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Abstract

Valuations of Polyhedra and Coxeter Combinatorics

by

Mariel Supina

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Federico Ardila, Co-chair

Professor Nikhil Srivastava, Co-chair

Discrete geometry is a field of mathematics which encompasses the study of polyhe-
dra, or intersections of closed half-spaces in some vector space. Algebraic combinatorics
employs algebraic methods to learn about combinatorial objects. This thesis lies at the
intersection of these two fields and traverses back and forth between them. We use
algebra to prove results about polyhedra, and use polyhedral geometry to classify func-
tions that are of interest in algebraic combinatorics. It is divided into four chapters: an
introduction, and three sections of original results which each use different algebraic
techniques.

In the first chapter, we provide some background on polyhedra and establish the main
actors of this thesis, generalized permutahedra. Along the way we introduce orbit polytopes
and matroids as examples, and we also show how the combinatorics of generalized
permutahedra can be extended to arbitrary finite reflection groups to obtain generalized
Coxeter permutahedra and Coxeter matroids. We further give some background on
combinatorial Hopf monoids, Ehrhart theory, and valuations that hints at the various
approaches explored in this thesis.

In the second chapter, we introduce the Hopf monoid of orbit polytopes, which is gen-
erated by the generalized permutahedra that are invariant under the action of the sym-
metric group. We show that modulo normal equivalence, these polytopes are in bijection
with integer compositions. We interpret their Hopf structure through this lens, and we
show that applying the first Fock functor to this Hopf monoid gives a Hopf algebra of
compositions. We describe the character group of the Hopf monoid of orbit polytopes in
terms of noncommutative symmetric functions, and we give a combinatorial interpreta-
tion of the basic character and its polynomial invariant.
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In Chapter 3, we explore equivariant Ehrhart theory, a generalization of Ehrhart theory
introduced by Stapledon that counts the lattice points in a polytope up to the action of
some symmetry group. We describe the equivariant Ehrhart theory of the permutahe-
dron, and we explore the relationship between the properties of its equivariant Ehrhart
series and the permutahedral toric variety. Answering a question of Stapledon, we de-
scribe the equivariant Ehrhart theory of the permutahedron, and we prove his Effective-
ness Conjecture in this special case.

In the last chapter, we give the universal valuative invariant of Coxeter matroids. In the
process, we also describe the universal valuation of generalized Coxeter permutahedra.
This chapter builds off of prior work of Derksen and Fink, but many of their techniques
do not apply to the Coxeter setting, requiring new methods to extend their results.
We borrow tools from the theory of 0-Hecke algebras to establish properties of Coxeter
Schubert matroids.
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Chapter 1

Introduction

We will work in a d-dimensional vector space V , which will often be Rd. Sometimes we
will alternatively use the notation RI to indicate a real vector space with a distinguished
basis {ei : i ∈ I} labelled by the elements of the set I . The dual of V is denoted V ∗, and
is the set of linear functionals from V to the underlying field.

1.1 Preliminaries on Polyhedra
The basic objects we will work with are polyhedra and polytopes. A polyhedron is defined
to be the intersection of finitely many affine half-spaces in V . It is a polytope if it is
bounded. Equivalently, we can define a polytope Q to be the convex hull of finitely
many points p1, . . . , pk ∈ V :

Q = conv (p1, . . . , pk) :=

{
k∑
i=1

cipi ∈ V : ci ≥ 0,
k∑
i=1

ci = 1

}
(1.1)

If we remove the requirement from (1.1) that the coefficients ci sum to 1, then we get
a cone, denoted cone (p1, . . . , pk). A polyhedron can be alternatively defined to be the
pointwise sum, or Minkowski sum, of a polytope and a cone. For a proof that these
two characterizations of polytopes and polyhedra are equivalent, see [Zie95, §1.1]. The
dimension of a polyhedron is the dimension of the smallest affine subspace in which it
lives.

Polyhedra arise in optimization as the feasible regions of linear programs. A linear
program asks for the maximal value of some given linear functional on the points of
a polyhedron Q. A face F is defined to be a subset of Q consisting of the points that
maximize some linear functional; this subset is again a polyhedron. The face of Q maxi-
mizing the functional y ∈ V ∗ is denoted Qy. The 0-dimensional faces are called vertices,
the 1-dimensional faces are called edges, and the codimension-1 faces are called facets.
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Figure 1.1: Normally equivalent polytopes in R2.

Figure 1.2: From left to right: A polytope Q, a deformation of Q, and an extended
deformation of Q.

Normal Fans and Deformations

A fan is a collection Σ of nonempty cones such that every nonempty face of a cone in
Σ is also in Σ, and σ, τ ∈ Σ implies σ ∩ τ is a face of both σ and τ . The support of Σ is
the union of all cones in Σ. Given two fans Σ and Σ′ with the same support, we say that
Σ coarsens Σ′ (equivalently, Σ′ refines Σ) if every cone of Σ is a union of cones of Σ′, or
equivalently, if every cone of Σ′ is contained in a cone of Σ. Every polyhedron comes
with an associated fan.

Definition 1.1.1. Let F be a face of the polyhedron Q. The normal cone of F is the cone
of linear functionals

σF := {y ∈ V ∗ : y attains its maximum value on Q at every point in F},

i.e. σF is the cone of linear functionals that define a face of Q containing F . The normal
fan ΣQ of Q is the collection of all normal cones of faces of Q.

Two polyhedra P,Q ⊆ V are normally equivalent if ΣP = ΣQ (see Figure 1.1). We say
P is an extended deformation of Q if each cone of ΣP is a union of cones of ΣQ, and is
further a deformation of Q if the supports of ΣP and ΣQ are equal (see Figure 1.2). The
latter case can be alternatively stated as “ΣP coarsens ΣQ.” We write Def+(Q) for the set
of all extended deformations of Q, and Def(Q) for the set of all deformations of Q.

Sometimes we want to consider the collection Σ∨Q of cones dual to the normal cones
of a polytope Q. These are called the tangent cones. Specifically, the tangent cone of Q at
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the face F is the cone

CF : = cone (v′ − v : v′ is a vertex of Q, v is a vertex of F )

= {x ∈ V : 〈y, x〉 ≤ 0 for all y ∈ σF} .

1.2 Generalized Permutahedra
Generalized permutahedra are polytopes with rich combinatorial significance and alge-
braic structure. They were first introduced (as polymatroids) in [Edm70]; their combina-
torial properties were extensively studied in [Pos09].1 There are many equivalent ways
to characterize the family of generalized permutahedra; here are three:

(i) They are the polytopes whose edge directions are differences ei − ej of standard
basis vectors (Definition 1.2.4).

(ii) They are the deformations of the standard permutahedron (Proposition 1.2.5).

(iii) They are the polytopes whose half-space descriptions are given by submodular func-
tions (Proposition 1.2.6).

Generalized permutahedra arise naturally in many areas of mathematics. In toric
geometry, deformations of a polytope represent the numerically effective divisors of a toric
variety; in the case of generalized permutahedra, this toric variety is the permutahedral
variety arising from the braid arrangement [CLS11]. In optimization, generalized per-
mutahedra are the feasible regions of linear programs modeling diminishing marginal
returns [Fuj05]. Tropical geometry studies algebraic varieties via associated polyhedral
complexes, and tropical analogues of linear spaces are closely linked to a subfamily of
generalized permutahedra called matroids [MS15]. Certain matroid polytopes are also
the moment polytopes of torus orbits in the Grassmannian [GGMS87], and orbit poly-
topes (Definition 1.2.7) arise in a similar context in the study of flag varieties [GS87a].

The Braid Arrangement

The braid arrangement is an important hyperplane arrangement to the study of general-
ized permutahedra. It is constructed by starting with the hyperplanes xi = xj in RI with
i 6= j. Since each of these hyperplanes share the common line R1, where 1 :=

∑
i∈I ei, we

can quotient out this line and define the braid arrangement to be the resulting (|I| − 1)-
dimensional hyperplane arrangement in RI/R1.

The braid arrangement divides RI/R1 into closed full-dimensional cones, or cham-
bers. The braid fan ΣI is the polyhedral fan in RI/R1 formed by taking the set of cham-
bers of the braid arrangement and all of their faces. We will also sometimes think of the

1Some authors, including Postnikov, use the spelling “permutohedra.”
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braid fan as living in the dual space (RI/R1)∗; we will rely on context to distinguish
these situations. The following is a well-known fact about the braid fan:

Proposition 1.2.1. The faces of the braid fan ΣI are in bijection with ordered set partitions of I .

We will use the convention that the ordered set partition S1t· · ·tSk = I corresponds
to the cone of the braid arrangement consisting of all points satisfying xi = xj whenever
i, j ∈ S` for all ` and xi ≥ xj if i ∈ S` and j ∈ S`+1 for 1 ≤ ` ≤ k − 1. It follows that
the chambers of the braid fan are in bijection with the set of all linear orderings of the
coordinates of a point in the ambient space. We will need to distinguish one chamber to
use as a reference point.

Definition 1.2.2. Fix any chamber D of the braid fan, and call this the fundamental cham-
ber. Define a linear order ≺ on I to be the one corresponding to D, so

D = {x ∈ RI/R1 : i ≺ j =⇒ xi ≥ xj}.

For example, when I = [d] we could choose the fundamental chamber of Σ[d] to be
the set of points in Rd/R1 with x1 ≥ x2 ≥ · · · ≥ xd, which induces the standard ordering
on [d].

Corollary 1.2.3. The faces of the fundamental chamber D of the braid fan ΣI are in bijection
with the compositions of the integer |I|.

Proof. From Definition 1.2.2 we can see that the faces of D correspond only to the ordered
set partitions S1 t · · · t Sk of I such that for 1 ≤ ` < k, all elements of S` are greater than
all elements of S`+1 under ≺. Thus the ordered set partitions corresponding to faces of
D depend only on the sizes of their parts. This sequence of sizes (|S1|, . . . , |Sk|) is an
integer composition of |I|.

Definition of Generalized Permutahedra

Definition 1.2.4. A generalized permutahedron is a polytope whose edge directions are
multiples of vectors of the form ei − ej .

When I is a finite set, let SI be the symmetric group consisting of permutations of I .
Then SI acts on RI by permuting coordinates of points. This action fixes the subspace
R1, so it descends to an action on RI/R1. The standard permutahedron ΠI in RI/R1 is
defined to be the convex hull of the SI-orbit of the point

∑
i∈I f(i)ei, where f : I → [d]

is any bijection and d = |I|. Then ΣI is the normal fan of ΠI , and we can alternatively
define generalized permutahedra as follows:

Proposition 1.2.5. Generalized permutahedra are precisely the elements of Def(ΠI), i.e. the
deformations of the standard permutahedron.
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Figure 1.3: The standard permutahedron Π{1,2,3,4}.

Roughly, this means that generalized permutahedra can be obtained by translating
the facets of the standard permutahedron along their normals in certain allowable ways
[Pos09]. Extended generalized permutahedra are the elements of Def+(ΠI), the extended
deformations of ΠI .

We have characterized generalized permutahedra in terms of their edge directions
and their normal fans, but it is also possible to classify their half-space descriptions. A
submodular function is z : 2I → R satisfying z(∅) = 0 and z(S∩T )+z(S∪T ) ≤ z(S)+z(T )
for all S, T ⊆ I . Given any function z : 2I → R, we can obtain a polytope Q(z) as

Q(z) :=

{
x ∈ RI :

∑
i∈I

xi = z(I) and ∀ ∅ ( S ( I,
∑
i∈S

xi ≤ z(S)

}
. (1.2)

Note that
∑

i∈I xi = z(I) means that Q(z) lives in a hyperplane with normal vector 1 and
hence can be viewed as a polytope in RI/R1.

Proposition 1.2.6 ([Fuj05]). A polytope is a generalized permutahedron if and only if it is Q(z)
for some submodular function z. Furthermore, all of the inequalities in (1.2) are tight.

Orbit Polytopes

We now define the orbit polytopes that will be discussed in detail in Chapter 2. Orbit
polytopes are sometimes called permutahedra [Pos09], but we avoid this terminology
in order to distinguish the Hopf monoid of orbit polytopes from the Hopf monoid of (stan-
dard) permutahedra discussed in [AA17]. We prove that orbit polytopes are generalized
permutahedra in Proposition 2.1.2.

Definition 1.2.7. Let p ∈ RI/R1. The orbit polytope of p is the polytope

O(p) := conv ({w(p) : w ∈ SI}) .
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(1, 0, 0)

(0, 1, 0)(0, 0, 1) (0, 1, 1)

(1, 1, 0)(1, 0, 1)

Figure 1.4: The orbit polytopes O(1, 0, 0) and O(1, 1, 0).

Orbit polytopes are closely related to weight polytopes, a general construction arising
in representation theory and the theory of finite reflection groups. The vertices of weight
polytopes are given by the orbit of a special point, called a weight, under a relevant
action. The weights arising in the representation theory of the general linear group
are all integer points; thus orbit polytopes with integer vertices are the same as weight
polytopes for GLn.

Example 1.2.8. The orbit polytope O(1, 0, 0) is the 2-dimensional standard simplex in
R3/R1. The orbit polytope O(1, 1, 0) is combinatorially equivalent to O(1, 0, 0), but it has
a different normal fan (see Figure 1.4).

Example 1.2.9. For any c ∈ R, the orbit polytope O(c, . . . , c) is a single point in RI/R1.

Example 1.2.10. Let I = [n] and p = (n, n− 1, . . . , 1) ∈ Rn/R1. Then O(p) is the standard
n-permutahedron, denoted Πn (see Figure 1.3).

Note that if p′ is an element of the SI-orbit of p, then O(p′) = O(p). We will often use
this observation to write p with its coordinates in decreasing order.

Matroids

Matroid theory is a combinatorial abstraction of the notion of linear independence (see
[Oxl11]). There are many equivalent ways to define a matroid; we will focus on the
matroid polytope viewpoint.

Definition 1.2.11 ([GGMS87]). A matroid is a generalized permutahedron whose vertices
are in {0, 1}d.

Since generalized permutahedra have edge directions ei−ej , every vertex of a matroid
will have the same number of 0s and 1s. The rank of the matroid is the numbers of 1s.
Each vertex corresponds to a basis of the matroid, which is the subset of [d] indicating
which indices of that vertex are 1s.

Example 1.2.12 (Uniform matroid). A polytope whose vertices are all vectors with r 1s
and n−r 0s is called a uniform matroid or hypersimplex. For example, the uniform matroid
of rank 2 in R4/R1 is an octahedron (see Figure 1.5).
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(1, 0, 0, 1)
(0, 1, 0, 1)

(0, 1, 1, 0)
(1, 0, 1, 0)

(1, 1, 0, 0)

(0, 0, 1, 1)

Figure 1.5: The uniform matroid of rank 2 in R4/R1.

1.3 Generalized Coxeter Permutahedra
The symmetric group is an example of a finite reflection group, and everything in Sec-
tion 1.2 can be extended to the setting of arbitrary finite reflection groups. In doing
this, we get generalized Coxeter permutahedra. Here we provide some background on root
systems and reflection groups; see [Hum90] for a general reference on reflection groups,
and [ACEP20] for an account tailored towards generalized Coxeter permutahedra.

A reflection is a linear operator on a real vector space V that negates some vector y and
fixes the hyperplane normal to y. Given a finite collection of reflections, we can multiply
them by composition of linear operators and generate a group W . However, only in very
special cases does this produce a finite group. When this happens, let R ⊂ V consist of
one vector normal to each reflection hyperplane, as well as the negatives of these vectors
(with lengths chosen so that the vectors map to each other under the action of W ). Then
we call the pair Φ := (V,R) a root system. We will assume that Φ is reduced, that is, the
roots span V and it is not a direct sum of other root systems.

The collection of reflection hyperplanes is called the Coxeter arrangement. Just like
the braid arrangement from Section 1.2, the Coxeter arrangement divides V into closed
full-dimensional cones, and taking these cones and their faces produces a complete fan
structure ΣΦ on V which we call the Coxeter fan. As in Definition 1.2.2, we will choose
any chamber of this fan and fix it to be the fundamental chamber. The fundamental cham-
ber is a cone whose facet-defining hyperplanes are a subset of the Coxeter arrangement.
Taking the collection of roots normal to the facets of the fundamental chamber which
have positive inner product with the points in the fundamental chamber gives a collec-
tion of simple roots of Φ. We denote the collection of simple roots by {α1, . . . , αd} ⊂ R.
Choosing a fundamental chamber of ΣΦ is the same as choosing a collection of simple
roots of Φ. The reflections over hyperplanes normal to the simple roots are called sim-
ple reflections and correspondingly indexed {s1, . . . , sd} ⊂ W . It can be shown that the



CHAPTER 1. INTRODUCTION 8

simple reflections generate the group W .
The fundamental weights are another special collection of vectors associated to root sys-

tems. These are vectors generating the rays of the fundamental chamber of the Coxeter
fan. Each fundamental weight corresponds to one of the simple roots, and the lengths
are prescribed by the root system (see [ACEP20, §3.1] for details). We will denote the
fundamental weights by {$1, . . . , $d}.

Example 1.3.1 (Type A root system). In Rd/R1, take the reflection hyperplanes to be
xi = xj for all 1 ≤ i < j ≤ d. Then the reflection group we obtain is the symmetric
group Sd, the Coxeter fan is just the braid fan, and the roots are the vectors in the set
R = {ei− ej : i 6= j}. The pair (Rd/R1, R) is called the type Ad−1 root system. If we choose
the fundamental chamber to be {x ∈ Rd/R1 : x1 ≥ x2 ≥ · · · ≥ xd}, then we get the
simple roots {e1 − e2, e2 − e3, . . . , ed−1 − ed}. The simple reflection corresponding to the
root ei− ei+1 is the transposition (i i+ 1) ∈ Sd, and these transpositions indeed generate
Sd. The fundamental weights are {e1, e1 + e2, . . . , e1 + e2 + · · ·+ ed−1}.

Example 1.3.2 (Type B root system). In Rd, take the reflection hyperplanes to be all
coordinate hyperplanes xi = 0 as well as xi = xj and xi = −xj for all 1 ≤ i < j ≤ d.
Then the reflection group is called the group of signed permutations SB

d and the roots are
the vectors R = {±ei ± ej : i 6= j} ∪ {±ei : 1 ≤ i ≤ d}. The pair (Rd, R) is the type Bd root
system. One choice of simple roots is {e1−e2, e2−e3, . . . , ed−1−ed, ed}. The corresponding
fundamental weights are {e1, e1 + e2, . . . , e1 + e2 + · · ·+ ed−1, (e1 + e2 + · · ·+ ed)/2}.

Definition 1.3.3. A generalized Φ-permutahedron is a polytope whose edge directions are
multiples of the roots of Φ. We denote the set of generalized Φ-permutahedra as GPΦ.

Notation 1.3.4. Let W be a finite reflection group with the root system Φ = (V,R). For a subset
S ⊂ [d], we set

• WS = 〈si | i ∈ S〉 to be the subgroup of W generated by these simple reflections,

• CS := cone ({α1, . . . , αd} ∪ {−αi | i ∈ S}), whose dual cone is

• σ[d]−S := cone ($i | i ∈ [d]− S), and

• $[d]−S :=
∑

i∈[d]−S $i, whose W -orbit W ·$[d]−S is identified with W/WS .

The Coxeter fan ΣΦ consists of the W -orbit of the cones σS as S ranges over all subsets
of [d]. See [ACEP20, §3.2] for a summary of some combinatorial properties of ΣΦ. We
will use the following standard fact about the action of W on ΣΦ.

