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A Discussion of E-Pulse Method and Prony’s Method
for Radar Target Resonance Retrieval from
Scattered Field

YINGBO HUA, MEMBER, IEEE, AND TAPAN K. SARKAR,
SENIOR MEMBER, IEEE

Abstract—An efficient version of the E-pulse method is discussed and
generalized in the context of radar target pole retrieval from scattered
field. Its relation to the generalized Prony’s method is investigated. It is
shown that the E-pulse method can be efficiently implemented via a
smoothing and sampling procedure and a Prony’s approach. The trade-
off between noise insensitivity and computational burden influenced by
various parameters is pointed out.

I. INTRODUCTION

Estimation of resonant frequencies or poles of radar target from its
transient response has been under active investigation since the work
by Kennaugh and Moffatt [4]. Because of their aspect independence,
the resonant frequencies of a conducting object can be used as a
signature of that object to discriminate it from others for the purpose
of target identification (e.g., see [5]). Therefore, accurate (exact in
noiseless case), robust (insensitive to noise) and fast techniques for
estimating resonant frequencies from transient scattered field that
contains the resonant nature of a conducting object are important. We
should point out that the aspect dependent (complex) resonant
amplitudes (including the phases) can be easily found by a linear least
square approach (e.g., see [6]) after the resonant poles are obtained
so that the transient response can be reconstructed.

Many methods have been found for the pole retrieval problem. The
most well-known method is Prony’s method which was applied first
by Van Blaricum and Mittra [6], [7] to the electromagnetic transient
problem. This method has also received a great attention in signal
processing community. Study of this method has resulted in its
improved and generalized versions [14] and understanding of their
noise perturbation properties [12], [13]. Another well-known method
for pole extraction is the pencil-of functions method (e.g., see [8] and
[10]) whose application to radar transient waveform identification
was presented initially by Sarkar et al. [8]. Recent applications of the
concept of the pencil-of-functions method have been found in
improved and generalized forms [9] and [11]. Following the above
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two methods is the newly developed E-pulse approach [1]-[3] by
Rothwell ef al. Similar to the pencil-of-functions method as in [8], the
E-pulse method is based on continuous signals, or in other words, the
sampling process is automatically incorporated in the E-pulse
method. However, Prony’s method is based on sinusoidal sequence
or uniformly sampled sinusoidal functions.

In this communication an efficient version (most efficient version,
as we believe) of the E-pulse method is presented in a general and
refined fashion and related to a generalized Prony’s method. For
convenience, this version will be referred to as the E-pulse method. It
will be observed that the E-pulse method simply consists of a
smoothing and sampling procedure and a generalized Prony’s
method.

I. E-PULSE METHOD AND PRONY'S METHOD
Without loss of generality the available scattered or late-time

transient field of a target can be represented by the following sum of
exponential functions:

y()=3 biexp(sit), 0=t=T, 6))
i=1,M
where s;, i = 1,2, * -+, M, are the distinct resonant poles of the target

which are aspect independent. The real part of s; is the damping factor
o;. The imaginary part of s; is the resonant frequency w;. b;, i = 1, 2,
.-+, M, are the aspect dependent complex residues or amplitudes
whose phases depend on the origin reference (¢ = 0) of the
measurement. M is the number of dominant resonances induced by an
exciting field. One should note that in practice there are very weak or
nondominant resonances existing in the excited field y(f), and these
components may be considered as part of noise added to y(#). It
should also be noted that s; and b;’s are in complex conjugate pairs
since the field y(¢) is real. The simple pole nature as in (1) is a
commonly used hypothesis (e.g., see [16]).

The E-pulse approach [1] to finding the poles s; from y(t) is
basically to use a structured extinction-pulse (E-pulse) of finite
duration Ty to match the measured scattered field y(¢) in the
following way:

c(t) = e(t) » y(1)=0,

where the asterisk denotes convolution. The structure of e(f) should
be such that the poles s; can easily be retrieved from the parameters
that determine e(f). As is shown in [1], a necessary and sufficient
condition for (2) to be true is that the Laplace transform E(s) =
L{e(t)} has zeros identical to the poles s;. Without imposing any
constraint on e(f) or E(s), the poles have to be located by an
expensive search procedure. Although one may expect that there
would exist an infinite number of structures of e(?) such that the
above requirements can be met, we shall consider a general class of
structures of e(¢). We assume that
e(t)=3, e.h(t—nT)

