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Article

Dynamic magneto-viscoelastic
model for magnetorheological
nanocomposites with imperfect
interface

Xiangrong Chen1,2, Rui Li2 and LZ Sun2

Abstract

A dynamic magneto-viscoelastic interface model is proposed to study the effective magneto-mechanical

responses of magnetorheological nanocomposites filled with carbon nanotubes. It is incorporated with

the fundamental micromechanics principles, microstructural magnetic and mechanical coupling, and com-

putational homogenization procedures. The field-dependent effective dynamic stiffness and damping of

randomly dispersed, chain-structured nanocomposites are investigated with the consideration of imper-

fect interfacial conditions among nanofillers, micro-particles and the matrix. Comparisons are performed

between the model prediction and experimental data for a specific type of Fe particle-reinforced elasto-

mer nanocomposites filled with multi-walled carbon nanotubes to demonstrate the capability of the

proposed model framework.

Keywords
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Introduction

Magnetorheological elastomers (MREs) are adaptive elastomeric composites reinforced with ferromag-
netic micro-particles. The addition of magnetizable particles allows magnetic fields to rapidly and
continuously control the effective mechanical performance of the composites. Such tunable magnetor-
heological (MR) composites promise more functionality than conventional composites and therefore
can provide a bridge among modern control technologies, intelligent structures, and robotics (Carlson
and Jolly, 2000; Kim et al., 2018; Li et al., 2014; Lopez-Lopez et al., 2016; Elhajjar et al., 2018).
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Development of MRE composites involves mixing and curing processes with liquid-state elasto-
mer and ferrous micro-particles under steady magnetic fields (Jolly et al., 1996a). The ferrous par-
ticles are induced by the magnetic field to form chain-like structures, which then are embedded in the
solidified rubber matrix. When such MR composites are exposed to an applied magnetic field, their
bulk mechanical properties can be tailored by the magnetic field due to inter-particle magnetic
interactions.

Because of their attractive properties (e.g. magnetostriction, stiffness, damping, and energy
absorption), studies of magneto-mechanical responses for MREs are of great interest to researchers
and engineers in many science and engineering disciplines. Experimentally, Ginder et al. (2002)
investigated the magnetic field-dependent shear modulus of MREs by inducing shear deformation
through sandwich cylinders with magnetostrictive composite cores. Zhou (2004) introduced a free-
vibration method to measure the shear modulus of magnetic composites and extracted the complex
shear modulus via a spectrum estimation method. Micromechanics-based modeling and simulation
work on MR or magnetostrictive composites includes that of Davis (1999), who employed the dipole
model and the finite element method to seek the maximum relative change of the shear modulus.
Nan andWeng (1999) developed an effective-medium method for the magneto-elastic static behavior
of such composites based on Green’s function technique. Borcea and Bruno (2001) studied the
magnetoelastic properties of elastomer composites filled with randomly oriented ferrous particles
(not chain-structure) while Yin and Sun (2005a, 2005b) developed a micromechanics-based mag-
neto-elastic model for chain-structured ferromagnetic composites. Liu et al. (2006) applied the
constrained theory to calculate the effective elastic properties of the composites in the dilute limit.

While efforts have been made for MREs, the inferior mechanical response of the matrix materials
(e.g. silicone rubber, natural rubber, and polybutadiene) severely inhibits their wide applications.
During the last decade, a new generation of MRE-based nanocomposites filled with carbon nanotubes
(CNTs) have been developed (Li and Sun, 2011). CNTs are allotropes of carbon with a cylindrical
nanostructure and they possess attractive physical characteristics, making CNTs outstanding candi-
dates of nanofillers for reinforcing polymers. Li and Sun (2014) further experimentally investigated the
dynamic mechanical behavior of MR nanocomposites reinforced with multi-walled carbon nanotubes
(MWCNTs), demonstrating that the MR nanocomposites show superiority not only in initial dynamic
stiffness and damping behavior but also in the MR effects, compared with conventional MREs.
Similar conclusions have been reported in Aziz et al. (2017) and Yang et al. (2016).

