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Abstract
Large Language Models as Statistical Decision-Makers at Inference Time
by
Baihe Huang
Doctor of Philosophy in Electrical Engineering and Computer Sciences
University of California, Berkeley

Professor Michael 1. Jordan, Chair

This dissertation studies Large Language Model (LLM) inference through the lens of statistical
decision-making theory, with the goal of advancing prevailing inference paradigms along two
principal axes: scalability and provenance.

In the domain of scalability, this dissertation investigates the efficiency of inference-time
scaling paradigms and parallel decoding schemes. We formally characterize the sample
complexity of self-consistency and best-of-n sampling methodologies, and demonstrate how
self-correction can substantially expand the expressive power of Transformer architectures
in multi-task settings. We analyze the information-theoretic bottlenecks associated with
parallel sampling in diffusion language models, and introduce Explore-Then-Exploit, a scalable
decoding strategy that improves inference throughput while preserving generation quality.

In the domain of provenance, the dissertation develops theoretical foundations and practical
schemes for statistical watermarking. We mathematically formalize statistical watermarking
as a hypothesis-testing problem, providing a comprehensive characterization of the optimal
Type II error, token efficiency, and robustness against perturbations. Guided by the theoretical
insights, we propose SEAL, a semantic-aware watermarking scheme demonstrating strong
detection efficiency and tamper resistance. We further generalize the statistical watermarking
framework to support anytime-valid detection and derive the optimal e-value-based detection
scheme.

Collectively, our work connects theoretical insights with algorithmic innovations for under-
standing and improving the efficiency and responsible use of LLM inference.
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Chapter 1

Introduction

In recent years, Large Language Models (LLMs) have achieved remarkable success across
a broad spectrum of domains, encompassing mathematical reasoning [52, 53, 64, 141, 147],
code generation [13, 34, 89, 113], multimodal understanding and generation [121, 145, 156,
157], personal assistance [148, 166, 201, 218|, healthcare [140, 167, 177, 178], and scientific
discovery [12, 25, 65, 146]. Evaluations of frontier LLM agents on software-engineering tasks,
indexed by the human time required for completion, demonstrate exponential growth in the
task horizons these agents can successfully navigate [104].

These breakthroughs are propelled not solely by scaling model parameters, but also
by the development of increasingly sophisticated inference procedures, including test-time
scaling [22, 179, 204], agentic tool-use [166, 218], and structured harnesses [28, 95, 106, 208].
Meanwhile, the rapid growth of LLM inference capability introduces a set of novel theoretical
and practical challenges:

« First, classical theoretical frameworks are no longer adequate for capturing complex
inference procedures. Traditionally, we treat machine learning models, including LLMs,
as simple input-output functions. However, modern LLM systems execute long-horizon
reasoning [45, 144], leverage tools to interact with diverse environments [108, 136, 211,
215], and operate across multiple turns [219, 237]. This paradigm shift necessitates
novel theoretical instruments capable of characterizing not just the black-box model,
but the intricate inference-time procedures built around it.

« Second, as LLM outputs become increasingly indistinguishable from human writing,
numerous societal risks of LLM content misuse emerge. Prior literature highlights
the role of LLMs in academic misconduct and educational integrity [87, 132]. Large-
scale analyses of Al conference peer reviews and policies similarly underscore threats
to the scientific review process [115, 163]. Furthermore, there is growing concern
that Al-generated data may contaminate the training corpora, thereby degrading the
scaling of future models [43, 175]. Collectively, these vulnerabilities call for principled
methodologies that establish provenance and mitigate the misuse of LLM inference.
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Motivated by these challenges, this dissertation is centered on the following core research
question: How can we design theoretical principles and practical methodologies for under-
standing and improving the efficiency and responsible use of LLM inference? We address this
question through a unifying methodology that casts inference as a statistical decision-making
procedure, grounded in the next-token prediction paradigm underlying modern autoregressive
language models [1, 23, 73, 92]. Through the lens of distributional natural language modeling,
inference-time interventions such as test-time scaling, repeated sampling, feedback-based
scoring, self-correction, and watermarking are formalized as statistical decision-making under
uncertainty. Accordingly, this dissertation investigates LLM inference by formalizing the
relevant inference-time procedures, characterizing their fundamental efficiency and validity,
and utilizing the theoretical insights to guide algorithm design.

1.1 Contributions

This dissertation focuses on developing statistical frameworks to understand and improve the
inference paradigms of LLMs along two primary dimensions: scalability and provenance.

Part I: Scalability.

o Chapter 2: Sample complexity and expressiveness of inference-time scaling
paradigms. Recent work by Snell et al. [179] demonstrates that increasing compute
during inference can substantially enhance LLM performance on complex reasoning
tasks such as mathematical problem-solving, a phenomenon formally known as inference-
time or test-time scaling. This scaling operates along two primary axes: increasing the
number of independent repeated samples, and extending the length of the response
trajectory. In this chapter, we analyze the sample complexity and expressive power
of three representative methodologies that anchor these axes: self-consistency (which
samples n i.i.d. responses and selects the most frequent answer, marginalizing over inter-
mediate reasoning paths), best-of-n (which samples n i.i.d. responses but selects the one
maximizing a given verifier score), and self-correction (where the LLM autonomously
generates a sequence of n responses, each conditioned on prior iterations and their asso-
ciated scores). For repeated sampling schemes, we establish a fundamental separation
in sample complexity between self-consistency and best-of-n. For self-correction, we
provide a representation-theoretic result demonstrating its expressiveness in multi-task
problem-solving. This chapter is based on joint work with Shanda Li, Tianhao Wu,
Yiming Yang, Ameet Talwalkar, Kannan Ramchandran, Michael I. Jordan, and Jiantao
Jiao [81].

o Chapter 3: Bits-to-rounds sampling for diffusion language model inference.
Diffusion language models offer a promising alternative to autoregressive language
models by allowing multiple tokens to be unmasked in one round, bypassing the left-
to-right generation order. However, the scalability of their inference speed remains
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bottlenecked by the “curse of parallel decoding,” wherein tokens sampled simultaneously
during parallel decoding are (conditionally) independent and thus deviate from the
true joint distribution [207]. We establish an information-theoretic lower bound for
confidence-based decoding schemes that associates the required number of decoding
rounds with total information and the dynamic confidence threshold serving as a
per-round information budget. Guided by this theoretical bound, we introduce Ezplore-
Then-Exploit (ETE), a training-free decoding algorithm that harmonizes cross-block
parallel decoding with targeted, shared-KV beam-search exploration of high-information
tokens. ETE reduces the number of decoding rounds by 26-61% and improves wall-clock
throughput by up to 70%, while maintaining matched accuracy on diverse benchmarks
including MMLU-Pro, GSM8K, MATH, and HumanEval. This chapter is based on
joint work with Hengyu Fu, Virginia Adams, Charles Wang, Junkeun Yi, Mohammad
Mahdi Kamani, Venkat Srinivasan, and Jiantao Jiao [56].

Part II: Provenance.

o Chapter 4: Theoretical foundations for statistical watermarking. Statistical
watermarking [2, 99] provides a principled mechanism for establishing the provenance
of LLM inference, thereby demonstrating a promising path to mitigate the risks of
malicious or irresponsible use of Al-generated content. In this chapter, we formalize
statistical watermarking as an active hypothesis-testing problem featuring random,
output-coupled rejection regions. We derive the Uniformly Most Powerful (UMP)
watermark and obtain its closed-form Type-II error. For model-agnostic watermarks, we
establish the (nearly) minimax optimal excess Type-II error relative to the corresponding
UMP watermark with the same Type-I error level. To understand the token efficiency
required to achieve prescribed error rates, we establish nearly matching upper and lower
bounds on the number of i.i.d. tokens in terms of the average entropy per token. Finally,
we characterize the robustness of watermarking against bounded perturbations by
formulating the optimal Type-II error as the solution to an explicit linear program. This
chapter is based on joint work with Hanlin Zhu, Banghua Zhu, Kannan Ramchandran,
Michael I. Jordan, Jason D. Lee, and Jiantao Jiao [79].

o Chapter 5: Semantic-aware statistical watermarking. Our theoretical analysis
reveals that the detection power of a watermark fundamentally depends on the tightness
of the coupling between the random seed sequence and the generated output sequence.
This insight exposes a critical limitation in existing watermarking methodologies, which
rely on fixed seed distributions that fail to adapt to the LLM’s dynamic token prob-
abilities. Addressing this gap, we introduce SEAL (Semantic-awarE specul Ative
sampLing), a practical watermarking algorithm that constructs a maximal coupling
between the random seed sequence and output tokens via speculative sampling [107]
using a publicly accessible proposal LLM. By leveraging the inherent structural sim-
ilarities among LLMs trained on shared human-language corpora, SEAL generates
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seeds that are semantic-aware and thus reconciles the deployability requirements of
model-agnosticism with the sample efficiency predicted by our theoretical framework.
Evaluated on the MarkMyWords benchmark [152], SEAL demonstrates superior token
efficiency and tamper resistance, especially against paraphrasing attacks. This chapter
is based on joint work with Hanlin Zhu, Julien Piet, Banghua Zhu, Jason D. Lee,
Kannan Ramchandran, Michael I. Jordan, and Jiantao Jiao [80].

o Chapter 6: Anytime-valid statistical watermarking. While watermark generation
is inherently sequential and variable in length due to the autoregressive nature of
LLMs, conventional watermark detection requires ad hoc, fixed-horizon testing. In this
paradigm, applying the p-value test repeatedly as tokens arrive violates the Type-I
error guarantee, thereby limiting detection efficiency and precluding early stopping.
We bridge this crucial operational gap by proposing Anchored E-Watermarking, an
e-value-based statistical watermarking framework that allows anytime-valid detection
and early stopping. Within this framework, we derive the closed-form minimax optimal
logarithmic growth rate of evidence and establish a tight bound on the expected
detection time. Empirical evaluations on the MarkMyWords benchmark [152] in the
sequential testing setting confirm that the resulting detector reduces the median token
budget required for detection by up to 15% relative to SEAL, and by nearly 50%
compared to the other existing baselines. This chapter is based on joint work with Eric
Xu, Kannan Ramchandran, Jiantao Jiao, and Michael 1. Jordan [82].

1.2 Related Work

Theories of Transformers and Large Language Models. The success of Transformers
and LLMs has motivated the study of their expressiveness. Existing research has shown
that Transformers can implement simple functions such as sparse linear functions, two-layer
neural networks, and decision trees [59], gradient descent [8, 16, 191], automata [120, 233],
Dyck languages [18, 217], Turing machines [19, 46, 150, 203, 225|, variational inference [130],
and bandit algorithms [117]. Alberti et al. [9], Luo et al. [126], Petrov et al. [151], Yun
et al. [223] establish universal approximation results under various settings. Edelman et al.
[47], Li et al. [109], Likhosherstov et al. [116], Nelson Elhage et al. [137] study representational
capabilities and properties of self-attention, the core component in Transformers. Feng et al.
[50], Li et al. [114] study the expressiveness of auto-regressive Transformers with chain-of-
thought. Botta et al. [20], Edelman et al. [47], Li et al. [112] study the sample complexity
of Transformers. Recently, a growing body of work has begun to explore the theoretical
foundations of self-improvement in large language models (LLMs). Song et al. [182] introduce
the generation-verification gap as a key quantity governing scaling behavior. Huang et al. [7§]
propose a progressive sharpening framework in which the policy gradually shifts toward more
confident responses. Setlur et al. [169] draw on reinforcement learning theory to formally
establish the advantages of verifier-based methods. In contrast to these works, our results
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provide explicit sample complexity rates and tangible representation architectures, enabling
a more concrete understanding of the fundamental capabilities and limitations of test-time
scaling paradigms.

Test-time scaling. Recent research has established test-time scaling laws for LLMs,
illuminating a new scaling axis beyond training-time scaling laws [73, 92]. Existing approaches
towards scaling up test-time compute of LLMs can be broadly classified into two categories:
(1) applying test-time algorithms, also called inference-time algorithms, during LLM decoding
(22, 179, 209]; and (2) explicitly training LLMs to output long chain-of-thought traces
45, 97, 143, 212]. Many recent works focus on understanding and improving the effectiveness
of test-time scaling empirically: Aggarwal and Welleck [6], Chen et al. [35], Cuadron et al.
[42], Wang et al. [200] study under-thinking, over-thinking, and length control in LLM
reasoning. Chen et al. [32] propose to integrate self-verification and self-correction into
sampling. Qu et al. [155] analyze test-time compute optimization by introducing a meta
reinforcement learning formulation. Setlur et al. [169] demonstrate that verification/RL is
important for optimal test-time scaling. Zhang et al. [230] provide an extensive review of the
test-time scaling landscape. In contrast, our work focuses on theoretical analyses of test-time
scaling. In addition, our self-correction analysis offers a formal perspective on In-Context
Reinforcement Learning [134, 180, 187].

Diffusion Language Models. Discrete diffusion models have been widely adopted for
categorical data generation, including natural language [139], biological sequences [164], code
synthesis [176], and audio generation [214]. The framework was first proposed by Austin
et al. [15] as a discrete variant of Denoising Diffusion Probabilistic Models (DDPM) [72],
and later reformulated as a probability ratio learning problem [125]. Early models typically
operated at small scales (fewer than 1B parameters). Through reparameterization [238]
and engineering efforts such as KV-caching [123], masked (absorbing) diffusion models have
emerged as the predominant paradigm due to their scalability. This scalability has enabled
the development of diffusion-based large language models (DLMs) [139, 220, 224, 239], which
achieve performance and inference speed comparable to autoregressive (AR) language models
[153]. Recent works have also explored hybrid approaches through block-wise diffusion [14, 29],
combining the flexible content/length generation of AR models with the parallel inference
capabilities of DLMs.

Parallel Decoding in DLMs. Unlike autoregressive language models that generate
tokens sequentially from left to right, DLMs frame generation as an iterative denoising
(unmasking) process over entire sequences, and enable parallel decoding through bidirectional
attention. Early approaches adopted fixed-step parallel decoding [27, 139], while more recent
methods introduce adaptive strategies. Yu et al. [222] propose confident decoding, which
dynamically unmasks high-confidence tokens above a fixed threshold. Wu et al. [207] extend
this with a dynamic confidence threshold mechanism, and Wei et al. [205] introduce a two-
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phase approach, which alternates between two decoding stages, performing conservative
decoding until high-confidence regions form and then conducting aggressive confidence-
based parallel decoding on those confident regions. Huang et al. [83] analyze decoding
biases through confidence calibration, while Ben-Hamu et al. [17] leverage entropy-based
unmasking with controlled approximation error. Kim et al. [96] introduce the probability
margin as the confidence measure. Additional acceleration techniques include attention
optimization via caching mechanisms [123] and sparsification [224]. However, all these
approaches share a common principle: prioritizing certain (high-confidence/low-entropy)
tokens first. This strategy inherently reduces the information revealed per inference step,
potentially limiting overall decoding speed from an information-theoretic perspective, given
that the total information content is fixed. Notably, recent findings in Reinforcement Learning
with Verifiable Rewards (RLVR) suggest that uncertain (high-entropy) tokens are key to
successful and efficient reasoning [197], which contrasts with the current certain-token-first
paradigm in DLM decoding. ETE is complementary to the line of work on lossless speculative
decoding for DLMs, such as Spiffy [7]. Rather than using a separate draft model or an
auto-speculative draft graph, ETE uses two-step anchor-based decoding as the proposal and
an information-theoretic score function as the verification.

Statistical watermarking. Watermarking is a powerful white-box provenance approach
for detecting LLM-generated texts [185] in which the model provider modifies the generation
so that a verifier can later test for the embedded signal. Watermarks can be injected either
into a pre-existing text (edit-based watermarks) or during the text generation (generative
watermarks), while our work falls in the latter category. Edit-based watermarking [4, 91, 160,
216] has been the focus of several studies in the past. The concept of generative watermarking
dates back to the work of Venugopal et al. [190], while our work is more related to the
seminal work by Aaronson and Kirchner [3] and Kirchenbauer et al. [99] which introduced
statistical watermarking as a provable method of embedding statistical signals into language
model generation. To develop formal guarantees, Kuditipudi et al. [102] introduce the notion
of distortion-free watermarking and inverse transform sampling as a new watermarking
method. Following Kirchenbauer et al. [99], several works [57, 74, 75, 122, 159] leverage the
semantics of preceding tokens to determine the green list and adjust the bias applied to
green-list tokens. Specifically, Hou et al. [74, 75] use the partition of semantic space to serve
as green and red lists for sentence embeddings and perform rejection sampling to sample the
sentences conditional on a particular green region in the semantic space; Fu et al. [57] add
semantically-similar tokens into the green list; and Ren et al. [159] use a trained MLP to
generate semantic values. However, these approaches do not control the probability associated
with green-list membership due to their heuristic designs and therefore lack formal Type-I
error guarantees. In comparison, our work introduces speculative decoding [107] to the area
of statistical watermarking and uses a proposal LLM to capture semantics explicitly, thus
enjoying provable Type-I error guarantees.

While statistical watermarking commonly uses private keys for generation and detection,
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watermarks can also be injected with private forgeability and public verifiability [49, 119],
hence functioning effectively as digital signatures.

Despite its formal clarity, watermarking faces threats from various attack algorithms in
practice [99, 100, 102, 165, 228]. Notably, due to several attack methods that can destroy
watermarks while preserving quality, tamper resistance, or robustness becomes an important
consideration. The result by Zhang et al. [228] asserts that tamper resistance is only feasible
against a well-specified class of attacks, rather than against arbitrary attacks. To address the
tamper resistance challenge, several works [37, 62] design robust pseudo-random codes as the
basis for constructing robust watermarks. However, these methods remain largely theoretical
and have yet to see practical implementation. Zhao et al. [235] design a new LLM decoding
method and a tailored watermarking scheme for this decoding method, which improves tamper
resistance. To support the long-term advancement of watermarking techniques, benchmark
efforts [133, 152] are crucial in evaluating quality, efficiency, and tamper resistance of practical
watermarking methods.

E-values and sequential hypothesis testing. The field of sequential hypothesis testing
aims to design statistical methods that can accommodate streams of data and data-dependent
stopping times [21, 161, 194]. The earliest work in the field relied on likelihood ratios and
p-values. These tools are appropriate for a limited range of problems but in general fail to
control Type-I error under data-dependent stopping rules and composite hypotheses. These
deficiencies led to the development of tests based on nonnegative supermartingales, which
yield e-values at arbitrary stopping times under composite null hypotheses [68, 158, 170, 192].
Moreover, this framework also provides tools for analyzing and improving statistical power.
For example, Griinwald et al. [68] introduced worst-case growth rate optimality (GROW) as
a criterion to assess power for a composite alternative. More recently, Waudby-Smith et al.
[202] established optimal rates for a broad class of betting-based e-processes (a generalization
of nonnegative supermartingales), and also obtained matching upper and lower bounds on
mean rejection times based on these processes.

1.3 Notation

We summarize common notation that is used repeatedly across chapters. Chapter-local
symbols are defined where they are used.

For a set A, we write A° as the complement of A, |A| as its cardinality, and 24 := {B :
B C A} as its power set. We use (z); = max{z,0}, Ay = min{z,y}, and 2Vy = max{z, y}.
The asymptotic notations O(-), €(-), and O(-) hide absolute positive constants. We write P
and E for probability and expectation. Given a sample space X, A(X) denotes the set of all
probability measures over X, and supp(u) denotes the support of the distribution pu.



Chapter 2

Sample Complexity and
Expressiveness of Test-Time Scaling
Paradigms

This chapter first establishes a separation result between two repeated sampling strategies:
self-consistency requires ©(1/A?) samples to produce the correct answer, while best-of-n only
needs ©(1/A), where A < 1 denotes the probability gap between the correct and second most
likely answers. Next, this chapter presents an expressiveness result for the self-correction
approach with verifier feedback: it enables generic Transformer architectures to simulate
online learning over a pool of experts at test time, thus achieving multi-task solving without
prior knowledge of the specific task associated with a user query or explicit identification
of the best expert. This result extends the representation theory of Transformers from
single-task to multi-task settings. Finally, this chapter empirically validates the theoretical
results, and demonstrates the practical effectiveness of self-correction methods.

2.1 Introduction

Over the past several years, Large Language Models (LLMs) have witnessed remarkable
advances, achieving unprecedented performance across a broad spectrum of applications [1,
23, 24]. Driven by the paradigm of chain-of-thought (CoT) reasoning [204], the outputs
of LLMs have not only grown in length but also in structural complexity. In particular,
recent studies have demonstrated that scaling up computational resources during test time
significantly enhances the problem-solving capabilities of LLMs—a phenomenon known as
test-time scaling [22, 45, 143, 209]. Various methods have been proposed to effectively
utilize additional test-time compute, including self-consistency [22, 33, 138, 198], best-of-n
sampling [85, 135, 154, 168, 181], Monte Carlo Tree Search (MCTS) [31, 58, 118, 186, 195, 232],
and self-correction [36, 66, 103, 127, 206, 231|. Powered by test-time scaling paradigms, several
reasoning models, such as OpenAl-ol [144] and DeepSeek-R1 [45], have achieved remarkable
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success in many complex tasks [40, 71, 84, 173, 227].

Despite these empirical advancements, the theoretical foundations of test-time scaling
remain underdeveloped. While recent progress has been made in understanding the expres-
siveness and learnability of chain-of-thought reasoning [50, 90, 114, 131], two fundamental
challenges remain unresolved:

|\ f: Spectral method M f3: Finite-Element method
Solve the PDE ... (6) def spectral_solver(... 0.5 (8) def FE_solver(... 1
User Query|| Action 1 =6 || Response 1 || Reward 1| ... | Action i =8 || Response i [ Reward i

Figure 2.1: An illustration of test-time online learning (figure adapted from [110]), where
the Transformer progressively learns that finite-element method solves the partial differential
equation with higher accuracy.

1. Many test-time scaling approaches rely on repeated sampling from the same LLM to
select a final answer [22, 33, 85, 97, 135, 138, 154, 168, 181, 198, 210]. Two dominant
paradigms are: self-consistency, which marginalizes reasoning paths and selects the
most frequent answer; and best-of-n, which chooses the answer with the highest reward
score. However, a rigorous understanding of their sample complexities is lacking. This
raises the first question:

What is the sample complexity of repeated sampling methods,
particularly self-consistency and best-of-n?

2. Theoretical analyses of Transformers’ expressiveness have largely focused on their ability
to represent individual tasks [46, 223|, while their ability to express multiple tasks at
the same time is under-studied. In contrast, practical LLMs have shown remarkable
success in adapting to new, diverse tasks at test time via self-correction [36, 66, 69,
103, 127, 206, 231] or In-Context Reinforcement Learning [134, 141, 180, 187]. This
gap underscores a need to understand how Transformers express multiple task-solving
capabilities inherently and learn to adapt their behavior to the right task via test-time
interaction. Therefore, we are motivated to pose the second central question:

How can we characterize the expressiveness under test-time scaling methods,
especially in multi-task settings?
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Our Contributions. This chapter addresses the challenges outlined above through two key
contributions. First, we analyze the sample complexity of two prominent decoding strategies:
self-consistency and best-of-n, in terms of the probability gap between the most likely (correct)
and the second most likely model outputs. Our results reveal a fundamental separation in
sample efficiency that highlights the advantage of the best-of-n approach.

Proposition 2.1.1 (Informal statement of Theorem 2.3.1 and Theorem 2.3.2). Let A € (0, 1)
denote the difference between the Transformer’s probability of producing the correct answer
and the probability of the second most likely answer. Then, self-consistency requires ©(1/A?)

samples to reliably produce the correct answer, whereas best-of-n achieves the same with only
O(1/A) samples.

Second, we investigate Transformer’s capacity for self-correction. We demonstrate that
a Transformer equipped with verifier feedback at test time can implement online learning
algorithms over a pool of expert models, enabling it to adaptively identify the most suitable
expert and ultimately generate a response that maximizes the reward. This process is
illustrated in Figure 2.1: given the user query (e.g. solve the PDE ﬁ% — Ay = 0 in
Q x (0,T) with some boundary conditions), the Transformer f autoregressively generates a
sequence of actions (e.g., selecting the sixth expert) and responses (e.g., constructing and
applying a spectral method solver), conditioned on the history of previous action-response
pairs and their corresponding rewards (e.g., negative solution error). Notably, this process
relies solely on the Transformer f—whose architecture encapsulates the capabilities of all
experts—and the reward function, distinguishing it from traditional routing algorithms that
explicitly query experts. As such, this mechanism allows a single Transformer architecture to
solve multiple tasks without prior knowledge of the specific task associated with a user query.

Proposition 2.1.2 (Informal statement of Theorem 2.4.7). There exists a generic way to
construct a wider transformer f from any Transformer-based expert models fi,..., fx such
that, for any task solvable by the base experts, f can solve this task by self-correction which
generates a sequence of responses with regret o(1).

Proposition 2.1.2 has two key implications. First, it demonstrates that a Transformer
can express multiple tasks within a single architecture, extending beyond prior theoretical
results that focus on single-task expressiveness. Importantly, the construction is task-agnostic
and independent of the specific expert Transformers used, making both the result and the
underlying techniques of independent theoretical interest. Second, Proposition 2.1.2 reveals a
fundamental distinction between self-correction and repeated-sampling paradigms. While
repeated-sampling methods generate identically distributed responses across attempts, self-
correction provably allows the model to update its attempts based on verifier feedback, thereby
increasing the probability of producing the correct answer as inference progresses. We further
validate these results through controlled experiments.
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2.2 Preliminaries

Transformers. In this chapter, we consider attention-only Transformers defined as follows.

Definition 2.2.1 (Transformer). We define a Transformer model over vocabulary V as a
tuple

l l l
(07 pe, (ng)v Qg)v V/g))hE[H],lE[L]a 197 V)

where 6 : V — R? is the tokenizer, pe : R¢ x V¥ — R? is a position encoder, Kg), Qg), V,(ll) €
R4 are the key, query, value matrices over L layers and H heads each layer, and 9 is the
output feature. The computation of a Transformer rolls out as follows:

1. Foreachi=1,...,n, xW = pe(f(v;);v1, ..., v;).

(2

2. Foreachl=1,...,L — 1, compute each Xi(lﬂ) fort=1,...,n by

H i Oy x.
X(l+1) _ Z Z exp (Sh (Xz X])) -V(Z)X(l) (2 1)
( [0 h %5 > :
h=1j=1 Zy,

where sg)() is the attention score defined by sg)(Xi, X;) = (QS)X-U))T(K%)X@) and
Z,(ll) = Z;‘:l exp (sg)(Xi, Xj)) is the normalizing constant.

3. The output probability is given by

pr(ylvr, ... v,) = Softmax(z?(y)TXfLL)), y e V.

In particular, we assume the softmax attention layer has precision € in the sense that: if
two attention scores si, sy satisfy e®' < e-e®2) then e°! is treated as zero in the attention
computation of Eq. (2.1).

While classical positional encoders are solely dependent on the index of the current token
(i.e. we may write pe(0(v;);vq,...,v;) = pe(B(v;);7)), recent advances [61, 70, 229] have
extended this notion to incorporate set membership information of preceding tokens. This
generalization proves crucial for enhancing the long-context capability required for effective
self-correction. Motivated by this insight, we introduce the following notion.

Definition 2.2.2 (Generalized Position Encoder). We say that pe : R? x V¥ — R? is a

generalized position encoder w.r.t. a partition Vi, ..., Vg of V if it maps an input feature in
R? and a token sequence (of arbitrary length) vy, -+ ,v; to a vector in R%, so that it only
depends on the input feature and the membership of each v; in the sets Vy,..., Vg, i.e.

pe(6(vi); vn, ... vi) = pe (0(ui); (L(v; € Vi) ke -
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Test-time scaling. In this chapter, we study the following three strategies for test-time
scaling.

1. Self-consistency samples n i.i.d. responses from the language model and chooses the
most consistent answer, while marginalizing over the reasoning paths.

2. Best-of-n samples n i.i.d. responses from the language model and chooses the answer
with the highest score given by the reward model.

3. In the Self-Correction paradigm, the Transformer autonomously generates a sequence
of n responses, each conditioned on the previous responses and their respective reward
scores.

2.3 Separation between Self-Consistency and Best-of-n

In this section, we study the sample complexity of self-consistency and best-of-n. Let ¢
denote the user query (e.g. a math problem) and O denote the answer space; then for each
answer o € O we define p(0) as the marginalized probability of generating o over all possible
reasoning paths

p(o) = > py(reasoning path, olq)

reasoning path

where py denotes the probability distribution of Transformer f.

To understand the sample complexity, we focus on the dependence on the following
probability gap:

o *
A =p(o") — max plo)

where o* denotes the correct answer!. If A < 0, then self-consistency fails to find the correct
answer with high probability and the separation becomes trivial. Therefore, we focus on
the setting where A > 0 (i.e., the most likely answer is correct), which is also considered
in prior theoretical work [78]. Under this setting, we assume that the reward function r is
maximized (only) at the correct answer, because p itself is such a reward function satisfying
this condition. Note that since p(o) is marginalized over reasoning paths, A > 0 does not
imply that the correct answer can be derived easily from greedy decoding.

Theorem 2.3.1 (Sample Complexity of Self-Consistency). Let O = |O| < co. There exist
numerical constants ¢,C > 0 such that: when n > w, self-consistency with n 1.i.d.
samples is able to produce the correct answer with probability at least 1 — 0; when n < <3,
there exists a hard instance where self-consistency with n i.i.d. samples fails to produce the

correct answer with constant probability.

LIf multiple correct answers exist, the self-consistency result applies after canonicalizing answers into
equivalence classes and assigning probability mass to these classes.
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Theorem 2.3.2 (Sample Complexity of Best-of-n). Assume r(o*) > r(0),Yo # o*. There
exist numerical constants ¢,C' > 0 such that: when n > %(1/6), best-of-n with n samples
produces the correct answer with probability at least 1 —0; When n < £, there exists a hard
instance where best-of-n with n i.i.d. samples fails to produce the correct answer with constant
probability.

By providing matching (up to logarithmic factors) upper and lower bounds on the number
of samples, the above results establish the separation between self-consistency and best-of-n.
While self-consistency requires ©(1/A?) samples to produce the correct answer, best-of-n
has an advantage, requiring only ©(1/A) samples. Therefore, this theory corroborates
the empirical findings that best-of-n generally leads to better problem solving accuracy on
reasoning tasks compared with self-consistency [184, 209].

2.4 Expressiveness under Self-Correction

A key distinction between self-correction and the repeated sampling strategies discussed in the
previous section lies in the dependence structure of the generated responses: unlike repeated
sampling, the outputs produced by self-correction are not i.i.d. Consequently, to analyze
the sample efficiency of self-correction, we must first address a fundamental question: can a
large language model (LLM), through self-correction, increase the likelihood of generating the
correct answer? At its core, this question is one of expressiveness—whether the Transformer
architecture’s representation capacity is sufficient to support such improvement.

In this section, we take a first step toward analyzing the expressiveness of Transformers
under the self-correction paradigm. Unlike prior work that focuses on expressiveness in the
context of a single task, we study what we call general-purpose expressiveness: the ability to
solve a broad range of tasks. To this end, we introduce the concept of a General-Purpose
Transformer—a construction that maps any collection of task-specific Transformers (experts)
into a single unified Transformer.

Definition 2.4.1 (General-Purpose Transformer). We say that ¢ is a General-Purpose
Transformer of type (t1,t2) if it maps any set of Transformers with hidden size d and depth
L into another ‘unified’ Transformer with hidden size t; - d 4 t5 and depth L + O(1).

A general-purpose Transformer provides a principled framework for constructing more
powerful Transformer architectures by composing simpler, task-specific components. This
meta-architecture enables a single model to solve multiple tasks at inference time, representing
a significant advancement in our theoretical understanding of the expressive power of modern
machine learning systems. Our goal is to investigate the general-purpose expressiveness of
self-correction paradigms through the lens of general-purpose Transformers: specifically, how
a Transformer can adaptively solve different tasks during inference without prior knowledge
of the task identity.
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2.4.1 General-purpose expressiveness

In this section, we present two auxiliary results that serve as building blocks for constructing
general-purpose Transformers capable of solving multiple tasks. These results may also be of
independent interest beyond expressiveness of self-correction.

/) arithmetic @ Jo: common sense | é fi: chemistry (1) Q f: history (2)
L b5 : . , ] f )
[ The 3 + 5 capital of = France is H Paris ; Columbus (3) Primary gas in ... (2) discovered America

/—\fl —_— 1
[ The capital 3 + 5 of France is = M 8 [ Primary gas in (4) Columbus ... (1) air is E nitrogen
(@) i (b)

Figure 2.2: (a): Illustration of Proposition 2.4.2. In the first query, f; is called to solve
the common sense problem by attending to only blue tokens. In the second query, f; is
called to solve the arithmetic problem by attending to only red tokens. (b): Illustration of
Proposition 2.4.4. In the first query, fs is called to solve the history problem by attending
to only blue tokens. In the second query, f; is called to solve the chemistry problem by
attending to only red tokens. Importantly, these “function calls” occur implicitly within the
internal computation of the unified Transformer architecture.

The first result addresses the setting in which multiple Transformers operate over distinct
vocabularies, with each vocabulary corresponding to a specific task. The objective is to
construct a unified Transformer that uses the final token in the input sequence to infer which
task to perform, and subsequently solves the task by attending only to the task-relevant
tokens.

Proposition 2.4.2 (General-purpose Expressiveness over Different Token Spaces). For
any H, L, K, Npax € Zy, ViNV; =0 (Vi # j € {0} U[K]), there exists a general-purpose
Transformer ¢ of type (O(K), O(log Npmax)) such that for any Transformers

fk = <9k7 Pe€g, (Klgl;)}w I(fl;)hﬂ Vlgl;)h)hG[H],le[L]y ﬁk; Vk) ; ke [K]v

the Transformer f: o(f1, ..., fx) satisfies the following property: for any token sequence
vV =010, such that n < Nyax and there exists one v;, € Vy, we have

pi(-[v) = ps(|u)

where k is the task indicated by the last token: i.e., v, € V., and u = v; ---v;,,, where
{iy < <in}={i:v; €V}, is the sequence of tokens relevant to task k.

Remark 2.4.3. The existence of v;, which does not belong to any {V;}.cx] serves the technical
purpose of inducing attention sink of all irrelevant experts to v;,. It may be achieved by
assuming the user query always ends with the special token <eos>.
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The following result considers a more challenging scenario in which multiple Transformers
operate across different tasks but share a common vocabulary space. A set of indicator tokens,
denoted by €2, is used to specify the intended task. The objective is to determine which task
to execute based on the most recent indicator token. It then proceeds to solve the task by
attending exclusively to the task-relevant tokens appearing before the first indicator token
and after the last indicator token in the input sequence.

Proposition 2.4.4 (Multi-Task Representation over the Same Token Space). For any
H,L,K, Nyay € Z, token spaces QNV = 0, there exists a general-purpose Transformer ¢
of type (O(K), O(log Nyax)) such that for any Transformers

fk = (ekv Pe, (Kl(cl;)ha l(el;)lw Vl(cl;)h)hG[H],lé[L]7 19]6‘7 V) ) ke [K]v

over V, the Transformer f = o(f1,..., fK) satisfies the following property: for any token
sequence v = vy - - - v, such that

{£1<"'<§m}:{j27}j69}, €m<n§Nmax

then we have

pi(v) = pg.(|u) (2.2)

where w = vy -+ Vg, _1Vg,, 41 - Uy U5 the token sequence obtained by omitting tokens from
position & to &, and K is the task indicated by token ve,,.

Remark 2.4.5. We observe that in both results above, reducing the type parameters is generally
not feasible. The dependence on K arises from the need to compute features for all K experts
corresponding to the user query. Since the model lacks prior knowledge of the task, it must
encode all task-relevant information to preserve the ability to invoke any expert at inference
time. The log(Nyayx) scaling stems from the positional encoding: in order to construct Ny
nearly orthogonal vectors, the positional embedding must have dimension at least log(Nyax)-

2.4.2 (General-purpose expressiveness of Transformers with
self-correction

In this section we state the main result that establishes general-purpose expressiveness of
Transformers with self-correction. We rely on the following notion of regret-minimization
Transformer, which expresses the single task of finding the most rewardable action.

