 PC Measurements

The oscillatory motion was characterized using PC MRI, with the results summarized in

Fig. 2.4. Measurements were performed at several axial locations, indicated in Fig. 2.4a, for four

different pump stroke volumes. The measured velocity fields were used to evaluate the local stroke

volume, with the results shown in Fig. 2.4b. The stroke volume, which is constant along the

rigid tube, is observed to decay linearly with the distance 𝑥 from the entrance of the flexible tube.

This behavior is consistent with an outer radius undergoing an axially uniform temporal variation,

thereby justifying the use of Eq. (2.2) in the numerical computations.

Representative PC MRI velocity distributions measured at the midsection of the flexible

tube (𝑥 = 14 cm) for an entrance stroke volume𝑉0 = 23.5 mL are shown in Fig. 2.4c at five equally

spaced instants over the oscillatory cycle. For reference, the dashed circles denote the surface of

the cylindrical inset of radius 𝑅𝑖 and the surface of the unperturbed flexible tube of radius 𝑅𝑜.

The images reveal a small but non-negligible variation of the cross-sectional area, with the tube

adopting a slightly non-circular shape due to the influence of the resting platform.

The periodic temporal variation of the flow rate 𝑄(𝑡), computed by integrating the velocity

over the spinal-canal cross sections at 𝑥 = (7, 14) cm, is shown in Fig. 2.4e. Results are reported for

the 40 phases sampled over one cycle. The measurements closely follow the sinusoidal variation

𝑄 = (𝜔𝑉0/2) (𝑥/𝐿) sin(𝜔𝑡), with no measurable phase lag between the two locations, consistent
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with the prescribed tube-radius variation given in Eq. (2.2).

The PC MRI measurements are compared with corresponding DNS results in Fig. 2.4d,

obtained using the prescribed flexible-tube radius variation given by Eq. (2.2), represented by

the solid-line circle. Excellent agreement is observed between the computations and the MR

measurements. In both cases, the velocity profile is nearly uniform, as expected for the relatively

large Womersley number 𝛼 = 18 characterizing the flow. Thin, low-velocity Stokes layers are

present near both the inner and outer boundaries. The velocity distributions at 𝑡 = 0 indicate that

flow reversal first occurs within the Stokes layers adjacent to the bounding surfaces, a well-known

feature of wall-bounded oscillatory flow that is consistently captured by both PC MRI measurements

and DNS.

Figure 2.4: (a) Schematic of the phantom with an indication of the cross sections where PC MRI was
taken. (b) Streamwise distribution of stroke volume corresponding to four different pump outputs.
(c) PC MRI velocity measurements measured at 𝑥 = 14 cm for 𝑉0 = 23.5 mL and five different
instants of time, with the dashed circles representing the surface of the inset and the surface of the
unperturbed flexible tube. (d) DNS velocity predictions for the conditions and locations described
in (c), with the solid circle representing the instantaneous location of the flexible tube. (e) Temporal
variation of the flow rate at 𝑥 = 7 cm and 𝑥 = 14 cm for𝑉0 = 23.5 mL (symbols) and accompanying
theoretical prediction 𝑄 = (𝜔𝑉0/2) (𝑥/𝐿) sin(𝜔𝑡).
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2.3.2 Time-SLIP Measurements

Sample Time-SLIP images acquired at two axial locations 𝑥0 = (14, 21) cm using six

different inversion times TI = 1000–6000 ms during oscillatory flow with an entrance stroke

volume𝑉0 = 23.5 mL are shown in grayscale in the left-hand sides of the double panels in Fig. 2.5.

The reference image of the tagged fluid at the initial time, shown in the leftmost panel, was acquired

in quiescent fluid using the minimum inversion time available on the scanner (TI = 150 ms). The

right-hand side of each panel shows the corresponding DNS results for the same stroke volume,

with the integrated concentration of tagged fluid particles at a given location represented in blue

scale.

Figure 2.5: The seven double panels show Time-SLIP images acquired at different inversion times at
𝑥0 = (14, 21) cm for an entrance stroke volume𝑉0 = 23.5 mL (left, black-and-white), together with
the corresponding DNS predictions of the tagged-particle distribution at the end of six successive
cardiac cycles (right, color).

Figure 2.6 summarizes the Time-SLIP measurements of Lagrangian displacement for three

inversion times, TI = (1000, 2000, 3000) ms—characterizing the motion over three consecutive

cardiac cycles—and for entrance stroke volumes in the range 0 < 𝑉0 < 23.5 mL. Measurements
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were obtained across the midsection of the flexible tube (𝑥0 = 14 cm), where the local stroke

volume is half the entrance value, 𝑉𝑠 = 𝑉0/2. For each inversion time and each stroke volume, the

panels in Fig. 2.6a show the spatial variation of the Lagrangian displacement across the canal. As

in the results in Fig. 2.5, the fluid is observed to move cranially (i.e. toward the entrance) on the

wider side of the eccentric canal and caudally (i.e. toward the closed end) on the narrower side.

To further characterize the Lagrangian motion, the figure also shows the dependence of the

medial-axis displacement, 𝛿 𝑗 , on each side of the canal on the local stroke volume, 𝑉𝑠, where the

subscript 𝑗 denotes the inversion time (in seconds). Dashed curves corresponding to parabolic fits

are included for reference. For completeness, the displacement per cycle, 𝛿𝑐, obtained by dividing

𝛿 𝑗 by the number of cycles associated with each inversion time 𝑗 , is shown in Fig. 2.6b.

TI = 1000 ms (displacement after 1 cycle) displacement per cyclea bTI = 2000 ms (displacement after 2 cycles) TI = 3000 ms (displacement after 3 cycles)
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Figure 2.6: Systematic evaluation of mean Lagrangian displacement from a series of
Time-SLIP measurements at 𝑥0 = 14 cm for TI = (1000, 2000, 3000) ms and 𝑉𝑠 =

(2.9, 4.4, 5.8, 7.3, 8.8, 10.2, 11.7) mL. (a) Transverse profiles along with the corresponding vari-
ation with 𝑉𝑐 of the displacement at the median axis on both sides of the canal after one (𝛿1),
two (𝛿2), and three (𝛿3) cycles. (b) Corresponding cyclic displacement evaluated according to
𝛿𝑐 = (𝛿1, 𝛿2/2, 𝛿3/3).

The SNR of the Time-SLIP measurements was evaluated to examine the variation in image

quality with inversion time and with stroke volume. Results for the section at 𝑥0 = 14 cm are

presented in Fig. 2.7 for the seven stroke volumes shown in Fig. 2.6. The central panels show the

spatial distribution of SNR across the spinal canal for six different inversion times, corresponding

to displacements accumulated over six consecutive cardiac cycles. To examine the effects of the
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walls, the transverse distribution of the SNR averaged over inversion times and stroke volumes is

shown in the upper panels. Similarly, the influence of inversion time is quantified in side bar graphs

showing SNR values averaged spatially across the canal and over all stroke volumes.
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Figure 2.7: The color plots show the local signal-to-noise ratio (SNR) systematically evaluated
from a series of Time-SLIP measurements at 𝑥0 = 14 cm for selected values of TI and 𝑉𝑠. The
upper panels display the transverse distribution of SNR averaged over all TI and 𝑉𝑠, while the side
bar graphs report SNR values averaged spatially across the canal and over all stroke volumes.
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2.4 Discussion

Excellent agreement between the Time-SLIP images and the corresponding DNS predictions

is demonstrated in Fig. 2.5. The MR technique accurately captures the shape of the progressively

distorted bolus of tagged fluid over the six cardiac cycles shown, although visual comparison

becomes more challenging at higher inversion times due to reduced image contrast. As shown, the

caudally directed Lagrangian motion in the narrower region of the canal is characterized by a nearly

parabolic velocity profile, whereas the flow in the wider region exhibits a more complex structure,

as expected given the larger local Womersley number.

While the images in Fig. 2.5 provide clear qualitative evidence of Time-SLIP’s ability to

track Lagrangian motion, the reduced contrast between the tagged and background fluids com-

plicates accurate quantification of fluid-particle displacements at large inversion times. Using

the semi-automated quantification procedure employed in our analysis, the results obtained for

TI = 1000, 2000, and 3000 ms show strong internal consistency and excellent agreement with the

DNS predictions across most of the canal, independent of axial location and stroke volume. In

contrast, images acquired at larger inversion times (TI ≥ 4000 ms) lack this level of consistency,

with some measured displacements failing to exhibit the expected trends. For this reason, the

systematic evaluation of the Lagrangian displacement in Fig. 2.6 is limited to three oscillatory

cycles.

The results reveal several flow features that are consistent with previous theoretical predic-

tions [3, 4]. In particular, the magnitude of the Lagrangian displacement increases with increasing

stroke volume, with an approximately quadratic dependence. This behavior is demonstrated in

Fig. 2.6 by plotting the variation of the medial-axis displacement on both sides of the spinal cord

after one (𝛿1), two (𝛿2), and three (𝛿3) cycles as a function of the local stroke volume 𝑉𝑠, together

with curves showing the corresponding parabolic fits.

This quadratic scaling can be understood by noting that all experiments are conducted at

the same frequency (1 Hz), so the oscillatory velocity that dominates motion in the spinal-canal
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phantom scales linearly with stroke volume. In contrast, the small steady secondary velocity that

drives the mean Lagrangian drift is proportional to products of the oscillatory velocity and its

spatial derivatives [4], and therefore scales with the square of the stroke volume. This trend is

clearly reflected in the mean Lagrangian displacements for all three inversion times shown in the

figure.

As expected, the Lagrangian displacement of the fluid increases with the number of cycles,

i.e. 𝛿3 > 𝛿2 > 𝛿1. An estimate of the displacement per cycle, 𝛿𝑐, at a given axial location can be

obtained by dividing the displacement measured for a given inversion time by the corresponding

number of cycles, i.e. 𝛿𝑐 = (𝛿1, 𝛿2/2, 𝛿3/3), with results shown in Fig. 2.6b.

The results exhibit non-negligible differences among the estimated cyclic displacements,

particularly for experiments with relatively large stroke volumes. Specifically, on the wider side of

the canal, 𝛿𝑐 tends to increase with the number of cycles, whereas the opposite trend is observed on

the narrower side. This behavior can be attributed to axial non-uniformity in the canal geometry.

On the wider (narrower) side, each cycle advects a fluid particle closer to (farther from) the entrance,

placing it in a region where the local stroke volume is slightly higher (lower), so that subsequent

cyclic displacements increase (decrease) in magnitude. This effect, which is clearly significant in

the phantom measurements owing to the relatively large stroke volumes, is expected to be negligibly

small for in vivo measurements of the human spinal canal, where the cyclic displacements have

been estimated to be a fraction of a millimeter.

The quantitative information on signal-to-noise ratio presented in Fig. 2.7 allows us to

assess several important aspects of Time-SLIP relevant to its potential use as a tool to quantify

Lagrangian drift in clinical settings. These include confidence in tagged-fluid detection near walls,

uncertainty in displacement measurements and its dependence on stroke volume, and the choice

and comparison of inversion times (TI). The detailed color maps showing the spatial distributions of

SNR for different inversion times and stroke volumes, summarized in the top and lateral panels, lead

to the following conclusions: (i) The signal quality degrades near the bounding walls, particularly

near the flexible tube, where consistently low SNR values are observed regardless of TI and 𝑉𝑠.
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(ii) The SNR peaks for the smallest stroke volume considered, 𝑉𝑠 = 2.9 mL. (iii) As expected, the

SNR is directly linked to the bolus–background contrast, which peaks at approximately 2500 ms

(see Fig. 2.2a). Correspondingly, the SNR reaches its largest values at TI = 2000 and 3000 ms. As

shown in the logarithmic bar graphs on both sides of Fig. 2.7, for larger inversion times the SNR

decreases sharply, accounting for less consistent displacement estimates at those longer inversion

times.

