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ABSTRACT 

 

Laser ultrasonic techniques (LUTs) are becoming widely used for damage 

detection based on full-field ultrasonic data. In general, LUTs provide three-

dimensional (3-D) ultrasonic signals from which significant informative features may 

be extracted about the health condition of a structure. In this paper, statistical 

convariance method is proposed to investigate 3-D ultrasonic features. A laser 

ultrasonic interrogation method based on a Q-switched laser scanning system was 

used to interrogate 3-D ultrasonic signals in to a 2 mm aluminum plate. The ultrasonic 

signals in three-dimensional (3-D) space were generated, indexed by spatial N (x-

direction), spatial M (y-direction), and temporal K (t-direction) samples, respectively. 

Then, two sets of covariance matrices were obtained based on the vector variables in 

x-direction and y-direction respectively for all k time samples respectively. The 

covariance imaging and the corresponding variance map were obtained. The 

wavelength and group velocity of S0 and A0 modes were able estimated from the 

variance map. The wavelength of the S0 and A0 modes were estimated with the 

deviation error of 2.3% and 11% respectively. The group velocities of S0 and A0 

modes were estimated with the deviation error of 1.8% and 0.9%. The analysis will be 

further performed to develop group velocity curves for a range of frequency in metal 

and composite plates. 

 

 

INTRODUCTION 
 

Ultrasonic Lamb waves are well acknowledged in non-destructive evaluation 

(NDE) and structural health monitoring (SHM) applications because they can offer an 

effective method to estimate the location, severity and type of damage, as well as for 

long-range inspection of large structures. Lamb waves are dispersive and multimodal 

mechanical waves that propagate along a plate of relatively small thickness. The 

dispersive profile of Lamb waves may be obtained via representations in phase 

velocity curves and group velocity curves. 
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In particular, group velocity curves are widely used for damage detection and 

localization by comparing the change of the group velocity between pristine and 

defective specimens. Ihn and Chang (1) measured and used group velocity to select 

Lamb wave S0 mode for the detection and monitoring of hidden fatigue crack growth 

in metallic structures based on damage index. Rosalie et al. (2) proposed to detect the 

change in group velocity of Lamb waves as the determinant parameter for the 

detection of delamination in GLARE aluminum plate-like structures. Ciampa and Meo 

(3) used the Lamb wave A0 mode group velocity to identify the location of acoustic 

emission (AE) sources due to low-velocity impacts in complex composite structures. 

Many group velocity measurement methods are introduced to improve the 

accuracy of the damage detection and localization. One of the methods, time-of-flight 

(ToF) measurement, has long been used for group velocity estimation.  Several ToF 

estimation methods, including cross-correlation, envelope moment, matching pursuit 

decomposition, and dispersion compensation, were studied and compared using a 

dispersive Lamb wave mode (4). Besides using ToF estimation methods, Draudvilienė 

and Mažeika (5, 6) proposed spectrum decomposition technique to development group 

velocity of Lamb waves in an aluminum plate. The method enables to reconstruct the 

dispersion curves of the fundamental modes with relative errors around 2%. Recently, 

Jarmer et al. (7) demonstrated using phased array beamforming method to estimate 

dispersion curves for both isotropic and anisotropic materials. Phase velocity was 

estimated by using a narrowband wavenumber beamforming technique, and group 

velocity was estimated by phase array beamforming that targeted specific modes.  

Besides using conventional contact sensor piezoelectric transducer, laser ultrasonic 

techniques are showed the ability of group velocity estimation with promising results. 

Harb and Yuan (8) used LDV to derive the dispersion curves for A0 Lamb wave mode 

based on time-frequency analysis method to extract the arrival times at different center 

frequencies. The time instants of each peak in the time slice are stored, which are 

associated with arrival times of Lamb modes at the point of measurement. Lee et al. 

(9) used pulsed laser for generating full-field ToF map for stainless steel pipe wall-

thinning detection. Chong et al. (10) developed statistical threshold estimation method 

to determine full-field ToF for pipe wall-thinning detection. 

Since laser ultrasonic techniques provide high space resolution and large full-field 

ultrasonic data set in 3-D space-time domain, laser ultrasonic techniques obtain an 

ultrasonic data set from which informative features may be extracted about the health 

condition of a structure. In this paper, authors propose to use statistical convariance to 

investigate the ability of the proposed method to extract useful features to estimate 

group velocity of fundamental modes for NDE/SHM applications. In this paper, a full-

field ultrasonic data of a 2 mm aluminum plate is interrogated and then the data with 

the center frequency of 400 kHz is processed to obtain the corresponding covariance 

matrix to generate covariance imaging. The variance values obtained in covariance 

imaging are evaluated for all time samples to determine the possible relationship 

between the theoretical group velocity and the variance signal in the variance map. 

Then, the features are extracted to estimate the wavelength and group velocity of the 

fundamental modes and compare to the theoretical group velocity. 

 
 

FULL-FIELD ULTRASONIC DATA 

 



Experimental Setup 

 

 
 

Figure 1. (a) Laser ultrasonic interrogation system configuration and (b) inspection configuration of a 2-

mm aluminum plate. 