Definition 2.4.6 (Regret-Minimization Transformer). We say that a Transformer f achieves
simple regret reg(-) over reward function r and action space A, if for any 7' € Z,, we have
maxgc47(a*) — Elr(ar)] < reg(T) = o(1) where ay,...,ar are generated in the following
way:

ag ~ps(- lay, Ry, a1, Rey), VE=1,...,T,
E[R; | as, Hy—1) = r(ay), Yt =1,...,T.



CHAPTER 2. SAMPLE COMPLEXITY AND EXPRESSIVENESS OF
TEST-TIME SCALING PARADIGMS 16

Essentially, the goal of a regret-minimization Transformer is to learn from a reward oracle
and ultimately recommend an action that is near-optimal, which is related to a concept
commonly referred to as simple regret in the bandit literature [26, 48, 86]. To achieve this,
the Transformer may implement strategies such as mirror descent, upper confidence bounds,
or search-based algorithms, depending on the problem structure. As these procedures rely
only on basic arithmetic operations, such Transformers can be constructed by applying the
universal approximation capabilities of Transformers [50, 114, 126, 223]: For example, [117]
provide constructions to approximate upper confidence bounds and Thompson sampling
algorithms with average regret O(1/ \/T) Consequently, their construction is not the primary
focus of this chapter.

Algorithm 2.4.1 Self-correction with verifier

1: procedure GENERATION(q) > q=qi...qn, denotes the user query.
2 prompt < g
3: fort=1,...,7 do
4 a® ~ p);(- | prompt) > a®) designates which expert to use in ¢-th iteration
5 prompt prompt]a(t) > Update the prompt autoregressively, | represents token
concatenation.
6: fori=1,... do
7 uz(»t) ~ pj;{- | prompt) > Generate ¢-th response autoregressively
8: prompt < prompt|uz(t) > Update the prompt autoregressively
9: if " = EOS then
10: Break
11: r® «— r(q,u®), prompt « prompt|r® > Query verifier to obtain reward of ¢t-th
response

12: Return u(?)

The following theorem establishes the existence of a general-purpose Transformer that
can simulate the behavior of a set of expert Transformers (not necessarily over the same
token space) through self-correction. Specifically, it shows that such a unified Transformer
can, at inference time, identify and invoke the appropriate expert to solve any task that
the original experts can solve. The self-correction protocol is described in Algorithm 2.4.1,
wherein the unified Transformer autoregressively generates actions and responses, after which
the verifier is queried to obtain reward signals. Through this process of trial and error,
the model effectively “learns” at inference time, using the verifier to minimize regret and
adaptively select the correct expert.

Theorem 2.4.7 (Regret Minimization via Self-Correction). For any H, L, K, Nya.x € Z.,
task set Qr, token spaces Vo,V1,..., Vi, A (JA| = K) such that Vo,V = (Up— Vx), and A
are disjoint, and reward function r, there exists a general-purpose Transformer ¢ of type
(O(K),O(log Niax)) such that given any set of Transformers denoted as follows,
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e K expert Transformers: f, = (0, pey, (K,(cl;)h,Q,gl;)h,V,(f;)h)he[H“e[L],19k,Vk) for k €
(K], such that for any task query q € Qr, there exists one expert fy« achieving \-
suboptimal reward:

Eun sy (1o [r(g,w)] = max r(g, u”) = A

e Regret-Minimization Transformer: f, = (H,pe,Kél;)h, (()l;),L,Vg;)h)he[H“e[L],19,V0 U
A) that implements a bandit algorithm over the reward function ro and action space A
with simple regret reg(t), where ro(a) = Eyvy,19[r(q, u)] denotes the average reward of
responses generated by the a-th expert,

then the Transformer f: &(fo, f1,-- -, fx) satisfies the following property: for any prompt
v € Qp, if the response sequence vV, ... u™) generated by the protocol in Algorithm 2.4.1
has total length < Npax, then we have

Inax r(v,u*) — Efr(v,u™)] < X+ reg(T)
Remark 2.4.8. While the general-purpose Transformer ¢ can be applied to construct the
brute-force Transformer f~ that simply tries every expert, we note that the generality of
Definition 2.4.6 allows us to construct more powerful Transformers beyond brute-force search.
Leveraging the structures in the problem and the expert pool, it is entirely possible to identify
the correct expert using < K trials [55, 162].

As a consequence of Theorem 2.4.7, the transformer f can solve K distinct tasks at
inference time, without requiring prior knowledge of the specific task or identification of
the best expert. The architecture-level composition is general-purpose in the sense that
it does not depend on the internal parameters of the expert Transformers. The regret
guarantee, however, depends on the assumed verifier feedback model and on the existence of
a regret-minimization Transformer for the induced reward function. To our knowledge, this
is among the first theoretical expressiveness analyses of Transformer self-correction in this
multi-expert setting. Furthermore, our theory aligns with the empirical finding that LLMs
can progressively optimize outcome rewards during test-time [134, 155, 180, 187].

2.5 Experiments

In this section, we conduct synthetic experiments to show that Transformers can self-correct
with verifier feedback.?

2Code: https://github.com/LithiumDA/Representation-Ability-of-Test-time-Scaling.
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2.5.1 Expressiveness of self-correction

Data generation. We aim to construct a test problem with complex prompts such that
correctly solving the problem in the single-turn generation is challenging. In this case,
self-correction can play a critical role if Transformers have this capability. Specifically, in our
synthetic problem, the prompt is the concatenation of the following two components:

o Instruction: A 3-SAT problem, e.g.,

(~ a3V~ Vo~ xg) A (~xV o x3 V) A(~xg VoV~ xg) A

« Data: A string composed of characters from the set {a, b}.

The ground truth target is defined as follows: If the 3-SAT problem in the instruction is
satisfiable, the model should copy the string in the data part in the output; otherwise, the
model should reverse the string in the output. In our experiment, we construct datasets
using 3-SAT problems with 4 variables and 20 clauses. The lengths of the data strings are
set to 5. We generate 10000 instances for training and 512 instances for evaluation. In the
training set, we control the ratio of satisfiable and unsatisfiable 3-SAT instructions to 9:1,
while in the test set, the ratio is set to 1:1. This label imbalance encourages models to fail on
their first attempt, thereby eliciting self-correction behavior.

Models and training configuration. We train a class of Transformer models of various
sizes: {GPT-nano, GPT-micro, GPT-mini, Gopher-44M} with the Adam optimizer [98] for 5
epochs. More implementation details can be found in Appendix A.2.

Results. Test set accuracy across different inference set-

tlngS iS ShOWH ln Figure 23 We nOte that model peI‘fOI"— Test accuracy comparison
mance plateaus at 63.19% when there is no self-correction 100+ o300 ]
at test time, with no improvement from increased model 80
size. By contrast, when models are equipped with ver- % ]
ifier signals to enable self-correction, test accuracy im- 5 40
proves substantially, demonstrating the efficacy of this =

. . 204 W/o self-correction
mechanism. Crucially, larger models — such as GPT- e m= Vi selfcorrection

mini and Gopher-44M — achieve near-perfect accuracy O GPTnano GPTmicro GPT mini Gopher 44
under self-correction, suggesting that sufficiently expres-

sive Transformers are capable of implementing effective Figure 2.3: Accuracy comparisons
self-correction strategies. This empirical result supports of different models with/without
our theoretical findings. self-correction at test time.
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2.5.2 Evaluation of sample complexity

Dataset.  We conduct experiments on the AIME 2024 & 2025 datasets [129], which serve
as a real-world benchmark for evaluating mathematical reasoning tasks. These datasets allow
us to measure not only the raw accuracy of different large language models (LLMs), but also
the impact of verification-based strategies on sample efficiency.

Model configuration. = We consider recent LLMs, including Qwen3-1.7B, Qwen3-4B [212],
and Llama-3.2-3B-Instruct [124], as candidate models. In addition, Qwen3-32B is employed
as an LLM verifier. This setup enables us to compare standard decoding strategies (self-
consistency) with verification-based methods (best-of-n and self-correction).

Results. We compare the accuracy of self-consistency, best-of-n, and self-correction under
different sample sizes. Notably, as summarized in Table 2.1, best-of-n with only 4 samples
consistently outperforms self-consistency with 64 samples, confirming the predicted gap in
sample complexity. Furthermore, self-correction with verifiers achieves strong performance,
highlighting the ability of LLMs to leverage verifier feedback effectively. These results show
a notable sample complexity gap between self-consistency and best-of-n and demonstrate
that modern Transformer models are sufficiently expressive to implement self-correction
mechanisms when combined with verifiers, thus consistent with our theoretical results in
Section 2.3 and 2.4.

2.6 Conclusion

Our investigation reveals a fundamental separation in sample complexity between self-
consistency and best-of-n, providing theoretical support for the empirically observed superi-
ority of the latter method. Furthermore, by introducing the framework of general-purpose
expressiveness, we construct generic Transformer architectures capable of emulating online
learning algorithms at test time. This capability enables a single model to provably solve multi-
ple tasks without task-specific adaptation, thus extending our understanding of expressiveness

Self-consistency Best-of-n Self-correction
Model \ Method (64 samples) (4 samples) (4 samples)
Qwen3-1.7B 58.33% 59.68% 79.29%
Qwen3-4B 78.33% 80.58% 81.19%
Llama-3.2-3B-Instruct 1.67% 4.84% 24.52%

Table 2.1: Accuracy comparison of self-consistency, best-of-n, and self-correction methods on
AIME 24 & 25 datasets.



CHAPTER 2. SAMPLE COMPLEXITY AND EXPRESSIVENESS OF
TEST-TIME SCALING PARADIGMS 20

to multi-task settings. Our experiments validate the theoretical separation and confirm that
it requires additional model capacities for Transformer to implement self-correction.
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Chapter 3

Bits-to-Rounds Sampling for Diffusion
Language Model Inference

This chapter demonstrates the information-theoretic bottleneck of scaling up the inference
speed of Diffusion Language Models (DLMs) through a bits-to-rounds principle that lower
bounds the number of decoding rounds by the sample’s total information and the confidence
threshold serving as a per-round information budget. Motivated by this theory, this chapter
proposes Explore-Then-Exploit (ETE), a training-free decoding strategy that maximizes
information throughput and decoding efficiency. Experiments across diverse benchmarks verify
the theoretical bounds and demonstrate that ETE consistently reduces the number of decoding
rounds compared to confidence-only baselines without compromising generation quality.
Furthermore, ETE integrates efficiently with KV caching, translating these algorithmic gains
into improved tokens-per-second throughput.

3.1 Introduction

Diffusion Language Models (DLMs) exploit bidirectional attention to decode multiple tokens
simultaneously (i.e., parallel decoding). At the start of generation, all output tokens are
masked. In each decoding round, DLMs iteratively unmask a set of potentially non-sequential
tokens until the entire output sequence has been uncovered. This ability to generate multiple
tokens per forward pass yields substantial throughput gains compared to the inherently
sequential decoding process of standard autoregressive models. Many popular diffusion
models employ a hybrid decoding strategy in which the output sequence is divided into
equal-sized blocks, and each block undergoes the diffusion unmasking process sequentially.
Prior works have found this block-based decoding approach to deliver the best tradeoff
between speed and accuracy when compared with full parallel decoding and autoregressive
decoding.

Empowered by Masked Diffusion Model (MDM) architectures, recent works [139, 153, 239
have demonstrated strong scalability and competitive performance of DLMs across a broad
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range of tasks. Moreover, commercial DLMs [44, 105, 224] have made significant industrial
impact through superior inference throughput and speed-quality tradeoffs.

Despite these successes, DLM inference faces a fundamental challenge: parallel decoding
incurs inherent performance degradation. Independently sampling tokens from marginal
conditional distributions of DLMs does not reproduce the true joint distribution [51, 207]. A
widely adopted remedy is to unmask only high-confidence tokens at each iteration [27, 63,
139, 207]. These confidence-based heuristics partially mitigate the tension between decoding
accuracy and throughput by approximating the true joint distribution. However from an
information-theoretic viewpoint, high probability implies low information, thus prioritizing
high-confidence tokens reduces the information revealed per step. Given that the output
x has fixed total information content —logp(x), decoding strategies that prioritize only
the highest-confidence tokens should require more iterations than approaches that do not
depend solely on this heuristic when unmasking tokens. This argument suggests a relationship
between the computational cost (number of decoding rounds) and total information — log p(x),
thus motivating our first question:

Can the computational cost of decoding be characterized in terms of fundamental
information-theoretic quantities?

If such a characterization exists, it would naturally suggest a design principle: to minimize
decoding rounds, we should mazimize the information decoded per round. However, current
approaches fail to follow this principle due to two complementary limitations. First, confidence-
based methods prioritize high-confidence tokens and inevitably unmask low-confidence tokens
only when there are no high-confidence ones available. Second, existing block-based decoding
strategies process blocks strictly sequentially. This causes the final few tokens in each block
to be decoded essentially one by one rather than simultaneously with tokens in future blocks,
thereby limiting the number of tokens that can be decoded per round. This gap motivates
our second question:

How can we systematically maximize the information decoded per round, both by identifying
high-information tokens and by expanding parallel decoding opportunities?

In this chapter, we formally address the above questions. Our main contributions are
twofold:

Information-theoretic lower bound. We formalize the relationship between computa-
tional cost of confidence-based heuristics and information content by proving a lower bound
on the decoding rounds:

R > max (—logp(X) —¢  —logp(x) )) |

’ n+1
f log <(1_;gn+1
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Figure 3.1: [lustration of Explore-Then-Exploit (ETE): Fast block diffusion scheme proceeds
by sequentially unlocking a new block to the right and applying confidence-based parallel
sampling to all past blocks. At t = 4, targeted exploration is triggered to apply beam
search to 3 candidate exploration tokens (in red) with a shared KV cache of the previous
unmasked positions. At the next step, several high-confidence tokens (in blue) are unlocked,
and branch 3 with the highest score is committed. We summarize the overall TPS (tokens
per second) gain at matched accuracy across benchmarks, with detailed experimental results
in Section 3.5.

where n is the sequence length, € is the total approximation error of parallel decoding, and f
is the confidence threshold factor. This bound reveals a fundamental structure:

Total Information

Rounds >

— Information per Round’

Reducing confidence threshold f (stricter requirements) shrinks the denominator and a
smaller approximation error € increases the numerator, forcing more decoding rounds.

Exploration-aware decoding algorithm with cross-block decoding. Motivated by
our theoretical insights and empirical observations, we introduce Explore-Then-Exploit
(ETE), a new algorithmic framework that systematically maximizes information decoded per
round through two complementary mechanisms: (i) Fast block diffusion sampling: We extend
standard block diffusion by enabling cross-block parallel decoding; (ii) Strategic exploration
mechanisms: We apply look-ahead search over informative positions to identify tokens that
unlock the largest cascades of high-confidence decisions.

Together, these mechanisms directly amplify the denominator in our lower bound by
increasing both the information per token and the number of tokens decoded per round. Across
four standard benchmarks (MATH, GSM8K, HumanEval, MMLU-Pro), ETE consistently
outperforms strong confidence-based baselines [207] in both decoding efficiency and output
quality. We further identify a free-lunch regime where beam search with a shared KV cache
introduces negligible wall-clock overhead, enabling exploration at minimal practical cost and
even higher throughput (tokens per second). These results underscore the importance of
principled exploration in diffusion decoding and demonstrate a promising path toward closing
the gap between parallel DLM inference and the joint distribution it aims to approximate.
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3.2 Background

Notation. We use bold symbols x = (z!,...,2") to represent a sequence of N tokens. We

also use the standard big-O notation: O(-) and €2(-) to hide absolute positive constants. Let
p'(+) denote the marginal distribution at position ¢ induced by p. For brevity, we omit the
subscript and write p(-) when i is clear from context.

Masked diffusion models. Masked diffusion models (MDMSs) are a subclass of discrete
diffusion models. By extending the vocabulary V with a mask token [M], MDMs progressively
transform a clean sequence xg = (24, ..., z}") into a fully masked sequence ([M], ..., [M]) in
the forward process following an absorblng noising schedule:

QS|0 Xs | X0 HQS|O .ﬁE | 1’0
; ; Q, xi = Ié)a
z, | xg) = :
q8|0( S | 0) {1 o O[t7 fL‘é — [M]

At training time, a parametric model py is trained to take x, as input and predict all masked
tokens simultaneously, by fitting the ELBO loss [139, 149, 164, 174]:

£(6) = ~Eym [ 310! = (M) log (e | )|

Moreover, this ELBO loss can be reformulated into a time-agnostic version [236]:

b e eal<i)
7<) M],  jeo(=i)

1
L(0) = — Equnit(sy) {Z > mlogpg(xdx <i) )]

i=1 keo(>1)

where ¢ is a random permutation uniformly sampled over all permutations on [N], and X,(<;)
represents a partially masked version of the clean sequence xg, where indices in (> i) are
masked. This demonstrates that py intrinsically parametrizes an any-order autoregressive
model, able to predict the entire sequence with any specified o.

Inference of masked diffusion models. At inference time, MDMSs discretize the reverse
process by iteratively reconstructing clean sequences from a fully masked state. Specifically,
we start with a fully masked sequence xo = [[M]®"] and randomly sample a generation order
o ~ Unif(Sy). At step t € [N], we unmask position o (t) by sampling from 27® ~ p(z7®|x,_;)
and let x; be x;_1 with position o(t) replaced by 27" In this process, a token remains
fixed for the remainder of the denoising steps once it is unmasked, and this token-by-token
random-order sampler is theoretically consistent with the ELBO reformulation [149].
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Block diffusion sampling. Given a prompt sequence Xpompts 0f length ng and a target
generation length n, the sequence is initialized as xo = [Xprompt, [M]*"] € V", which
concatenates the prompt (as a prefix) with a response window of n mask tokens. Given
a block length ny, the response window is partitioned into L = n/n;, consecutive blocks
By =[no+ (b—1)ny :ng+bng) (b=1,...,L), each of length n,. Tokens are then decoded
block-by-block from left to right. This approach supports flexible-length generation and
improves inference efficiency with KV caching [14]. We provide its visualization in Panel (a)
of Figure B.1 in Appendix B.2.

Confidence-based parallel decoding. Parallel decoding aims to unmask multiple tokens
simultaneously in a single inference step. At each decoding step t within block b, given the
partially unmasked sequence x;, the model first generates predictions at all masked positions
in the block via greedy parallel decoding of their conditional marginals:

Bpyy = argmax py(v | i),

i € S:={i:r.=[M]and index i is in block b}

Since the product of conditional marginal distributions over all masked tokens may differ sub-
stantially from the true conditional joint distribution, parallel-decoding strategies selectively
commit only a subset of predictions to ensure small approximation error. As the predominant
strategy in parallel decoding, confidence-based parallel-decoding methods selectively unmask
tokens in block b based on their confidence scores: ¢ = pj(2},, | x¢). We describe three
variants of confidence-based decoding strategies:

(1) Fixed-number scheme: Given a fixed number k£ > 0 we expect to decode per round,
Nie et al. [139] unmask the top-k confident tokens within the block.

(2) Static confidence threshold: Yu et al. [222] propose a static threshold scheme that
unmasks all tokens exceeding a fixed confidence threshold C' € (0, 1).

(3) Dynamic confidence threshold: Wu et al. [207] extend the static threshold strategy
to a dynamic variant that sorts confidences as ¢V > ... > ¢(™ and determines the
maximum integer k satisfying (k+1)(1—c®) < f, where f > 0 is a predefined threshold.
The algorithm then unmasks the corresponding top-k confident tokens @Sﬁl, e ,fcgi)l.

Regardless of which specific selection strategy is used, we refer to this step as an exploitation
step, as it prioritizes and exploits high-confidence predictions. Intuitively, tokens are nearly
conditionally independent when they are highly confident. Notably, for the latter two
confidence-based decoding strategies, decoding would stall when the current block contains
no tokens exceeding the confidence threshold. To prevent this, the highest-confidence token
is unmasked regardless of whether its confidence exceeds the threshold. We refer to this as
an implicit exploration step to distinguish it from the exploitation step, since an implicitly
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low-confidence token is decoded in this step. We provide the pseudocode for the entire
confidence-based decoding process with a static confidence threshold C' in Algorithm B.3.1 in
Appendix B.3.1.

3.3 Inefficiency of Confidence-based Decoding

While exploitation steps form the core of current confidence-based decoding, they face
fundamental limitations that need investigation. Before formalizing our theoretical framework,
we present an empirical study to quantify the inefficiency of parallel decoding.

3.3.1 Information contribution of exploration and exploitation

We evaluate the dynamic confidence-based decoding strategy [207] across different confidence
factors on the GSM8K dataset [40], with the detailed experimental setup deferred to Section
3.5.1. Figure 3.2 shows how much information is revealed by different decoding steps in
confidence-based parallel decoding. Decoding rounds are divided into ezploitation, which
commits high-confidence tokens, and (implicit) exploration, which commits low-confidence
tokens when no confident tokens are available. We observe that exploration is significantly
more information-efficient than exploitation across all confidence factors f. For example, at
f = 0.4, exploration uses only 23.5% of rounds but contributes 66.7% of total information,
while exploitation consumes 76.5% of rounds yet contributes only 33.3%. This gap persists
across all settings: exploration achieves efficiency ratios around 3, whereas exploitation
remains below 1.

We also provide illustrative examples in structured modalities such as code and profiles (in
Appendix B.2.1), where greedily prioritizing high-confidence positions is globally inefficient. In
contrast, decoding low-confidence tokens leads to faster generation since they carry substantial
information that constrains many downstream positions.

This observation motivates two directions: (i) theoretically analyzing the fundamental
limits of confidence-based decoding algorithms, and (ii) empirically designing principled
exploration strategies that identify and target high-information yet low-confidence tokens.

3.3.2 Information-theoretic lower bounds on decoding rounds of
confidence-based algorithms

Setup and notation Let p(-) be a distribution over a length-n sequence that models the
conditional probability p(z*|z?) for any disjoint subset A, B of [n] = {1,...,n}. A parallel
decoding schedule is an ordered partition of indices

A1UA2UUAR:[TL], AIHAJ:(D

such that x4 is the set of tokens unmasked in rounds r for » = 1,..., R. At the start of round
7, the set of unmasked indices is C,, = (J,., A,, and the masked indices are U, = [n] \ C,. A
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Exploration vs Exploitation Efficiency
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Figure 3.2: Information efficiency of exploration versus exploitation in confidence-based
parallel decoding. For each confidence factor f, we report the fraction of decoding rounds and
the fraction of total information (bits) contributed by (implicit) exploration and exploitation.
Bits are measured as accumulated conditional negative log-probabilities (— log p(x;11|x¢))-
Each group shows four bars: exploration rounds (%), exploration bits (%), exploitation
rounds (%), and exploitation bits (%), averaged over 200 GSM8K samples. Colored boxes
indicate the efficiency ratio (bits % / rounds %) for exploration (red) and exploitation (blue).

parallel decoding algorithm selects the subset A, C U, to be decoded in this round based
on the conditional marginals p(z?|x®") over all masked indices i € U,. Due to parallel
decoding, an approximation error will arise from the gap between the true conditional
probability p(z?" | ") and the actual sampling probability [T;c4 p(z' | ), and the error
will accumulate with the decoding process. Define the total approximation error by

—log p(x Z Z[ logp(a’ | 2°)] . (3.1)

In confidence-based methods, token z? is unmasked if and only if its confidence p(z? | ")
satisfies a lower bound. Therefore, we adopt the following assumption that captures a broad
family of practical confidence-based rules used in DLM decoding (e.g., [207]).

Assumption 3.3.1 (Dynamic threshold confidence decoding). The selection rule for each
round 7 ensures that every chosen position i € A, satisfies

A+ [4)A —p@' |27) <f, f<1

The quantity 1 —p(a® | 2) measures the algorithm’s uncertainty regarding position 4, and
the factor (1 + |A,|) enforces that as more tokens are decoded jointly in round r, each token
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must individually meet a stricter confidence threshold. This assumption also theoretically
guarantees that greedy parallel decoding yields the same result as greedy sequential decoding on
A, (Theorem 1, Wu et al. [207]). Under this assumption, we prove an explicit lower bound on
the number of rounds required by any decoding algorithm obeying this dynamic confidence
constraint.

Theorem 3.3.2 (Step lower bound for confidence-based parallel decoding). Consider any
parallel decoding schedule and any sequence x = (z',...,x") satisfying Assumption 3.5.1,
and let the total approzimation error € be defined in Eq. (3.1). Then the number of rounds R

must satisfy

—logp(x) —¢  —logp(x) )
R > max : — . (3.2)
( ! log ((kﬁnﬂ)

Interpretation. Theorem 3.3.2 formalizes a fundamental tradeoff in confidence-based
parallel decoding. The lower bound explicitly couples the required number of rounds R
to two quantities: it is proportional to the total amount of information in the sequence
—log p(x) — € and inversely proportional to the per-round information limit f. Furthermore,
we have a conservative bound regardless of the approximation error €. This result reveals
that confidence-based heuristics become inherently inefficient in either high-entropy (large
—log p(x)) or strict decoding (small f) regime. Thus, this structural inefficiency motivates
us to actively identify and resolve high-information positions to overcome the fundamental
limitation. The proof is provided in Appendix B.1.

3.4 ETE: Explore-Then-Exploit

3.4.1 From theory to algorithm

Our information-theoretic analysis in Section 3.3 reveals a simple but fundamental relationship:

Rounds > Total Information (Bits)

: 3.3
~ Information per Round (Bits per Round) (3:3)

Motivated by this inequality, we propose two approaches to improve the denominator.

« Expanding the decoding canvas (Fast block diffusion sampling): By enabling
parallel decoding across multiple blocks simultaneously, we increase the number of
tokens that can be decoded in each round, thereby improving the opportunities for
high-information contribution each round.

« Targeting high-information tokens (Strategic exploration): By explicitly iden-
tifying and decoding high-entropy tokens—those that carry the most information and
unlock cascades of downstream predictions—we increase the information per token
decoded in each round.
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In the remainder of this section, we detail each component and show how they combine
to form ETE (Explore-Then-Exploit), a principled algorithm that operationalizes these
information-theoretic principles.

3.4.2 Fast block diffusion sampling

Standard block diffusion processes blocks sequentially, unlocking block b + 1 only after block
b is completely decoded. This rigid left-to-right constraint artificially limits parallelism
and under-utilizes the bidirectional attention mechanism. Following block diffusion LLaDA
sampling [139, 207], ETE partitions the sequence x of length n into L contiguous blocks
Bi,...,Br, with each block’s length being n, = n/L. Crucially, ETE introduces two key
modifications:

1. Budget-based progression: Rather than waiting for complete block decoding, we assign a
uniform sampling budget of N decoding rounds per block and unlock the next block once
this budget is exhausted. This prevents the algorithm from stalling in low-throughput
regimes where blocks are nearly complete and few tokens remain to be decoded.

2. Inter-block parallel decoding: Unlike prior methods that restrict decoding to the current
block, ETE allows high-confidence tokens in earlier blocks to be unmasked in parallel
with the current block. This bidirectional information flow enables future positions to
inform and confirm earlier predictions.

Formally, let b; be the block index at step ¢t and M; be the set of all masked positions
after step t — 1. The feasible positions for unmasking at step t are:

Se=Mn (UL By), (3.4)

which includes all masked positions in the current block and all previous blocks. After
exhausting the budget for the last block, we apply a few additional decoding rounds to
ensure all positions are decoded. A visualization of our approach is provided in Panel (b) of
Figure B.1 in Appendix B.2.

By enabling cross-block parallel decoding, fast block diffusion increases the feasible set
of tokens that can be decoded in each round. High-confidence tokens that emerge in earlier
blocks during later-block processing can now be immediately committed, extracting more
information per inference step. This directly expands the denominator (“bits per round”) in
our theoretical framework.

3.4.3 Confidence-based exploitation
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ETE retains the benefits of confidence-
based token selection for exploitation.
Specifically, let x; be the full sequence at
step t. We run the diffusion LM once to
obtain marginal probabilities p§(- | x;)
for all positions 7 € S;. Following Yu
et al. [222], ETE performs greedy de-
coding 2}, = arg maxyey py(v | x¢) and
commits exploitation tokens whose con-

fidence exceeds the threshold C' > 0:

Expand Feasible Set

Exploit Confident Tokens

Yes
Targeted Exploration

Update or Stop

Then-Exploit (ETE). At each round, ETE expands
the feasible decoding set over the current and pre-
viously unlocked blocks, exploits high-confidence
positions, and conditionally invokes targeted explo-
ration when the frontier is information-poor.

; ji b1 df ci(xt) > (C and ¢ € S, Figure 3.3: Minimal per-round workflow of Explore-
= .
i xy, otherwise.

(3.5)

where ¢(x;) = pp(Z},,]x:) is the confi-
dence at index ¢ given x;.

3.4.4 Information-aware
exploration

While fast block diffusion expands how
many tokens can be decoded per round, it does not address which tokens carry the most infor-
mation. Our empirical observations (Figure 3.2) and illustrative examples (in Appendix B.2.1)
demonstrate that decoding some low-confidence tokens triggers cascades of newly confident
predictions. However, confidence-based methods systematically avoid these high-information
positions. To maximize bits per round, we must strategically target and decode these tokens
through principled exploration.

ETE employs two complementary exploration mechanisms operating at different scales:

Inter-block implicit exploration. When a previous block lacks high-confidence tokens
(none exceed threshold C), ETE unmasks the highest-confidence masked token in that block.
This ensures forward progress in every active block, preventing decoding from stalling.

Targeted exploration via beam search. Beyond implicit exploration, ETE performs
principled exploration within the current block by strategically identifying and testing high-
information tokens through look-ahead beam search.

When to explore. ETE triggers targeted exploration when:

1. The average confidence in the decoding frontier falls below threshold ~, indicating an
information-poor region where exploitation alone may require many rounds.
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2. The block has sufficient remaining masked tokens (> N.) to justify the exploration
overhead.

This information-aware criterion ensures exploration focuses on genuinely difficult situa-
tions where the potential information gain justifies the computational cost.

What to explore. Rather than exploring uniformly, we target medium-confidence positions
near a confidence level ¢™°. These positions represent genuine ambiguity (unlike near-certain
tokens) yet have sufficient signal to resolve accurately (unlike tokens with near-zero confidence).
Given beam size k, ETE identifies exploration candidates via:

H= Topkiecurrent blockN M} <_ Ci(xt) - cinfo + 6 ’ (Z - (bt - ]') ' nb))? (36>

where the position bias g > 0 slightly favors later tokens to exploit bidirectional context.

Which to commit. For each candidate j € H, ETE creates a hypothesis x;,1,; by fixing
position j to i:i +1 and performs batched inference on all |H| = k hypotheses simultaneously.
Notably, we can leverage a shared KV cache on the already unmasked part of x;. The batched
inference reveals how each exploration choice influences remaining masked positions. Each
hypothesis is then evaluated via:

s(j) = a-logd(x) +log > (X))l (ci(xtﬂ;j) > C’) : (3.7)
R—— i€Su1\{4}

induced high-confidence tokens

sample quality

The first term ensures the exploration token has good sample quality, while the second term
measures how many downstream tokens become high-confidence after committing this choice.
The hyperparameter o > 0 balances these two objectives. ETE identifies the candidate
J* = arg maxcy s(j) achieving the highest score and commits the corresponding hypothesis
sequence Xy1,;+. After this exploration, one exploitation step can be performed directly to
decode these induced high-confidence tokens.

Committing high-entropy tokens collapses diffuse distributions, triggering confidence
cascades through conditional dependencies, which can be exploited immediately. Critically,
the batched inference introduces no additional model inference rounds: we reuse the outputs
from the look-ahead beam search to commit the hypothesis sequence. Thus this simultaneously
increases both the information per token and tokens per round, directly amplifying the
denominator in our lower bound.

Integrating these components, we formalize the complete ETE sampling procedure in
Algorithm B.3.2 with its detailed subroutines in Algorithms B.3.3-B.3.6 in Appendix B.3.2.

3.5 Experiments

3.5.1 Verification of Theorem 3.3.2

Experimental setup. We empirically validate the information-theoretic lower bound
established in Theorem 3.3.2 using the GSM8K dataset [40]. Our experiments employ
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LLaDA-8B-Instruct [139] as the base diffusion language model. We randomly sample 200
test questions and configure the model with a maximum generation length of 512 tokens and
a block size of 64 tokens.

For each sample, we execute dynamic confidence-based parallel decoding with five different
factors: f € {0.4,0.6,0.8,1.0,1.2}'. To compute the true joint log-probability — log p(x) for
each generated sequence, we accumulate the conditional log-probabilities by re-running the
inference sequentially (token-by-token) following the left-to-right order when multiple tokens
are decoded simultaneously in one round. We also evaluate the mathematical accuracy of the
generated solution against the ground-truth answer, which is 78.5%, 79.5%, 78.5%, 76%, 76.5%
for f =0.4,0.6,0.8,1.0, 1.2, respectively.

Results and analysis. Panel (a) in Figure 3.4 presents the relationship between bits
(—logp(x)) and the rounds (R) across different confidence factors f. When f < 1, the
confidence factors exhibit clear linear relationships between bits and rounds, consistent
with the lower bound in Equation (3.2). The strong linear correlations validate that the
number of decoding steps scales linearly with sequence information content. Moreover, the
slopes of the fitted lines decrease monotonically with the confidence factor f, confirming
that stricter confidence requirements (smaller f) lead to greater step inefficiency. The near-
linear relationship between f and the average bits per step also validates our theoretical
per-round information budget. Panel (b) further demonstrates the relation between the
per-step information decoded and confidence factor, establishing a nearly linear relationship
between bits decoded per exploitation round and f, which substantiates our theory.

3.5.2 Computation overhead of beam search

We further investigate the computational overhead introduced by beam search under varying
batch sizes. Figure 3.5 reports the average batched forward latency with KV caching for
LLaDA-8B-Instruct as a function of beam size on A100, H100, H200, and B200 GPUs (we
employ Fast-DLLM [207] implementation for KV caching). We observe a substantial “free
lunch” region in which increasing the batch size incurs negligible additional cost: approximately
2 on H100, 4 on H200 and 7 on B200. Within this regime, the computational cost of exploring
multiple candidate tokens in a single batched forward pass is comparable to that of a single
sequential forward pass. This “free lunch” region arises because memory bandwidth, rather
than computation, becomes the bottleneck at small batch sizes. Even beyond this regime, the
marginal cost per additional beam remains relatively small (approximately 0.005 seconds),
which is significantly less than the cost of a single non-batched forward pass (over 0.02
seconds).

IThe setting f = 1.2 is included only as an empirical stress test of the dynamic-threshold decoder. It lies
outside Assumption 3.3.1, which requires f < 1, and is therefore not used as verification of Theorem 3.3.2.
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Figure 3.4: Panel (a): Exploitation rounds versus the (minus) log probability contributed.
Each point represents a single sample from GSM8K dataset, with colors indicating different
choices of factors f. We measure the exploitation bits and rounds by excluding the contribu-
tions of implicit exploration that occurs in confidence-based decoding to better demonstrate
our theory; Panel (b): Number of bits and rounds per exploitation step as a function of factor
f. Each point represents the mean over 200 fresh samples in GSM8K dataset for a given f,
with 95% confidence intervals shown as shaded regions.

3.5.3 Benchmark results

To comprehensively assess the effectiveness of our approach, we evaluate it on four widely
used benchmarks: MMLU-Pro [199], GSM8K [40], HumanEval [34], and MATH [71]. We
adopt confidence-aware parallel decoding [207] with a static threshold strategy as our baseline,
as we found this configuration yields the strongest accuracy-speed Pareto frontiers among
prior methods.