The phantom study has demonstrated the capability of Time-SLIP to reliably identify the

cyclic displacements of a tagged fluid region over successive oscillatory cycles. Uncertainties

associated with the application of this method in clinical settings arise primarily from differences

between the phantom and the human spinal canal. In particular, the smaller width of the latter

(approximately 2–4 mm, compared to (𝑅𝑜 − 𝑅𝑖)/2 = 6 mm in our annular tube), together with the

presence of microanatomical features such as nerve roots, denticulate ligaments, and trabeculae,

is expected to hinder the quantification of tagged-bolus displacements. These limitations are

anticipated to be most pronounced near the walls, where the SNR has been shown to be small.

Our in vitro Time-SLIP study has successfully quantified Lagrangian displacements for

inversion times up to TI = 3000 ms, corresponding to three cardiac cycles. The expected Lagrangian

displacements in the human spinal canal are on the order of 𝛿3 ∼ 1 mm [6], so characterizing such

small displacements will be challenging and will likely require improvements in both imaging

and post-processing techniques beyond those implemented here. As shown in Fig. 2.7, the peak

signal-to-noise ratio (SNR) occurs for the smallest stroke volume considered, 𝑉𝑠 = 2.9 mL, a value

comparable to, though somewhat larger than, stroke volumes typically reported for the spinal canal

(𝑉𝑠 ∼ 1 mL), which provides some confidence in the feasibility of these measurements. Moreover,

increasing the magnetic field strength of the scanner—these experiments were conducted using a

3-Tesla MRI system—could further enhance band-to-background contrast at longer inversion times,

thereby enabling the use of larger TI values and the characterization of displacements over a greater

number of cycles.

It is also worth noting that the phantom experiments presented here have focused on
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Lagrangian flow driven by the cardiac cycle. In contrast, motion in the lumbar region—which is

responsible for the initial spreading of intrathecal drugs injected at the L2–L3 level—is known to

exhibit a significant contribution from respiratory effects [10]. These effects should be addressed

in future studies, bearing in mind that, given the inversion times currently available, Time-SLIP is

expected to be able to track the tagged bolus over at least a complete respiratory cycle.

2.5 Conclusion

The phantom experiments presented here demonstrate that Time-SLIP MRI can be used

to reliably characterize cyclic Lagrangian displacements over multiple oscillatory cycles, yielding

results in close agreement with MRI-informed direct numerical simulations. The study clarifies the

conditions under which quantitative displacement measurements are robust, including the choice of

inversion time, stroke volume, and number of cycles, and highlights the key limitations associated

with signal-to-noise ratio and spatial resolution. Together, these results provide a quantitative

foundation for future in vivo Time-SLIP investigations aimed at assessing mean Lagrangian motion

in the human spinal canal.
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Engineering Physiologically Relevant Flow

Environments for Pulmonary Arterial Endothelial

Studies
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Chapter 3

A Multi-Chamber Pulsating-Flow Device with Opti-

mized Spatial Shear Stress and Pressure for Endothelial-

Cell Testing

Endothelial cells line the interior of arteries and respond to cyclic mechanical loads gen-

erated by the cardiovascular flow dynamics including shear stress, pressure, and stretching [1, 2].

Mechanosensors on endothelial cells detect these forces and transduce them into biochemical sig-

nals that trigger vascular responses [3]. In fact, the regulation of endothelial gene expression

through biomechanical forces is a critical determinant of normal vascular homeostasis. However,

alterations in mechanical forces associated with vascular remodeling and/or aberrant vascular archi-

tecture disrupt these normal responses, and result in endothelial dysfunction and vascular diseases.

For example, alterations in mechanical forces secondary to congenital heart disease predispose

the pulmonary circulation to the development of pulmonary hypertension [4]. Current research

on pulmonary arterial endothelial cells aims to identify the key genes expressed under conditions

of heightened hemodynamic mechanical loads that participate in abnormal pulmonary vascular

remodeling. The long-term goal of these studies is the development of pharmaceuticals that can

mitigate deleterious response in endothelial cells. These strategies effectively aim to extend the lives

of children born with congenital heart diseases who subsequently develop pulmonary hypertension.

Unfortunately, the current in vitro assessment of mechanical forces is flawed and problematic.

Most notable, the inability to control, isolate and coordinate crucial mechanical forces, presents

formidable challenges to understanding disease etiologies.

Here, we present the design, development, and testing of the Multiplex Cell Shearer (MCS),
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a new device inspired by the need for in vitro experiments where cells are subjected to carefully con-

trolled pressure and shear stress. The apparatus utilized in these experiments must be biocompatible

and capable of accommodating a significant cell population suitable for bulk RNA sequencing. This

device must expose the cells located within a designated testing region to spatially uniform wall

shear stress and pressure during pulsatile flow. Simultaneously, it should enable researchers to

expedite experiments by facilitating concurrent testing of different mechanical conditions for cells.

Previous studies have used a variety of flow chamber designs to study the response of

endothelial cells to shear stress (see the recent papers by Fallon et al. [5] and Meng et al. [6] for

thorough reviews of relevant literature). The most commonly used device is the parallel-plate flow

chamber, which is to be considered in our analysis. These chambers feature two parallel plates

separated by a narrow gap, forming a Hele-Shaw cell [7] through which flow is driven via inlet and

outlet ports positioned at opposite ends. The rectangular coverslip containing the endothelial cells

is typically placed in the center region, flush with the bottom plate away from the feeding ports,

where the streamlines are nearly parallel. Since the inter-plate (typically 1 mm) distance is much

larger than the thickness of the endothelial cells (about 0.1-10 𝜇m [8, 9]), the presence of the latter

does not significantly perturb the flow. Therefore, the shear stress felt by cells corresponds to the

wall shear stress existing in the absence of cells. While most experimental studies have focused on

steady flow conditions (e.g., [10]), there is ample evidence that the response of endothelial cells

depends critically on the flow unsteadiness [5], thereby motivating investigations accounting for

pulsatile flow, including realistic arterial waveforms, as needed to mimic physiological conditions.

Theoretical analyses are useful for generating quantitative predictions associated with flow

chambers of given geometry. The simplest description assumes two infinite parallel plates separated

by a distance 2ℎ subject to a longitudinal pressure gradient with angular frequency 𝜔, yielding a

unidirectional solution that depends on the Womersley number

𝑀 =

(
𝜌𝜔ℎ2

𝜇

)1/2

, (3.1)

where 𝜌 and 𝜇 are the density and dynamic viscosity of the fluid. As discussed by Fallon et
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al. [5], for small values of 𝑀 , corresponding to the conditions found in small arteries, the solution

reduces to the familiar Poiseuille solution [7]. Effects of local acceleration become important for

increasing values of 𝑀 , resulting in values of the shear stress that depart from those of the steady

Poiseuille solution [11–14]. Extensions of the planar Womersley solution exist for the case of an

infinitely long channel with a rectangular cross section [15].

For the cells in a given experiment to be subject to the same shear stress, they have to

be placed in a region where the unidirectional flow is fully developed. The streamwise distance

needed to establish the unidirectional flow has been determined analytically and numerically for

the case of a two-dimensional channel [16–21]. In order to ensure uniform shear stress for realistic

flow chambers, characterizing the spatial distribution of shear stress corresponding to a given

planform is necessary. A first step in that direction was taken by Qin et al. [22], who considered

in particular planforms corresponding to a complex velocity potential with a presumed power-law.

Here, we generalize their analysis for plates of arbitrary shape. Additionally, we use the theoretical

predictions to characterize the flow in parallel-plate chambers of hexagonal planform. These results

are used to guide the design of a new device, the Multiplex Cell Shearer (MCS). To isolate the

effects of different mechanical stimuli, there is an interest in subjecting the cells to the same cyclic

shear stress but with pressure fluctuations of differing amplitudes. This is achieved in the MCS by

connecting four identical parallel-plate chambers in series. Cells experience the same wall shear

stress in all four chambers with four different pressure ranges. Experimental flow diagnostics are

then used to validate the theoretical predictions and characterize the temporal and spatial pressure

fluctuations experienced by the cells.
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Figure 3.1: Comparison of the flow rate waveform used in experiments (solid curve) with that
measured in the main pulmonary artery (dashed curve) [23].

3.1 Unsteady Viscous Flow in Parallel-Plate Flow Chambers of

General Planform

3.1.1 Problem Statement

To guide the design of the device, we begin by investigating unsteady viscous flow in

parallel-plate channels. The following analysis is valid for devices of arbitrary planform and for

general flow rate waveforms. Specific results will be presented for a simplified flow rate waveform

that mimics those encountered in the pulmonary arteries [23], shown in dimensionless form in

Fig. 3.1. The idealized waveform captures the general physiologically relevant features in the flow

rate profile and allows for better experimental control. We will consider a hexagonal planform for

our flow chamber with a length 2𝐿, width 2𝑊 , and semi-angle 𝛼 (see Fig. 3.2).

It is assumed that the two parallel plates bounding the channel are separated by a small

distance 2ℎ, with ℎ ≪ 𝑊 ∼ 𝐿. The coverslip containing the cells is placed at the center of the

bottom plate. The working fluid flows through inlet and outlet ports of diameter 𝐷 ≪ 𝐿 located
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Figure 3.2: A schematic view of the Multiplex Cell Shear (MCS) (a) and of the individual chamber
(b) and its planform (c). Panel (d) shows the numerical domain and boundary conditions for
integration of Eq. (3.18), with the symbols along the horizontal axis denoting the location of the
singularities ±𝑥𝑠, representing the inlet and outlet ports, and well as the location of the pressure
ports ±𝑥𝑝.

on the upper plate near the lengthwise vertices. In the analysis, the working fluid is assumed to be

Newtonian with density 𝜌 and dynamic viscosity 𝜇 similar to those of water at 37C, as is appropriate

for the low concentration of glucose and other additives present in the cell media typically used in

in vitro experiments.

In the experiments, a pulsatile pump drives a prescribed time-periodic flow rate

𝑄(𝑡)/𝑄𝑐 = Re

( ∞∑︁
𝑛=0

𝐴𝑛ei𝑛𝜔𝑡

)
, (3.2)

where Re represents the real part of a complex function, 𝜔 is the fundamental angular frequency of

the cardiac cycle, 𝐴𝑛 are dimensionless complex Fourier series coefficients measuring the amplitude

and phase of the different modes, and 𝑄𝑐 denotes a representative value of the flow rate. In the

following, we shall use the net flow rate, i.e. the time-averaged value of 𝑄(𝑡) over a period

𝑄𝑐 =
1

2𝜋/𝜔

∫ 𝑡+2𝜋/𝜔

𝑡

𝑄(𝑡)d𝑡, (3.3)
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as a measure of the characteristic flow rate. With this definition, the Fourier series coefficient

associated with mode 𝑛 = 0 reduces to 𝐴0 = 1.

The problem will be described using Cartesian coordinates (𝑥, 𝑦, 𝑧) with origin placed at the

center of the chamber, as indicated in Fig. 3.2b, and corresponding velocity components (𝑢, 𝑣, 𝑤).

