
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Large Language Models as Statistical Decision-Makers at Inference Time

Permalink
https://escholarship.org/uc/item/3nw7w1h9

ISBN
9798189270154

Author
Huang, Baihe

Publication Date
2026-08-01
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/3nw7w1h9
https://escholarship.org
http://www.cdlib.org/


Large Language Models as Statistical Decision-Makers at Inference Time 

by 

Baihe Huang 

A dissertation submitted in partial satisfaction of the 

requirements for the degree of 

Doctor of Philosophy 

in 

Electrical Engineering and Computer Sciences 

in the 

Graduate Division 

of the 

University of California, Berkeley 

Committee in charge: 

Professor Michael I. Jordan, Chair 
Assistant Professor Jiantao Jiao 

Professor Ryan Tibshirani 

Summer 2026 



Large Language Models as Statistical Decision-Makers at Inference Time 

Copyright 2026 
by 

Baihe Huang 



1 

Abstract 

Large Language Models as Statistical Decision-Makers at Inference Time 

by 

Baihe Huang 

Doctor of Philosophy in Electrical Engineering and Computer Sciences 

University of California, Berkeley 

Professor Michael I. Jordan, Chair 

This dissertation studies Large Language Model (LLM) inference through the lens of statistical 
decision-making theory, with the goal of advancing prevailing inference paradigms along two 
principal axes: scalability and provenance. 

In the domain of scalability, this dissertation investigates the efficiency of inference-time 
scaling paradigms and parallel decoding schemes. We formally characterize the sample 
complexity of self-consistency and best-of-n sampling methodologies, and demonstrate how 
self-correction can substantially expand the expressive power of Transformer architectures 
in multi-task settings. We analyze the information-theoretic bottlenecks associated with 
parallel sampling in diffusion language models, and introduce Explore-Then-Exploit, a scalable 
decoding strategy that improves inference throughput while preserving generation quality. 

In the domain of provenance, the dissertation develops theoretical foundations and practical 
schemes for statistical watermarking. We mathematically formalize statistical watermarking 
as a hypothesis-testing problem, providing a comprehensive characterization of the optimal 
Type II error, token efficiency, and robustness against perturbations. Guided by the theoretical 
insights, we propose SEAL, a semantic-aware watermarking scheme demonstrating strong 
detection efficiency and tamper resistance. We further generalize the statistical watermarking 
framework to support anytime-valid detection and derive the optimal e-value-based detection 
scheme. 

Collectively, our work connects theoretical insights with algorithmic innovations for under-
standing and improving the efficiency and responsible use of LLM inference. 
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Chapter 1 

Introduction 

In recent years, Large Language Models (LLMs) have achieved remarkable success across 
a broad spectrum of domains, encompassing mathematical reasoning [52, 53, 64, 141, 147], 
code generation [13, 34, 89, 113], multimodal understanding and generation [121, 145, 156, 
157], personal assistance [148, 166, 201, 218], healthcare [140, 167, 177, 178], and scientific 
discovery [12, 25, 65, 146]. Evaluations of frontier LLM agents on software-engineering tasks, 
indexed by the human time required for completion, demonstrate exponential growth in the 
task horizons these agents can successfully navigate [104]. 

These breakthroughs are propelled not solely by scaling model parameters, but also 
by the development of increasingly sophisticated inference procedures, including test-time 
scaling [22, 179, 204], agentic tool-use [166, 218], and structured harnesses [28, 95, 106, 208]. 
Meanwhile, the rapid growth of LLM inference capability introduces a set of novel theoretical 
and practical challenges: 

• First, classical theoretical frameworks are no longer adequate for capturing complex 
inference procedures. Traditionally, we treat machine learning models, including LLMs, 
as simple input-output functions. However, modern LLM systems execute long-horizon 
reasoning [45, 144], leverage tools to interact with diverse environments [108, 136, 211, 
215], and operate across multiple turns [219, 237]. This paradigm shift necessitates 
novel theoretical instruments capable of characterizing not just the black-box model, 
but the intricate inference-time procedures built around it. 

• Second, as LLM outputs become increasingly indistinguishable from human writing, 
numerous societal risks of LLM content misuse emerge. Prior literature highlights 
the role of LLMs in academic misconduct and educational integrity [87, 132]. Large-
scale analyses of AI conference peer reviews and policies similarly underscore threats 
to the scientific review process [115, 163]. Furthermore, there is growing concern 
that AI-generated data may contaminate the training corpora, thereby degrading the 
scaling of future models [43, 175]. Collectively, these vulnerabilities call for principled 
methodologies that establish provenance and mitigate the misuse of LLM inference. 
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Motivated by these challenges, this dissertation is centered on the following core research 
question: How can we design theoretical principles and practical methodologies for under-
standing and improving the efficiency and responsible use of LLM inference? We address this 
question through a unifying methodology that casts inference as a statistical decision-making 
procedure, grounded in the next-token prediction paradigm underlying modern autoregressive 
language models [1, 23, 73, 92]. Through the lens of distributional natural language modeling, 
inference-time interventions such as test-time scaling, repeated sampling, feedback-based 
scoring, self-correction, and watermarking are formalized as statistical decision-making under 
uncertainty. Accordingly, this dissertation investigates LLM inference by formalizing the 
relevant inference-time procedures, characterizing their fundamental efficiency and validity, 
and utilizing the theoretical insights to guide algorithm design. 

1.1 Contributions 

This dissertation focuses on developing statistical frameworks to understand and improve the 
inference paradigms of LLMs along two primary dimensions: scalability and provenance. 

Part I: Scalability. 

• Chapter 2: Sample complexity and expressiveness of inference-time scaling 
paradigms. Recent work by Snell et al. [179] demonstrates that increasing compute 
during inference can substantially enhance LLM performance on complex reasoning 
tasks such as mathematical problem-solving, a phenomenon formally known as inference-
time or test-time scaling. This scaling operates along two primary axes: increasing the 
number of independent repeated samples, and extending the length of the response 
trajectory. In this chapter, we analyze the sample complexity and expressive power 
of three representative methodologies that anchor these axes: self-consistency (which 
samples n i.i.d. responses and selects the most frequent answer, marginalizing over inter-
mediate reasoning paths), best-of-n (which samples n i.i.d. responses but selects the one 
maximizing a given verifier score), and self-correction (where the LLM autonomously 
generates a sequence of n responses, each conditioned on prior iterations and their asso-
ciated scores). For repeated sampling schemes, we establish a fundamental separation 
in sample complexity between self-consistency and best-of-n. For self-correction, we 
provide a representation-theoretic result demonstrating its expressiveness in multi-task 
problem-solving. This chapter is based on joint work with Shanda Li, Tianhao Wu, 
Yiming Yang, Ameet Talwalkar, Kannan Ramchandran, Michael I. Jordan, and Jiantao 
Jiao [81]. 

• Chapter 3: Bits-to-rounds sampling for diffusion language model inference. 
Diffusion language models offer a promising alternative to autoregressive language 
models by allowing multiple tokens to be unmasked in one round, bypassing the left-
to-right generation order. However, the scalability of their inference speed remains 
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bottlenecked by the “curse of parallel decoding,” wherein tokens sampled simultaneously 
during parallel decoding are (conditionally) independent and thus deviate from the 
true joint distribution [207]. We establish an information-theoretic lower bound for 
confidence-based decoding schemes that associates the required number of decoding 
rounds with total information and the dynamic confidence threshold serving as a 
per-round information budget. Guided by this theoretical bound, we introduce Explore-
Then-Exploit (ETE), a training-free decoding algorithm that harmonizes cross-block 
parallel decoding with targeted, shared-KV beam-search exploration of high-information 
tokens. ETE reduces the number of decoding rounds by 26–61% and improves wall-clock 
throughput by up to 70%, while maintaining matched accuracy on diverse benchmarks 
including MMLU-Pro, GSM8K, MATH, and HumanEval. This chapter is based on 
joint work with Hengyu Fu, Virginia Adams, Charles Wang, Junkeun Yi, Mohammad 
Mahdi Kamani, Venkat Srinivasan, and Jiantao Jiao [56]. 

Part II: Provenance. 

• Chapter 4: Theoretical foundations for statistical watermarking. Statistical 
watermarking [2, 99] provides a principled mechanism for establishing the provenance 
of LLM inference, thereby demonstrating a promising path to mitigate the risks of 
malicious or irresponsible use of AI-generated content. In this chapter, we formalize 
statistical watermarking as an active hypothesis-testing problem featuring random, 
output-coupled rejection regions. We derive the Uniformly Most Powerful (UMP) 
watermark and obtain its closed-form Type-II error. For model-agnostic watermarks, we 
establish the (nearly) minimax optimal excess Type-II error relative to the corresponding 
UMP watermark with the same Type-I error level. To understand the token efficiency 
required to achieve prescribed error rates, we establish nearly matching upper and lower 
bounds on the number of i.i.d. tokens in terms of the average entropy per token. Finally, 
we characterize the robustness of watermarking against bounded perturbations by 
formulating the optimal Type-II error as the solution to an explicit linear program. This 
chapter is based on joint work with Hanlin Zhu, Banghua Zhu, Kannan Ramchandran, 
Michael I. Jordan, Jason D. Lee, and Jiantao Jiao [79]. 

• Chapter 5: Semantic-aware statistical watermarking. Our theoretical analysis 
reveals that the detection power of a watermark fundamentally depends on the tightness 
of the coupling between the random seed sequence and the generated output sequence. 
This insight exposes a critical limitation in existing watermarking methodologies, which 
rely on fixed seed distributions that fail to adapt to the LLM’s dynamic token prob-
abilities. Addressing this gap, we introduce SEAL (Semantic-awarE speculAtive 
sampLing), a practical watermarking algorithm that constructs a maximal coupling 
between the random seed sequence and output tokens via speculative sampling [107] 
using a publicly accessible proposal LLM. By leveraging the inherent structural sim-
ilarities among LLMs trained on shared human-language corpora, SEAL generates 
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seeds that are semantic-aware and thus reconciles the deployability requirements of 
model-agnosticism with the sample efficiency predicted by our theoretical framework. 
Evaluated on the MarkMyWords benchmark [152], SEAL demonstrates superior token 
efficiency and tamper resistance, especially against paraphrasing attacks. This chapter 
is based on joint work with Hanlin Zhu, Julien Piet, Banghua Zhu, Jason D. Lee, 
Kannan Ramchandran, Michael I. Jordan, and Jiantao Jiao [80]. 

• Chapter 6: Anytime-valid statistical watermarking. While watermark generation 
is inherently sequential and variable in length due to the autoregressive nature of 
LLMs, conventional watermark detection requires ad hoc, fixed-horizon testing. In this 
paradigm, applying the p-value test repeatedly as tokens arrive violates the Type-I 
error guarantee, thereby limiting detection efficiency and precluding early stopping. 
We bridge this crucial operational gap by proposing Anchored E-Watermarking, an 
e-value-based statistical watermarking framework that allows anytime-valid detection 
and early stopping. Within this framework, we derive the closed-form minimax optimal 
logarithmic growth rate of evidence and establish a tight bound on the expected 
detection time. Empirical evaluations on the MarkMyWords benchmark [152] in the 
sequential testing setting confirm that the resulting detector reduces the median token 
budget required for detection by up to 15% relative to SEAL, and by nearly 50% 
compared to the other existing baselines. This chapter is based on joint work with Eric 
Xu, Kannan Ramchandran, Jiantao Jiao, and Michael I. Jordan [82]. 

1.2 Related Work 

Theories of Transformers and Large Language Models. The success of Transformers 
and LLMs has motivated the study of their expressiveness. Existing research has shown 
that Transformers can implement simple functions such as sparse linear functions, two-layer 
neural networks, and decision trees [59], gradient descent [8, 16, 191], automata [120, 233], 
Dyck languages [18, 217], Turing machines [19, 46, 150, 203, 225], variational inference [130], 
and bandit algorithms [117]. Alberti et al. [9], Luo et al. [126], Petrov et al. [151], Yun 
et al. [223] establish universal approximation results under various settings. Edelman et al. 
[47], Li et al. [109], Likhosherstov et al. [116], Nelson Elhage et al. [137] study representational 
capabilities and properties of self-attention, the core component in Transformers. Feng et al. 
[50], Li et al. [114] study the expressiveness of auto-regressive Transformers with chain-of-
thought. Botta et al. [20], Edelman et al. [47], Li et al. [112] study the sample complexity 
of Transformers. Recently, a growing body of work has begun to explore the theoretical 
foundations of self-improvement in large language models (LLMs). Song et al. [182] introduce 
the generation-verification gap as a key quantity governing scaling behavior. Huang et al. [78] 
propose a progressive sharpening framework in which the policy gradually shifts toward more 
confident responses. Setlur et al. [169] draw on reinforcement learning theory to formally 
establish the advantages of verifier-based methods. In contrast to these works, our results 
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provide explicit sample complexity rates and tangible representation architectures, enabling 
a more concrete understanding of the fundamental capabilities and limitations of test-time 
scaling paradigms. 

Test-time scaling. Recent research has established test-time scaling laws for LLMs, 
illuminating a new scaling axis beyond training-time scaling laws [73, 92]. Existing approaches 
towards scaling up test-time compute of LLMs can be broadly classified into two categories: 
(1) applying test-time algorithms, also called inference-time algorithms, during LLM decoding 
[22, 179, 209]; and (2) explicitly training LLMs to output long chain-of-thought traces 
[45, 97, 143, 212]. Many recent works focus on understanding and improving the effectiveness 
of test-time scaling empirically: Aggarwal and Welleck [6], Chen et al. [35], Cuadron et al. 
[42], Wang et al. [200] study under-thinking, over-thinking, and length control in LLM 
reasoning. Chen et al. [32] propose to integrate self-verification and self-correction into 
sampling. Qu et al. [155] analyze test-time compute optimization by introducing a meta 
reinforcement learning formulation. Setlur et al. [169] demonstrate that verification/RL is 
important for optimal test-time scaling. Zhang et al. [230] provide an extensive review of the 
test-time scaling landscape. In contrast, our work focuses on theoretical analyses of test-time 
scaling. In addition, our self-correction analysis offers a formal perspective on In-Context 
Reinforcement Learning [134, 180, 187]. 

Diffusion Language Models. Discrete diffusion models have been widely adopted for 
categorical data generation, including natural language [139], biological sequences [164], code 
synthesis [176], and audio generation [214]. The framework was first proposed by Austin 
et al. [15] as a discrete variant of Denoising Diffusion Probabilistic Models (DDPM) [72], 
and later reformulated as a probability ratio learning problem [125]. Early models typically 
operated at small scales (fewer than 1B parameters). Through reparameterization [238] 
and engineering efforts such as KV-caching [123], masked (absorbing) diffusion models have 
emerged as the predominant paradigm due to their scalability. This scalability has enabled 
the development of diffusion-based large language models (DLMs) [139, 220, 224, 239], which 
achieve performance and inference speed comparable to autoregressive (AR) language models 
[153]. Recent works have also explored hybrid approaches through block-wise diffusion [14, 29], 
combining the flexible content/length generation of AR models with the parallel inference 
capabilities of DLMs. 

Parallel Decoding in DLMs. Unlike autoregressive language models that generate 
tokens sequentially from left to right, DLMs frame generation as an iterative denoising 
(unmasking) process over entire sequences, and enable parallel decoding through bidirectional 
attention. Early approaches adopted fixed-step parallel decoding [27, 139], while more recent 
methods introduce adaptive strategies. Yu et al. [222] propose confident decoding, which 
dynamically unmasks high-confidence tokens above a fixed threshold. Wu et al. [207] extend 
this with a dynamic confidence threshold mechanism, and Wei et al. [205] introduce a two-
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phase approach, which alternates between two decoding stages, performing conservative 
decoding until high-confidence regions form and then conducting aggressive confidence-
based parallel decoding on those confident regions. Huang et al. [83] analyze decoding 
biases through confidence calibration, while Ben-Hamu et al. [17] leverage entropy-based 
unmasking with controlled approximation error. Kim et al. [96] introduce the probability 
margin as the confidence measure. Additional acceleration techniques include attention 
optimization via caching mechanisms [123] and sparsification [224]. However, all these 
approaches share a common principle: prioritizing certain (high-confidence/low-entropy) 
tokens first. This strategy inherently reduces the information revealed per inference step, 
potentially limiting overall decoding speed from an information-theoretic perspective, given 
that the total information content is fixed. Notably, recent findings in Reinforcement Learning 
with Verifiable Rewards (RLVR) suggest that uncertain (high-entropy) tokens are key to 
successful and efficient reasoning [197], which contrasts with the current certain-token-first 
paradigm in DLM decoding. ETE is complementary to the line of work on lossless speculative 
decoding for DLMs, such as Spiffy [7]. Rather than using a separate draft model or an 
auto-speculative draft graph, ETE uses two-step anchor-based decoding as the proposal and 
an information-theoretic score function as the verification. 

Statistical watermarking. Watermarking is a powerful white-box provenance approach 
for detecting LLM-generated texts [185] in which the model provider modifies the generation 
so that a verifier can later test for the embedded signal. Watermarks can be injected either 
into a pre-existing text (edit-based watermarks) or during the text generation (generative 
watermarks), while our work falls in the latter category. Edit-based watermarking [4, 91, 160, 
216] has been the focus of several studies in the past. The concept of generative watermarking 
dates back to the work of Venugopal et al. [190], while our work is more related to the 
seminal work by Aaronson and Kirchner [3] and Kirchenbauer et al. [99] which introduced 
statistical watermarking as a provable method of embedding statistical signals into language 
model generation. To develop formal guarantees, Kuditipudi et al. [102] introduce the notion 
of distortion-free watermarking and inverse transform sampling as a new watermarking 
method. Following Kirchenbauer et al. [99], several works [57, 74, 75, 122, 159] leverage the 
semantics of preceding tokens to determine the green list and adjust the bias applied to 
green-list tokens. Specifically, Hou et al. [74, 75] use the partition of semantic space to serve 
as green and red lists for sentence embeddings and perform rejection sampling to sample the 
sentences conditional on a particular green region in the semantic space; Fu et al. [57] add 
semantically-similar tokens into the green list; and Ren et al. [159] use a trained MLP to 
generate semantic values. However, these approaches do not control the probability associated 
with green-list membership due to their heuristic designs and therefore lack formal Type-I 
error guarantees. In comparison, our work introduces speculative decoding [107] to the area 
of statistical watermarking and uses a proposal LLM to capture semantics explicitly, thus 
enjoying provable Type-I error guarantees. 

While statistical watermarking commonly uses private keys for generation and detection, 
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watermarks can also be injected with private forgeability and public verifiability [49, 119], 
hence functioning effectively as digital signatures. 

Despite its formal clarity, watermarking faces threats from various attack algorithms in 
practice [99, 100, 102, 165, 228]. Notably, due to several attack methods that can destroy 
watermarks while preserving quality, tamper resistance, or robustness becomes an important 
consideration. The result by Zhang et al. [228] asserts that tamper resistance is only feasible 
against a well-specified class of attacks, rather than against arbitrary attacks. To address the 
tamper resistance challenge, several works [37, 62] design robust pseudo-random codes as the 
basis for constructing robust watermarks. However, these methods remain largely theoretical 
and have yet to see practical implementation. Zhao et al. [235] design a new LLM decoding 
method and a tailored watermarking scheme for this decoding method, which improves tamper 
resistance. To support the long-term advancement of watermarking techniques, benchmark 
efforts [133, 152] are crucial in evaluating quality, efficiency, and tamper resistance of practical 
watermarking methods. 

E-values and sequential hypothesis testing. The field of sequential hypothesis testing 
aims to design statistical methods that can accommodate streams of data and data-dependent 
stopping times [21, 161, 194]. The earliest work in the field relied on likelihood ratios and 
p-values. These tools are appropriate for a limited range of problems but in general fail to 
control Type-I error under data-dependent stopping rules and composite hypotheses. These 
deficiencies led to the development of tests based on nonnegative supermartingales, which 
yield e-values at arbitrary stopping times under composite null hypotheses [68, 158, 170, 192]. 
Moreover, this framework also provides tools for analyzing and improving statistical power. 
For example, Grünwald et al. [68] introduced worst-case growth rate optimality (GROW) as 
a criterion to assess power for a composite alternative. More recently, Waudby-Smith et al. 
[202] established optimal rates for a broad class of betting-based e-processes (a generalization 
of nonnegative supermartingales), and also obtained matching upper and lower bounds on 
mean rejection times based on these processes. 

1.3 Notation 

We summarize common notation that is used repeatedly across chapters. Chapter-local 
symbols are defined where they are used. 

For a set A, we write Ac as the complement of A, |A| as its cardinality, and 2A := {B : 
B ⊆ A} as its power set. We use (x)+ = max{x, 0}, x∧y = min{x, y}, and x∨y = max{x, y}. 
The asymptotic notations O(·), Ω(·), and Θ(·) hide absolute positive constants. We write P 
and E for probability and expectation. Given a sample space X , ∆(X ) denotes the set of all 
probability measures over X , and supp(µ) denotes the support of the distribution µ. 
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Chapter 2 

Sample Complexity and 
Expressiveness of Test-Time Scaling 
Paradigms 

This chapter first establishes a separation result between two repeated sampling strategies: 
self-consistency requires Θ(1/∆2) samples to produce the correct answer, while best-of-n only 
needs Θ(1/∆), where ∆ < 1 denotes the probability gap between the correct and second most 
likely answers. Next, this chapter presents an expressiveness result for the self-correction 
approach with verifier feedback: it enables generic Transformer architectures to simulate 
online learning over a pool of experts at test time, thus achieving multi-task solving without 
prior knowledge of the specific task associated with a user query or explicit identification 
of the best expert. This result extends the representation theory of Transformers from 
single-task to multi-task settings. Finally, this chapter empirically validates the theoretical 
results, and demonstrates the practical effectiveness of self-correction methods. 

2.1 Introduction 

Over the past several years, Large Language Models (LLMs) have witnessed remarkable 
advances, achieving unprecedented performance across a broad spectrum of applications [1, 
23, 24]. Driven by the paradigm of chain-of-thought (CoT) reasoning [204], the outputs 
of LLMs have not only grown in length but also in structural complexity. In particular, 
recent studies have demonstrated that scaling up computational resources during test time 
significantly enhances the problem-solving capabilities of LLMs—a phenomenon known as 
test-time scaling [22, 45, 143, 209]. Various methods have been proposed to effectively 
utilize additional test-time compute, including self-consistency [22, 33, 138, 198], best-of-n 
sampling [85, 135, 154, 168, 181], Monte Carlo Tree Search (MCTS) [31, 58, 118, 186, 195, 232], 
and self-correction [36, 66, 103, 127, 206, 231]. Powered by test-time scaling paradigms, several 
reasoning models, such as OpenAI-o1 [144] and DeepSeek-R1 [45], have achieved remarkable 



CHAPTER 2. SAMPLE COMPLEXITY AND EXPRESSIVENESS OF 
TEST-TIME SCALING PARADIGMS 9 

success in many complex tasks [40, 71, 84, 173, 227]. 
Despite these empirical advancements, the theoretical foundations of test-time scaling 

remain underdeveloped. While recent progress has been made in understanding the expres-
siveness and learnability of chain-of-thought reasoning [50, 90, 114, 131], two fundamental 
challenges remain unresolved: 

Figure 2.1: An illustration of test-time online learning (figure adapted from [110]), where 
the Transformer progressively learns that finite-element method solves the partial differential 
equation with higher accuracy. 

1. Many test-time scaling approaches rely on repeated sampling from the same LLM to 
select a final answer [22, 33, 85, 97, 135, 138, 154, 168, 181, 198, 210]. Two dominant 
paradigms are: self-consistency, which marginalizes reasoning paths and selects the 
most frequent answer; and best-of-n, which chooses the answer with the highest reward 
score. However, a rigorous understanding of their sample complexities is lacking. This 
raises the first question: 

What is the sample complexity of repeated sampling methods, 
particularly self-consistency and best-of-n? 

2. Theoretical analyses of Transformers’ expressiveness have largely focused on their ability 
to represent individual tasks [46, 223], while their ability to express multiple tasks at 
the same time is under-studied. In contrast, practical LLMs have shown remarkable 
success in adapting to new, diverse tasks at test time via self-correction [36, 66, 69, 
103, 127, 206, 231] or In-Context Reinforcement Learning [134, 141, 180, 187]. This 
gap underscores a need to understand how Transformers express multiple task-solving 
capabilities inherently and learn to adapt their behavior to the right task via test-time 
interaction. Therefore, we are motivated to pose the second central question: 

How can we characterize the expressiveness under test-time scaling methods, 
especially in multi-task settings? 
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Our Contributions. This chapter addresses the challenges outlined above through two key 
contributions. First, we analyze the sample complexity of two prominent decoding strategies: 
self-consistency and best-of-n, in terms of the probability gap between the most likely (correct) 
and the second most likely model outputs. Our results reveal a fundamental separation in 
sample efficiency that highlights the advantage of the best-of-n approach. 

Proposition 2.1.1 (Informal statement of Theorem 2.3.1 and Theorem 2.3.2). Let ∆ ∈ (0, 1) 
denote the difference between the Transformer’s probability of producing the correct answer 
and the probability of the second most likely answer. Then, self-consistency requires Θ(1/∆2) 
samples to reliably produce the correct answer, whereas best-of-n achieves the same with only 
Θ(1/∆) samples. 

Second, we investigate Transformer’s capacity for self-correction. We demonstrate that 
a Transformer equipped with verifier feedback at test time can implement online learning 
algorithms over a pool of expert models, enabling it to adaptively identify the most suitable 
expert and ultimately generate a response that maximizes the reward. This process is 
illustrated in Figure 2.1: given the user query (e.g. solve the PDE 1 

c(x)2 
∂2u 
∂t2 − ∆u = 0 in 

Ω × (0, T ) with some boundary conditions), the Transformer f autoregressively generates a 
sequence of actions (e.g., selecting the sixth expert) and responses (e.g., constructing and 
applying a spectral method solver), conditioned on the history of previous action-response 
pairs and their corresponding rewards (e.g., negative solution error). Notably, this process 
relies solely on the Transformer f—whose architecture encapsulates the capabilities of all 
experts—and the reward function, distinguishing it from traditional routing algorithms that 
explicitly query experts. As such, this mechanism allows a single Transformer architecture to 
solve multiple tasks without prior knowledge of the specific task associated with a user query. 

Proposition 2.1.2 (Informal statement of Theorem 2.4.7). There exists a generic way to 
construct a wider transformer f from any Transformer-based expert models f1, . . . , fK such 
that, for any task solvable by the base experts, f can solve this task by self-correction which 
generates a sequence of responses with regret o(1). 

Proposition 2.1.2 has two key implications. First, it demonstrates that a Transformer 
can express multiple tasks within a single architecture, extending beyond prior theoretical 
results that focus on single-task expressiveness. Importantly, the construction is task-agnostic 
and independent of the specific expert Transformers used, making both the result and the 
underlying techniques of independent theoretical interest. Second, Proposition 2.1.2 reveals a 
fundamental distinction between self-correction and repeated-sampling paradigms. While 
repeated-sampling methods generate identically distributed responses across attempts, self-
correction provably allows the model to update its attempts based on verifier feedback, thereby 
increasing the probability of producing the correct answer as inference progresses. We further 
validate these results through controlled experiments. 
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2.2 Preliminaries 

Transformers. In this chapter, we consider attention-only Transformers defined as follows. 

Definition 2.2.1 (Transformer). We define a Transformer model over vocabulary V as a 
tuple 

(θ, pe, (K(l) 
h , Q(l) 

h , V(l) 
h )h∈[H],l∈[L], ϑ, V) 

where θ : V → Rd is the tokenizer, pe : Rd × Vω → Rd is a position encoder, K(l) 
h , Q(l) 

h , V(l) 
h ∈ 

Rd×d are the key, query, value matrices over L layers and H heads each layer, and ϑ is the 
output feature. The computation of a Transformer rolls out as follows: 

1. For each i = 1, . . . , n, X(1) 
i = pe(θ(vi); v1, . . . , vi). 

2. For each l = 1, . . . , L − 1, compute each X(l+1) 
i for i = 1, . . . , n by 

X
(l+1) 
i = 

H 

h=1 

i 

j=1 

exp 
 
s

(l) 
h (Xi, Xj) 

 

Z
(l) 
h 

· V(l) 
h X

(l) 
j , (2.1) 

where s(l) 
h (·) is the attention score defined by s(l) 

h (Xi, Xj) = (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j ) and 

Z
(l) 
h = 

 i
j=1 exp 

 
s

(l) 
h (Xi, Xj) 

 
is the normalizing constant. 

3. The output probability is given by 

pf (y|v1, . . . , vn) = Softmax(ϑ(y)⊤ X(L) 
n ), y ∈ V . 

In particular, we assume the softmax attention layer has precision ϵ in the sense that: if 
two attention scores s1, s2 satisfy es1 < ϵ · es2 , then es1 is treated as zero in the attention 
computation of Eq. (2.1). 

While classical positional encoders are solely dependent on the index of the current token 
(i.e. we may write pe(θ(vi); v1, . . . , vi) = pe(θ(vi); i)), recent advances [61, 70, 229] have 
extended this notion to incorporate set membership information of preceding tokens. This 
generalization proves crucial for enhancing the long-context capability required for effective 
self-correction. Motivated by this insight, we introduce the following notion. 

Definition 2.2.2 (Generalized Position Encoder). We say that pe : Rd × Vω → Rd is a 
generalized position encoder w.r.t. a partition V1, . . . , VK of V if it maps an input feature in 
Rd and a token sequence (of arbitrary length) v1, · · · , vi to a vector in Rd , so that it only 
depends on the input feature and the membership of each vi in the sets V1, . . . , VK , i.e. 

pe(θ(vi); v1, . . . , vi) = pe 
 
θ(vi); (1(v j ∈ Vk))j∈[i],k∈[K] 

 
. 
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Test-time scaling. In this chapter, we study the following three strategies for test-time 
scaling. 

1. Self-consistency samples n i.i.d. responses from the language model and chooses the 
most consistent answer, while marginalizing over the reasoning paths. 

2. Best-of-n samples n i.i.d. responses from the language model and chooses the answer 
with the highest score given by the reward model. 

3. In the Self-Correction paradigm, the Transformer autonomously generates a sequence 
of n responses, each conditioned on the previous responses and their respective reward 
scores. 

2.3 Separation between Self-Consistency and Best-of-n 

In this section, we study the sample complexity of self-consistency and best-of-n. Let q 
denote the user query (e.g. a math problem) and O denote the answer space; then for each 
answer o ∈ O we define p(o) as the marginalized probability of generating o over all possible 
reasoning paths 

p(o) = 
 

reasoning path 

pf (reasoning path, o|q) 

where pf denotes the probability distribution of Transformer f . 
To understand the sample complexity, we focus on the dependence on the following 

probability gap: 

∆ := p(o ⋆) − max 
o∈O,o̸=o ⋆ 

p(o) 

where o ⋆ denotes the correct answer1 . If ∆ ≤ 0, then self-consistency fails to find the correct 
answer with high probability and the separation becomes trivial. Therefore, we focus on 
the setting where ∆ > 0 (i.e., the most likely answer is correct), which is also considered 
in prior theoretical work [78]. Under this setting, we assume that the reward function r is 
maximized (only) at the correct answer, because p itself is such a reward function satisfying 
this condition. Note that since p(o) is marginalized over reasoning paths, ∆ > 0 does not 
imply that the correct answer can be derived easily from greedy decoding. 

Theorem 2.3.1 (Sample Complexity of Self-Consistency). Let O = |O| < ∞. There exist 
numerical constants c, C > 0 such that: when n ≥ C log(O/δ) 

∆2 , self-consistency with n i.i.d. 
samples is able to produce the correct answer with probability at least 1 − δ; when n ≤ c 

∆2 , 
there exists a hard instance where self-consistency with n i.i.d. samples fails to produce the 
correct answer with constant probability. 

1If multiple correct answers exist, the self-consistency result applies after canonicalizing answers into 
equivalence classes and assigning probability mass to these classes. 
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Theorem 2.3.2 (Sample Complexity of Best-of-n). Assume r(o ⋆) > r(o), ∀o ≠ o ⋆ . There 
exist numerical constants c, C > 0 such that: when n ≥ C log(1/δ) 

∆ , best-of-n with n samples 
produces the correct answer with probability at least 1 − δ; When n ≤ c 

∆ , there exists a hard 
instance where best-of-n with n i.i.d. samples fails to produce the correct answer with constant 
probability. 

By providing matching (up to logarithmic factors) upper and lower bounds on the number 
of samples, the above results establish the separation between self-consistency and best-of-n. 
While self-consistency requires Θ(1/∆2) samples to produce the correct answer, best-of-n 
has an advantage, requiring only Θ(1/∆) samples. Therefore, this theory corroborates 
the empirical findings that best-of-n generally leads to better problem solving accuracy on 
reasoning tasks compared with self-consistency [184, 209]. 

2.4 Expressiveness under Self-Correction 

A key distinction between self-correction and the repeated sampling strategies discussed in the 
previous section lies in the dependence structure of the generated responses: unlike repeated 
sampling, the outputs produced by self-correction are not i.i.d. Consequently, to analyze 
the sample efficiency of self-correction, we must first address a fundamental question: can a 
large language model (LLM), through self-correction, increase the likelihood of generating the 
correct answer? At its core, this question is one of expressiveness—whether the Transformer 
architecture’s representation capacity is sufficient to support such improvement. 

In this section, we take a first step toward analyzing the expressiveness of Transformers 
under the self-correction paradigm. Unlike prior work that focuses on expressiveness in the 
context of a single task, we study what we call general-purpose expressiveness: the ability to 
solve a broad range of tasks. To this end, we introduce the concept of a General-Purpose 
Transformer—a construction that maps any collection of task-specific Transformers (experts) 
into a single unified Transformer. 

Definition 2.4.1 (General-Purpose Transformer). We say that φ is a General-Purpose 
Transformer of type (t1, t2) if it maps any set of Transformers with hidden size d and depth 
L into another ‘unified’ Transformer with hidden size t1 · d + t2 and depth L + O(1). 

A general-purpose Transformer provides a principled framework for constructing more 
powerful Transformer architectures by composing simpler, task-specific components. This 
meta-architecture enables a single model to solve multiple tasks at inference time, representing 
a significant advancement in our theoretical understanding of the expressive power of modern 
machine learning systems. Our goal is to investigate the general-purpose expressiveness of 
self-correction paradigms through the lens of general-purpose Transformers: specifically, how 
a Transformer can adaptively solve different tasks during inference without prior knowledge 
of the task identity. 
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2.4.1 General-purpose expressiveness 

In this section, we present two auxiliary results that serve as building blocks for constructing 
general-purpose Transformers capable of solving multiple tasks. These results may also be of 
independent interest beyond expressiveness of self-correction. 

Figure 2.2: (a): Illustration of Proposition 2.4.2. In the first query, f2 is called to solve 
the common sense problem by attending to only blue tokens. In the second query, f1 is 
called to solve the arithmetic problem by attending to only red tokens. (b): Illustration of 
Proposition 2.4.4. In the first query, f2 is called to solve the history problem by attending 
to only blue tokens. In the second query, f1 is called to solve the chemistry problem by 
attending to only red tokens. Importantly, these “function calls” occur implicitly within the 
internal computation of the unified Transformer architecture. 

The first result addresses the setting in which multiple Transformers operate over distinct 
vocabularies, with each vocabulary corresponding to a specific task. The objective is to 
construct a unified Transformer that uses the final token in the input sequence to infer which 
task to perform, and subsequently solves the task by attending only to the task-relevant 
tokens. 

Proposition 2.4.2 (General-purpose Expressiveness over Different Token Spaces). For 
any H, L, K, Nmax ∈ Z+, Vi ∩ Vj = ∅ (∀i ≠ j ∈ {0} ∪ [K]), there exists a general-purpose 
Transformer φ of type (O(K), O(log Nmax)) such that for any Transformers 

fk = 
 
θk, pek, (K(l) 

k;h, Q(l) 
k;h, V(l) 

k;h)h∈[H],l∈[L], ϑk, Vk 

 
, k ∈ [K], 

the Transformer  f = φ(f1, . . . , fK ) satisfies the following property: for any token sequence 
v = v1 · · · vn such that n ≤ Nmax and there exists one vi0 ∈ V0, we have 

pf (·|v) = pfκ (·|u) 

where κ is the task indicated by the last token: i.e., vn ∈ Vκ, and u = vi1 · · · vim , where 
{i1 < · · · < im} = {i : vi ∈ Vκ}, is the sequence of tokens relevant to task κ. 

Remark 2.4.3. The existence of vi0 which does not belong to any {Vi}i∈[K] serves the technical 
purpose of inducing attention sink of all irrelevant experts to vi0 . It may be achieved by 
assuming the user query always ends with the special token <eos>. 
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The following result considers a more challenging scenario in which multiple Transformers 
operate across different tasks but share a common vocabulary space. A set of indicator tokens, 
denoted by Ω, is used to specify the intended task. The objective is to determine which task 
to execute based on the most recent indicator token. It then proceeds to solve the task by 
attending exclusively to the task-relevant tokens appearing before the first indicator token 
and after the last indicator token in the input sequence. 

Proposition 2.4.4 (Multi-Task Representation over the Same Token Space). For any 
H, L, K, Nmax ∈ Z+, token spaces Ω ∩ V = ∅, there exists a general-purpose Transformer φ 
of type (O(K), O(log Nmax)) such that for any Transformers 

fk = 
 
θk, pek, (K(l) 

k;h, Q(l) 
k;h, V(l) 

k;h)h∈[H],l∈[L], ϑk, V 
 

, k ∈ [K], 

over V, the Transformer  f = φ(f1, . . . , fK ) satisfies the following property: for any token 
sequence v = v1 · · · vn such that 

{ξ1 < · · · < ξm} = {j : v j ∈ Ω}, ξm < n ≤ Nmax 

then we have 

pf (·|v) = pfκ (·|u) (2.2) 

where u = v1 · · · vξ1−1vξm+1 · · · vn is the token sequence obtained by omitting tokens from 
position ξ1 to ξm, and κ is the task indicated by token vξm . 

Remark 2.4.5. We observe that in both results above, reducing the type parameters is generally 
not feasible. The dependence on K arises from the need to compute features for all K experts 
corresponding to the user query. Since the model lacks prior knowledge of the task, it must 
encode all task-relevant information to preserve the ability to invoke any expert at inference 
time. The log(Nmax) scaling stems from the positional encoding: in order to construct Nmax 

nearly orthogonal vectors, the positional embedding must have dimension at least log(Nmax). 

2.4.2 General-purpose expressiveness of Transformers with 
self-correction 

In this section we state the main result that establishes general-purpose expressiveness of 
Transformers with self-correction. We rely on the following notion of regret-minimization 
Transformer, which expresses the single task of finding the most rewardable action. 

Definition 2.4.6 (Regret-Minimization Transformer). We say that a Transformer f achieves 
simple regret reg(·) over reward function r and action space A, if for any T ∈ Z+, we have 
maxa∗∈A r(a ∗) − E[r(aT )] ≤ reg(T ) = o(1) where a1, . . . , aT are generated in the following 
way: 

at ∼ pf (· | a1, R1, . . . , at−1, Rt−1), ∀t = 1, . . . , T, 

E[Rt | at, Ht−1] = r(at), ∀t = 1, . . . , T. 
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Essentially, the goal of a regret-minimization Transformer is to learn from a reward oracle 
and ultimately recommend an action that is near-optimal, which is related to a concept 
commonly referred to as simple regret in the bandit literature [26, 48, 86]. To achieve this, 
the Transformer may implement strategies such as mirror descent, upper confidence bounds, 
or search-based algorithms, depending on the problem structure. As these procedures rely 
only on basic arithmetic operations, such Transformers can be constructed by applying the 
universal approximation capabilities of Transformers [50, 114, 126, 223]: For example, [117] 
provide constructions to approximate upper confidence bounds and Thompson sampling
algorithms with average regret O(1/ 

√ 
T ). Consequently, their construction is not the primary 

focus of this chapter. 

Algorithm 2.4.1 Self-correction with verifier 
1: procedure Generation(q) ▷ q = q1 . . . q n0 denotes the user query.
2: prompt ← q 
3: for t = 1, . . . , T do 
4: a(t) ∼ pf 

(· | prompt) ▷ a(t ) designates which expert to use in t-th iteration 

5: prompt ← prompt|a(t) ▷ Update the prompt autoregressively, | represents token 
concatenation. 

6: for i = 1, . . . do 
7: u

(t) 
i ∼ pf 

(· | prompt) ▷ Generate t-th response autoregressively 

8: prompt ← prompt|u(t) 
i ▷ Update the prompt autoregressively

9: if u
(t) 
i = EOS then 

10: Break 
11: r(t) ← r(q, u (t)), prompt ← prompt|r (t) ▷ Query verifier to obtain reward of t-th 

response 

12: Return u(T )

The following theorem establishes the existence of a general-purpose Transformer that 
can simulate the behavior of a set of expert Transformers (not necessarily over the same 
token space) through self-correction. Specifically, it shows that such a unified Transformer 
can, at inference time, identify and invoke the appropriate expert to solve any task that 
the original experts can solve. The self-correction protocol is described in Algorithm 2.4.1, 
wherein the unified Transformer autoregressively generates actions and responses, after which 
the verifier is queried to obtain reward signals. Through this process of trial and error, 
the model effectively “learns” at inference time, using the verifier to minimize regret and 
adaptively select the correct expert. 

Theorem 2.4.7 (Regret Minimization via Self-Correction). For any H, L, K, Nmax ∈ Z+, 
task set QT , token spaces V0, V1, . . . , VK , A (|A| = K) such that V0, V = (∪K

k=1Vk), and A 
are disjoint, and reward function r, there exists a general-purpose Transformer φ of type 
(O(K), O(log Nmax)) such that given any set of Transformers denoted as follows, 
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• K expert Transformers: fk = (θk, pek, (K(l)
k;h, Q(l)

k;h, V(l)
k;h)h∈[H],l∈[L], ϑk, Vk) for k ∈ 

[K], such that for any task query q ∈ QT , there exists one expert fk∗ achieving λ-
suboptimal reward: 

Eu∼fk ∗ (·|q)[r(q, u)] ≥ max 
u ∗∈Vω 

r(q, u ∗) − λ 

• Regret-Minimization Transformer: f0 = (θ, pe, K(l)
0;h, Q(l)

0;h, V(l)
0;h)h∈[H],l∈[L], ϑ, V0 ∪ 

A) that implements a bandit algorithm over the reward function r0 and action space A 
with simple regret reg(t), where r0(a) = Eu∼fa(·|q)[r(q, u)] denotes the average reward of 
responses generated by the a-th expert, 

then the Transformer  f = φ(f0, f1, . . . , fK ) satisfies the following property: for any prompt 
v ∈ QT , if the response sequence u(1) , . . . , u(T ) generated by the protocol in Algorithm 2.4.1 
has total length ≤ Nmax, then we have 

max 
u ∗∈Vω 

r(v, u ∗) − E[r(v, u(T ))] ≤ λ + reg(T ) 

Remark 2.4.8. While the general-purpose Transformer φ can be applied to construct the 
brute-force Transformer  f that simply tries every expert, we note that the generality of 
Definition 2.4.6 allows us to construct more powerful Transformers beyond brute-force search. 
Leveraging the structures in the problem and the expert pool, it is entirely possible to identify 
the correct expert using ≪ K trials [55, 162]. 

As a consequence of Theorem 2.4.7, the transformer  f can solve K distinct tasks at 
inference time, without requiring prior knowledge of the specific task or identification of 
the best expert. The architecture-level composition is general-purpose in the sense that 
it does not depend on the internal parameters of the expert Transformers. The regret 
guarantee, however, depends on the assumed verifier feedback model and on the existence of 
a regret-minimization Transformer for the induced reward function. To our knowledge, this 
is among the first theoretical expressiveness analyses of Transformer self-correction in this 
multi-expert setting. Furthermore, our theory aligns with the empirical finding that LLMs 
can progressively optimize outcome rewards during test-time [134, 155, 180, 187]. 

2.5 Experiments 

In this section, we conduct synthetic experiments to show that Transformers can self-correct 
with verifier feedback.2 

2Code: https://github.com/LithiumDA/Representation-Ability-of-Test-time-Scaling. 

https://github.com/LithiumDA/Representation-Ability-of-Test-time-Scaling
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2.5.1 Expressiveness of self-correction 

Data generation. We aim to construct a test problem with complex prompts such that 
correctly solving the problem in the single-turn generation is challenging. In this case, 
self-correction can play a critical role if Transformers have this capability. Specifically, in our 
synthetic problem, the prompt is the concatenation of the following two components: 

• Instruction: A 3-SAT problem, e.g., 

(∼ x3∨ ∼ x1∨ ∼ x2) ∧ (∼ x1∨ ∼ x3 ∨ x2) ∧ (∼ x4 ∨ x2∨ ∼ x3) ∧ · · · 

• Data: A string composed of characters from the set {a, b}. 

The ground truth target is defined as follows: If the 3-SAT problem in the instruction is 
satisfiable, the model should copy the string in the data part in the output; otherwise, the 
model should reverse the string in the output. In our experiment, we construct datasets 
using 3-SAT problems with 4 variables and 20 clauses. The lengths of the data strings are 
set to 5. We generate 10000 instances for training and 512 instances for evaluation. In the 
training set, we control the ratio of satisfiable and unsatisfiable 3-SAT instructions to 9:1, 
while in the test set, the ratio is set to 1:1. This label imbalance encourages models to fail on 
their first attempt, thereby eliciting self-correction behavior. 

Models and training configuration. We train a class of Transformer models of various 
sizes: {GPT-nano, GPT-micro, GPT-mini, Gopher-44M} with the Adam optimizer [98] for 5 
epochs. More implementation details can be found in Appendix A.2. 
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Figure 2.3: Accuracy comparisons 
of different models with/without 
self-correction at test time. 

Results. Test set accuracy across different inference set-
tings is shown in Figure 2.3. We note that model perfor-
mance plateaus at 63.19% when there is no self-correction 
at test time, with no improvement from increased model 
size. By contrast, when models are equipped with ver-
ifier signals to enable self-correction, test accuracy im-
proves substantially, demonstrating the efficacy of this 
mechanism. Crucially, larger models – such as GPT-
mini and Gopher-44M – achieve near-perfect accuracy 
under self-correction, suggesting that sufficiently expres-
sive Transformers are capable of implementing effective 
self-correction strategies. This empirical result supports 
our theoretical findings. 
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2.5.2 Evaluation of sample complexity 

Dataset. We conduct experiments on the AIME 2024 & 2025 datasets [129], which serve 
as a real-world benchmark for evaluating mathematical reasoning tasks. These datasets allow 
us to measure not only the raw accuracy of different large language models (LLMs), but also 
the impact of verification-based strategies on sample efficiency. 

Model configuration. We consider recent LLMs, including Qwen3-1.7B, Qwen3-4B [212], 
and Llama-3.2-3B-Instruct [124], as candidate models. In addition, Qwen3-32B is employed 
as an LLM verifier. This setup enables us to compare standard decoding strategies (self-
consistency) with verification-based methods (best-of-n and self-correction). 

Results. We compare the accuracy of self-consistency, best-of-n, and self-correction under 
different sample sizes. Notably, as summarized in Table 2.1, best-of-n with only 4 samples 
consistently outperforms self-consistency with 64 samples, confirming the predicted gap in 
sample complexity. Furthermore, self-correction with verifiers achieves strong performance, 
highlighting the ability of LLMs to leverage verifier feedback effectively. These results show 
a notable sample complexity gap between self-consistency and best-of-n and demonstrate 
that modern Transformer models are sufficiently expressive to implement self-correction 
mechanisms when combined with verifiers, thus consistent with our theoretical results in 
Section 2.3 and 2.4. 

2.6 Conclusion 

Our investigation reveals a fundamental separation in sample complexity between self-
consistency and best-of-n, providing theoretical support for the empirically observed superi-
ority of the latter method. Furthermore, by introducing the framework of general-purpose 
expressiveness, we construct generic Transformer architectures capable of emulating online 
learning algorithms at test time. This capability enables a single model to provably solve multi-
ple tasks without task-specific adaptation, thus extending our understanding of expressiveness 

Model \ Method 
Self-consistency 

(64 samples) 
Best-of-n 

(4 samples) 
Self-correction 

(4 samples) 

Qwen3-1.7B 58.33% 59.68% 79.29% 

Qwen3-4B 78.33% 80.58% 81.19% 

Llama-3.2-3B-Instruct 1.67% 4.84% 24.52% 

Table 2.1: Accuracy comparison of self-consistency, best-of-n, and self-correction methods on 
AIME 24 & 25 datasets. 
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to multi-task settings. Our experiments validate the theoretical separation and confirm that 
it requires additional model capacities for Transformer to implement self-correction. 
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Chapter 3 

Bits-to-Rounds Sampling for Diffusion 
Language Model Inference 

This chapter demonstrates the information-theoretic bottleneck of scaling up the inference 
speed of Diffusion Language Models (DLMs) through a bits-to-rounds principle that lower 
bounds the number of decoding rounds by the sample’s total information and the confidence 
threshold serving as a per-round information budget. Motivated by this theory, this chapter 
proposes Explore-Then-Exploit (ETE), a training-free decoding strategy that maximizes 
information throughput and decoding efficiency. Experiments across diverse benchmarks verify 
the theoretical bounds and demonstrate that ETE consistently reduces the number of decoding 
rounds compared to confidence-only baselines without compromising generation quality. 
Furthermore, ETE integrates efficiently with KV caching, translating these algorithmic gains 
into improved tokens-per-second throughput. 

3.1 Introduction 

Diffusion Language Models (DLMs) exploit bidirectional attention to decode multiple tokens 
simultaneously (i.e., parallel decoding). At the start of generation, all output tokens are 
masked. In each decoding round, DLMs iteratively unmask a set of potentially non-sequential 
tokens until the entire output sequence has been uncovered. This ability to generate multiple 
tokens per forward pass yields substantial throughput gains compared to the inherently 
sequential decoding process of standard autoregressive models. Many popular diffusion 
models employ a hybrid decoding strategy in which the output sequence is divided into 
equal-sized blocks, and each block undergoes the diffusion unmasking process sequentially. 
Prior works have found this block-based decoding approach to deliver the best tradeoff 
between speed and accuracy when compared with full parallel decoding and autoregressive 
decoding. 

Empowered by Masked Diffusion Model (MDM) architectures, recent works [139, 153, 239] 
have demonstrated strong scalability and competitive performance of DLMs across a broad 
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range of tasks. Moreover, commercial DLMs [44, 105, 224] have made significant industrial 
impact through superior inference throughput and speed-quality tradeoffs. 

Despite these successes, DLM inference faces a fundamental challenge: parallel decoding 
incurs inherent performance degradation. Independently sampling tokens from marginal 
conditional distributions of DLMs does not reproduce the true joint distribution [51, 207]. A 
widely adopted remedy is to unmask only high-confidence tokens at each iteration [27, 63, 
139, 207]. These confidence-based heuristics partially mitigate the tension between decoding 
accuracy and throughput by approximating the true joint distribution. However from an 
information-theoretic viewpoint, high probability implies low information, thus prioritizing 
high-confidence tokens reduces the information revealed per step. Given that the output 
x has fixed total information content − log p(x), decoding strategies that prioritize only 
the highest-confidence tokens should require more iterations than approaches that do not 
depend solely on this heuristic when unmasking tokens. This argument suggests a relationship 
between the computational cost (number of decoding rounds) and total information − log p(x), 
thus motivating our first question: 

Can the computational cost of decoding be characterized in terms of fundamental 
information-theoretic quantities? 

