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Professor Dejan Markovic, Chair 

 

  Theta phase to gamma amplitude coupling (PAC) is involved in memory encoding and 

retrieval. The neural oscillations power, phase and amplitude coupling are some of the basic 

ingredients for memory modeling to decide on the stimulation time to enhance memory in a closed-

loop system. Previous work in estimating coupling was done with offline tools. Real-time energy 

efficient estimation is crucial to closed-loop memory stimulation, particularly health care devices 

for patients with neurological disorders that affect learning and memory. We present the results of 

the design of a real-time 4-channel chip for PAC estimation with a flexible epoch length setting in 

the range [0.3, 22] s. Gamma envelope, theta phase and power are also outputted in real-time with 

a latency of 384 ms. The 4-channel design was interleaved for area and power optimization. The 

chip, fabricated in a TSMC 40-nm process, consumes 148 µW, and occupies an area of 0.23 mm2. 
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CHAPTER 1 

Introduction 
 

 

Neuronal oscillations interaction or synchronization across different frequency bands is receiving 

an increasing interest in neuroscience community and is being associated with cognitive and 

perceptual processes [1-2]. Two frequency bands, theta (4-8Hz) and gamma (80-120Hz) are 

thought to be actively involved in memory encoding and retrieval [3]. Studies on human 

demonstrated that during learning and memory recall tasks, gamma power is being modulated by 

a certain phase of theta band [4]. Abundant Evidence for Theta Gamma coupling, where theta 

phase modulates gamma power, is also found in animals. Several experiments support the 

association of coupling with memory performance. In a memory recall experiment conducted with 

rodents, a strong correlation between learning, recall accuracy and theta gamma coupling strength 

is observed [5]. Phase to amplitude coupling (PAC) between these two bands can act as a 

biomarker for learning and memory.  

Estimating PAC requires the calculation of intermediate yet important memory features such as 

theta phase and power. Theta activity is linked to attention, navigation [6] and memory formation 

[7]. Therefore, PAC estimation and associated intermediate signals constitute a rich set of memory 

features that may prove to be essential for memory modeling and stimulation. 

There are several methods in literature that attempt to quantify PAC. Measuring coupling strength 

and the preferred Theta phase where coupling occurs are the two features of interest in any PAC 
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estimation method. In the next section, preprocessing steps and an overview of PAC methods are 

presented. Work in [8] and [9] provide a comprehensive review of PAC methods. 

 

1.1 Overview of PAC Estimation Methods 
 

 

Figure 1.1: PAC estimation steps. 

PAC Estimation consists of three steps as shown in Figure 1.1. First, Bands of interest are filtered: 

theta (3-8) Hz and gamma (80-120) Hz. Next, instantaneous theta phase and gamma envelope are 

extracted. Finally, the phase and envelope are fed to the PAC algorithm to estimate coupling 

strength or the modulation index (MI) and the preferred phase. There are different methods to 

estimate PAC [8] [9]. Here four are briefly covered, namely Canolty method, PLV, heights ratio, 

and KL- distance. 

1.1.1 Canolty Method 

Phase of theta 𝜑𝜃[𝑛] and envelope of gamma 𝑎𝛾[𝑛] are first extracted. Next, complex vectors, 

with theta phase as the angle and gamma envelope as the amplitude, are added and averaged over 

an epoch length N to form the resultant vector. MI and the preferred phase (PP) are defined as [4]: 
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MI = |
1

𝑁
∑ 𝑎𝛾[𝑛] 𝑁

𝑛=1 𝑒𝑖𝜑𝜃[𝑛]| ____________________ (1.1.1) 

PP = ∠ 〈1

𝑁
∑ 𝑎𝛾[𝑛] 𝑁

𝑛=1 𝑒𝑖𝜑𝜃 [𝑛]〉 ___________________ (1.1.2) 

 

When gamma power is relatively constant a circle is drawn in the complex plane and MI equals 

zeros. Resultant vector is nonzero if gamma power increases at a preferred phase. 