The spatial pressure difference (e.g. measured from the origin of the reference frame) will be

denoted by 𝑝. The flow near the inlet and outlet ports can be expected to be fully three dimensional,

all three velocity components having comparable magnitude. Since the cells are placed near the

center of the device, there is little interest in describing the complicated flow existing in these near-

port regions. Attention is focused instead on the main region away from the ports, i.e. at distances

from the vertices much larger than 𝐷, where the streamlines are parallel to the bounding plates

(i.e. 𝑤 ≃ 0), thereby enabling a simplified description of the Hele-Shaw type to be performed. Of

particular interest for our application is the value of the wall shear stress in the testing region

𝜏𝑥 = 𝜇
𝜕𝑢

𝜕𝑧

����
𝑧=−ℎ

and 𝜏𝑦 = 𝜇
𝜕𝑣

𝜕𝑧

����
𝑧=−ℎ

(3.4)

and its connection with the flow rate Eq. (3.2) and chamber geometry.

3.1.2 Simplifying Assumptions

In the main flow region away from the ports, the conservation equations admit a number

of simplifications. Since the streamlines are parallel to the confining walls (i.e. 𝑤 = 0), it

follows that 𝜕𝑝/𝜕𝑧 = 0, thereby yielding 𝑝(𝑥, 𝑦, 𝑡). Furthermore, since ℎ ≪ 𝑊 ∼ 𝐿, only the

transverse derivatives need be accounted for when evaluating viscous forces, terms involving second

derivatives in 𝑥 and 𝑦 being a factor of order (ℎ/𝑊)2 smaller. It will be assumed that convective

acceleration has a negligible effect for the flow conditions investigated here, because the relevant

lubrication Reynolds number satisfies

𝜌𝑢𝑐ℎ

𝜇

ℎ

𝑊
≪ 1, (3.5)
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where 𝑢𝑐 = 𝑄𝑐/(2ℎ𝑊) is the characteristic streamwise velocity. On the other hand, in practical

applications the characteristic viscous time ℎ2/(𝜇/𝜌) is comparable to the characteristic oscillation

time 𝜔−1, yielding order-unity values of the Womersley number 𝑀 defined in Eq. (3.1), with the

result that effects of local acceleration can be expected to be important.

The above approximations effectively reduce the problem to one involving the unsteady

form of the lubrication equations, written in dimensionless form as

𝜕𝑢̂

𝜕𝑥
+ 𝜕𝑣̂

𝜕𝑦̂
= 0 (3.6)

𝑀2 𝜕𝑢̂

𝜕𝑡
= −𝜕𝑝

𝜕𝑥
+ 𝜕2𝑢̂

𝜕𝑧2 (3.7)

𝑀2 𝜕𝑣̂

𝜕𝑡
= −𝜕𝑝

𝜕𝑦̂
+ 𝜕2𝑣̂

𝜕𝑧2 (3.8)

in terms of 𝑡 = 𝜔𝑡, 𝑥 = 𝑥/𝑊 , 𝑦̂ = 𝑦/𝑊 , 𝑧 = 𝑧/ℎ, 𝑢̂ = 𝑢/𝑢𝑐, 𝑣̂ = 𝑣/𝑢𝑐, and 𝑝 = 𝑝/(𝜇𝑢𝑐𝑊/ℎ2). The

velocity must satisfy the no-slip conditions

𝑢̂ = 𝑣̂ = 0 at 𝑧 = ±1. (3.9)

With the second order spatial derivatives in the 𝑥 and 𝑦̂ directions neglected in Eqs. (3.7) and (3.8),

the outer walls delineating the hexagon become stream surfaces with non-zero slip velocity, to be

computed as part of the description. The flow rate must be equal to the value specified above in

Eq. (3.2). For example, evaluating the flow rate at 𝑥 = 0 provides the integral constraint

𝑄̂(𝑡) = 𝑄(𝑡)/𝑄𝑐 =

∫ 1

0

(∫ 1

−1
𝑢̂d𝑧

)
d𝑦̂ = Re

( ∞∑︁
𝑛=0

𝐴𝑛ei𝑛𝑡

)
, (3.10)

where the integral in 𝑦̂ is extended over half of the domain, as is appropriate given the symmetry

of the problem.
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3.1.3 General Solution

The linear problem defined above depends on the Womersley number 𝑀 , the complex

dimensionless factors 𝐴𝑛, and the geometry of the planform, described by the semi-angle 𝛼 and the

aspect ratio Λ = 𝐿/𝑊 . A closed-form solution is sought by introducing the ansatz

𝑝 = Re

( ∞∑︁
𝑛=0

𝐵𝑛ei𝑛𝑡

)
𝜙(𝑥, 𝑦̂), (3.11)

involving the complex constants 𝐵𝑛 and the real function 𝜙(𝑥, 𝑦̂). The accompanying velocity is

given by
(𝑢̂, 𝑣̂)

Re
(∑∞

𝑛=0 𝐵𝑛ei𝑛𝑡𝐺𝑛 (𝑧)
) =

(
𝜕𝜙

𝜕𝑥
,
𝜕𝜙

𝜕𝑦̂

)
, (3.12)

where

𝐺𝑛 =
i

𝑛𝑀2

[
1 − cosh(

√
i𝑛𝑀𝑧)

cosh(
√

i𝑛𝑀)

]
, (3.13)

describing the transverse variation of the velocity, is obtained by integrating the problem

i𝑛𝑀2𝐺𝑛 = −1 + d2𝐺𝑛

d𝑧2 , 𝐺𝑛 (±1) = 0 (3.14)

arising from Eqs. (3.7) and (3.8).

The form of Eq. (3.12) indicates that 𝑣̂/𝑢̂ is independent of 𝑧, so that the streamline pattern

is identical in different planes of constant 𝑧. Furthermore, since

𝜕𝑣̂

𝜕𝑥
− 𝜕𝑢̂

𝜕𝑦̂
= 0, (3.15)

at any given 𝑧 the flow is effectively irrotational, with the function 𝜙 representing a reduced velocity

potential. Since the integral constraint given in Eq. (3.10) involves the flow rate, to facilitate the
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solution it is convenient to express the velocity

(𝑢̂, 𝑣̂) = Re

[ ∞∑︁
𝑛=0

𝐵𝑛ei𝑛𝑡𝐺𝑛 (𝑧)
] (

𝜕𝜓

𝜕𝑦̂
,−𝜕𝜓

𝜕𝑥

)
, (3.16)

in terms of the stream function 𝜓(𝑥, 𝑦̂), related to the velocity potential by

𝜕𝜙

𝜕𝑥
=

𝜕𝜓

𝜕𝑦̂
and

𝜕𝜙

𝜕𝑦̂
= −𝜕𝜓

𝜕𝑦̂
. (3.17)

As can be seen by substituting Eq. (3.16) into Eq. (3.15), the stream function satisfies

Laplace’s equation
𝜕2𝜓

𝜕𝑥2 + 𝜕2𝜓

𝜕𝑦̂2 = 0. (3.18)

The value of 𝜓 must be constant along the planform boundaries, which are streamlines of the

flow. Because of the planform symmetry, the problem can be solved by considering half of the

flow domain, as indicated in Fig. 3.2d. According to Eq. (3.10), the value 𝜓𝑐 of 𝜓 along the

centerline connecting the two ports and that along the planform boundary (𝜓𝑏) are related by

𝐴𝑛 = (𝜓𝑏 − 𝜓𝑐)𝐵𝑛𝑞𝑛, where

𝑞𝑛 =

∫ 1

−1
𝐺𝑛 (𝑧) d𝑧 =

2i
𝑛𝑀2

[
1 − tanh(

√
i𝑛𝑀)

√
i𝑛𝑀

]
. (3.19)

In the following, we choose 𝜓𝑐 = 0 and 𝜓𝑏 = 1, as indicated in Fig. 3.2d, so that

𝐵𝑛 = 𝐴𝑛/𝑞𝑛 (3.20)

and 𝐵0 = −(3/2)𝐴0 for 𝑛 = 0.

In defining boundary conditions for integrating Eq. (3.18), additional care must be taken

to describe the near-port inflow and outflow regions. For the specific case considered here, the

diameter of the feeding ports 𝐷 satisfies 𝐷 ≪ 𝑊 . Therefore, the inlet and outlet can be modeled

as a point source located at 𝑥 = −𝑥𝑠 and a point sink located at 𝑥 = 𝑥𝑠, respectively, with 𝑥𝑠 < Λ .
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Near these singularities the stream function takes the asymptotic form

𝜓 → 1
𝜋

tan−1
(

𝑦̂

𝑥𝑠 ∓ 𝑥

)
. (3.21)

Once the stream function is obtained by integration of Eq. (3.18), the result can be used in

Eq. (3.16) to evaluate the velocity, and in Eq. (3.17) to evaluate the pressure gradient

(
𝜕𝑝

𝜕𝑥
,
𝜕𝑝

𝜕𝑦̂

)
= Re

( ∞∑︁
𝑛=0

𝐵𝑛ei𝑛𝑡

) (
𝜕𝜓

𝜕𝑦̂
,−𝜕𝜓

𝜕𝑥

)
, (3.22)

with the Fourier coefficients 𝐵𝑛 determined with use of Eq. (3.20). The velocity profile is needed,

in particular, to compute the shear stress experienced by the cells with the use of Eq. (3.4). Using

the dimensionless form (𝜏𝑥 , 𝜏𝑦) = (𝜏𝑥 , 𝜏𝑦)/(𝜇𝑢𝑐/ℎ), consistent with the scales used in the paper, it

follows that (
𝜏𝑥 , 𝜏𝑦

)
= Re

( ∞∑︁
𝑛=0

𝐶𝑛ei𝑛𝑡

) (
𝜕𝜓

𝜕𝑦̂
,−𝜕𝜓

𝜕𝑥

)
, (3.23)

where

𝐶𝑛 = 𝐵𝑛

d𝐺𝑛

d𝑧

����
𝑧=−1

=
1
2

i𝑛𝑀2𝐴𝑛

[ √
i𝑛𝑀

tanh(
√

i𝑛𝑀)
− 1

]−1

(3.24)

for 𝑛 ≤ 1 and 𝐶0 = (3/2)𝐴0 for 𝑛 = 0. On the other hand, the expressions given in Eq. (3.22)

can be integrated to evaluate spatial pressure differences within the chamber. For example, the

instantaneous pressure difference between two points placed at symmetric locations 𝑥 = ±𝑥𝑝 along

the centerline 𝑦̂ = 0, as indicated in Fig. 3.2d, is given by

Δ𝑝 = Re

( ∞∑︁
𝑛=0

𝐵𝑛ei𝑛𝑡

) ∫ 𝑥𝑝

−𝑥𝑝

𝜕𝜓

𝜕𝑦̂
d𝑥. (3.25)

This last expression is to be tested later by comparison with direct experimental measurements.

The expressions given in Eqs. (3.16), (3.22), and (3.23) are product functions. The factors

involving derivatives of 𝜓, identical in all three equations, describe the spatial distribution of

velocity, pressure gradient, and shear stress through the planform. They carry the dependence of
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the solution on the planform shape through 𝛼, Λ, and the singularity locations, ±𝑥𝑠. On the other

hand, the factors involving the sums of Fourier modes, describing the temporal variation of the

pressure gradient, shear stress, and transverse changes of velocity, carry the dependence of the

solution on the Womersley number 𝑀 and the flow rate waveform. These two distinct components

of the solution are to be investigated separately in the following subsections.

3.1.4 Temporal Response of the Velocity, Wall Shear Stress, and Pressure

Gradients

For given values of the Womersley number 𝑀 and of the Fourier coefficients 𝐴𝑛, the latter

defining the flow rate according to Eq. (3.2), one can use Eqs. (3.19) and (3.20) to compute the

coefficients 𝐵𝑛, which determine the temporal variation of the velocity and the pressure gradient

using Eqs. (3.16) and (3.22), and (3.24) to compute the coefficients 𝐶𝑛, which determine through

Eq. (3.23) the temporal variation of the wall shear stress. Representative results are given below

for two different pulsatile flow rate profiles. The first set of results, shown in Fig. 3.3, corresponds

to a flow rate with a sinusoidal variation 𝑄̂ = 1 − cos 𝑡. The second set of results, shown in Fig.