We conduct all experiments on NVIDIA B200 GPUs. We use LLaDA-8B-Instruct and
its KV caching adaptation Fast-DLLM as the sampling model, with a block size of 64. We set
the generation length to 512 for MATH, GSM8K, and HumanEval, and 256 for MMLU-Pro.
For MMLU-Pro, we evaluate on a uniform subset of 1000 samples to align the dataset size
with other benchmarks and ensure computational feasibility.

To analyze the tradeoff between performance and computational cost, we compare the
methods across a range of confidence thresholds and step budgets, with other hyperparameters
tuned on the GSMS8K training set. For the baseline, we report the test metrics across varying
confidence thresholds. For ETE, we report the Pareto frontier formed by varying both
confidence thresholds and step budgets. This curve illustrates the full potential of ETE by
leveraging the additional degree of freedom provided by the fast block diffusion sampling
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Figure 3.5: Average wall-clock time for batched forward passes with different beam sizes
under KV caching on NVIDIA A100, H100, H200 and B200 GPUs. The plots show the mean
and 95% confidence interval across different exploration positions (4 steps x 8 blocks x 5
repeats) for each beam size.

scheme described in Section 3.4.2. We also provide a fair comparison in Appendix B.2.3 by
fixing all hyperparameters of ETE except the confidence threshold.

Tradeoff between accuracy and total inference steps. Figure 3.6 isolates the theoret-
ical efficiency of the sampling mechanism by plotting generation accuracy against the total
number of inference steps. Shaded regions denote 95% confidence intervals computed via
bootstrapping. Across all four benchmarks, ETE consistently dominates the confidence-based
baseline: for any fixed accuracy level, ETE requires substantially fewer inference steps.
Concretely, at almost all accuracy levels, ETE reduces the required number of steps by over
30%, with the largest gains appearing in moderate-to-high accuracy regimes. This indicates
that ETE converts computation into accuracy more efficiently, yielding a uniformly better
accuracy-steps frontier rather than a tradeoff localized to a specific point.

Tradeoff between accuracy and total wall-clock time with KV caching. While step
reduction indicates theoretical gain, Figure 3.7 assesses the practical end-to-end performance
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Figure 3.6: Accuracy-steps frontiers of ETE versus baseline on four benchmarks with the
highest accuracy annotated in the plot.
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Figure 3.7: Accuracy-time frontiers of ETE versus baseline on four benchmarks. The accuracy
for the two methods may differ from that of Figure 3.6 because Fast-DLLM’s implementation
of KV caching is approximate rather than exact [207].

of ETE by measuring accuracy against total wall-clock time with KV caching enabled. Across
all benchmarks, ETE achieves a strictly better Pareto frontier than the baseline: at the
same accuracy, ETE consistently attains higher throughput. In particular, ETE achieves
50% higher throughput on GSMS8K (when the accuracy is higher than 0.75), 50% on
HumanEval, 30% on MATH, and up to 70% on MMLU-Pro, at comparable accuracy
levels. Notably, ETE also attains higher peak accuracy on GSM8K and MMLU-Pro. This
result validates the system-level efficiency of ETE and confirms its modular compatibility
with standard acceleration techniques.

3.6 Conclusion

This chapter establishes both theoretical and empirical foundations for improving parallel
decoding in diffusion language models. We have proven a fundamental lower bound showing the
inherent inefficiency of confidence-based parallel decoding algorithms from the information-
theoretic viewpoint. Motivated by this insight, we have developed ETE, a training-free
algorithm that explicitly targets high-entropy tokens through fast block diffusion sampling and
principled exploration mechanisms. Experiments across four benchmarks have demonstrated
that ETE consistently outperforms confidence-based baselines in both decoding efficiency

and output quality.
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The lower bound in Theorem 3.3.2 applies to decoders satisfying the stated dynamic
confidence constraint, and is not a universal lower bound for all possible parallel decoding
algorithms. ETE also introduces additional decoding choices, including the confidence
threshold, step budget, exploration trigger threshold, beam size, and the look-ahead scoring
weight. Nevertheless, practitioners may need to adjust the operating point when optimizing
for different latency, memory, or quality constraints. Finally, the beam-search exploration
step is most beneficial when its batched look-ahead cost is smaller than the decoding rounds
it saves. This condition is hardware- and serving-regime dependent.

Regarding future work, we can pursue several promising directions in both theory and
practice. Theoretically, establishing upper bounds on required rounds and computational
overheads under structured data assumptions remains a promising direction, which naturally
connects to the broader problem of parallel sequential sampling with limited queries on
marginal distributions [10, 76]. Algorithmically, learning-based exploration strategies—such as
training selection or scoring heads—could replace look-ahead computation while maintaining
or improving quality.
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Chapter 4

Theoretical Foundations for Statistical
Watermarking

This chapter presents a systematic theoretical analysis of the statistical limits of statistical
watermarking, by framing it as a hypothesis testing problem. We derive nearly matching
upper and lower bounds for (i) the optimal Type II error under a fixed Type I error, and (ii)
the minimum number of tokens required to watermark the output. The rate of ©(h~'log(1/h))
for the minimum number of required tokens, where h is the average entropy per token, reveals
a significant gap between the statistical limit and the O(h™?) rate achieved in prior works.

4.1 Introduction

Large Language Models (LLMs) have revolutionized natural language tasks [1, 23, 24]. LLMs
excel at generating human-like texts that can be difficult to distinguish from those written
by human [11, 60, 142]. This capability raises several societal concerns regarding the misuse
of LLM outputs. For instance, LLM-generated texts might contaminate training datasets for
future language models [43, 175], facilitate the spread of misleading information [30, 226],
or be used in academic misconduct [87, 132]. The widespread use of LLMs underscores the
need for effective detection methods to identify whether a human-like text is produced by an
LLM system.

To detect machine-generated content, recent research works [38, 54, 57, 74, 75, 77,
99, 101, 102, 111, 119, 122, 159, 196, 213, 221, 234] have proposed the use of statistical
watermarks. These are signals embedded within generated texts to reveal their source.
Statistical watermarking modifies the decoding mechanism of LLMs so that the text output
X is sampled jointly with a sequence of random seeds S. Consequently, outputs from a
watermarked LLM are always correlated with the accompanying random seeds, while texts
generated from other sources (e.g., human writers) are not. Therefore, detecting whether X
is generated by an LLM reduces to testing the independence of S and X. This procedure
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can be framed as a hypothesis test with two competing hypotheses:

H, : X is sampled independently from 5,
H, : (X,9) is sampled from a joint distribution

Here, the null hypothesis Hy implies that X is not generated by the watermarked LLM, while
the alternative hypothesis H; implies that X is sampled from the watermarked LLM with
joint distribution P.

The major benefit of statistical watermarking is that it comes with formal statistical
guarantees [3, 38, 102, 111, 234]. Specifically, these guarantees aim to control the following
three quantities:

1. Distortion (Bias): The distance between the watermarked LLM’s distribution and the
original LLM’s distribution.

2. Type I error: The probability that an unwatermarked output X is incorrectly rejected
as being generated by the watermarked LLM.

3. Type II error: The probability that an output from the watermarked LLM fails to be
detected.

We aim to take this line of work further in a statistical direction, providing a theoretical
understanding of putative optimality properties that may be associated with these guarantees
and lower bounds associated with any procedure. Framing statistical watermarking as a
hypothesis testing problem, we first ask, a la Neyman-Pearson:

Q1: What is the best achievable Type II error under a fixed Type I error constraint?

In practice, users often modify text outputs from large language models (LLMs) or insert
their own human-written content. This complicates the task of identifying whether an article
is entirely generated by LLMs, while highlighting the need to detect specific sequences of
words produced by LLMs. For practitioners, a key consideration is to minimize the number
of tokens used for watermarking and detection of a sequence. This leads to an important
question:

Q2: What is the minimum number of tokens required to watermark the output?

4.1.1 Our contributions

In this section, we give an overview of this chapter’s contributions towards addressing the
above questions. Throughout this chapter, we use €y to denote the token/vocabulary space
and Q = QF" to denote the output space of all n-tokens sequences with cardinality |Q] = m.
We will consider p as the target distribution over €2 that needs to be watermarked and for
any w € €, define its empirical entropy as H(w) := —In p(w). When the tokens are i.i.d., we
write p as a product distribution p = p§™ where p, represents the token distribution over €.
In this case, we let h denote the Shannon entropy of pg, given by h := — 3 cq, po(w) In po(w).
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Most powerful watermark. To answer the first question, let err;(A, p), i = 1,2 represent
the Type I and II error of watermarking algorithm A on watermarked distribution p over
output space €2, respectively. Our first result establishes the instance-optimal Type II error
to watermark a distribution p, subject to a fixed upper bound « on the Type I error. More
precisely, this is defined as:

um = min erra (A, p).
Xump(p) = - min | erra(A, p)

Theorem 4.1.1 (Informal statement of Theorem 4.4.2).

Xump(p) = > (p(z) — ).

zeQip(z)>a

This result defines a fundamental limit on statistical watermarking: no watermarking
method can achieve a Type II error smaller than > cq.,)>a (p(7) — @) on distribution
p. Notably, this is an instance-dependent result: the bound explicitly depends on the
characteristics of the watermarked distribution. Intuitively, 3=,cq.p(z)>a (P(7) — @) quantifies
the amount of randomness in p: define H,, = {p : max,cq p(w) < a} as a set of “a-random”
distributions, the quantity >-,cq.)z)>a (P(¥) — @) measures the ¢, distance between p and
H., which increases as a decreases.

Minimax-optimal watermark for model-agnosticity. Achieving this bound requires
the detector to have access to the exact watermarked distribution p. However in practice, the
watermarked distribution (i.e., the watermarked model) is generally unknown to detectors.
For example, without access to GPT-4’s internal parameters, we would still want to detect
whether a text was generated by GPT-4. Hence, it is more useful in practice to watermark
(and detect) a family of distributions and focus on the worst-case Type II error in that
family [111]. This leads to our next result, which studies the minimaz-optimal excess Type
II error over distribution class H,, where H, = {p : max,eqp(w) < k} for k € [0,1].
Here, x represents the level of randomness within the distribution class. More precisely, the
minimax-optimal excess Type II error over H, is defined as

nimax (K) = i ax (erry(A, p) — :

Xminima (k) = - i max (erra(A, p) = Xump(p))
where the minimum is taken over all algorithms that can watermark (and detect) any
distribution in H, with Type I error at most «, and the maximum is taken over all distributions

in H,.

Theorem 4.1.2 (Informal statement of Theorem 4.4.10). Letting m denote the cardinality
of the sample space, then

Xminimax (’{) ~ )
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In this minimax setting, the minimax-optimal excess Type Il error is determined by
the randomness level s of the distribution class instead of a specific model distribution. In
the regime m > 1/k (which is typical in practice because m scales exponentially with the
sequence length), we have (ml_/im) / (1%) = (1 — )%, which scales exponentially with 1/x.
This aligns with the intuition that outputs with higher entropy are easier to watermark, as s
scales roughly inversely with entropy.

Token complexity in the i.i.d. case. To obtain explicit rates of the second question, we
first consider a theoretical setting where tokens are sampled independently and identically
distributed (i.i.d.). Following Aaronson and Kirchner [3], we focus on the dependence on the
average entropy per token.

Theorem 4.1.3 (Informal statement of Theorem 4.4.11). If each token is drawn i.i.d. from
a distribution with entropy h, then the minimum number of tokens required to achieve 0.01
Type I and II error scales (ignoring other parameters than h) as

log(1/h)
h

Our result establishes that M serves as both (nearly) upper and lower bound on
the number of required tokens. Notably, this rate applies to both instance-dependent and
distribution-family-based watermarking. Compared to existing works, this result improves
the dependence on h from # to 8/h) - Thig improvement is significant in the regime h < 1,
while for constant h, watermarking can be easily accomplished with a constant number of
tokens.

Token complexity in the general, non-i.i.d. case. In practice, tokens are generated
auto-regressively and are not i.i.d. This complicates theoretical analysis and makes it difficult
to establish a priori Type II error bounds. For example, the entire sequence may have low
empirical entropy with high probability, even when the average entropy per token is high. As
a consequence, the Type II error may still be Q(1) with a sufficiently large number of tokens.
We show such a failure case in Example 4.4.15. Therefore, we turn to establish a posteriori
Type II guarantees: bounding the conditional probability of a false negative among outputs
with high empirical entropy.

Theorem 4.1.4 (Informal statement of Theorem 4.4.16). For any n € Z, and H > 0 such
that

o~

1 1
n, H 2 log — + loglog —,
! 5

there exists a watermark with a Type I error < «, such that among all outputs with at least n
tokens and empirical entropy H, the probability of correct detection is at least 1 — [3.
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Theorem Assumptions Guarantee type Practical implications

Theorem 4.1.1 Fixed target distribution Instance-optimal Type II error: Sets the statistical limit for
(Theorem 4.4.2)  p on a discrete output Xump(p) = Zz:p(z)>a(p(x) — «) instance-dependent detection and
space and Type I level a. motivates the maximal-coupling step
in SEAL (Chapter 5).

Theorem 4.1.2 Model-agnostic detection Minimax excess Type II error:  Shows why SEAL uses

eorem 4.4. over distributions wi ini k)= (11—« semantic-aware random seeds from a
Th 4.4.10 distributi ith Yminimax 1/ ti d ds fi
maximum mass at most public proposal model instead of
K, at Type I level a. fixed distribution.

Theorem 4.1.3 Li.d. tokens with entropy Token complexity rate:
(Theorem 4.4.11) h and fixed Type I/11 Nump (R, a, ) = O(log(1/h)/h)

error targets. Reveals a fundamental gap between

theoretical limits and rates of

Theorem 4.1.4 Arbitrary non-i.i.d. A posteriori conditional . . .
. practical algorithms and motivates
(Theorem 4.4.16) output with length and  guarantee: ) . N .
.. ~ SEAL’s algorithm design in non-i.i.d.
cmpirical entropy,  P(X ¢ R| ~logp(X) > ) < B yoxy sertings
2 log 2 +loglog . and false-positive < «

Table 4.1: Summary of the main theoretical contributions in statistical watermarking and
their practical implications.

This result implies that outputs with sufficient length and empirical entropy are water-
marked with high probability. Importantly, the number of tokens and empirical entropy
scale logarithmically with the Type I error and double-logarithmically with the Type II error.
Christ et al. [38] prove a similar a posteriori result, bounding the joint probability that an
output exhibits high entropy yet fails to be detected, with a requirement that H = /n. Our
result relaxes the entropy condition and strengthens the bound from joint probability to
conditional probability, thereby leading to a more efficient rate.

4.2 Notation

Define (z)4 := max{z,0}, z Ay := min{z,y},z Vy = max{z,y}. For any set A, we write
A¢ as the complement of set A, |A| as its cardinality, and 24 := {B : B C A} as the power
set of A. We use notations g(n) = O (f(n)), g(n) = Q(f(n)), and g(n) = © (f(n)) to denote
that there exists numerical constants C1, ca, C3, ¢4 such that for all n > 0: g(n) < C; - f(n),
g(n) > cy- f(n), and ¢4 - f(n) < g(n) < Cy - f(n), respectively. Throughout, we use In to
denote natural logarithm.

The total variation (TV) distance between two probability measures u, v is denoted
by TV(u||v). We use supp(p) to denote the support of a probability measure p. Given a
sample space €, let A(Q2) denote the set of all probability measures over 2 (take the discrete

1, z€A
0, z¢A
two distributions (i.e., probability measures) is a joint distribution with those distributions
as marginals.

o-algebra). We write d, as the Dirac measure on z, i.e., 6,(A) = . A coupling for
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4.3 Watermarking as a Hypothesis Testing Problem

In statistical watermarking, a service provider (e.g., a language model system) possesses a
distribution p over a sample space €2 and aims to generate samples detectable by a detector.
The service provider achieves this by sharing a random seed (generated jointly with p) with
the detector, with the goal of controlling both the Type I error (an independent output is
falsely detected as from p) and the Type II error (an output from p fails to be detected).
This random seed together with the detection rule constitute a (random) rejection region. In
the following, we formulate this problem as hypothesis testing with random rejection regions.

Problem 4.3.1 (Watermarking). Fix ¢ > 0. Given a probability measure p over sample
space 2 (we assume throughout that € is discrete, which is generally true in applications),
an e-distorted watermarking scheme of p is a probability measure P (a joint probability
of the output X and the rejection region R) over the sample space 2 ® 29 such that
TV(P(-,29)|lp) < €, where P(-,29) is the marginal probability of X over Q. In the generation
phase, the service provider samples (X, R) from P, provides the output X to the service user,
and sends the rejection region R to the detector.

In the detection phase, a detector is given a tuple (X, R) € Q ® 29 where X is sampled
from an unknown distribution and R, given by the service provider, follows the (marginal)
distribution P(€2, ) over 2%

The Type I error of P, defined as a(P) := sup,ea(q) Pyr, x.r)~p(Y € R), is the probabil-
ity that an independent sample Y is falsely rejected, maximized over all possible distributions
of Y. The Type II error of P, defined as B(P) := Px r)~p(X ¢ R), is the probability that
the sample (X, R) from the joint probability P fails to be detected.

Remark 4.3.2 (Difference with classical hypothesis testing). In classical hypothesis testing, the
rejection region is often nonrandomized or independent from the test statistics. However, in
watermarking problem, the service provider has the incentive to facilitate the detection. The
key insight is that P is a coupling of the random output X and the random rejection region
R, so that X € R occurs with a high probability (low Type II error), while any independent
sample Y lies in R with a low probability (low Type I error).

Remark 4.3.3 (Interpretation of the rejection region R). R is the hypothesis-testing abstraction
of the set of outputs that cause the detector to reject the null. Intuitively, it represents the
set of outputs that are more likely generated from the watermarked distribution. When
the output space is the token space, 2 = )y, a standard example of R is the green list in
Kirchenbauer et al. [99]. The green list is a randomized subset of tokens selected before
generation. Because the generation rule softly promotes green-list tokens, observing an output
token in the green list provides evidence against the null hypothesis. Thus, a token-level
green-list detector is a special case of our random rejection-region framework.

Remark 4.3.4 (Implementation). In fact, it is imperative for the detector to observe the
rejection region that is coupled with the output: otherwise, the output from the service
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Figure 4.1: Tllustration of watermarking in practice. The secret key is used to implement a
coupling between the generated text and the rejection region, such that (i) the watermark is
indistinguishable to anyone without the secret key; (ii) the detector with the secret key is
able to perform the hypothesis testing.

provider and another independent output from the same marginal distribution would be
statistically indistinguishable.

In practice, the process of coupling and sending the rejection region can be implemented
by cryptographical techniques: the service provider could hash a secret key sk, and use
pseudo-random functions Fy, F, to generate (X, R) = (Fi(sk), F5(sk)). Now it suffices to
send the secret key to the detector, who can then reproduce the reject region using the
pseudo-random function F5. This process is illustrated in Figure 4.1.

Thus, the difference between our theoretical framework and the practical implementation
lies in our usage of random oracles in place of cryptographic pseudorandom functions. With
the coupled and random rejection region, this allows us to focus solely on the statistical
trade-offs.

For practical applications, it is additionally desirable for watermarking schemes to be model-
agnostic, i.e., detections operate without knowledge of the watermarked model distribution,
since the prompt and proprietary LLMs are usually unknown to the detector. This translates
to the requirement that the marginal distribution of the rejection region is irrelevant to the
watermarked distribution. From Remark 4.3.4, this is equivalent to the assertion that the
function F, used by detectors does not depend on the watermarked LLM. Therefore, model-
agnostic watermarking enables the detector to use a fixed, pre-determined pseudo-random
function to generate the reject region, and hence perform hypothesis-testing without the
knowledge of the underlying model that generates the output. This is an important property
enjoyed by existing watermarks [3, 38, 99, 102]. In the following, we formalize model-agnostic
watermarking within our hypothesis testing framework.
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Problem 4.3.5 (Model-Agnostic Watermarking). Given a sample space 2 and a set of
distributions @ C A(f2), a Q-agnostic watermarking scheme is a tuple (9, {P,},co) where
n is a probability measure over 2%, such that for any probability measure p € Q, P, is a
e-distorted watermarking scheme of p and its marginal distribution over 2%, i.e., P,(, ), is
equal to . A model-agnostic watermarking scheme is a A({2)-agnostic watermarking scheme.

A Q-agnostic watermarking scheme is essentially a class of schemes to watermark all
distributions in the set Q such that their R-marginals are all equal to 1. This means that
the rejection region reveals nothing about the model used to generate the output (except the
fact that the model is inside Q). By letting Q be A(2), model-agnostic watermarking thus
reveals no information concerning the model at all.

4.4 Statistical Limits of Watermarking

4.4.1 Rates under the general setting of Problem 4.3.1

In this section, we study the following notion of Uniformly Most Powerful (UMP) test, i.e.,
the watermarking scheme that achieves the minimum achievable Type II error among all
possible tests with Type I error < a.

Definition 4.4.1 (Uniformly Most Powerful Watermark). A watermarking scheme P is
called a Uniformly Most Powerful (UMP) e-distorted watermark of level a if it achieves the
minimum achievable Type II error among all e-distorted watermarking with Type I error
< a.

The following result gives an exact characterization of the UMP watermark and its Type
IT error.

Theorem 4.4.2. For any probability measure p, the Uniformly Most Powerful e-distorted
watermark of level a, denoted by P*, is given by

p*(x)-(l/\p*o‘z)), Ry = {z}
P(X =2,R=Ry) = ") (1= 5%5) . Ro=0 (4.1)

0, otherwise,

where p* = arg Minry(y(p)<e Lveo:p ()>a (P (T) — ). Its Type II error is given by

min '(z) — ),
TV(p/p><sz€Q§(:x)>a (7'(@) =)

and when Q| 2 L it simplifies to (ZxEQ:p(xba (p(x) —a) — 6)+ :
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As seen from the theorem, if p is deterministic, the Type II error

( > (plz)—a) - e)

zeQ:p(z)>a +

reduces to 1 —a — € and shows limited practical utility. This is expected since when the service
provider deterministically outputs z, it would be impossible to distinguish the watermark
distribution with an independent output from J,. However when the randomness in p
increases, Theorem 4.4.2 implies that the Type II error will decrease, matching the reasoning
in previous works [2, 38].

Moreover, Type II errors can be further improved when a larger distortion parameter € is
allowed. This aligns with the intuition that adding statistical bias would make the output
easier to detect [2, 99]. Among all choices of €, the case € = 0 is of particular interest since it
preserves the marginal distribution of the service provider’s output. Therefore, we will focus
on this distortion-free case in the remaining sections.

Remark 4.4.3 (Intuition behind P*). Recall that in practice, the watermarks are implemented
via pseudo-random functions. Therefore, the uniformly most powerful test in Theorem 4.4.2
is effectively using a pseudo-random generator to approximate the distribution p, combined
with an a-clipping to control Type I error. This construction reveals a surprising message:
simply using a pseudo-random generator to approximate the distribution is instance optimal.

Remark 4.4.4 (Watermarking guarantees). To achieve the upper bound of Theorem 4.4.2,
the detector needs to access the model and the prompt in order to generate the reject
region, which is not always accessible in many real-world applications. Therefore, the upper
bound of Theorem 4.4.2 achieves a weaker watermarking guarantee compared with previous
works [2, 38, 99]. In Section 4.4.2, we study model-agnostic watermarking that overcomes
this limitation.

Nonetheless, the lower bound in Theorem 4.4.2 characterizes a fundamental limit of
Problem 4.3.1, thus providing an information-theoretic lower bound for all watermarks.

Remark 4.4.5 (Use cases for the UMP watermark). The UMP watermark offers an efficient
approach for LLM service providers to determine if instruction-following datasets have been
generated by a specific model. In this context, both the prompt and response are provided to
the detectors, enabling the UMP watermark to bypass the model-agnostic constraint. This
usage is beneficial in identifying and filtering out data points that have been contaminated
by texts generated from models like GPT-4 [142], thereby preserving the purity and quality
of the training data.

4.4.2 Rates of model-agnostic watermarking

It is noticeable that for large O and p € Q, a Q-agnostic watermarking scheme can not
perform as well as the UMP watermark for p. Indeed, the Uniformly Most Powerful Q-agnostic
watermarking might not exist in most cases. To evaluate model-agnostic watermarking
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schemes, a natural desideratum is therefore the suboptimality gap between its Type II error
and the Type II error of the UMP watermarking of p, taking a maximum over all distributions
p € 9, under fixed Type I error. More precisely, we introduce the following notion.

Definition 4.4.6 (Minimax most powerful model-agnostic watermark). We say that a Q-
agnostic watermark (7, {P,},c0) is of level-a if the Type I error of P, is less than or equal
to a for any p € Q. Define the (mazimum) excess Type II error of (n,{P,},co) as

v(n) :==sup B(P,) — B(P;),
peQ
where P is the UMP distortion-free watermark of p of level a.
We say that a Q-agnostic watermarking scheme is minimax most powerful, if it minimizes
the maximum excess Type II error among all Q-agnostic watermarks of level a.

The following result characterizes the excess Type II error of the minimax most powerful
model-agnostic watermarking.

Theorem 4.4.7. Let |QQ] = m and suppose am € Z and i € Z. The mazximum excess Type
II error of the minimax most powerful model-agnostic watermarking scheme of level-a is

1
(m—a)
am

given by v(n*) = 2L In the minimax most powerful model-agnostic watermarking scheme

of level-a, the margazT;Lal distribution of the reject region is given by

{(jfn)’ if |A] = am

n(A) =

0, otherwise.

Remark 4.4.8. To deal with the general case where am and é are not integers, it suffices
to let oy = 1/([1/a]) and my = [aym]/ay and augment Q with m; — m dummy outcomes.
Then aym and 1/a4 are integer-valued and hence the minimax bound for the new sample
space with cardinality m; and the new Type I error «; yields a nearly-matching bound for
(m, a).

Remark 4.4.9. In the regime o — 01, m — +o00, we have v(n*) — ¢ for some constant
c < e ' and when 1/(am) — 0, is further satisfied, ¢ = e™'. The e™! maximum excess Type
IT error does not contradict the h~2 rates in previous works [2, 38, 102], because as n = h™2,
the model distribution over the sequences of n tokens (with average entropy h per token)
is beyond the worst case. Indeed, such distributions have higher Shannon entropy than the
hard instances in the proof.

Remark 4.4.9 highlights that the hard instance constructed in Theorem 4.4.7’s lower
bound may possess a lower entropy than that of the actual model, thus is more adversarial
than the practical cases. Therefore, it raises an important question: for a smaller class Q
that contains distributions with higher entropy, what is the minimum achievable excess Type
IT error for Q-agnostic watermarking? It is obvious that the minimax rate over a higher
entropy level should improve upon the previous rate of e~
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Towards answering this question, we consider the following class of distributions:

Q, = {p sup p({w}) < m} ,

where x represents the level of randomness and decreases as entropy increases. The mazimum
excess Type II error of Q,-agnostic watermarking (1, {P,},c0,) is thus given by
v(n, k) = max B(Py) — B(P,),

PEA(Q)sup,,cq p({w)) <k

where P} is the UMP distortion-free watermark of p. The following result gives an upper
bound of the above quantity, thus answering the question.

Theorem 4.4.10. Let |Q}] = m and suppose am,% € Z. Then the maximum excess Type 11
error of the minimax Q. -agnostic watermarking of level-a is given by

(")
()

The proof can be found in Appendix C.1.3. When s < «, the Type II error of the model-
nonagnostic watermark vanishes, and therefore Theorem 4.4.10 provides an upper bound
((ﬂ/r[‘)) for the worst-case Type II error. When m > 1/k, this rate simplifies to (1 — «)

1/k
and improves over e~! in Theorem 4.4.7. In the next section, we will apply Theorem 4.4.10 to
the i.i.d. setting where x can be exponentially small. This will lead to a negligible maximum

excess Type II error for model-agnostic watermarking.

7(77*7 I{) =

1/k

4.4.3 Rates in the i.i.d. setting

In practice, the sample space € is usually a Cartesian product in the form of QF" where
)y is the vocabulary/token space. The quantity of practical interest becomes the minimum
number of tokens to achieve certain statistical watermarking guarantees. In order to find the
explicit rates on the minimum number of required tokens, we study the theoretical setting
where the tokens are samples i.i.d. from a fixed distribution.

In this section, we study token efficiency in the theoretical setting of product distribution
p=p™ over QF" (iid tokens) and ¢ = 0 (distortion-free watermarking). We introduce the
following two quantities:

» Let h denote the entropy of pg. We use nymp(h, v, §) to denote the minimum number
of tokens required by the UMP watermark to achieve Type I error < o and Type II
error < f3.

o Define nuyinimax(h, @, 3) as the minimum number of tokens required by minimax Q"-
agnostic watermark to achieve Type I error < a and Type II error < (3, where
oh .= {p = pd" : H(po) > h}; i.e., it contains all distributions p = p3™ such that the
entropy of pg is > h.
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Together, Nump(h, @, ) and Nminimax (R, o, §) serve as critical thresholds beyond which the
desired statistical conclusions can be drawn regarding the output, making them essential
parameters in watermarking applications.

The following theorem gives nearly matching bounds for num,(h, o, 3).

Int(lniAlnd Int
Theorem 4.4.11. Suppose o, f < 0.1. We have nymp(h, a, 5) > ((’W) V h“) )

nk (lniAlnd nlin
Furthermore, let k = |Q|, we have nymp(h, a, ) < O <<1 i h“/\l 5>) vl “hl k) )

Remark 4.4.12 (Tightness). Up to a constant and logarithmic factor in k, our upper bound
matches the lower bound. Notice that since any model with an arbitrary token set can be
reduced into a model with a binary token set [38] (i.e. k= 2), our bound is therefore tight
up to a constant factor.

Using Theorem 4.4.10 and Theorem 4.4.11, we are now in the position to characterize
Nominimax (7, @, 3). We start with the following relationship:!

h
1— >0 —
s maxpol{w}) = & 4 /h>) 7

where a detailed derivation can be found in Lemma C.1.3. It follows that

noh

n0
_ —Q(7>
= = In(1/h) .
"= ﬂo:frﬁiﬁzmme%}épo({w}v e

Using this observation and the derivation in Theorem 4.4.7, v(n*, k) can be bounded by

(1-— 04)1/“ <(1- a)en(%).

This means that when ng = % -(In(1/a) + Inln(1/p)), the maximum excess Type II error
given by Theorem 4.4.10 and the Type II error of the UMP watermarking given in Theo-
rem 4.4.11 can be simultaneously bounded by [, thus establishing an upper bound. Further-
more, the lower bound in Theorem 4.4.11 directly implies a lower bound for npinimax (R, @, 5)
since model-agnosticity is a stronger condition. Combining the above arguments, we obtain

nearly-matching upper and lower bounds.
Corollary 4.4.13. Suppose o, 5 < 0.1. We have

Nminimax (2, @, 5) = O ln(z/h) ~(In(1/a) + hlln(l/ﬁ))) ,

In(1/h)
P (In(1/c) A ln(l/ﬂ))) .

'In the rest of this section, we omit logarithmic factors in the cardinality of the vocabulary.

nminimax(h7 [&7% ﬁ) =0




CHAPTER 4. THEORETICAL FOUNDATIONS FOR STATISTICAL
WATERMARKING 49

Remark 4.4.14 (Comparison with previous works). As commented in Section 4.4.1, the
regime h < 1 is of particular interest because it is the setting in which watermarking is
challenging. In this regime, our rate of % improves the previous rate of h~2 in a line of
works [2, 99, 102, 119, 234], and highlights a fundamental gap between the existing watermarks
and the information-theoretic lower bound.

4.4.4 Rates in non-i.i.d. setting

Without the i.i.d. condition, determining the explicit rates for the minimum number of
tokens required to achieve fixed Type I and Type II errors is generally intractable. Indeed,
with arbitrary token distributions, the probability of generating outputs with low empirical
entropy might be Q(1). Outputs with low empirical entropy are typically challenging to
watermark (see, e.g., Section 4.4.1 or Aaronson and Kirchner [3]), leading to a high rate of
false negatives. Consequently, the Type II error may still be (1) even when the number of
tokens is sufficiently large. The next example formalizes this failure case.

Example 4.4.15 (High entropy, infinite tokens, still cannot watermark). Let the token space
be {0,1,..., K} and the auto-regressive distribution be given by

P(X; =0) = C > 0.5,
, 1-C .
1 .
P(Xit1 = j| X1 = 214) = K’ Vzy; #0---0,7 #0.

Then it can be verified that Vn € Z, :

P(X1p=0---0) = C,

H(X1,)>n-(1-C)-log ¢
This indicates that the average entropy per token is at least (1 — C) - log %, which is high.
However, for any n € Z., the sequence Xi., fails to be detected with probability at least
C > 0.5, since the sequence 0-- -0 is nearly deterministic. Therefore, the Type II error is
always (1) no matter how many tokens are used, despite the average entropy per token
being high.

In this section, we present a different, ‘conditional’ guarantee to overcome this limitation.
This result bounds the conditional probability of false negatives among all outputs with high
empirical entropy, while excluding outputs with low empirical entropy from consideration.
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Theorem 4.4.16. For any a, 8 € (0,1), if

n, H> logl + loglogl,
o s

then for any distribution p over Q = Q™ there exists a model-agnostic watermarking of level

a such that the conditional probability that an output X from the watermarked model is not

rejected, given that the empirical entropy of X is at least f{\, is less than or equal to 3. More

precisely, there exists a coupling P of p and the n* defined in Theorem 4.4.7, such that

Pixryvp(X ¢ Rl —logp(X) > H) < 8
sup Pme(X,R)Np(Y € R) < a.
TEA(Q)

The proof is deferred to Appendix C.1.5. Intuitively, Theorem 4.4.16 suggests that long
texts with high empirical entropy will be watermarked with high probability. It is important
to note that H is flexible, allowing us to bound the conditional Type II error for any class of
outputs with empirical entropy levels above logi + log log % This result is different from the
other results in this chapter in that it is an a posteriori guarantee.

4.4.5 Efficiency-robustness trade-offs

In the context of watermarking large language models, it is crucial to acknowledge users’ ability
to modify or manipulate model outputs. These modifications include cropping, paraphrasing,
and translating the text, all of which may be employed to subvert watermark detection.
Therefore, in this section, we introduce a graphical framework, modified from Problem 4.3.1,
to account for potential user perturbations and investigate the optimal watermarking schemes
robust to these perturbations. The formulation here shares similarity with a concurrent work
by Zhang et al. [228].

Definition 4.4.17 (Perturbation graph). A perturbation graph over the discrete sample
space € is a directed graph G = (V, E) where V equals Q and (u,u) € E for any v € V. For
any v € V, let in(v) = {w € V : (w,v) € E} denote the set of vertices with incoming edges
to v, and let out(v) = {w € V : (v,w) € E} denote the set of vertices with outgoing edges
from v.

The perturbation graph specifies all the possible perturbations that could be made by the
user: any u € V can be perturbed into v € V' if and only if (u,v) € E, i.e., there exists a
directed edge from u to v.

Example 4.4.18. Consider 2 = Q™. Let the user have the capacity to change no more
than ¢ tokens, i.e., perturb any sequence of tokens x = xjx9---x, to another sequence
Y = y1Ys - - - Y, with Hamming distance less than or equal to ¢. Then the perturbation graph
is given by G = (V, E) where V. = Q and F = {(u,v) : u,v € V,d(u,v) < ¢} (d is the
Hamming distance, i.e., d(z,y) = >0 1(z; # vi)).
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Problem 4.4.19 (Robust watermarking scheme). A robust watermarking scheme with
respect to a perturbation graph G is a watermarking scheme except that its Type II error is
defined as Ex gpp {maXy@ut( x) 1Y ¢ R)}, i.e., the probability of false negative given that
the user adversarially perturbs the output.

The next result characterizes the optimum Type II error achievable by robust watermarking,
where the proof can be found in Appendix C.1.6.

