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ABSTRACT OF THE DISSERTATION

Mathematical Modeling of Biological Systems: Numerical Methods and
Applications to Protein Dynamics and Prion Inheritance
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Scientific discovery depends on our ability to model the physical world accurately —
and for many of the most consequential problems in biology and medicine, the
geometry of the domain is not a detail to be approximated away but the very
mechanism driving the phenomenon of interest. This dissertation develops and applies
computational methods for partial differential equations on complex, irregular, and
continuously deforming geometries, demonstrating that spatial resolution reveals
biological insights that well-mixed or geometry-free approaches fundamentally cannot.

The first contribution is the Least Squares Discretization (LSQD) method, a
meshless framework for solving elliptic PDEs on scattered point distributions without
requiring a mesh, a weak formulation, or quadrature rules. The method achieves h-P
convergence across a broad range of geometries, boundary conditions, and problem
configurations, remains robust in degenerate cases where traditional formulations may
be ill-posed, and includes a built-in error estimator, all while requiring minimal
mathematical background to implement.

The second contribution applies this spatially resolved framework to characterize
how the electrostatic surface potential of the SARS-CoV-2 spike protein evolves as it
opens to expose its receptor binding domain. Solving the nonlinear Poisson-Boltzmann
equation across 71 frames of a molecular dynamics trajectory, we find that geometric
reorganization of the spike actively reshapes the electric field in a manner that may
facilitate selective binding to the ACE2 receptor: a conclusion accessible only through
spatially resolved computation on a deforming surface.

The third contribution develops the first spatially resolved, multi-generation
computational model of prion aggregate inheritance in budding yeast. Solving a
reaction-diffusion PDE system on a deforming cell geometry across a parallelized
binary lineage tree, we demonstrate that aggregate burden decreases monotonically
with generation index across numerous biochemical parameter combinations
investigated, that this lineage memory is deterministic and geometric in origin, and that
the per-generation dilution follows a geometric decay law whose parameters predict
aggregate clearance in deeper simulations with remarkable accuracy.

Together these contributions establish that geometry is not merely a computational
challenge to be overcome, but an essential feature of the science itself.
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Chapter 1
Introduction

Scientific discovery has long been driven by our ability to model the physical world
mathematically. At the heart of this endeavor lies a deceptively simple challenge: most
phenomena of interest are governed by partial differential equations (PDEs) posed on
domains whose geometry is complex, irregular, or continuously evolving. From the
electrostatic fields surrounding a deforming protein to the spatial dynamics of
aggregating molecules inside a dividing cell, geometry is not a peripheral concern;
instead, it is frequently the mechanism through which the underlying biology operates.
A protein that changes shape as it binds a receptor, a cell that partitions its contents
asymmetrically as it divides — in both cases, the spatial and geometric structure of the
problem is inseparable from its scientific content.

Traditional numerical methods have provided the computational backbone of
science and engineering for decades. Finite element, finite difference, and finite
volume methods excel at solving PDEs on well-defined, static domains, and have
produced transformative results across fluid dynamics, structural mechanics, and
beyond [1]. Yet their reliance on body-fitted meshes or structured grids presents a
fundamental barrier when the domain is geometrically intricate, changes over time, or
must be resolved at a sharp interface between regions of qualitatively different physics.
Generating a high-quality mesh for such problems is itself a significant undertaking,
and for problems where the geometry deforms continuously, as in a dividing cell or an
opening protein, remeshing at every timestep is computationally prohibitive. These
limitations motivate two parallel lines of inquiry: the development of numerical
methods that are geometry-agnostic by design, and the application of spatially resolved
PDE frameworks to biological problems where existing well-mixed or geometry-free
approaches are fundamentally insufficient.

This dissertation pursues both directions. The unifying theme across all three
projects is the conviction that geometry matters: that spatial structure, domain shape,
and interfacial dynamics are not details to be averaged away, but are essential features
of the problems we study. On the methodological side, we develop a new meshless
discretization method that solves elliptic PDEs on arbitrary point distributions without

1
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requiring a mesh, a weak formulation, or quadrature rules. On the application side, we
bring spatially resolved PDE computation to bear on two biological problems — the
electrostatic dynamics of the SARS-CoV-2 spike protein and the multi generation
inheritance of prion aggregates in yeast — where the geometry of the domain is not
incidental to the science but central to it.

Contributions
A New Meshless Method for Elliptic PDEs (LSQD).

The first contribution of this dissertation is the Least Squares Discretization (LSQD)
method, a meshless framework for solving elliptic PDEs on scattered point
distributions with arbitrary geometry and boundary conditions. Rather than requiring a
mesh, a weak formulation, or quadrature rules, LSQD represents the solution as a
family of overlapping local polynomial expansions. The PDE, boundary conditions,
and continuity conditions are enforced pointwise and assembled into an
overdetermined linear system, whose least squares solution defines the approximation.
The method achieves h-P convergence on both uniform and highly adaptive non-graded
quadtree grids, handles Dirichlet, Neumann, and Robin boundary conditions, and
remains robust in degenerate cases where traditional weak formulations may be
ill-posed. A built-in a posteriori error estimator is also proposed, enabling local error
assessment without access to an analytical solution. The method requires minimal
mathematical background to implement and scales with the number of grid points,
making it a practical and accessible alternative to conventional PDE solvers for
problems involving complex or irregular geometries. This work is the subject of a
manuscript currently available on arXiv [2], with the author of the dissertation as the
first author.

Electrostatic Dynamics of the SARS-CoV-2 Spike Protein.
The second contribution applies spatially resolved PDE computation to a problem at
the intersection of structural biology and computational biophysics: characterizing how
the electrostatic potential of the SARS-CoV-2 spike protein evolves as it transitions
from its closed to open conformation. The spike protein must undergo a dramatic
conformational change to expose its receptor binding domain (RBD) and bind the
human ACE2 receptor, a process critical to viral entry. To characterize the electrostatic
consequences of this transition, we combine Markov state model molecular dynamics
trajectories from the Folding@home [3] initiative with a high-resolution numerical
solver for the nonlinear Poisson-Boltzmann equation, implemented on adaptive octree
grids with a sharp level set representation of the protein surface. Solving the governing
PDE independently at each of the 71 frames of the opening trajectory, we produce
dynamical electrostatic potential maps that reveal dramatic rearrangements of the
electric field during spike opening. Most notably, a negatively charged core is exposed
as the spike opens, generating a repulsive electric cloud that nevertheless does not
envelop the binding site; instead the RBD becomes more positively charged and the
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electric field transitions from a globally attracting configuration to one focused
specifically around the exposed binding domain. These findings suggest that the
geometric reorganization of the spike protein during opening may actively facilitate
selective binding to the negatively charged ACE2 receptor. This work was published in
the Journal of Computational Physics in 2021 [4], with the dissertation author as first
author.

Multi-Generation Prion Aggregate Inheritance in Budding Yeast.
The third contribution develops the first spatially resolved, multi-generation
computational model of prion aggregate inheritance in budding yeast. Prion aggregates
in dividing yeast cells are known to be inherited asymmetrically, with aggregates
preferentially retained in the mother cell: a phenomenon established experimentally to
arise from diffusion-limited partitioning within the confining geometry of the dividing
cell rather than from active transport [5]. Existing mathematical models treat the
intracellular environment as spatially homogeneous, prescribing asymmetric
partitioning as a parameter rather than deriving it from the underlying spatial dynamics.
Building on the finite volume framework of Heydari et al. [6], which demonstrated that
cell geometry alone can produce asymmetric partitioning in a single division event, we
extend this approach to simulate explicit binary lineage trees to generation five and
beyond. The model incorporates diffusion of monomer and aggregate species,
reversible dimerization, and a logistic growth term, with diffusion coefficients
calibrated from fluorescence loss in photobleaching data. A parallelized HPC pipeline
automates the inter-generational handoff and distributes simulations across a
computing cluster, enabling a structured sweep of biochemical parameters. Across all
parameter regimes investigated, the simulations demonstrate that aggregate burden is
stratified by replicative age, that sibling correlations are perfect reflecting the
deterministic nature of the PDE framework, and that lineage memory is a robust
geometric phenomenon that persists regardless of the specific biochemical parameters
chosen.

Organization
The remainder of this dissertation is organized as follows. Chapter 2 presents the

LSQD method in full, including its theoretical formulation, neighborhood construction,
convergence analysis on a variety of grid types and boundary conditions, and a
comparison to the finite volume method. Chapter 3 describes the electrostatic dynamics
study of the SARS-CoV-2 spike protein, covering the molecular trajectory, the
Poisson-Boltzmann mathematical framework, the numerical method and its validation,
and the electrostatic results characterizing the the opening of the spike. Chapter 4
develops the multi-generation prion aggregation model, including the governing
reaction–diffusion equations, the level set geometry representation, the conservative
finite volume discretization, the lineage construction and HPC parallelization strategy,
and the full lineage simulation results across a structured parameter sweep. Chapter 5
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concludes the dissertation with a synthesis of contributions, a discussion of limitations,
and directions for future work.



Chapter 2
Least Squares Discretization Method: A
Robust and Versatile Meshless Paradigm
for Elliptic PDEs

2.1 Introduction
In the ever-evolving landscape of computational science and engineering, the quest

for accurate, efficient, and versatile numerical methods remains paramount. Traditional
numerical approaches, such as finite element methods, finite difference methods, and
finite volume methods, have long dominated the sphere of simulating complex physical
phenomena. However, their reliance on elements, structured grids, or finite volumes
often presents challenges when handling irregular geometries, dynamic domains, or
intricate boundary conditions. In response to these limitations, a trailblazing paradigm
emerged - meshless methods [7, 8].

Meshless methods began gaining traction in the 1990s [9, 10, 11, 12, 13, 14]. In
recent years, meshless methods have witnessed a surge in popularity across a multitude
of disciplines, including computational fluid dynamics, structural mechanics,
electromagnetics, and biomedical engineering [15, 16, 17, 18]. Their inherent attributes
(e.g. mesh generation simplicity, capacity to handle large deformations/distortions and
complex geometries [19], etc.), have proven a versatile alternative to the traditional
discretization techniques.

Some of the pioneering meshless methods fall into the following categories:
kernel-based [7, 14, 20], Galerkin [11, 21, 22, 9, 23, 10, 24, 25, 26, 27, 28], and Finite
Difference methods [29, 30]. Meshless Galerkin methods such as the Element-free
Galerkin [11, 21], h-p clouds and h-p methods [22], Meshless Local Petrov-Galerkin
[9, 10], the Natural Element Method [23, 24, 25], the Voronoi finite volume method
[26, 27], and partition of unity method [28], all rely on the weak formulation of the
partial differential equation (PDE). Thus, although they are meshless, these methods
are not truly “geometry-free" as the weak formulation involves spatial integrals. This
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requires approximations of definite integrals, or quadrature rules, over — potentially —
intricate geometries. These geometries, themselves, may reap extravagant
computational costs (e.g. Voronoi partition for the Meshless Natural Element method
[23, 24, 25] or any Voronoi Finite Volume Method [26, 27]). Undeniably, the
theoretical foundation for the aforementioned methods allows for a comprehensive
mathematical study, but may serve as a deterrent for interested non-experts.

Although commonly used in scattered data interpolation [31], Kansa became one of
the first to utilize radial basis functions (RBF) to solve fluid dynamics problems [13].
Theoretical condition number estimates indicated that some meshless methods using
RBFs may be unstable [32]. Fortunately, Kansa was able to successfully circumvent
the ill-conditioned system by using improved multi-quadrics and adaptive techniques
[33]. Kansa’s method represents the solution as a sum of global radial functions,
centered at a set of points. The coefficients in this decomposition are obtained by
interpolating the PDE at these points. While in general, the interpolation system can be
ill-posed (Mairhuber-Curtis theorem [34, 35]), when using appropriate radial functions,
this system can be proven to be non-singular [36, 37]. Not solely is it straightforward
to implement, this method is particularly well-suited for problems involving complex
curved surfaces (e.g. such as reaction-diffusion patterns over biological entities such as
frog species [38], red blood cells [39], or 3-D spherical shells [40] used in geophysical
calculations). It has since been applied in the computational fluid dynamics realm [41]
such as the solution of Navier–Stokes equations [42], porous media flow [43], and the
solution of solid-liquid phase change problems [44]. Unfortunately, the convergence of
Kansa’s method is still unproven. Because the representation is global, the
interpolation system is full and consequently its inversion rapidly becomes prohibitive.
To address this limitation, domain decomposition techniques can be employed [45], but
these abandon the meshless nature of the domain. Using local RBFs [46], the local
Kansa method [43, 47] offers an alternative approach to reduce the complexity.
However, this approach still relies on a domain decomposition to distinguish between
inner and border nodes, further requiring functional iterations on either node sets.

One of the most pervasive methods in computational fluid dynamics is the finite
point method — a meshfree method for solving PDEs on scattered distributions of
points. This method is considered a generalization of the finite difference method,
created for arbitrary irregular grids [29, 48]. Despite the fact that this method requires a
much lower mathematical background, it entails a more tedious implementation as the
discretization coefficients are obtained from high-order Taylor expansions over
non-uniform neighborhoods [30]. With the Radial Basis Function Finite Difference
(RBF-FD [49]), these coefficients are computed at each point by interpolating the
solution over a small neighborhood using a radial basis enriched with polynomial
functions. The RBF ensures good conditioning while the polynomial enrichment grants
convergence. The radial basis function-based differential quadrature approach
(RBF-DQ [50]) proposes a similar strategy and has been employed to simulate
compressible flows [50] and heat conduction [51] problems.

Despite offering significant advantages (e.g. flexibility in handling complex
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geometries, avoiding computational overhead associated with mesh generation),
meshless methods possess considerable limitations. One notable limitation is that most
meshless methods must use background cells to integrate a weak form over the entire
problem domain. The requirement of background cells for integration makes the
method not “truly” meshless. Another challenge lies in enforcing boundary conditions
accurately, especially so, as the degree of freedom may not be adapted to the problem
geometry. As pointed out by Atluri and Zhu in their work on meshless local
Petrov-Galerkin methods, ensuring the satisfaction of boundary conditions in meshless
methods can be non-trivial, potentially leading to inaccuracies in the solution; they
attempt to mitigate this by implementing a penalty function [9]. Additionally, the lack
of a structured mesh can result in reduced convergence rates and increased
computational costs, particularly in problems with high gradients or regions of varying
solution behavior [11]. This introduced the need for a consistency technique involving
the combination of derivatives in different directions. Furthermore, the computational
expense of constructing and solving large systems of equations can be prohibitive for
certain applications, limiting the scalability of meshless methods. This issue has to be
ameliorated by obtaining weighted orthogonal basis functions via Schmidt
orthogonalization [52]. These discrete limitations underscore the importance of
carefully assessing the suitability of meshless methods for specific numerical analysis
tasks and considering alternative approaches where appropriate. Clearly, it would be a
quixotic undertaking to create an encyclopedic inventory for the trajectory of all
meshless methods, so for an exhaustive analysis, we direct interested readers to the
following reviews [53, 54, 55].

In amalgamating the desired advantages of meshless methods: accessibility,
simplicity, h-P convergence, and low complexity, while simultaneously relinquishing
the need for rigorous theoretical validation, we present the Least Squares Discretization
method (LSQD). This approach only assumes that around each point, the solution can
be decomposed on a local basis. No weak or strong formulation of the PDE, nor
numerical analysis theory is needed to discretize the problem, instead, the PDE and
boundary conditions are point-wise evaluated, and the local expansions are connected
through pointwise continuity conditions. All of these conditions are expressed as linear
equations involving evaluations of the known local basis functions and the unknown
decomposition coefficients. They are grouped into a rectangular linear system, from
which the vector of unknown coefficients is defined as the least squares solution. The
method is, therefore, entirely meshfree, requires minimal mathematical and
programming background, and scales with the number of grid points.

Our computational exploration demonstrates how this method can be easily
implemented to approximate solutions of elliptic PDEs paired with arbitrary boundary
conditions enforced on non-trivial geometries. We observe the solution converging as
the spatial resolution and the maximum polynomial order increase (h-P convergence),
on both uniform and arbitrary highly non-graded tree structures. Because our method is
meshless in nature, the underlying set of points can chosen as virtually anything. In
particular, the points do not have to conform to the problem geometry or be aligned in
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any specific pattern. This facilitates the construction and manipulation of the data
structure and offers unbounded solution adaptivity and error control strategies.

This work is part of a manuscript, written in collaboration with Gbocho Terasaki
and Prof. Maxime Theillard; the method was developed with the help of former student
Selma Strango. An earlier version of the manuscript can be found on arXiv [2], with
the dissertation author as first author. This chapter is organized as follows. In section
2.2, we present the LSQD method in the general context and discuss its practical
implementation. The method is illustrated with a simple one-dimensional example. In
section 2.3 we discuss the extension of the method to higher dimensions and propose
an implementation on non-graded quadtree grids. Convergence results are provided in
section 2.4 for a variety of grid and boundary configurations. The conclusion is in
section 2.5.

2.2 LSQD
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⌦

Figure 2.1: We represent the solution of a differential equation as a set of local
expansions, denoted by ui(x), which are centered at arbitrary positions xi=1..N . To
determine the coefficients αq=1..Q

i=0..N of these expansions, we create an overdetermined
discrete system by evaluating the differential equation at its neighbors and enforcing
continuity conditions between neighboring local representations. We define the final
coefficient vector as the least squares solution to the overdetermined system.

2.2.1 Method Presentation & Implementation
For the LSQD method, consider the following elliptic problem:

au− µ△u = f(x) ∀x ∈ Ω ⊆ Rd, f(x) ∈ C0(Ω) (2.1)
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with generalized (e.g. Dirichlet, Neumann, Robin, etc.)1 boundary conditions on the
contour ∂Ω, i.e.

βu(x) + γ∇u(x) · n = g(x), ∀x ∈ ∂Ω, g(x) ∈ C0(Ω), (2.2)

where n is the outward point normal to ∂Ω. The parameters of the elliptic problem, a
and µ, are positive and the solution is assumed to be continuously differentiable. We are
interested in constructing a discrete approximation of the solution u(x), using a set of
points (x1, ...,xN) ∈ Ω. To each point xi, we associate a set of neighbors Vi and define
the vicinity Ωi as the convex hull of this set. For each vicinity Ωi, we approximate the
solution using an expansion over a local smooth basis (ϕ1

i (x), ..., ϕQi (x))

u(x) ≈
Q∑
q=1

αqiϕ
q
i (x), ∀x ∈ Ωi. (2.3)

Thus, by estimating the coefficients αqi , at each Ωi, we hope to construct a family of
local approximations to the solution u(x).