1.1.2 Phase Locked Value (PLV) 

PLV requires the additional preprocessing step of calculating the phase of Gamma envelope [1], 

[8]. The coupling strength PLV and preferred phase PLVPP are defined as: 

PLV = |
1

𝑁
∑  𝑁

𝑛=1 𝑒𝑖(𝜑𝜃[𝑛]−𝜑𝑎𝛾
[𝑛])| ____________________ (1.1.3) 

PLVPP = ∠ 〈1

𝑁
∑  𝑁

𝑛=1 𝑒𝑖(𝜑𝜃 [𝑛]−𝜑𝑎𝛾
[𝑛])〉 _________________ (1.1.4) 

PLV is bounded between 0 and 1, indicating perfect desynchronization and synchronization, 

respectively. 

1.1.3 Heights Ratio (HR) 

Heights ratio requires binning gamma envelope around theta phases [8]. The phase is mapped to 

the closest bin, θbin, and the corresponding envelope value is averaged with previous envelope 

values at the same bin. The averaging is performed over an epoch N resulting in averaged and 

binned envelope values, γθbin. Lastly, each bin is normalized by the sum over all bins. Figure 1.2. 

shows a synthetic distribution with coupling around the origin. 
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Figure 1.2: Envelope-Phase Distribution. Here we see increased gamma power around the origin.  

 

The heights ratio measure is defined as:    

HR =  
max(γθbin)−min(γθbin)

max(γθbin)
                                 _ (1.1.5) 

HR_PP = φ𝑏𝑖𝑛(max (γθbin))                                  _ (1.1.6) 

The uniform distribution has equal maximum and minimum values which results in HR= 0.  

1.1.4 KL-Distance  

Similar to the heights ratio, the KLD measure operates on the envelope-phase binned distribution 

[8]. And is given by:  

KLD =  
log(M)−∑ γθbin

(𝑚)∗log(γθbin
(𝑚))𝑀

𝑚=1

log(M)
                              _ (1.1.6) 

Where γθbin(𝑚) is the binned envelope at bin m, and M is the number of phase bins. KLD basically 

measures the distance from the uniform distribution and KLD equals zero for the uniform 

distribution. Moreover, the other extreme is when KLD equals one which happens only if γθbin(𝑚) 

is nonzero at one bin m. 
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1.2 Motivation for Online PAC Estimation and On-Chip Implementation 

A recent study shows that stimulation of the entorhinal region improved memory performance 

[10]. Moreover, stimulation in the experiment was applied during learning. Which motivates the 

use of a stimulation engine in a closed loop setting where the learning state is discovered by 

analyzing memory features such as PAC, theta power and phase. The closed loop system is 

commonly known as a neuroprosthetic device [11].  

One of the major issues in the design of such a system is the time it takes to discover the learning 

state, which is determined by the latency of memory features estimation.  If the estimation takes 

too long, the learning episode is over before stimulation can be applied .Therefore, real-time 

memory feature estimation with the shortest possible latency is crucial to the existence of 

neuroprosthetic devices. 

The ideal scenario for patients with memory disorders is to have an implantable wireless 

neuroprosthetic device. Having stimulation probes with wires is not only inconvenient for long 

term use, but introduces potential risks of infection.  

Implantable on chip memory feature estimation enables real-time processing and results in lower 

power consumption. The power is constrained by the high power of the transmission RF circuitry 

which is dependent on the bandwidth requirement. Moreover, low power operation is critical to 

avoid power densities that can damage neural tissue. Densities higher than 800 µW/mm2 are known 

to damage neural tissue [12]. It’s also necessary for a prolonged battery life when implanted 

batteries are employed. Enormous data reduction can be achieved by having on chip PAC. 
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Assuming input LFP at 375 Hz and the epoch length equals 1 s, a data reduction rate of 99.7% is 

achieved, considerably relaxing the bandwidth requirement of the RF front-end. 

1.3 Design Constraints and Previous Work 

There are many design challenges in the design of real time memory estimation chip. These include 

stringent implantable chip area, power and power density constraints. There is also the low latency 

requirement to facilitate closed loop stimulation as was discussed in the previous section.  

Previous work on PAC estimation was done using offline tools. To our knowledge this is the first 

chip that estimates the memory features: theta gamma PAC, theta power and phase in real-time. 