If such a characterization exists, it would naturally suggest a design principle: to minimize 
decoding rounds, we should maximize the information decoded per round. However, current 
approaches fail to follow this principle due to two complementary limitations. First, confidence-
based methods prioritize high-confidence tokens and inevitably unmask low-confidence tokens 
only when there are no high-confidence ones available. Second, existing block-based decoding 
strategies process blocks strictly sequentially. This causes the final few tokens in each block 
to be decoded essentially one by one rather than simultaneously with tokens in future blocks, 
thereby limiting the number of tokens that can be decoded per round. This gap motivates 
our second question: 

How can we systematically maximize the information decoded per round, both by identifying 
high-information tokens and by expanding parallel decoding opportunities? 

In this chapter, we formally address the above questions. Our main contributions are 
twofold: 

Information-theoretic lower bound. We formalize the relationship between computa-
tional cost of confidence-based heuristics and information content by proving a lower bound 
on the decoding rounds: 

R ≥ max 

 − log p(x) − ϵ 
f 

, 
− log p(x) 

log 
 

n+1 
(1−f)n+1 

 

  , 
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<latexit sha1_base64="uR4PbrNJfCu/766//jHXSxRQOcA=">AAACCHicbVA9TwJBEN3zE/Hr1NLCjWCCDbnDBC0JNpaYyEcCF7K3LLBh7/ayO6chF0ob/4qNhcbY+hPs/DcucIWCL5nk5b2ZzMzzI8E1OM63tbK6tr6xmdnKbu/s7u3bB4cNLWNFWZ1KIVXLJ5oJHrI6cBCsFSlGAl+wpj+6nvrNe6Y0l+EdjCPmBWQQ8j6nBIzUtU8KVSHpCJdwvqP4YAhEKfmQx3P14rxr55yiMwNeJm5KcihFrWt/dXqSxgELgQqiddt1IvASooBTwSbZTqxZROiIDFjb0JAETHvJ7JEJPjNKD/elMhUCnqm/JxISaD0OfNMZEBjqRW8q/ue1Y+hfeQkPoxhYSOeL+rHAIPE0FdzjilEQY0MIVdzciumQKELBZJc1IbiLLy+TRqnolovl21KuUk3jyKBjdIoKyEWXqIJuUA3VEUWP6Bm9ojfryXqx3q2PeeuKlc4coT+wPn8AuAuX4w==</latexit>

(Block 2 → Block 3) 

<latexit sha1_base64="UQcCGRytqz0KvXquiO92ocEUQkU=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0lSTeut6MVjBfsBbSmb7aZdutnE3Y1QQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM82POlLbtDyu3srq2vpHfLGxt7+zuFfcPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2J1eZ376nUrFI3OppTPshHgkWMIK1kTqXEgsyRs6gWLLLFzXPPXeRXbbtqlvxMuJWz9wKcoySoQRLNAbF994wIklIhSYcK9V17Fj3Uyw1I5zOCr1E0RiTCR7RrqECh1T10/m9M3RilCEKImlKaDRXv0+kOFRqGvqmM8R6rH57mfiX1010UOunTMSJpoIsFgUJRzpC2fNoyCQlmk8NwUQycysiYywx0Saiggnh61P0P2m5Zccrezduqe4t48jDERzDKThQhTpcQwOaQIDDAzzBs3VnPVov1uuiNWctZw7hB6y3T5h1j6o=</latexit>

Branch 1 
<latexit sha1_base64="cQrnTEIA0yMgWJONcrGq1RmgLek=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZKppnVXdOOygn1AG8pkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKe04H1ZhZXVtfaO4Wdra3tndK+8ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTK5yv3NPpWKxuNXThPoRHgkWMoK1kbqXEgsyhmhQrjj2Rd1D5wg6tuPUUNXLCaqdoSp0jZKjApZoDsrv/WFM0ogKTThWquc6ifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/N4ZPDHKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpTqs+xkTSaqpIItFYcqhjmH+PBwySYnmU0MwkczcCskYS0y0iahkQvj6FP5P2sh2Pdu7QZWGt4yjCI7AMTgFLqiBBrgGTdACBHDwAJ7As3VnPVov1uuitWAtZw7BD1hvn5n5j6s=</latexit>

Branch 2 
<latexit sha1_base64="xfOfs9u7lXWZZvYGyR6se87BzaY=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0hTTeut6MVjBfsBbSib7aZdutnE3Y1QSv+EFw+KePXvePPfuGkrqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxleZ376nUrFY3OpJQv0IDwULGcHaSJ1LiQUZoUq/WHLsi5rnnrvIsR2n6la8jLjVM7eCykbJUIIlGv3ie28QkzSiQhOOleqWnUT7Uyw1I5zOCr1U0QSTMR7SrqECR1T50/m9M3RilAEKY2lKaDRXv09McaTUJApMZ4T1SP32MvEvr5vqsOZPmUhSTQVZLApTjnSMsufRgElKNJ8Ygolk5lZERlhiok1EBRPC16fof9Jy7bJnezduqe4t48jDERzDKZShCnW4hgY0gQCHB3iCZ+vOerRerNdFa85azhzCD1hvn5t9j6w=</latexit>

Branch 3 

<latexit sha1_base64="qgvWn8KtAvX+8YmQUZoMLv8ov1U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ac0oWy2m3TpZhN2J0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemElh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDTXjLdZKlPdC6nhUijeRoGS9zLNaRJK3g3Hd3O/+8S1Eal6xEnGg4TGSkSCUbRS1w9FHPuzQbXm1t0FyDrxClKDAq1B9csfpixPuEImqTF9z80wmFKNgkk+q/i54RllYxrzvqWKJtwE08W5M3JhlSGJUm1LIVmovyemNDFmkoS2M6E4MqveXPzP6+cY3QZTobIcuWLLRVEuCaZk/jsZCs0ZyokllGlhbyVsRDVlaBOq2BC81ZfXSeeq7jXqjYfrWrNRxFGGMziHS/DgBppwDy1oA4MxPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP1Zdj40=</latexit> 
<latexit sha1_base64="J412DygjE0D4tJcVIQ2ULhVo/2g=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2Wmi9FlQQSXFewD2qFk0kwbmsmMSaZYhn6HGxeKuPVj3Pk3ptNZaOuBwMk555Kb48ecKW3b31ZhY3Nre6e4W9rbPzg8Kh+ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT24WfmdKpWKReNCzmHohHgkWMIK1kbzq7VNsItnlclCu2DU7A1onTk4qkKM5KH/1hxFJQio04VipnmPH2kux1IxwOi/1E0VjTCZ4RHuGChxS5aXZ0nN0YZQhCiJpjtAoU39PpDhUahb6JhliPVar3kL8z+slOrj2UibiRFNBlg8FCUc6QosG0JBJSjSfGYKJZGZXRMZYYqJNTyVTgrP65XXSrtcct+be1ysNN6+jCGdwDlVw4AoacAdNaAGBR3iGV3izptaL9W59LKMFK585hT+wPn8AdMqR3w==</latexit>

(Exploration) 

<latexit sha1_base64="AoW/ZlKY4rck6sOLmw6/e1yVJQ4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g63gxpBUrG6EghuXFe0D2lAm00k7dDITZiaFEvonblwo4tY/ceffOGmz0NYDFw7n3Mu99wQxo0q77rdVWFvf2Nwqbpd2dvf2D+zDo5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2ML7L/PaESEUFf9LTmPgRGnIaUoy0kfq2/YiFJPAWVi5c5/KqUurbZddx54CrxMtJGeRo9O2v3kDgJCJcY4aU6npurP0USU0xI7NSL1EkRniMhqRrKEcRUX46v3wGz4wygKGQpriGc/X3RIoipaZRYDojpEdq2cvE/7xuosMbP6U8TjTheLEoTBjUAmYxwAGVBGs2NQRhSc2tEI+QRFibsLIQvOWXV0mr6ng1p/ZQLddreRxFcAJOwTnwwDWog3vQAE2AwQQ8g1fwZqXWi/VufSxaC1Y+cwz+wPr8AaD4kQY=</latexit>

Score = −0.35 
<latexit sha1_base64="7F0X83WyWqr78SmuJOg6TV9n1+w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LLaCF0vSQ/UiFLx4rGg/oA1ls520SzebsLsplNB/4sWDIl79J978N27aHLT1wcDjvRlm5vkxZ0o7zrdV2Njc2t4p7pb29g8Oj+zjk7aKEkmhRSMeya5PFHAmoKWZ5tCNJZDQ59DxJ3eZ35mCVCwST3oWgxeSkWABo0QbaWDbjzSSgG9x5cqp1txKaWCXnaqzAF4nbk7KKEdzYH/1hxFNQhCacqJUz3Vi7aVEakY5zEv9REFM6ISMoGeoICEoL11cPscXRhniIJKmhMYL9fdESkKlZqFvOkOix2rVy8T/vF6igxsvZSJONAi6XBQkHOsIZzHgIZNANZ8ZQqhk5lZMx0QSqk1YWQju6svrpF2ruvVq/aFWbtTzOIroDJ2jS+Sia9RA96iJWoiiKXpGr+jNSq0X6936WLYWrHzmFP2B9fkDmVmRAQ==</latexit>

Score = −0.21 
<latexit sha1_base64="nMdBVX57OUA5B/+V+/6LxAFx4+0=">AAAB+XicdZDLSgMxFIYzXmu9jbp0E2wFN5bMgGO7EApuXFa0F2iHkkkzbWgmMySZQhn6Jm5cKOLWN3Hn25hpK6jogcDH/5/DOfmDhDOlEfqwVlbX1jc2C1vF7Z3dvX374LCl4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB8nfvtCZWKxeJeTxPqR3goWMgI1kbq2/YdiSWFV7B8jiroolzs2yUDpjwP5uBUkWOgVqu6bg06cwuhElhWo2+/9wYxSSMqNOFYqa6DEu1nWGpGOJ0Ve6miCSZjPKRdgwJHVPnZ/PIZPDXKAIaxNE9oOFe/T2Q4UmoaBaYzwnqkfnu5+JfXTXVY9TMmklRTQRaLwpRDHcM8BjhgkhLNpwYwkczcCskIS0y0CSsP4eun8H9ouRXHq3i3bqnuLeMogGNwAs6AAy5BHdyABmgCAibgATyBZyuzHq0X63XRumItZ47Aj7LePgHzqJFA</latexit>

Score = −0.05 

<latexit sha1_base64="gny2k1wJXJ11uUzufCplCYr/sG0=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkPVTwVvHisYD+gjWWzmbRLdjdhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBSln2rjut7O2vrG5tV3aKe/u7R8cVo6OOzrJFIU2TXiiegHRwJmEtmGGQy9VQETAoRvENzO/+whKs0Tem0kKviAjySJGibHSwzUWRMcQYpPEIIeVqltz58CrxCtIFRVoDStfgzChmQBpKCda9z03NX5OlGGUw7Q8yDSkhMZkBH1LJRGg/Xx+9RSfWyXEUaJsSYPn6u+JnAitJyKwnYKYsV72ZuJ/Xj8z0ZWfM5lmBiRdLIoybn/EswhwyBRQwyeWEKqYvRXTMVGEGhtU2YbgLb+8Sjr1mteoNe7q1WajiKOETtEZukAeukRNdItaqI0oUugZvaI358l5cd6dj0XrmlPMnKA/cD5/ANsHkhM=</latexit>

: masked token 

<latexit sha1_base64="DiADSmIPWwaf977v6ql2j2jSuRw=">AAAB/XicbVC7TgJBFJ3FF+JrfXQ2E4mJFdmlQEuijSVGeSRAyOxwFybMPjJz14gb4q/YWGiMrf9h5984wBYKnmSSk3Puyb1zvFgKjY7zbeVWVtfWN/Kbha3tnd09e/+goaNEcajzSEaq5TENUoRQR4ESWrECFngSmt7oauo370FpEYV3OI6hG7BBKHzBGRqpZx91EB7Q89NLE6K3wBQfTnp20Sk5M9Bl4makSDLUevZXpx/xJIAQuWRat10nxm7KFAouYVLoJBpixkdsAG1DQxaA7qaz6yf01Ch96kfKvBDpTP2dSFmg9TjwzGTAcKgXvan4n9dO0L/opiKME4SQzxf5iaQY0WkVtC8UcJRjQxhXwtxK+ZApxtEUVjAluItfXiaNcsmtlCo35WK1ktWRJ8fkhJwRl5yTKrkmNVInnDySZ/JK3qwn68V6tz7mozkryxySP7A+fwCDCZU8</latexit>

Beam Search 

<latexit sha1_base64="ICzL3jfE4WzjQKIFxxnRj8dgwGU=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EiyCp7LbQ/VYFMRjBdsKbSnZNNuGZpMlmRWXpf4VLx4U8eoP8ea/MW33oK0PBh7vzTAzL4gFN+B5305hbX1jc6u4XdrZ3ds/cA+P2kYlmrIWVULp+4AYJrhkLeAg2H2sGYkCwTrB5Grmdx6YNlzJO0hj1o/ISPKQUwJWGrjlHrBHCMLsmhjAl0LRyXTgVryqNwdeJX5OKihHc+B+9YaKJhGTQAUxput7MfQzooFTwaalXmJYTOiEjFjXUkkiZvrZ/PgpPrXKEIdK25KA5+rviYxExqRRYDsjAmOz7M3E/7xuAuFFP+MyToBJulgUJgKDwrMk8JBrRkGklhCqub0V0zHRhILNq2RD8JdfXiXtWtWvV+u3tUqjnsdRRMfoBJ0hH52jBrpBTdRCFKXoGb2iN+fJeXHenY9Fa8HJZ8roD5zPH9rclOA=</latexit>

Fast Block 
<latexit sha1_base64="/j8pW6BPBlCEgLX2iNb+DX1pMIM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRdVJcFXbisYB/QhjKZTtqhk0mYuZGWkF9x40IRt/6IO//GSZuFth4YOJxzLvfO8WPBNTjOt1Xa2t7Z3SvvVw4Oj45P7NNqV0eJoqxDIxGpvk80E1yyDnAQrB8rRkJfsJ4/u8393hNTmkfyERYx80IykTzglICRRnZ1CGwOfpDe8SBI8lg2smtO3VkCbxK3IDVUoD2yv4bjiCYhk0AF0XrgOjF4KVHAqWBZZZhoFhM6IxM2MFSSkGkvXd6e4UujjHEQKfMk4KX6eyIlodaL0DfJkMBUr3u5+J83SCC48VIu4wSYpKtFQSIwRDgvAo+5YhTEwhBCFTe3YjolilAwdVVMCe76lzdJt1F3m/XmQ6PWahZ1lNE5ukBXyEXXqIXuURt1EEVz9Ixe0ZuVWS/Wu/WxipasYuYM/YH1+QPF4JTk</latexit>

Diffusion 
<latexit sha1_base64="2EDq4v/qXi3LyOOy/PILTywuvlY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyXpoXoRil48VrC12Iay2UzapZtN2N0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX7CmdKO820V1tY3NreK26Wd3b39g/LhUUfFqaTYpjGPZdcnCjkT2NZMc+wmEknkc3zwxzcz/+EJpWKxuNeTBL2IDAULGSXaSI/V6zQYor5yzwflilNz5rBXiZuTCuRoDcpf/SCmaYRCU06U6rlOor2MSM0ox2mpnypMCB2TIfYMFSRC5WXzi6f2mVECO4ylKaHtufp7IiORUpPIN50R0SO17M3E/7xeqsNLL2MiSTUKulgUptzWsT173w6YRKr5xBBCJTO32nREJKHahFQyIbjLL6+STr3mNmqNu3ql2cjjKMIJnEIVXLiAJtxCC9pAQcAzvMKbpawX6936WLQWrHzmGP7A+vwBPl6P9Q==</latexit>

(Budget=1) 

<latexit sha1_base64="SCmBigRWQQw2dOSsRCXtqC2shXc=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzHBDZlhgS5JjIlLTOSRwEg6pQMNnXbSdlRC+A83LjTGrf/izr+xDLNQ8CQ3OT3n3vTeE8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXcbz9QpZkUd2YSUz/CQ8FCRrCx0n35+inmkpn0dd4vltyKmwKtEi8jJcjQ6Be/egNJkogKQzjWuuu5sfGnWBlGOJ0VeommMSZjPKRdSwWOqPan6dYzdGaVAQqlsiUMStXfE1McaT2JAtsZYTPSy95c/M/rJia89KdMxImhgiw+ChOOjETzCNCAKUoMn1iCiWJ2V0RGWGFibFAFG4K3fPIqaVUrXq1Su62W6rUsjjycwCmUwYMLqMMNNKAJBBQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AEEcklQ=</latexit>

(Exploitation) 

<latexit sha1_base64="EL4wgoBFcdsnDCbNS40/0OhCtFQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1YtQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuGlz0NYHA4/3ZpiZFySCa3Scb6u0tr6xuVXeruzs7u0fVA+P2jpOFWUejUWsugHRTHDJPOQoWDdRjESBYJ1gcpf7nSemNI/lI04T5kdkJHnIKUEjeXjjVCqDas2pO3PYq8QtSA0KtAbVr/4wpmnEJFJBtO65ToJ+RhRyKtis0k81SwidkBHrGSpJxLSfzY+d2WdGGdphrExJtOfq74mMRFpPo8B0RgTHetnLxf+8XorhtZ9xmaTIJF0sClNhY2znn9tDrhhFMTWEUMXNrTYdE0UomnzyENzll1dJ+6LuNuqNh8ta87aIowwncArn4MIVNOEeWuABBQ7P8ApvlrRerHfrY9FasoqZY/gD6/MHPeqNrA==</latexit>

t = 0  
<latexit sha1_base64="7cir7Zw7xdAXWdzz0epqENP0Nhg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEml268yrBac+tuDrRKvILUoEBrWP0ajCKSCCoN4VjrvufGxk+xMoxwOq8MEk1jTKZ4TPuWSiyo9tP81jk6s8oIhZGyJQ3K1d8TKRZaz0RgOwU2E73sZeJ/Xj8x4bWfMhknhkqyWBQmHJkIZY+jEVOUGD6zBBPF7K2ITLDCxNh4shC85ZdXSeei7jXqjYfLWvO2iKMMJ3AK5+DBFTThHlrQBgITeIZXeHOE8+K8Ox+L1pJTzBzDHzifPwpyjZk=</latexit>

t = 1  
<latexit sha1_base64="xHy/6z1kTsJdks/TTealWtkfz4o=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkmR6kUoevFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb2dtfWNza7u0U97d2z84rBwdd3SUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpneZ332iSrNIPppZTH2Bx5KFjGCTSzf18rBSdWtuDrRKvIJUoUBrWPkajCKSCCoN4VjrvufGxk+xMoxwOi8PEk1jTKZ4TPuWSiyo9tP81jk6t8oIhZGyJQ3K1d8TKRZaz0RgOwU2E73sZeJ/Xj8x4bWfMhknhkqyWBQmHJkIZY+jEVOUGD6zBBPF7K2ITLDCxNh4shC85ZdXSade8xq1xsNltXlbxFGCUziDC/DgCppwDy1oA4EJPMMrvDnCeXHenY9F65pTzJzAHzifPwv3jZo=</latexit>

t = 2  
<latexit sha1_base64="OCxPIqb+lwwRLn4+RWMZtvnjFDc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoNUHA4/3ZpiZF8ScaeO6X05pZXVtfaO8Wdna3tndq+4fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332kSrNIPphZTH2Bx5KFjGCTS9fnlWG15tbdHOgv8QpSgwKtYfVzMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+foxCojFEbKljQoV39OpFhoPROB7RTYTPSyl4n/ef3EhFd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjyULwll/+Szpnda9Rb9xf1Jo3RRxlOIJjOAUPLqEJd9CCNhCYwBO8wKsjnGfnzXlftJacYuYQfsH5+AYNfI2b</latexit>

t = 3  

<latexit sha1_base64="ygneYRjZ8FlSMkhxMdpRycgJ8QA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEml24uK8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjyULwll9eJZ2LuteoNx4ua83bIo4ynMApnIMHV9CEe2hBGwhM4Ble4c0Rzovz7nwsWktOMXMMf+B8/gAPAY2c</latexit>

t = 4  

<latexit sha1_base64="qL1jY3h71z6m1MqRfbDV2VbUU6k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqxeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoNUHA4/3ZpiZF8ScaeO6X05pZXVtfaO8Wdna3tndq+4fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332kSrNIPphZTH2Bx5KFjGCTS9cXlWG15tbdHOgv8QpSgwKtYfVzMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+foxCojFEbKljQoV39OpFhoPROB7RTYTPSyl4n/ef3EhFd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjyULwll/+Szpnda9Rb9yf15o3RRxlOIJjOAUPLqEJd9CCNhCYwBO8wKsjnGfnzXlftJacYuYQfsH5+AYQho2d</latexit>
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Shared KV Cache 

Figure 3.1: Illustration of Explore-Then-Exploit (ETE): Fast block diffusion scheme proceeds 
by sequentially unlocking a new block to the right and applying confidence-based parallel 
sampling to all past blocks. At t = 4, targeted exploration is triggered to apply beam 
search to 3 candidate exploration tokens (in red) with a shared KV cache of the previous 
unmasked positions. At the next step, several high-confidence tokens (in blue) are unlocked, 
and branch 3 with the highest score is committed. We summarize the overall TPS (tokens 
per second) gain at matched accuracy across benchmarks, with detailed experimental results 
in Section 3.5. 

where n is the sequence length, ϵ is the total approximation error of parallel decoding, and f 
is the confidence threshold factor. This bound reveals a fundamental structure: 

Rounds ≥ 
Total Information 

Information per Round . 

Reducing confidence threshold f (stricter requirements) shrinks the denominator and a 
smaller approximation error ϵ increases the numerator, forcing more decoding rounds. 

Exploration-aware decoding algorithm with cross-block decoding. Motivated by 
our theoretical insights and empirical observations, we introduce Explore-Then-Exploit 
(ETE), a new algorithmic framework that systematically maximizes information decoded per 
round through two complementary mechanisms: (i) Fast block diffusion sampling: We extend 
standard block diffusion by enabling cross-block parallel decoding; (ii) Strategic exploration 
mechanisms: We apply look-ahead search over informative positions to identify tokens that 
unlock the largest cascades of high-confidence decisions. 

Together, these mechanisms directly amplify the denominator in our lower bound by 
increasing both the information per token and the number of tokens decoded per round. Across 
four standard benchmarks (MATH, GSM8K, HumanEval, MMLU-Pro), ETE consistently 
outperforms strong confidence-based baselines [207] in both decoding efficiency and output 
quality. We further identify a free-lunch regime where beam search with a shared KV cache 
introduces negligible wall-clock overhead, enabling exploration at minimal practical cost and 
even higher throughput (tokens per second). These results underscore the importance of 
principled exploration in diffusion decoding and demonstrate a promising path toward closing 
the gap between parallel DLM inference and the joint distribution it aims to approximate. 
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3.2 Background 

Notation. We use bold symbols x = (x1 , . . . , xN ) to represent a sequence of N tokens. We 
also use the standard big-O notation: O(·) and Ω(·) to hide absolute positive constants. Let 
pi(·) denote the marginal distribution at position i induced by p. For brevity, we omit the 
subscript and write p(·) when i is clear from context. 

Masked diffusion models. Masked diffusion models (MDMs) are a subclass of discrete 
diffusion models. By extending the vocabulary V with a mask token [M], MDMs progressively 
transform a clean sequence x0 = (x1 

0, . . . , x
N 
0 ) into a fully masked sequence ([M], . . . , [M]) in 

the forward process following an absorbing noising schedule: 

qs|0(xs | x0) = 
N⎧ 

i =1 

qs|0(x i s | xi 
0), 

qs|0(x i s | xi 
0) = 

   

αt, x i s = xi 
0, 

1 − αt, x i s = [M]. 

At training time, a parametric model pθ is trained to take xs as input and predict all masked 
tokens simultaneously, by fitting the ELBO loss [139, 149, 164, 174]: 

L(θ) = −Es,x0,xs 

 
1 
s 

N 

i=1 

1(x i s = [M]) log pθ(x i 0 | xs) 
 

. 

Moreover, this ELBO loss can be reformulated into a time-agnostic version [236]: 

x j 
σ(<i) = 

  

xj 
0, j ∈ σ(< i) 

[M], j ∈ σ(≥ i) 
, 

L(θ) = − Eσ∼Unif(SN ) 

  
N 

i=1 

 

k∈σ(≥i) 

1 
N − i + 1 

log pθ(xk 
0|xσ(<i)) 

  

where σ is a random permutation uniformly sampled over all permutations on [N ], and xσ(<i) 

represents a partially masked version of the clean sequence x0, where indices in σ(≥ i) are 
masked. This demonstrates that pθ intrinsically parametrizes an any-order autoregressive 
model, able to predict the entire sequence with any specified σ. 

Inference of masked diffusion models. At inference time, MDMs discretize the reverse 
process by iteratively reconstructing clean sequences from a fully masked state. Specifically, 
we start with a fully masked sequence x0 = [[M]⊗N ] and randomly sample a generation order 
σ ∼ Unif(SN ). At step t ∈ [N ], we unmask position σ(t) by sampling from xσ(t) ∼ p(xσ(t)|xt−1) 
and let xt be xt−1 with position σ(t) replaced by xσ(t). In this process, a token remains 
fixed for the remainder of the denoising steps once it is unmasked, and this token-by-token 
random-order sampler is theoretically consistent with the ELBO reformulation [149]. 
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Block diffusion sampling. Given a prompt sequence xprompt of length n0 and a target 
generation length n, the sequence is initialized as x0 = [xprompt, [M]⊗n] ∈ Vn+n0 , which 
concatenates the prompt (as a prefix) with a response window of n mask tokens. Given 
a block length nb, the response window is partitioned into L = n/nb consecutive blocks 
Bb = [n0 + (b − 1)nb : n0 + bnb] (b = 1, . . . , L), each of length nb. Tokens are then decoded 
block-by-block from left to right. This approach supports flexible-length generation and 
improves inference efficiency with KV caching [14]. We provide its visualization in Panel (a) 
of Figure B.1 in Appendix B.2. 

Confidence-based parallel decoding. Parallel decoding aims to unmask multiple tokens 
simultaneously in a single inference step. At each decoding step t within block b, given the 
partially unmasked sequence xt, the model first generates predictions at all masked positions 
in the block via greedy parallel decoding of their conditional marginals: 

x̂i 
t+1 = arg max 

v∈V 
p i θ(v | xt), 

i ∈ S := {i : x i t = [M] and index i is in block b} 

Since the product of conditional marginal distributions over all masked tokens may differ sub-
stantially from the true conditional joint distribution, parallel-decoding strategies selectively 
commit only a subset of predictions to ensure small approximation error. As the predominant 
strategy in parallel decoding, confidence-based parallel-decoding methods selectively unmask 
tokens in block b based on their confidence scores: ci = pi

θ(x̂i 
t+1 | xt). We describe three 

variants of confidence-based decoding strategies: 

(1) Fixed-number scheme: Given a fixed number k > 0 we expect to decode per round, 
Nie et al. [139] unmask the top-k confident tokens within the block. 

(2) Static confidence threshold: Yu et al. [222] propose a static threshold scheme that 
unmasks all tokens exceeding a fixed confidence threshold C ∈ (0, 1). 

(3) Dynamic confidence threshold: Wu et al. [207] extend the static threshold strategy 
to a dynamic variant that sorts confidences as c(1) > · · · > c(m) and determines the 
maximum integer k satisfying (k+1)(1−c(k)) < f , where f > 0 is a predefined threshold. 
The algorithm then unmasks the corresponding top-k confident tokens x̂(1) 

t+1, . . . , x̂
(k) 
t+1. 

Regardless of which specific selection strategy is used, we refer to this step as an exploitation 
step, as it prioritizes and exploits high-confidence predictions. Intuitively, tokens are nearly 
conditionally independent when they are highly confident. Notably, for the latter two 
confidence-based decoding strategies, decoding would stall when the current block contains 
no tokens exceeding the confidence threshold. To prevent this, the highest-confidence token 
is unmasked regardless of whether its confidence exceeds the threshold. We refer to this as 
an implicit exploration step to distinguish it from the exploitation step, since an implicitly 
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low-confidence token is decoded in this step. We provide the pseudocode for the entire 
confidence-based decoding process with a static confidence threshold C in Algorithm B.3.1 in 
Appendix B.3.1. 

3.3 Inefficiency of Confidence-based Decoding 

While exploitation steps form the core of current confidence-based decoding, they face 
fundamental limitations that need investigation. Before formalizing our theoretical framework, 
we present an empirical study to quantify the inefficiency of parallel decoding. 

3.3.1 Information contribution of exploration and exploitation 

We evaluate the dynamic confidence-based decoding strategy [207] across different confidence 
factors on the GSM8K dataset [40], with the detailed experimental setup deferred to Section 
3.5.1. Figure 3.2 shows how much information is revealed by different decoding steps in 
confidence-based parallel decoding. Decoding rounds are divided into exploitation, which 
commits high-confidence tokens, and (implicit) exploration, which commits low-confidence 
tokens when no confident tokens are available. We observe that exploration is significantly 
more information-efficient than exploitation across all confidence factors f . For example, at 
f = 0.4, exploration uses only 23.5% of rounds but contributes 66.7% of total information, 
while exploitation consumes 76.5% of rounds yet contributes only 33.3%. This gap persists 
across all settings: exploration achieves efficiency ratios around 3, whereas exploitation 
remains below 1. 

We also provide illustrative examples in structured modalities such as code and profiles (in 
Appendix B.2.1), where greedily prioritizing high-confidence positions is globally inefficient. In 
contrast, decoding low-confidence tokens leads to faster generation since they carry substantial 
information that constrains many downstream positions. 

This observation motivates two directions: (i) theoretically analyzing the fundamental 
limits of confidence-based decoding algorithms, and (ii) empirically designing principled 
exploration strategies that identify and target high-information yet low-confidence tokens. 

3.3.2 Information-theoretic lower bounds on decoding rounds of 
confidence-based algorithms 

Setup and notation Let p(·) be a distribution over a length-n sequence that models the 
conditional probability p(xA|xB) for any disjoint subset A, B of [n] ≡ {1, . . . , n}. A parallel 
decoding schedule is an ordered partition of indices 

A1 ∪ A2 ∪ · · · ∪ AR = [n], Ai ∩ A j = ∅ 

such that xAr is the set of tokens unmasked in rounds r for r = 1, . . . , R. At the start of round 
r, the set of unmasked indices is Cr ≜ 

⎡ 
s<r As, and the masked indices are Ur ≜ [n] \ Cr. A 



CHAPTER 3. BITS-TO-ROUNDS SAMPLING FOR DIFFUSION LANGUAGE 
MODEL INFERENCE 27 

0.4 0.6 0.8 1.0 1.2 
Factor f 

0 

20 

40 

60 

80 

100 

Pr
op

or
tio

n 
(%

) 

23.5 

66.7 

76.5 

33.3 

15.4 

46.6 

84.6 

53.4 

8.5 

27.4 

91.5 

72.6 

3.6 

11.7 

96.4 

88.3 

1.0 
3.2 

99.0 96.8 

2.83× 0.44× 

3.02× 0.63× 

3.24× 0.79× 

3.30× 0.92× 

3.23× 0.98×

Exploration vs Exploitation Efficiency 

Explore (Rounds %) 
Explore (Bits %) 
Exploit (Rounds %) 
Exploit (Bits %) 

Figure 3.2: Information efficiency of exploration versus exploitation in confidence-based 
parallel decoding. For each confidence factor f , we report the fraction of decoding rounds and 
the fraction of total information (bits) contributed by (implicit) exploration and exploitation. 
Bits are measured as accumulated conditional negative log-probabilities (− log p(xt+1|xt)). 
Each group shows four bars: exploration rounds (%), exploration bits (%), exploitation 
rounds (%), and exploitation bits (%), averaged over 200 GSM8K samples. Colored boxes 
indicate the efficiency ratio (bits % / rounds %) for exploration (red) and exploitation (blue). 

parallel decoding algorithm selects the subset Ar ⊆ Ur to be decoded in this round based 
on the conditional marginals p(xi|xCr ) over all masked indices i ∈ Ur. Due to parallel 
decoding, an approximation error will arise from the gap between the true conditional 
probability p(xAr | xCr ) and the actual sampling probability 

⎛ 
i∈Ar 

p(xi | xCr ), and the error 
will accumulate with the decoding process. Define the total approximation error by 

ϵ = − log p(x) − 
R 

r=1 


i∈Ar 

 
− log p(x i | x Cr ) 

 
. (3.1) 

In confidence-based methods, token xi is unmasked if and only if its confidence p(xi | xCr ) 
satisfies a lower bound. Therefore, we adopt the following assumption that captures a broad 
family of practical confidence-based rules used in DLM decoding (e.g., [207]). 

Assumption 3.3.1 (Dynamic threshold confidence decoding). The selection rule for each 
round r ensures that every chosen position i ∈ Ar satisfies 

(1 + |Ar|)(1 − p(x i | x Cr )) ≤ f, f ≤ 1. 

The quantity 1−p(xi | xCr ) measures the algorithm’s uncertainty regarding position i, and 
the factor (1 + |Ar|) enforces that as more tokens are decoded jointly in round r, each token 
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must individually meet a stricter confidence threshold. This assumption also theoretically 
guarantees that greedy parallel decoding yields the same result as greedy sequential decoding on 
Ar (Theorem 1, Wu et al. [207]). Under this assumption, we prove an explicit lower bound on 
the number of rounds required by any decoding algorithm obeying this dynamic confidence 
constraint. 

Theorem 3.3.2 (Step lower bound for confidence-based parallel decoding). Consider any 
parallel decoding schedule and any sequence x = (x1 , . . . , xn) satisfying Assumption 3.3.1, 
and let the total approximation error ϵ be defined in Eq. (3.1). Then the number of rounds R 
must satisfy 

R ≥ max 

 − log p(x) − ϵ 
f 

, 
− log p(x) 

log 
 

n+1 
(1−f)n+1 

 

  . (3.2) 

Interpretation. Theorem 3.3.2 formalizes a fundamental tradeoff in confidence-based 
parallel decoding. The lower bound explicitly couples the required number of rounds R 
to two quantities: it is proportional to the total amount of information in the sequence 
− log p(x) − ϵ and inversely proportional to the per-round information limit f . Furthermore, 
we have a conservative bound regardless of the approximation error ϵ. This result reveals 
that confidence-based heuristics become inherently inefficient in either high-entropy (large 
− log p(x)) or strict decoding (small f) regime. Thus, this structural inefficiency motivates 
us to actively identify and resolve high-information positions to overcome the fundamental 
limitation. The proof is provided in Appendix B.1. 

3.4 ETE: Explore-Then-Exploit 

3.4.1 From theory to algorithm 

Our information-theoretic analysis in Section 3.3 reveals a simple but fundamental relationship: 

Rounds ≥ 
Total Information (Bits) 

Information per Round (Bits per Round) . (3.3) 

Motivated by this inequality, we propose two approaches to improve the denominator. 

• Expanding the decoding canvas (Fast block diffusion sampling): By enabling 
parallel decoding across multiple blocks simultaneously, we increase the number of 
tokens that can be decoded in each round, thereby improving the opportunities for 
high-information contribution each round. 

• Targeting high-information tokens (Strategic exploration): By explicitly iden-
tifying and decoding high-entropy tokens–those that carry the most information and 
unlock cascades of downstream predictions–we increase the information per token 
decoded in each round. 
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In the remainder of this section, we detail each component and show how they combine 
to form ETE (Explore-Then-Exploit), a principled algorithm that operationalizes these 
information-theoretic principles. 

3.4.2 Fast block diffusion sampling 

Standard block diffusion processes blocks sequentially, unlocking block b + 1 only after block 
b is completely decoded. This rigid left-to-right constraint artificially limits parallelism 
and under-utilizes the bidirectional attention mechanism. Following block diffusion LLaDA 
sampling [139, 207], ETE partitions the sequence x of length n into L contiguous blocks 
B1, . . . ,BL, with each block’s length being nb = n/L. Crucially, ETE introduces two key 
modifications: 

1. Budget-based progression: Rather than waiting for complete block decoding, we assign a 
uniform sampling budget of N decoding rounds per block and unlock the next block once 
this budget is exhausted. This prevents the algorithm from stalling in low-throughput 
regimes where blocks are nearly complete and few tokens remain to be decoded. 

2. Inter-block parallel decoding: Unlike prior methods that restrict decoding to the current 
block, ETE allows high-confidence tokens in earlier blocks to be unmasked in parallel 
with the current block. This bidirectional information flow enables future positions to 
inform and confirm earlier predictions. 

Formally, let bt be the block index at step t and Mt be the set of all masked positions 
after step t− 1. The feasible positions for unmasking at step t are: 

St = Mt ∩ 
 
∪ bt 

b=1Bb 

 
, (3.4) 

which includes all masked positions in the current block and all previous blocks. After 
exhausting the budget for the last block, we apply a few additional decoding rounds to 
ensure all positions are decoded. A visualization of our approach is provided in Panel (b) of 
Figure B.1 in Appendix B.2. 

By enabling cross-block parallel decoding, fast block diffusion increases the feasible set 
of tokens that can be decoded in each round. High-confidence tokens that emerge in earlier 
blocks during later-block processing can now be immediately committed, extracting more 
information per inference step. This directly expands the denominator (“bits per round”) in 
our theoretical framework. 

3.4.3 Confidence-based exploitation 
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Figure 3.3: Minimal per-round workflow of Explore-
Then-Exploit (ETE). At each round, ETE expands 
the feasible decoding set over the current and pre-
viously unlocked blocks, exploits high-confidence 
positions, and conditionally invokes targeted explo-
ration when the frontier is information-poor. 

ETE retains the benefits of confidence-
based token selection for exploitation. 
Specifically, let xt be the full sequence at 
step t. We run the diffusion LM once to 
obtain marginal probabilities pi

θ(· | xt) 
for all positions i ∈ St. Following Yu 
et al. [222], ETE performs greedy de-
coding x̂i

t+1 = arg maxv∈V p
i
θ(v | xt) and 

commits exploitation tokens whose con-
fidence exceeds the threshold C > 0: 

xi 
t+1 = 

  

x̂ i t+1, if c i(xt) > C and i ∈ St, 

xi 
t, otherwise. 

(3.5) 

where ci(xt) = pi
θ(x̂i

t+1|xt ) is the confi-
dence at index i given xt. 

3.4.4 Information-aware 
exploration 

While fast block diffusion expands how 
many tokens can be decoded per round, it does not address which tokens carry the most infor-
mation. Our empirical observations (Figure 3.2) and illustrative examples (in Appendix B.2.1) 
demonstrate that decoding some low-confidence tokens triggers cascades of newly confident 
predictions. However, confidence-based methods systematically avoid these high-information 
positions. To maximize bits per round, we must strategically target and decode these tokens 
through principled exploration. 

ETE employs two complementary exploration mechanisms operating at different scales: 

Inter-block implicit exploration. When a previous block lacks high-confidence tokens 
(none exceed threshold C), ETE unmasks the highest-confidence masked token in that block. 
This ensures forward progress in every active block, preventing decoding from stalling. 

Targeted exploration via beam search. Beyond implicit exploration, ETE performs 
principled exploration within the current block by strategically identifying and testing high-
information tokens through look-ahead beam search. 

When to explore. ETE triggers targeted exploration when: 

1. The average confidence in the decoding frontier falls below threshold γ, indicating an 
information-poor region where exploitation alone may require many rounds. 



CHAPTER 3. BITS-TO-ROUNDS SAMPLING FOR DIFFUSION LANGUAGE 
MODEL INFERENCE 31 

2. The block has sufficient remaining masked tokens (> Ne) to justify the exploration 
overhead. 

This information-aware criterion ensures exploration focuses on genuinely difficult situa-
tions where the potential information gain justifies the computational cost. 

What to explore. Rather than exploring uniformly, we target medium-confidence positions 
near a confidence level cinfo . These positions represent genuine ambiguity (unlike near-certain 
tokens) yet have sufficient signal to resolve accurately (unlike tokens with near-zero confidence). 
Given beam size k, ETE identifies exploration candidates via: 

H = Topki∈current block∩Mt 

 

− c i(xt)− c info + β · (i− (b t − 1) · nb) 
 

, (3.6) 

where the position bias β > 0 slightly favors later tokens to exploit bidirectional context. 
Which to commit. For each candidate j ∈ H, ETE creates a hypothesis xt+1;j by fixing 

position j to x̂j
t+1 and performs batched inference on all |H| = k hypotheses simultaneously. 

Notably, we can leverage a shared KV cache on the already unmasked part of xt. The batched 
inference reveals how each exploration choice influences remaining masked positions. Each 
hypothesis is then evaluated via: 

s(j) := α · log cj(xt)   
sample quality 

+ log 
 

i∈St+1\{j} 

c i(xt+1;j)1 
 
c i(xt+1;j) ≥ C 

 

   
induced high-confidence tokens 

. (3.7) 

The first term ensures the exploration token has good sample quality, while the second term 
measures how many downstream tokens become high-confidence after committing this choice. 
The hyperparameter α > 0 balances these two objectives. ETE identifies the candidate 
j⋆ = arg maxj∈H s(j) achieving the highest score and commits the corresponding hypothesis 
sequence xt+1;j⋆ . After this exploration, one exploitation step can be performed directly to 
decode these induced high-confidence tokens. 

Committing high-entropy tokens collapses diffuse distributions, triggering confidence 
cascades through conditional dependencies, which can be exploited immediately. Critically, 
the batched inference introduces no additional model inference rounds: we reuse the outputs 
from the look-ahead beam search to commit the hypothesis sequence. Thus this simultaneously 
increases both the information per token and tokens per round, directly amplifying the 
denominator in our lower bound. 

Integrating these components, we formalize the complete ETE sampling procedure in 
Algorithm B.3.2 with its detailed subroutines in Algorithms B.3.3-B.3.6 in Appendix B.3.2. 

3.5 Experiments 

3.5.1 Verification of Theorem 3.3.2 

Experimental setup. We empirically validate the information-theoretic lower bound 
established in Theorem 3.3.2 using the GSM8K dataset [40]. Our experiments employ 
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LLaDA-8B-Instruct [139] as the base diffusion language model. We randomly sample 200 
test questions and configure the model with a maximum generation length of 512 tokens and 
a block size of 64 tokens. 

For each sample, we execute dynamic confidence-based parallel decoding with five different 
factors: f ∈ {0.4, 0.6, 0.8, 1.0, 1.2}1 . To compute the true joint log-probability − log p(x) for 
each generated sequence, we accumulate the conditional log-probabilities by re-running the 
inference sequentially (token-by-token) following the left-to-right order when multiple tokens 
are decoded simultaneously in one round. We also evaluate the mathematical accuracy of the 
generated solution against the ground-truth answer, which is 78.5%, 79.5%, 78.5%, 76%, 76.5% 
for f = 0.4, 0.6, 0.8, 1.0, 1.2, respectively. 

Results and analysis. Panel (a) in Figure 3.4 presents the relationship between bits 
(− log p(x)) and the rounds (R) across different confidence factors f . When f ≤ 1, the 
confidence factors exhibit clear linear relationships between bits and rounds, consistent 
with the lower bound in Equation (3.2). The strong linear correlations validate that the 
number of decoding steps scales linearly with sequence information content. Moreover, the 
slopes of the fitted lines decrease monotonically with the confidence factor f , confirming 
that stricter confidence requirements (smaller f) lead to greater step inefficiency. The near-
linear relationship between f and the average bits per step also validates our theoretical 
per-round information budget. Panel (b) further demonstrates the relation between the 
per-step information decoded and confidence factor, establishing a nearly linear relationship 
between bits decoded per exploitation round and f , which substantiates our theory. 

3.5.2 Computation overhead of beam search 

We further investigate the computational overhead introduced by beam search under varying 
batch sizes. Figure 3.5 reports the average batched forward latency with KV caching for 
LLaDA-8B-Instruct as a function of beam size on A100, H100, H200, and B200 GPUs (we 
employ Fast-DLLM [207] implementation for KV caching). We observe a substantial “free 
lunch” region in which increasing the batch size incurs negligible additional cost: approximately 
2 on H100, 4 on H200 and 7 on B200. Within this regime, the computational cost of exploring 
multiple candidate tokens in a single batched forward pass is comparable to that of a single 
sequential forward pass. This “free lunch” region arises because memory bandwidth, rather 
than computation, becomes the bottleneck at small batch sizes. Even beyond this regime, the 
marginal cost per additional beam remains relatively small (approximately 0.005 seconds), 
which is significantly less than the cost of a single non-batched forward pass (over 0.02 
seconds). 

1The setting f = 1.2 is included only as an empirical stress test of the dynamic-threshold decoder. It lies 
outside Assumption 3.3.1, which requires f ≤ 1, and is therefore not used as verification of Theorem 3.3.2. 
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Figure 3.4: Panel (a): Exploitation rounds versus the (minus) log probability contributed. 
Each point represents a single sample from GSM8K dataset, with colors indicating different 
choices of factors f . We measure the exploitation bits and rounds by excluding the contribu-
tions of implicit exploration that occurs in confidence-based decoding to better demonstrate 
our theory; Panel (b): Number of bits and rounds per exploitation step as a function of factor 
f . Each point represents the mean over 200 fresh samples in GSM8K dataset for a given f , 
with 95% confidence intervals shown as shaded regions. 

3.5.3 Benchmark results 

To comprehensively assess the effectiveness of our approach, we evaluate it on four widely 
used benchmarks: MMLU-Pro [199], GSM8K [40], HumanEval [34], and MATH [71]. We 
adopt confidence-aware parallel decoding [207] with a static threshold strategy as our baseline, 
as we found this configuration yields the strongest accuracy-speed Pareto frontiers among 
prior methods. 

We conduct all experiments on NVIDIA B200 GPUs. We use LLaDA-8B-Instruct and 
its KV caching adaptation Fast-DLLM as the sampling model, with a block size of 64. We set 
the generation length to 512 for MATH, GSM8K, and HumanEval, and 256 for MMLU-Pro. 
For MMLU-Pro, we evaluate on a uniform subset of 1000 samples to align the dataset size 
with other benchmarks and ensure computational feasibility. 

To analyze the tradeoff between performance and computational cost, we compare the 
methods across a range of confidence thresholds and step budgets, with other hyperparameters 
tuned on the GSM8K training set. For the baseline, we report the test metrics across varying 
confidence thresholds. For ETE, we report the Pareto frontier formed by varying both 
confidence thresholds and step budgets. This curve illustrates the full potential of ETE by 
leveraging the additional degree of freedom provided by the fast block diffusion sampling 
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Figure 3.5: Average wall-clock time for batched forward passes with different beam sizes 
under KV caching on NVIDIA A100, H100, H200 and B200 GPUs. The plots show the mean 
and 95% confidence interval across different exploration positions (4 steps × 8 blocks × 5 
repeats) for each beam size. 

scheme described in Section 3.4.2. We also provide a fair comparison in Appendix B.2.3 by 
fixing all hyperparameters of ETE except the confidence threshold. 

Tradeoff between accuracy and total inference steps. Figure 3.6 isolates the theoret-
ical efficiency of the sampling mechanism by plotting generation accuracy against the total 
number of inference steps. Shaded regions denote 95% confidence intervals computed via 
bootstrapping. Across all four benchmarks, ETE consistently dominates the confidence-based 
baseline: for any fixed accuracy level, ETE requires substantially fewer inference steps. 
Concretely, at almost all accuracy levels, ETE reduces the required number of steps by over 
30%, with the largest gains appearing in moderate-to-high accuracy regimes. This indicates 
that ETE converts computation into accuracy more efficiently, yielding a uniformly better 
accuracy-steps frontier rather than a tradeoff localized to a specific point. 

Tradeoff between accuracy and total wall-clock time with KV caching. While step 
reduction indicates theoretical gain, Figure 3.7 assesses the practical end-to-end performance 
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Figure 3.6: Accuracy-steps frontiers of ETE versus baseline on four benchmarks with the 
highest accuracy annotated in the plot. 
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Figure 3.7: Accuracy-time frontiers of ETE versus baseline on four benchmarks. The accuracy 
for the two methods may differ from that of Figure 3.6 because Fast-DLLM’s implementation 
of KV caching is approximate rather than exact [207]. 

of ETE by measuring accuracy against total wall-clock time with KV caching enabled. Across 
all benchmarks, ETE achieves a strictly better Pareto frontier than the baseline: at the 
same accuracy, ETE consistently attains higher throughput. In particular, ETE achieves 
50% higher throughput on GSM8K (when the accuracy is higher than 0.75), 50% on 
HumanEval, 30% on MATH, and up to 70% on MMLU-Pro, at comparable accuracy 
levels. Notably, ETE also attains higher peak accuracy on GSM8K and MMLU-Pro. This 
result validates the system-level efficiency of ETE and confirms its modular compatibility 
with standard acceleration techniques. 

3.6 Conclusion 

This chapter establishes both theoretical and empirical foundations for improving parallel 
decoding in diffusion language models. We have proven a fundamental lower bound showing the 
inherent inefficiency of confidence-based parallel decoding algorithms from the information-
theoretic viewpoint. Motivated by this insight, we have developed ETE, a training-free 
algorithm that explicitly targets high-entropy tokens through fast block diffusion sampling and 
principled exploration mechanisms. Experiments across four benchmarks have demonstrated 
that ETE consistently outperforms confidence-based baselines in both decoding efficiency 
and output quality. 
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The lower bound in Theorem 3.3.2 applies to decoders satisfying the stated dynamic 
confidence constraint, and is not a universal lower bound for all possible parallel decoding 
algorithms. ETE also introduces additional decoding choices, including the confidence 
threshold, step budget, exploration trigger threshold, beam size, and the look-ahead scoring 
weight. Nevertheless, practitioners may need to adjust the operating point when optimizing 
for different latency, memory, or quality constraints. Finally, the beam-search exploration 
step is most beneficial when its batched look-ahead cost is smaller than the decoding rounds 
it saves. This condition is hardware- and serving-regime dependent. 

Regarding future work, we can pursue several promising directions in both theory and 
practice. Theoretically, establishing upper bounds on required rounds and computational 
overheads under structured data assumptions remains a promising direction, which naturally 
connects to the broader problem of parallel sequential sampling with limited queries on 
marginal distributions [10, 76]. Algorithmically, learning-based exploration strategies–such as 
training selection or scoring heads–could replace look-ahead computation while maintaining 
or improving quality. 



37 

Chapter 4 

Theoretical Foundations for Statistical 
Watermarking 

This chapter presents a systematic theoretical analysis of the statistical limits of statistical 
watermarking, by framing it as a hypothesis testing problem. We derive nearly matching 
upper and lower bounds for (i) the optimal Type II error under a fixed Type I error, and (ii) 
the minimum number of tokens required to watermark the output. The rate of Θ(h−1 log(1/h)) 
for the minimum number of required tokens, where h is the average entropy per token, reveals 
a significant gap between the statistical limit and the O(h−2) rate achieved in prior works. 

4.1 Introduction 

Large Language Models (LLMs) have revolutionized natural language tasks [1, 23, 24]. LLMs 
excel at generating human-like texts that can be difficult to distinguish from those written 
by human [11, 60, 142]. This capability raises several societal concerns regarding the misuse 
of LLM outputs. For instance, LLM-generated texts might contaminate training datasets for 
future language models [43, 175], facilitate the spread of misleading information [30, 226], 
or be used in academic misconduct [87, 132]. The widespread use of LLMs underscores the 
need for effective detection methods to identify whether a human-like text is produced by an 
LLM system. 