3.4, uses the idealized representation of the main pulmonary arterial flow rate depicted by the solid

curve in Fig. 3.1, corresponding to a piecewise waveform defined by 𝑄̂ = 𝜋 sin 𝑡 for 0 < 𝑡 < 𝜋

and 𝑄̂ = 0 for 𝜋 < 𝑡 < 2𝜋. Because the profile time derivatives are not continuous, the associated

Fourier representation requires a large number of modes 𝑁 ≫ 1 to ensure high resolution, with

𝑁 =10,000 used for the results shown in Fig. 3.4.

The plots in Figs. 3.3 and 3.4 compare results for 𝑀 = 3 and 𝑀 = 5 with those of the

quasi-steady limit 𝑀 ≪ 1. In this limiting case, represented by the dashed curves in Figs. 3.3 and

3.4, the solution reduces to

−Re

( ∞∑︁
𝑛=0

𝐵𝑛ei𝑛𝑡

)
= Re

( ∞∑︁
𝑛=0

𝐶𝑛ei𝑛𝑡

)
= (3/2)𝑄̂, (3.26)

corresponding to the familiar Poiseuille-flow solution, in which the pressure gradient and shear
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stresses are in phase with the flow rate, their waveforms being linearly proportional to one another,

as shown in Figs. 3.3 and 3.4. In this quasi-steady limit, the functions 𝐺𝑛 defined in Eq. (3.13)

reduce to 𝐺𝑛 = −(1 − 𝑧2)/2, so that the velocity profile Eq. (3.16) adopts the parabolic shape

(𝑢̂, 𝑣̂) = 3
4
𝑄̂(1 − 𝑧2)

(
𝜕𝜓

𝜕𝑦̂
,−𝜕𝜓

𝜕𝑥

)
. (3.27)

As illustrated in the right-hand-side panels of Figs. 3.3 and 3.4, the velocity profiles for

𝑀 ≥ 1 differ significantly from the parabolic shape given in Eq. (3.27). Correspondingly, the

temporal responses of the pressure gradient, measured by the function Re
(∑∞

𝑛=0 𝐵𝑛ei𝑛𝑡
)
, and of the

wall shear stress, measured by the function Re
(∑∞

𝑛=0 𝐶𝑛ei𝑛𝑡
)
, differ markedly from the quasi-steady

profiles. Not only is the magnitude of the resulting fluctuations significantly larger, especially in

connection with the shear stress, but the waveforms also differ notably from that of the imposed

flow rate. The changes are more dramatic for the arterial waveform investigated in Fig. 3.4, which

includes a zero flow rate over half of the cycle. During the acceleration phase from rest, which

begins to occur at 𝑡 = 0, the velocity initially maintains a nearly uniform top-hat profile. Viscous

forces are only important near the walls, where a thin boundary layer develops, with the result that

the associated shear stress exhibits a sudden jump at 𝑡 = 0 to a finite value. The deceleration phase

requires an adverse pressure gradient that produces back flow near the walls, as seen in the velocity

profile for 𝑡 = 2𝜋. Correspondingly, the shear stress, which is always positive for 𝑀 ≪ 1, becomes

negative over part of the cycle. The sudden halt of the flow rate at 𝑡 = 𝜋 is accompanied by a

jump in shear stress and pressure gradient. Clearly, the profound differences between the results of

Figs. 3.3 and 3.4 underscore the need to use a flow rate with a physiologically correct waveform

when characterizing the response of endothelial cells.

3.1.5 Assessment of Spatial Non-Uniformity inside the Testing Region

The design of the experimental apparatus must ensure that the cell substrate within the

testing region experiences a uniform shear stress, up to a specified tolerance. This uniformity
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Figure 3.3: Temporal response of the flow corresponding to a pulsatile flow rate 𝑄̂ = 1 − cos 𝑡,
including (a) flow rate waveform, (b) pressure gradient, (c) wall shear stress, and (d) velocity profile
at different instants of time.

is essential for generating repeatable and reliable data for bulk RNA sequencing of endothelial

cells. As can be concluded from Eqs. (3.16), (3.22) and (3.23) the spatial distributions of velocity,

pressure gradient and shear stress throughout the chamber are determined by the stream function

𝜓(𝑥, 𝑦̂). To assess spatial non-uniformity one can use Eq. (3.23) to derive the function

T (𝑥, 𝑦̂) = 𝜏 − 𝜏𝑜

𝜏𝑜
=

[(𝜕𝜓/𝜕𝑥)2 + (𝜕𝜓/𝜕𝑦)2]1/2

[(𝜕𝜓/𝜕𝑥)2 + (𝜕𝜓/𝜕𝑦)2]1/2 | (𝑥=0,𝑦̂=0)
− 1, (3.28)

which measures the relative departures of the wall-shear-stress magnitude 𝜏 =

√︃
𝜏2
𝑥 + 𝜏2

𝑦 from its

value at the center of the chamber 𝜏𝑜. As can be concluded from Eqs. (3.16) and (3.22) the same

function T (𝑥, 𝑦̂) characterizes the spatial non-uniformity of the velocity and pressure gradient.

The function T was used to examine uniformity of the flow within the testing region of our

hexagonal planform. The open-source Finite Element Solver (FreeFEM++) was used to evaluate

the stream function 𝜓(𝑥, 𝑦̂) by integration of Eq. (3.18) in the trapezoidal domain of Fig. 3.2d.

The results were used to determine T within the testing region. Sample results, corresponding a
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Figure 3.4: Temporal response of the flow corresponding to an idealized representation of the
pulmonary arterial flow rate, including (a) flow rate waveform, (b) pressure gradient, (c) wall shear
stress, and (d) velocity profile at different instants of time.

chamber with 𝛼 = 48◦, 𝑥𝑠 = Λ − 0.3, and three different values of the aspect ratio Λ are shown in

Fig. 3.5.

As can be seen, for the smallest aspect ratio considered (Λ = 1.7), corresponding to the

minimum value compatible with the angle 𝛼 = 48◦ selected in the computations, the spatial

nonuniformities are severe, in that cells located near the corners of a coverslip would experience

shear stresses that differ from those found near the center by a significant amount. As the aspect

ratio increases, the magnitude of T within the testing region diminishes, reaching values on the

order of T = 0.1 for Λ = 2.3. For the largest aspect ratio (Λ = 2.9) considered the value of T was

found to be below T = 0.02 everywhere in the testing region. Although the spatial nonuniformity

can be further minimized by increasing Λ, the 2% departures associated with Λ = 2.9 were deemed

to be satisfactory for our testing needs. Based on these considerations, the planform shown on the

bottom plot of Fig. 3.5 was selected for the design of the chamber.
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Figure 3.5: The variation of the function T within the testing region for a hexagonal flow chamber
with 𝛼 = 48◦, 𝑥𝑠 = Λ − 0.3, and three different values of the aspect ratio Λ.

3.2 Multiplex Cell Shearer

The previous section discussed pulsatile flow through a parallel-plate flow chamber with

an arbitrary planform, along with the methodology used to analyze the shear-stress spatial non-

uniformity present inside a designated testing region of the chamber, which led to the selection

of its aspect ratio. Additional details pertaining to the design of the experimental apparatus are

provided in the following paragraphs.

3.2.1 Design and Description of Apparatus

The MCS comprises four identical parallel-plate flow chambers connected in series, as

depicted in Fig. 3.1. Cells are subjected to the same cyclic shear stress across the device with

diminishing pressure ranges in successive chambers. A larger number of chambers is desirable

to achieve a greater range in pressures, but this increases preparation time to run the tests. The
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maximum number is also limited by pump capacity. For the current design, we chose to use

four chambers based on these trade-offs. The four chambers are arranged side by side, with 1/4”

reinforced polyvinyl-chloride tubing linking them at their respective ports. The tubing connections

are made using 1/4” nominal-pipe-tapered (NPT) threading to 1/4” barb adapters. Notably, the

system is entirely rigid apart from the interconnecting tubing, thereby ensuring that the flow rate

remains constant in all chambers. According to the results shown in Fig. 3.5, for the aspect ratio

Λ = 2.9 selected in our design, the relative variations of wall shear stress within the testing region

can be expected to remain below 2%. In this setup, the pressure drop across the tubing linking the

chambers is much larger than the pressure drop associated with the action of viscous shear within

each chamber, as shown later in Section 3.3.2. The pressure will thus be nearly uniform in each

chamber with cyclical fluctuations of decreasing amplitude in successive chambers. This key feature

of the device, to be verified below through experimental measurements, enables experimental tests

in which four populations of endothelial cells are subjected to the same shear stress but different

pressure fluctuations.

The device is constructed with two plates securely bolted together, with each chamber

featuring a watertight seal facilitated by silicone o-rings that are placed within grooves in the

bottom plate. The bottom plate also houses the flow pocket, the area where fluid flows through

the chamber, consisting of an irregular hexagonal planform as shown in Fig. 3.2. The flow pocket

has dimensions 𝐿 = 72.5 mm, 𝑊 = 25 mm, and a semi-angle 𝛼 = 48◦. The top plate is equipped

with four orifices, each tapped for 1/4” NPT connectors. Among these orifices, the two located at

either end serve as inlet and outlet ports, while the inner two orifices function as ports for pressure

sensors. The two plates are separated by a distance 2ℎ = 1.2 mm.

To ensure high precision, the device was manufactured using a computer numerical control

(CNC) mill. The lengthwise edges of the flow pocket were rounded to accommodate 1/4” NPT

tapered fittings at the inlet and outlet. Then to further ease the manufacturing process, the widthwise

edges were rounded to a radius of 1/16”. Next, two side-by-side pockets were incorporated at the

center-bottom of the flow pocket to facilitate the placement of two coverslips. These coverslip
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Figure 3.6: Flow system setup used for in vitro experiments.

pockets were designed to accommodate #1.5 thickness coverslips measuring 22 mm x 40 mm.

When inserted, the coverslips sit flush with the bottom surface of the flow pocket. The coverslip

pockets feature additional grooves for handling. Furthermore, to isolate the coverslips from each

other and the wall, a 1.5 mm gap was incorporated on both widthwise ends. The final setup is

schematically represented in Fig. 3.2c. A clear acrylic top is used to allow for visual access to

the chamber. The bottom plate consists of polypropylene, with a silicone o-ring providing a seal

between the two plates. Stainless steel (316) tubing connectors interlink the chambers together with

the polyvinyl-chloride tubing. All materials were tested for biocompatibility using a toxicity test

with human umbilical vein endothelial cells (HUVECs) and ovine pulmonary arterial endothelial

cells (PAECs).

45



3.2.2 Flow System for Cellular Experiments

The apparatus is an integral part of a comprehensive flow system, which includes a heat

exchanger, a reservoir, a piston pump, and a data acquisition system (Fig. 3.6). The heat exchanger

comprises 304 stainless steel 3/16” tubing coiled in a spiral configuration, submerged within a

water bath maintained at a prescribed temperature. The reservoir used here is a 500 ml glass bottle.

The piston pump utilized (SuperPump AR, ViVitro Labs, Victoria, Canada) is capable of delivering

a user-defined flow rate waveform at a predetermined cycle frequency 𝜔/(2𝜋) and stroke volume

2𝜋𝑄𝑐/𝜔. Finally, the data acquisition system employs four pressure transducers (Basic ABP Series,

Honeywell) and a DSB18B20 temperature probe with an Arduino Mega micro-controller interface

for data collection. Data is stored onto a laptop using an open-source serial port reader and logger.