Proposition 1.3.5. The W -orbits of the action of W on ΣΦ are in bijection with 2[d], where a
subset S ⊆ [d] corresponds to the orbit W · σS with the stabilizer of σS being WS . Similarly, the
W -orbits of Σ∨Φ are the orbits of CS as S ranges over all subsets of [d].
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Figure 1.6: The standard B2- and B3-permutahedra.

Analogous to the previous section, we define the standard Φ-permutahedron ΠΦ to
be conv

(
W ·$[d]

)
. Its normal fan is ΣΦ. Figure 1.6 shows the standard permutahedra

corresponding to the root systems of types B2 and B3.

Proposition 1.3.6. Generalized Φ-permutahedra are precisely the elements of Def(ΠΦ), i.e. de-
formations of the standard Φ-permutahedron.

Extended generalized Φ-permutahedra are the elements of Def+(ΠΦ), which we de-
note by GP+

Φ .

Coxeter Matroids

Coxeter matroids generalize matroids to arbitrary root systems; see [BGW03] for a
detailed account. To define these, we use the property that reflection groups come
equipped with a partial order ≤ called the Bruhat order. For u ∈ W , let `(u) be the
minimum number of simple reflections needed to write an expression for u. Then u′

covers u in the Bruhat order if `(u′) > `(u) and u′ = us for some (not necessarily simple)
reflection s. For u, u′, w ∈ W , we will write u ≤w u′ to mean w−1u ≤ w−1u′. For a sub-
group WS of W corresponding to a subset S ⊆ [d], the Bruhat order on W/WS is given
by B ≤w B′ for B,B′ ∈ W/WS if u ≤w u′ for some u ∈ B and u′ ∈ B′.

Definition 1.3.7. [BGW03, 6.1.1] For S ⊆ [d], a Coxeter matroid of type (Φ, S), or a (Φ, S)-
matroid, is a subset M ⊆ W/WS such that for every w ∈ W there exists a unique ≤w-
minimal element in M . The ≤w-minimal element of M is denoted minw(M).

Noting that the stabilizer of $[d]−S =
∑

i∈[d]−S $i is WS , for B ∈ W/WS we denote

δB := u ·$[d]−S for any u ∈ B.

For a subset T ⊆ W/WS , denote by PT the polytope

PT := conv (δB : B ∈ T ) .
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The following generalization of [GGMS87] establishes Coxeter matroids as subfamilies
of generalized Coxeter permutahedra.

Theorem 1.3.8. [BGW03, Theorem 6.3.1] Let T be a subset of W/WS . The following are equiv-
alent:

1. The subset T ⊆ W/WS is a Coxeter matroid. That is, for every w ∈ W there exists a
unique ≤w-minimal element in T (Definition 1.3.7).

2. The polytope PT is a deformation of ΠΦ.

For a Coxeter matroid M ⊆ W/WS , we call the elements of M the bases of M , and
the ≤w-minimal basis of M is denoted minw(M). The polytope PM is called the Coxeter
matroid polytope of M . Its vertices are {δB : B ∈ M}. Theorem 1.3.8 states that Coxeter
matroids of type (Φ, S) are exactly the polytopes whose vertices are in the W -orbit of
$[d]−S and whose edge directions are multiples of roots of Φ. Hence, we consider

MatΦ,S := {Coxeter matroids of type (Φ, S)}

as a subfamily of Def(ΠΦ).

Example 1.3.9. When Φ is the type Ad−1 root system, this definition produces what are
known as flag matroids. When S = [d]− {i} for some i, we recover the classical notion of
matroids defined by Whitney [Whi35] and independently by Nakasawa [Nak35]. When
si is the reflection across the hyperplane xi = xi+1, then the matroids obtained as subsets
of Sd/(Sd)S have rank i.

1.4 Hopf Monoids in Combinatorics
A Hopf monoid is an algebraic structure that is used to study labelled combinatorial
objects that can be combined (thus defining a product) and decomposed (thus defin-
ing a coproduct). Aguiar and Ardila showed that generalized permutahedra form a
Hopf monoid, and that many subfamilies of generalized permutahedra form Hopf sub-
monoids [AA17]. They used this to provide a unifying theory explaining known results
about graphs, matroids, posets, and other objects.

Set Species

Let Set be the category of sets with arbitrary morphisms, and let Set× be the category of
finite sets with bijections.

Definition 1.4.1. A set species is a functor F : Set× → Set. If I is a finite set, then F maps
I to a set F[I] which can be considered to contain “structures of type F labelled by I .”
If f : I → J is a bijection of finite sets, then F maps f to a morphism F[f ] : F[I] → F[J ]
which can be thought of as the map “relabeling the elements of F[I] according to f .”
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Example 1.4.2. The exponential species E maps a finite set I to the set {I} containing only
one element. For each bijection f : I → J , we have E[f ] = f .

Definition 1.4.3. Let F and G be two set species where G[∅] = ∅. The composition of F
and G is the set species F ◦G where

F ◦G[I] =
⊔
X�I

(
F [X]×

∏
S∈X

G[S]

)
where X � I denotes that X is an unordered partition of the set I into nonempty parts.
In other words, the set F ◦G[I] is the set of structures obtained by partitioning I, putting
a structure of type G on each part, and then putting a structure of type F on the set of
parts of the partition.

It is often useful to consider what happens when the exponential species is composed
with some other species F. By Definition 1.4.3, the elements of E ◦ F[I] will be the result
of partitioning the set I into unordered parts, then putting a structure of type F on each
part.

The exponential generating function F (t) of a set species F counts the number of struc-
tures of type F on a d-element set for each positive integer d:

F(t) =
∞∑
d=0

1

d!
|F [{1, . . . , d}]| td.

Example 1.4.4. Since the exponential species has one structure on each set, its generating
function is

E(t) =
∞∑
d=0

td

d!
= et.

In general, the exponential generating function for the species F ◦G can be obtained
by composing the generating functions of F and G [BLL98, §2.2].

Definition of a Hopf Monoid

Hopf monoids are the main algebraic structure explored in Chapter 2. They are obtained
by equipping a species with additional structure.

Definition 1.4.5. A Hopf monoid in set species is a set species H equipped with a collection
of product maps µ = {µS,T : H[S] × H[T ] → H[I]} and a collection of coproduct maps
∆ = {∆S,T : H[I] → H[S] × H[T ]} where S and T are any pair of disjoint finite sets
and I = S t T . These operations must satisfy naturality, unitality, associativity, and
compatibility axioms (see [AM10, AA17]). A Hopf monoid in set species is connected if
|H[∅]| = 1.
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Example 1.4.6. Let G be the set species of graphs, so G[I] is the set of graphs with vertices
labelled by the elements of I . The product of two graphs can be taken to be their disjoint
union, and the coproduct can be taken to be restriction to subgraphs. These operations
give a Hopf monoid structure on graphs.

Given a Hopf monoid in set species, we can obtain a Hopf algebra by applying first
a linearization functor and then a Fock functor [AM10, §15]. The first Fock functor
produces the graded Hopf algebra⊕

d≥0

span (isomorphism classes of elements of H[I] where |I| = d) (1.3)

where isomorphisms are given by relabeling maps in the species.

The Hopf Monoid of Generalized Permutahedra

We can create a set species GP of generalized permutahedra by defining GP[I] to be
Def(ΠI), the set of all generalized permutahedra living in the vector space RI . The
Cartesian product gives us a product · on GP, and the following theorem gives a co-
product:

Theorem 1.4.7 ([Fuj05]). Let Q ∈ GP[I] and suppose I = S t T . Write 1S to be the linear
functional

∑
i∈S ei. Then the 1S-maximal face of Q can be decomposed as the product of polytopes

Q|S ·Q/S , where Q|S ∈ GP[S] and Q/S ∈ GP[T ].

Theorem 1.4.8 ([AA17]). Generalized permutahedra form a Hopf monoid under this product
and coproduct.

Character Groups

Let H be a connected Hopf monoid in set species, and let k be a field.

Definition 1.4.9. A character ζ : H → k is collection of natural maps {ζI : H[I] → k} for
each finite set I such that

(i) ζ∅ : H[∅]→ k is the map sending 1 ∈ H[∅] to 1 ∈ k, and

(ii) if I = S t T , then for any x ∈ H[S] and y ∈ H[T ] we have

ζI(µS,T (x, y)) = ζS(x)ζT (y).

Let X(H) be the set of all characters on H. The convolution of ζ, ψ ∈ X(H) is defined
for x ∈ H[I] to be

(ζ ? ψ)I(x) :=
∑
I=StT

ζS(x|S)ψT (x/S)

where the sum is taken over all ordered partitions of I into sets S and T . This convolu-
tion product gives X(H) a group structure [AA17, Theorem 8.2].
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1.5 Ehrhart Theory and Valuations
Valuations are fundamental in convex geometry, where they function as analogues of
measures on convex bodies. For lattice polyhedra, valuations are a bridge between
geometry and combinatorics, especially in the context of Ehrhart theory (see [McM93],
[Joc19]). We introduce a valuation of particular interest, the Ehrhart polynomial, and then
give an overview of the theory of valuations more generally.

Ehrhart Theory for Rational Polytopes

Ehrhart theory measures a polytope Q by counting the number LQ(t) of lattice points
in its dilations tQ for t ∈ Z≥0. The enumeration of lattice points in polytopes plays an
important role in numerous areas of mathematics. For example, in algebraic geometry, a
lattice polytope Q corresponds to a projective toric variety XQ and an ample line bundle
L, whose Hilbert polynomial is precisely the Ehrhart polynomial LQ(t). The Ehrhart
polynomial can be expressed in terms of the Todd class of the toric variety XQ [Mor93,
Pom93]. In the representation theory of semisimple Lie algebras, the Kostant partition
function enumerates the lattice points in a natural family of polytopes [BV08, MM15].
These and many other connections have allowed for the combinatorial computation of
many quantities of geometric and algebraic interest. They have also inspired numerous
questions and provided interesting answers in Ehrhart theory itself [CLS11, Ful93].

Let Q be a polytope in Rd. We say that Q is a rational polytope if all of its vertices are
in Qd and a lattice polytope if all of its vertices are in Zd. The lattice point enumerator of Q
is the function LQ : Z≥1 → Z≥0 given by

LQ(t) := |tQ ∩ Zd|;

that is, LQ(t) is the number of integer points in the tth dilate of Q. A function f : Z→ R
is a quasipolynomial if there exists a period n and polynomials f0, f1, . . . , fn−1 such that
f(t) = fi(t) whenever t ≡ i (mod n).

Theorem 1.5.1 (Ehrhart’s Theorem [Ehr62]). If Q is a rational polytope, then the lattice point
enumerator LQ(t) := |tQ ∩ Zd| is a quasipolynomial in t. Its degree is dimQ and its period
divides the least common multiple of the denominators of the coordinates of the vertices of Q.

It follows from Theorem 1.5.1 that the lattice point enumerator of a lattice polytope
is a polynomial. This is known as the Ehrhart polynomial. The Ehrhart series is the series
EhrQ(z) = 1 +

∑∞
t=1 LQ(t)zt. When Q is a lattice polytope, the numerator of EhrQ(z) is

called the h∗-polynomial of Q and denoted h∗(z).

Ehrhart Theory for Lattice Zonotopes

Let {x1, . . . , xk} be a finite set of vectors in Rd. The zonotope generated by {x1, . . . , xk},
denoted Z(x1, . . . , xk), is defined to be the Minkowski sum of the line segments con-
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necting the origin to xi for each i. We will also adapt the same notation to refer to any
translation of Z(x1, . . . , xk), that is, the Minkowski sum of any collection of line segments
whose direction vectors are the xi’s. Zonotopes have a combinatorial decomposition that
is useful when calculating volumes and counting lattice points.

Proposition 1.5.2 ([She74, Theorem 54]). A zonotope Z(x1, . . . , xk) can be subdivided into
half-open parallelotopes that are in bijection with the linearly independent subsets of {x1, . . . , xk}.

A linearly independent subset S ⊆ {x1, . . . , xk} corresponds under this bijection to
the half-open parallelotope

S :=
∑
xi∈S

[0, xi).

Stanley gave a combinatorial formula for the Ehrhart polynomial of a lattice zonotope.

Theorem 1.5.3 ([Sta91, Theorem 2.2]). Let Z = Z(x1, . . . , xk) be a lattice zonotope. Then

LZ(t) =
∑

S⊆{x1,...,xk}
lin. indep.

vol S · t|S|. (1.4)

Note that since the previous theorem only requires volumes of lattice parallelotopes,
these volumes can be readily computed by taking determinants.

Valuations on Families of Polyhedra

Ehrhart polynomials are one example of valuative functions. Let V be a real finite di-
mensional vector space. For a polyhedron P ⊆ V , let indP : V → Z be the indicator
function defined by indP (x) = 1 if x ∈ P and 0 otherwise. For a family P of polyhedra
in V , let its indicator group I(P) be the Z-submodule of ZV defined by

I(P) :=

{∑
P∈P

aP · indP ∈ ZV
∣∣∣∣∣ aP ∈ Z, finitely many aP ’s are nonzero

}
.

Definition 1.5.4. A function f : P → A from a family of polyhedra P to an abelian
group A is valuative2 if there is a Z-linear map f̃ : I(P) → A such that f̃(indP ) = f(P )
for all P ∈P , or equivalently, if

k∑
i=1

aif(Pi) = 0 whenever
k∑
i=1

ai · indPi = 0 for a1, . . . , ak ∈ Z and P1, . . . , Pk ∈P.

We say that f is a valuation on P in this case, and abuse the notation by writing f also
for f̃ .

2There are several variants of valuative functions in the literature. Valuative functions as we defined
here are sometimes called strongly valuative functions.
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Chapter 2

The Hopf Monoid of Orbit Polytopes

In [AA17], Aguiar and Ardila introduced the Hopf monoid of generalized permuta-
hedra and proved that much of its algebraic structure can be interpreted combinatori-
ally. Many other combinatorial families form Hopf submonoids of generalized permu-
tahedra, so this theory produced new proofs of known results about graphs, matroids,
posets, and other objects. It also led to some new and surprising theorems. Associated to
a Hopf monoid is a group of multiplicative functions called the character group (Defini-
tion 1.4.9). Aguiar and Ardila showed that the character groups of the Hopf monoids of
permutahedra and associahedra are isomorphic to the groups of formal power series un-
der multiplication and composition, respectively. Using their formula for the antipode
of generalized permutahedra, they found that permutahedra have information about
multiplicative inverses of power series encoded in their face structure, and associahedra
have analogous information about compositional inverses of power series.

A subject of ongoing study is to examine other Hopf submonoids of generalized
permutahedra (see [BBM19, Kat19, AKT20, CMS20]). In this chapter, we consider the
Hopf monoid generated by orbit polytopes. These are the generalized permutahedra
that are invariant under the action of the symmetric group, so this Hopf monoid contains
permutahedra as a Hopf submonoid. The original work of this chapter appeared in
[Sup20].

2.1 Combinatorics of Orbit Polytopes
We introduced orbit polytopes in Definition 1.2.7 as the polytopes O(p) obtained as the
convex hull of the symmetric group orbit of some point p. In this section, we explore in
depth the combinatorial properties of orbit polytopes.
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(1, 0, 1, 1)

Figure 2.1: The (1, 0, 1, 1)-maximal face of O(2, 2, 1, 0).

Faces of Orbit Polytopes

To describe the faces of an orbit polytope, it is helpful to use the rearrangement inequality.
This states that if x1, . . . , xd and y1, . . . , yd are real numbers such that x1 ≥ x2 ≥ · · · ≥ xd
and y1 ≥ y2 ≥ · · · ≥ yd, then for all σ ∈ Sd, we have

x1y1 + · · ·+ xdyd ≥ xσ(1)y1 + · · ·+ xσ(d)yd. (2.1)

We can see inequality (2.1) in action in the next example.

Example 2.1.1. Let p = (2, 2, 1, 0) ∈ R4/R1, and let y = (1, 0, 1, 1) ∈ (R4/R1)∗. Then the
rearrangement inequality says that the vertices of O(p) maximizing y are the elements of
the S4 orbit of p such that the three largest coordinates are in positions 1, 2, and 4, and
the smallest coordinate is in position 2. These are the points (1, 0, 2, 2), (2, 0, 1, 2), and
(2, 0, 2, 1). Hence the y-maximal face of O(p) is the triangular facet

conv ((1, 0, 2, 2), (2, 0, 1, 2), (2, 0, 2, 1)) ,

as seen in Figure 2.1.

Proposition 2.1.2. Orbit polytopes are generalized permutahedra.

Proof. Let p ∈ RI/R1 for some finite set I , and consider the orbit polytope O(p). Choose
some linear functional y ∈ (RI/R1)∗ and let F be the y-maximal face of O(p). Now, y
lies in the relative interior of exactly one cone σ ∈ ΣI . This cone σ corresponds to some
ordered partition S1 tS2 t · · · tSk of the set I . Inequality (2.1) says that the vertices of F
must be precisely the elements of the SI orbit of p that have their largest |S1| coordinates
in the positions in S1, the next largest |S2| coordinates in the positions in S2, and so on,
ending with the smallest |Sk| coordinates, which must be in the positions in Sk. But then
by (2.1), all other y′ ∈ σ must also attain their maximum value for O(p) on F . Thus
σ ⊆ σF , so ΣO(p) coarsens ΣI .
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Half-Space Description of Orbit Polytopes

Polytopes can be described either as the convex hull of their vertices or as the intersection
of the half-spaces defining their facets. In Definition 1.2.7 we defined orbit polytopes in
terms of their vertex description, but they have a straightforward half-space description
as well.

Proposition 2.1.3 ([Rad52]). Let p ∈ RI/R1 with d = |I|, and label the coordinates of p as
p1, . . . , pd such that p1 ≥ · · · ≥ pd. Then

O(p) =

x ∈ RI :
∑
i∈I

xi =
d∑
i=1

pi and ∀∅ ( S ( I,
∑
i∈S

xi ≤
|S|∑
i=1

pi

 , (2.2)

viewed as living in RI/R1.

Proof. By Proposition 2.1.2, O(p) is a generalized permutahedron. Thus by Proposi-
tion 1.2.6, O(p) = Q(z) for a unique submodular function z, as in Equation (1.2). Con-
sider the function z : 2I → R given by z(S) =

∑|S|
i=1 pi. It is straightforward to verify

that z is submodular, and that the right side of Equation (2.2) is Q(z). Moreover, it is
immediate that all vertices of O(p) satisfy the equation and inequalities in (2.2). Thus by
convexity, all points in O(p) satisfy these inequalities. For each S ⊆ I there exists some
vertex v of O(p) satisfying ∑

i∈S

vi =

|S|∑
i=1

pi ;

namely, v is any element of the SI orbit of p with p1, . . . , p|S| in the positions correspond-
ing to S. Hence, these inequalities are tight for O(p), so O(p) = Q(z).

Orbit Polytopes and Submodular Functions

It is clear from Definition 1.2.7 that orbit polytopes are invariant under the action of SI .
However, one might wonder whether there exist other generalized permutahedra that
are invariant under this action. Submodular functions are a useful tool for answering this
question. Proposition 2.1.3 shows that O(p) = Q(z) where z : 2I → R is the submodular
function given by

z(S) =

|S|∑
i=1

pi (2.3)

for all ∅ ( S ⊆ I .
In general, the action of SI on I induces an action of SI on submodular functions on

I by (w · z)(S) = z(w−1(S)). One can show that under this action, a submodular function
z : 2I → R is SI-invariant if z(S) = z(T ) whenever |S| = |T |.
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Proposition 2.1.4. A polytope in RI/R1 is an orbit polytope if and only if it is the base polytope
of an SI-invariant submodular function.