Determining αqi

To find the coefficients αqi , we evaluate the PDE (2.1), the continuity conditions (for
u and its first order derivatives), and the boundary condition (2.2) for the above local
representation. For each node xi, we consider each neighbor pair (xi,xj) with xj ∈ Vi
and construct the linear equations for αqi using the following procedure with three main
steps:

1. Partial Differential Equation: we choose a point xPDEij ∈ Ωi at which we
evaluate the PDE for the expansion (2.3).

a
Q∑
q=1

αqiϕ
q
i (xPDEij ) − µ

Q∑
q=1

αqi△ϕqi (xPDEij ) = f(xPDEij ). (2.4)

2. Continuity conditions: we choose a point xCij ∈ Ωi at which we enforce that the
expansions centered at xi and xj are identical

Q∑
q=1

αqiϕ
q
i (xCij) =

Q∑
q=1

αqjϕ
q
j(xCij), (2.5)

and that the expansions for all first-order derivatives ∂d are also identical at that
point

Q∑
q=1

αqi∂dϕ
q
i (xCij) =

Q∑
q=1

αqj∂dϕ
q
j(xCij). (2.6)

1For Dirichlet boundary conditions: γ = 0. For Neumann boundary conditions: β = 0. For Robin
boundary conditions: β ̸= 0 and γ ̸= 0.
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3. Boundary conditions: if xi is close to the contour ∂Ω, we find a point xBCi ∈ ∂Ω,
at which we enforce the boundary condition for the local expansion (2.3).

β
Q∑
q=1

αqiϕ
q
i (xBCi ) + γ

Q∑
q=1

αqi∇ϕqi (xBCi ) · n = g(xBCi ). (2.7)

After grouping all of these equations, we are able to form a rectangular system of height
M and width Q×N .

. . . . . . . . .

. . . . . . . . .
...
...
...

. . . . . . . . .




α1

1
α2

1
...
αQN

 =



b1
b2
...
...
...
bM


⇔ Aα = b. (2.8)

If the matrix A is full rank, we construct the coefficient vector α as the least squares
solution:

α = argmin
x

||Ax− b||2 ⇔ ATAα = AT b. (2.9)

If the matrix A is not full-rank, we can consider the stabilized problem(
ATA+ ϵI

)
α = AT b, (2.10)

which is well-known to be invertible for any ϵ > 0. Nevertheless, we must be cognizant
of two extremities: choosing a large ϵ will affect the accuracy of the method, but
choosing its value to be too small may not serve the intended purpose and leave the
system singular to machine precision.

2.2.2 Constructing a Neighborhood
Although with this method there is no restriction on the basis selection, a naive

choice could lead to singular least squares systems, making it impossible to construct
the solution (without stabilization (2.10)). Let us note that for the remainder of this
study, at each point xi, we will use polynomial functions that are centered at the point
xi and rescaled by the size of the neighborhood Vi. Hereafter, the maximum polynomial
order of the basis will be denoted by P and the total number of elements in the basis
will be denoted by Q.

From the general method description, we see that it is essential to construct a
full-rank matrix A, while keeping A as compact and sparse as possible for
computational efficiency. Because the matrix structure and size are primarily dictated
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by the neighborhood configurations, it is imperative to understand how many neighbors
are needed in each neighborhood, how to construct them, and what properties they
should satisfy. The following are the three chief properties that each neighborhood
must satisfy:

i System Size - The total number of equations must be greater than or equal to the
total number of basis functions (i.e. the number of unknown coefficients αqi ).

ii Connectivity - The neighbors’ adjacency matrix must be invertible. This means
that you should be able to travel from any point xi to any other point xj whilst
traveling along a neighboring connection.

iii Independence - The neighborhood should contain points with at least P + 1
unique coordinates in each direction.

Condition (i) ensures that the matrixA is full rank. The second condition (ii) ensures
that all the neighborhoods are connected, and therefore, that the computation of each
basis’s coefficients depends on all other coefficients. If this condition is not satisfied,
there will be clusters of nodes and, consequently, basis coefficients that are separated
from each other, violating the global nature of the elliptic equation (2.1). The third
condition (iii) reinforces linear independence between the coefficient equations. Note
that even if the problem only varies in one direction, the matrix A must still be full rank.
In this scenario, the number of linearly independent basis functions is simply P + 1 and
so we need at least the same amount of unique coordinates in the direction that varies.

We point out that the neighborhoods do not have to be symmetric, meaning that if
xj is a neighbor of xi (i.e. xj ∈ Vi), it is not necessary for xi to be a neighbor of xj .
Furthermore, they do not all have to be the same size, nor abide by specific geometric
configurations. In practice, however, it is natural to keep them local and compact.

2.2.3 Constructing & Inverting the System
One of the principal advantages of our method is that the matrixA is straightforward

to construct. Once the neighborhoods have been built, we loop over all neighboring pairs
and evaluate the PDE, continuity, and boundary conditions. The matrix assembly only
requires evaluation of the basis function at the evaluation points. No quadrature rules,
finite difference formulas, nor any other numerical analysis algorithms are required.

Assuming that the Least Squares problem is non-singular, the solution vector can be
computed using a preconditioned conjugate gradient method (since ATA is symmetric),
or using the LSQR method [56, 57] to avoid forming ATA. Forming ATA may allow
us to construct a wider range of preconditioners, and so it is, a priori, unclear which of
these options will be computationally more efficient. It should be noted that the matrices
A,AT and ATA are sparse and can be constructed in O(NQ2); therefore, disregarding
the neighborhood construction, the total computational cost will scale as the complexity
of the linear solver, typically O(NQ2√κ), with κ being the condition number of ATA.
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2.2.4 One-Dimensional Proof of Concept

..

.
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(c) Split 3

Figure 2.2: 1D Method - solution representation for increasing spatial and polynomial
resolution. We start from a randomly generated set of points xi=1..10 and then recursively
split the grid by adding one grid point exactly between each existing pair of direct
neighbors. The exact solution is depicted as a dashed line.
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(c)

Figure 2.3: 1D Method - (a) h-P convergence analysis for Poisson’s equation with
Dirichlet boundary conditions. L∞ error and corresponding Estimated Order of
Accuracy (EOA). (b) Condition number of the least squares matrix ATA. (c) Condition
number of the preconditioned least squares matrix, using an incomplete cholesky
decomposition.

We consider the following Poisson problem

−△u = f(x) ∀x ∈ Ω = [0, 1], (2.11)
u(x) = g(x) ∀x ∈ ∂Ω.

In order to study the performance of the method we choose the exact solution to be

uexact(x) = sin(7x) + cos(7x)
and we set f(x) and g(x) accordingly. All local basis function sets are chosen to be
centered and rescaled polynomials, i.e. for each xi and over each corresponding
neighborhood Vi, we define

ϕqi (xi) =
(
x− xi

|Vi|

)q−1

, |Vi| = max
j∈Vi

|xi − x|, x ∈ Vi, q = {1, .., Q = P + 1}.(2.12)
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Each neighborhood Vi is first created by choosing the node xi itself, its closest left
and right neighbors. This ensures that the neighborhoods overlap with at least another
neighborhood in each direction; therefore the connectivity condition ii is satisfied.
Additionally, we need at least P + 1 different neighbors in Vi to satisfy both the system
size i and independence iii conditions. So, if P > 2, we add the remaining P − 2
closest points to the neighborhood. As a result, each neighborhood will contain
η = max(3, P + 1) elements. We choose the evaluation points to be xPDEij = xCij = xj .

Once again, we emphasize the fact that advanced numerical analysis techniques are
not required to construct our system, nor to obtain our solution (e.g. no taylor
expansions, convoluted integrals, or quadrature rules). Our implementation contains
around 100 lines of Matlab code and the least squares system is solved using the simple
backslash solve command (i.e. α = ATA\AT b). The backslash command for general
square matrices uses LU decomposition; however for symmetric matrices (which is our
case) the Cholesky decomposition is used instead. The results can be seen in Figure
2.2.

To study the h-P convergence of the method, we initialize the points xi=1..10 at
random and then recursively add midpoints between adjacent neighbors to double the
local spatial resolution. We will refer to splits as the number of subdivisions performed
from the original points set, and point out that the local resolution scales like h−splits,
where h is the original local spatial resolution. Simultaneously, we vary the polynomial
order using P = 2, 3, 4. The error is computed by comparing the exact solution and the
local approximation at each point. We will focus on the maximum error only.

Convergence results are presented in Figure 2.3, where we see the error
diminishing both as the resolution and the polynomial order increase. The condition
number – indicative of the computational time needed to solve the least squares
problem – increases with both the resolution and maximum polynomial order. Again,
our philosophy is to build a method that can easily be understood and implemented; we
are willing to have the computer take on the bulk of the work if it entails that we do
less. Indeed, for this example, we see that our method’s simplicity comes at the price of
inflated computational time. With the system being symmetric, we are able to
precondition it using a standard incomplete Cholesky decomposition, which, for this
example, drastically reduces the condition number. Typically, the condition number of
the preconditioned system is only the square root of the unpreconditioned one.

2.3 Extension to Higher Dimensions
Despite the one-dimensional example serving as an obligatory proof of concept in

terms of convergence, the full capabilities of our method, such as dealing with highly
adaptive data structures, arbitrary geometries, and boundary conditions, only manifest
themselves in higher dimensions.

For our method, the extension to higher dimensions is straightforward from both
the theoretical and practical perspectives. As illustrated in Figure 2.4, the domain of
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⌦j

Figure 2.4: Extending to higher dimensions: domain of interest Ω, and local vicinities
Ωi,Ωj . The neighborhoods Vi, Vj are defined as the set of points contained in the
corresponding vicinities.

interest Ω is still represented by a set of points xi=1..N . The solution is still decomposed
over a local basis ϕ1

i (x)..ϕQi (x) around the set of points, and the coefficients for these
expansions are obtained by evaluating the partial differential equations, boundary, and
continuity conditions over local neighborhoods, as underscored in section 2.2.1. The
construction of the linear system remains trivial, and the properties of the final system
are unchanged (ATA is symmetric, positive definite).

The main change in extending to higher dimensions difference is the neighborhood
construction - the shape and size of the neighborhoods both change. Furthermore,
because the derivative continuity condition will be evaluated in each direction, the total
number of equation written per neighboring pair will differ, and thus the minimal
neighborhood size. So, in dimension d, for a neighborhood Vi composed of η neighbors
(including xi), we will evaluate

- η PDE equations,

- η − 1 continuity conditions,

- d(η − 1) first-order derivative continuity conditions (η − 1 for each partial
derivative),

for a total of η (d+ 2) − d − 1 equations. Since we want the matrix A to be full rank,
we will systematically pick the number of basis of local basis function Q such that

Q ≤ η (d+ 2) − d− 1. (2.13)
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2.3.1 Basis Functions in 2D
We chose our basis function as product of one dimensional rescaled polynomials,

around xi = (xi, yi):

ϕqi (x) =
(
x− xi
|V x
i |

)px
(
y − yi
|V y
i |

)py

∀x = (x, y) ∈ Ωi, (2.14)

where the rescaling coefficients are

|V x
i | = max

x∈Vi

|xi − x|, |V x
i | = max

y∈Vi

|yi − y|. (2.15)

The total number of basis function will be

Q = (P + 1)(P + 2)
2 , (2.16)

and based on condition (2.13), we will need to choose the neighborhood size η such that

η ≥ (P + 1)(P + 2) + 6
8 . (2.17)

2.3.2 Neighborhood Construction
Figure 2.5 illustrates the construction of the neighborhood Vi for any given point xi.

We start by adding the point itself (depicted in blue) to the neighborhood. Next, the
algorithm recursively checks for nearby cells in a counterclockwise fashion, such that it
looks left first (−x direction), followed by below (−y), then right (+x), and finally up
(+y). For each neighbors v ∈ Vi, and in each direction, we find one neighboring cell
center and add it to the candidate set (depicted in pink). If v lies next to the interface, it
may not have neighbors inside Ω in at least one direction and so we only add neighbors
in Ω to Vi (see bottom row of Figure 2.5) and store the outside neighbor in a ghost set
Gi that will be used to find evaluation points for the boundary condition.

On the first pass, we add the entire candidate set to the neighborhood to ensure
that the connectivity condition (ii) is met. On the subsequent passes, while the other
two conditions are not met, we go through the candidates set and add a candidate c
to the neighborhood if either: the system size condition (i), (2.17), is not met or the
independence condition (iii) is not met in at least a direction d and the coordinate cd of
the candidate in that direction is not already present in the neighborhood.

2.4 Results
To explore our method, we considered multiple parameter settings. Presented here

are convergence results for various domain types, levels of mesh refinement, boundary
condition types, and numerous formulations of Eqn. 2.1 (by changing the coefficients).
Furthermore, we present an alternative way to compute a local error estimate – one that
is directly built-in to our numerical method. Finally, we discuss the implications of
Neumann boundary conditions with a computational time analysis.
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First Pass Candidate Kept Neighbor

Figure 2.5: Illustration of neighborhood construction around a reference cell (in blue)
for polynomial basis order P = 4. The process is carried out one layer at a time until
enough neighbors are identified to satisfy the system size and independence conditions.
When the reference cell lays next to the interface, the neighbors are chosen within Ω
(bottom row).

2.4.1 Problem Setup
We consider the proposed elliptic problem (2.1) with varying α, µ values over two

domains. The first domain is the unit square Ω = [−1, 1] × [−1, 1]. The second domain
is the interior of an octofoil centered at (0, 0) and defined by the zero contour of the
following level set equation

ϕ(x, y) = −
4

5 + 4
25 sin

(
8 arctan

(
y

x

))+
√
x2 + y2. (2.18)

For both of these domains, we use the boundary condition formulation (2.2) and vary
the weights β and γ to achieve the desired condition types. We also consider two types
of mesh refinement: uniform and randomly generated (see Figure 2.6). Each of the
representations will be used for the convergence analysis in this section.

We choose the exact solution to be uexact(x, y) = ex+y and we set the forcing term
f(x) and the boundary condition g(x) accordingly. For each of the representations, we
vary the polynomial order of our basis from P = 2 to P = 5, and recursively split all
grid cells to study the hp-convergence of the L∞-error.
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Dir+Robin

Figure 2.6: Grids and domains used for the convergence analysis - For each boundary
condition type (Dirichlet, Neumann, Mixed Dirichlet Robin), enforced on a square (top
rows) or the octofoil domain (bottom rows), we will consider both uniform (row 1
and 3) and adaptive grids (rows 2 and 4). This representation will be used to label
all convergence figures hereafter. Credit: this figure was created by Gbocho Terasaki.

The local and global L∞-error are defined respectively as

||eu(xi)|| =
∣∣∣∣∣∣uexact(xi) −

Q∑
q=1

αqiϕ
q
i (xi)

∣∣∣∣∣∣ . (2.19)
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||eu||∞ = max
i=1..N

∣∣∣∣∣∣uexact(xi) −
Q∑
q=1

αqiϕ
q
i (xi)

∣∣∣∣∣∣ . (2.20)

The Estimated Order of Convergence (EOC) will be computed from the global error,
using power fitting curves.

Table 2.1: Convergence summary - Average estimated order of convergence for various
boundary conditions, configurations, and polynomial orders P = 2, ..., 5.

Dirichlet Neumann Dir.+Robin Vary α
µ Degenerate Overall Avg

P = 2 1.86 2.17 2.02 1.63 1.46 1.83
P = 3 1.96 2.20 2.07 2.16 1.91 2.06
P = 4 3.45 3.30 3.46 3.51 3.45 3.43
P = 5 3.66 4.53 3.89 4.46 3.60 4.03

2.4.2 Classical Boundary Conditions: Dirichlet, Neumann, and
Robin

For our investigation of the classical boundary condition, we set α = µ = 1 and
consider all twelve configurations depicted in Figure 2.6. For the specific case of the
octofoil domain with Dirichlet boundary conditions (β = 1), using an adaptive
refinement, the local error is illustrated in Figure 2.8. It is clear that as we increase the
polynomial order and refine the grid, the local error converges.

The h-P convergence of the global error for each set of boundary conditions is
represented in Figure 2.7. For all twelve of these configurations, we, again, see the
error decaying to zero as the grid resolution and the polynomial order increase. The
estimated order of convergence (EOC) (see Table 2.1 and Figure 2.7) are relatively
consistent across all examples, ranging from EOC ≈ 2 (P = 2) to EOC ≈ 4 (P = 5).

2.4.3 Degenerate Cases
Here, we investigate degenerate cases where the PDE or boundary conditions may

lead to a non-coercive weak formulation and thus potentially ill-posed problems,
non-positive or even non-invertible systems. The LSQD method obtains the
polynomial coefficient from an SPD system and does not rely on the weak formulation.
Similarly to the Least Square Finite Element Method (LSFEM [58, 59]), the LSQD
method constructs the discrete system by evaluating the PDE and the boundary
conditions everywhere (formation of the matrix A), and then defining the Galerkin
matrix by taking the scalar product of these evaluations (ATA). As a result, it is not
affected by the potential ill-posedness of the weak form, and the resulting linear system
is guaranteed to be invertible.
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Dir+Robin

Figure 2.7: Convergence of L∞ global error for three boundary condition types.

For the first case, we set a = 1, µ = 1 and impose split boundary conditions of
Dirichlet and Robin. The degeneration comes from the Robin boundary condition, for
which we set β = 1, γ = −1. For the second case, we keep a = 1, but set µ =
−100 (i.e. Helmholtz’s equation), and enforce a Dirichlet boundary condition. The
convergence results are depicted in Figure 2.9. The method achieves h-P convergence
for both degenerate cases and all grid configurations. The numerical error dips rapidly
below reasonable error tolerances, and the EOC behaves normally, increasing with the
polynomial order and split number. We note that results using exclusively traditional
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Figure 2.8: Local error convergence: Octofoil domain with Dirichlet boundary
conditions on an adaptive grid. Error decays to zero both as polynomial order increases
and as the grid is refined.