1.4 Thesis Outline 

The thesis is organized as follows: system specification, algorithm implementation and 

optimization are discussed in chapter 2. Chapter 3 covers chip design and verification flow. Finally 

in chapter 4, chip measurements results and statistical significance of sample PAC estimates are 

presented.  
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CHAPTER 2 

PAC Architecture and Optimization 
 

We start by defining the system input/output interface and specifications. Secondly, hardware 

realization of the algorithm is presented. Finally, we look at the two employed power and area 

optimization techniques, namely, block and system level techniques. 

2.1 System Interface and Specifications 

The input/output interface is shown in Figure 2.1. After setting the Epoch length and Gamma 

envelope threshold, the local field potential (LFP) samples at the input are processed for memory 

features estimation. At the output, instantaneous gamma envelope, theta phase and envelope are 

outputted at the same rate as the input LFP. Whereas, PAC modulation index and preferred phase 

are only calculated once per epoch length duration. 

 

 

Figure 2.1: PAC input/output interface. 
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Figure 2.2 illustrates gamma and theta filtering specification and the parallel preprocessing.  

General system specifications are tabulated in table 2.1. 

 

 

Figure 2.2: Gamma and theta preprocessing for envelope and phase extraction, respectively. 

 

Table 2.1: Summary of system specifications. 

Theta filter [stop, pass, stop] (Hz) [2-3, 3-8, 8-10] 

Gamma filter [stop, pass, stop] (Hz) [70-80, 80-120, 120-130] 

Pass band ripple (dB) 3 

Stop band attenuation (dB) 15 

Phase envelope Latency  (s) 0.384 

Min PAC Latency  (s) 0.68 

Epoch Length range (s) [0.3-22] 
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2.2 Algorithm Description  

PLV method is computationally more expensive than the Canolty method, since it requires the 

additional processing of calculating the phase of gamma envelope. Also the subtraction that 

appears in the argument of the exponential term (equation 1.1.3) greatly complicates the 

calculations of the averaging, since it can no longer be done in Cartesian coordinates. KL-distance 

and height ratio require dual port RAM that can store vectors for one epoch length. Moreover, at 

least two memory banks are needed for real time operation. Due to its simplicity (averaging) and 

popularity in neuroscience studies, the Canolty method is chosen for the implementation.  

 

Figure 2.3: PAC internal detailed structure. Top: Theta phase and Gamma Envelope real-time 
estimation. Bottom: PAC averaging. 
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Figure 2.3 shows the three major components of the algorithm realization, namely, PAC averaging, 

theta and gamma processing. Due to its shorter latency, additional delay is embedded on the path 

of gamma processing to ensure correct sample alignment between the two paths. In the following 

subsections we look at the internals of the Hilbert transformer, CORIDIC engine and PAC 

averaging.  

 

2.2.1 Hilbert Transformer 

The Hilbert transform has a unity magnitude frequency response and a signum phase response as 

shown in figure 2.4. The signal and its Hilbert transform together are known as the analytic signal 

which readily has the envelope and phase of the original signal embedded in its amplitude and 

angle. 

 

Figure 2.4: Hilbert transform phase response. 



 

11 

    

 Filtered theta signal x(t) is added to its Hilbert Transform to form the analytic signal xa(t). The 

angle and the amplitude of the complex xa(t) are the phase and envelope of x(t), respectively.  

In the case of a sinusoid:   

x(t) = a ∗ cos(t), xhilbert(t) = a ∗  sin(t) and xa(t) = a ∗ cos(t)+a ∗ j ∗ sin(t) 

φ(xa(t)) = tan-1(imag(xa(t))/real(xa(t))) = tan-1(sin(t)/cos(t)) = t 

|xa(t)| = √(imag(xa(t))^2+real(xa(t))^2) = √((  a ∗ cos(t)) ^2+(a ∗ sin(t)) ^2) = a 

A folded FIR filter is used to approximate the transfer function of the Hilbert transform as shown 

in figure 2.5.  

 

Figure 2.5: Folded FIR filter approximation of the Hilbert transform 
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2.2.2 CORDIC Engine 

 Coordinate Rotation Digital Computer is an efficient method to estimate a wide range of functions 

[13-15]. The rotation based method resolves a bit of accuracy with each iteration. The designed 

CORDIC engines are used for phase, envelope and division operations. Figure 2.6 shows the 

hardware implementation for the phase CORDIC. 