To ensure a controlled temperature and humidity, the apparatus, heat exchanger, reservoir,

and sensors are positioned within an incubator (Fig. 3.6). The pump and the remaining components

of the data acquisition system are situated outside the incubator. The pump drives fluid in a time-

periodic manner through the device into a reservoir, with the outlet of the device exposed to

the open atmosphere. The pump then draws fluid from the reservoir, repeating the cycle. This

configuration allows for precise control and monitoring of the flow system while maintaining ideal

cellular environmental conditions. In this connection, it is worth noting that successful experiments

with live HUVECs and PAECs have been carried out using the MCS at biologically typical shear

stresses and pressures over 24 hours. Details on these experiments are outside of the scope of this

paper, which focuses instead on device design and flow dynamics.

3.3 Experimental Flow Diagnostics

Experimental flow diagnostics were conducted to evaluate the performance of the 3D-

simplified model and device. To validate the theoretical model used in selecting the chamber aspect

ratio, the flow streamlines were characterized experimentally and compared with the analytical

predictions. In addition, measurements were taken to characterize the temporal pressure fluctuations
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in the different chambers and ascertain whether the intra-chamber spatial pressure variations remain

sufficiently small, as needed to guarantee that all cells within a given chamber are subject to nearly

identical pulsating pressure forces. For completeness, the spatial pressure differences measured in

the lab were compared with the theoretical prediction derived earlier, shown in Eq. (3.25). All of

the flow diagnostics was performed with the fundamental frequency of the flow set to 1 Hertz (i.e.

𝜔 = 2𝜋 s−1) and using water at 21 Celsius (i.e. 𝜇/𝜌 ≃ 0.98 × 10−6 m2/s), giving a Womersley

number 𝑀 ≃ 1.27, as follows from evaluating Eq. (3.1) with ℎ = 0.6 mm.

3.3.1 Particle Tracking Velocimetry

The fluid particle trajectories were measured using particle tracking velocimetry (PTV). To

that end, beeswax pellets with a diameter smaller than 0.7 mm were introduced into the flow of

the fabricated chamber. A high-speed monochrome camera, overlooking the top of the chamber,

was used to capture video of the pellets traversing the chamber for 36 cycles of the pulsating flow.

Subsequently, the individual frames were extracted and saved as grayscale images. These grayscale

images were then processed using open source particle tracking software (Trackpy), that generated

a data frame linking the positions of individual particles across different frames. This data frame

was imported into MATLAB (MathWorks), where velocities in the 𝑥 and 𝑦 directions for each

particle were computed at every frame using a first-order finite-difference scheme.

Data from 36 cycles were averaged within 24 15-degree bins to create an ensemble of a

full cycle. Then for each frame of the cycle, the position and velocity information was sorted into

a rectangular mesh spanning the flow domain. Outliers were filtered out by setting the lower and

upper limits for velocity information in each box at the 2.5th and 97.5th quantiles, respectively.

The average velocities within each computational cell were then evaluated per ensemble frame.

Streamlines were derived from the average velocities through integration in the flow direction for

each of the 24 frames of the ensemble. These phase-varying streamlines are depicted as cyan

curves in Fig. 3.7. In addition, time-averaged streamlines were determined from the phase varying

streamlines and superimposed in red. To enable comparisons with the theoretical predictions,
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Figure 3.7: Comparison of phase-varying streamlines (cyan) and time-averaged streamlines (red)
obtained using Particle Tracking Velocimetry with the theoretical predictions evaluated with use of
𝜓(𝑥, 𝑦̂) = constant.

analytical streamlines (i.e. curves 𝜓(𝑥, 𝑦̂) = constant) are represented as yellow curves.

The time-averaged streamlines (in red) and the theoretical streamlines (in yellow) shown in

Fig. 3.7 closely coincide. Deviations are found near the inlet, where the time-averaged streamlines

bow outward more than the theoretical streamlines. This can be attributed to the simplifications

introduced in the theoretical model. Firstly, the analysis in the limit stated in Eq. (3.5) is strictly

valid only in regions where the flow is fully developed, but not in the entrance region that extends

over distances of order 𝜌𝑢𝑐ℎ
2/𝜇 ≪ 𝑊 from the inlet, where the theoretical predictions are seen

to depart from the experimental observations. In addition, in the theoretical description the inlet

and outlet ports, with diameter 𝐷, are treated as singularities (i.e. a line source and a line sink) of

infinitesimally small size, an approximation that involves errors of order 𝐷/𝑊 that likely contribute

to the observed departures.

The comparisons in Fig. 3.7 also reveal that, while the theoretical streamlines are mirror

symmetric about the center plane 𝑥 = 0, the experimental streamlines exhibit slight inward conver-

gence, so that fluid particles tend to separate from the wall as they traverse the central part of the
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chamber. This observation is consistent with the streamwise development of thin boundary layers

on the external walls bounding laterally the chamber, an effect not accounted for in the theoretical

description.

The theoretical framework posits that streamlines are independent of time, so that the

phase-varying streamlines, represented by the cyan curves in Fig. 3.7, should overlap with the

time-averaged streamlines. This overlap is apparent near the inlet, but becomes less evident on

approaching the outlet. The observed departures are partly attributable to the influence of the

lateral boundary layers, whose relative thickness oscillates during the cycle following the velocity

fluctuations, and partly attributable to numerical error propagated during integration, which is

initiated at the source, and also with the size and shape of particles, which hinder the accuracy of

the particle tracking algorithm to identify and match particles effectively. Furthermore, the figure

also displays differences between the phase-varying streamlines on the upper and lower halves of the

image in Fig. 3.7 (cyan curves). These discrepancies are believed to be a result of nonuniformities

in the spatial distribution of particles as well as small lateral asymmetries in flow near the inlet.

3.3.2 Oscillating Pressure Field

Pressure measurements were taken using the pressure ports located on the upper plate of

the flow chambers. The measurements correspond to the idealized flow rate waveform depicted

in Fig. 3.1 for a stroke volume of 8 mL (i.e. 𝑄𝑐 = 8 mL/s). Honeywell ABP transducers were

utilized in this setup with data acquired using an Arduino Mega. Subsequently, the pressure data

was imported into MATLAB (MathWorks). For the different measurements, an ensemble average

was computed using 120 cycles, giving the results shown in Fig. 3.8.

The curves in Fig. 3.8a correspond to simultaneous readings using the downstream pressure

ports of all four chambers. The pressure increases in all chambers during the first half of the cycle,

during which there is significant flow, followed by a period of nearly zero pressure, coincident with

the period of zero flow rate. The temporal pressure amplitude decays as we move downstream,

with the pressure drop between subsequent chambers being related to the pressure loss along the
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Figure 3.8: Experimental pressure measurements for the fabricated device using 120 cycles:
(a) simultaneous pressure readings at the downstream pressure ports for the four chambers with
the largest standard deviation (light gray) shown, alongside simultaneous pressure reading at the
upstream port of the third chamber, and (b) instantaneous inter-port pressure difference in the third
chamber with standard deviation (light gray) and theoretical predictions depicted.

connecting tubing. These pressure losses are to be compared with the much smaller pressure losses

occurring within each chamber, which are characterized in Figs. 3.8b. Specifically, Fig. 3.8a shows

the pressure found upstream and downstream of the testing region of the third chamber of the MCS,

with their difference being represented in Fig. 3.8b.

An important observation from the plots in Fig. 3.8a is that the temporal pressure fluctuations

measured at the two ports in the third chamber are nearly identical. Since the location of the two

pressure ports, represented in Fig. 3.2c (see also the bottom plot of Fig. 3.5), are relatively far from
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the edges of the testing region, it can be expected that the spatial pressure differences across the

surface of the coverslip are even smaller than those between the two pressure ports, represented

by the solid curve in Fig. 3.8b. Based on these considerations and on the quantitative information

shown, one can expect that the departures in the pressure force experienced by different cells in a

given coverslip will be on the order of 10%, an acceptable margin for experimental purposes.

The pressure difference between the two ports in the third chamber is compared in Fig. 3.8b

with the theoretical prediction derived earlier. Spatial pressure measurements in other chambers give

quantitatively similar results, in agreement with theoretical considerations. The nondimensional

analytical result Eq. (3.25) is calculated using the dimensional form

Δ𝑝 =
𝜇𝑄𝑐

2ℎ3 Δ𝑝 (3.29)

consistent with the scales introduced in section 3.1.2. As can be seen, the result predicts the wave-

form of the pressure difference reasonably well, including its general shape and peak amplitudes.

However, as is clear from the comparison, the experimental measurements exhibit acoustic flow

disturbances that appear as higher harmonics, not present in the acoustic-free prediction Eq. (3.25).

These acoustic responses are likely associated with sharp pressure changes at the start and end of

the pump cycle that can excite resonant disturbances in the system analogous to water hammer in

pipes. The resulting pressure fluctuations are most apparent over the second part of the cycle (i.e.

0.5 s ¡ t < 1 s) where the primary pressure signal is small, but are also evident at the beginning of the

cycle. These resonance effects, which are known to plague secondary measurement instruments,

such as pressure sensors, were not accounted for when designing the flow system. Although a more

careful design targeting a sufficiently high value of the system natural frequency combined with

higher damping rates may have helped reduce acoustic effects [24, 25], for the specific waveform

selected in our experiments, which induce significant harmonics associated with the sharp corners

at the start and end of the wave, some level of acoustic fluctuations in the pressure signal is likely

unavoidable. Fortunately, however, as can be concluded from the plots in Fig. 3.8, these acoustic
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fluctuations remain much smaller than the temporal fluctuations of the fundamental frequency, so

that their associated effects on the pressure force experienced by the cell can be expected to be

relatively small.

3.4 Chapter Summary

To perform in vitro experiments involving pulmonary arterial cells, we engineered a biocom-

patible apparatus, the Multiplex Cell Shear (MCS). This device, comprising of four interconnected

parallel plate chambers within a rigid framework, is designed to house a sizable cell population

on coverslips. The MCS operates by subjecting cells to controlled and predominantly uniform

shear stress at four distinct pressures ranges. In the design of the MCS, we have applied flow

simplifications arising from the disparity of length and time scales present in the problem to derive

a reduced model describing pulsatile flow through parallel-plate chambers of arbitrary planform.

This theoretical model allows for separation of the spatial and temporal components of the solution,

thereby facilitating the analysis of the fluid dynamics for any planform shape, Womersley number,

and flow-rate inputs.

The temporal component of the flow, contingent upon flow rate profiles and Womersley

number, was evaluated for both a simplified and a desired flow rate profile, with results given in

Figs. 3.3 and 3.4, respectively. We specifically considered the temporal response of wall shear

stress, pressure gradients, and velocities for increasing values of the Womersley number. The

spatial structure of the flow was characterized by computing streamlines and accompanying spatial

distributions of wall shear stress for a hexagonal planform of varying aspect ratio Λ. It was seen

that for values of Λ exceeding Λ = 2.9 the spatial variations of wall shear stress in the testing region

remain below 2%, a value that was deemed to be sufficiently small for cell-testing purposes.

A comprehensive flow system featuring four parallel-plate chambers withΛ = 2.9 connected

in series was designed, built and tested using different experimental diagnostics. The streamlines

measured using particle tracking velocimetry were found to be in good agreement with theoretical
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predictions. Accompanying measurements of temporal and spatial pressure variations demonstrated

that the pressure forces experienced in a given testing region are nearly uniform, and that fluctuations

introduced by acoustic effects, although nonnegligible, remain relatively small. The results from

these experimental flow diagnostics therefore indicate that the device meets all the design goals

necessary for the in-vitro experiments that inspired its creation.
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Chapter 4

Poiseuille Flow with a Stretching Bottom Wall

4.1 Introduction

Figure 4.1: Theoretical schematic of flow entering a Hele-Shaw cell with a stretching bottom.