Proof. It is clear that the submodular function in (2.3) is SI-invariant. Conversely, let
|I| = d and let z : 2I → R be SI-invariant. Then there exist c1, . . . , cd ∈ R such that for all
∅ ( S ⊆ I , we have z(S) = c|S|. Let c0 = 0 and define pk = ck − ck−1 for 1 ≤ k ≤ d. Let
f : [d]→ I be any bijection. Then by submodularity, for 2 ≤ k ≤ d we have

z(f({1, . . . , k − 2})) + z(f({1, . . . , k})) ≤ z(f({1, . . . , k − 1})) + z(f({1, . . . , k − 2, k}))
ck−2 + ck ≤ ck−1 + ck−1

ck − ck−1 ≤ ck−1 − ck−2

pk ≤ pk−1.

Thus p1 ≥ · · · ≥ pd. It follows from Proposition 2.1.3 that Q(z) = O(p) where the multiset
of coordinates of p is {p1, . . . , pd}.

Corollary 2.1.5. Orbit polytopes are exactly the generalized permutahedra which are invariant
under the SI action on RI/R1.

The set of all submodular functions z : 2I → R forms the submodular cone in R(2I).
The structure of the submodular cone is extremely complicated and a subject of ongo-
ing study. The cone of submodular functions corresponding to orbit polytopes admits a
much simpler description. We can obtain this cone from the submodular cone by inter-
secting it with all hyperplanes of the form z(S) = z(T ) for pairs S, T ⊆ I with |S| = |T |.
The faces of the submodular cone correspond to normal equivalence classes of general-
ized permutahedra, with inclusion of faces corresponding to refinement of normal fans.
This means that the faces of our new cone correspond to normal equivalence classes of
orbit polytopes. We will see in Section 2.1 that these equivalence classes are in bijection
with integer compositions, which implies that the face lattice of the cone of SI-invariant
submodular functions is simply a Boolean lattice. Thus the cone of SI-invariant sub-
modular functions is simplicial.

Orbit Polytopes Modulo Normal Equivalence

It follows from Proposition 1.3.5 that the orbits of the action of SI on ΣI are in bijection
with 2I , where the orbit corresponding to S ⊆ I is SI · σ where

σ = cone

(
j∑
i=1

ef(i) : j ∈ S

)

for some bijection f : [d] → I . These orbit representatives σ are exactly the faces of
the fundamental chamber D of ΣI . Hence given a point p ∈ RI/R1, we can obtain a
composition of d using Corollary 1.2.3 as follows:
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Definition 2.1.6. The composition of p is the integer composition corresponding to the
unique face of the fundamental chamber D of ΣI that contains some point in the SI-
orbit of p.

Example 2.1.7. Let p = (1, 3, 1, 6, 6, 0, 2, 1) ∈ R8/R1. Then the element of the S8-orbit of
p that lies in the fundamental chamber of Σ[8] is p′ = (6, 6, 3, 2, 1, 1, 1, 0). The composition
of the integer 8 corresponding to p is (2, 1, 1, 3, 1) since p′ has two of its biggest coordinate
(6), one of the second biggest coordinate (3), one of the third biggest coordinate (2), three
of the fourth biggest coordinate (1), and one of the smallest coordinate (0).

Note that every vertex of an orbit polytope must have the same composition. Hence
we can define the composition of an orbit polytope to be the composition of any of its
vertices.

Lemma 2.1.8. Let v be a vertex of the orbit polytope O(p) ⊂ RI/R1. Then the normal cone σv is
the union of all the chambers of ΣI containing v, viewed as cones in (RI/R1)∗ under the natural
correspondence between RI/R1 and (RI/R1)∗.

Proof. Note that O(p) has exactly one vertex in each chamber of ΣI , and this vertex
results from reordering the coordinates of p according to the ordered set partition of that
chamber. The rearrangement inequality (2.1) implies that the functionals in the normal
cone of a vertex v must have their coordinates ordered in the same way as v. Thus the
functionals in σv are those in all chambers of ΣI containing v.

Proposition 2.1.9. Two orbit polytopes O(p) and O(p′) are normally equivalent if and only if
they have the same composition.

Proof. Suppose without loss of generality that p and p′ are the unique vertices of O(p)
and O(p′), respectively, that live in the fundamental chamber D of the braid fan.

(=⇒): Suppose p and p′ have different compositions. Then they lie in the interior of
different faces of D. By Lemma 2.1.8, this means that σp 6= σp′ , so ΣO(p) 6= ΣO(p′).

(⇐=): Suppose p and p′ have the same composition. Then they lie in the interior of the
same face of D. So we have a bijection between the vertices of O(p) and O(p′) given by
w(p) 7→ w(p′) for each w ∈ SI . Now let F be a face of O(p), so F = conv (w1(p) . . . , wm(p))
for some w1, . . . , wm ∈ SI . Define the face F ′ ofO(p′) to be F ′ := conv (w1(p′), . . . , wm(p′)).
Then by the rearrangement inequality (2.1), any y ∈ σF attains its maximal value for
O(p′) on the vertices w1(p′), . . . , wm(p′) and no others, and hence on all of F ′ and nowhere
else on O(p′). Thus F ′ is a face of O(p′), and we have shown that σF ⊆ σF ′ . The other
inclusion of normal cones also follows from the rearrangement inequality.

So far, we have constructed an injection from the faces of O(p) to the faces of O(p′),
and we have shown that this injection preserves normal cones. Reversing the roles of
O(p) and O(p′) shows that this map is actually a bijection. Thus ΣO(p) = ΣO(p′).

Corollary 2.1.10. Normal equivalence classes of orbit polytopes O(p) for p ∈ RI/R1 are in
bijection with compositions of the integer d.
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O(3) O(2,1) O(1,2) O(1,1,1)

Figure 2.2: Normal equivalence classes of orbit polytopes in RI/R1 when |I| = 3.

Notation 2.1.11. Let β be a composition of d. We write Oβ,I for the normal equivalence class of
orbit polytopes in RI/R1 with composition β. If the set I is clear from context, we may simply
write Oβ .

Example 2.1.12 (Normal equivalence classes for d = 3). There are four compositions of
3, so there are four normal equivalence classes of orbit polytopes in RI/R1 when |I| = 3,
shown in Figure 2.2.

Example 2.1.13 (Notable families of orbit polytopes). The following compositions of d
correspond to normal equivalence classes of well-known families of polytopes in RI/R1
with |I| = d:

• (d): single point

• (1, . . . , 1): standard d-permutahedron

• (1, d− 1): standard d-simplex

• (k, d− k): uniform matroid polytope Uk,d; these are also known as hypersimplices

2.2 Algebraic Structures on Orbit Polytopes
In [AA17], the authors introduce a product and coproduct which give generalized per-
mutahedra the structure of a Hopf monoid (see Theorem 1.4.8). When restricted to orbit
polytopes, these operations have a neat interpretation in terms of compositions.

Toward a Product

Given polytopes P and Q living in some vector spaces V and V ′, the product of P and Q is
the polytope P ·Q := {(p, q) ∈ V ⊕ V ′ : p ∈ P, q ∈ Q}. We can take the “empty polytope”
in R∅ to be the identity for this product.
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Proposition 2.2.1. Let P ⊂ RI/R1 be a product of finitely many orbit polytopes. Then up to
commutativity of ·, P has a unique expression of the form

P = O(p1) · . . . · O(pk)

where pi ∈ RSj/R1 for 1 ≤ i ≤ k, and S1 t · · · t Sk is a partition of I into nonempty sets, and
O(pi) is not a single point unless |Si| = 1.

Proof. The vertices of the product of two polytopes are exactly the products of vertices
of the two polytopes. This means that the vertex set of a product of nonempty orbit
polytopes will not contain the entire orbit of any point under the action of the symmetric
group, unless we are multiplying points with all coordinates equal. Thus orbit polytopes
that are not points cannot decompose as products of orbit polytopes.

It is a general fact about polytopes (indeed, about subsets of vector spaces) that if
P ⊂ RI/R1 can be written as a product of polytopes with respect to the decomposition
I = S1 t · · · t Sk and also with respect to the decomposition I = T1 t · · · t T`, then
P can be written as a product with respect to the common refinement of these two
decompositions. Hence if P is a product of finitely many orbit polytopes with respect to
the decomposition I = S1 t · · · t Sk, then it cannot also be a product of orbit polytopes
with respect to a different decomposition, since orbit polytopes are indecomposable with
respect to this product. The exception is orbit polytopes that are points, but requiring
that all multiplicands that are points live in one dimension guarantees uniqueness.

Toward a Coproduct

Each face of an orbit polytope decomposes as a product of lower-dimensional orbit
polytopes. In particular, each facet of an orbit polytope decomposes as a product of two
orbit polytopes. This will allow us to define a coproduct of orbit polytopes in Section
2.2. The following proposition makes this observation rigorous.

Proposition/Definition 2.2.2. Let p ∈ RI/R1 where |I| = d, and let I = S t T . Suppose
that F is the face of O(p) maximizing the indicator functional 1S of S, where 1S(x) :=

∑
i∈S xi.

Then there exist unique orbit polytopes O(p)|S ⊂ RS/R1 and O(p)/S ⊂ RT/R1 such that

F = O(p)|S · O(p)/S.

We call O(p)|S “O(p) restricted to S,” and we call O(p)/S “O(p) contracted by S.”

Proof. Let f : [d]→ I be any bijection and assume without loss of generality that pf(1) ≥
· · · ≥ pf(d). The 1S-maximal face of O(p) will be of the form F = conv (v1, . . . , v`), where
v1, . . . , v` are the elements of the SI-orbit of p that have the largest |S| coordinates in the
positions in S. This means that the vj’s are exactly the elements of the orbit of p that are
contained in the product of orbits

{w(pf(1), . . . , pf(|S|)) : w ∈ SS} · {w(pf(|S|+1), . . . , pf(d)) : w ∈ ST}.
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Define

O(p)|S := conv
(
w(pf(1), . . . , pf(|S|)) : w ∈ SS

)
⊂ RS/R1

O(p)/S := conv
(
w(pf(|S|+1), . . . , pf(d)) : w ∈ ST

)
⊂ RT/R1.

Then F = O(p)|S · O(p)/S . The uniqueness of this expression follows from Proposi-
tion 2.2.1.

Note that one or more of the two orbit polytopes in this decomposition could be
points, possibly indicating that F is not a facet of O(p). It is straightforward to show that
if O(p) is a product of finitely many orbit polytopes, a modified version of Proposition
2.2.2 still holds. That is, the 1S-maximal face of O(p) decomposes as O(p)|S · O(p)/S ,
where O(p)|S is a finite product of orbit polytopes that lives in RS/R1 and O(p)/S is a
finite product of orbit polytopes that lives in RT/R1.

Species

Set species were defined in Definition 1.4.1, and we here describe the species of orbit
polytopes.

Definition 2.2.3. The set species of orbit polytopes, denoted OP, maps a finite set I to the
set OP[I] of finite products of orbit polytopes living in RI/R1. For a bijection of finite
sets f : I → J , we get the map OP[σ] : OP[I] → OP[J ] induced from the isomorphism
from RI/R1 to RJ/R1 relabelling the basis vectors {ei : i ∈ I} of RI/R1 according to f .

We have seen that orbit polytopes up to normal equivalence are in bijection with
compositions. It is interesting to consider the species of orbit polytopes up to normal
equivalence.

Definition 2.2.4. The set species of normal equivalence classes of orbit polytopes, denoted OP,
maps a finite set I to the set OP[I] of normal equivalence classes of finite products of
orbit polytopes in OP[I]. In other words, a general element of OP[I] has the form

Oβ1,S1 · · · · · Oβk,Sk

where I = S1 t · · · t Sk and βi is a composition of |Si| for all i.

Let Comp be the set species of compositions where Comp[I] is the set of integer
compositions of |I| and Comp[f ] = id for all bijections f : I → J . Let Comp≥2 be the
result of removing compositions with one part from Comp[I] when |I| ≥ 2, so Comp≥2[I]
for |I| ≥ 2 is the set of compositions of |I| with more than one part. Define Comp≥2[∅] :=

∅. Then OP is obtained by partitioning the set I into unordered parts and putting a
structure of type Comp≥2 on each part. To formally describe the relationship of OP to
Comp≥2, recall Example 1.4.2 and Definition 1.4.3 where the exponential species E and
the operation ◦ on species were introduced.
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Proposition 2.2.5. The species OP is isomorphic to E ◦ Comp≥2, where E is the exponential
species.

Proof. This is immediate from Definition 2.2.4 and the commutativity of the polytope
product.

Corollary 2.2.6. The exponential generating function of OP is

OP(t) = e
1
2
e2t−et+t+ 1

2 .

Proof. Recall the definition of the exponential generating function of a set species from
Section 1.4. The exponential generating function for Comp≥2 is

Comp≥2(t) = 0 + t+
∞∑
d=2

2d−1 − 1

d!
td

=
1

2
e2t − et + t+

1

2
.

Since OP = E ◦ Comp≥2, we get the result by composing the function et with this gener-
ating function for Comp≥2.

The first few terms of the generating function for OP ([SI19]) are

OP(t) = 1 + t+ 2
t2

2!
+ 7

t3

3!
+ 29

t4

4!
+ 136

t5

5!
+ . . . .

The Hopf Monoid of Orbit Polytopes

We are now prepared to define the product and coproduct that produce Hopf monoid
structures on OP and OP.

Proposition 2.2.7 (OP is a Hopf submonoid of GP). Define a product and coproduct on OP
as follows:

• The product is a collection of maps µ = {µS,T : OP[S] × OP[T ] → OP[I]} for all ordered
partitions of a finite set I into finite sets S and T . If O(p) ∈ OP[S] and O(p′) ∈ OP[T ],
then their product is

µS,T (O(p),O(p′)) := O(p) · O(p′) ∈ OP[I].

• The coproduct is a collection of maps ∆ = {∆S,T : OP[I] → OP[S] × OP[T ]} for all
ordered partitions of a finite set I into finite sets S and T . If O(p) ∈ OP[I], then its
coproduct is

∆S,T (O(p)) := (O(p)|S,O(p)/S) ∈ OP[S]×OP[T ],

whereO(p)|S andO(p)/S are the restriction and contraction discussed in Proposition 2.2.2.
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These operations turn the set species OP into a connected Hopf submonoid of GP, the Hopf
monoid of generalized permutahedra defined in [AA17] (see Theorem 1.4.8).

Proof. The product and coproduct described here are the same as the product and co-
product on GP described in [AA17]. Products and coproducts of elements in OP result
in elements of OP (see Sections 2.2 and 2.2), so OP is closed under this product and
coproduct. Thus OP is a Hopf submonoid of GP.

Proposition 2.2.8 ([AA17]). Taking normal equivalence classes respects the product and coprod-
uct of OP defined in Proposition 2.2.7.

Corollary 2.2.9. The set species OP of normal equivalence classes of orbit polytopes forms a
connected Hopf monoid under the induced product and coproduct from OP.

As a consequence of Proposition 2.2.1, we get that OP is a free commutative Hopf
monoid generated under multiplication by elements Oβ,I where I is some finite set and
β ∈ Comp≥2[I]. This characterizes the product of OP. The coproduct of OP also has
a very nice formulation in terms of compositions. This formulation uses two standard
operations.

Definition 2.2.10. The concatenation of compositions β = (β1, . . . , βk) and γ = (γ1, . . . , γ`)
is the composition

β · γ := (β1, . . . , βk, γ1, . . . , γ`).

Definition 2.2.11. The near-concatenation of nonempty compositions β = (β1, . . . , βk) and
γ = (γ1, . . . , γ`) is the composition

β � γ := (β1, . . . , βk−1, βk + γ1, γ2, . . . , γ`).

Proposition 2.2.12. Let I be a finite set with |I| = d and let β be an integer composition of d,
so Oβ ∈ OP[I]. Then if I = S t T we have

∆S,T (Oβ) = (Oβ|S ,Oβ/S)

where β|S and β/S are the unique pair of compositions satisfying

(i) β|S is a composition of |S| and β/S is a composition of |T |, and

(ii) either β|S · β/S = β or β|S � β/S = β.

Proof. Suppose that O(p) is in the normal equivalence class Oβ where β = (β1, . . . , βk).
This means that the point p has β1 occurrences of the largest coordinate, β2 occurrences of
the second largest coordinate, and so on. Suppose p has coordinates p1, . . . , pd with p1 ≥
· · · ≥ pd, and define q := (p1, . . . , p|S|) ∈ RS/R1 and q′ := (p|S|+1, . . . , pd) ∈ RT/R1. Since
q and q′ are obtained from the |S| largest and |T | smallest coordinates of p, respectively,
we can see that the compositions of these two points satisfy conditions (i) and (ii).
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Now consider ∆S,T (O(p)). From the proof of Proposition 2.2.2 and the definition of
∆S,T in Proposition 2.2.7, we know that

∆S,T (O(p)) = (O(p)|S,O(p)/S)

where O(p)|S = O(q) ⊂ RS/R1 and O(p)/S = O(q′) ⊂ RT/R1. Passing to normal
equivalence classes and invoking Proposition 2.2.8 gives us the result.

Hopf monoids are required to be associative, so taking products of more than two
elements is well-defined. Likewise, coassociativity implies that decomposing an element
along more than two sets is well-defined. The following proposition follows immedi-
ately.

Proposition 2.2.13. Let I be a finite set and let S1 t · · · t Sk be an ordered partition of I .

• The map µS1,...,Sk : OP[S1] × · · · × OP[Sk] → OP[I], obtained from iterating the product
of OP and invoking associativity, is given by

µS1,...,Sk(Oβ1,S1 , . . . ,Oβk,Sk) = Oβ1,S1 · · · · · Oβk,Sk .

• The map ∆S1,...,Sk : OP[I]→ OP[S1]×· · ·×OP[Sk], obtained from iterating the coproduct
of OP and invoking coassociativity, is given by

∆S1,...,Sk(Oβ,I) = (Oβ|S1
,S1 , . . . ,Oβ|Sk ,Sk)

where β|S1 , . . . , β|Sk is the unique sequence of compositions such that β|Si is a composition
of |Si| for all i and β can be obtained from the β|Si’s by some sequence of concatenations
and near-concatenations; that is,

β = β|S1� . . .�β|Sk

where each occurrence of � is replaced with either concatenation · or near-concatenation �.

The Hopf Algebra of Compositions

Recall from (1.3) that we can obtain a graded Hopf algebra from a Hopf monoid by
passing to isomorphism classes. For orbit polytopes, these isomorphism classes can be
described using compositions. Let C be the set containing all integer compositions with
more than one part and the unique composition of 1. We will use the notation |β| to
denote the sum of the parts of a composition β.

Lemma 2.2.14. Isomorphism classes of elements of OP[I] where |I| = d are in bijection with
multisets of compositions β1, . . . , βk where

∑k
i=1 |βi| = d and βi ∈ C for all i.
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Proof. Let I and J be finite sets with |I| = |J |. We know that orbit polytopes are invariant
under the action of the symmetric group, so their normal fans must be invariant as well.
Thus the normal equivalence classes Oβ,I and Oγ,J will be isomorphic if and only if they
correspond to the same coarsening of the braid fan, that is, if β = γ.

Now consider general elements O ∈ OP[I] and O′ ∈ OP[J ]. Proposition 2.2.1 implies
that up to commutativity, we can uniquely write products O = Oβ1,S1 · · · · · Oβk,Sk and
O′ = Oγ1,T1 · · · · · Oγ`,T` where βi, γj ∈ C for all i and j. Combined with uniqueness,
our observation from the previous paragraph implies that O and O′ are isomorphic if
and only if k = ` and {β1, . . . , βk} = {γ1, . . . , γ`} as multisubsets of C . Noting that∑k

i=1 |βi| = d =
∑`

j=1 |γj| completes the proof.