Theorem 4.4.20. Define the shrinkage operator Sg : 2 — 2 (of a perturbation graph G)
by Sg(R) = {x € Q : out(x) C R} and its inverse S5 (R) = Uyerout(x). Then the minimum
Type 11 error of the robust, zero-distorted UMP test of level o in Problem 4.4.19 is given by
the solution of the following Linear Program

min 1 - p(y)z(y) (4.2)

Q|
z€RI yeQ

st. Y ply)z(y) <o, 0<2(2) <1, Vze

y€in(z)

The UMP watermarking is given by

p(y) - 2* (), Ry =85'({y})
P(X =y, R=Ro)=1{p(y)-(1—2*(y), Ro=10
0, otherwise

where x* is the solution of Eq. (4.2).

Remark 4.4.21 (Dependence on the sparsity of graph). From Eq. (4.2), we observe that the
perturbation graph influences the optimal Type II error via the constraint set. Indeed, if
the graph is dense, the constraints >°, ;) p(¥)2(y) < « involve many entries of y € Q and
thus decrease the value >° cq p(y)x(y), thereby increasing the Type II error. On the other
extreme, when the edge set of the perturbation graph is F' = {(u,u) : u € Q}, i.e., the user
cannot perturb the output to a different value, then optimum of Eq. (4.2) reduces to the
rates in Theorem 4.4.2 (setting ¢ = 0).

4.5 Conclusion

In this chapter, we have advanced the understanding of watermarking in large language
models (LLMs) through statistical analysis. By deriving both instance-optimal and minimax
rates for the optimal Type II error in the Neyman-Pearson paradigm, we demonstrated how
statistical limits are shaped by the properties of model distributions. Our nearly tight bound
on the number of tokens required to detect statistical watermarks, h='log(1/h), significantly
improves upon the previous h~? rate, revealing a fundamental gap in prior work.
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Chapter 5

Semantic-Aware Statistical
Watermarking: SEAL

Building on the theory, this chapter develops SEAL (Semantic-awarE specul Ative sampLing),
a novel watermarking algorithm for practical applications. SEAL introduces two key tech-
niques: (i) designing semantic-aware random seeds by leveraging a proposal language model,
and (ii) constructing a maximal coupling between the random seed and the next token
through speculative sampling. Experiments on open-source benchmarks demonstrate that
the watermarking scheme delivers superior efficiency and tamper resistance, particularly in
the face of paraphrase attacks.

5.1 Introduction

A key objective of theoretical analysis is to guide the development of practical algorithms. In
light of Chapter 4, it is essential to translate theoretical insights into improved watermarking
design. Therefore, we pose the following question:

Can statistical theory be leveraged to design more effective and robust watermarking
algorithms?

Our contributions. Drawing insights from the theory, we propose a novel watermarking
algorithm, Semantic-awarE speculAtive sampLing (SEAL), that bridges the gap between
the theoretically-optimal watermark and state-of-the-art practical implementations. Our
approach overcomes the limitations of prior methods by allowing the random seeds to adapt
to the semantic information of preceding tokens. By introducing speculative decoding [107]
into statistical watermarking paradigms, we adopt a smaller LLM to set the random seeds
and construct maximal coupling between the seed and the token sequences. The overall
watermarking pipeline is illustrated in Figure 5.1. Unlike previous semantic-aware water-
marking schemes [57, 74, 75, 122, 159], SEAL enjoys rigorous control of distortion and Type
I error.
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Figure 5.1: SEAL Watermarking pipeline. In the generation phase (indicated by the red
arrows), the proposal LLM extracts semantic information from the K last tokens. The hash
function then compresses the semantic information into distribution of random seeds. Finally,
speculative sampling is adopted to construct the maximal coupling between the distributions
of random seed and the target LLM’s next-token distribution, and sample the true next token
using a pseudo-random generator. In the detection phase (indicated by the blue arrows), the
distribution of random seeds is reproduced, and the same pseudo-random generator (and
secret key) is invoked to sample the detector’s next token. A text is flagged as machine
generated if the number of hash collisions exceeds certain threshold, as illustrated by red in
the text block.

Theorem 5.1.1 (Informal statement of Theorem 5.2.1). When the bias parameter is set to
zero, SEAL has zero distortion (it is unbiased).

Theorem 5.1.2 (Informal statement of Theorem 5.2.2). The Type I error of SEAL is
upper-bounded by c.

Experiments on MarkMyWords benchmark [152] show that our watermarking method
achieves superior efficiency and tamper resistance, and especially outperforms state-of-the-art
approaches in tamper resistance to paraphrase attacks.

5.2 From Theory to Practice

In this section, we present our novel watermarking algorithm, Semantic-awarE speculAtive
sampLing (SEAL). SEAL incorporates two key theoretical insights:
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 First, by comparing the instance-dependent watermarking (Theorem 4.4.2) and mini-
max watermarking (Theorem 4.4.10), we observe that the performance of statistical
watermarking depends on how closely the distribution of random seeds ‘aligns with’
the model’s distribution. While the UMP watermark aligns perfectly, it violates the
model-agnosticity constraint. To overcome this challenge, we leverage a key insight
that the output distribution of all LLMs should approzimate the distribution of human
language. Therefore, instead of requiring the random seeds to ‘align with’ the model’s
distribution, we require them to ‘align with’ a distribution for a smaller, open-source
model. Thus, the random seeds approximately ‘align with’ the model’s distribution,
without violating the model-agnosticity constraint since the smaller model is open-source
and available to the detector. This effectively makes the random seeds semantic-aware
and adaptive to previous tokens.

e Second, our analysis of both Theorem 4.4.11 and Theorem 4.4.16 reveals that, given an
appropriate choice of random seeds, optimal watermarking is achieved by constructing
a maximal coupling between the random seed distribution and the pushforward of the
token distribution onto the same measure space (see Eq. (C.2) et seq.). This insight
inspires us to employ speculative sampling [107] to build the joint probability of the
random seeds and the next tokens, resulting in a maximal coupling between them. As
a result, we introduce speculative decoding into statistical watermarking paradigms,
thereby opening up a new direction for future study.

5.2.1 Methods

This section discusses two key techniques: semantic-aware random seeds and maximal coupling
construction via speculative sampling.

Semantic-aware random seeds

Proposal model. We apply a proposal model to capture the semantic context of the
preceding tokens. The proposal model should meet two criteria: (1) it is publicly accessible to
detectors, and (2) its token space should be (almost) equivalent to that of the watermarked
model. These criteria are easily met because all language models are trained to fit the same
distribution of human language and use similar tokenizers. For computational efficiency, we
recommend using a smaller model. To ensure robustness against attacks, the proposal model
only attends to the last K tokens, t;_g.;_1, rather than the entire preceding sequence and
the prompt, thus guaranteeing prompt-agnosticity. The next-token probability distribution
¢ = q(+|ti_k.i—1) from the proposal model serves as a semantic summary of the context.

Information compression. We sample a random hash function h; from a family of
hash functions that maps the token space €2, to a space of hash codes €2,. This compresses
the extracted semantic information into a lower-dimensional space, enhancing efficiency and
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generality. The random seed lying in 2, is set as the hash of the proposal model’s output.
The pushforward measure of ¢; by h;, defined formally as hfig;(A) := ¢;(h; '(A)), VA C
(where h; '(A) := {z : hi(x) € A}), serves as the distribution of random seeds. Therefore, our
random seeds capture semantic information instead of being drawn from a fixed distribution
as in previous works [3, 38, 99].

Maximal coupling construction

Speculative sampling. We construct a mazimal coupling P between h;fiq; and h;fip;,
where p; = p(:|prompt, tg.;—1) is the next-token distribution from the watermarked model
p. The coupling defines a joint random variable of the random seed and the next token
whose marginal distributions correspond to their distributions respectively, while a maximal
coupling is one that maximizes the probability that the random seed matches the hash of the
next token. We adopt speculative sampling [107] to construct this coupling: first, sample the
random seed s; from h;fiq;; then, assign the next token’s hash code ¢; to be s; with probability
min (1, h;tpi(s;)/hifgi(s;)), otherwise sample ¢; proportional to max (0, hifp;(-) — hiflg:());
finally, sample the next token ¢; from the conditional distribution p;(:|h(t;) = ¢;).

Bootstrapping efficiency with logits bias. Following Kirchenbauer et al. [99], we have
the flexibility to introduce a bias bi.gi; to the logits corresponding to the random seeds to
improve the probability of hash collisions. This enhances detection success rates at the cost
of introducing distortions into the watermarked outputs. Specifically, let [ denote the logits of
next token conditioning on the random seed s. Then the by-biased next-token probability
is given by

(7)) +b10git) /T .

. —5— h(j)=s

p(j) = el(j)/TZ ) (5.1)
= otherwise

where Z is the normalizing constant and 7 is the model temperature. Notably, when the
cardinality of €, is 2 (i.e., a green-red list scenario) and the proposal model’s distribution is
uniform (i.e., uniform random green list), our biased algorithm reduces to a strengthened
version of Kirchenbauer et al. [99], because we couple the distribution of the green list with
the next-token distribution, further increasing the likelihood of green-list tokens.

Detection rule

During the detection phase, we replicate the semantic summary ¢;, the hash function h;, and
the random seed s;, all of which are generated deterministically by the same pseudo-random
function and secret key used by the watermark generator. The sequence t., is flagged as
machine-generated if the number of hash collisions exceeds a certain threshold:

L(hi(t;) = si) > C (a, {hifigs (hi(ti) }io ) (5.2)

n
i=K
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where the threshold function C' (o, {hifig; (hi(t;))};_j) ensures that the Type I error remains
below «, and the first K tokens serve only to warm up the semantic summary. The threshold
can be approximated using a Bernoulli concentration inequality or computed exactly via
dynamic programming. Intuitively, under Hy (not watermarked), the left-hand side is a sum
of Bernoulli random variables with expectations h;fg;(h;(t;)), for i = K, ..., n, respectively.
Under H; (watermarked), the expectation of the left-hand side is lower bounded by one
minus the total variation distance between the proposal and the watermarked models, which
increases as the proposal model becomes more aligned with the watermarked model. The
gap between these two cases facilitates our detection.

Crucially, the detector does not need access to the watermarked model p or the prompt.

This makes SEAL model-agnostic [102], a highly practical feature for real-world applications.

5.2.2 SEAL: Semantic-awarE speculAtive sampLing

In this section, we describe SEAL in Algorithm 5.2.1-5.2.2 and explain the parameters in
Table 5.1. To sample j-th token in the generation phase, we use the proposal model Mp
and the (randomly selected) hashing function h; to sample a random seed s; from h;fg; (the
pushforward of ¢; by h;), where g; is the proposal model’s conditional distribution of the
next token given the previous K tokens ¢;_g.;_; (it is understood that t_g._; are the last
K tokens of the prompt p). Following Aaronson [2], the sampling steps are implemented by
a pseudo-random generator PRG using key key, where the key is computed using the last
H tokens and the secret key sk. In practice, one may also use external pseudo-randomness
generator to set the secret keys [102, 152]. We add logits bias bjgit to the pre-image of s;
under mapping h via formula p;(w) < p;(w) - et ha@=silbogit/™ /7y € Q, where Z is the
h . (s
hj'ﬁ:“{)j gSﬁ
to be the true code ¢;. Here, h;fp;(s;) and h;iq;(s;) denote the probability of s; under the
pushforward of target model M and proposal model Mp’s distributions, respectively. If s; is
not accepted, then we sample the true code ¢; from the distribution (h;tp; — h;fig;)+. Finally,
we sample the next token from p; conditional on the event that the next token hashes to the
true code c;.

To detect whether a sequence of tokens ., is watermarked, we reproduce the random
seeds sg., using the same proposal model Mp, pseudo-random generator PRG, and secret key
sk. In the ideal case where the sequence is not perturbed, the seeds sk, should be exactly
the same as those in the generation phase since the same key and pseudo-random function
are used. Then, we check whether the token y; hashes to the code s;, indicated by &;. Finally,
we say a subsequence yg-., is watermarked if the following condition holds:

normalizing constant. Then, with probability A 1, the proposal code s; is accepted

¢; > 1 — a quantile of the random variable (Z Zj) : (5.3)
J=K

n
j=K

where Z; is Bernoulli random variable with expectation h;q;(h;(y;)), independently from
each other. To find the 1 — a quantile, the probability mass function of 377, Z; can be
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computed iteratively by dynamic programming:

P11 =W, P1o = 1—w;

Pkt10 = Witk - Pei—1 + (1 — Wkik) - Dris (5.4)

where w; = h;lg;(h;(y;)) =P(Z; = 1) and py 1 = 0,pr; = 0 (k < 1) by default. The dynamic
program computes the exact Poisson-binomial threshold under Hy. Let w; = h;fig;(h;(y;))
and let Z; ~ Bernoulli(w,) be independent for i = K,...,n. The objective is to choose the
smallest integer threshold

C(a, {wj};‘:K> = min{c P (i Z; > c) < a},

i=K

so that any non-watermarked sequence crosses the threshold with probability at most «. It
can be verified that py; =P (ZJKJ}f ! Zj = l)

Alternatively, we may also use Bernoulh concentration inequalities to approximate the
threshold:

2. &G=2(1+e- Zhﬂ% (5.5)
=K
where € satisfies
(e— (14 ¢€)log(l+¢)) Zh]ﬁq] )) < log a.

In Table 5.1, we summarize the parameters used in our algorithm.

5.2.3 Theoretical guarantees

As a statistical watermarking scheme, SEAL enjoys formal statistical guarantees. One of the
key properties of SEAL is that it is distortion-free when the bias bj.; is set to zero.

Theorem 5.2.1 (Distortion-freeness). When biogir = 0, the watermark in Algorithm 5.2.1 is
distortion-free. More precisely, for any sequence to.j—1 and any token w,

IP)SEAL( |p’ tO] 1) - p]( |p7t0:j—1)7

where Psgar, denotes the next-token probability under the SEAL generation phase, p is the
prompt, and p; represents the original model’s next-token distribution.

This distortion-free guarantee ensures that the watermarked outputs have the same
marginal distribution as the original model outputs, implying that the quality will not
degrade after watermarking. Thus, SEAL is able to preserve the fidelity of the watermarked
text relative to the original, unwatermarked output.
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Parameter Meaning
D prompt
sk secret, key
K attention window length
H hash window length
KEYGEN (embedded) key generator
Pj+1 next token distribution
) EOS token set
T temperature of M
TP temperature of Mp
brogit bias
Mp smaller language model
M target (watermarked) language model
PRG pseudo-random generator
H family of hashing functions
a Type I error

Table 5.1: Explanation of SEAL parameters.

Theorem 5.2.2 (False positive control). For any fized (sub-)sequence y,
Psgar(watermarked = True for sequence y) < a,

where Pspar, denotes the randomness in SEAL detection phase.

This Type I error guarantee controls the false positive error, ensuring that human-generated
texts will only be mistakenly flagged as machine-generated with low probability.

When the proposal LLM is identical to the target LLM, the hash function is the identity
mapping, and the attention window K is unlimited (consuming the prompt), in which case
SEAL reduces to the statistically optimal watermark in Theorem 4.1.1, and therefore enjoys
optimal Type II error. However, this reduction is not agnostic to the target LLM and the
prompt. Therefore, in practice SEAL does not achieve the optimal Type II error, but still
improves the statistical efficiency relative to existing work as shown in the next section.
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Algorithm 5.2.1 SEAL Generation

1: procedure GENERATION(p, T, Tp, biogit, M(-,-), Mp(-,-), sk, PRG(-,-), K, H, EOS, H)
2: > Generate a watermarked sequence of tokens ¢t = ty...t;
3 j<+0
4 while True do
5: qj < Mp(tj—K.j—1,7p) > Distribution of the j-th token according to Mp
6: pj < M(p || toj—1,7) > Distribution of the j-th token according to M
7 key < KEYGEN(t;_p.j_1; sk) > Compute key by embedded key generator
8 Sample h; from H under key > Select a random hash function
9: s;j < PRG(hjllq;, key) > Sample a random seed from h;fig; under key key
10: p;i (W) < pj(w) - M@= bosit/7 /7 vy € O > Add bias
11: Sample u ~ Unif(0, 1)
12: if u< % then > Speculative decoding
13: Cj < 8
14: else
15: Sample ¢; o< (hjtp; — hjitlgj)+; > Maintain distortion-free
16: Sample t; from p; (:|h(t;) = ¢;) > Conditional on the hash code
17: if t; ¢ EOS then
18: jJg+1
19: else
20: break;

21: Return ?g;

5.3 Experiments

In this section, we present our experimental setup and results. We evaluate the performance
of our watermarking scheme by comparing it with several baselines.

5.3.1 Setup

We select Llama2-7B-chat [189] as the model to be watermarked and Phi-3-mini-128k-
instruct [128] as the proposal model. We evaluate our watermark using the MARKMYWORDS
benchmark [152].

MARKMYWORDS is an open-source benchmark designed to evaluate symmetric key
watermarking schemes. It measures efficiency (watermark strength), quality (impact on
utility), and tamper-resistance (ability to withstand simple perturbations without quality
degradation). It has been used to benchmark multiple prior schemes applied to Llama2-7B-
chat [189] and Mistral-7b [88]. Mark My Words performs a grid search over watermarking
parameters. It selects the set of parameters with the best efficiency, defined as the number of
tokens needed to detect the watermark at a fixed p-value (0.02 in the original paper) while
preserving the original model’s generation quality.
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Algorithm 5.2.2 SEAL Detection

1: procedure DETECTION(y, 7p, Mp(-,+), o, sk, PRG(+,-), H, EOS, K, H)
2: > Detect whether a given sequence y is watermarked.
3 j+ K
4: while y; ¢ EOS do
5: ¢ — Mp(yj—K:j—1,7pP) > Recompute the probability from Mp
6: key <~ KEYGEN(yj_p.j—1; sk) > Compute key by embedded key generator
7 Sample h; from H under key > Select a random hash function
8 sj < PRG(hjlq;, key) > Reconstruct the random seed
9: &+ 1(h;i(y;) = sj) > Indicator of if y; hashes to s;
10: j—j+1
11: if Eq. (5.3) holds then
12: watermarked = True for yx.,, > Detect if yx., has many hash collisions
13: else
14: watermarked = False for yx.,
15: Return watermarked

Dataset. MARKMYWORDS generates 300 outputs spanning three tasks—book summariza-
tion, creative writing, and news article generation—which mimic potential misuse scenarios.
Outputs are truncated after 1000 tokens.

Perturbations. Watermarked outputs undergo a set of transformations: (1) character level
perturbations (contractions, expansions, misspellings and typos); (2) word level perturbations
(random removal, addition, and swap of words in each sentence, replacing words with
synonyms); (3) text-level perturbations (paraphrasing, translating the output to another
language and back).

Baselines. This section evaluates four watermarking schemes: Distribution Shift [99],
Exponential [3], Binary [38], and Inverse Transform [102].

5.3.2 Comparison to baselines

In this section, we present a comprehensive comparison of SEAL against these baselines
in terms of quality, size, and tamper-resistance. We provide here a brief overview of each
metric—detailed descriptions of which can be found in Section IV of Piet et al. [152].

1. Quality measures the utility of the watermarked text. It is computed using Llama-
3 [124] with greedy decoding as a judge model. Quality scores range from 0 to 1.

2. Size represents the median number of tokens required to detect the watermark at a
given p-value. All experiments enforce a Type I error constraint of a = 0.02. Lower
values indicate higher efficiency.
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3. Tamper-resistance quantifies the resilience of the watermark under simple perturba-
tions. It is measured by the normalized area under the curve (AUC) of the watermark
success rate versus generation quality under different perturbations. This excludes more
successful but expensive attacks such as paraphrasing, which we analyze separately in
Section 5.3.3.

Table 5.2 shows the metrics of SEAL and the baseline watermarking schemes at different
sampling temperature settings 7 = 0.3,0.7,1.0 of the target LLM (see Eq. (5.1) for the
definition of 7). We do not report results for greedy decoding (7 = 0): one special case of
SEAL is equivalent to distribution shift in this setting, which is the only functional method at
this temperature. SEAL is competitive across all metrics, particularly in terms of efficiency
(size) and tamper-resistance. Although SEAL’s quality is marginally lower than that of some
baselines (e.g., inverse transform and binary), it remains within an acceptable range and close
to distribution shift and exponential. SEAL excels in token efficiency, particularly at higher
temperatures. At temperature 7 = 1.0 and 7 = 0.7, SEAL requires the fewest tokens to detect
the watermark, outperforming all other methods, including distribution-shift and exponential.
Even at lower temperatures (7 = 0.3), SEAL remains highly competitive, requiring only a
few more tokens than distribution shift while providing maximal tamper-resistance. Unlike
the baselines, SEAL’s parameters are not specifically tuned for efficiency, suggesting that
further gains could be achieved with parameter optimization. Notably, SEAL demonstrates
optimal tamper-resistance of 1.0 across all temperatures, outperforming baseline schemes by
a large margin.

5.3.3 Tamper-resistance to paraphrase attacks

Paraphrase attacks rewrite model outputs using non-watermarked LLMs. Although more
expensive, these pose a realistic threat given the increasing number of competitive open-
sourced language models. As such, it is important to evaluate watermarking scheme’s
robustness against these attacks [100, 228].

Paraphrasing using GPT-3.5 is a particularly effective attack, removing most watermarks
from the schemes in Piet et al. [152]. We found SEAL to be more robust against this attack
than its predecessors.

Table 5.3 shows the proportion of outputs still watermarked after a paraphrase attack across
different temperature settings (7 = 0.3,0.7,1.0), for SEAL and the two most tamper-resistant
schemes from Piet et al. [152]. Across all temperatures, SEAL significantly outperforms
all baseline methods. This improvement can be attributed to SEAL’s use of semantic
instead of syntactic information from preceding tokens to set the random seed, making the
watermark more resilient to paraphrasing. Additionally, the ability of distribution-shift to
survive paraphrasing attacks varies more sharply than SEAL as temperature increases: SEAL
demonstrates strong tamper-resistance, particularly against paraphrasing attacks.
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Temp. Scheme Quality (1) Size (]) Tamper-resistance (1)
Exponential 0.899 + 0.001 00 0.060 + 0.040
Inverse Transform | 0.910 + 0.001 00 0.000 £ 0.000

0.3 Binary 0.905 £ 0.007 00 0.028 £0.014
Distribution Shift | 0.894 +0.002 47.5+ 3.5 0.654 + 0.007
SEAL 0.893£0.004  57.5+2.5 1.000 £ 0.000
Exponential 0.901 +£0.001 178.84+11.0 0.414 4+ 0.028
Inverse Transform | 0.908 +0.002  524.5 4+ 24.7 0.194 + 0.006
0.7 Binary 0.913 + 0.002 00 0.298 4+ 0.003
Distribution Shift | 0.894 +0.005  53.0 £2.8 1.000 + 0.000
SEAL 0.885+0.003 45.3+1.3 1.000 + 0.000
Exponential 0.893 £0.002 89.2+2.0 0.807 + 0.064
Inverse Transform | 0.908 +0.002 201.8 £6.0 0.444 4+ 0.138
1.0 Binary 0.906 +£0.001  391.3 +8.8 0.472 + 0.030
Distribution Shift | 0.893 +0.005  109.0 £ 2.8 0.756 £ 0.004
SEAL 0.873 + 0.007 73.3+1.5 1.000 = 0.000

Table 5.2: Comparison of SEAL with baselines across quality, size, and tamper-resistance at
different temperature settings. We compute the mean and standard deviation over different
private keys. The best result in each category is highlighted in bold. SEAL demonstrates high
efficiency and tamper-resistance. Its tamper-resistance consistently outperforms baselines
and its efficiency outperforms baselines at higher temperatures.

Scheme / Temperature 0.3 0.7 1

Exponential 0.015+£0.007  0.054 £0.007  0.152 £ 0.035
Distribution Shift 0.093 £0.007  0.250 £0.035  0.113 £ 0.007
SEAL 0.372 +£0.028 0.480+0.069 0.314+0.014

Table 5.3: Proportion of benchmark outputs still watermarked after paraphrasing, for SEAL,
distribution-shift and exponential schemes. SEAL consistently achieves high tamper-resistance
and significantly outperforms the baselines at all temperatures.

5.4 Conclusion

In this chapter, we have advanced the understanding of watermarking in large language
models (LLMs) through practical algorithm design. Building on the theoretical insights in
Chapter 4, we introduced SEAL (Semantic-aware Speculative Sampling), a novel watermarking
algorithm that achieves both high efficiency and robustness. SEAL leverages semantic-
aware random seeds, making it more resilient to paraphrase attacks compared to earlier
methods. Additionally, SEAL’s use of maximal coupling via speculative sampling allows it
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to achieve greater efficiency, particularly at higher temperatures. These advantages make
SEAL especially well-suited for practical, real-world applications where the persistence of
watermarks under adversarial conditions is crucial.

While SEAL shows promising results for watermarking LLM outputs, SEAL’s water-
marking approach involves inference on a smaller model, which can slow down the overall
inference and detection speed. This opens up several new directions for future study, including
embedding statistical watermarks in advanced speculative decoding techniques and theoretical
guarantees against adversaries.
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Chapter 6

Anytime-Valid Statistical
Watermarking

This chapter addresses the reliance on fixed-horizon statistical watermarking by developing
the first e-value-based watermarking framework, Anchored E-Watermarking, that unifies
optimal sampling with anytime-valid inference and valid early stopping. Unlike traditional
approaches where optional stopping invalidates Type-I error guarantees, the framework
enables valid, anytime-inference by constructing a test supermartingale for the detection
process. By leveraging an anchor distribution to approximate the target model, this chapter
characterizes the optimal e-value with respect to the worst-case log-growth rate and derives
the optimal expected stopping time. The theoretical claims are substantiated by simulations
and evaluations on established benchmarks, showing that the framework can significantly
enhance sample efficiency, reducing the average token budget required for detection by 13-15%
relative to state-of-the-art baselines.

6.1 Introduction

Despite the successes of statistical watermarking, state-of-the-art schemes remain constrained
by two fundamental limitations. First, the design of generation and detection schemes lacks a
unifying guiding principle. SEAL utilizes a hashed green-red-list seed heuristic adapted from
Kirchenbauer et al. [99], but lacks rigorous justification. This calls for a characterization of
optimal generation and detection schemes under given anchor distributions. Second, there
exists a methodological disconnect between generation and detection. While text generation is
inherently autoregressive and variable in length, current detection paradigms are fized-horizon
and ad hoc. In practice, for example, a detector may wish to process a stream of tokens and
stop as soon as confidence is high. However, with the standard statistical paradigm based on
p-values, it is not allowed to continuously monitor the test statistic and decide when to stop
based on the current value—this is known as “p-hacking” and it invalidates the Type-I error
guarantee. This inability to perform post-hoc sequential analysis severely limits detection
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efficiency. These gaps highlight a critical research challenge:

How can we design provably efficient watermarking schemes leveraging anchor distributions
that allow for valid early stopping?

In this chapter, we provide the first formal resolution to this question. We formulate
the problem of Anchored E-Watermarking, where both the generator and detector share
access to an anchor distribution py, aiming to watermark a family of distributions in the
0-proximity of py. Departing from classical p-value analysis, we adopt e-values as the central
detection paradigm. E-values [171, 192, 193] are nonnegative random variables E satisfying
Ep,[E] < 1 under the null. Unlike p-values, e-values arise from supermartingales, and it
is therefore possible to preserve Type-I error guarantees under optional stopping based on
ongoing analysis of data. We analyze the optimal e-value for watermark detection with
respect to the worst-case log-growth rate [94] and the expected stopping time [68, 202], thus
fully characterize the average per-step growth rate of evidence and sample efficiency. Our
main theoretical contributions are summarized informally as follows:

Theorem 6.1.1 (Informal version of Theorem 6.4.1 and Theorem 6.4.3). The optimal
worst-case log-growth rate Eg, [log E] under the alternative Hy is given by:

) 5 5\ 6 5

where h = H (po) is the Shannon entropy of the anchor distribution py, n is the cardinality of
the sample space, and 6 > 0 is a robustness tolerance parameter. Furthermore, the optimal

expected stopping time to achieve a Type-1 error o scales as bgk(]%.

To the best of our knowledge, this result presents the first application of e-values to the
domain of statistical watermarking. By enabling valid sequential testing, our framework
significantly improves detection efficiency, allowing the system to flag machine-generated
text with fewer tokens than fixed-horizon counterparts. With the ability to early-stop, this
sequential paradigm enhances robustness against adaptive attacks: because the detector can
terminate immediately upon accumulating sufficient evidence, the watermark remains effective
even if the attacker perturbs the text heavily in later segments (post-stopping). Consequently,
our approach offers a theoretically rigorous and practically superior alternative to existing
heuristic detection methods. Through experiments on real watermarking benchmark [152],
we show that the theoretical scheme implied by Theorem 6.1.1 achieves consistently higher
sample efficiency than state-of-the-art methods, reducing the token consumption by 13-15%
across various temperature settings.
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6.2 From Fixed-Horizon Watermarking to Anytime
Detection

In this section, we give a recap of the statistical watermarking framework from Chapters 4
and 5 and set up the notations used in this chapter.

Statistical watermarking as a hypothesis testing problem. Formally, statistical
watermarking is cast as a hypothesis testing problem. Let ¢ denote the target distribution
over the sample space V, and let S represent the space of pseudorandom seeds. The
watermarking protocol modifies the standard decoding mechanism of the LLM such that
the output tokens V' € V and the pseudorandom seeds S € S are sampled jointly from a
watermarked distribution Py .

The detection task seeks to determine whether an observed sequence v'% = (v!, ..., vT)
was generated by the watermarked model. We write the sequential detector as Dy : VT x ST —
{Watermarked, Unwatermarked}. At each time ¢, the detector reconstructs the seed s from
the secret key and computes a one-step score; the final decision is based on the accumulated
evidence across the sequence. This reduces to testing for independence between the token
sequence v'7 and the reconstructed seed sequence s''7. We define the null and alternative
hypotheses following Chapter 4:

e Null hypothesis Hy: The sequence v'? is generated independently of the seeds s*7

(e.g., by a human or an unwatermarked model).

« Alternative hypothesis H;: The token-seed pairs (vf, s')L | are sampled from the joint

watermarked mechanism, implying they come from the watermarked model.

It is important to distinguish this distributional watermarking approach from classical
instance-level watermarking techniques applied to static media, such as images or audio [41].
While classical methods embed a signature into a specific, fixed outcome (post-generation),
statistical watermarking modifies the stochastic sampling process itself, ensuring that any
realization from the model carries the statistical evidence of its origin without requiring rigid
alterations to the final output.

Statistical guarantees. A robust watermarking scheme is characterized by its ability to
provide three fundamental guarantees.

First, to preserve generation quality and ensure watermarked content remains indistin-
guishable from ordinary samples, the distance (e.g., KL-divergence) between the watermarked
distribution Py and the original target distribution ¢ must be minimized. Ideally, we seek a
scheme that introduces zero distributional shift [77].

Definition 6.2.1 (Distortion-free). A watermark is considered distortion-free (or unbiased)
if the outcome marginal of the watermarked distribution Py, matches the target distribution
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q. Formally, a distortion-free watermark satisfies:
Pw(AxS)=q(A), VACV.

Second, it is often required in practice that the detector operates without access to the
watermarked distribution since the underlying model’s parameters are generally unknown
to the detector. This means that the detection scheme needs to be designed for a family of
target distributions in a model-agnostic way [102], leading to the next concept.

Definition 6.2.2 (Model-agnosticity). A watermark is model-agnostic if the seed-marginal
of Py is chosen independently of the target distribution ¢q. That is, the distribution of seeds
S does not depend on the model’s logits.

Third, the reliability of the watermark is quantified by standard statistical error rates.
The Type I error (false positive rate) measures the probability of incorrectly identifying
non-watermarked text (e.g., human-written) as watermarked. Given the high stakes of false
accusations (e.g., in academic integrity), this error must be bounded by a small significance
level a:

Py, (DT(VLT, Sty = Watermarked) < a.

The Type II error (false negative rate) measures the probability that watermarked text fails
to be detected. Minimizing this error is equivalent to maximizing the statistical power of the
test. For a target error rate (3, we require:

Py, (DT(VLT, Sty = Unwatermarked) < 5.

6.2.1 Sequential hypothesis testing and e-values

Consider a measurable space (€2, F) and a family of probability distributions P. We are
interested in testing a null hypothesis Hy : P € Py C P against an alternative H, : P € P; =
P\ Py. An e-value is a random variable whose expectation is bounded by unity under the
null hypothesis [192].

Definition 6.2.3 (E-value). A nonnegative random variable E is an e-value for H, if for all
P e Py,

EplE] < 1.

Intuitively, an e-value represents the amount of wealth a gambler would have after betting
against the null hypothesis, in a game where the game is fair or unfavorable under H,, and
starting with an initial wealth of one. On the other hand, if E becomes large, this suggests
that the null hypothesis is unlikely to be true.



CHAPTER 6. ANYTIME-VALID STATISTICAL WATERMARKING 68

Sequential evidence and stopping time guarantees. The primary advantage of e-
values lies in their behavior regarding stopping times. In a sequential setting, we are given
a filtration (F;);>0 and construct a sequence of e-values (E;);>o. If (E;);>0 is a nonnegative
supermartingale with respect to the null distributions (often called a test martingale), it allows
for anytime-valid inference. This property derives from Ville’s inequality, a time-uniform
generalization of Markov’s inequality.

Theorem 6.2.4 (Ville’s inequality). Let (E;);>0 be a nonnegative supermartingale with respect
to P € Py such that Ey < 1. Then for any a € (0,1),

(%

1
P(HtZO:Et2>§a.

This result guarantees that a researcher can track the e-value process continuously and
stop at any data-dependent time 7 (a stopping time) while maintaining Type-I error control.
Specifically, Ep[E;] < 1 holds for any stopping time 7 (possibly unbounded), a kind of
guarantee which is not available for p-values.

6.3 Problem Formulation

In this section, we formulate the problem of Anchored E-Watermarking. Similar to statistical
watermarking, the goal is to embed statistical signals into samples from a target distribution
to enable detection. However, in Anchored E-Watermarking, the generator and the detector
share access to an anchor distribution that serves as a robust a priori estimate of the target
distribution. This setting is common in practice and used in Chapter 5; for example, when
watermarking Large Language Models or image generators, the target distribution is known to
be human language or natural images, respectively. Consequently, watermarking efficacy can
be improved by leveraging this structure. Besides, Anchored E-Watermarking uses e-values
for detection, thus enjoying improved efficiency in sequential testing. In the following, we
introduce the specific components of Anchored E-Watermarking.

Anchor distribution. In the Anchored E-Watermarking framework, we assume that both
the generator and the detector share access to an anchor distribution py € A(V), which is
in the same probability simplex as the target distribution ¢q. This py serves as the best a
priori estimate of the target distribution. For instance, in the context of watermarking Large
Language Models (LLMs), py could be an open-source, smaller-scale LLM such as Qwen3-
8B [212]. Leveraging its role as a known reference, we designate py as the marginal distribution
for the watermark signal (or random seed), denoted as s. Therefore, the seed space S is
equal to V' in our framework. Throughout the chapter, we assume pq satisfies the condition
inf,cy po(v) > &' for a positive robustness tolerance parameter §. This condition ensures pg

'Here V denotes the finite alphabet on which the watermark is actually applied, not necessarily the raw
tokenizer vocabulary. Following the green-red list scheme [99], raw tokens are mapped to a small number of
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has enough randomness as required for watermarking [2] and that the é-neighborhood defined
below is a strict subset of the probability simplex.

Target distribution. The target distribution ¢ € A(V) represents the desired distribution
from which (watermarked) output samples v are generated. Consistent with the definition of
the anchor, we premise that ¢ remains sufficiently proximal to py. Formally, we assume ¢
resides within the d-neighborhood of the anchor:

Qpo, 0) ={g € AV): [lg = poll <}

Here || - ||; is the ¢; distance and the radius 0 > 0 represents a robustness tolerance parameter
that controls how the true target distribution ¢ can deviate from the anchor. This assumption
holds for most practical statistical watermarking scenarios; for example, in the LLM domain,
high-performing models tend to converge towards the same underlying distribution of natural
language, resulting in low statistical divergence between them.