 

Figure 2.6: Simulink/Hardware implementation of the CORDIC engine to estimate theta phase. 

 

2.2.3 PAC Averaging 

Implementation of PAC averaging described by equations 1.1.1 and 1.1.2 is shown in Figure 2.7. 

For feasible hardware realization, the equation is implemented in Cartesian coordinates which 

greatly simplifies the summation. The control logic, based on the epoch length setting, determines 
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the number of vectors to be added. Once calculated, the average vector is converted to polar 

coordinates which readily embeds the modulation index and preferred phase. 

 If spikes are not well suppressed, some residue with high amplitude can be present in the gamma 

band which can lead to indicating false PAC. To avoid this, gamma envelope can be compared to 

a threshold before entering the summation. 

 

 

Figure 2.7: Simulink/Hardware implementation of PAC averaging. 

 

2.3 Block-Level Optimization 

Gamma is a wide band signal (80,120) Hz and can be processed easily at the input data rate of 375 

Hz .On the other hand filtering Theta band, with filter specs in Table 2.1, at the input data rate 

requires around 200 taps FIR filter. Such a filter occupies a huge area and has high power 

consumption.  To counter the issue, we employ decimation [16-17] to optimize theta band 
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processing as depicted in Figure 2.8. Once processed, the signal is interpolated to the original data 

rate to maintain theta angle resolution.  

 

Figure 2.8: Theta processing flow. 

A conventional decimator consists of an anti-aliasing filter and a down-sampling circuitry, shown 

in Figure 2.9. For a decimation factor N, moving the down-sampler inside the filter provides N 

times lower number of OPS while maintaining the same functionality. The transformation is 

known as a poly phase filter. Depending on the decimation factor and filter length, some registers 

can also be designed to operate at the lower sampling rate as shown in Figure 2.9 where a 

decimation factor of 2 is assumed for illustration.  

 

Figure 2.9: Conventional VS poly phase decimation (right). Decimation by 2 is assumed for 
illustration purposes. 
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For interpolation we use the efficient cascaded-integrator-comb interpolator [18], depicted in 

Figure 2.10. 

 

Figure 2.10: Designed cascaded integrator comb interpolator. 

Latency-cost tradeoffs analysis of different decimation factors is illustrated in Table 2.2. 

Decimation by 9 with a single stage is chosen for implementation. 

  

Table 2.2: Latency-Cost tradeoffs, optimal decimation factor for efficient implementation. 
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2.4 System-Level Optimization: Interleaving 

Interleaving, a system level technique, was used to optimize the power and area of the design [19]. 

The 4-channel design can be implemented by instantiating four copies of the one-channel design 

or by interleaving.  Figure 2.11 graphically illustrates the concept of interleaving with a simple 

filter. Register count is the same as in the parallel design while combinational logic is reduced by 

N and runs N times faster. Therefore, Dynamic power is the same for both designs while the 

leakage of the combinational logic is reduced by N.  

 

 

Figure 2.11: Parallelism vs. Interleaving for a simple filter. 
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Using Synphony design flow, we were able to explore potential power and area savings at an early 

design stage. Figure 2.12 compares parallelism and interleaving synthesis estimates for the PAC 

chip. 

 

Figure 2.12: Synthesis estimates for the parallel and interleaved PAC design.  
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CHAPTER 3 

Design and Verification Flow 

In this chapter we cover the design and verification flow of the PAC chip. The algorithm was 

implemented in Simulink using hardware synthesizable block set. The chip was fabricated in 

TSMC 40 nm, high Vt process and verified using an FPGA test interface. 

 

3.1 Design Flow 

 

Figure 3.1: Design flow of PAC chip. Correct functionality is verified at each stage. 

 

Figure 3.1 illustrates the design flow used to design the PAC chip.  Simulink Synphony [20] block 

set was used for algorithm realization. The flow facilities design exploration at high levels of 

abstraction and shortens time to market. It also allows design tradeoffs to be explored at an early 
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stage of the design cycle .The Synphony block set consists of basic digital blocks i.e. adders, 

multipliers, registers, etc and provides bit-true and-cycle accurate representation of the algorithm. 