Children with congenital heart disease are at risk of developing pulmonary vascular remod-

eling and pulmonary hypertension, conditions that increase right ventricular load and can ultimately

reduce life expectancy [1, 2]. The interior of the vascular network is lined by endothelial cells,

which are responsible for maintaining healthy arteries and veins. Because endothelial cells play a

central role in sensing and responding to the local hemodynamic environment, understanding how

pulmonary endothelial cells respond to mechanical loading is an important step toward clarifying
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disease progression and identifying possible therapeutic strategies [3–6]. In vivo, these cells are

exposed not to a single isolated force, but to a coupled mechanical environment that includes

fluid shear stress, transmural pressure, and circumferential stretch [3–5]. Reproducing these con-

ditions in vitro is therefore essential for studying endothelial mechanobiology in a controlled and

physiologically meaningful way [7, 8].

For studies aimed at downstream analyses such as RNA sequencing, an experimental plat-

form to achieve this controlled mechanical environment must also accommodate sufficiently large

cell populations while maintaining precise and reproducible control of the applied loads. In pre-

vious work, our group developed and characterized a multi-chamber pulsating-flow device that

enables large endothelial cell samples to be exposed to uniform pulsatile shear stress while expe-

riencing different pressure ranges across chambers [9]. The present work extends that effort by

focusing on the theoretical and experimental analysis of Poiseuille flow with a stretchable bottom

wall with hopes that this work can be used to create a device in the future capable of imposing

coupled loading conditions relevant to vascular and pulmonary endothelial cells. More broadly, this

effort reflects the continuing shift in mechanobiology from simplified single-input systems toward

in vitro devices that more closely reconstruct the coupled mechanical environment experienced by

cells in vivo [7, 8, 10].

Historically, devices developed for endothelial mechanobiology have tended to study shear

stress and stretch separately. Shear stress studies have commonly employed parallel plate or Hele-

Shaw type flow chambers because these systems allow well characterized wall shear stress to be

generated over adherent cell monolayers under laminar flow conditions [11–17]. These chambers

have been widely adopted because of their geometric simplicity, optical accessibility, and the

relative ease with which shear stress can be estimated from chamber geometry, fluid properties, and

volumetric flow rate [11, 12, 14]. Over time, these systems have been extended beyond steady flow

to include pulsatile and oscillatory forcing, although many studies still analyze such flows under

quasi-steady assumptions or focus primarily on steady-flow operation [14, 15, 18–20].

In parallel, numerous stretching platforms have been developed to study the effect of
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substrate deformation on adherent cells. These include uniaxial, biaxial, and equiaxial membrane-

based systems, as well as more complex three-dimensional constructs [7, 21, 22]. Among these,

planar membrane-based stretching devices remain especially prominent because they permit direct

imaging, well-controlled loading, and straightforward integration into cell culture workflows [21,

22]. However, despite the large body of work on shear stress and stretch applied independently, these

approaches do not fully reproduce the coupled loading environment experienced by endothelial cells

in vivo [5, 7, 10].

To address this limitation, several groups have developed devices that apply shear stress and

stretch simultaneously. Some of the earliest combined-loading systems relied on compliant tubing

or vessel-like geometries, in which fluid flow generated both wall shear stress and circumferential

deformation [23, 24]. While these systems improved physiological realism, they generally did not

permit independent control of the two stimuli and were often less convenient for direct visualization

and mechanistic study [24]. More recent microfluidic and membrane-based devices have enabled

shear stress and cyclic stretch to be applied either independently or simultaneously, thereby allowing

more systematic investigation of coupled endothelial responses [10, 24]. Nevertheless, many of

these systems remain focused on steady-flow conditions, or otherwise do not directly address how

pulsatile flow interacts with a dynamically deforming wall [8, 14, 18].

This limitation is important because pulsatility is a defining feature of physiological car-

diovascular flow. In parallel-plate systems, unsteady flow behavior depends on channel geometry,

forcing frequency, and viscous diffusion timescales, and under some conditions the wall shear stress

can no longer be treated as quasi-steady [14, 18, 25–27]. As a result, when wall motion is added

to an already unsteady flow field, theoretical analysis becomes necessary to determine how the

moving boundary modifies the fluid motion and the mechanical environment seen by the cells.

In the present study, we develop an experimental facility that uses a Hele-Shaw-type flow

chamber with a stretchable bottom boundary. Our primary objective is to characterize the effect

of this coupled system under Poiseuille flow. To do so, we combine theoretical analysis with

experimental flow visualization, allowing the influence of the moving bottom wall on the fluid
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motion to be assessed directly. This combined framework provides a basis for future development

of device that can apply all hemodynamic loads onto endothelial cells accurately with conditions

associated with pulmonary vascular disease.

4.2 Unsteady Viscous Flow in a Cell Shearer with a Stretching

Bottom

4.2.1 The model problem

An infinitely long rectangular channel, represented by the section in Fig. 4.1, has a height

𝐻 and semi-width 𝐿 ≫ 𝐻. The channel contains a fluid of density 𝜌 and kinematic viscosity 𝜈

whose motion is to be described using Cartesian coordinates (𝑥′, 𝑦′, 𝑧′) and corresponding velocity

components (𝑢′, 𝑣′, 𝑤′). The fluid moves axially under the action of a time-periodic longitudinal

pressure gradient

−1
𝜌

𝜕𝑝′

𝜕𝑥′
= 𝐴𝑜Π(𝜔𝑡′), (4.1)

with characteristic value 𝐴𝑜 and dimensionless waveform Π(𝜔𝑡′), where 𝑡′ represents the time and

𝜔 is the angular frequency. The bottom wall is covered with an elastic membrane of width 2𝐿𝑚

that is stretched symmetrically in the transverse direction as described by

𝐿𝑚/𝐿𝑜 = 1 + 𝜀𝑆(𝜔𝑡′), (4.2)

where 𝐿𝑜 is a reference length, 𝜀 is the stretching ratio and 𝑆(𝜔𝑡′) is an order-unity time-periodic

function. The associated velocity on the surface of the membrane 𝑣′𝑚, linearly proportional to the

distance 𝑦′ from the symmetry axis, can be computed according to

𝑣′𝑚 =
𝑦′

𝐿𝑚

d𝐿𝑚

d𝑡′
= 𝜀𝜔𝑦′

¤𝑆
1 + 𝜀𝑆

, (4.3)
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where ¤𝑆 represents the derivative of the stretching function 𝑆 with respect to its argument 𝜔𝑡′.

Since the channel is infinitely long, the velocity components 𝑢′(𝑦′, 𝑧′, 𝑡′), 𝑣′(𝑦′, 𝑧′, 𝑡′), and

𝑤′(𝑦′, 𝑧′, 𝑡′) of the resulting periodic flow are independent of 𝑥′. The motion in the cross-sectional

plane is independent of the longitudinal motion, but the latter is coupled to the former through the

transverse convective terms. This one-way coupled solution is compatible with a pressure field of

the form 𝑝′/𝜌 = 𝑝′(𝑦′, 𝑧′, 𝑡′) − 𝐴𝑜𝑥
′Π(𝜔𝑡′).

The solution can be simplified for cross sections with large aspect ratio 𝐿/𝐻 ≫ 1, when

the flow in the central part of the channel (i.e. at distances 𝐿 − |𝑦 | ≫ 𝐻) is slender, with velocities

𝑣′ ∼ 𝜀𝜔𝐿 ≫ 𝑤′ ∼ 𝜀𝜔𝐻. This slender flow is flanked by short turn-around regions located near the

lateral boundary walls, at distances 𝐿− |𝑦 | ∼ 𝐻, where 𝑣′ ∼ 𝑤′ ∼ 𝜀𝜔𝐿. Since the region containing

the endothelial cells is typically positioned in the central portion of the device, we restrict our

attention on this region sufficiently far from the side walls and do not consider the lateral near-wall

regions.

The analysis is restricted to channels with large aspect ratio, 𝐿/𝐻 ≫ 1, and small stretching

ratio, 𝜀 ≪ 1. The characteristic oscillation time, 𝜔−1, is assumed to be comparable to the viscous

diffusion time across the channel height, 𝐻2/𝜈. This corresponds to an order-unity Womersley

number,

𝛼 =

(
𝜔𝐻2

𝜈

)1/2

∼ 1, (4.4)

which is the regime of primary interest in endothelial-cell experiments.

4.2.2 Flow in the central region

Nondimensional formulation

The flow in the central region is described using the appropriately scaled order-unity

dimensionless variables 𝑡 = 𝜔𝑡′, 𝑦 = 𝑦′/𝐿, 𝑧 = 𝑧′/𝐻, 𝑢 = 𝑢′/(𝐴𝑜𝐻
2/𝜈), 𝑣 = 𝑣′/(𝜀𝜔𝐿), 𝑤 =
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𝑤′/(𝜀𝜔𝐻), and 𝑝 = 𝑝′/(𝜀𝜔𝐿2𝜈/𝐻2). The transverse motion is determined by integration of

𝜕𝑣

𝜕𝑦
+ 𝜕𝑤

𝜕𝑧
= 0 (4.5)

𝛼2
[
𝜕𝑣

𝜕𝑡
+ 𝜀

(
𝑣
𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧

)]
= −𝜕𝑝

𝜕𝑦
+

(
𝐻

𝐿

)2
𝜕2𝑣

𝜕𝑦2 + 𝜕2𝑣

𝜕𝑧2 (4.6)

𝛼2
[
𝜕𝑤

𝜕𝑡
+ 𝜀

(
𝑣
𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧

)]
= −

(
𝐻

𝐿

)−2
𝜕𝑝

𝜕𝑧
+

(
𝐻

𝐿

)2
𝜕2𝑤

𝜕𝑦2 + 𝜕2𝑤

𝜕𝑧2 (4.7)

with boundary conditions

𝑣 − 𝑦 ¤𝑆
1 + 𝜀𝑆

= 𝑤 = 0 at 𝑧 = 0 and 𝑣 = 𝑤 = 0 at 𝑧 = 1, (4.8)

while the longitudinal motion is determined by integration of

𝛼2
[
𝜕𝑢

𝜕𝑡
+ 𝜀

(
𝑣
𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧

)]
= Π +

(
𝐻

𝐿

)2
𝜕2𝑢

𝜕𝑦2 + 𝜕2𝑢

𝜕𝑧2 (4.9)

with boundary conditions

𝑢 = 0 at 𝑧 = 0, 1. (4.10)

The above problem is to be solved in the double limit 𝜀 ≪ 1 and 𝐻/𝐿 ≪ 1. Although the

analysis can be performed for general 2𝜋-periodic functions 𝑆(𝑡) and Π(𝑡), results are presented

below for channels with sinusoidally-stretched membranes (𝑆 = sin 𝑡) subject to a constant longi-

tudinal pressure gradient Π = 1. In this case, the longitudinal velocity reduces at leading order for

𝜀 ≪ 1 to the familiar Poiseuille expression

𝑢 =
1
2
𝑧(1 − 𝑧), (4.11)

while the motion in the transverse plane can be described by introducing asymptotic expansions of

the form

𝑣 = 𝑣0 + 𝜀𝑣1 + · · · , 𝑤 = 𝑤0 + 𝜀𝑤1 + · · · , 𝑝 = 𝑝0 + 𝜀𝑝1 + · · · . (4.12)
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At the first two orders in the expansion, the solution will be seen to be independent of the channel

aspect ratio provided that

(𝐻/𝐿)2 ≪ 𝜀, (4.13)

that being the case considered here.