 

 

Figure 1(a) shows a schematic diagram of a laser ultrasonic interrogation system, 

which consists of a laser scanning system incorporated with a signal conditioning 

device, a data acquisition (DAQ) module, a contact sensor, and a computer used for 

signal processing and operation control. The laser scanning system has a 2-D laser 

mirror scanner and a diode-pumped solid-state Q-switched Nd:YAG laser with 527 

nm wavelength. In this paper, a 2-mm thick aluminum plate was setup at a stand-of-

distance of 1780 mm from the 2-D laser mirror scanner. In Fig. 1(b), an area of 200 

mm  200 mm of the plate was scanned with a scan interval of 1 mm and a PZT 

sensor bonded at the center of the back-scan surface. The pulse repetition rate (PRR) 

was set to 20 Hz to avoid reverberation interference during the scanning process and 

the average energy was set to 1 mJ. The generated ultrasound was then signal-

conditioned through the PZT sensor and digitized in the DAQ module as shown in 

Fig. 1(a). An in-line bandpass filter was used to filter ultrasonic signals at the center 

frequency of 400 kHz with the bandwidth of ±10 kHz. The DAQ module was set with 

a sampling time of TS = 0.2 s and K = 1000 total sample points. Once the scanning 

process was completed, the ultrasonic in 2-D space with N and M grid points on the 

target were generated and formed in a three-dimensional N by M by K space, indexed 

by spatial x-direction, spatial y-direction, and time, respectively, along each dimension 

as shown in Fig. 2(a).  

 

 

CONVARIANCE MATRIX OF ULTRASONIC WAVEFIELD IMAGING 

 

Covariance (as a linear dispersion estimator) is defined as the mean value of the 

product of the deviations of two variables from their respective means. When it comes 

to two-dimensional covariance problem, it may be expressed as a covariance matrix. 

For that, the convariance matrix of 2-D ultrasonic wavefield imaging at each time-

frame k (Fig. 2(a)) is calculated. Since ultrasonic wavefield imaging at each time-

frame k is formed in N  M matrix as shown in Fig. 2(a), the elements of the N  M 

matrix are ultrasonic amplitudes and grouped into two random vectors, column vector 



mX  and row vector
nY  for X-axis and Y-axis, as shown in Figs. 2(b) and (c), 

respectively. Then, the covariance matrices of 
mX  and 

nY  are obtained respectively.  

 

 
 

Figure 2. (a) Full-field ultrasonic data and convariance matrix notation for (b) x-axis and (c) y-axis at a 

discrete time k. 

 

 

For the covariance matrix of 
mX , M column vectors are considered in the 

covariance matrix calculation. As shown in Fig. 2(b), 1, 2, ,{ , , , }m m m N mx x xX  is a 

column vector with a set of ultrasonic amplitude values (denoted as ,n mx ) in spatial 

samples and n is an index that assigns a number to each spatial sample, ranging from 1 

to N along Y-axis. The covariance matrix of 
mX  is denoted as 

X
C  and expressed 

below: 
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XC   (1) 

and the elements of 
X

C are defined as: 
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   (2) 

and , 1,2, ,i j M .  iX  and jX  are the mean of each column vector 
mX . Since the 

covariance matrix in Eqn. (1) is a symmetric matrix with the matrix size of M  M, for 

i j  the diagonal elements, denoted as iic , contain the variances of column vector

mX ; and for i j  the off-diagonal elements contain the covariance between all 

possible pairs of column vector mX .  



As for the covariance matrix of 
nY , the matrix N  M of the ultrasonic wavefield 

imaging (Fig. 2(a)) is transposed first. Then, 
,1 ,2 ,{ , , , }T T

n n n n My y yY  is obtained 

and used to obtained the covariance matrix of 
nY  and the elements is defined as 

below: 
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   (3) 

and , 1,2, ,i j N . 
1, 2, ,{ , , , }T

n n n M ny y yY  is a transposed
nY  with a set of 

ultrasonic amplitude values (denoted as ,m ny ) in spatial samples and m is an index that 

assigns a number to each sample, ranging from 1 to M along X-axis. Since the 

covariance matrix is a symmetric matrix (N  N), for i j  the diagonal elements, 

denoted as iic , contain the variances of column vector nY ; and for i j  the off-

diagonal elements estimate the covariance between all possible pairs of column vector 

nY .  

 

 

RESULTS AND DISCUSSION 
 

 
 

Figure 3. (a) Ultrasonic wavefield and (b) covariance images at 40 s (insert: variance signal) for 
m

X . 

Variance maps for the respective covariance matrices of (c) 
m

X  and (d) 
n

Y  with center frequency of 

400 kHz. 