To detect machine-generated content, recent research works [38, 54, 57, 74, 75, 77, 
99, 101, 102, 111, 119, 122, 159, 196, 213, 221, 234] have proposed the use of statistical 
watermarks. These are signals embedded within generated texts to reveal their source. 
Statistical watermarking modifies the decoding mechanism of LLMs so that the text output 
X is sampled jointly with a sequence of random seeds S. Consequently, outputs from a 
watermarked LLM are always correlated with the accompanying random seeds, while texts 
generated from other sources (e.g., human writers) are not. Therefore, detecting whether X 
is generated by an LLM reduces to testing the independence of S and X. This procedure 
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can be framed as a hypothesis test with two competing hypotheses: 

H0 : X is sampled independently from S, 

H1 : (X, S) is sampled from a joint distribution 

Here, the null hypothesis H0 implies that X is not generated by the watermarked LLM, while 
the alternative hypothesis H1 implies that X is sampled from the watermarked LLM with 
joint distribution P . 

The major benefit of statistical watermarking is that it comes with formal statistical 
guarantees [3, 38, 102, 111, 234]. Specifically, these guarantees aim to control the following 
three quantities: 

1. Distortion (Bias): The distance between the watermarked LLM’s distribution and the 
original LLM’s distribution. 

2. Type I error: The probability that an unwatermarked output X is incorrectly rejected 
as being generated by the watermarked LLM. 

3. Type II error: The probability that an output from the watermarked LLM fails to be 
detected. 

We aim to take this line of work further in a statistical direction, providing a theoretical 
understanding of putative optimality properties that may be associated with these guarantees 
and lower bounds associated with any procedure. Framing statistical watermarking as a 
hypothesis testing problem, we first ask, à la Neyman-Pearson: 

Q1: What is the best achievable Type II error under a fixed Type I error constraint? 

In practice, users often modify text outputs from large language models (LLMs) or insert 
their own human-written content. This complicates the task of identifying whether an article 
is entirely generated by LLMs, while highlighting the need to detect specific sequences of 
words produced by LLMs. For practitioners, a key consideration is to minimize the number 
of tokens used for watermarking and detection of a sequence. This leads to an important 
question: 

Q2: What is the minimum number of tokens required to watermark the output? 

4.1.1 Our contributions 

In this section, we give an overview of this chapter’s contributions towards addressing the 
above questions. Throughout this chapter, we use Ω0 to denote the token/vocabulary space 
and Ω = Ω⊗n 

0 to denote the output space of all n-tokens sequences with cardinality |Ω| = m. 
We will consider ρ as the target distribution over Ω that needs to be watermarked and for 
any ω ∈ Ω, define its empirical entropy as ˆ H(ω) := − ln ρ(ω). When the tokens are i.i.d., we 
write ρ as a product distribution ρ = ρ⊗n 

0 where ρ0 represents the token distribution over Ω0. 
In this case, we let h denote the Shannon entropy of ρ0, given by h := − 

 
ω∈Ω0 

ρ0(ω) ln ρ0(ω). 
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Most powerful watermark. To answer the first question, let erri(A, ρ), i = 1, 2 represent 
the Type I and II error of watermarking algorithm A on watermarked distribution ρ over 
output space Ω, respectively. Our first result establishes the instance-optimal Type II error 
to watermark a distribution ρ, subject to a fixed upper bound α on the Type I error. More 
precisely, this is defined as: 

χump(ρ) = min 
A: err1(A,ρ)≤α 

err2(A, ρ). 

Theorem 4.1.1 (Informal statement of Theorem 4.4.2). 

χump(ρ) = 
 

x∈Ω:ρ(x)>α 

(ρ(x) − α) . 

This result defines a fundamental limit on statistical watermarking: no watermarking 
method can achieve a Type II error smaller than 

 
x∈Ω:ρ(x)>α (ρ(x) − α) on distribution 

ρ. Notably, this is an instance-dependent result: the bound explicitly depends on the 
characteristics of the watermarked distribution. Intuitively,  

x∈Ω:ρ(x)>α (ρ(x) − α) quantifies 
the amount of randomness in ρ: define Hα = {ρ : maxω∈Ω ρ(ω) ≤ α} as a set of “α-random” 
distributions, the quantity 

 
x∈Ω:ρ(x)>α (ρ(x) − α) measures the ℓ1 distance between ρ and 

Hα, which increases as α decreases. 

Minimax-optimal watermark for model-agnosticity. Achieving this bound requires 
the detector to have access to the exact watermarked distribution ρ. However in practice, the 
watermarked distribution (i.e., the watermarked model) is generally unknown to detectors. 
For example, without access to GPT-4’s internal parameters, we would still want to detect 
whether a text was generated by GPT-4. Hence, it is more useful in practice to watermark 
(and detect) a family of distributions and focus on the worst-case Type II error in that 
family [111]. This leads to our next result, which studies the minimax-optimal excess Type 
II error over distribution class Hκ, where Hκ := {ρ : maxω∈Ω ρ(ω) ≤ κ} for κ ∈ [0, 1]. 
Here, κ represents the level of randomness within the distribution class. More precisely, the 
minimax-optimal excess Type II error over Hκ is defined as 

χminimax(κ) = min 
A: err1(A,ρ)≤α,∀ρ∈Hκ 

max 
ρ∈Hκ 

(err2(A, ρ) − χump(ρ)) , 

where the minimum is taken over all algorithms that can watermark (and detect) any 
distribution in Hκ with Type I error at most α, and the maximum is taken over all distributions 
in Hκ. 

Theorem 4.1.2 (Informal statement of Theorem 4.4.10). Letting m denote the cardinality 
of the sample space, then 

χminimax(κ) ≍ 

 
m−αm 

1/κ

 


m 

1/κ 

 . 
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In this minimax setting, the minimax-optimal excess Type II error is determined by 
the randomness level κ of the distribution class instead of a specific model distribution. In 
the regime m ≫ 1/κ (which is typical in practice because m scales exponentially with the 
sequence length), we have 

 
m−αm 

1/κ 

 
/ 
 

m 
1/κ 

 
≍ (1 − α)1/κ, which scales exponentially with 1/κ.

This aligns with the intuition that outputs with higher entropy are easier to watermark, as κ 
scales roughly inversely with entropy. 

Token complexity in the i.i.d. case. To obtain explicit rates of the second question, we 
first consider a theoretical setting where tokens are sampled independently and identically 
distributed (i.i.d.). Following Aaronson and Kirchner [3], we focus on the dependence on the 
average entropy per token. 

Theorem 4.1.3 (Informal statement of Theorem 4.4.11). If each token is drawn i.i.d. from 
a distribution with entropy h, then the minimum number of tokens required to achieve 0.01 
Type I and II error scales (ignoring other parameters than h) as 

log(1/h) 
h 

. 

Our result establishes that log(1/h) 
h serves as both (nearly) upper and lower bound on 

the number of required tokens. Notably, this rate applies to both instance-dependent and 
distribution-family-based watermarking. Compared to existing works, this result improves 
the dependence on h from 1 

h2 to log(1/h) 
h . This improvement is significant in the regime h ≪ 1, 

while for constant h, watermarking can be easily accomplished with a constant number of 
tokens. 

Token complexity in the general, non-i.i.d. case. In practice, tokens are generated 
auto-regressively and are not i.i.d. This complicates theoretical analysis and makes it difficult 
to establish a priori Type II error bounds. For example, the entire sequence may have low 
empirical entropy with high probability, even when the average entropy per token is high. As 
a consequence, the Type II error may still be Ω(1) with a sufficiently large number of tokens. 
We show such a failure case in Example 4.4.15. Therefore, we turn to establish a posteriori 
Type II guarantees: bounding the conditional probability of a false negative among outputs 
with high empirical entropy. 

Theorem 4.1.4 (Informal statement of Theorem 4.4.16). For any n ∈ Z+ and ⎜H > 0 such
that 

n, ⎜ H ≳ log 
1 
α 

+ log log 
1 
β 

, 

there exists a watermark with a Type I error ≤ α, such that among all outputs with at least n 
tokens and empirical entropy ⎜ H , the probability of correct detection is at least 1− β. 
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Theorem Assumptions Guarantee type Practical implications 

Theorem 4.1.1 
(Theorem 4.4.2) 

Fixed target distribution 
ρ on a discrete output 
space and Type I level α. 

Instance-optimal Type II error: 
χump(ρ) = 


x:ρ(x)>α (ρ(x) − α) 

Sets the statistical limit for 
instance-dependent detection and 
motivates the maximal-coupling step 
in SEAL (Chapter 5). 

Theorem 4.1.2 
(Theorem 4.4.10) 

Model-agnostic detection 
over distributions with 
maximum mass at most 
κ, at Type I level α. 

Minimax excess Type II error: 
χminimax(κ) ≍ (1 − α)1/κ 

Shows why SEAL uses 
semantic-aware random seeds from a 
public proposal model instead of 
fixed distribution. 

Theorem 4.1.3 
(Theorem 4.4.11) 

I.i.d. tokens with entropy 
h and fixed Type I/II 
error targets. 

Token complexity rate: 
nump(h, α, β) = Θ(log(1/h)/h) 

Reveals a fundamental gap between 
theoretical limits and rates of 
practical algorithms and motivates 
SEAL’s algorithm design in non-i.i.d. 
text settings. 

Theorem 4.1.4 
(Theorem 4.4.16) 

Arbitrary non-i.i.d. 
output with length and 
empirical entropy 
≳ log 1 

α
+ log log 1 

β
. 

A posteriori conditional 
guarantee: 
P(X / ∈ R | − log ρ(X) ≥ ⎠H) ≤ β 
and false-positive ≤ α 

Table 4.1: Summary of the main theoretical contributions in statistical watermarking and 
their practical implications. 

This result implies that outputs with sufficient length and empirical entropy are water-
marked with high probability. Importantly, the number of tokens and empirical entropy 
scale logarithmically with the Type I error and double-logarithmically with the Type II error. 
Christ et al. [38] prove a similar a posteriori result, bounding the joint probability that an 
output exhibits high entropy yet fails to be detected, with a requirement that ⎜ H ≳ 

√ 
n. Our 

result relaxes the entropy condition and strengthens the bound from joint probability to 
conditional probability, thereby leading to a more efficient rate. 

4.2 Notation 

Define (x)+ := max{x, 0}, x ∧ y := min{x, y}, x ∨ y = max{x, y}. For any set A, we write 
Ac as the complement of set A, |A| as its cardinality, and 2A := {B : B ⊂ A} as the power 
set of A. We use notations g(n) = O (f(n)), g(n) = Ω (f(n)), and g(n) = Θ (f(n)) to denote 
that there exists numerical constants C1, c2, C3, c4 such that for all n > 0: g(n) ≤ C1 · f(n), 
g(n) ≥ c2 · f(n), and c4 · f(n) ≤ g(n) ≤ C3 · f(n), respectively. Throughout, we use ln to 
denote natural logarithm. 

The total variation (TV) distance between two probability measures µ, ν is denoted 
by TV(µ∥ν). We use supp(ρ) to denote the support of a probability measure ρ. Given a 
sample space Ω, let ∆(Ω) denote the set of all probability measures over Ω (take the discrete 

σ-algebra). We write δx as the Dirac measure on x, i.e., δx(A) = 

   

1, x ∈ A 

0, x / ∈ A 
. A coupling for 

two distributions (i.e., probability measures) is a joint distribution with those distributions 
as marginals. 
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4.3 Watermarking as a Hypothesis Testing Problem 

In statistical watermarking, a service provider (e.g., a language model system) possesses a 
distribution ρ over a sample space Ω and aims to generate samples detectable by a detector. 
The service provider achieves this by sharing a random seed (generated jointly with ρ) with 
the detector, with the goal of controlling both the Type I error (an independent output is 
falsely detected as from ρ) and the Type II error (an output from ρ fails to be detected). 
This random seed together with the detection rule constitute a (random) rejection region. In 
the following, we formulate this problem as hypothesis testing with random rejection regions. 

Problem 4.3.1 (Watermarking). Fix ϵ ≥ 0. Given a probability measure ρ over sample 
space Ω (we assume throughout that Ω is discrete, which is generally true in applications), 
an ϵ-distorted watermarking scheme of ρ is a probability measure P (a joint probability 
of the output X and the rejection region R) over the sample space Ω ⊗ 2Ω such that 
TV(P(·, 2Ω)∥ρ) ≤ ϵ, where P(·, 2Ω) is the marginal probability of X over Ω. In the generation 
phase, the service provider samples (X, R) from P , provides the output X to the service user, 
and sends the rejection region R to the detector. 

In the detection phase, a detector is given a tuple (X, R) ∈ Ω ⊗ 2Ω where X is sampled 
from an unknown distribution and R, given by the service provider, follows the (marginal) 
distribution P(Ω, ·) over 2Ω . 

The Type I error of P , defined as α(P) := supπ∈∆(Ω) PY ∼π,(X,R)∼P (Y ∈ R), is the probabil-
ity that an independent sample Y is falsely rejected, maximized over all possible distributions 
of Y . The Type II error of P, defined as β(P) := P(X,R)∼P (X / ∈ R), is the probability that 
the sample (X, R) from the joint probability P fails to be detected. 

Remark 4.3.2 (Difference with classical hypothesis testing). In classical hypothesis testing, the 
rejection region is often nonrandomized or independent from the test statistics. However, in 
watermarking problem, the service provider has the incentive to facilitate the detection. The 
key insight is that P is a coupling of the random output X and the random rejection region 
R, so that X ∈ R occurs with a high probability (low Type II error), while any independent 
sample Y lies in R with a low probability (low Type I error). 
Remark 4.3.3 (Interpretation of the rejection region R). R is the hypothesis-testing abstraction 
of the set of outputs that cause the detector to reject the null. Intuitively, it represents the 
set of outputs that are more likely generated from the watermarked distribution. When 
the output space is the token space, Ω = Ω0, a standard example of R is the green list in 
Kirchenbauer et al. [99]. The green list is a randomized subset of tokens selected before 
generation. Because the generation rule softly promotes green-list tokens, observing an output 
token in the green list provides evidence against the null hypothesis. Thus, a token-level 
green-list detector is a special case of our random rejection-region framework. 
Remark 4.3.4 (Implementation). In fact, it is imperative for the detector to observe the 
rejection region that is coupled with the output: otherwise, the output from the service 
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Figure 4.1: Illustration of watermarking in practice. The secret key is used to implement a 
coupling between the generated text and the rejection region, such that (i) the watermark is 
indistinguishable to anyone without the secret key; (ii) the detector with the secret key is 
able to perform the hypothesis testing. 

provider and another independent output from the same marginal distribution would be 
statistically indistinguishable. 

In practice, the process of coupling and sending the rejection region can be implemented 
by cryptographical techniques: the service provider could hash a secret key sk, and use 
pseudo-random functions F1, F2 to generate (X, R) = (F1(sk), F2(sk)). Now it suffices to 
send the secret key to the detector, who can then reproduce the reject region using the 
pseudo-random function F2. This process is illustrated in Figure 4.1. 

Thus, the difference between our theoretical framework and the practical implementation 
lies in our usage of random oracles in place of cryptographic pseudorandom functions. With 
the coupled and random rejection region, this allows us to focus solely on the statistical 
trade-offs. 

For practical applications, it is additionally desirable for watermarking schemes to be model-
agnostic, i.e., detections operate without knowledge of the watermarked model distribution, 
since the prompt and proprietary LLMs are usually unknown to the detector. This translates 
to the requirement that the marginal distribution of the rejection region is irrelevant to the 
watermarked distribution. From Remark 4.3.4, this is equivalent to the assertion that the 
function F2 used by detectors does not depend on the watermarked LLM. Therefore, model-
agnostic watermarking enables the detector to use a fixed, pre-determined pseudo-random 
function to generate the reject region, and hence perform hypothesis-testing without the 
knowledge of the underlying model that generates the output. This is an important property 
enjoyed by existing watermarks [3, 38, 99, 102]. In the following, we formalize model-agnostic 
watermarking within our hypothesis testing framework. 
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Problem 4.3.5 (Model-Agnostic Watermarking). Given a sample space Ω and a set of 
distributions Q ⊂ ∆(Ω), a Q-agnostic watermarking scheme is a tuple (η, {Pρ}ρ∈Q) where 
η is a probability measure over 2Ω , such that for any probability measure ρ ∈ Q, Pρ is a 
ϵ-distorted watermarking scheme of ρ and its marginal distribution over 2Ω , i.e., Pρ(Ω, ·), is 
equal to η. A model-agnostic watermarking scheme is a ∆(Ω)-agnostic watermarking scheme. 

A Q-agnostic watermarking scheme is essentially a class of schemes to watermark all 
distributions in the set Q such that their R-marginals are all equal to η. This means that 
the rejection region reveals nothing about the model used to generate the output (except the 
fact that the model is inside Q). By letting Q be ∆(Ω), model-agnostic watermarking thus 
reveals no information concerning the model at all. 

4.4 Statistical Limits of Watermarking 

4.4.1 Rates under the general setting of Problem 4.3.1 

In this section, we study the following notion of Uniformly Most Powerful (UMP) test, i.e., 
the watermarking scheme that achieves the minimum achievable Type II error among all 
possible tests with Type I error ≤ α. 

Definition 4.4.1 (Uniformly Most Powerful Watermark). A watermarking scheme P is 
called a Uniformly Most Powerful (UMP) ϵ-distorted watermark of level α if it achieves the 
minimum achievable Type II error among all ϵ-distorted watermarking with Type I error 
≤ α. 

The following result gives an exact characterization of the UMP watermark and its Type 
II error. 

Theorem 4.4.2. For any probability measure ρ, the Uniformly Most Powerful ϵ-distorted 
watermark of level α, denoted by P∗ , is given by 

P ∗(X = x, R = R0) = 

  
ρ ∗(x) · 

 
1 ∧ α 

ρ∗(x) 

 
, R0 = {x} 

ρ ∗(x) · 
 
1− α 

ρ∗(x) 

 

+
, R0 = ∅ 

0, otherwise, 

(4.1) 

where ρ ∗ = arg minTV(ρ ′ ∥ρ)≤ϵ 
 

x∈Ω:ρ ′(x)>α (ρ ′(x) − α) . Its Type II error is given by 

min 
TV(ρ ′ ∥ρ)≤ϵ 

 

x∈Ω:ρ ′(x)>α 

(ρ ′(x) − α) , 

and when |Ω| ≳ 1 
α it simplifies to 

 
x∈Ω:ρ(x)>α (ρ(x) − α) − ϵ 

 

+ 
. 
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As seen from the theorem, if ρ is deterministic, the Type II error   
 

x∈Ω:ρ(x)>α 

(ρ(x) − α) − ϵ

  

+ 

reduces to 1−α−ϵ and shows limited practical utility. This is expected since when the service 
provider deterministically outputs z, it would be impossible to distinguish the watermark 
distribution with an independent output from δz. However when the randomness in ρ 
increases, Theorem 4.4.2 implies that the Type II error will decrease, matching the reasoning 
in previous works [2, 38]. 

Moreover, Type II errors can be further improved when a larger distortion parameter ϵ is 
allowed. This aligns with the intuition that adding statistical bias would make the output 
easier to detect [2, 99]. Among all choices of ϵ, the case ϵ = 0 is of particular interest since it 
preserves the marginal distribution of the service provider’s output. Therefore, we will focus 
on this distortion-free case in the remaining sections. 
Remark 4.4.3 (Intuition behind P∗). Recall that in practice, the watermarks are implemented 
via pseudo-random functions. Therefore, the uniformly most powerful test in Theorem 4.4.2 
is effectively using a pseudo-random generator to approximate the distribution ρ, combined 
with an α-clipping to control Type I error. This construction reveals a surprising message: 
simply using a pseudo-random generator to approximate the distribution is instance optimal. 
Remark 4.4.4 (Watermarking guarantees). To achieve the upper bound of Theorem 4.4.2, 
the detector needs to access the model and the prompt in order to generate the reject 
region, which is not always accessible in many real-world applications. Therefore, the upper 
bound of Theorem 4.4.2 achieves a weaker watermarking guarantee compared with previous 
works [2, 38, 99]. In Section 4.4.2, we study model-agnostic watermarking that overcomes 
this limitation. 

Nonetheless, the lower bound in Theorem 4.4.2 characterizes a fundamental limit of 
Problem 4.3.1, thus providing an information-theoretic lower bound for all watermarks. 
Remark 4.4.5 (Use cases for the UMP watermark). The UMP watermark offers an efficient 
approach for LLM service providers to determine if instruction-following datasets have been 
generated by a specific model. In this context, both the prompt and response are provided to 
the detectors, enabling the UMP watermark to bypass the model-agnostic constraint. This 
usage is beneficial in identifying and filtering out data points that have been contaminated 
by texts generated from models like GPT-4 [142], thereby preserving the purity and quality 
of the training data. 

4.4.2 Rates of model-agnostic watermarking 

It is noticeable that for large Q and ρ ∈ Q, a Q-agnostic watermarking scheme can not 
perform as well as the UMP watermark for ρ. Indeed, the Uniformly Most Powerful Q-agnostic 
watermarking might not exist in most cases. To evaluate model-agnostic watermarking 
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schemes, a natural desideratum is therefore the suboptimality gap between its Type II error 
and the Type II error of the UMP watermarking of ρ, taking a maximum over all distributions 
ρ ∈ Q, under fixed Type I error. More precisely, we introduce the following notion. 

Definition 4.4.6 (Minimax most powerful model-agnostic watermark). We say that a Q-
agnostic watermark (η, {Pρ}ρ∈Q) is of level-α if the Type I error of Pρ is less than or equal 
to α for any ρ ∈ Q. Define the (maximum) excess Type II error of (η, {Pρ}ρ∈Q) as 

γ(η) := sup 
ρ∈Q 

β(Pρ) − β(P ∗ 
ρ ), 

where P∗ 
ρ is the UMP distortion-free watermark of ρ of level α. 

We say that a Q-agnostic watermarking scheme is minimax most powerful, if it minimizes 
the maximum excess Type II error among all Q-agnostic watermarks of level α. 

The following result characterizes the excess Type II error of the minimax most powerful 
model-agnostic watermarking. 

Theorem 4.4.7. Let |Ω| = m and suppose αm ∈ Z and 1 
α
∈ Z. The maximum excess Type 

II error of the minimax most powerful model-agnostic watermarking scheme of level-α is 

given by γ(η∗) = (
m− 1 

α
αm ) 

( m 
αm) . In the minimax most powerful model-agnostic watermarking scheme 

of level-α, the marginal distribution of the reject region is given by 

η ∗(A) = 

  

1 

( m 
αm) , if |A| = αm 

0, otherwise. 

Remark 4.4.8. To deal with the general case where αm and 1 
α

are not integers, it suffices 
to let α1 = 1/(⌈1/α⌉) and m1 = ⌈α1m⌉/α1 and augment Ω with m1 − m dummy outcomes. 
Then α1m and 1/α1 are integer-valued and hence the minimax bound for the new sample 
space with cardinality m1 and the new Type I error α1 yields a nearly-matching bound for 
(m, α). 
Remark 4.4.9. In the regime α → 0+, m → +∞, we have γ(η∗) → c for some constant 
c ≤ e−1 , and when 1/(αm) → 0+ is further satisfied, c = e−1 . The e−1 maximum excess Type 
II error does not contradict the h−2 rates in previous works [2, 38, 102], because as n ≳ h−2 , 
the model distribution over the sequences of n tokens (with average entropy h per token) 
is beyond the worst case. Indeed, such distributions have higher Shannon entropy than the 
hard instances in the proof. 

Remark 4.4.9 highlights that the hard instance constructed in Theorem 4.4.7’s lower 
bound may possess a lower entropy than that of the actual model, thus is more adversarial 
than the practical cases. Therefore, it raises an important question: for a smaller class Q 
that contains distributions with higher entropy, what is the minimum achievable excess Type 
II error for Q-agnostic watermarking? It is obvious that the minimax rate over a higher 
entropy level should improve upon the previous rate of e−1 . 



CHAPTER 4. THEORETICAL FOUNDATIONS FOR STATISTICAL 
WATERMARKING 47 

Towards answering this question, we consider the following class of distributions: 

Qκ := 

 

ρ : sup 
ω∈Ω 

ρ({ω}) ≤ κ 

 

, 

where κ represents the level of randomness and decreases as entropy increases. The maximum 
excess Type II error of Qκ-agnostic watermarking (η, {Pρ}ρ∈Qκ ) is thus given by 

γ(η, κ) := max 
ρ∈∆(Ω):supω∈Ω ρ({ω})≤κ 

β(Pρ) − β(P ∗ 
ρ ), 

where P∗ 
ρ is the UMP distortion-free watermark of ρ. The following result gives an upper 

bound of the above quantity, thus answering the question. 

Theorem 4.4.10. Let |Ω| = m and suppose αm, 1 
κ
∈ Z. Then the maximum excess Type II 

error of the minimax Qκ-agnostic watermarking of level-α is given by 

γ(η ∗ , κ) = 

 
m−αm 

1/κ

 


m 

1/κ 

 . 

The proof can be found in Appendix C.1.3. When κ ≤ α, the Type II error of the model-
nonagnostic watermark vanishes, and therefore Theorem 4.4.10 provides an upper bound 
(m−αm 

1/κ ) 
( m

1/κ) 
for the worst-case Type II error. When m ≫ 1/κ, this rate simplifies to (1 − α)1/κ 

and improves over e−1 in Theorem 4.4.7. In the next section, we will apply Theorem 4.4.10 to 
the i.i.d. setting where κ can be exponentially small. This will lead to a negligible maximum 
excess Type II error for model-agnostic watermarking. 

4.4.3 Rates in the i.i.d. setting 

In practice, the sample space Ω is usually a Cartesian product in the form of Ω⊗n 
0 where 

Ω0 is the vocabulary/token space. The quantity of practical interest becomes the minimum 
number of tokens to achieve certain statistical watermarking guarantees. In order to find the 
explicit rates on the minimum number of required tokens, we study the theoretical setting 
where the tokens are samples i.i.d. from a fixed distribution. 

In this section, we study token efficiency in the theoretical setting of product distribution 
ρ = ρ⊗n 

0 over Ω⊗n 
0 (iid tokens) and ϵ = 0 (distortion-free watermarking). We introduce the 

following two quantities: 

• Let h denote the entropy of ρ0. We use nump(h, α, β) to denote the minimum number 
of tokens required by the UMP watermark to achieve Type I error ≤ α and Type II 
error ≤ β. 

• Define nminimax(h, α, β) as the minimum number of tokens required by minimax Qh-
agnostic watermark to achieve Type I error ≤ α and Type II error ≤ β, where 
Qh := 

 
ρ = ρ⊗n 

0 : H(ρ0) ≥ h 
 
; i.e., it contains all distributions ρ = ρ⊗n 

0 such that the 
entropy of ρ0 is ≥ h. 
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Together, nump(h, α, β) and nminimax(h, α, β) serve as critical thresholds beyond which the 
desired statistical conclusions can be drawn regarding the output, making them essential 
parameters in watermarking applications. 

The following theorem gives nearly matching bounds for nump(h, α, β). 

Theorem 4.4.11. Suppose α, β < 0.1. We have nump(h, α, β) ≥ Ω 
 

ln 1 
h (ln 1 

α ∧ln 1 
β ) 

h 

 

∨ 
ln 1 

α 
h 

 

. 

Furthermore, let k = |Ω0|, we have nump(h, α, β) ≤ O 
 

ln k 
h ·(ln 1 

α ∧ln 1 
β ) 

h 

 

∨ 
ln 1 

α ln k 
h 

 

. 

Remark 4.4.12 (Tightness). Up to a constant and logarithmic factor in k, our upper bound 
matches the lower bound. Notice that since any model with an arbitrary token set can be 
reduced into a model with a binary token set [38] (i.e. k = 2), our bound is therefore tight 
up to a constant factor. 

Using Theorem 4.4.10 and Theorem 4.4.11, we are now in the position to characterize 
nminimax(h, α, β). We start with the following relationship:1 

1− max 
ρ0:H(ρ0)≥h 

max 
ω∈Ω0 

ρ0({ω}) ≥ Ω 
h 

ln(1/h) 

 

, 

where a detailed derivation can be found in Lemma C.1.3. It follows that 

κ ≤ max 
ρ0:H(ρ0)≥h 

max 
ω∈Ω0 

ρ0({ω}) 
 n0 

= e −Ω( n0h 
ln(1/h) ). 

Using this observation and the derivation in Theorem 4.4.7, γ(η∗ , κ) can be bounded by 

(1 − α)1/κ ≤ (1 − α)e 
Ω( n0h 

ln(1/h) ) 
. 

This means that when n0 ≳ ln(1/h) 
h
· (ln(1/α) + ln ln(1/β)), the maximum excess Type II error 

given by Theorem 4.4.10 and the Type II error of the UMP watermarking given in Theo-
rem 4.4.11 can be simultaneously bounded by β, thus establishing an upper bound. Further-
more, the lower bound in Theorem 4.4.11 directly implies a lower bound for nminimax(h, α, β) 
since model-agnosticity is a stronger condition. Combining the above arguments, we obtain 
nearly-matching upper and lower bounds. 

Corollary 4.4.13. Suppose α, β < 0.1. We have 

nminimax(h, α, β) = O 
ln(1/h) 

h 
· (ln(1/α) + ln ln(1/β)) 

 

, 

nminimax(h, α, β) = Ω 
ln(1/h) 

h 
· (ln(1/α) ∧ ln(1/β)) 

 

. 

1In the rest of this section, we omit logarithmic factors in the cardinality of the vocabulary. 
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Remark 4.4.14 (Comparison with previous works). As commented in Section 4.4.1, the 
regime h ≪ 1 is of particular interest because it is the setting in which watermarking is 
challenging. In this regime, our rate of ln(1/h) 

h
improves the previous rate of h−2 in a line of 

works [2, 99, 102, 119, 234], and highlights a fundamental gap between the existing watermarks 
and the information-theoretic lower bound. 

4.4.4 Rates in non-i.i.d. setting 

Without the i.i.d. condition, determining the explicit rates for the minimum number of 
tokens required to achieve fixed Type I and Type II errors is generally intractable. Indeed, 
with arbitrary token distributions, the probability of generating outputs with low empirical 
entropy might be Ω(1). Outputs with low empirical entropy are typically challenging to 
watermark (see, e.g., Section 4.4.1 or Aaronson and Kirchner [3]), leading to a high rate of 
false negatives. Consequently, the Type II error may still be Ω(1) even when the number of 
tokens is sufficiently large. The next example formalizes this failure case. 

Example 4.4.15 (High entropy, infinite tokens, still cannot watermark). Let the token space 
be {0, 1, . . . , K} and the auto-regressive distribution be given by 

P(X1 = 0) = C > 0.5, 

P(X1 = j) = 
1− C 

K 
, ∀j ̸= 0 

P(Xi+1 = 0|X1 = · · · = Xi = 0) = 1, ∀i ≥ 1 

P(Xi+1 = j|X1:i = x1:i) = 
1 
K 

, ∀x1:i ̸= 0 · · · 0, j ̸= 0. 

Then it can be verified that ∀n ∈ Z+: 

P(X1:n = 0 · · · 0) = C, 

H(X1:n) ≥ n · (1 − C) · log 
K 

1− C 
. 

This indicates that the average entropy per token is at least (1 − C) · log K
1−C , which is high. 

However, for any n ∈ Z+, the sequence X1:n fails to be detected with probability at least 
C > 0.5, since the sequence 0 · · · 0 is nearly deterministic. Therefore, the Type II error is 
always Ω(1) no matter how many tokens are used, despite the average entropy per token 
being high. 

In this section, we present a different, ‘conditional’ guarantee to overcome this limitation. 
This result bounds the conditional probability of false negatives among all outputs with high 
empirical entropy, while excluding outputs with low empirical entropy from consideration. 
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Theorem 4.4.16. For any α, β ∈ (0, 1), if 

n, ⎜ H ≳ log 
1 
α 

+ log log 
1 
β 

, 

then for any distribution ρ over Ω = Ω⊗n 
0 , there exists a model-agnostic watermarking of level 

α such that the conditional probability that an output X from the watermarked model is not 
rejected, given that the empirical entropy of X is at least ⎜ H , is less than or equal to β. More 
precisely, there exists a coupling P of ρ and the η∗ defined in Theorem 4.4.7, such that 

P(X,R)∼P (X /∈ R| − log ρ(X) ≥ ⎜ H) ≤ β 

sup 
π∈∆(Ω) 

PY ∼π,(X,R)∼P (Y ∈ R) ≤ α. 

The proof is deferred to Appendix C.1.5. Intuitively, Theorem 4.4.16 suggests that long 
texts with high empirical entropy will be watermarked with high probability. It is important 
to note that ⎜ H is flexible, allowing us to bound the conditional Type II error for any class of 
outputs with empirical entropy levels above log 1 

α + log log 1 
β . This result is different from the 

other results in this chapter in that it is an a posteriori guarantee. 

4.4.5 Efficiency-robustness trade-offs 

In the context of watermarking large language models, it is crucial to acknowledge users’ ability 
to modify or manipulate model outputs. These modifications include cropping, paraphrasing, 
and translating the text, all of which may be employed to subvert watermark detection. 
Therefore, in this section, we introduce a graphical framework, modified from Problem 4.3.1, 
to account for potential user perturbations and investigate the optimal watermarking schemes 
robust to these perturbations. The formulation here shares similarity with a concurrent work 
by Zhang et al. [228]. 

Definition 4.4.17 (Perturbation graph). A perturbation graph over the discrete sample 
space Ω is a directed graph G = (V, E) where V equals Ω and (u, u) ∈ E for any u ∈ V . For 
any v ∈ V , let in(v) = {w ∈ V : (w, v) ∈ E} denote the set of vertices with incoming edges 
to v, and let out(v) = {w ∈ V : (v, w) ∈ E} denote the set of vertices with outgoing edges 
from v. 

The perturbation graph specifies all the possible perturbations that could be made by the 
user: any u ∈ V can be perturbed into v ∈ V if and only if (u, v) ∈ E, i.e., there exists a 
directed edge from u to v. 

Example 4.4.18. Consider Ω = Ω⊗n 
0 . Let the user have the capacity to change no more 

than c tokens, i.e., perturb any sequence of tokens x = x1x2 · · · xn to another sequence 
y = y1y2 · · · yn with Hamming distance less than or equal to c. Then the perturbation graph 
is given by G = (V, E) where V = Ω and E = {(u, v) : u, v ∈ V, d(u, v) ≤ c} (d is the 
Hamming distance, i.e., d(x, y) = 

 n
i=1 1(xi ̸= yi)). 
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Problem 4.4.19 (Robust watermarking scheme). A robust watermarking scheme with 
respect to a perturbation graph G is a watermarking scheme except that its Type II error is 
defined as EX,R∼P 

 
maxY ∈out(X) 1(Y / ∈ R) 

 
, i.e., the probability of false negative given that 

the user adversarially perturbs the output. 

The next result characterizes the optimum Type II error achievable by robust watermarking, 
where the proof can be found in Appendix C.1.6. 

Theorem 4.4.20. Define the shrinkage operator SG : 2Ω → 2Ω (of a perturbation graph G) 
by SG(R) = {x ∈ Ω : out(x) ⊂ R} and its inverse S−1 

G (R) = ∪x∈Rout(x). Then the minimum 
Type II error of the robust, zero-distorted UMP test of level α in Problem 4.4.19 is given by 
the solution of the following Linear Program 

min 
x∈R|Ω| 

1 − 
 

y∈Ω 

ρ(y)x(y) (4.2) 

s.t. 
 

y∈in(z) 

ρ(y)x(y) ≤ α, 0 ≤ x(z) ≤ 1, ∀z ∈ Ω. 

The UMP watermarking is given by 

P ∗(X = y, R = R0) = 

  
ρ(y) · x ∗(y), R0 = S−1 

G ({y}) 
ρ(y) · (1 − x ∗(y)) , R0 = ∅ 
0, otherwise 

where x ∗ is the solution of Eq. (4.2). 

Remark 4.4.21 (Dependence on the sparsity of graph). From Eq. (4.2), we observe that the 
perturbation graph influences the optimal Type II error via the constraint set. Indeed, if 
the graph is dense, the constraints 

 
y∈in(z) ρ(y)x(y) ≤ α involve many entries of y ∈ Ω and 

thus decrease the value 
 

y∈Ω ρ(y)x(y), thereby increasing the Type II error. On the other 
extreme, when the edge set of the perturbation graph is E = {(u, u) : u ∈ Ω}, i.e., the user 
cannot perturb the output to a different value, then optimum of Eq. (4.2) reduces to the 
rates in Theorem 4.4.2 (setting ϵ = 0). 

4.5 Conclusion 

In this chapter, we have advanced the understanding of watermarking in large language 
models (LLMs) through statistical analysis. By deriving both instance-optimal and minimax 
rates for the optimal Type II error in the Neyman-Pearson paradigm, we demonstrated how 
statistical limits are shaped by the properties of model distributions. Our nearly tight bound 
on the number of tokens required to detect statistical watermarks, h−1 log(1/h), significantly 
improves upon the previous h−2 rate, revealing a fundamental gap in prior work. 
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Chapter 5 

Semantic-Aware Statistical 
Watermarking: SEAL 

Building on the theory, this chapter develops SEAL (Semantic-awarE speculAtive sampLing), 
a novel watermarking algorithm for practical applications. SEAL introduces two key tech-
niques: (i) designing semantic-aware random seeds by leveraging a proposal language model, 
and (ii) constructing a maximal coupling between the random seed and the next token 
through speculative sampling. Experiments on open-source benchmarks demonstrate that 
the watermarking scheme delivers superior efficiency and tamper resistance, particularly in 
the face of paraphrase attacks. 

5.1 Introduction 

A key objective of theoretical analysis is to guide the development of practical algorithms. In 
light of Chapter 4, it is essential to translate theoretical insights into improved watermarking 
design. Therefore, we pose the following question: 

Can statistical theory be leveraged to design more effective and robust watermarking 
algorithms? 

Our contributions. Drawing insights from the theory, we propose a novel watermarking 
algorithm, Semantic-awarE speculAtive sampLing (SEAL), that bridges the gap between 
the theoretically-optimal watermark and state-of-the-art practical implementations. Our 
approach overcomes the limitations of prior methods by allowing the random seeds to adapt 
to the semantic information of preceding tokens. By introducing speculative decoding [107] 
into statistical watermarking paradigms, we adopt a smaller LLM to set the random seeds 
and construct maximal coupling between the seed and the token sequences. The overall 
watermarking pipeline is illustrated in Figure 5.1. Unlike previous semantic-aware water-
marking schemes [57, 74, 75, 122, 159], SEAL enjoys rigorous control of distortion and Type 
I error. 
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In 2154, an advanced artificial 
intelligence named Echo was 
created to assist humans in 
various tasks, from research and 
development to customer service 
and problem-solving. It was 
designed to learn and adapt at an 
exponential rate, making it one of 
the most efficient and effective 
artificial intelligences in the world. 
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secret key 

Bias 

Figure 5.1: SEAL Watermarking pipeline. In the generation phase (indicated by the red 
arrows), the proposal LLM extracts semantic information from the K last tokens. The hash 
function then compresses the semantic information into distribution of random seeds. Finally, 
speculative sampling is adopted to construct the maximal coupling between the distributions 
of random seed and the target LLM’s next-token distribution, and sample the true next token 
using a pseudo-random generator. In the detection phase (indicated by the blue arrows), the 
distribution of random seeds is reproduced, and the same pseudo-random generator (and 
secret key) is invoked to sample the detector’s next token. A text is flagged as machine 
generated if the number of hash collisions exceeds certain threshold, as illustrated by red in 
the text block. 

Theorem 5.1.1 (Informal statement of Theorem 5.2.1). When the bias parameter is set to 
zero, SEAL has zero distortion (it is unbiased). 

Theorem 5.1.2 (Informal statement of Theorem 5.2.2). The Type I error of SEAL is 
upper-bounded by α. 

Experiments on MarkMyWords benchmark [152] show that our watermarking method 
achieves superior efficiency and tamper resistance, and especially outperforms state-of-the-art 
approaches in tamper resistance to paraphrase attacks. 

5.2 From Theory to Practice 

In this section, we present our novel watermarking algorithm, Semantic-awarE speculAtive 
sampLing (SEAL). SEAL incorporates two key theoretical insights: 
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• First, by comparing the instance-dependent watermarking (Theorem 4.4.2) and mini-
max watermarking (Theorem 4.4.10), we observe that the performance of statistical 
watermarking depends on how closely the distribution of random seeds ‘aligns with’ 
the model’s distribution. While the UMP watermark aligns perfectly, it violates the 
model-agnosticity constraint. To overcome this challenge, we leverage a key insight 
that the output distribution of all LLMs should approximate the distribution of human 
language. Therefore, instead of requiring the random seeds to ‘align with’ the model’s 
distribution, we require them to ‘align with’ a distribution for a smaller, open-source 
model. Thus, the random seeds approximately ‘align with’ the model’s distribution, 
without violating the model-agnosticity constraint since the smaller model is open-source 
and available to the detector. This effectively makes the random seeds semantic-aware 
and adaptive to previous tokens. 

• Second, our analysis of both Theorem 4.4.11 and Theorem 4.4.16 reveals that, given an 
appropriate choice of random seeds, optimal watermarking is achieved by constructing 
a maximal coupling between the random seed distribution and the pushforward of the 
token distribution onto the same measure space (see Eq. (C.2) et seq.). This insight 
inspires us to employ speculative sampling [107] to build the joint probability of the 
random seeds and the next tokens, resulting in a maximal coupling between them. As 
a result, we introduce speculative decoding into statistical watermarking paradigms, 
thereby opening up a new direction for future study. 

5.2.1 Methods 

This section discusses two key techniques: semantic-aware random seeds and maximal coupling 
construction via speculative sampling. 

Semantic-aware random seeds 

Proposal model. We apply a proposal model to capture the semantic context of the 
preceding tokens. The proposal model should meet two criteria: (1) it is publicly accessible to 
detectors, and (2) its token space should be (almost) equivalent to that of the watermarked 
model. These criteria are easily met because all language models are trained to fit the same 
distribution of human language and use similar tokenizers. For computational efficiency, we 
recommend using a smaller model. To ensure robustness against attacks, the proposal model 
only attends to the last K tokens, ti−K:i−1, rather than the entire preceding sequence and 
the prompt, thus guaranteeing prompt-agnosticity. The next-token probability distribution 
qi = q(·|ti−K:i−1) from the proposal model serves as a semantic summary of the context. 

Information compression. We sample a random hash function hi from a family of 
hash functions that maps the token space Ωv to a space of hash codes Ωh. This compresses 
the extracted semantic information into a lower-dimensional space, enhancing efficiency and 



CHAPTER 5. SEMANTIC-AWARE STATISTICAL WATERMARKING: SEAL 55 

generality. The random seed lying in Ωh is set as the hash of the proposal model’s output. 
The pushforward measure of qi by hi, defined formally as hi♯qi(A) := qi(h−1 

i (A)), ∀A ⊂ Ωh 

(where h−1 
i (A) := {x : hi(x) ∈ A}), serves as the distribution of random seeds. Therefore, our 

random seeds capture semantic information instead of being drawn from a fixed distribution 
as in previous works [3, 38, 99]. 

Maximal coupling construction 

Speculative sampling. We construct a maximal coupling P between hi♯qi and hi♯ρi, 
where ρi = ρ(·|prompt, t0:i−1) is the next-token distribution from the watermarked model 
ρ. The coupling defines a joint random variable of the random seed and the next token 
whose marginal distributions correspond to their distributions respectively, while a maximal 
coupling is one that maximizes the probability that the random seed matches the hash of the 
next token. We adopt speculative sampling [107] to construct this coupling: first, sample the 
random seed si from hi♯qi; then, assign the next token’s hash code ci to be si with probability 
min (1, hi♯ρi(si)/hi♯qi(si)), otherwise sample ci proportional to max (0, hi♯ρi(·) − hi♯qi(·)); 
finally, sample the next token ti from the conditional distribution ρi(·|h(ti) = ci). 

Bootstrapping efficiency with logits bias. Following Kirchenbauer et al. [99], we have 
the flexibility to introduce a bias blogit to the logits corresponding to the random seeds to 
improve the probability of hash collisions. This enhances detection success rates at the cost 
of introducing distortions into the watermarked outputs. Specifically, let l denote the logits of 
next token conditioning on the random seed s. Then the blogit-biased next-token probability 
is given by 

p(j) = 

  

e
(l(j)+blogit)/τ 

Z , h(j) = s 
e l(j)/τ 

Z , otherwise 
(5.1) 

where Z is the normalizing constant and τ is the model temperature. Notably, when the 
cardinality of Ωh is 2 (i.e., a green-red list scenario) and the proposal model’s distribution is 
uniform (i.e., uniform random green list), our biased algorithm reduces to a strengthened 
version of Kirchenbauer et al. [99], because we couple the distribution of the green list with 
the next-token distribution, further increasing the likelihood of green-list tokens. 

Detection rule 

During the detection phase, we replicate the semantic summary qi, the hash function hi, and 
the random seed si, all of which are generated deterministically by the same pseudo-random 
function and secret key used by the watermark generator. The sequence t0:n is flagged as 
machine-generated if the number of hash collisions exceeds a certain threshold: 

n 

i=K 

1(hi(ti) = si) ≥ C (α, {hi♯qi (hi(ti))}n 
i=K ) , (5.2) 
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where the threshold function C (α, {hi♯qi (hi(ti))}n
i=K ) ensures that the Type I error remains 

below α, and the first K tokens serve only to warm up the semantic summary. The threshold 
can be approximated using a Bernoulli concentration inequality or computed exactly via 
dynamic programming. Intuitively, under H0 (not watermarked), the left-hand side is a sum 
of Bernoulli random variables with expectations hi♯qi(hi(ti)), for i = K, . . . , n, respectively. 
Under H1 (watermarked), the expectation of the left-hand side is lower bounded by one 
minus the total variation distance between the proposal and the watermarked models, which 
increases as the proposal model becomes more aligned with the watermarked model. The 
gap between these two cases facilitates our detection. 

Crucially, the detector does not need access to the watermarked model ρ or the prompt. 
This makes SEAL model-agnostic [102], a highly practical feature for real-world applications. 

5.2.2 SEAL: Semantic-awarE speculAtive sampLing 

In this section, we describe SEAL in Algorithm 5.2.1-5.2.2 and explain the parameters in 
Table 5.1. To sample j-th token in the generation phase, we use the proposal model MP 

and the (randomly selected) hashing function hj to sample a random seed sj from hj♯qj (the 
pushforward of qj by hj), where qj is the proposal model’s conditional distribution of the 
next token given the previous K tokens tj−K:j−1 (it is understood that t−K:−1 are the last 
K tokens of the prompt p). Following Aaronson [2], the sampling steps are implemented by 
a pseudo-random generator prg using key key, where the key is computed using the last 
H tokens and the secret key sk. In practice, one may also use external pseudo-randomness 
generator to set the secret keys [102, 152]. We add logits bias blogit to the pre-image of sj 

under mapping h via formula ρj(ω) ← ρj(ω) · e1(hj (ω)=sj )·blogit/τ /Z, ∀ω ∈ Ω0, where Z is the 
normalizing constant. Then, with probability hj♯ρj (sj ) 

h j ♯qj(sj) ∧ 1, the proposal code sj is accepted 
to be the true code cj. Here, hj♯ρj(sj) and hj♯qj(sj) denote the probability of sj under the 
pushforward of target model M and proposal model MP ’s distributions, respectively. If sj is 
not accepted, then we sample the true code cj from the distribution (hj♯ρj − hj♯qj)+. Finally, 
we sample the next token from ρj conditional on the event that the next token hashes to the 
true code cj. 

To detect whether a sequence of tokens y0:n is watermarked, we reproduce the random 
seeds sK:n using the same proposal model MP , pseudo-random generator prg, and secret key 
sk. In the ideal case where the sequence is not perturbed, the seeds sK:n should be exactly 
the same as those in the generation phase since the same key and pseudo-random function 
are used. Then, we check whether the token yj hashes to the code sj , indicated by ξj . Finally, 
we say a subsequence yK:n is watermarked if the following condition holds: 

n 

j=K 

ξ j ≥ 1 − α quantile of the random variable 

  
n 

j=K 

Zj 

  , (5.3) 

where Zj is Bernoulli random variable with expectation hj♯qj(hj(yj)), independently from 
each other. To find the 1 − α quantile, the probability mass function of  n

j=K Zj can be 
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computed iteratively by dynamic programming: 

p1,1 = wi, p1,0 = 1 − wi 

pk+1,l = wK+k · pk,l−1 + (1 − wK+k) · pk,l, (5.4) 

where wj = hj♯qj(hj(yj)) = P(Zj = 1) and pk,−1 = 0, pk,l = 0 (k < l) by default. The dynamic 
program computes the exact Poisson-binomial threshold under H0. Let wj = hj♯qj(hj(yj)) 
and let Zj ∼ Bernoulli(wj) be independent for i = K, . . . , n. The objective is to choose the 
smallest integer threshold 

C 
 
α, {w j}n 

j=K 

 
= min 

   
c : P

  
n 

j=K 

Z j ≥ c 

  ≤ α 

   , 

so that any non-watermarked sequence crosses the threshold with probability at most α. It 
can be verified that pk,l = P 

K+k−1 
j=K Zj = l 

 
. 

Alternatively, we may also use Bernoulli concentration inequalities to approximate the 
threshold: 

n 

j=K 

ξj ≥ (1 + ϵ) · 
n 

j=K 

hj♯qj(hj(yj)) (5.5) 

where ϵ satisfies 

(ϵ − (1 + ϵ) log(1 + ϵ)) · 
n 

j=K 

h j♯qj(h j(yj)) ≤ log α. 

In Table 5.1, we summarize the parameters used in our algorithm. 

5.2.3 Theoretical guarantees 

As a statistical watermarking scheme, SEAL enjoys formal statistical guarantees. One of the 
key properties of SEAL is that it is distortion-free when the bias blogit is set to zero. 

Theorem 5.2.1 (Distortion-freeness). When blogit = 0, the watermark in Algorithm 5.2.1 is 
distortion-free. More precisely, for any sequence t0:j−1 and any token w, 

PSEAL(t j = w|p, t0:j−1) = ρ j(w|p, t0:j−1), 

where PSEAL denotes the next-token probability under the SEAL generation phase, p is the 
prompt, and ρj represents the original model’s next-token distribution. 

This distortion-free guarantee ensures that the watermarked outputs have the same 
marginal distribution as the original model outputs, implying that the quality will not 
degrade after watermarking. Thus, SEAL is able to preserve the fidelity of the watermarked 
text relative to the original, unwatermarked output. 
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Parameter Meaning 

p prompt 

sk secret key 

K attention window length 

H hash window length 

KeyGen (embedded) key generator 

ρj+1 next token distribution 

S EOS token set 

τ temperature of M 

τP temperature of MP 

blogit bias 

MP smaller language model 

M target (watermarked) language model 

prg pseudo-random generator 

H family of hashing functions 

α Type I error 

Table 5.1: Explanation of SEAL parameters. 

Theorem 5.2.2 (False positive control). For any fixed (sub-)sequence y, 

PSEAL(watermarked = True for sequence y) ≤ α, 

where PSEAL denotes the randomness in SEAL detection phase. 