Robin boundary conditions (β = 1, γ = 1) on the entire domain achieved similar
results.

2.4.4 Parameter Sensitivity Analysis
We focus here on Neumann boundary conditions. From (2.1), we note that when µ

is significantly smaller than a, the problem resembles an interpolation problem, which is
relatively straightforward to solve. On the other hand, if a is considerably smaller than
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Figure 2.9: Degenerate cases: (a) Robin and Dirichlet mixed boundary conditions, (b)
Dirichlet boundary condition with highly negative µ.

µ, the equation resembles an ill-posed Poisson problem.
To investigate how the solution is affected as the problem becomes close to being

ill-posed, we select four different values of a
µ

. The expectation is that as we increase the
ratio, the problem should become easier to solve.

2.10 (a) displays convergence results for the octofoil interface with a uniform grid
for a

µ
= 1, 10, 100, 1000. We observe that for each polynomial basis order, P , the

global error maintains a similar trend among the four tested ratios a
µ

, respectively. This
behavior corroborates the congruity of the Estimated Order of Convergence (EOC)
between various a

µ
given order P . Clearly, the method performs as expected with the

Neumann constraint across the various ratios; nonetheless, it is noteworthy that larger
values of a

µ
allow for a significant decrease in the global error (≈ 2 orders of

magnitude). In fact, when a
µ

≥ 100, the method demonstrates accuracy comparable to,
or surpassing, that which was achieved with Dirichlet boundary conditions.

2.4.5 Computational Time
It was established that lower α

µ
ratio values associated with a Neumann boundary

condition create a more challenging computational problem (2.4.4). For this reason, we
showcase the performance and efficiency of the LSQD method by exploring a variety of
α
µ

ratios. fig. 2.10 (b) illustrates the maximum error obtained by our solver in comparison
to the time it took to run serially on a Dell precision 3240. It is apparent that, in general,
achieving a lower maximum error requires a longer runtime and a higher polynomial
order. However, we also see that as the ratio α

µ
decreases, not only does it take more
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time to solve the system, but the order of accuracy declines.
We also observe that the slope of the error versus computational time increases with

polynomial order, indicating that in the asymptotic limit of highly resolved simulations
(small error or large CPU time), higher-order polynomial computations become the
most efficient. However, as shown in fig. 2.10 (b), this asymptotic regime is not yet
reached in our results. In practice, it is imperative to decide which variable (accuracy
or computational cost) takes precedence in a given setting. If minimizing error is the
priority, and computational resources are available, then a higher-order polynomial
basis is preferable. Conversely, if efficiency is more important or only a general
solution is needed, a lower-order basis may suffice. fig. 2.10 (b) illustrates this
trade-off: higher-order polynomials offer superior accuracy, but for moderate error
tolerance, lower-order methods can be more cost-effective.

2.4.6 Comparison to Finite Volume Method
The Finite Volume Method (FVM), a well-established approach in scientific

computing, excels at enforcing local conservation, handling discontinuities, and
performing efficiently on simpler geometries with structured or unstructured meshes.
However, FVM’s reliance on mesh generation becomes a significant bottleneck when
dealing with complex geometries, impacting both efficiency and accuracy, particularly
with non-uniform grid refinement. The Least Squares Discretization (LSQD) method,
in contrast, addresses this limitation by leveraging point cloud discretization,
eliminating the need for a mesh, and offering a more straightforward implementation.
As demonstrated in fig. 2.10 (b) and (c), while FVM may offer faster computation,
LSQD consistently achieves lower errors, especially at higher polynomial orders,
making it a compelling alternative when precision is paramount and complex
geometries pose meshing challenges.

2.4.7 Error Estimator
We propose an alternative way to compute local error estimate as:

||eu(x)||Est = max
∣∣∣∣∣∣
Q∑
q=1

αl
q
1ϕl

q
1(x) −

Q∑
q=1

αl
q
2ϕl

q
2(x)

∣∣∣∣∣∣ , l1, l2 ∈ L = (neighboring cells).(2.21)

Obtaining analytical solutions to PDEs is only possible in the simplest cases, so it
should be expected that the exact solution to the PDE (2.1) may not be available. We
propose an original error estimator, built-in to the algorithm, as evaluating accuracy
predicated on traditional methods tends to be infeasible. This error estimator acts as
a prediction for the expected convergence. For a comparison between the theoretical
prediction and practical results, refer to the Dirichlet case in Figure 2.11.

The function of our node-based error estimator is to compare local approximations
from neighboring cells. The error is calculated around each node location xi and is
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determined by neighboring cells, more specifically, the current node’s shared corners
with surrounding cells. In one dimension, we can picture the error as the discontinuity
between two local expansions around that node (see Figure 2.2). To visualize this
process in two dimensional space, refer once again to Figure 2.11 (a). If we want to
compute the estimate error around the reference node (in black), we first evaluate the
local approximations at this node. Then, we use the local approximation functions
constructed for the closest neighbor cells (blue), and do the evaluation at the considered
reference node xi. (note that the maximum amount of neighboring cells is four: left,
right, top, and bottom). Finally, the error estimate is computed as the maximum
difference between the local values obtained and the initial evaluation.

2.5 Conclusion
In this paper, we proposed a new paradigm for solving elliptic PDEs, one that would

retain all of the advantages of meshless methods, while remaining accessible in theory
and in practice. Least Squares Discretization Method (LSQD) does not require any
quadarature rules, weak formulations, body-fitted grids, nor does it necessitate advanced
mathematical theory. Nevertheless, it constructs h-P converging numerical solutions on
non-trivial data structures with reasonable computational complexity. LSQD method
easily handles complex geometries and is virtually impervious to ill-posed problems.

We demonstrated the feasibility in extending our method to a higher dimensional
space, and its applicability to a broad range of problems, boundary conditions, and
computational parameters (e.g. grid resolution, polynomial orders). For all cases, we
consistently observe h-P convergence, with Estimated Order of Convergence (EOC)
ranging from 1.83 to 4.53 (see table 2.1), and in practice the global error falls rapidly
below any reasonable error tolerance. Moreover, when investigating degenerate cases
(i.e. where the problem is potentially ill-posed as a consequence of the PDE coefficients
or boundary conditions), the method observes kindred results (see ??), exemplifying the
robustness of the LSQD method.

Finally, we proposed an a posteriori node-based error estimator to unveil the local
solution agreement. From fig. 2.11 (c), we see that as the polynomial order increases and
the grid is refined, the estimated and experimental errors display the same convergence
pattern and similar spatial localization. This estimator cannot be used as a lower bound
for actual error as seen in fig. 2.11 (c), but provides a general blueprint for where error
is to be expected. Coupled with a spatial adaptivity capability, this error estimator could
be used as an error controller.

From our computational time analysis (see 2.4.5), we observed steeper efficiency
curves for higher polynomial orders, suggesting that using high-order representations
might be advantageous, at least for very large systems. In practice, for small test
problems like the ones considered here, these benefits may not manifest, and low
polynomial orders seem to be the best strategy to get an accurate solution rapidly. In
the examples presented here, computational times peaked around 103 seconds on a
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single core, or ≈ 17 minutes for the largest systems (≈ 1.3 × 106 degrees of freedom
for 4 splits and P=5). Although we are willing to sacrifice computational time for ease
of implementation, these values are significant and suggest that the method must be
optimized to be of full practical interest.

To optimize LSQD, two avenues of investigation present themselves: reducing
CPU time and minimizing numerical error. Given that the majority of computational
time is spent solving the least squares system, future work will focus on accelerating
the linear solver and reducing the condition number. Furthermore, LSQD offers
numerous adjustable parameters, including evaluation point positions, the number of
neighbors, basis function selection, and equation weighting. By carefully investigating
the impact of these parameters on solution accuracy and system conditioning, the
efficiency and robustness of LSQD can be further enhanced. While our initial
presentation and analysis have been restricted to low-dimensional examples and a base
implementation, the inherent accessibility and versatility of LSQD position it as a
promising tool for computational scientists, with significant potential for further
development and wider adoption.
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(c)

Figure 2.10: Neumann boundary condition on the octofoil domain with a uniform
grid: impact of a

µ
ratios. (a) Global error trend for increasing split number for each

polynomial basis. (b) Impact of computational time on global error compared to FVM.
(c) Illustration of LSQD vs FVM computational error for increasing grid refinement.



26

Order (P) 2 3 4 5

0
1

2
3

Sp
lit

s

0 0.5 1 1.5 2 2.5 3
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

<latexit sha1_base64="i7u/6S4TyuGiS2XMeqei/3J8mPI=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jEYBI8RzEOSJcxOOsmQ2dllplcMS77CiwdFvPo53vwbJ8keNLGgoajqprsriKUw6Lrfzsrq2vrGZm4rv72zu7dfODhsmCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhVp37zEbQRkbrHcQx+yAZK9AVnaKWHDsITpjfVSbdQdEvuDHSZeBkpkgy1buGr04t4EoJCLpkxbc+N0U+ZRsElTPKdxEDM+IgNoG2pYiEYP50dPKGnVunRfqRtKaQz9fdEykJjxmFgO0OGQ7PoTcX/vHaC/Ss/FSpOEBSfL+onkmJEp9/TntDAUY4tYVwLeyvlQ6YZR5tR3obgLb68TBrlkndRKt+dFyvXWRw5ckxOyBnxyCWpkFtSI3XCSUieySt5c7Tz4rw7H/PWFSebOSJ/4Hz+AOkpkHw=</latexit>

EC

<latexit sha1_base64="78YNOjT9L2Qp7Uzmibaiw59QJYQ=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV1i1CPqxSMm8khgQ2aHASbMzq4zvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD26nfGHFtRKQecBxzP6R9JXqCUbSS30b+hOk1w4TKSadQdEvuDGSZeBkpQoZqp/DV7kYsCblCJqkxLc+N0U+pRsEkn+TbieExZUPa5y1LFQ258dPZ0RNyapUu6UXalkIyU39PpDQ0ZhwGtjOkODCL3lT8z2sl2LvyU6HiBLli80W9RBKMyDQB0hWaM5RjSyjTwt5K2IBqytDmlLcheIsvL5N6ueRdlMr358XKTRZHDo7hBM7Ag0uowB1UoQYMHuEZXuHNGTkvzrvzMW9dcbKZI/gD5/MHUP6Sdg==</latexit> A
ct

u
a
l

<latexit sha1_base64="p1iPwmSI0N66Ib6itkLXfBDBXaI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KkkRdVkUwWUF+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4Zx7uWdOkAiu0XW/rZXVtfWNzcJWcXtnd69k7x80dZwqBg0Wi1i1A6pBcAkN5CignSigUSCgFYyup37rAZTmsbzHcQJ+RAeSh5xRNFLPLnURHjG70cgjijDp2WW34s7gLBMvJ2WSo96zv7r9mKURSGSCat3x3AT9jCrkTMCk2E01JJSN6AA6hkoagfazWfCJc2KUvhPGyjyJzkz9vZHRSOtxFJhJk26oF72p+J/XSTG89DMukxRBsvmhMBUOxs60BafPFTAUY0MoU9xkddiQKsrQdFU0JXiLX14mzWrFO69U787Ktau8jgI5IsfklHjkgtTILamTBmEkJc/klbxZT9aL9W59zEdXrHznkPyB9fkDdO+TnQ==</latexit> E
st

im
at

e
<latexit sha1_base64="78YNOjT9L2Qp7Uzmibaiw59QJYQ=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV1i1CPqxSMm8khgQ2aHASbMzq4zvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD26nfGHFtRKQecBxzP6R9JXqCUbSS30b+hOk1w4TKSadQdEvuDGSZeBkpQoZqp/DV7kYsCblCJqkxLc+N0U+pRsEkn+TbieExZUPa5y1LFQ258dPZ0RNyapUu6UXalkIyU39PpDQ0ZhwGtjOkODCL3lT8z2sl2LvyU6HiBLli80W9RBKMyDQB0hWaM5RjSyjTwt5K2IBqytDmlLcheIsvL5N6ueRdlMr358XKTRZHDo7hBM7Ag0uowB1UoQYMHuEZXuHNGTkvzrvzMW9dcbKZI/gD5/MHUP6Sdg==</latexit> A

ct
u
al

<latexit sha1_base64="p1iPwmSI0N66Ib6itkLXfBDBXaI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KkkRdVkUwWUF+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4Zx7uWdOkAiu0XW/rZXVtfWNzcJWcXtnd69k7x80dZwqBg0Wi1i1A6pBcAkN5CignSigUSCgFYyup37rAZTmsbzHcQJ+RAeSh5xRNFLPLnURHjG70cgjijDp2WW34s7gLBMvJ2WSo96zv7r9mKURSGSCat3x3AT9jCrkTMCk2E01JJSN6AA6hkoagfazWfCJc2KUvhPGyjyJzkz9vZHRSOtxFJhJk26oF72p+J/XSTG89DMukxRBsvmhMBUOxs60BafPFTAUY0MoU9xkddiQKsrQdFU0JXiLX14mzWrFO69U787Ktau8jgI5IsfklHjkgtTILamTBmEkJc/klbxZT9aL9W59zEdXrHznkPyB9fkDdO+TnQ==</latexit> E
st

im
a
te

<latexit sha1_base64="78YNOjT9L2Qp7Uzmibaiw59QJYQ=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV1i1CPqxSMm8khgQ2aHASbMzq4zvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD26nfGHFtRKQecBxzP6R9JXqCUbSS30b+hOk1w4TKSadQdEvuDGSZeBkpQoZqp/DV7kYsCblCJqkxLc+N0U+pRsEkn+TbieExZUPa5y1LFQ258dPZ0RNyapUu6UXalkIyU39PpDQ0ZhwGtjOkODCL3lT8z2sl2LvyU6HiBLli80W9RBKMyDQB0hWaM5RjSyjTwt5K2IBqytDmlLcheIsvL5N6ueRdlMr358XKTRZHDo7hBM7Ag0uowB1UoQYMHuEZXuHNGTkvzrvzMW9dcbKZI/gD5/MHUP6Sdg==</latexit> A
ct

u
al

<latexit sha1_base64="p1iPwmSI0N66Ib6itkLXfBDBXaI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KkkRdVkUwWUF+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4Zx7uWdOkAiu0XW/rZXVtfWNzcJWcXtnd69k7x80dZwqBg0Wi1i1A6pBcAkN5CignSigUSCgFYyup37rAZTmsbzHcQJ+RAeSh5xRNFLPLnURHjG70cgjijDp2WW34s7gLBMvJ2WSo96zv7r9mKURSGSCat3x3AT9jCrkTMCk2E01JJSN6AA6hkoagfazWfCJc2KUvhPGyjyJzkz9vZHRSOtxFJhJk26oF72p+J/XSTG89DMukxRBsvmhMBUOxs60BafPFTAUY0MoU9xkddiQKsrQdFU0JXiLX14mzWrFO69U787Ktau8jgI5IsfklHjkgtTILamTBmEkJc/klbxZT9aL9W59zEdXrHznkPyB9fkDdO+TnQ==</latexit> E
st

im
a
te

<latexit sha1_base64="78YNOjT9L2Qp7Uzmibaiw59QJYQ=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEw8kV1i1CPqxSMm8khgQ2aHASbMzq4zvUSy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD26nfGHFtRKQecBxzP6R9JXqCUbSS30b+hOk1w4TKSadQdEvuDGSZeBkpQoZqp/DV7kYsCblCJqkxLc+N0U+pRsEkn+TbieExZUPa5y1LFQ258dPZ0RNyapUu6UXalkIyU39PpDQ0ZhwGtjOkODCL3lT8z2sl2LvyU6HiBLli80W9RBKMyDQB0hWaM5RjSyjTwt5K2IBqytDmlLcheIsvL5N6ueRdlMr358XKTRZHDo7hBM7Ag0uowB1UoQYMHuEZXuHNGTkvzrvzMW9dcbKZI/gD5/MHUP6Sdg==</latexit> A
ct

u
a
l

<latexit sha1_base64="p1iPwmSI0N66Ib6itkLXfBDBXaI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KkkRdVkUwWUF+4A2lMn0ph06mYSZG7GGfokbF4q49VPc+TdO2yy09cDA4Zx7uWdOkAiu0XW/rZXVtfWNzcJWcXtnd69k7x80dZwqBg0Wi1i1A6pBcAkN5CignSigUSCgFYyup37rAZTmsbzHcQJ+RAeSh5xRNFLPLnURHjG70cgjijDp2WW34s7gLBMvJ2WSo96zv7r9mKURSGSCat3x3AT9jCrkTMCk2E01JJSN6AA6hkoagfazWfCJc2KUvhPGyjyJzkz9vZHRSOtxFJhJk26oF72p+J/XSTG89DMukxRBsvmhMBUOxs60BafPFTAUY0MoU9xkddiQKsrQdFU0JXiLX14mzWrFO69U787Ktau8jgI5IsfklHjkgtTILamTBmEkJc/klbxZT9aL9W59zEdXrHznkPyB9fkDdO+TnQ==</latexit> E
st

im
at

e

<latexit sha1_base64="yZhpQK5YQ+zS70mxrfhvFMczqfQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwRo5ZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeuggf8K0TE8n3WLJrbgzkGXiZaQEGerd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TJrVindeqd6elWpXWRx5OIJjKIMHF1CDG6hDAxgoeIZXeHOM8+K8Ox/z1pyTzRzCHzifP1EGkLA=</latexit>

(a)

<latexit sha1_base64="htD87ZOUvoALDZkmAJGkJTCKoj0=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwRo5ZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeuggf8K0HJxOusWSW3FnIMvEy0gJMtS7xa9OL2JJyBUySY1pe26Mfko1Cib5pNBJDI8pG9EBb1uqaMiNn84unpATq/RIP9K2FJKZ+nsipaEx4zCwnSHFoVn0puJ/XjvB/qWfChUnyBWbL+onkmBEpu+TntCcoRxbQpkW9lbChlRThjakgg3BW3x5mTSrFe+8Ur09K9WusjjycATHUAYPLqAGN1CHBjBQ8Ayv8OYY58V5dz7mrTknmzmEP3A+fwBSjJCx</latexit>

(b)
<latexit sha1_base64="XmG6SEPNLXLDdkNroZ4YatvdaKo=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwRo5ZEG0tMBIxwIXvLAhv29i67c0Zy4V/YWGiMrf/Gzn/jAlco+JJJXt6bycy8IJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QNFGiGW+wSEb6PqCGS6F4AwVKfh9rTsNA8lYwup76rUeujYjUHY5j7od0oERfMIpWeuggf8K0zE4n3WLJrbgzkGXiZaQEGerd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2cXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0/dJT2jOUI4toUwLeythQ6opQxtSwYbgLb68TJrVindeqd6elWpXWRx5OIJjKIMHF1CDG6hDAxgoeIZXeHOM8+K8O x/z1pyTzRzCHzifP1QSkLI=</latexit>

(c)

Figure 2.11: Error Estimator Analysis on an Adaptive Grid. (a) Three distinct node
locations and what is considered their respective surrounding/neighboring cells. (b)
Comparison between computational order of accuracy (colored lines) and predicted
order of accuracy (dashed lines). (c) Illustration of computational and predicted error
for increasing polynomial order and grid refinement. (Credit: Gbocho Terasaki helped
create portions of this figure.)