The advantages of MR nanocomposites over conventional MREs clearly exhibit their promising
future in various types of applications. However, the corresponding underlying mechanisms and
quantitative modeling have not been explored. Particularly, due to the limitation from fabrication
techniques and large mechanical mismatch among constituents, imperfect viscoelastic interfaces
(Chen et al., 2017, 2018a, 2018b; Li and Sun, 2013; Poniznik et al., 2017; Pupurs and Varna,
2017) exist not only between the matrix and CNTs but also between the matrix and iron particles.
It is important to take account of interfacial debonding and interaction (Damiani and Sun, 2017;
Dong et al., 2018; Heidarhaei et al., 2018; Ju and Yanase, 2009, 2011; Lee and Pyo, 2008, 2009; Luo
et al., 2018; Paulino et al., 2006; Yanase and Ju, 2012) between reinforcing particles and the matrix
that can affect the magnetic interaction among particles potentially leading to higher MR effect.
Therefore, this paper aims to focus on the modeling and simulation of both zero-field and MR effect
in dynamic shear stiffness and damping of the recently developed MR nanocomposites, which is the
first trial to model and simulate the magneto-mechanical responses of the newly developed MR
nanocomposites. Specifically a micromechanics-based interface model involving a two-step hom-
ogenization method is proposed, which utilizes the general viscoelastic interface model framework
together with the magneto-viscoelastic effect. The effective dynamic stiffness and damping properties
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of randomly dispersed, chain-structured MR nanocomposites are investigated with the consider-
ation of imperfect interfacial conditions among nanofillers, micro-particles and the matrix.
Comparisons are performed between the model prediction and experimental data for a specific
type of Fe particle-reinforced elastomer nanocomposites filled with MWCNTs to demonstrate the
capability of the proposed model framework.

Modeling methodology

Viscoelastic interface with interfacial displacement jump

For heterogeneous composites under consideration, particles and fillers (inhomogeneities) are ran-
domly dispersed in the matrix material. During the fabrication process and under the applied exter-
nal loading, particles may be debonded, causing imperfect interfaces between particles and the
matrix. Interfacial bonding condition between inhomogeneities and the matrix plays an important
role in determining the overall mechanical properties of composites. Imperfect interfaces may arise
for various reasons such as thin coating layers, interfacial debonding, surface chemical reactions, etc.
Mathematically speaking, for a perfect interface the displacement and traction fields are both con-
tinuous across the boundary of two phases, while for an imperfect interface this is not the case. Let
us consider a two-phase medium occupying an infinite domain D, with the inhomogeneity phase
occupying an ellipsoidal or spherical sub-domain �. Let S denote the interface between the two
phases and ni its unit outward normal vector. For imperfect viscoelastic interfacial condition, Gosz
et al. (1991) and Hashin (1991) introduced and Li and Sun (2013) modified a viscoelastic model with
the time-dependent second-rank tensor �ij (representing the compliance of viscoelastic interface) as

�ij tð Þ ¼ � tð Þ�ij � � tð Þninj ð1Þ

and consequently the interfacial displacement jump (dependent on stress field �ij) is time-dependent
as well, which can be written in an integral form

�ui tð Þ ¼

Z t

�1

�ij t� �ð Þ
@�jk �ð Þ

@�
d� ��nk ð2Þ

Composite materials show time-dependent modulus in creep and relaxation tests, and frequency-
dependent modulus and damping under dynamic loads, provided that one or more phases
are viscoelastic, or viscoelastic interfaces exist. A method to apply the correspondence principle
is through the Fourier transform in which the stress–strain relations of the viscoelastic phases
are transformed into frequency domain. Since viscoelastic materials do have frequency-dependent
complex modulus, the frequency domain solution for modulus has direct physical meaning and
does not need to be transformed back to time domain. Therefore, in case of finding harmonic
viscoelastic solutions, e.g. effective complex modulus of the composite, we can simply replace the
elastic modulus of each phase by the corresponding complex modulus in the elastic solutions.
With the Fourier transform employed, the interfacial displacement jump–stress relation in equation
(2) reads

�ui !ð Þ ¼

Z 1
�1

Z t

�1

�ij t� �ð Þ
@�jk �ð Þ

@�
d�

� �
e�i!tdt ��nk ð3Þ
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with the complex interfacial compliance in the frequency domain as

�� !ð Þ ¼ �0 !ð Þ � i�00 !ð Þ ð4Þ

where the storage (real) and loss (imaginary) parts are respectively

�0 !ð Þ ¼ � 1ð Þ � !

Z 1
0

� 1ð Þ � � t0ð Þ½ � sin !t0ð Þdt0 ð5Þ

�
00

!ð Þ ¼ !

Z 1
0

� 1ð Þ � � t0ð Þ½ � cos !t0ð Þdt0 ð6Þ

As a result, in addition to replacing the elastic modulus of each phase by corresponding complex
modulus, we may further use �� !ð Þ to obtain the complex modulus of composites with both visco-
elastic phases and viscoelastic imperfect interfaces, if the solution for the elastic case is available.