n=0,N

= 2 e,6(t—nT) * h(t) A3)
n=0, N

where 8(?) is the delta function, A(r) = Ofort < 0,and ¢ > Ty, and
NT + T, = Tg. The structure as in (3) is a linear structure and
uniquely determined by the parameters e, provided that N, T, and
h(t) for0 < t < Tyare fixed. f N = Mand T, = T, (3) is the
““forced E-pulse’’ [3] version of (7) and (8) in [1]. Substituting (1)
and (3) into (2) and performing some simple manipulation yields

c(ty= Y, biH(s) {

i=1,.M

for Tg<t<T, )

Y e exp(—siTn)} exp (5;1) (4

n=0,N
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where

H(s,')=§ S h(@) exp (=sit) dt. ®)
h

O=<t=<
Now one can see that if H(s;) is not zero for all i, which can be
satisfied with probability one if #(¢) is randomly chosen, then c(t) =
0for Tz < t < T, if and only if

2 e, exp (—s;,Tn)=0 ©6)

n=0,N

fori = 1,2, :--, M. As one may see, (6) for N = M is the “‘forced
E-pulse’” version of (10) in [1]. It is a well-known property of
polynomials that (6) can be satisfied by e, if and only if N = M
(provided that s;, i = 1, - - -, M, are distinct). It should be noted that
max {Im (s;T )} should be less than 7 to avoid ambiguity or aliasing,
which sets a practical limitation for 7.

Now we have shown that the structure of the E-pulse as in 3)is
sufficient to have (2) satisfied. The next questions are, ‘‘how do we
find e, which determine the E-pulse e(¢) from the scattered field Y(@)
which is assumed to be the only information available?’’ and “‘how
do we retrieve the resonant poles z; = exp (s,7) from e,?”’ We
consider the second question first assuming that (6) is satisfied. It is
obvious that if N = M then the poles z; are uniquely determined by
the M roots of the polynomial:

Pi(x) = Y ez " )

n=0,N

However, if N > M, can we detect the M desired roots z; from N
roots of Py(z)? In general it is not possible without introducing any
further information or constraint on e,. A sufficient constraint on €y
for detecting the M desired poles from e,’s is to minimize the norm
leo]? + |er|> + -+ Jen_y|? so that the following “‘backward’’
polynomial:

Pz) = ex+ Y en-nz7" ®)
n=1,N

has the M desired roots z;"! and N — M extraneous roots that have
magnitudes less than one (i.e., inside the unit circle). The proof of
this property of the minimum norm polynomial is available in either
[14] or [15]. Note that in most cases s; has a negative real part so that
z,.‘1 is outside the unit circle and, therefore, separable from N -~ M
extraneous roots of Py(z).

To compute e, with incorporation of the minimum norm property
and the condition as in (6) which is equivalent to c(t) =0forTg <t
=< T,, we start by substituting (3) into (2) which yields

(=3 en(t)=0 ©)

n=0,N
where Ty < t < T, and

In(0)=8(t—nT) * [h(2) * y(1)] (10)

which is illustrated by Fig. 1. One can see that because of the uniform
tapping of the filtered signal x(t) = h(f) * y(f) we had the
polynomial equation (6) which is exactly the nature exploited by
Prony’s method from uniformly sampled data sequence. Equation (9)
can be equivalently written as

€
é an

[yo(#) yi(8) = yn-1()] = —enyn(?)

en-1
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X(t)
= h(t)*y(r)

yy(®

A

volty) vy (e vy ey)

Fig. 1. Equivalent sampling procedure coherent in E-pulse method. Note
that NT + T, < Ty <ty < -+ < oy =T,

where Tz < t < T,. Note that ey can be any nonzero value. The
solution, or minimum norm solution for N > M, to (11) may be
obtained in several ways. One way is to form the following normal
equation from (11)

Ge=—eng (12)
where
80,0 80,1 8o,N~1
£1,0 81,1 81,N-1
G= : : : a3
EN-1,0 &N-1,1 EN-1,N-1
g=[go,~n &1,N " gNNIT (14)
&i,j={yi(t); y,(1))
= () y:
LES,SG YOy de (s)
e=[ege - en_(]. (16)

Note that the rank of G is M as long as N = M. This property can be
used to detect the number of resonant poles in y(¢). The minimum
norm solution (i.e., [lef2 = |e|? + |e |2 +---+ |ey_y|? is
minimized) to the linear equation (12) can be readily obtained with
reasonable size (N x N) of G (e. 8., using IMSL software package).