Chapter 3
Computational Modeling of Protein
Conformational Changes - Application to
the Opening SARS-CoV-2 Spike

3.1 Introduction
Proteins are polymers composed of amino acid chains that are folded into

well-defined three-dimensional shapes. Their structure and shape are crucial for proper
protein function. However, in many proteins the three-dimensional structure is not
enough, and function must be facilitated by specific intra-protein motions. The
SARS-CoV-2 spike (S) protein is one such protein [60, 61, 62, 63]. Naturally found as
a homotrimer, the S-protein contains a buried receptor binding domain (RBD). The
RBD has a high affinity to the human angiotensin-converting enzyme 2 (ACE2), and
binding mediates viral entry to the cell. However, to facilitate ACE2 binding, the RBD
must be exposed through a series of complex motions that occur in the unbound S
protein trimer. [64, 61, 65, 66]. Recently, Zimmerman et al. [67] produced the first
Markov state models simulation of the SARS-CoV-2 spike opening. This
computational tour de force involved millions of citizen scientists collaborating
through the Folding@home initiative [3], and produced an overall 0.1s of molecular
trajectories. For a full characterization of the protein interaction, the molecular
trajectory may not be enough.

One aspect that may provide some insight into the interactions and function of a
protein is the electrostatic potential it generates. For the SARS-CoV-2 spike, according
to a previous study, the affinity constant (derived from the electrostatic potential) for
the RBD of SARS-CoV-2 to the ACE2 is 10 to 15 times greater than that of
SARS-CoV, potentially contributing to its transmission efficiency [62]. The reason for
the higher binding affinity was attributed to several mutations, most notably from the
residue Val404, found in SARS-CoV, to the positively charged Lys417 in
SARS-CoV-2. This mutation resulted in an intensified electrostatic potential
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complementarity between the negatively charged ACE2 binding site and the now more
positively charged RBD of SARS-CoV-2 [60, 62]. To understand the contribution of
protein charge repositioning and also to help inform drug design strategies that
leverage this distribution, it is imperative to know how the protein’s electrostatic
potential changes as it deforms.

The Poisson-Boltzmann equation has long been recognized as the representation of
choice to model the electric potential generated by proteins in solvents. It has drawn
significant interest from the computational community since the pioneering calculations
of Warwicker and Watson in the early 1980s [68], which has lead to the production of
a broad variety of numerical solvers [69, 70, 71, 72, 73, 74, 75, 76] and open source
software [77, 78, 79], built over the traditional spectrum of numerical methods. Such
tools are, for example, employed in the context of drug development and discovery to
calculate solvation free energies [80, 81, 82]. Using massively parallel architectures
[83], these calculations can be carried out on considerably large proteins, such as the
entire HIV-1 capsid (4, 884, 312 atoms, Protein database entry: 3J3Q).

In this work, we combine Markov state model simulations with partial differential
equation modeling to obtain dynamical electric potential maps of deforming proteins.
To illustrate this novel approach, we leverage the S protein opening trajectory created
by the Folding@home initiative to examine and characterize the potential of the
SARS-CoV-2 S protein during trimer opening. At each frame of the simulated
trajectory, we reconstruct the protein surface and calculate the generated electric
potential with the approach developed by Mirzadeh et al. [84, 85]. Using adaptive
non-graded Octree grids and sharp discretizations, we efficiently produce high-fidelity
solutions to the non-linear Poisson-Boltzmann equation. In the continuum model, all
temporal variations are neglected, and as a consequence, all potential maps are
independent, making their computation embarrassingly parallelizable. To verify the
accuracy of our method, we construct practical a posteriori error estimates for the
surface representation and electrostatic properties.

Our study of the electrostatic dynamics of the S protein opening reveals dramatic
rearrangements of the electrostatic field during this process. These rearrangements act
to localize a negatively charged field towards the interior of the S protein and expose a
positive surface of its residue binding domain. This is in line with the negative charge
of the target binding region on the ACE2 receptor and may aid the S protein in binding
to its target with high affinity.

This project is arranged as follows: in section 3.2, we present the trajectory used for
this study. Next, section 3.3 entails a brief description of the mathematical construction
for the calculation of the potential field that is done on each frame in the trajectory. This
section further describes the numerical method used along with a convergence study for
computational validation. The dynamical electrostatic-geometric properties of the spike
protein example are characterized in section 3.4, and conclusions are drawn in section
3.5.

The results presented here were done in collaboration with Selma Strango, Prof.
Maxime Theillard, and Prof. Shahar Sukenik and this work was published in 2021 [4],
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with the dissertation author as first author. The majority of the writing and figures that
appear here are taken directly from the article. My specific writing contributions are the
following: section 3.2, the convergence study in 3.3, the electrostatic potential results
and analysis in 3.4, and the conclusion 3.5. The numerical method used here (presented
in 3.3) was developed by Prof. Maxime Theillard.

3.2 Opening of the SARS-CoV-2 Spike Protein
The S protein exists primarily in the closed configuration, shielding the three

identical RBDs in its core [67]. The Folding@home trajectory focuses on the opening
of the unglycosylated, uncleaved spike configuration through the detachment of a
single monomer from the spike’s core, revealing its associated binding site. A similar
(but not identical) monomeric-opening state has recently shown to be populated in
≈ 16% of the unbound spike population in a recent cryoEM study [86].

3.2.1 Simulated Trajectory
The trajectory, from Zimmerman et al. [67] contains a 71-frame sequence that

captures the most populated pathway of the spike protein’s transition from its closed to
open state. Each frame consists of a list of N = 51, 671 atoms, represented by their
positions xi=1..N , radius ri=1..N and fixed partial charge zi=1..N . Throughout these
frames, the protein undergoes continuous deformations, which shift the
receptor-binding domain of one of the monomers from being hidden - while the spike
is in its closed conformation - to being fully exposed once the spike opens. Figure 3.1a
and 3.1b represent the protein’s molecular structure in the open and closed
configurations. Each one of its chains is depicted in a different color to illustrate the
protein’s trimeric structure. The revealed receptor-binding domain is located at the
opening extremity of the red chain (see Figure 3.1a, 3.1b).

3.2.2 Relative Opening Measurement
To provide preliminary quantification of the spike opening, dozens of atom pairs

on opposing sides of the spike were chosen, and the distance between them measured
as the spike transitions from one conformation to another (i.e. as a function of frame)
(Figure 3.1a and b). One of the atoms in the pair was chosen from the binding interface,
the monomer depicting in red in Figure 3.1(a and b), while the second atom in the
pair was chosen across the top of the spike opening. Although all pairs presented the
same general trajectory, four of these atom pairs were arbitrarily selected as a subset for
illustration.

The resulting relative distance between the atom pairs is measured in Angstroms
(Å), as shown in Figure 3.1c. The lines labeled 1, 2, 3, and 4 refer to the behavior of the
four-pair subset, with their average behavior depicted in black. All four measurements
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generally follow the same trend. This extension happens continuously outside of frames
50 to 55, which show abrupt variations.

3.2.3 Magnitude of the Conformation Change
To measure the total structural deformation, we compute the root-mean-square

deviation (RMSD). It measures the average distance between atoms in the current
position and some reference configuration, defined here as the initial closed
configuration. Specifically

RMSD =

√√√√ 1
N

N∑
i=1

|xni − x1
i |2, (3.1)

where the superscripts n and 1 are for the current and initial states. Despite large
variations at the initial and final stages, the RMSD evolution (depicted in Figure 3.1d),
shares similar features with the evolution of the relative opening. These similarities
suggest that the significant transformations that occur during the opening are
recapitulated by the four distances in Figure 3.1c.

3.3 Mathematical Construction
The potential map at each iteration from the current protein structure is

reconstructed using the non-linear Poisson-Boltzmann (PB) equation. Because of the
way the trajectory has been obtained, all frames are independent. Thus, the potential
maps are decoupled and can be computed separately.

A common way of portraying a molecular surface is by use of the van der Waals
Surface depiction (see Figure 3.2b). Each atom in a molecule is depicted by a sphere
with location xi=1...N and radius ri=1...N that is defined by an isosurface on their
electron density. The union of these spheres, depicted in gray in Figure 3.2, forms the
van der Waals Surfaces (vdWS) of that molecule. The nature of the vdWS means that
some regions might be identified as being exposed to the solvent, while in fact, their
geometry makes them inaccessible to the solvent particles. As a consequence, we
define the Solvent Accessible Surface (SAS [87]) of the protein, depicted as the blue
outline in Figure 3.2 b; it is formed through the addition of the solvent’s particle radius,
rP , to each ri=1..N resulting in a buffer around the vdWS. The Solvent Excluded
Surface (SES) is preferable when discussing surface details of a molecule [88], as
shown in Figure 3.2b. As the name suggests, the inner molecule region defined by this
surface includes all locations the solvent cannot occupy, including the vdWS and the
tiny crevasses on its exterior, shown as concave black triangles at the meeting of atoms
A and B in Figure 3.2b.

To represent the biomolecule mathematically, we employ the level set method [89]
and capture the SES location as the zero level set of an auxiliary field ϕ(x) defined over
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Figure 3.1: SARS-CoV-2 Spike protein visualized in its closed (a) and open (b) states.
The four pairs of atoms, along with the separating distances, used to quantify the gap
opening are represented with straight solid colored lines.(c) The relative distance (Å)
between arbitrarily chosen atom pairs are represented as a function of time. One atom is
selected on the receptor-binding domain (RBD), and the other opposite the RBD across
the opening of the spike protein. This distance is relative to the average distance between
each respective atom pair (1,2,3, and 4 in the graph), hence the term’ relative distance’.
(d) The root mean squared deviation (RMSD) is calculated as a function of time with
frame 1 (closed state) as the reference frame.

the domain of interest Ω. The solvent Ω−, the Solvent Excluded Surface Γ, and the
inside of the molecule Ω+ are defined as

Ω− = {x ∈ R3|ϕ(x) < 0} (3.2)
Γ = {x ∈ R3|ϕ(x) = 0} (3.3)
Ω+ = {x ∈ R3|ϕ(x) > 0} (3.4)

The normal n to the interface Γ is defined as pointing toward Ω+. It is calculated as the
normalized level set gradient

n = ∇ϕ
|∇ϕ| . (3.5)
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Figure 3.2: (a) Visualization of the top view of the Spike protein molecule (colored by
monomer). Color denotes the three monomers (b) A cutaway diagram of a general
molecular surface depicting the Van der Waals Surface (vdWS), solvent-excluded
surface (SES), and solvent-accessible surface (SAS). (c) SES representation of the Spike
protein oriented the same way as Figure (a) (top view).

The level set function is constructed following the approach proposed by Mirzadeh et
al. in [85].

Refer to the above Table 3.1 for the full list of problems parameters and their non-
dimensional values. The electrostatic potential, Ψ, around a biomolecule immersed in
a binary z:z electrolyte solution can be described by the following non-linear Poisson-
Boltzmann (PB) equation,

−∇ · (ϵϵ0∇Ψ) + 2cb(x)NAez sinh( eΨ
kBT

) =
N∑
i=1

qiδ(x − xi), ∀x ∈ Ω \ Γ. (3.6)

The non-dimensional Poisson-Boltzmann equation has the form:

−∇ · (ϵ∇ψ) + κ2
D(x) sinh(ψ) =

N∑
i=1

λBziδ(x − xi), ∀x ∈ Ω \ Γ. (3.7)

The above non-dimensional PDE is completed with the following jump conditions:

[ψ]Γ = 0, [ϵ∇ψ · n]Γ = 0, ∀x ∈ Γ. (3.8)

The non-dimensional potential ψ, is split into regular and singular parts: ψ̂ and ψ̄,
respectively

ψ = ψ̂ + ψ̄. (3.9)

The singular part is itself split into two parts ψ∗ and ψ0

ψ̄(x) =
ψ∗(x) + ψ0(x) if x ∈ Ω+,

0 if x ∈ Ω− (3.10)
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Parameter Symbol Definition Value

Characteristic length L - 1
Characteristic potential (thermal voltage) ψ0

kBT
e

2.570 × 10−2V

Vacuum permittivity ϵ0 - 8.854 × 10−12Fm−1

Spike relative permittivity ϵ+ - 2
Solvent relative permittivity ϵ− - 7.830 × 10

Boltzmann constant kB - 1.381 × 10−23JK−1

Avogadro number NA - 6.022 × 1023M−1

Elementary charge e - 1.602 × 10−19C
Temperature T - 298.15K

Salt concentration cb - 1 × 10.0−3Mm−3

Probe radius rp - 1.4
Valence of the background electrolyte z - 1

Non-dimensional inverse of Debbye length κD $
√

2cbNAe2zL2

ϵ0kBT
9.207 × 10−3

Non-dimensional Bjerrum length λB
e2

kBTϵ0L
7.039 × 103

Table 3.1: Problem parameters and non-dimensional numbers.

where ψ∗ is the Coulombic potential due to singular charges,

ψ∗(x) = λB
4πϵ+

N∑
i=1

zi
|x − xi|

, (3.11)

and ψ0 satisfies the following Poisson’s problem

∇ψ0 = 0, ∀x ∈ Ω+, (3.12)
ψ0 = −ψ∗, ∀x ∈ Γ. (3.13)

Utilizing the decomposition shown above, the regular (non-singular) part of the solution
is given by solving

−∇ · (ϵ∇ψ̂) + κ2(x) sinh(ψ̂) = 0, ∀x ∈ Ω \ Γ. (3.14)

3.3.1 Numerical Method
The numerical method, implemented on non-graded adaptive Octree grids, follows

the general description given in [85], where each snapshot of the protein is treated
independently. The surface and grid generation is done using the level set framework
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developed by Min and Gibou [90]. The entire method is parallelized in a shared
memory fashion using OpenMP [91, 92]. Calculations were performed on Octrees of
maximum level ranging from 7 to 11.

Error Estimation

To determine the convergence of the overall method, we construct numerical error
estimators. These estimators can be employed independently of the numerical
approach, because they rely only on the decomposed PDE. The error on the interface
representation, gradient of the solution (i.e. electric field), and solution itself can be
estimated using the following metrics eΓ, eE, eψ

eΓ = 1
|Γ|
∣∣∣∣ ∫

Γ
∇ψ∗ · n −

N∑
i

λzi
4πϵ+

∣∣∣∣, (3.15)

eE = 1
|Γ|
∣∣∣∣ ∫

Γ
∇ψ0 · n

∣∣∣∣, (3.16)

eψ = 1
|Γ|

∫
Γ

∣∣∣∣ψ∗ + ψ0

∣∣∣∣, (3.17)

where |Γ| is the surface area of Γ. Numerical errors for eΓ can only come from
calculating the normal or approximating the surface integral. When computing eE , the
main source of error would be in ∇ψ0. Finally, eψ is the average error in ψ0 on the
interface.

Convergence Study

Figure 3.3a depicts the spike protein’s electrostatic potential at the initial frame
(closed configuration) as the mesh is refined (denoted as (maxlevel). The positive
electrostatic potential is colored in blue, no charge in white, and the negative
electrostatic potential is shown in red. For the least resolved simulations,
(maxlevel = 7, 8, it is clear that we do not get an accurate depiction of the electrostatic
map, but we are able to, roughly, reconstruct the overall shape of our spike protein. As
we increase the grid resolution, we obtain a more detailed representation of the protein
and, similarly, we are able to clearly see variations in the electrostatic map.

In Figure 3.3b we see all three error metrics converge with increasing resolution
(the same resolutions that were used in 3.3a). From these results, we are confident that
the method is correctly implemented and that the most refined simulations accurately
capture the S protein’s electrostatic potential, thus, hereafter, our results are based on
maxlevel = 11.

3.4 Results
In this section, we discuss our observations of the spike protein’s electrostatic

potential over time in relation to the ACE2 receptor. The part of the spike containing
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Figure 3.3: (a) Evolution of the spike’s Solvent Excluded Surface and electrostatic
potential as the maximal resolution increases. (top down view in the closed
configuration (frame 1)). (b − d) Convergence of the interface representation (eΓ),
surface normal electric potential (eE), and surface potential (eψ).

the three RBDs will be referred to as the top part, and the predominantly negatively
charged portion as the bottom part. We see that the S protein remains predominantly in
its closed conformation, hiding its receptor-binding domains (RBDs). This
configuration would impede its binding to the ACE2 receptor. So, in order to bind with
ACE2, the S protein transforms into its open conformation, revealing its binding
interface.

From the simulations seen in Figure 3.4a, the top part of the spike protein is shown
to be mostly positively charged, aligning with the fact that the ACE2 binding site (Figure
3.5) is negatively charged. However, we notice that the top of the spike also uncovers
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a negatively charged core, χ. So, as the spike opens, it is possible that it would repulse
the ACE2 receptor. Thus, the goal here is to characterize the geometrical and electric
properties of χ, the cloud C that it creates, and the binding site B.

3.4.1 Spike Protein Core
The negatively charged core χ, illustrated in Figure 3.4b, is the area of the SES at the

top of the protein where the electric potential is more negative than the threshold value
cχ = −5, this portion is colored in red. From figure 3.4 d and e, we are able to see the
relative size and potential variations over the molecular trajectory. It is apparent from
Figure 3.4, that while area shrinks (≈ 50%)), the average potential variation remains
small (≈ 10%). For both of these cases, the largest variations occur, roughly, in the first
10 iterations.