Generator. The objective of the generator is to sample an output v from the target
distribution ¢ while embedding a statistical signal s. To achieve this, the generator constructs
a joint distribution (or coupling) w over v and s, subject to the constraint that the marginals
recover the target and anchor distributions, respectively. The feasible set of valid couplings is
defined as:

P(po,q) = {w eEAVXV): Z w(v, s) = q(v), Z w(v,s) = po(s)}.

sey veY

Note that the generator has access to ¢, as is common in practice (e.g., when the generator is
a service provider). During generation, the system samples the outcome v and the signal s
jointly from w. This procedure ensures that the marginal distribution of the outcome v is
unbiased (satisfying Definition 6.2.1), while the watermark signal is embedded within the
statistical dependency between v and s.

E-value. In the detection phase, the detector sequentially receives an outcome-signal pair
(v,s) and computes an e-value e(v,s) > 0. The objective is to distinguish between the
following one-step hypotheses:

Hy: v ~ qand s ~ py are sampled independently,

H, : (v, s) are sampled from the joint coupling w.

The null distribution ¢ is arbitrary; in particular, human text need not lie in Q(py,d). To
guarantee Type-I error at most «, the e-value must have expectation at most one under every

partition cells, and pg and ¢ are distributions over the partitions. Therefore, the partition-level condition
inf, ey po(v) > § is expected to hold in general.
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such null:

sup Eyg, sepole(v, s)] < 1. (6.1)
geA(V)

The set Q(po, ) is used below for alternative-side power analysis, not for null validity. We
let € denote the set of all nonnegative functions e : V x V — R satisfying Eq. (6.1).

The process above describes a single conditional generation step. In an autoregressive
model, all distributions are conditional on the history F;_;: the anchor and target become
pi() = po(- | Fie1) and ¢'(-) = q(- | Fi—1), and the detector uses the conditional e-value
e (vt s') induced by pf. Since 3, ph(s)ei(v, s) < 1 holds conditionally for every v, the product
of one-step e-values is a test supermartingale under Hy.

6.3.1 Robust log-optimality

While the definition of an e-value ensures validity (safety) under the null, it does not guarantee
power (growth) under the alternative. To reject Hy effectively, we desire the e-value to be
large when the data is generated from the alternative distribution H;. The standard criterion
for selecting an e-value is log-optimality, often referred to as the “Kelly criterion” in the
finance literature [94]. This approach seeks to maximize the expected logarithmic growth rate
of evidence against the null, under the alternative. For simple hypotheses where Py = { P}
and P, = {Q}, the likelihood ratio e* = Z—]QD is log-optimal, such that

Eg[loge®] > Eg[log €]

for any valid e-value e.

In Anchored E-Watermarking, the alternative is defined by the joint coupling w constructed
by the generator. However, since the target distribution ¢ lies in a set Q(pg, d) that is unknown
to the detector (i.e., the designer of the e-value), we must optimize the worst-case log-growth
rate over arbitrary ¢ € Q(po, d). This gives rise to the following robust log-optimality problem.

Problem 6.3.1 (Robust log-optimality). An e-value e is robust log-optimal in Anchored
E-Watermarking if it optimizes the following objective:

sup inf sup Y w(v,s)-loge(v, s). (6.2)

ec€ 9€9(po,d) wEP(P0.q9) v,scV

In this formulation, the objective Y- w(v, s) log e(v, s) represents the log-growth rate under
the alternative. The inner maximization sup,,cp,, 4 reflects the generator’s optimization of
the coupling w given knowledge of ¢; the minimization inf,cg,,,5) enforces robustness against
the worst-case target distribution in the family; and the outer maximization sup,.¢ seeks the
optimal detector without access to ¢ subject to model-agnosticity (Definition 6.2.2).
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Remark 6.3.2 (Relationship to growth rate optimality in the worst case (GROW) [68]).
GROW studies the worst-case optimal expected capital growth rate under a composite null
Py and alternative P;:

GROW(P,) = sup inf Ep,[log E],
EeE(Po) 9€P1

where £(Py) is the set of all valid e-values for the null. If the generator were fixed as a map
q — wy, then Eq. (6.2) would reduce to a GROW problem over the induced alternative family
{w, : ¢ € Q(po,d)}. Our formulation generalizes GROW because the generator is optimized
actively through the inner maximization over couplings.

6.3.2 Stopping time

While Problem 6.3.1 addresses the one-step growth rate, it remains to analyze the sample
complexity of the framework. In the context of sequential hypothesis testing, sample efficiency
is characterized by the stopping time 7, = inf {n € Z, : W,, > log(1/a)} under the alternative,
where

n
W, =) loge(v', s"),
t=1
is the accumulated wealth process. This quantity represents the number of samples required
to reject the null hypothesis. We consider a stochastic process u(A,G) governed by the
interaction between an adversary A and a generator G. At each step t € Z,:

o The adversary A selects a conditional target distribution ¢ € Q(p},d) based on the

e-value and the history (v?,s!),... (v'71 s'71);

o The generator G specifies the joint coupling w' € P(pl, ¢') and draws (v*, s*) ~ w'.

Due to the adaptive nature of the adversary, the outcome sequence v',v%, ... may be
generated autoregressively, conditional on previous outcomes. This formulation extends
the i.i.d. setting of Chapter 4 to arbitrary dependent distributions. In this setting, we
write the stopping time as 7,(e) to highlight the dependence on the e-value e. In the
context of sequential testing [21, 39, 93, 172, 202], the expected stopping time E|7,] typically
scales linearly with log(1/«), modulated by an information-theoretic quantity capturing the
complexity of the testing problem. Therefore, we are explicitly interested in the following
question:

Problem 6.3.3 (Sample efficiency). For any e-value e satisfying the constraint in Eq. (6.1),
define its sample complezity by

e EyagTale)]
SC(e) = sgp 1rglf ilir(l) log(1/a)

We are interested in identifying the e-value that minimizes this sample complexity.
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This formulation is stronger than the classical expected stopping-time setting because the
adversary may alter the conditional target distribution at each time step. Thus samples need
not be i.i.d., which is essential for autoregressive language-model watermarking.

6.4 Theoretical Results

In this section, we answer the questions posed in the previous section. We first derive the
optimal detector for the single-step decision problem and then extend this analysis to the
sequential setting to characterize the fundamental limit of sample efficiency. Let n denote
the cardinality of the sample space V and e, denote the one-hot vector (i.e., Dirac measure)
that assigns mass 1 to v € V.

6.4.1 Optimal log-growth rate

We begin by solving the robust log-optimality problem defined in Problem 6.3.1. The
following theorem provides a closed-form solution for both the optimal e-value and the
worst-case-optimal generator behavior.

Theorem 6.4.1 (Log-growth rate). The optimal e-value that solves Eq. (6.2) is

. 1]3_0?5/)2, s =,
e*(v,s) = 5 y (6.3)
2n—Dpo(s)? °7 Y

where n = |V|. In particular, the middle infimum over q € Q(po,d) is attained at q,p =
po + g(ea —ep), (a#D), and its optimal generator for the inner mazximization is given by the
mazximal coupling

, )
wy, , = diag(po) + 5 <eaebT — ebe,;r) : (6.4)

The optimal robust log-growth rate is

4] 4] o )
*— H 1——=11 1—= —1 — . .
J (po) + 2) og 2) + 5 log 2(n—1)> (6.5)

The result in Equation (6.5) fundamentally expresses the optimal worst-case growth rate of
e-values in Anchored E-Watermarking. The first term is the entropy of the anchor distribution,
which formalizes the intuition that watermarking is easier for higher-entropy anchors. The
remaining terms equal —H (vs), where v5 = (1 —9/2,0/(2(n —1)),...,d/(2(n —1))) € A([n]).
Thus the rate can be written as H(py) — H(vs), an entropy-gap analogue of the mutual
information of a symmetric additive-noise channel.



CHAPTER 6. ANYTIME-VALID STATISTICAL WATERMARKING 73

Remark 6.4.2 (Relationship to SEAL). SEAL uses a smaller language model as py and
speculative decoding as the generator. For the optimal detector e*, the generator-side inner
problem is to maximize the diagonal mass of a coupling between ¢ and pg, which is exactly
the maximal-coupling principle implemented by speculative decoding, confirming SEAL’s
choice of generator. On worst-case boundary points of Q(pg,d) this reduces to the explicit
coupling in Eq. (6.4). Our contribution relative to SEAL is therefore the optimal e-value
detector and its anytime-valid sequential analysis.

6.4.2 Sample efficiency

Having characterized the one-step optimal growth rate, we now analyze the long-term
performance of the watermark in a sequential setting. The following theorem connects the
log-growth rate J* to the sample complexity required to reject the null hypothesis against an
adaptive adversary.

Theorem 6.4.3 (Expected stopping time). Let u(A,G) be the stochastic process in Prob-
lem 6.53.3, and let 7,(€e) be the stopping time for e-value e. Let J* be defined in Fq. (6.5).
Then:

e Lower bound (converse): For any valid e-value e € &,

E o
sup inf lim inf w

>
A G alo log(1/a)) —

1
J*
e Upper bound (achievability): For e* in Theorem 6.4.1,

E a0 male’)] 1

sup inf lim sup < 7

A9 aw o log(l/a)

Consequently, e* achieves the optimal first-order sample complexity 1/J*.

Theorem 6.4.3 establishes 1/J* as the fundamental information-theoretic limit of first-
order sample complexity for Anchored E-Watermarking. The optimal one-step e-value is
therefore also optimal for sequential testing against an adaptive adversary, provided the
conditional target distributions remain within the configured d-neighborhood of the anchor.

Remark 6.4.4 (Relationship with the rates in Chapter 4). Chapter 4 shows that the minimum

number of samples required to watermark with Type I error a scales as log(1/a) - w,

where h is the average entropy per token. While our rate w has the same scaling in
terms of «, its dependence on the entropy h is improved. This is because Chapter 4 studies
an asymptotic regime where h — 0, while we fix an anchor distribution with lower bounded

entropy arising from the condition inf,cy p(v) > .
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6.5 Experiments

6.5.1 Experiments on real data

We evaluate the performance of our watermarking scheme in Theorem 6.4.1 by comparing it
with several baselines on a real watermarking task.

Setup. We select Llama2-7B-chat [189] with temperature 0.7 as target distribution (i.e.,
the model to be watermarked) and Phi-3-mini-128k-instruct [128] as the anchor distribution.
We evaluate our watermark using the MARKMYWORDS benchmark [152].

Results. In this section, we present a comprehensive comparison of our method against
these baselines in terms of quality and size. Quality measures the utility of the watermarked
text. It is computed using Meta-Llama-3-8B-Instruct [124] with greedy decoding as a judge
model, and ranges from zero to one. Size represents the median number of tokens required to
detect the watermark at significance level a. All experiments enforce a Type-I error constraint
of o = 0.02. Lower values indicate higher efficiency. We compare against five state-of-the-art
watermarking schemes: “Distribution Shift” [99], “Exponential” [3], “Binary” [38], “Inverse
Transform” [102], and SEAL.
As shown in Table 6.1, our Anchored

E-Watermarking framework significantly Scheme Quality (1) Size (})
outperforms baseline methods in terms FExponential 0.907 -

of detection efficiency while maintain- '

. . . . . Inverse Transform 0.917 734.0
ing high generation quality. Specifically, Binary 0.919 o
our method improves over SEAL, con- Distribution Shift 0' 912 145.0
firming the superiority of the optimal SEAL 0’ 901 3 4’5
e-value. Furthermore, we achieve nearly Our e-value scheme 0‘91 9 72' 0
2x speed improvement (from 145 to ) )

72.0 tokens) compared to the best non-
anchored baseline. Crucially, this effi-
ciency gain does not come at the cost
of text quality: the quality score of our
method remains competitive with the
baselines, demonstrating that E-value-
based watermarking offers a superior
trade-off between detectability and util-
ity. Additional experiment results and
hyperparameter setups are deferred to
Appendix E.4.

Table 6.1: Comparison of our e-value-based water-
marking scheme in Theorem 6.4.1 with baselines
across quality and size. We report the median over
different private keys. The best result in each cat-
egory is highlighted in bold. oo size suggests over
half of the watermarked generations fail to be de-
tected. E-value-based watermarking demonstrates
higher efficiency compared with all baselines.
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6.6 Conclusion

This chapter introduces Anchored E-Watermarking, an e-value-based watermarking framework
that unifies optimal sampling with anytime-valid inference. Theorem 6.4.1 characterizes the
optimal e-value e* and the worst-case log-growth rate J* in closed form, and Theorem 6.4.3
establishes a matching converse identifying log(1/«)/J* as the fundamental sample-complexity
limit, even against an adaptive adversary that varies the target distribution within Q(pg, d).
On MARKMYWORDS, the resulting detector reduces the median detection size by 13-15%
relative to the strongest baseline while preserving generation quality and Type-I error control.

Our framework has three principal limitations, each suggesting a direction for future
work. First, the log-growth optimality of e* requires the target to lie in the ¢; ball Q(py, d)
around a shared anchor; relaxing this to richer divergence balls (KL or Wasserstein) and to
online-adapted anchors would broaden applicability. Second, the theory operates on a coarse
partition of the vocabulary, leaving an open gap to the full-token regime in which inf, p(v)
may vanish. Third, our analysis targets sample efficiency rather than robustness against
semantic attacks; coupling anytime-valid testing with explicit robustness guarantees, and
extending the framework beyond text to image and code generation, remain natural next
steps.
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Appendix A

Appendix for Sample Complexity and
Expressiveness of Test-Time Scaling
Paradigms

A.1 Proofs

A.1.1 Proof of Theorem 2.3.1
Proof. Upper bound. Let N(o) denote the number of samples equal to o. For each o # o*, define
79 = 1{X, = 0*} — 1{X; = o} € [-1,1].

Then

By Hoeffding’s inequality,

P(N(o") < N() =B 32 < o) < exp —”ﬁ)

t=1
Taking a union bound over all O — 1 incorrect answers gives

nA?
P(Jo # 0" : N(0) > N(0*)) < (O —1)exp —2> < 0.

Lower bound. Consider the two-answer instance
1+ A 1-A
p(o*) = 9 p(o2) = T

Self-consistency succeeds iff N(0*) > N(o2) up to tie-breaking. Let

+1, Xt = O*,
—1, Xt = 09.



APPENDIX A. APPENDIX FOR SAMPLE COMPLEXITY AND
EXPRESSIVENESS OF TEST-TIME SCALING PARADIGMS 102

Then E[Z;] = A and Var(Z;) = 1 — A2, For n < ¢/A?, choosing a sufficiently small numerical
constant ¢ > 0, Claim A.1.5 gives
Pr(S, <0) > ¢

for a universal constant ¢y > 0. Therefore self-consistency fails with constant probability.

A.1.2 Proof of Theorem 2.3.2

Proof. Write O = {1,...,0} where i is the i-th most likely answer and let n; denote the number of
occurrences of . Then we have

p(1) >p(2) +A> A

Note that for best-of-n, correctness is achieved if the correct answer appears at least once among n
independent samples.

Upper bound. When n > 21%(1/5), we have

P(Best-of-n outputs correct answer) = 1 — (1 — p(1))"
2log(1/8)
>1—-(1-A) =&
>1-09.

This confirms that best-of-n achieves the correct answer with 1 — § probability.

Lower bound. Choose O > (1 — A)/A and set

1-A 1-A

) =A+=—5=  p2)==p0)=—5~

Then p(1) — p(2) = A and p(1) < 2A. Hence, for n < 1/A,
Pr(success) =1 — (1 —p(1))" <1—(1-2A)Y2 <1 —-¢*<0.99

for sufficiently small A.
This confirms that best-of-n fails to produce the correct answer with constant probability. [

A.1.3 Proof of Proposition 2.4.2

We first introduce the following result that extends any Transformer to a larger vocabulary, so that
it only attends to tokens in its original vocabulary.

Proposition A.1.1 (Extended Representation to Multiple Token Spaces). For any H, L, Npax € Z+,
Vi NVy =0, there exists a general-purpose Transformer ¢ of type (O(1), O(log Nmax)) such that for

any Transformers f = (0, pe, (Kg), Qg),Vg))he[H],le[L],ﬂ,Vl) over vocabulary V1, the Transformer
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f: o(f) satisfies the following property: for any token sequence v = vy - - - vy, such that n < Npax,
denote {i1 < -+ < iy} ={i:v; € V1}, then we have

pi(1v) = ps ().
where u = vy, -+ V;

m*

Proof. Set constants B, By, By such that for any layer [ and head h, it holds that (Qg))TKng) <

2
By, VY , < Bu, and [0(v)]l2 < By holds for all v € V. Let B = (HB,)"By.By,C = 4B* +

log(1/€),Co = 4C. By Lemma A.1.3, there exists a1, ..., an..., Bo, f1 € R% and Ay, A, A € Rdoxdo
for dy < O(log Niax) such that

1. For any i > j1, jo2, j3:

(o + B1) " Ao(eyj, + B1) = (i + B1) T Aol + B1) > (i + B1) T Ao(y, + Bo) + Co
(i + Bo) T Aol + Bo) > (ai + Bo) T Ao(eyj, + B1) + Co, (A1)

2. For any 7 > j

(i + B1) " Al + B1) = (ci + Br) Al + B1) + Co
(%

>
> (i + B1) " Ay + Bo) + 2Co, (A.2)

3. For any ¢ > j, 71

(a; + B1) T A1 (e + Bo) = (i + B1) T Ar(aj, + B1) + Co

(a; + B1) " Ar (i + B1) > max{(a; + Bl)TAl(%d + B1), (i + BI)TAI(O% + Bo)} + Co.
(A.3)

We define ¢ as follows: for any Transformers f = (0, pe, (Kg), g)avg))he[H]Je[L]aﬁa Vi), the
Transformer f = ¢(f) is given by

(6, pe, (Kﬁf), Qﬁf), vg))he[H+1},le[L}ﬂ§a V1 UW),

where the tokenizer is given by

O(v)=1(ve V) - 6;?) + 1(v € Vp) - §0> ;

the positional encoder is given by

oz pe (x;u)
e UL, | = ,
p y) 1 z) ai+y>
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where u = vy, ---v;,, and € R%; for [ = 1,..., L the key, query, value matrices are given by
O] O]
(D) K 2 0]
K;' = h = h
h AO) 9 Qh I) )

)
(1 \%
GEINE
=(1 0 ~ (1 0 (1 0
KSLI)—H = A) ) ng)ﬂ = I) ) Vg{)ﬂ = I) :

I(y)
0

to the set V1, the generalized position encoding pe is well-defined. It can be verified that ¢ is indeed
a general-purpose Transformer of type (O(1), O(log Nimax))-
We show that for any [ =1,...,L,

The output feature is given by 5(?;) = . Since i1, . .., iy, only depends on whether v;’s belong

- 0

X = X~> Vit im (A4)
where Xi(l) is the [-th layer of Transformer f at position ¢ (attending only to positions i1,...,%m)
such that

1 X2 < By(HB,)!, (A.5)

and

> 0 . . .

X](,): &j), Vi ¢ {i1, ... im} (A.6)

where &; = a; + 1(v € Vo) - fo + L(v € V1) - B
We prove these results by induction. The case [ = 1 folows directly from the definitions of the
tokenizer.

Prove Eq. (A.4). Suppose Eq. (A.4) and Eq. (A.6) hold for 1,...,1 — 1-th layer, and consider
[-the layer. We have

i 1 exp ((QPXD)TEIXD))
1) h X 2 g
=303 50 Vi
h=1j=1 h
term 1
‘ AD  vO\T e w0
v _exp ((QH+1X2' ) (KH+1Xj )> YO0
+2. =0 Viad
j=1 H+1

term 2
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Eq. (A.1) ensures that for any 4,7 € {i1,...,im},7 & {i1,. .. im}:
QX TRPEY) = @I T XD) + (05 + 81)T Ao(as + B1)
> QX TEDXY) + (ai + 1) Ao(ay + o) + C
= QY X)X +C

and if 4, j1,72 € {i1,...,im}

- <Q§PX£“>T<K“’X< >> ~ (01 + £1) Ao, + B1)
1) (1) 1) 1) (1l 1) (1l
= (@ x) TP x]) (@) X)) X)),
where we use the fact that Cyp > C + 2maxy,; ; (Qg)XZ-(l))T(Kg)XJ(Z)) . Since the transformers

have precision € and C' > 2maxy,; ; (Q,(f)Xi(l))T(K,(f)XJ(-l)) +log(1/e€), it follows that the attention
weights of head (k — 1)H + h is identical to the attention weights of expert k, i.e.

exp (@) X[ (K X)") exp (@ X)) x11)

1(j € {i1, .- im}) -

z;! A%
Therefore
exp (@) x{") T (K x)) v x® D
term 1 = Z Z 0 . 0 J = JO .
h=1j=t1,...,tm Zh

Furthermore, by Eq. (A.2) we have for any j < i
NOBEA( =) (1 T i~
Qi X)) (K, X)) = af Aa;
> & Ada; +C
~ ! AU
= Qi XK, X)) + 0,

and hence the attention weights concentrate on ¢ itself. Thus

@
term 2 = 0 ) X})z 9)

Combining, we derive Eq.(A.4) for (I + 1)-th layer.

Prove Eq. (A.5). From above,
i exp ((QS)X’ZU))T(REZZ)X—]U)))

”Xi(lJrl Z Z

=
h=1j—1 Z;(L)

< HB, -max | X\"|;
J<i

< By(HB,)'.
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This confirms Eq. (A.22) for [ + 1.

Prove Eq. (A.6). Notice that Eq. (A.1) ensures that for any j,5' ¢ {i : v; € V1} and i € {i :
V; € Vl}:
QX TR X)) = (@) X)) TR X)) + (a5 4 o) T Ao(ay + Bo)

h h
DXNTED XY + (0 + Bo) T Ao(as + B1) + C
l l
) )

It follows that the attention weights is concentrated on the complement of {i : v; € V1 } itself, and
therefore Eq. (A.6) follows by a simple induction argument.
Finally, at the output layer

pf(y]vl, ..., up) = Softmax(9(y) " X (1))
= Softmax(9(y) " X (1))
= pr(ylu).
This establishes the desired statement. O

Now we return to the proof of Proposition 2.4.2.

Proof. By Proposition A.1.1, it suffices to construct general-purpose Transformer ¢ such that
pi(-1v) = py, (Ju).

where uw = v1 - - Vjy—1Viy+1 - - - U, because then the ¢ given by

O(f1s o IK) = (el f1), -+ Pe(fK))

satisfies the requirement, where ¢, is the general-purpose Transformer that extends the K Trans-
formers to the larger vocabulary V := U,levk as given by Proposition A.1.1.

Set constants B, By, Bp such that for any layer [ and head h, it holds that (QEP)TK%) ) <

By, VU , < Bu, and [|6(v)ll2 < By holds for all v € V. Let B = (KHB,)"By,By,C =

4B? +log(1/€),Cy = 4C. By Lemma A.1.3, there exists ai,...,an,Bo, B1,--.,0x € R® and
A, Ay, Ay, ..., Ag € R%>xd for dy < O(K 4 log Npax) such that

1. For any i > j1,j2,73 and k, k' k" # 0:
(i 4+ Br) T Aoy + Br) = (i + Br) T Aoy + Brr) > (i + Br) T Aoy, + Bo) + Co
(i 4 Bo) T Ao (e + Bo) > (i + Bo) T Aoy, + Br) + Co, (A7)
2. Forany i >jand k # kK #0

(i + Br) T Al + Br) > (i + Br) T Al + Br) + Co
> (o + Br) " Aa + Bo) + 2Co, (A.8)
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3. For any 7 > j,j1 and k # k', k"
(ci + Bi) T A (aj + Bo) > (ci + Br) T Ap (e, + Bier) + Co

(ai + Br) " Ax(ai + Br) > max{(c; + Br) " Ar(ej, + Brr), (i + Br) T A (v, + Bo)} + Co,
(A.9)

We define ¢ as follows: for any Transformers
fr = (O, pey, (K;(gl;)h’ Q;E;l;)h’ Vl(gl;)h)he[H],le[L]a O, Vi),
over Vi, k € [K], the Transformer f = ¢(f1, ..., fx) is given by
0, pe, (K}, QY. Vi e aerpns 0, V),

where the tokenizer is given by

bw)=1weVo)-| = [+ * |,
0 Be (v)
where £(v) = k iff v € Vj. Let the positional encoder be given by
pe; (5 u)
pe ) v | = :
y s ULy o Ug peK(l"u) )
a; +y

where z € R? and u is the sub-sequence of v that omits v;, (if any); for I =1,..., L the key, query,
value matrices are given by

0 0

Ao I

0 _
Vik—1)mn =
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0 0 0
re (1) _ : ~0) _ - Y40) _ .
K = 0 v Qg1 = 0 » V41 = 0 )
A I I

where the submatrices K,(cl;)h, ngl;)}L, Vg;)h are located in the k-th diagonal block, and for the final layer

0

I~{§€L+1) _ : Q(L-H) _ 7 {,](cL-H) _ . I

where the identity sub-matrix in \~7](€L+1) is located in the k-th block. The output feature is given by

V1(y)

Hy) = 9 ( ) . Since u¥)’s only depend on set membership information of v;’s, the generalized
K\Y
0
position encoding pe is well-defined. We can easily verify that ¢ is indeed a general-purpose
Transformer of type (O(K), O(log Nmax))-

We show that for any [ =1,..., L,

X = |, Vii (A.10)

where X ,glz is the [-th layer of Transformer k at position ¢ (attending to all positions but ig) such
that

IX s < Bo(KHB,)'. (A.11)
and
0
0= (A.12)
0
Fio

where a; = a; + 65(1;1')-
We prove these results by induction. The case | = 1 folows directly from the definitions of the
tokenizer.
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Prove Eq. (A.10). Suppose Eq. (A.10) and Eq. (A.12) hold for 1,...,I—1=th layer, and consider
l[-the layer. We have

XD - ﬁ iie){p <(QEQ—1)H+~ )z(l)) (K&) 1)H+h)~((l))> =

(1
k=1h=1j=1 Zh—1)H+h

term 1

i, exp <(Qg?H+1Xi(l))T(K%)HHX]('U))
+> =0

v 5O
{1 ’ KH+1Xj :
Jj=1 ZKH+1

term 2

Eq. (A.7) ensures that for any j1 < jo < i such that ig ¢ {i, 1, jo}:

(Qggfl)mﬁf”) (K&) 1)H+h ) (Qk)sz) (Kg)thggl) (0 + Beqo)) " Aolay, + Beg)
> QU XiN T (KL, X400 ) + (01 + Beqo) T Aol + Be(i) + C
~( !
= (ng)—l)H—l—hX( )) (ng? 1)H+h ()) +C.

and

QK ) T KG e X5 = QG X)) TREL g X))
= QU XN T KD, X )+ (@i + Bey) Aoy, + Bei)

— QXN TED, XD )~ (@i + Bew) T Aolag, + Bea)
= QX T KD XD ) — @, xITEY X)),

It follows from the precision € of the transformers that the attention weights of head (k — 1)H + h
is identical to the attention weights of expert k, i.e.

~( I ! )
exp ((ng) )H+hX()) (ng) 1)H+hX())) _exP ((Qk)thz)T(K;c;)hXIg;}D

7A0) ©0)
Z(k—l)H—i—h Zk;h
Therefore
0
( ) xO\T KD O ) ; Xﬁg
KCH Eexp ((Qpp kz) (Kpn Xk ) N :
term 1 = Z Z Z 70 ' Vl(f;)hX’g;} - '(l)
k=1h=1j=1 Zih : XK
) 0
0

Furthermore, by Eq. (A.8) we have for any j < i
S0 g (ONT el = I
(Qg()H+1Xz( ))T(K%)H+1X,L( )) = ZTAOQ
> & Adj+C
l l (1
= (Qg()HJrlX( )) (K g()H+1X( )) +C
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and hence the attention weighs concentrates on i itself. Thus

0 Xy 0

term 2 = e . : = :
0 XI(QZ- 0

I 541‘7 Q;

Combining these two terms, we confirm that Eq.(A.10) holds for (I + 1)-th layer.

Prove Eq. (A.11). From above,

K H i exp (Q(Z) X(l)) (K(l) X(l))
! k—1)H+h*"1 k—1)H+h
||X;£;i+1)H2— 2 :2:5: ( (k=1) (k=1) )

Z()
k=1h=1j=1 Z (k-1 H+h

0
KHB, - max X5

l l
VX

IN

< By(KHB,)"*!.

This confirms Eq. (A.11) for [ + 1.

Prove Eq. (A.12). Notice that Eq. (A.7) ensures that for any j < ig:

I D ()
(Q(k 1 H+hX( T (ng) 1)H+h ) (Q IHO)T(K](@, X 1) + (@ig + Beio)) T Aol + Beig))
> Q) x ! zO)T(K;(cl, nglj) + (atig + Be(ip)) T Aolaj + Be(y) + C

(O\NT el
(Q(k 1 H+hXo )T (K k X ) +C.
It follows that the attention weights of head (k — 1)H + h is concentrated on i itself, therefore

0

K H
term 1= 3" [V 0| =0,

k=1h=1 .
0
By the same argument, for i = iy we have
0 0 0
term 2 = =
0 0 0
1 Qi Qi

Combining these confirms Eq. (A.12).
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Next, we show that the last layer satisfies

0
X0 = | x @ (A13)
0

where X,(Q;Lnﬂ) is the k-th block. To see this, we notice that Eq. (A.9) implies the followings (the
proofs are identical to the above):

1. Attention sink to dummy token v;, for mismatch expert: for any k' # k and j < n we have
~(L > = (L S(L
(ng/),l)HJthng))T(ng/)anJth](' )) = (an + ﬁg(n))TAk’(aj + ﬂg(j))
< (an + Bew)) | Aw (g + Beig)) — C
~ (L > (L (L
= (ng’)—l)H+hX1(1L))T(ng’)—l)H-&-hXio )) -C. (A-14)
2. Attention to oneself for matching expert: for any j # iy we have
~(L > = (L (L
(anll)H+th(zL))T(Kgnzl)HJthJ(‘ )) = (an + 55(%))TAN(O‘J‘ + 55(1‘))
> (an + Bem)) | Ar(cig + Begiy)) + C

~ (L = (L (L
= Q) g n KT XY + €0 (A15)

QU 1y e XA TGy XA = (e + Bey) T Al + )
> (om + Be(my) T Anley + Be(j)) + C
= Q) KN TERE | X+ (A16)
Combining Eq. (A.14), Eq. (A.15), and Eq. (A.16), we have

= (L) S(D\T (D) (L) :
exp (QUL 1y Xn )T KGD X)) _Jo k#s
70 5, k=r

It follows that

T (L+1) _ x7(L) v (L (L) (L)
Xv(z = V(H—I)H+h ’ X7(1 )+ Z V(n—l)H—i—h ’ Xio
k#Kk
0 0
xi .
- I = x®
o]
0 i 0
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Therefore we establish Eq. (A.13).
Finally, at the output layer

pi(ylor, ..., va) = Softmax(d(y) " X))
— Softmax(9(y) V%))
= P (ylu).

This establishes the desired statement. O

A.1.4 Proof of Proposition 2.4.4

Proof. Set constants B, By, Bg such that for any layer [ and head h, it holds that (Qg))TKS) ) <

By, V¥ , < By, and [8(v)]l2 < By holds for all v € V. Let B = (KHB,)"ByBy,C = 2B +

log(1/e€),Cy = 4C. Define (i) = wiff &, < i < &up1 ({0 = —1,&{me1 = oo by default). Let £(+) denote
the task id indicated by the special token. By Lemma A.1.2, there exists a1, . .., an, B, ..., Bk € R%
and A, Ay, ..., Ax € R%*% for dy < O(K + log Npax) such that for any n < N we have

1. For any k # k'

a) Apan,
ay Ap(an + Br) > Co + { o) Agay ,V0<j<n 1<k <K. (A.17)

2. For any k € [K]:

o Ay (an + B)
ap Apan = oy Agag > Co + { o) Apaj Y0 < j<nk #E. (A.18)
oy Ag (o + Bi)

3. For any k, k' k" € [K]:
(an + Br) " Ag(an + Brr) > Co + (o + Brr) T Agaj, Y0 < j < n. (A.19)

4. For any 0 < 7 < n:

o) Aoy, > o) Aoy, + Br) + Co
> Cp + max{a, Aaj, ) Ale; + )}, Yk, k" € [K]. (A.20)

We define ¢ as follows: for any Transformers

fk = (9k7 P€, (K](gl;)hv ngl;)}la V](gl;)h)he[H],lE[L]a 19]67 V)v ke [K]
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over V, the Transformer f = o(f1,..., fr) is given by

(57 pe, (K](ll)v Qg)vvg))hE[KHJrl],lE[L]a 57 vu Q)a

where the tokenizer is given by

61 (v) 0
)= * |, vev, fw) = L weQ,
O (v 0
0 Be (w)
the positional encoder is given by
b€y (.’13;1)1,"' 7U§1—17U€L(i)+17”' 7Ui>
S fff) o > :
sy Uly oo U | = )
y Pek (.%';Ul,"' 71}51—17vfb(i)+17"' 7vi)
;) t+y
where z € R%; for [ = 1, ..., L the key, query, value matrices are given by
0 0
= () _ 0 0 _ N
K—nymn = K » Que—t)Hn = Jioh ;
Ap 1
0
) _ )
Vi—yan = Viesh ’
0
0 0 0
K(l) _ .. ’ Q(l) _ ’ \7_([) _ ,
KH+1 0 KH+1 0 KH+1 0
A I I

where the submatrices K,(j;)h7 Q,(f;)h, V,g;)h are located in the k-th diagonal block. The output feature
V1(y)

is given by 5(3/) = p :( ) . Since &1,&,, only depends on whether v;’s belong to the set €2,
K\Y
0
the generalized position encoding pe is well-defined. We can easily verify that ¢ is indeed a
general-purpose Transformer of type (O(K), O(log Npax))-
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Let X{l), . ,Xy(Ll) represent the I-th hidden layer. Our goal is to show that for any [ =1,..., L,

)N(Z»(l) can be written as:

X

x0 = 5l Ci=1,....n, (A.21)
x0

i
67

where a; = a,;) + L(v; € Q) - Be(y,) and X,glz € R? such that

IX s < By(KHB,). (A.22)
In particular, for ¢ = 1,...,m we have
!
X\ =0, Vk=1,...,K, (A.23)
and for j =1,...,£ — 1 we have
) _ v _
Xy =Y, Vk=1,....K, (A.24)
and for j=1,...,& — 1,&, +1,...,n we have
0 _ 0 o _
Xei =Y ien—14e> Xy =0, VE' # K, (A.25)

where Yk(l]) is the I-th hidden layer of f; (attending only to positions 1,...,& — 1, +1,...,n) .

Thus we apply induction on I. The case [ = 1 holds trivially from the definition of 6 and pe.
Suppose the above relationship holds for all layers 1,...,1, consider layer [ + 1. We have

i exp (QU X ) TKG X))

(k—=1)H+h
l+1 Z Z Z 0 +
(

k=1 h=1j=1 Zo_

1)H+h

term 1
) ~ (I S ~ (1 S(1
i exp ((Q X)) T (K, X))
t2 70
Jj=1 KH+1

l l
V(K)H+1X( :

term 2

where
20 FOVT (& =)
(=1 H+h = ZGXP( Q(k D4R ) (K(kfl)HJthj )) :

By induction hypothesis,
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and Xlglz = YC((lz‘)) fori=1,...,6& —1,&n +1,...,n, where ((i) := {Z’ <&
Notice that for j <i:
l o (1 l l l l ~ ~
(Q(k 1 H+th( )) (ng) 1)H+hX( )) = (X( )')T(Q;(g;)h)TK,E:;)hX,g;; + @, Apdy,
(1 ! ! ~
(QKH+1XZ'( ))T( ([()H+1X( )) = TAOé]

Prove Eq (A.21). By properties of «, 3, A, for any jo < &, < j1 < i < &,41 notice that:

! > ~( a ! >
(QKH-HX( )) (K%)H—HX( )) > (Qg{)H—i-lXi( ))T(Kg()H—i-l ()) +C
~ (1 > ! >
> (Q%)H—i-lXi( ))T(Kg()H-HX( ) +2C.