Applying the first Fock functor to OP results in a Hopf algebra of normal equivalence
classes of orbit polytopes. We can use Lemma 2.2.14 to characterize this Hopf algebra
using compositions.

Theorem 2.2.15 (Hopf algebra of compositions). Consider the commutative algebra Comp
generated freely by C . Let β ∈ C and define a coproduct ∆ : Comp → Comp ⊗ Comp by

∆(β) :=
∑
γ·γ′=β

or
γ�γ′=β

(
|β|
|γ|

)
γ ⊗ γ′,

where the composition (d) is defined to be equal to the product of compositions (1)d. This makes
Comp into a graded Hopf algebra isomorphic to the Hopf algebra of normal equivalence classes of
orbit polytopes.

Proof. Let [β] denote the isomorphism class of Oβ . Lemma 2.2.14 shows that the Hopf
algebra of orbit polytopes is a commutative algebra generated under multiplication by
elements [β] for β ∈ C . There are no further relations among these elements. Next, let us
consider the coproduct in the Hopf algebra of orbit polytopes. We can apply the formula
from [AA17, Section §2.9] to see that for a composition β,

∆([β]) =
∑

[|β|]=StT

[β|S]⊗ [β/S].

But β|S and β/S depend only on |S|, so we have

∆([β]) =

|β|∑
i=0

(
|β|
i

)
[β|{1,...,i}]⊗ [β/{1,...,i}].

The pairs of compositions arising as β|{1,...,i} and β/{1,...,i} are exactly all of the pairs of
compositions γ and γ′ such that i = |γ| and either γ · γ′ = β or γ � γ′ = β. Thus we have

∆([β]) :=
∑
γ·γ′=β

or
γ�γ′=β

(
|β|
|γ|

)
[γ]⊗ [γ′].
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Furthermore, we note that by Lemma 2.2.14 the isomorphism class [(d)] should corre-
spond to the multiset containing d copies of the composition (1). Hence the map from
the Hopf algebra of orbit polytopes to Comp sending [β] to β is an isomorphism of
graded Hopf algebras.

Example 2.2.16. We compute the coproduct of the composition (1, 2, 1) ∈ Comp:

∆(1, 2, 1) =∅⊗ (1, 2, 1) + 4 · (1)⊗ (2, 1) + 6 · (1, 1)⊗ (1, 1)

+ 4 · (1, 2)⊗ (1) + (1, 2, 1)⊗∅.

2.3 Characters on OP

We defined the character group of a Hopf monoid in Section 1.4. Here we will give
an algebraic description of the character group of orbit polytopes, illuminating a close
relationship with noncommutative symmetric functions. Throughout this section, our
characters will have values in the field k.

Character Group

The Hopf algebra NSym of noncommutative symmetric functions is the graded dual of
the Hopf algebra QSym of quasisymmetric functions. One basis for NSym is given by
the noncommutative ribbon functions {rβ} which are indexed by integer compositions β.
This basis is dual to the fundamental basis of QSym and has the product

rβrγ = rβ·γ + rβ�γ. (2.4)

A detailed explanation of the Hopf structures of QSym and NSym can be found in
[GR14].

Definition 2.3.1. The completion NSym of NSym is the ring k[[{rβ}]] of generating func-
tions of the form ∑

β

cβrβ

where the sum is over compositions β. The product in this ring is induced from the
product of the rβ given in Equation (2.4).

One can show that an element of NSym is invertible if and only if c∅ 6= 0, and that
the invertible elements form a group under multiplication. It is straightforward to check
that the following is a subgroup of this.

Definition 2.3.2. Define G to be the collection of invertible elements in NSym with the
properties that c∅ = 1 and d! · c(d) = cd(1) for all d > 1.
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Theorem 2.3.3. The character group X(OP) is isomorphic to G.

Proof. Since characters are natural maps, their values are unchanged under the relabeling
action of the species OP. Thus for ζ ∈ X(OP), it suffices to define only ζ[d] for each
positive integer d, since each other finite set can be relabeled to one of these. (The
definition of a character takes care of ζ∅, requiring ζ∅(O∅) = 1.)

Define Comp to be the set of all integer compositions, including the empty com-
position ∅. (Note: This set should not be confused with Comp, the Hopf algebra of
compositions defined in Section 2.2.) For each positive integer d, define Compd to be the
set of all compositions of d. Since characters are multiplicative functions, it suffices to
define the values of the character only on a generating set. So for ζ ∈ X(OP), we only
need to determine ζ[d](Oβ) for each d ≥ 1 and for each β ∈ Compd. A point O(d) in Rd/R1
is a point in R raised to the dth power, so we must have ζ[d](O(d)) = (ζ[1](O(1)))

d. When
β is the composition (1) ∈ Comp1 or a composition with more than one part, we may
freely choose the value of ζ on Oβ , since the equivalence classes corresponding to these
compositions form a free commutative generating set for OP.

Let ζ ∈ X(OP) and let bβ := ζ[d](Oβ) for each β ∈ Comp, where d = |β|. The sequence
(bβ : β ∈ Comp) contains all of the information needed to define ζ . Let

F : X(OP)→ NSym

be the map sending ζ to the exponential generating function

F (ζ) :=
∑

γ∈Comp

bγ
|γ|!

rγ

where rγ ∈ NSym is the noncommutative ribbon function corresponding to the com-
position γ. Our analysis in the previous paragraph shows that F actually induces a
bijection between X(OP) and the subgroup G of NSym.

Let ψ ∈ X(OP) as well, so ψ has a generating function

F (ψ) =
∑

γ′∈Comp

cγ′

|γ′|!
rγ′ .

Then ζ ? ψ also has some generating function

F (ζ ? ψ) =
∑

β∈Comp

aβ
|β|!

rβ.
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The convolution product of characters tells us that for β ∈ Compd, we should have

aβ = (ζ ? ψ)[d](Oβ)

=
∑

[d]=StT

ζS(Oβ|S)ψT (Oβ/S)

=
∑
γ·γ′=β

or
γ�γ′=β

(
|β|
|γ|

)
bγcγ′ .

Multiplying the generating functions for ζ and ψ and using the product of the ribbon
functions, we get

F (ζ)F (ψ) =
∑

γ,γ′∈Comp

bγcγ′

|γ|!|γ′|!
rγrγ′

=
∑

γ,γ′∈Comp

bγcγ′

|γ|!|γ′|!
(rγ·γ′ + rγ�γ′)

=
∑

β∈Comp

 ∑
γ·γ′=β

or
γ�γ′=β

bγcγ′

|γ|!|γ′|!

 rβ

=
∑

β∈Comp

1

|β|!

 ∑
γ·γ′=β

or
γ�γ′=β

(
|β|
|γ|

)
bγcγ′

 rβ

= F (ζ ? ψ).

Thus the multiplication of these generating functions corresponds to the convolution of
characters in X(OP). This means that X(OP) and G are isomorphic as groups.

Basic Character

A special character on generalized permutahedra is related to many well-studied invari-
ants, such as the chromatic polynomial for graphs and the Billera-Jia-Reiner polynomial
for matroids. Here we examine what this character looks like for orbit polytopes.

Definition 2.3.4. [AA17] The basic character ζ on the Hopf monoid of generalized permu-
tahedra is given by

ζI(P ) =

{
1 if P is a point
0 otherwise

for a generalized permutahedron P ∈ GP[I].
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Proposition 2.3.5. Restricting the basic character of generalized permutahedra to OP produces
the character ζ ∈ X(OP) defined by

ζI(Oβ) =

{
1 if β has only one part
0 otherwise

when β is an integer composition of |I|.

Proof. The orbit polytopeOβ is a point if and only if β is a composition with one part.

Polynomial Invariant of the Basic Character

Given a character ζ on a Hopf monoid H and an element x ∈ H[I], we can obtain a
polynomial invariant χI(x) given by

χI(x)(t) =

|I|∑
k=1

( ∑
(S1,...,Sk)`I

(ζS1 ⊗ · · · ⊗ ζSk) ◦∆S1,...,Sk(x)

)(
t

k

)
.

Here, we are summing over ordered partitions (S1, . . . , Sk) of the set I such that all of
the Si are nonempty.

A polynomial invariant of particular interest is the one corresponding to the basic
character. For graphs, this invariant is the chromatic polynomial; for matroids, it is
the Billera-Jia-Reiner polynomial [AA17, §18]. For orbit polytopes, we can interpret this
invariant in terms of compositions, but first we need some extra definitions and notation.
Given an integer d and a composition γ = (γ1, . . . , γk) of d, let(

d

γ

)
:=

(
d

γ1, . . . , γk

)
.

We write `(γ) for the number of parts of γ. Finally, if β is another composition of d, we
say that γ refines β if γ can be obtained from β by splitting each part of β into one or
more parts.

Proposition 2.3.6. Let Oβ ∈ OP[I]. Then the polynomial invariant of Oβ corresponding to the
basic character is given by

χI(Oβ)(t) =
∑

γ refines β

(
|I|
γ

)(
t

`(γ)

)
.

Proof. Let ζ be the basic character on OP defined in Section 2.3. Then

(ζS1 ⊗ · · · ⊗ ζSk) ◦∆S1,...,Sk(Oβ)
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will be nonzero if and only if ∆S1,...,Sk(Oβ) is a tuple of points. We know from Propo-
sition 2.2.13 that ∆S1,...,Sk(Oβ) = (Oβ|S1

,S1 , . . . ,Oβ|Sk ,Sk). In order for this to be a tuple
of points, each β|Si must have only one part. This will be the case if and only if the
composition (|S1|, . . . , |Sk|) refines β. Hence we have

χI(Oβ)(t) =

|I|∑
k=1

 ∑
(S1,...,Sk)`I

(ζS1 ⊗ · · · ⊗ ζSk) ◦∆S1,...,Sk(Oβ)

(t
k

)

=

|I|∑
k=1

 ∑
(S1,...,Sk)`I

(|S1|,...,|Sk|) refines β

1

(tk
)

=

|I|∑
k=1

 ∑
γ refines β
`(γ)=k

(
|I|
γ

)(tk
)

=
∑

γ refines β

(
|I|
γ

)(
t

`(γ)

)
,

as desired.
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Chapter 3

The Equivariant Ehrhart Theory of the
Permutahedron

Ehrhart theory was introduced in Section 1.5 as the enumeration of lattice points in poly-
topes. Motivated by mirror symmetry, Stapledon [Sta11a, Sta11b] introduced equivariant
Ehrhart theory as a refinement of Ehrhart theory that takes into account the symmetries
of the polytope. Let G be a finite group acting linearly on a lattice polytope Q. Com-
binatorially, the goal of equivariant Ehrhart theory is to understand, for each g ∈ G,
the lattice point enumerator LQg(t) of the polytope Qg ⊆ Q fixed by g. These quantities
can be assembled into a sequence of virtual characters H∗0 , H∗1 , H∗2 , . . . of G, which one
wishes to understand representation-theoretically. Geometrically, these virtual charac-
ters arise naturally when one studies the action of G on the cohomology of a G-invariant
hypersurface in the toric variety XQ associated to Q. Let L be the ample line bundle
associated to Q. Stapledon showed that if (XQ, L) admits a non-degenerate G-invariant
hypersurface, then these virtual characters are effective and polynomial; in particular,
they correspond to an actual representation of G. His Effectiveness Conjecture [Sta11a,
Conjecture 12.1] states that the converse statement also holds.

To date, few examples of equivariant Ehrhart theory are understood. Stapledon com-
puted it for regular simplices, hypercubes, and centrally symmetric polytopes. If Σ is the
Coxeter fan associated to a root system and Q is the convex hull of the primitive integer
vectors of the rays of Σ, he used the equivariant Ehrhart theory of Q to recover Procesi,
Dolgachev–Lunts, and Stembridge’s formula [Pro90, DL94, Ste94] for the character of
the action of the Weyl group on the cohomology of the toric variety XΣ. In [Sta11a],
Stapledon asked for the computation of the next natural example: the permutahedron
under the action of the symmetric group. The corresponding toric variety is the permu-
tahedral variety, which is the subject of great interest. For example, Huh used it in his
Ph.D. thesis [Huh14] to prove Rota’s conjecture on the log-concavity of the coefficients
of chromatic polynomials. In algebraic geometry, it arises as the Losev-Manin moduli
space of curves [LM00].

In this chapter we answer Stapledon’s question: we compute the equivariant Ehrhart
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theory of the permutahedron and verify his Effectiveness Conjecture in this special case.
Our proofs combine tools from discrete geometry, combinatorics, number theory, alge-
braic geometry, and representation theory. The original work in this chapter appeared
in [ASV20] and is joint work with Federico Ardila and Andrés R. Vindas Meléndez.

3.1 Background
In this section we outline some prior work that provides a foundation for our new re-
sults: Stapledon’s paper on equivariant Ehrhart theory [Sta11a] and the description of
the volumes of fixed polytopes of the permutahedron by Ardila, Schindler, and Vindas
Meléndez [ASV19].

Equivariant Ehrhart theory

Let G be a finite group acting on Zn and Q ⊂ Rn be a d-dimensional lattice polytope that
is invariant under the action of G. Let M be the d-dimensional sublattice of Zn obtained
by translating the affine span of Q to the origin, and consider the induced representation
ρ : G → GL(M). We then obtain a family of permutation representations by looking at
how ρ permutes the lattice points inside the dilations of Q. Let χtQ : G → C denote the
permutation character associated to the action of G on the lattice points in the tth dilate
of Q. We have

χtQ(g) = LQg(t)

where the fixed polytope Qg is the polytope of points in Q fixed by g and LQg(t) is its
lattice point enumerator.

The permutation characters χtQ live in the ring R(G) of virtual characters of G, which
are the integer combinations of the irreducible characters of G. The positive integer com-
binations are called effective; they are the characters of representations of G. Stapledon
encoded the characters χtQ in a power series H∗[z] ∈ R(G)[[z]] given by∑

t≥0

χtQ(g)zt =
H∗[z](g)

(1− z) det(I − ρ(g)z)
. (3.1)

We say that H∗[z] =:
∑

i≥0H
∗
i z

i is effective if each virtual character H∗i is a character.
Stapledon denoted this series ϕ, but we denote it H∗ and call it the equivariant H∗-series
because for the identity element, H∗[z](e) = h∗[z] is the well-studied h*-polynomial of Q.

The main open problem in equivariant Ehrhart theory is to characterize when H∗[z]
is effective, and Stapledon offered the following conjecture. He proved (i) =⇒ (ii) =⇒
(iii), so only the reverse implications were conjectured.

Conjecture 3.1.1 ([Sta11a, Effectiveness Conjecture 12.1]). Let Q be a lattice polytope fixed
by the action of a group G. The following conditions are equivalent.
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(i) The toric variety of Q admits a G-invariant non-degenerate hypersurface.

(ii) The equivariant H∗-series of Q is effective.

(iii) The equivariant H∗-series of Q is a polynomial.

In Theorem 3.3.7, we prove that Stapledon’s Effectiveness Conjecture holds for the
permutahedron under the action of the symmetric group. We also verify three other
conjectures of Stapledon for the case of the permutahedron in Proposition 3.3.11.

In the time since we completed this work, we learned that Conjecture 3.1.1 had been
disproved. In an email exchange from 2013, Stapledon and Francisco Santos constructed
a counterexample to (ii) =⇒ (i) [SS13]. Nevertheless, whether (ii) and (iii) are equivalent
is still an open problem, as well as characterizing the additional assumptions needed to
make the conjecture true.

Fixed polytopes of the permutahedron

The symmetric group Sd acts on Rd by permuting coordinates of points. Recall that the
permutahedron Πd is the convex hull of the Sd-orbit of the point (1, 2, . . . , d) ∈ Rd; that is,
of the d! permutations of [d].

Let ω ∈ Sd be a permutation with cycles ω1, . . . , ωm; their lengths form a partition
λ = (`1, . . . , `m) of d. For each cycle ωk of ω, let eωk =

∑
i∈ωk ei. The fixed polytope Πω

d is
the polytope consisting of all points in Πd that are fixed under the action of ω. We will
use a few results from [ASV19], which we now summarize.

Theorem 3.1.2 ([ASV19, Theorems 1.2 and 2.12]). The fixed polytope Πω
d has the following

zonotope description:

Πω
d =

∑
1≤i<j≤m

[`ieωj , `jeωi ] +
m∑
k=1

`k + 1

2
eωk . (3.2)

Its normalized volume is
vol Πω

d = dm−2 gcd(`1, . . . , `m). (3.3)

Corollary 3.1.3. The fixed polytope Πω
d is integral or half-integral. It is a lattice polytope if and

only if all cycles of ω have odd length.

Proof. From (3.2) and from the fact that all of the eωi in (3.2) are linearly independent,
we can see that all the vertices of Πω

d will be in the integer lattice if and only if `i + 1 is
even for all i.

Equation (3.2) also shows that Πω
d is a rational translation of the zonotope

Z
(
`ieωj − `jeωi : 1 ≤ i < j ≤ m

)
. (3.4)

The following result characterizes the linearly independent subsets of these generating
vectors.
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Lemma 3.1.4 ([ASV19, Lemma 3.2]). The linearly independent subsets of the generators in
(3.4) are in bijection with forests with vertex set [m], where the vector `ieωj − `jeωi corresponds
to the edge connecting vertices i and j.

In light of this lemma, the fixed polytope Πω
d gets subdivided into half-open paral-

lelotopes F of the form

F =
∑

{i,j}∈E(F )

[`ieωj , `jeωi) +
m∑
k=1

`k + 1

2
eωk + vF , vF ∈ Zd (3.5)

for each forest F with vertex set [m]. The results of [ASV19] tell us how to compute the
relative volumes of the parallelotopes in this decomposition. When F is a tree T we have
that

vol T =

(
m∏
i=1

`
degT (i)−1
i

)
gcd(`1, . . . , `m). (3.6)

by [ASV19, Lemma 3.3]. For a general forest F , the parallelotopes T corresponding to
each connected component T of F live in orthogonal subspaces, so

vol F =
( m∏
j=1

`
degF (j)−1
j

)( ∏
conn. comp.
T of F

gcd(`j : j ∈ vert(T ))

)
. (3.7)

Example 3.1.5. By Theorem 3.1.2, the fixed polytope Π
(12)
4 is equal to a rational transla-

tion of the zonotope Z(2e3 − e12, 2e4 − e12, e3 − e4) and has volume 43−2 gcd(2, 1, 1) = 4.
Figure 3.1 shows how Π

(
412) decomposes into rational parallelotopes corresponding to

forests, as in Lemma 3.1.4. Using Equation (3.6) above, one can check that the parallelo-
topes corresponding to the three trees in this decomposition have volumes 2, 1, and 1,
confirming that the relative volume of Π

(12)
4 is 2 + 1 + 1 = 4.

3.2 Ehrhart Quasipolynomials of Fixed Polytopes of Πd

Using the results of [ASV19] on the volumes of the fixed polytopes of the permutahe-
dron, we can complete the further step of computing the Ehrhart quasipolynomials. We
begin by doing this in the special case where the fixed polytope is a lattice polytope,
then use this to give a general construction in Section 3.2.