3.4.2 Electric Cloud
The negatively charged electric cloud, C, generated by the core χ, is defined as the

region in the upper part of the solvent where the potential is below the threshold value
cC = −2 (see Figure 3.4c - colored in pink). The results in Figure 3.4d and e indicate C
expands by ≈ 42% as the spike opens, while its average potential decreases in magnitude
by 30%. We interpreted this phenomenon as a dissolution of the negative charges caused
by the spike opening. When the spike opened to remove one its monomers between the
core and solvent, this may have diluted the surface charges in the solvent; thus the core
and its charge contracted.

3.4.3 Electric Field
Figure 3.6 illustrates streamlines for the spike’s electric far field . In the (top image)

closed configuration, the majority of streamlines emerging from the bottom part of the
spike are pointing away from the spike. Only a few of the streamlines return to the
protein. In the upper portion of the protein, the streamlines are predominantly closed,
suggesting that in this configuration the spike protein may not be able to attract
opposite charges at long range; so in this conformation, the spike has a limited
attracting potential. As the spike opens (bottom image), the streamlines at the bottom
remain unchanged from the closed configuration. However, in the top of the protein we
now see a rearrangement and the streamlines are predominantly open. The streamlines
now reach further outward, potentially attracting the ACE2 receptor.

Figure ??, once again, depicts the entire electric field structure; additionally, it
presents the region, colored in blue, in the solvent where the electric field points away
from the protein, or equivalently where negative charges would be drawn to the spike.
In the closed (left) configuration, this region is predominantly located above the spike,
while in the open configuration it is split into three sub-regions, each centered around
one of the RBDs. In the open (right) configuration, we observe the sub-region centered



37

10 20 30 40 50 60 70
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

10 20 30 40 50 60 70
-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

(d) (e)

10�10 2 4 6 8�2�4�6�8

 ̂
0

(a)

(b)

(c)

C

�

10 20 30 40 50 60 7010 20 30 40 50 60 7010 20 30 40 50 60 70
�1

�0.8

�0.6

�0.4

�0.2

0

0.2

0.4

0.6

0.8

1

_2
H�

iBp
2

o�
`B�

iBQ
M

�0.5

�0.4

�0.3

�0.2

�0.1

0

0.1

0.2

0.3

0.4

0.5

10 20 30 40 50 60 70
6`�K2

10 20 30 40 50 60 7010 20 30 40 50 60 70
6`�K2

_2
H�

iBp
2

o�
`B�

iBQ
M

Figure 3.4: (a) Potential map of the SARS-Cov-2 spike open (frame 1), intermediate
(frame 35), and close configuration (frame 71). (b) Evolution of the negatively charged
core as the spike opens. (c) Repulsive electric cloud generated by the negatively charged
core. (d − e) Characterization of the negatively charged core χ and repulsive electric
cloud C: relative size (d) and potential (e) variations over the entire molecular trajectory.

around the now visible RBD. This portion represents 45% of the total region colored in
blue and contains 34% of its total electric potential energy.
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Figure 3.5: (a) Portion of the ACE2 receptor displaying surface charge (left). ACE2
and RBD of the spike protein connected (right). (b) Binding site of ACE2 highlighted
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(yellow) connection (right). (c) SARS-Cov-2 spike in open conformation with RBD
(yellow) and binding site, B (green) highlighted. (d − e) Characteristics of the binding
site, B, of the spike protein. (d) Relative variance of the area and absolute curvature
along with average potential. (e) average positive and negative potential.
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Figure 3.6: Streamlines and direction of the electric field in the close (top) and open
(bottom) configurations. As the spike opens, the streamlines emanating from the upper
part of the molecule are observed to open as well. This effect is particularly noticeable
for the lines emerging from the RBD domain (opening extremity on the right).

3.5 Conclusion
The principal objective was to reveal the impact of the SARS-CoV-2 spike protein’s

transition from its open to closed conformation. We examined the entire protein’s
electrostatic potential dynamics, focusing particularly on its receptor binding domains.
In the Folding@home trajectory we analyzed, one of the three monomers detaches
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Figure 3.7: Streamlines of the electric field (E = −∇ψ̂) in the close (left) and
open (right) configurations over the entire computational domain. The portion of the
streamlines where the electric field is pointing away from the protein (i.e. ∇ψ · x =
−E · x < 0), and therefore negative charges would be drawn to the it, is depicted in
blue.

from the core of the complex and becomes visible to the surrounding environment,
consistent with recent cryo-EM derived structures [86]. Our results show that despite
the dramatic molecular displacement engendered by this strategic re-positioning, the
geometric and electric properties of the RBD itself remained largely unaltered.
However, changes emanating from the exposure of the core of the S protein caused a
change in the electric fields surrounding the RBD.

From our continuum analysis, both of the surface potential and the volumetric
potential in the vicinity of the binding region pointed to the existence of an inner
negatively charged core on the surface of the spike, which was revealed to the solvent
as the spike opened. This negatively charged surface shrank as the spike opened,
inducing a negatively charged region between the exposed RBD and the two hidden
ones. Initially, the emergence of this electric cloud was puzzling; as the binding site of
the ACE2 receptor itself is almost entirely negatively charged – we expected this cloud
to repulse the receptor. However, this cloud did not envelop the spike’s binding site, B
– it became more positively charged. The electric field, which we observe uncoiling
above the protein, exhibits a dramatic rearrangement. This is correlated to the
emergence of the negatively charged cloud. The transition from the entire top part of
the spike attracting negatively charged structures (e.g. ACE2 binding site), to attracting
a specific RBD can be seen as strategic.

At the computational level, we developed a novel framework, combining molecular
dynamics simulations with a continuum physics numerical solver to produce
high-resolution multiscale dynamical potential maps of deforming proteins and their
surrounding environment. We hoped that the approach presented here could provide
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the scientific community with invaluable information, which could potentially be used
to elucidate how changes to physical properties such as electrostatics translate into
function.



Chapter 4
Spatially Resolved Multi-Generation
Modeling of Prion Aggregate Inheritance
in Budding Yeast

4.1 Introduction
Protein aggregation is a hallmark of many cellular stress responses and is strongly

implicated in neurodegenerative disease. Misfolded proteins can disrupt normal cellular
function, interfere with intracellular transport, and trigger toxic stress pathways [93, 94].
In some cases, misfolded proteins can also act as templates that convert normally folded
proteins into aggregated states, thereby propagating pathological conformations over
time [95]. One important class of such proteins is prions, which are transmissible and
associated with fatal neurodegenerative mammalian diseases including sheep scrapie,
bovine spongiform encephalopathy, and Creutzfeldt–Jakob disease [96].

The yeast Saccharomyces cerevisiae provides a tractable and ethically advantageous
system for studying protein aggregation and prion propagation [97, 98, 99, 100, 101]. In
contrast to mammalian systems, prion-like protein aggregation in yeast can be studied
experimentally without causing harm to the organism, while still preserving many of
the essential features of aggregate inheritance and persistence. In fact, Saccharomyces
cerevisiae contains several harmless phenotypes that we now know to be caused by prion
proteins [102]. Experimental studies have shown that aggregated proteins in dividing
yeast cells are often inherited asymmetrically, with aggregates preferentially retained
in the mother cell [103]. This asymmetry has important physiological consequences,
including replicative aging, impaired stress response, and reduced cellular fitness [104,
105]. Experimental work has established that this asymmetric retention is not driven by
active transport but is instead consistent with diffusion-limited partitioning within the
confining geometry of the dividing cell [5], suggesting that spatial and geometric effects
are central to understanding aggregate inheritance.

Mathematical modeling has played an important role in clarifying the mechanisms

42
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of prion propagation in yeast. The dominant framework has been the nucleated
polymerization model (NPM) and its extensions, which describe aggregate dynamics
through systems of ordinary differential equations (ODEs) treating each cell as a
well-mixed compartment [106, 107]. These models have been successful in capturing
coarse aggregation kinetics, relating molecular parameters to observable phenotypes,
and studying the role of chaperones such as Hsp104 in aggregate fragmentation [107].
More recently, impulsive differential equation frameworks have extended this approach
to account for asymmetric division and multi-generational propagation at the colony
level, successfully reconciling previously conflicting experimental observations on the
[PSI+] prion [108]. Stochastic multi-scale models have further enabled the tracking of
discrete aggregate numbers across cell lineages using Gillespie-type simulations [109,
110, 111]. Despite their successes, all of these approaches treat the intracellular
environment as spatially homogeneous. While some frameworks encode asymmetric
partitioning at division as a prescribed parameter [108, 110], none derive this
asymmetry from the underlying spatial and diffusive dynamics that experiments
suggest are its physical origin [5].

In this chapter, we address the next natural step by extending the framework of
Heydari et al. [6], who demonstrated that geometry alone can produce asymmetric
aggregate partitioning in a single mother–daughter division event, to simulate explicit
multi-generation yeast cell lineages. Banwarth-Kuhn and Sindi [112] identify the
requirements for such a framework explicitly: it must incorporate asymmetric protein
distribution at the time of division, simulate prion dynamics within each individual cell
using spatially resolved models of intracellular dynamics, and track protein
concentration through different cell lineages to investigate the impact of lineage history
on aggregate persistence. While the governing equations are fully spatially resolved,
lineage-level analysis is performed using cell-integrated aggregate quantities, as the
spatial fields serve primarily to produce physically consistent partitioning at each
division event rather than to characterize intracellular spatial patterns across
generations. The present work satisfies the first two of these requirements directly, and
the parallelized pipeline developed here is in principle extensible to the third—varied
cell cycle lengths between generations—which we leave as a direction for future work.

The model incorporates diffusion of soluble and aggregated protein species,
reversible aggregation reactions, and a logistic growth term reflecting the increasing
protein content of growing cells, with diffusion coefficients calibrated directly from
fluorescence loss in photobleaching (FLIP) experimental data [113]. Cell geometry and
division are represented using a level-set-based description of the evolving
mother–daughter domain, and the governing equations are discretized using a
mass-conservative finite volume method on adaptive octree grids. To simulate full
binary lineage trees to generation five and beyond, we developed a parallelized pipeline
that automates the inter-generational handoff and distributes simulations across a
high-performance computing (HPC) cluster, a computational investment necessitated
by the cost of three-dimensional, time-dependent PDE solves that has no analogue in
the sequential execution of well-mixed or stochastic lineage models. This combination
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of spatial resolution, biologically informed parameters, and lineage-scale computation
represents a qualitatively new mode of investigation for yeast prion dynamics.

This framework allows us to simulate protein aggregation and inheritance over
multiple generations and to study how aggregate distributions evolve across explicit
cell lineages. In particular, we investigate how model parameters govern the balance
between aggregate dilution and long-term retention, and we analyze the resulting
generation-dependent patterns in aggregate burden. Beyond reproducing asymmetric
inheritance, the model provides a computational setting for identifying regimes in
which prion burden persists across generations and regimes in which it is effectively
suppressed.

The remainder of this chapter is organized as follows. Section 4.2 introduces the
governing reaction–diffusion equations and the level-set representation of the dividing
yeast geometry. Section 4.3 briefly reviews the conservative finite volume method used
for all simulations. Section 4.4 describes the simulation setup, including biologically
motivated parameter choices and the calibration of diffusion and growth rates.
Preliminary multi-generation results establishing the key qualitative features of the
model are presented in Section 4.5. Section 4.6 describes the binary lineage
representation and HPC parallelization strategy. Full lineage simulation results across a
structured parameter sweep are presented in Section 4.7. Finally, Section 4.8 discusses
the biological interpretation, limitations, and directions for future work.

4.2 Mathematical Modeling

Figure 4.1: Three-dimensional simulation of a dividing yeast cell with a splitting
nucleus. As time progresses, a daughter cell buds from the mother cell, grows, and
ultimately detaches.

Mathematical modeling provides a useful framework for investigating intracellular
protein dynamics, but it necessarily requires simplifying assumptions about both the
cell and its environment. In the present work, we model protein aggregation inside a
deforming yeast cell whose geometry evolves throughout the budding process. Unlike
well-mixed ordinary differential equation models, a spatially resolved formulation can
represent intracellular heterogeneity, diffusion-driven redistribution, and the geometric
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effects of asymmetric division. These features are essential for studying how aggregates
are retained or diluted across generations.

The biological process of interest involves two protein species: a monomer A and
an aggregate species B, which is modeled here as a dimer. We assume that two
monomers can combine to form a dimer, while the dimer can dissociate into two
monomers, according to the reaction scheme

A+ A⇌ B. (4.1)

The corresponding concentrations of the monomer and aggregate are denoted by ψA and
ψB, respectively.

4.2.1 Governing Equations
Let Ω(t) ⊂ R3 denote the time-dependent intracellular domain of a dividing yeast

cell. We assume that both species diffuse throughout the cell with diffusion coefficients
DA and DB, respectively. The dimerization and degradation rates are denoted by γAB
and γBA. The reaction–diffusion system governing the concentrations ψA and ψB is
therefore

∂ψA
∂t

−DA△ψA = 2γBAψB − γABψ
2
A ∀x ∈ Ω(t), (4.2)

∂ψB
∂t

−DB△ψB = 1
2γABψ

2
A − γBAψB ∀x ∈ Ω(t). (4.3)

The cell membrane is assumed to be hermetic, so both species satisfy no-flux
boundary conditions on the cell boundary ∂Ω(t):

∇ψA · n = 0 ∀x ∈ ∂Ω(t), (4.4)
∇ψB · n = 0 ∀x ∈ ∂Ω(t), (4.5)

where n denotes the outward unit normal to ∂Ω(t). These boundary conditions enforce
conservation of total protein mass in the absence of reactions and growth.

Diffusion System with a Nonlinear Source

To better understand the effect of cellular growth independently of aggregation, we
first consider a limiting case in which the reaction terms are removed by setting γAB =
γBA = 0. In this case, the aggregate concentration remains identically zero, and the
monomer concentration evolves under diffusion and a nonlinear source term:

∂ψA
∂t

−DA∆ψA = rψA(1 − ψA) ∀x ∈ Ω(t), (4.6)

∂ψB
∂t

−DB∆ψB = 0 ∀x ∈ Ω(t). (4.7)
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Here, r denotes a growth rate for the monomer concentration. This term is introduced
to reflect the fact that protein content may increase as the cell grows. The diffusion-
only system serves as a useful baseline for calibrating and interpreting the effect of the
nonlinear growth term in the absence of aggregation.

Reaction–Diffusion System with a Nonlinear Source

To incorporate both protein growth and aggregation, we augment the
reaction–diffusion system with the same nonlinear source term for the monomer
concentration:

∂ψA
∂t

−DA∆ψA = 2γBAψB − γABψ
2
A + rψA(1 − ψA) ∀x ∈ Ω(t), (4.8)

∂ψB
∂t

−DB∆ψB = 1
2γABψ

2
A − γBAψB ∀x ∈ Ω(t). (4.9)

This reaction–diffusion–logistic system models the interplay between intracellular
diffusion, reversible aggregation, and protein production during cell growth. In
particular, it allows us to study whether aggregate burden is amplified, retained, or
diluted as the yeast cell grows and divides.

4.2.2 Level Set Representation
Following the level set framework developed in [6], we represent the interior of the

dividing yeast cell as a time-dependent domain Ω(t). This domain is constructed from
multiple subdomains, each associated with a level set function. The full geometry is
obtained by taking unions and intersections of these subdomains, which correspond to
min and max operations on the associated level set functions.

We denote the mother cell level set function by ϕm and the daughter cell level set
function by ϕd. Similarly, the mother and daughter nuclei are represented by ϕmn and
ϕdn, respectively. In this chapter, we consider the biologically relevant case of a splitting
nucleus, in which the daughter nucleus gradually detaches from the mother nucleus
during budding. The daughter nucleus is described by

ϕdn(x, t) = |x − xdn(t)| − rmn(t) − rdn(t). (4.10)

The full intracellular domain is then given by

Ω(t) = (Ωm ∪ Ωd(t)) ∩ (Ωmn(t) ∪ Ωdn(t))c , (4.11)

which is equivalent, at the level set level, to

max (min(ϕm, ϕd),− min(ϕmn, ϕdn)) . (4.12)

This representation provides a flexible way to describe the evolving mother–daughter
geometry while preserving a sharp description of the cell boundary and nucleus.
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4.3 Numerical Method
This section provides a brief overview of the conservative finite volume method

used to solve the reaction–diffusion systems introduced in Section 4.2. The numerical
framework employed here follows the approach developed by Heydari et al. [6], which
was designed specifically for reaction–diffusion systems evolving on deforming
domains represented using level set geometry. A key feature of this method is that it
preserves total mass during the simulation, even as the computational domain evolves
in time.

Traditional finite volume formulations applied to time-dependent problems may fail
to preserve mass exactly when the domain changes between time steps. In such cases,
the spatial integrals defining the finite volume discretization are evaluated on control
volumes defined at time tn+1, while the integrands correspond to quantities evaluated at
time tn. This mismatch can introduce small but cumulative mass errors over long
simulations. To address this issue, the conservative formulation proposed in [6]
integrates the governing equations over a space–time control volume, ensuring that
mass is preserved across time steps.