This Type I error guarantee controls the false positive error, ensuring that human-generated 
texts will only be mistakenly flagged as machine-generated with low probability. 

When the proposal LLM is identical to the target LLM, the hash function is the identity 
mapping, and the attention window K is unlimited (consuming the prompt), in which case 
SEAL reduces to the statistically optimal watermark in Theorem 4.1.1, and therefore enjoys 
optimal Type II error. However, this reduction is not agnostic to the target LLM and the 
prompt. Therefore, in practice SEAL does not achieve the optimal Type II error, but still 
improves the statistical efficiency relative to existing work as shown in the next section. 



CHAPTER 5. SEMANTIC-AWARE STATISTICAL WATERMARKING: SEAL 59 

Algorithm 5.2.1 SEAL Generation 

1: procedure Generation(p, τ , τP , blogit, M(·, ·), MP (·, ·), sk, prg(·, ·), K, H, EOS, H) 
2: ▷ Generate a watermarked sequence of tokens t = t0 . . . tj 

3: j ← 0 
4: while True do 
5: qj ← MP (tj−K:j−1, τP ) ▷ Distribution of the j-th token according to MP 

6: ρj ← M(p ∥ t0:j−1, τ) ▷ Distribution of the j-th token according to M 
7: key ← KeyGen(tj−H:j−1; sk) ▷ Compute key by embedded key generator 
8: Sample hj from H under key ▷ Select a random hash function 
9: sj ← prg(h j♯qj , key) ▷ Sample a random seed from hj♯qj under key key 

10: ρj(ω) ← ρj(ω) · e 1(h j (ω)=sj )·blogit/τ /Z, ∀ω ∈ Ω0 ▷ Add bias 
11: Sample u ∼ Unif(0, 1) 

12: if u < hj ♯ρj (sj ) 
hj ♯qj (sj ) then ▷ Speculative decoding 

13: cj ← sj 

14: else 
15: Sample cj ∝ (hj ♯ρj − hj♯qj)+; ▷ Maintain distortion-free 

16: Sample tj from ρj (·|h(tj) = cj) ▷ Conditional on the hash code 
17: if tj /∈ EOS then 
18: j ← j + 1 
19: else 
20: break; 
21: Return t0:j 

5.3 Experiments 

In this section, we present our experimental setup and results. We evaluate the performance 
of our watermarking scheme by comparing it with several baselines. 

5.3.1 Setup 

We select Llama2-7B-chat [189] as the model to be watermarked and Phi-3-mini-128k-
instruct [128] as the proposal model. We evaluate our watermark using the MarkMyWords 
benchmark [152]. 

MarkMyWords is an open-source benchmark designed to evaluate symmetric key 
watermarking schemes. It measures efficiency (watermark strength), quality (impact on 
utility), and tamper-resistance (ability to withstand simple perturbations without quality 
degradation). It has been used to benchmark multiple prior schemes applied to Llama2-7B-
chat [189] and Mistral-7b [88]. Mark My Words performs a grid search over watermarking 
parameters. It selects the set of parameters with the best efficiency, defined as the number of 
tokens needed to detect the watermark at a fixed p-value (0.02 in the original paper) while 
preserving the original model’s generation quality. 
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Algorithm 5.2.2 SEAL Detection 

1: procedure Detection(y, τP , MP (·, ·), α, sk, prg(·, ·), H, EOS, K, H) 
2: ▷ Detect whether a given sequence y is watermarked. 
3: j ← K 
4: while yj / ∈ EOS do 
5: qj ← MP (yj−K:j−1, τP ) ▷ Recompute the probability from MP 

6: key ← KeyGen(yj−H:j−1; sk) ▷ Compute key by embedded key generator 
7: Sample hj from H under key ▷ Select a random hash function 
8: sj ← prg(hj♯qj , key) ▷ Reconstruct the random seed 
9: ξj ← 1 (hj(yj) = sj) ▷ Indicator of if yj hashes to sj 

10: j ← j + 1 

11: if Eq. (5.3) holds then 
12: watermarked = True for yK:n ▷ Detect if yK:n has many hash collisions 
13: else 
14: watermarked = False for yK:n 

15: Return watermarked 

Dataset. MarkMyWords generates 300 outputs spanning three tasks—book summariza-
tion, creative writing, and news article generation—which mimic potential misuse scenarios. 
Outputs are truncated after 1000 tokens. 

Perturbations. Watermarked outputs undergo a set of transformations: (1) character level 
perturbations (contractions, expansions, misspellings and typos); (2) word level perturbations 
(random removal, addition, and swap of words in each sentence, replacing words with 
synonyms); (3) text-level perturbations (paraphrasing, translating the output to another 
language and back). 

Baselines. This section evaluates four watermarking schemes: Distribution Shift [99], 
Exponential [3], Binary [38], and Inverse Transform [102]. 

5.3.2 Comparison to baselines 

In this section, we present a comprehensive comparison of SEAL against these baselines 
in terms of quality, size, and tamper-resistance. We provide here a brief overview of each 
metric—detailed descriptions of which can be found in Section IV of Piet et al. [152]. 

1. Quality measures the utility of the watermarked text. It is computed using Llama-
3 [124] with greedy decoding as a judge model. Quality scores range from 0 to 1. 

2. Size represents the median number of tokens required to detect the watermark at a 
given p-value. All experiments enforce a Type I error constraint of α = 0.02. Lower 
values indicate higher efficiency. 
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3. Tamper-resistance quantifies the resilience of the watermark under simple perturba-
tions. It is measured by the normalized area under the curve (AUC) of the watermark 
success rate versus generation quality under different perturbations. This excludes more 
successful but expensive attacks such as paraphrasing, which we analyze separately in 
Section 5.3.3. 

Table 5.2 shows the metrics of SEAL and the baseline watermarking schemes at different 
sampling temperature settings τ = 0.3, 0.7, 1.0 of the target LLM (see Eq. (5.1) for the 
definition of τ). We do not report results for greedy decoding (τ = 0): one special case of 
SEAL is equivalent to distribution shift in this setting, which is the only functional method at 
this temperature. SEAL is competitive across all metrics, particularly in terms of efficiency 
(size) and tamper-resistance. Although SEAL’s quality is marginally lower than that of some 
baselines (e.g., inverse transform and binary), it remains within an acceptable range and close 
to distribution shift and exponential. SEAL excels in token efficiency, particularly at higher 
temperatures. At temperature τ = 1.0 and τ = 0.7, SEAL requires the fewest tokens to detect 
the watermark, outperforming all other methods, including distribution-shift and exponential. 
Even at lower temperatures (τ = 0.3), SEAL remains highly competitive, requiring only a 
few more tokens than distribution shift while providing maximal tamper-resistance. Unlike 
the baselines, SEAL’s parameters are not specifically tuned for efficiency, suggesting that 
further gains could be achieved with parameter optimization. Notably, SEAL demonstrates 
optimal tamper-resistance of 1.0 across all temperatures, outperforming baseline schemes by 
a large margin. 

5.3.3 Tamper-resistance to paraphrase attacks 

Paraphrase attacks rewrite model outputs using non-watermarked LLMs. Although more 
expensive, these pose a realistic threat given the increasing number of competitive open-
sourced language models. As such, it is important to evaluate watermarking scheme’s 
robustness against these attacks [100, 228]. 

Paraphrasing using GPT-3.5 is a particularly effective attack, removing most watermarks 
from the schemes in Piet et al. [152]. We found SEAL to be more robust against this attack 
than its predecessors. 

Table 5.3 shows the proportion of outputs still watermarked after a paraphrase attack across 
different temperature settings (τ = 0.3, 0.7, 1.0), for SEAL and the two most tamper-resistant 
schemes from Piet et al. [152]. Across all temperatures, SEAL significantly outperforms 
all baseline methods. This improvement can be attributed to SEAL’s use of semantic 
instead of syntactic information from preceding tokens to set the random seed, making the 
watermark more resilient to paraphrasing. Additionally, the ability of distribution-shift to 
survive paraphrasing attacks varies more sharply than SEAL as temperature increases: SEAL 
demonstrates strong tamper-resistance, particularly against paraphrasing attacks. 
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Temp. Scheme Quality (↑) Size (↓) Tamper-resistance (↑) 
Exponential 0.899 ± 0.001 ∞ 0.060 ± 0.040 
Inverse Transform 0.910 ± 0.001 ∞ 0.000 ± 0.000 
Binary 0.905 ± 0.007 ∞ 0.028 ± 0.014 
Distribution Shift 0.894 ± 0.002 47.5 ± 3.5 0.654 ± 0.007 
SEAL 0.893 ± 0.004 57.5 ± 2.5 1.000 ± 0.000 
Exponential 0.901 ± 0.001 178.8 ± 11.0 0.414 ± 0.028 
Inverse Transform 0.908 ± 0.002 524.5 ± 24.7 0.194 ± 0.006 
Binary 0.913 ± 0.002 ∞ 0.298 ± 0.003 
Distribution Shift 0.894 ± 0.005 53.0 ± 2.8 1.000 ± 0.000 
SEAL 0.885 ± 0.003 45.3 ± 1.3 1.000 ± 0.000 
Exponential 0.893 ± 0.002 89.2 ± 2.0 0.807 ± 0.064 
Inverse Transform 0.908 ± 0.002 201.8 ± 6.0 0.444 ± 0.138 
Binary 0.906 ± 0.001 391.3 ± 8.8 0.472 ± 0.030 
Distribution Shift 0.893 ± 0.005 109.0 ± 2.8 0.756 ± 0.004 
SEAL 0.873 ± 0.007 73.3 ± 1.5 1.000 ± 0.000 

0.3 

0.7 

1.0 

Table 5.2: Comparison of SEAL with baselines across quality, size, and tamper-resistance at 
different temperature settings. We compute the mean and standard deviation over different 
private keys. The best result in each category is highlighted in bold. SEAL demonstrates high 
efficiency and tamper-resistance. Its tamper-resistance consistently outperforms baselines 
and its efficiency outperforms baselines at higher temperatures. 

Scheme / Temperature 0.3 0.7 1 

Exponential 0.015 ± 0.007 0.054 ± 0.007 0.152 ± 0.035 
Distribution Shift 0.093 ± 0.007 0.250 ± 0.035 0.113 ± 0.007 
SEAL 0.372 ± 0.028 0.480 ± 0.069 0.314 ± 0.014 

Table 5.3: Proportion of benchmark outputs still watermarked after paraphrasing, for SEAL, 
distribution-shift and exponential schemes. SEAL consistently achieves high tamper-resistance 
and significantly outperforms the baselines at all temperatures. 

5.4 Conclusion 

In this chapter, we have advanced the understanding of watermarking in large language 
models (LLMs) through practical algorithm design. Building on the theoretical insights in 
Chapter 4, we introduced SEAL (Semantic-aware Speculative Sampling), a novel watermarking 
algorithm that achieves both high efficiency and robustness. SEAL leverages semantic-
aware random seeds, making it more resilient to paraphrase attacks compared to earlier 
methods. Additionally, SEAL’s use of maximal coupling via speculative sampling allows it 
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to achieve greater efficiency, particularly at higher temperatures. These advantages make 
SEAL especially well-suited for practical, real-world applications where the persistence of 
watermarks under adversarial conditions is crucial. 

While SEAL shows promising results for watermarking LLM outputs, SEAL’s water-
marking approach involves inference on a smaller model, which can slow down the overall 
inference and detection speed. This opens up several new directions for future study, including 
embedding statistical watermarks in advanced speculative decoding techniques and theoretical 
guarantees against adversaries. 
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Chapter 6 

Anytime-Valid Statistical 
Watermarking 

This chapter addresses the reliance on fixed-horizon statistical watermarking by developing 
the first e-value-based watermarking framework, Anchored E-Watermarking, that unifies 
optimal sampling with anytime-valid inference and valid early stopping. Unlike traditional 
approaches where optional stopping invalidates Type-I error guarantees, the framework 
enables valid, anytime-inference by constructing a test supermartingale for the detection 
process. By leveraging an anchor distribution to approximate the target model, this chapter 
characterizes the optimal e-value with respect to the worst-case log-growth rate and derives 
the optimal expected stopping time. The theoretical claims are substantiated by simulations 
and evaluations on established benchmarks, showing that the framework can significantly 
enhance sample efficiency, reducing the average token budget required for detection by 13–15% 
relative to state-of-the-art baselines. 

6.1 Introduction 

Despite the successes of statistical watermarking, state-of-the-art schemes remain constrained 
by two fundamental limitations. First, the design of generation and detection schemes lacks a 
unifying guiding principle. SEAL utilizes a hashed green-red-list seed heuristic adapted from 
Kirchenbauer et al. [99], but lacks rigorous justification. This calls for a characterization of 
optimal generation and detection schemes under given anchor distributions. Second, there 
exists a methodological disconnect between generation and detection. While text generation is 
inherently autoregressive and variable in length, current detection paradigms are fixed-horizon 
and ad hoc. In practice, for example, a detector may wish to process a stream of tokens and 
stop as soon as confidence is high. However, with the standard statistical paradigm based on 
p-values, it is not allowed to continuously monitor the test statistic and decide when to stop 
based on the current value—this is known as “p-hacking” and it invalidates the Type-I error 
guarantee. This inability to perform post-hoc sequential analysis severely limits detection 
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efficiency. These gaps highlight a critical research challenge: 

How can we design provably efficient watermarking schemes leveraging anchor distributions 
that allow for valid early stopping? 

In this chapter, we provide the first formal resolution to this question. We formulate 
the problem of Anchored E-Watermarking, where both the generator and detector share 
access to an anchor distribution p0, aiming to watermark a family of distributions in the 
δ-proximity of p0. Departing from classical p-value analysis, we adopt e-values as the central 
detection paradigm. E-values [171, 192, 193] are nonnegative random variables E satisfying 
EH0 [E] ≤ 1 under the null. Unlike p-values, e-values arise from supermartingales, and it 
is therefore possible to preserve Type-I error guarantees under optional stopping based on 
ongoing analysis of data. We analyze the optimal e-value for watermark detection with 
respect to the worst-case log-growth rate [94] and the expected stopping time [68, 202], thus 
fully characterize the average per-step growth rate of evidence and sample efficiency. Our 
main theoretical contributions are summarized informally as follows: 

Theorem 6.1.1 (Informal version of Theorem 6.4.1 and Theorem 6.4.3). The optimal 
worst-case log-growth rate EH1 [log E] under the alternative H1 is given by: 

J ∗ = h + 1− 
δ 
2 

 

log 1− 
δ 
2 

 

+ 
δ 
2 

log 
δ 

2(n − 1) 

 

, 

where h = H(p0) is the Shannon entropy of the anchor distribution p0, n is the cardinality of 
the sample space, and δ > 0 is a robustness tolerance parameter. Furthermore, the optimal 
expected stopping time to achieve a Type-I error α scales as log(1/α) 

J∗ . 

To the best of our knowledge, this result presents the first application of e-values to the 
domain of statistical watermarking. By enabling valid sequential testing, our framework 
significantly improves detection efficiency, allowing the system to flag machine-generated 
text with fewer tokens than fixed-horizon counterparts. With the ability to early-stop, this 
sequential paradigm enhances robustness against adaptive attacks: because the detector can 
terminate immediately upon accumulating sufficient evidence, the watermark remains effective 
even if the attacker perturbs the text heavily in later segments (post-stopping). Consequently, 
our approach offers a theoretically rigorous and practically superior alternative to existing 
heuristic detection methods. Through experiments on real watermarking benchmark [152], 
we show that the theoretical scheme implied by Theorem 6.1.1 achieves consistently higher 
sample efficiency than state-of-the-art methods, reducing the token consumption by 13-15% 
across various temperature settings. 
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6.2 From Fixed-Horizon Watermarking to Anytime 
Detection 

In this section, we give a recap of the statistical watermarking framework from Chapters 4 
and 5 and set up the notations used in this chapter. 

Statistical watermarking as a hypothesis testing problem. Formally, statistical 
watermarking is cast as a hypothesis testing problem. Let q denote the target distribution 
over the sample space V, and let S represent the space of pseudorandom seeds. The 
watermarking protocol modifies the standard decoding mechanism of the LLM such that 
the output tokens V ∈ V and the pseudorandom seeds S ∈ S are sampled jointly from a 
watermarked distribution PW . 

The detection task seeks to determine whether an observed sequence v1:T = (v1 , . . . , vT ) 
was generated by the watermarked model. We write the sequential detector as DT : VT ×ST → 
{Watermarked, Unwatermarked}. At each time t, the detector reconstructs the seed st from 
the secret key and computes a one-step score; the final decision is based on the accumulated 
evidence across the sequence. This reduces to testing for independence between the token 
sequence v1:T and the reconstructed seed sequence s1:T . We define the null and alternative 
hypotheses following Chapter 4: 
• Null hypothesis H0: The sequence v1:T is generated independently of the seeds s1:T 

(e.g., by a human or an unwatermarked model). 
• Alternative hypothesis H1: The token-seed pairs (vt , st)T

t=1 are sampled from the joint 
watermarked mechanism, implying they come from the watermarked model. 
It is important to distinguish this distributional watermarking approach from classical 

instance-level watermarking techniques applied to static media, such as images or audio [41]. 
While classical methods embed a signature into a specific, fixed outcome (post-generation), 
statistical watermarking modifies the stochastic sampling process itself, ensuring that any 
realization from the model carries the statistical evidence of its origin without requiring rigid 
alterations to the final output. 

Statistical guarantees. A robust watermarking scheme is characterized by its ability to 
provide three fundamental guarantees. 

First, to preserve generation quality and ensure watermarked content remains indistin-
guishable from ordinary samples, the distance (e.g., KL-divergence) between the watermarked 
distribution PW and the original target distribution q must be minimized. Ideally, we seek a 
scheme that introduces zero distributional shift [77]. 

Definition 6.2.1 (Distortion-free). A watermark is considered distortion-free (or unbiased) 
if the outcome marginal of the watermarked distribution PW matches the target distribution 
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q. Formally, a distortion-free watermark satisfies: 

PW (A × S) = q(A), ∀A ⊆ V . 

Second, it is often required in practice that the detector operates without access to the 
watermarked distribution since the underlying model’s parameters are generally unknown 
to the detector. This means that the detection scheme needs to be designed for a family of 
target distributions in a model-agnostic way [102], leading to the next concept. 

Definition 6.2.2 (Model-agnosticity). A watermark is model-agnostic if the seed-marginal 
of PW is chosen independently of the target distribution q. That is, the distribution of seeds 
S does not depend on the model’s logits. 

Third, the reliability of the watermark is quantified by standard statistical error rates. 
The Type I error (false positive rate) measures the probability of incorrectly identifying 
non-watermarked text (e.g., human-written) as watermarked. Given the high stakes of false 
accusations (e.g., in academic integrity), this error must be bounded by a small significance 
level α: 

PH0 

 
DT (V 1:T , S 1:T ) = Watermarked 

 
≤ α. 

The Type II error (false negative rate) measures the probability that watermarked text fails 
to be detected. Minimizing this error is equivalent to maximizing the statistical power of the 
test. For a target error rate β, we require: 

PH1 

 
DT (V 1:T , S 1:T ) = Unwatermarked 

 
≤ β. 

6.2.1 Sequential hypothesis testing and e-values 

Consider a measurable space (Ω, F) and a family of probability distributions P. We are 
interested in testing a null hypothesis H0 : P ∈ P0 ⊂ P against an alternative H1 : P ∈ P1 = 
P \ P0. An e-value is a random variable whose expectation is bounded by unity under the 
null hypothesis [192]. 

Definition 6.2.3 (E-value). A nonnegative random variable E is an e-value for H0 if for all 
P ∈ P0, 

EP [E] ≤ 1. 

Intuitively, an e-value represents the amount of wealth a gambler would have after betting 
against the null hypothesis, in a game where the game is fair or unfavorable under H0, and 
starting with an initial wealth of one. On the other hand, if E becomes large, this suggests 
that the null hypothesis is unlikely to be true. 
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Sequential evidence and stopping time guarantees. The primary advantage of e-
values lies in their behavior regarding stopping times. In a sequential setting, we are given 
a filtration (Ft)t≥0 and construct a sequence of e-values (Et)t≥0. If (Et)t≥0 is a nonnegative 
supermartingale with respect to the null distributions (often called a test martingale), it allows 
for anytime-valid inference. This property derives from Ville’s inequality, a time-uniform 
generalization of Markov’s inequality. 

Theorem 6.2.4 (Ville’s inequality). Let (Et)t≥0 be a nonnegative supermartingale with respect 
to P ∈ P0 such that E0 ≤ 1. Then for any α ∈ (0, 1), 

P 
 

∃t ≥ 0 : Et ≥ 
1
α 

 

≤ α. 

This result guarantees that a researcher can track the e-value process continuously and 
stop at any data-dependent time τ (a stopping time) while maintaining Type-I error control. 
Specifically, EP [Eτ ] ≤ 1 holds for any stopping time τ (possibly unbounded), a kind of 
guarantee which is not available for p-values. 

6.3 Problem Formulation 

In this section, we formulate the problem of Anchored E-Watermarking. Similar to statistical 
watermarking, the goal is to embed statistical signals into samples from a target distribution 
to enable detection. However, in Anchored E-Watermarking, the generator and the detector 
share access to an anchor distribution that serves as a robust a priori estimate of the target 
distribution. This setting is common in practice and used in Chapter 5; for example, when 
watermarking Large Language Models or image generators, the target distribution is known to 
be human language or natural images, respectively. Consequently, watermarking efficacy can 
be improved by leveraging this structure. Besides, Anchored E-Watermarking uses e-values 
for detection, thus enjoying improved efficiency in sequential testing. In the following, we 
introduce the specific components of Anchored E-Watermarking. 

Anchor distribution. In the Anchored E-Watermarking framework, we assume that both 
the generator and the detector share access to an anchor distribution p0 ∈ ∆(V), which is 
in the same probability simplex as the target distribution q. This p0 serves as the best a 
priori estimate of the target distribution. For instance, in the context of watermarking Large 
Language Models (LLMs), p0 could be an open-source, smaller-scale LLM such as Qwen3-
8B [212]. Leveraging its role as a known reference, we designate p0 as the marginal distribution 
for the watermark signal (or random seed), denoted as s. Therefore, the seed space S is 
equal to V in our framework. Throughout the chapter, we assume p0 satisfies the condition 
infv∈V p0(v) > δ 1 for a positive robustness tolerance parameter δ. This condition ensures p0 

1Here V denotes the finite alphabet on which the watermark is actually applied, not necessarily the raw 
tokenizer vocabulary. Following the green-red list scheme [99], raw tokens are mapped to a small number of 
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has enough randomness as required for watermarking [2] and that the δ-neighborhood defined 
below is a strict subset of the probability simplex. 

Target distribution. The target distribution q ∈ ∆(V) represents the desired distribution 
from which (watermarked) output samples v are generated. Consistent with the definition of 
the anchor, we premise that q remains sufficiently proximal to p0. Formally, we assume q 
resides within the δ-neighborhood of the anchor: 

Q(p0, δ) = {q ∈ ∆(V) : ∥q − p0∥1 ≤ δ} . 

Here ∥ · ∥1 is the ℓ1 distance and the radius δ > 0 represents a robustness tolerance parameter 
that controls how the true target distribution q can deviate from the anchor. This assumption 
holds for most practical statistical watermarking scenarios; for example, in the LLM domain, 
high-performing models tend to converge towards the same underlying distribution of natural 
language, resulting in low statistical divergence between them. 

Generator. The objective of the generator is to sample an output v from the target 
distribution q while embedding a statistical signal s. To achieve this, the generator constructs 
a joint distribution (or coupling) w over v and s, subject to the constraint that the marginals 
recover the target and anchor distributions, respectively. The feasible set of valid couplings is 
defined as: 

P(p0, q) = 

 

w ∈ ∆(V × V) : 
 

s∈V 

w(v, s) = q(v), 
 

v∈V 

w(v, s) = p0(s) 
 

. 

Note that the generator has access to q, as is common in practice (e.g., when the generator is 
a service provider). During generation, the system samples the outcome v and the signal s 
jointly from w. This procedure ensures that the marginal distribution of the outcome v is 
unbiased (satisfying Definition 6.2.1), while the watermark signal is embedded within the 
statistical dependency between v and s. 

E-value. In the detection phase, the detector sequentially receives an outcome-signal pair 
(v, s) and computes an e-value e(v, s) ≥ 0. The objective is to distinguish between the 
following one-step hypotheses: 

H0 : v ∼ q and s ∼ p0 are sampled independently, 

H1 : (v, s) are sampled from the joint coupling w. 

The null distribution q is arbitrary; in particular, human text need not lie in Q(p0, δ). To 
guarantee Type-I error at most α, the e-value must have expectation at most one under every 

partition cells, and p0 and q are distributions over the partitions. Therefore, the partition-level condition 
infv∈V p0(v) > δ is expected to hold in general. 
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such null: 

sup 
q∈∆(V) 

Ev∼q, s∼p0 [e(v, s)] ≤ 1. (6.1) 

The set Q(p0, δ) is used below for alternative-side power analysis, not for null validity. We 
let E denote the set of all nonnegative functions e : V × V → R satisfying Eq. (6.1). 

The process above describes a single conditional generation step. In an autoregressive 
model, all distributions are conditional on the history Ft−1: the anchor and target become 
pt

0(·) = p0(· | Ft−1) and qt(·) = q(· | Ft−1), and the detector uses the conditional e-value 
et(vt , st) induced by pt

0. Since 
 

s p
t
0(s)et(v, s) ≤ 1 holds conditionally for every v, the product 

of one-step e-values is a test supermartingale under H0. 

6.3.1 Robust log-optimality 

While the definition of an e-value ensures validity (safety) under the null, it does not guarantee 
power (growth) under the alternative. To reject H0 effectively, we desire the e-value to be 
large when the data is generated from the alternative distribution H1. The standard criterion 
for selecting an e-value is log-optimality, often referred to as the “Kelly criterion” in the 
finance literature [94]. This approach seeks to maximize the expected logarithmic growth rate 
of evidence against the null, under the alternative. For simple hypotheses where P0 = {P} 
and P1 = {Q}, the likelihood ratio e ∗ = dQ 

dP is log-optimal, such that 

EQ[log e ∗] ≥ EQ[log e] 

for any valid e-value e. 
In Anchored E-Watermarking, the alternative is defined by the joint coupling w constructed 

by the generator. However, since the target distribution q lies in a set Q(p0, δ) that is unknown 
to the detector (i.e., the designer of the e-value), we must optimize the worst-case log-growth 
rate over arbitrary q ∈ Q(p0, δ). This gives rise to the following robust log-optimality problem. 

Problem 6.3.1 (Robust log-optimality). An e-value e is robust log-optimal in Anchored 
E-Watermarking if it optimizes the following objective: 

sup 
e∈E 

inf 
q∈Q(p0,δ) 

sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · log e(v, s). (6.2) 

In this formulation, the objective 
 

w(v, s) log e(v, s) represents the log-growth rate under 
the alternative. The inner maximization supw∈P(p0,q) reflects the generator’s optimization of 
the coupling w given knowledge of q; the minimization infq∈Q(p0,δ) enforces robustness against 
the worst-case target distribution in the family; and the outer maximization supe∈E seeks the 
optimal detector without access to q subject to model-agnosticity (Definition 6.2.2). 
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Remark 6.3.2 (Relationship to growth rate optimality in the worst case (GROW) [68]). 
GROW studies the worst-case optimal expected capital growth rate under a composite null 
P0 and alternative P1: 

GROW(P1) = sup 
E∈E(P0) 

inf 
θ∈P1 

EPθ [log E], 

where E(P0) is the set of all valid e-values for the null. If the generator were fixed as a map 
q → wq, then Eq. (6.2) would reduce to a GROW problem over the induced alternative family 
{wq : q ∈ Q(p0, δ)}. Our formulation generalizes GROW because the generator is optimized 
actively through the inner maximization over couplings. 

6.3.2 Stopping time 

While Problem 6.3.1 addresses the one-step growth rate, it remains to analyze the sample 
complexity of the framework. In the context of sequential hypothesis testing, sample efficiency 
is characterized by the stopping time τα = inf {n ∈ Z+ : Wn ≥ log(1/α)} under the alternative, 
where 

Wn = 
n 

t=1 

log e(v t , s t), 

is the accumulated wealth process. This quantity represents the number of samples required 
to reject the null hypothesis. We consider a stochastic process µ(A, G) governed by the 
interaction between an adversary A and a generator G. At each step t ∈ Z+: 
• The adversary A selects a conditional target distribution qt ∈ Q(pt

0, δ) based on the 
e-value and the history (v1, s1), . . . , (vt−1, st−1); 

• The generator G specifies the joint coupling wt ∈ P(pt
0, q

t) and draws (vt , st) ∼ wt . 
Due to the adaptive nature of the adversary, the outcome sequence v1 , v2 , . . . may be 

generated autoregressively, conditional on previous outcomes. This formulation extends 
the i.i.d. setting of Chapter 4 to arbitrary dependent distributions. In this setting, we 
write the stopping time as τα(e) to highlight the dependence on the e-value e. In the 
context of sequential testing [21, 39, 93, 172, 202], the expected stopping time E[τα] typically 
scales linearly with log(1/α), modulated by an information-theoretic quantity capturing the 
complexity of the testing problem. Therefore, we are explicitly interested in the following 
question: 

Problem 6.3.3 (Sample efficiency). For any e-value e satisfying the constraint in Eq. (6.1), 
define its sample complexity by 

SC(e) = sup 
A 

inf 
G 

lim 
α→0 

Eµ(A,G)[τα(e)] 
log(1/α) . 

We are interested in identifying the e-value that minimizes this sample complexity. 



CHAPTER 6. ANYTIME-VALID STATISTICAL WATERMARKING 72 

This formulation is stronger than the classical expected stopping-time setting because the 
adversary may alter the conditional target distribution at each time step. Thus samples need 
not be i.i.d., which is essential for autoregressive language-model watermarking. 

6.4 Theoretical Results 

In this section, we answer the questions posed in the previous section. We first derive the 
optimal detector for the single-step decision problem and then extend this analysis to the 
sequential setting to characterize the fundamental limit of sample efficiency. Let n denote 
the cardinality of the sample space V and ev denote the one-hot vector (i.e., Dirac measure) 
that assigns mass 1 to v ∈ V . 

6.4.1 Optimal log-growth rate 

We begin by solving the robust log-optimality problem defined in Problem 6.3.1. The 
following theorem provides a closed-form solution for both the optimal e-value and the 
worst-case-optimal generator behavior. 

Theorem 6.4.1 (Log-growth rate). The optimal e-value that solves Eq. (6.2) is 

e ∗(v, s) = 

  

1−δ/2 
p0(s) , s = v, 

δ 
2(n−1)p0(s) , s ̸= v, 

(6.3) 

where n = |V|. In particular, the middle infimum over q ∈ Q(p0, δ) is attained at qa,b = 
p0 + δ 

2(ea − eb), (a ̸ = b), and its optimal generator for the inner maximization is given by the 
maximal coupling 

w ∗ 
a,b = diag(p0) + 

δ 
2 

 
eae⊤ 

b − ebe⊤ 
b 

 
. (6.4) 

The optimal robust log-growth rate is 

J ∗ = H(p0) + 1− 
δ 
2 

 

log 1− 
δ 
2 

 

+ 
δ 
2 

log 
δ 

2(n − 1) 

 

. (6.5) 

The result in Equation (6.5) fundamentally expresses the optimal worst-case growth rate of 
e-values in Anchored E-Watermarking. The first term is the entropy of the anchor distribution, 
which formalizes the intuition that watermarking is easier for higher-entropy anchors. The 
remaining terms equal −H(νδ), where νδ = (1 − δ/2, δ/(2(n − 1)), . . . , δ/(2(n − 1))) ∈ ∆([n]). 
Thus the rate can be written as H(p0) − H(νδ), an entropy-gap analogue of the mutual 
information of a symmetric additive-noise channel. 
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Remark 6.4.2 (Relationship to SEAL). SEAL uses a smaller language model as p0 and 
speculative decoding as the generator. For the optimal detector e ∗ , the generator-side inner 
problem is to maximize the diagonal mass of a coupling between q and p0, which is exactly 
the maximal-coupling principle implemented by speculative decoding, confirming SEAL’s 
choice of generator. On worst-case boundary points of Q(p0, δ) this reduces to the explicit 
coupling in Eq. (6.4). Our contribution relative to SEAL is therefore the optimal e-value 
detector and its anytime-valid sequential analysis. 

6.4.2 Sample efficiency 

Having characterized the one-step optimal growth rate, we now analyze the long-term 
performance of the watermark in a sequential setting. The following theorem connects the 
log-growth rate J∗ to the sample complexity required to reject the null hypothesis against an 
adaptive adversary. 

Theorem 6.4.3 (Expected stopping time). Let µ(A, G) be the stochastic process in Prob-
lem 6.3.3, and let τα(e) be the stopping time for e-value e. Let J∗ be defined in Eq. (6.5). 
Then: 
• Lower bound (converse): For any valid e-value e ∈ E , 

sup 
A 

inf 
G 

lim inf 
α↓0 

Eµ(A,G)[τα(e)] 
log(1/α) ≥ 

1 
J∗ 

. 

• Upper bound (achievability): For e ∗ in Theorem 6.4.1, 

sup 
A 

inf 
G 

lim sup 
α↓0 

Eµ(A,G)[τα(e ∗)] 
log(1/α) ≤ 

1 
J∗ 

. 

Consequently, e ∗ achieves the optimal first-order sample complexity 1/J∗ . 

Theorem 6.4.3 establishes 1/J∗ as the fundamental information-theoretic limit of first-
order sample complexity for Anchored E-Watermarking. The optimal one-step e-value is 
therefore also optimal for sequential testing against an adaptive adversary, provided the 
conditional target distributions remain within the configured δ-neighborhood of the anchor. 
Remark 6.4.4 (Relationship with the rates in Chapter 4). Chapter 4 shows that the minimum 
number of samples required to watermark with Type I error α scales as log(1/α) · log(1/h) 

h , 
where h is the average entropy per token. While our rate log(1/α) 

h
has the same scaling in 

terms of α, its dependence on the entropy h is improved. This is because Chapter 4 studies 
an asymptotic regime where h → 0, while we fix an anchor distribution with lower bounded 
entropy arising from the condition infv∈V p(v) > δ. 
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6.5 Experiments 

6.5.1 Experiments on real data 

We evaluate the performance of our watermarking scheme in Theorem 6.4.1 by comparing it 
with several baselines on a real watermarking task. 

Setup. We select Llama2-7B-chat [189] with temperature 0.7 as target distribution (i.e., 
the model to be watermarked) and Phi-3-mini-128k-instruct [128] as the anchor distribution. 
We evaluate our watermark using the MarkMyWords benchmark [152]. 

Results. In this section, we present a comprehensive comparison of our method against 
these baselines in terms of quality and size. Quality measures the utility of the watermarked 
text. It is computed using Meta-Llama-3-8B-Instruct [124] with greedy decoding as a judge 
model, and ranges from zero to one. Size represents the median number of tokens required to 
detect the watermark at significance level α. All experiments enforce a Type-I error constraint 
of α = 0.02. Lower values indicate higher efficiency. We compare against five state-of-the-art 
watermarking schemes: “Distribution Shift” [99], “Exponential” [3], “Binary” [38], “Inverse 
Transform” [102], and SEAL. 

Scheme Quality (↑) Size (↓) 
Exponential 0.907 ∞ 
Inverse Transform 0.917 734.0 
Binary 0.919 ∞ 
Distribution Shift 0.912 145.0 
SEAL 0.901 84.5 
Our e-value scheme 0.919 72.0 

Table 6.1: Comparison of our e-value-based water-
marking scheme in Theorem 6.4.1 with baselines 
across quality and size. We report the median over 
different private keys. The best result in each cat-
egory is highlighted in bold. ∞ size suggests over 
half of the watermarked generations fail to be de-
tected. E-value-based watermarking demonstrates 
higher efficiency compared with all baselines. 

As shown in Table 6.1, our Anchored 
E-Watermarking framework significantly 
outperforms baseline methods in terms 
of detection efficiency while maintain-
ing high generation quality. Specifically, 
our method improves over SEAL, con-
firming the superiority of the optimal 
e-value. Furthermore, we achieve nearly 
2× speed improvement (from 145 to 
72.0 tokens) compared to the best non-
anchored baseline. Crucially, this effi-
ciency gain does not come at the cost 
of text quality: the quality score of our 
method remains competitive with the 
baselines, demonstrating that E-value-
based watermarking offers a superior 
trade-off between detectability and util-
ity. Additional experiment results and 
hyperparameter setups are deferred to 
Appendix E.4. 
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6.6 Conclusion 

This chapter introduces Anchored E-Watermarking, an e-value-based watermarking framework 
that unifies optimal sampling with anytime-valid inference. Theorem 6.4.1 characterizes the 
optimal e-value e ∗ and the worst-case log-growth rate J∗ in closed form, and Theorem 6.4.3 
establishes a matching converse identifying log(1/α)/J∗ as the fundamental sample-complexity 
limit, even against an adaptive adversary that varies the target distribution within Q(p0, δ). 
On MarkMyWords, the resulting detector reduces the median detection size by 13–15% 
relative to the strongest baseline while preserving generation quality and Type-I error control. 

Our framework has three principal limitations, each suggesting a direction for future 
work. First, the log-growth optimality of e ∗ requires the target to lie in the ℓ1 ball Q(p0, δ) 
around a shared anchor; relaxing this to richer divergence balls (KL or Wasserstein) and to 
online-adapted anchors would broaden applicability. Second, the theory operates on a coarse 
partition of the vocabulary, leaving an open gap to the full-token regime in which infv p0(v) 
may vanish. Third, our analysis targets sample efficiency rather than robustness against 
semantic attacks; coupling anytime-valid testing with explicit robustness guarantees, and 
extending the framework beyond text to image and code generation, remain natural next 
steps. 
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[141] Alexander Novikov, Ngân Vũ, Marvin Eisenberger, Emilien Dupont, Po-Sen Huang, 
Adam Zsolt Wagner, Sergey Shirobokov, Borislav Kozlovskii, Francisco J. R. Ruiz, 
Abbas Mehrabian, M. Pawan Kumar, Abigail See, Swarat Chaudhuri, George Holland, 
Alex Davies, Sebastian Nowozin, Pushmeet Kohli, and Matej Balog. Alphaevolve: A 
coding agent for scientific and algorithmic discovery. arXiv preprint arXiv:2506.13131, 
2025. 

[142] OpenAI. GPT-4 technical report, 2023. 

[143] OpenAI. Openai o3-mini, 2025. URL https://openai.com/index/openai-o3-mini/. 

[144] OpenAI. Openai o1 system card, 2026. URL https://arxiv.org/abs/2412.16720. 

[145] OpenAI. GPT Image 2 model, 2026. URL https://developers.openai.com/api/ 
docs/models/gpt-image-2. Accessed: 2026-06-11. 

[146] OpenAI. Introducing GPT-Rosalind for life sciences research, April 2026. URL 
https://openai.com/index/introducing-gpt-rosalind/. Accessed: 2026-06-11. 

[147] OpenAI. Planar point sets with many unit distances, 2026. URL https://cdn.openai. 
com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf. 
Accessed: 2026-06-10. 

[148] OpenClaw. OpenClaw – personal AI assistant, 2026. URL https://openclaw.ai/. 
Accessed: 2026-06-14. 

[149] Jingyang Ou, Shen Nie, Kaiwen Xue, Fengqi Zhu, Jiacheng Sun, Zhenguo Li, and 
Chongxuan Li. Your absorbing discrete diffusion secretly models the conditional 
distributions of clean data. arXiv preprint arXiv:2406.03736, 2024. 

[150] Jorge Pérez, Pablo Barceló, and Javier Marinkovic. Attention is turing-complete. 
Journal of Machine Learning Research, 22(75):1–35, 2021. 

[151] Aleksandar Petrov, Philip HS Torr, and Adel Bibi. Prompting a pretrained transformer 
can be a universal approximator. In Proceedings of the 41st International Conference 
on Machine Learning, pages 40523–40550, 2024. 

[152] Julien Piet, Chawin Sitawarin, Vivian Fang, Norman Mu, and David Wagner. Mark 
my words: Analyzing and evaluating language model watermarks. arXiv preprint 
arXiv:2312.00273, 2023. 

https://arxiv.org/abs/2411.03590
https://arxiv.org/abs/2411.03590
https://openai.com/index/openai-o3-mini/
https://arxiv.org/abs/2412.16720
https://developers.openai.com/api/docs/models/gpt-image-2
https://developers.openai.com/api/docs/models/gpt-image-2
https://openai.com/index/introducing-gpt-rosalind/
https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf
https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf
https://openclaw.ai/


BIBLIOGRAPHY 91 

[153] Mihir Prabhudesai, Mengning Wu, Amir Zadeh, Katerina Fragkiadaki, and Deepak 
Pathak. Diffusion beats autoregressive in data-constrained settings. arXiv preprint 
arXiv:2507.15857, 2025. 

[154] Jiahao Qiu, Yifu Lu, Yifan Zeng, Jiacheng Guo, Jiayi Geng, Huazheng Wang, Kaixuan 
Huang, Yue Wu, and Mengdi Wang. Treebon: Enhancing inference-time alignment 
with speculative tree-search and best-of-n sampling. arXiv preprint arXiv:2410.16033, 
2024. 

[155] Yuxiao Qu, Matthew YR Yang, Amrith Setlur, Lewis Tunstall, Edward Emanuel 
Beeching, Ruslan Salakhutdinov, and Aviral Kumar. Optimizing test-time compute via 
meta reinforcement fine-tuning. arXiv preprint arXiv:2503.07572, 2025. 

[156] Alec Radford, Jong Wook Kim, Chris Hallacy, Aditya Ramesh, Gabriel Goh, Sand-
hini Agarwal, Girish Sastry, Amanda Askell, Pamela Mishkin, Jack Clark, Gretchen 
Krueger, and Ilya Sutskever. Learning transferable visual models from natural language 
supervision, 2021. URL https://arxiv.org/abs/2103.00020. 

[157] Naina Raisinghani. Nano Banana 2: Combining pro capabilities with lightning-
fast speed, February 2026. URL https://blog.google/innovation-and-ai/ 
technology/ai/nano-banana-2/. Accessed: 2026-06-11. 

[158] Aaditya Ramdas, Peter Grünwald, Vladimir Vovk, and Glenn Shafer. Game-theoretic 
statistics and safe anytime-valid inference. Statistical Science, 38(4):576–601, 2023. doi: 
10.1214/23-sts894. 

[159] Jie Ren, Han Xu, Yiding Liu, Yingqian Cui, Shuaiqiang Wang, Dawei Yin, and Jil-
iang Tang. A robust semantics-based watermark for large language model against 
paraphrasing. In Findings of the Association for Computational Linguistics: NAACL 
2024, pages 613–625, Mexico City, Mexico, 2024. Association for Computational Lin-
guistics. doi: 10.18653/v1/2024.findings-naacl.40. URL https://aclanthology.org/ 
2024.findings-naacl.40/. 

[160] Stefano Giovanni Rizzo, Flavio Bertini, and Danilo Montesi. Fine-grain watermarking 
for intellectual property protection. EURASIP Journal on Information Security, 2019: 
1–20, 2019. 

[161] Herbert E. Robbins. Some aspects of the sequential design of experiments. Bulletin of 
the American Mathematical Society, 58(5):527–535, 1952. 

[162] Daniel Russo and Benjamin Van Roy. Learning to optimize via information-directed 
sampling. Operations Research, 66(1):230–252, 2018. 

[163] Rounak Saha, Gurusha Juneja, Dayita Chaudhuri, Naveeja Sajeevan, Nihar B. Shah, 
and Danish Pruthi. Policies permitting LLM use for polishing peer reviews are currently 
not enforceable, 2026. URL https://arxiv.org/abs/2603.20450. 

https://arxiv.org/abs/2103.00020
https://blog.google/innovation-and-ai/technology/ai/nano-banana-2/
https://blog.google/innovation-and-ai/technology/ai/nano-banana-2/
https://aclanthology.org/2024.findings-naacl.40/
https://aclanthology.org/2024.findings-naacl.40/
https://arxiv.org/abs/2603.20450


BIBLIOGRAPHY 92 

[164] Subham Sekhar Sahoo, Marianne Arriola, Yair Schiff, Aaron Gokaslan, Edgar Mariano 
Marroquin, Justin T Chiu, Alexander M Rush, and Volodymyr Kuleshov. Simple 
and effective masked diffusion language models. Advances in Neural Information 
Processing Systems, 37:130136–130184, 2024. URL https://openreview.net/forum? 
id=L4uaAR4ArM. 

[165] Ryoma Sato, Yuki Takezawa, Han Bao, Kenta Niwa, and Makoto Yamada. Embarrass-
ingly simple text watermarks. arXiv preprint arXiv:2310.08920, 2023. 

[166] Timo Schick, Jane Dwivedi-Yu, Roberto Dessi, Roberta Raileanu, Maria Lomeli, Luke 
Zettlemoyer, Nicola Cancedda, and Thomas Scialom. Toolformer: Language models 
can teach themselves to use tools, 2023. URL https://arxiv.org/abs/2302.04761. 

[167] Andrew Sellergren, Sahar Kazemzadeh, Tiam Jaroensri, Atilla Kiraly, Madeleine 
Traverse, Timo Kohlberger, Shawn Xu, Fayaz Jamil, Cían Hughes, Charles Lau, Justin 
Chen, Fereshteh Mahvar, Liron Yatziv, Tiffany Chen, Bram Sterling, Stefanie Anna 
Baby, Susanna Maria Baby, Jeremy Lai, Samuel Schmidgall, Lu Yang, Kejia Chen, 
Per Bjornsson, Shashir Reddy, Ryan Brush, Kenneth Philbrick, Mercy Asiedu, Ines 
Mezerreg, Howard Hu, Howard Yang, Richa Tiwari, Sunny Jansen, Preeti Singh, Yun 
Liu, Shekoofeh Azizi, Aishwarya Kamath, Johan Ferret, Shreya Pathak, Nino Vieillard, 
Ramona Merhej, Sarah Perrin, Tatiana Matejovicova, Alexandre Ramé, Morgane 
Riviere, Louis Rouillard, Thomas Mesnard, Geoffrey Cideron, Jean-bastien Grill, Sabela 
Ramos, Edouard Yvinec, Michelle Casbon, Elena Buchatskaya, Jean-Baptiste Alayrac, 
Dmitry Lepikhin, Vlad Feinberg, Sebastian Borgeaud, Alek Andreev, Cassidy Hardin, 
Robert Dadashi, Léonard Hussenot, Armand Joulin, Olivier Bachem, Yossi Matias, 
Katherine Chou, Avinatan Hassidim, Kavi Goel, Clement Farabet, Joelle Barral, Tris 
Warkentin, Omar Sanseviero, Gus Martins, Phoebe Kirk, Anand Rao, Shravya Shetty, 
David F. Steiner, Can Kirmizibayrak, Rory Pilgrim, Daniel Golden, and Lin Yang. 
MedGemma technical report, 2025. URL https://arxiv.org/abs/2507.05201. 

[168] Pier Giuseppe Sessa, Robert Dadashi, Léonard Hussenot, Johan Ferret, Nino Vieillard, 
Alexandre Ramé, Bobak Shariari, Sarah Perrin, Abe Friesen, Geoffrey Cideron, Sertan 
Girgin, Piotr Stanczyk, Andrea Michi, Danila Sinopalnikov, Sabela Ramos, Amélie 
Héliou, Aliaksei Severyn, Matt Hoffman, Nikola Momchev, and Olivier Bachem. Bond: 
Aligning llms with best-of-n distillation, 2024. URL https://arxiv.org/abs/2407. 
14622. 

[169] Amrith Setlur, Nived Rajaraman, Sergey Levine, and Aviral Kumar. Scaling test-time 
compute without verification or rl is suboptimal. arXiv preprint arXiv:2502.12118, 
2025. 

[170] Glenn Shafer. Testing by betting: A strategy for statistical and scientific communication. 
Journal of the Royal Statistical Society: Series A, 184(2):407–431, 2021. 

https://openreview.net/forum?id=L4uaAR4ArM
https://openreview.net/forum?id=L4uaAR4ArM
https://arxiv.org/abs/2302.04761
https://arxiv.org/abs/2507.05201
https://arxiv.org/abs/2407.14622
https://arxiv.org/abs/2407.14622


BIBLIOGRAPHY 93 

[171] Glenn Shafer, Alexander Shen, Nikolai Vereshchagin, and Vladimir Vovk. Test martin-
gales, Bayes factors and p-values, 2011. 

[172] Shubhanshu Shekhar and Aaditya Ramdas. Nonparametric two-sample testing by 
betting. IEEE Transactions on Information Theory, 70(2):1178–1203, 2023. 

[173] Ben Shi, Michael Tang, Karthik R Narasimhan, and Shunyu Yao. Can language models 
solve olympiad programming? In Conference on Language Modeling, 2024. URL 
https://openreview.net/forum?id=kGa4fMtP9l. 

[174] Jiaxin Shi, Kehang Han, Zhe Wang, Arnaud Doucet, and Michalis K. Titsias. Simplified 
and generalized masked diffusion for discrete data. In Advances in Neural Information 
Processing Systems (NeurIPS), 2024. 

[175] Ilia Shumailov, Zakhar Shumaylov, Yiren Zhao, Yarin Gal, Nicolas Papernot, and Ross 
Anderson. The curse of recursion: Training on generated data makes models forget. 
arXiv preprint arXiv:2305.17493, 2023. 

[176] Mukul Singh, José Cambronero, Sumit Gulwani, Vu Le, Carina Negreanu, and Gust 
Verbruggen. Codefusion: A pre-trained diffusion model for code generation. In Pro-
ceedings of the 2023 Conference on Empirical Methods in Natural Language Processing, 
pages 11697–11708, 2023. 

[177] Karan Singhal, Shekoofeh Azizi, Tao Tu, S. Sara Mahdavi, Jason Wei, Hyung Won 
Chung, Nathan Scales, Ajay Tanwani, Heather Cole-Lewis, Stephen Pfohl, Perry Payne, 
Martin Seneviratne, Paul Gamble, Chris Kelly, Abubakr Babiker, Nathanael Schärli, 
Aakanksha Chowdhery, Philip Mansfield, Dina Demner-Fushman, Blaise Agüera y 
Arcas, Dale Webster, Greg S. Corrado, Yossi Matias, Katherine Chou, Juraj Got-
tweis, Nenad Tomasev, Yun Liu, Alvin Rajkomar, Joelle Barral, Christopher Semturs, 
Alan Karthikesalingam, and Vivek Natarajan. Large language models encode clinical 
knowledge. Nature, 620(7972):172–180, 2023. doi: 10.1038/s41586-023-06291-2. URL 
https://doi.org/10.1038/s41586-023-06291-2. 