The Lattice Case

Suppose that λ = (`1, . . . , `m) is a partition of d into odd parts and that ω ∈ Sd has cycle
type λ. Then Corollary 3.1.3 says that Πω

d is a lattice zonotope, and hence we can use
the formula for the Ehrhart polynomial of a zonotope from Theorem 1.5.3 to write a
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Figure 3.1: The fixed polytope Π
(12)
4 decomposes into rational parallelotopes, with one

parallelotope corresponding to each forest on the vertex set {(12), (3), (4)}.

combinatorial expression for LΠωd
(t). For a partition π = {B1, . . . , Bk} of the set [m], we

use vπ to denote the following quantity.

vπ =
k∏
i=1

gcd(`j : j ∈ Bi) ·

(∑
j∈Bi

`j

)|Bi|−2
 . (3.8)

It turns out that vπ is the sum of all relative volumes vol F corresponding to forests F
whose connected components exactly induce the partition π on [m], which will be shown
in the proof of the following theorem.

Theorem 3.2.1. Let ω ∈ Sd have cycle type λ = (`1, . . . , `m), where `i is odd for all i. Then

LΠωd
(t) =

∑
π�[m]

vπ · tm−|π|

summing over all partitions π = {B1, . . . , Bk} of [m].

Proof. Combining Theorem 1.5.3 with (3.7) gives us the following formula for the Ehrhart
polynomial of Πω

d :

LΠωd
(t) =

∑
Forests F

on [m]

(
m∏
j=1

`
degF (j)−1
j

)
·

 ∏
conn. comp.
T of F

gcd(`j : j ∈ vert(T ))

 t|E(F )|. (3.9)
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We can construct a forest with vertex set [m] by first partitioning [m] into nonempty sets
{B1, . . . , Bk} and then choosing a tree with vertex set Bj for each j. The number of edges
in such a forest is m− k. Using these observations, we can rewrite (3.9) as

LΠωd
(t) =

∑
{B1,...,Bk}�[m]

(
k∏
i=1

gcd(`j : j ∈ Bi)

)
·


∑

Forests F
inducing
{B1,...,Bk}

m∏
j=1

`
degF (j)−1
j

 tm−k.

To complete the proof, it remains to show that for a given partition π = {B1, . . . , Bk} of
[m], the following identity holds:

∑
Forests F
inducing
{B1,...,Bk}

m∏
j=1

`
degF (j)−1
j =

k∏
i=1

(∑
j∈Bi

`j

)|Bi|−2

. (3.10)

This follows from the following identity, found in [ASV19, Lemma 3.4].∑
T tree on [m]

m∏
j=1

x
degT (j)−1
j = (x1 + · · ·+ xm)m−2. (3.11)

Using (3.11) we obtain∑
Forests F
inducing
{B1,...,Bk}

m∏
j=1

`
degF (j)−1
j =

∑
Forests F
inducing
{B1,...,Bk}

k∏
i=1

∏
j∈Bi

`
degF (j)−1
j

=
k∏
i=1

∑
trees T
on Bi

∏
j∈Bi

`
degT (j)−1
j


=

k∏
i=1

(∑
j∈Bi

`j

)|Bi|−2

as desired.

The General Case

In general, Πω
d is a half-integral polytope. This means that instead of an Ehrhart poly-

nomial, it has an Ehrhart quasipolynomial with period at most 2. As in the lattice case
from Section 3.2, we can decompose Πω

d into half-open parallelotopes. However, there is
a new feature that does not arise in the lattice case: some of the parallelotopes in this
decomposition may not contain any lattice points.
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Example 3.2.2. We refer back to Example 3.1.5 and Figure 3.1, which discuss the fixed
polytope Π

(12)
4 . The three trees in the figure give parallelograms with volumes 2, 1, 1 that

contain 2, 1, 1 lattice points, respectively. The three forests with one edge give segments
of volumes 1, 1, 1 and 1, 1, 0 lattice points, respectively. The empty forest gives a point of
volume 1 and 0 lattice points. Hence the Ehrhart quasipolynomial of Π

(12)
4 is

L
Π

(12)
4

(t) =

{
(2 + 1 + 1)t2 + (1 + 1 + 1)t+ 1 if t is even
(2 + 1 + 1)t2 + (1 + 1 + 0)t+ 0 if t is odd

.

Following the reasoning of Example 3.2.2, we will find the Ehrhart quasipolynomial
of Πω

d by examining its decomposition into half-open parallelotopes. In order to find the
number of lattice points in each parallelotope F , the following observation is crucial.

Lemma 3.2.3. [ABM20, McW19] If is a half-open lattice parallelotope in Zd and v ∈ Qd, the
number of lattice points in + v is

|( + v) ∩ Zd| =

{
vol( ) if the affine span of + v intersects the lattice Zn

0 otherwise
.

We now apply Lemma 3.2.3 to the parallelotopes F . Surprisingly, whether the affine
span of ( F ) contains lattice points does not depend on the forest F , but only on the set
partition π of the vertex set [m] induced by the connected components of F . To make
this precise we need a definition. Here, the 2-valuation val2 of a positive integer is the
largest power of 2 dividing that integer; for example, val2(24) = 3.

Definition 3.2.4. Let λ = (`1, . . . , `m) be a partition of the integer d. A set partition
π = {B1, . . . , Bk} of [m] is called λ-compatible if for each block Bi ∈ π, at least one of the
following conditions holds:

(i) `j is odd for some j ∈ Bi, or

(ii) the minimum 2-valuation among {`j : j ∈ Bi} occurs an even number of times.

Example 3.2.5. Once again, we refer back to Example 3.1.5 and Figure 3.1. The partition
λ in this example is (2, 1, 1). Five of the forests in Figure 3.1 induce a λ-compatible
set partition because each connected component includes a cycle of length 1, which
is odd. However, the forest with no edges and the forest with only the edge {3, 4}
induce λ-incompatible set partitions because the even-length cycle (12) is in a connected
component all by itself, which means that the minimum 2-valuation for that connected
component is attained 1 time, an odd number.

Lemma 3.2.6. Let ω ∈ Sd have cycle type λ = (`1, . . . , `m). Let F be a forest on [m] whose
connected components induce the partition π = {B1, . . . , Bk} of [m]. Then the affine span of F

intersects the lattice Zd if and only if π is λ-compatible.
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Proof. First we claim that the affine span of F is{
m∑
j=1

xjeωj :
∑
j∈Bi

`jxj =
∑
j∈Bi

`j(`j + 1)

2
for 1 ≤ i ≤ k

}
. (3.12)

Let E(F ) be the edge set of F . We have that the affine span of F is

span
(
`ieωj − `jeωi : {i, j} ∈ E(F )

)
+

m∑
i=1

1

2
(`i + 1)eωi .

A point y ∈ span
(
`ieωj − `jeωi : {i, j} ∈ E(F )

)
will satisfy

∑
j∈Bi `jyj = 0 for each block

Bi. Furthermore, the translating vector v :=
∑m

i=1
1
2
(`i + 1)eωi satisfies

∑
j∈Bi `jvj =∑

j∈Bi
1
2
`j(`j + 1) for each block Bi. Thus every point x in the affine span of F satisfies

the given equations. These are all the relations among the xjs because each block Bi

contributes |E(Bi)| = |Bi| − 1 to the dimension of the affine span of F .
This affine subspace intersects the lattice Zd if and only if all equations in (3.12) have

integer solutions. Elementary number theory tells us that this is the case if and only if
each block Bi satisfies

gcd(`j : j ∈ Bi)

∣∣∣∣∣∑
j∈Bi

`j(`j + 1)

2
. (3.13)

It is always true that gcd(`j : j ∈ Bi) divides
∑
j∈Bi

`j(`j + 1), so (3.13) holds if and only if

val2 (gcd(`j : j ∈ Bi)) < val2

(∑
j∈Bi

`j(`j + 1)

)
. (3.14)

We consider two cases.

(i) Suppose `j is odd for some j ∈ Bi. Then gcd(`j : j ∈ Bi) is odd, whereas∑
j∈Bi `j(`j + 1) is always even. Hence (3.14) always holds in this case.

(ii) Suppose that `j is even for all j ∈ Bi. For each `j , write `j = 2pjqj for some integer
pj ≥ 1 and odd integer qj . Then val2(gcd(`j : j ∈ Bi)) = minj∈Bi pj ; we will call this
integer p. We have

val2

(∑
j∈Bi

`j(`j + 1)
)

= val2

(∑
j∈Bi

2pjqj(`j + 1)
)

= p+ val2

(∑
j∈Bi

2pj−pqj(`j + 1)
)
.
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Note that qj(`j + 1) is odd for each j. If the minimum 2-valuation p of {`j : j ∈ Bi}
occurs an odd number of times, then

∑
j∈Bi 2pj−pqj(`j + 1) will be odd and we will

have val2(
∑

j∈Bi `j(`j + 1)) = p. Otherwise, this sum will be even and we will have
val2(

∑
j∈Bi `j(`j + 1)) > p. Therefore (3.14) holds if and only if the minimum 2-

valuation among the `j for j ∈ Bi occurs an even number of times. This is precisely
the condition of λ-compatibility.

We now have all of the necessary tools to compute the Ehrhart quasipolynomial of
the fixed polytope Πω

d . Recall the definition of λ-compatibility in Definition 3.2.4 and the
definition of vπ in (3.8).

Theorem 3.2.7. Let ω be a permutation of [d] with cycle type λ = (`1, . . . , `m). Then the Ehrhart
quasipolynomial of the fixed polytope of the permutahedron Πd fixed by ω is

LΠωd
(t) =



∑
π�[m]

vπ · tm−|π| if t is even∑
π�[m]

λ−compatible

vπ · tm−|π| if t is odd .

Proof. We calculate the number of lattice points in each integer dilate tΠω
d by decompos-

ing it into half-open parallelotopes and adding up the number of lattice points inside of
each parallelotope.

First, suppose that t is even. Then tΠω
d is a lattice polytope, all parallelotopes in

the decomposition of tΠω
d have vertices on the integer lattice, and each i-dimensional

parallelotope contains vol · ti lattice points [BR07, Lemma 9.2]. The parallelotopes
correspond to linearly independent subsets of the set {`ieωj − `jeωi : 1 ≤ i < j ≤ m},
which are in bijection with forests on [m]. Following the reasoning used to prove Theo-
rem 3.2.1, we conclude that when t is even,

LΠωd
(t) =

∑
π�[m]

vπ · tm−|π|.

Next, suppose t is odd. Then tΠω
d is half-integral, but it may not be a lattice polytope.

As before, we may decompose tΠω
d into half-open parallelotopes that are in bijection

with forests on [m]. Lemma 3.2.3, Lemma 3.2.6, and [BR07, Lemma 9.2] tell us that F

contains vol F · tm−|π| lattice points if the set partition π induced by F is λ-compatible,
and 0 otherwise. Therefore if t is odd

LΠωd
(t) =

∑
π�[m]

λ−compatible

vπ · tm−|π|

as desired.
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Example 3.2.8. Consider the simple case when Πω
d is a segment; this happens when ω

has only two cycles of lengths `1 and `2. For even t, we simply have

LΠωd
(t) = gcd(`1, `2)t+ 1.

However, for odd t we have

LΠωd
(t) =


gcd(`1, `2)t+ 1 if `1 and `2 are both odd
gcd(`1, `2)t if `1 and `2 have different parity
gcd(`1, `2)t if `1 and `2 are both even and have the same 2-valuation
0 if `1 and `2 are both even and have different 2-valuations

We invite the reader to verify that this formula follows from Theorem 3.2.7.

3.3 The equivariant H∗-series of the permutahedron
We now compute the equivariant H∗-series of the permutahedron and characterize when
it is polynomial and when it is effective, proving Stapledon’s Effectiveness Conjec-
ture 3.1.1 in this special case.

Recall that the Ehrhart series of a rational polytope Q is

EhrQ(z) = 1 +
∞∑
t=1

LQ(t)zt.

In computing the Ehrhart series of Πω
d , Eulerian polynomials naturally arise. The Eulerian

polynomial Ak(z) is defined by the identity∑
t≥0

tkzt =
Ak(z)

(1− z)k+1
.

Proposition 3.3.1. Let ω ∈ Sd have cycle type λ = (`1, . . . , `m). The Ehrhart series of Πω
d is

EhrΠωd
(z) =

∑
π�[m]

λ-compatible

vπ · Am−|π|(z)

(1− z)m−|π|+1
+

∑
π�[m]

λ-incompatible

vπ · 2m−|π| · Am−|π|(z2)

(1− z2)m−|π|+1

and the H∗-series of the permutahedron is the function

H∗[z](ω) =
( m∏
i=1

(1− z`i)
)
· EhrΠωd

(z)
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Cycle type of ω ∈ S3 χtΠ3(ω)
∑
t≥0

χtΠ3(ω)zt H∗[z](ω)

(1, 1, 1) 3t2 + 3t+ 1
1 + 4z + z2

(1− z)3
1 + 4z + z2

(2, 1)

{
t+ 1 if t is even
t if t is odd

1 + z2

(1− z)(1− z2)
1 + z2

(3) 1
1

1− z
=

1 + z + z2

1− z3
1 + z + z2

Table 3.1: The equivariant H∗-series of Π3

Proof. The first statement follows readily from Theorem 3.2.7:

EhrΠωd
(z) =

∑
t even

∑
π�[m]

vπt
m−|π|

 zt +
∑
t odd

 ∑
π�[m]

λ-compatible

vπt
m−|π|

 zt

=
∑
π�[m]

λ-compatible

vπ

(
∞∑
t=0

tm−|π|zt

)
+

∑
π�[m]

λ-incompatible

vπ

(∑
t even

tm−|π|zt

)

=
∑
π�[m]

λ-compatible

vπ
Am−|π|(z)

(1− z)m−|π|+1
+

∑
π�[m]

λ-incompatible

vπ · 2m−|π|
Am−|π|(z

2)

(1− z2)m−|π|+1

For the second statement, recall that H∗[z] is defined as in (3.1), where ρ is the stan-
dard representation of Sd in this case. The left side of (3.1) is the Ehrhart series of Πω

d .
The denominator on the right side is (1 − z) det(I − ρ(ω)z); it equals the characteristic
polynomial of the permutation matrix of ω, which is

∏m
i=1(1− z`i).

Tables 3.1 and 3.2 show the equivariant H∗-series of the permutahedra Π3 and Π4.
Our next goal is to verify Stapledon’s Effectiveness Conjecture for the action of Sd on
the permutahedron Πd. We do so by showing that the conditions of Conjecture 3.1.1
hold if and only if d ≤ 3.

Polynomiality of H∗[z]

Lemma 3.3.2. Let ω ∈ Sd have cycle type λ = (`1, . . . , `m). The equivariant H∗-series evaluated
at ω, H∗[z](ω), is a polynomial if and only if the number of even parts in λ is 0, m− 1, or m.
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Cycle type of ω ∈ S4 χtΠ4(ω)
∑
t≥0

χtΠ4(ω)zt H∗[z](ω)

(1, 1, 1, 1) 16t3 + 15t2 + 6t+ 1
1 + 34z + 55z2 + 6z3

(1− z)4
1 + 34z + 55z2 + 6z3

(2, 1, 1)

{
4t2 + 3t+ 1 if t is even
4t2 + 2t if t is odd

1 + 6z + 20z2 + 24z3 + 11z4 + 2z5

(1− z)2(1− z2)(1 + z)2
1 + 4z + 11z2 − 2z3 +

∞∑
i=4

4(−1)izi

(3, 1) t+ 1
1

(1− z)2
=

1 + z + z2

(1− z)(1− z3)
1 + z + z2

(4)

{
1 if t is even
0 if t is odd

1

1− z2
=

1 + z2

1− z4
1 + z2

(2, 2)

{
2t+ 1 if t is even
2t if t is odd

1 + 2z + 3z2 + 2z3

(1− z2)2
1 + 2z + 3z2 + 2z3

Table 3.2: The equivariant H∗-series of Π4

Proof. By Proposition 3.3.1, the Ehrhart series EhrΠωd
(z) may only have poles at z = ±1.

The pole at z = 1 has order at most m. Since the polynomial
∏m

i=1(1 − z`i) has a zero at
z = 1 of order m, the series H∗[z](ω) will not have a pole at z = 1. Hence we only need
to check whether H∗[z](ω) has a pole at z = −1.

(i) First, suppose no `i is even. Then all partitions of [m] are λ-compatible, so EhrΠωd
(z)

does not have a pole at z = −1. Thus H∗[z](ω) is a polynomial in this case.

(ii) Next, suppose that some `k is even. Then the partition {{`k}, [m] − {`k}} is λ-
incompatible, so EhrΠωd

(z) does have a pole at z = −1. It is well known that Ai(1) =

i! so every numerator vπ · 2m−|π| ·Am−|π|(z2) is positive at z = −1. It follows that the
order of the pole z = −1 of EhrΠωd

(z) is m− j + 1 where j is the minimum number
of parts of a λ-incompatible set partition of [m]. This equals m − 1 if the partition
{[m]} is λ-compatible and m if it is λ-incompatible. On the other hand,

∏m
i=1(1−z`i)

has a zero at z = −1 of order equal to the number of even `i. Now consider three
cases:

(a) If the number of even `i is between 1 and m− 2, it is less than the the order of
the pole of EhrΠωd

(z), so H∗[z](ω) is not a polynomial.

(b) If all `i are even, the zero at z = −1 in
∏m

i=1(1− z`i) has order m and cancels the
pole in EhrΠωd

(z). Thus H∗[z](ω) is a polynomial.

(c) If m − 1 of the `i are even, the partition {[m]} is λ-compatible. Therefore the
order of the pole in EhrΠωd

(z) and the order of the zero in
∏m

i=1(1 − z`i) both
equal m− 1, and H∗[z](ω) is a polynomial.
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Figure 3.2: The fixed polytope Π
(12)
4 sitting inside Π4.

Proposition 3.3.3. The equivariant H∗-series of the permutahedron Πd is a polynomial if and
only if d ≤ 3.

Proof. When d ≤ 3, all partitions of d have 0, 1, or all odd parts. Hence H∗[z](ω) is a
polynomial for all ω ∈ Sd, so H∗[z] is a polynomial.

Suppose d ≥ 4. Then there always exists some partition of d with more than 1 but
fewer than all odd parts: if d is even we can take the partition (d− 2, 1, 1), and if d is odd
we can take the partition (d− 3, 1, 1, 1). Therefore H∗[z] is not a polynomial.

Example 3.3.4. Let us illustrate these results for our running example of Π
(12)
4 , illustrated

in Figure 3.2. We computed L
Π

(12)
4

in Example 3.2.2, and one may verify manually the
following expression for H∗[z](12):

L
Π

(12)
4

(t) =

{
4t2 + 3t+ 1 if t is even
4t2 + 2t if t is odd,

H∗[z](12) = 1 + 4z + 11z2 − 2z3 +
4z4

1 + z
.

The evaluation of H∗[z] at (12) is not polynomial because the cycle type (2, 1, 1) of the
transposition (12) does not have 0, 2, or 3 even parts (Lemma 3.3.2). Hence the H∗-series
of Π4 is not polynomial. Stapledon’s Conjecture 3.1.1 predicts that it is also not effective,
and that the permutahedral variety XΠ4 does not admit an S4-invariant non-degenerate
hypersurface.

Effectiveness of H∗[z]

Proposition 3.3.5. The equivariant H∗-series of the permutahedron Πd is effective if and only if
d ≤ 3.

Proof. Stapledon [Sta11a] observed that if H∗ is effective then it is a polynomial. Thus by
Proposition 3.3.3 we only need to check effectiveness for d = 1, 2, 3.
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Let us check it for d = 3. Table 3.1 shows that H∗[z] = H∗0 +H∗1z+H∗2z
2 for H∗0 , H∗1 , H∗2 ∈

R(S3). Comparing these with the character table of S3 (see for example [FH91, pg.14])
gives

H∗0 = χtriv, H∗1 = χtriv + χalt + χstd, H∗2 = χtriv.