4.3.1 Finite Volume Discretization
To illustrate the discretization procedure, consider the simplified case of the

diffusion system with a nonlinear source term given in equation (4.6), while
temporarily ignoring the second equation (4.7). The governing equation is

∂ψA
∂t

−DA∆ψA = rψA(1 − ψA). (4.13)

We begin by discretizing the equation in time using a semi-implicit scheme. Let
superscripts n and n + 1 denote quantities evaluated at times tn and tn+1, respectively.
The semi-discrete formulation becomes

ψn+1
A − ψnA

∆t −DA∆ψn+1
A = rψn+1

A − r(ψnA)2. (4.14)

Here the logistic growth term rψA(1 − ψA) is treated in a semi-implicit fashion: the
linear component rψA is evaluated at tn+1 and absorbed into the left-hand side of the
resulting linear system, while the nonlinear component −rψ2

A is evaluated explicitly at
tn and contributes to the right-hand side. Rearranging these terms yields

(1 − ∆tr)ψn+1
A − ∆tDA∆ψn+1

A = ψnA − ∆tr(ψnA)2. (4.15)

To construct the finite volume formulation, we integrate this equation over the
control volume associated with grid cell Ci. Let
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V n+1
i = Ci ∩ Ωn+1

denote the portion of the control volume lying inside the computational domain at
time tn+1. Integrating over V n+1

i yields

∫
V n+1

i

(1 − ∆tr)ψn+1
A −

∫
V n+1

i

∆tDA∆ψn+1
A =

∫
V n+1

i

ψnA − ∆tr(ψnA)2. (4.16)

The diffusion term can then be converted to a surface integral using the divergence
theorem:

∫
V n+1

i

(1 − ∆tr)ψn+1
A − ∆tDA

∫
∂V n+1

i

∇ψn+1
A · n =

∫
V n+1

i

ψnA − ∆tr(ψnA)2. (4.17)

In the traditional finite volume formulation, this step would complete the
discretization. However, because the domain evolves between time steps, the control
volumes V n

i and V n+1
i may differ. As a result, the right-hand side of the equation does

not represent the total mass contained in the control volume at time tn.
To address this issue, the conservative formulation described in [6] integrates the

governing equations over a space–time control volume rather than over purely spatial
volumes. This approach guarantees that the numerical method preserves total mass even
as the domain geometry evolves due to cell growth and division.

4.3.2 Geometry Representation and Grid Structure
The computational domain Ω(t) is represented using level set functions as described

in Section 4.2. The numerical method operates on adaptive octree grids, which allow
efficient resolution of the evolving geometry while concentrating computational effort
near the cell boundary and other regions of interest.

At each time step, the level set functions define the intersection between the
computational grid and the interior of the cell. The finite volume integrals are then
evaluated over the resulting cut cells. This approach allows the evolving
mother–daughter geometry to be captured without explicitly remeshing the domain at
every time step.

The resulting discretization produces a sparse linear system for the unknown
concentrations at each time step. The nonlinear reaction terms are treated explicitly,
while the diffusive terms are treated implicitly, resulting in a stable semi-implicit
scheme suitable for long-time simulations.

This numerical framework enables the simulation of reaction–diffusion processes on
deforming domains while preserving the physical constraint of mass conservation. In
the next section, we describe the parameter choices and simulation setup used to model
prion aggregation during yeast cell division.
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4.4 Simulation Setup and Parameter Calibration

4.4.1 Simulation Parameters
We describe the key parameters used to configure the cell division simulations.

Byrne et al. [114] found the cell reproduction time to be 1.46 hours on average (for the
strains YJW512 [PSI +]). Given this information, we take the cell division time to be
T = 90 min, meaning that at this time the budding process is complete; however, to
allow the daughter cell to grow to its mature size, the simulation final time is taken to
be T = 190 min. Next, we chose the initial mother cell volume to be 37µm3 [6]; from
[115], we have that the volume of the daughter cell must be two-thirds of the volume of
the mother cell when budding is complete. Similarly, for the nucleus size, we use the
parameters from [6].

In all of the simulations, we use constant initial concentration fields with random
spatial noise. These initial profiles are re-scaled so that the initial total mass is identical
across all examples shown here. For multiple generation simulations, the initial
concentration field is based on the previous generation’s final concentration profile.
Although we use the minute and micrometer as our characteristic time and length
scales, all concentrations are non-dimensionalized and all quantities will be referred to
in their dimensionless form.

The principal simulation parameters are summarized below.

Parameter Value
Budding Time 90 min
Simulation Time (T ) 190 min
Mother Radius (rm) 2.01 µm
Daughter Radius After Split (rd) 1.81 µm
Nucleus Radius (rn) 0.89 µm
Characteristic concentration (ψ0) 713 µm−3

4.4.2 Diffusion Coefficients (FLIP fitting)
To obtain biologically informed diffusion coefficients, we use fluorescence loss in

photobleaching (FLIP) data reported in [113]. This data is specific to different
conformations of the yeast prion protein, illustrating relative fluorescence intensity as a
function of time post-bleaching (see Fig 4.2). Derdowski et al. establish that prion
proteins adopt a variety of conformations or strains, which create phenotypes of
distinct severity and stability. They focused on the [PSI+]Weak and [PSI+]Strong

conformations of the yeast prion protein Sup35 in addition to two non-prion proteins
(psi− and diffuse); the transfer of Sup35 to daughter cells was monitored.

Figure 4.2 shows that fluorescence intensity decreases over time for all strains
considered. The principal distinction is that the prion strains exhibit slower
fluorescence loss than the non-prion strains, consistent with reduced effective mobility.
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This is in line with how we would like to simulate the diffusions DA, DB, as DA would
diffuse faster than the simulated aggregate with diffusion DB.

Figure 4.2: FLIP data from [113]. Two conformations of the yeast prion protein
([PSI+]Weak and [PSI+]Strong) are depicted in yellow and blue, respectively. The
remaining data (psi− and diffuse) are non-prion strains and are seen to diffuse into
the daughter cell more easily.

Model Fitting

From figure 4.2, it is clear that the data follows the same general trend for each of the
strains. Rather than attempting to reproduce the full FLIP experiment in the deforming-
domain PDE framework, we use a simple phenomenological decay model to estimate
effective diffusion coefficients (DA, DB) from the observed intensity curves.
Our proposed model has the following form:

I(t) = (If − I0)e− L2
Dt + I0, (4.18)

where I0, If are the initial and final experimental fluorescence intensities,
respectively. L2 is the squared length of the cell and D is the diffusion.

Our goal is not to interpolate the experimental curves exactly, but to extract
effective diffusivities that reproduce their dominant time scales and relative ordering.
For each of the prion and non-prion strains — [PSI+]Weak, [PSI+]Strong, psi−, and
diffuse — figure 4.3 depicts the L∞ error for various diffusion inputs. It is apparent
that the diffusion values which minimize the error for the prion strains ([PSI+]Weak,
[PSI+]Strong) are relatively close to eachother, as is the proximity of the diffusions
which minimize either of the non-prion strains (psi−, diffuse).
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Figure 4.3: Fitting experimental data. The data provided is used to fit the decay model
for all prion and non-prion strains. The diffusion which minimizes the error (||L||∞)
between the model and experimental data, for each respective case, is emphasized as a
black point.

Now that the diffusion coefficients are determined, Figure 4.4 shows how well the
model reproduces the experimental data. For each strain, we substitute the estimated
diffusion coefficient into equation 4.18 and compare the predicted intensity curve to the
observed fluorescence loss. The model captures the general shape of the experimental
curves across all four strains; the dominant timescale of fluorescence loss is well
reproduced, and the relative ordering between strains is preserved: prion strains exhibit
lower fluorescence loss than non-prion strains, consistent with reduced effective
mobility. However, beginning at approximately s = 30 seconds, the predicted curves
diverge from the data in all cases, underestimating the rate of fluorescence loss at later
times.

This discrepancy is expected given the simplicity of the phenomenological decay
model — the full FLIP experiment involves a complex bleaching geometry that is not
explicitly represented here. Nonetheless, the fit is sufficient for our purposes: we
require biologically motivated estimates of the relative mobility of soluble and
aggregated Sup35, not a precise reproduction of the experimental protocol. The correct
ordering between species (DA > DB) is clearly supported by the data, and this is the
key property our model requires.

For the remainder of this chapter, we utilize the non-dimensionalized version of the
diffusion coefficients determined from the FLIP data. We take DA to be the diffusion
coefficient fitted to the psi− strain, and DB to be fitted to the [PSI+]Strong strain,
reflecting the expected mobility difference between soluble and aggregated species.



52

Figure 4.4: Model Fit: Comparison of how the experimental data fits the chosen model
for each of the strains. Here, the respective optimal diffusion coefficients are used for
the predicted intensity, meaning that 4.18 now has a specific value of D for each strain.

4.4.3 Growth Rate Determination
In this section, we vary the growth rate r for values in the range (0, 1), while keeping

the diffusion rates constant. The fraction of final mass for all considered growth rates
are presented (see Fig. 4.5).

We measure the amount of transmitted material by computing the fraction of total
mass transferred to the daughter cell over time:

FA(t) =
∫

ΩD(t) ψA∫
ΩD(t)∪ΩM (t) ψA

=
∫

ΩD(t) ψA

M0
T

(4.19)

where ΩD(t) and ΩM(t) denote the inside of the daughter and mother cells,
respectively, at time t, and M0

T is the initial total mass.

Figure 4.5 depicts the fraction of the mass that is transferred to the daughter cell
for different growth rates, r. Recall, the duration of these simulations is 190 minutes, a
little over double the amount of time it takes for the budding process to end (90 minutes);
this is done in order to allow the daughter cell to grow to her full capacity and become
prepared to split. Note that the daughter cell splits off from the mother cell at timestep
= 129, or equivalently t = 70 minutes. By the end of the split process (timestep = 165,
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Figure 4.5: Fraction of monomer mass in the daughter cell, FA(t), for growth rates
r ∈ {0.1, 0.2, 0.4, 0.6, 0.8}, with diffusion coefficients fixed at their FLIP-fitted values.
Lower growth rates fail to reach a steady state within the 190-minute simulation window,
indicating that the monomer concentration in the daughter cell has not yet reached a
steady state.. At r = 0.8, FA plateaus by the end of the simulation, satisfying the
steady-state criterion used to select this value for all preliminary simulations.

or equivalently t = 90 minutes), the daughter cell is roughly two-thirds of the volume
of the mother cell. Observing the results, specifically for the rates r = 0.1, 0.2, 0.4, we
see that the fraction of the mass transferred to the daughter cell (FA) is not reaching
a steady state, meaning that if the simulation were allowed to continue, the daughter-
cell monomer content has not yet reached its post-division plateau by the end of the
simulation window. Technically, no mass is being transferred from the mother cell after
the splitting is complete; instead, the figure depicts the growth rate at play, the monomer
A continues to increase in mass until the daughter is ready to split.

Let us illustrate what the split process would look like for a growth rate that does
not result in a steady state by the end of the simulation (see Fig. 4.6), in a diffusion only
system. As in figure 4.5, here we cannot say with certainty that the mass of the daughter
cell is done increasing. Because in this example we consider a diffusion only system, by
the end of the simulation, we expect that the mother cell and daughter cell are identical.
However, at ts = 350 (t = 190), the daughter cell is not illustrated as having the same
concentration map as the mother cell (i.e. the color for the concentration maps is not
identical — the daughter cell is a lighter color than the mother cell, meaning it is not yet
done growing in ψA mass).

From this point on, if we use the system containing the logistic growth rate we will
use the growth rate r = 0.8.
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Figure 4.6: Time progression of the cell geometry for the growth rate r = 0.4, for a
system with no reaction, only diffusion and logistic growth. The timestep is defined as
ts, they are, respectively, t = 0, 20, 81, 190 minutes.

4.5 Preliminary Multi-Generation Results

4.5.1 Inter-Generational Initialization
At each division event, the spatially resolved concentration fields ψA and ψB are

computed throughout the full budding process. Upon completion of division, the
spatially averaged concentrations within the mother and daughter domains are
computed and used as uniform initial conditions for the subsequent generation:

ψ̄
(n+1)
k = 1

|Ωk|
∫

Ωk

ψ
(n)
k (T ) dx, k ∈ {A,B}, (4.20)

where Ωk denotes the respective post-division cell domain and T is the final simulation
time. Random spatial noise of small amplitude is then superimposed on this uniform
field, consistent with the initialization procedure used at generation zero (see
Section 4.4).

This mean-field handoff is a deliberate modeling choice that preserves the
biologically meaningful quantity (the inter-generational asymmetry in aggregate
burden between mother and daughter), while treating each newly initialized cell as
spatially uniform at birth. Crucially, the averaging is not performed immediately at the
moment of cytokinesis, but rather after a full post-division growth phase during which
the PDE has continued to evolve the concentration fields within each cell. The
concentration fields plotted on the full computational mesh in Figure 4.8 show
negligible spatial variation within individual cells by the end of each simulation
(T = 190 min), consistent with the reaction-free validation in Figure 4.7, and lending
direct support to the uniform initialization assumption for the subsequent generation.
This approach also avoids the nontrivial numerical challenge of interpolating a full
three-dimensional concentration field onto a freshly constructed mesh at each
generation, which we leave as a direction for future work.
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4.5.2 Reaction-Free Validation
Before introducing aggregation, we first verify the behavior of the diffusion–growth

system in isolation. When γAB = γBA = 0, no aggregation occurs and ψB ≡ 0; the
monomer ψA evolves purely under diffusion and logistic growth. In this case, both
the mother and daughter cell should reach the same average concentration once the
daughter has grown to maturity, since no asymmetric mechanism is present. Figure 4.7
confirms this expectation over two generations for r = 0.8: the concentration fields
within each cell are spatially uniform and symmetric across the lineage by the end of
each simulation. This serves as a validation of both the growth rate selection and the
inter-generational initialization procedure.

Figure 4.7: Two-generation lineage tree for the diffusion–growth system (γAB = γBA =
0, r = 0.8). As expected in the absence of aggregation, mother and daughter cells reach
identical average concentrations once the daughter has grown to maturity.

4.5.3 Reaction-Diffusion System with a Nonlinear Source
With aggregation reinstated, the full reaction–diffusion–logistic system produces a

qualitatively different picture from the reaction-free case. Figure 4.8 shows a
three-generation lineage tree using the diffusion coefficients fitted to the FLIP data in
Section 4.4.2, which are held fixed throughout all subsequent simulations. A clear
asymmetry emerges immediately: the mother cell at each division preferentially retains
aggregate, while daughter cells receive a diminished share. By the second generation
this effect is already pronounced: mother-lineage cells retain roughly twice the
aggregate concentration of their daughter-lineage counterparts, and the disparity
deepens with each successive division. By the third generation, the rightmost daughter
cells carry very little aggregate burden relative to the ancestral gen 0 mother.
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This behavior is a direct consequence of the low, similar diffusivities of ψA and ψB
under the FLIP-fitted parameters: because neither species redistributes rapidly within
a cell, the aggregate that is partitioned to the mother at division remains concentrated
there, with little opportunity for equilibration before the next division event. The result
is a lineage in which replicative age and aggregate burden are tightly coupled from the
very first generation.

These simulations establish the key qualitative feature of the model and motivate
the more systematic investigation that follows. However, constructing each generation
manually (i.e. running a simulation, extracting averaged concentrations, and
initializing the next by hand) limits the tractable tree depth to two or three generations
and precludes any structured exploration of the reaction rate parameters γAB, γBA, and
the growth rate r. To address this, we developed a parallelized lineage construction
framework that automates the inter-generational handoff and distributes simulations
across an HPC cluster, enabling full binary lineage trees to generation four and beyond
across a structured parameter sweep.

Figure 4.8: Three-generation lineage tree for the reaction–diffusion–logistic system.
Diffusion coefficients are taken from the FLIP data fit in Section 4.4.2.

4.6 Lineage Construction and HPC Implementation

4.6.1 Binary Lineage Representation
Each cell division produces two daughter cells: a mother cell, which continues

dividing, and a newly born daughter cell, which itself matures and divides in
subsequent generations. This process naturally gives rise to a binary tree structure, in
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which each node represents a single cell and each edge represents a division event. We
index cells using a binary naming convention: the root cell (generation 0) is assigned
the label 0, and at each division, the mother and daughter cells inherit labels c0 and c1
respectively, where c denotes the parent label. The generation number of a cell is
defined by the position of the last 1 in its binary label: a cell whose label consists
entirely of zeros (e.g., 00000) is a generation-0 cell, while a cell with label 0101
belongs to generation 3, and 00001 belongs to generation 4. This convention reflects
the replicative age of the cell: each appended 1 marks a division event in which the cell
was born as a new daughter.

For a lineage tree of depth G, the total number of simulations required is

Nsims = 2G+1 − 1, (4.21)

growing exponentially with generation depth. At generation G = 5, for example, this
corresponds to 63 independent simulations, each requiring a full three-dimensional PDE
solve over 190 minutes of simulated time. Sequential execution of a lineage tree of
this size is computationally prohibitive, motivating the parallelized framework described
below.

4.6.2 Parallelization Strategy
The binary tree structure of the lineage admits a natural parallelization strategy:

since each cell’s simulation depends only on the final concentration fields of its parent,
sibling cells and cells across different branches of the tree are mutually independent
and can be simulated concurrently. We exploit this structure by submitting each
simulation as an independent job on a high-performance computing (HPC) cluster,
with job dependencies configured so that a child job is submitted automatically upon
successful completion of its parent.

Concretely, upon completion of the simulation for cell c, the spatially averaged
concentrations ψ̄A and ψ̄B are extracted from its final concentration fields and written
to disk. Two child jobs — one for the mother cell and one for the daughter cell — are
then submitted to the cluster queue, each initialized with the appropriate inherited
concentrations. Beyond this parent-child dependency, no ordering is imposed on the
execution of jobs across the tree. As a result, the progression of simulations through
the lineage is determined by cluster node availability: different branches may advance
at different rates, and simulations from different generation levels may run
concurrently. This asynchronous execution is valid precisely because no two nodes in
the tree share a dependency, except through their common ancestor.

The practical effect is that wall-clock time is governed by the depth of the longest
completed branch and the availability of cluster resources, rather than by the total
number of simulations. This represents a substantial reduction in runtime compared to
sequential execution of the full lineage tree.
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4.7 Lineage Simulation Results

4.7.1 Full Lineage Trajectories
Figure 4.9 shows the mean aggregate concentration ψB as a function of time for

every cell in the simulated lineage, across the parameter sweep
γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008} (columns), with
growth rate r = 0.8 held fixed throughout. Each curve corresponds to a single
simulated cell, colored by generation index, with earlier generations shown in darker
purple and later generations in progressively lighter yellow-green tones. Time runs
continuously from each cell’s initialization through the end of its 190-minute
simulation window.

Within each individual trajectory, three phases are visible. During the pre-division
growth phase, ψB increases as dimerization converts monomer into aggregate faster than
division dilutes it. At the moment of cytokinesis, each cell inherits a mean concentration
derived from its parent, producing a sharp downward step in the daughter trajectory
while the mother retains the majority of the burden. Following division, both cells enter
a recovery phase in which ψB climbs again to a local quasi-steady state before the next
division event. This growth–drop–recovery pattern repeats at every generation and is
qualitatively consistent across all three degradation regimes.