After the functionality is verified at the abstract level, HDL code and testbench are generated and 

the functionality is tested once more in Modelsim. Synopsys Design Compiler is used to synthesize 

the design and obtain power/area estimates. The process is iterated while exploring different 

architectures to optimizes the power/area of the design. Finally, the design is placed and routed 

(PnR) using Encounter from Cadence. 

3.2 Chip Implementation and Verification 

PAC chip is a part of the Restoring Active Memory (RAM) project and was fabricated on the same 

die as other DSP chips. The design was synthesized at 100 MHz for VDD scaling. 

The chip was implemented in a TSMC 40 nm, high Vt process. Data arrives in serially  and is 

parallelized at the PAC module data input rate of 375 Hz. Outputs are also forwarded to the parallel 

serial  (P/S) converter at the same rate except for the modulation index and the preferred phase 

which are calculated once per epoch length setting. Figure 3.2 shows a die photograph of RAM 

DSP chip with the PAC module highlighted. 
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Figure 3.2: Die photograph of the chip with PAC highlighted. 

 

An FPGA based interface was used to feed the test vectors to the ASIC. Outputs are also measured 

from the same interface and compared to the expected outputs from the design stage. USB was 

used to communicate between the FPGA board and the PC. Figure 3.3 shows an image of the setup 

used to test the chip. 

 

Figure 3.3: Chip verification setup. 
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CHAPTER 4 

Testing Results 

In this chapter, we discuss test vectors, chip measurements results and conclude by evaluating the 

measured PAC for statistical significance. 

 

4.1 Test Vector Description  

Courtesy of the UCLA neurosurgery lab, we were able to test the chip with real human data. Test 

vectors were recorded from an electrode localized in the CA1 region of the human brain. The 

experiments consist of encoding and retrieval stages. During the encoding stage, 20 - 30 images 

of objects were presented to the patient for 4 seconds each. A 4-second fixation cross preceded 

each image presentation.  

Following the encoding stage, the patient was distracted for 30 seconds by a simple task on which 

the patient had to respond to whether a number is odd or even. 

In the retrieval stage, the patient was presented with quiz images and had to recall whether each 

image was presented during the encoding stage. The quiz was filled with all of the images 

presented during encoding along with a set of lures, which are very similar but not quite identical 

images, and foils which are related but not similar to the encoded images.  

The data sets used to test the chip where recorded during the encoding stage, corresponded to 

successful image recall and showed significant theta-gamma PAC. 

 



 

22 

    

4.2 Chip Testing Results 

Figure 4.1 shows a sample output of the human brain data, discussed in the previous section. The 

8 second raw data, shown in Figure 4.1 (a), consists of a 4-second image presentation preceded by 

a 4-second fixation cross. Figure 4.1 (b) and (c) show the extracted theta phase and gamma 

envelope, respectively.  

 

Figure 4.1: Sample output of the raw data. Note: gamma envelope is not drawn to scale and is on 
the order of 30x smaller than the raw data. 

 

As was mentioned earlier, PAC chip was fabricated on the same die as other RAM project modules, 

and shares the power supply and the clock with the other DSP chips. Therefore, PAC chip leakage 

and clock tree power couldn’t be measured separately. Correct functionality was verified  with 

VDD as low as 0.49 V. Figure 4.2 shows the RAM chip measured total power versus the system 

clock speed at VDD = 0.49 V. Moreover, we measured a 10x reduction in leakage power by 

employing VDD scaling as shown in Figure 4.3. 
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Figure 4.2: RAM DSP chip measured total power vs. clock speed at VDD =0.49. 

 

 

Figure 4.3: RAM DSP chip measured leakage power and VDD scaling. 

 



 

24 

    

We assume PAC percentage power contribution from synthesis results is the same as the 

contribution to the measured leakage. Synthesis results estimated PAC to consume 20% of the 

total leakage. The RAM chip measured leakage power was 648 µW, 130 µW of which is PAC 

chip estimated contribution.  