Since all coefficients are nonnegative, H∗Π3
[z] = χtriv + (χtriv + χalt + χstd)z + χtrivz

2 is
indeed effective.

Similarly, H∗Π2
[z] = χtriv and H∗Π1

[z] = χtriv are effective as well.

In contrast, a similar computation based on Table 3.2 gives

H∗Π4
= χtriv + (3χtriv + χalt + 5χstd + 3χ + 3χ )z + (6χtriv + 9χstd + 4χ + 5χ )z2

+ (χalt + χ + χ )z3 + (χtriv − χalt + χstd − χ )(z4 − z5 + z6 − z7 + · · · )

which is not effective.

Sd-invariant non-degenerate hypersurfaces in XΠd

We begin by explaining condition (i) of Conjecture 3.1.1, which arises from Khovanskii’s
notion of non-degeneracy [Kho77]. We refer the reader to [Sta11a, Section 7] for more
details.

Let Q ⊂ Rn be a lattice polytope with an action of a finite group G. For v ∈ Zn
we write xv := xv1

1 · . . . · xvnn . The coordinate ring of the projective toric variety XQ

of Q has the form C[xv : v ∈ Q ∩ Zn], so a hypersurface in XQ is given by a linear
equation

∑
v∈Q∩Zn avx

v = 0 for some complex coefficients av. The group G acts on the
monomials xv by its action on the lattice points v ∈ Q ∩ Zn, so the equation of a G-
invariant hypersurface should have av = av′ whenever v′ and v are in the same G-
orbit. A projective hypersurface in XQ with equation f(x1, . . . , xn) = 0 is smooth if the
gradient (∂f/∂x1, . . . , ∂f/∂xn) is never zero when (x1, . . . , xn) ∈ (C∗)n. There is a unique
polynomial in the av’s, called the discriminant, such that the hypersurface is smooth
when the discriminant does not vanish at the coefficients av. A hypersurface in the toric
variety of Q is non-degenerate if it is smooth and for each face F of Q, the hypersurface∑

v∈F∩Zn avx
v = 0 is also smooth.

The permutahedral variety XΠd is the projective toric variety associated to the permu-
tahedron Πd.

Proposition 3.3.6. The permutahedral variety XΠd admits an Sd-invariant non-degenerate hy-
persurface if and only if d ≤ 3.

Proof. Stapledon proved [Sta11b, Theorem 7.7] that if XΠd admits such a hypersurface,
then H∗[z] is effective. By Proposition 3.3.5, this can only occur for d = 1, 2, 3. Further-
more, by [Sta11a, Remark 7.9], it is enough to check for the existence of a Sd-invariant
non-degenerate hypersurface of faces of dimension ≥ 2. Hence we only need to check
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this condition for Π3. This is a hexagon with one interior point. Choosing the vertices to
be all permutations of the point (0, 1, 2) ∈ R3 (instead of (1, 2, 3)) will simplify calcula-
tions. The six vertices of the hexagon are one S3-orbit and the interior point is its own
orbit. Hence (up to scaling) an S3-invariant hypersurface must have the equation

a · xyz + yz2 + y2z + xy2 + x2y + xz2 + x2z = 0 (3.15)

which has one parameter a.
We want to check whether there exists some choice of a for which this hypersurface

is smooth. This is the same as showing that the discriminant of (3.15) is not identically
zero. Since (3.15) is a symmetric polynomial, we can write in terms of the power-sum
symmetric polynomials, pk = xk + yk + zk; we obtain

a

6
p3

1 +
(

1− a

2

)
p1p2 +

(a
3
− 1
)
p3 = 0. (3.16)

The discriminant of a degree 3 symmetric polynomial is given in [PS09, Equation 64];
substituting the coefficients a/6, 1 − a/2, and a/3 − 1 gives a non-zero polynomial of
degree 12:

−512000
16677181699666569

a12 + 492800
617673396283947

a10 − 985600
617673396283947

a9 + 6320
7625597484987

a8

− 25280
7625597484987

a7 + 27431
7625597484987

a6 − 478
282429536481

a5 + 965
282429536481

a4

− 2128
847288609443

a3 + 8
10460353203

a2 − 32
31381059609

a+ 16
31381059609

Any value of a that is not a root of this discriminant gives us an S3-invariant non-
degenerate hypersurface.

By contrast, we should not be able to find an Sd-invariant non-degenerate hypersur-
face in XΠd for d ≥ 4. This can be seen from the fact that all permutahedra Πd when
d ≥ 4 have a square face, and the hypersurface of this square face is not smooth. For
example, consider the square face of Π4 with vertices (0, 1, 2, 3), (0, 1, 3, 2), (1, 0, 3, 2), and
(1, 0, 2, 3). The corresponding hypersurface is yz2w3 + yz3w2 +xz3w2 +xz2w3 = 0, and its
gradient vanishes whenever x = −y and z = −w.

Stapledon’s Conjectures

We are now able to show that Conjecture 3.1.1 holds for Πd.

Theorem 3.3.7. Stapledon’s Effectiveness Conjecture holds for the permutahedron under the
action of the symmetric group.

Proof. This follows immediately from Propositions 3.3.3, 3.3.5, and 3.3.6.

In closing, we verify the remaining three conjectures of Stapledon for the special case
of the Sd-action on the permutahedron Πd.
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Conjecture 3.3.8. [Sta11a, Conjecture 12.2] If H∗[z] is effective, then H∗[1] is a permutation
representation.

Conjecture 3.3.9. [Sta11a, Conjecture 12.3] For a polytope Q ⊂ Rn, let index(Q) be the smallest
positive integer k such that the affine span of kQ contains a lattice point. For any g ∈ G, let M g

be the sublattice of M fixed by g, and define det(I − ρ(g))(Mg)⊥ to be the determinant of I − ρ(g)
when the action of ρ(g) is restricted to (M g)⊥. The quantity

H∗[1](g) =
dim(Qg)! · volQg · det(I − ρ(g))(Mg)⊥

index(Qg)

is a non-negative integer.

Conjecture 3.3.10. [Sta11a, Conjecture 12.4] If H∗[z] is a polynomial and the ith coefficient of
the h∗-polynomial of Q is positive, then the trivial representation occurs with non-zero multiplic-
ity in the virtual character H∗i .

Proposition 3.3.11. Conjectures 3.3.8, 3.3.9, and 3.3.10 hold for permutahedra under the action
of the symmetric group.

Proof.

• Conjecture 3.3.8:
This statement only applies to Π1, Π2, and Π3. From the proof of Proposition 3.3.5
we obtain that H∗[1] is the trivial character for Π1 and Π2 and the statement holds.
For Π3 we have

H∗[1] = 3χtriv + χalt + χstd = χtriv + (χtriv + χalt) + (χtriv + χstd). (3.17)

Now χtriv + χalt is the permutation character of the sign action of S3 on the set [2],
and χtriv + χstd is the character of the permutation representation of S3. Hence all
summands on the right side of (3.17) are permutation characters, so their sum is as
well.

• Conjecture 3.3.9:
For ω ∈ Sd of cycle type λ = (`1, . . . , `m), the dimension of Πω

d is m − 1 and the
volume is dm−2 gcd(`1, . . . , `m). Now, the fixed lattice M g = Z{eω1 , · · · , eωm} has
rank m, so

det(I − ρ(ω)z)(Mω)⊥ =
(1− z) det(I − ρ(ω)z)

(1− z)m
=

m∏
i=1

(1 + z + · · ·+ z`i−1).

Hence the numerator is (m− 1)! · dm−2 gcd(`1, . . . , `m)`1 · · · `m. The denominator is

index(Πω
d ) =

{
2 if all π � [m] are λ-incompatible,
1 otherwise.
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When the denominator is 2, all the `i must be even, so the numerator is even. The
desired result follows.

• Conjecture 3.3.10:
We need to check this for Π1, Π2, and Π3. For Π1 and Π2 the h∗-polynomial is 1 and
H∗0 = χtriv. For Π3, the h∗-polynomial is 1 + 4z + z2, and the characters H∗0 = χtriv,
H∗1 = χtriv + χalt + χstd, and H∗2 = χtriv all contain a copy of the trivial character.
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Chapter 4

The Universal Valuation of Coxeter
Matroids

The set of (extended) generalized permutahedra is a family of polyhedra that model several
combinatorial objects including matroids, clusters, and posets [Pos09, AA17]. Valuative
functions of these polyhedra were studied in [AFR10, DF10] as invariants that behave
well with respect to subdividing the associated combinatorial objects into smaller ones.
In particular, matroid subdivisions have rich connection to geometry, such as compacti-
fications of fine Schubert cells [Kap93, Laf99, Laf03], tropical geometry [Spe08, BEZ20],
and the K-theory of Grassmannians [Spe09, FS12]. The valuativeness of many matroid
invariants, such as the beta invariant and the Tutte polynomial, is a witness to such
geometric connections. Most notably, the Schubert decomposition of Grassmannians ap-
pears in the G-invariant of matroids, an invariant that the authors of [DF10] establish as
the universal valuative invariant of matroids.

We study valuative functions of the set of (extended) generalized Coxeter permutahedra.
These polyhedra originate in Coxeter combinatorics, which recognizes that combinato-
rial objects associated to generalized permutahedra are inherently related to permutation
groups, and accordingly studies their Coxeter analogues in arbitrary reflection groups.
Examples of such Coxeter analogues include Coxeter matroids [GS87b, BGW03], clusters
[HLT11], and posets [Rei92]. The study of generalized Coxeter permutahedra as polyhe-
dral models of these Coxeter combinatorial objects was initiated in [ACEP20]. Focusing
on Coxeter matroids, we define the G-invariant for Coxeter matroids, and show that it is
the universal valuative invariant. The original work in this chapter appeared in [ESS21]
and is joint work with Chris Eur and Mario Sanchez.

4.1 Background: Relation to Work of Derksen and Fink
For a matroid M of rank r on a ground set [d] = {1, . . . , d}, Derksen and Fink [DF10] de-
fine the G-invariant of M as follows: For a permutation w ∈ Sd, let Xi := {w(1), . . . , w(i)}
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for i = 1, . . . , n and X0 := ∅, and define rM(w) ∈ {0, 1}n by

rM(w)i := rkM(Xi)− rkM(Xi−1) i = 1, . . . , n,

where rkM is the rank function of M . Let {Uα : α ∈ {0, 1}d} be the standard basis of
Q{0,1}d . Then the G-invariant of M was defined in [DF10] as

G(M) :=
∑
w∈Sn

Ur(w).

Let us relate this to our definition of G-invariant in Theorem 4.3.5. For w ∈ Sd, when the
ground set [d] is given weights w−1(i) for each i ∈ [d], the greedy algorithm for matroids
implies that the set {w(i) ∈ [d] : r(w)i = 1} is the minimal basis of M . In other words,
identifying elements of {0, 1}d with subsets of [d], we have r(w) = w−1 minw(M), so that
the G-invariant in the sense of [DF10] is exactly our G-invariant

G(M) =
∑
w∈Sn

Uw−1 minw(M).

While our work is thus a generalization of the work of Derksen and Fink, several
arguments in [DF10] fail fundamentally in the general Coxeter setting. We highlight two
differences between our work and [DF10]:

• Rank functions: The rank function characterization of polymatroids and matroids
plays a central role throughout [DF10]. While Coxeter submodularity was defined
in [ACEP20], there is no known characterization of which (Φ, I)-submodular func-
tions are rank functions of (Φ, I)-matroids. We circumvent this by introducing
the notion of tight containment and translating certain results of [DF10] into this
geometric language.

• Schubert matroids: A key feature of the type A root system utilized in [DF10] is that
Schubert matroid polytopes are the intersections of uniform matroid polytopes
with the vertex cones of the standard permutahedron. In other types however,
these intersections are not necessarily Coxeter matroid polytopes, even in minus-
cule types (Remark 4.3.14). We circumvent this by borrowing tools from 0-Hecke
algebras to establish properties of Coxeter Schubert matroids, along with a new
argument for proving Theorem 4.3.5.

4.2 Valuative Functions of Extended Deformations
Since generalized Coxeter permutahedra are extended deformations of certain polytopes
(Proposition 1.3.6), we first study valuative functions of extended deformations of an ar-
bitrary polyhedron. In Section 4.2, we introduce tight containments as useful valuative
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functions of extended deformations. In Section 4.2, we compute a basis for the indicator
group of the set of extended deformations of a polytope. In Section 4.2, we establish The-
orem 4.2.11, describing the universal valuation for any family of deformations Def+(Q).
We get the universal valuation of generalized Coxeter permutahedra as an immediate
corollary (Theorem 4.2.12). Throughout, let V be a finite dimensional real vector space
with an inner product 〈·, ·〉.

Extended Deformations and Tight Containments

For a hyperplane H = {x ∈ V : 〈y, x〉 = a} defined by y ∈ V and a ∈ R, we write
H+ = {x ∈ V : 〈y, x〉 ≥ a} and H− = {x ∈ V : 〈y, x〉 ≤ a} for its two closed half-spaces.
In Section 1.1 we gave an overview of polyhedra, normal fans and tangent cones, and we
defined valuative functions in Definition 1.5.4. Here we introduce some related notation.

Figure 4.1: Tangent and affine tangent cones of two faces of the polygon Q.

Notation 4.2.1. For a polyhedron Q ⊆ V and a face F of Q, we set

• CF + F to be the affine tangent cone of Q at F , which is the Minkowski sum of the
tangent cone CF and F , or equivalently, is the translate CF + v of the tangent cone at F
by any v ∈ F ,

• tran(Σ∨Q) := {C + v : C ∈ Σ∨Q, v ∈ V } to be the set of all translates of tangent cones of Q.

We now introduce the notion of tight containments, which will define useful valuative
functions on the set of extended deformations. For a cone C ⊆ V , let lineal(C) be its
lineality space, which is the maximal subspace of V contained in C.

Definition 4.2.2. Let C ⊆ V be a cone and v ∈ V . We say that the translate C + v of the
cone C tightly contains a polyhedron P if C + v contains P and P ∩ (lineal(C) + v) 6= ∅.
See Figure 4.2 for illustrations of examples and non-examples of tight containment.
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(a) (b) (c) (d)

Figure 4.2: Examples (4.2a, 4.2b) and non-examples (4.2c, 4.2d) of tight containment.

Theorem 4.2.3. Let F be a face of a polyhedron Q ⊂ V , and v ∈ V . Then the tight containment
indicator function

I(Def+(Q))→ Z defined by jCF+v(P ) :=

{
1 if CF + v tightly contains P
0 otherwise

is valuative.

Testing for tight containment in a cone does not in general define a valuative function
for an arbitrary family of polyhedra. For example, consider C := cone (e1, e1 + e2) in R2

along with polyhedra P1 = conv (0, e2) and P2 = conv (0,−e2). One has the relation
indP1 +indP2 = indP1∪P2 +indP1∩P2 , but 0 = jC(P1)+ jC(P2) 6= jC(P1∪P2)+ jC(P1∩P2) = 1.

Our proof of Theorem 4.2.3 broadly consists of three steps: (i) tight containment
for deformations can be expressed as a limit of containments in closed half-spaces, (ii)
containment in a closed half-space is a valuative, and (iii) taking a limit preserves val-
uativeness. Let us begin by noting that the limit of a sequence of valuations with an
elementary stabilization property is again a valuation.

Lemma 4.2.4. Let P be a family of polyhedra in V , and A an abelian group. Let (f0, f1, f2, . . .)
be a sequence of valuations P → A with the property that for any polyhedron P ∈P there exists
an integer NP ≥ 0 such that fi(P ) = fNP (P ) for all i ≥ NP . Then the function f : P → A
defined by f(P ) := fNP (P ) is valuative.

Proof. Suppose a1, . . . , ak ∈ Z and P1, . . . , Pk ∈ P satisfy
∑k

i=1 aiindPi = 0. We need to
show that

∑k
i=1 aif(Pi) = 0. Writing N = max{NPi : 1 ≤ i ≤ k}, we have

∑k
i=1 aif(Pi) =∑k

i=1 aifN(Pi) by definition of f , and
∑k

i=1 aifN(Pi) = 0 since fN is valuative.

Notation 4.2.5. We denote the function f in Lemma 4.2.4 by limi→∞ fi.

For any family of polyhedra, containment in a closed half-space is a valuation.

Lemma 4.2.6. Let H+ ⊂ V be a closed affine half-space, and let P be a family of polyhedra in
V . The function jH+ : P → Z defined as

jH+(P ) =

{
1 if P ⊆ H+

0 otherwise
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is a valuation on P .

Proof. If a function f on the family of all polyhedra is valuative, then its restriction f |P
is a valuation on P . We thus show that jH+ is a valuative function on the family of all
polyhedra in V . For the family of all polyhedra, [McM09, Propositions 3.2 & 3.3] states
that a function f is valuative if and only if it satisfies

f(P ) + f(P ∩ L) = f(P ∩ L+) + f(P ∩ L−)

for every polyhedron P ⊆ V and hyperplane L ⊂ V . Now, for an arbitrary polyhedron
P ⊆ V and a hyperplane L ⊂ V , the relation

jH+(P ) + jH+(P ∩ L) = jH+(P ∩ L+) + jH+(P ∩ L−)

follows from observing that:

P ∩ L+ ⊆ H+ or P ∩ L− ⊆ H+ =⇒ P ∩ L ⊆ H+, and
P ∩ L+ ⊆ H+ and P ∩ L− ⊆ H+ =⇒ P ⊆ H+.

The result follows.

Lastly, we note the following alternate characterization of tight containment for ex-
tended deformations. See Figure 4.3 for an illustration.

Figure 4.3: On the left, the polytope P is tightly contained in the affine cone CF + v. On the
right, P is contained in the affine half-space H− and intersects the boundary H at lineal(CF ) + v.
(here the normal vector of H must be chosen from the interior of the dual of CF ). Lemma 4.2.7
says that if CF is a tangent cone of Q and P ∈ Def+(Q), then these two conditions are equivalent.

Lemma 4.2.7. Let F be a face of a polyhedron Q ⊂ V , and v ∈ V . Let y ∈ relint(σF ) be
a linear functional that is maximized on Q at the face F , and let H be the affine hyperplane
{x ∈ V : 〈y, x〉 = 〈y, v〉}. Then, for P ∈ Def+(Q), the affine cone CF + v tightly contains P if
and only if P ⊆ H− and ∅ ( P ∩H ⊆ lineal(CF ) + v.
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Proof. First, we note that (CF + v)∩H = lineal(CF ) + v. This is equivalent to the equality
of subspaces lineal(CF ) = {x ∈ CF : 〈y, x〉 = 0}, which is clear since both subspaces can
be written as span (w − w′ : w,w′ ∈ vert(F )).

Next, suppose that P ∈ Def+(Q) is tightly contained in CF+v. Then (lineal(CF )+v)∩P
is nonempty, so H ∩P is also nonempty. Furthermore, P ⊆ CF + v implies that P ⊆ H−.
Finally, P ∩H ⊆ (CF + v) ∩H = lineal(CF ) + v.

For the converse, suppose that P ⊆ H− and ∅ ( P ∩ H ⊆ lineal(CF ) + v. Since
P ∩ lineal(CF ) + v 6= ∅, it remains to show that P ⊆ CF + v. First, since P ⊆ H−, the
intersection P ∩ H is a face F ′ of P , and y is contained in the normal cone of F ′. As P
is a deformation of Q, the normal cone of F ′ is a union of normal cones in ΣQ including
σF . Since the normal cone of F ′ in ΣP contains the normal cone of F in ΣQ, the tangent
cone CF of Q at F must contain the tangent cone CF ′ of P at F ′. Let u be a vertex of F ′,
so u ∈ lineal(CF ) + v. Since a polyhedron is always contained in all of its affine tangent
cones, we have P ⊆ CF ′ + u ⊆ CF + u = CF + v.