Due to e-precision of transformers, this implies that

K3 7 g 3
0) j o
2K O, 0= &u

)

~( DT el =
exp ((QEK)HHX( )) (KEK)HHXJ(‘ ))) B {(pg“) §u <1< &uy1

and hence for &, < i < &1

K exp QU n X TR X)) [0
I+1) (k—1)H+h**i (k—1)H+h**j l X,
( Z Z Z = ' ng)—l)H-i-h

O]
k=1h=1j=1 Z(kfl)HJrh

+ Z :

Qu(4)

+1

X§;i )

(i+1) ’
XK;Z'

67}

P& — 14+ &, 0> &

115
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and for ¢ = &,

7 (1)
k=1h=1j=1 Z(Icfl)H+h
: 0
0] :
() X0
Vie—vaen ||+ 0
0 (i) T Bew;
X
Q;
where
ol v ONT (i@ vaU)
i XK X;7)
z+1) °xp ((Q(kmmh (k=1)H+h ) ) + (O
Z Z > 50 Vi xD (a26)
k=1h=1j=1 (k—1)H+h
This confirms Eq. (A.21) for [ + 1.
Prove Eq. (A.22). From above,
K H i exp((QY FOYT (RO bel)
l k—1)H+h**1 k—1)H+h

~(1)
k=1 h=1j=1 Zh—1)H+h )
< KHB, - max ||X Hg
< BQ(KHBU)IH.
This confirms Eq. (A.22) for [ + 1.

Prove Eq. (A.23). We first show X(l,) = 0. Indeed, by the properties of ay, B, for any j < &

QU X6 ) T RGy0 Xe))
= (X0 T (QU) KX, + (a0 + Beue, )T k(00 + Begug, )
> (X)) Qi) K X, + (a0 + Bewe,)) | Arao + C
=(Q (Q 1 H+hX£(?) (ng) 1)H+hX](l)) +C
It follows from Eq. (A.26) that

K (4D Sl 0 O
X! & =22 Vi Xpy =
k=1 h=1
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For & (1 > 1), we apply the same argument again to obtain that for any j < &; such that
j ¢ {fl <0 < @(n)} and any V< 1,

re () (1)
(k— 1)H+hX§k/)
re ()

(k

o
TR RS
=
By
+
>
Rl
N
_‘
A

(1)
X ) +C

This implies that the attention weights are supported on {§; < -+ < &}, and therefore

0 ST 5 (0) 0
(D) xp Q1) prn Xe) TG X)) ) (0
X{ ZZZ Vi Xy, =0

0]
k=1h=1j=1 Z(kfl)HJrh

where we apply the induction hypothesis k; X é(? =0 forall j=1,...,i— 1. This thus completes
the proof of Eq. (A.23).

Prove Eq. (A.24). When j; < jo <i < &, we have

A (¢ FONT (e (ONT rge (D) ®
(ng) panXi ) (K(k 1)H+h ) (Q(k X ) Koy min X, )
0)

[
(Xk, ) (Qk h)TKl(c)thg 21 +ag Akao
l l l
—(xI)T <Qk h>TK§€3hX,§32 —aq Akao

l l l l l l l

It follows that

>l ! 1) (1 I
Z((k)—l)H-i-h = ZGXP ((Ql(c;)hyk(;i))T(Kl(c)h U)) )

j=1
and
O v ONT (0D 1O
ioexp ((QpYe ) (KipYy ;)
l+1 h ™ ks sh= k;j ! !
Z ZZ ( P10 ) 'Vl(f;)hyk(;}
k=1h=1j=1 Z(k—l)H+h

)
This confirms Eq. (A.24).

Prove Eq. (A.25). When i > &, we rely on the following properties:

1. Attention sink to v, for mismatch expert: for any k' # x and j <14 we have

~( SNT o ! ~( DT 500 !
(leg’—l)H+hXi())T(KEk)/ )H+hX()) (ngz)'—l)H-i-hXi())T(KElg’ 1)H+hX()) C. (A.27)
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2. Attention to task-relevant tokens for matching expert: for j € {1,...,§ — 1, +1,...,n},
and & < 7’ < &, we have

A1) ONT (o) v(ONT (1o (D) a0,
Q1) rnXi )’ (K(n 1)H+h ) (Q(H paenXi ) (K nympnX;) +C (A28)
and for j1 < joe{l,....6 —1—-1,&,+1,...,n}
(ON\T 11 () v (ON\NT (D) (1)
(Q(n 1)H+hX ) (K- 1)H+h ) (Q(n e ) o mn X5, )
(ORVO) (ORVO) TKO y WO
= QUYL ¢ 14e) (Kmhyc(jl))_(Q Yo 1te) KenYec(a) (A.29)

To see Eq. (A.27), we notice that

( (k’ 1)H+h)~(i(l))T(KEQ/ 1)H+hX(l))

(X )T( ](g )T kl/) Xk/) +aTAk’( 5) + Bewy) - 1(v; € )
<X >T<Q§J,h>T K X0 +a;Ak/<am+ﬁg(v§m>>—c

= QU X TR 1)H+h5c§f,1>—c,

where we use Eq. (A.17) with &' # k.
To see Eq. (A.28), we notice that

(QEQ—1)H+th‘(l))T(KEZ) )H+hX(l )= (Q(l X(l NT(K ,& )+ o) Agag
> QU XI)TKYXY,) + af Al + Bew,) + C
X\ (l) ()
(Q(n 1)H+h i ) (K(K 1)H+h ) +C,

and

A o (1 l l l l l l
QUL X TG0 X)) = (@ X0 (KD, X0

> QU x) Tk, xY,
0 o (ONT /1o
= (QupunXi’) (K

where we use Eq. (A.18) and Eq. (A.20).
When &, < j1 < jo2, Eq. (A.29) follows directly from

(0 T ONT (g2 v () T ONT (1) v(®
(Q( )H+hX‘ ) (K(Ii 1)H+hXj1)_(Q(nfl)H+hXi ) (K(Hfl)H+hXj2)
(Q(l) X( )) (K,({)hX(l) )+ O‘jnAkaan

RiJ1

~ QU xOTKY, XY ) + o Aral,

KiJ2

_ @) (1) T e (1) () @) () Ty (D) (l)
= (QunYei-en1+a) Ky e 116) = (QuaYite, —146) KunYeijo—en—146)-

The other cases follow similarly due to Eq. (A.20).
We have hence confirmed Eq. (A.27), Eq. (A.28), Eq. (A.29), and therefore
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£7IL
6j ( M) @ M) O ) e
- - - _ xp((Qu Vi —14e,) (Kin Vi) _ .
oxp ((QEQ—UH"‘hX"(l))T(KEQ—l)H+hXJ(l))> _ 2((1?—1)H+h 7 k=h i<
Z((llc)fl)HJrh 0, k=k, &6 <j<é&m
eXp<(Qs;>hYé;li>—sm—1+sl)T(Kg;)hyj@&n—usl)) .
7O , k=K, J>&m
(k—1)H+h
and
(1) _ ORI T (e 1)
Z(k_l)H+h B Z eXp <(QK;hYI€;i7§mfl+£l) (KK,hY] )) .

j:17"'7€1_17€m+17"'7n

It follows that

- ) @) ) )
X(H‘l) — R 16Xp ((Q’Q?hyﬂﬂffm—l—l-fl)T(Kn;hy} ))

(ORVO)
i Z () VinY;
Jj=1 (k—1)H+h
i ) 5@ T3 30
exp ((Qn;hYn;z‘—sm—Hfl) (Kn;th—sm—Hsl)) VO 30
Z Z(l) kh T j—=Em—14+&1°
J=Em+1 (k—1)H+h
(41
T U RE=Em—1+&

I+1 l
XU = X0, =0, WK # .

Therefore we establish Eq. (A.25). This completes the induction.
At the output layer, we have

p];(y|vl, ..., vp) = Softmax(J(y) " X))

n

= Softmax(9(y) V") _,¢)

- pfﬂ (y|u17 e 7u’l7/—§m—1+fl)-

This establishes the desired Eq. (2.2). O

A.1.5 Proof of Theorem 2.4.7

Proof. Let ¢, dm, ¢ denote the general-purpose Transformers in Proposition 2.4.4 (with K experts),
Proposition 2.4.2 (with K = 3 token spaces), and Proposition A.1.1 (extending to V) respectively.
We construct a dummy Transformer f; that outputs BOS immediately after a token in A. Then we
claim that the general-purpose Transformer 5 defined by

¢(f07f17~"7fK) = ¢m(¢8(¢e<f1)a R a¢6(fK))afd7f0)

achieves the desired property.
Indeed, let g1 = ¢s(de(f1),- -, Pe(fK)), by Proposition 2.4.4, we have



APPENDIX A. APPENDIX FOR SAMPLE COMPLEXITY AND
EXPRESSIVENESS OF TEST-TIME SCALING PARADIGMS 120

1. Expert following: At t-th iteration,
t
Py, ( prompt) ~ P ( fJIug:Ll) )

where q|u§271 is the token sequence obtained by concatenating the user query ¢ and prior

generated part in response t: ugtz_l

2. Regret minimization:

max ro(a”) — Efro(al™)] < reg(T).

Therefore by Proposition 2.4.2, we have

t t
ug )~ pfa(t) ( q|ug:2,1) :
It follows that

max r(g,u") — Efr(q,u™)] < A By ge (40 [r(@,0)] = Egery [Eynry o (19 [r(a, )]

< A+ maxro(a’) — Elro(a™)]

< A+ reg(T).

Finally, ¢ has type ¢ of type (O(K), O(log(Nmax))) because ¢, has type (O(K), O(log(Nmax))) and
¢m, e has type (O(1), O(log(Nmax))). This completes the proof. O

A.1.6 Attention sink positional encoding

In this section, we introduce positional encoding mechanisms that induce attention sink behaviors
used by Theorem 2.4.7.

Lemma A.1.2 (Attention Sink Positional Encoding, Type 1). For any C € Ry, K,N € Z,
there exist vectors ag,aq,...,an,P1,-..,fx € R and matrices A, Aq,...,Ag € R for d =
O(K +log N) such that for any n € [N] the followings hold:

1. For any k # K':

a,TLAk(an + Brr) > C + max oz,IAkan, max aIAkaj, max oz,IAk(ozj + Bgr)
0<j<n 1<j<n
k" €[K)]
2. For any k € [K]:

T T T T T
a, Aoy = o, Apoy > C 4+ max § o, Ag(o, + Br), [nax o, Apaj, ax on A (o + Brr)
k' €[K]
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3. For any k, k' € [K]:

(an + Brr) " Ag(an + Brr) > C + Ofg?gn(an + Bi) " Aga;.

4. For any 0 < j < n:

o) Aoy, > a) Aoy, + Bp) + C
> C’—f—max{ozl—Aozj,aIA(aj—F,Bk/)}, Vk, k' € [K].

Proof. By Claim A.1.4, we can find vq,...,yn € R? such that d = O(log N),

1 ., .
v wul <5 Vi#GEINL  and  glyi=1, Vie[N]

Let eq,...,ex be the standard basis of R¥, and let 1x denote the all-one vector in R¥. We use the
block decomposition

R =RIa R RE @ R.

Define
Yi 0 0
1 2 0
ai=141 a =] Br = e
0 0 1
For each k € [K], define w;, € RX by
(w2) —C, kK =k,
w 5=
MET o, K £k
Let
AC-I; 0 0 0 4C-I; 0 0 0
0 4C w] 0 _ 0 0 —-C-1j 0
A = 0 0o o0 o A7 0 0 0 0
0 0 0 20 0 0 0 0

The dimension can be bounded by d = d + K +2 = O(K + log N).
We first verify the properties involving Ay. Direct computation gives

a;Akan = a,TLAkao = 8C.
Moreover, for 1 < j < n,

o, Apa; = 40, v, 4+ 4C < 6C.
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For any k' € [K],

7C, K =k
T ) )
nA n+ Dr) = 8C + r =
o, Ag(an + Brr) (Wi )k {907 W4k
For 1 <j<nand ¥ € [K],

Ck;ll—Ak((lj =+ ,Bk/) = 40’)/7—{")@' +4C + (wk)k/ < 7C.

Therefore, if k' # k, then
a, Ap(om + Br) = 9C

is at least C' larger than all terms in item 1. This proves item 1. Similarly, o, Apc, = 8C is at least
C larger than a, Ay(ay, + Bi) = 7C, all earlier unmarked scores, and all earlier marked scores. This
proves item 2.

For item 3, direct computation gives

(an + Bk")TAk(OZn + Bk;/) =10C + (wk)k/ > 9C.
On the other hand, for every 0 < j <mn,
(an + ﬁk/)TAkOéj < 8C.

This proves item 3.
It remains to verify item 4. We have

o) Aoy, = 4C, o) Alan + Br) = 3C.

For 0 < j < n,
ap Aaj = 40, v; < 2C,
and
T ) — T,
a, A(aj + Brr) =4C, v — C < C.
Thus
4C > 3C + C, 3C > C 4+ max{2C,C}.
This proves item 4 and completes the proof. ]

Lemma A.1.3 (Attention Sink Positional Encoding, Type 2). For any C € Ry, K,N € Z,,
there exist vectors o, ...,an, Bo,-..,Bk € R and matrices A, Ag, A1, ..., Ax € R¥>? for d =
O(K +log N) such that for any n € [N] the followings hold:

1. For any i > j1,j2 and k, k', k" € [K]:
(i + Br) " Ao(j, + Brr) = (e + Br) T Aolaj, + Brr) > (ci + Br) T Aoy, + Bo) + C.
Moreover, for any i > j; and k € [K]:

(i + Bo) T Aol + Bo) > (i + Bo) " Ao(aj, + Br) + C.
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2. For any i > j and k, k' € [K]:

(i + Br) " Al + Br) > (o + Br) " Aoy + Br) + C
> (Ozi + 5k)TA(Otj + ,30) + 2C.
3. For anyi > j, 5, k, k', k" € [K] with k' # k:
(@i + Bi) A (aj + o) = (i + Br) " Aw(ayy, + Brr) + C.
Moreover, for any i > j1, k, k' k" € [K| with k' # k and (j1,k") # (i,k):

(ci + Br) T Ap(ai + Br) > max {(ai + Br) " ke, + Brr), (i + Br) T Apr (o, + ﬁo)} +C.
Proof. By Claim A.1.4, we can find 71, ..., vy € R? such that d = O(log N),
T 1 . . T .
il <5, Vi#FjEIN],  and  yiy=1, Vie[N]
Let eq,...,ex be the standard basis of R¥, and let 1x denote the all-one vector in R¥. We use the

block decomposition )
RE=RIGRE@ORBR.

Define
i 0 0
0 e 0
0 0 1
Define
0O 0 O O QC-IJ 0O 0 O
0O 0 O O 0 0O 0 O
AD=1902 o 27| 0o 0 20 o0
00 0 C 0 0O 0 O
For each k € [K], let up, = 1x — e;, and define
2C - I3 0 0 0
_ 0  6C-exe, 0 5C - uy
A = 0 0 0 0
0 0 0 0

The dimension can be bounded by d = d + K + 2 = O(K + log N).
We first verify item 1. For any 4,5 and k, k' € [K],

(i + Br) T Aoy + Br) = 20,
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whereas
(ai + Br) T Ao(aj + Bo) = 0.
Also,
(i + Bo) " Aol + fo) = O, (@i + Bo) " Ao(ey + Br) = 0.

This proves item 1.
For item 2, if ¢ > j, then

(i + Br) " Al + i) = 4C.

Moreover,
(0 + /Bk)TA(aj + Bi) = 20%7%» +2C < 3C,
and
(v + Bk)TA(aj + Bo) = 20'7;7]' <C.
Therefore,

4C > 3C + C, 3C > C +2C,

which proves item 2.
It remains to verify item 3. Direct computation gives

(i + Br) T A (aj + Brn) = 2C; v +6C - 1{k = K'}1{k" = k'},

and
(0 + Bi) T A (0 + Bo) = 20~ v; +5C - 1{k # K'}.
If k' # k, then
(i + Br) T A (j + Bo) > —C 4 5C = 4C,
while

(a; + Br) " A (aj, + Brr) < C.

Thus the first inequality in item 3 holds.
Finally,

(i + Br) " Aplev + Br) = 2C + 6C = 8C.
For (j1,k") # (i, k), either j; # i, in which case

(ai + Br) T Ay, + Brr) < C +6C = 17C,

124
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or 71 =i and k” # k, in which case
(i + Br) " Ag(i + Byr) = 2C.

In both cases,
(o + Br) T Ap(aj, + Brr) < 7C.

Moreover, for k' # k,
(i + Br) T Ap (e, + Bo) < 2C +5C = 7C.

Since the matching self-score is 8C, the second inequality in item 3 follows. This completes the
proof. ]

A.1.7 Technical Claims

Claim A.1.4 (Johnson-Lindenstrauss Lemma). Given 0 < e <1, a set X of N points in R", and

8(1n2N), there is a linear map f : R™ — R¥ such that
&

an integer k >

(L —e)lu—ol* < [[f(u) = F@P < (1 +&)llu— o]
holds for all u,v € X.

Claim A.1.5 (Berry-Esseen theorem). If X, Xs,... are i.i.d. random variables with E[X1] =0,
E[Xlz] =02>0, and IE[|X1|3] = p < 00, we define

X1+ X+ + Xy,
n

Y,

as the sample mean, with F,, the cumulative distribution function of Y"T‘/ﬁ and ® the cumulative
distribution function of the standard normal distribution, then for all x and n,

Fafa) = 0@)] < 5.
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A.2 Experiment Detalils

A.2.1 Implementation details of self-correction experiments

The model configurations are detailed in Table A.1.
Our code is implemented based on PyTorch [5] and

Model Depth Heads Width
minGPT!. All the models are trained on one NVIDIA oce °p cads Wi
i i GPT-nano 3 3 48
GeForce RTX 2080 Ti GPU with 11GB memory. P Tomiors i | -
Following common practice, the learning rate goes GPTomini 6 6 199
through the warm-up stage in the first 5% of training  Gopher-44M 8 16 519

iterations, and then decays linearly to 0 until training
finishes. We set the peak learning rate to 10™* and Table A.1: Model configuration hy-
find that all the models are stably trained under this
learning rate schedule. We do not apply dropout or
weight decay during training. We repeat the experi-
ments three times under different random seeds and
report the average accuracy with error bars.

perparameters of self-correction ex-
periments.

A.2.2 Prompts for self-correction

Initial Problem Solving Prompt

Solve the following math problem efficiently and clearly. The last line of your response
should be of the following format: ‘Therefore, the final answer is: $\boxed{ANSWER}$. I
hope it is correct’ (without quotes) where ANSWER is just the final number or expression
that solves the problem. Think step by step before answering.

{Question}

\_ J
Correction Prompt

Your answer is incorrect. Please analyze your solution and identify where you made
an error. Then provide a corrected solution that leads to the right answer. The last
line of your response should be of the following format: ‘Therefore, the final answer is:

$\boxed{ANSWER}$’
\_ Y,

A.3 Best-of-n with Imperfect Verification

We additionally perform experiments to test robustness of best-of-n under imperfect verifi-
cation. Using Qwen3-32B as an LLM verifier, we evaluated best-of-n on the AIME 24/25
datasets with 3 recent models. As shown in Table A.2, best-of-n with an LLM verifier closely

https://github.com/karpathy/minGPT (MIT license).


https://github.com/karpathy/minGPT
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matches the performance using an oracle verifier. This evidence supports the practical validity
of our theoretical assumptions in Section 2.5.2.

Model Best-of-n (64, oracle) Best-of-n (64, LLM verifier)
Qwen3-1.7B 80.00 76.56
Qwen3-4B 91.67 85.20
Llama-3.2-3B-Instruct 23.33 21.45

Table A.2: Comparison of best-of-64 performance using an oracle verifier vs. Qwen3-32B as
an LLM verifier on AIME 24/25. Results are similar across all evaluated models, indicating
robustness to imperfect verification.
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Appendix B

Appendix for Bits-to-Rounds Sampling
for Diffusion Language Model
Inference

B.1 Proof of Theorem 3.3.2

Proof. We first control the approximation error incurred by factorizing the joint likelihood
into per-group conditionals. For any ordered partition (Ay, ..., Ag) as above, by the ordered-
partition chain rule of probability density function, we have

R

—logp(x) = >_[~logp(z™ [ x7)].

r=1

For each round r € [R], by Assumption 3.3.1 and Fréchet inequality, the joint conditional
probability of x4 given the past unmasked set C, can be lower bounded by

. Al
Ar | 20y > 1 — 1—p(zf|zf) >1 - flA: . B.1
et [2) 2 1= S0 = ple ) 21— 2 (B.1)
Thus, the entire negative joint log probability — log p(x) can be bounded by
R
—logp(x) = Y[~ logp(a™ | 2)]
r=1
& 1
<) log ) (plugging in (B.1))
Tzl 1= flA:]/(1+[Ar])

: 1+ A,
=2l >rA|>

1
< Rlog 1+(1+—nf)n> . (ﬁ is monotone increasing with ¢ > 0)

=



APPENDIX B. APPENDIX FOR BITS-TO-ROUNDS SAMPLING FOR
DIFFUSION LANGUAGE MODEL INFERENCE
Rearranging, we obtain

—log p(x)
14+n '
log (1+(fif)n)

On the other hand, by the definition of € in (3.1), we have

R >

Zlogp Ar | 2o7) ZZlogp @) <e
r=1

r=1i€A,

129

(B.2)

(B.3)

for any r € [R]. Consequently, again by applying the chain rule and summing up over r,

—logp(x) = > [ log p(z | 27) — > {— log p(z" | .I'CT)} + ) [— log p(z" | xcf)}

r=1 ’LEAT ’ieAr
R
<e+d > {— log p(z" | xc’”)} (plugging in (B.3))
r=14i€A,
R
<e+> |=> log 1-— 1—|—f|A ‘> (by Assumption 3.3.1)
r=1 €A,
& f
=€+ Apllog 1+ ——F—
3 toe 1+ )|
5 |ALS
log(l+1¢t) <tfort>0.
I (log(1+1) < tfor ¢ 2 0)
<e+ Rf.

Rearranging, we obtain

—logp(x) — ¢

R> 7

Combining Eq. (B.2) and Eq. (B.4), we have

R > max { —logp(x) —¢  —logp(x) ) } .

’ 14+n
/ log <1+(1+—f)n

The proof is complete.
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B.2 Additional Figures, Examples, and Experiments

B.2.1 Examples of the inefficiency of confidence-based parallel
decoding algorithm

Example 1: Structured Profile Records Consider randomly sampling the profile of an
undergraduate student from a structured database:

x = [name, age, school, hobby] ~ paata-

A confidence-based decoding algorithm typically selects the field age first, since its predicted
distribution is concentrated within a narrow range (18-22), yielding artificially high confidence.
However, if one decodes name first—despite its relatively diffuse predictive distribution—the
remaining fields often become nearly deterministic: the student’s school, age, and hobby
are strongly constrained once the identity is known. Thus, a naive “confident-token-first”
decoding strategy is locally optimal but globally inefficient: it picks the token that resolves
the least uncertainty.

Example 2: Code Generation A similar phenomenon arises in coding tasks. Consider
predicting the following masked snippet for computing a factorial:

def factorial(n):

[MASK] = 1
for i in range(l, n + 1):
[MASK] *= i

return [MASK]

Each possible masked variable name (e.g., ans, result, res) may have low marginal condi-
tional probability due to the arbitrary naming convention, resulting in low-confidence among
all three masked tokens. Nevertheless, decoding any one of the masked slots immediately
forces the remaining masks to adopt the same name, thereby collapsing the search space for
all subsequent predictions. Again, high-entropy tokens, if decoded strategically, can unlock
substantial determinism elsewhere.

B.2.2 Visualization of block sampling LLaDA and fast block
diffusion sampling

Figure B.1 provides a visualization of both block sampling LLaDA [139] (Panel (a)) and our
fast block diffusion sampling approach (Panel (b)) for comparison.

B.2.3 Additional experiments for fairer comparison

We report an additional performance curve of ETE called ETE (Standard). We measure
performance across a range of confidence thresholds while holding other hyperparameters
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Prompt Response

D DX XD XD DDA DX I
DDA DA D DX XD D<|><|><|><|>
X XXX R O OO
X DDA, XTI
RO SO
RN
(a) Block diffusion (LLaDA) sampling [139]. (b) Ours: Fast block diffusion sampling.

Figure B.1: Panel (a): Block diffusion unlocks the next block after the current block is fully
unmasked; Panel (b): Fast block diffusion (with budget 1) unlocks the next block after the
budget exhausts and retains the ability to unmask prior blocks, enabling faster decoding. In
both figures, we use red arrows to indicate unlocking the next block.

fixed (tuned on the GSM8K training set) so that both ETE (Standard) and confidence-based
baseline only have one degree of freedom (confidence thresholds). This ensures a direct and
fair comparison with the baseline by varying the same primary hyperparameter (the static
confidence threshold). We still keep the original ETE curve in Figure 3.6 for comparison.

According to Figure B.2, in direct comparisons using fixed hyperparameters, the ETE
(Standard) frontier is still consistently superior to that of the confidence-based baseline. ETE
(Standard) attains higher average accuracy at comparable or lower step budgets, highlighting
statistically significant improvements particularly in low-compute regimes. Moreover, by
leveraging the additional degree of freedom in step scheduling, the ETE frontier achieves an
even more favorable tradeoff, reaching higher peak accuracies with fewer steps. Overall, these
results demonstrate that ETE allocates computational resources more effectively, translating
to superior accuracy-per-step efficiency across diverse domains.

B.3 Confidence-based Parallel Decoding Algorithms
and Detailed Illustrations of ETE

B.3.1 Confidence-based parallel decoding algorithms

Algorithm B.3.1 demonstrates the standard confidence-based parallel decoding process with
a static confidence threshold C.
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Figure B.2: Accuracy-steps frontiers of ETE with an additional ETE (Standard) curve versus

baseline on four benchmarks.
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Algorithm B.3.1 Confidence-based parallel decoding with block diffusion sampling

1:

9:
10:
11:
12:

Input: Model py, prompt Xprompt, generation length n, num blocks L, confidence threshold
C.
Xg (xpmmpt, [M]®") , t<+0
1o = [Xprompt|s By = [no+(b_Tl)n :mﬁ—%”} (b=1,...,L)
forb=1— L do
while block b is not fully unmasked do
S+ {0<i<ng+n:zi=[M]}NB
T, <+ argmax,ey ph(v | x¢), i € S
i By, i pp(Th [ %) > C,
Typ1 <9 .
xy, otherwise.
if x;,1 = x; then
%, 21, argmaxies ey Po(v | Xi), @i, — i,
t+t+1
Return x;
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B.3.2 Detailed illustration of ETE

We provide the detailed illustration of ETE in Algorithm B.3.2, which orchestrates exploitation
and exploration phases within the fast block diffusion framework. Algorithms B.3.3-B.3.6
elaborate on the detailed subroutines of exploitation, implicit exploration, the trigger for
targeted exploration and targeted exploration, respectively.

Algorithm B.3.2 ETE Main Sampling Procedure
1: Input: Model p, prompt Xprompt, Sequence length n, num blocks L, steps per block N, con-
fidence threshold C, additional decoding rounds n¢, exploration params d" ~ a, B, N,.
2 X (xpmmpt, [M]®") L, t+0
3: forb=1— L do
N

5: while t — t* < N and M, # ) do

6: X411 < EXPLOIT(Xy, b, C)

7: if TRIGGEREXPLORE(x;41,0,7, N.) then
8: X¢11 ¢ IMPLICITEXPLORE(X;41,b — 1)
9: X; 12 + TARGETEDEXPLORE(X/41, b, a, 3, c™)
10: t+—t+2

11: else

12: Xy41 < IMPLICITEXPLORE(X4 1, b)

13: t+—t+1

14: if M; =0 then

15: break

16: if M; # () then

17: for =1-—ns;do

18: X141 < EXPLOIT(xy, L, C)

19: t+—t+1

20: Return x;
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Algorithm B.3.3 EXPLOIT Subroutine

Input: x;,0,C

Form the feasible set S; as in Eq. (3.4).

Compute exploitation tokens x;;1 according to Eq. (3.5).
return x;

Algorithm B.3.4 IMPLICITEXPLORE Subroutine

1: Input: x;,1,b
2: Reuse ¢(2},,) from the last forward pass.
3: fort =1,...,bdo

4: Syt < Sy N By (Parallel implicit exploration across active blocks)
5: if Sy+ = () then

6: continue

7: Let Uy be the subset of Sy not already committed by Eq. (3.5).
8: if Ub’;t 7é () then

9: " < argmaxey,, Po(Zp | xt)

10: zi', < 2., (One highest-confidence token per block)

11: return x;

Algorithm B.3.5 TRIGGEREXPLORE Subroutine

Input: x;.1,b,7v, N,
itrontier = Min(bny, max((b — 1)ny, arg max;{i : xt # [M]}) + ny/2)
Wt — {Z xt [M] i € ((b—1)np, ifrontier| } (Identify the frontier window)
Siew, Po(Z1.1 | x¢) (Compute average confidence)
Let Rbt Hae the number of masked tokens remaining in block b.
if ¢; <~ and Ry, > N, and budgets not exhausted then
return True (Frontier is information-poor)
else
return False

Algorithm B.3.6 TARGETEDEXPLORE Subroutine

Input: x;,1,b,a, 5, Cingo
Construct H; using Eq. (3.6).
for j € H; do A '
Xi41yj ¢ Xeq1, Tiypy = argmaxyey py(v | x¢). (Form the search beam)
Compute (X¢12:7)jen, ¢ EXPLOIT((X¢41.5)jem,, b, C) in batch.

Select j* < arg max; s(j) for the score in Eq. (3.7).
return x; o ;-
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Appendix C

Appendix for Theoretical Foundations
for Statistical Watermarking

C.1 Proofs

C.1.1 Proof of Theorem 4.4.2

Proof. Let p’ denote the marginal probability of X and let n denote the marginal probability of R.
In the bound of Type I error, choosing 7 = 4, yields

a > Pxr rop@,) (X € R)
= Pren(y € R)

= ) (Z o (z)P(R|x) ) 1(y € R). (C.1)
Re292 \zeQ)

Now notice that

P(X € R) = Ep[1(X € R)]

=> > FWPRIyLy<R)

yeQ Re29

ZZ(Zp P(Rly) - (yER))-

yeQ \ Re2®

A(y)

For the term A(y), we first know that A(y) < p'(y). Applying Eq. (C.1), we further have

Ay Z (Zp R\:U) 1(y € R)

Re29 \zef
< a.
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Combining the above two inequalies, it follows that

PXeR) <D (anp®)

yeN
=1- > (J@-a
zeQ:p! (z)>a
<1— min '(z) — «
= Tv<p'||p>35meg%m)>a (¢/() = a)
<1- ( > (p(x)—a)—E)
z€Q:ip(z)>a +

where the first equality is achieved by

/ . /
and the third inequality is achieved when }>,cq.,u)<a (@ — p(z)) > €, a sufficient condition for
which being [Q| > (2 + ¢)/a (indeed, otherwise we have 1 > 37 .,y p(z) > a - [{z : p(z) <
at—e>a- (|2 —1/a) — e =1, a contradiction). This establishes the optimal Type II error.
Finally, to verify that P* satisﬁes the conditions, the condition TV(P*(-,2%)|p) < € is clearly
satisfied. For any y € {2 we have

Pronly € B) = 3 p*(a) - P(R = {a}) - 1(y = 2)

)
o
< a.

This implies the supreaq) Py~ (x,R)~P (Y € R) < « because any 7 can be written as linear
combination of 4,. Moreover,

P (X eR) = > p'x) P(R={z})
zeQ
= > (anp*(y))
yeN

—1- Y (@ -a)

zeQ:p*(z)>a

This verifies that p* achieves the advertised Type II error. O

C.1.2 Proof of Theorem 4.4.7

Proof. Lower bound. By definition of Type I error, for any level-a model-agnostic watermarking
(1,{Ps}pea(a, 7)), the following holds

Zn I(zeA) <a, Ve e Q.
A2
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For simplicity of notations, we assume Q = {1,2,...,m}. We consider hard instances in the form of
Unif (i1, 42, .. .,41/4) Where 1 <4y < --- <4/, < m. Notice that for any po = Unif(i1,i2,...,%1/4),
we have 3(P, ) = 0 and

5(73/)0) > PANU ({il,. . .,il/a} NA= @)

1/
277 ﬁ 1(i; ¢ A).
j=1
By the probabilistic method,
1/a
mpe i) 2 max | 2 () 1120 ¢ 4
1 1/a

> ) TT16 ¢ 4)

(IT/na) Z'1<---<i1/a A

It follows that the maximum excess Type II error is lower bounded by the optimum v* of the
following linear program

1/a
* . 1
vi=min ey 3L Do) I116 ¢ 4)
1/0& 1< <ll/o¢ A ]:1
277 I(x € A) <a, Vx €9,
Ag29
3" n(A) =1, n(A) >0, VA € 22,
Ag20
By duality, we have v* =
1 1/a
e T Yo 2@ TG ¢ A+ &) | Do nA)lze ) —a
nz £7<— 1/05 11<-+ <’Ll/a A ]:]_ T AGQQ

: (Z )

( n(A) - ( Z ﬁ]lzjgéA +Z§ 1(z € A) —i—C)—a Zﬁ )

11<<ly/q J=1

T
ui —1 am&* + ¢*
BERe ) e e

1/a

v
B
&
"
§
S

v
z
:3
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Define f(1) := (1/a) +1-&* 4 ¢*. Since the binomial coefficient ('}' e ") is convex and [ - £* + ¢* is
linear, f a convex function. Notice that

flam) = flam 1) =¢ = f”f)

<0

and

flam+1) = f(am) = & —

f achieves minimum at [* = am. It follows that
m—1 > m —am am m—am —1
1/« 1/
holds for all [ € [m] and thus

m—am m—1/a m—21
RHS > Cya) o) Uit

(17a) (am)  lam)

Upper bound. Define p as the projection from € x 2 to 29, ie. p(V) = {A € 2% : 3z ¢
Q, st.(z,A) €V} Let W= {(z,4) € Qx 2% :2 € A}.
Notice that the marginal distribution of reject region

r(A) = {(a%n) if |[A] = am

0 otherwise.

satisfies

sup Pyr (xpp(Y € R) < - m(@) 0" (p(W N ({o} x 29)))

ﬂ‘EA(Q) =te)
m—1
< ZTF(QS‘) N ((angn))>
e am
= .

Hence it guarantees Type I error < a.
It suffices to show (*): for any p € A(Q, F), there exists a coupling P, of n* and p such that

-t
Plaarr,(@ ¢ A) < G55+ S0pizalpla) - a).
To show the above, we need to check Strassen’s condition

p(U) =7 (p (W (U x2)) < ( ) 4 Y« ), VU C Q. (C.2)

z:p a:)>a
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Indeed, given Eq. (C.2), Theorem 11 in Strassen [183] establishes (*).
In the rest of the proof, we show Eq. (C.2). Fix U with cardinality k. First notice that

p(U) = Y (p(z) —a) < (ak A1)

z:p(z) >0

Since p (W N (U x 29)> ={Ac2%:3 cU, st ic A}, we have

n' (p (W N (U x 29)» >1-— (o) —1_ (m_kam).

(am) (%)
In the remaining paper, ("7,*™) is understood as zero if m — am < k.

() ) ()

If k < 1, then because g(k) := ak —1+ B is convex and takes maximum (;:,;) = ("J{L)
k = am
at k* = é, we have
o) = (p (W 2)) sab-14 SED S e -
k zip(x)>a

am z:p(z) >0
m—am m—k
Ifk > é, then since (T’;) = ((“,,T) is monotonously decreasing in k,
k am
) (")
p(U) =7 (p (W (U x29)) < et 2 (@) —a)
k z:p(x)>a

Combining, we establish Eq. (C.2).