Micromechanics and dynamic magneto-viscoelasticity of MR nanocomposites

The developed smart MR nanocomposites are in essential three-phase viscoelastic composites
(Figure 1), within which viscoelastic elastomer (e.g. silicone rubber) is the matrix phase and
CNTs (e.g. MWNTs) and ferromagnetic particles (Fe particles) are the inhomogeneities showing
elastic responses. While MWNTs are fiber-like and randomly oriented in the composites, spherical
iron particles are aligned by the applied magnetic fields during the curing process to form chain-like
structures, rendering the MR nanocomposites transversely isotropic. Due to the limitation in fab-
rication techniques, imperfect viscoelastic interfaces (Figure 1) exist not only between matrix elasto-
mer and MWNTs (interface #1) but also between matrix elastomer and iron particles (interface #2).

Figure 1. Illustration of the homogenization procedures in the proposed model and the interfacial condition at

three different stages.
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To model the zero-field dynamic viscoelastic properties of MR nanocomposites, a two-step hom-
ogenization method should be applied (Figure 1). In the first step, the matrix and MWNTs are
treated as a two-phase nanocomposite with overall isotropic viscoelastic properties. The imperfect
interfaces between MWNTs and the matrix (interface #1) are represented by the first set of appro-
priate interfacial parameters in this step. In the next step, the homogenized nanocomposite is
regarded as a new matrix combining nanofillers and elastomer, and the three-phase MR nanocom-
posite is consequently modeled as a two-phase composite with chain-like iron particle structures
embedded in the new matrix, showing the overall transverse isotropy. The second set of interfacial
parameters has been used to characterize the imperfect interfaces (interface #2) between the new
matrix and iron particle chains. Further, under magnetic fields, the iron particles are subjected to
magnetic attractive forces along the chain direction from other particles within the chain, which
affects the interfacial responses and therefore modifies the imperfect interface parameters (interface
#3). The concept of this model is illustrated in Figure 1.

To accomplish the first step for two-phase nanocomposites filled with MWNTs, let us consider an
ellipsoidal inhomogeneity � (phase 1 with stiffness tensor C1

ijkl) embedded in medium D (phase 0
with stiffness tensor C0

ijkl). Furthermore, in case of an imperfect interface S, Qu (1993) has derived a
modified Eshelby’s tensor SM

ijkl which accounts for the imperfect interfacial compliance. Since the
average perturbed strain over the inhomogeneity is sufficient for this study, the averaged SM

ijkl over �
can be expressed as

�SM
ijkl ¼ Sijkl þ SijmnRmnpqC

0
pqst Istkl � Sstklð Þ ð7Þ

where Sijkl is the original Eshelby tensor (Eshelby, 1957; Ju and Sun, 1999, 2001), and Istkl is the
fourth-rank identity tensor. Further, the fourth-rank tensor Rmnpq depends on the interfacial com-
pliance and the geometry of the inhomogeneity, and can be written as

Rmnpq ¼
1

4�

Z
s

�mpnqnn þ �mqnpnn þ �npnqnm þ �nqnpnm
� �

dS ð8Þ

Now we apply the Mori–Tanaka method (Li and Sun, 2014; Mori and Tanaka, 1973) to solve the
revised equivalent inclusion problem in which an elastic imperfect interface S exists between the
ellipsoidal inhomogeneity � and the infinite medium D. The effective overall stiffness tensor �Cijkl of
two-phase nanocomposites can be derived as

�Cijkl ¼ C0
ijkl þ c1C

0
ijmn A�1mnpq � RmnstC

1
stpq

� �
c1RpqrsC

1
rskl þ Ipqkl þ c0 �SM

pqrsA
�1
rskl

� ��1
ð9Þ

where c0 and c1 are the volume fractions of the matrix and particles, respectively, and the fourth-
rank elastic-phase-mismatch tensor Aijkl � ðC

1
ijmn � C0

ijmnÞ
�1C0

mnkl.
It is noted that the result in equation (9) gives the estimate for two-phase composites with aligned

ellipsoidal inhomogeneities where �Cijkl is transversely isotropic. If all the inhomogeneities are ran-
domly oriented in the composites, an orientational averaging process is needed which is defined as
(Sun and Ju, 2004)

�h i �
1

2�

Z 2�

0

Z �=2

0

�ð Þ sin �d�d	 ð10Þ
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Upon the orientational averaging process, the effective overall elastic stiffness tensor �Cijkl of two-
phase misoriented composites becomes isotropic and can be expressed as