We are now ready to prove Theorem 4.2.3, that the tight containment function is
valuative.

Proof of Theorem 4.2.3. Since the “translation by v” sending P ∈ Def+(Q) to indP−v is
valuative, we can assume without loss of generality that v = 0. Let y ∈ relint(σF ) be
a linear functional that is maximized on Q at the face F , and define the hyperplane
H := {x ∈ V : 〈y, x〉 = 0} and the subspace ` := lineal(CF ). By Lemma 4.2.7, we can
express the tight containment function jCF as

jCF (P ) =

{
1, P ⊆ H− and ∅ ( P ∩H ⊆ `

0, otherwise.

To show that this is a valuation, we will express jCF as a limit of valuations in the sense
of Lemma 4.2.4. We will construct a sequence of pairs of half-spaces (H−i , H

′
i
−) such

that for large enough i, the polyhedra P ∈ Def+(Q) contained in H−i but not in H ′i
− are

exactly those with jCF (P ) = 1; in other words, jCF = limi→∞(jH−i − jH′−i ).
First, consider the case where CF itself is a half-space, that is, where the face F has

codimension 1. Then the half-space H− is equal to CF , and lineal(CF ) = H . In this case,
we can construct a sequence of affine half-spaces {H−i } where each H−i is contained in
H− and limi→∞H

−
i = H−. The sequence of functions jCF = limi→∞(jH− − jH−i ) is a

valuation. Here the functions jH− and jH−k
are the half-space containment functions as

defined in Lemma 4.2.6.
Now suppose that CF is not a half-space, and let {yi}i∈N be a sequence of vectors

in relint(σF ) converging to y that are not scalar multiples of y. For each i, define the
hyperplane Hi := {x ∈ V : 〈yi, x〉 = 0}. It is clear that this sequence of half-spaces H−i
converges pointwise to H− and that ` ⊆ Hi for all i. Let d(X, Y ) denote the minimum
distance between two subsets X, Y ⊆ V , and construct a second sequence of affine
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`H

Figure 4.4: The first three elements in an example of the sequences of hyperplanes {Hi} and
{H ′i}, as described in the proof of Theorem 4.2.3. The hyperplanes Hi are drawn as solid lines,
and the translations H ′i are drawn as dashed lines. Observe that not only do the dashed hyper-
planes H ′i get closer and closer to their solid counterparts Hi, but the intersection points H ′i ∩H
also approach `, which is a stronger condition.

hyperplanes denoted by H ′i with the properties that H ′i
− ( H−i and limi→∞ d(H ′i ∩H, `) =

0 (see Figure 4.4). The latter condition is well-defined because the normals yi were
chosen not be scalar multiples of y so that the intersections H ′i ∩H are nonempty. These
conditions on H ′i guarantee that for any set X ⊂ H that is bounded away from `, for
sufficiently large i, if H−i contains X then so does H ′i

−.
We now show that the sequence of valuations {jH−i − jH′i−} converges to jCF in the

sense of Lemma 4.2.4. We do this by partitioning Def+(Q) into four subfamilies (Fig-
ure 4.5) and showing convergence for each subfamily. We then invoke Lemma 4.2.4 to
show that jCF is a valuation. Let P ∈ Def+(Q).

(I) P ⊆ H− and ∅ ( P ∩H ⊆ `.
By Lemma 4.2.7, this case can be equivalently stated as the case where P is tightly
contained in CF ; hence we want to show that limi→∞(jH−i (P )− jH′i−(P )) = 1. Since
yi ∈ relint(σF ), it follows that CF (and hence P ) is contained in H−i for all i. Further-
more, since P ∩ ` 6= ∅, it holds that P 6⊆ H ′i

− for all i. Hence jH−i (P )− jH′i−(P ) = 1

for all i.

(II) P 6⊆ H−.
Since the H−i converge to H−, for sufficiently large i we will have that P 6⊆ H−i .
Since H ′i

− ⊂ H−i , we will also have P 6⊆ H ′i
−. Thus limi→∞(jH−i (P )− jH′i−(P )) = 0.

(III) P ⊆ H− and P ∩H = ∅.
Since the H−i converge to H−, for sufficiently large i we will have that P ⊆ H−i .
Since P is closed, P is bounded away from H , and hence P ⊆ H ′i

− for sufficiently
large i. Thus limi→∞(jH−i (P )− jH′i−(P )) = 0.
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(IV) P ⊆ H− and ∅ ( P ∩H 6⊆ `.
If P 6⊆ H−i then we also have P 6⊆ H ′i

− ⊂ H−i . Thus jH−i (P )− jH′i−(P ) = 0. Suppose
now that P ⊂ H−i . Since P ∈ Def+(Q), all edge directions of P must be edge
directions of Q. Furthermore, the only edge directions of Q that are contained in
H− are the ones generating CF , and so the only edge directions contained in H
must necessarily be the ones in lineal(CF ) = `. Thus P ∩H must be contained in an
affine translation of `, and P is tightly contained in the affine cone (P ∩H)+CF . By
construction, the collection of edge directions of Q contained in H− is the same as
the collection contained in H−i . Thus if H ′i

− contains P ∩H , then it also contains P .
Since P ∩H is contained in a translation of `, it is bounded away from `. As we saw
in the construction of H ′i

−, this means that for sufficiently large i, the half-space
H ′i
− contains P ∩ H if H−i contains it. This means that H ′i

− contains P . Hence
limi→∞(jH−i (P )− jH′i−(P )) = 0.

This concludes the proof of Theorem 4.2.3.

(a) (b) (c) (d)

Figure 4.5: Example of each of the four cases from the proof of Theorem 4.2.3.

A Basis for the Indicator Group of Extended Deformations

Recall that tran(Σ∨Q) = {C+v : C ∈ Σ∨Q, v ∈ V } denotes the set of all translates of tangent
cones of a polyhedron Q.

Theorem 4.2.8. Let Q ⊂ V be a polyhedron. The collection {indC+v : C + v ∈ tran(Σ∨Q)} of
indicator functions of translations of tangent cones of Q is a basis for the Z-module I(Def+(Q)).

We begin by showing that the proposed collection spans I(Def+(Q)). Our proof
closely mirrors one given in [DF10, Theorem 4.2]. We prepare by recalling the Brianchon-
Gram decomposition theorem.

Theorem 4.2.9. [Bri37, Gra74] Let Q be a polyhedron. Then

indQ =
∑
F

(−1)dimF indCF+F

where this sum is taken over all bounded faces F of Q.
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Proposition 4.2.10. Let Q ⊂ V be a polyhedron. The Z-module I(Def+(Q)) is spanned by
{indC+v : C + v ∈ tran(Σ∨Q)}, the indicator functions of translations of tangent cones of Q.

Proof. Let P ∈ Def+(Q); i.e., P is a polyhedron whose normal fan coarsens a subfan of
ΣQ. Given ε > 0, consider the Minkowski sum P + εQ ⊆ Rn. Since the normal fan of the
Minkowski sum of two polyhedra is the common refinement of the two normal fans, we
have that ΣP+εQ is a subfan of ΣQ. Thus, the affine tangent cones of P + εQ all have the
form CF + vF,ε for some CF ∈ Σ∨Q and vertex vF,ε of P + εQ where F is a face of Q. By the
Brianchon-Gram Theorem 4.2.9, we have that

indP+εQ =
∑

Faces F̂
of P+εQ

(−1)dim F̂ indCF+vF,ε (4.1)

where CF + vF,ε is the affine tangent cone of P + εQ corresponding to the face F̂ . As ε
goes to 0, the left side of Equation (4.1) converges pointwise to indP . Since vertices of
P + εQ converge to vertices of P as ε→ 0, each affine cone CF + vF,ε on the right side of
Equation (4.1) converges to a tangent cone of Q translated by a vertex of P .

We now complete the proof of Theorem 4.2.8 by using tight containments to establish
the linear independence of the proposed basis for I(Def+(Q)).

Proof of Theorem 4.2.8. Proposition 4.2.10 states that {indC+v : C + v ∈ tran(Σ∨Q)} spans
I(Def+(Q)), so it remains to show that these indicator functions are linearly independent.
Let {Ci + vi : 1 ≤ i ≤ k} be a finite collection of translates of cones in Σ∨Q, and suppose
that there exist ai ∈ Z such that

k∑
i=1

ai · indCi+vi = 0. (4.2)

There exists some i so that Ci + vi contains no other Cj + vj for j 6= i. Suppose without
loss of generality that i = 1. We then have

jC1+v1(Ci + vi) :=

{
1, C1 + v1 tightly contains Ci + vi

0, otherwise

=

{
1, i = 1

0, i 6= 1.

Since jC1+v1 : Def+(P ) → Z is a valuation by Theorem 4.2.3, we can apply jC1+v1 to both
sides of the equation (4.2) to obtain

0 = jC1+v1

( k∑
i=1

ai · indCi+vi

)
=

k∑
i=1

ai · jC1+v1(indCi+vi) = a1.

By repeating this process, we conclude that ai = 0 for all i = 1, . . . , k. Thus the functions
{indC+v : C + v ∈ tran(Σ∨Q)} are linearly independent.
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The Universal Valuative Function of Extended Deformations

We now prove our first main theorem, Theorem 4.2.12, by establishing a more general
statement for extended deformations of an arbitrary polyhedron. For a set S, denote by
{ei : i ∈ S} the standard basis of Z⊕S .

Theorem 4.2.11. Let Q ⊆ V be a polyhedron. The map

F : I(Def+(Q))→ Z⊕ tran(Σ∨Q) determined by indP 7→
∑

C+v∈tran(Σ∨Q)

tightly containing P

eC+v

is a well-defined Z-linear isomorphism. In other words, by abusing the notation as before to write
F also for the map Def+(Q) → Z⊕ tran(Σ∨Q) defined by P 7→ F(indP ), we have that for any
valuative function f : Def+(Q) → A to an abelian group A, there exists a unique linear map
g : Z⊕ tran(Σ∨Q) → A such that f = g ◦ F .

Theorem 4.2.12 (Universal valuation for generalized Coxeter permutahedra). Write the
standard basis of Z⊕ tran(Σ∨Φ) as {eC+v}C+v∈tran(Σ∨Φ). The function

F : GP+
Φ → Z⊕ tran(Σ∨Φ) defined by P 7→

∑
C+v∈tran(Σ∨Φ)

tightly containing P

eC+v

is the universal valuative function in the sense that for any valuative function f : GP+
Φ → A to

an abelian group A, there exists a unique map ϕ : Z⊕ tran(Σ∨Φ) → A such that ϕ ◦ F = f .

Proof. Let Q = ΠΦ in Theorem 4.2.11.

We prepare the proof of Theorem 4.2.11 with an observation about tight containments
of tangent cones.

Lemma 4.2.13. Let Q ⊆ V be a polyhedron, and C ′ + v′ ∈ tran(Σ∨Q) a translate of a tangent
cone of Q. Another translate of a tangent cone C + v ∈ tran(Σ∨Q) of Q tightly contains C ′+ v′ if
and only if C + v is an affine tangent cone of C ′ + v′.

Proof. First consider the v = v′ case, which is equivalent to the case of v = v′ = 0 by
translating both C + v and C ′ + v′ by −v. For cones, tight containment is equivalent to
containment, since every cone contains the origin in its lineality space. Moreover, for
tangent cones C and C ′ of Q, we have C ′ ⊆ C if and only if C∨ is a face of C ′∨ (since
both dual cones are elements of the fan ΣQ), or equivalently, if and only if C is a tangent
cone of C ′.

For the general case, suppose C tightly contains C ′ + v′ − v, so that there exists
x ∈ lineal(C) ∩ (C ′ + v′ − v). Since x ∈ lineal(C) implies that at most one of x + y and
x− y lie in C for any nonzero y /∈ lineal(C), the smallest face of C ′ + v′ − v containing x
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is contained in lineal(C). Thus, the affine span of this face contains the origin, and hence
v′ − v ∈ lineal(C). Since the translate of C by the element v′ − v in its lineality space is
equal to C itself, we are thus reduced to the case of v = v′.

Proof of Theorem 4.2.11. By definition, the map F is defined by

F(indP ) =
∑

C+v∈tran(Σ∨Q)

jC+v(P )eC+v.

Since tight containments define valuative functions (Theorem 4.2.3), the map F is Z-
linear if it is well-defined. For F to be well-defined, the summation∑

C+v∈tran(Σ∨Q)

jC+v(P )eC+v

need be finite for any P ∈ Def+(Q). It suffices to check this for P = C ′ + v′ ∈ tran(Σ∨Q)

since any P ∈ Def+(Q) is a linear combination over finitely many translates of tangent
cones of Q. Lemma 4.2.13 implies that

F(indC′+v′) =
∑
C+v

eC+v, (†)

where the sum is over all affine tangent cones C + v of C ′ + v′, which is a finite sum.
To establish that F is an isomorphism, we first note that Theorem 4.2.8 gives an

isomorphism

ϕ : Z⊕ tran(Σ∨Q) ∼→ I(Def+(Q)) defined by eC+v 7→ indC+v.

Now consider the composition

F ◦ ϕ : Z⊕ tran(Σ∨Q) → Z⊕ tran(Σ∨Q) defined by eC′+v′ 7→
∑

C+v∈tran(Σ∨Q)

jC+v(C
′ + v′)eC+v,

We claim that for any finite subset S ⊂ tran(Σ∨Q), there exists a finite subset S ′ ⊂ tran(Σ∨Q)

containing S such that the restriction of F ◦ ϕ has image ZS′ and is an isomorphism
ZS′ ∼→ ZS′ . Given any finite S ⊂ tran(Σ∨Q), let S ′ be the set of affine tangent cones of the
elements in S. The equation (†) established by Lemma 4.2.13 implies that a linear order
on S ′ that refines the containment relation makes the matrix of the map F ◦ϕ : ZS′ → ZS′

triangular with 1’s on the diagonal.

The remainder of this section will only be used in the proof of Proposition 4.3.8.
Nonetheless, because the results may be of independent interest in polyhedral geometry,
we develop them here in the setting of deformations of arbitrary polytopes. Let V be
the set of vertices of a deformation of a polytope Q ⊂ V . Let

Def(Q)|V := {Q′ ∈ Def(Q) : Q′ ⊆ Q, Vert(Q′) ⊆ V }
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be the set of deformations of Q that have vertices in V . Let min(Σ∨Q) be the set of
minimal tangent cones of Q, that is, the tangent cones of the vertices of Q. Denote by
XV := {C + v : C ∈ min(Σ∨Q), v ∈ V } ⊂ tran(Σ∨Q), and define a function

FV : I(Def(Q)|V )→ ZXV by indP 7→
∑

C+v∈XV
tightly containing P

eC+v.

Proposition 4.2.14. Let Q, V , and FV be as above. There is a Z-linear injection EV : ZXV →
Z⊕ tran(Σ∨Q) such that the following diagram commutes:

I(Def(Q)|V ) ZXV

I(Def+(Q)) Z⊕ tran(Σ∨Q).

FV

EV

F

Proof. A translate of tangent cone of Q tightly contains P ∈ Def(Q)|V only if it is of the
form C + v where C ∈ Σ∨Q and v ∈ V . Let us denote YV := {C + v : C ∈ Σ∨Q, v ∈ V }.
For each C ∈ Σ∨Q, fix a minimal cone C̃ ∈ min(Σ∨Q) that is contained in C. We claim that
P is tightly contained in C + v ∈ YV if and only if P is tightly contained in exactly one
of {C̃ + ṽ : ṽ ∈ V and ṽ ∈ lineal(C) + v} ⊂ XV . Assuming the claim for now, we have an
equality of functions

jC+v =
∑

ṽ∈V ∩(lineal(C)+v)

jC̃+ṽ

on I(Def(Q)|V ) for each C + v ∈ YV . Thus, since the map FV is defined by

FV (indP ) =
∑

C+v∈XV

jC+v(P )eC+v,

the map EV : ZXV → ZYV ↪→ Z⊕ tran(Σ∨Q) defined by

eC′+v′ 7→
∑

C+v∈YV

such that C̃=C′ and
v′∈lineal(C)+v

eC+v

satisfies the commutativity of the diagram stated in the proposition. The map EV is the
dual map of the map E∗V : ZYV → ZXV defined by eC+v 7→

∑
ṽ∈V ∩(lineal(C)+v) eC̃+ṽ. Since

E∗V is identity when restricted to ZXV , and in particular surjective, the dual map EV is
injective.

For the claim, the “if” direction is immediate. For the “only if” direction, suppose
C + v tightly contains P . Let y ∈ relint(C̃∨), and consider the face of P maximizing the
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linear functional 〈y, ·〉. Because P is a deformation of Q, this face is necessarily a vertex
ṽ ∈ V of P , and moreover the tangent cone of P at ṽ is contained in C̃. Hence, the
translate C̃ + ṽ tightly contains P , and ṽ ∈ lineal(C) + v since C∨ is a face of C̃∨. This
translate of C̃ is the unique one because any polyhedron is tightly contained in at most
one translate of a cone.

Remark 4.2.15. In the proof of Proposition 4.2.14 above, let St(C) := {C ′ ∈ min(Σ∨Q) :
C ′ ⊆ C} for each C ∈ Σ∨Q. Then, by the claim in the proof, for each C + v ∈ YV we have
an equality of functions

| St(C)| · jC+v =
∑

C′∈St(C)

∑
v′∈V ∩(lineal(C)+v)

jC′+v′ .

Thus, if we are working with Q-coefficients instead of Z in the previous proposition, we
can alternatively define EV : QXV → QYV by

eC′+v′ 7→
∑

C+v∈YV
such that C′∈St(C) and

v′∈lineal(C)+v

1

| St(C)|
eC+v.

This eliminates making choices of the minimal cone C̃ ∈ St(C) for each cone C ∈ Σ∨Q in
the proof of Proposition 4.2.14 when one works over Q-coefficients.

4.3 Valuative Invariants
We now consider universal valuative invariants. In Section 4.3, we compute the universal
valuative invariant of extended generalized Coxeter permutahedra. In Section 4.3, we
review Coxeter matroids and introduce the G-invariant, and discuss an application to
delta-matroids. In Section 4.3, we prove Theorem 4.3.5 which states that the G-invariant
is the universal valuative invariant for Coxeter matroids.

Valuative Invariants of Generalized Coxeter Permutahedra

The reflection group W acts on V , inducing an action of W on ZV by (w ·f)(v) = f(w−1v).
If P is a W -invariant family of polyhedra in V , the group W thus acts on I(P) by
w · indP = indw·P . We say that a valuative function f : P → A is a valuative invariant if
f(w · P ) = f(P ) for all w ∈ W and P ∈ P . We will often use the following standard
facts about action of a finite group on vector spaces; see for instance [AM10, §2.5.1].

Lemma 4.3.1. Let a finite group W act on a Q-vector space V . The “average map” avg : V → V
defined by

avg(v) :=
1

|W |
∑
w∈W

w · v.
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has the following properties:

1. It is a projection onto the space V W := {v ∈ V : w · v = v for all w ∈ W} of W -fixed
points, which is identified with the space V/W := V/ span (v − w · v : v ∈ V, w ∈ W )
since ker avg = span (w · v − v : v ∈ V, w ∈ W ).

2. A map f : V → U to a Q-vector space U satisfies f(w ·v) = f(v) for all w ∈ W and v ∈ V
if and only if f factors as f = f |VW ◦ avg. In other words, a W -invariant map from V is
equivalent to a map from V W .