The more striking feature of these graphs is the systematic separation of the
trajectories by lineage history. Rather than randomly overlapping, the curves are
ordered by replicative age: older-lineage cells sit persistently higher in ψB at every
comparable time point, while cells born as daughters in later generations begin lower
and remain lower throughout their simulation window, even after the post-division
recovery. This ordering reflects the cumulative effect of asymmetric inheritance —
each division preferentially retains aggregate in the mother, so cells with longer
replicative histories carry a compounding burden that no single division event can
erase. Aggregate burden and replicative age are therefore closely correlated across the
lineage.

Increasing γBA shifts the overall level of ψB downward across all rows, as stronger
degradation converts aggregate back to monomer more efficiently, and the spread
between the oldest and youngest trajectories narrows. Increasing γAB shifts the overall
level upward across all columns, as stronger dimerization drives more monomer into
aggregate form. In both cases the qualitative structure — growth–drop–recovery within
each cell and monotone generational ordering across the lineage — is preserved. This
confirms that lineage memory is a robust feature of the model governed primarily by
the asymmetry of division, and that the biochemical parameters modulate the overall
burden level without disrupting the inheritance dynamics.
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Figure 4.9: Mean aggregate concentration ψB over time for all cells in a five-generation
lineage tree, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008}
(columns), with r = 0.8 fixed. Each curve corresponds to a single simulated cell; color
indicates generation index from earliest (purple, generation 0) to latest (yellow-green,
generation 4). Sharp downward steps mark division events, after which both mother and
daughter enter a recovery phase. Trajectories are ordered by replicative age across all
parameter combinations, with older-lineage cells carrying persistently higher aggregate
burden. Corresponding figures for r = 0.5 and r = 0.2 are provided in Appendix A.
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4.7.2 Aggregate Mass Fraction
To complement the trajectory analysis of Section 4.7.1, we examine the aggregate

mass fraction
FB(t) = 2ψB

ψA + 2ψB
, (4.22)

which measures the proportion of total protein mass committed to the aggregate state at
each point in time. Figure 4.10 shows FB(t) for all cells in the five-generation lineage
under the same three degradation regimes as in Section 4.7.1.

The overall structure mirrors that of the raw trajectories: curves are ordered by
replicative age, with older-lineage cells maintaining a persistently higher aggregate
mass fraction while later-generation cells are tracking progressively lower. Sharp
downward steps at each division event reflect the asymmetric partitioning of aggregate
to the mother, consistent with the behavior observed in ψB directly. The small but
sharp upward spikes visible at division are a geometric artifact of cytokinesis rather
than a physical increase in aggregate: at the moment a daughter cell detaches, she is
small relative to her eventual mature size, so the aggregate she carries represents a
transiently elevated fraction of her total protein mass. As the daughter grows and
acquires additional monomer through logistic production, FB falls back toward its
pre-division trajectory. This pattern is consistent across all nine illustrations.

The effect of γBA is visible across the columns of Figure 4.10: as degradation rate
increases, the long-term FB values shift downward across all cells and all generations,
reflecting the progressive conversion of aggregate back to monomer. The effect of γAB
is visible across the rows: higher dimerization raises the overall level of FB throughout
the lineage, as stronger aggregation drives a larger fraction of total protein into the
aggregate state. In both cases the generational hierarchy is preserved (i.e. , older cells
consistently maintain a higher aggregate fraction than younger ones at every
comparable time point), confirming that neither parameter disrupts the lineage memory
effect. Rather, γBA and γAB together control the overall level of aggregate burden,
while the geometry of division determines its generational structure.

4.7.3 Generation-Level Statistics
To summarize the distribution of aggregate burden across the lineage more

compactly, Figures 4.11, 4.12, and 4.13 shows box plots of the final mean aggregate
concentration ψB grouped by generation index, across a structured sweep of both the
dimerization rate γAB ∈ {0.01, 0.02, 0.04} (rows) and the degradation rate
γBA ∈ {0.002, 0.004, 0.008} (columns), with r ∈ {0.8, 0.5, 0.2} (figures) held fixed
throughout. Each panel summarizes the distribution of final ψB values across all cells
belonging to a given generation; generation 0 contains only the single root cell and
therefore appears as a point rather than a box.

The most prominent feature across all panels is the monotone decrease in median
ψB with generation index. Cells at generation 0 consistently carry the highest



61

Figure 4.10: Aggregate mass fraction FB(t) = 2ψB/(ψA + 2ψB) over time for all
cells in a five-generation lineage, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈
{0.002, 0.004, 0.008} (columns), with r = 0.8 fixed. Color indicates generation index
from earliest (purple, generation 0) to latest (yellow-green, generation 4). At each
division event (t = 70), the newly detached daughter cell exhibits a transient upward
spike in FB reflecting her small initial volume; as she grows and acquires additional
monomer the fraction falls to its post-division level. The mother experiences a modest
dilution at division but remains at a substantially higher FB than the daughter, reflecting
the asymmetric partitioning of aggregate at cytokinesis. Increasing γBA shifts the long-
term balance from aggregate retention toward dilution across all rows, while increasing
γAB raises the overall level of FB across all columns. Generational ordering persists
across all nine parameter combinations. Corresponding figures for r = 0.5 and r = 0.2
are provided in Appendix A.
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aggregate burden, and the median falls at each successive generation, reaching its
lowest values at generation 4. This pattern directly reflects the cumulative effect of
asymmetric inheritance: each division preferentially retains aggregate in the
mother-lineage cell, so cells with shorter replicative histories begin each generation
with less inherited burden and accumulate less over their simulation window. The
generational ordering is preserved across every parameter combination shown,
confirming that lineage memory is a robust structural feature of the model rather than
an artifact of any particular parameter choice.

The effect of varying γBA is visible across the columns within each figure: increasing
degradation shifts the median downward at every generation and produces a modest
reduction in variance, but leaves the shape of the generational separation intact. The
effect of varying γAB is visible across the rows: higher dimerization shifts the entire
distribution upward, as more monomer is converted to aggregate throughout the lineage,
but the monotone generational ordering is preserved. The effect of varying r is visible
across the three figures: at low growth rate (r = 0.2, Figure 4.13) the values of ψB
are substantially lower than at high growth rate (r = 0.8, Figure 4.11), consistent with
the heatmap results of Section 4.7.5, but the monotone decrease with generation index
and the generational separation are preserved across all three growth rates. Together
these observations confirm that γBA controls the overall level of aggregate burden, γAB
controls the rate at which that burden accumulates, and r controls the scale of protein
production, while none of these parameters disrupts the inheritance structure imposed
by the geometry of division.

Notably, the effect of γBA on the final aggregate distributions is substantially
weaker than that of either γAB or r. Across columns — as degradation increases from
0.002 to 0.008 — the median concentrations shift only modestly, whereas moving
across rows or across figures produces comparatively dramatic changes. This
observation suggests a clear parameter hierarchy: dimerization and synthesis are the
dominant levers governing aggregate burden across the lineage, while degradation
plays a secondary modulatory role. This hierarchy is consistent with findings by
Christiano et al. [116], who demonstrated through proteome-wide turnover
measurements in S. cerevisiae that the abundance of stable proteins is governed
primarily by synthesis and dilution rather than active degradation. Our results extend
this principle from steady-state protein abundance to lineage-level aggregate fate —
degradation is a weak lever not only on protein levels but on the generational structure
of aggregate inheritance.

A secondary feature worth noting is the widening of the interquartile range in later
generations. At generation 4, the spread of ψB values across cells is larger than in
earlier generations, reflecting the divergence of replicative histories within the lineage
tree: by generation 4, some cells belong to heavily mother-biased branches that have
accumulated aggregate across many divisions, while others belong to daughter-biased
branches that have been repeatedly initialized with lower inherited concentrations. This
within-generation variance is a direct attribute of lineage memory: cells at the same
generation can carry substantially different aggregate burdens depending on their
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replicative history, reflecting the compounding effect of asymmetric inheritance across
successive divisions.
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Figure 4.11: Box plots of final mean aggregate concentration ψB grouped by generation
index, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008} (columns),
with r = 0.8 fixed. Orange lines indicate the median; filled circles indicate the mean;
open circles indicate outliers. Generation 0 contains only the single root cell and
appears as a point. Median ψB decreases monotonically with generation index across
all parameter combinations, confirming that lineage memory is robust to variation in
both dimerization and degradation rates. Increasing γBA lowers overall burden while
increasing γAB raises it; neither parameter disrupts the generational ordering.
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Figure 4.12: Box plots of final mean aggregate concentration ψB grouped by generation
index, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008} (columns),
with r = 0.5 fixed.
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Figure 4.13: Box plots of final mean aggregate concentration ψB grouped by generation
index, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008} (columns),
with r = 0.2 fixed.
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4.7.4 Geometric Decay of Aggregate Burden Across Generations
The trajectory and box plot results of Sections 4.7.1-4.7.3 establish that median ψB

decreases monotonically with generation index across all 27 parameter combinations. A
natural question is whether this decrease follows a quantifiable pattern — one that could
be used to predict aggregate burden at generations beyond those simulated. To address
this we fit a geometric decay model to the final-time concentration values across the
lineage.

Figure 4.14: Geometric decay model ψB(g) = a · αg fitted to final-time aggregate
concentrations across all 27 parameter combinations, organized as a 3 × 3 grid with
γAB varying across rows and r varying across columns. Colored scatter points show
generation means for each γBA value. Dashed lines show the fitted decay curve with
annotated parameters a, α, and R2.

We propose the model
ψB(g) = a · αg, (4.23)

where a > 0 is the predicted aggregate burden at generation 0 and α ∈ (0, 1) is the
per-generation retention factor — the fraction of aggregate burden carried over from one
generation to the next on average. The parameters a and α are determined by minimizing
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the sum of squared residuals:

min
a, α

N∑
i=1

(
ψ

(i)
B − a · αgi

)2
(4.24)

over the generation means pooled across all three γBA values for each fixed (γAB, r)
combination, where N = 15 (5 generations × 3 γBA values) and gi denotes the
generation index of the i-th data point.

Figure 4.14 shows the fitted geometric decay curves alongside the generation means
for all 27 parameter combinations, organized as a 3 × 3 grid with γAB varying across
rows and r varying across columns. The γBA conditions are shown as colored scatter
points within each panel.

Two observations stand out. First, the scatter points cluster tightly within each
panel regardless of γBA, confirming that degradation rate has relatively little effect on
the generational ordering of aggregate burden — consistent with the box plot results of
Section 4.7.3. Second, the geometric decay model fits the data well across all nine
panels, with R2 values consistently above 0.88, indicating that the per-generation
dilution of aggregate burden follows a clean multiplicative pattern.

The fitted retention factor α ranges from approximately 0.70 to 0.81 across all
parameter combinations, with higher values of γAB and r associated with larger α,
reflecting the fact that stronger dimerization and faster monomer production both
partially offset the dilution of aggregate at each division. Importantly, α < 1 in all
cases, confirming that aggregate burden decreases with each successive generation
under all parameter combinations investigated.

The geometric decay model enables a direct prediction of the generation at which
aggregate burden in the youngest generations drop below any prescribed threshold ϵ.
Setting ψB(g∗) = ϵ and solving for g∗ gives:

g∗ = log(ϵ/a)
log(α) (4.25)

For example, taking ϵ = 0.1 · a — the generation at which the youngest-daughter
cells carry 10% of the founder’s end-time burden — and using the fitted parameters for
γAB = 0.01, γBA = 0.008, r = 0.2 (a ≈ 0.27, α ≈ 0.70) — the case for which the
model predicts the most rapid dilution — gives g∗ ≈ 6.5 generations to reach 10% of
the founder’s burden. To validate this prediction beyond the five-generation parameter
sweep, we ran a deeper simulation to generation depth G = 7.

Figure 4.15 shows the full trajectory of all cells in the eight-generation lineage tree.
The founder-line cell maintains a persistently high aggregate burden across all eight
generations, while the youngest-daughter trajectories converge toward near-zero by
generations 6–7 — consistent with the prediction of g∗ ≈ 6.5. The deeper simulation
reveals that by generation 7 the youngest-daughter trajectories carry approximately
13% of the founder’s burden: within 3 percentage points of the model prediction.

The slight overestimate — 10% predicted versus 13% observed — is expected
given that the geometric decay model is fitted to generation means pooled across all
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γBA values, whereas the deeper simulation uses a single fixed parameter combination.
The agreement is nonetheless remarkably close given the simplicity of the
two-parameter model. Together these results demonstrate that the geometric decay
model provides a compact, interpretable, and predictive summary of aggregate dilution
across the lineage — capturing the essential structure of lineage memory in two
parameters whose biological interpretation is transparent and whose values are robust
across the full parameter sweep.

Figure 4.15: Full lineage trajectories for γAB = 0.01, γBA = 0.008, r = 0.2 extended
to generation depth G = 8. Color encodes generation index from earliest (purple) to
latest (yellow-green). The founder-line cell maintains persistently high aggregate burden
while the youngest-daughter trajectories converge toward near-zero by generations 6–7,
consistent with the geometric decay model prediction of g∗ ≈ 6.5.

4.7.5 Lineage Dilution Across the Parameter Space
The results of Sections 4.7.1–4.7.4 establish that asymmetric inheritance and

generational stratification are robust features of the model under a fixed parameter set.
A natural follow-up question is how the degree of stratification depends on the
biochemical parameters γAB, γBA, and r. In particular, we ask: across our full
parameter space, how much does the aggregate burden of the youngest-generation cells
diverge from that of the founder-line cell?

To quantify this, we introduce the dilution ratio R, defined as the mean aggregate
concentration of the maximally young cells at the final generation relative to that of the
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founder-line cell:

R =

1
|LG|

∑
c∈ LG

ψ
(c)
B (T )

ψ
(0)
B (T )

, (4.26)

where G denotes the maximum generation depth of the lineage tree, LG denotes the
set of cells at generation G whose replicative age is maximal (i.e. whose binary label
ends in 1), |LG| is the number of such cells, ψ(c)

B (T ) is the mean aggregate concentration
in cell c at the end of its simulation window, and ψ(0)

B (T ) is the corresponding quantity
for the founder-line cell 0, which has been the mother-lineage cell at every division
event. Values of R close to 1 indicate little stratification across the lineage, while values
close to 0 indicate strong dilution in the youngest-generation cells relative to the founder.

This metric is useful for two reasons. First, it captures the full extent of lineage
memory in a single scalar: a value of R close to 1 indicates that the youngest
generation of cells carry nearly as much aggregate as the founder, meaning parameters
wash out the asymmetry produced by division geometry; a value close to 0 indicates
that the youngest cells are almost completely diluted relative to the founder, meaning
lineage memory is strong and the geometric asymmetry compounds dramatically
across generations. Second, by averaging over all cells in LG rather than selecting a
single cell, R is robust to the stochastic variation in initialization noise that affects
individual simulations. Together these properties make R a compact and interpretable
summary of how biochemical parameters modulate the strength of lineage memory
across the full 27-case parameter sweep.

Figure 4.16: Heatmap of the dilution ratio R across the full parameter sweep, for
r ∈ {0.2, 0.5, 0.8} (panels, left to right), γAB ∈ {0.01, 0.02, 0.04} (x-axis), and
γBA ∈ {0.002, 0.004, 0.008} (y-axis). Values of R close to 1 indicate little divergence
across the lineage; values close to 0 indicate strong dilution in the youngest-generation
cells relative to the founder.

Figure 4.16 shows R across all 27 parameter combinations. The most immediate
observation is that R remains well below 1 across the entire parameter space, with a
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maximum value of 0.37, confirming that the final-generation cells never approach the
aggregate burden of the founder-line cell under any parameter combination investigated.
The geometric asymmetry of division produces robust and persistent lineage memory
regardless of the biochemical regime.

Within this overall picture, R increases with all three parameters, though for distinct
reasons. The increase with r reflects the role of protein production during cell growth: at
low growth rate (r = 0.2) values range from 0.18 to 0.22, while at high growth rate (r =
0.8) they range from 0.27 to 0.37, suggesting that higher monomer production partially
offsets the dilution of aggregate in final-generation cells, narrowing the gap relative
to the founder. The increase with γAB reflects higher overall aggregate accumulation:
stronger dimerization drives more monomer into aggregate form across all cells, and the
final-generation cells accumulate more burden relative to the founder.

The increase with R with γBA is more subtle. Degradation reduces aggregate
burden in all cells, but its absolute effect scales with the concentration present — cells
carrying more aggregate lose more to degradation. Since the founder consistently
carries the highest concentration in the tree, it experiences the largest absolute
reduction, while the final-generation cells, carrying less aggregate to begin with, are
reduced by a smaller absolute amount. The net effect is that the gap between the
founder and the final-generation cells narrows as γBA increases, producing a higher R.
This should not be interpreted as degradation weakening lineage memory — the
generational ordering is preserved, as shown in the preceding sections — but rather as a
compression of the overall range of aggregate values across the lineage.
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4.8 Discussion
This chapter developed a spatially resolved reaction–diffusion framework for

simulating prion aggregate dynamics across explicit multi-generation yeast cell
lineages. By extending the single-division framework of Heydari et al. [6] to a full
binary lineage tree and automating the inter-generational handoff via a parallelized
HPC pipeline, we produced — to our knowledge — the first spatially resolved,
multi-generation computational study of prion aggregate inheritance in budding yeast.
The results consistently demonstrate that asymmetric aggregate inheritance is a robust,
geometrically driven phenomenon that persists across a wide range of biochemical
parameters.

Biological Interpretation of Key Findings
The most prominent finding across all simulations is the systematic stratification of

aggregate burden by replicative age. Cells with longer replicative histories carry
persistently higher aggregate concentrations than cells born as daughters in later
generations, and this ordering is maintained across all parameter regimes investigated.
Each division event preferentially retains aggregate in the mother-lineage cell, and
because the partitioning is asymmetric at every generation, the burden compounds over
time in the aging lineage while daughter lineage cells are repeatedly diluted. The
model therefore recapitulates the well-established link between replicative aging and
protein aggregate accumulation in yeast, and provides a spatially grounded mechanistic
account of how that link arises from diffusion and geometry rather than from any
actively regulated transport process. Importantly, this asymmetry is not encoded as a
modeling assumption — it emerges from the same physical mechanism identified
experimentally by Zhou et al. [5]: slow diffusion through the narrow bud neck
geometry is sufficient to produce the observed retention bias without invoking active
transport.