[178] Karan Singhal, Tao Tu, Juraj Gottweis, Rory Sayres, Ellery Wulczyn, Mohamed 
Amin, Le Hou, Kevin Clark, Stephen R. Pfohl, Heather Cole-Lewis, Darlene Neal, 
Qazi Mamunur Rashid, Mike Schaekermann, Amy Wang, Dev Dash, Jonathan H. 
Chen, Nigam H. Shah, Sami Lachgar, Philip Andrew Mansfield, Sushant Prakash, 
Bradley Green, Ewa Dominowska, Blaise Agüera y Arcas, Nenad Tomašev, Yun 
Liu, Renee Wong, Christopher Semturs, S. Sara Mahdavi, Joelle K. Barral, Dale R. 
Webster, Greg S. Corrado, Yossi Matias, Shekoofeh Azizi, Alan Karthikesalingam, and 
Vivek Natarajan. Toward expert-level medical question answering with large language 
models. Nature Medicine, 31(3):943–950, 2025. doi: 10.1038/s41591-024-03423-7. URL 
https://doi.org/10.1038/s41591-024-03423-7. 

https://openreview.net/forum?id=kGa4fMtP9l
https://doi.org/10.1038/s41586-023-06291-2
https://doi.org/10.1038/s41591-024-03423-7


BIBLIOGRAPHY 94 

[179] Charlie Victor Snell, Jaehoon Lee, Kelvin Xu, and Aviral Kumar. Scaling LLM test-time 
compute optimally can be more effective than scaling parameters for reasoning. In 
The Thirteenth International Conference on Learning Representations, 2025. URL 
https://openreview.net/forum?id=4FWAwZtd2n. 

[180] Kefan Song, Amir Moeini, Peng Wang, Lei Gong, Rohan Chandra, Yanjun Qi, and 
Shangtong Zhang. Reward is enough: Llms are in-context reinforcement learners. arXiv 
preprint arXiv:2506.06303, 2025. 

[181] Yifan Song, Guoyin Wang, Sujian Li, and Bill Yuchen Lin. The good, the bad, 
and the greedy: Evaluation of llms should not ignore non-determinism, 2024. URL 
https://arxiv.org/abs/2407.10457. 

[182] Yuda Song, Hanlin Zhang, Carson Eisenach, Sham Kakade, Dean Foster, and Udaya 
Ghai. Mind the gap: Examining the self-improvement capabilities of large language 
models. arXiv preprint arXiv:2412.02674, 2024. 

[183] Volker Strassen. The existence of probability measures with given marginals. The 
Annals of Mathematical Statistics, 36(2):423–439, 1965. 

[184] Zhiqing Sun, Longhui Yu, Yikang Shen, Weiyang Liu, Yiming Yang, Sean Welleck, 
and Chuang Gan. Easy-to-hard generalization: Scalable alignment beyond human 
supervision. In The Thirty-eighth Annual Conference on Neural Information Processing 
Systems, 2024. URL https://openreview.net/forum?id=qwgfh2fTtN. 

[185] Ruixiang Tang, Yu-Neng Chuang, and Xia Hu. The science of detecting LLM-generated 
texts. arXiv preprint arXiv:2303.07205, 2023. 

[186] Ye Tian, Baolin Peng, Linfeng Song, Lifeng Jin, Dian Yu, Lei Han, Haitao Mi, 
and Dong Yu. Toward self-improvement of LLMs via imagination, searching, and 
criticizing. In Conference on Neural Information Processing Systems, 2024. URL 
https://openreview.net/forum?id=tPdJ2qHkOB. 

[187] Tooliense. Crux: Autonomous mathematical research through hierarchical multi-agent 
orchestration, 2025. URL https://tooliense.com/crux1.html. IC-RL Implementa-
tion with Self-Evolve Mechanism. 

[188] Flemming Topsøe. Bounds for entropy and divergence for distributions over a two-
element set. J. Ineq. Pure Appl. Math, 2(2), 2001. 

[189] Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, 
Timothée Lacroix, Baptiste Rozière, Naman Goyal, Eric Hambro, Faisal Azhar, Aurelien 
Rodriguez, Armand Joulin, Edouard Grave, and Guillaume Lample. Llama: Open and 
efficient foundation language models. arXiv preprint arXiv:2302.13971, 2023. 

https://openreview.net/forum?id=4FWAwZtd2n
https://arxiv.org/abs/2407.10457
https://openreview.net/forum?id=qwgfh2fTtN
https://openreview.net/forum?id=tPdJ2qHkOB
https://tooliense.com/crux1.html


BIBLIOGRAPHY 95 

[190] Ashish Venugopal, Jakob Uszkoreit, David Talbot, Franz Och, and Juri Ganitkevitch. 
Watermarking the outputs of structured prediction with an application in statistical 
machine translation. In Proceedings of the 2011 Conference on Empirical Methods in 
Natural Language Processing, pages 1363–1372, Edinburgh, Scotland, UK., July 2011. 

[191] Johannes Von Oswald, Eyvind Niklasson, Ettore Randazzo, João Sacramento, Alexander 
Mordvintsev, Andrey Zhmoginov, and Max Vladymyrov. Transformers learn in-context 
by gradient descent. In International Conference on Machine Learning, pages 35151– 
35174. PMLR, 2023. 

[192] Vladimir Vovk and Ruodu Wang. E-values: Calibration, combination and applications. 
The Annals of Statistics, 49(3):1736–1754, 2021. 

[193] Vladimir G Vovk. A logic of probability, with application to the foundations of statistics. 
Journal of the Royal Statistical Society Series B: Statistical Methodology, 55(2):317–341, 
1993. 

[194] Abraham Wald. Sequential Analysis. John Wiley & Sons, New York, 1947. 

[195] Ziyu Wan, Xidong Feng, Muning Wen, Stephen Marcus McAleer, Ying Wen, Weinan 
Zhang, and Jun Wang. Alphazero-like tree-search can guide large language model 
decoding and training. In Forty-first International Conference on Machine Learning, 
2024. URL https://openreview.net/forum?id=C4OpREezgj. 

[196] Lean Wang, Wenkai Yang, Deli Chen, Hao Zhou, Yankai Lin, Fandong Meng, Jie Zhou, 
and Xu Sun. Towards codable watermarking for injecting multi-bits information to 
llms. arXiv preprint arXiv:2307.15992, 2023. 

[197] Shenzhi Wang, Le Yu, Chang Gao, Chujie Zheng, Shixuan Liu, Rui Lu, Kai Dang, 
Xionghui Chen, Jianxin Yang, Zhenru Zhang, Yuqiong Liu, An Yang, Andrew Zhao, 
Yang Yue, Shiji Song, Bowen Yu, Gao Huang, and Junyang Lin. Beyond the 80/20 rule: 
High-entropy minority tokens drive effective reinforcement learning for llm reasoning. 
arXiv preprint arXiv:2506.01939, 2025. 

[198] Xuezhi Wang, Jason Wei, Dale Schuurmans, Quoc V Le, Ed H. Chi, Sharan Narang, 
Aakanksha Chowdhery, and Denny Zhou. Self-consistency improves chain of thought 
reasoning in language models. In The Eleventh International Conference on Learning 
Representations, 2023. URL https://openreview.net/forum?id=1PL1NIMMrw. 

[199] Yubo Wang, Xueguang Ma, Ge Zhang, Yuansheng Ni, Abhranil Chandra, Shiguang 
Guo, Weiming Ren, Aaran Arulraj, Xuan He, Ziyan Jiang, Tianle Li, Max Ku, Kai 
Wang, Alex Zhuang, Rongqi Fan, Xiang Yue, and Wenhu Chen. Mmlu-pro: A more 
robust and challenging multi-task language understanding benchmark. Advances in 
Neural Information Processing Systems, 37:95266–95290, 2024. 

https://openreview.net/forum?id=C4OpREezgj
https://openreview.net/forum?id=1PL1NIMMrw


BIBLIOGRAPHY 96 

[200] Yue Wang, Qiuzhi Liu, Jiahao Xu, Tian Liang, Xingyu Chen, Zhiwei He, Linfeng Song, 
Dian Yu, Juntao Li, Zhuosheng Zhang, Rui Wang, Zhaopeng Tu, Haitao Mi, and Dong 
Yu. Thoughts are all over the place: On the underthinking of o1-like llms. arXiv 
preprint arXiv:2501.18585, 2025. 

[201] Yuhang Wang, Feiming Xu, Zheng Lin, Guangyu He, Yuzhe Huang, Haichang Gao, 
Zhenxing Niu, Shiguo Lian, and Zhaoxiang Liu. From assistant to double agent: 
Formalizing and benchmarking attacks on OpenClaw for personalized local AI agent, 
2026. URL https://arxiv.org/abs/2602.08412. 

[202] Ian Waudby-Smith, Ricardo Sandoval, and Michael I Jordan. Universal log-optimality 
for general classes of e-processes and sequential hypothesis tests. arXiv preprint 
arXiv:2504.02818, 2025. 

[203] Colin Wei, Yining Chen, and Tengyu Ma. Statistically meaningful approximation: a 
case study on approximating turing machines with transformers. Advances in Neural 
Information Processing Systems, 35:12071–12083, 2022. 

[204] Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Brian Ichter, Fei Xia, 
Ed Chi, Quoc Le, and Denny Zhou. Chain-of-thought prompting elicits reasoning 
in large language models. Advances in neural information processing systems, 35: 
24824–24837, 2022. URL https://proceedings.neurips.cc/paper_files/paper/ 
2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html. 

[205] Qingyan Wei, Yaojie Zhang, Zhiyuan Liu, Puyu Zeng, Yuxuan Wang, Biqing Qi, 
Dongrui Liu, and Linfeng Zhang. Accelerating diffusion large language models with 
slowfast sampling: The three golden principles. arXiv preprint arXiv:2506.10848, 2025. 
URL https://arxiv.org/abs/2506.10848. 

[206] Sean Welleck, Ximing Lu, Peter West, Faeze Brahman, Tianxiao Shen, Daniel 
Khashabi, and Yejin Choi. Generating sequences by learning to self-correct. In 
The Eleventh International Conference on Learning Representations, 2023. URL 
https://openreview.net/forum?id=hH36JeQZDaO. 

[207] Chengyue Wu, Hao Zhang, Shuchen Xue, Zhijian Liu, Shizhe Diao, Ligeng Zhu, Ping 
Luo, Song Han, and Enze Xie. Fast-dllm: Training-free acceleration of diffusion llm by 
enabling kv cache and parallel decoding. arXiv preprint arXiv:2505.22618, 2025. 

[208] Qingyun Wu, Gagan Bansal, Jieyu Zhang, Yiran Wu, Beibin Li, Erkang Zhu, Li Jiang, 
Xiaoyun Zhang, Shaokun Zhang, Jiale Liu, Ahmed Hassan Awadallah, Ryen W. White, 
Doug Burger, and Chi Wang. AutoGen: Enabling next-gen LLM applications via 
multi-agent conversation, 2023. URL https://arxiv.org/abs/2308.08155. 

https://arxiv.org/abs/2602.08412
https://proceedings.neurips.cc/paper_files/paper/2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/9d5609613524ecf4f15af0f7b31abca4-Abstract-Conference.html
https://arxiv.org/abs/2506.10848
https://openreview.net/forum?id=hH36JeQZDaO
https://arxiv.org/abs/2308.08155


BIBLIOGRAPHY 97 

[209] Yangzhen Wu, Zhiqing Sun, Shanda Li, Sean Welleck, and Yiming Yang. Inference 
scaling laws: An empirical analysis of compute-optimal inference for LLM problem-
solving. In The Thirteenth International Conference on Learning Representations, 2025. 
URL https://openreview.net/forum?id=VNckp7JEHn. 

[210] Yuyang Wu, Yifei Wang, Ziyu Ye, Tianqi Du, Stefanie Jegelka, and Yisen Wang. 
When more is less: Understanding chain-of-thought length in llms, 2025. URL https: 
//arxiv.org/abs/2502.07266. 

[211] Tianbao Xie, Danyang Zhang, Jixuan Chen, Xiaochuan Li, Siheng Zhao, Ruisheng Cao, 
Toh Jing Hua, Zhoujun Cheng, Dongchan Shin, Fangyu Lei, Yitao Liu, Yiheng Xu, 
Shuyan Zhou, Silvio Savarese, Caiming Xiong, Victor Zhong, and Tao Yu. OSWorld: 
Benchmarking multimodal agents for open-ended tasks in real computer environments, 
2024. URL https://arxiv.org/abs/2404.07972. 

[212] An Yang, Anfeng Li, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, 
Chang Gao, Chengen Huang, Chenxu Lv, Chujie Zheng, Dayiheng Liu, Fan Zhou, Fei 
Huang, Feng Hu, Hao Ge, Haoran Wei, Huan Lin, Jialong Tang, Jian Yang, Jianhong 
Tu, Jianwei Zhang, Jianxin Yang, Jiaxi Yang, Jing Zhou, Jingren Zhou, Junyang 
Lin, Kai Dang, Keqin Bao, Kexin Yang, Le Yu, Lianghao Deng, Mei Li, Mingfeng 
Xue, Mingze Li, Pei Zhang, Peng Wang, Qin Zhu, Rui Men, Ruize Gao, Shixuan Liu, 
Shuang Luo, Tianhao Li, Tianyi Tang, Wenbiao Yin, Xingzhang Ren, Xinyu Wang, 
Xinyu Zhang, Xuancheng Ren, Yang Fan, Yang Su, Yichang Zhang, Yinger Zhang, 
Yu Wan, Yuqiong Liu, Zekun Wang, Zeyu Cui, Zhenru Zhang, Zhipeng Zhou, and 
Zihan Qiu. Qwen3 technical report. arXiv preprint arXiv:2505.09388, 2025. URL 
https://arxiv.org/abs/2505.09388. 

[213] Borui Yang, Wei Li, Liyao Xiang, and Bo Li. Towards code watermarking with 
dual-channel transformations. arXiv preprint arXiv:2309.00860, 2023. 

[214] Dongchao Yang, Jianwei Yu, Helin Wang, Wen Wang, Chao Weng, Yuexian Zou, and 
Dong Yu. Diffsound: Discrete diffusion model for text-to-sound generation. IEEE/ACM 
Transactions on Audio, Speech, and Language Processing, 31:1720–1733, 2023. 

[215] John Yang, Carlos E. Jimenez, Alexander Wettig, Kilian Lieret, Shunyu Yao, Karthik 
Narasimhan, and Ofir Press. SWE-agent: Agent-computer interfaces enable automated 
software engineering, 2024. URL https://arxiv.org/abs/2405.15793. 

[216] Xi Yang, Jie Zhang, Kejiang Chen, Weiming Zhang, Zehua Ma, Feng Wang, and Nenghai 
Yu. Tracing text provenance via context-aware lexical substitution. In Proceedings of 
the AAAI Conference on Artificial Intelligence, volume 36, pages 11613–11621, 2022. 

[217] Shunyu Yao, Binghui Peng, Christos Papadimitriou, and Karthik Narasimhan. Self-
attention networks can process bounded hierarchical languages. arXiv preprint 
arXiv:2105.11115, 2021. 

https://openreview.net/forum?id=VNckp7JEHn
https://arxiv.org/abs/2502.07266
https://arxiv.org/abs/2502.07266
https://arxiv.org/abs/2404.07972
https://arxiv.org/abs/2505.09388
https://arxiv.org/abs/2405.15793


BIBLIOGRAPHY 98 

[218] Shunyu Yao, Jeffrey Zhao, Dian Yu, Nan Du, Izhak Shafran, Karthik R. Narasimhan, 
and Yuan Cao. ReAct: Synergizing reasoning and acting in language models. In The 
Eleventh International Conference on Learning Representations, 2023. URL https: 
//openreview.net/forum?id=WE_vluYUL-X. 

[219] Shunyu Yao, Noah Shinn, Pedram Razavi, and Karthik Narasimhan. τ -bench: A 
benchmark for tool-agent-user interaction in real-world domains, 2024. URL https: 
//arxiv.org/abs/2406.12045. 

[220] Jiacheng Ye, Zhihui Xie, Lin Zheng, Jiahui Gao, Zirui Wu, Xin Jiang, Zhenguo Li, 
and Lingpeng Kong. Dream 7b: Diffusion large language models. arXiv preprint 
arXiv:2508.15487, 2025. 

[221] KiYoon Yoo, Wonhyuk Ahn, and Nojun Kwak. Advancing beyond identification: Multi-
bit watermark for large language models. arXiv preprint arXiv:2308.00221, 2023. URL 
https://arxiv.org/abs/2308.00221. 

[222] Runpeng Yu, Xinyin Ma, and Xinchao Wang. Dimple: Discrete diffusion multimodal 
large language model with parallel decoding. arXiv preprint arXiv:2505.16990, 2025. 

[223] Chulhee Yun, Srinadh Bhojanapalli, Ankit Singh Rawat, Sashank Reddi, and San-
jiv Kumar. Are transformers universal approximators of sequence-to-sequence func-
tions? In International Conference on Learning Representations, 2020. URL 
https://openreview.net/forum?id=ByxRM0Ntvr. 

[224] Yuxuan Song et al. Seed diffusion: A large-scale diffusion language model with high-
speed inference. arXiv preprint arXiv:2508.02193, 2025. 

[225] Manzil Zaheer, Guru Guruganesh, Avinava Dubey, Joshua Ainslie, Chris Alberti, 
Santiago Ontanon, Philip Pham, Anirudh Ravula, Qifan Wang, Li Yang, and Amr 
Ahmed. Big bird: Transformers for longer sequences. Advances in neural information 
processing systems, 33:17283–17297, 2020. 

[226] Rowan Zellers, Ari Holtzman, Hannah Rashkin, Yonatan Bisk, Ali Farhadi, Franziska 
Roesner, and Yejin Choi. Defending against neural fake news. Advances in Neural 
Information Processing Systems, 32, 2019. 

[227] Dan Zhang, Sining Zhoubian, Ziniu Hu, Yisong Yue, Yuxiao Dong, and Jie Tang. 
ReST-MCTS*: LLM self-training via process reward guided tree search. In The Thirty-
eighth Annual Conference on Neural Information Processing Systems, 2024. URL 
https://openreview.net/forum?id=8rcFOqEud5. 

[228] Hanlin Zhang, Benjamin L Edelman, Danilo Francati, Daniele Venturi, Giuseppe Ate-
niese, and Boaz Barak. Watermarks in the sand: Impossibility of strong watermarking 
for generative models. arXiv preprint arXiv:2311.04378, 2023. 

https://openreview.net/forum?id=WE_vluYUL-X
https://openreview.net/forum?id=WE_vluYUL-X
https://arxiv.org/abs/2406.12045
https://arxiv.org/abs/2406.12045
https://arxiv.org/abs/2308.00221
https://openreview.net/forum?id=ByxRM0Ntvr
https://openreview.net/forum?id=8rcFOqEud5


BIBLIOGRAPHY 99 

[229] Kechi Zhang, Ge Li, Huangzhao Zhang, and Zhi Jin. Hirope: Length extrapolation for 
code models using hierarchical position. arXiv preprint arXiv:2403.19115, 2024. 

[230] Qiyuan Zhang, Fuyuan Lyu, Zexu Sun, Lei Wang, Weixu Zhang, Wenyue Hua, Haolun 
Wu, Zhihan Guo, Yufei Wang, Niklas Muennighoff, Irwin King, Xue Liu, and Chen Ma. 
A survey on test-time scaling in large language models: What, how, where, and how well? 
arXiv preprint arXiv:2503.24235, 2025. URL https://arxiv.org/abs/2503.24235. 

[231] Yunxiang Zhang, Muhammad Khalifa, Lajanugen Logeswaran, Jaekyeom Kim, Moontae 
Lee, Honglak Lee, and Lu Wang. Small language models need strong verifiers to self-
correct reasoning. In ACL (Findings), 2024. URL https://aclanthology.org/2024. 
findings-acl.924/. 

[232] Yuxiang Zhang, Shangxi Wu, Yuqi Yang, Jiangming Shu, Jinlin Xiao, Chao Kong, and 
Jitao Sang. o1-coder: an o1 replication for coding, 2024. URL https://arxiv.org/ 
abs/2412.00154. 

[233] Haoyu Zhao, Abhishek Panigrahi, Rong Ge, and Sanjeev Arora. Do transformers 
parse while predicting the masked word? In Houda Bouamor, Juan Pino, and Kalika 
Bali, editors, Proceedings of the 2023 Conference on Empirical Methods in Natural 
Language Processing, pages 16513–16542, Singapore, December 2023. Association for 
Computational Linguistics. doi: 10.18653/v1/2023.emnlp-main.1029. URL https: 
//aclanthology.org/2023.emnlp-main.1029/. 

[234] Xuandong Zhao, Prabhanjan Ananth, Lei Li, and Yu-Xiang Wang. Provable robust 
watermarking for AI-generated text. arXiv preprint arXiv:2306.17439, 2023. 

[235] Xuandong Zhao, Lei Li, and Yu-Xiang Wang. Permute-and-flip: An optimally stable 
and watermarkable decoder for LLMs. arXiv preprint arXiv:2402.05864, 2024. URL 
https://arxiv.org/abs/2402.05864. 

[236] Kaiwen Zheng, Yongxin Chen, Hanzi Mao, Ming-Yu Liu, Jun Zhu, and Qinsheng 
Zhang. Masked diffusion models are secretly time-agnostic masked models and exploit 
inaccurate categorical sampling. arXiv preprint arXiv:2409.02908, 2024. 

[237] Lianmin Zheng, Wei-Lin Chiang, Ying Sheng, Siyuan Zhuang, Zhanghao Wu, Yong-
hao Zhuang, Zi Lin, Zhuohan Li, Dacheng Li, Eric P. Xing, Hao Zhang, Joseph E. 
Gonzalez, and Ion Stoica. Judging LLM-as-a-Judge with MT-Bench and Chatbot 
Arena. In Advances in Neural Information Processing Systems, volume 36, pages 
46595–46623, 2023. URL https://papers.nips.cc/paper_files/paper/2023/hash/ 
91f18a1287b398d378ef22505bf41832-Abstract-Datasets_and_Benchmarks.html. 

[238] Lin Zheng, Jianbo Yuan, Lei Yu, and Lingpeng Kong. A reparameterized discrete 
diffusion model for text generation. arXiv preprint arXiv:2302.05737, 2023. 

https://arxiv.org/abs/2503.24235
https://aclanthology.org/2024.findings-acl.924/
https://aclanthology.org/2024.findings-acl.924/
https://arxiv.org/abs/2412.00154
https://arxiv.org/abs/2412.00154
https://aclanthology.org/2023.emnlp-main.1029/
https://aclanthology.org/2023.emnlp-main.1029/
https://arxiv.org/abs/2402.05864
https://papers.nips.cc/paper_files/paper/2023/hash/91f18a1287b398d378ef22505bf41832-Abstract-Datasets_and_Benchmarks.html
https://papers.nips.cc/paper_files/paper/2023/hash/91f18a1287b398d378ef22505bf41832-Abstract-Datasets_and_Benchmarks.html


BIBLIOGRAPHY 100 

[239] Fengqi Zhu, Rongzhen Wang, Shen Nie, Xiaolu Zhang, Chunwei Wu, Jun Hu, Jun 
Zhou, Jianfei Chen, Yankai Lin, Ji-Rong Wen, and Chongxuan Li. Llada 1.5: Variance-
reduced preference optimization for large language diffusion models. arXiv preprint 
arXiv:2505.19223, 2025. 



101 

Appendix A 

Appendix for Sample Complexity and 
Expressiveness of Test-Time Scaling 
Paradigms 

A.1 Proofs 

A.1.1 Proof of Theorem 2.3.1 

Proof. Upper bound. Let N(o) denote the number of samples equal to o. For each o ≠ o ⋆ , define 

Z
(o) 
t := 1{Xt = o ⋆ } − 1{Xt = o} ∈ [−1, 1].

Then 
E[Z(o) 

t ] = p(o ⋆) − p(o) ≥ ∆. 

By Hoeffding’s inequality, 

P(N(o ⋆) ≤ N(o)) = P 
n 

t=1 

Z
(o) 
t ≤ 0 

 

≤ exp − 
n∆2 

2 

 

. 

Taking a union bound over all O − 1 incorrect answers gives 

P(∃o ̸= o ⋆ : N(o) ≥ N(o ⋆)) ≤ (O − 1) exp − 
n∆2 

2 

 

≤ δ. 

Lower bound. Consider the two-answer instance 

p(o ⋆) = 
1 + ∆ 

2 
, p(o2) = 

1−∆ 
2 

. 

Self-consistency succeeds iff N(o ⋆) > N(o2) up to tie-breaking. Let 

Sn := 
n 

t=1 

Zt, Zt = 


+1, Xt = o ⋆ , 

−1, Xt = o2. 
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Then E[Zt] = ∆ and Var(Zt) = 1 − ∆2 . For n ≤ c/∆2 , choosing a sufficiently small numerical 
constant c > 0, Claim A.1.5 gives 

Pr(Sn ≤ 0) ≥ c0 

for a universal constant c0 > 0. Therefore self-consistency fails with constant probability. 

A.1.2 Proof of Theorem 2.3.2 

Proof. Write O = {1, . . . , O} where i is the i-th most likely answer and let ni denote the number of 
occurrences of i. Then we have 

p(1) ≥ p(2) + ∆ ≥ ∆. 

Note that for best-of-n, correctness is achieved if the correct answer appears at least once among n 
independent samples. 

Upper bound. When n ≥ 2 log(1/δ) 
∆ , we have 

P(Best-of-n outputs correct answer) = 1 − (1 − p(1))n 

≥ 1 − (1 − ∆) 
2 log(1/δ) 

∆ 

≥ 1 − δ. 

This confirms that best-of-n achieves the correct answer with 1 − δ probability. 

Lower bound. Choose O ≥ (1 − ∆)/∆ and set 

p(1) = ∆ + 
1−∆ 

O 
, p(2) = · · · = p(O) = 

1−∆ 
O 

. 

Then p(1) − p(2) = ∆ and p(1) ≤ 2∆. Hence, for n ≤ 1/∆, 

Pr(success) = 1 − (1 − p(1))n ≤ 1 − (1 − 2∆)1/∆ ≤ 1− e−4 < 0.99 

for sufficiently small ∆. 
This confirms that best-of-n fails to produce the correct answer with constant probability. 

A.1.3 Proof of Proposition 2.4.2 

We first introduce the following result that extends any Transformer to a larger vocabulary, so that 
it only attends to tokens in its original vocabulary. 

Proposition A.1.1 (Extended Representation to Multiple Token Spaces). For any H, L, Nmax ∈ Z+, 
V1 ∩ V0 = ∅, there exists a general-purpose Transformer φ of type (O(1), O(log Nmax)) such that for 

any Transformers f = (θ, pe, (K(l) 
h , Q(l) 

h , V(l) 
h )h∈[H],l∈[L], ϑ, V1) over vocabulary V1, the Transformer 
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 f = φ(f) satisfies the following property: for any token sequence v = v1 · · · vn such that n ≤ Nmax, 
denote {i1 < · · · < im} = {i : vi ∈ V1}, then we have 

pf 
(·|v) = pf (·|u), 

where u = vi1 · · · vim . 

Proof. Set constants Bv, Bqk, Bθ such that for any layer l and head h, it holds that (Q(l) 
h )⊤K(l) 

h 2 
≤ 

Bqk, V(l) 
h 2 

≤ Bv, and ∥θ(v)∥2 ≤ Bθ holds for all v ∈ V. Let B = (HBv)LBqkBθ, C = 4B2 + 

log(1/ϵ), C0 = 4C. By Lemma A.1.3, there exists α1, . . . , αNmax , β0, β1 ∈ Rd0 and A0, A1, A ∈ Rd0×d0 

for d0 ≤ O(log Nmax) such that 

1. For any i ≥ j1, j2, j3: 

(αi + β1)⊤ A0(αj1 + β1) = (αi + β1)⊤ A0(αj2 + β1) ≥ (αi + β1)⊤ A0(αj1 + β0) + C0 

(αi + β0)⊤ A0(αi + β0) ≥ (αi + β0)⊤ A0(αj1 + β1) + C0, (A.1) 

2. For any i > j 

(αi + β1)⊤ A(αi + β1) ≥ (αi + β1)⊤ A(αj + β1) + C0 

≥ (αi + β1)⊤ A(αj + β0) + 2C0, (A.2) 

3. For any i ≥ j, j1 

(αi + β1)⊤ A1(αj + β0) = (αi + β1)⊤ A1(αj1 + β1) + C0 

(αi + β1)⊤ A1(αi + β1) ≥ max{(αi + β1)⊤ A1(αj1 + β1), (αi + β1)⊤ A1(αj1 + β0)} + C0. 
(A.3) 

We define φ as follows: for any Transformers f = (θ, pe, (K(l) 
h , Q(l) 

h , V(l) 
h )h∈[H],l∈[L], ϑ, V1), the 

Transformer  f = φ(f) is given by 

( θ, pe, ( K(l) 
h , Q(l) 

h , V(l) 
h )h∈[H+1],l∈[L],  ϑ, V1 ∪ V0), 

where the tokenizer is given by 

 θ(v) = 1(v ∈ V1) · θ(v) 
β1 

 

+ 1(v ∈ V0) · 0 
β0 

 

, 

the positional encoder is given by 

pe 
x 
y 

 

; v1, . . . , vi 

 

= 
pe (x; u) 
αi + y 

 

, 
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where u = vi1 · · · vim and x ∈ Rd; for l = 1, . . . , L the key, query, value matrices are given by 

K(l) 
h = K(l) 

h 
A0 

 

, Q(l) 
h = Q(l) 

h 
I 

 

, 

V(l) 
h = V(l) 

h 
0 

 

, 

K(l) 
H+1 = 

0 
A 

 

, Q(l) 
H+1 = 

0 
I 

 

, V(l) 
H+1 = 

0 
I 

 

. 

The output feature is given by ϑ(y) = 
ϑ(y) 

0

 

. Since i1, . . . , im only depends on whether vi’s belong 

to the set V1, the generalized position encoding pe is well-defined. It can be verified that φ is indeed 
a general-purpose Transformer of type (O(1), O(log Nmax)). 

We show that for any l = 1, . . . , L, 

X(l) 
i = X

(l) 
i αi 

 

, ∀i = i1, . . . , im (A.4) 

where X(l) 
i is the l-th layer of Transformer f at position i (attending only to positions i1, . . . , im) 

such that 

∥X(l)
i ∥2 ≤ Bθ(HBv)l , (A.5) 

and 

 X
(l) 
j = 

0 αj 

 

, ∀j /∈ {i1, . . . , im} (A.6) 

where αi = αi + 1(v ∈ V0) · β0 + 1(v ∈ V1) · β1. 
We prove these results by induction. The case l = 1 folows directly from the definitions of the 

tokenizer. 

Prove Eq. (A.4). Suppose Eq. (A.4) and Eq. (A.6) hold for 1, . . . , l − 1-th layer, and consider 
l-the layer. We have 

 X
(l+1) 
i = 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

h 
X(l) 

i )⊤( K(l) 
h 
X(l) 

j ) 
 

Z(l) 
h

· V(l) 
h 
 X

(l) 
j    

term 1 

+ 
i 

j=1 

exp 
 
( Q(l) 

H+1 
X(l) 

i )⊤( K(l) 
H+1 

X(l) 
j ) 
 

Z(l) 
H+1 

· V(l) 
H+1 

X(l) 
j    

term 2 

. 
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Eq. (A.1) ensures that for any i, i ′ ∈ {i1, . . . , im}, j /∈ {i1, . . . , im}: 

( Q(l) 
h 
X(l) 

i )⊤( K(l) 
h 
X(l) 

i ′ ) = (Q(l) 
h 
X(l) 

i )⊤(K(l) 
h 
X(l) 

i ′ ) + (αi + β1)⊤ A0(αi ′ + β1) 

≥ (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j ) + (αi + β1)⊤ A0(αj + β0) + C 

= ( Q(l) 
h 
 X

(l) 
i )⊤( K(l) 

h 
 X

(l) 
j ) + C, 

and if i, j1, j2 ∈ {i1, . . . , im} 

( Q(l) 
h 
X(l) 

i )⊤( K(l) 
h 
X(l) 

j1 
) − ( Q(l) 

h 
X(l) 

i )⊤( K(l) 
h 
X(l) 

j2 
) 

= (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j1 

) + (αi + β1)⊤ A0(αj1 + β1) 

− (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j2 

) − (αi + β1)⊤ A0(αj2 + β1) 

= (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j1 

) − (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j2 

), 

where we use the fact that C0 ≥ C + 2 maxh,l,i,j (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j ) . Since the transformers 

have precision ϵ and C ≥ 2 maxh,l,i,j (Q(l) 
h X

(l) 
i )⊤(K(l) 

h X
(l) 
j ) + log(1/ϵ), it follows that the attention 

weights of head (k − 1)H + h is identical to the attention weights of expert k, i.e. 

exp 
 
( Q(l) 

h 
 X

(l) 
i )⊤( K(l) 

h 
 X

(l) 
j ) 
 

 Z
(l) 
h 

= 1(j ∈ {i1, . . . , im}) · 
exp 

 
(Q(l) 

h X
(l) 
i )⊤(K(l) 

h X
(l) 
j ) 
 

Z
(l) 
h 

. 

Therefore 

term 1 = 
H 

h=1 

 

j=i1,...,im 

exp 
 
(Q(l) 

h X
(l) 
i )⊤(K(l) 

h X
(l) 
j ) 
 

Z
(l) 
h 

· V(l) 
h X

(l) 
j 

0 

 

= X
(l+1) 
j 
0 

 

. 

Furthermore, by Eq. (A.2) we have for any j < i 

( Q(l) 
H+1 

X(l) 
i )⊤ ( K(l) 

H+1 
X(l) 

i ) = α ⊤ 
i Aαi 

≥ α ⊤ 
i Aα j + C 

= ( Q(l) 
H+1 

X(l) 
i )⊤( K(l) 

H+1 
X(l) 

j ) + C, 

and hence the attention weights concentrate on i itself. Thus 

term 2 = 
0 

I 

 

· X
(l) 
i αi 

 

= 
0 αi 

 

. 

Combining, we derive Eq.(A.4) for (l + 1)-th layer. 

Prove Eq. (A.5). From above, 

∥X(l+1) 
i ∥2 = 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

h 
 X

(l) 
i )⊤( K(l) 

h 
 X

(l) 
j ) 
 

 Z
(l) 
h 

· V(l) 
h X

(l) 
j 

2 

≤ HBv · max 
j≤i 
∥X(l) 

j ∥2 

≤ Bθ(HBv)l+1 . 
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This confirms Eq. (A.22) for l + 1. 

Prove Eq. (A.6). Notice that Eq. (A.1) ensures that for any j, j ′ /∈ {i : vi ∈ V1} and i ∈ {i : 
vi ∈ V1}: 

( Q(l) 
h 
X(l) 

j )⊤( K(l) 
h 
X(l) 

j ′ ) = (Q(l) 
h X

(l) 
j )⊤(K(l) 

h X
(l) 
j ′ ) + (αj + β0)⊤ A0(α j ′ + β0) 

≥ (Q(l) 
h X

(l) 
j )⊤(K(l) 

h X
(l) 
i ) + (αj + β0)⊤ A0(αi + β1) + C 

= ( Q(l) 
h 
X(l) 

j )⊤( K(l) 
h 
X(l) 

i ) + C. 

It follows that the attention weights is concentrated on the complement of {i : vi ∈ V1} itself, and 
therefore Eq. (A.6) follows by a simple induction argument. 

Finally, at the output layer 

pf 
(y|v1, . . . , vn) = Softmax( ϑ(y)⊤ X(L) 

n ) 

= Softmax(ϑ(y)⊤ X(L) 
m ) 

= pf (y|u). 

This establishes the desired statement. 

Now we return to the proof of Proposition 2.4.2. 

Proof. By Proposition A.1.1, it suffices to construct general-purpose Transformer φ such that 

pf (·|v) = pfκ (·|u), 

where u = v1 · · · vi0−1vi0+1 · · · vn, because then the  φ given by 

 φ(f1, . . . , fK) = φ(φe(f1), . . . , φe(fK)) 

satisfies the requirement, where φe is the general-purpose Transformer that extends the K Trans-
formers to the larger vocabulary V := ∪K

k=1Vk as given by Proposition A.1.1. 
Set constants Bv, Bqk, Bθ such that for any layer l and head h, it holds that (Q(l) 

h )⊤K(l) 
h 2 

≤ 

Bqk, V(l) 
h 2 

≤ Bv, and ∥θ(v)∥2 ≤ Bθ holds for all v ∈ V. Let B = (KHBv)LBqkBθ, C = 

4B2 + log(1/ϵ), C0 = 4C. By Lemma A.1.3, there exists α1, . . . , αN , β0, β1, . . . , βK ∈ Rd0 and 
A, A0, A1, . . . , AK ∈ Rd0×d0 for d0 ≤ O(K + log Nmax) such that 

1. For any i ≥ j1, j2, j3 and k, k ′ , k ′′ ̸= 0: 

(αi + βk)⊤ A0(αj1 + βk ′ ) = (αi + βk)⊤ A0(αj2 + βk ′′ ) ≥ (αi + βk)⊤ A0(αj1 + β0) + C0 

(αi + β0)⊤ A0(αi + β0) ≥ (αi + β0)⊤ A0(αj1 + βk) + C0, (A.7) 

2. For any i > j and k ̸= k ′ ̸= 0 

(αi + βk)⊤ A(αi + βk) ≥ (αi + βk)⊤ A(αj + βk ′ ) + C0 

≥ (αi + βk)⊤ A(αj + β0) + 2C0, (A.8) 
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3. For any i ≥ j, j1 and k ̸= k ′ , k ′′ 

(αi + βk)⊤ Ak ′ (αj + β0) ≥ (αi + βk)⊤ Ak ′ (αj1 + βk ′′ ) + C0 

(αi + βk)⊤ Ak(αi + βk) ≥ max{(αi + βk)⊤ Ak(αj1 + βk ′′ ), (αi + βk)⊤ Ak ′ (αj1 + β0)} + C0, 
(A.9) 

We define φ as follows: for any Transformers 

fk = (θk, pek, (K(l) 
k;h, Q(l) 

k;h, V(l) 
k;h)h∈[H],l∈[L], ϑk,Vk), 

over Vk, k ∈ [K], the Transformer  f = φ(f1, . . . , fK ) is given by 

( θ,pe, ( K(l) 
h , Q(l) 

h , V(l) 
h )h∈[KH+1],l∈[L+1],  ϑ,V), 

where the tokenizer is given by 

 θ(v) = 1(v /∈ V0) · 

  

θ1(v) 
. . . 

θK (v) 
0 

  
+ 

  

0 
. . . 
0 

βE(v) 

  
, 

where E(v) = k iff v ∈ Vk. Let the positional encoder be given by 

pe 
x 
y 

 

; v1, . . . , vi 

 

= 

  

pe1 (x; u) 
. . . 

peK (x; u) 
αi + y 

  
, 

where x ∈ Rd and u is the sub-sequence of v that omits vi0 (if any); for l = 1, . . . , L the key, query, 
value matrices are given by 

K(l) 
(k−1)H+h = 

  

0 
. . . 

K(l) 
k;h 

. . . 
A0 

  

, Q(l) 
(k−1)H+h = 

  

0 
. . . 

Q(l) 
k;h 

. . . 
I 

  

, 

V(l) 
(k−1)H+h = 

  

0 
. . . 

V(l) 
k;h 

. . . 
0 

  

, 
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K(l) 
KH+1 = 

  

0 
. . . 

0 
A 

  
, Q(l) 

KH+1 = 

  

0 
. . . 

0 
I 

  
, V(l) 

KH+1 = 

  

0 
. . . 

0 
I 

  
, 

where the submatrices K(l)
k;h, Q(l)

k;h, V(l)
k;h are located in the k-th diagonal block, and for the final layer 

K(L+1) 
k = 

  

0 
. . . 

0 
Ak 

  
, Q(L+1) 

k = 

  

0 
. . . 

0 
I 

  
, V(L+1) 

k = 

  

0 
. . . 

I 
. . . 

0 

  

, 

where the identity sub-matrix in V(L+1) 
k is located in the k-th block. The output feature is given by 

ϑ(y) = 

 

ϑ1(y) 
. .. 

ϑK(y) 
0 

  
. Since u(k)’s only depend on set membership information of vi’s, the generalized 

position encoding pe is well-defined. We can easily verify that φ is indeed a general-purpose 
Transformer of type (O(K), O(log Nmax)). 

We show that for any l = 1, . . . , L, 

X(l) 
i = 

  

X
(l) 
1;i
. . . 

X
(l) 
K;i αi 

  
, ∀i ̸= i0 (A.10) 

where X(l)
k;i is the l-th layer of Transformer k at position i (attending to all positions but i0) such 

that 

∥X(l)
k;i ∥2 ≤ Bθ(KHBv)l . (A.11) 

and 

X(l) 
i0 

= 

  

0 
. . . 
0 αi0 

  
(A.12) 

where αi = αi + βE(vi). 
We prove these results by induction. The case l = 1 folows directly from the definitions of the 

tokenizer. 
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Prove Eq. (A.10). Suppose Eq. (A.10) and Eq. (A.12) hold for 1, . . . , l−1=th layer, and consider 
l-the layer. We have 

 X
(l+1) 
i = 

K 

k =1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

· V(l) 
(k−1)H+h 

 X
(l) 
j    

term 1 

+ 
i 

j=1 

exp 
 
( Q(l) 

KH+1 
X(l) 

i )⊤( K(l) 
KH+1 

X(l) 
j ) 
 

Z(l) 
KH+1 

· V(l) 
KH+1 

 X
(l) 
j    

term 2 

. 

Eq. (A.7) ensures that for any j1 < j2 ≤ i such that i0 / ∈ {i, j1, j2}: 

( Q(l) 
(k−1)H+h 

 X
(l) 
i )⊤( K(l) 

(k−1)H+h 
 X

(l) 
j1 

) = (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j1 

) + (αi + βE(i))⊤ A0(αj1 + βE(j1)) 

≥ (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j1 

) + (αi + βE(i))⊤ A0(αi0 + βE(i0)) + C 

= ( Q(l) 
(k−1)H+h 

X(l) 
i )⊤( K(l) 

(k−1)H+h 
X(l) 

i0 
) + C. 

and 

( Q(l) 
(k−1)H+h 

X(l) 
i )⊤( K(l) 

(k−1)H+h 
X(l) 

j1 
) − ( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j2 

) 

= (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j1 

) + (αi + βE(i))⊤ A0(αj1 + βE(j1)) 

− (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j2 

) − (αi + βE(i))⊤ A0(αj2 + βE(j2)) 

= (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j1 

) − (Q(l) 
k;h X

(l) 
k;i)

⊤(K(l) 
k;h X

(l) 
k;j2 

). 

It follows from the precision ϵ of the transformers that the attention weights of head (k − 1)H + h 
is identical to the attention weights of expert k, i.e. 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

= 
exp 

 
(Q(l) 

k;h X
(l) 
k;i)⊤(K(l) 

k;h X
(l) 
k;j) 
 

Z
(l) 
k;h 

. 

Therefore 

term 1 = 
K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
(Q(l) 

k;h X
(l) 
k;i)⊤(K(l) 

k;h X
(l) 
k;j) 
 

Z
(l) 
k;h 

· 

  

0 
. . . 

V(l) 
k;h X

(l) 
k;j 

. . . 
0 

  

= 

  

X
(l) 
1;i
. . . 

X
(l) 
K;i 
0 

  
. 

Furthermore, by Eq. (A.8) we have for any j < i 

( Q(l) 
KH+1 

X(l) 
i )⊤( K(l) 

KH+1 
X(l) 

i ) = α ⊤ 
i Aαi 

≥ α⊤ 
i Aαj + C 

= ( Q(l) 
KH+1 

X(l) 
i )⊤( K(l) 

KH+1 
X(l) 

j ) + C 
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and hence the attention weighs concentrates on i itself. Thus 

term 2 = 

  

0 
. . . 

0 
I 

  
· 

  

X
(l) 
1;i 
. . . 

X
(l) 
K;i αi 

  
= 

  

0 
. . . 
0 αi 

  

Combining these two terms, we confirm that Eq.(A.10) holds for (l + 1)-th layer. 

Prove Eq. (A.11). From above, 

∥X(l+1) 
k;i ∥2 = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

· V(l) 
k;h X

(l) 
k;j 

2 

≤ KHBv · max 
j≤i 
∥X(l) 

k;j ∥2 

≤ Bθ(KHBv)l+1 . 

This confirms Eq. (A.11) for l + 1. 

Prove Eq. (A.12). Notice that Eq. (A.7) ensures that for any j ≤ i0: 

( Q(l) 
(k−1)H+h 

 X
(l) 
i0 

)⊤( K(l) 
(k−1)H+h 

 X
(l) 
i0 

) = (Q(l) 
k;h X

(l) 
k;i0 

)⊤(K(l) 
k;h X

(l) 
k;i0 

) + (αi0 + βE(i0))⊤ A0(αi0 + βE(i0)) 

≥ (Q(l) 
k;h X

(l) 
k;i0 

)⊤(K(l) 
k;h X

(l) 
k;j) + (αi0 + βE(i0))⊤ A0(αj + βE(j)) + C 

= ( Q(l) 
(k−1)H+h 

X(l) 
i0 

)⊤( K(l) 
(k−1)H+h 

X(l) 
j ) + C. 

It follows that the attention weights of head (k − 1)H + h is concentrated on i0 itself, therefore 

term 1 = 
K 

k=1 

H 

h=1 

  

0 
. . . 

V(l) 
k;h · 0 

. . . 
0 

  

= 0. 

By the same argument, for i = i0 we have 

term 2 = 

  

0 
. . . 

0 
I 

  
· 

  

0 
. . . 
0 αi0 

  
= 

  

0 
. . . 
0 αi0 

  
. 

Combining these confirms Eq. (A.12). 
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Next, we show that the last layer satisfies 

X(L+1) 
n = 

  

0 
. . . 

X
(L+1) 
κ;n 

. . . 
0 

  

(A.13) 

where X(L+1) 
κ;n is the κ-th block. To see this, we notice that Eq. (A.9) implies the followings (the 

proofs are identical to the above): 

1. Attention sink to dummy token vi0 for mismatch expert: for any k ′ ̸= κ and j ≤ n we have 

( Q(L) 
(k ′ −1)H+h 

 X(L) 
n )⊤( K(L) 

(k ′ −1)H+h 
 X

(L) 
j ) = (αn + βE(n))⊤ Ak ′ (αj + βE(j)) 

≤ (αn + βE(n))⊤ Ak ′ (αi0 + βE(i0)) − C 

= ( Q(L) 
(k ′ −1)H+h 

X(L) 
n )⊤( K(L) 

(k ′ −1)H+h 
X(L) 

i0 
) − C. (A.14) 

2. Attention to oneself for matching expert: for any j ̸= i0 we have 

( Q(L) 
(κ−1)H+h 

X(L) 
n )⊤( K(L) 

(κ−1)H+h 
X(L) 

j ) = (αn + βE(n))⊤ Aκ(αj + βE(j)) 

≥ (αn + βE(n))⊤ Aκ(αi0 + βE(i0)) + C 

= ( Q(L) 
(κ−1)H+h 

X(L) 
n )⊤( K(L) 

(κ−1)H+h 
X(L) 

i0 
) + C, (A.15) 

and 

(  Q(L) 
(κ−1)H+h 

X (L)
n )⊤(  K(L) 

(κ−1)H+h 
X (L)

n ) = (αn + βE(n))⊤Aκ(αn + βE(n))

≥ (αn + βE(n))⊤Aκ(αj + βE(j)) + C 

= ( Q(L) 
(κ−1)H+h 

 X(L) 
n )⊤( K(L) 

(κ−1)H+h 
 X

(L) 
j ) + C. (A.16) 

Combining Eq. (A.14), Eq. (A.15), and Eq. (A.16), we have 

exp 
 
( Q(L) 

(k−1)H+h 
X(L) 

n )⊤( K(L) 
(k−1)H+h 

X(L) 
j ) 

 

Z
(l) 
k 

= 

 
δ i0 

j , k ̸= κ 

δn 
j , k = κ 

It follows that X(L+1) 
n = V(L) 

(κ−1)H+h · X(L) 
n + 

 

k ̸=κ 

V(L) 
(κ−1)H+h · X(L) 

i0 

= 

  

0 
. . . 

I 
. . . 

0 

  

· 

  

X
(L) 
1;i 
. . . 

X
(L) 
K;i αi 

  
= 

  

0 
. . . 

X
(L) 
κ;n 
. . . 
0 

  

. 
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Therefore we establish Eq. (A.13). 
Finally, at the output layer 

pf 
(y|v1, . . . , vn) = Softmax( ϑ(y)⊤  X(L+1) 

n ) 

= Softmax(ϑ(y)⊤ Y (L) 
n−1) 

= pfκ (y|u). 

This establishes the desired statement. 

A.1.4 Proof of Proposition 2.4.4 

Proof. Set constants Bv, Bqk, Bθ such that for any layer l and head h, it holds that (Q(l) 
h )⊤K(l) 

h 2 
≤ 

Bqk, V(l) 
h 2 

≤ Bv, and ∥θ(v)∥2 ≤ Bθ holds for all v ∈ V. Let B = (KHBv)LBqkBθ, C = 2B2 + 

log(1/ϵ), C0 = 4C. Define ι(i) = u iff ξu ≤ i < ξu+1 (ξ0 = −1, ξm+1 = ∞ by default). Let E(·) denote 
the task id indicated by the special token. By Lemma A.1.2, there exists α1, . . . , αN , β1, . . . , βK ∈ Rd0 

and A, A1, . . . , AK ∈ Rd0×d0 for d0 ≤ O(K + log Nmax) such that for any n ≤ N we have 

1. For any k ̸= k ′: 

α ⊤ 
n Ak(αn + βk ′ ) ≥ C0 + 

   

α⊤ 
n Akαn 

α⊤ 
n Akαj 

α⊤ 
n Ak(αj + βk ′′ ) 

, ∀0 ≤ j < n, 1 ≤ k ′′ ≤ K. (A.17) 

2. For any k ∈ [K]: 

α ⊤ 
n Akαn = α ⊤ 

n Akα0 ≥ C0 + 

   

α⊤ 
n Ak(αn + βk) 

α⊤ 
n Akαj 

α⊤ 
n Ak(αj + βk ′ ) 

, ∀0 < j < n, k ′ ̸= k. (A.18) 

3. For any k, k ′ , k ′′ ∈ [K]: 

(αn + βk ′ )⊤ Ak(αn + βk ′ ) ≥ C0 + (αn + βk ′ )⊤ Akαj , ∀0 ≤ j ≤ n. (A.19) 

4. For any 0 < j < n: 

α ⊤ 
n Aαn ≥ α ⊤ 

n A(αn + βk) + C0 

≥ C0 + max{α ⊤ 
n Aαj , α ⊤ 

n A(αj + βk ′ )}, ∀k, k ′′ ∈ [K]. (A.20) 

We define φ as follows: for any Transformers 

fk = (θk, pek, (K(l) 
k;h, Q(l) 

k;h, V(l) 
k;h)h∈[H],l∈[L], ϑk, V), k ∈ [K] 
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over V, the Transformer  f = φ(f1, . . . , fK) is given by 

( θ, pe, ( K(l) 
h , Q(l) 

h , V(l) 
h )h∈[KH+1],l∈[L],  ϑ, V ∪ Ω), 

where the tokenizer is given by 

 θ(v) = 

  

θ1(v) 
. . . 

θK(v) 
0 

  
, v ∈ V,  θ(ω) = 

  

0 
. . . 
0 

βE(ω) 

  
, ω ∈ Ω, 

the positional encoder is given by 

pe 
x 
y 

 

; v1, . . . , vi 

 

= 

  

pe1 

 
x; v1, · · · , vξ1−1, vξι(i)+1, · · · , vi 

 

. . . 
peK 

 
x; v1, · · · , vξ1−1, vξι(i)+1, · · · , vi 

 

αι(i) + y 

  
, 

where x ∈ Rd; for l = 1, . . . , L the key, query, value matrices are given by 

K(l) 
(k−1)H+h = 

  

0 
. . . 