Another way of solving (11) is to use sampled values of y,(¢). Note
that y,(¢) is already a smoothed version of »(¢), and the inner
products required in (13) and (14), if performed digitally, cause many
more computations than the following procedure. Assume that yu(t),
Te<t=<T,issampledatf = t,i=0,1,---,L — 1, where L =
M. Then we have from (11)

Ye= —eyy (17)
where
Yolto)  »1(%) Yn-1(t0)
yolt)  ni(h) yn-1(t1)
Y= : i : s
Yolbe-)»lte-y) <+ ynvo1(t-y)
Y={yn(to) yn(ty) =+ yn(t -7 19

It can be shown that if and only if ¥ has rank M, or equivalently N >
Mand L = M, (17) and (11) have identical minimum norm solution.
For proof, see the Appendix. The minimum norm solution to (17) can
also be readily obtained. Note that the singular value decomposition
(SVD) [13] which can be used for minimum norm solution serves to
reduce the noise effect which would increase the rank of Y. One
would expect that the larger L is, the less sensitive to noise is the
solution to (17). In fact, if L is very large (with £, = Tgand t,_, =
7,) then

YTYy=G

Yiyy=~g
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where v (different from T') is a sampling interval as illustrated in
Fig. 1, so that (17) becomes equivalent to (12).

Referring to (17)-(19) and Fig. 1, one can see that if T = + then
the minimum norm solution to (17) together with the rooting of the
““backward’’ polynomial P(z) is identical to the generalized Prony’s
method (see [14] and [17]) applied to the data obtained by uniformly
sampling the smoothed signal x(¢). The generalized Prony’s method
incorporates the backward linear prediction and lengthened polyno-
mial. Detailed noise perturbation analysis of this method is available
in [17]. It is found that the optimum order N (in the sense of least
sensitiveness to noise) of the polynomial is between one third and one
half of the total number of sampled data.

Finally one should note that the choice of A(¢), 0 < t < T, should
be such that the noise component in x(¢) is minimum as long as the
computation is tolerated. However, large T, which may reduce the
noise component in x(¢) results in small N (provided that T and T,
are fixed) which may increase the sensitiveness of the estimated poles
to the noise in x(¢). In [1], A(¢) was chosen to be a rectangular
window of width equal to 7. A reviewer brought [18] to the authors’
attention, where an attempt was made to choose Tz (with N = M) in
a sense of least squares curve fitting.

III. CONCLUSION

An efficient version of the newly proposed E-pulse method by
Rothwell et al. [1]-[3] for extracting resonance poles from scattered
field is presented in a general and refined fashion. Its relation to
Prony’s method is investigated. It is shown that this efficient version
incorporates a smoothing and sampling process and the concept of
Prony’s method. So some well understood properties of Prony’s
method should help us understand some natures of the E-pulse
method. The trade-offs between noise insensitiveness and computa-
tions influenced by various parameters (€.g., h(t), Ty, N, vy and L)
should be determined by applications.

APPENDIX

Using the decomposition of [ Y, y] to be given, one can easily show
that

1) Y has rank M if and only if N = Mand L = M, and

2) for any given ¢t (Tg < ¢t = T)), o(®), yi(8)y -5 yn-1(l),
yn(8)] is a linear combination of any M rows of [, y] so that (11)
and (17) have the same solution.

One can verify the following:

[Y, y1=E|BIE;, €] (20
where
exp (sito)  exp (S2f0) exp (Spto)
exp (s1#1)  exp (s201) exp (Spt1)
E = : : : @21
exp (S;7.-1) exp (S201-1) exp (Smfr_1)
B=diag [by, b2, ***, bu] (22)
lLexp (=s:T) exp (-si(N-1)T)
= 1 exp (—s.7T) exp (=5 (N-1)T) @3)
lexp (—syT) -+ exp (—su(N-DT)
e;=[exp (— 5, NT) exp (—5;NT) -+ exp (—=syNT)] T, 24)
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