The dilution ratio R, defined as the mean final concentration of the
youngest-generation cells relative to the founder, satisfies R ≤ 0.37 across all 27
parameter combinations tested. This confirms that the youngest lineage cells never
approach the aggregate burden of the founder under any biochemical regime
investigated. Furthermore, since R is computed at split 4 and the geometric decay
model predicts further reduction at deeper generations, this result is conservative — the
true degree of stratification at greater lineage depths is likely stronger than reported
here.

Parameter Sensitivity
The structured parameter sweep across dimerization rate γAB and degradation rate

γBA reveals a clear separation of roles. Increasing γBA lowers the overall level of
aggregate burden throughout the lineage, compressing trajectories downward and
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shifting the long-term mass fraction toward lower values, but leaves the generational
ordering and the shape of the organization intact. Increasing γAB shifts the entire
distribution upward, as faster dimerization converts more monomer into aggregate
throughout the lineage, but again without disrupting the ordering. Together these
observations indicate that the inheritance structure — the monotone stratification of
aggregate burden by replicative age — is determined primarily by the geometry of
division and the diffusion coefficients, while the biochemical parameters control the
overall scale of aggregate accumulation within that structure.

Notably, the effect of γBA on the final aggregate distributions is substantially
weaker than that of either γAB or r. Across columns of the parameter sweep — as
degradation triples from 0.002 to 0.008 — the median concentrations shift only
modestly, whereas varying γAB or r produces comparatively dramatic changes. This
observation suggests a clear parameter hierarchy: dimerization and synthesis are the
dominant levers governing aggregate burden across the lineage, while degradation
plays a secondary modulatory role. This hierarchy is consistent with findings by
Christiano et al. [116], who demonstrated through proteome-wide turnover
measurements in S. cerevisiae that stable protein levels are governed primarily by
synthesis and dilution rather than active degradation. Our results extend this principle
from steady-state protein abundance to lineage-level aggregate fate.

Geometric Decay of Aggregate Burden Across Generations
A compact summary of the generational decay pattern is provided by the geometric

decay model ψB(g) = a · αg, fitted to the final-time aggregate concentrations grouped
by generation index across the parameter sweep. The per-generation retention factor
α ∈ [0.70, 0.81] is remarkably stable across all 27 parameter combinations tested,
confirming that the rate of generational decay is governed primarily by the geometry
and diffusion coefficients rather than the biochemical reaction rates. The parameter a,
by contrast, varies substantially with γAB and r, reflecting the dependence of overall
aggregate scale on these parameters. Together, a and α provide a predictive description
of how aggregate burden distributes across a lineage tree. Setting a threshold of
ϵ = 0.1 × a and solving for the generation at which the youngest lineage cells reach
this threshold yields g∗ = log(0.1)/ log(α) ≈ 6.5 for the most favorable parameter
combination (α ≈ 0.70). Validation via simulation to split 7 confirms that the youngest
cells carry approximately 13% of the founder’s burden at that depth — slightly above
the predicted threshold, consistent with ongoing monomer synthesis providing a floor
that pure geometric dilution does not capture.

Parameter Calibration
Diffusion coefficients were calibrated by fitting an exponential decay model to

FLIP experimental data from Derdowski et al. [113]. We acknowledge that this data
was collected in a somewhat different experimental context than the simulations
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presented here; nonetheless, the fitted values provide biologically motivated estimates
that are grounded in direct measurements of Sup35 mobility in yeast cells. The
monomer diffusivity DA was taken from the psi− strain and the aggregate diffusivity
DB from the [PSI+]Strong strain, reflecting the expectation that aggregated species
diffuse more slowly than soluble monomers. The growth rate r = 0.8 was selected as
the baseline value on the basis that it produces a stable steady-state mass fraction in the
daughter cell by the end of the simulation window, validated by the reaction-free
system in which mother and daughter reach identical monomer concentrations at
maturity. This choice ensures that the inter-generational handoff captures the daughter
cell’s true post-division equilibrium concentration rather than a transient mid-growth
value. The sensitivity of results to this choice is assessed through the structured
parameter sweep, which includes r ∈ {0.2, 0.5, 0.8}.

Limitations and Future Directions
Several modeling simplifications merit consideration. Most notably, at each

division event the full spatial concentration profile is collapsed to a scalar mean, which
is then used to initialize the subsequent generation. While this preserves
inter-generational differences in aggregate burden, it assumes that spatial gradients
within each cell have equilibrated by the end of the simulation window. This
assumption is supported by the concentration fields plotted on the full computational
mesh, which show negligible spatial variation within individual cells by T = 190 min
(Figure 4.8), suggesting that the mean-field handoff does not discard meaningful
spatial information in practice. Nonetheless, a natural extension of this work would
carry the full three-dimensional concentration field forward across division events,
requiring careful interpolation onto the geometry of the nascent daughter cell.

The model also assumes uniform cell cycle lengths across all generations. As noted
by Banwarth-Kuhn and Sindi [112], varied cell cycle lengths are an important feature
of a complete multi-generation framework, since the growth phase of a newly born
daughter cell influences how inherited aggregate is diluted before the next division. The
parallelized pipeline developed here is, in principle, extendable to this case, since each
cell’s simulation time is a configurable parameter, and we leave this as a direction for
future work.

More broadly, the reaction–diffusion–logistic model employed here is a deliberate
simplification of the full complexity of prion dynamics. The two-species dimerization
scheme does not capture aggregate size distributions, fragmentation by chaperones
such as Hsp104, or the nucleation and stochastic loss dynamics that govern prion
appearance and clearance at low propagon numbers [114]. Extensions that incorporate
these processes — for example, coupling the spatial PDE framework to a nucleated
polymerization model for the reaction terms — would substantially increase the
biological realism of the model. Additional directions include incorporating more
realistic cell geometries, modeling the effect of guanidine hydrochloride curing on
aggregate clearance across generations, and extending the framework to account for
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additional intracellular structures such as the endoplasmic reticulum and mitochondria.
Despite these simplifications, the framework succeeds in its primary aim:

demonstrating that spatially resolved, geometrically driven asymmetric inheritance
produces robust lineage memory across multiple generations, and providing a
computational platform for systematically exploring how biochemical parameters
regulate that memory. The combination of spatial resolution, biologically informed
parameters, and lineage-scale computation developed here opens a new mode of
investigation for yeast prion dynamics that complements and extends existing
well-mixed and stochastic approaches.



Chapter 5
Conclusion and future work

5.1 Summary of Contributions
This dissertation has developed and applied computational methods for solving

partial differential equations on complex, irregular, and continuously deforming
geometries. The unifying conviction across all three projects is that spatial structure is
not a peripheral concern but is frequently the mechanism through which the underlying
physics and biology operate. Each project approaches this conviction from a different
angle — one methodological and two applied — and together they demonstrate the
breadth and depth of what spatially resolved PDE computation can reveal when
brought to bear on problems where geometry matters.

5.1.1 A New Meshless Method for Elliptic PDEs (LSQD)
The first contribution of this dissertation is the Least Squares Discretization

(LSQD) method, a meshless framework for solving elliptic PDEs on scattered point
distributions with arbitrary geometry and boundary conditions. LSQD requires no
quadrature rules, no weak formulation, and no body-fitted mesh — the PDE, boundary
conditions, and continuity conditions are enforced pointwise and assembled into an
overdetermined linear system whose least squares solution defines the approximation.
The method achieves h-P convergence on both uniform and highly adaptive non-graded
quadtree grids, with estimated orders of convergence ranging from 1.83 to 4.53 across
a broad range of problem configurations. It handles Dirichlet, Neumann, and Robin
boundary conditions, remains robust in degenerate cases where traditional weak
formulations may be ill-posed, and includes a built-in a posteriori error estimator that
enables local error assessment without access to an analytical solution.

The principal strength of LSQD lies in its accessibility. The method requires
minimal mathematical background to implement, scales with the number of grid
points, and produces accurate solutions on complex geometries — including
non-convex domains such as the octofoil — without the overhead of mesh generation

76
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or quadrature rule construction. A comparison with the finite volume method
demonstrates that LSQD consistently achieves lower errors at higher polynomial
orders, making it a compelling alternative when precision is paramount and complex
geometries pose meshing challenges.

5.1.2 Electrostatic Dynamics of the SARS-CoV-2 Spike Protein
The second contribution applies spatially resolved PDE computation to characterize

how the electrostatic surface potential of the SARS-CoV-2 spike protein evolves as it
transitions from its closed to open conformation. Combining Markov state model
molecular dynamics trajectories from the Folding@home initiative with a
high-resolution numerical solver for the nonlinear Poisson-Boltzmann equation —
implemented on adaptive octree grids with a sharp level set representation of the
protein surface — we produced dynamical electrostatic potential maps across 71
frames of the opening trajectory.

The results reveal dramatic rearrangements of the electric field during spike
opening. Most notably, a negatively charged core is exposed as the spike opens, while
the receptor binding domain (RBD) becomes more positively charged and the electric
field transitions from a globally attracting configuration to one focused specifically
around the exposed binding domain. These findings suggest that the geometric
reorganization of the spike protein during opening may actively facilitate selective
binding to the negatively charged ACE2 receptor — a conclusion that would not have
been accessible without spatially resolving the electrostatic field on the deforming
protein surface. This work was published in the Journal of Computational Physics in
2021 [4].

5.1.3 Multi-Generation Prion Aggregate Inheritance in Budding
Yeast

The third contribution develops the first spatially resolved, multi-generation
computational model of prion aggregate inheritance in budding yeast. Building on the
finite volume framework of Heydari et al. [6], which demonstrated that cell geometry
alone produces asymmetric partitioning in a single division event, we extend this
approach to simulate full binary lineage trees across multiple generations. The model
incorporates diffusion of monomer and aggregate species, reversible dimerization, and
logistic growth, with diffusion coefficients calibrated from fluorescence loss in
photobleaching (FLIP) experimental data. A parallelized HPC pipeline automates the
inter-generational handoff and enables a structured sweep across 27 biochemical
parameter combinations.

The simulations demonstrate several principal findings. Aggregate burden is
stratified by replicative age across all 27 parameter combinations — the monotone
decrease in median ψB with generation index is preserved regardless of dimerization
rate, degradation rate, or growth rate, confirming that lineage memory is a robust
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geometric phenomenon driven primarily by the asymmetry of division rather than by
the specific biochemical regime. The deterministic nature of the PDE framework
confirms that aggregate partitioning at division is governed entirely by the physics of
diffusion and geometry rather than stochastic fluctuations. The per-generation dilution
of aggregate burden follows a geometric decay model ψB(g) = a · αg, with the
retention factor α ranging from approximately 0.70 to 0.81 across all parameter
combinations — providing a compact, interpretable, and predictive summary of lineage
memory dynamics. A deeper simulation to eight generations under the parameter
combination most likely to exhibit bifurcation behavior confirms the geometric decay
model’s predictive power: the youngest-daughter trajectories carry approximately 13%
of the founder’s burden by generation 7, within 3 percentage points of the model’s
prediction of 10%.

5.2 Limitations
Each project carries limitations that motivate future work.
The LSQD method, while accessible and convergent, incurs significant

computational cost for large systems — computational times peaked around 103

seconds on a single core for the largest test problems. The method has been
demonstrated in two dimensions and requires further optimization — including
accelerated linear solvers, reduced condition numbers, and systematic investigation of
evaluation point placement and basis function selection — before it can be of full
practical interest at scale. Extension to three dimensions and time-dependent problems
remains an important direction for future work.

The SARS-CoV-2 electrostatics study is limited by the resolution of the molecular
dynamics trajectories and the assumptions of the Poisson-Boltzmann framework, which
treats the solvent as a continuum dielectric and does not capture ion-specific effects or
molecular crowding. The study also considers only the opening trajectory of the spike
protein and does not model the full binding event with ACE2.

The prion aggregation model makes several simplifying assumptions. The
mean-field handoff between generations — initializing the next generation from the
spatially averaged final concentration of the parent — is justified by the observation
that concentration fields equilibrate spatially by the end of each simulation window, but
introduces an approximation that would benefit from quantitative validation. The
model also assumes uniform cell cycle lengths and does not incorporate organelle
tethering mechanisms identified in subsequent experimental work [101] as a secondary
contributor to asymmetric inheritance. The deterministic PDE framework captures the
mean behavior of the system but does not account for the molecular-level stochastic
fluctuations that contribute to cell-to-cell variability in aggregate burden observed
experimentally [117], nor does it incorporate the fragmentation dynamics of Hsp104
that are thought to play a role in prion curing and propagation.
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5.3 Future Directions
The three projects of this dissertation open several natural directions for future work.
For LSQD, the most immediate priority is computational optimization —

accelerating the linear solver, reducing the condition number through improved
preconditioning, and systematically investigating the impact of adjustable parameters
on solution accuracy and efficiency. Extension to three dimensions and to
time-dependent PDEs would significantly broaden the method’s applicability and
position it as a practical alternative to mesh-based solvers for problems involving
complex or deforming geometries.

For the SARS-CoV-2 study, a natural extension would incorporate the ACE2
receptor explicitly into the electrostatic model, enabling direct simulation of the
binding event and quantitative prediction of binding affinity as a function of spike
conformation. The framework developed here — nonlinear Poisson-Boltzmann on
adaptive octree grids with level set geometry tracking — is general enough to be
applied to other viral proteins and conformational transitions of biological interest.

For the prion aggregation model, three directions are most immediate. First,
replacing the mean-field handoff with a full spatial initialization — passing the
complete concentration field rather than its spatial average — would remove the
principal approximation in the current framework and enable a more faithful
representation of spatial heterogeneity across generations. Second, incorporating
stochastic fluctuations into the model — either through a stochastic PDE framework or
a hybrid PDE-particle approach — would enable the model to capture prion curing
events and cell-to-cell variability that the current deterministic framework cannot
reproduce. Third, exploring the bifurcation behavior observed in the eight-generation
simulation — identifying the parameter threshold at which youngest-daughter lineages
effectively clear their aggregate burden — would connect the computational results
directly to the experimentally observed prion sectoring phenotype and provide a
mechanistic prediction of the conditions under which prion loss occurs.

More broadly, the mathematical framework developed in Chapter 4 —
reaction-diffusion PDEs on deforming geometries with asymmetric inheritance across
a binary lineage tree — is general enough to be extended to other aggregating proteins
and other cell types. In mammalian cells, where prion-like propagation of tau,
alpha-synuclein, and TDP-43 aggregates is increasingly recognized as a driver of
neurodegeneration, a spatially resolved model of aggregate inheritance across cell
divisions could provide mechanistic insight into disease progression that well-mixed
models cannot capture. The connection between the geometric asymmetry of division
and the long-term fate of protein aggregates — explored here in the tractable setting of
budding yeast — may ultimately prove relevant to understanding how
neurodegenerative diseases spread through tissue over time.
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5.4 Closing Remarks
The central message of this dissertation is simple: geometry matters. A protein that

changes shape as it opens, a cell that partitions its contents asymmetrically as it divides
— in both cases, the spatial structure of the problem is inseparable from its scientific
content. The numerical methods and computational frameworks developed here are
designed to take that structure seriously, to resolve it faithfully, and to ask what it
reveals about the biology that would remain hidden in a well-mixed or geometry-free
approximation. The answers — a shift in electrostatic focus that may facilitate viral
binding, a lineage memory that compounds deterministically across generations —
suggest that this approach is not merely technically interesting but scientifically
necessary.
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Figure A.1: Mean aggregate concentration ψB over time for all cells in a five-generation
lineage tree, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008}
(columns), with r = 0.5 fixed. Each curve corresponds to a single simulated cell; color
indicates generation index from earliest (purple, generation 0) to latest (yellow-green,
generation 4). Sharp downward steps mark division events, after which both mother and
daughter enter a recovery phase. Trajectories are ordered by replicative age across all
parameter combinations, with older-lineage cells carrying persistently higher aggregate
burden.
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Figure A.2: Mean aggregate concentration ψB over time for all cells in a five-generation
lineage tree, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈ {0.002, 0.004, 0.008}
(columns), with r = 0.2 fixed. Each curve corresponds to a single simulated cell; color
indicates generation index from earliest (purple, generation 0) to latest (yellow-green,
generation 4). Sharp downward steps mark division events, after which both mother and
daughter enter a recovery phase. Trajectories are ordered by replicative age across all
parameter combinations, with older-lineage cells carrying persistently higher aggregate
burden.
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Figure A.3: Aggregate mass fraction FB(t) = 2ψB/(ψA + 2ψB) over time for all
cells in a five-generation lineage, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈
{0.002, 0.004, 0.008} (columns), with r = 0.5 fixed. Color indicates generation index
from earliest (purple, generation 0) to latest (yellow-green, generation 4). At each
division event (t = 70), the newly detached daughter cell exhibits a transient upward
spike in FB reflecting her small initial volume; as she grows and acquires additional
monomer the fraction falls to its post-division level. The mother experiences a modest
dilution at division but remains at a substantially higher FB than the daughter, reflecting
the asymmetric partitioning of aggregate at cytokinesis. Increasing γBA shifts the long-
term balance from aggregate retention toward dilution across all rows, while increasing
γAB raises the overall level of FB across all columns. Generational ordering persists
across all nine parameter combinations.
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Figure A.4: Aggregate mass fraction FB(t) = 2ψB/(ψA + 2ψB) over time for all
cells in a five-generation lineage, for γAB ∈ {0.01, 0.02, 0.04} (rows) and γBA ∈
{0.002, 0.004, 0.008} (columns), with r = 0.2 fixed. Color indicates generation index
from earliest (purple, generation 0) to latest (yellow-green, generation 4). At each
division event (t = 70), the newly detached daughter cell exhibits a transient upward
spike in FB reflecting her small initial volume; as she grows and acquires additional
monomer the fraction falls to its post-division level. The mother experiences a modest
dilution at division but remains at a substantially higher FB than the daughter, reflecting
the asymmetric partitioning of aggregate at cytokinesis. Increasing γBA shifts the long-
term balance from aggregate retention toward dilution across all rows, while increasing
γAB raises the overall level of FB across all columns. Generational ordering persists
across all nine parameter combinations.
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