Transverse motion

The transverse motion in the cross-sectional plane can be determined independently of the

longitudinal motion. Substituting (4.12) into (4.5)–(4.8) and collecting terms of order unity yields,

at leading order, the reduced equations

𝜕𝑣0
𝜕𝑦

+ 𝜕𝑤0
𝜕𝑧

= 0, 𝛼2 𝜕𝑣0
𝜕𝑡

= −𝜕𝑝0
𝜕𝑦

+ 𝜕2𝑣0

𝜕𝑧2 ,
𝜕𝑝0
𝜕𝑧

= 0 (4.14)

with no-slip conditions

𝑣0 − 𝑦 cos 𝑡 = 𝑤0 = 0 at 𝑧 = 0 and 𝑣0 = 𝑤0 = 0 at 𝑧 = 1. (4.15)

The problem can be solved in terms of a reduced stream function 𝑓0(𝑧) defined such that

𝑣0 = 𝑦 Re
(
𝑓0𝑧ei𝑡

)
and 𝑤0 = −Re

(
𝑓0ei𝑡

)
, (4.16)

where the subscript 𝑧 denotes differentiation with respect to the vertical coordinate. The complex

function 𝑓0(𝑧) is determined by integrating the boundary-value problem

𝑓0𝑧𝑧𝑧𝑧 − i𝛼2 𝑓0𝑧𝑧 = 0; 𝑓0(0) = 𝑓0𝑧 (0) − 1 = 𝑓0(1) = 𝑓0𝑧 (1) = 0, (4.17)

to yield

𝑓0 = 𝐶1 + 𝐶2𝑧 + 𝐶3eΛ𝑧 + 𝐶4e−Λ𝑧, (4.18)
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where Λ = 𝛼(1 + i)/
√

2 and

Λ𝐶1

eΛ(Λ − 1) + e−Λ(Λ + 1)
=

𝐶2

2 − eΛ − e−Λ

=
−Λ𝐶3

e−Λ(Λ + 1) − 1

=
−Λ𝐶4

eΛ(Λ − 1) + 1

=
1

eΛ(Λ − 2) − e−Λ(Λ + 2) + 4
.

(4.19)

The first order corrections to the leading order solution, obtained by collecting terms of

order 𝜖 , are described in Appendix 4A.

Figure 4.2: Theoretical transverse-flow predictions: (a) leading-order solution, (b) steady correc-
tion, and (c) unsteady correction, with vertical velocity profiles, at 75 mm, shown on the right
column for each prediction.
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The transverse velocity cross section are detailed in Fig. 3.4. For both the leading order

solution and its corrections, the streamlines follow a consistent pattern, originating from the lateral

walls and converging near the center. The solution exhibits symmetry, reflected across the center

of the chamber. Because the system utilizes sinusoidal wall motion, the maximum and minimum

velocities are temporal mirrors of one another. Observations of the leading-order and unsteady

corrections show that transverse motion is most intense at the bottom of the chamber and weakens

toward the top. Velocity profiles at a location corresponding to the experimental measurement

location, 75 mm, are also shown in the right column.

4.3 Experiment Setup

4.3.1 Setup

Experiments were conducted within a rectangular tank measuring 718 mm in length, 300

mm in width, and 63.5 mm in height. Inside this tank, a custom flow chamber featuring a stretchable

floor was constructed from two primarily assembled components. The first, lower assembly (shown

in blue in Fig. 4.3a) acts as the foundation. It consists of a 6.35 mm-thick base plate that spans the

entire tank floor, featuring precisely machined slots. These slots allow for the accurate positioning

of two large transverse false walls, each 12.7 mm thick. Located 194 mm from either end of the

tank, these false walls effectively partition the main volume into three distinct regions: an intake

reservoir, a main central reservoir, and an outtake reservoir. Within the main reservoir, two lateral

walls (shown in yellow in Fig. 4.3b and c), each 12.7 mm thick and 2 mm high, are spaced 100 mm

apart to channel the fluid flow. To ensure structural stability, flat bars extending from the top of the

false walls to the tub’s sides allow this entire lower assembly to be securely bolted into place.

The second, upper assembly (shown in red in Fig. 4.3a) defines the ceiling of the flow

chamber and houses an upper viewing window. Its core is a rigid 12.7 mm thick base plate that

serves directly as the top wall of the flow chamber, surrounded by outer walls that create the viewing

area. This upper component is bolted directly to the flat bars of the lower assembly. Its lateral
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Figure 4.3: CAD-generated views of the experimental setup, including the stretching mechanism,
membrane holder, and flow chamber assembly.
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Figure 4.4: Flow schematic of the experimental setup showing the tank, flow chamber, membrane,
camera, and dye injection arrangement.

walls (shown in Fig. 4.3b and c), which are 6.35 mm thick, extend 2 mm below the base plate to

strictly define the vertical clearance of the flow chamber. Because of this configuration, the upper

assembly hovers exactly 0.2 mm above the lower lateral walls. This 0.2 mm gap allows a stretchable

membrane to be threaded between the two assemblies, effectively acting as the dynamic bottom

wall of the flow chamber.

During operation, the system relies on precise mechanical and fluid control. The membrane

is secured to two external motors using a specialized clamping mechanism (labeled ’membrane

clamp’ in Fig. 4.3a), which ensures the membrane material remains perfectly smooth and free of

wrinkles during deformation. These motors are able to stretch the membrane bidirectionally in a

continuous, sinusoidal pattern at a prescribed frequency of 1 Hz. For the experiments discussed

here, only one motor was used, stretching the membrane from one side. While the floor of the

chamber is actively stretching, fluid is driven through the channel by a pressure gradient. This

gradient is established by creating a difference in fluid height, achieved by operating a pump. To

maintain a controlled environment and prevent any recirculating dye from contaminating the flow

field, the system utilizes an open-loop system, as seen in Fig. 4.4: one pump constantly draws fresh

water that is sent to the tank, with an inline flow meter used to verify the flow rate, while fluid is
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discharged from the tank via a drainage.

Deriving Specific Theoretical Results

With our experimental observations (described in the next section) confined to a viewing

window positioned at the top of the flow chamber, we are only able to capture horizontal motion.

Consequently, our analysis focuses primarily on derived theoretical solutions for the lateral flow.

The theoretical streamlines are plotted along with the lateral flow velocity in Fig. 4.2. Within

these visualizations, blue (upper) and red (lower) bounding boxes indicate the specific locations

where the dye injection needles are located. We extract an average of the localized velocities from

this region to be our estimate. Because we consider unidirectional stretching, we use twice the

experimental chamber width in the theoretical estimates.

4.3.2 Longitudinal Flow Measurement

To assess the steady longitudinal flow in the chamber, the motion of dye was tracked using

video. Using MATLAB, the trajectory of the dye was tracked across multiple frames and the

measured displacement over time is then used to calculate the average velocity of the fluid in the

chamber. This experimental value was then cross-validated against the theoretical average velocity,

which was calculated based on the input flow rate recorded by an inline flow meter.

4.3.3 Transverse Flow Visualization and Measurement

The transverse flow was visualized and measured using a dual-needle injection mechanism

to create distinct streaklines within the chamber. Two needles, each 1 mm in diameter, are stacked

vertically within the flow field. The upper needle discharges blue dye, while the lower needle

discharges red dye. To ensure precise vertical stratification, the densities of the dyes are carefully

controlled. The blue dye is diluted with water to match the density of the surrounding fluid,

preventing it from sinking. Conversely, the red dye is injected at its undiluted, higher concentration;

this increased density intentionally allows the red dye to settle and remain closer to the bottom wall
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Figure 4.5: (a) Flow region analyzed for the blue dye motion and (b) time-stack images of the upper
and lower dye traces.

of the flow chamber.

To simplify the experimental parameters and isolate specific flow behaviors, the membrane

is stretched uni-directionally rather than bidirectionally. The left edge of the membrane is mechan-

ically fixed in place, effectively creating a stationary boundary, while a single motor drives the

actuation from the opposite side.

With the dye flowing slowly from an open reservoir, the system is first brought to a steady-

state flow, allowing the fluid to circulate until any initial transient disturbances have completely

decayed. Once steady flow is confirmed, the single motor is activated to introduce the uni-directional

stretching of the bottom membrane. The membrane undergoes this continuous stretching for

approximately 15 cycles. After the 15th cycle, the motor is halted, and the flow is monitored as it

returns to its initial steady-state condition As illustrated in Fig. 4.4, an overhead camera continuously

captures the evolution of the injected lines over the full sequence through the transparent viewing

port located in the upper (red) assembled component.

To measure the motion of the membrane, a sequence of images is collected without dye.
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For each image, a longitudinal section of each video image spanning a set of dots is averaged. The

averaged row from each image is assembled to produce a time-stack showing lateral distance versus

time (e.g. Fig. 4.5b) where the membrane motion appears as a sinusoidal path. A set of lateral

positions and corresponding times are digitized manually for the lateral extrema in each image.

The amplitude and phase of the periodic stretching is then determined from these data.

To assess the lateral motion of the dye lines, sets of rows that provide a clear view of the

dye are selected and averaged (Fig. 4.5a). Rows from each of the images are assembled to produce

a time-stack as for the membrane motion, showing lateral distance vs time (Fig. 4.4b). Amplitude

and relative phase of the dye motion can then be calculated in a similar fashion to the membrane

motion with an uncertainty based on the standard deviation in measurements.

By comparing the respective maximum and minimum positions between the reference data

and the dyes, we calculated the phase shift angle of the flow. For each dye, these extrema were

utilized to determine the distance traveled within the imaging frame. Then a backward and forward

velocity was found using the extrema derived distances and dividing them by half cycle. These

velocities were then averaged between all cycles.

4.4 Results

Flow Analysis and Velocity Characterization

Experiments were carried out with an inlet flow rate of 0.8 LPM. Given that the channel is

partitioned by a membrane into two sections, a primary section of interest with a height of 2 mm

and a secondary section with a height of 3 mm,we estimate the flow rate entering the visualization

chamber to be 0.3 LPM. Based on the chamber dimensions (2 mm height by 100 mm width),

the theoretical vertically averaged velocity using eq 4.11 is 25.24 mm/s. However, experimental

flow visualization using dye tracking yielded a measured average velocity of 13.33 mm/s. For all

subsequent analyses, this measured value of 13.33 mm/s is utilized as the baseline average velocity.
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Theoretical Traverse Velocity Dynamics

As the experiments here focus on unidirectional stretching, we examine the half solution,

specifically focusing on the regions of the blue (upper) and red (lower) dashed boxes in Fig. 4.2,

which correspond to the dye injection locations. The mean transverse velocities are summarized in

Table 4.1.

Table 4.1: Mean transverse velocities for the analyzed dye regions, derived for the maximum
velocities. The bottom and top regions correspond to the red and blue dye-tracking regions,
respectively.

Max/Min Velocity Upper Lower

Leading-order −1.96 mm/s 1.97 mm/s
Steady correction 0.01 mm/s −0.01 mm/s
Unsteady correction −0.03 mm/s 0.03 mm/s

Qualitative Flow Visualization Results

The experimental results for the upper and lower dye tracers are as follows:

Table 4.2: Experimental velocity and phase shift measurements for upper and lower dye tracers.

Parameter Upper Dye Lower Dye

Max/Min Velocity 1.98 ± 0.05 mm/s 2.68 ± 0.02 mm/s
Phase Shift 193.82◦ ± 5.28◦ 5.15◦ ± 4.58◦

The phase shifts were calculated relative to the reference. The phase shift are close to 180

degree shift for upper dye and close to 0 for lower dye, as seen with a single cycle in Fig. 4.5b.

4.5 Discussion

The experimental results in Fig. 4.2 and Table 4.1 show that the leading-order solution

captures the dominant behavior of the transverse flow, while the higher-order corrections provide
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only minor modifications and Table 4.1 show that the leading-order solution captures the dominant

behavior of the transverse flow, while the higher-order corrections provide only minor modifications.