K(l) 
k;h 

. . . 
Ak 

  

, Q(l) 
(k−1)H+h = 

  

0 
. . . 

Q(l) 
k;h 

. . . 
I 

  

, 

V(l) 
( k− 1) H + h = 

  

0 
. . . 

V(l) 
k;h 

. . . 
0 

  

, 

K(l) 
KH+1 = 

  

0 
. . . 

0 
A 

  
, Q(l) 

KH+1 = 

  

0 
. . . 

0 
I 

  
, V(l) 

KH+1 = 

  

0 
. . . 

0 
I 

  
, 

where the submatrices K(l)
k;h, Q(l)

k;h, V(l) 
k;h are located in the k-th diagonal block. The output feature 

is given by ϑ(y) = 

  

ϑ1(y) 
... 

ϑK(y) 
0 

  
. Since ξ1, ξm only depends on whether vi’s belong to the set Ω, 

the generalized position encoding pe is well-defined. We can easily verify that φ is indeed a 
general-purpose Transformer of type (O(K), O(log Nmax)). 
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Let  X
(l) 
1 , . . . ,  X

(l) 
n represent the l-th hidden layer. Our goal is to show that for any l = 1, . . . , L, X(l) 

i can be written as: 

X(l) 
i = 

  

X
(l) 
1;i 
. . . 

X
(l) 
K;i αi 

  
, i = 1, . . . , n, (A.21) 

where αi = αι(i) + 1(vi ∈ Ω) · βE(vi) and X(l)
k;i ∈ Rd such that 

∥X(l)
k;i ∥2 ≤ Bθ(KHBv)l . (A.22) 

In particular, for i = 1, . . . , m we have 

X
(l) 
k;ξi 

= 0, ∀k = 1, . . . , K, (A.23) 

and for j = 1, . . . , ξ1 − 1 we have 

X
(l) 
k;j = Y (l) 

k;j , ∀k = 1, . . . , K, (A.24) 

and for j = 1, . . . , ξ1 − 1, ξm + 1, . . . , n we have 

X
(l) 
κ;j = Y (l) 

κ,j−ξm−1+ξ1 
, X

(l) 
k ′;j = 0, ∀k ′ ̸= κ, (A.25) 

where Y (l) 
k;j is the l-th hidden layer of fk (attending only to positions 1, . . . , ξ1 − 1, ξm + 1, . . . , n) . 

Thus we apply induction on l. The case l = 1 holds trivially from the definition of  θ and pe. 
Suppose the above relationship holds for all layers 1, . . . , l, consider layer l + 1. We have 

X(l+1) 
i = 

K 

k =1 

H 

h =1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
 X

(l) 
i )⊤( K(l) 

(k−1)H+h 
 X

(l) 
j ) 
 

 Z
(l) 
(k−1)H+h 

· V(l) 
(k−1)H+h 

X(l) 
j    

term 1 

+ 
i 

j=1 

exp 
 
( Q(l) 

KH+1 
 X

(l) 
i )⊤( K(l) 

KH+1 
 X

(l) 
j ) 
 

 Z
(l) 
KH+1 

· V(l) 
KH+1 

X(l) 
j    

term 2 

, 

where 

 Z
(l) 
(k−1)H+h = 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
 X

(l) 
i )⊤( K(l) 

(k−1)H+h 
 X

(l) 
j ) 
 

. 

By induction hypothesis, 

X(l) 
i = 

  

X
(l) 
1;i 
. . . 

X
(l) 
K;i αi 

  
, 
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and X(l) 
k;i = Y (l) 

ζ(i) for i = 1, . . . , ξ1 − 1, ξm + 1, . . . , n, where ζ(i) := 

 
i, i < ξ1 

i − ξm − 1 + ξ1, i > ξm 
. 

Notice that for j ≤ i: 

( Q(l) 
(k−1)H+h 

X(l) 
i )⊤( K(l) 

(k−1)H+h 
X(l) 

j ) = (X(l) 
k;i)

⊤(Q(l) 
k;h)⊤K(l) 

k;h X
(l) 
k;j + α⊤ 

i Ak αj , 

( Q(l) 
KH+1 

X(l) 
i )⊤( K(l) 

KH+1 
X(l) 

j ) = α ⊤ 
i Aαj . 

Prove Eq (A.21). By properties of α, β, A, for any j2 < ξu < j1 < i < ξu+1 notice that: 

( Q(l) 
KH+1 

 X
(l) 
i )⊤( K(l) 

KH+1 
 X

(l) 
j1 

) ≥ ( Q(l) 
KH+1 

 X
(l) 
i )⊤( K(l) 

KH+1 
 X

(l) 
ξu 

) + C 

≥ ( Q(l) 
KH+1 

 X
(l) 
i )⊤( K(l) 

KH+1 
 X

(l) 
j2 

) + 2C. 

Due to ϵ-precision of transformers, this implies that 

exp 
 
( Q(l) 

KH+1 
X(l) 

i )⊤( K(l) 
KH+1 

X(l) 
j ) 
 

Z
(l) 
KH+1 

= 


1(j>ξu) 

i−ξu 
, ξu < i < ξu+1 

δj 
ξl 

, i = ξu 
, 

and hence for ξu < i < ξu+1 

X(l+1) 
i = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

· V(l) 
(k−1)H+h 

  

. . . 
X

(l) 
k;j 
. . . 
0 

  

+ 
i 

j=ξu+1 

· 1 
i − ξu 

· 

  

0 
. . . 
0 

αι(i) 

  

= 

  

X
(l+1) 
1;i 
. . . 

X
(l+1) 
K;i αi 

  
, 
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and for i = ξu 

X(l+1) 
i = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

· V(l) 
(k−1)H+h 

  

. . . 
X

(l) 
k;j 
. . . 
0 

  
+ 

  

0 
. . . 
0 

αι(i) + βE(vi) 

  

= 

  

X
(l+1) 
1;i 
. . . 

X
(l+1) 
K;i αi 

  
, 

where 

X
(l+1) 
k;i = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h 

X(l) 
j ) 
 

Z(l) 
(k−1)H+h 

· V(l) 
k;h X

(l) 
k;j . (A.26) 

This confirms Eq. (A.21) for l + 1. 

Prove Eq. (A.22). From above, 

∥X(l+1) 
k;i ∥2 = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
 X

(l) 
i )⊤( K(l) 

(k−1)H+h 
 X

(l) 
j ) 
 

 Z
(l) 
(k−1)H+h 

· V(l) 
k;h X

(l) 
k;j 

2 

≤ KHBv · max 
j≤i 
∥X(l) 

k;j ∥2 

≤ Bθ(KHBv)l+1 . 

This confirms Eq. (A.22) for l + 1. 

Prove Eq. (A.23). We first show X(l)
k;ξ1 

= 0. Indeed, by the properties of αt, βk, for any j ≤ ξ1 

( Q(l) 
(k−1)H+h 

X(l) 
ξ1 

)⊤( K(l) 
(k−1)H+h 

X(l) 
ξ1 

) 

= (X(l) 
k;ξ1 

)⊤(Q(l) 
k;h)⊤K(l) 

k;h X
(l) 
k;ξ1 

+ (α0 + βE(vξ1 ))
⊤ Ak(α0 + βE(vξ1 )) 

≥ (X(l) 
k;ξ1 

)⊤(Q(l) 
k;h)⊤K(l) 

k;h X
(l) 
k;ξ1 

+ (α0 + βE(vξ1 ))
⊤ Akα0 + C 

= ( Q(l) 
(k−1)H+h 

 X
(l) 
ξ1 

)⊤( K(l) 
(k−1)H+h 

 X
(l) 
j ) + C 

It follows from Eq. (A.26) that 

X
(l+1) 
k;ξ1 

= 
K 

k=1 

H 

h=1 

V(l) 
k;h X

(l) 
k;ξ1 

= 0. 
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For ξi (i > 1), we apply the same argument again to obtain that for any j ≤ ξi such that 
j / ∈ {ξ1 < · · · < ξι(n)} and any i ′ < i, 

( Q(l) 
(k−1)H+h 

X(l) 
ξi 

)⊤( K(l) 
(k−1)H+h 

X(l) 
ξ k ′ 

) 

≥ ( Q(l) 
(k−1)H+h 

X(l) 
ξ1 

)⊤( K(l) 
(k−1)H+h 

X(l) 
j ) + C 

This implies that the attention weights are supported on {ξ1 < · · · < ξi}, and therefore 

X
(l+1) 
k;ξi 

= 
K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
( Q(l) 

(k−1)H+h 
 X

(l) 
ξi 

)⊤( K(l) 
(k−1)H+h 

 X
(l) 
ξj 

) 
 

 Z
(l) 
(k−1)H+h 

· V(l) 
k;h X

(l) 
k;ξj 

= 0 

where we apply the induction hypothesis k; X(l) 
ξj

= 0 for all j = 1, . . . , i − 1. This thus completes 
the proof of Eq. (A.23). 

Prove Eq. (A.24). When j1 < j2 ≤ i < ξ1, we have 

( Q(l) 
(k−1)H+h 

X(l) 
i )⊤( K(l) 

(k−1)H+h 
X(l) 

j1 
) − ( Q(l) 

(k−1)H+h 
X(l) 

i )⊤( K(l) 
(k−1)H+h X

(l) 
j2 

) 

= (X(l) 
k;i)

⊤(Q(l) 
k;h)⊤K(l) 

k;h X
(l) 
k;j1 

+ α⊤ 
0 Akα⊤ 

0 

− (X(l) 
k;i)

⊤(Q(l) 
k;h)⊤K(l) 

k;h X
(l) 
k;j2 
− α⊤ 

0 Akα⊤ 
0 

= (Q(l) 
k;h Y (l) 

k;i )
⊤(K(l) 

k;h Y (l) 
k;ji 

) − (Q(l) 
k;h Y (l) 

k;i )
⊤(K(l) 

k;h Y (l) 
k;j2 

). 

It follows that 

Z(l) 
(k−1)H+h = 

i 

j=1 

exp 
 
(Q(l) 

k;h Y (l) 
k;i )

⊤(K(l) 
k;h Y (l) 

k;j ) 
 

, 

and 

X
(l+1) 
k;i = 

K 

k=1 

H 

h=1 

i 

j=1 

exp 
 
(Q(l) 

k;h Y (l) 
k;i )⊤(K(l) 

k;h Y (l) 
k;j ) 

 

Z(l) 
(k−1)H+h 

· V(l) 
k;h Y (l) 

k;j 

= Y (l+1) 
k;i . 

This confirms Eq. (A.24). 

Prove Eq. (A.25). When i > ξm, we rely on the following properties: 

1. Attention sink to vξm for mismatch expert: for any k ′ ̸= κ and j ≤ i we have 

( Q(l) 
(k ′ −1)H+h 

X(l) 
i )⊤( K(l) 

(k ′ −1)H+h 
X(l) 

j ) ≤ ( Q(l) 
(k ′ −1)H+h 

X(l) 
i )⊤( K(l) 

(k ′ −1)H+h 
X(l) 

ξm 
) − C. (A.27) 
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2. Attention to task-relevant tokens for matching expert: for j ∈ {1, . . . , ξ1 − 1, ξm + 1, . . . , n}, 
and ξ1 ≤ j ′ ≤ ξm we have 

( Q(l) 
(κ−1)H+h 

X(l) 
i )⊤( K(l) 

(κ−1)H+h 
X(l) 

j ) ≥ ( Q(l) 
(κ−1)H+h 

X(l) 
i )⊤( K(l) 

(κ−1)H+h 
X(l) 

j ′ ) + C. (A.28) 

and for j1 < j2 ∈ {1, . . . , ξ − 1 − 1, ξm + 1, . . . , n} 

( Q(l) 
(κ−1)H+h 

X(l) 
i )⊤( K(l) 

(κ−1)H+h 
X(l) 

j1 
) − ( Q(l) 

(κ−1)H+h 
X(l) 

i )⊤( K(l) 
(κ−1)H+h 

X(l) 
j2 

) 

= (Q(l) 
κ;h Y (l) 

κ;i−ξm−1+ξ1 
)⊤(K(l) 

κ;h Y (l) 
ζ(j1)) − (Q(l) 

κ;h Y (l) 
i−ξm−1+ξ1 

)⊤K(l) 
κ;h Y (l) 

κ;ζ(j2)), (A.29) 

To see Eq. (A.27), we notice that 

( Q(l) 
(k ′ −1)H+h 

 X
(l) 
i )⊤( K(l) 

(k ′ −1)H+h 
 X

(l) 
j ) 

= (X(l) 
k ′;i)

⊤(Q(l) 
k ′;h)⊤K(l) 

k ′;h X
(l) 
k ′ ,j + α ⊤ 

m Ak ′ (αι(j) + βE(vj ) · 1(vj ∈ Ω)) 

≤ (X(l) 
k ′;i)

⊤(Q(l) 
k ′;h)⊤K(l) 

k ′;h X
(l) 
k ′;ξm 

+ α ⊤ 
m Ak ′ (αm + βE(vξm )) − C 

= ( Q(l) 
(k ′ −1)H+h 

 X
(l) 
i )⊤( K(l) 

(k ′ −1)H+h 
 X

(l) 
ξm 

) − C, 

where we use Eq. (A.17) with k ′ ̸= κ. 
To see Eq. (A.28), we notice that 

( Q(l) 
(κ−1)H+h 

X(l) 
i )⊤( K(l) 

(κ−1)H+h 
X(l) 

j ) = (Q(l) 
κ;h X

(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j) + α ⊤ 

m Aκα0 

≥ (Q(l) 
κ;h X

(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j ′ ) + α ⊤ 

m Aκ(αι(j ′) + βE(v j ′ )) + C 

= ( Q(l) 
(κ−1)H+h 

 X
(l) 
i )⊤( K(l) 

(κ−1)H+h 
 X

(l) 
j ′ ) + C, 

and 

( Q(l) 
(κ−1)H+h 

 X
(l) 
i )⊤( K(l) 

(κ−1)H+h 
 X

(l) 
j ) = (Q(l) 

κ;h X
(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j) + α ⊤ 

m Aκα0 

≥ (Q(l) 
κ;h X

(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j ′ ) + α ⊤ 

m Akαι(j ′) + C 

= ( Q(l) 
(k−1)H+h 

X(l) 
i )⊤( K(l) 

(k−1)H+h 
X(l) 

j ′ ) + C, 

where we use Eq. (A.18) and Eq. (A.20). 
When ξm < j1 < j2, Eq. (A.29) follows directly from 

( Q(l) 
(κ−1)H+h 

X(l) 
i )⊤( K(l) 

(κ−1)H+h 
X(l) 

j1 
) − ( Q(l) 

(κ−1)H+h 
X(l) 

i )⊤( K(l) 
(κ−1)H+h 

X(l) 
j2 

) 

= (Q(l) 
κ;h X

(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j1 

) + α ⊤ 
m Akα ⊤ 

m 

− (Q(l) 
κ;h X

(l) 
κ;i)

⊤(K(l) 
κ;h X

(l) 
κ;j2 

) + α ⊤ 
m Akα ⊤ 

m 

= (Q(l) 
κ;h Y (l) 

κ;i−ξm−1+ξ1 
)⊤(K(l) 

κ;h Y (l) 
j1−ξm−1+ξ1 

) − (Q(l) 
κ;h Y (l) 

i−ξm−1+ξ1 
)⊤K(l) 

κ;h Y (l) 
κ;j2−ξm−1+ξ1 

). 

The other cases follow similarly due to Eq. (A.20). 
We have hence confirmed Eq. (A.27), Eq. (A.28), Eq. (A.29), and therefore 
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exp 
 
( Q(l) 

(k−1)H+h 
 X

(l) 
i )⊤( K(l) 

(k−1)H+h 
 X

(l) 
j ) 
 

 Z
(l) 
(k−1)H+h 

= 

   

δ ξm 
j , k ̸= κ 

exp 
 

(Q(l) 
κ;h Y (l) 

κ;i−ξm−1+ξ1 
)⊤(K(l) 

κ;h Y (l) 
j ) 
 

Z(l) 
(k−1)H+h 

, k = κ, j < ξ1 

0, k = κ, ξ1 ≤ j ≤ ξm 

exp 
 

(Q(l) 
κ;h Y (l) 

κ;i−ξm−1+ξ1 
)⊤(K(l) 

κ;h Y (l) 
j−ξm−1+ξ1 

) 
 

Z(l) 
(k−1)H+h 

, k = κ, j > ξm 

and 

Z(l) 
(k−1)H+h = 

 

j=1,...,ξ1−1,ξm+1,...,n 

exp 
 
(Q(l) 

κ;h Y (l) 
κ;i−ξm−1+ξ1 

)⊤(K(l) 
κ;h Y (l) 

j ) 
 

. 

It follows that 

X
(l+1) 
κ;i = 

ξ1−1 

j=1 

exp 
 
(Q(l) 

κ;h Y (l) 
κ;i−ξm−1+ξ1 

)⊤(K(l) 
κ;h Y (l) 

j ) 
 

 Z
(l) 
(κ−1)H+h 

V(l) 
κ;h Y (l) 

j 

+ 
i 

j=ξm+1 

exp 
 
(Q(l) 

κ;h Y (l) 
κ;i−ξm−1+ξ1 

)⊤(K(l) 
κ;h Y (l) 

j−ξm−1+ξ1 
) 
 

Z(l) 
(κ−1)H+h 

V(l) 
κ;h Y (l) 

j−ξm−1+ξ1 
, 

= Y (l+1) 
κ;i−ξm−1+ξ1 

X
(l+1) 
k ′;i = X(l) 

k ′;ξm 
= 0, ∀k ′ ̸= κ. 

Therefore we establish Eq. (A.25). This completes the induction. 
At the output layer, we have 

pf 
(y|v1, . . . , vn) = Softmax( ϑ(y)⊤  X(L) 

n ) 

= Softmax(ϑ(y)⊤ Y (L) 
n−ξm−1+ξ1 

) 

= pfκ (y|u1, . . . , un−ξm−1+ξ1 ). 

This establishes the desired Eq. (2.2). 

A.1.5 Proof of Theorem 2.4.7 

Proof. Let φs, φm, φe denote the general-purpose Transformers in Proposition 2.4.4 (with K experts), 
Proposition 2.4.2 (with K = 3 token spaces), and Proposition A.1.1 (extending to V) respectively. 
We construct a dummy Transformer fd that outputs BOS immediately after a token in A. Then we 
claim that the general-purpose Transformer  φ defined by 

 φ(f0, f1, . . . , fK) = φm(φs(φe(f1), . . . , φe(fK)), fd, f0) 

achieves the desired property. 
Indeed, let g1 = φs(φe(f1), . . . , φe(fK )), by Proposition 2.4.4, we have 
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1. Expert following: At t-th iteration, 

pg1 

 
· prompt 

 
∼ pf 

a(t) 

 
· q|u(t) 

1:i−1 

 
, 

where q|u(t)
1:i−1 is the token sequence obtained by concatenating the user query q and prior 

generated part in response t: u
(t)
1:i−1. 

2. Regret minimization: 

max 
a ∗∈A 

r0(a ∗) − E[r0(a(T ))] ≤ reg(T ). 

Therefore by Proposition 2.4.2, we have 

u
(t) 
i ∼ pf 

a(t)

 
· q|u(t) 

1:i−1 

 
. 

It follows that 

max 
u ∗∈Vω 

r(q, u ∗) − E[r(q, u(T ))] ≤ λ + E u∼fk ∗ (·|q)[r(q, u)] − E a(T ) 

 
E u(T )∼f 

a(T ) (·|q)[r(q, u(T ))] 
 

≤ λ + max 
a ∗∈A 

r0(a ∗) − E[r0(a(T ))] 

≤ λ + reg(T ). 

Finally,  φ has type φ of type (O(K), O(log(Nmax))) because φs has type (O(K), O(log(Nmax))) and 
φm, φe has type (O(1), O(log(Nmax))). This completes the proof. 

A.1.6 Attention sink positional encoding 

In this section, we introduce positional encoding mechanisms that induce attention sink behaviors 
used by Theorem 2.4.7. 

Lemma A.1.2 (Attention Sink Positional Encoding, Type 1). For any C ∈ R+, K, N ∈ Z+, 
there exist vectors α0, α1, . . . , αN , β1, . . . , βK ∈ Rd and matrices A, A1, . . . , AK ∈ Rd×d for d = 
O(K + log N) such that for any n ∈ [N ] the followings hold: 

1. For any k ̸= k ′: 

α ⊤ 
n Ak(αn + βk ′ ) ≥ C + max 

   
α ⊤ 

n Akαn, max 
0≤j<n 

α ⊤ 
n Akαj , max 

1≤j<n 
k ′′ ∈[K] 

α ⊤ 
n Ak(αj + βk ′′ ) 

   
. 

2. For any k ∈ [K]: 

α ⊤ 
n Akαn = α ⊤ 

n Akα0 ≥ C + max 

   
α ⊤ 

n Ak(αn + βk), max 
0<j<n 

α ⊤ 
n Akαj , max 

0<j<n 
k ′ ∈[K] 

α ⊤ 
n Ak(αj + βk ′ ) 

   
. 
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3. For any k, k ′ ∈ [K]: 

(αn + βk ′ )⊤ Ak(αn + βk ′ ) ≥ C + max 
0≤j≤n 

(αn + βk ′ )⊤ Akαj . 

4. For any 0 < j < n: 

α ⊤ 
n Aαn ≥ α ⊤ 

n A(αn + βk) + C 

≥ C + max 
 

α ⊤ 
n Aαj , α ⊤ 

n A(αj + βk ′ ) 
 

, ∀k, k ′ ∈ [K]. 

Proof. By Claim A.1.4, we can find γ1, . . . , γN ∈ R d̄ such that d̄ = O(log N), 

|γ ⊤ 
i γj | ≤ 

1 
2 , ∀i ̸= j ∈ [N ], and γ ⊤ 

i γi = 1, ∀i ∈ [N ]. 

Let e1, . . . , eK be the standard basis of RK , and let 1K denote the all-one vector in RK . We use the 
block decomposition 

Rd = Rd̄ ⊕ R ⊕ RK ⊕ R. 

Define 

αi = 

  

γi 

1 
0 
0 

  , α0 = 

  

0 
2 
0 
0 

  , βk = 

  

0 
0 
ek 

1 

  . 

For each k ∈ [K], define wk ∈ RK by 

(wk)k ′ = 

 
−C, k ′ = k, 

C, k ′ ̸= k. 

Let 

Ak = 

  

4C · Id̄ 0 0 0 
0 4C w ⊤ 

k 0 
0 0 0 0 
0 0 0 2C 

  , A = 

  

4C · Id̄ 0 0 0 
0 0 −C · 1⊤ 

K 0 
0 0 0 0 
0 0 0 0 

  . 

The dimension can be bounded by d = d̄ + K + 2 = O(K + log N). 
We first verify the properties involving Ak. Direct computation gives 

α ⊤ 
n Akαn = α ⊤ 

n Akα0 = 8C. 

Moreover, for 1 ≤ j < n, 

α ⊤ 
n Akαj = 4Cγ ⊤ 

n γj + 4C ≤ 6C. 
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For any k′ ∈ [K], 

α ⊤ 
n Ak(αn + βk ′ ) = 8C + (wk)k ′ = 


7C, k ′ = k, 

9C, k ′ ̸= k. 

For 1 ≤ j < n and k ′ ∈ [K], 

α ⊤n Ak(αj + βk ′ ) = 4Cγ ⊤ 
n γj + 4C + (wk)k ′ ≤ 7C. 

Therefore, if k ′ ̸= k, then 
α ⊤ 

n Ak(αn + βk ′ ) = 9C 

is at least C larger than all terms in item 1. This proves item 1. Similarly, α⊤ 
n Akαn = 8C is at least 

C larger than α⊤ 
n Ak(αn + βk) = 7C, all earlier unmarked scores, and all earlier marked scores. This 

proves item 2. 
For item 3, direct computation gives 

(αn + βk ′ )⊤ Ak(αn + βk ′ ) = 10C + (wk)k ′ ≥ 9C. 

On the other hand, for every 0 ≤ j ≤ n, 

(αn + βk ′ )⊤ Akαj ≤ 8C. 

This proves item 3. 
It remains to verify item 4. We have 

α ⊤ 
n Aαn = 4C, α ⊤ 

n A(αn + βk) = 3C. 

For 0 < j < n, 

α ⊤ 
n Aαj = 4Cγ ⊤ 

n γj ≤ 2C, 

and 

α ⊤ 
n A(αj + βk ′ ) = 4Cγ ⊤ 

n γj − C ≤ C. 

Thus 
4C ≥ 3C + C, 3C ≥ C + max{2C, C}. 

This proves item 4 and completes the proof. 

Lemma A.1.3 (Attention Sink Positional Encoding, Type 2). For any C ∈ R+, K, N ∈ Z+, 
there exist vectors α1, . . . , αN , β0, . . . , βK ∈ Rd and matrices A, A0, A1, . . . , AK ∈ Rd×d for d = 
O(K + log N) such that for any n ∈ [N ] the followings hold: 

1. For any i ≥ j1, j2 and k, k ′ , k ′′ ∈ [K]: 

(αi + βk)⊤ A0(αj1 + βk ′ ) = (αi + βk)⊤ A0(αj2 + βk ′′ ) ≥ (αi + βk)⊤ A0(αj1 + β0) + C. 

Moreover, for any i ≥ j1 and k ∈ [K]: 

(αi + β0)⊤ A0(αi + β0) ≥ (αi + β0)⊤ A0(αj1 + βk) + C. 
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2. For any i > j and k, k ′ ∈ [K]: 

(αi + βk)⊤ A(αi + βk) ≥ (αi + βk)⊤ A(αj + βk ′ ) + C 

≥ (αi + βk)⊤ A(αj + β0) + 2C. 

3. For any i ≥ j, j1, k, k ′ , k ′′ ∈ [K] with k ′ ̸= k: 

(αi + βk)⊤ Ak ′ (αj + β0) ≥ (αi + βk)⊤ Ak ′ (αj1 + βk ′′ ) + C. 

Moreover, for any i ≥ j1, k, k ′ , k ′′ ∈ [K] with k ′ ̸= k and (j1, k ′′) ̸= (i, k): 

(αi + βk)⊤ Ak(αi + βk) ≥ max 
 

(αi + βk)⊤ Ak(αj1 + βk ′′ ), (αi + βk)⊤ Ak ′ (αj1 + β0) 
 

+ C. 

Proof. By Claim A.1.4, we can find γ1, . . . , γN ∈ R d̄ such that d̄ = O(log N), 

|γ ⊤ 
i γj | ≤ 

1 
2 , ∀i ̸= j ∈ [N ], and γ ⊤ 

i γi = 1, ∀i ∈ [N ]. 

Let e1, . . . , eK be the standard basis of RK , and let 1K denote the all-one vector in RK . We use the 
block decomposition 

Rd = Rd̄ ⊕ RK ⊕ R ⊕ R. 

Define 

αi = 

  

γi 

0 
0 
0 

  , βk = 

  

0 
ek 

1 
0 

  , β0 = 

  

0 
0 
0 
1 

  . 

Define 

A0 = 

  

0 0 0 0 
0 0 0 0 
0 0 2C 0 
0 0 0 C 

  , A = 

  

2C · Id̄ 0 0 0 
0 0 0 0 
0 0 2C 0 
0 0 0 0 

  . 

For each k ∈ [K], let uk = 1K − ek and define 

Ak = 

  

2C · Id̄ 0 0 0 
0 6C · eke ⊤ 

k 0 5C · uk 

0 0 0 0 
0 0 0 0 

  . 

The dimension can be bounded by d = d̄ + K + 2 = O(K + log N). 
We first verify item 1. For any i, j and k, k ′ ∈ [K], 

(αi + βk)⊤ A0(αj + βk ′ ) = 2C, 
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whereas 

(αi + βk)⊤ A0(αj + β0) = 0. 

Also, 

(αi + β0)⊤ A0(αi + β0) = C, (αi + β0)⊤ A0(αj + βk) = 0. 

This proves item 1. 
For item 2, if i > j, then 

(αi + βk)⊤ A(αi + βk) = 4C. 

Moreover, 

(αi + βk)⊤ A(αj + βk ′ ) = 2Cγ ⊤ 
i γj + 2C ≤ 3C, 

and 

(αi + βk)⊤ A(αj + β0) = 2Cγ ⊤ 
i γj ≤ C. 

Therefore, 
4C ≥ 3C + C, 3C ≥ C + 2C, 

which proves item 2. 
It remains to verify item 3. Direct computation gives 

(αi + βk)⊤ Ak ′ (αj + βk ′′ ) = 2Cγ ⊤ 
i γj + 6C · 1{k = k ′ }1{k ′′ = k ′ }, 

and 

(αi + βk)⊤ Ak ′ (αj + β0) = 2Cγ ⊤ 
i γj + 5C · 1{k ̸= k ′ }. 

If k ′ ̸= k, then 

(αi + βk)⊤ Ak ′ (αj + β0) ≥ −C + 5C = 4C, 

while 

(αi + βk)⊤ Ak ′ (αj1 + βk ′′ ) ≤ C. 

Thus the first inequality in item 3 holds. 
Finally, 

(αi + βk)⊤ Ak(αi + βk) = 2C + 6C = 8C. 

For (j1, k ′′) ̸= (i, k), either j1 ̸= i, in which case 

(αi + βk)⊤ Ak(αj1 + βk ′′ ) ≤ C + 6C = 7C, 
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or j1 = i and k ′′ ̸= k, in which case 

(αi + βk)⊤ Ak(αi + βk ′′ ) = 2C. 

In both cases, 
(αi + βk)⊤ Ak(αj1 + βk ′′ ) ≤ 7C. 

Moreover, for k ′ ̸= k, 

(αi + βk)⊤ Ak ′ (αj1 + β0) ≤ 2C + 5C = 7C. 

Since the matching self-score is 8C, the second inequality in item 3 follows. This completes the 
proof. 

A.1.7 Technical Claims 

Claim A.1.4 (Johnson-Lindenstrauss Lemma). Given 0 < ε < 1, a set X of N points in Rn , and 
an integer k > 8(ln N) 

ε2 , there is a linear map f : Rn → Rk such that 

(1 − ε)∥u − v∥ 2 ≤ ∥f(u) − f(v)∥ 2 ≤ (1 + ε)∥u − v∥ 2 

holds for all u, v ∈ X. 

Claim A.1.5 (Berry-Esseen theorem). If X1, X2, . . . are i.i.d. random variables with E[X1] = 0, 
E[X2 

1 ] = σ2 > 0, and E[|X1|3] = ρ < ∞, we define 

Yn = 
X1 + X2 + · · · + Xn 

n 

as the sample mean, with Fn the cumulative distribution function of Yn
√ 

n 
σ and Φ the cumulative 

distribution function of the standard normal distribution, then for all x and n, 

|Fn(x) − Φ(x)| ≤ 
8ρ 

σ3 
√ 

n 
. 
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A.2 Experiment Details 

A.2.1 Implementation details of self-correction experiments 

Model Depth Heads Width 

GPT-nano 3 3 48 
GPT-micro 4 4 128 
GPT-mini 6 6 192 
Gopher-44M 8 16 512 

Table A.1: Model configuration hy-
perparameters of self-correction ex-
periments. 

The model configurations are detailed in Table A.1. 
Our code is implemented based on PyTorch [5] and 
minGPT1 . All the models are trained on one NVIDIA 
GeForce RTX 2080 Ti GPU with 11GB memory. 

Following common practice, the learning rate goes 
through the warm-up stage in the first 5% of training 
iterations, and then decays linearly to 0 until training 
finishes. We set the peak learning rate to 10−4 and 
find that all the models are stably trained under this 
learning rate schedule. We do not apply dropout or 
weight decay during training. We repeat the experi-
ments three times under different random seeds and 
report the average accuracy with error bars. 

A.2.2 Prompts for self-correction 

Initial Problem Solving Prompt 

Solve the following math problem efficiently and clearly. The last line of your response 
should be of the following format: ‘Therefore, the final answer is: $\boxed{ANSWER}$. I 
hope it is correct’ (without quotes) where ANSWER is just the final number or expression 
that solves the problem. Think step by step before answering. 
{Question} 

Correction Prompt 

Your answer is incorrect. Please analyze your solution and identify where you made 
an error. Then provide a corrected solution that leads to the right answer. The last 
line of your response should be of the following format: ‘Therefore, the final answer is: 
$\boxed{ANSWER}$.’ 

A.3 Best-of-n with Imperfect Verification 

We additionally perform experiments to test robustness of best-of-n under imperfect verifi-
cation. Using Qwen3-32B as an LLM verifier, we evaluated best-of-n on the AIME 24/25 
datasets with 3 recent models. As shown in Table A.2, best-of-n with an LLM verifier closely 

1https://github.com/karpathy/minGPT (MIT license). 

https://github.com/karpathy/minGPT


APPENDIX A. APPENDIX FOR SAMPLE COMPLEXITY AND 
EXPRESSIVENESS OF TEST-TIME SCALING PARADIGMS 127 

matches the performance using an oracle verifier. This evidence supports the practical validity 
of our theoretical assumptions in Section 2.5.2. 

Model Best-of-n (64, oracle) Best-of-n (64, LLM verifier) 

Qwen3-1.7B 80.00 76.56 
Qwen3-4B 91.67 85.20 
Llama-3.2-3B-Instruct 23.33 21.45 

Table A.2: Comparison of best-of-64 performance using an oracle verifier vs. Qwen3-32B as 
an LLM verifier on AIME 24/25. Results are similar across all evaluated models, indicating 
robustness to imperfect verification. 
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Appendix B 

Appendix for Bits-to-Rounds Sampling 
for Diffusion Language Model 
Inference 

B.1 Proof of Theorem 3.3.2 

Proof. We first control the approximation error incurred by factorizing the joint likelihood 
into per-group conditionals. For any ordered partition (A1, . . . , AR) as above, by the ordered-
partition chain rule of probability density function, we have 

− log p(x) = 
R 

r=1 

 
− log p(x Ar | x Cr ) 

 
. 

For each round r ∈ [R], by Assumption 3.3.1 and Fréchet inequality, the joint conditional 
probability of xAr given the past unmasked set Cr can be lower bounded by 

p(x Ar | x Cr ) ≥ 1 − 
 

i∈Ar 

(1 − p(x i|x Cr )) ≥ 1 − 
f |Ar| 

1 + |Ar| 
. (B.1) 

Thus, the entire negative joint log probability − log p(x) can be bounded by 

− log p(x) = 
R 

r=1 

 
− log p(x Ar | x Cr ) 

 

≤ 
R 

r=1 

log 
1 

1 − f |Ar|/(1 + |Ar|) 

 

(plugging in (B.1)) 

= 
R 

r=1 

log 
1 + |Ar| 

1 + (1 − f)|Ar| 

 

≤ R log 
1 + n 

1 + (1 − f)n 

 

. ( 1+t 
1+(1−f)t is monotone increasing with t > 0) 
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Rearranging, we obtain 

R ≥ 
− log p(x) 

log 
 

1+n 
1+(1−f)n 

 . (B.2) 

On the other hand, by the definition of ϵ in (3.1), we have 

R 

r=1 

log p(x Ar | x Cr ) − 
R

r=1 

 

i∈Ar 

log p(x i | x Cr ) ≤ ϵ (B.3) 

for any r ∈ [R]. Consequently, again by applying the chain rule and summing up over r, 

− log p(x) = 
R 

r=1 

 − log p(x Ar | x Cr ) − 


i∈Ar 

 
− log p(x i | x Cr ) 

 
+ 


i∈Ar 

 
− log p(x i | x Cr ) 

   

≤ ϵ + 
R 

r=1 


i∈Ar 

 
− log p(x i | x Cr ) 

 
(plugging in (B.3)) 

≤ ϵ + 
R 

r=1 

 − 
 

i∈Ar 

log 1− 
f 

1 + |Ar| 

  (by Assumption 3.3.1) 

= ϵ + 
R 

r=1 

 

|Ar| log 1 + 
f 

(1 − f) + |Ar| 

 

≤ ϵ + 
R 

r=1 

|Ar|f 
1 − f + |Ar| 

(log(1 + t) ≤ t for t ≥ 0.) 

≤ ϵ + Rf. 

Rearranging, we obtain 

R ≥ 
− log p(x) − ϵ 

f 
. (B.4) 

Combining Eq. (B.2) and Eq. (B.4), we have 

R ≥ max 

   

− log p(x) − ϵ 
f 

, 
− log p(x) 

log 
 

1+n 
1+(1−f)n 

 

   . 

The proof is complete. 
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B.2 Additional Figures, Examples, and Experiments 

B.2.1 Examples of the inefficiency of confidence-based parallel 
decoding algorithm 

Example 1: Structured Profile Records Consider randomly sampling the profile of an 
undergraduate student from a structured database: 

x = [name, age, school, hobby] ∼ pdata. 

A confidence-based decoding algorithm typically selects the field age first, since its predicted 
distribution is concentrated within a narrow range (18–22), yielding artificially high confidence. 
However, if one decodes name first—despite its relatively diffuse predictive distribution—the 
remaining fields often become nearly deterministic: the student’s school, age, and hobby 
are strongly constrained once the identity is known. Thus, a naive “confident-token-first” 
decoding strategy is locally optimal but globally inefficient: it picks the token that resolves 
the least uncertainty. 

Example 2: Code Generation A similar phenomenon arises in coding tasks. Consider 
predicting the following masked snippet for computing a factorial: 

def factorial(n): 
[MASK] = 1 
for i in range(1, n + 1): 

[MASK] *= i 
return [MASK] 

Each possible masked variable name (e.g., ans, result, res) may have low marginal condi-
tional probability due to the arbitrary naming convention, resulting in low-confidence among 
all three masked tokens. Nevertheless, decoding any one of the masked slots immediately 
forces the remaining masks to adopt the same name, thereby collapsing the search space for 
all subsequent predictions. Again, high-entropy tokens, if decoded strategically, can unlock 
substantial determinism elsewhere. 

B.2.2 Visualization of block sampling LLaDA and fast block 
diffusion sampling 

Figure B.1 provides a visualization of both block sampling LLaDA [139] (Panel (a)) and our 
fast block diffusion sampling approach (Panel (b)) for comparison. 

B.2.3 Additional experiments for fairer comparison 

We report an additional performance curve of ETE called ETE (Standard). We measure 
performance across a range of confidence thresholds while holding other hyperparameters 
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(a) Block diffusion (LLaDA) sampling [139]. (b) Ours: Fast block diffusion sampling. 

Figure B.1: Panel (a): Block diffusion unlocks the next block after the current block is fully 
unmasked; Panel (b): Fast block diffusion (with budget 1) unlocks the next block after the 
budget exhausts and retains the ability to unmask prior blocks, enabling faster decoding. In 
both figures, we use red arrows to indicate unlocking the next block. 

fixed (tuned on the GSM8K training set) so that both ETE (Standard) and confidence-based 
baseline only have one degree of freedom (confidence thresholds). This ensures a direct and 
fair comparison with the baseline by varying the same primary hyperparameter (the static 
confidence threshold). We still keep the original ETE curve in Figure 3.6 for comparison. 

According to Figure B.2, in direct comparisons using fixed hyperparameters, the ETE 
(Standard) frontier is still consistently superior to that of the confidence-based baseline. ETE 
(Standard) attains higher average accuracy at comparable or lower step budgets, highlighting 
statistically significant improvements particularly in low-compute regimes. Moreover, by 
leveraging the additional degree of freedom in step scheduling, the ETE frontier achieves an 
even more favorable tradeoff, reaching higher peak accuracies with fewer steps. Overall, these 
results demonstrate that ETE allocates computational resources more effectively, translating 
to superior accuracy-per-step efficiency across diverse domains. 

B.3 Confidence-based Parallel Decoding Algorithms 
and Detailed Illustrations of ETE 

B.3.1 Confidence-based parallel decoding algorithms 

Algorithm B.3.1 demonstrates the standard confidence-based parallel decoding process with 
a static confidence threshold C. 
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Figure B.2: Accuracy-steps frontiers of ETE with an additional ETE (Standard) curve versus 
baseline on four benchmarks. 
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Algorithm B.3.1 Confidence-based parallel decoding with block diffusion sampling 

1: Input: Model pθ, prompt xprompt, generation length n, num blocks L, confidence threshold 
C.

2: x0 ← 
 
xprompt, [M]⊗n 


, t← 0 

3: n0 = |xprompt|, Bb = 
 
n0 + (b−1)n 

L : n0 + bn 
L 

 
(b = 1, . . . , L) 

4: for b = 1 → L do 
5: while block b is not fully unmasked do 
6: S ← {0 ≤ i ≤ n0 + n : xi

t = [M]} ∩ Bb 

7: x̂i
t+1 ← arg maxv∈V p

i
θ(v | xt), i ∈ S 

8: xi 
t+1 ← 

  x̂ i t+1, if pi
θ(ˆ xi 

t+1 | xt ) > C, 

xi
t, otherwise. 

9: if xt+1 = xt then 
10: i ∗ , x̂ i 

∗ 

t+1 ← arg maxi∈S,v∈V p
i 
θ(v | xt), x i 

∗ 

t+1 ← x̂i∗ 

t+1 

11: t ← t + 1 
12: Return xt 
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B.3.2 Detailed illustration of ETE 

We provide the detailed illustration of ETE in Algorithm B.3.2, which orchestrates exploitation 
and exploration phases within the fast block diffusion framework. Algorithms B.3.3-B.3.6 
elaborate on the detailed subroutines of exploitation, implicit exploration, the trigger for 
targeted exploration and targeted exploration, respectively. 

Algorithm B.3.2 ETE Main Sampling Procedure 

1: Input: Model p, prompt xprompt, sequence length n, num blocks L, steps per block N , con-
fidence threshold C, additional decoding rounds nf , exploration params cinfo , γ, α, β, Ne. 

2: x0 ← 
 
xprompt, [M]⊗n 


, t← 0 

3: for b = 1 → L do 
4: tb ← t 
5: while t − t b ≤ N and Mt ̸= ∅ do 
6: xt+1 ← Exploit(xt, b, C) 
7: if TriggerExplore(xt+1, b, γ, Ne) then 
8: xt+1 ← ImplicitExplore(xt+1, b − 1) 
9: xt+2 ← TargetedExplore(xt+1, b, α, β, cinfo) 

10: t ← t + 2 
11: else 
12: xt+1 ← ImplicitExplore(xt+1, b) 
13: t ← t + 1 
14: if Mt = ∅ then 
15: break 
16: if Mt ̸= ∅ then 
17: for _ = 1 → nf do 
18: xt+1 ← Exploit(xt, L, C) 
19: t ← t + 1 
20: Return xt 
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Algorithm B.3.3 Exploit Subroutine 

1: Input: xt, b, C 
2: Form the feasible set St as in Eq. (3.4). 
3: Compute exploitation tokens xt+1 according to Eq. (3.5). 
4: return xt+1 

Algorithm B.3.4 ImplicitExplore Subroutine 

1: Input: xt+1, b 
2: Reuse c(x̂i

t+1) from the last forward pass. 
3: for b′ = 1, . . . , b do 
4: Sb ′;t ← St ∩ Bb ′ (Parallel implicit exploration across active blocks) 
5: if Sb′;t = ∅ then 
6: continue 
7: Let Ub ′;t be the subset of Sb ′;t not already committed by Eq. (3.5). 
8: if Ub′;t ̸= ∅ then 
9: i⋆ ← arg maxi∈Ub ′;t 

pi 
θ(x̂i

t+1 | xt) 
10: xi⋆

t+1 ← x̂i⋆

t+1 (One highest-confidence token per block) 
11: return xt+1 

Algorithm B.3.5 TriggerExplore Subroutine 

1: Input: xt+1, b, γ, Ne 

2: ifrontier = min(bnb, max((b − 1)nb, arg maxi{i : xi
t ̸= [M]}) + nb/2) 

3: Wt ← {i : xi
t = [M], i ∈ ((b − 1)nb, ifrontier]} (Identify the frontier window)

4: c̄t ← 1 
|Wt|


i∈Wt 

pi 
θ(x̂i

t+1 | xt) (Compute average confidence) 
5: Let Rb;t be the number of masked tokens remaining in block b. 
6: if c̄t < γ and Rb;t > Ne and budgets not exhausted then 
7: return True (Frontier is information-poor) 
8: else 
9: return False 

Algorithm B.3.6 TargetedExplore Subroutine 

1: Input: xt+1, b, α, β, Cinfo 

2: Construct Ht using Eq. (3.6). 
3: for j ∈ Ht do 
4: xt+1;j ← xt+1, xj 

t+1;j = arg maxv∈V p
j
θ(v | xt). (Form the search beam) 

5: Compute (xt+2;j)j∈Ht ← Exploit((xt+1;j)j∈Ht , b, C) in batch. 
6: Select j⋆ ← arg maxj s(j) for the score in Eq. (3.7). 
7: return xt+2;j∗ 
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Appendix C 

Appendix for Theoretical Foundations 
for Statistical Watermarking 

C.1 Proofs 

C.1.1 Proof of Theorem 4.4.2 

Proof. Let ρ ′ denote the marginal probability of X and let η denote the marginal probability of R. 
In the bound of Type I error, choosing π = δy yields 

α ≥ PX∼π,R∼P(Ω,·)(X ∈ R) 

= PR∼η(y ∈ R) 

= 
 

R∈2Ω 

  
 

x∈Ω 

ρ ′(x)P(R|x)

  · 1(y ∈ R). (C.1) 

Now notice that 

P(X ∈ R) = EP [1(X ∈ R)] 
= 
 

y∈Ω 

 

R∈2Ω 

ρ ′(y)P(R|y)1(y ∈ R) 

= 
 

y∈Ω 

  
 

R∈2Ω 

ρ ′(y)P(R|y) · 1(y ∈ R)

  

   
A(y) 

. 

For the term A(y), we first know that A(y) ≤ ρ ′(y). Applying Eq. (C.1), we further have 

A(y) ≤ 
 

R∈2Ω 

  
 

x∈Ω 

ρ ′(x)P(R|x)

  · 1(y ∈ R) 

≤ α. 
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Combining the above two inequalies, it follows that 

P(X ∈ R) ≤ 

y∈Ω 

� 
α ∧ ρ ′(y)

 
= 1− 

 

x∈Ω:ρ ′(x)>α 

� 
ρ ′(x) − α 

 
≤ 1− min 

TV(ρ ′ ∥ρ)≤ϵ 

 

x∈Ω:ρ ′(x)>α 

� 
ρ ′(x) − α 

 

≤ 1−

  
 

x∈Ω:ρ(x)>α 

(ρ(x) − α) − ϵ

  

+ 

where the first equality is achieved by 

ρ ′ = arg min 
TV(ρ ′ ∥ρ)≤ϵ 

 

x∈Ω:ρ ′(x)>α 

� 
ρ ′(x) − α 

 
and the third inequality is achieved when 

 
x∈Ω:ρ(x)<α (α − ρ(x)) ≥ ϵ, a sufficient condition for 

which being |Ω| ≥ (2 + ϵ)/α (indeed, otherwise we have 1 ≥ 
 

x:ρ(x)<α ρ(x) > α · |{x : ρ(x) < 
α}| − ϵ ≥ α · (|Ω| − 1/α) − ϵ = 1, a contradiction). This establishes the optimal Type II error. 

Finally, to verify that P∗ satisfies the conditions, the condition TV(P∗(·, 2Ω)∥ρ) ≤ ϵ is clearly 
satisfied. For any y ∈ Ω we have 

PR∼η(y ∈ R) = 
 

x∈Ω 

ρ ∗(x) · P(R = {x}) · 1(y = x) 

= ρ ∗(y) · 
 

1 ∧ 
α 

ρ∗(y) 

 

≤ α. 

This implies the supπ∈∆(Ω) PY ∼π,(X,R)∼P∗ (Y ∈ R) ≤ α because any π can be written as linear 
combination of δy. Moreover, 

P ∗(X ∈ R) = 
 

x∈Ω 

ρ ∗(x) · P(R = {x}) 

= 
 

y∈Ω 

(α ∧ ρ ∗(y)) 

= 1− 
 

x∈Ω:ρ∗(x)>α 

(ρ ∗(x) − α) . 

This verifies that ρ∗ achieves the advertised Type II error. 

C.1.2 Proof of Theorem 4.4.7 

Proof. Lower bound. By definition of Type I error, for any level-α model-agnostic watermarking 
(η, {Pρ}ρ∈∆(Ω,F)), the following holds  

A∈2Ω 

η(A)1(x ∈ A) ≤ α, ∀x ∈ Ω. 
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For simplicity of notations, we assume Ω = {1, 2, . . . , m}. We consider hard instances in the form of 
Unif(i1, i2, . . . , i1/α) where 1 ≤ i1 < · · · < i1/α ≤ m. Notice that for any ρ0 = Unif(i1, i2, . . . , i1/α), 
we have β(P∗

ρ0 
) = 0 and 

β(Pρ0 ) ≥ PA∼η 

 
{i1, . . . , i1/α} ∩ A = ∅ 

 

≥ 
 

A 

η(A) · 
1/α⎧ 

j=1 

1(ij /∈ A). 

By the probabilistic method, 

max 
ρ0 

β(Pρ0 ) ≥ max 
i1<···<i1/α 

 

A 

η(A) · 
1/α⎧ 

j=1 

1(ij /∈ A) 

≥ 1 � m 
1/α 

  

i1<···<i1/α 

 

A 

η(A) · 
1/α⎧ 

j=1 

1(ij /∈ A). 

It follows that the maximum excess Type II error is lower bounded by the optimum v ∗ of the 
following linear program 

v ∗ = min 
η 

1 � m 
1/α 

  

i1<···<i1/α 

 

A 

η(A) · 
1/α⎧ 

j=1 

1(ij /∈ A) 

s.t. 
 

A∈2Ω 

η(A)1(x ∈ A) ≤ α, ∀x ∈ Ω, 

 

A∈2Ω 

η(A) = 1, η(A) ≥ 0, ∀A ∈ 2Ω . 

By duality, we have v ∗ = 

min 
η≥0 

max 
ξ,ζ≥0 

1 � m 
1/α 

  

i1<···<i1/α 

 

A 

η(A) · 
1/α⎧ 

j=1 

1(ij /∈ A) + 
 

x 

ξ(x) 

  
 

A∈2Ω 

η(A)1(x ∈ A) − α

  

+ ζ · 

  
 

A∈2Ω 

η(A) − 1

 

 

≥ max 
ξ,ζ≥0 

min 
η≥0 

1 � m 
1/α 


  
 

A 

η(A) · 

  
 

i1<···<i1/α 

1/α⎧ 

j=1 

1(ij /∈ A) + 
 

x 

ξ(x)1(x ∈ A) + ζ 

  − α · 
 

x 

ξ(x) − ζ 

  

≥ min 
η≥0 

1 � m 
1/α 

 m
l=1 

 

|A|=l 

η(A) · m− l 
1/α 

 

+ l · ξ ∗ + ζ ∗ 

 

− 
αmξ ∗ + ζ ∗ � m 

1/α 

 , 

where ξ ∗ = 
� m−αm−1

1/α−1 

 
and ζ ∗ = 0. 
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Define f(l) := 
� m−l 

1/α 

 
+ l · ξ∗ + ζ∗ . Since the binomial coefficient 

� m−l 
1/α 

 
is convex and l · ξ∗ + ζ∗ is 

linear, f a convex function. Notice that 

f(αm) − f(αm − 1) = ξ ∗ − 
m − αm 
1/α − 1 

 

< 0 

and 

f(αm + 1) − f(αm) = ξ ∗ − 
m − αm − 1 

1/α − 1 

 

= 0, 

f achieves minimum at l∗ = αm. It follows that 

m− l 
1/α 

 

+ l · ξ ∗ + ζ ∗ ≥ 
m − αm 

1/α 

 

+ αm · m − αm − 1 
1/α − 1 

 

holds for all l ∈ [m] and thus 

RHS ≥ 

� m−αm 
1/α

 � m 
1/α 

 = 

� m−1/α 
αm

 � m 
αm 

 = 

� m− 1 
α 

αm

 � m 
αm 

 . 