 

 

Figures 3(a) and (b) show the ultrasonic wavefield and corresponding covariance 

images of 
mX  at the time of 40 s. The Lamb waves, S0 and A0 modes, were clearly 

visible in the ultrasonic wavefield image. The diagonal of the matrix was the variances 

and the insert of Fig. 3(b) shows the variance signal in relative to the spatial sample 

points of X-axis. The variance signal showed multiple peaks along the two wave 

packets and the distance first arrival of the wave packets were similar to the distance 

first arrival of the S0 and A0 modes in ultrasonic wavefield (Fig. 3(a)).  Figures 4(a) 

and (b) show the first arrival wavefronts of S0 and A0 modes in Fig. 3(a). Both 

wavelengths of the S0 and A0 modes were 13AB A B     mm and 6CD C D      

mm as shown in Figs. 4(a) and (b). The deviation wavelength errors of the S0 and A0 

modes between the wavelengths obtained in ultrasonic wavefield image (Fig. 3(a)) and 

in the theoretical calculation (Fig. 5(a)) are 2.3% and 11% respectively. Figures 4(c) 

and (d) show the zoomed variance signal of the insert of Fig. 3(b). The distances 

between the two peaks (AB and AB) of the variance signal in Fig. 4(c) were same as 

the wavelength of the S0 mode in Fig. 4(a). Both have the deviation wavelength errors 

of 9.8% (
AB  = 12 mm) and 2.3 % (

A B    = 13 mm) in comparison with the theoretical 

wavelength. As for A0 mode, Figs. 4(d) shows the distances of 
CD  = 6 mm and 

'C D   

= 6 mm with the deviation wavelength errors of (11%).  
 

 
 

Figure 4. First arrival wavefronts of (a) S0 and (b) A0 modes and corresponding variance signals of (c) 

S0 and (d) A0 modes at 40 s. 

 

 



 
 

Figure 5. Theoretical (a) phase velocity curves and (b) group velocity curves of a 2 mm aluminum plate. 

 

 

Since the wavelengths of S0 and A0 modes may be estimated from the multiple 

peaks in the variance signal, the variance signal may be further used to estimate the 

group velocities of S0 and A0 modes. For that, two variance signals at two different 

times in the variance map (Fig. 3(c) and (d)) can be used to estimate the group 

velocities. To calculate the group velocity for the right Lamb wave mode, the 

wavefronts of S0 and A0 modes must be separated as far as possible. With that, the 

variance map of 
mX  (Fig. 3(c)) was selected to estimate the group velocities of the S0 

and A0 modes instead the variance map of 
nY  (Fig. 3(d)).  

Figure 6(a) shows two different variance signals at 35 s and 51 s. To calculate 

the group velocities of the modes, the same travelling wavefront (the peak of the 

variance signal) must be the same at two different times. Hence, the two peaks of 

A(184, 0.02267) and A(99, 0.04462) for the variance signals at 35 s and 51 s 

were selected to determine the group velocity of the S0 mode as shown in Fig. 6(a). 

The distance 
0SX  between the peaks at A and A was 45 mm and the group velocity 

of the S0 mode was 5.3125 m/ms. For the A0 mode, the two peaks of B(106, 0.1678) 

and B(57, 0.3109) was selected with the distance 
0AX  of 49 mm. Then, the group 

velocity of the A0 mode was 3.0625 m/ms.  

In this paper, ten measurements of the full-field ultrasonic data at 400 kHz were 

obtained. Hence, the average group velocity of the S0 mode was equaled to 5.3188 

m/ms with the deviation error of 1.8% to the theoretical group velocity of 5.2249 

m/ms (Fig. 5(b)). Figure 6(b) show the ten measurements of peak A (184 mm) and it 

shows that the repeatability was high where only the variance signal from one of the 

measurements (denoted P1) was diverse (a shaded circle in Fig. 6(b)) and the peak at 

185 mm was selected instead 184 mm. For the A0 mode, the average group 

velocity of 3.050 m/ms with the deviation error of 0.9% to the theoretical group 

velocity of 3.0779 m/ms (Fig. 5(b)). The repeatability was high also but the same 

measurement P1 was different from the rest of measurements and the peak was shifted 

2 mm as shown in the shaded circle in Fig. 6(c)).  

  



 
 

Figure 6. (a) Variance signals at 35 s and 51 s and ten measurements of the peaks at (b) A and (c) B. 

 

 

CONCLUSION 
 

In this paper, statistical covariance method was proposed, and it was demonstrated 

that the features of the variance map generated from the full-field ultrasonic data may 

be used to estimate the group velocities of Lamb wave fundamental modes. The full-

field ultrasonic data of a 2 mm aluminum plate was obtained by a laser ultrasonic 

interrogation system incorporating with a Q-switched laser scanning system. Two 

covariance matrices of 
mX  and 

nY  were obtained and represented in covariance 

images for all k time samples respectively. The variance signal obtained from the 

covariance images showed relationship to the S0 and A0 modes in the full-field 

ultrasonic imaging. The wavelength and group velocity of S0 and A0 modes were able 

estimated from the variance map. The wavelength of the S0 and A0 modes were 

estimated with the deviation error of 2.3% and 11% respectively. The group velocities 

of S0 and A0 modes were estimated with the deviation error of 1.8% and 0.9% 

respectively. Future works, the variance maps of a range of frequency will be 

generated to develop the group velocity curves for metal and composite structures. 

Then, the variance map will be investigated to seek for the possibility of using the map 

for damage visualization. 
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