�Cijkl ¼ C0
ijkl þ c1C

0
ijmn A�1mnpq � RmnstC

1
stpq

D E� �

� c1 RpqrsC
1
rskl

� 	
þ Ipqkl þ c0 �SM

pqrsA
�1
rskl

D E� ��1 ð11Þ

It is further noted that, if the correspondence principle is applied and the elastic tensors in
equation (11) are replaced by viscoelastic counterparts with complex components, the effective
overall viscoelastic stiffness tensor �C�ijkl is obtained. Given the complex shear modulus of matrix
silicone rubber and the elastic constants, volume fraction, and aspect ratio of MWNT, in combin-
ation with interfacial parameters (interface #1), the complex stiffness tensor C �nanoð!Þ of the two-
phase nanocomposites reinforced with randomly oriented MWNTs is finally estimated through
equations (7) to (11).

Subsequently, once the effective volume fraction of iron particles and the effective aspect-ratio of
particle aggregations are assumed as well as a new set of interfacial parameters (interface #2), the
complex stiffness tensor C �3�phaseð!Þ of the three-phase MR nanocomposites with aligned particle
aggregations are obtained from equation (9), with C �nanoð!Þ treated as the property of the equivalent
matrix. The dynamic shear stiffness �G03�phaseð!Þ and the loss factor tan �3�phaseð!Þ can be conse-
quently derived.

The magnetic field-induced change in dynamic stiffness and damping of MR nanocomposites is
referred to as MR effect. The fundamental mechanism of the field-dependent viscoelastic responses
of MR materials is the magnetic interaction among the ferromagnetic particles contained in these
materials. The dipole–dipole magnetic interaction model developed by Jolly et al. (1996b) is applied
here to simulate the MR effect on the dynamic shear stiffness �G. As the magnetic field is applied,
the interfacial condition (interface #3) at the interfaces between iron particle aggregations and the
two-phase nanocomposite matrix is altered. The magnetic field-induced increases are depicted in
storage shear modulus � �G03�phaseð!Þ, loss shear modulus � �G

00

3�phaseð!Þ, and the loss factor
�tan �3�phaseð!Þ as functions of applied frequency. It should be noted that the appropriate selection
of interfacial parameters is the key factor to ensure the model success.

Numerical simulations

Based on the modeling formulations and procedures described in the previous section, numerical
simulations are performed on the basis of all equations from the previous section with no need of
using finite element method and discretization. The results are compared with the experimental data
(Li and Sun, 2014) for the dynamic mechanical behavior of MR nanocomposites filled with
MWNTs. Figure 2 shows the comparisons between model predictions and experimental data for
zero-field storage shear modulus and loss factor of MR nanocomposites with nominal iron particle
volume fraction of 10% and 20%. The simulation data for the two-phase nanocomposites with the
addition of 1wt% MWNTs is also present for reference, which is the result of first step of hom-
ogenization described in the model. In consideration of consistency, the same parameters are used in
the model from Li and Sun (2014): MWNTs are 20 nm in radius, 40 in aspect-ratio, and with
Young’s modulus of 200GPa and Poisson’s ratio of 0.2, while the first set of interfacial parameters
are �0ð!Þ ¼�

0 G�0


 

=ð2aÞ ¼ 0.7 and �

00

=�0 ¼ 0.3. In the second step of homogenization, the two-phase
nanocomposites are regarded the equivalent matrix, and the same effective volume fractions and
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effective aspect ratio of particle aggregations are used here. The second set of interfacial parameters
are listed in Table 1, where their counterparts used for MREs are also given for comparison. It
should be noticed that although the equivalent matrix are different for MREs and MR nanocom-
posites, the dimensionless parameter �0 which indicates the overall interfacial compliance is

Figure 2. Comparisons between model predictions and experimental data for zero-field (a) storage shear modulus

and (b) loss factor of MR nanocomposites.

Table 1. Effective volume fractions and interfacial parameters used in the simulation of zero-field dynamic visco-

elastic properties of MR nanocomposites.

Nominal volume fraction

Effective volume

fraction

Interfacial storage

compliance

�0 ¼ �
0 G�0ð!Þ


 

=ð2aÞ

Interfacial loss

factor �
00

=�0

MRE 10% 29% 0.015 0.5

20% 44% 0.012 0.45

MR nanocomposite 10% 46% 0.018 0.52

20% 61% 0.015 0.48

MR: magnetorheological; MRE: magnetorheological elastomers.
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constantly related with the complex modulus of silicone rubber, so that the values of �0 are directly
comparable between the two cases. It is acknowledged that it is difficult to directly measure the
interfacial parameters in experiments at two length scales. The interfacial data we use in Tables 1
and 2 are phenomenologically determined from the overall mechanical experiments of CNT

Figure 3. Comparisons between model predictions and experimental data for (a) absolute and (b) relative MR

effect on storage shear modulus of MR nanocomposites.