Upper bound. Define p as the projection from Ω × 2Ω to 2Ω , i.e. p(V ) = {A ∈ 2Ω : ∃x ∈ 
Ω, s.t.(x, A) ∈ V }. Let W := {(x, A) ∈ Ω × 2Ω : x ∈ A}. 

Notice that the marginal distribution of reject region 

η ∗(A) = 

  
1 

( m 
αm) if |A| = αm 

0 otherwise. 

satisfies 

sup 
π∈∆(Ω) 

PY ∼π,(X,R)∼P (Y ∈ R) ≤ 
 

x∈Ω 

π(x) · η ∗ 
 
p(W ∩ ({x} × 2Ω)) 

 

≤ 
 

x∈Ω 

π(x) · 1− 

� m−1
αm

 � m 
αm 

  

= α. 

Hence it guarantees Type I error ≤ α. 
It suffices to show (*): for any ρ ∈ ∆(Ω, F), there exists a coupling Pρ of η∗ and ρ such that 

P(x,A)∼Pρ (x /∈ A) ≤ (
m− 1 

α 
αm ) 

( m 
αm) + 

 
x:ρ(x)≥α(ρ(x) − α). 

To show the above, we need to check Strassen’s condition 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ 

� m− 1 
α 

αm

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α), ∀U ⊂ Ω. (C.2) 
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Indeed, given Eq. (C.2), Theorem 11 in Strassen [183] establishes (*). 
In the rest of the proof, we show Eq. (C.2). Fix U with cardinality k. First notice that 

ρ(U) − 
 

x:ρ(x)≥α 

(ρ(x) − α) ≤ (αk ∧ 1). 

Since p 
 
W ∩ (U × 2Ω) 

 
= {A ∈ 2Ω : ∃i ∈ U, s.t. i ∈ A}, we have 

η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≥ 1− 

� m−k 
αm

 � m 
αm 

 = 1− 

� m−αm 
k

 �m 
k 

 . 

In the remaining paper, 
� m−αm 

k

 
is understood as zero if m − αm < k. 

If k ≤ 1 
α , then because g(k) := αk − 1 + (

m−αm 
k ) 

(m
k ) is convex and takes maximum 

(m−αm 
1 
α 

) 
(m 

1 
α 
) = (

m− 1 
α 

αm ) 
( m 

αm) 

at k∗ = 1 
α , we have 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ αk − 1 + 

� m−αm 
k

 �m 
k 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α) 

= 

� m− 1 
α 

αm

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α). 

If k ≥ 1 
α , then since (m−αm 

k )
(m

k ) = (
m−k 
αm ) 

( m 
αm) is monotonously decreasing in k, 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ 

� m−αm 
k 

 �m 
k 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α) 

= 

� m− 1 
α 

αm

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α). 

Combining, we establish Eq. (C.2). 
Under the condition α → 0+ and 1/(αm) → 0+, the rate displayed in Theorem 1 simplifies to: 

(m − αm)(m − αm − 1) · · · (m − αm − 1/α + 1) 
n(m − 1) · · · (m − 1/α + 1) 

≍ (1 − α)1/α → e −1 . 

This concludes the proof. 

C.1.3 Proof of Theorem 4.4.10 

Proof. We follow the notation in the proof of Theorem 4.4.7. 
Lower bound. By definition of Type I error, for any level-α model-agnostic watermarking 

(η, {Pρ}ρ∈∆(Ω,F)), the following holds  

A∈2Ω 

η(A)1(x ∈ A) ≤ α, ∀x ∈ Ω. 
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We consider hard instances in the form of Unif(i1, i2, . . . , i1/κ) where 1 ≤ i1 < · · · < i1/κ ≤ m. 
Notice that for any ρ0 = Unif(i1, i2, . . . , i1/κ), we have β(P∗

ρ0 
) = 0 and 

β(Pρ0 ) ≥ PA∼η 

 
{i1, . . . , i1/κ} ∩ A = ∅ 

 

≥ 
 

A 

η(A) · 
1/κ⎧ 

j=1 

1(ij /∈ A). 

By the probabilistic method, 

max 
ρ0 

β(Pρ0 ) ≥ max 
i1<···<i1/κ 

 

A 

η(A) · 
1/κ⎧ 

j=1 

1(ij /∈ A) 

≥ 1 � m 
1/κ 

  

i1<···<i1/κ 

 

A 

η(A) · 
1/κ⎧ 

j=1 

1(ij /∈ A). 

It follows that the maximum excess Type II error is lower bounded by the optimum v ∗ of the 
following linear program 

v ∗ = min 
η 

1 � m 
1/κ 

  

i1<···<i1/κ 

 

A 

η(A) · 
1/κ⎧ 

j=1 

1(ij /∈ A) 

s.t. 
 

A∈2Ω 

η(A)1(x ∈ A) ≤ α, ∀x ∈ Ω, 

 

A∈2Ω 

η(A) = 1, η(A) ≥ 0, ∀A ∈ 2Ω . 

By duality, we have v ∗ = 

min 
η≥0 

max 
ξ,ζ≥0 

1 � m 
1/κ 

  

i1<···<i1/κ 

 

A 

η(A) · 
1/κ⎧ 

j=1 

1(ij /∈ A) + 
 

x 

ξ(x) 

  
 

A∈2Ω 

η(A)1(x ∈ A) − α

  

+ ζ · 

  
 

A∈2Ω 

η(A) − 1

 

 

= max 
ξ,ζ≥0 

min 
η≥0 

1 � m 
1/κ 


  
 

A 

η(A) · 

  
 

i1<···<i1/κ 

1/κ⎧ 

j=1 

1(ij /∈ A) + 
 

x 

ξ(x)1(x ∈ A) + ζ 

  − α · 
 

x 

ξ(x) − ζ 

  

≥ min 
η≥0 

1 � m 
1/κ 

 m
l=1 

 

|A|=l 

η(A) · m− l 
1/κ 

 

+ l · ξ ∗ + ζ ∗ 

 

− 
αmξ ∗ + ζ ∗ � m 

1/κ 

 , 

where ξ∗ = 
�m−αm−1

1/κ−1
 

and ζ∗ = 0. 
Define f(l) := 

� m−l 
1/κ 

 
+ l · ξ∗ + ζ∗ . Since the binomial coefficient 

� m−l 
1/κ 

 
is convex and l · ξ∗ + ζ∗ is 

linear, f a convex function. Notice that 

f(αm) − f(αm − 1) = ξ ∗ − 
m − αm 
1/κ − 1 

 

< 0 
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and 

f(αm + 1) − f(αm) = ξ ∗ − 
m − αm − 1 

1/κ − 1 

 

= 0, 

so f achieves its minimum at l∗ = αm. It follows that 

m− l 
1/κ 

 

+ l · ξ ∗ + ζ ∗ ≥ 
m − αm 

1/κ 

 

+ αm · m − αm − 1 
1/κ − 1 

 

holds for all l ∈ [m] and thus 

RHS ≥ 

� m−αm 
1/κ 

 � m 
1/κ 

 = 

� m−1/κ 
αm

 � m 
αm 

 = 

� m− 1
κ 

αm 

 � m 
αm 

 . 

Upper bound. Notice that the marginal distribution of reject region 

η ∗(A) = 

  
1 

( m 
αm) if |A| = αm 

0 otherwise. 

satisfies 

sup 
π∈∆(Ω) 

PY ∼π,(X,R)∼P (Y ∈ R) ≤ 
 

x∈Ω 

π(x) · η ∗ 
 
p(W ∩ ({x} × 2Ω)) 

 

≤ 
 

x∈Ω 

π(x) · 1− 

� m−1
αm

 � m 
αm 

  

= α. 

Hence we have a guarantee on Type I error ≤ α. 
In what remains, we define p and W in the same way in the proof of Theorem 4.4.7 and check 

Strassen’s condition 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ 

� m− 1 
α 

αm 

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α), ∀U ⊂ Ω. (C.3) 

Fix U with cardinality k. Due to the condition of supω∈Ω ρ({ω}) ≤ κ, we have ρ(U) − 
x:ρ(x)≥α(ρ(x) − α) ≤ (κk ∧ 1). Since p 

 
W ∩ (U × 2Ω) 


= {A ∈ 2Ω : ∃i ∈ U, s.t. i ∈ A}, we have 

η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≥ 1− 

� m−k 
αm

 � m 
αm 

 = 1− 

� m−αm 
k

 �m 
k 

 . 

If k ≤ 1 
κ , then 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ κk − 1 + 

� m−αm 
k 

 �m 
k 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α) 

= 

� m− 1 
κ 

αm 

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α), 
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where the second step follows from the fact that g(k) := κk − 1 + (
m−αm 

k ) 
(m

k ) is convex and takes 

maximum 
(m−αm 

1 
κ 

) 
(m 

1 
κ 
) = (

m− 1 
κ 

αm ) 
( m 

αm) at k ∗ = 1 
κ . 

If k ≥ 1 
κ , then 

ρ(U) − η ∗ 
 
p 
 
W ∩ (U × 2Ω) 

 
≤ 

� m−αm 
k 

 �m 
k 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α) 

= 

� m− 1 
κ 

αm

 � m 
αm 

 + 
 

x:ρ(x)≥α 

(ρ(x) − α), 

where the inequality is because (m−αm 
k ) 

(m
k ) = (

m−k
αm ) 

( m
αm) is monotonously decreasing in k. Combining the 

two cases establishes Eq. (C.3). 
Combining the above cases, we checked Strassen’s condition and hence the statement follows. 

C.1.4 Proof of Theorem 4.4.11 

Proof. Throughout the proof we assume that h < 1/4, otherwise the bounds become trivial. 
We first prove the lower bound. For this purpose, we construct the hard instance: let q0 = H−1 

b (h) 
(take the one ≥ 1/2) where Hb is the binary entropy function defined by Hb(x) = −x ln x − (1 − 
x) ln(1 − x), and set ρ0 = (1 − q0)δx1 + q0δx2 where x1, x2 are two different elements in Ω0. Then 
Lemma C.1.2 implies that q0 ≥ 3/4. By Theorem 4.4.2, 

β = 1 − P(X ∈ R) = 
 

x∈Ω:ρ(x)>α 

(ρ(x) − α) 

≥ 
1 
2 
· P (ρ(X) ≥ 2α) 

= 
1 
2 
· P 

n 

i=1 

ln ρ0(Xi) ≥ ln(2α) 

 

≥ 1(n ln q0 ≥ ln(2α)) · 1 
2qn 

0 

≥ 1(2n(1 − q0) ≤ − ln(2α)) · 1 
2 

exp (−2n(1 − q0)) 

≥ 1 n ≤ 
ln 1 

2α 

2h/ ln ln 2 
h 

 

· 1 
2 

exp − 
2nh 

ln ln 2 
h 

 

, 

where the last inequality follows from Lemma C.1.3. It follows that 

n(h, α, β) ≥ 
ln ln 2 

h 

2h 
· 
 

ln 
1 

2α 
∧ ln 

1 
2β 

 

. (C.4) 
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Furthermore, suppose n ≤ 
ln 1 

2α 
4(1−q0) ln 1 

1−q0
. Define Y = 

 n
i=1 1(ρ0(Xi) = 1 − q0), then notice that 

Y ∼ Binom(n, 1 − q0) and if Y ≤ 
ln 1 

2α

2 ln 1 
1−q0 

, then 

n 

i=1 

ln ρ0(Xi) ≥ 
ln 1 

2α 

2 ln 1 
1−q0 

· ln(1 − q0) + n · ln q0 

≥ ln(2α), 

where the last inequality is due to n·ln q0 ≥ −2(1−q0)n ≥ −2(1−q0) 
ln 1

2α 
4(1−q0) ln 1 

1−q0 

= ln(2α) 
2 ln 1

1−q0 

≥ ln(2α) 
2 . 

Applying this and Markov’s inequality, 

P 
n 

i=1 

ln ρ0(Xi) ≥ ln(2α) 

 

≥ P Y ≤ 
2 ln 1 

2α 

ln 1 
1−q0 

 

≥ 1− 
n(1 − q0) 

2 ln 1 
2α 

ln 1 
1−q0 

≥ 
1 
2 , 

which is a contradiction to P(ρ(X) ≥ 2α) ≤ 2β. As a result, 

n(h, α, β) ≥ 
ln 1 

2α 

4(1 − q0) ln 1 
1−q0 

≥ 
ln 1 

2α 

4h 
. (C.5) 

Combining Eq. (C.4) and Eq. (C.5), we establish the lower bound. 
For the upper bound, we define q = maxx∈Ω0 ρ0(x), then Lemma C.1.2 implies that q ≥ 1/2. 

Define Y = 
 n

i=1 1(ρ0(Xi) ̸= q) (recall that Y ∼ Binom(n, 1 − q)). It suffices to show when 

n = 900 
2 ln 9k 

h 

h 
· 
 

ln 
1 
α 
∧ ln 

1 
β 

 

∨ 
(18 + 36 ln(9k)) ln 1 

α 

h 

the Type II error of the UMP watermark 1 − P∗(X ∈ R) ≤ β. 
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By Theorem 4.4.2 and Bennett’s inequality, 

1 − P ∗(X ∈ R) = 
 

x∈Ω:ρ(x)>α 

(ρ(x) − α) 

≤ P (ρ(X) ≥ α) 

= P 
n 

i=1 

ln ρ0(Xi) ≥ ln(α) 

 

≤ P Y ≤ 
ln 1 

α 

ln 1 
1−q 

 

≤ exp 

 −nq(1 − q)θ 

 1 − q − 
ln 1 

α 
n ln 1 

1−q 

q(1 − q) 

  

  (C.6) 

where θ(x) = (1+x) ln(1+x)−x; the penultimate inequality follows from 
 n

i=1 ln ρ0(Xi) ≤ Y ln(1−q). 
Notice that by Lemma C.1.2, 

(1 − q) ln 
1 

1− q 
≥ 

h 

9 ln 9k ln(9k) 
h 

· ln 
ln 1 

h 

h 

= h · 
ln ln 1 

h + ln 1 
h 

9 
 
ln 1 

h + ln(9k ln(9k)) 
 

≥ 
h 

9 + ln(9k ln(9k)) . 

Since n ≥ 
(18+36 ln(9 k ln(9 k ))) ln 1 

α 
h , we have n ≥ 2 

1 −q 
ln 1

α 
ln 1 

1−q 
. Under this condition, we have the 

simplification 

θ 

  

1− q − 
ln 1 

α 
n ln 1 

1−q 

q(1 − q) 

  ≥ θ 
 1 

2q 

 

≥ 
1 
50 . 

Plugging back to Eq. (C.6), we have 

1 − P ∗(X ∈ R) ≤ exp 

 −nq(1 − q)θ 

  

1− q − 
ln 1 

α 
n ln 1 

1−q 

q(1 − q) 

  

  

≤ exp 
 

− 
n(1 − q) 

100 

 

≤ exp − 
nh 

900 ln 9k ln(9k) 
h 

 

(C.7) 
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where we applied Lemma C.1.3 in the last step. 
Furthermore, we have 

1 − P(X ∈ R) ≤ P 
n 

i=1 

ln ρ0(Xi) ≥ ln(α) 

 

≤ 1 
 

n ≤ 
ln α 
ln q 

 

≤ 1 n ≤ 900 
ln 9k ln(9k) 

h 

h 
· ln 

1 
α 

 

, (C.8) 

where the last step is due to Lemma C.1.3. Combining Eq. (C.7) and Eq. (C.8), we know that 

1−P ∗(X ∈ R) ≤ β when n ≥ 900 
 

ln 9k ln(9k) 
h 

h · 
 
ln 1 

α ∧ ln 1 
β 

 

. This establishes the upper bound. 

Supporting lemmata 

Lemma C.1.1 (Topsøe [188], Theorem 1.2). Define the binary entropy function Hb : (0, 1) → R as 
Hb(x) = −x ln x − (1 − x) ln(1 − x). Then 4x(1 − x) ≤ Hb(x) ≤ (4x(1 − x))1/ ln 4 . 

Lemma C.1.2. Suppose ρ is a probability measure over Ω such that H(ρ) = h, and define 
q = maxx∈Ω ρ(x). If H(ρ) ≤ 1/4, then q ≥ 1/2. Furthermore, if Hb(q) ≤ 1/4, then q ≥ 3/4. 

Proof. Suppose q ≤ 1/2. By convexity of H, 

H(ρ) ≥ − 
 1 

q 

 

q ln q ≥ − 
1 
2 

ln 
1 
2 
≥ 1/4. 

This is a contradiction. 
Suppose q ≤ 3/4, then Lemma C.1.1 implies that 

Hb(q) ≥ 4q(1 − q) ≥ 1/4. 

This is a contradiction. 

Lemma C.1.3. Suppose ρ is a probability measure over Ω such that H(ρ) = h and |Ω| = k. Define 
q = maxx∈Ω ρ(x). If q ≥ 1/2, then we have 

h 

9 ln 9k ln(9k) 
h 

≤ 1− q ≤ 
h 

ln ln 2 
h 

Proof. We have 

H(ρ) ≥ −(1 − q) ln(1 − q) ≥ (1 − q) · ln 2. 

It follows that 

h ≥ − (1 − q) ln(1 − q) 

≥ (1 − q) ln 
ln 2 
h 

. 
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Therefore 1 − q ≤ h 
ln ln 2 

h

. 
By the convexity of H and −q ln q ≤ 2(1 − q), 

H(ρ) ≤ − q ln q − (1 − q) ln 
1− q 

k 

≤ (1 − q) ln 
9k 

1− q 
. 

This means that 

h 2 ≤ (1 − q)2 
 

ln 
9k 

1− q 

2 

≤ 2(1 − q)2 
 
ln2(9k) + ln2(1 − q) 

 

≤ 2(1 − q)2 ln2(9k) + (1 − q) · 
 
2(1 − q) ln2(1 − q) 

 

≤ (1 − q) · (ln2(9k) + 18), (C.9) 

where the last inequality is due to 2(1 − q) ≤ 1 and 2(1 − q) ln2(1 − q) ≤ 18. It follows that 

h ≤ (1 − q) ln 
9k 

1− q 

≤ 9(1 − q) ln 
9k ln(9k) 

h 
, 

where the last step is because ln 1 
1−q ≤ 2 ln ln

2(9k)+18 
h ≤ 9 ln ln(9k) 

h , using Eq. (C.9). This establishes 

1− q ≥ h 
9 ln 9k ln(9k) 

h 

. 

C.1.5 Proof of Theorem 4.4.16 

Proof. Let κ0 = α/ log 1 
β , κ := e− ⎠H ≲ κ0, and m := |Ω| = |Ω0|n ≳ 1/κ0. Define p as the projection 

from Ω ×2Ω to 2Ω: ∀V, p(V ) = {A ∈ 2Ω : ∃x ∈ Ω, s.t. (x, A) ∈ V }. Define Ω̄ := {x ∈ Ω : ρ(x) ≤ κ}, 
W := {(x, A) ∈ Ω × 2Ω : x ∈ A}, and ¯ W := {(x, A) ∈ ¯ Ω × 2Ω : x ∈ A}. Notice that 

sup 
π∈∆(Ω) 

PY ∼π,(X,R)∼P (Y ∈ R) ≤ 
 

x∈Ω 

π(x) · η ∗ 
 
p(W ∩ ({x} × 2Ω)) 

 

≤ 
 

x∈Ω 

π(x) · 1− 

� m−1
αm 

 � m 
αm 

  

= α; 

thus Type I error ≤ α. To establish the conditional Type II error guarantee, we check the following 
Strassen’s condition, similarly to the proof of Theorem 4.4.7, 

ρ(U) − η ∗ 
 
p 
 
W̄ ∩ (U × 2Ω) 

 
≤ ρ(Ω̄c) + β · ρ(Ω̄), ∀U ⊂ Ω. (C.10) 
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Fix U and define k := |U ∩ Ω̄|. Notice that ρ(U) ≤ (κk + ρ(Ω̄c)) ∧ 1. It follows that 

ρ(U) − η ∗ 
 
p 
 
W̄ ∩ (U × 2Ω) 

 
≤ 
 
(κk + ρ(Ω̄c)) ∧ 1 

 
− 1 + 

� m−k 
αm

 � m 
αm 

 
≤ max 

   

� m− ρ(¯ Ω) 
κ 

αm

 � m 
αm 

 − ρ(Ω̄c), 0 

  
+ ρ(Ω̄c), 

where the second step follows from the fact that 
 
(κk + ρ(Ω̄c)) ∧ 1 

 
− 1 + (m−k 

αm ) 
( m 

αm) is convex in 

[0, ρ(Ω̄)/κ] and decreasing in [ρ(Ω̄)/κ, ∞], and thus the maximum can only be taken at either k = 0 
or k = ρ(Ω̄)/κ. 

By the conditions of n and κ, some arithmetic shows that 

max 

   

� m− ρ(¯ Ω) 
κ 

αm

 � m 
αm 

 − ρ(Ω̄c), 0 

   
≤ max 

   

� m− ρ(¯ Ω) 
κ0 

αm

 � m 
αm 

 − ρ(Ω̄c), 0 

   

≲ max 
 

(1 − α)ρ(Ω̄)/κ0 − 1 + ρ(Ω̄), 0 
 

≲ max 
 

β ρ(Ω̄) − 1 + ρ(Ω̄), 0 
 

≤ β · ρ(Ω̄), 

where the first inequality comes from κ ≤ κ0, the second inequality is because � m− ρ(¯ Ω) 
κ0 

αm

 � m 
αm 

 = 
(m − αm)(m − αm − 1) · · · (m − αm − ρ(¯ Ω) 

κ0 
+ 1) 

m(m − 1) · · · (m − ρ(¯ Ω) 
κ0 

+ 1) 

≲ (1 − α)ρ(Ω̄)/κ0 

due to m ≳ 1/κ0, the third inequality follows from κ0 = α/ log(1/β), and the last inequality is due 

to the observation that max 
 

βρ(¯ Ω) − 1 + ρ(¯ Ω), 0 
 
− β · ρ(Ω̄) is a convex function of ρ(Ω̄) and takes 

maximum at either ρ(¯ Ω) = 0 or 1. 
Eq. (C.10) hence follows. Applying Strassen’s Theorem [183], we have P(X,R)∼P ( W̄ ) ≥ 1 − 

ρ(Ω̄c) + β · ρ(Ω̄) 
 

= ρ(Ω̄) · (1 − β). 
By Bayes’ theorem, P(X,R)∼P (X /∈ R| − log ρ(X) ≥ ⎠H) = P(X,R)∼P (X /∈ R|ρ(X) ≤ κ) = 

1−P(X,R)∼P (W̄ ) 

ρ(Ω̄) 
≤ β. This completes the proof. 

C.1.6 Proof of Theorem 4.4.20 

Proof. Throughout the proof we omit the subscript in the shrinkage operator S, as G is fixed. First 
notice that 

EX,R∼P 

 

min 
Y ∈out(X) 

1(Y ∈ R) 

 

= P(X ∈ S(R)) 

= 
 

y∈Ω 

 

R∈2Ω 

ρ(y)P(R|y)1(y ∈ S(R)). 
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Further, notice that y ∈ in(z) and y ∈ S(R) implies that z ∈ R, thus  

y∈in(z) 

 

R∈2Ω 

ρ(y)P(R|y)1(y ∈ S(R)) ≤ 
 

y∈in(z) 

 

R∈2Ω 

ρ(y)P(R|y)1(z ∈ R) 

≤ 
 

y∈Ω 

 

R∈2Ω 

ρ(y)P(R|y)1(z ∈ R) 

= PX∼δz ,R∼P(Ω,·)(X ∈ R) 

≤ α. 

It follows that the optimum Type II error is lower bounded by the optimum of the following linear 
program 

min 
P 

1 − 
 

y∈Ω 

 

R∈2Ω 

ρ(y)P(R|y)1(y ∈ S(R)) (C.11) 

s.t. 
 

y∈in(z) 

 

R∈2Ω 

ρ(y)P(R|y)1(y ∈ S(R)) ≤ α, 
 

R∈2Ω 

P(R|z) = 1, 0 ≤ P(R|z) ≤ 1, ∀z ∈ Ω, R ∈ 2Ω . 

We claim that the minimum in Eq. (C.11) is equal to the minimum of Eq. (4.2). Indeed, it suffices 
to show that Eq. (C.11) is optimized when P(·|y0) is supported on 

 
∅, S−1({y0}) (then setting 

x(y) ≡ P(S−1({y})|y) reduces Eq. (C.11) to Eq. (4.2)). To see this, consider any minimizer  P such 
that there exists y0 ∈ Ω and R0 / ∈ 

 
∅, S−1({y0}) , with P(R0|y0) > 0. We will show that there exists 

P̄ such that it achieves the no greater objective value, and satisfies |supp( P̄(·|y0))∩ 
 
∅, S−1({y0}) c | = 

|supp( P(·|y0)) ∩ 
 
∅, S−1({y0}) c | − 1 and |supp(P̄(·|y))| = |supp( P(·|y))| for all other y ∈ Ω. 

Iteratively applying this argument, we reduce supp(  P(·|y)) ∩ 
 
∅, S−1({y}) c to ∅ for any y ∈ Ω and 

thereby prove the claim. 
Consider the following two cases. 
Case 1: y0 / ∈ S(R0). Then letting 

P̄(R|y) = 

  
P(R0|y) + P(R|y), y = y0, R = ∅ 
0, y = y0, R = R0 P(R|y), o.w., 

we observe that  

y∈Ω 

 

R∈2Ω 

ρ(y) P(R|y)1(y ∈ S(R)) = 
 

y∈Ω 

 

R∈2Ω 

ρ(y) P̄(R|y)1(y ∈ S(R)) 

and ¯ P satisfies all the constraints in Eq. (C.11). It is obvious from the construction of ¯ P that 
|supp(P̄(·|y0)) ∩ 

 
∅, S−1({y0}) c | = |supp( P(·|y0)) ∩ 

 
∅, S−1({y0}) c | − 1 and |supp(P̄(·|y))| = 

|supp( P(·|y))| for all other y ∈ Ω. 
Case 2: y0 ∈ S(R0). Then letting 

P̄(R|y) = 

  
 P(R0|y) +  P(R|y), y = y0, R = S−1({y0}) 

0, y = y0, R = R0  P(R|y), o.w. 
, 
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we observe that  

y∈Ω 

 

R∈2Ω 

ρ(y)  P(R|y)1(y ∈ S(R)) = 
 

y∈Ω 

 

R∈2Ω 

ρ(y) P̄(R|y)1(y ∈ S(R)) 

and ¯ P satisfies all the constraints in Eq. (C.11) due to 1(y ∈ S(R0)) ≥ 1(y ∈ S({y0})) for 
any y ∈ Ω. From the construction of P̄, we know that |supp( P̄(·|y0)) ∩ 


∅, S−1({y0}) c | = 

|supp(  P(·|y0)) ∩ 
 
∅, S−1({y0}) c | − 1 and |supp(P̄(·|y))| = |supp(  P(·|y))| for all other y ∈ Ω. 

Combining the above cases, we established our claim. 
Finally, letting P∗(·|y) = x ∗(y) · δS−1({y}) + (1 − x ∗(y)) · δ∅ for all y ∈ Ω, where x ∗ is the solution 

of Eq. (4.2), achieves the optimum value in Eq. (4.2). 
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Appendix D 

Appendix for Semantic-Aware 
Statistical Watermarking: SEAL 

D.1 Proofs of SEAL Guarantees 

D.1.1 Proof of Theorem 5.2.1 

In the rest of this appendix, we will use ρj(·) and qj(·) to abbreviate ρj(·|p, t1:j−1) and 
qj(·|tj−K:j−1) respectively. For statistical analysis, we will also assume the pseudo-randomness 
functions used in Algorithm 5.2.1-5.2.2 are true random oracles. Our statistical results can 
be transformed into cryptography results by hardness hypothesis on the pseudo-random 
functions. 

Proof. Fix hj, the prompt p, and the history t1:j−1. Let 

µS,j := h j♯qj, µρ,j := h j ♯ρ j. 

Algorithm 5.2.1 first samples sj ∼ µS,j and then constructs a code cj by maximal coupling so 
that cj ∼ µρ,j and 

Pr(cj = s j | p, t1:j−1, h j) = 
 

c∈Ωh 

min{µS,j(c), µρ,j(c)}. 

When blogit = 0, the final token is sampled from ρj conditional on hj(tj) = cj. Therefore, for 
any token u, 

PSEAL(t j = u | p, t1:j−1, h j) = 
 

c∈Ωh 

PSEAL(c j = c | p, t1:j−1, h j) ρ j(u | h j(u) = c, p, t1:j−1) 

= 
 

c∈Ωh 

(h j ♯ρ j)(c | p, t1:j−1) ρ j(u | h j(u) = c, p, t1:j−1) 

= ρj(u | p, t1:j−1). (D.1) 

Averaging over the random hash function hj gives the claimed distortion-free marginal. 
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D.1.2 Proof of Theorem 5.2.2 

Proof. Fix a non-watermarked candidate sequence y and a candidate window I = [i, i + L]. 
Conditional on y and on the reconstructed proposal distributions, the detector’s randomness 
comes from the secret-keyed hash functions and seeds. Under H0, the reconstructed seed sj 

is independent of yj and has distribution hj♯qj. Hence 

P(ξ j = 1 | y) = P{h j(yj) = s j | y} = (h j♯qj)(h j(yj)) =: w j. 

If the threshold is computed using Eq. (5.4), then since 

P (Zi = 1) = wi, P (Zi = 0) = 1 − wi, 

where wj = hj♯qj(hj(yj)) = P(Zj = 1), we have 

P

  
i+k 

j=i 

Z j = l 

  = P (Zi+k = 1) · P 

  
i+k−1 

j=i 

Z j = l − 1
  + P (Zi+k = 0) · P 

  
i+k−1 

j=i 

Z j = l

  

= wi+k · P

  
i+k−1 

j=i 

Z j = l − 1
  + (1 − wi+k) · P 

  
i+k−1 

j=i 

Z j = l

  

It follows by induction that the pk,l’s computed by Eq. (5.4) satisfy pk,l = P 
 i+k−1 

j=i Zj = l 
 
. 

Therefore PSEAL(watermarked = True) ≤ α holds by definition. 
Next, we consider the case of using Eq. (5.5). Define 

µ = 
i+L 

j=i 

h#qj(h j(yj)). 

By Lemma D.1.1 and choice of ϵ, we have 

P

  
i+L 

j=i 

ξ j ≥ (1 + ϵ)µ 

  ≤ e(ϵ−(1+ϵ) log(1+ϵ))µ 

≤ α. 

It follows that 

PSEAL(watermarked = True) = P 

  
i+L 

j=i 

ξ j ≥ (1 + ϵ)µ 

  

≤ α. 

Lemma D.1.1. Let X be the sum of independent Bernoulli random variables (not necessarily 
with the same mean). Let µ = E[X]. Then for all ϵ > 0, 

P(X ≥ (1 + ϵ)µ) ≤ e(ϵ−(1+ϵ) log(1+ϵ))µ . 
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Proof. Letting X = 
 n

i=1 Xi where Xi ∼ Bernoulli(pi). By a Chernoff bound, 

P(X ≥ (1 + ϵ)µ) ≤ 
E 
 
e λX 

 
e(1+ϵ)µλ 

= 

⎛ n 
i=1 E 

 
e λXi 

 
e(1+ϵ)µλ 

Using the moment-generating function of the Bernoulli distribution, 
⎛ n 

i=1 E 
 
e λXi 

 
e(1+ϵ)µλ 

= e 
 n 

i=1 
log(pie λ+1−pi)−(1+ϵ)µλ 

≤ e 
 n 

i=1(pie λ−pi)−(1+ϵ)µλ 

= e(eλ−1−(1+ϵ)λ)µ . 

Since eλ −1−(1+ϵ)λ ≤ ϵ−(1+ϵ) log(1+ϵ) where the maximum is achieved at λ∗ = log(1+ϵ), 
we have 

P(X ≥ (1 + ϵ)µ) ≤ e(ϵ−(1+ϵ) log(1+ϵ))µ . 
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Appendix E 

Appendix for Anytime-Valid 
Statistical Watermarking 

Notations. Let [n] be the set {1, . . . , n} and ∆([n]) denote the probability simplex over 
[n]. For the simplicity of notations, we let V = [n]. Let Sn denote the permutation group 
of {1, . . . , n}. For any σ ∈ Sn, σi means applying permutation σ i-times. For any matrix 
M ∈ Rn×n , let M(x, y), M(x, :), M(:, y) denote the entry on x-th row and y-th column, the 
x-th row, and the y-th column respectively. 

E.1 Proof of Theorem 6.4.1 

Proof. Let 

R = 

 

r ∈ Rn×n : 
 

s∈V 

r(v, s) = 1, r(v, s) ≥ 0, ∀v, s ∈ V 

 

. 

By Lemma E.1.7, the original problem is equivalent to 

J ′ : sup 
r∈R 

inf 
q∈Q(p0,δ) 

sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · (log r(v, s) − log p0(s)) , 

with r(v, s) = p0(s)e(v, s) ∈ R. Note that  

v,s∈V 

w(v, s) · (− log p0(s)) = 
 

s∈V 

p0(s) · (− log p0(s)) = H(p0) 

where H(p0) is the entropy of p0. By Proposition E.1.6, the optimum value of J ′ is equal to 

(1 − δ 
2 ) log 1− 

δ 
2 

 

+ δ 
2 log 

δ 
2(n − 1) 

 

, 
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achieved at 

r ∗(v, s) = 

  

1 − δ/2, s = v, 

δ/(2n − 2), s ̸= v, 

and for any q ∈ Q(p0, δ) written as q = 
k

i=1 λi · qi for qi = p0 + δ
2 · (evi − esi ), the optimizer 

of the inner problem is given by 

k 

i=1 

λi · 
δ 
2 
· (evi e⊤ 

si 
− esi e⊤ 

si 
) + diag(p0) 

 

. 

Therefore, the optimum value of the original problem is equal to 

(1 − δ 
2 ) log 1− 

δ 
2 

 

+ δ 
2 log 

δ 
2(n − 1) 

 

+ H(p0). 

In particular, this is achieved at 

e ∗(v, s) = 

  

1−δ/2 
p0(s) , s = v, 

δ 
2(n−1)p0(s) , s ̸= v, 

For this e-value, the boundary couplings above attain the worst-case value, and interior 
targets are handled by maximal couplings as stated in Theorem 6.4.1. This completes the 
proof. 

E.1.1 Supporting lemma 

Lemma E.1.1 (Diagonal Dominance). Let V = {1, . . . , n}. For any matrix M0 ∈ Rn×n , 
there exists a permutation matrix P ∈ Rn×n such that the following condition holds for any 
v ∈ V and permutation σ ∈ Sn: 

κv−1 

i=0 

(M0P )(σ i(v), σ i(v)) ≥ 
κv −1 

i=0 

(M0P )(σ i(v), σ i+1(v)). (E.1) 

where κv is the minimum positive integer such that σκv (v) = v. 

Proof. Let P be the set of all permutation matrices and 

P ∗ = arg sup 
P ∈P 

tr[M0P ]. 

Then we claim that P ∗ is the permutation matrix s.t. M = M0P
∗ satisfying Eq. (E.1). 

Denote 

C = {v, σ(v), . . . , σ κv −1(v)}. 
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Suppose for the sake of contradiction that there exists σ(·) and v such that 

κv −1 

i=0 

M(σ i(v), σ i(v)) < 
κv −1 

i=0 

M(σ i(v), σ i+1(v)). (E.2) 

Define permutation 

σ̄(u) = 

  

σ−1(u), u ∈ C, 

u, u /∈ C. 

and permutation matrix 

Pσ̄ = 
 
eσ̄(1) · · · eσ̄(n) 

 ⊤ 

Then we have 

MPσ̄ = 
n 

i=1 

M(:, i) · e⊤ 
σ̄(i) 

= 
 

i/∈C 

M(:, i) · e⊤ 
σ̄(i) + 

 

i∈C 

M(:, i) · e⊤ 
σ̄(i) 

= M + 
 

i∈C 

M(:, i) · (e⊤ 
σ̄(i) − e⊤ 

i ) 

= M + 
κv −1 

j=0 

M(:, σ̄j(v)) · (e⊤ 
σ̄j+1(v) − e⊤ 

σ̄j (v)). 

Notice 

tr[Pσ̄M ] = tr[M ] + tr[ 
κv −1 

j=0 

M(:, σ̄j(v)) · (e⊤ 
σ̄j+1(v) − e⊤ 

σ̄j (v))] 

= tr[M ] + tr[ 
κv −1 

j=0 

M(:, σ̄j(v)) · e⊤ 
σ̄j+1(v)] − tr[ 

κv −1 

j=0 

M(:, σ̄j(v)) · e⊤ 
σ̄j (v)] 

= tr[M ] + 
κv −1 

j=0 

M(σ̄j+1(v), σ̄j(v)) − 
κv −1 

j=0 

M(σ̄j(v), σ̄j(v)) 

= tr[M ] + 
κv −1 

j=0 

M(σj(v), σj+1(v)) − 
κv −1 

j=0 

M(σj(v), σj(v)) 

> tr[M ] 

where the last inequality follows from Eq. (E.2). 
But P is a group so P ∗P¯ σ ∈ P . This contradicts with the definition of P ∗ . 
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Lemma E.1.2 (Optimizer of Inner Problem). Let V be the set {1, . . . , n} and p0 ∈ ∆(V) be 
a distribution over V such that infv∈V p0(v) > δ. Let M : V × V → R be a matrix that satisfies 

κv −1 

i=0 

M(σ i(v), σ i(v)) ≥ 
κv −1 

i=0 

M(σ i(v), σ i+1(v)) (E.3) 

for any v ∈ V, σ ∈ Sn, where κv = inf{k ≥ 1 : σk(v) = v}. Fix distinct a, b ∈ V and define 

q = p0 + 
δ 
2 
· (ea − eb). 

Consider the optimization problem 

sup 
w∈P(p0,q) 

J(w), J(w) := 
 

v,s∈V 

w(v, s)M(v, s), 

where 

P(p0, q) = 

 

w : V × V → R+ 

 

s∈V 

w(v, s) = q(v) ∀v ∈ V , 
 

v∈V 

w(v, s) = p0(s) ∀s ∈ V 

 

. 

Then there exists a permutation σ ∈ Sn such that 

w ∗ = 
δ 
2 

κ−2 

i=0 

 
eσi(a)e⊤ 

σi+1(a) − eσi+1(a)e⊤ 
σi+1(a) 

 
+ diag(p0) (E.4) 

is an optimizer of J , where κ is the minimum positive integer such that σκ(a) = a. 

Proof. First, we establish existence of an optimizer. Define wfeas by 

w feas(a, b) = 
δ 
2 , 

w feas(v, v) = 

   

p0(b) − δ 
2 , v = b, 

p0(v), v ̸= b, 

w feas(v, s) = 0, (v, s) /∈ {(a, b)} ∪ {(v, v) : v ∈ V}. 

Because infv p0(v) > δ > δ/2, we have wfeas ≥ 0. Its row sums satisfy 

 

s 
w feas(a, s) = p0(a) + 

δ 
2 

= q(a), 

 

s 
w feas(b, s) = p0(b) − 

δ 
2 

= q(b),  

s 
w feas(v, s) = p0(v) = q(v), v /∈ {a, b}, 
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and its column sums satisfy 

 

v 
w feas(v, b) = p0(b) − 

δ 
2 

+ 
δ 
2 

= p0(b),  

v 
w feas(v, s) = p0(s), s ̸= b. 

Thus wfeas ∈ P(p0, q). The set P(p0, q) is a nonempty bounded polytope, and J is linear, so 
there exists 

w(0) ∈ arg sup 
p∈P(p0,q) 

J(w). 

For a feasible w, let Gw be the directed graph on vertex set V with an edge (v, s) whenever 
v ̸= s and w(v, s) > 0. A directed cycle in Gw is a k-tuple (v0, . . . , vk−1) of distinct vertices, 
k ≥ 2, such that 

w(vi, vi+1) > 0, i = 0, . . . , k − 1, 

with indices understood modulo k (so vk = v0). 
Next, we show that for an optimal distribution w̄, the graph G ¯ w has no directed cycles. 

Fix any feasible w and such a cycle (v0, . . . , vk−1). For ε > 0 define ˜ w by 

w̃(vi, vi+1) = w(vi, vi+1) − ε, i = 0, . . . , k − 1, (E.5) 
w̃(vi, vi) = w(vi, vi) + ε, i = 0, . . . , k − 1, (E.6) 
w̃(x, y) = w(x, y), (x, y) /∈ {(vi, vi+1), (vi, vi) : 0 ≤ i ≤ k − 1}. 

Choose 

0 < ε ≤ inf 
0≤i≤k−1 

w(vi, vi+1), 

so that ˜ w ≥ 0. 
Row sums. For each i,  

s∈V 

w̃(vi, s) = (w(vi, vi+1) − ε) + (w(vi, vi) + ε) + 
 

s/∈{vi,vi+1} 

w(vi, s) 

= 
 

s∈V 

w(vi, s). 

All other rows are unchanged, so  

s 
w̃(v, s) = 

 

s 
w(v, s) = q(v), ∀v ∈ V . (E.7) 
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Column sums. For each i,  

x∈V 

w̃(x, vi) = (w(vi−1, vi) − ε) + (w(vi, vi) + ε) + 
 

x/∈{vi−1,vi} 

w(x, vi) 

= 
 

x∈V 

w(x, vi), 

where again indices are taken modulo k. All other columns are unchanged, so  

v 
w̃(v, s) = 

 

v 
w(v, s) = p0(s), ∀s ∈ V . (E.8) 

Thus ˜ w ∈ P(p0, q). 
Objective value. Only entries on the cycle and the corresponding diagonals change, hence 

J( ̃w) − J(w) = 
k−1 

i=0 

 

w̃(vi, vi)M(vi, vi) + w̃(vi, vi+1)M(vi, vi+1) (E.9) 

− w(vi, vi)M(vi, vi) − w(vi, vi+1)M(vi, vi+1) 
 

= ε 
k−1 

i=0 

(M(vi, vi) − M(vi, vi+1)) . (E.10) 

Let σ ∈ Sn be the permutation whose cycle on the set {v0, . . . , vk−1} is (v0v1 . . . vk−1) and 
which fixes all other vertices. For v = v0 we have κv = k and 

σ i(v0) = vi, σ i+1(v0) = vi+1, i = 0, . . . , k − 1, 

so by Eq. (E.3), 

k−1 

i=0 

M(vi, vi) = 
κv −1 

i=0 

M(σ i(v0), σ i(v0)) 

≥ 
κv −1 

i=0 

M(σ i(v0), σ i+1(v0)) = 
k−1 

i=0 

M(vi, vi+1). (E.11) 

Combining Eq. (E.10) and Eq. (E.11) yields 

J( ̃w) − J(w) ≥ 0. (E.12) 

Now start from the optimizer w(0). If Gw(0) has no directed cycles, set ¯ w = w(0). Oth-
erwise, choose a directed cycle in Gw(0) , apply the above transformation with maximal ε 
as chosen above, and obtain w(1) ∈ P(p0, q) with J(w (1)) ≥ J(w(0)). Since w(0) is optimal, 
J(w (1)) = J(w(0)), so w(1) is also optimal. Moreover, at least one edge of the chosen cycle 
has w(1)(vi, vi+1) = 0. 
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Iterating this construction, we obtain a sequence of optimal plans w(m) in P(p0, q) in 
which the set of off-diagonal edges with positive mass strictly decreases whenever there is a 
directed cycle. Since there are only finitely many off-diagonal entries, this procedure must 
terminate. We thus obtain an optimal plan ¯ w such that G ¯ w contains no directed cycle. 

Define the off-diagonal flow 

F (v, s) := 

  

w̄(v, s), v ̸= s, 

0, v = s. 

For v ∈ V define 

out(v) := 
 

s̸=v 

F (v, s), in(v) := 
 

u̸=v 

F (u, v). 

Using the marginal constraints of w̄, 

q(v) = 
 

s 
w̄(v, s) = w̄(v, v) + out(v), 

p0(v) = 
 

u 
w̄(u, v) = w̄(v, v) + in(v), 

so 

out(v) − in(v) = q(v) − p0(v) = 

  

δ 
2 , v = a, 

− δ 
2 , v = b, 

0, v /∈ {a, b}. 
(E.13) 

Thus F is a nonnegative flow of value δ/2 from a to b on the directed acyclic graph Gw̄. 
We now decompose F into simple a–b paths. Define F (0) := F and proceed inductively. 

Assume F (m) is a nonnegative flow from a to b with balance equation Eq. (E.13). Since 
out(a) − in(a) = δ/2 > 0, there exists s1 ̸= a with F (m)(a, s1) > 0. Set v

(m) 
0 := a and 

v
(m) 
1 := s1. 

Suppose v
(m) 
0 = a, . . . , v

(m) 
j ̸= b are already recursively constructed such that we use 

Eq. (E.13) and nonnegativity to obtain for j ≥ 1, 

in(v(m) 
j ) ≥ F (m)(v(m) 

j−1, v
(m) 
j ) > 0. 

For v(m) 
j /∈ {a, b}, Eq. (E.13) gives out(v(m) 

j ) = in(v(m) 
j ) > 0, so there exists v(m) 

j+1 ̸= v(m) 
j with 

F (m)(v(m) 
j , v

(m) 
j+1) > 0. Since Gw̄ is acyclic and finite, the sequence v(m) 

0 , v
(m) 
1 , . . . cannot visit 

a vertex twice; hence the process must terminate at a vertex with no outgoing edges. By 
(E.13), such a vertex must satisfy out(v) − in(v) ≤ 0. Because all intermediate vertices have 
balance 0, the only possible terminal vertex is b. Thus we obtain a simple path 

P m+1 : a = v(m) 
0 → v(m) 

1 → · · · → v(m) 
km 

= b. 
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Let 

αm := inf 
0≤i≤km−1 

F (m)(v(m) 
i , v

(m) 
i+1 ) > 0, 

and define 

F (m+1)(v, s) := F (m)(v, s) − αm · 1{(v, s) = (v(m) 
i , v

(m) 
i+1 ) for some i = 0, . . . , km − 1}. 

Then F (m+1) ≥ 0 and satisfies the same balance equations Eq. (E.13), but has strictly smaller 
total flow 

 
v,s F

(m+1)(v, s) = 
 

v,s F
(m)(v, s) − αm. 

Since the total flow is initially δ/2 and decreases by a positive amount at each step, this 
procedure terminates after some L steps with F (L) ≡ 0. For ℓ = 1, . . . , L, we obtain simple 
paths 

P ℓ : a = vℓ 
0 → vℓ 

1 → · · · → v ℓ 
kℓ 

= b, ℓ = 1, . . . , L, 

and coefficients αℓ > 0 such that 

F (v, s) = 
L−1 

ℓ=0 

αℓ1{(v, s) = (v ℓ 
i , vℓ 

i+1) for some i = 0, . . . , kℓ − 1}, v ̸= s, (E.14) 

L−1 

ℓ=0 

αℓ = 
δ 
2 . (E.15) 

Finally, we prove that the optimal Gw∗ contains only a single path and derive the closed 
form solution w ∗ . 

For a general feasible w ∈ P(p0, q), the column constraints give 

w(v, v) = p0(v) − 
 

u̸=v 

w(u, v), v ∈ V . (E.16) 

Thus 

J(w) = 
 

v 
w(v, v)M(v, v) + 

 

u̸=v 

w(u, v)M(u, v) 

= 
 

v 

  p0(v) − 
 

u̸=v 

w(u, v)
  M(v, v) + 

 

u̸=v 

w(u, v)M(u, v) 

= 
 

v 
p0(v)M(v, v)    

=:J0 

+ 
 

u̸=v 

w(u, v) (M(u, v) − M(v, v)) . (E.17) 

For the optimal plan w̄, the off-diagonal part is F , so 

J( ̄w) = J0 + 
 

u̸=v 

F (u, v) (M(u, v) − M(v, v)) . (E.18) 
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For each path P ℓ , define its gain 

W (P ℓ) := 
kℓ−1 

i=0 

 
M(v ℓ 

i , vℓ 
i+1) − M(v ℓ 

i+1, vℓ 
i+1) 

 
. (E.19) 

Using the decomposition Eq. (E.14), we obtain from Eq. (E.18) 

J( ̄w) = J0 + 
 

u̸=v 

L 

ℓ=1 

αℓ1{(u, v) = (v ℓ 
i , vℓ 

i+1) for some i = 0, ..., kℓ − 1} 
 

(M(u, v) − M(v, v)) 

= J0 + 
L 

ℓ=1 

αℓ 

kℓ−1 

i=0 

 
M(v ℓ 

i , vℓ 
i+1) − M(v ℓ 

i+1, vℓ 
i+1) 

 

= J0 + 
L 

ℓ=1 

αℓW (P ℓ). (E.20) 

By Eq. (E.15), 

J( ̄w) = J0 + 
δ

2 

L 

ℓ=1 

θℓW (P ℓ), θℓ := 
αℓ 

δ/2 , θℓ ≥ 0, 
 

ℓ 

θℓ = 1. (E.21) 

Let 

W ∗ := sup{W (P ) : P is a simple directed path from a to b}. (E.22) 

Since the graph on V is finite, the maximum exists. From Eq. (E.21) we deduce 

J( ̄w) ≤ J0 + 
δ 
2 

W ∗ . (E.23) 

Now fix an arbitrary simple directed path 

P : a = u0 → u1 → · · · → uK = b 

with distinct vertices u0, . . . , uK . Define wP by 

w P := 
δ 
2 

K−1 

i=0 

 
eui e⊤ 

ui+1 
− eui+1 e⊤ 

ui+1 

 
+ diag(p0). (E.24) 

We first verify wP ∈ P(p0, q). 
The diagonal entries of wP are 

w P (u0, u0) = p0(u0), 

w P (u j, uj) = p0(u j) − 
δ 
2 , 1 ≤ j ≤ K, (E.25) 

w P (v, v) = p0(v), v /∈ {u0, . . . , uK}. 
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Since infv p0(v) > δ, we have p0(uj) − δ/2 > δ/2 > 0 for 1 ≤ j ≤ K; thus all diagonals are 
nonnegative. Off-diagonal entries are either 0 or δ/2, so wP ≥ 0. 

For v = u0 = a, 

 

s 
w P (a, s) = w P (a, a) + w P (a, u1) = p0(a) + 

δ 
2 

= q(a). 

For an internal vertex uj with 1 ≤ j ≤ K − 1,  

s 
w P (u j, s) = w P (u j, uj) + w P (u j, uj+1) 

= p0(u j) − 
δ 
2 

 

+ 
δ 
2 

= p0(u j) = q(u j). 

For v = uK = b, 

 

s 
w P (b, s) = w P (b, b) = p0(b) − 

δ 
2 

= q(b). 