The discrepancy between the flow rate measurement via dye tracking and the theoretically

predicted value is likely associated with separate flow paths that route fluid around the experimental

channel. For instance, the rollers, false walls, and membrane create potential avenues where fluid

can be diverted. For this reason, the velocity values obtained from dye tracking are considered to

provide a more representative measurement of the local flow within the experimental chamber.

Now focusing on dye measurements, the upper dye measurements show good agreement

with values estimated by integrating the theoretical solution over the upper half of the solution.

The lower dye measurements, however, show larger discrepancies relative to the estimates for the

lower half of the solution, as seen in Table 4.2. The difference here is likely due to uncertainty in

the vertical location of the lower dye. The complex experimental setup limited visualization to a

top-down view so the vertical location of the dye could not be measured directly.

As noted earlier, the undiluted dye used for the lower injection was slightly denser than the

working fluid which resulted in some downward flow and spreading, as evident in Fig. 4.5. The

vertical average over the needle location, illustrated in Fig. 4.5 thus will give an overestimate of the

velocity. Assuming that the dye is limited to a region closer to the bottom of the channel yields a

lateral velocity of 8 mm/s, indicating that the dye is closer to the estimated injection location.

4.6 Chapter Summary

This chapter developed and characterized a Hele-Shaw-type flow chamber with a stretchable

bottom boundary to better understand how membrane stretching affects flow in a pressure-driven

chamber. The work combined theoretical predictions with dye-based flow visualization to examine

the flow before and during membrane actuation. The theory indicates that the longitudinal flow

remains steady, governed by Poiseuille solution. The first-order corrections from membrane

stretching are small and do not significantly modify the streamwise velocity.
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The dye-visualization results show good general agreement with the theoretical solution.

In the absence of membrane stretching, dye streaklines remain steady. With the introduction of

a stretching lower boundary, the dye shows a sinusoidal lateral motion. Dye in the lower region

is in phase with the membrane while the upper tracer is shifted by roughly 180 degrees. The

upper dye measurements agree reasonably well with the predicted transverse velocities. The lower

dye measurements show larger deviations, likely because the actual vertical position of the lower

dye was uncertain. Overall, the results show that membrane stretching primarily drives transverse

oscillatory motion as predicted by the theoretical solution. These findings provide a useful starting

point for improving the chamber design and for developing a cell-shearing device that can apply

both flow-induced shear and substrate stretching to endothelial cells.
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Appendix 4A: Derivation of First Order Corrections

The first-order corrections are obtained by collecting terms of order 𝜀 in (4.5)–(4.8). If

terms of order (𝐻/𝐿)2 are neglected, consistent with the assumption (4.13), then the problem

reduces to the integration of

𝜕𝑣1
𝜕𝑦

+ 𝜕𝑤1
𝜕𝑧

= 0,

𝛼2
[
𝜕𝑣1
𝜕𝑡

+ 𝑣0
𝜕𝑣0
𝜕𝑦

+ 𝑤0
𝜕𝑣0
𝜕𝑧

]
= −𝜕𝑝1

𝜕𝑦
+ 𝜕2𝑣1

𝜕𝑧2 ,

𝜕𝑝1
𝜕𝑧

= 0.

(4.20)

with boundary conditions

𝑣1 +
𝑦

2
sin(2𝑡) = 𝑤1 = 0 at 𝑧 = 0 and 𝑣1 = 𝑤1 = 0 at 𝑧 = 1. (4.21)

Using the identity

Re(𝐴ei𝑡) Re(𝐵ei𝑡) = 1
2

Re(𝐴𝐵∗) + 1
2

Re(𝐴𝐵e2i𝑡), (4.22)

where 𝐴 and 𝐵 are time-independent complex functions and the asterisk denotes complex conju-

gates, allows us to write the convective terms in the compact form

𝑣0
𝜕𝑣0
𝜕𝑦

+ 𝑤0
𝜕𝑣0
𝜕𝑧

=
𝑦

2
Re

[ (
𝑓0𝑧 𝑓

∗
0𝑧 − 𝑓0 𝑓

∗
0𝑧𝑧

)
+

(
𝑓 2
0𝑧 − 𝑓0 𝑓0𝑧𝑧

)
e2i𝑡

]
. (4.23)

The form of this equation suggests that the velocity correction (𝑣1, 𝑤1) consists of a steady compo-

nent (𝑣𝑠1, 𝑤
𝑠
1) and an unsteady, time-periodic component (𝑣𝑢1, 𝑤

𝑢
1) with twice the frequency of the

stretching motion. Owing to the linearity of the problem defined in (4.20)–(4.21), these components

can be determined independently, as demonstrated below.

The steady component, corresponding to the streaming flow generated by the stretching
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membrane, satisfies the problem

𝜕𝑣𝑠1
𝜕𝑦

+
𝜕𝑤𝑠

1
𝜕𝑧

= 0, 𝛼2𝑦H 𝑠 = −
d𝑝𝑠1
d𝑦

+
𝜕2𝑣𝑠1
𝜕𝑧2 ; 𝑣1 = 𝑤1 = 0 at 𝑧 = 0, 1, (4.24)

where

H 𝑠 (𝑧) = 1
2

Re
(
𝑓0𝑧 𝑓

∗
0𝑧 − 𝑓0 𝑓

∗
0𝑧𝑧

)
. (4.25)

Using in (4.24) the ansatz

𝑣𝑠1 = 𝑦𝛼2 𝑓 𝑠1𝑧 and 𝑤𝑠
1 = −𝛼2 𝑓 𝑠1 , (4.26)

involving the reduced streamfunction 𝑓 𝑠1 (𝑧), yields

𝑓 𝑠1𝑧𝑧𝑧𝑧 = H 𝑠
𝑧 , 𝑓 𝑠1 (0) = 𝑓 𝑠1𝑧 (0) = 𝑓 𝑠1 (1) = 𝑓 𝑠1𝑧 (1) = 0, (4.27)

which can be integrated to give

𝑓 𝑠1 = − 𝑧2

2

∫ 1

0
(1 − 𝑧) (1 − 3𝑧)H 𝑠d𝑧 − 𝑧3

∫ 1

0
𝑧(1 − 𝑧)H 𝑠d𝑧

+ 1
2

∫ 𝑧

0
𝑧2 H 𝑠d𝑧 − 𝑧

∫ 𝑧

0
𝑧H 𝑠d𝑧 + 𝑧2

2

∫ 𝑧

0
H 𝑠d𝑧, (4.28)

where 𝑧 represents a dummy integration variable.

Similarly, the unsteady component of the velocity corrections can be expressed in the form

𝑣𝑢1 = 𝑦𝛼2 Re
(
𝑓 𝑢1𝑧e

2i𝑡
)

and 𝑤𝑢
1 = −𝛼2 Re

(
𝑓 𝑢1 e2i𝑡 ) , where the complex stream function 𝑓 𝑢1 (𝑧) satisfies

𝑓 𝑢1𝑧𝑧𝑧𝑧 − 2i𝛼2 𝑓 𝑢1𝑧𝑧 = H𝑢
𝑧 , 𝑓 𝑢1 (0) = 𝑓 𝑢1𝑧 (0) −

i
2
= 𝑓 𝑢1 (1) = 𝑓 𝑢1𝑧 (1) = 0, (4.29)

with

H𝑢 (𝑧) = 1
2

(
𝑓 2
0𝑧 − 𝑓0 𝑓0𝑧𝑧

)
. (4.30)
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Integrating (4.29) yields

𝑓 𝑢1 (𝑧) = 𝐷1 + 𝐷2𝑧 + 𝐷3𝑒
𝜇𝑧 + 𝐷4𝑒

−𝜇𝑧

+
[
−1

2
𝐶3(𝐶2 − Λ𝐶1)

Λ2 + 1
2
𝐶2𝐶3
Λ

𝑧

]
𝑒Λ𝑧

+
[
−1

2
𝐶4(𝐶2 + Λ𝐶1)

Λ2 − 1
2
𝐶2𝐶4
Λ

𝑧

]
𝑒−Λ𝑧, 𝜇2 = 2Λ2.

(4.31)

which completes the determination of the velocity correction

𝑣1 = 𝑦𝛼2
[
𝑓 𝑠1𝑧 + Re

(
𝑓 𝑢1𝑧e

2i𝑡
)]

and 𝑤1 = −𝛼2
[
𝑓 𝑠1 + Re

(
𝑓 𝑢1 e2i𝑡

)]
. (4.32)

The undetermined coefficients,𝐷𝑛, can be numerically solved using boundary conditions.
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Chapter 5

Conclusion

This dissertation examined physiologically relevant flows through a combination of the-

oretical modeling, experimental measurement, and engineering design. Although the systems

considered in the preceding chapters are distinct, but they have a common objective to use fluid

mechanics to better understand, measure, and reproduce flow phenomena that are important in

biomedical settings. Taken together, the chapters presented here demonstrate how fluid mechanics

can be applied both to the quantification of slow flow processes in physiological systems and to the

development of experimental platforms that recreate disease relevant flow environments.

Chapter 2 focused on cerebrospinal fluid motion in an idealized spinal-canal geometry

and evaluated the capability of Time-SLIP MRI to resolve the small cycle-to-cycle displacements

associated with mean Lagrangian transport. Because these net displacements are small relative to

the dominant oscillatory motion, their measurement presents a significant challenge. By combining

phantom design, MRI measurements, image processing, and simulation-based comparisons, this

chapter assessed both the promise and the limitations of Time-SLIP MRI as a noninvasive tool

for detecting weak transport phenomena. The results showed that the method can provide useful

information regarding cumulative displacement trends under controlled conditions, while also

making clear that measurement fidelity is strongly influenced by factors such as signal quality,

spatial resolution, and post-processing methodology.

Chapter 3 addressed a complementary problem, the generation and characterization of

physiologically relevant flow environments for endothelial-cell studies motivated by pulmonary

hypertension. In that chapter, a framework was developed for a multiplex cell-shearing appa-

ratus capable of exposing cells to combinations of pulsatile flow, pressure variation, and wall
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induced mechanical loading. The analysis combined theory, numerical modeling, and experiment

to characterize the resulting flow, pressure, and shear-stress environments across multiple chambers

connected in series. This work established the governing principles needed to interpret and control

the mechanical conditions generated within the device.

Chapter 4 extends in a related direction by examining Poiseuille flow in a Hele-Shaw-type

chamber with a stretchable bottom wall. The chapter combined analytical development with dye-

based flow visualization to determine how membrane stretching modifies the chamber flow. The

results showed that the primary effect of stretching is the production of transverse oscillatory motion

that can be measured. In this way, the chapter complements Chapter 3 by isolating and clarifying

the role of wall motion in a simplified but physically relevant configuration, while also opening

future framework needed to develop a device that applies all three mechanical loads accurately onto

endothelial cells.

Several opportunities remain for future work. In the context of cerebrospinal-fluid transport,

further studies are needed to extend the present measurements beyond idealized geometries and to

evaluate how imaging-based transport estimates compare with more physiologically detailed models

and experiments. In the context of endothelial mechanobiology, additional work is needed to refine

the operating conditions of the multiplex flow system and to connect the characterized mechanical

environment with specific biological responses. For the stretching-bottom chamber, future studies

should first develop an apparatus based on the analysis conducted. For the stretching boundary

experiments, future studies should first develop an apparatus that incorporates a stretching boundary

building on the analysis conducted. An effective design will need to address design challenges

including incorporating direct cellular experiments in a contained sterile device. More broadly,

future investigations should continue to integrate theoretical analysis, numerical simulation, and

experimental validation to improve both the measurement of physiological flows and the design of

systems that reproduce them.
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