Under the condition o« — 04 and 1/(am) — 04, the rate displayed in Theorem 1 simplifies to:

(m—am)(m—am—1)---(m—am—1/a+1)
nm—1)---(m—1/a+1)

=(1-a)/* et

This concludes the proof. O

C.1.3 Proof of Theorem 4.4.10

Proof. We follow the notation in the proof of Theorem 4.4.7.
Lower bound. By definition of Type I error, for any level-a model-agnostic watermarking
(1,{Pp} per(, 7)), the following holds

3" n(A)1(z € A) < a, Yz € Q.
Ae2%
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We consider hard instances in the form of Unif(iy, i, ...,41/,) where 1 < iy < .-+ < idy/, < m.
Notice that for any pg = Unif (i1, iz, . .. ,41/), we have B(P}, ) = 0 and

(P = B (i) 119

1/k
ZTI H (ij & A).
7=1
By the probabilistic method,
1/k
mpxAPp) 2 s 2 ) 1] 15 ¢ 4
1 1/k
>y X Y- T ¢ 4)
1K) i< <iyy A j=1

It follows that the maximum excess Type II error is lower bounded by the optimum v* of the
following linear program

1/k

. .

v :mr}nW Z 277 H (i; ¢ A)
1/k 1< <11/H 7=1
Z n(A)1l(z € A) < a, Vz € Q,
Ae2®
> n(A) =1, n(A) >0, VA € 2%
Ae29

By duality, we have v* =

1 1/k .
glziggc%m > )] (Zj%AH;& (Zn xGA)—@)

1<y A j=1 A2t

¢ (A%z:ﬂ n(A) — 1) >

1/k
:?é’éﬁ?ﬁ?({l@)(z"(fl)'( > TG+ e ) +<>—a S ¢(x) )

11< - <Zl/~] 1
l * *
> min ZZn | >+l§+c> amé +¢
n=20 (1//4 1=1|A|=I / (1/;@)
where ¢* = (ml/iml ) and ¢* = 0.

Define f(l) := (1/,{) +1-& + ¢*. Since the binomial coefficient (1/7 ) is convex and [ - £* + (* is
linear, f a convex function. Notice that

flam) = flam 1) =¢ = “’”f)

<0
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and

Flam+1) = flam) = € — )

so f achieves its minimum at {* = am. It follows that

m — 1 e > m —am 4 am m—am—1
K - 1/k 1/k—1

holds for all [ € [m] and thus

(") (e
RHS = =0y =y = ()

Upper bound. Notice that the marginal distribution of reject region

) — {(jﬂ) if |A| = am

0 otherwise.

satisfies

sup Py r (x pnp(Y € R) < - m(@) 0" (p(W N ({o} x 2)))

WEA(Q) €0
m—1
< ZTF(Z’) 1- ((aﬁ)))
e am
= .

Hence we have a guarantee on Type I error < a.

142

In what remains, we define p and W in the same way in the proof of Theorem 4.4.7 and check

Strassen’s condition

p(U) =7 (p (W (U x29)) <

(am) ot

), >« ), VU C Q.

(C.3)

Fix U with cardinality k. Due to the condition of sup,cqp({w}) < K, we have p(U) —
Pwip(z)>a(p(®) — ) < (kk A 1). Since p (W N (U x 29)) ={Aec2%:3 cU, st.ic A}, we have

U*(p(Wﬁ(UXQQ)))Zl_ (o) —1_ ("% )

Ifk < %, then

p(U) — 1" (p(Wﬂ(Ux2Q)))gﬂk_1+(mgm)+ S

( k ) z:p(z)>a

G, 5

(am zip(z) o
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where the second step follows from the fact that g(k) := kk — 1 + ( (:’“n) ) is convex and takes
k

m—am
)

1

m—
maximum —2~—— = ( “;{LH) at k* = =
GO

If k> 1, then

p0) = (p(wowx2) < i e 5 G -a)
k >
z:p(x)>a
m—1
= ((amm)) + (p(z) — o),
am z:p(z) 20
m—am m—k
where the inequality is because (T’;) = (‘”ﬂT) is monotonously decreasing in k. Combining the
k am

two cases establishes Eq. (C.3).
Combining the above cases, we checked Strassen’s condition and hence the statement follows. [

C.1.4 Proof of Theorem 4.4.11

Proof. Throughout the proof we assume that h < 1/4, otherwise the bounds become trivial.

We first prove the lower bound. For this purpose, we construct the hard instance: let go = H,~ L(n)
(take the one > 1/2) where H, is the binary entropy function defined by Hy(z) = —zlnx — (1 —
x)In(1 — z), and set pg = (1 — q0)dz, + qodz, Where x1, 9 are two different elements in €. Then
Lemma C.1.2 implies that ¢o > 3/4. By Theorem 4.4.2,

f=1-P(XeR)= >  (ox)=-q)

z€Qip(z)>a

P (p(X) = 20)

Y
| =

P Zln po(X;) > ln(2a)>

M\H

A\

1
1(n g > In(20)) - 5

Y

1(2n(1 — go) < — In(20)) %exp (—2n(1 — q0))

_ g 1 2nh
n< ——=C_—|.—exp ——— |,
= on/mB2 ) 2P T me

where the last inequality follows from Lemma C.1.3. It follows that

IV
=

In 2 1 1
> h_ . — — .
n(h, o, B) > 57, (111 Aln 25) (C.4)
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1
Furthermore, suppose n < 4(1—;2)#_1%' Define Y = > ; 1(po(X;) = 1 — qo), then notice that

E
Y ~ Binom(n,1 —¢p) and if Y < 211;: 29— then

In ;- _ In(2e) > In(2a)

where the last inequality is due to n-In gy > —2(1—qo)n > 72(17‘-70)4(1—(10)21?1 = s > g
1—qq 1—qq

Applying this and Markov’s inequality,

n 21n -
P Y Inpo(Xy) > ln(2a)> >P Y=<y fa>
=1

e

Z1_7’L(1—qO)

>

which is a contradiction to P(p(X) > 2«) < 28. As a result,
In i
4(1 — go) In =

1—qo

n(h, o, f) =

In o=
> 2o C5
— 4h (C.5)
Combining Eq. (C.4) and Eq. (C.5), we establish the lower bound.
For the upper bound, we define ¢ = max,eq, po(z), then Lemma C.1.2 implies that ¢ > 1/2.

Define Y = Y7, 1(po(X;) # q) (recall that Y ~ Binom(n,1 — ¢)). It suffices to show when

21n % 1 1 (18 +361n(9%))In L
h . “Aln= a
. (lna A nﬁ) Vv .

n = 900

the Type II error of the UMP watermark 1 — P*(X € R) < f3.
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By Theorem 4.4.2 and Bennett’s inequality,
1-P(XeR) = Y (sa)—a)

z€Q:p(z) >
< P(p(X) = a)

=P anln po(X;) > ln(a)>

n-—

Int
<P Y<_—%
1—¢

nln —
< exp|-n¢g1l-¢f| ———- 2 (C.6)

where 0(z) = (14+2) In(14+2)—=; the penultimate inequality follows from Y ;" ; In po(X;) < Y In(1—gq).
Notice that by Lemma C.1.2,

1 h ln%
(1—q)n— > o1 ) In—-

—q
Inln % +1In %

9 (In } + In(9k In(9%k)))
h

> :

~ 9+ In(9%k1n(9k))

Under this condition, we have the

R |~

. 18436 In(9k In(9k))) In L In
Since n > ( ( 7 (9%))) «  we have n > 1—qun g
1—q

simplification

Ini

1_ _ e
0 q nlnflq > 0(1)
q(1—q)

Plugging back to Eq. (C.6), we have

1-P*(X €R) < exp | —ng(1 — q) | ————=
( ) < exp [ —ng(1l —q) T

n(l —gq
S oxp (_ (100 ))
nh
e ) “r
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where we applied Lemma C.1.3 in the last step.
Furthermore, we have

I1-P(XeR) <P ilnpo(Xi) > ln(a)>
i=1

( lna>
<l({n<—
- ~ Ing

9k In(9k)

1
<1 n<900 nhh’lna»’ (C.8)

where the last step is due to Lemma C.1.3. Combining Eq. (C.7) and Eq. (C.8), we know that
I 2k 1n(9k)

1-P*(X € R) < § whenn > 900 <h“ . (lné Aln é)) This establishes the upper bound. [J

Supporting lemmata
Lemma C.1.1 (Topsge [188], Theorem 1.2). Define the binary entropy function Hy : (0,1) — R as
Hy(z) = —xlnz — (1 —2)In(1 — x). Then 4z(1 — z) < Hp(z) < (4z(1 — m))l/ln4.

Lemma C.1.2. Suppose p is a probability measure over Q such that H(p) = h, and define
q = maxgeq p(z). If H(p) < 1/4, then ¢ > 1/2. Furthermore, if Hy(q) < 1/4, then q > 3/4.

Proof. Suppose ¢ < 1/2. By convexity of H,

1 1.1
H(pp)>—|-|glng>—=In->1/4.
()= | |amaz ~jmz =

This is a contradiction.
Suppose ¢ < 3/4, then Lemma C.1.1 implies that

Hy(q) > 49(1 —q) > 1/4.
This is a contradiction. OJ

Lemma C.1.3. Suppose p is a probability measure over Q such that H(p) = h and |Q| = k. Define
q = maxgeq p(x). If ¢ > 1/2, then we have

h h

o g
91n 791“2(%) N 1= hrllnT2

Proof. We have
H(p)2 -(1-¢)ln(l —¢q) = (1-¢) -In2.
It follows that

h> —(1-q)In(l —q)

In2
>(1—¢qg)ln —.
> ( q)nh
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Therefore 1 — g < —2

= lnln2’

By the convexity of H and —¢lng < 2(1 — q),

1—g¢q
k

H(p) < —gqlng—(1—¢)In

k
<(1—-¢)ln ’
1
This means that

h2

AN
—~
—_
|
)
S~—
$
N
—
=
Ne)
N
~_
o

< 2(1 —g)* (ln2(9k:) + In?(1 — q))

2(1 — @) W (9k) + (1 - q) - (201 — ) (1 g))
(1 —q) - (In*(9k) + 18), (C.9)

IN

IN

where the last inequality is due to 2(1 —¢) < 1 and 2(1 — ¢) In*(1 — ¢) < 18. Tt follows that

9k
h<(l1-¢q)l
<(-g)n— .
1
< 9(1 - g) o IOK)
h
where the last step is because In %_q <2In 1112(59% <9In ln(,fk), using Eq. (C.9). This establishes
l—qg=> W~ O

h

C.1.5 Proof of Theorem 4.4.16

Proof. Let kg = a/log%, e < ko, and m = |Q| = |Qo|™ 2 1/ko. Define p as the projection
from Q x 2% to 2% YV, p(V) = {A € 2{2 1dr € Q, st (z,A4) € V}. Define Q:={zxcQ:px) <k},
W= {(z,A) € Qx2%:2¢€ A}, and W := {(z,4) € Q x 2% : x € A}. Notice that

sup Py e (x mp(Y € R) < 3 w(a) 0" (p(W N ({z} x 27)))
ﬂ'EA(Q) €N

(o)) _ .
< ZTI‘(.’E) 1- (m)>_ )

e am

thus Type I error < a. To establish the conditional Type II error guarantee, we check the following
Strassen’s condition, similarly to the proof of Theorem 4.4.7,

p(U) = (p (W (U x 29)) < p(@°) + 8- p(€), VU € Q. (C.10)
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Fix U and define k := |U N Q|. Notice that p(U) < (kk + p(Q°)) A 1. Tt follows that

pU) = (p (W (U x29)) < ((sk+p(@) A1) 1+ ((WZ%)

(" i)
max {(argl) - p(Q°), 0} +p(9°),

IN

am
m k)

where the second step follows from the fact that ((Fak+ p(92°)) A 1) -1+ (<‘“”) is convex in

[0, p(Q)//ﬁ}l and decreasing in [p(Q)/k, 00|, and thus the maximum can only be taken at either k = 0

or k= p(Q)/k.
By the conditions of n and x, some arithmetic shows that

m @ _ " ko _
max {((O‘HT)) - p(QC),O} < max (%”) — p(929),0

< max{(l — a)p@)/’“’ -1+ p(Q),O}
< max {ﬂp(m — 1+ p(Q), 0}
where the first inequality comes from x < kg, the second inequality is because

m— P2
K0

am ) (m_am)(m_am—1)'”(m—am—%?)+1)

(o) m(m — 1) (m - 29 4 1)
< (1 — )P @/mo

due to m 2 1/ky, the third inequality follows from kg = «/log(1//3), and the last inequality is due
to the observation that max {6”( — 1+ p(Q), } — B-p(Q) is a convex function of p(Q) and takes

maximum at either p(Q) = 0 or 1. B
Eq. (C.10) hence follows. Applying Strassen’s Theorem [183], we have P x gyp(W) > 1 —

(p(2) + 8- p()) = p(2) - (1 = B).
By Bayes’ theorem, P(x pyp(X ¢ R| —logp(X) > H) = P(x pp(X ¢ Rlp(X) < k) =

% < B. This completes the proof. O

C.1.6 Proof of Theorem 4.4.20

Proof. Throughout the proof we omit the subscript in the shrinkage operator S, as G is fixed. First
notice that

EX,RN'P [ min ]l(Y S R)‘| = P(X S S(R))

Y eout(X)
= > > p(y)P(Rly)L(y € S(R)).

yeQ Re2%
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Further, notice that y € in(z) and y € S(R) implies that z € R, thus

> > pP[RlYLyeSMR))< > > ply)P(Rly)l(z € R)

y€in(z) RE2$? y€in(z) Re2%
< > > ry)P(RIYL(z € R)
yEQ Re22
= Pxs.,rop,)(X € R)
< a.

It follows that the optimum Type II error is lower bounded by the optimum of the following linear
program

mln 1= Y py)P(Rly)1(y € S(R)) (C.11)
yEQ Re2%
st Y. Y p)P(RIy)Ly e S(R) <a, > P(R|2) =1,0< P(R|z) <1, Yz € Q, R e 2%,
y€in(z) Re29 Re2%

We claim that the minimum in Eq. (C.11) is equal to the minimum of Eq. ( 2). Indeed, it suffices
to show that Eq. (C.11) is optimized when P(:|yo) is supported on {#,S~*({yo}) (then setting

z(y) = P(S({y})|y) reduces Eq. (C. 11) to Eq. (4.2)). To see this, consider any minimizer P such
that there exists yo € Qand Ro ¢ {0,S ' ({yo}) , with P(Ro|yo) > 0. We will show that there exists
P such that it achieves the no greater objective value, and satisfies ]supp( Jyo)N{0, S ({wo}) | =

[supp(P(-|y0)) N {0, 8 ({o}) | — 1 and [supp(P (!y))\ ISupp( ([y))| for all other y € €.
Iteratively applying this argument, we reduce supp(P( N{0,871({y}) € to B for any y € Q and
thereby prove the claim.

Consider the following two cases.

Case 1: yo ¢ S(Rp). Then letting

) P(Roly) + P(Rly), y=yo,R=10
P(R‘y) = 07 Y = Yo, R= RO
P<R|y)7 0.W.,

we observe that

S 3T s P(RIY)Ly € S(R) =D Y ply)P(Rly)L(y € S(R))

y€Q Re2f? y€N Re2f?

and 75_satisﬁes all the constraints in Eq. (C.11). Tt is obvious from the construction of P that
[supp(P([y0)) N {0, 8~ ({yo}) “| = Isupp(P(ly0)) N {0, 8~ ({yo}) “| — 1 and [supp(P(:|y))| =
|supp(P(-|y))| for all other y € €.

Case 2: yg € S(Rp). Then letting

. P(Roly) + P(Rly), y=yo. R=35"({yo})
,P<R‘y) = 07 Y = Yo, R = RO )
P(Rly), 0.w.
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we observe that

S 3T s PRIy e S(R) =D Y ply)P(Rly)L(y € S(R))

y€Q Re22 yeQ Re29

and P satisfies all the constraints in Eq. (C.11) due to 1(y € S(Rp)) > 1(y € S({yo})) for
any y € 2. From the construction of P, we know that [supp(P(-lyo)) N {0, ({yo}) | =
|supp(P(-1y0)) N {0, S ({wo}) “| — 1 and |supp(P(-|y))| = |supp(P(-|y))| for all other y € €.
Combining the above cases, we established our claim.
Finally, letting P*(-|y) = w*(y) “Os-1(qyp) + (1 —=2"(y)) - 6y for all y € Q, where z* is the solution
of Eq. (4.2), achieves the optimum value in Eq. (4.2). O
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Appendix D

Appendix for Semantic-Aware
Statistical Watermarking: SEAL

D.1 Proofs of SEAL Guarantees

D.1.1 Proof of Theorem 5.2.1

In the rest of this appendix, we will use p;(-) and g;(-) to abbreviate p;(:|p,t1.;_1) and
¢;(-|tj—k.j—1) respectively. For statistical analysis, we will also assume the pseudo-randomness
functions used in Algorithm 5.2.1-5.2.2 are true random oracles. Our statistical results can
be transformed into cryptography results by hardness hypothesis on the pseudo-random
functions.

Proof. Fix h;, the prompt p, and the history ¢;.;_1. Let
s, = hilq;, Mo, i= Nlp;.

Algorithm 5.2.1 first samples s; ~ pg; and then constructs a code ¢; by maximal coupling so
that ¢; ~ p,; and

Pr(c; = s; | p,tij1, hy) = D min{us;(c), pp,(c)}-

ceQy,

When bt = 0, the final token is sampled from p; conditional on h;(t;) = ¢;. Therefore, for
any token wu,

Psear(t; = u | ptij—1,h;) = Y Psear(c; = ¢ | p,tij_1, hy) pi(u | hj(u) = ¢,p, t1-1)

ceQp
= > (hytp;)(e | p,trj—1) pi(u | hy(u) = ¢, p,tr-1)
ceQp
= pj(u|p,tij-1). (D.1)

Averaging over the random hash function h; gives the claimed distortion-free marginal. [
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D.1.2 Proof of Theorem 5.2.2

Proof. Fix a non-watermarked candidate sequence y and a candidate window I = [i,i + L.
Conditional on y and on the reconstructed proposal distributions, the detector’s randomness
comes from the secret-keyed hash functions and seeds. Under Hy, the reconstructed seed s;
is independent of y; and has distribution h;fig;. Hence

P& =1[y) =P{h;(y;) = s; | y} = (hllg;) (h;(y;)) =2 w;.
If the threshold is computed using Eq. (5.4), then since

where w; = h;fig;(h;(y;)) =P(Z; = 1), we have

i+k i+k—1 i+k—1
]P’(ZZj:l): Zivk=1)- (Z Zj—l—1)+IP’(Z,+k—O (ZZ )
j=i

Jj=t
i+k—1 i+k—1
—wz_;’_k ]P) Z Z 1 (1—wl+k Z Z
Jj=t

It follows by induction that the py,;’s computed by Eq. (5.4) satisfy py; =P (Z;i’fl Z; = l).
Therefore Psgar, (watermarked = True) < « holds by definition.
Next, we consider the case of using Eq. (5.5). Define

p= i hitq;(hi(y;))-

j=i

By Lemma D.1.1 and choice of ¢, we have

i+L
(Z 5] = 1 + 6 ) < @(5_(1+€)10g(1+6))’u

IA
Q

It follows that

i+ L
Pspar (watermarked = True) (Z &> (1+¢€) )

< a.

O

Lemma D.1.1. Let X be the sum of independent Bernoulli random variables (not necessarily
with the same mean). Let u = E[X]. Then for all e > 0,

P(X > (1 + G)M) < e(e—(l—l—e)log(l—l—e))u‘
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Proof. Letting X = Y | X; where X; ~ Bernoulli(p;). By a Chernoff bound,

E [e’\X]
P(X > (1+p) < —fm

" E [exxl}

e(l+e)ur
Using the moment-generating function of the Bernoulli distribution,

" E [e/\Xi]

e o2im1 l0g(pie* +1=pi)—(1+e)uA
+e)u
e

< ezz;l(piek—pi)—(l_s_e)u)\

_ e(e)‘flf(lJre))\),u.

Since e* —1—(1+€)A < e—(1+¢)log(1+¢) where the maximum is achieved at A* = log(1+e¢),
we have

P(X > (1+e)p) < ple=(1+€) log(1+6))u
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Appendix E

Appendix for Anytime-Valid
Statistical Watermarking

Notations. Let [n] be the set {1,...,n} and A([n]) denote the probability simplex over
[n]. For the simplicity of notations, we let V = [n]. Let S,, denote the permutation group
of {1,...,n}. For any ¢ € S,, ¢’ means applying permutation ¢ i-times. For any matrix
M e R let M(x,y), M(x,:), M(:,y) denote the entry on z-th row and y-th column, the
x-th row, and the y-th column respectively.

E.1 Proof of Theorem 6.4.1

Proof. Let

R:{TER”X":ZT(U,S):L r(v,s) >0, VU,SEV}.

sey

By Lemma E.1.7, the original problem is equivalent to

J': sup inf su w(v, s) - (logr(v,s) —lo s)),
regqu(Poﬁ)weP(E),q)vge:y ( ) ( s ( ) ng( ))

with 7(v, s) = po(s)e(v, s) € R. Note that

> w(v,s) - (—logpo(s)) = D_po(s) - (—logpo(s)) = H(po)

v,8€YV seV

where H(po) is the entropy of py. By Proposition E.1.6, the optimum value of J’ is equal to

0 )
_ g _ [ -
(1-5)log 1 2) + 5 log 2(n—1))’
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achieved at

. _J1=4/2, s =,
rrlv,s) = {5/(271—2), s # v,

and for any g € Q(py, d) written as ¢ = Y8 | A; - ¢; for ¢; = po + & - (e,, — e5,), the optimizer
of the inner problem is given by

B
|

) (eme; — esie;:) + diag(p0)> )

In particular, this is achieved at

1-5/2 s —
e*(v,s) = { PO(S)(; ’
o Dt 57V

For this e-value, the boundary couplings above attain the worst-case value, and interior
targets are handled by maximal couplings as stated in Theorem 6.4.1. This completes the
proof. O

E.1.1 Supporting lemma

Lemma E.1.1 (Diagonal Dominance). Let V = {1,...,n}. For any matriz M, € R"",
there exists a permutation matrix P € R™™ such that the following condition holds for any
v € V and permutation o € S,:

Z (MyP) (o' (v), ' (v) > z (MoP) (0 (0), 0 (1)) E)

where K, is the minimum positive integer such that o"(v) = v.

Proof. Let P be the set of all permutation matrices and

P* = arg sup tr[MyP].
PeP

Then we claim that P* is the permutation matrix s.t. M = MyP* satisfying Eq. (E.1).
Denote

C={v,0(v),...,0™ 1 (v)}.
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Suppose for the sake of contradiction that there exists o(-) and v such that

Z:o M(o*(v), o' (v)) < ; M(o*(v), 0™ (v)). (E.2)
Define permutation
o ), wed,
o(w) = { : u¢C

and permutation matrix

Py = (esty +eom)

Then we have
MP& = ;M(,Z) . e;(l)

= Y M) ely + Y M(:i) - el

= M4 T M) (el )
M Z M, 09(0) - D) — i)
Notice
(P M) = u(M] + t[z M, 5(0) - hens) — )
— M)+ t[z M(,5(0)) - €] — t[z MG, 5 () o)
— uln] + z M(e (), (0) — ii;lM(aj@), ()
~ uln] + Z M(o? (o), 0741 (1) — Z Mo (), 07()

> tr[M]

where the last inequality follows from Eq. (E.2).
But P is a group so P*P; € P. This contradicts with the definition of P*. O]
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Lemma E.1.2 (Optimizer of Inner Problem). Let V be the set {1,...,n} and py € A(V) be
a distribution over V such that inf,cy po(v) > 0. Let M :V xV — R be a matriz that satisfies

Z M (o (0), 0 (1)) > Z M(o'(v), 0" (1) (E3)

foranyv €V, o € S,, where k, = inf{k > 1: 0"(v) = v}. Fiz distinct a,b €V and define

J

q:p0+§'(ea_eb)-

Consider the optimization problem

sup  J(w), J(w) = > w(v,s)M(v,s),

weP(po,q) v,8€V

where

P(po.q) = {w Vx V=R, Zw(v,s) =q(v) Yo €V, Zw(v,s) =po(s) Vs € V}.

seV veY

Then there exists a permutation o € S, such that

|
N

K

N

(eai(a)e;;ﬂ(a) — eai+1(a)e;+1 ) + dlag(po) (E4)

-
Il
o

is an optimizer of J, where k is the minimum positive integer such that o"(a) = a.

Proof. First, we establish existence of an optimizer. Define w by

)
feas -
(@)=,
feas pob_g7 U_b
po(v) v# b,
w (v, 5) = 0, s) ¢ {(a,b)} U{(v,v) :v eV}

Because inf, po(v) > § > §/2, we have w™®* > 0. Its row sums satisfy

q(a),

z:wfeas(a7 S) — pO( )—i‘g
waeas b 8) — pO(b) g
wae‘"‘s (v, 5) = po(v) = q(v), v ¢&{a,b},
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and its column sums satisfy

o 90

zﬂ:wfeas(va b) = po(b) — B + 5= po(b),

waeas(v, s) =po(s), s#b.

Thus w® € P(py,q). The set P(pg,q) is a nonempty bounded polytope, and J is linear, so
there exists

w® €arg sup J(w).
PEP(po,q)

For a feasible w, let G, be the directed graph on vertex set V with an edge (v, s) whenever
v # s and w(v,s) > 0. A directed cycle in G,, is a k-tuple (vy, ..., vx_1) of distinct vertices,
k > 2, such that

U)(Ui,'l}i+1)>0, iZO,...,/{I—l,

with indices understood modulo & (so v = vy).
Next, we show that for an optimal distribution w, the graph G has no directed cycles.

Fix any feasible w and such a cycle (vg,...,v;_1). For € > 0 define @ by
W(v;, Vig1) = w(vi, Vig1) — €, 1=0,....k—1, (E.5)
W (v, v;) = w(vg, v;) + &, i=0,....,k—1,
ﬁ)(l‘,y) = W(Qf,y>, ([L’,y) ¢ {(Ui,UH_l), ('Uiﬁvi) 0<e < k— 1}
Choose

0<e< inf w(v;,v;
= 0<i<h—1 (27 H—l)a

so that @w > 0.
Row sums. For each 1,

Z (v, 8) = (w(vi, vig1) — €) + (w(vi, v;) +€) + Z w(vy, s)

seV s(i{vi,vprl}

= > w(v;,s).

seV

All other rows are unchanged, so

> (v, s) =Y wv,s) = q(v), YveV. (E.7)

S S
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Column sums. For each 1,

oz, v) = (wviet,v) — &) + (wlv,v) + &)+ Y. w(w,v)

z€V ¢ {vi—1,v:}

= Z w(z,v;),

eV

where again indices are taken modulo k. All other columns are unchanged, so

> w(v,s) =Y w(v,s) = po(s), Vs e V. (E.8)

v v

Thus @ € P(po, q)-
Objective value. Only entries on the cycle and the corresponding diagonals change, hence

T

J(@) ~ J(w) = {w(vi,vi)M(Ui,w)+w(vi,vi+1)M(Ui,vZ~+1) (E.9)

S
Il
o

- w(’Ui, Ui)M(Ui> ’Uz‘) - w(Ui, Ui+1)M(U17 Uz‘+1)

=€ (M (vi, vi) — M (vi, vig1)) - (E.10)

7

I
.

Il
=)

Let o € S,, be the permutation whose cycle on the set {vg,...,vx_1} is (vovy ... vx_1) and
which fixes all other vertices. For v = vy we have x, = k and

o'(v) = v, o Hwy) =vipr, i=0,...,k—1,

so by Eq. (E.3),

k—1 Ko—1
Z(:) M (vi,v;) = ; M(c"(vg), 0" (vg))
> Z—O M(0* (vg), 0+ (vg)) = 2_:0 M (05, vis1). (E.11)

Combining Eq. (E.10) and Eq. (E.11) yields
J(w) — J(w) > 0. (E.12)

Now start from the optimizer w(®. If G, has no directed cycles, set w = w(®. Oth-
erwise, choose a directed cycle in G0, apply the above transformation with maximal ¢
as chosen above, and obtain w™™ € P(py, q) with J(w®) > J(w®). Since w® is optimal,
J(wM) = J(w®), so wl) is also optimal. Moreover, at least one edge of the chosen cycle
has w® (v;, vi1) = 0.
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Iterating this construction, we obtain a sequence of optimal plans w(™) in P(po,q) in
which the set of off-diagonal edges with positive mass strictly decreases whenever there is a
directed cycle. Since there are only finitely many off-diagonal entries, this procedure must
terminate. We thus obtain an optimal plan w such that G contains no directed cycle.

Define the off-diagonal flow

Flo.s) = {u_)(v,s), v #£ s,

0, v = S.
For v € V define

out(v) ==Y F(v,s), in(v) ==Y F(u,v).

s#v uFv

Using the marginal constraints of w,

q(v) = Y w(v,s) = w(v,v) + out(v),

S

po(v) = > w(u,v) = w(v,v) +in(v),

u

SO

out(v) —in(v) = q(v) — po(v) = =2, v =0, (E.13)
0, vé¢{a,b}.

Thus F is a nonnegative flow of value §/2 from a to b on the directed acyclic graph G.

We now decompose F' into simple a—b paths. Define F©) := F and proceed inductively.
Assume F(™) is a nonnegative flow from a to b with balance equation Eq. (E.13). Since
out(a) — in(a) = §/2 > 0, there exists s; # a with F(™(a,s;) > 0. Set v(()m) = a and
v = sy,

Suppose v(()m) = a,... ,vj(-m) # b are already recursively constructed such that we use
Eq. (E.13) and nonnegativity to obtain for j > 1,

in(o{™) > F (") o™ > 0,

For vj(-m) ¢ {a,b}, Eq. (E.13) gives out(v](m)) = in(vj(m)) > 0, so there exists v](fi # vj(m) with
F (m)(vj(«m), vj(Ti) > 0. Since Gy is acyclic and finite, the sequence v™,v{™, ... cannot visit
a vertex twice; hence the process must terminate at a vertex with no outgoing edges. By
(E.13), such a vertex must satisfy out(v) — in(v) < 0. Because all intermediate vertices have

balance 0, the only possible terminal vertex is b. Thus we obtain a simple path

Pm+1ZCL:U(()m)—>U§m)_>"'_>UI(c:):b'
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Let
o = ol PO ) >0
and define

Fomt(y,s) := FO (v, 8) — oy - 1{(v, 8) = (0™, 0{T)) for some i =0, ... ky, — 1}.

(2

Then F+1 > ( and satisfies the same balance equations Eq. (E.13), but has strictly smaller
total flow 3, , F™ (v, 5) = 32, ( F™ (v, 8) — .

Since the total flow is initially §/2 and decreases by a positive amount at each step, this
procedure terminates after some L steps with F®) = 0. For £ =1,..., L, we obtain simple
paths

Pz:azvgﬁvf—%n—m)ﬁl:b, (=1,...,L,

and coefficients ay > 0 such that

-1
F(v,8) = Y al{(v,s) = (v},v},,) for some i =0,... k — 1}, v # s, (E.14)
=0
L-1 5
= (E.15)
=0 2

Finally, we prove that the optimal G« contains only a single path and derive the closed
form solution w*.
For a general feasible w € P(py, q), the column constraints give

w(v,v) = po(v) — ; w(u,v), veV. (E.16)
Thus

J(w) = > wlv,v)M(v,v) + ; w(u, v)M (u,v)

- Z (po(v) — ; w(u,v)) M(v,v) + ; w(u, v)M (u,v)
= > po(v)M(v,v) + %: w(u,v) (M(u,v) — M(v,v)). (E.17)

=:Jy

For the optimal plan w, the off-diagonal part is F', so

J(w) = Jy + %: F(u,v) (M(u,v) — M(v,v)). (E.18)
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For each path P’ define its gain
W@@:XXMM%M—M%W%M. (E.19)
Using the decomposition Eq. (E.14), we obtain from Eq. (E.18)

=Jo+> Zagl{ u,v) = (v, vl ) for some i =0, ...,k — 1}) (M(u,v) — M(v,v))

u#v f=1
L kel
=Jo+ D ar ) (M(va Vip1) = M (Vi Uf+1))
=1 =0
L
= Jo+ > aW(P"). (E.20)
=1
By Eq. (E.15),
J(®) = Jo + = Z@WP% O =L 0,>0, S 0,=1. (E.21)
23 0/2 ¢
Let
W* :=sup{W(P) : P is a simple directed path from a to b}. (E.22)

Since the graph on V is finite, the maximum exists. From Eq. (E.21) we deduce
)
J(w) < Jy+ §W*. (E.23)
Now fix an arbitrary simple directed path

P:a=uy—u — - —uxg=>

with distinct vertices o, ..., ux. Define w” by

K-1

i—=0 (eul uH_l - eUH—l U +1> + dlag(p()) <E24>

I\D\Oﬂ

We first verify w” € P(py, q).
The diagonal entries of w! are

wP(uo,uo) = po(uo)a
w”(uy, ) = poluy) — 5, 1<) <K, (E.25)

w’ (v,v) = po(v), v ¢& {ug,..., ux}.
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Since inf, po(v) > 0, we have po(u;) — /2 > /2 > 0 for 1 < j < K; thus all diagonals are
nonnegative. Off-diagonal entries are either 0 or §/2, so w? > 0.
For v = uy = a,

> wP(a,s) = wh(a,a) + w"(a,u1) = pola) + g = q(a).

For an internal vertex u; with 1 <7 < K —1,

ZU}P(U]', s) = wP<uj7uj) + wp(“jaujﬂ)

) )
= poluy) — 2) +5 = polyy) = aluy)
For v = ug = b,
P P J
Zw (b,s) = w" (b,b) = po(b) — 5= q(b).
For v ¢ {uy,...,ux}, the only nonzero entry in row v is the diagonal, so

> wP (v, 8) = po(v) = q(v).

Thus the row constraints are satisfied.
For a vertex w;;1 on the path (with 0 <7< K — 1),

Z"CUP(U, Uis1) = w5 (w1, wipr) + wF (s, uigr)
v

) )
= po(uit1) — 2) + 5= Po(Uiy1).

For s ¢ {uy,...,ux}, the only nonzero entry in column s is w’ (s, s) = py(s), so
> wP (v, s) = po(s).
v

Hence w? € P(po, q).
From Eq. (E.24) and linearity of J,

J(wp) —Jo = (25 % (M(uiaui—l—l) - M(ui—i-l;ui—i-l)) = gW(P), (E.26)

where W(P) is defined as in Eq. (E.19) for this path P.
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Now choose a path P* attaining the maximum gain W(P*) = W* in Eq. (E.22), and set
w* ;= w?". Then

J(w*) = Jo + gw* > Jo + gW(Pf) Ve,
5 L
> Jo+ 5 2 0V (P) = J(@) = J(w), Vp€Ppo,q), (B.27)
/=1

where we used Eq. (E.21) and Eq. (E.23) in the last line. Thus, w* is an optimizer of J over
P(po, q) with only a single path.
Write the maximizing path as

P':a=uy—u — - — ug =0
Define a permutation o € S,, by

O'('LLZ'):U,L'+1, iZO,...,K—l,
CT(UK) = Uy,

ow)=wv, vé&{ug,...,ug}.
Then the orbit of a under o is
a,0(a),...,0%(a) = ug,uy, ..., ug,
and o1 (a) = a, so the minimal positive integer k with 0%(a) = a is kK = K +1. In particular,
o'(a)=u;, i=0,..., K.