We measured a clock tree power of 27.4 µW at 512 KHz with stable zero inputs. PAC is estimated 

to consume 33% or 9.1 µW of the clock tree power, based on PAC area with respect to the RAM 

chip. Finally, an increase of 9 µW was measured when PAC input test vectors were applied at an 

input data rate of 375 Hz. PAC chip total power consumption adds up to148 µW. Table 4.1 

summarizes PAC chip results. 

 

Table 4.1: Chip Summary. 

Process TSMC 40 nm GP 

Number of Channels 4 

Clock (KHz) 512 

Core Voltage (V) 0.49 

Power (µW/Channel) 37 

Leakage Power (µW/Channel) 32.5 

Area (mm2/Channel) 0.056 

 

4.3 Statistical Significance of PAC Results  

Raw modulation index values are meaningless if not associated with a threshold for significance. 

Bootstrapping technique is used to determine how likely that the estimation could have resulted 
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from chance.  Bootstrapping is conducted as in [4], where a large number of MI’s is calculated by 

shuffling gamma envelope and keeping theta phase untouched. Then we study how the original 

MI compares to the obtained distribution of MI values. 

Here we perform bootstrapping on the sample test result presented in the previous section. Table 

4.2 summarizes MIraw and MInorm for the sample data set, MInorm is defined as: 

MInorm =  
𝑀𝐼𝑟𝑎𝑤 −𝑀𝐼𝑚𝑒𝑎𝑛

𝜎
    ___________________ (4.2.1) 

Where MIraw is the modulation index of the original data set. MImean and  𝜎 are the mean and 

standard deviation of the bootstrapped distribution. 

Table 4.2: Summary of the statistical test for the sample data 

MIraw 5.19 e-4 

MImean 2.6 e-4 

𝜎 1.15 e-4 

MInorm 2.25 

 

The normalized modulation index is 2.25 standard deviations away from the mean. According to 

[4] the distribution is approximated to be Gaussian, which means the measured MI is higher than 

95% of the shuffled MI’s indicating significant PAC.  
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CHAPTER 5 

Conclusions and Future Work 
 

5.1  Conclusions 

Previous work in estimating theta phase gamma envelope coupling was done with offline tools. In 

this thesis, we presented a chip that can estimate PAC and the intermediate memory features in 

real-time with a latency of 384 ms. The chip allows flexible epoch length or averaging time setting 

in the range of [0.3,22] s, which facilitates trading off estimation accuracy for speed. The 4-channel 

chip was fabricated in TSMC 40 nm GP process, has a power consumption of 148 µW and a core 

area of 0.23 mm2. 

Block level optimization techniques were used to optimize the power and area of the chip. At the 

system level, the 4-channel design was interleaved for area and power optimization. Compared to 

the parallel implementation, the interleaved design achieves 63% savings in power and 56% in 

chip area. The chip is leakage dominant, with 88% of the chip power consumption attributed to 

leakage, making switching to TSMC LP process feasible for ultra-low power implementation. 
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5.2 Future Work 

 

5.2.1  Problems with PAC Estimation using the Mean 

 
Estimating the mean of the complex vectors leads to an efficient hardware realization. However, 

the first order statistic can fail to detect multimodal coupling. Multimodal coupling happens when 

we have increased gamma power at more than one theta phase. Figure 5.1 shows a scenario where 

the mean is zero while strong multimodal coupling at two phases is present. 

 

Figure 5.1: Multimodal coupling at two phases. Each point on the curve is a complex vector with 
gamma envelope and theta phase as the amplitude and angle, respectively. 

 

To be able to successfully detect multimodal coupling, covariance, variance along the real and 

imaginary axes need to be calculated. More work on studying how common is multimodal 

coupling in practice is needed, before adding the more complex hardware realization of higher 

order statistics. 
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5.2.2  Cross-Channel Phase Amplitude Coupling 

 

One interesting extension is to look at cross-channel PAC where theta in one electrode location 

modulates gamma at a distant electrode. This greatly expands the scope of PAC chip at a negligible 

hardware cost. Only a switch matrix, consisting of multiplexers, needs to be placed between phase-

envelope estimation of the different channels and the PAC averaging blocks.  
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