We now compute the universal valuative invariant of GP+
Φ over Q-coefficients. First,

note that by Proposition 1.3.5, the orbits of the action of W on tran(Σ∨Φ) are in bijection
with {CI + v : I ⊆ [d], v ∈ V }. Since CI + v = CI′ + v′ if and only if I = I ′ and
v′−v ∈ lineal(CI) = span (αi : i ∈ I), let us denote by 2[d]�V the set of equivalence classes
of pairs (I, v) ∈ 2[d] × V where (I, v) ∼ (I ′, v′) if I = I ′ and v − v′ ∈ span (αi : i ∈ I). The
set 2[d] � V is in bijection with the W -orbits of tran(Σ∨Φ).

Corollary 4.3.2. Write {UI,v}(I,v)∈2[d]�V for the standard basis of Q⊕(2[d]�V ). The map

G+ : GP+
Φ → Q⊕(2[d]�V ) defined by P 7→

∑
(I,v)∈2[d]�V

( ∑
w∈W

jw·(CI+v)(P )
)
UI,v

is the universal valuative invariant over Q. That is, for any valuative invariant g : GP+
Φ → A to

a Q-vector space A, there exists a unique linear map ψ : Q⊕(2[n]�V ) → A such that ψ ◦ G+ = g.

Proof. Let us denote I(GP+
Φ)Q := I(GP+

Φ) ⊗ Q, and again abuse notation to write G+ for
the function G+ : I(GP+

Φ)Q → Q⊕(2[d]�V ) defined by indP 7→ G+(P ). We need show that G+

is a Q-linear isomorphism.
Let W act on Z⊕ tran(Σ∨Φ) by its action on tran(Σ∨Φ). Note first that the isomorphism

F : I(GP+
Φ)

∼→ Z⊕ tran(Σ∨Φ) in Theorem 4.2.11 is W -equivariant: For w ∈ W and a translate
of a tangent cone C + v, we have jC+v(P ) = 1 if and only if jw·(C+v)(w · P ) = 1 for any
P ∈ GP+

Φ , and hence∑
C+v∈tran Σ∨Φ

jC+v(w · P )eC+v =
∑

C+v∈tran Σ∨Φ

jC+v(P )ew·(C+v).

We thus have a commuting diagram

I(GP+
Φ)Q Qtran(Σ∨Φ)

I(GP+
Φ)WQ (Qtran(Σ∨Φ))W .

F
'

avg avg

'
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Since the W -orbits of tran(Σ∨Φ) are in bijection with 2[d]�V , we identify (Qtran(Σ∨Φ))W with
Q⊕(2d]�V ) by identifying avg(eCI+v) with UI,v. Then the composition avg ◦F is the map
G+, since

(avg ◦F)(P ) = avg
( ∑
C+v∈tran(Σ∨Φ)

jC+v(P )eC+v

)
= avg

( ∑
(I,v)∈2[d]�V

∑
w∈W

jw·(CI+v)(P )ew·(CI+v)

)
=

∑
(I,v)∈2[d]�V

∑
w∈W

jw·(CI+v)(P ) avg(ew·(CI+v))

=
∑

(I,v)∈2[d]�V

( ∑
w∈W

jw·(CI+v)(P )
)
UI,v

Lemma 4.3.1 now implies that G+ is the universal valuative invariant.

Coxeter Matroids, the G-Invariant, and Interlace Polynomials

Recall the definition of a Coxeter matroid from Definition 1.3.7. We define the G-invariant
for Coxeter matroids of type (Φ, I) to be the function

G : MatΦ,I → QW/WI = Q{UB : B ∈ W/WI} defined by M 7→
∑
w∈W

Uw−1 minw(M).

In the next section we will prove Theorem 4.3.5, which states that G is the universal val-
uative invariant of MatΦ,I over Q-coefficients. For ordinary matroids, the specialization
of the G-invariant to the Tutte polynomial was computed in [DF10]. Here we feature
an example of non-ordinary (Φ, I)-matroids where the G-invariant specializes to a well-
studied polynomial variant.

Suppose that Φ = Bd is the type B root system, so that W = SB
d , the signed per-

mutation group. Let WI be the parabolic subgroup such that SB
d /WI = (Z/2Z)d. In

other words, we have that δWI
is the fundamental weight $d = 1

2
(e1 + · · ·+ ed), and that

VI = {1
2
(±e1±· · ·±ed)}. In this case, the (Φ, I)-matroids are also known as delta-matroids,

which were originally studied by Bouchet [Bou89] and rediscovered as combinatorial
abstractions of graphs embedded on surfaces [CMNR19a, CMNR19b]. A well-studied
invariant of delta-matroids is the interlace polynomial.

Definition 4.3.3. Identifying the positive coordinates of an element in VI = {1
2
(±e1 ±

· · · ± ed)} with the subset of [d] = {1, . . . , d}, consider a delta-matroid M as a collection
of subsets of [d]. The interlace polynomial of M is a univariate polynomial defined by

qM(x) :=
∑
A⊆[d]

xdM (A) where dM(A) := min{|(B − A) ∪ (A−B)| : B ∈M} for A ⊆ [d].
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Interlace polynomials were originally defined in a study arising from DNA sequenc-
ing [ABS00, ABS04], and were generalized to delta-matroids in [BH14]; see [Mor17] for a
survey. Here we show that the interlace polynomial is a specialization of the G-invariant
in the following way.

Theorem 4.3.4. Denote by |δB| the coordinate sum of the vector δB ∈ VI . For a delta-matroid
M we have

qM(x) =
1

d!

∑
w∈SBd

x−|δw−1 minw(M)|+
d
2 .

In particular, the interlace polynomial is a specialization of the G-invariant, and hence is a valu-
ative invariant of delta-matroids.

Proof. Again identifying the positive coordinates of an element in VI = {1
2
(±e1±· · ·±ed)}

with the subset of [d] = {1, . . . , d}, let us write δA := 1
2

(∑
i∈A ei −

∑
i/∈A ei

)
for a subset

A ⊆ [d]. We claim that if w ∈ W satisfies δwWI
= δA, then

dM(A) = −|δw−1 minw(M)|+
d

2
.

Since WI , which is the stabilizer of δWi
, has order d!, the proposition then follows imme-

diately from the claim and the definition of the interlace polynomial.
For the proof of our claim, first observe that for two subsets A,B ⊆ [d], one has

|(B − A) ∪ (A−B)| = −〈2δA, δB〉+
d

2
.

Thus, when A is fixed, the elements B ∈ M that achieve the minimum value dM(A)
exactly are ones that maximize the pairing 〈δA, δB〉. Such B ∈M are exactly minw(M) as
w ∈ W ranges over all elements of W such that δw·WI

= δA. Thus, we have

dM(A) = −〈2δwWI
, δminw(M)〉+

d

2
= −〈2δWI

, δw−1 minw(M)〉+
d

2
= −|δw−1 minw(M)|+

d

2
,

as claimed.

The Universal Valuative Invariant for Coxeter Matroids

In this section we prove the second main result of this chapter, that the G-invariant is the
universal valuative invariant for Coxeter matroids.

Theorem 4.3.5. Write {UB}B∈W/WI
for the standard basis of QW/WI . The function

G : MatΦ,I → QW/WI defined by M 7→
∑
w∈W

Uw−1·minw(M)

is the universal valuative invariant in the sense that for any valuative invariant g : MatΦ,I → A
to a Q-vector space A, there exists a unique linear map ψ : QW/WI → A such that ψ ◦ G = g.
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Let us fix I ⊆ [d], and recall the notation VI = {δB : B ∈ W/WI}. We first recall a
standard fact relating the positions of the points VI to the Bruhat order on W/WI .

Lemma 4.3.6. [BGW03, Lemma 6.2.4] Let B,B′ ∈ W/WI be such that δB′ − δB = λα for some
root α ∈ R and λ ≥ 0. Then for w ∈ W , one has B ≤w B′ if and only if α ∈ w · R+. In
particular, if B ≤w B′, then δB′ ∈ w ·C∅ + δB, where w ·C∅ is the w-permutation of the positive
root cone C∅ = cone (α1, . . . , αd).

Lemma 4.3.6 allows us to express the G-invariant in terms of tight containments in
the following way, thereby showing that it is a valuative invariant.

Proposition 4.3.7. For any Coxeter matroid M ∈ MatΦ,I , we have an equality

G(M) =
∑

B∈W/WI

( ∑
w∈W

jw·(C∅+δB)(PM)
)
UB.

In particular, the G-invariant is valuative, and is an invariant.

Proof. For a fixed w ∈ W , the Coxeter matroid polytope PM is tightly contained in at most
one translate w ·C∅+ δB of the strongly convex cone w ·C∅. Since minw(M) is the unique
minimal element in M with respect to ≤w, Lemma 4.3.6 implies that w · C∅ + δminw(M) =
w · (C∅ + δw−1·minw(M)) tightly contains PM . We now compute that∑

B∈W/WI

( ∑
w∈W

jw·(C∅+δB)(PM)
)
UB =

∑
w∈W

∑
B∈W/WI

jw·(C∅+δB)(PM)UB

=
∑
w∈W

Uw−1·minw(M),

as desired. The function G is valuative since the functions jw·(C∅+δB) are valuative on
GP+

Φ by Theorem 4.2.3, and hence valuative on the subfamily MatΦ,I . The function G is
evidently W -invariant.

We can now prove the first half of Theorem 4.3.5.

Proposition 4.3.8. For any valuative invariant g : MatΦ,I → A to a Q-vector space A, there
exists a map ψ : QW/WI → A such that g = ψ ◦ G.

We will prove that the map ψ is unique in Proposition 4.3.13, thereby finishing the
proof of Theorem 4.3.5.

Proof. Using the notation as in the discussion preceding Proposition 4.2.14, we have
MatΦ,I = Def(ΠΦ)|VI , where VI = {δB : B ∈ W/WI}. Moreover, we have XVI = {w ·
C∅ + δB : w ∈ W, B ∈ W/WI} since the minimal cones of Σ∨Φ are W -permutations of the
positive root cone C∅. Considering the action of W on QXVI , we can identify (QXVI )W
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with QW/WI by identifying avg(eC∅+δB) with UB. Then, the map G is the composition
avg ◦FVI , since

(avg ◦FVI )(PM) = avg
( ∑
B∈W/WI

∑
w∈W

jw·(C∅+δB)(PM)ew·(C∅+δB)

)
=

∑
B∈W/WI

( ∑
w∈W

jw·(C∅+δB)(PM)
)
UB

= G(M),

where the last equality follows from Proposition 4.3.7. Now, Proposition 4.2.14 states that
there is an injection EVI : QXI → Q⊕ tran(Σ∨Φ) fitting into the left square of the commuting
diagram

I(MatΦ,I)Q QXVI QW/WI

I(GP+
Φ)Q Q⊕ tran(Σ∨Q) Q2[n]�V .

FVI

EVI

avg

F avg

Moreover, Remark 4.2.15 implies that over Q-coefficients the map EVI can be made W -
equivariant, so that the right square of the diagram above also commutes. Extend the
valuative invariant g on I(MatΦ,I)Q to any valuative invariant on I(GP+

Φ)Q, for example,
by extending g to a function on I(GP+

Φ)Q (which may not be W -invariant) and then
precomposing with the averaging map. Then, since G = avg ◦FVI , the universality of
avg ◦F = G+ from Corollary 4.3.2 implies that there exists ψ such that g = ψ ◦ G.

We remark that the map FVI in the proof above is generally not an isomorphism. To
prove the other half of Theorem 4.3.5, we first consider the following family of Coxeter
matroids, which are special cases of Bruhat interval polytopes studied in [TW15] and
[CDM20].

Proposition 4.3.9. [CDM20, Theorem 4.5] For B ∈ W/WI , the subset

ΩB := {B′ ∈ W/WI : B ≤ B′}

is a Coxeter matroid.

Definition 4.3.10. We call the Coxeter matroid ΩB in the proposition above the Coxeter
Schubert matroid with respect to B ∈ W/WI .

Remark 4.3.11. Suppose Φ is crystallographic. Let G be the associated Lie group with a
chosen Borel subgroup arising from our fixed choice of positive system for Φ. Let PI be
the subgroup of G corresponding to the subset I of simple roots, and T the torus in G.
Coxeter Schubert matroids correspond to the Bruhat cells of the flag variety G/PI in the
following way. For B ∈ W/WI , consider the torus-orbit closure T · x of a general point
x in the Bruhat cell of G/PI corresponding to B. The authors of [TW15] show that the
base polytope of ΩB is the moment polytope of T · x, and hence a Coxeter matroid.
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The following key lemma establishes an “upper-triangularity” property of Coxeter
Schubert matroids that we will need for establishing uniqueness of the map ψ in Propo-
sition 4.3.13.

Lemma 4.3.12. Let B ∈ W/WI . There exist scalars cBB′ ∈ Q for B′ ≤ B ∈ W/WI such that

G(ΩB) =
∑
B′≤B

cBB′UB′ , where cBB 6= 0.

Proof of Lemma 4.3.12. We claim that for B ∈ W/WI and w ∈ W , we have

w−1 ·
w

min(ΩB) ≤ B.

The lemma then follows immediately from the claim since

G(ΩB) =
∑
w∈W

Uw−1·minw(ΩB),

and the coefficient cBB 6= 0 because w−1 ·minw(ΩB) = B when w = e the identity.
We now prove the claim by borrowing tools from 0-Hecke algebras. Let us first recall

some basic properties; see [Nor79] for general reference. The 0-Hecke algebra H0 of W
is the unital Q algebra generated by {Ti}i∈[d], subject to the relations:

• T 2
i = −Ti for all simple reflections si (i = 1, . . . , d), and

• (TiTjTi · · · )nij = (TjTiTj · · · )nij where nij is the order of sisj in W and (TiTjTi · · · )nij
is the product of the first nij terms in the sequence Ti, Tj, Ti, . . ..

For any w = si1 · · · sik ∈ W , let Tw denote the product Ti1 · · ·Tik . One can show that
this product is the same for any reduced expression of w. The only result we use is the
following [Nor79, 1.3]:

Tw·Tsi =

{
Twsi if `(wsi) > `(w)
−Tw else, and Tsi ·Tw =

{
Tsiw if `(siw) > `(w)
−Tw else. (4.3)

From this, it follows that for u, v, w ∈ W one has

Tw · Tu = ±Tv =⇒ v ≥ u and v ≥ w. (4.4)

For the claim, it suffices to prove the result for when WI = {e} since we have a
projection map from W to W/WI . Fix b ∈ W . Since w−1 · minw(Ωb) = min(w−1 · Ωb), we
need to show that for all w ∈ W , we have

min(w−1 · Ωb) ≤ b.
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To show this, we find an element c ∈ Ωb and an element d ≤ b such that c = w · d, as
d will then satisfy min(w−1 · Ωb) ≤ d ≤ b. Using (4.3), let c ∈ W be the unique element
where Tw · Tb = ±Tc. By property (4.4), we have that c ≥ b and hence it is in Ωb. Say
that w = sj1 · · · sjk and b = si1 · · · si` are reduced expressions, then applying (4.3) to
Tw · Tb = Tw · Tsi1 · · ·Tsi` , we obtain a reduced expression of c as

c = (sj1 · · · sjk)b′

where b′ is a subword of si1 · · · si` = b. Setting d = b′, we see that d ≤ b and that
c = w · d.

Proposition 4.3.13. Let g : I(MatΦ,I)Q → A be a valuative invariant into a Q-vector space A.
There exists at most one linear map ψ : QW/WI → A such that

ψ ◦ G(M) = g(M).

Proof. Suppose ψ is a map satisfying the conditions of the proposition. We will show
that ψ is determined by the values on the Coxeter Schubert matroids by induction over
the Bruhat order. For the base case, let B = eWI ∈ W/WI . Then the the equation

ψ ◦ G(ΩB) = cBBψ(UB) = g(ΩB)

implies that ψ(UB) = g(ΩB)

cBB
. For any other B ∈ W/WI , suppose we have already com-

puted ψ(UB′) for B′ ≤ B, then the equation

ψ ◦ G(ΩB) = g(ΩB) = cBBψ(UB) +
∑
B′�B

cBB′ψ(U ′B)

gives the value of ψ(UB). As the set {UB} is a basis for QW/WI , this construction deter-
mines ψ. Hence, there is at most one such map.

Note that this proposition also gives an algorithm to compute the specialization map
ψ. Combining Proposition 4.3.8 and Proposition 4.3.13 completes the proof of Theo-
rem 4.3.5.

Remark 4.3.14. Using Lemma 4.3.12 can be avoided if the pair (Φ, I) satisfies the fol-
lowing property: For any v ∈ VI , the intersection of C∅ + v with the polytope PW/WI

=
conv (δB : B ∈ W/WI) is a base polytope of a (Φ, I)-matroid. Let us say that a pair (Φ, I)
is intersection-stable if it satisfies this property. If Ad is the type A root system of dimen-
sion d, the pair (Ad, [d]− i) is intersection-stable for each i ∈ [d]. This feature of ordinary
matroids is important in the argument of [DF10] establishing G as the universal invari-
ant of ordinary matroids. However, intersection-stability is a rare property for general
Coxeter systems:

• Even in type A, the pair (A3,∅) is not intersection-stable.
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• For B3 (or C3), let $1 and $2 be the fundamental weights such that their weight
polytopes are not the cube. Then the pairs (B3, [3] − 1) and (B3, [3] − 2) are not
intersection-stable (similarly for C3).

• In type D4, three of the four fundamental weights make the pair (D4, [4] − i) not
intersection-stable.

The first point reflects that non-minuscule types usually fail to be intersection-stable
since the converse of Lemma 4.3.6 holds only for minuscule types [Pro84, 4.1]. The
latter two points show that intersection-stability can fail even in minuscule types unless
Φ = Ad. If $d is the fundamental weight of Bd so that the Coxeter matroid polytope is
the hypercube, one can show that the pair (Bd, [d]− d) is intersection-stable.

Two (Φ, I)-matroids M,M ′ are said to be isomorphic if M = w ·M ′ for some w ∈ W . As
an application of Theorem 4.3.5, we show that Coxeter Schubert matroids form a basis
for the space

I(MatΦ,I)/W := I(MatΦ,I)Q/ span (indM − indw·M : M ∈ MatΦ,I , w ∈ W )

of isomorphism classes of indicator functions of (Φ, I)-matroids.

Corollary 4.3.15. For a Coxeter matroid M , let [M ] denote the image of indPM in I(MatΦ,I)/W .
Then the set {[ΩB]}B∈W/WI

of the classes of Coxeter Schubert matroids is a basis for I(MatΦ,I)/W .

Proof. Combined with Lemma 4.3.1.(2), Theorem 4.3.5 states that G : I(MatΦ,I)
W
Q →

QW/WI is an isomorphism, and we have I(MatΦ,I)/W ' I(MatΦ,I)
W
Q by Lemma 4.3.1.(1).

Now, the “upper-triangularity” Lemma 4.3.12 states that we have

G(ΩB) =
∑
B′≤B

cBB′UB′ with cBB 6= 0,

which shows that {G(ΩB)} and {UB} are two bases of QW/WI related by an upper-
triangular matrix.

Remark 4.3.16. Suppose Φ is crystallographic, and let G/PI be the flag variety as in
Remark 4.3.11. As Coxeter Schubert matroids correspond to Bruhat cells of G/PI , we
note the parallelism between Corollary 4.3.15 and the fact that (closures of) Bruhat cells
of G/PI form a basis for the cohomology ring of G/PI .
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