Table 2. Interfacial parameters used in simulating the MR effect of MR nanocomposites.

Nominal volume

fraction

Interfacial storage compliance

�0 ¼ �
0 G�0ð!Þ


 

=ð2aÞ

Interfacial loss

factor �
00

=�0

k hB¼ 0 T B¼ 0.2 T B¼ 0 T B¼ 0.2 T

MRE 10% 0.015 0.02 0.5 0.6 4.5 1.06

20% 0.012 0.015 0.45 0.55 4.5 1.05

MR nanocomposite 10% 0.018 0.02 0.52 0.66 4.5 1.05

20% 0.015 0.018 0.48 0.64 12 1.0

MR: magnetorheological; MRE: magnetorheological elastomers.
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nanocomposites and MR nanocomposites at a particular frequency. It can also be observed that,
once the original matrix is modified by adding MWNTs, the interfacial condition between the matrix
and iron particle aggregations is notably changed, in that it is overall more compliant and viscous
for MR nanocomposites. The good agreement between simulation results and experimental data
confirms the utility of this model in predicting the zero-field dynamic properties of MR
nanocomposites.

Figures 3, 4, and 5 further demonstrate the comparisons between model predictions and experi-
mental data for both absolute and relative MR effect on dynamic viscoelastic behavior of MR
nanocomposites. The interfacial parameters for both MR nanocomposites and reference chain-
structured MREs before and after the magnetic fields are applied are given in Table 2. Similar
trends are found here for MR nanocomposites and MREs, in that both the interfacial storage
compliance and loss factor are increased when external magnetic fields are applied. This observation
further supports the explanation that the applied magnetic field disturb the stress field at the inter-
faces between particle aggregates and the matrix, which leads to weaker overall bonding yet higher
viscosity at interfaces. However, although the parameters k and h in the dipole–dipole interaction
model (Jolly et al. 1996b) have been adjusted to the maximum extent, the MR effect on the storage
shear modulus of MR nanocomposites with 20% nominal particle volume fraction is still somehow

Figure 4. Comparisons between model predictions and experimental data for (a) absolute and (b) relative MR

effect on loss shear modulus of MR nanocomposites.
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underestimated (approximately 10–18% difference for the entire frequency range from 0.1 to
100Hz). The underlying mechanisms may be attributed to the magnetic interaction among the
iron particles and MWNTs. Overall speaking, the simulation results have matched the overall
trend of experimental data.

Conclusions

In this paper, a micromechanics-based dynamic magneto-viscoelastic interface model is developed to
investigate the effective magneto-mechanical responses of MR nanocomposites filled with CNTs.
Both the zero-field dynamic viscoelastic behavior and the corresponding MR effect have been taken
into account. A two-step homogenization approach is incorporated to address the two distinct
reinforcing phases in the MR nanocomposites. The field-dependent effective dynamic stiffness and
damping of randomly dispersed, chain-structured nanocomposites are investigated with the consid-
eration of imperfect interfacial conditions among nanofillers, micro-particles and the matrix.
Comparisons are conducted between the model prediction and experimental data for a specific
type of Fe-particle-reinforced elastomer nanocomposites filled with MWCNTs to prove the validity
of the proposed modeling framework. Specifically, the model predicts that the MR nanocomposites

Figure 5. Comparisons between model predictions and experimental data for (a) absolute and (b) relative MR

effect on loss factor of MR nanocomposites.
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have shown not only large jumps in zero-field dynamic stiffness and damping, but also higher
magnetic field-induced improvement in these dynamic mechanical properties. The model is among
the first efforts to construct the viscoelastic constitutive relation of three-phase nanocomposites
incorporating the magneto-mechanical coupling. Simulations are performed to investigate the effects
on the dynamic behavior of nanocomposites due to a couple of factors including interfacial storage
compliance, interfacial damping, CNT aspect ratio, and CNT concentration. It is shown that the
material interfaces play a significant role at both the microstructural length scales and macroscopic
magneto-mechanical responses of the MR nanocomposites.

In the future research on MR nanocomposites, micromechanics-based modeling and simulation for
the nonlinear viscoelasticity is a promising option to better understanding the viscoelastic behavior of
smart nanocomposites under finite deformation. In terms of experimental efforts, testing configur-
ations should be developed with capacity of generating wider range of magnetic field strength as well
as temperature control, while improving fabrication techniques is a continuing objective.
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