Therefore, the definition Eq. (E.24) of w* can be rewritten as

9 |
w= 2 — (euie;H - eui+le;+1) + dlag(po)
5 K—2 - .
— 5 2 (eo"i(a)eo-i+1(a) — egi+1(a)egi+1(a)) + djag(p0)7
which is exactly Eq. (E.4). This completes the proof. n

Lemma E.1.3 (Optimizer of Middle Problem). Let V = {1,...,n}, po € A(V) be a
distribution over V) such that inf,cy po(v) > 0, and M :V xV — R be a matriz. Consider
the optimization problem

J: inf sup Y w(v,s) - M(v,s)

q€2Q(P0,9) weP(po,q) v,s€V
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where
Q(po,6) = {g € AV) : [lg — pollr < 6}
P(po,q) = {w(v,s) : Zw(v,s) = q(v),Zw(v,s) :po(s)}

S v

Then there exists an optimal solution q* of J coming from the set

)
Qext(p075> = {p0+ 5 : (ea _eb) . a # b € V} .

Proof. By Lemma E.3.1, Qct(po,d) is the set of extreme points of the convex polytope
Q(po,d). Define J(q) = SUD,ep(pg.q) 2ovsev WV, 8) - M (v, s). We show that J(q) is a concave
function. Indeed for all ¢; # ¢o, we let

wy = arg sup > w(v,s)- M(v,s)
weP(po,q1) v,s€V

wy = arg sup > w(v,s)- M(v,s).
wEP(P0,42) v,scV

We have

J((q1 +a2)/2) = sup > w(v,s)- M(v,s)
wEP(po,(q1+42)/2) v, scV

> > (wi(v, s) + wa(v, ) /2 M(v,s)

v,8s€V

= (J(q) + J(@))/2,

where the second step is because the feasibility of (wi(v,s) 4+ ws(v,s))/2:

>_(wi(v,5) + wa(v,5))/2 = (@1 (v) + q2(v))/2.

s

Since J(q) is concave over a convex feasible set, its optimizer must be found on the extreme
set Qext(po,0). This completes the proof. O

Lemma E.1.4 (Optimal Subpaths). Let V = {1,...,n}, po € A(V) be a distribution over V
such that inf,cy po(v) > 0. Let M :V x V — R be a matriz that satisfies

3 M), 0'0) 2 3 Mo (),0 ()

for any v € V, o € S, where k, = inf{k > 1 : o*(v) = v}. Consider the optimization
problem
J(@)= sup D w(v,s)  M(v,s)

wEP(P0,9) v,scV
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where

P(po,q) = {w(v,s) : Zw(v,s) = q(v),Zw(v,s) :pg(s)} )

S v

If there exists ¢ = py + % - (eq — &) for some a # b €V and w;; such that w; is the optimizer
of J(q) and for a permutation o we have that

|
N

K

w*(q) = (eoi(a)eLH(a) - egi+1(a)e;v+1(a)) + diag(po),

N |

<.
Il
=)

where K is the minimum positive integer such that o%(a) = a. Then define ¢ :== o'(a) and
d := 0" (a) withi < k, and let ¢ = po+ 2 - (e, — €4). We have that the w*(q') that optimizes
J(q') is given by

N = 0

2
Proof. Let ¢ = 0'(a) and d = 0" (a). Define the local transport term corresponding to the
edge (¢, d) as:

w*(q . (ecedT — edeg) + diag(po)-

J

Tea = 5 (ece; —eqe,).

Note that the proposed optimizer for the subproblem J(¢') is given by @ = diag(po) + T¢.q-
We proceed by contradiction. Assume that @ is not the optimizer for J(¢'). Then there
exists a feasible transport plan @ € P(po, ¢') such that:

> (v, s)M(v,s) > Y @(v,s)M(v,s).

v,8€V v,s€V

By Lemma E.1.2, @ can be chosen to take the form of
(e(—,i(c)e;ﬂ(c) — e5i+1(c)e;-+1(c)) -+ dlag(po)

for some ¢ € S, and & = inf{k : 3*(c) = c}. It follows that inf,cy (10 — diag(po)) (v,v) >
—0/2 and inf,4scp (W — diag(po)) (v, s) > 0.
Substituting @ = diag(pg) + 7.4 into the inequality, we have:

Z (11)(’0, S) - diag<p0)v,s)M<U> 8) > Z (Tc,d)v,sM<U7 3)- <E28)

v,8EV v,8€YV

Now, consider the global optimizer w*(¢). By the hypothesis, w*(¢) decomposes into a
sum of path segments. We can separate the specific term T 4 from the rest of the path:

K—2

) : 0
w*(q) = (dlag(pO) + 9 Z(eaj(a)e;*l(a) - eaj+1(a)e;—j+1(a))) +Te.a,
J#i

R
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where R represents the flow on the path excluding the step from ¢ to d. We construct a new
global transport plan wye, by replacing the local step 7.4 in w*(g) with the “better” local
flow derived from w:

Whew 1= R+ (w0 — diag(po)).
Substituting R = w*(q) — T4, we get:

Whew = W (q) — T.q + w — diag(po).

We verify that wye, is feasible for the original problem J(q):

Since w € P(po, '), its row sum is ¢ = po + g(eC —€4). The term T 4 also corresponds to
a row marginal shift of $(e. — eq). Thus, wyew preserves the row sums of w*(q), which equal
q.

Both @ and diag(py) + 1.4 maintain column sums equal to py. Thus, wyey maintains the
column sums of w*(q), which equal py.

Since inf, po(v) > 6, inf, T.4(v,v) > —6/2 , and inf, (W — diag(py)) (v,v) > —0/2, we
have inf, wyew (v, v) > 0. Furthermore, all off-diagonal entries of w*(q) — 1. 4 and w — diag(po)
are non-negative, thus we conclude that wye, is non-negative.

Finally, we compare the objective value of wyey to w*(q):

J (Whew) = Z(Rv,s + w(v, s) — diag(po)v.s) M (v, s)

>7Z Ry sM(v,s)+ > (Tea)osM(v,s) (by Eq. (E.28))
= J(w*(q))

We have constructed a feasible solution wyey € P(po, q) with a strictly higher objective value
than w*(q). This contradicts the optimality of w*(q). Therefore, @ must be the optimizer for

J(q). 0

Corollary E.1.5 (Boundary reduction). Fiz any nonnegative row-stochastic matriz r, and
define

®.(q) = sup > w(v,s)logr(v,s).

wEP(p0,9) v,scV

Then

inf &,(¢)= inf &,.(q),
q€Q(po,0) (Q) g€ Qext (po,9) (q)

where

)
Qext(Po, ) = {po + §(ea —e)):atbe V} :
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Proof. For fixed r, the function ®,(g) is concave in ¢. Indeed, if w; € P(py, ¢;) is optimal for
¢i, then Awy + (1 — Nwy € P(po, A1 + (1 — A)ga), and therefore

Q. ( Ay + (1 = N)g2) > AP, (q1) + (1 — NP, (o).

By Lemma E.3.1, the compact polytope Q(py, d) is the convex hull of Qe (po, d). If ¢ = >, Nigi
is any convex representation by extreme points, then concavity gives

CI)T(Q) > Z )\iq)r((h') > miin (I)T(Qi)'

Thus the minimum over Q(po, d) is attained at an extreme point, which proves the claim. [

Proposition E.1.6 (Reformulated Problem). Let V = {1,...,n} and py € A(V) be a
distribution over V such that inf,cy po(v) > . Consider the following problem

sup inf sup w(v,s) -logr(v,s E.29
r q€Q(P0,5) weP(po,q) uge:v ( ) ( ) ( )
st. > r(v,s)=1, YoeV (E.30)

seVy

r(v,s) >0, Yu,s €V
where py is a fized distribution over the sample space V such that inf ey po(v) > 0, and
Qpo,0) = {g € AYV) - [lg = poll < 6}
Plna) = {ulo.s) s T u05) =) X w(0.9) = ls) .

seV veEY

Then the optimum value is

In particular, this is achieved at

“(0s5) = 1-0/2, s =,
Taplth &) = 5/(2n —2), s#w,

and for every boundary point q,, = po + g(ea —eyp), a # b, the inner problem is optimized by
* : 0 T T
Wa, = diag(po) + B <eaeb — €&y ) :

For a general g € Q(po,9), the inner optimizer for the proposed r* is any maximal coupling
of q and py. Since the objective places larger weight on diagonal entries than off-diagonal
entries, its value is minimized over Q(po,d) by boundary points with ||q — poll1 = 0.
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Proof. By Corollary E.1.5, it suffices to restrict the middle infimum to boundary targets

0
Qa,b:p0+§(ea—eb), a;éb
For each such target, Lemma E.1.2 shows! that the inner supremum admits an optimizer of
path-flow form
5 K—2 '
5 Z (eo’i(a)e;"‘l(a) - ecﬂ“(a)e;ﬂ(a)) + dléitg(po)7
i=0

where o € S, k = inf{k € Z, : 0%(a) = a}, and the path endpoint satisfies o 1(a) = b.
Define

J(r,w,q) = > w(v,s)-logr(v,s)

v,8€Y
J* = sup inf sup J(Ta w, Q)
r qec cht (p076) wEPﬂow(pO,Q)
R*={r: inf sup  J(r,w,q) = J}

qE< Qext (pO 76) WEPhow (pO 1q)

*

r* = argsup{tr[r] : r € R*}.
We say a solution (w, q) is active if

w= arg sup J(r*,w, q)

wepﬂow (pO 7‘?)

qg= arg inf sup  J(r*,w,q)
9€Qext(P0,9) wePqou (po,q)

Fix v # s € V and consider the perturbation for sufficiently small € > 0
r(v,v) = r*(v,v) + €
r(v,s) 1" (v,s) — €
F(v',s) « r* (W', §), V(' §) # (v, ).
Then 7 cannot be a valid solution since it has higher trace than r*. It follows that

dJ(r,w,q U U
3 an active pair (w, q) such that (r, @, ) = wv,v) (v, s) <0.
de r*(v,v)  r*(v,s)

Notice that the derivative @ must be either

ISince the seed alphabet has no canonical identification with the token alphabet, we work modulo a
common relabelling of the random seeds. Then, after relabelling the seed alphabet by the same permutation,
row-stochasticity, feasibility of the coupling, and the log-growth objective are unchanged. Thus we may
assume WLOG that candidate r satisfies the diagonal dominance condition of Lemma E.1.1.
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« No-transport: w(v,v) = py(v),w(v,s) = 0 so L2 — rolv)

o Middle-way: w(v,v) = po(v) — §/2,w(v,s) = §/2 so d‘](gf@ = por(f();f)ﬂ - Tf({)?s).

Transport-start: w(v,v) = po(v),w(v,s) = /2 so Z,ui,ci) _ po() _ T*(S({)QS)'

€ r*(v,v)

Transport-end: w(v,v) = po(v) —0/2,w(v,s) =0 so d‘](zlw"” por(”()v 5{2 > 0.

Since @ < 0, we can rule out the first and last cases. Now we can summarize that

for any v # s € V we have either Middle-way: w(v,v) = po(v) — §/2,w(v,s) = /2 or

Transport-start: w(v,v) = po(v),w(v,s) = d/2, and in any case T,( ()v_f)/2 - 5(/2) < 0 holds.
Since po(v) > 9§, in either Middle-way or Transport-start case we have

po(v) —6/2  4/2 6/2  §/2
0= r*(v, ) r*(v,s)>r*(v,v) r*(v,s)

It follows that 7*(v,v) > r*(v, s). Since this argument holds for all v # s € V, r* must satisfy
r*(v,v) > r*(v,s) for all v # s € V.

Next, we show that all active g, w can be written as ¢ = po+ 2 - (e, — &), w = 2 - (e,e] —

e)) + diag(po) for some v # s € V.

In either Middle-way or Transport-start case, there exists a # b € ¥V and o € S,, and
i € Z such that ¢ = py + 2 - (e, — &) and v = 0'(a), s = 0" (a), due to Lemma E.1.2. By
Lemma E.1.4, with respect to ¢ = po + g - (e, — €5), the optimizer of the inner problem must
be written as
T J—

- (ey€ eST) + diag(pg) = arg  sup J(r*,w, q).

wEPaow (P0,7)

N

Repeating this perturbation separately for each ordered pair (v,s) with v # s yields,
for each such pair, at least one active boundary coupling that witnesses the nonpositive
directional derivative. The subsequent case analysis is applied to that witnessing active pair.

We can now explicitly write:

inf sup J(r*,w,q) = inf sup w(v,s) -logr*(v,s
9€ Qext (P0,9) wePpow (p0,q) ( ) € Qext (P0,0) wePgow (po,q) vge:v ( ) ( )

5 * *
= v;gelgvzpo x)logr*(z,x) — 3 (logr*(s,s) —logr*(v,s))

Define J(r, v, s) = Y,y po(z) log r(z,2) — & - (log (s, s) —log r(v, 5)), we claim that J(r*, v, s)
must be the same for all v # s € V. Otherw1se suppose

J(r*,v,8) =sup J(r*,v,s) > J*.

v,8
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Set
7(0,0) < r*(0,0) + €
(0,8) « 1r*(v,5) — €
r(v',s) « r* (v, ), V(' ) # (v,5)

=l

for sufficiently small € > 0. Then for any ordered pair (v, s) with v # s and (v, s) # (v, 5),
the off-diagonal entry r(v, s) is unchanged, so

dJ(r,v,s) S Dol )_—_5/2 >0,
de - r(v,v)
and thus
inf su J(r*,w,q) = inf J(r*,v,s) > J.
g€ Qext (P0,9) wepﬂowl?pmq) ( q) v#£sEV,(v,8)#(D,3) ( )

But tr[r] > tr[r*], this is a contradiction.
From the last argument, we know that the optimal solution r* is of the form

TZ;b(v,s)z{Z’ i;;’ a>0,06>0, a+(n—-1)b=1,

with a > b (strict diagonal dominance). We now optimize over the two parameters (a,b)
subject to this constraint:

sup ®(a,b) st.a+(n—1b=1,a>0,b>0, a>b.
a,b

straightforward algebra shows the optimal objective value:
®(a*,b*) = (1 — %) loga® + L logb*
4] o
= (1-91 1—- ] —|.
1=9lor 1-5) +$105 7.
attained at a* =1 — g and b* = ﬁ. Thus, the optimal value is
) o
J*=(1-9)1 1—— o] — .
1=9lor 1-5)+ 105 5.

This completes the proof.
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Lemma E.1.7 (Row Normalization). Let V = {1,...,n} and py € A(V) be a distribution
over V such that inf ey po(v) > 0. Consider the problem

sup inf  sup w(v,s) - loge(v, s
e q€Q(P0,%) weP(po,q) v,SZEV ( ) ( )

st. > q(v)po(s)e(v,s) <1, Vg € A(V)

v,8€EV
e(v,s) >0, Yv,s €V

where
Qpod) = {a€ AV) : llg = polls < 3}
P(po.q) {ww,s) 3wl ) = g(0). Y wl,5) =po<s>}

S v

Now define the kernel matriz r : V X V +— R such that each of its entries are defined as

po(s)e(v, s)

r(v,s) = Aw)

Yu,s € V,

where A(v) := Y po(s)e(v,s). Then A*(v) = > po(s)e*(v,s) =1 at the optimizer e*.

Proof. Let e(v, s) be any feasible solution to the optimization problem. We define the scaling

factor of e at node v as:
Aw) = X pols)e(w, ).
seV

Since we are maximizing an objective involving log e(v, s), we can assume e(v, s) > 0 strictly
(otherwise the objective is —o0), and consequently A(v) > 0.

We can decompose the matrix e(v, s) into a scale-independent "shape' matrix é(v, s) and
the scaling factors A(v) as follows:

e(v,s) = A(v) - e(v,s), wheree(v,s) =

By construction, the normalized matrix e satisfies the normalization property:

> po(s)e(v,s) = ZPO(S)BX}(S) = A(lv) > po(s)e(v,s) = 1.

sey sey seV

Now, let us analyze the constraint given in the problem statement. The condition is:

> awpo(s)e(v,s) <1, Vg e A(V).

v,s€V
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Substituting the decomposition of e(v, s):

3 (o) Zpo<s>e<v,s>)=Zq<v>A<v>§1, Vg € AQ).

veEY seV veY

Therefore A(v) <1 for any v € V.
Next, we substitute the decomposition into the objective function. Using the property
that w € P(po, q) implies Y-, w(v, s) = q(v), we have:

> w(v,s)loge(v,s) = > w(v,s)log (A(v)-e(v,s))

v,8s€EV v,8€V
= Y w(v,s)loge(v,s)+ > w(v,s)logAv)
v,8€V v,s€V
= > w(v,s)loge(v,s) + Y q(v)log A(v).
v,8€V veY

The first term depends only on the normalized shape €, while the second term depends only
on the scaling factors A(v). To maximize the total objective, we must maximize the second
term subject to the feasibility constraint derived above.

Consider the term Y_,cy ¢(v) log A(v). Since the logarithm is a concave function, we can
apply Jensen’s inequality:

> q(v)log A(v) <log > q(v)A(v)) :

veEV veEV
From the feasibility constraint, we know that 3,y q(v)A(v) < 1. Therefore:
> g(v)log A(v) <log(1) = 0.
veVY
Thus for every g,

sup Y w(v,s)loge(v,s) < sup Z w(v, s)loge(v, s).
w€EP(po,q) v,s weEP(po,q)

And the inequality is strict unless Y, g(v)A(v) = 1 and A(v) is constant on the support
of q.
Taking the minimum over ¢, we conclude:

1nfsupz v, s)loge(v,s) < mfsupz v, s)loge(v, s).

W ys

Equality is achieved if and only if A(v) =1 for all v € V. Thus, for any optimal solution
e*, the scaling factors must be set to 1. Consequently:

=> pols) ) =1.

seV
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E.2 Proof of Theorem 6.4.3

Proof. We first prove the converse. Fix any valid e-value e. If e has zero or infinite entries
that make the stopping time infinite under the adversary below, the lower bound is immediate;
otherwise the log-increments are bounded. By the definition of J* as the supremum over
e-values, for every € > 0 there exists ¢. € Q(po, ) such that

sup Z v,s)loge(v,s) < J" +e.
wep(pOQE

Let the adversary choose ¢* = ¢. at every time. For any generator, with Y; = loge(v', s*) and
St = Ei:l }/;7
E[Y; | ftfl] < J +e a.s.

Applying Theorem E.2.1 with B, = log(1/a) gives

E o 1
inf lim inf —~Ae g)[T () > )
G alo log(1/a) J*+¢€

Taking the supremum over adversaries and then letting € | 0 proves the lower bound.
For achievability, let the detector use e* from Theorem 6.4.1. For every conditional target
q" € Q(po, ), the generator chooses a maximal coupling of ¢* and py. By Theorem 6.4.1,

Ellog e*(v*, s") | Frq] > J* a.s. for all t.
Applying Theorem E.2.2 yields, for every adversary A,

inf lim sup Eyag)[ra(e")] < i
alo log(l/a) = J*

Taking the supremum over A proves the achievability claim. O

E.2.1 Useful results

Theorem E.2.1 (Dynamic hitting-time lower bound with bounded upper drift). Let (Y;)i>1
be adapted integrable random variables with |Y;| < M almost surely, and let S; = S'_|Y;.
Suppose that, for some J > 0,

ElY; | Fioa) < J a.s. for allt.
For B > 0, define Tp = inf{t > 1:S; > B}. Then

E[rg] =00 or E[rg] >

|

Consequently,
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Proof. 1f E[1g] = 0o, there is nothing to prove. Otherwise 75 < oo almost surely and, since
il < M,
> E[)Y|1{rp > t}] < ME[rg] < cc.

t>1

Thus Fubini’s theorem and the drift assumption give

E[S,,]) =Y E[Y,1{rg > t}] < J> P(rp > t) = JE[r3].

t>1 t>1
Since S,, > B by definition of 75, we obtain B < JE|[7p]. O

Theorem E.2.2 (Dynamic hitting-time upper bound with converging lower drift). Fiz a
filtered probability space (U, F, (Fi)is0,P). Let (Yy)i>1 be a sequence of integrable random
variables adapted to (F;), and define the partial sums

t
St::ZYia tZl’

=1

with the convention Sy := 0.
Assume the following.

(A1) (Bounded increments) There exists a constant M € (0,00) such that

Yi| < M almost surely for all t > 1.

(A2) (Positive, converging lower conditional drift) There exists a deterministic sequence
(Ji)i=1 and constants 0 < Jins < Jgup < 00 such that

E[Y; | Fie1] > J¢ almost surely for all t > 1,
and
Jing < Jp < Jgup forallt > 1,
with
Jy — Jso € (0,00) ast — oc.
(A3) (Stopping rule) For each threshold B > 0, define the stopping time
Tp:=inf{t > 1: 5, > B},

with the convention inf () := +o00.
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Then for every B > 0, the stopping time Tp is integrable. Moreover, for every ¢ € (0, J)
there exists a finite constant C. such that

B+ M+ C.
Bl < 2T % o ai B> 0.
Joo — €
Consequently,
. E[TB] 1
1 < —.
ey <,

Equivalently, if B, :=log(1/a) and
To = 1nf{t > 1: 5, > B,}, a € (0,1),

then

lim su M
w0 log(1/a)

IN

S
Joo”

Proof. Define the deterministic partial sums
and the excess process

By assumption (A2),
ElZ | Fioil = Zia +EY, = Jy | Fod)l > Zi A,

so (Z;) is a submartingale.
For n € N define the bounded stopping time

Tén) =T A n.

We claim that for every n,

S <B+M as.
B

Indeed, on {75 < n} we have T](gn) = 75 and S;,_1 < B by definition of 75, while Y., < M
a.s., hence

Sy =S, 1+ Y., < B+ M.
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On {75 > n} we have 7'](3") =n and S, < B, so again ST“” < B+ M. This proves the claim.
B

Next, we show that

E[Z w] >0,

B
or equivalently, E[S )] > E[A_m].
B B

Since 7'1(3”) <mn,

t=1
For t <n, 7 >t} ={rg >t} € F;_1, since 75 is a stopping time. Therefore,
B
E[1{ry) > t}(Y: — J)| = E[E[1{r) > t} (i = J,) | Fius]]
=E[1{r” > t}E[Y; — J; | Fi1]]
> 0,

where the inequality follows from assumption (A2). Summing over t = 1,...,n yields
E[Z m] > 0.
B
Thus, we have that

E[A ] <E[S wm] < B+ M forall n.
B

o

Since J; > Jipe > 0, the sequence (A;) is increasing and A; — oo as t — 0o. Because Tl(gn) T 7B,
the monotone convergence theorem yields

E[ATB] = lim E[AT(n)] < B+ M.

n—oo
Moreover, since A,, > JinTs,
JintE[75] < E[A;,] < B+ M,

so Tg is integrable.
Fix € € (0, Jw). Since J; — J, there exists N = N(e) such that

Jy > J —¢ forallt> N.

Define the finite constant

C.:= sup ((JOO —e)t — At).

0<t<N—1
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Then for all t > 0,

A > (J — o)t — C..

Applying the bound from in the previous display at the random time 75 and taking
expectations yields

E[A,;] > (Jo — €)E[rp] — C-..
Combining this with E[A4,,] < B+ M yields
(Jo —e)E[rg| < B+ M + C.,

and therefore

B+ M+ C;

E <
(78] < A

Dividing by B and letting B — oo, then letting ¢ | 0, gives

. E[’TB] 1
1 < —.
R R

This completes the proof. O

E.3 Useful Claims

Lemma E.3.1. Let V be the set {1,...,n} and py € A(V) be a distribution over V such that
min,ey po(v) > 9. Define

Qpo,0) ={g € AV) : [lg = pollr < 6}

Then Q(po, d) is a convex polytope whose vertex set is given by:
Qext(p075) = {pO + (ei - ej) : 6/2 : (%]) €V x Val 7é .]}

Proof. Recall Q(pg,0) :== {q € A™ : ||g — polls, < 0}. First, we note that Q(po,d) is the
intersection of two convex polytopes, hence it must also be a convex polytope. We claim
that Q(po,d) = Conv(Qext(po,d)). Suppose g € Q(pg,d), then we can write that ¢; — p; = s;
for s; € [—0/2,0/2], >°s; =0, and Y_|s;| < J. Next, suppose for contradiction that s; > §/2,
then >°,.; s; = —s; and hence,

Y olsel = si| + 1> sil > 6,
k

i#j

which violates the TV constraint.
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Now we show that every ¢ € Q(py, d) lies in the convex hull of Qe (po, d). Write s = g— po
and set

_ lla = polh

e

Let P={i:s; >0} and N = {j : s; < 0}. Choose nonnegative «;; for i € P, j € N such

that . .
5 !
2 5/2’ 2 5/2°

JEN i€P

€ [0,1].

Then >, ; a;; = n and
)
Po —+ 5 Z aij(ei — ej) =q.

i€PjeN
To make a convex combination, choose any symmetric probability mass p;; on ordered pairs
i 7& J, l.e., Pij = Pji and Zz;é] Pij = 1. Then

)
sz‘j p0+§(ei—ej) = po.
i#j
Define
Jay+ (1 =n)py, i€P jEN,
” (1 =n)pij, otherwise.

The coefficients \;; are nonnegative, sum to one, and satisfy

q= Z)\ij Po + g(ei — ej)) .
(]

It is now enough to show that any v € Qex(po,d) cannot be generated by a convex
combination of two distinct points in Q(pg, ) which will prove that v € Qe (po, d) is a vertex
of Q(po,d) and hence, Q(po,d) is generated by the convex hull of Qe (po,d). Suppose for
contradiction that this is the case. Then there exists ¢,¢" € Q(po,d) and X € (0, 1) such that

)

Let ¢ = po + ng and ¢’ = po + n’g where 7 # ' then we have that
e —e; = )\?7 + (1 — )\)T}l

po+ (e; —e;)

Then we must have that
A+ (L=Nmi =1, An;+ (1= Nn; = —1,
and
Ang + (1= N, = 0.

But for either of the first two conditions to be true, we must have that n, = 7, = 1 and
n; = 1; = —1 Since all elements 7 and 7, are bounded in magnitude by 1. Furthermore,
because |n;| + |n;| = 2, all other n, = 0 (same for 7). Thus, n = 1’ which is the desired
contradiction. O
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E.4 Additional Experiments

E.4.1 Full results of Section 6.5.1

This section summarizes the complete experiment results on the MARKMYWORDS bench-
mark [152] under three temperature settings (0.3,0.7,1.0). For the generation scheme, we
follow the hyperparameter configurations in Chapter 5 with K = 20, |Q,| = 2, = 0.3. Ta-
ble E.1 reports generation quality across watermarking schemes. Overall, quality is relatively
stable across schemes, and our method achieves quality that is comparable to (and in some
cases close to the best among) the baselines at each temperature. Table E.2 reports detection
size, measuring the median number of tokens needed to detect the watermark under a range
of perturbations, where lower is better. Here, our scheme consistently attains the smallest
size at every temperature, substantially outperforming prior methods. This indicates that
our detector can reliably identify watermarked text using fewer tokens. Together, these
results confirm that our e-value-based scheme improves detection efficiency without sacrificing
generation quality.

Temp. | Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme

0.3 0.906 0.910 0.905 0.900 0.905 0.909
0.7 0.907 0.917 0.919 0.912 0.901 0.919
1.0 0.898 0.917 0.905 0.907 0.871 0.902

Table E.1: Comparison of our e-value scheme with baselines on quality (1) across different
temperature settings. Best (per temperature) is highlighted in bold.

Temp. | Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme

0.3 00 00 00 112.5 106.0 97.0
0.7 00 734.0 00 145.0 84.5 72.0
1.0 240.5 163.5 00 317.0 133.0 97.5

Table E.2: Comparison of our e-value scheme with baselines on size ({) across different
temperature settings. Best (per temperature) is highlighted in bold.

E.4.2 Synthetic experiments

In this section, we verify our theoretical results with synthetic experiments on a family of
simple target distributions. Here, we consider the two-token case where |V| = 2 and for
simplicity of notation, we let ¥V = {0, 1}. Any anchor distribution we consider belongs to a
one-parameter Bernoulli family pg = [p 1— p] for p € (0,1).
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Figure E.1: Simulation of the log growth rate in Eq. (6.2) in two-token case. Three separate
anchor distributions are used each with parameter 6 = 0.01. We solve the simplified maxmin
problem using the CLARABEL interior point method solver which is run for 30 steps. The
theoretical optimum is computed as in Eq. (6.5).

Log-growth optimality. We solve the optimization problem in Eq. (6.2) numerically and
compare the objective curve with the theoretical prediction. With n = 2, the problem can be
simplified to the following maxmin problem:

e(0,1) e(1,0)
o(1,1) % e(0,0)}

subject to the constraint in Eq. (6.1) with Q(po, d) replaced with the vertex set

sup > _po(v)loge(v,v) + g min {log

Qext(Po, 0) = {po + g(eo - el)} :

Using the CLARABEL interior point method solver [67], we obtain the results in Fig. E.1.
We choose 6 = 0.01 and p = 0.2,0.5,0.75 corresponding to three separate anchor distributions
po. For each pg, we cold start the IPM solver and run it for 30 steps with maximum allowed
step size 0.99. We observe that our numerical solution to Eq. (6.2) converges to the proposed
theoretical value in Eq. (6.5), hence verifying our theoretical results in the two-token case.

Stopping time. In this setting, we simulate sequential testing with the optimal e-value e*,
as in Eq. (6.3). Following Theorem 6.4.1, we let A* be the adversary that chooses ¢ = ¢*
for all ¢ and G* be the generator that selects w; = w* in response to A* for all ¢t. Under
this setting, we simulate the stopping time over several « values to obtain the results in Fig.
E.2. Here, we choose the parameters 6 = 0.1 and p = 0.2,0.5,0.75. For each anchor py, we
compute the corresponding ¢*, w*, and e* using the closed-form equations in Theorem 6.4.1.
We select 30 values of o evenly log-spaced from 1072 to 107'?°. For each a, we compute
10000 stopping-times by generating sequences (V% S5*);51 ~ w* and computing the resulting
log e*(V*,5"). We then average the stopping times to form an estimate of E, 4+ g«)[a(€")].
In Fig. E.2, we plot our estimates of E,, 4+ g«)[r.(e+)/(l0g(1/c)) which show that as o | 0, the
estimates converge to the theoretical rate of 1/J*, thereby validating the result in Theorem
6.4.3.
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Figure E.2: Simulation of the stopping time SC(e*) in two-token case. We simulate for three
different anchor distributions py = (p,1 — p) with § = 0.1 and estimate average stopping
times E[r,] for a values ranging from 1072 to 107'*. Each E[r,] is estimated by simulating
10000 stopping times 7,. The plots above display graphs of 10121711) with red dashed lines
equal to 1/J* where J* is as in Eq. (6.5). We observe that convergence to the theoretical
optimum is obtained for sufficiently small a.

E.4.3 Empirical validity of the anchor distribution assumption

Anchored E-Watermarking assumes that the target distribution ¢ lies in the ¢; ball Q(py,d)
around the anchor and that py satisfies inf,cy po(v) > d. To examine whether these conditions
hold for realistic LLM pairs, we measure the relevant quantities on the alphabet at which our
scheme is actually instantiated. Following the green—red list construction of Kirchenbauer
et al. [99], the scheme operates not on the raw token vocabulary but on a partition of V into
fewer than five groups, on which probability masses remain bounded away from zero. This
justifies the use of a moderate § > 0 even when the minimum token-level probability is close
to 0.

Table E.3 reports the median ¢; distance between the partition-level target (Llama2-
7B-chat) and anchor (Phi-3-mini-128k-instruct) distributions, together with the median of
min, po(v), evaluated on the MARKMYWORDS prompts.

Temp. | Median ¢; distance Median min, py(v)

0.3 0.32 0.33
0.7 0.24 0.30
1.0 0.21 0.33

Table E.3: Partition-level statistics of the target and anchor distributions on MARKMY-
WORDS.

The values are consistent with the intuition that higher-temperature decoding yields
more diffuse distributions, simultaneously shrinking the ¢; gap and lifting min, py(v) away
from zero. The radius § is a robustness/power parameter: increasing it enlarges Q(pg, d) but
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decreases the worst-case log-growth rate J* in Theorem 6.4.1. When the configured radius
underestimates the empirical gap, Ville’s inequality still guarantees Type-I error control, but
the power and stopping-time guarantees from Theorem 6.4.1 and Theorem 6.4.3 may degrade.

E.4.4 Empirical Type-I error

Type-I error control is theoretically guaranteed by the validity of the e-value and Ville’s
inequality, but it is informative to verify the guarantee empirically. We evaluate Theorem 6.4.1
on MARKMYWORDS at the nominal level a = 0.02 used in the main experiments, running
the detector on unwatermarked text generated from the same prompts.

Temp. | Type-I error

0.3 0.00
0.7 0.00
1.0 0.00

Table E.4: Empirical Type-I error of our e-value scheme on MARKMYWORDS at o = 0.02.
The observed false-positive rate is zero at every temperature. For the optimal e-value the
one-step null expectation is exactly one for every token value, so the empirical slack is due
to the conservativeness of the finite-time Ville threshold, not to a restriction of the null
distribution to Q(po,d).

The observed false-positive rate is strictly below o = 0.02 in every setting. This slack
does not come from looseness of the one-step null expectation: for the optimal e-value,

Zpo(s)e*(v, s) =1, Yo eV,

seV

and therefore
Eymg, smpol€™ (v, 5)] = 1, Vg € A(V).

The gap between the observed false-positive rate and « instead reflects the conservativeness
of Ville’s inequality for finite-time threshold crossings and the finite inspection budget used
in the experiments.

E.4.5 Additional target model

The main experiments in Section 6.5.1 use Llama2-7B-chat as the target model. We addition-
ally instantiate the target with Qwen3-4B [212], while keeping the decoding and detection
parameters fixed, to assess whether the sample-efficiency gains transfer across model families.
Table E.5 reports the size of Theorem 6.4.1 against the same five baselines as in the main text.
As in Table 6.1, an entry of co indicates that more than half of the watermarked generations
fail to be detected within the inspection budget.
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Temp. | Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme

0.3 00 00 00 111.0 128.5 127.5
0.7 400.0 232.0 o) 151.0 110.0 80.0
1.0 207.5 169.0 o0 272.5 149.0 129.5

Table E.5: Comparison of our e-value scheme with baselines on size (), using Qwen3-4B as
the target model and Qwen3-1.7B as the anchor. Best (per temperature) is highlighted in
bold.

The pattern mirrors the Llama2-7B-chat results: Theorem 6.4.1 attains the smallest size
at temperatures 0.7 and 1.0, and remains competitive with the best baseline at temperature
0.3. The efficiency benefits of the optimal anchored e-value therefore do not depend on a
specific target model.

E.4.6 Comparison against chunk-based sequential testing
baselines

We compare with another competitive sequential baseline which restricts the detector to a
finite, pre-declared set of inspection times and applies a tighter Bonferroni correction over
that set. Concretely, fix a chunk size L and a chunk count M, defining an inspection budget
of ML tokens. For each baseline, the detector evaluates the cumulative p-value p, only
at the chunk endpoints k € {L,2L,..., ML} and applies the fixed correction py — M - py.
Detection is declared at the first endpoint k = mL for which M - p,,;, < «, equivalently
Pmr < /M, and the reported size is therefore an integer multiple of L. By union bound
applied to the M inspection times, this procedure controls Type-I error at level a. In our
experiments we set M = 20 and L = 20, giving an inspection budget of 400 tokens.

Temp. | Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme

0.3 00 00 00 100.0 100.0 97.0
0.7 260.0 380.0 00 100.0 80.0 72.0
1.0 130.0 200.0 00 160.0 100.0 97.5

Table E.6: Comparison of our e-value scheme with baselines on size (]) under the chunk-based
sequential protocol with M = 20 chunks of size L = 20 tokens (correction p — M - p) on
MARKMYWORDS. Best (per temperature) is highlighted in bold.

The chunk-based correction tightens several baselines relative to the per-token Bonferroni
results of Table E.2. Nevertheless, Theorem 6.4.1 remains the most efficient method at every
temperature.
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