For v / ∈ {u0, . . . , uK}, the only nonzero entry in row v is the diagonal, so  

s 
w P (v, s) = p0(v) = q(v). 

Thus the row constraints are satisfied. 
For a vertex ui+1 on the path (with 0 ≤ i ≤ K − 1),  

v 
w P (v, ui+1) = w P (ui+1, ui+1) + w P (ui, ui+1) 

= p0(ui+1) − 
δ 
2 

 

+ 
δ 
2 

= p0(ui+1). 

For s /∈ {u1, . . . , uK }, the only nonzero entry in column s is wP (s, s) = p0(s), so  

v 
w P (v, s) = p0(s). 

Hence wP ∈ P(p0, q). 
From Eq. (E.24) and linearity of J , 

J(w P ) − J0 = 
δ 
2 

K−1 

i=0 

(M(ui, ui+1) − M(ui+1, ui+1)) = 
δ 
2 

W (P ), (E.26) 

where W (P ) is defined as in Eq. (E.19) for this path P . 
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Now choose a path P ∗ attaining the maximum gain W (P ∗) = W ∗ in Eq. (E.22), and set 
w ∗ := w P

∗ . Then 

J(w ∗) = J0 + 
δ 
2 

W ∗ ≥ J0 + 
δ 
2 

W (P ℓ) ∀ℓ, 

≥ J0 + 
δ

2 

L 

ℓ=1 

θℓW (P ℓ) = J( ̄w) ≥ J(w), ∀p ∈ P(p0, q), (E.27) 

where we used Eq. (E.21) and Eq. (E.23) in the last line. Thus, w ∗ is an optimizer of J over 
P(p0, q) with only a single path. 

Write the maximizing path as 

P ∗ : a = u0 → u1 → · · · → uK = b. 

Define a permutation σ ∈ Sn by 

σ(ui) = ui+1, i = 0, . . . , K − 1, 

σ(uK ) = u0, 

σ(v) = v, v /∈ {u0, . . . , uK}. 

Then the orbit of a under σ is 

a, σ(a), . . . , σ K (a) = u0, u1, . . . , uK , 

and σK+1(a) = a, so the minimal positive integer κ with σκ(a) = a is κ = K +1. In particular, 

σ i(a) = ui, i = 0, . . . , K. 

Therefore, the definition Eq. (E.24) of w ∗ can be rewritten as 

w ∗ = 
δ 
2 

K−1 

i=0 

 
eui e⊤ 

ui+1 
− eui+1 e⊤ 

ui+1 

 
+ diag(p0) 

= 
δ 
2 

κ−2 

i=0 

 
eσi(a)e⊤ 

σi+1(a) − eσi+1(a)e⊤ 
σi+1(a) 

 
+ diag(p0), 

which is exactly Eq. (E.4). This completes the proof. 

Lemma E.1.3 (Optimizer of Middle Problem). Let V = {1, . . . , n}, p0 ∈ ∆(V) be a 
distribution over V such that infv∈V p0(v) > δ, and M : V × V → R be a matrix. Consider 
the optimization problem 

J : inf 
q∈Q(p0,δ) 

sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · M(v, s) 
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where 

Q(p0, δ) = {q ∈ ∆(V) : ∥q − p0∥1 ≤ δ} 

P(p0, q) = 

 

w(v, s) : 
 

s 
w(v, s) = q(v), 

 

v 
w(v, s) = p0(s) 

 

Then there exists an optimal solution q ∗ of J coming from the set 

Qext(p0, δ) := 

 

p0 + 
δ 
2 
· (ea − eb) : a ̸= b ∈ V 

 

. 

Proof. By Lemma E.3.1, Qext(p0, δ) is the set of extreme points of the convex polytope 
Q(p0, δ). Define J(q) = supw∈P(p0,q) 

 
v,s∈V w(v, s) · M(v, s). We show that J(q) is a concave 

function. Indeed for all q1 ̸= q2, we let 

w1 := arg sup 
w∈P(p0,q1) 

 

v,s∈V 

w(v, s) · M(v, s) 

w2 := arg sup 
w∈P(p0,q2) 

 

v,s∈V 

w(v, s) · M(v, s). 

We have 

J((q1 + q2)/2) = sup 
w∈P(p0,(q1+q2)/2) 

 

v,s∈V 

w(v, s) · M(v, s) 

≥ 
 

v,s∈V 

(w1(v, s) + w2(v, s))/2 · M(v, s) 

= (J(q1) + J(q2))/2, 

where the second step is because the feasibility of (w1(v, s) + w2(v, s))/2:  

s 
(w1(v, s) + w2(v, s))/2 = (q1(v) + q2(v))/2. 

Since J(q) is concave over a convex feasible set, its optimizer must be found on the extreme 
set Qext(p0, δ). This completes the proof. 

Lemma E.1.4 (Optimal Subpaths). Let V = {1, . . . , n}, p0 ∈ ∆(V) be a distribution over V 
such that infv∈V p0(v) > δ. Let M : V × V → R be a matrix that satisfies 

κv −1 

i=0 

M(σ i(v), σ i(v)) ≥ 
κv −1 

i=0 

M(σ i(v), σ i+1(v)) 

for any v ∈ V, σ ∈ Sn, where κv = inf{k ≥ 1 : σk(v) = v}. Consider the optimization 
problem 

J(q) = sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · M(v, s) 
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where 

P(p0, q) = 

 

w(v, s) : 
 

s 
w(v, s) = q(v), 

 

v 
w(v, s) = p0(s) 

 

. 

If there exists q = p0 + δ 
2 · (ea − eb) for some a ≠ b ∈ V and w ∗ 

q such that w ∗ 
q is the optimizer 

of J(q) and for a permutation σ we have that 

w ∗(q) = 
δ 
2 
· 

κ−2 

i=0 

(eσi(a)e⊤ 
σi+1(a) − eσi+1(a)e⊤ 

σi+1(a)) + diag(p0), 

where κ is the minimum positive integer such that σκ(a) = a. Then define c := σi(a) and 
d := σi+1(a) with i < κ, and let q ′ = p0 + δ 

2 · (ec − ed). We have that the w ∗(q ′) that optimizes 
J(q ′) is given by 

w ∗(q ′) = 
δ 
2 
· (ece⊤ 

d − ede⊤ 
d ) + diag(p0). 

Proof. Let c = σi(a) and d = σi+1(a). Define the local transport term corresponding to the 
edge (c, d) as: 

Tc,d := 
δ 
2 
· (ece⊤ 

d − ede⊤ 
d ). 

Note that the proposed optimizer for the subproblem J(q ′) is given by ŵ = diag(p0) + Tc,d. 
We proceed by contradiction. Assume that ˆ w is not the optimizer for J(q ′). Then there 

exists a feasible transport plan w̃ ∈ P(p0, q ′) such that:  

v,s∈V 

w̃(v, s)M(v, s) > 
 

v,s∈V 

ŵ(v, s)M(v, s). 

By Lemma E.1.2, ˜ w can be chosen to take the form of 

w̃ = 
δ 
2 

κ̄−2 

i=0 

 
eσ̄i(c)e⊤ 

σi+1(c) − eσ̄i+1(c)e⊤ 
σ̄i+1(c) 

 
+ diag(p0) 

for some σ̄ ∈ Sn and κ̄ = inf{k : σ̄k(c) = c}. It follows that infv∈V ( ̃w − diag(p0)) (v, v) ≥ 
−δ/2 and infv ̸=s∈V ( ˜ w − diag(p0)) (v, s) ≥ 0. 

Substituting ˆ w = diag(p0) + Tc,d into the inequality, we have:  

v,s∈V 

(w̃(v, s) − diag(p0)v,s)M(v, s) > 
 

v,s∈V 

(Tc,d)v,s M(v, s). (E.28) 

Now, consider the global optimizer w ∗(q). By the hypothesis, w ∗(q) decomposes into a 
sum of path segments. We can separate the specific term Tc,d from the rest of the path: 

w ∗(q) = 

 diag(p0) + 
δ 
2 

κ−2 

j ̸=i 

(eσj (a)e⊤ 
σj+1(a) − eσj+1(a)e⊤ 

σj+1(a))
  

   
R 

+Tc,d, 
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where R represents the flow on the path excluding the step from c to d. We construct a new 
global transport plan wnew by replacing the local step Tc,d in w ∗(q) with the “better” local 
flow derived from w̃: 

wnew := R + ( ̃w − diag(p0)). 
Substituting R = w ∗(q) − Tc,d, we get: 

wnew = w ∗(q) − Tc,d + w̃ − diag(p0). 

We verify that wnew is feasible for the original problem J(q): 
Since w̃ ∈ P(p0, q ′), its row sum is q ′ = p0 + δ 

2(ec − ed). The term Tc,d also corresponds to 
a row marginal shift of δ 

2(ec − ed). Thus, wnew preserves the row sums of w ∗(q), which equal 
q. 

Both ˜ w and diag(p0) + Tc,d maintain column sums equal to p0. Thus, wnew maintains the 
column sums of w ∗(q), which equal p0. 

Since infv p0(v) > δ, infv Tc,d(v, v) ≥ −δ/2 , and infv ( ˜ w − diag(p0)) (v, v) ≥ −δ/2, we 
have infv wnew(v, v) ≥ 0. Furthermore, all off-diagonal entries of w ∗(q) − Tc,d and w̃− diag(p0) 
are non-negative, thus we conclude that wnew is non-negative. 

Finally, we compare the objective value of wnew to w ∗(q): 

J(wnew) = 
 

v,s 
(Rv,s + w̃(v, s) − diag(p0)v,s)M(v, s) 

= 
 

v,s 
R v,s M(v, s) + 

 

v,s 
(w̃(v, s) − diag(p0)v,s)M(v, s) 

> 
 

v,s 
R v,s M(v, s) + 

 

v,s 
(Tc,d)v,s M(v, s) (by Eq. (E.28)) 

= J(w ∗(q)). 

We have constructed a feasible solution wnew ∈ P(p0, q) with a strictly higher objective value 
than w ∗(q). This contradicts the optimality of w ∗(q). Therefore, ŵ must be the optimizer for 
J(q′ ). 

Corollary E.1.5 (Boundary reduction). Fix any nonnegative row-stochastic matrix r, and 
define 

Φr(q) := sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) log r(v, s). 

Then 
inf 

q∈Q(p0,δ) 
Φr(q) = inf 

q∈Qext(p0,δ) 
Φr(q), 

where 

Qext(p0, δ) = 

 

p0 + 
δ 
2(ea − eb) : a ̸= b ∈ V 

 

. 
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Proof. For fixed r, the function Φr(q) is concave in q. Indeed, if wi ∈ P(p0, qi) is optimal for 
qi, then λw1 + (1 − λ)w2 ∈ P(p0, λq1 + (1 − λ)q2), and therefore 

Φr(λq1 + (1 − λ)q2) ≥ λΦr(q1) + (1 − λ)Φr(q2). 

By Lemma E.3.1, the compact polytope Q(p0, δ) is the convex hull of Qext(p0, δ). If q = 
 

i λiqi 

is any convex representation by extreme points, then concavity gives 

Φr(q) ≥ 
 

i 

λiΦr(qi) ≥ min 
i 

Φr(qi). 

Thus the minimum over Q(p0, δ) is attained at an extreme point, which proves the claim. 

Proposition E.1.6 (Reformulated Problem). Let V = {1, . . . , n} and p0 ∈ ∆(V) be a 
distribution over V such that infv∈V p0(v) > δ. Consider the following problem 

sup 
r 

inf 
q∈Q(p0,δ) 

sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · log r(v, s) (E.29) 

s.t. 
 

s∈V 

r(v, s) = 1, ∀v ∈ V (E.30) 

r(v, s) ≥ 0, ∀v, s ∈ V 

where p0 is a fixed distribution over the sample space V such that infv∈V p0(v) > δ, and 

Q(p0, δ) = {q ∈ ∆(V) : ∥q − p0∥1 ≤ δ} 

P(p0, q) = 

 

w(v, s) : 
 

s∈V 

w(v, s) = q(v), 
 

v∈V 

w(v, s) = p0(s) 
 

. 

Then the optimum value is 

J ∗ = (1 − δ 
2 ) log 1− 

δ 
2 

 

+ δ 
2 log 

δ 
2(n− 1) 

 

. 

In particular, this is achieved at 

r ∗ 
a,b(v, s) = 

  

1 − δ/2, s = v, 

δ/(2n− 2), s ̸= v, 

and for every boundary point qa,b = p0 + δ 
2(ea − eb), a ≠ b, the inner problem is optimized by 

w ∗ 
a,b = diag(p0) + 

δ

2 

 
eae⊤ 

b − ebe⊤ 
b 

 
. 

For a general q ∈ Q(p0, δ), the inner optimizer for the proposed r ∗ is any maximal coupling 
of q and p0. Since the objective places larger weight on diagonal entries than off-diagonal 
entries, its value is minimized over Q(p0, δ) by boundary points with ∥q − p0∥1 = δ. 
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Proof. By Corollary E.1.5, it suffices to restrict the middle infimum to boundary targets 

qa,b = p0 + 
δ 
2(ea − eb), a ̸= b. 

For each such target, Lemma E.1.2 shows1 that the inner supremum admits an optimizer of 
path-flow form 

δ 
2 

κ−2 

i=0 

 
eσi(a)e⊤ 

σi+1(a) − eσi+1(a)e⊤ 
σi+1(a) 

 
+ diag(p0), 

where σ ∈ Sn, κ = inf{k ∈ Z+ : σk(a) = a}, and the path endpoint satisfies σκ−1(a) = b. 
Define 

J(r, w, q) = 
 

v,s∈V 

w(v, s) · log r(v, s) 

J ∗ = sup 
r 

inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

J(r, w, q) 

R ∗ = {r : inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

J(r, w, q) = J ∗} 

r ∗ = arg sup {tr[r] : r ∈ R ∗} . 

We say a solution ( ¯ w, q̄) is active if 

w̄ = arg sup 
w∈Pflow(p0,q̄) 

J(r ∗ , w, q̄) 

q̄ = arg inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

J(r ∗ , w, q) 

J( ̄w, q̄) = J ∗ . 

Fix v ̸= s ∈ V and consider the perturbation for sufficiently small ϵ > 0 

r̄(v, v) ← r ∗(v, v) + ϵ 

r̄(v, s) ← r ∗(v, s) − ϵ 

r̄(v ′ , s ′) ← r ∗(v ′ , s ′), ∀(v ′ , s ′) ̸= (v, s). 

Then ¯ r cannot be a valid solution since it has higher trace than r ∗ . It follows that 

∃ an active pair ( ̄  w, q̄) such that dJ(r̄, w̄, q̄) 
dϵ 

= 
w̄(v, v) 
r ∗(v, v) − 

w̄(v, s) 
r ∗(v, s) ≤ 0. 

Notice that the derivative dJ(r̄,w̄,q̄) 
dϵ

must be either 
1Since the seed alphabet has no canonical identification with the token alphabet, we work modulo a 

common relabelling of the random seeds. Then, after relabelling the seed alphabet by the same permutation, 
row-stochasticity, feasibility of the coupling, and the log-growth objective are unchanged. Thus we may 
assume WLOG that candidate r satisfies the diagonal dominance condition of Lemma E.1.1. 
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• No-transport: w̄(v, v) = p0(v), w̄(v, s) = 0 so dJ(r̄,w̄,q̄) 
dϵ

= p0(v) 
r∗(v,v) > 0. 

• Middle-way: w̄(v, v) = p0(v) − δ/2, w̄(v, s) = δ/2 so dJ(r̄,w̄,q̄) 
dϵ

= p0(v)−δ/2 
r∗(v,v) − δ/2 

r∗(v,s) . 

• Transport-start: w̄(v, v) = p0(v), w̄(v, s) = δ/2 so dJ(r̄,w̄,q̄) 
dϵ

= p0(v) 
r∗(v,v) − δ/2 

r∗(v,s) . 

• Transport-end: w̄(v, v) = p0(v) − δ/2, w̄(v, s) = 0 so dJ(r̄, w̄,q̄) 
dϵ = p0(v)−δ/2 

r ∗(v,v) > 0. 

Since dJ(r̄, w̄,q) 
dϵ ≤ 0, we can rule out the first and last cases. Now we can summarize that 

for any v ̸= s ∈ V we have either Middle-way: w̄(v, v) = p0(v) − δ/2, w̄(v, s) = δ/2 or 
Transport-start: w̄(v, v) = p0(v), w̄(v, s) = δ/2, and in any case p0(v)−δ/2 

r∗(v,v) − δ/2 
r∗(v,s) ≤ 0 holds. 

Since p0(v) > δ, in either Middle-way or Transport-start case we have 

0 ≥ 
p0(v) − δ/2 

r ∗(v, v) − 
δ/2 

r ∗(v, s) > 
δ/2 

r ∗(v, v) − 
δ/2 

r ∗(v, s) . 

It follows that r ∗(v, v) > r ∗(v, s). Since this argument holds for all v ̸= s ∈ V , r ∗ must satisfy 
r ∗(v, v) > r ∗(v, s) for all v ̸= s ∈ V . 

Next, we show that all active q̄, w̄ can be written as q̄ = p0 + δ 
2 · (ev − es), w̄ = δ 

2 · (eve⊤
s − 

ese⊤ 
s ) + diag(p0) for some v ̸= s ∈ V . 
In either Middle-way or Transport-start case, there exists a ≠ b ∈ V and σ ∈ Sn and 

i ∈ Z such that q̄ = p0 + δ
2 · (ea − eb) and v = σi(a), s = σi+1(a), due to Lemma E.1.2. By 

Lemma E.1.4, with respect to q̄ = p0 + δ 
2 · (ev − es), the optimizer of the inner problem must 

be written as 

δ 
2 
· (eve⊤ 

s − ese⊤ 
s ) + diag(p0) = arg sup 

w∈Pflow(p0,q̄) 
J(r ∗ , w, q̄). 

Repeating this perturbation separately for each ordered pair (v, s) with v ̸= s yields, 
for each such pair, at least one active boundary coupling that witnesses the nonpositive 
directional derivative. The subsequent case analysis is applied to that witnessing active pair. 

We can now explicitly write: 

inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

J(r ∗ , w, q) = inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

 

v,s∈V 

w(v, s) · log r ∗(v, s) 

= inf 
v ̸=s∈V 

 

x∈V 

p0(x) log r ∗(x, x) − 
δ 
2 
· (log r ∗(s, s) − log r ∗(v, s)) 

Define J(r, v, s) = 
 

x∈V p0(x) log r(x, x)− δ 
2 ·(log r(s, s)− log r(v, s)), we claim that J(r ∗ , v, s) 

must be the same for all v ̸= s ∈ V . Otherwise suppose 

J(r ∗ , ̄v, ̄s) = sup 
v,s 

J(r ∗ , v, s) > J ∗ . 
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Set 

r̄(v̄, ̄v) ← r ∗(v̄, ̄v) + ϵ 

r̄(v̄, ̄s) ← r ∗(v̄, ̄s) − ϵ 

r̄(v ′ , s ′) ← r ∗(v ′ , s ′), ∀(v ′ , s ′) ̸= (v̄, ̄s) 

for sufficiently small ϵ > 0. Then for any ordered pair (v, s) with v ̸= s and (v, s) ̸= (¯ v, s̄), 
the off-diagonal entry r(v, s) is unchanged, so 

dJ(r̄, v, s) 
dϵ 

≥ 
p0(v̄) − δ/2 

r ∗(v̄, ̄v) ≥ 0, 

and thus 

inf 
q∈Qext(p0,δ) 

sup 
w∈Pflow(p0,q) 

J(r ∗ , w, q) = inf 
v ̸=s∈V,(v,s)̸=(v̄,s̄) 

J(r ∗ , v, s) ≥ J ∗ . 

But tr[r̄] > tr[r ∗], this is a contradiction. 
From the last argument, we know that the optimal solution r ∗ is of the form 

r ∗ 
a,b(v, s) = 

  

a, s = v, 

b, s ̸= v, 
a ≥ 0, b ≥ 0, a + (n − 1)b = 1, 

with a > b (strict diagonal dominance). We now optimize over the two parameters (a, b) 
subject to this constraint: 

sup 
a,b 

Φ(a, b) s.t. a + (n − 1)b = 1, a > 0, b > 0, a > b. 

straightforward algebra shows the optimal objective value: 

Φ(a ∗ , b ∗) = (1 − δ 
2 ) log a ∗ + δ 

2 log b ∗ 

= (1 − δ 
2 ) log 1− 

δ 
2 

 

+ δ 
2 log 

δ 
2(n − 1) 

 

. 

attained at a ∗ = 1 − δ 
2 and b∗ = δ

2(n−1) . Thus, the optimal value is 

J ∗ = (1 − δ 
2 ) log 1− 

δ 
2 

 

+ δ 
2 log 

δ 
2(n − 1) 

 

. 

This completes the proof. 
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Lemma E.1.7 (Row Normalization). Let V = {1, . . . , n} and p0 ∈ ∆(V) be a distribution 
over V such that infv∈V p0(v) > δ. Consider the problem 

sup 
e 

inf 
q∈Q(p0,δ) 

sup 
w∈P(p0,q) 

 

v,s∈V 

w(v, s) · log e(v, s) 

s.t. 
 

v,s∈V 

q(v)p0(s)e(v, s) ≤ 1, ∀q ∈ ∆(V) 

e(v, s) ≥ 0, ∀v, s ∈ V 

where 

Q(p0, δ) = {q ∈ ∆(V) : ∥q − p0∥1 ≤ δ} 

P(p0, q) = 

 

w(v, s) : 
 

s 
w(v, s) = q(v), 

 

v 
w(v, s) = p0(s) 

 

Now define the kernel matrix r : V × V → R such that each of its entries are defined as 

r(v, s) = 
p0(s)e(v, s) 

A(v) , ∀v, s ∈ V , 

where A(v) := 
 

s p0(s)e(v, s). Then A∗(v) = 
 

s p0(s)e ∗(v, s) = 1 at the optimizer e ∗ . 

Proof. Let e(v, s) be any feasible solution to the optimization problem. We define the scaling 
factor of e at node v as: 

A(v) := 
 

s∈V 

p0(s)e(v, s). 

Since we are maximizing an objective involving log e(v, s), we can assume e(v, s) > 0 strictly 
(otherwise the objective is −∞), and consequently A(v) > 0. 

We can decompose the matrix e(v, s) into a scale-independent "shape" matrix ē(v, s) and 
the scaling factors A(v) as follows: 

e(v, s) = A(v) · ē(v, s), where ē(v, s) = 
e(v, s) 
A(v) . 

By construction, the normalized matrix ¯ e satisfies the normalization property: 

 

s∈V 

p0(s)ē(v, s) = 
 

s∈V 

p0(s)e(v, s) 
A(v) = 

1 
A(v) 

 

s∈V 

p0(s)e(v, s) = 1. 

Now, let us analyze the constraint given in the problem statement. The condition is:  

v,s∈V 

q(v)p0(s)e(v, s) ≤ 1, ∀q ∈ ∆(V). 
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Substituting the decomposition of e(v, s): 
 

v∈V 

q(v) 
 

s∈V 

p0(s)e(v, s) 
 

= 
 

v∈V 

q(v)A(v) ≤ 1, ∀q ∈ ∆(V). 

Therefore A(v) ≤ 1 for any v ∈ V . 
Next, we substitute the decomposition into the objective function. Using the property 

that w ∈ P(p0, q) implies 
 

s w(v, s) = q(v), we have:  

v,s∈V 

w(v, s) log e(v, s) = 
 

v,s∈V 

w(v, s) log (A(v) · ē(v, s)) 

= 
 

v,s∈V 

w(v, s) log ē(v, s) + 
 

v,s∈V 

w(v, s) log A(v) 

= 
 

v,s∈V 

w(v, s) log ē(v, s) + 
 

v∈V 

q(v) log A(v). 

The first term depends only on the normalized shape ē, while the second term depends only 
on the scaling factors A(v). To maximize the total objective, we must maximize the second 
term subject to the feasibility constraint derived above. 

Consider the term 
 

v∈V q(v) log A(v). Since the logarithm is a concave function, we can 
apply Jensen’s inequality: 

 

v∈V 

q(v) log A(v) ≤ log 
 

v∈V 

q(v)A(v) 
 

. 

From the feasibility constraint, we know that  
v∈V q(v)A(v) ≤ 1. Therefore:  

v∈V 

q(v) log A(v) ≤ log(1) = 0. 

Thus for every q, 

sup 
w∈P(p0,q) 

 

v,s 
w(v, s) log e(v, s) ≤ sup 

w∈P(p0,q) 

 

v,s 
w(v, s) log ē(v, s). 

And the inequality is strict unless 
 

v q(v)A(v) = 1 and A(v) is constant on the support 
of q. 

Taking the minimum over q, we conclude: 

inf 
q 

sup 
w 

 

v,s 
w(v, s) log e(v, s) ≤ inf 

q 
sup 

w 

 

v,s 
w(v, s) log ē(v, s). 

Equality is achieved if and only if A(v) = 1 for all v ∈ V . Thus, for any optimal solution 
e ∗ , the scaling factors must be set to 1. Consequently: 

A ∗(v) = 
 

s∈V 

p0(s)e ∗(v, s) = 1. 
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E.2 Proof of Theorem 6.4.3 

Proof. We first prove the converse. Fix any valid e-value e. If e has zero or infinite entries 
that make the stopping time infinite under the adversary below, the lower bound is immediate; 
otherwise the log-increments are bounded. By the definition of J∗ as the supremum over 
e-values, for every ε > 0 there exists qε ∈ Q(p0, δ) such that 

sup 
w∈P(p0,qε) 

 

v,s 
w(v, s) log e(v, s) ≤ J ∗ + ε. 

Let the adversary choose qt ≡ qε at every time. For any generator, with Yt = log e(vt , st) and 
St = 

 t 
i=1 Yi, 

E[Yt | Ft−1] ≤ J∗ + ε a.s. 
Applying Theorem E.2.1 with Bα = log(1/α) gives 

inf 
G 

lim inf 
α↓0 

Eµ(Aε,G)[τα(e)] 
log(1/α) ≥ 

1 
J∗ + ε 

. 

Taking the supremum over adversaries and then letting ε ↓ 0 proves the lower bound. 
For achievability, let the detector use e ∗ from Theorem 6.4.1. For every conditional target 

qt ∈ Q(p0, δ), the generator chooses a maximal coupling of qt and p0. By Theorem 6.4.1, 

E[log e ∗(v t , s t) | Ft−1] ≥ J ∗ a.s. for all t. 

Applying Theorem E.2.2 yields, for every adversary A, 

inf 
G 

lim sup 
α↓0 

Eµ(A,G)[τα(e ∗)] 
log(1/α) ≤ 

1 
J∗ 

. 

Taking the supremum over A proves the achievability claim. 

E.2.1 Useful results 

Theorem E.2.1 (Dynamic hitting-time lower bound with bounded upper drift). Let (Yt)t≥1 

be adapted integrable random variables with |Yt| ≤ M almost surely, and let St = 
t 

i=1 Yi. 
Suppose that, for some J > 0, 

E[Yt | Ft−1] ≤ J a.s. for all t. 

For B > 0, define τB = inf{t ≥ 1 : St ≥ B}. Then 

E[τB] = ∞ or E[τB] ≥ 
B 
J 

. 

Consequently, 
lim inf 
B→∞ 

E[τB] 
B 
≥ 

1 
J 

. 
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Proof. If E[τB] = ∞ , there is nothing to prove. Otherwise τB < ∞ almost surely and, since 
|Yt| ≤ M ,  

t≥1 

E[|Yt|1{τB ≥ t}] ≤ ME[τB] < ∞ . 

Thus Fubini’s theorem and the drift assumption give 

E[SτB ] = 
 

t≥1 

E[Yt1{τB ≥ t}] ≤ J 
 

t≥1 

P(τB ≥ t) = JE[τB]. 

Since SτB ≥ B by definition of τB, we obtain B ≤ JE[τB]. 

Theorem E.2.2 (Dynamic hitting-time upper bound with converging lower drift). Fix a 
filtered probability space (Ω, F , (F t)t≥0, P). Let (Yt)t≥1 be a sequence of integrable random 
variables adapted to (F t), and define the partial sums 

St := 
t 

i=1 

Yi, t ≥ 1, 

with the convention S0 := 0. 
Assume the following. 

(A1) (Bounded increments) There exists a constant M ∈ (0, ∞ ) such that 

|Yt| ≤ M almost surely for all t ≥ 1. 

(A2) (Positive, converging lower conditional drift) There exists a deterministic sequence 
(Jt)t≥1 and constants 0 < Jinf ≤ Jsup < ∞ such that 

E[Yt | Ft−1] ≥ Jt almost surely for all t ≥ 1, 

and 

Jinf ≤ Jt ≤ Jsup for all t ≥ 1, 

with 

Jt −→ J∞ ∈ (0, ∞) as t → ∞ . 

(A3) (Stopping rule) For each threshold B > 0, define the stopping time 

τB := inf{t ≥ 1 : St ≥ B}, 

with the convention inf ∅ := +∞ . 
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Then for every B > 0, the stopping time τB is integrable. Moreover, for every ε ∈ (0, J∞) 
there exists a finite constant Cε such that 

E[τB] ≤ 
B + M + Cε 

J∞ − ε 
for all B > 0. 

Consequently, 

lim sup 
B→∞ 

E[τB] 
B 
≤ 

1 
J∞ 

. 

Equivalently, if Bα := log(1/α) and 

τα := inf{t ≥ 1 : St ≥ Bα}, α ∈ (0, 1), 

then 

lim sup 
α↓0 

E[τα] 
log(1/α) ≤ 

1 
J∞ 

. 

Proof. Define the deterministic partial sums 

At := 
t 

i=1 

Ji, A0 := 0, 

and the excess process 

Zt := St − At = 
t 

i=1 

(Yi − Ji), Z0 := 0. 

By assumption (A2), 

E[Zt | Ft−1] = Zt−1 + E[Yt − Jt | Ft−1] ≥ Zt−1 a.s., 

so (Zt) is a submartingale. 
For n ∈ N define the bounded stopping time 

τ
(n) 
B := τB ∧ n. 

We claim that for every n, 

S 
τ

(n) 
B 
≤ B + M a.s. 

Indeed, on {τB ≤ n} we have τ (n) 
B = τB and SτB −1 < B by definition of τB, while YτB ≤ M 

a.s., hence 

SτB = SτB −1 + YτB < B + M. 
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On {τB > n} we have τ (n) 
B = n and Sn < B, so again S 

τ
(n) 
B 

< B + M . This proves the claim. 
Next, we show that 

E[Z 
τ

(n) 
B 

] ≥ 0, 

or equivalently, E[S 
τ

(n) 
B 

] ≥ E[A 
τ

(n) 
B 

]. 
Since τ (n) 

B ≤ n, 

Z 
τ

(n) 
B 

= 
τ

(n) 
B 

t=1 

(Yt − Jt) = 
n 

t=1 

1{τ (n) 
B ≥ t}(Yt − Jt). 

For t ≤ n, {τ (n) 
B ≥ t} = {τB ≥ t} ∈ Ft−1, since τB is a stopping time. Therefore, 

E 
 
1{τ (n) 

B ≥ t}(Yt − Jt) 
 

= E 
 
E 
 
1{τ (n) 

B ≥ t}(Yt − Jt) | Ft−1 

 
= E 

 
1{τ (n) 

B ≥ t}E[Yt − Jt | Ft−1] 
 

≥ 0, 

where the inequality follows from assumption (A2). Summing over t = 1, . . . , n yields 
E[Z 

τ
(n) 
B 

] ≥ 0. 
Thus, we have that 

E[A 
τ

(n) 
B 

] ≤ E[S 
τ

(n) 
B 

] ≤ B + M for all n. 

Since Jt ≥ Jinf > 0, the sequence (At) is increasing and At → ∞ as t → ∞. Because τ (n) 
B ↑ τB, 

the monotone convergence theorem yields 

E[AτB ] = lim 
n→∞ 

E[A 
τ

(n) 
B 

] ≤ B + M. 

Moreover, since AτB ≥ Jinf τB, 

Jinf E[τB] ≤ E[AτB ] ≤ B + M, 

so τB is integrable. 
Fix ε ∈ (0, J∞). Since Jt → J∞, there exists N = N(ε) such that 

Jt ≥ J∞ − ε for all t ≥ N. 

Define the finite constant 

Cε := sup 
0≤t≤N−1 

 
(J∞ − ε)t − At 

 
. 
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Then for all t ≥ 0, 

At ≥ (J∞ − ε)t− Cε. 

Applying the bound from in the previous display at the random time τB and taking 
expectations yields 

E[AτB ] ≥ (J∞ − ε)E[τB] − Cε. 

Combining this with E[AτB ] ≤ B + M yields 

(J∞ − ε)E[τB] ≤ B + M + Cε, 

and therefore 

E[τB] ≤ 
B + M + Cε 

J∞ − ε 
. 

Dividing by B and letting B → ∞, then letting ε ↓ 0, gives 

lim sup 
B→∞ 

E[τB] 
B 
≤ 

1 
J∞ 

. 

This completes the proof. 

E.3 Useful Claims 

Lemma E.3.1. Let V be the set {1, . . . , n} and p0 ∈ ∆(V) be a distribution over V such that 
minv∈V p0(v) > δ. Define 

Q(p0, δ) = {q ∈ ∆(V) : ∥q − p0∥1 ≤ δ} 

Then Q(p0, δ) is a convex polytope whose vertex set is given by: 

Qext(p0, δ) := {p0 + (ei − ej) · δ/2 : (i, j) ∈ V × V , i ̸= j}. 

Proof. Recall Q(p0, δ) := {q ∈ ∆n : ∥q − p0∥ℓ1 ≤ δ}. First, we note that Q(p0, δ) is the 
intersection of two convex polytopes, hence it must also be a convex polytope. We claim 
that Q(p0, δ) = Conv(Qext(p0, δ)). Suppose q ∈ Q(p0, δ), then we can write that qi − pi = si 

for si ∈ [−δ/2, δ/2],  
si = 0, and 

 |si| ≤ δ. Next, suppose for contradiction that sj > δ/2, 
then 


i̸=j si = −sj and hence,  

k 

|sk| ≥ |s j| + | 
 

i̸=j 

si| > δ, 

which violates the TV constraint. 
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Now we show that every q ∈ Q(p0, δ) lies in the convex hull of Qext(p0, δ). Write s = q−p0 

and set 
η := 

∥q − p0∥1 

δ 
∈ [0, 1]. 

Let P = {i : si > 0} and N = {j : sj < 0}. Choose nonnegative αij for i ∈ P , j ∈ N such 
that  

j∈N 

α ij = 
si 

δ/2 , 
 

i∈P 

α ij = 
−s j 

δ/2 
. 

Then 
 

i,j α ij = η and 

p0 + 
δ 
2 

 

i∈P,j∈N 

α ij(ei − ej) = q. 

To make a convex combination, choose any symmetric probability mass ρij on ordered pairs 
i ̸= j, i.e., ρij = ρji and 


i̸=j ρij = 1. Then  

i̸=j 

ρij p0 + 
δ 
2(ei − ej) 

 

= p0. 

Define 

λ ij = 

 α ij + (1 − η)ρ ij, i ∈ P, j ∈ N, 

(1 − η)ρ ij, otherwise. 

The coefficients λij are nonnegative, sum to one, and satisfy 

q = 
 

i̸=j 

λ ij p0 + 
δ 
2(ei − ej) 

 

. 

It is now enough to show that any v ∈ Qext(p0, δ) cannot be generated by a convex 
combination of two distinct points in Q(p0, δ) which will prove that v ∈ Qext(p0, δ) is a vertex 
of Q(p0, δ) and hence, Q(p0, δ) is generated by the convex hull of Qext(p0, δ). Suppose for 
contradiction that this is the case. Then there exists q, q ′ ∈ Q(p0, δ) and λ ∈ (0, 1) such that 

p0 + (ei − ej)
δ 
2 

= λq + (1 − λ)q ′ . 

Let q = p0 + η δ 
2 and q ′ = p0 + η ′ δ 

2 where η ̸= η ′ then we have that 
ei − ej = λη + (1 − λ)η ′ . 

Then we must have that 
ληi + (1 − λ)η ′ i = 1, λη j + (1 − λ)η ′ j = −1, 

and 

ληk + (1 − λ)η ′ k = 0. 

But for either of the first two conditions to be true, we must have that ηi = η ′ i = 1 and 
ηj = η ′ j = −1 Since all elements ηk and η ′ k are bounded in magnitude by 1. Furthermore, 
because |ηi| + |ηj| = 2, all other ηk = 0 (same for η ′). Thus, η = η ′ which is the desired 
contradiction. 
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E.4 Additional Experiments 

E.4.1 Full results of Section 6.5.1 

This section summarizes the complete experiment results on the MarkMyWords bench-
mark [152] under three temperature settings (0.3, 0.7, 1.0). For the generation scheme, we 
follow the hyperparameter configurations in Chapter 5 with K = 20, |Ωh| = 2, δ = 0.3. Ta-
ble E.1 reports generation quality across watermarking schemes. Overall, quality is relatively 
stable across schemes, and our method achieves quality that is comparable to (and in some 
cases close to the best among) the baselines at each temperature. Table E.2 reports detection 
size, measuring the median number of tokens needed to detect the watermark under a range 
of perturbations, where lower is better. Here, our scheme consistently attains the smallest 
size at every temperature, substantially outperforming prior methods. This indicates that 
our detector can reliably identify watermarked text using fewer tokens. Together, these 
results confirm that our e-value-based scheme improves detection efficiency without sacrificing 
generation quality. 

Temp. Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme 

0.3 0.906 0.910 0.905 0.900 0.905 0.909 
0.7 0.907 0.917 0.919 0.912 0.901 0.919 
1.0 0.898 0.917 0.905 0.907 0.871 0.902 

Table E.1: Comparison of our e-value scheme with baselines on quality (↑) across different 
temperature settings. Best (per temperature) is highlighted in bold. 

Temp. Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme 

0.3 ∞ ∞ ∞ 112.5 106.0 97.0 
0.7 ∞ 734.0 ∞ 145.0 84.5 72.0 
1.0 240.5 163.5 ∞ 317.0 133.0 97.5 

Table E.2: Comparison of our e-value scheme with baselines on size (↓) across different 
temperature settings. Best (per temperature) is highlighted in bold. 

E.4.2 Synthetic experiments 

In this section, we verify our theoretical results with synthetic experiments on a family of 
simple target distributions. Here, we consider the two-token case where |V| = 2 and for 
simplicity of notation, we let V = {0, 1}. Any anchor distribution we consider belongs to a 
one-parameter Bernoulli family p0 = 


p 1 − p 


for p ∈ (0, 1). 
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(a) p = 0.2 (b) p = 0.5 (c) p = 0.75 

Figure E.1: Simulation of the log growth rate in Eq. (6.2) in two-token case. Three separate 
anchor distributions are used each with parameter δ = 0.01. We solve the simplified maxmin 
problem using the CLARABEL interior point method solver which is run for 30 steps. The 
theoretical optimum is computed as in Eq. (6.5). 

Log-growth optimality. We solve the optimization problem in Eq. (6.2) numerically and 
compare the objective curve with the theoretical prediction. With n = 2, the problem can be 
simplified to the following maxmin problem: 

sup 
e 

 

v 
p0(v) log e(v, v) + 

δ 
2 

min 

 

log 
e(0, 1) 
e(1, 1) , log 

e(1, 0) 
e(0, 0) 

 

subject to the constraint in Eq. (6.1) with Q(p0, δ) replaced with the vertex set 

Qext(p0, δ) := 

 

p0 ± 
δ 
2(e0 − e1) 

 

. 

Using the CLARABEL interior point method solver [67], we obtain the results in Fig. E.1. 
We choose δ = 0.01 and p = 0.2, 0.5, 0.75 corresponding to three separate anchor distributions 
p0. For each p0, we cold start the IPM solver and run it for 30 steps with maximum allowed 
step size 0.99. We observe that our numerical solution to Eq. (6.2) converges to the proposed 
theoretical value in Eq. (6.5), hence verifying our theoretical results in the two-token case. 

Stopping time. In this setting, we simulate sequential testing with the optimal e-value e ∗ , 
as in Eq. (6.3). Following Theorem 6.4.1, we let A∗ be the adversary that chooses qt = q ∗ 

for all t and G∗ be the generator that selects wt = w ∗ in response to A∗ for all t. Under 
this setting, we simulate the stopping time over several α values to obtain the results in Fig. 
E.2. Here, we choose the parameters δ = 0.1 and p = 0.2, 0.5, 0.75. For each anchor p0, we 
compute the corresponding q ∗ , w ∗ , and e∗ using the closed-form equations in Theorem 6.4.1. 
We select 30 values of α evenly log-spaced from 10−2 to 10−120 . For each α, we compute 
10000 stopping-times by generating sequences (V t, St)t≥1 ∼ w ∗ and computing the resulting 
log e ∗(V t, St). We then average the stopping times to form an estimate of Eµ(A∗ ,G∗)[τα(e ∗)]. 
In Fig. E.2, we plot our estimates of Eµ(A∗ ,G∗)[τα(e∗)]/(log(1/α)) which show that as α ↓ 0, the 
estimates converge to the theoretical rate of 1/J∗ , thereby validating the result in Theorem 
6.4.3. 
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(a) p = 0.2 (b) p = 0.5 (c) p = 0.75 

Figure E.2: Simulation of the stopping time SC(e ∗) in two-token case. We simulate for three 
different anchor distributions p0 = (p, 1 − p) with δ = 0.1 and estimate average stopping 
times E[τα] for α values ranging from 10−2 to 10−120 . Each E[τα] is estimated by simulating 
10000 stopping times τα. The plots above display graphs of E[τα] 

log(1/α) with red dashed lines 
equal to 1/J∗ where J∗ is as in Eq. (6.5). We observe that convergence to the theoretical 
optimum is obtained for sufficiently small α. 

E.4.3 Empirical validity of the anchor distribution assumption 

Anchored E-Watermarking assumes that the target distribution q lies in the ℓ1 ball Q(p0, δ) 
around the anchor and that p0 satisfies infv∈V p0(v) ≥ δ. To examine whether these conditions 
hold for realistic LLM pairs, we measure the relevant quantities on the alphabet at which our 
scheme is actually instantiated. Following the green–red list construction of Kirchenbauer 
et al. [99], the scheme operates not on the raw token vocabulary but on a partition of V into 
fewer than five groups, on which probability masses remain bounded away from zero. This 
justifies the use of a moderate δ > 0 even when the minimum token-level probability is close 
to 0. 

Table E.3 reports the median ℓ1 distance between the partition-level target (Llama2-
7B-chat) and anchor (Phi-3-mini-128k-instruct) distributions, together with the median of 
minv p0(v), evaluated on the MarkMyWords prompts. 

Temp. Median ℓ1 distance Median minv p0(v) 
0.3 0.32 0.33 
0.7 0.24 0.30 
1.0 0.21 0.33 

Table E.3: Partition-level statistics of the target and anchor distributions on MarkMy-
Words. 

The values are consistent with the intuition that higher-temperature decoding yields 
more diffuse distributions, simultaneously shrinking the ℓ1 gap and lifting minv p0(v) away 
from zero. The radius δ is a robustness/power parameter: increasing it enlarges Q(p0, δ) but 
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decreases the worst-case log-growth rate J∗ in Theorem 6.4.1. When the configured radius 
underestimates the empirical gap, Ville’s inequality still guarantees Type-I error control, but 
the power and stopping-time guarantees from Theorem 6.4.1 and Theorem 6.4.3 may degrade. 

E.4.4 Empirical Type-I error 

Type-I error control is theoretically guaranteed by the validity of the e-value and Ville’s 
inequality, but it is informative to verify the guarantee empirically. We evaluate Theorem 6.4.1 
on MarkMyWords at the nominal level α = 0.02 used in the main experiments, running 
the detector on unwatermarked text generated from the same prompts. 

Temp. Type-I error 

0.3 0.00 
0.7 0.00 
1.0 0.00 

Table E.4: Empirical Type-I error of our e-value scheme on MarkMyWords at α = 0.02. 
The observed false-positive rate is zero at every temperature. For the optimal e-value the 
one-step null expectation is exactly one for every token value, so the empirical slack is due 
to the conservativeness of the finite-time Ville threshold, not to a restriction of the null 
distribution to Q(p0, δ). 

The observed false-positive rate is strictly below α = 0.02 in every setting. This slack 
does not come from looseness of the one-step null expectation: for the optimal e-value,  

s∈V 

p0(s)e ∗(v, s) = 1, ∀v ∈ V , 

and therefore 
Ev∼q, s∼p0 [e ∗(v, s)] = 1, ∀q ∈ ∆(V). 

The gap between the observed false-positive rate and α instead reflects the conservativeness 
of Ville’s inequality for finite-time threshold crossings and the finite inspection budget used 
in the experiments. 

E.4.5 Additional target model 
The main experiments in Section 6.5.1 use Llama2-7B-chat as the target model. We addition-
ally instantiate the target with Qwen3-4B [212], while keeping the decoding and detection 
parameters fixed, to assess whether the sample-efficiency gains transfer across model families. 
Table E.5 reports the size of Theorem 6.4.1 against the same five baselines as in the main text. 
As in Table 6.1, an entry of ∞ indicates that more than half of the watermarked generations 
fail to be detected within the inspection budget. 
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Temp. Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme 

0.3 ∞ ∞ ∞ 111.0 128.5 127.5 
0.7 400.0 232.0 ∞ 151.0 110.0 80.0 
1.0 207.5 169.0 ∞ 272.5 149.0 129.5 

Table E.5: Comparison of our e-value scheme with baselines on size (↓), using Qwen3-4B as 
the target model and Qwen3-1.7B as the anchor. Best (per temperature) is highlighted in 
bold. 

The pattern mirrors the Llama2-7B-chat results: Theorem 6.4.1 attains the smallest size 
at temperatures 0.7 and 1.0, and remains competitive with the best baseline at temperature 
0.3. The efficiency benefits of the optimal anchored e-value therefore do not depend on a 
specific target model. 

E.4.6 Comparison against chunk-based sequential testing 
baselines 

We compare with another competitive sequential baseline which restricts the detector to a 
finite, pre-declared set of inspection times and applies a tighter Bonferroni correction over 
that set. Concretely, fix a chunk size L and a chunk count M , defining an inspection budget 
of ML tokens. For each baseline, the detector evaluates the cumulative p-value pk only 
at the chunk endpoints k ∈ {L, 2L, . . . , ML} and applies the fixed correction pk → M · pk. 
Detection is declared at the first endpoint k = mL for which M · pmL < α, equivalently 
pmL < α/M , and the reported size is therefore an integer multiple of L. By union bound 
applied to the M inspection times, this procedure controls Type-I error at level α. In our 
experiments we set M = 20 and L = 20, giving an inspection budget of 400 tokens. 

Temp. Exponential Inverse Transform Binary Distribution Shift SEAL Our e-value scheme 

0.3 ∞ ∞ ∞ 100.0 100.0 97.0 
0.7 260.0 380.0 ∞ 100.0 80.0 72.0 
1.0 130.0 200.0 ∞ 160.0 100.0 97.5 

Table E.6: Comparison of our e-value scheme with baselines on size (↓) under the chunk-based 
sequential protocol with M = 20 chunks of size L = 20 tokens (correction p → M · p) on 
MarkMyWords. Best (per temperature) is highlighted in bold. 

The chunk-based correction tightens several baselines relative to the per-token Bonferroni 
results of Table E.2. Nevertheless, Theorem 6.4.1 remains the most efficient method at every 
temperature. 


	Contents
	List of Figures
	List of Tables
	Introduction
	Contributions
	Related Work
	Notation

	Sample Complexity and Expressiveness of Test-Time Scaling Paradigms
	Introduction
	Preliminaries
	Separation between Self-Consistency and Best-of-n
	Expressiveness under Self-Correction
	General-purpose expressiveness
	General-purpose expressiveness of Transformers with self-correction

	Experiments
	Expressiveness of self-correction
	Evaluation of sample complexity

	Conclusion

	Bits-to-Rounds Sampling for Diffusion Language Model Inference
	Introduction
	Background
	Inefficiency of Confidence-based Decoding
	Information contribution of exploration and exploitation
	Information-theoretic lower bounds on decoding rounds of confidence-based algorithms

	ETE: Explore-Then-Exploit
	From theory to algorithm
	Fast block diffusion sampling
	Confidence-based exploitation
	Information-aware exploration

	Experiments
	Verification of Theorem 3.3.2
	Computation overhead of beam search
	Benchmark results

	Conclusion

	Theoretical Foundations for Statistical Watermarking
	Introduction
	Our contributions

	Notation
	Watermarking as a Hypothesis Testing Problem
	Statistical Limits of Watermarking
	Rates under the general setting of Problem 4.3.1
	Rates of model-agnostic watermarking
	Rates in the i.i.d. setting
	Rates in non-i.i.d. setting
	Efficiency-robustness trade-offs

	Conclusion

	Semantic-Aware Statistical Watermarking: SEAL
	Introduction
	From Theory to Practice
	Methods
	SEAL: Semantic-awarE speculAtive sampLing
	Theoretical guarantees

	Experiments
	Setup
	Comparison to baselines
	Tamper-resistance to paraphrase attacks

	Conclusion

	Anytime-Valid Statistical Watermarking
	Introduction
	From Fixed-Horizon Watermarking to Anytime Detection
	Sequential hypothesis testing and e-values

	Problem Formulation
	Robust log-optimality
	Stopping time

	Theoretical Results
	Optimal log-growth rate
	Sample efficiency

	Experiments
	Experiments on real data

	Conclusion

	Bibliography
	Appendix for Sample Complexity and Expressiveness of Test-Time Scaling Paradigms
	Proofs
	Proof of Theorem 2.3.1
	Proof of Theorem 2.3.2
	Proof of Proposition 2.4.2
	Proof of Proposition 2.4.4
	Proof of Theorem 2.4.7
	Attention sink positional encoding
	Technical Claims

	Experiment Details
	Implementation details of self-correction experiments
	Prompts for self-correction

	Best-of-n with Imperfect Verification

	Appendix for Bits-to-Rounds Sampling for Diffusion Language Model Inference
	Proof of the main theorem
	Additional Figures, Examples, and Experiments
	Examples of the inefficiency of confidence-based parallel decoding algorithm
	Visualization of block sampling LLaDA and fast block diffusion sampling
	Additional experiments for fairer comparison

	Confidence-based Parallel Decoding Algorithms and Detailed Illustrations of ETE
	Confidence-based parallel decoding algorithms
	Detailed illustration of ETE


	Appendix for Theoretical Foundations for Statistical Watermarking
	Proofs
	Proof of Theorem 4.4.2
	Proof of Theorem 4.4.7
	Proof of Theorem 4.4.10
	Proof of Theorem 4.4.11
	Proof of Theorem 4.4.16
	Proof of Theorem 4.4.20


	Appendix for Semantic-Aware Statistical Watermarking: SEAL
	Proofs of SEAL Guarantees
	Proof of Theorem 5.2.1
	Proof of Theorem 5.2.2


	Appendix for Anytime-Valid Statistical Watermarking
	Proof of the log-growth theorem
	Supporting lemma

	Proof of the stopping-time theorem
	Useful results

	Useful Claims
	Additional Experiments
	Full results of Section 6.5.1
	Synthetic experiments
	Empirical validity of the anchor distribution assumption
	Empirical Type-I error
	Additional target model
	Comparison against chunk-based sequential testing baselines





